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ABSTRACT, 

This thesis is, basically, a clear explanation of 

B. Kvarda Garrison's non-transformation proof of Mann's 

Density Theorem. 

Chapter 1 consists of preliminary work which includes 

lemmas, observations, and a basic construction. The 

theorem is proved in Chapter 2 and in Chapter 3 examples 

of Garrison's method are presented. Chapter 4 is the con- 

clusion of the paper. Some possible applications of the 

method are stated in this chapter. 
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INTRODUCTION. 

T h i s  t h e s i s  i s  b a s e d  on a  new, n o n - t r a n s f o r m a t i o n  

p r o o f  o f  Mannts  D e n s i t y  Theorem. The p r o o f  was f i r s t  g i v e n  

by  B. Kvarda G a r r i s o n  [ 3 1. I n  t h i s  p a p e r  we g e n e r a l i z e  

some o f  t h e  a rgumen t s  i n  h e r  p r o o f ,  c r e a t i n g  o u t  o f  them 

s e v e r a l  lemmas which  may b e  o f  i n d e p e n d e n t  i n t e r e s t .  Be- 

f o r e  expand ing  o n - t h i s ,  we must  make some definitions and  

p r o v i d e  some n o t a t i o n .  

L e t  P b e  t h e  s e t  o f  p o s i t i v e  i n t e g e r s .  If A and  B a r e  

s u b s e t s  o f  P ,  t h e n  

I f  m and n  a r e  p o s i t i v e  i n t e g e r s  s u c h  t h a t  m s n ,  t h e n  

[m,nf  = {x E P : m I x 5 n). I f  m = 1, t h e n  [m,n] i s  

c a l l e d  a f u n d a m e n t a l  s e t .  

I f  A and F a r e  s u b s e t s  o f  P w i t h  F f i n i t e ,  t h e n  A ( F )  

i s  t h e  number o f  i n t e g e r s  i n  A r\ F.  When F a: [ m , n ] ,  we 

s h a l l  omi t  t h e  p a r e n t h e s e s  and  w r i t e  ~ [ m , n ]  f o r  A (  [m,n]  ) .  

I f  m = 1, we s h a l l  w r i t e  ~ ( n )  f o r  ~ [ m , n ] .  

D e f i n i t i o n .  I f  A i s  a  s u b s e t  o f  P ,  t h e n  t h e  S c h n i r e l -  

mann D e n s i t y  o f  A ,  d e n o t e d  d ( ~ ) ,  i s  t h e  g r e a t e s t  l o w e r  

bound o f  { A ( n ) / n  : n  € PI. T h a t  i s  

d ( A )  = g l b { A ( n ) / n  : n  E PI. 



Using  t h i s  d e f i n i t i o n  o,f d e n s i t y ,  L .  S c h n i r e l m a n n  [ 8 1  

was a b l e  t o  p r o v e  t h e  f o l l o w i n g  lemma: i f  C s A + B, t h e n  

T h i s  i s  known a s  t h e  Landau-Scbni re lmsnn  I n e q u a l i t y .  It 

f i r s t  a p p e a r e d  i n  1930 .  The n e x t  y e a r ,  Edmund Landeu and  

S c h n f r e l m a n n  n o t e d  t h a t  f o r  e v e r y  example t h e y  had  f o u n d ,  

t h e  e x p r e s s i o n  d ( ~ ) d ( ~ )  c o u l d  b e  d ropped  from t h i s  i n -  

e q u a l i t y ,  p r o v i d e d  t h a t  d ( ~ )  + d ( ~ )  5 1. They c o n j e c t u r e d  

t h e  f o l l o w i n g  t h e o r e m :  i f  d ( ~ )  + d ( ~ )  5 1, t h e n  

The s i m p l i c i t y  of t h i s  c o n j e c t u r e  c a p t u r e d  t h e  a t -  

t e n t i o n  of many m a t h e m a t i c i a n s  i n  t h e  1 9 3 0 ' s  w i t h  t h e  r e -  

s u l t  t h a t  a  c o n s i d e r a b l e  amount o f  r e s e a r c h  t i m e  was s p e n t  

on i t .  A .  K h i n c h i n  f 5 ] w r i t e s  t h a t  i n  1935 h a l f  t h e  

E n g l i s h  m a t h e m a t i c i a n s  w e r e  d e v o t i n g  t h e i r  f u l l  a t t e n t i o n  

t o  t h i s  p rob lem.  Nevertheless, t h e  p r o o f  e l u d e d  e v e r y o n e  

u n t i l  1942 when H.  Mann [ 6 1 p u b l i s h e d  h i s  famous t heo rem 

which  may b e  s t a t e d  i n  t h e  Solhowing  form:  

Mannts  D e n s i t y  Theorem. L e t  A and  B b e  s u b s e t s  o f  P ,  

l e t  C = A + B ,  and  l e t  R b e  any  f u n d a m e n t a l  s e t .  Then 

e i t h e r  C(R) = P(R)  o r  t h e r e  e x i s t s  a  f u n d a m e n t a l  s e t  

W = ( l , m ]  s a c h  t h a t  m k C ,  W C R ,  and 



The Landau-Schnirelmann c o n j e c t u r e  f o l l o w s  i m m e d i a t e l y  
3 

from t h i s  theorem.  

Mann a t t a c k e d  t h e  theo rem i n  a c o m p l e t e l y  d i f f e r e n t  

manner f rom h i s  c o n t e m p o r a r i e s .  H i s  p r o o f  r e l i e s  on t r a n s -  

f o r m i n g  t h e  s e t s  A and  B whereas  o t h e r  m a t h e m a t i c i a n s  had 

b e e n  s e a r c h i n g  f o r  a " s t r a i g h t f o r w a r d "  p r o o f  i n v o l v i n g  t h e  

c o u n t i n g  o f  e l e m e n t s  o f  t h e  v a r i o u s  se t s  i n  c e r t a i n  i n t e r -  

v a l s .  

Another  p r o o f  (F. Dyson [ 1 1)  h e s  a p p e a r e d  s i n c e  

Mann1s p r o o f .  However, a l t h o u g h  t h e  methods  d i f f e r ,  

Dyson ' s  p r o o f  a l s o  depends  on t h e  t r a n s f o r m a t i o n  of' A and  B.  

N e i t h e r  o f  t h e  p r o o f s  i s  p a r t i c u l a r l y  i l l u m i n a t i n g  as t o  

what happens  when two s e t s  a r e  added  t o g e t h e r .  A l s o  any  

a t t e m p t  t o  g e n e r a l i z e  e i t h e r  p r o o f  t o  two o r  more dimen- 

s i o n s  ( i n  a c e r t a i n  way - s e e  c o n c l u s i o n )  h a s  f a i l e d .  

U n t i l  r e c e n t  mon ths ,  no  new p r o o f s  o f  t h e  t heo rem had 

a p p e a r e d .  Then, i n  1968, 3. Kvarda G a r r i s o n  [ 3 1 p r o v e d  a 

s l i g h t l y  weaker  form o f  Mann's Theorem w i t h o u t  t r a n s f o r m i n g  

A o r  B i n  any manner.  G a r r i s o n ' s  Theorem t h e  same as t h a t  

o f  Dyson, The Landau-Schni re lmann c o n j e c t u r e  slso f o l l o w s  

i m m e d i a t e l y  from t h i s  t heo rem.  The theo rem i s  s t a t e d  i n  

t h e  f o l l o w i n g  form:  



G a r r i s , o n ' s  Theorem. L e t  A and  B b e  s u b s e t s  of F,  l e t  

C = A + B ,  and  l e t  R b e  any f u n d a m e n t a l  s e t  f o r  which  

P(R - C )  = k  2 1. Then t h e r e  e x i s t s  a f u n d a m e n t a l  s e t  W 

s u c h  t h a t  

Al though c o m p l i c a t e d ,  G a r r i s o n ' s  p r o o f  i n v o l v e s  o n l y  

t h e  c o u n t i n g  o f  e l e m e n t s  o f  A ,  B, and  C i n  c e r t a i n  i n t e r -  

v a l s  and does  n o t  i n v o l v e  t h e  t r a n s f o r m a t i o n  o f  t h e  s e t s  A 

and  B. Thus ,  G a r r i s o n  h a s  f i n a l l y  d i s c o v e r e d  t h e  p r o o f  

t h a t  e l u d e d  s o  many g r e a t  m a t h e m a t i c i a n s  i n  t h e  1 9 3 0 ' s .  

