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50 I n t r o d u c t i o n  and Terminology  

Most o f  t h i s  t h e s i s  i s  c o n c e r n e d  w i t h  c o u n t a b l e  

c o m p l e t e  t h e o r i e s  h a v i n g  o n l y  i n f i n i t e  mode l s .  A t h e o r y  T 

i s  c a t e g o r i c a l  i n  power i f  a l l  models  o f  T  which have  

power X a r e  i s m o r p h i c .  has f o c u s e d  a t t e n t i o n  on Nl -ca t ego r -  

i c a l  t h e o r i e s  w i t h  h i s  c o n j e c t u r e  [ 5 1  t h a t  a c o u n t a b l e  t h e o r y  

was # l - c a t e g o r i c a l  i f  and  o n l y  i f  it was c a t e g o r i c a l  i n  e v e r y  

u n c o u n t a b l e  power.  Vaught s u g g e s t e d  a n o t h e r  p r o p e r t y  o f  

.bk l - c a t e g o r i c a l  t h e o r i e s .  I n  [ 2 1 1 ,  h e  c o n j e c t u r e d  t h a t  a n  
-. 

% l - & t t e g o r i c a l  t h e o r y  was e i t h e r  i O - c a t e g o r i c a l  o r  had  

e x a c t l y  Hg i somorphism t y p e s  o f  c o u n t a b l e  models .  Morley [ 7 1  

p r o v e d  t h e  bos  c o n j e c t u r e .  I n  t h e  c o u r s e  o f  t h e  p roo f  h e  

a t t a c h e d  an  o r d i n a l  aT t o  e a c h  c o u n t a b l e  c o m p l e t e  t h e o r y  T 

enb ccnJectured t h a t  if ': were # l - c a t e g o r i c a l  then a would T  

b e  f i n i t e .  I n  h i s  t h e s i s  [ 6 ]  Marsh i n t r o d u c e d  t h e  n o t i o n s  o f  

11 a l g e b r a i c  c l o s u r e "  and " s t r o n g l y  min ima l  s e t . "  

T h i s  t h e s i s  i n v e s t i g a t e s  t h e  p r o p e r t i e s  o f  - c a t e g o r i -  % 
c a l  t h e o r i e s .  The p r i n c i p a l  t o o l s  o f  t h i s  i n v e s t i g a t i o n  a r e  

t h e  n o t i o n  of s t r o n g l y  min ima l  s e t ,  V a u g h t ' s  two c a r d i n a l  

t h e o r e m ,  and two of M o r l e y l s  t h e o r e m s .  The t h e o r e m s  o f  

Morley s t a t e  t h a t  a  t h e o r y  c a t e g o r i c a l  i n  any  u n c o u n t a b l e  

power i s  t o t a l l y  t r a n s c e n d e n t a l  [ 7 ;  3 . 8 1  and  t h a t  i f  X i s  a  

s u b s e t  o f  t h e  u n i v e r s e  of  a  model  o f  a  t o t a l l y  t r a n s c e n d e n t a l  

theory t h e r e  i s  a model o f  T  p r ime  o v e r  X. 

, S e c t t o n  1 of t h i s  thesis exhibits t h e  b a s i c  p r o p e r t i e s  



of algebraic closure and strongly minimal sets. The simplest 

sorts of sl-categorical theories, strongly minimal theories, 

are studied in Section 2. In Section 3 the notion of strongly 

minimal is combined with the idea of Vaught's two cardinal 

theorem [g] to reprove the h s  conjecture. A slightly more 

complicated sort of H1-categorical theories, those which are 

almost strongly minimal, is considered in Section 4. vsughtls 

conjecture is proved in Section 5. Morley's conjecture is proved 

in section 6. Section 7 deals with a problem in definability. 

Section 8 summarizes some related results. 

Sections 1, 3 and 5 are from [I]. To the best of the 

author's knowledge those results in s,ections 2, 4, 6 and 7 not 

expiicitiy credited eisewnere are new. 

The notation used here combine8,that of Morley [7] and 

Shoenfield [20]. We deal with countable first order languages. 

For convenience, we will assume that each such language L con- 

tains only relation symbols and constants. L has vaf:~~bles 

vO, vl, .... Following [20; p. 171 we let Ay o, ... W n 
(so,  s ! denote the formuls obtained by rep lsc ing  each n 

occurrence of the variable w by the term ai for 0 5 i 5 n. 
i 

Whenever such an expression occurs we assume no variable has 

become bound by the substitution. We omit the subscripted 

variables wo, ... w if they are clear from context. For each n 
k 

natural number k we admit quantifiers 31 v and 3'kv which mean 

intuitively "there exist exactly k elements v" and "there 

exist at most k elements v" respectively. If c is a constant 



i n  L a n d a  i s  a n  L - s t r u c t u r e  t h e n  t h e  v a l u e  o f  c i n  R i s  

d e n o t e d  a s  i n  [20] by ( c )  r'. 
R 

We may e x t e n d  t h e  l a n g u a g e  L i n  s e v e r a l  ways.  1 f @  i s  

an  L - s t r u c t u r e  t h e r e  i s  a  n a t u r a l  e x t e n s i o n  ~ ( d )  o f  L 

o b t a i n e d  by a d j o i n i n g  t o  L a  c o n s t a n t  a  f o r  e a c h  a E 1 c7 I 
( t h e  u n i v e r s e  o f  4). F o r  e a c h  s e n t e n c e  ~ ( a  ..., a n )  & L ( A )  1' 

we s a y  (1 s a t i s f i e s  A(a l ,  ..., a n )  and  w r i t e  Q F * ( a l ,  ..., 
an ) 

i f  i n  S h o e n f i e l d l s  n o t a t i o n  a ( ~ ( a , ,  ..., a , ) ) =  T [20; p.  1 9 1 .  
- -- 

I f  c7 i s  an  L - s t r u c t u r e  and X i s  a  s u b s e t  o f  1 0 1  t h e n  L ( X )  i s  

t h e  l a n g u a g e  o b t a i n e d  by a d d o i n i n g  t o  L a  name x f o r  e a c h  

x  E X? ( Q  ,X) i s  t h e  n a t u r a l  e x p a n s i o n  o f  d t o  a n  L ( x ) - s t r u c -  

t u r e .  A s t r u c t u r e  B i s  a n  i n e s s e n t i a l  e x p a n s i o n  [20; p ,  1 4 1 1  

o f  a n  L - s t r u c t u r e  a i f  8 = ( 0  ,XI f o r  some X 2 I a 1 .  We a l s o  

e x t e n d  a l a n g u a g e  L by a d d i n g  a d d i t i o n a l  r e l a t i o n  symbo l s .  

If L '  e x t e n d s  L  and  Q 1 W s  a n  L 1 - s t r u c t u r e  t h e  r ? d u c t ,  d e n o t e d  

a '  I L ,  o f  01 t o  L i s  t h e  L - s t r u c t u r e  o b t a i n e d  f rom 4'. by - - 
o m i t t i n g  t h o s e  r e l a t i o n s . a n d  c o n s t a n t s  which o c c u r  i n  L1 b u t  

n o t  L .  S h o e n f i e l d  c a l l s  t h i s  c o n c e p t  " r e s t r i c t i o n "  [20; 

S n ( ~ )  d e n o t e s  t h e  s e t  o f  f o r m u l a s  o f  L w i t h  f r e e  

v a r i a b l e s  among vo , . . . , v  n-1 ' If A i s  a  f o r m u l a  s u c h  t h a t  

u .... u i n  t h e  n a t u r a l  o r d e r  a r e  t h e  f r e e  v a r i a b l e s  i n  A ,  
n  

t h e n  A ( @ )  i s  t h e  s e t  o f  n - t u p l e s  b l ,  ..., bn s u c h  t h a t  

( b l ,  . . a  b,)- If p i s  a unary p r e d i c a t e  
n  

e y n b o l  we abbreviate p v o ( @ )  by p(g).If 8 an L - s t r u c t u r e  

Y = 1 I and  X 5 I Q l k  t h e n  X i s  s a i d  t o  b e  d e f i n a b l e  



( Q  ,Y) if t h e r e  i s  a  f o r m u l a  A i n  s ~ ( L ( Y ) )  s u c h  t h a t  

X = A ( Q ) .  X i s  s a i d  t o  b e  d e f i n a b l e  i n  Q  i f  X i s  - 
d e f i n a b l e  i n  ( R , 141 ) .  

A c o n s i s t e n t  s e t  o f  L - s e n t e n c e s  i s  a  t h e o r y  i n  L . ,  I f  T 

and  T '  a r e  t h e o r i e s  i n  L  t h e n  T 1  e x t e n d s  T i f  T  c T 1 .  I f  T  - 
i s  a  t h e o r y  i n  a  l a n g u a g e  L  t h e n  T '  i s  an  i n e s s e n t i a l  

e x t e n s i o n  o f  T i f  t h e r e  i s  a model a of  T and  a  s u b s e t  X o f  

I C7 1 s u c h  t h a t  T '  = Th( C7,X) ( i . e .  t h e  s e t  o f  a l l  s e n t e n c e s  

i n  L ( X )  t r u e  of  ( 0 , X ) ) .  T1  i s  a  p r i n c i p a l  e x t e n s i o n  o f  T  

i f  T '  i s  a n i n e s s e n t i a l  e x t e n s i o n  of T by a  f i n i t e  number o f  

c o n s w t s  and  a s e t  o f  n o n l o g i c a l  axioms f o r  T I '  c a n  b e  

o b t a i n e d  by a d d o i n i n g  a  f i n i t e  s e t  o f  s e n t e n c e s  t o  a  s e t  o f  

n o n l o g i c a l  axioms f o r  T .  

CI 5 8  and  Q E 8 a b b r e v i a t e  "Q i s  a n  e l e m e n t a r y  sub -  

structure of B", "a i s  e l e m e a t a r i l y  equivalent tc 8" 

r e s p e c t i v e l y  [20; pp.  72-74] .  Suppose  Q  and 8 a r e  L - s t r u c -  

t u r e s ,  X 5 l a ]  and f  i s  a  1 - 1 map o f  X i n t o  181. L e t  8; 

b e  t h e  L ( x ) - s t r u c t u r e  o b t a i n e d  by s e t t i n g  ( x ) ~ ,  = f ( x )  f o r  

e a c h  x  E X, Then f  i s  an  e l e m e n t a r y  monomor~hism ( e l e m e n t a r y  

embedding)  o f  X i n t o  181 i f  (0 , X )  o 8'. The c a r d i n a l i t y  o f  

a  s e t  X i s  d e n o t e d  by K ( x ) ;  we a b b r e v i a t e  K (  ( Q 1 )  by K ( Q  ) .  