O r i g i n a l l y ,  G a r r i s o n  l o o k e d  f o r  a  new p r o o f  o f  Mann's 

Theorem i n  t h e  hope t h a t  it  migh t  g e n e r a l i z e ,  i n  a  c e r t a i n  

way, t o  t h e  n -d imens iona l  c a s e .  However, a f t e r  s h e  found  

t h e  new p r o o f ,  G a r r i s o n  c o n s t r u c t e d  a n  example [ 4 11 which  

c l e a r l y  d e m o n s t r a t e s  t h a t  t h e  above  theo rem i s  n o t  t r u e  i n  

t h e  c e r t a i n  n -d imens iona l  c a s e .  D e s p i t e  t h i s  d i s c o v e r y ,  

h e r  p r o o f  may y e t  b e  u s e f u l  f o r  other a p p l i c a t i o n s .  T h e r e  

a r e  o t h e g  more g e n e r a l ,  s y s t e m s  t h a n  t h e  n a t u r a l  numbers 

f o r  which it i s  n o t  known w h e t h e r  t h e  Landau-Schnirelmann 

c o n j e c t u r e  h o l d s  o r  n o t  ( s e e  c o n c l u s i o n ) .  M o d f f f c a t i o n s  

o f  G a r r i s o n ' s  method may p r o v i d e  a  p r o o f  i n  some o f  t h e s e  

s y s t e m s .  

G a r r i s o n ' s  p r o o f  i s  d i v i d e d  i n t o  c a s e s .  An i n d u c t i o n  



argument  i s  a p p l i e d  t o  t h e , c a s e s  a n b  t h e  number o f  c a s e s  

i s  e v e n t u a l l y  shown t o  b e  f i n i t e .  Much o f  t h e  work i n  h e r  

p r o o f  i s  r e p e t i o u s .  I n  t h i s  p a p e r  t h i s  m a t e r i a l  i s  

g a t h e r e d  t o g e t h e r  i n t o  more g e n e r a l  lemmas and  c o n s t r u c t -  

i o n s  and some of t h e  p r o o f s  h a v e  b e e n  s i m p l i f i e d .  These  

lemmas c o m p r i s e  C h a p t e r  1 o f  t h i s  p a p e r .  Al though eve ry -  

t h i n g  i n  C h a p t e r  1 i s  a p p l i e d  i n  t h e  p r o o f  o f  t h e  t heo rem 

o r  i n  o t h e r  Lemmas, a  good p o r t i o n  o f  t h e  m a t e r i a l  seems t o  

b e  i n t e r e s t i n g  i n  i t s e l f .  

The p r o o f  o f  G a r r i s o n ' s  Theorem a p p e a r s  i n  C h a p t e r  2. 

I have  k e p t  G a r r i s o n ' s  g e n e r a l  f o r m a t  o f  d i v i d i n g  t h e  

p r o o f  i n t o  c a s e s .  However, more emphas is  h a s  b e e n  p l a c e d  

on t h e  i n d u c t i o n  a rgument  and more d e t a i l  h a s  b e e n  fn- 

c l u d e d ,  

I n  C h a p t e r  3 ,  two examples  a r e  p r e s e n t e d  which  c l e a r l y  

i l l u s t r a t e  t h e  method o f  p r o o f .  These  examples  were  n o t  

e a s i l y  found b u t  it i s  c l e a r  now t h a t  t h e y  a r e  v e r y  g e n e r a l  

i n  n a t u r e  and  many more c a n  be  found  f a i r l y  q u i c k l y .  No 

o t h e r  examples  o f  G a r r i s o n ' s  method h a v e ,  t o  my knowledge,  

b e e n  found  and  t h u s  I do n o t  know i f  t h e r e  e x i s t  examples  

which a r e  d i f f e r e n t  i n  n a t u r e  f rom t h e  ones  p r e s e n t e d  h e r e .  

C h a p t e r  4 I s  t h e  c o n c l u s i o n  o f  t h i s  p a p e r .  I n  i t ,  1 

a t t e m p t  t o  show i n  which  d i r e c t i o n s  we c a n  go  from t h i s  

p o i n t  and  t o  i l l u s t r a t e  t h e  r e s e a r c h  p o t e n t i a l  o f  t h e  

t h e s i s .  



Although s imple  cbulrti~ng arguments a r e  used thkoughout 

t h e  paper,  t h e  p r o o f s  a r e  very  compl icated.  In  order  t o  

i n c r e a s e  t h e  understanding o f  t h e  proof  it $8 s u g g e s t e d  

t h a t  t h e  paper be  read i n  t h e  f o l l o w i n g  order :  (1) Chapter 

1 ( t h o r o u g h l y ) ,  (2) Chap%er 2 ( l i g h t l y ) ,  ( 3 )  Chapter 3 

( t h o r o u g h l y ) ,  ( 4 )  Chapter 2 ( t h o r o u g h l y ) ,  ( 5 )  Chapter 4 .  



CHAPTER 1. 

PRELIMIMARY LEMMAS AND OBSERVATIONS. 

We s h a l l  f i r s t  p r o v e  two b a s i c  r e s u l t s  t h a t  do  n o t  

r e q u i r e  any f u r t h e r  d e f i n i t i o n s .  

Lemma 1. L e t  R be  a  non-empty , f i n i t e  s u b s e t  o f  P and  

l e t  k , n , a n 8  n  b e  p o s i t i v e  i n t e g e r s  s u c h  t h a t  m + n = k, 

If S and T a r e  two non-empty s e t s  t h a t  p a r t i t i o n  R s u c h  t h a t  

t h e n  

P r o o f .  L e t  u s  assume t h a t  P(R) - k , P(T) - n. 
-mg-- ---Fm-- 

Then P(R)P(T) - ~ P ( T )  < P(R)P(T) - ~ P ( R )  i m p l i e s  

i m p l i e s  P(T) , P(s). T h i s  i s  a  c o n t r a d i c t r o n .  T h e r e f o r e ,  
n m 



I 

Lemma 2.  L e t  A  , B , and  X  be s u b s e t s  o f  P  w i t h  X  

f i n i t e .  L e t  g E P - ( A  + B )  s u c h  t h a t  i f  x E X , t h e n  x < g .  

L e t  Y = { g  - x : x e X ) .  If  P ( X )  = A ( X )  + B ( X )  - u  , t h e n  

P r o o f .  If a  e A  n X  , t h e n  g - a & Y  - B ,  Thus - 
A ( X )  g P ( Y  - B) = P(Y) - B ( Y ) .  Hence 

which  i m p l i e s  B ( X )  2 B ( Y )  + u ,  S i m i l a r l y ,  A ( X )  2 A ( Y )  + u. 

T h e r e f o r e ,  A ( X )  + B ( X )  2 A ( Y )  + B ( Y )  + 2u which  i m p l i e s  

t h a t  

The n e x t  o b s e r v a t i o n  i s  a v e r y  o l d  r e s u l t  f i rs t  p roved  

by Schn i r e lmann  u s i n g  a  c o u n t i n g  a rgument .  Our p r o o f ,  how- 

e v e r  i s  b a s e d  on Lemma 2.  

O b s e r v a t i o n  1. If g E P - ( A  + B) , t h e n  

P(g) 1 A ( g )  + B(g) + 1. 

Proof. Suppose  t h a t  ~ ( g  - 1 )  1 A ( g  - 1) + B(g - 1). - 
Then 



Now s u p p o s e  t h a t  P f g  - 1) 4 A (g  - 1) + B ( g  - 1 ) .  Then 

P(& - 1) = A ( $  - 1) * ~ ( g  - 1 )  - u , f o r  some u  > 0. Note 

t h a t  [I , g - 11 = lg - x : x c f l  , g - 113. B y  Lemma 2 , 

But t h i s  c o n t r a d i c t s  o u r  a s s u m p t i o n  t h a t  

~ ( g  - 1 )  < ~ ( g  - 3 )  + ~ ( g  - 1). T h e r e f o r e  , 

B e f o r e  p r o v i n g  any  more lemmas we s h a l l  make some n 
d e f i n i t i o n s .  