L e t  r b e  a  s u b s e t  of  S k ( ~ ) .  Then r i s  a  - k- type  i n  T i f  

t h e r e  i s  sbme model Q  o f  T and  e l e m e n t s  a  1~ a * +  ak 1 0 1  
s u c h  t h a t  iz b ( a l ,  . . . a k )  if  and  o n l y  i f  A t r .  I f  Q i s  a  

model o f  T and  X - c 1 0 1 t h e n  a  k - t y p e  r i s  r e a l i z e d  X i f  - -  
t h e r e  e x i s t  x l ,  ... x  E X s u c h  t h a t a  L A ( ~ ~ ,  ... x k )  f o r  k  



each A € r .  A k-type r is a principal k-type in T 
if there is a formula A & Sk(L( 0)) such that for 

each formula B in r 0 i--Vvo, . . . 
vvk-l (A + B). Since T is 

complete there i s -  Qn-e 0-types , truth- -. - 
Following Morley [ ? I  we assume that each T = C*for some 

C and thus that each n-ary formula 4 is equivalent in T to 

an n-ary relation A. N(T) is set of all substructures of 

models of T. The following summarizes with slight changes in 
.- . 

notacion the second paragraph of 12 in [ 7 ] .  If 67 is an 

L-structure & (  a )  is the set of all open sentences in L(Q ) 

which are true in (a ,fAl). If C7 e N(T), T(Q ) =B(Q )UT is 

a complete theory in ~(a). Let sk( C7) denote the Boolean 
algebra whose elements are the equivalence classes into which 

s~(L(~)) is partitioned by the relation of equivalence in 

T( q ) , and whose operations of intersection, union, and 

complementation are those induced by conjunction, disjunction 

and negation respectively. The Stone space of S ( a ) ,  the 1 

set of dual prime ideals of Sl(t7), is a topological space 

denoted s ( Q ) .  A dual prime ideal of Sk(Q) is a k-type of 

T(a ) .  This is a special case of the definition of k-type in 

the preceding paragraph. Note that if p & s ( Q )  and a t  is 

an inessential expansion af 0 p is naturally a member of 

s(Qr I ) .  



5 1 .  A l g e b r a i c  C l o s u r e  and  S t r o n g l y  Minimal S e t s  

T h i s  s e c t i o n  c o n t a i n s  t h e  d e f i n i t i o n s  u s e d ,  and  t h e  

b a s i c  t heo rems  p r o v e d ,  by  Marsh [6]. For c o m p l e t e n e s s ,  t h e  

r s e u l t s  a r e  r e p r o v e d  i n  a  manner s i m i l a r  t o  t h a t  u s e d  by 

Marsh.  

L e t  a b e  an  L - s t r u c t u r e  and  X a  s u b s e t  o f  1 Q 1 ,  The 

a l g e b r a i c  c l o s u r e  of  X ,  d e n o t e d  by  c l ( X ) ,  i s  t h e  u n i o n  o f  a l l  

f i n i t e  s u b s e t s  o f  I G' d e f i n a b l e  i n  ( C ?  , x ) .  T h i s  n o t i o n  was 

e x p l ~ , e d  by P a r k  a s  " o b l i g a t i o n "  i n  [ l l ] .  X s p a n s  Y if 

Y c - c l ( ~ ) .  X i s  i n d e p e n d e n t  if f o r  e a c h  x  E X ,  x  E c l ( ~ - { X I ) .  

X i s  a  b a s i s  f o r  Y i f  X i s  a n  i n d e p e n d e n t  s u b s e t  o f  Y which 

s p a n s  Y .  I f  e v e r y  b a s i s  f o r  Y h a s  t h e  same c a r d i n a l i t y  p, we 

d e f i n e  t h e  d imens ion  o f  Y t o  b e  p a n d  w r i t e   dim(^) = &I. 
L e t  G 'be  a n  L - s t r u c t u r e .  A s u b s e t  X o f  101 i s  min ima l  

i n  Q  i f  X i s  in- f - in i te ,def inable  i n  a, and  f o r  any  s u b s e t  Y 

o f  la1 which i s  d e f i n a b l e  i n  e i t h e r  Y f l  X o r  X - Y i s  

f i n i t e .  

If D E s ~ ( L (  0)) and  X = D( G') t h e n  X i s  s t r o n g l y  

min imal  i n  0 i f  f o r  any e l e m e n t a r y  e x t e n s i o n  8 o f @  D ( B )  i s  -- 
min ima l  i n  8 .  L e t  go and Ul b e  models  of a  comple t e  t h e o r y  

. S i n c e  up t o  i somorphism any t w o  models  o f  T have  a  common 

e l e m e n t a r y  e x t e n s i o n ,  D ( U O )  i s  s t r o n g l y  min imal  i n a o i f  and  

o n l y  i f  D( G' ) i s  s t r o n g l y  min ima l  i n  g l .  1 
Thus ,  w i t h o u t  

a m b i g u i t y  we d e f i n e  a  f o r m u l a  D E ~ ~ ( 1 )  t o  b e  s t r o n g l y  

min imal  - -  i n  T  if t h e r e  i s  a model C? of T  s u c h  t h a t  D ( Q )  i s  



s t r o n g l y  minimal  i n  R .  

We now e x h i b i t  some o f  M a r s h v s  r e s u l t s .  It i s  t r i v i a l  

t h a t  X c - c l ( ~ )  and t h a t  c l ( ~ )  5 c l ( ~ )  i f  X 2 Y .  

Lemma 1. c l ( c l ( ~ ) )  = c l ( ~ )  

P r o o f ,  Let  Q be  an L - s t r u c t u r e  and X 2 1 G' 1 .  

Suppose X & c l ( c l ( ~ ) ) .  Then t h e r e  e x i s t  e l ement s  al ,  ..., 
a  i n  c l ( ~ )  and a  fo rmula  A E Sn+l(L) such  t h a t  f o r  some n  

k  
k Q t ~ ( x ,  a,, . . . , a n )  A 31 vo A(v0,  a l ,  . , a .  But 

.- ., 
t h e n  'f6r each  i ,  1 9 i I n ,  t h e r e  e x i s t s  a  formula  Bi i n  

S 1 ( ~ ( x ) )  and an i n t e g e r  ki such  t h a t  c? pBi(a  i )  ; . 

ki A 31 v  B . ( v  ) .  Let  A1 be  t h e  fo rmula  3vl,  ..., 3vn 0 1 0  

n  k 
(%=I Bi v  - A ,  A .  A .  31 vO A ) .  Then A1 r S 1 ( ~ ( x ) ) ,  

Al (  a )  i s  f i n i t e ,  a n d @  A1(x) s o  x E c l ( ~ ) .  

The n e x t  lemma a s s e r t s  t h a t  w i t h i n  s t r o n g l y  minimal  

s e t s  t h e  "exchange p r i n c i p l e "  h o l d s .  

Lemma 2 .  Le t  D b e  i n  S 1 ( ~ )  and C7 b& an L - s t r u c t u r e .  

Suppose D ( Q )  = X i s  s t r o n g l y  minimal  i n  R . I f  Y g X ,  a  

and b  a r e  e l ement s  o f  X ,  a € c l ( ~ ) ,  b  s c l ( ~ ) ,  and 

P r o o f .  We suppose  t h a t  Y i s  empty s i n c e  if t h a t  c a s e  

i s  proved t h e  g e n e r a l  c a s e  may be  deduced by a d j o i n i n g  

names for t h e  members of  Y t o  L .  S i n c e  b  E c l ( { a ) )  t h e r e  

k e x i s t s  an  A E S 2 ( ~ )  such  t h a t  a 1- ~ ( a , b )  , 31 vl ~ ( a , v ~ )  



f o r  some p o s i t i v e  i n t e g e r  k .  I f  (A(v0 ,b )  ,. D ) ( 4 )  i s  f i n i t e  

t h e  lemma i s  p roved .  I f  n o t ,  s i n c e  D( G f )  i s . s t r o n g l y  minimal ,  

f o r  some p o s i t i v e  i n t e g e r  m ( -  ~ ( v ~ , b )  A D ) (  (I) h a s  

c a r d i n a l i t y  m .  Wr i t e  c ( v l )  f o r  D ( V ~ )  A 3lmvo(-A(v v  ) A 0 '  1 

D ( v 0 ) ) .  ~ h e n a  i - ' ~ ( b )  and b  $ e l ( $ ) ,  s o  c(@) i s  i n f i n i t e .  

k U r i t e  B ( V ~ )  f o r  D(v0) , 31 v l ~ ( v o , v l ) .  S i n c e  Q..B(a) and 

a  E c l ( @ ) ,  B(# ) i s  i n f i n i t e .  L e t  bo ,  . . . , bk be chosen from 

n f  4 \ f A # \  
w 1 .  S i n c e  ( ~ ( v  ) , - ~ ( v ~ , b ~ ) )  ( u  ) h a s  c a r d i n a l i t y  m f o r  0  

each  i 5 k ,  and B (  R ) i s  i n f i n i t e  and c o n t a i n e d  i n  D( d ) , f o r  

s o a e  a '  E B( 4 )  (I A (  s l , b i )  f o r  i = 0, . . . , k. But t h i s  
'F 

c o n t r a d i c t s  t h e  d e f i n i t i o n  o f  B s o  t h e  lemma i s  proved.  

The proof  we have j u e t  g i v e n  d i f f e r 8  from Marsh 's  i n  

t h a t  we d i d  n o t  invoke  an e l e m e n t a r y  e x t e n s i o n  of  a. The 

f o l l o w i n g  i s  proved from t h e  exchange p r i n c i p l e  j u s t  a s  t h e  

c o r r e s p o n d i n g  r e s u l t  i s  proved i n  t h e  t h e o r y  o f  v e c t o r  s p a c e s .  

Lemma 3 .  Let  X be s t r o n g l y  minimal  i n  0 and l e t  Y & X .  

I f  Z i s  an independen t  s u b s e t  o f  Y t h e n  Z can be ex tended  t o  

a  b a s i s  f o r  Y. Moreover,  any two base8  f o r  Y have t h e  same 

c a r d i n a l i t y .  

The r e l a t i o n s h i p  between s t r o n g l y  minimal  s e t s  and 

e l e m e n t a r y  aonomorphisms i s  e x p r e s s e d  i n  t h e  f o l l o w i n g  lemma. 

Lemma 4.  Let  D be s t r o n g l y  minimal  i n  a  comple te  t h e o r y  

T and l e t  C? and 8 be  models of T .  L e t  f be a 1 - 1 map from 

X c - I ) ( @ )  i n t o  D ( B )  such  t h a t  X ,  f ( ~ )  a r e  independen t  i n  t?, 8 

r e s p e c t i v e l y .  Then f  i s  an  e l e m e n t a r y  monomorphism. 

P r o o f .  By u s i n g  t h e  d e v i c e  of  a d j o i n i n g  names it 



s u f f i c e s  t o  t r e a t  t h e  c a s e  i n  which X i s  a  s i n g l e t o n ,  s a y  

x .  L e t  A b e  any f o r m u l a  i n  S 1 ( ~ ) .  S i n c e  D i s  s t r o n g l y  

m i n i m a l ,  j u s t  one  o f  (D A A )  ( 4  ) ,  (D , - A )  ( d  ) i s  i n f i n i t e .  

Wi thou t  l o s s  o f  g e n e r a l i t y  we may suppose  (D A A )  ( Q )  i s  

i n f i n i t e .  Then ( D  , A )  ( 8 )  i s  i n f i n i t e  s i n c e  T i s  c o m p l e t e .  