D e f i n i t i o n  2 .  Let  k E P and  let 

l'= ( g 1 9  g2 ... , g k )  c H k .  Then 



If it i s  c l e a r  which i' a Hk we a r e  r e f e r r i n g  t o  , we 

w r i t e  ix f o r  i ( x  , I') . 

D e f i n i t i o n  3. L e t  I ' b e  as i n  D e f i n i t i o n  2.  L e t  a € P 

be  such t h a t  a 5 gl. Then 

where  68 z { o i f a s 1  
1 i f e . 2 1 ,  

The p r e v i o u s  t h r e e  d e f i n i t i o n s  a r e  made i n  o r d e r  t a  

c l a r i f y  t f i e  f o l l o w i n g  d e f i n i t i o n  which  w i l l  p r o v e  t o  be v e r y  7 

u s e f u l  f o r  the r e s t  of the p a p e r .  

D e f i n i t i o n  4 .  If ~ ( a , r )  # 4 , l e t  

A l s o  l e t  9 = ia-l and  t = k  - s . Note t h a t  0 S s 5 k , 
O S t I k  , a n d a - 1  j g  k 

Now we s h a l l  p r o v e  some lemmas u s i n g  t h e  n o t a t i o n  we 

have deve loped  in D e f i n i t i o n s  1 t h r o u g h  4 , i n  each  c a s e  

assuming  a exists, 



Lemma 3. If a  e'*-ists and u 5 x gk . t h e n  

~ [ a . x l  I ~ C a . x ]  + ~ta,xl + 1 x - 6 - 1 .  

P r o o f .  From D e f i n i t i o n  4 , we have  - 

T h e r e f o r e  , P [ a , x ]  5 ~ [ a , x ]  + ~ [ a , x ]  + ix - s - 1. 

O b s e r v a t i o n  2. If a e x i s t s  , a g x 5 gk and 

p [ a , x I  2 A[a ,x l  + B[CX,X]  + u , t h e n  u I ix - s - 1 which  

implies s + u + 1 5 ix 

Lemma 4 .  Assume a exists and  t > 0. I f  gs+l C A U B ,  

t h e n  

Proof of ( 5 . ) .  S i n c e  t 3 0 , s c 8 .  C l e a r l y  a S B , + ~  

s i n c e  a w l  < gs+l. If a r gs+l . t h e n  i = s+l and a 



which  contradicts t h e  m a x i m a l i t y  of  a-1. 

Hence a < gs+l. Note , t h e r e f o r e  , t h a t  i, = s. 

Proof  o f  ( i i ) ,  From t h e  d e f i n i t i o n  o f  d , we g e t  

C a n c e l l i n g  on b o t h  sides o f  t h e  i n e q u a l i t y  , w e  obtain : 

1 < A[a,aj + B[a,a]. T h e r e f o r e  , ~ [ u , a ]  = ~ [ a , a ]  = 1 and 

thus a E A n B. 

Lemma 5. Assume a e x i s t s  and  t > 0. If gs+jg A + B 

f o r  a11 3 , 1 s j S t , t h e n  



Proof  of  ( i ) .  N o t i c e  t h a t  

[ ~ g ~ + ~  - a) L Igs+l - x : x E [ o ~ B ~ + ~  - 1 1 ) .  By Lemma 3 , 

T h e r e f o r e  , 

f o r  some u  2 0. From Lemma 2 , we g e t  

P r o o f  o f  ( i i ) .  Suppose  t h e r e  e x i s t s  a jo E [ 1 9 t ]  s u c h  

t h a t  g s+ j  0 
- CY E A U B .  Then s i n c e  , by Lemma 4 , a C A ;'i B ,  

w e  have  - a + a E A + B. Tha t  i s  , gS+j ,  c A + B  
% + j  0 

f o r  some j o  € [ l , t ] ,  T h i s  c o n t r a d i c t s  o u r  a s s u m p t i o n  t h a t  

%+J $ A + B f o r  a l l  j , 1 5  3 5 t .  T h e r e f o r e  , 

B e f o r e  p r o v i n g  any more lemmas , we s h a l l  make a v e r y  

i m p o r t a n t  d e f i n i t i o n .  The d e f i n i t i o n  w i l l  i n v o l v e  t h e  con-  

s t r u c t i o n  o f  a s e q u e n c e  o f  p o s i t i v e  i n t e g e r s  . x l ,  x2,  ... , 
a round  which t h e  p r o o f  o f  o u r  t heo rem w i l l  b e  b u i l t .  



Assume xl , sl , and t l  e x i s t .  If t l  > 0 , i f  

rl * gk-x1) c HBtl, and if a ( l , r l )  e x i s t s  , 

L e t  n  2 3 and assume xi , si , and ti e x i s t  , 1 5 i < n.  

r n-1 = (%a1+. . . + s n - l + ~ - x  3 - 
H~ n-1 , 

and if a b n m 2  & I  ) e x i s t s  , t h e n  l e t  xn  = a ( ~ , _ ~ , r ~ - ~ )  , 

Sn = i ( ~ - l , ~ ~ )  , and t n  = t - s .  n-1 n  

Observation 3. I f  x i  i s  d e f i n e d  , i = 1 , 2 , .  . . , n  , t h e n  

P r o o f .  If n  = 1 , tl * k - s i m p l i e s  sl + tl = k .  
C-LI L 

Now assume t h e  o b s e r v a t i o n  i s  true f o r  a l l  i , 1 C i < n ,  

Thus , 

But tn  = tnFl - s . T h e r e f o r e  , n 



n - l  
1 si + t n - l  

i=l 

We now p r o v e  some v e r y  i m p o r t a n t  lemmas c o n c e r n i n g  t h e  

c o n s t r u c t i o n  i n  D e f i n i t i o n  5. 

Lemma 6 .  L e t  r - (gl ,g2. .. . ,gk) E Hk and  assume 

gi d A + B , 1 i i 5 k. L e t  n r 3 and  assume x e x i s t s  , i 

1 Z i 5  n-1. > 0 , t h e n  

A'Xn-29gs1+. . .+s n-1 + ~ - ~ n - l  + B[xn-2'gsl+.  . , + s n - l + l - x n u l l *  

P r o o f .  R e c a l l  from t h e  d e f i n i t i o n s  o f  xnWl and Sn-1 

A l s o  from D e f i n i t i o n  5 , we h a v e  

T ~ U S  i ( g s  + +1-xn-2.rn-2' = n- 1 + 1. From Lemma 3 , 
1 " *+Sn- l  

we o b t a i n  



Thus 9 P [ X , - ~ , B  s l+ .  . + ~ ~ - ~ + l  -x n-2 1 = 

A I X n - l  • ÷ B S ~ + .  . . +sn-l+l-xn-2 I + B[Xn-13% +. . . + s ~ - ~  + leXn-2  I - u  
1 

f o r  some u 2 0. m o t i c e  t h a t  , [ X , - ~ ~ B , ~ + . ~ . + ~ ~ _ ~  + 1 - ~ n - 1  1 = 

. . +sn-l + L - ~  : ' [ ~ n - l ' g s  +, . .+snml +leXn-2  11. 
1 

T h e r e f o r e  , by Lemma 2 , we h a v e  

The n e x t  lemma t e l l s  u s  e x a c t l y  when t h e  x i ' s  e x i s t  i n  

t h e  s p e c i a l  c a s e  when gi 6 A + B , i = 1 , 2  ,... ,k. 

Lemma 7 .  L e t  I' = (g l , gp , .  . . ,gk) E Hk b e  g i v e n .  Suppose  

sl = i ( x l - l , r )  , and  tl = k - a e x i s t .  L e t  n  > 1. If xi 1 



e x i s t s  , 1 5 i s n-1 , and On,l > 0 , t h e n  xn  9 sn  , and tn  

e x i s t .  

P r o o f .  By O b s e r v a t i o n  1 , P ( g )  2 ~ ( g )  + ~ ( g )  + 1 , 

and  t h u s  gl E M ( 1 , f ) .  Hence a ( l , r )  e x i s t s .  T h e r e f o r e  , 

x = & , r )  , s1 1 = i ( x l - l , r )  , and t l  = k - s e x i s t .  1 

Suppose t l  > 0. By Lemma 4(i) , xl < gsl+l. Thus 

gsl+l-xl > 0 and f l  c H t l .  By Lemma 5(i) , 

Thus gsl+l-Xx 
E ~ ( 1 , f )  which i m p l i e s  a(l,ri) e x i s t s .  