S i n c e  { x }  i s  i n d e p e n d e n t  i n  Q a n d  x  & I ) ( @ )  we have  x  € A ( @ ) .  

S i m i l a r l y  f ( x )  E ~ ( 8 ) ;  s i n c e  A i s  a r b i t r a r y  f i s  an  e l e m e n t a r y  

m n " . n . " A l l b ~  r... 
Auvuvuvr yAAL~uI. 

One may e a s i l y  o b t a i n  t h e  f o l l o w i n g  s l i g h t  v a r i a n t  on  

P r ~ p o s i t i o n  4 o f  [6]. 
'F 

Lemma 5 .  L e t  @ and 8 be L - s t r u c t u r e s ,  X c Id 1 and  f 

mapping X i n t o  8 an  e l e m e n t a r y  monomorphism. Then f c a n  b e  

e x t e n d e d  t o  an  e l e m e n t a r y  monomorphism o f  c l ( X )  i n t o  8. The 

image o f  t h i s  e x t e n s i o n  i s  c l ( f ( ~ ) ) .  



52 S t r o n g l y  Minimal T h e o r i e s  

A t h e o r y  T  i s  s a i d  t o  b e  a  s t r o n g l y  minimal  t h e o r y  i f  

t h e  fo rmula  vo = v i s  s t r o n g l y  minimal  i n  T ,  t h a t  i s  i f  t h e  0 

u n i v e r s e  o f  each  model o f  T i s  s t r o n g l y  minimal .  The 

f o l l o w i n g  r e s u l t  i s  due t o  Marsh [ 6 ] .  

Theorem 1. I f  T i s  a  c o u n t a b l e  s t r o n g l y  minimal  t h e o r y  

t h e n  T  i s  c a t e g o r i c a l  i n  e v e r y  u n c o u n t a b l e  power. 

P r o o f .  Le t  a and 8 be  models  of  T each  w i t h  power 
-, 

Let  X be  a b a s i s  f o r  1 0 1 and Y a b a s i s  f o r  181. 

Then K ( X )  = K ( Y )  = X s i n c e  f o r  e a c h  X a s u b e e t  o f  a model o f  

T K ( c ~ ( x ) )  5 K ( X )  + 8 
0' 

Then t h e r e  e x i s t s  a 1 - 1 map f 

from X o n t o  Y .  Then by Lemma 4 f  i s  an e l e m e n t a r y  mono- 

morphism. By Lemma 5 f  e x t e n d s  t o  an isomorphism o f  C? and 

B .  

I f  we d r o p  f o r  t h e  moment t h e  a s sumpt ion  t h a t  L i s  

c o u n t a b l e  we c o u l d  s t i l l  p rove  i n  t h e  same way Lemmas 1 

t h r o u g h  5 .  Then, s i m i l a r l y  t o  t h e  p r o o f  o f  Theorem 1, we 

o b t a i n  

Theorem 1'. I f  T  i s  a  s t r o n g l y  minimal  f i r s t  o r d e r  

t h e o r y  i n  a l anguage  L f o r  e a c h  X > K ( L ) ,  T i s  c a t e g o r i c a l  

i n  power A. 

We r e t u r n  t o  c o u n t a b l e  l a n g u a g e s .  C7 i s  a pr ime 

model of  T i f  f o r  each  model 8 o f  T t h e r e  is an e l e m e n t a r y  

embedding o f  a i n t o  8. 



Theorem 2 .  If T  i s  a  s t r o n g l y  min imal  t h e o r y  and  C? i s  

a  pr ime model o f  T t h e n  T i s  L*O-ca tegor i ca l  i f  and o n l y  i f  

f o r  e v e r y  f i n i t e  X c 1 a ( c l ( ~ )  i s  f i n i t e ,  - 
P r o o f .  Suppose f o r  some f i n i t e  X = 10 ( c l ( X )  i s  

i n f i n i t e .  L e t  T1 = T h ( d , ~ ) .  Then T1 i s  i O - c a t e g o r i c a l  i f  

and  o n l y  if T i s  ~ O - c a t e g o r i c a l .  L e t  l' b e  t h e  s e t  o f  

k f o r m u l a s  of  t h e  form - ( A  , 31 vo A )  a s  k r a n g e s  t h r o u g h  t h e  

g e n e r a t e d  r t h e n  b o t h  ~ ( 0 )  a n d  - B ( Q )  would b e  i n f i n i t e  
*tc 

which i s  i m p o s s i b l e  s i n c e  la( i s  s t r o n g l y  min ima l .  r i s  

t h e r e f o r e  n o t  p r i n c i p a l ;  t h u s  by R y l l - N a r d j e w s k i ' s  t h e o r e m  

[ 2 0 ,  p .  911 T1 and hence  T  i s  n o t  K O - c a t e g o r i c a l .  

Assuming t h a t  f o r  e a c h  f i n i t e  X - c 141, c l ( ~ )  i s  f P a i t e ,  

we pDave by  c o n t r a d i c t i o n  t h a t  f o r  e a c h  n  T  h a s  o n l y  f i n i t e l y  

many n - t y p e s .  The theo rem t h e n  f o l l o w s  by R y l l - N a r d j e w s k i l s  

t heo rem.  T h e r e  a r e  o n l y  two 0 - t y p e s  s i n c e  T  i s  c o m p l e t e .  

L e t  n  + 1 b e  t h e  l e a s t  n a t u r a l  number s u c h  t h a t  t h e r e  a r e  

i n f i n i t e l y  many n + 1 t y p e s .  Then some n - type  I' h a s  

i n f i n i t e l y  many e x t e n s i o n s .  S i n c e  T has o n l y  f i n i t e l y  many 

n-types r must b e  p r i n c i p a l  and hence be r e a l i z e d  i n  C? by 

< a l ,  . . . , a  > . S i n c e  c l ( { a l ,  . . . , a n ) )  i s  f i n i t e  t h e r e  i s  n  

a  f o r m u l a  B E S 1 ( ~ ( { a l ,  ... a n ) ) )  s u c h  t h a t  B ( Q )  = 

c l ( { a l ,  ... a n ) ) .  Then i f  T t  = ~ h ( 4 ,  { a l ,  ..., a n ) ) ,  -B 

g e n e r a t e s  a  p r i n c i p a l  1 - t y p e  i n  T ' .  F o r ,  s u p p o s i n g  

C E s l ( l ( { a l ,  ..., a  1 ) )  and b o t h  3 ~ ~ 6 ~  . - B) and  n  



3 v o ( c  , - B) a r e  c o n s i s t e n t  w i t h  T ' ,  t h e n  e i t h e r  ( C  , - B) 

( a )  o r  ( -  C ,, - B)( 6 1 )  i s  a  f i n i t e  nonempty s e t  s i n c e  1 a )  

i s  s t r o n g l y  min ima l .  But t h e n  B( G' ) = c l ( a l ,  . . . , a n ) .  

Hence t h e r e  a r e  o n l y  K ( B ( ~ ) )  +1 1 - t y p e s  i n  T t  s o  r h a s  

o n l y  f i n i t e l y  many e x t e n s i o n s .  So f o r  e a c h  n  T  h a s  o n l y  

f i n i t e l y  many n - t y p e s  and  T  i s  * o - c a t e g o r i c s l .  

Al though t o  t h e  a u t h o r ' s  knowledge t h i s  r e s u l t  h a s  

n e v e r  b e e n  p u b l i s h e d ,  it h a s  p r o b a b l y  been  known f o r  some 

y e a r s .  A r e l a t e d  r e s u l t ,  a l s o  u n p u b l i s h e d  and  due t o  Vaugh t ,  

a s  f a r  a s  we know, s t a t e s  t h a t  t h e r e  a r e  no f i n i t e l y  axiom- 
-. 

a t i z a k L e ,  ~ o - c a t e g o r i c a l  s t r o n g l y  min ima l  t h e o r i e s .  

I n  171 Morley makes t h e  f o l l o w i n g  d e f i n i t i o n .  F o r  e a c h  

o r d i n a l  a and e a c h  a E N(T) ,  subspaces  Sa( ) and  ~ r ~ (  a ) o f  

S ( R )  a r e  d e f i n e d  i n d u c t i v e l y  by 

( 2 )  p  E ~ r ~ (  a )  i f  ( i )  p 8 ~ " ( d 7 )  and ( i i )  f o r  

e v e r y  map ( f* :  ~ ( 8 )  -+ S (  0)) where 8 E N(T) and f i s  a  

monomorphism f rom a i n t o  8 ,  f* - l (p )  fl SO(%) i s  a  s e t  o f  

i s o l a t e d  p o i n t s  i n  ~ ' ( 8 ) .  ( S e e  [ 7 ;  p .  5191 f o r  t h e  

d e f i n i t i o n  o f  f * . )  I f  i~~ i s  a n  e l e m e n t a r y  embedding o f  a 

i n t o  8 t h e n  i* QB maps ~ ( 8 )  o n t o  S( a). Note t h a t  

q  E i:il * ( p )  i s  e q u i v a l e n t  t o  q n S l ( l ( @  ) )  = p .  

0 An e l e m e n t  p o f  ~ ( a  ) i s  a l g e b r a i c  i f  p E T r  ( a  ) ;  p  i s  

a t r a n s c e n d e n t a l  i n  r a n k  a i f  p  € T r  ( a  1. 

Morley d e f i n e s  T t o  be t o t a U y  t r a n s c e n d e n t a l  i f  t h e r e  

i s  an  o r d i n a l  $ s u c h  t h a t  i f  a 2 $ andC7 E N(T) s a ( a  ) = $.  



The l e a s t  such  6 i s  c a l l e d  aT. The n o t i o n  o f  t o t a l  t r a n s -  

cendence  w i l l  b e  d i s c u s s e d  i n  d e t a i l  i n  t h e  n e x t  s e c t i o n .  

However, we wish  t o  n o t e  h e r e  t h e  v a l u e  of aT f o r  s t r o n g l y  

minimal  t h e o r i e s .  

Theorem 3 .  I f  T i s  a s t r o n g l y  minimal  t h e o r y ,  aT = 2 .  

i n  a, The u n i q u e n e s s  i s  g u a r a n t e e d  by t h e  s t r o n g  

miq$mal i ty  o f  1 d? 1 . 
\F 

An example t o  i n d i c a t e  t h a t  t h e  c o n v e r s e  o f  t h i s  

theorem i s  f a l s e  and a p a r t i a l  c o n v e r s e  w i l l  b o t h  be 

e x h i b i t e d  i n  54 .  

The p r o t o t y p e  s t r o n g l y  minimal  t h e o r y  i s  t h e  t h e o r y  

of a l g e b r a i c a l l y  c l o s e d  f i e l d s  o f  c h a r a c t e r i s t i c  0 .  O t h e r  

examples  i n c l u d e  t h e  t h e o r y  o f  i n f i n i t e ,  d i v i s i b l e ,  t o r s i o n -  

f r e e ,  a b e l i a n  g roups  and t h e  t h e o r y  o f  t h e  i n t e g e r s  w i t h  t h e  

s u c c e s s o r  r e l a t i o n .  Each o f  t h e s e  t h e o r i e s  h a s  N o  

isomorphism t y p e s  of  c o u n t a b l e  models .  

An example of  an  ~ o - c a t e 6 0 r i c a l  s t r o n g l y  minimal  

t h e o r y  i s  o b t a i n e d  by a d j o i n i n g  n o n l o g i c a l  axioms t o  t h e  

p u r e  t h e o r y  o f  e q u a l i t y  a s s e r t i n g  t h a t  t h e  u n i v e r s e  i s  

i n f i n i t e .  A l e s s  t r i v i a l  example w a s  n o t i c e d  by h s  I S ] .  

L e t  T b e  t h e o r y  of  i n f i n i t e  a b e l i a n  g r o u p s  such  t h a t  e a c h  
P  

e l emen t  h a s  o r d e r  p ,  Then f o r  e a c h  pr ime p  T  i s  an 
P  

M o a t e g o r i c ~ l  et.rang1.y minimal t h e o r y .  



03 8 c 6 t e g o r i c a l  T h e o r i e s  
1 

A t h e o r y  T  i s  t o t a l l y  t r a n s c e n d e n t a l  i f  f o r  e a c h  m o d e l a  

of  T and  e a c h  c o u n t a b l e  s u b s t r u c t u r e  8 of  S ( 8 )  is c o u n t a b l e  

Morley p roved  i n  171 t h a t  t h i s  d e f i n i t i o n  i s  e q u i v a l e n t  t o  h i s  

o r i g i n s 1  d e f i n i t i o n  men t ioned  i n  52. 
! 

I f  C7 i s  a  model o f  T ,  8 E N ( T ) ,  and 8 & I dl t h e n  67 i s  

p r i m e  o v e r  8 i f  e v e r y  e l e m e n t a r y  embedding o f  8 i n t o  a  model 

C o f  T  c a n  b e  e x t e n d e d  t o  a n  embedding o f  L7 i n t o  C. @ i s  a 

p r ime  model o f  T  i f  a i s  p r ime  o v e r  $ .  
-. 
we-'wish t o  show t h a t  if T i s  t o t a l l y  t r a n s c e n d e n t a l  t h e n  

f o r  e a c h  X € N(T) t h e r e  i s  a model o f  T which i s  p r ime  

o v e r  X .  M o r l e y ' s  o r i g i n a l  p r o o f  i n  171 depended on h i s  n o t i o n  

of t r a n s c e n d e n c e  r a n k .  To a v o i d  t h i s  n o t i o n  we must  p r o v e  

from o u r  d e f i n i t i o n  o f  t o t a l l y  t r a n s c e n d e n t a l  t h a t  f o r  e a c h  

n o d e l a  o f  T and e a c h  X c (c? 1 t h e  p r i n c i p a l  1 - t y p e s  a r e  d e n s e  

i n  s(x). T h a t  i s  we must  show f o r  e a c h  A E S ~ L ( x ) )  such  t h a t  
1 

(€? ,X) ' ,  3v0 A ,  t h e r e  i s  a p r i n c i p a l  1 - t y p e  I' E S ( X )  w i t h  A E r .  
Suppose f o r  c o n t r a d i c t i o n  T ,  d , X and A c o n s t i t u t e  a  c o u n t e r -  

example .  C o n s t r u c t  a  s e q u e n c e  o f  f o r m u l a s  i n  S  ( L ( x ) )  a s  
1 

f o l l o w s .  L e t  A1 be A .  If An h a s  b e e n  chosen  w i t h  n  t 1 c h o o s e  

B E s ~ ( L ( x ) )  s u c h  t h a t  0, %,(A A B) and  , g l - 3 v o ( ~  A - B). L e t  

A2n = A B and  A2n+l = A A - B.  Fo r  any r e a l  number a, 

1 5 a 2 2, t h e r e  i s  a  1 - t y p e  I' i n  S ( X )  c o n t a i n i n g  A 
[ a ] ,  A [ 2 0 ~ *  

.... L e t  X* c o n s i s t  o f  a l l  x i n  X s u c h  t h a t  x , t h e  name 

. O f x ,  o c c u r s  i n  some A . Then X* i s  c o u n t a b l e  and  K ( s ( x * ) )  = n  
No 1 

2 which c o n t r a d i c t s  T b e i n g  t o t a l l y  t r a n s c e n d e n t a l .  Now we 



may a p p l y  4 .3  o f  [ 7 ]  t o  o b t a i n :  

Lemma 6 .  If T i s  t o t a l l y  t r a n s c e n d e n t a l  and X r N ( T )  t h e n  

t h e r e  i s  a model d of  T pr ime o v e r  X .  

I n  h i s  p roof  of t h e  two c a r d i n a l  theorem Vaught [ 2 1 ]  showed 

t h a t  i f  T i a  a  comple te  t h e o r y ,  D a  fo rmula  i n  S 1 ( ~ )  and C7, 8  

models o f  T such t h a t  0 4 8 ,  D ( a )  = D ( B )  b u t  1 ~ 7 1 2 1 8 1  t h e n  t h e r e  

e x i s t s  a  model C of  T w i t h  K ( C )  = K 1  and K ( D ( C ) )  = Ho. If a 

t h e o r y  T h a s  such  models and 8  we s a y  T - s a t i s f i e s  t h e  hypo- - 
t h e s i s  of t h e  two c a r d i n a l  theorem.  No t h e o r y  T which s a t i s f i e s  

t h e - h y 9 o t h e s i s  of  t h e  two c a r d i n a l  theorem can  be fil c a t e g o r i c a l .  

For  i n  a d d i t i o n  t o  C by t h e  ~ 6 w e n h e i m  Skolem theorem T h a s  a  

model a w i t h  K ( Q )  = K ( D ( @ ) )  = 3 1 ' An obv ious  consequence  i s  

Ledma 7 .  I f  D i s  s t r o n g l y  minimal  i n  a comple te  K1-cate- 

g o r i c a l  t h e o r y  T and  i f  a i s  a p r o p e r  e l ementa ry  s u b s t r u c t u r e  o f  

a model 8 o f  T t h e n  D ( Q )  i s  a  p r o p e r  s u b s e t  of  ~ ( 8 ) .  

Lemma 8 ,  t e t  T be a  comple te  t o t a l l y  t r a n s c e n d e n t a l  t h e o r y  

t h e n  e i t h e r  some p r i n c i p a l  e x t e n s i o n  o f  T h a s  a  s t r o n g l y  minimal  

farmula o r  some i n e s s e n t i a l  e x t e n s i o n  o f  T s a t i s f i e s  t h e  

h y p o t h e s i s  o f  t h e  two c a r d i n a l  theorem.  

P r o o f .  Le t  T be a c o m p l e t e  t o t a l l y  t r a n s c e n d e n t a l  t h e o r y  

and (7 a prime model o f  T .  There  i s  a  fo rmula  D r S ~ ( L ( ~  ) )  

such  t h a t  ~ ( 0 )  i s  minimal i n  Q .  Cons ide r  a l l  s e t s  

X c 1 Q { definable i n  (7. The s e t s  X form a  s u b a l g e b r a  •’3 o f  - 



t h e  Boolean  a l g e b r a  formed by a l l  s u b s e t s  o f  1 C7 1 .  I t  i s  c l e a r  

t h a t  t h e  S t o n e  s p a c e  o f  8 i s  homeomorphic t o  t h e  s p a c e  S ( 0 )  

d e s c r i b e d  i n  5 1 .  But t h e n  t h e r e  e x i s t s  X i n  8 s u c h  t h a t  X i s  

i n f i n i t e  a n d  f o r  no Y i n  8 a r e  X fl Y and X - Y b o t h  i n f i n i t e .  

O t h e r w i s e  t h e r e  would b e  2 8o d u a l  p r ime  i d e a l s  o f  8 whence 

K ( S (  a ) )  = 2 . But K (  a )  = d o  s o  K ( S (  ) )  = H o  s i n c e  T i s  

t o t a l l y  t r a n s c e n d e n t a l .  Choose D E S 1 ( ~ (  ) )  s u c h  t h a t  X = 

D( 6 ;  t h e n  D( ic" j i s  min ima i  i n  ~2' . 
Form L 1  by a d j o i n i n g  t o  L  t h e  c o n s t a n t s  which o c c u r  i n  D .  

L e t  Q * ' . b e  an  i n e s s e n t i a l  e x p a n s i o n  o f  t o  s n  L 1 - s t r u c t u r e .  
'r 

If IC = D( = D (  0 ' ) i s  s t r o n g l y  min ima l  i n  0 t h e n  D i s  

s t r o n g l y  min imal  i n  T I .  The t h e o r e m  I S  t h e n  p roved .  F o r ,  T 1  

i s  a  p r i n c i p a l  e x t e n s i o n  o f  T s i n c e  any n - t u p l e  f rom I 
r e a l i z e s  a  p r i n c i p a l  t y p e .  

I f  X i s  n o t  s t r o n g l y  min ima l  i n  t h e n  t h e r e  e x i s t s  a n  

i n e s s e n t i a l  e x p a n s i o n  8" o f  a n  e l e m e n t a r y  e x t e n s i o n  8 '  o f  0.' 

s u c h  t h a t  f o r  some C E S1(8") b o t h  ~ ( 8 " )  fl ~ ( 8 " )  and  ~ ( 8 " )  - 
~ ( 8 ' )  a r e  i n f i n i t e .  Now C c a n  b e  w r i t t e n  a s  c t ( v 0 ,  c l ,  ... 
where C 1  E Sm+l (L') and c l ,  ... c are  c o n s t a n t s  a d j o i n e d  i n  m 

expand ing  8 '  t o  8". L e t  I" = L U { C  l . . .  cm}. C o n s i d e r  a l l  

p o s s i b l e  e x p a n s i o n s  0'' of U '  t o  an  L " - s t r u c t u r e .  S i n c e  X i s  

min ima l  f o r  e a c h  s u c h  0" one o f  D ( Q  " )  n C ( C Z  " )  o r  D ( C 7  " )  - 
C(CF " )  i s  f i n i t e .  I f  a s  " v a r i e s  n e i t h e r  D ( Q  " )  f l  C ( a 3 " )  n o r  

D(0") - ~ ( d ' )  can  have  a r b i t r a r i l y  l a r g e  f i n i t e  c a r d i n a l i t y  t h e n  

<N - -=N f o r  some p o s i t i v e  i n t e g e r  N t h e  f o r m u l a  37 v0(D ,, c ' )  v3- V ~ ( D , - C ' )  
I 

i s  v a l i d  i n  and  hence  i n  8.  T h i s  c o n t r a d i c t s  t h e  f a c t  t h a t  (D,c)(B')  

and (D , -C) (B ' )  a r e  b o t h  infinite. Withou t  l o s s  suppose  t h a t  as d "  
i 



v a r i e s  D ( Q  " 1  n c(G"') c a n  have  a r b i t r a r i l y  l a r g e  f i n i t e  c a r d i n a l i t y  

L e t  L* = L' U where p_ i s  a u n a r y  r e l a t i o n  symbol .  