T h e r e f o r e  x 2  a ( l , r l )  s 2  = x - 1  , and  t p  = tl - s2  

e x i s t .  

L e t  n  2 3 a n d  s u p p o s e  xn - e x i s t s  and tn,l > 0 .  

C l e a r l y  x  n-1 6 s l+ . . .  + 1 0 ~ n - 2 *  Thus 
+Sn-2+sn-l 

O < Xn-2 < g sl+. . .+sn- l+ l -xn- l*  Hence rnel E. Ht  . By 
n-1 

Lemma 6 gs +, . + ~ ~ _ ~ + l ~ ~ n - l  I' . T h e r e f o r e  , 
1 

M(xn..29 n-1 

e x i s t s  and  thus x  = a (xn_2 . rn - l  n  1 ,  

'n = i n - ,  , and tn  = tn-l - s e x i s t .  n 



O b s e r v a t i o n  4.. If pi ld  A + B , 1 5 i i k , t h e n  t h e r e  

e x i s t s  a n  m E P s u c h  t h a t  tm = 0. Thus t h e  s e q u e n c e  of  X i ' s  

i s  f i n i t e .  

P r o o f .  If xl e x i s t s  , t h e n  , s i n c e  1 < s 6 k , we 1 

h a v e  0 s tl < k. 

Suppose  x e x i s t s  , 1 i 5 n-1 , and tn-l i 
0 .  Then 

x  , s , and tn  e x i s t .  S i n c e  1 < sn  5 t n  
, we h a v e  

n  n-1 

S i n c e  k i s  f i n i t e  , t h e r e  must  e x i s t  a n  m E P s u c h  

t h a t  tp = 0. T h e r e f o r e  xm+l d o e s  n o t  e x i s t  and t h e  s e q u e n c e  

of xi's i s  f i n i t e .  

I n  t h e  n e x t  two lemmas we assume gi $ A + B , for all 

Lemma 8. Suppose  x  a ( l , r )  e x i s t s  and  tl  > 0. Le t  1 

R b e  any i n t e g e r  s u c h  t h a t  sl  < R 6 k and  l e t  





Proof of (ii). We shall use Lemma 1 for the first 

n = g 2  , m = F p  , a n d k =  C1. By Lemma 1 , 

Praof of (iii), Once again , we shall use Lemma 1 , 

m g2 , and k = 5. By Lemma 1 , 





h  

By Observation 2 , snb2 + g i(;n-1,rn-3) = i , say , and 

6 S ~ + . . . + S ~ - ~  +S^, -x "-3 S: t9 sl+. . . +sn- 3+i-xn-3 1 which 

implies 

A h  

Bow suppose (i) holds. Then 0 = tnml - s . which n 
n-1 n-1 

h  

implies ; = n ~ h u s  t = 1 si + €n-l = 1 si + sn which 
it1 i m l  

h  

implies xn-1 = a - x  
'k n-1 

. Therefore , we have , 

Now suppose (ii) holds. Then , by Lemma 1 , 



C o r o l l a r y .  Let n  = 3 and  l e t  a l l  o t h e r  hypotheses b e  

t h e  same as i n  t h e  previous lemma. Then  

P r o o f .  Use t h e  same proof  as i n  Lemma 9 , l e t t i n g  

xo = 0 and P [ o , ~ ]  = ~ ( b )  , for any  b  € P.  



CHAPTER 2. 

PROOF OF' THE THEOREM. 

B e f o r e  g o i n g  on w i t h  t h e  p r o o f  we s h a l l  s t a t e  t h e  

theorem t o  be p roved  o n c e  more.  

Theorem. L e t  A and B b e  s u b s e t s  o f  P ,  l e t  C 5 A + B, 

and l e t  R b e  any  f u n d a m e n t a l  s e t  f o r  which  P ( R  - C )  = k 2 1. 

Then t h e r e  e x i s t s  a f u n d a m e n t a l  set W C R s u c h  t h a t  

Thus i n  o r d e r  t o  p r o v e  t h e  t heo rem we must  f i n d  a  

f u n d a m e n t a l  set W which s a t i s f i e s  t h e  c o n d i t i o n s  of t h e  

theorem.  The p r o o f  w i l l  c o n s i s t  o f  a  s y s t e m a t i e  s e a r c h  

f o r  s u c h  a W .  

P roo f  of' the t heo rem.  

L e t  {gl ,g2,  . . . , g  k) b e  t h e  k e l e m e n t s  i n  R - C 

l i s t e d  i n  t h e  u s u a l  o r d e r  s o  t h a t  r = (g l , g2 ,  . . . , g  k )  € Hk. 

Clearly  R = [ l , ~ ]  for some N 2 gk and  t h u s ,  i f  N > g we 
k' 

have  



Therefore, it is sufficient to assume R = [l,gk]. 

By Lemma 7, xl = 1 ,  sl = i x - ,  and 

tl = k - s exist. Clearly 1 5 sl 5 k and 0 < tl < k g  
1 

Case 1.1. Suppose tl = 0. Then sl = k and xl-1 = gk 

which implies P(R) 2 A ( R )  + B(R) + k or C ( R )  2 A ( B )  + B(R). 

Thus we have 

Therefore, let W = R and we are done. 

Case 1.g. Suppose tl 0 and p[xl ,gk] 
" 

Then, by Lemma 1 and the choice of xl, we have 



T h e r e f o r e ,  l e t  W = [ l , x l - l ]  a n d  w e  a r e  done.  

Case 1 .3 .  Suppose t l  z 0 and  p (  ~ ~ - 1 )  P [ X ~ , B ~ ] .  
> 

S 1 

Then,  by Lemma 1, we g e t  

We c a n n o t  i m m e d i a t e l y  f i n d  a  W t h a t  s a t i s f i e s  t h e  

t heo rem.  T h e r e f o r e ,  w e  must d i v i d e  c a s e  1 . 3  i n t o  t h r e e  

s u b c a s e s :  2 . 1 ,  2 . 2 ,  and 2 . 3 .  From t h i s  p o i n t  on i n  t h e  

p r o o f  we a r e  unde r  t h e  a s s u m p t i o n s  i n  c a s e  1 . 3 ,  a l t h o u g h  

t h e y  w i l l  n o t  b e  s t a t e d  w i t h  each c a s e .  

t 2  tl - s 2  e x i s t .  C l e a r l y  1 < s 5 t and 2 1 

Case 2.1. Suppose  t 2  = 0 .  Then, by Lemma 8 ,  



T h e r e f o r e ,  l e t  W = [ l , g k - x l l  and we a r e  done.  

Case 2 .2 .  Suppose t2  > o and  ~ ( ~ ~ - 1 1  < p[x2,gk-xl]  - 
S 

2 t2 

Then,  by Lemma 8 ,  

Case  2 .3 .  ~ u p p o s c t ~  > o and  ~ ( ~ ~ - 1 1  > p [ x 2 $ ~ k - x l ]  

2 2  

Then, by Lemma 8 ,  

J u s t  as i n  c a s e  1 . 3 ,  we c a n n o t  i m m e d i a t e l y  f i n d  a  W 

t h a t  s a t i s f i e s  t h e  t heo rem.  T h e r e f o r e ,  we s u b d i v i d e  c a s e  

2 . 3  i n t o  t h r e e  s u b c a s e s :  3 . 1 ,  3 . 2 ,  and 3 .3 .  

S i n c e  t 2  > 0 ,  we may a p p l y  Lemma 7 t o  show t h a t  

X 3  = d x l , f 2 ) ,  s 3 = i ( x 3 - l , r 2 ) ,  and tj = t2  - s3 e x i s t .  

Clearly 1 5 s3 5 t 2  and  0 < t < t2 c tl < k .  3 

Using  t h e  lemmas from C h a p t e r  1, we w i l l  b e  a b l e  t o  

h a n d l e  c a s e  3 . 1  and 3.2 t o g e t h e r .  



Case 3 .1 .  Suppose  t j  =. 0. 