L e t  i? b e  t h e  s e t  o f  n o n l o g i c a l  axioms o f  T .  L e t  A b e  a  s e t  

o f  s e n t e n c e s  which a r e  t r u e  i n  an  L * - s t r u c t u r e  C* j u s t  i f  t h e r e  

i s  an  e l e m e n t a r y  s u b s t r u c t u r e  C o f  C * ] L "  s u c h  t h a t  lcll = 
1 

p(C*)  and  s u c h  t h a t  (D A c ) (C*)  = (D , C.)(C1). L e t  A" b e  a  

s e n t e n c e  which i s  t r u e  i n  ff" i f  and o n l y  i f  (D , c ) ( Q " )  h a s  

c a r d i n a l i t y  g r e a t e r  t h a n  n .  L e t  T* b e  a  t h e o r y  w i t h  n o n l o g i c a l  

axioms r U A U { A ~ I  n  < w 1 .  To show t h a t  T" i s  c o n s i s t e n t  it 

s u f f i c e s  t o  show f o r  a r b i t r a r y  k t h a t  t h e  s e t  of n o n l o g i c a l  

a x i o m k r  U A U {A" : n  5 k} y i e l d s  a c o n s i s t e n t  t h e o r y  Tk*. 

To o b t a i n  a model o f  T * choose  a'' s u c h  t h a t  (I) ,. c)( ( 7 " )  h a s  
k 

f i n i t e  c a r d i n a l i t y  g r e a t e r  t h a n  k .  L e t  6" b e  a  p r o p e r  

e l e m e n t a r y  e x t e n s i o n  of a " .  Expand 8" t o  B* by l e t t i n g  

p ( 8 * j  = i a " j .  Tnen 8* i s  a  n o d e l  o f  Tk*. Hence T* i s  con- 

s i s t e n t .  Le t  8% now b e  a  model  o f  T* t h e n  ~ h ( S * l  L " )  i s  a n  

i n e s s e n t i a l  e x t e n s i o n  o f  T which s a t i s f i e s  t h e  h y p o t h e s i s  o f  

t h e  two c a r d i n a l  t heo rem.  

Our o r i g i n a l  p r o o f  o f  Lemma 8 u s e d  K e i s l e r l s  r e s u l t  

[ 3 ; 4.261 t h a t  an  kt1 c a t e g o r i c a l  t h e o r y  c a n n o t  have  t h e  

f i n i t e  c o v e r  p r o p e r t y .  

By Theorem 3.8 of  [ 7 ] if T  i s  K 1  c a t e g o r i c a l  T  i s  

t o t a l l y  t r a n s c e n d e n t a l .  Thus by Lemma 8 i f  T i s  g 1  c a t e g o r -  

i c a l  a  p r i n c i p a l  e x t e n s i o n  o f  T  h a s  a s t r o n g l y  min ima l  

f o r m u l a .  We now d e r i v e  some p r o p e r t i e s  o f  s t r o n g l y  min ima l  

f o r m u l a s  i n  i! - c a t e g o r i c a l  t h e o r i e s  t o  make u s e  o f  t h i s  f a c t .  1 

Lemma 9 .  L e t  D b e  s t r o n g l y  min imal  i n  a  c o m p l e t e  



t h e o r y  T. I f  P i s  an i n f i n i t e  c a r d i n a l  t h e r e  i s  a  model  C7 

of  T w i t h  K( 0 )  = dim(D( 0)) = p. If Q i s  a  model o f  T and  

n  i s  f i n i t e  w i t h  dim D ( Q  ) = n  t h e n  t h e r e  i s  a  model 6 of  T 

w i t h  d i m ( ~ ( B ) )  = n  + 1. 

P r o o f .  Suppose t h a t  D ,  T s a t i s f y  t h e  h y p o t h e s i s ,  

If p i s  i n f i n i t e  by t h e  c o m p l e t e n e s s  t heo rem t h e r e  i s  

c e r t a i n l y  a  model C of  T with K ( C )  = r l i m _ [ r ) ( ( l ) )  = y ;  Le+; C 

b e  a model of T w i t h  dirn(D(C7 ) )  f i n i t e .  Le t  c  b e  a new 

c o n s t a n t  symbol and  T f  t h e  t h e o r y  o b t a i n e d  by a d j o i n i n g  t o  -. . - 
'F 

Th(Q , ~ ( a ) )  t h e  n o n l o g i c a l  axioms D(c) and {c  # b  i b r ~ ( C ? ) } .  

L e t  0 I b e  a model of T f  ; by renaming  t h e  e l e m e n t s  of  la' 1 , 
if n e c e s s a r y  we may assume t h a t  t h e  i n t e r p r e t a t i o n  o f  b  i n  

a '  i s  b f o r  b & ~ (  a ) .  App ly ing  Lemma 4 t o  Th( a ,  D ( a  ) )  we 

s e e  t h a t  T t  i s  c o m p l e t e .  Again a p p l y i n g  Lemma 4 t h e  1 - t y p e  

I' i n  L' = L U { c }  o f  a  p o i n t  d  E D ( @ " )  - c l ( ~ ( c 7 )  U { ( c b , ) )  

i s  i n d e p e n a e n t  of t h e  c h o i c e  o f  d  and  0'. Suppose r were  

p r i n c i p a l  and g e n e r a t e d  by A E S 1 ( L t )  t h e n  ~ ( f f ' )  would b e  

c o n t a i n e d  i n  D ( C ? ' )  i n f i n i t e  and  d i s j o i n t  from D( a ) .  T h i s  

would c o n t r a d i c t  t h e  s t r o n g  m i n i m a l i t y  o f  D i n  T. Thus r i s  

n o t  p r i n c i p a l  and  by E h r e n f r e u h t ' s  t heo rem t h e r e  i s  a  model  

8 '  o f  T' o m i t t i n g  r .  L e t  8 = ~ ' I L  t h e n  dim ~ ( 6 )  = 1 + 

dim D( C?) s i n c e  i f  X i s  a b a s i s  f o r  D(  4), X U { ( c ) ~ }  i s  

c l e a r l y  a b a s i s  f o r  ~ ( 6 ) .  

L e t  a s ,  o ;  t h e n  6  i s  a p r i m e  e x t e n s i o n  o f  0 i f  I a1 - c 
15) a n d  every proper e l e m e n t a r y  embedding f o f  a i n t o  a modal 



C e x t e n d s  t o  an e l e m e n t a r y  embedding o f  6 i n t o  C. L e t  

a < u; t h e n  8 i s  a  min imal  e x t e n s i o n  o f  i f  la / # I  B I  and 

C (  8 i m p l i e s  C = a  o r  C = 3 .  

Lemma 1 0 .  L e t  D b e  s t r o n g l y  min imal  i n  a  t h e o r y  T which 

does  n o t  s a t i s f y  t h e  h y p o t h e s i s  o f  t h e  two c a r d i n a l  t neo rem.  

Le t  0 b e  a  model o f  T and X a b a s i s  f o r  D(Q ) t h e n  Q i s  

pr ime o v e r  X .  The i somorphism t y p e  o f  Q i s  u n i q u e l y  

d e t e r m i n e d  by t h e  c a r d i n a l i t y  o f  X .  Moreover  a h a s  a  

min imal  pr ime e x t e n s i o n  8 and t h e r e  e x i s t s  y c ~ ( d )  - ~ ( d  ) 

s u c h  t k a t  X U { y )  i s  a  b a s i s  f o r  ~ ( 6 ) .  

P r o o f .  Assuming t h e  h y p o t h e s i s  l e t  a' b e  an  e l e m e n t a r y  

submodel o f  c7 pr ime o v e r  X t h e n  D(Q I )  = D(Q ) = c l ( ~ ) .  

Hence d1 = Q o r  T would s a t i s f y  t h e  h y p o t h e s i s  o f  t h e  two 

c a r d i n a l  t heo rem.  Suppose C i s  a  model  o f  T,  t h a t  Z i s  a  

b a s i s  f o r  D ( Z )  and t h a t  K ( Z )  = K(x). L e t  f be a  b i j e c t i o n  

from X t o  Z t h e n  f  i s  an e l e m e n t a r y  monomorphism by  Lemma 4 .  

S i n c e  0 = a' i s  pr ime o v e r  X ,  f c a n  b e  e x t e n d e d  t o  an  

e l e m e n t a r y  monomorphism g o f  a i n t o  C. By Lemma 5 

g(~(c7)) = D(C) s o  g i s  an  i somorphism o f  Q and C; 

o t h e r w i s e  T would s a t i s f y  t h e  h y p o t h e s i s  o f  t h e  two c a r d i n a l  

t heo rem.  To show t h a t  a h a s  a  min imal  pr ime e x t e n s i o n  l e t  

C now b e  a  p r o p e r  e l e m e n t a r y  e x t e n s i o n  o f  a . S i n c e  T does  

n o t  s a t i s f y  t h e  h y p o t h e s i s  o f  t h e  two c a r d i n a l  t h e o r e m  t h e r e  

e x i s t s  y E D(C) - D(Q ) .  L e t  C b e  an  e l e m e n t a r y  submodel o f  
1 

C pr ime  o v e r  X U t y } .  Then C1 h a s  an e l e m e n t a r y  submodel C 
2 



pr ime  o v e r  X and hence  i s o m o r p h i c  t o  0 .  S i n c e  y  # c l ( ~ ) ,  C1 

i s  a  p r o p e r  e x t e n s i o n  o f  a . F u r t h e r  i f  C 2  8 Cl and 

I c 2 J + l l i l  t h e n  D(C1) = D ( d )  by t h e  exchange p r i n c i p l e   e em ma 2 )  

and s o  C1 = 6 s i n c e  T d o e s  n o t  s a t i s f y  t h e  h y p o t h e s i s  o f  t h e  

two c a r d i n a l  t h e o r e m .  Thus C1 i s  a  min imal  e x t e n s i o n  o f  C 
2 ' 

L e t  f  b e  an  e l e m e n t a r y  embedding of  C 2  p r o p e r l y  i n t o  a model 

b o f  T .  By Lemma 7 t h e r e  e x i s t s  y 1  € ( D ( B )  - ~ ( f ( c ~ ) ) ) .  

L e t  g  e x t e n d  r w i t h  domain g  = j c 2 j  u iyj and g i ~ j  = Y I .  

S i n c e  D i s  s t r o n g l y  min imal  i n  Th(C I C 2  ) by Lemma 4 g i s  an 2 ' 
e l e m e n t a r y  monomorphism. S i n c e  C1 c o n t a i n s  a  model p r ime  o v e r  

' ,.- 
lc21 U I y }  and  C1 i s  a  min ima l  e x t e n s i o n  of C 2 ,  C1 must b e  

p r ime  o v e r  J c 2 J  U { y ) .  T h e r e f o r e  g e x t e n d s  t o  an  e l e m e n t a r y  

embedding o f  C1 i n  B .  Hence C1 i s  a pr ime e x t e n s i o n  o f  C 2 ' 

Now i f  h  i s  t h e  i somorphism f rom C, o n t o  2 t h e n  h  can  b e  
C 

viewed a s  an embedding o f  C p r o p e r l y  i n t o  C .  L e t  hl b e  t h e  2 

e x t e n s i o n  o f  h  which embeds C1 i n t o  C .  Then hl(C1) i s  t h e  

r e q u i r e d  min imal  pr ime e x t e n s i o n  o f  a. 