Case  3 .2 .  Suppose  tg  > 0 and  

Us ing  t h e  c o r o l l a r y  t o  Lemma 9 ,  we o b t a i n  

C l e a r l y  sl < sl  + s < k .  L e t  k t  = s + s and  we h a v e  3 1 3 

B e f o r e  p r o c e e d i n g  w i t h  t h i s  c a s e ,  we s h a l l  l o o k  a t  o u r  

s e q u e n c e  o f  x 's u n d e r  k '  i n s t e a d  o f  k .  Let 
i 

gl 
E M x i  = d s i  = i x -  a n d ,  

ti = k' - si e x i s t .  

Note  t h a t  xl-1 E [ l , g k ,  1 and  thus xl-1 C ~ ( 1 , r '  

which  i m p l i e s  x' 2 xl. However k '  < k .  Thus x' L xl. 1 1 

T h e r e f o r e ,  x i  = xl, s; = s l ,  and  ti = k t  - s1 = s 3 '  



C l e a r l y  I'i = ( g s  +1-~11, ..., gk,-xl) E Ht,. S i n e s  
1 1 

t i = s 3 > 0 ,  x $ = a ( l , r i ) ,  s; = i ( x & - 1 9 r i )  and 

t; = ti - s; e x i s t .  C l e a r l y  1 g s; 5 t i  and 

0 i t; < ti 5 tp < t, c k. 

We now subdivide t h e  combined c a s e s ,  3 . 1  and  3 . 2 ,  i n t o  

t h r e e  s u b c a s e s :  2.3.', 2 . 2 ' ,  and  2 . 3 ' .  

Case 2 . 1 ' .  Suppose ti = 0.  BY Lemma 8 

T h e r e f o r e ,  l e t  W = -x l ]  and w e  a r e  dona .  

By Lemma 8 

T h e r e f o r e ,  l e t  W = [l ,x;-11 and w e  a r e  done .  



By Lemma 8 

J u s t  as i n  c a s e  2.3,  we  c a n n o t  i m m e d i a t e l y  f i n d  a W 

t h a t  s a t i s f i e s  the t heo rem.  T h e r e f o r e ,  w e  s u b d i v i d e  c a s e  

2 . 3 '  i n t o  t h r e e  s u b c a s e s  : 3 .1 '  , 3.2'  , and  3 . 3 '  . 

- x  S i n c e  ti > 0, we L e t  r; = kg .... gh 
1 2  

may apply Lemma 7 t o  show t h a t  x i  = a ( x l , r ; ) ,  

s t  = ( x l  and  ti = 3 3  ti - e j  e x i s t .  Clearly 

1 S a ' s  ti and 0 5 t '  < ti < t2  < tl < k. 3 3 

J u s t  as w e  d i d  with c a s e s  3 . 1  and  3 . 2 ,  we s t a t e  c a s e s  

3.1' and 3 .2 '  t o g e t h e r  and  h a n d l e  them s i m u l t a n e o u s l y .  

Case 3 .1 ' .  Suppose  t '  = 0 .  
3 

o r  

Case 3.2 ' .  Suppose ti > 0 and  



C l e a r l y  sl < s1 + s j  < s1 + s3  < k .  Let kt' = s +st Then 
3, 3'  

Once a g a i n ,  b e f o r e  p r o c e e d i n g  w i t h  t h i s  c a s e ,  w e  s h a l l  

l o o k  a t  o u r  sequence  o f  x Is under  k" i n s t e a d  of  k t ,  Let  f 

= k" - s; e x i s t .  

Note t h a t  xl-1  E [ l , g k n I  and t h u s  xl- 1 C ~ ( 1 , r " )  

(1 which i m p l i e s  xl 2 xl. However,  k" < k' . Thus x i  5 xl. 

T h e r e f o r e ,  x; = x  1, sl' = s l ,  l and t i  = k" - sl = s;. 

C l e a r l y  I'; = ( g s  +1-~1, . . . , gk,,-xl) & H t v .  Since 
1 1 

ti s '  > 0, X '  = 1 ,  s = i x - ,  and 3 2 2 1 

ti = ti - st '  e x i s t .  C l e a r l y  1 5 sz 5 t" and 2 1 



If we c o n t i n u e  on  i n  t h i i s  manner ,  assuming  we n e v e r  

a r r i v e  a t  any form o f  c a s e  3 . 3 ,  it i s  e a s y  t o  s e e  t h a t  

e i t h e r  we f i n i s h  i n  some form o f  c a s e s  2 . 1  o r  2 . 2  o r  t h e r e  

e x i s t s  a  p o s i t i v e  i n t e g e r  m s u c h  t h a t  tim'= 0. Using  Lemma 

8 ,  w e  o b t a i n  

(m-1) whe re  83,m= s3  . T h e r e f o r e ,  l e t  W = [ l , g s  +, -x11 
1 3 , m  

and we a r e  done .  

We h a v e  b e e n  t a c i t l y  a s suming  t h a t  we n e v e r  a r r i v e  a t  

( i )  c a k e  3 . 3  , 0 I i < m .  Thus e i t h e r  we f i n i s h  o r  we a r r i v e  

a t  c a s e  3 . 3 ( i ) ,  f o r  some i ,  o 5 i < m. 

c a s e  3 . 3 ( i ) .  s u p p o s e  t > 0 and 3 

S i n c e  c a s e  3 . 3  ( i )  i s  i n  e x a c t l y  t h e  same form a s  c a s e  

3 . 3 ,  i t  i s  s u f f i c i e n t  t o  assume we a r e  i n  c a s e  3 .3 .  

Case 3 . 3 .  Suppose  t3  > 0 and 



Then,  f rom c a s e  2 . 3  and  from* Lemma 1, we o b t a i n  

Once a g a i n ,  we must  d i v i d e  t h i s  c a s e  i n t o  t h r e e  sub-  

c a s e s  i n  o r d e r  t o  f i n d  t h e  p r o p e r  f u n d a m e n t a l  s e t  W. 

4 = i ( x 4 - l , f 3 ) >  and t 4  = t 3  - s 4  e x i s t .  C l e a r l y  

1 r s1 1 t3 and  0 I t 4  < t 3  < t 2  < tl < k .  

I n s t e a d  o f  g o i n g  t h r o u g h  c a s e s  4 . 1 ,  4 . 2 ,  4 . 3 ,  we s h a l l  

make o u r  i n d u c t i o n  a s s u m p t i o n .  

L e t  n  1 4 and assume t h a t  f o r  e v e r y  i ,  3 I i 5 n-1,  

e i t h e r  we have  f i n i s h e d  o r  we a r e  i n  some form o f  c a s e  i . 3 .  

Thus e i t h e r  w e  h a v e  f i n i s h e d  o r  w e  a r e  i n  some form o f  c a s e  

1 . 3  I t  i s  s u f f i c i e n t  t o  assume w e  a r e  i n  c a s e  ( n - 1 ) . 3 ,  

( 3 )  ' s i n c e  w e  a r e  d e a l i n g  w i t h  d e c r e a s i n g  s e q u e n c e s  o f  t i  s .  



Case ( n - l f  . 3 .  Suppose *tn-l > 0 and 

Then,  f rom c a s e  ( n - 2 ) .  3 and Lemma 1, we have  

I n  o r d e r  t o  c o n t i n u e  o u r  s e a r c h  f o r  a  f u n d a m e n t a l  s e t  

W t h a t  s a t i s f i e s  t h e  t h e o r e m ,  w e  s u b d i v i d e  c a s e  (n -11 .3  

i n t o  t h r e e  s u b c a s e s :  n.1, n.2, and  n .3 .  

S i n c e  tn-l > 0, we a p p l y  Lemma 7 t o  show t h a t  

e x i s t .  Clearly 1 5 s n  I t n- 1 and 

We s h a l l  s t a t e  c a s e  n . 1  and c a s e  n .2  a t  t h e  same t i m e  

i n  o r d e r  t o  make use o f  t h e  mater ia l  t h a t  was d e v e l o p e d  i n  

t h e  f i r s t  c h a p t e r .  



Case n.1. Suppose  t n  7 0. 