We now combine Lemmas 8 and  1 0  t o  o b t a i n  

Theorem 4 .  L e t  T b e  an K 1 - c a t e g o r i c a l  c o m p l e t e  t h e o r y ;  

T i s  p c a t e g o r i c a l  f o r  e v e r y  u n c o u n t a b l e  c a r d i n a l  p. 

t h e r e  a r e  a t  m o s t &  i somorphism t y p e s  o f  c o u n t a b l e  0 

models  o f  T 

e a c h  model o f  T h a s  a  min ima l  pr ime e x t e n s i o n  

e v e r y  u n c o u n t a b l e  model o f  T i s  s a t u r a t e d  

i f  a countable model of  T c o n t a i n s  a  s t r i c t l y  



i n c r e a s i n g  e l e m e n t a r y  c h a i n  t h e n  it  i s  s a t u r a t e d .  

( v i )  an  e l e m e n t a r y  e x t e n s i o n  o f  a  s a t u r a t e d  model  o f  T  

i s  s a t u r a t e d .  

Theorem 4 ( i )  and ( i v )  a r e  due  t o  Morley [ 7 ] .  blor ley 

p r o v e d  Theorem 4 ( i i ) ,  ( i i i ) ,  a n d  ( v )  i n  [ 8 ] .  Marsh p r o v e d  

Theorem 4 ( v i )  i n  [ 6 ] .  

P r o o f .  I f  T  i s  a n  8 1 - c a t e g o r i c a l  c o m p l e t e  t h e o r y  t h e n  

no i n e s s e n t i a l  e x t e n s i o n  o f  T  s a t i s f i e s  t h e  h y p o t h e s i s  of 

t h e  t u ~  c a r d i n a l  t heo rem.  By 3.8 o f  [ 7 ]  T  i s  t o t a l l y  

t r a n s c e n d e n t a l .  Hence by Lemma 8 t h e r e  i s  a  p r i n c i p a l  

e x t e n s i o n  T '  o f  T which  h a s  a  s t r o n g l y  min imal  f o r m u l a  9. For  

any  model  a '  o f  T' t h e  i somorph i sm t y p e  o f  i s  d e t e r m i n e d  

by  dim(^( a t ) ) .  Thus T '  i s  c a t e g o r i c a l  i n  e v e r y  u n c o u n t a b l e  

power .  A f o r t i o r i ,  s o  i s  T .  P a r t s  ( i i )  and ( i i i )  a r e  p r o v e d  

s i m i l a r l y .  

To p r o v e  ( i v )  c o n s i d e r  a model a of  T  w i t h  K (  d )  = 

IJ > N O *  Le t  X b e  any s u b s e t  o f  I w i t h  K ( X )  < IJ. We must 

show f o r  any p  E S ( X )  t h a t  p i s  r e a l i z e d  i n  a. L e t  8 be  a n  

e l e m e n t a r y  submodel  of  Q p r i m e  o v e r  X .  Then ~ ( 6 )  = 

K ( X )  + No < IJ. By t h e  Lowenheim Skolem t h e o r e m  any  p o i n t  

p  & ~ ( 8 )  and hence  any p o i n t  p E S ( X )  i s  r e a l i z e d  i n  a n  

e l e m e n t a r y  e x t e n s i o n  8 '  of  8 w i t h  ~ ( 8 ' )  = ~ ( 6 ) .  By ( i i i )  

t h e r e  e x i s t s  a  s t r i c t l y  i n c r e a s i n g  e l e m e n t a r y  c h a i n  

< B  I y s 6> s u c h  t h a t  do = 8 ,  23 
Y Y + l  

i s  a  p r ime  e x t e n s i o n  o f  

6 d = U i d f i  ( B < a) i f  a i s  a l i m i t  o r d i n a l ,  and 8* = 6 ' .  
Y' a 



Again by ( i i i )  u s i n g  i n d u c t i o n  on y, f o r  e a c h  y 5 6 ,  s i n c e  

~ ( 6  ) < K (  Q )  t h e r e  i s  an  e l e m e n t a r y  embedding o f  8 i n t o  CI 
Y Y 

which p r e s e r v e s  i n c l u s i o n s  a n d  i s  t h e  i d e n t i t y  on 6. Thus p  

i s  r e a l i z e d  i n  4 p r o v i n g  ( i v ) ,  

S i n c e  K ( s ( ~ ) )  = K ( Q )  f o r  any model d o f  T, t h e r e  

e x i s t s  an e l e m e n t a r y  c h a i n  0 < al 4 . . . of c o u n t a b l e  models  0 

o f  T s u c h  t h a t  an+, r e a l i z e s  e v e r y  p o i n t  o f  S( an)  f o r  e a c h  

21. < Q ;  !yher? 0 = n { Q  ! rr < ! is C1eerl:r Catl?r=te5. T~ 
n  

p r o v e  ( v )  l e t  6, C be  two c o u n t a b l e  models  of  T e a c h  c o n t a i n i n g  

a s t r i c t l y  i n c r e a s i n g  e l e m e n t a r y  c h a i n ;  it s u f f i c e s  t o  show 8 
'F 

and C a r e  i s o m o r p h i c .  Expand 6 and  C t o  models  8 '  and  C '  o f  

T t  by i n t e r p r e t i n g  t h e  new c o n s t a n t s  i n  t h e  f i r s t  member o f  

t h e  c h a i n  i n  8 ,  C r e s p e c t i v e l y .  The s t r i c t l y  i n c r e a s i n g  

c h a i n s  f o r c e  d i m ( ~ ( 6 ' ) )  = d i m ( ~ ( C ' ) )  = H o. Hence 8' % C' and 

t h e r e f o r e  73 2 C .  Note t h a t  ( v i )  i s  now immed ia t e .  

We w i s h  t o  p roduce  a  p r o o f  of M o r l e y ' s  t heo rem t h a t  a  c o u n t a b l  

f i r s t  o r d e r  t h e o r y  i s  c a t e g o r i c a l  i n  power K i f  and o n l y  i t  i s  
1 

c a t e g o r i c a l  i n  e v e r y  u n c o u n t a b l e  power which does  n o t  depend 

on t h e  n o t i o n  of t r a n s c e n d e n c e  r a n k .  I n  t h i s  endeavor  we u s e  

t w o  r e s u l t s  f rom Mor ley .  I n  Lemma 6 we showed t h a t  4 . 3  o f  

[ 7 1  whose p r o o f  does  n o t  depend on t h e  n o t i o n  o f  t r a n s c e n d e n c e  

r a n k  c o u l d  be  a p p l i e d  w i t h o u t  r e f e r e n c e  t o  t h e  n o t i o n  o f  

t r a n s c e n d e n c e  r a n k .  We a l s o  u s e  3.8 o f  [ 7 1  b u t  M o r l e y ' s  

o r i g i n a l  p roof  did n o t  employ t h e  n o t i o n  of t r a n s c e n d e n c e  

r a n k .  

Lemma 11. L e t  CP b e  a  model  of a  t o t a l l y  t r a n s c e n d e n t a l  



t h e o r y  T .  L e t  X - c 1 a 1 have  c a r d i n a l i t y  I M1. T h e r e  

e x i s t s  an e l e m e n t a r y  e x t e n s i o n  8 of  a and a  s u b s e t  Y o f  161 

which p r o p e r l y  c o n t a i n s  X s u c h  t h a t  e a c h  n- type  i n  T which i s  

r e a l i z e d  i n  Y i s  r e a l i z e d  i n  X .  

P r o o f :  By e s s e n t i a l l y  t h e  same argument  t h a t  was u s e d  

i n  t h e  f i r s t  p a r a g r a p h  of t h e  p r o o f  o f  Lemma 8 t h e r e  e x i s t s  

X I  - c X w i t h  K ( x ' )  = M 1  s u c h  t h a t  f o r  e a c h  Z c 1 dl  d e f i n a b l e  - 
i n  some i n e s s e n t i a l  e x p a n s i o n  of a j u s t  one o f  X '  fl Z and 

X I  - Z h a s  power H1. ( 1 n s t e a J .  o f  c o n s i d e r i n g  a l l  s u b s e t s  o f  

I G71  aB' i n  Lemma 8 c o n s i d e r  s u b s e t s  o f  X and r e p l a c e  " i n f i n i t e "  

I1 by  o f  c a r d i n a l i t y  H I 1 ' . )  

We now c o n s t r u c t  a  t h e o r y  T '  s u c h  t h a t  t h e  r e q u i r e d  6 and 

Y c a n  b e  o b t a i n e d  from a  model 6 '  of  T I ,  Le t  L i  b e  t h e  l a n -  

guage o b t a i n e d  by a d j o i n i n g  a  new c o n s t a n t  c  t o  L ( Q ) .  L e t  T '  

have  n o n l o g i c a l  axioms A where :  

r 

To show A i s  c o n s i s t e n t  c o n s i d e r  f i x e d  f i n i t e  Z c I a1 and  
1 - 

A E S ~ ( L ( Z = ) )  s u c h  t h a t  ~ ( c )  E A .  By c h o i c e  o f  X '  t h e r e  a r e  

a t  most Ho members a  o f  X '  s u c h  t h a t  ( 4 , ~ )  . - A S i n c e  

t h e r e  a r e  o n l y  K O  f o r m u l a s  A E S 1 ( L ( z ) )  we have f o r  a l l  

b u t  R o  members a  o f  X' and f o r  e a c h  A E S 1 ( ~ ( z ) )  s u c h  t h a t  

~ ( c )  E A ( a , ~ )  . A ( a ) .  T h i s  shows A i s  c o n s i s t e n t .  L e t  

6' b e  a  model o f  T '  and  6 = 3 ' 1 ~ .  Without  l o s s ,  s i n c e  6 '  . 

Th( G i ,  ( a ] ) ,  we may s u p p o s e  i3 i s  an  e l e m e n t a r y  e x t e n s i o n  of  a. 



L e t  Y b e  ( c ) B ,  and Y = X U i y } .  Then 6 and y  s a t i s f y  t h e  

c o n d i t i o n s  o f  t h e  t h e o r e m .  F o r ,  l e t  b e  an n - type  r e a l i z e d  

i n  Y by x l ,  ... x n-1 ' Y .  Then f o r  each  A t  6 S 1 ( ~ ( x l , . . .  n-1 ) > 
where A t  = A ( v ~ ,  X1, ..., Xn-l ) e i t h e r  A t ( c )  o r  - ' A ' ( c )  i s  i n  

A .  Moreover A(vl ... v n )  E I' i s  e q u i v a l e n t  t o  ~ " ( c )  E A which 

i s  i n  t u r n ,  e q u i v a l e n t  t o  ~ ( { a  E X t  I ( 0 ,  { x l ,  . . . x 1 )  !Z n-1 

n t ( a ) } )  = N , .  But t h e n  s i n c e  t h e r e  a r e  o n l y  c o u n t a b l y  many 

n t  E S1(L(x 
1, .. . X j j  some x E X i  must be s u c h  t h a t  n  

< x l ,  . . . x ~ - ~ ,  x > r e a l i z e s  f . 
. , C a r e f u l  e x a m i n a t i o n  o f  t h e  p r o o f  o f  4 . 3  of  C71 y i e l d s  t h e  

.c 

f o l l o w i n g :  l e t  Q b e  a n  L - s t r u c t u r e  w i t h  s u b s e t  X s u c h  t h a t  

a i s  p r ime  o v e r  X and c o n s t r u c t e d  a s  i n  4 . 3  [ 7 ]  t h e n  f o r  e a c n  

n ,  e v e r y  n - type  i n  ~ h (  ,x) r e a l i z e d  i n  ( C? , x )  i s  p r i n c i p a l .  