Case n.2.  Suppose t n  > 0 and 

Using  Lemma 9 ,  w e  c a n  d e a l  w i t h  t h e s e  two c a s e s  t o -  

g e t h e r .  We g e t  

L e t  k' = s l +  ,.. 
+ 'n-2 + s . ( ~ o t e :  t h i s  k t  i s  j u s t  a n  

n o t a t i o n a l  c o n v e n i e n c e ;  i t  i s  n o t  t o  b e  c o n f u s e d  w i t h  t h e  

k t  t h a t  we d e f i n e d  i n  t h e  combined c a s e  3 . 1  and 3 . 2 ) .  Thus 

we have 

Clearly sl+ ... 
+ "n-2 <kg < k = s1 + ... + snm2 + tn ,2* 

If we had s t a r t e d  t h e  whole  p r o c e s s  w i t h  k' i n s t e a d  o f  k ,  

t h e n  o u r  s e q u e n c e  o f  xi's would have  been exactly t h e  same 

up  t o  x , , ~ .  T h e r e f o r e ,  l e t  



s 1 = i ( ~ ; - ~ - l  9r;-2 , and  t h - l  = s - s A - l  e x i s t .  n-1  n  

Thus w e  a r e  now j u s t  i n  some form o f  c a s e  ( n - l ) . l ,  ( n - 1 ) . 2 ,  

o r  ( n - 1 ) . 3 .  By o u r  i n d u c t i o n  h y p o t h e s i s ,  e i t h e r  we a r e  

f i n i s h e d  o r  we a r e  i n  some form o f  c a s e  (n-11 .3 .  I t  i s  

s u f f i c i e n t  t o  assume we a r e  i n  c a s e  ( n - 1 ) . 3 ' .  C l e a r l y  

1 s S A - ~  s S, 
and 0 5 ti-l ' 'n ' t n - l  c ... < tl < k. 

Case  ( n - 1 ) . 3 ' ,  Suppose  '6-1 > 0 and 

Then,  j u s t  a s  fn c a s e  ( n - 1 ) . 3 ,  we o b t a i n  

Once a g a i n  we s u b d i v i d e  i n t o  t h r e e  s u b c a s e s :  n.ll, 

n.  2', and n. 3 ' .  By Lemma 9 ,  s i n c e  t;-l > 0, 

, s = x - l 1 ,  and t' = t '  x '  n  = d ~ ~ - ~ 9 r ~ - ~  n n-1 - s 1  n  

e x i s t .  C l e a r l y  1 5 s f  5 t f  n n-1 and 

We s h a l l  s t a t e  c a s e  n . 1 '  and c a s e  n .2 '  t o g e t h e r .  



Case n . l l .  Suppose  tA+= 0. 

or 

Case n . 2 ' .  Suppose  t; > 0 and 

Using Lemma 9 ,  we can  d e a l  w i t h  c a s e  n .1 '  and  n . 2 '  

s i m u l t a n e o u s l y .  From Lemma 9 ,  we have  

Using  t h e  same argument  a s  i n  c a s e s  n . 1  and n . 2 ,  we 

a r e  f i n i s h e d  o r  we a r e  i n  some form of  c a s e  ( n - 1 ) . 3 .  I t  is  

s u f f i c i e n t  t o  assume we a r e  i n  c a s e  (n-11 .3" .  C l e a r l y  

Note t h a t  

( i )  ( i )  < ( I  

1 5 Sn  5 tnwl 5 tn- l< s; 5 t;-l< s n  5 tn-l < k, 

f o r  a l l  i. T h e r e f o r e  i f  we c o n t i n u e  on i n  t h e  same manner ,  

we w i l l  e v e n t u a l l y  e i t h e r  b e  f i n i s h e d  o r  t h e r e  w i l l  e x i s t  

a n  m E P such  t h a t  a n  (m) = 1. It i s  s u f f i c i e n t  t o  assume 

s = 1, n  



Thed,  s i n c e  s n  = 1 > 0 ;  x '  - 
n-1 - ~ x ~ - ~ ~ I - ; - ~ )  

I ' i , ,  and + e n  - s 1  e x i s t .  C l e a r l y  n- L n- 1 

%-1 = 1 and tA-l = 0. T h e r e f o r e  we must b e  i n  c a s e  

( n - l ) . l l .  

C o n t i n u i n g  on i n  t h i s  manner we e v e n t u a l l y  g e t  t; 0 

w h i c h ,  by Lemma 8 ,  i m p l i e s  t h a t  we a r e  done.  

We have  b e e n  work ing  u n d e r  t h e  t a c i t  a s s u m p t i o n  t h a t  

we a r e  n e v e r  i n  any  form o f  c a s e  n . 3 .  I t  h a s  b e e n  shown 

t h a t ,  if we work u n d e r  t h i s  a s s u m p t i o n ,  w e  a r e  done ,  t h a t  

i s ,  we a r e  a b l e  t o  f i n d  a  f u n d a m e n t a l  s e t  W which  s a t i s f i e s  

t h e  t heo rem.  T h u s ,  l e t  u s  assume we have  a r r i v e d  a t  some 

form o f  c a s e  n .3 .  Because  o f  t h e  d e c r e a s i n g  n a t u r e  o f  t h e  

t l J ) ' s ,  it i s  s u f f i c i e n t  t o  assume w e  are i n  c a s e  n . 3 .  

By t h e  work which  we h a v e  j u s t  c o m p l e t e d ,  we know how 

t o  h a n d l e  c a s e s  ( n + l ) . l  and  ( n + 1 ) . 2 .  T h e r e f o r e ,  we a r e  

e i t h e r  f i n i s h e d  o r  i n  c a s e  ( n + 1 ) . 3 .  We have  t h e  i n e q u a l i t y  



S i n c e  k i s  f i n i t e ,  t h e r e ~ e x i s t s  a  p o s i t i v e  i n t e g e r  m 

s u c h  t h a t  tm = 1. If t s 1, t h e n  tm+l = O and we 
m 

a r r i v e  i n  c a s e  (m+l).l. S i n c e  tm+l = 0 ,  it i s  i m p o s s i b l e  

t o  b e  i n  c a s e  ( rn+1) .3 .  We may as w e l l  assume t h a t  m + l  = n 

and we know how t o  h a n d l e  c a s e  n .1 .  Therefore, w e  w i l l  

be a b l e  t o  f i n d  a f u n d a m e n t a l  set W c R s u c h  t h a t  

and t h e  proof i s  c o m p l e t e .  



CHAPTER 3 .  

EXAMPLES : ILLUSTRATIONS OF THE METHOD OF PROOF. 

We now p r e s e n t  two examples  which may h e l p  t o  c l a r i f y  

t h e  p r o c e s s  t h a t  h a s  b e e n  d e s c r i b e d  i n  C h a p t e r  2 .  Each 

example w i l l  b e  d i v i d e d  i n t o  c a s e s  and f o l l o w e d  t o  i t s  

t e r m i n a t i o n .  The f i r s t  example c a n  b e  d e s c r i b e d  by t h e  

f o l l o w i n g  f l o w c h a r t  : 

Case 1.1 Case 1 . 2  Case 1 . 3  

where  t h e  c a s e s  r e f e r r e d  t o  r e p r e s e n t  e i t h e r  t h e  o r i g i n a l  

c a s e s  o r  some form o f  them. 

Example 1. L e t  A = ( 1 )  U f 5 , 1 1 ]  U [ 1 5 , 2 1 ]  U [ 2 5 , 3 1 ]  

u (351. 

and B = ( 1 , 1 0 , 1 1 , 2 0 , 3 ) .  Then 

C = [ 1 , 2 1  U 15,123  U [ 1 5 , 2 2 ]  u [25 ,321  u (54). 



L e t  R = [ 1 , 3 4 ] .  Then kb= 8 and 

s = i ( x l - 1 , r )  = i ( 9 , r )  = 2 ,  and  tl = k - sl = 6.  
1 

Case  1.1. Suppose  t l  = 0. We h a v e  tl  = 6 > 0. 

T h e r e f o r e  example 1 d o e s  n o t  f a l l  i n t o  t h i s  c a s e .  

Case  1 .2 .  Suppose  tl > o and < p [ x l y ~ k l  - 

We have  tl = 6 > 0 b u t  

T h e r e f o r e  e x a m p l e l d o e s  n o t  f a l l  i n t o  t h i s  c a s e .  

Case  1 . 3 .  Suppose  t > 0 and p ( x l - l )  P [ x ~ . B ~ J .  1 > 

r 
S i n c e  we a r e  n o t  i n  c a s e  1.1 o r  c a s e  1 . 2 ,  we must  b e  i n  

c a s e  1.3 which ,  from t h e  t h e o r e m ,  l e a d s  t o  





We h a v e  24 = gk-xp E !4 (x l , r2 )  and  t h u s  x3  = a ( 1 0 , r 2 )  = 25. 