With t h i s  o b s e r v a t i o n  we c a n  r e f o r m u l a t e  t h e  l a s t  lemma t o  

r e a d :  if ~ h ( 0 )  i s  t o t a l l y  t r a n s c e n d e n t a l  and  K (  0') 2 
1 

t h e n  @ h a s  a  p r o p e r  e l e m e n t a r y  e x t e n s i o n  C such  t h a t  f o r  e a c h  

n  e a c h  n - type  i n  ~ h ( 6 ' )  r e a l i z e d  i n  C i s  a l r e a d y  r e a l i z e d  i n  

C7 . To s e e  t h i s  f i r s t  a p p l y  Lemma 1 0  w i t h  X = 1 a 1 t o  o b t a i n  

8 and Y .  Then l e t  C b e  p r ime  o v e r  1 a I u { y } .  

Theorem 5 .  L e t  T b e  \ I - c a t e g o r i c a l  f o r  some \I > K O  t h e n  

P r o o f .  Assume t h e  h y p o t h e s i s  and  f o r  c o n t r a d i c t i o n  t h a t  

T  i s  n o t  H 1 - c a t e g o r i c a l .  By 3.8 o f  [ T I  T i s  t o t a l l y  

t r a n s c e n d e n t a l .  Then by Lemma 8 t h e r e  i s  an  i n e s s e n t i a l  

e x t e n s i o n  T '  o f  T i n  a l a n g u a g e  L' e x t e n d i n g  L  which s a t i s f i e s  



t h e  h y p o t h e s i s  o f  t h e  two c a r d i n a l  t heo rem.  Hence t h e r e  

e x i s t s  a  model C o f  T 1  and  a  f o r m u l a  D & S 1 ( ~ ' )  s u c h  t h a t  

~ ( c )  = u, and K ( D ( C ) )  = . L e t  C '  = ( C  , ~ ( c ) ) .  

App ly ing  Lemma 11 and T a r s k i ' s  lemma we o b t a i n  an e l e m e n t a r y  

e x t e n s i o n  8 '  o f  C 1  and an  X w i t h  K ( X )  = u, and 

( C t  I 2 X c - 18' I s u c h  t h a t  e v e r y  n - type  f r o m  T ~ ( C  I )  r e a l i z e d  

i n  X i s  r e a l i z e d  i n  C', Lemma 11 can  b e  a p p l i e d  b e c a u s e  

D ( C ' )  i s  c o u n t a b l e .  Now we u s e  t h e  i d e a  i n  t h e  r e f o r m u l a t i o n  

o f  Lemma 11. L e t  G" 4 6' b e  p r ime  o v e r  X .  Suppose f o r  

c o n t ' r a d i c t i o n  t h e r e  e x i s t s  d i n  ~ ( 4  I )  - D ( C )  t h e n  t h e r e  

e x i s t s  A E S 1 ( ~ ' ( ~ ) )  g e n e r a t i n g  t h e  1 - t y p e  i n  L ' ( D ( C ) )  

r e a l i z e d  by d.  Bow A h a s  t h e  form ~ ( v ~ ,  a  1 * . . . a ) where m 

a 1' ... a E X and  B E S 1 ( ~ ' ( ~ ( C ) ) ) .  Choose ( c  ... c m )  i n  m 1' 

l c l m  r e a l i z i n g  t h e  s a n e  T~(c') t y p e  i n  C 1  a s  ( a , ,  .. . a  ) 
& D 

d o e s  i n  1 3 ' .  Then B ( V ~ '  c l ,  ... c m ) ( c l )  n (D(c') - D(c)) f. $ 

which  i s  a b s u r d .  Hence D(&' ' )  = ~ ( c ) .  But t n e n  a' I L  i s  a  

model T o f  power i n  some i n e s s e n t i a l  e x p a n s i o n  o f  which i s  

d e f i n a b l e  a  s e t  o f  c a r d i n a l i t y  # 0. d u t  u s i n g  t h e  

c o m p l e t e n e s s  t h e o r e m  and  T a r s k i ' s  lemma it i s  e a s y  t o  

c o n s t r u c t  a  model o f  5' o f  power p s u c h  t h a t  any set  d e f i n a b l e  

i n  an  i n e s s e n t i a l  e x p a n s i o n  o f  i t  has power p, Hence T i s  n o t  

U - c a t e g o r i c a l  c o n t r a r y  t o  h y p o t h e s i s .  

T h i s  c o m p l e t e s  o u r  deve lopment  o f  t h e  main r e s u l t s  known 

c o n c e r n i n g  theo rems  c a t e g o r i c a l  i n  power.  The s p i r i t  o f  o u r  

app roach  i s  c a p t u r e d  i n  t h e  f o l l o w i n g  o b s e r v a t i o n  which i s  

o b v i o u s  f rom t h e  p r o o f  o f  Theorem 4 :  a  t h e o r y  i s  c a t e g o r i c a l  
! 



in uncountable power if and only if it is totally transcend- 

ental and no inessential extension of it satisfies the 

hypothesis of the two cardinal theorem. 



24 Almost Strongly Minimal Theazies 

A theory T l a  almost stronglyl minimal if there is a 

principal extension T' of T with strongly minimal formula Dl 

such that for each model Q '  of T 1  la'l = cl(~(c7~)). In this 

section~we prove a theorem characterizing such theories. We 

also make use of this concept to prove the prqmised partial 

converse to Theorem 3. 

If T is almost strongly minimal then T is % categorical. 

For, let a and 8 be models of T with K(Q ) = c ( B )  = HI. Let ,.- 
a' and 81 be inessential expansions of G7 and 8 which are 

models of T1. Then by Theorem 1 and Lemma 5 dl' is isomorphic 

to 8'. Hence is isomorphic to 8. 

Let T be HI-categorical and 0 a model of T. We prove 

some technical lemmas about the structure of S(O ) .  sn(d ) 

and ~r"( 0.) are defined in Section 2, just before the statement 

of Theorem 3. 

If T is an H1-categorical theory we can associate with 

any model of T a strictly increasing elementary chain 

~ = a o  G I $  . . . by letting an+1 be a minimal prime 
extension of an for each n. Rote that by Lemma 10 this chain 

is unique up to isomorphism. If p is an element of S (  0) we 

say p is first realized in on if p is realized in an but p 
is not realized in a for each m < n. For:each n we take 

{dl, ... dn} to be a subset of D( an) - D( 0 )  which is 

algebraically independent in L( (I). Thus by Lemma 10 an is 



pr ime o v e r  1 ~7 1 U {dl ,  . . . d n l  . 

Lemma 1 2 .  Le t  T  b e  an  : t l - c a t e g o r i c a l  t h e o r y ,  w i t h  

s t r o n g l y  minimal  fo rmula  D ,  0 a  model o f  T  and p E: S (  Q ) . 
There  e x i s t s  a  n a t u r a l  number n  s u c h  t h a t  

( i )  p i s  f i r s t  r e a l i z e d  i n  Qf i*  

( i i )  The re  e x i s t s  a  f o r m u l a  A c Sn+l(L( a ) )  such  t h a t  

3 v , ,  ... 3v,A i s  i n  p  and i f  8 i s  an e l e m e n t a r y  e x t e n s i o n  o f  
* a* 

a and y l ,  e w . ,  y n ,  b  a r e  e l e m e n t s  o f  181 such  t h a t  8  ' 
~ ( b ,  yI, .. . , y n )  and b  r e a l i z e s  p t h e n  y l ,  . . . , yn a r e  

a l g e b r a i g a l l y  independen t  i n  L( 0 )  b u t  {yl ,  , , . , yn} 5 

c l ( l  &I U { b } ) .  

P r o o f .  ( i )  Le t  8  b e  an  e l e m e n t a r y  e x t e n s i o n  of  Q 

such  t h a t  p i s  r e a l i z e d  . i n  8 by b .  By Lemma 1 0  B i s  pr ime 

o v e r  I U Y where Y i s  a  s u b s e t  o f  D(B) - ~ ( 0 )  which i s  

a l g e b r a i c a l l y  independen t  i n  L( a ) .  Then f o r  some n  t h e r e  i s  

a fo rmula  B E S , + l ( ~ (  0)) and e l e m e n t s  y l ,  ... yn  i n  Y s u c h  

t h a t  B ( V ~ ,  y l ,  ... y n )  g e n e r a t e s  t h e  p r i n c i p a l  t y p e  i n  

~ h ( 8 ,  1 ~ 7 1  U Y )  r e a l i z e d  by b .  L e t  n  b e  chosen  a s  s m a l l  a s  

p o s s i b l e .  Then an i s  i s o m o r p h i c  t o  t h e  model pr ime o v e r  

I 0 1  u {b}. Hence p  i s  r e a l i z e d  i n  On  b u t  n o t  i n  am f o r  

m < n.  

( i i )  Le t  p  b e  f i r s t  r e a l i z e d  i n  On by c  and 

suppose  d l ,  . . . dn a r e  a b a s i s  f o r  D( CIn) i n  L( a ) .  Le t  

~ ( c ,  v l ,  ... v  ) g e n e r a t e  t h e  p r i n c i p a l  n- type  i n  n  

~ h (  (In, la, I U {c}) r e a l i z e d  by d l ,  . . . , dn . C l e a r l y  



3vl ... 3vnA i s  i n  p .  

For i = 1, ... n  t h e r e  i s  a formula  Ai E S 2 ( ~ ( Q '  ) )  and 

an i n t e g e r  N such t h a t  

F o r  l e t  Ai( t , v l )  g e n e r a t e  t h e  p r i n c i p a l  t y p e  i n  

~ h (  On, la I U { c 3 ) . r e a l i z e d  by di and suppoae A ~ ( C . V ~ ) ( Q  n )  

i s  i n f i n i t e .  Then s i n c e  D i s  s t r o n g l y  minimal and Ai(c ,v l )  

(a  .? 5 P( cn) there  i s  an element  c v  E D ( ~  ) such t h a t  

C 7 n 1 3 v l ( ~ i ( c , v l )  A v1 = c ' ) .  But t h e n  f o r  each e lement  e of 

A,(C,V&Q ,) an 1 e  = c t .  T h i s  i s  a b s u r d  s o  each 
,.- 

A ~ ( c , v ~ ) (  an) i s  f i n i t e  and we may assume each o f  t h e s e  s e t s  

h a s  l e s s  t h a n  N e l ements .  Note t h a t  i n  ~ h (  a,, ( 0 1  u {GI) 

Suppose 8 i s  an e lementary  e x t e n s i o n  of  0 and 

Y1 ' e . . . yd, b  a r e  e lements  o f  181 such t h a t  B /2 

~ ( b ,  yl, ..., y n )  and b r e a l i z e s  p .  S i n c e  b  r e a l i z e s  p 

T h ( 8 ,  101 U { b j )  I= Th(0  n ,  la I U { c } ) .  Then s i n c e  

A ( C ,  v I ,  ... v  ) g e n e r a t e s  t h e  p r i n c i p a l  t ~ ~ e  r e a l i z e d  by n 

dl ,  ..,, dn which are  a l g e b r a i c a l l y  independent  i n  

L( (7).  Y p  * a o  Y n  a r e  a l g e b r a i c a l l y  independen t  i n  L(Q ) .  