3 = i ( 2 4 , r 2 )  = 4 ,  and t = t 2  - s3  3 
= 0. 

Case  3.1.  Suppose  t3 0.  We have  t j  = 0 .  

T h e r e f o r e  example 1 f a l l s  i n t o  t h i s  c a s e .  T h i s  l e a d s  u s  t o  

I n  o r d e r  t o  c o n t i n u e  o u r  s e a r c h  f o r  a  f u n d a m e n t a l  s e t  

W t h a t  s a t i s f i e s  t h e  t h e o r e m  we go t o  c a s e s  2 . 1 ' ,  2 . 2 ' .  

and  2 . 3 ' .  

We h a v e  M(1,r.i) = { 2 , 3 , 4 , 5 , 6 , 7 , 8 , 9 }  and t h u s  

*; = u ( 1 , r . i )  5 10, s; = i(9.r;) = 2 ,  and t; = s3 - s; = 2 .  

Case  2 . 1 ' .  Suppose  ti = O .  W e h a v e  ti = 2 > 0. 

T h e r e f o r e  example 1 d o e s  n o t  f a l l  i n t o  t h i s  c a s e .  
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Our n e x t  example i s  i l l u s t r a t e d  by t h e  f o l l o w i n g  

f l o w c h a r t  : 

where  each  c a s e  r e p r e s e n t s  e i t h e r  itself o r  some form o f  i t .  

It i s  a  more c o m p l i c a t e d  example since it goes  t o  c a s e  5 . 1  

b e f o r e  coming b a c k  t o  some form o f  c a s e  2 . 1  and  e n d i n g .  



s1 = 21r and tl = 42 .  

Case 1.1. Suppose tl = 0. W e  have tl = 42 > 0. 

Therefore  example 2 does not  fall into this case. 

Case 1.2. Suppose t > 0 and 
1 

We have tl 42 > 0 but  

There fore  example 2 does n o t  f a l l  i n t o  t h i s  case .  



Case 1.3. Suppose t and 
1 

Our p r e v i o u s  w c ~ k  shows u s  t h a t  example 2 f a l l s  i n t o  t h i s  

c a s e .  Fo l lowing  t h e  same p a t t e r n  a s  t h e  p roof  o f  t h e  

theorem w e  o b t a i n  

Now r1 = (gs + l - ~ l o . . . g k - ~ l )  where 
1 

Case  2.1.  Suppose t 2  = 0. We have  t 2  = 2 1  > 0 .  

T h e r e f o r e  example 2 does n o t  f a l l  i n t o  t h i s  c a s e .  



Case 2.2. Suppose t2 >I 0 and 

We have t2 = 21 > 0 but 

Therefore  example 2 does n o t  fall i n t o  t h i s  case. 

Case 2 . 3 .  Suppose t > 0 and 2 

Our prev ious  work has  shown us  t h a t  example 2 f a l l s  into 

c a s e  2 . 3 .  This  l e a d s  us  t o  

Ibw r 2 = ( g s 1 + s 2 + 1 - ~ 2 , . . . s  gk -X 2 ) where 





BOW r 3 r kS ,+, +, + 1 - ~ 3 , 0  . ,gk-x3 ) where 
1 2 3  

Case 4.1. Suppose t4 = 0. We have  t 4  = 7 > 0. 

T h e r e f o r e  example 2 does  n o t  f a l l  i n t o  t h i s  c a s e .  

Case 4 . 2 .  Suppose t4 > 0 and 

T h e r e f o r e  example 2 does n o t  f a l l  i n t o  t h i s  c a s e .  

Case 4 . 3 .  Suppose t4  > 0 and 

Our p r e v i o u s  work h a s  shown us  t h a t  example 2 f a l l s  i n t o  

t h i s  c a s e ,  Fo l lowing  t h e  p a t t e r n  o f  t h e  p roof  o f  t h e  



t heo rem,  we o b t a i n  , 

gs +s +s +s + i W X 4  = i + 8 2  , 1 s i 5 7. We have  
1 2 3 4  

~ ( 8 0 , r ~ )  = {803 U [ 8 2 , 8 9 ] .  Thus x = 9 0 .  s 5  = 7 ,  and 
5  

Case 5 .1 .  Suppose  t = 0. We have  t = 0, T h e r e f o r e  5 5 

example 2 f a l l s  i n t o  c a s e  5 . 1  f rom which w e  g e t  

F o l l o w i n g  t h e  p a t t e r n  o f  t h e  p roo f  o f  t h e  t h e o r e m ,  we 

g o  t o  a new form o f  case  4 . 1 .  

now r; = ( g s l + ~  +s +1-~3'* * '  * $ s  +e +s + s  -'3) where  
2 3 1 2 3 5  

B s  +S +s + i - ~ 3  = i + 62 , 1 S i s 7. We have  
1 2 3  





Thus x; = 1 0 ,  a $  = 7 ,  and t; = 0. 

Case 2 . 1 ' .  Suppose ti = 0. We have ti = 0. There-  

f o r e  example 2 f a l l s  i n t o  c a s e  2 .1 ' .  Nence 

T h e r e f o r e ,  s i n c e  [ 1 , 9 ]  i s  a fundamenta l  s e t ,  l e t  W = [ 1 , 9 ]  

and we a r e  done. 

T h i s  comple tes  o u r  two i l l u s t r a t i o n s  of  G a r r i s o n ' s  

method of p r o o f ,  I t  may b e  i n t e r e s t i n g  t o  n o t e  h e r e  t h a t . T  

have not  y e t  found an exampLe t h a t  f a l l s  into any form o f  

c a s e  1 . 2  f o r  i > 2. However, I b e l i e v e  t h a t  some s m a l l  

r e f inement  o f  t h e  p r e v i o u s  two examples o r  s i m i l a r  examples 

which w i l l  f a l l  i n t o  c a s e  1 . 2  f o r  some i > 2 w i l l  s o l v e  t h e  

problem. 



CHAPTER 4. 

CONCLUSION,  

The b a s i c  aim o f  t h i s  p a p e r  h a s  b e e n  t o  d e m o n s t r a t e  

c l e a r l y  G a r r i s o n ' s  n o n - t r a n s f o r m a t i o n  p r o o f  o f  Mann's Dens- 

i t y  Theorem which ,  of c o u r s e ,  i m m e d i a t e l y  y i e l d s  t h e  Landau- 

Schn i r e lmann  c o n j e c t u r e .  I n  o r d e r  t o  i l l u s t r a t e  t h e  pos- 

s i b l e  consequences  of G a r r i s o n ' s  new proof, we s h a l l  make 

some d e f i n i t i o n s  which g e n e r a l i z e  t h e  c o n c e p t s  t h a t  were 

d e f i n e d  i n  t h e  I n t r o d u c t i o n .  The deve lopment  of t h e  f o l l o w -  

i n g  i d e a s  i s  due  t o  A .  Freedman [ 2 ]. 

L e t  S be a non-empty s u b s e t  o f  a n  a b e l i a n  g r o u p  (G,+). 

If x and y a r e  e l e m e n t s  o f  G s u c h  t h a t  y - X E S ,  t h e n  we 

w r i t e  x < y .  If x c S ,  t h e n  

D e f i n i t i o n .  S i s  a  &-semig roup  i f  

( i )  S i s  c l o s e d  unde r  +, 

( i i )  0 L s, 

( i i i )  L(X) i s  f i n i t e  f o r  e a c h  x e S ,  



L e t  X b e  a  s u b s e t  o f  a* 6-semigroup  S and l e t  x E X.  

e l e m e n t  O f  X.  Let 

max(X) = {x  E X : x i s  a maximal e l emen t  o f  XI. 

L e t  3 b e  a f a m i l y  o f  nondernpty, f i n i t e  s u b s e t s  o f  S 

and l e t  x E F E J. If F = i x 3  o r  F - {XI E 3, t h e n  x i s  

c a l l e d  a c o r n e r  e l emen t  of  F. L e t  

F* = { x  E F : x i s  a c o r n e r  e l emen t  o f  F). 

D e f i n i t i o n ,  L e t  S be  a 6-semlgroup.  L e t g b e  a  non- 

empty f a m i l y  o f  non-empty, f i n i t e  s u b s e t s  o f  S.  Then 3 i s  

a  f u n d a m e n t a l  f a m i l y  o f  S i f  

( i )  f 6 r  every x E S ,  t h e r e  i s  a n  F &3 w i t h  

x E F, 
n 

( i i )  if Fi E 3, 1 I i _< n, t h e n  iglFi E 3, 

( i i i )  if Fi ~ 3 ,  1 5  i 5 n ,  t h e n  ; f ~ ~  ~ 2 ,  
i=l 

An o r d e r e d  p a i r ,  (s,J), where  s i s  a d-semigroup and 

is a f u n d a m e n t a l  f ami ly  o f  S ,  i s  called a d e n s i t y  Space* 



If A and B a r e  s u b s e t s  of S ,  t h e n  

I f  A and X a r e  s u b s e t s  o f  S w i t h  X f i n i t e ,  t h e n  A ( X )  

i s  t h e  number o f  e l e m e n t s  i n  A fl  X .  

D e f i n i t i o n .  If A i s  a  s u b s e t  o f  S ,  t h e n  

d ( ~ )  = ~ ~ ~ ( A ( F ) / s ( F )  : F € 3 1 ,  

where  J i s  a  f u n d a m e n t a l  f a m i l y ,  d(A) i s  c a l l e d  t h e  

d e n s i t y  o f  A w i t h  r e s p e c t  t o  2. 

With t h e s e  d e f i n i t i o n s  i n  mind we examine t h e  f o l l o w -  

i n g  s t a t e m e n t :  

S t a t e m e n t  1. L e t  ( s , S )  b e  a  d e n s i t y  s p a c e .  L e t  A and 

B be  s u b s e t s  o f  S ,  l e t  C = A + B ,  and  l e t  F ~3 b e  s u c h  

t h a t  S ( F  - C) = n  2 1. Then t h e r e  e x i s t s  a G ~ 3 0  s u c h  

t h a t  0 C F and  

T h i s  s t a t e m e n t  i s  n o t  t r u e  f o r  a r b i t r a r y  d e n s i t y  

s p a c e s ,  However, t h e r e  a r e  many s p e c i a l  c a s e s  f o r  which  

S t a t e m e n t  1 h o l d s  and  o t h e r  c a s e s  f o r  which i t s  v a l i d i t y  

i s ,  a s  y e t ,  unknown. We now examine some o f  t h e s e  s p e c i a l  



c a s e s .  , 

Example 1. L e t  S = (P U { O ) l k  - {(0,0 ,..., 0 ) )  and  

l e t  3 = { F C S  : F i s  f i n i t e ,  F # (0, and f o r  e v e r y  x E F ,  

L ( X )  C F). 

It is  e a s i l y  v e r i f i e d  t h a t  ( ~ , 3 )  i s  a  d e n s i t y  s p a c e .  

When k = I . ,  ( ~ ~ 3 )  = ( ~ $ 3 )  i s  j u s t  t h e  p o s i t i v e  i n t e g e r s  

t o g e t h e r  w i t h  t h e  fundamentaf  s e t s ,  [ l , n ] ,  t h a t  we d e f i n e d  

i n  t h e  I n t r o d u c t i o n .  Thus ,  f o r  t h i s  example ,  S t a t e m e n t  1 

is  i d e n t i c a l  w i t h  G a r r i s o n ' s  Theorem which we have  p roved  

i n  C h a p t e r  2. 

When k > 1, G a r r i s o n  [ 3 ] h a s  shown t h a t  S t a t e m e n t  1 

i s  f a l s e .  However, t h i s  d o e s  n o t  n e g a t e  t h e  p o s s i b i l i t y  

t h a t  t h e  Landau-Schnirelmann C o n j e c t u r e  ( g e n e r a l i z e d  i n  t h e  

o b v i o u s  way) s t i l l  h o l d s  f o r  t h i s  c a s e ,  I n  o r d e r  t o  

c i r c u m v e n t  S t a t e m e n t  1 and s t i l l  p r o v e  t h e  Landau-Schn i r e l -  

mann C o n j e c t u r e ,  it i s  n e c e s s a r y  t o  p r o v e  t h e  f o l l o w i n g :  

S t a t e m e n t  2. Let the h y p o t h e s i s  b e  t h e  same a s  i n  

S t a t e m e n t  1. Then t h e r e  e x i s t s  a Ct F; G a n d  an H E 3 such  

t h a t  G C F , H C F  , and  

If t h i s  s t a t e m e n t  i s  f a l s e  t h e n  t h e  Landau-Schnirelmann 



C o n j e c t u r e  i s  a l s o  f a l s e  f o r t t h i s  c a s e .  S i n c e  S t a t e m e n t  2 

i s  an  u n s o l v e d  problem f o r  k > 1, it  may b e  a w o r t h w h i l e  

p r o j e c t  t o  a t t e m p t  t o  g e n e r a l i z e  G a r r i s o n ' s  method t o  

p r o v e  S t a t e m e n t  2 f o r  t h i s  c a s e .  

B e f o r e  g i v i n g  a n o t h e r  example ,  i t  i s  n e c e s s a r y  t o  make 

some more d e f i n i t i o n s .  

D ' e f i n i t i o n .  I f  3 i s  8 f u n d a m e n t a l  f a m i l y  on S ,  t h e n  

D e f i n i t i o n .  L e t  3 b e  a fundamen ta l  f a m i l y  o f  S. Let 

x and y b e  any e l e m e n t s  o f  S s u c h  t h a t  x $ [y] and 

y  [x]. If [x] A Ey] = $, t h e n  a i s  s a i d  t o  b e  s e p a r a t e d .  

D e f i n i t i o n .  A f u n d a m e n t a l  f a m i l y  g o n  a 6-semigroup  S  

i s  s i n g u l a r l y  d i s c r e t e  o f  o r d e r  n  if  

(i) ais s e p a r a t e d ,  

( i i )  f o r  e v e r y  x E S ,  ~ ( [ x ) )  S n  w i t h  e q u a l i t y  

h o l d i n g  f o r  some y E S ,  

( i i i )  S ( [ x l )  = i f o r  a t  most one  x € S ,  where  

i = 2 ,3  ,..., n. 

Example ,2 .  L e t  ( S  ,?ST.) be a  d e n s i t y  s p a c e  where  3 i s  

s i n g u l a r l y  d i s c r e t e  o f  o r d e r  n .  



If n  = 1 o r  n  * 2 ,  S ta t lement  1 i s  very  e a s i l y  p roved .  

A .  E. Olson [ 7 h a s  p roved  S t a t e m e n t  1 f o r  t h e  s p e c i a l  

c a s e  n  = 3 and  c o n j e c t u r e d  i t  f o r  a 1 1  n.  

I have m e n t i o n e d  t h e s e  two examples  h e r e  b e c a u s e  t h e y  

appear t o  be s u s c e p t i b l e  t o  some k i n d  o f  s i m p l e  c o u n t i n g  

a rgument  such a s  G a r r i s o n ' s  method.  I n  t h e  c a s e  of  example 

1 when k > 1, b o t h  Mannts and  Dyson ' s  method of p r o o f  have 

b e e n  l o o k e d  a t  w i t h  no s u c c e s s .  

B e s i d e s  G a r r i s o n ' s  method ,  t h e r e  may b e  o t h e r  r e s e a r c h  

p o s s i b i l i t i e s  f o r  t h i s  p a p e r .  As X ment ioned  i n  t h e  S n t r o -  

d u c t i o n ,  some o f  t h e  lemmas and  o b s e r v a t i o n s  i n  C h a p t e r  1 

may b e  o f  i n d e p e n d e n t  i n t e r e s t .  

R e f e r r i n g  t o  C h a p t e r  3 ,  o n e  u n s o l v e d  problem i s  t o  

fin& examples  which  i l l u s t r a t e  G a r r i s o n ' s  method beyond 

c a s e  2 . 3  and which a r e  d i f f e r e n t  i n  n a t u r e  from t h e  o n e s  

p r e s e n t e d  i n  C h a p t e r  3. A l t e r n a t i v e l y ,  i f  t h i s  i s  impos- 

s i b l e ,  p r o v e  it . 
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