S i m i l a r l y ,  s i n c e  each di E c l (  la I U { c 3 )  each yi 

Lemma 1 3 .  Let T be an i ( l - c a t e g o r i c U  t h e o r y  with strongly 

minimal formula  D a n d 0  a  model o f  T .  If p i s  an e lement  o f  

S(Q which i s  no t  r e a l i z e d  i n  0 f o r  k < m t h e n  



Proof .  The proof  i s  by i n d u c t i o n  on m .  If m = 0 ,  t h e  

r e s u l t  i s  evident. Suppose t h e  lemma h o l d s  f o r  eacb model 

of  T and e a c h m  < s .  Let  0 be a m o d e l  o f  T and p  € s ( Q )  

such t h a t  p  i o  n o t  r e i l i z e d  i n  am f o r  m < s .  

Then by Lemma 1 2  ( i )  p i s  f i r s t  r e a l i z e d  i n  f o r  some 

n  2 s .  Choose A o S n , , ( l ( a  1)  satisfying L w m a  1 2  i i i ) .  Let  . .& 
8 be  a n  e lementa ry  e x t e n s i o n  of 0 such t h a t  D(B)  - D ( O  ) i s  

i n f i n i t e .  Let  Bn-l 8  and suppose  yl ,  . . . yn-l a r e  a .. 

b a s i s  in" 'L(8)  f o r  D ( B , - ~ ) .  Le t  bly b2 ... enumerate 

D(8)  - D ( Q  ) ,  

Let  f b e  an  isomorphism of  an i n t o  Bm 
3 - de te rmined  by 

f ( d  ) yi f o r  1 5  L 5 n  - 1 and f j ( d n )  = b 
3 i 3 ' 

Let 

a = ) .  Let q  b e  t h e  e lement  o f  s(B) r e a l i z e d  by a 
3  3 3 '  

Then q i s  n o t  r e a l i z e d  i n  Bk f o r  any k c n-1.For suppose  
3 

8' 2 8 and a t  o B t  r e a l i z e s  q  3 
3 3 ' 

Then i f  8 i s  prime o v e r  

181 U { a .  1 t h e r e  i s  an isomorphism of  B~ i n t o  8 '  . But by 
J 

Lemma 1 2  ( i i )  y  ... y 1  c c l ( ' Q 1  U { a 3 } )  s o  

{ylY ... Y , - ~ }  & D ( d ) .  Thus ~ ( d )  and hence ~ ( 8 ' )  c o n t a i n  a t  

l e a s t  n  - 1 elements  a l g e b r a i c a l l y  independent  i n  ~ ( 8 ) .  So 

q3 
i s  n o t  r e a l i z e d  i n  any Bk w i t h  k < n  - 1 and i n  p a r t i c u l a r  

w i t h  k C s - 1 s o  q E ssdl(B) by i n d u c t i o n .  S i n c e  each a 
3 3 

r e a l i z e s  p  each q E iff 
3 - l ( P L  

Moreover t h e r e  a r e  i n f i n i t e l y  
a B 

many d i s t i n c t  q 
3 '  

For  i f  n o t  t h e r e  e x s i t s  an  e lementa ry  

e x t e n s i o n  C of 8 and c  E I C I  such t h a t  c r e a l i z e s  i n f i n i t e l y  

many of t h e  q . Then C i: B,(C yb ) f o r  i n f i n i t e l y  many b 3 J 3 



i n  ~ ( 8 )  - D( 0). But s i n c e  c r e a l i z e s  p  Bn(c,vl)(C) i s  

f i n i t e .  

-1 Thus i* ( p )  f l  s S - l ( 8 )  i s  i n f i n i t e  s o  p  e ~ ' ( 8 )  which 
~ 7 8  

was t o  b e  p roved .  

Lemma 1 4 .  Le t  T  be  an  K l - c a t e g o r i c a l  t h e o r y  w i t h  s t r o n g l y  

minimal  f o r m u l a  D and pr ime model 0' such  t h a t  f o r  each  model 

a o f  T  I = c l ( ~ ( 0  ) U I a t  1 ) .  For  each  model 0 o f  T i f  

p  E S( a )  i s  f i r s t  r e a l i z e d  i n  4 t h e n  p  E ~ r ~ ( C 7  ) .  m 

P r o o f .  The p r o o f  i s  by i n d u c t i o n  on m. I f  m = 0  t h e  
- *  

lemma i s  'cclear ly t r u e .  Suppose t h e  lemma h o l d s  f o r  m < n  and 

l e t  C? b e  a model o f  T  and p  c; S(C7 ) such  t h a t  p  i s  f i r s t  

r e a l i z e d  i n  C? by c .  

L e t  B e S n + l ( ~ ( a  ) and suppose  ~ ( y ~ ,  d l ,  .. , d  ) g e n e r a t e s  n  

t h e  p r i n c i p a l  t y p e  i n  ~ h (  g,  10 I U d l ,  . . . dn)  ) r e a l i z e d  by 

. Then by h y p o t h e s i s  B(vO,  d l ,  . . . d n ) ( a  n) i s  f i n i t e ,  s a y  

w i t h  c a r d i n a l i t y  k .  Le t  A b e  chosen  a s  i n  1 2  ( i i ) .  Le t  

C = A , B. C l e a r l y  3vl,  ..., 3vn C i s  i n  p .  Le t  B b e  a n  e l emen ta -  

r y  e x t e n s i o n  o f a  and suppose  y l ,  ..., yn i s  a  b a s i s  i n  ~ ( 8 )  f o r  

D(BJ .  Then c ( v 0 ,  y l ,  ..., yn)(8,)  h a s  c a r d i n a l i t y  k s o  t h e r e  

a t .  m o s t  k  t y p e s  i n  S ( 8 )  which a r e  r e a l i z e d  i n  c ( v 0 ,  y l ,  . . . , y n )  

(Bn) .  L e t  q e i* - L ( p ) .  Let  8'  L B and suppose  q i s  
0 8  

r e a l i z e d  i n  8 '  by b .  S i n c e  b  r e a l i z e s  p  t h e r e  e x i s t  y i ,  ... y; 

i n  ~ ( 8 ' )  such  t h a t  8' k ~ ( b ,  p i ,  . . . , y ' )  and by Lemma 1 2  ( i i )  

 is o w * ,  yI .  are a l g e b r a i c a l l y  i n d e p e n d e n t  i n  L(Q ) .  Moreover 

b  E c l ( l 0  I U { y i ,  ..., y;}). Thus i f  y i ,  ..., y; a r e  n o t  

a l g e b r a i c a l l y  independen t  i n  ~ ( 8 )  q i s  r e a l i z e d  i n  gk f o r  some 



3 
* .  k < n and q $ s n ( a  ) .  I f  y ,  . . . y: a r e  a l g e b r a i c a l l y  

i n d e p e n d e n t  i n  L ( B ) ,  l e t  f  map y i  t o  y i .  Then f  e x t e n d s  t o  a n  

i somorphism t a k i n g  a  model  p r ime  o v e r  y '  ... y: i n t o  Bn.  1' 

Then f(b) is i n  C(vO,  y l ,  . . . , y n n  s o  q i s  one of  t h e  a t  

most k t y p e s  i n  S ( B )  which a r e  r e a l i z e d  by a member o f  

c ( v O ,  Y ~ ,  . , y n n  Thus f o r  e v e r y  8 2  0 i* tl 
I 

dB 
~ " ( 8 )  i s  f i n i t e  s o  p  E T ~ " ( Q  ) .  

Lemma 1 5 .  L e t  T  b e  N i - c a t e g o r i c a l  w i t h  strongly minimal 

f o r m u l a  D .  L e t  0 b e  a  model o f  T and p  E S ( d  ) s u c h  t h a t  

p  i s  f i r s t  r e a l i z e d  i n  Q m .  L e t  C b e  t h e  f o r m u l a  i n  Sm+,(L(C?)) 
1( 

a s s o c i a t e d  w i t h  p  i n  t h e  p r o o f  of  Lemma 1 4 ,  Suppose 

m+l c ( v 0 ,  d l ,  ,.. d m ) ( Q m )  i s  i n f i n i t e .  Then p  E S ( a  1. 

P r o o f .  The p r o o f  i s  by  i n d u c t i o n  on m .  L e t  m = 1. L e t  

8 (1 a n d  suppose D ( B )  - D( 5') i s  i n f i n i t e .  L e t  b l ,  b 2 ,  . . . 
e n u m e r a t e  ~ ( 8 )  - ~ ( a ) .  S i n c e  c ( v 0 ,  d l ) ( C  i s  i n f i n i t e ,  f o r  

e a c h  j < w C ( v o ,  b j ) ( B )  i s  i n f i n i t e .  Thus f o r  e a c h  j t h e r e  i s  

a qj 2 S' ( B 1 w i t h C (v*,  b j . ) ~  gj,Aa i n  Lemma 1 3  i n f i n i t e l y  

a r e  d i s t i n c t .  Each q E i* -1 many 2  
3 3 ( p )  S O  p  E s ( a  1. 

Q B 
Suppose  t h e  lemma h o l d s  f o r  e a c h  m < n and  Q i s  a  model 

of T  w i t h  p E ~ ( 6 '  ) s u c h  t h a t  p  i s  f i r s t  r e a l i z e d  i n  an and 

c ( v 0 ,  d l ,  . . . dn)(c7 , )  i s  i n f i n i t e .  L e t  8 2  C1 s u c h  t h a t  

~ ( 8 )  - D( 0) i s  i n f i n i t e .  L e t  y l ,  ... yn-l b e  a  b a s i s  i n  L ( B )  

Bn-l and l e t  b l ,  b2  . . . enumera t e  ~ ( 8 )  - D(  for e a c h  j 

c o n s i d e r  C(vo,  y l ,  .... Y , - ~ ,  b  ( 8 )  which i s  i n f i n i t e  
3 

s i n c e  C ( v o ,  d l ,  ... d ) (  a n )  i s .  C o n s i d e r  t h e  t y p e s  i n  n  

Th(Bn,  I B I  U { y l ,  * * .  Yn-l 1 ) o f  e l e m e n t s  o f  c ( v O  ,yl .  .. . Y , - ~ ,  
b~ ) 



(8n-1 ) If some such type q is realized infinitely often in 

C 
n-1 let q i where BI; = B U { , . . a y . Then by 

J q-l 
induction q E sn: 8 ) .  If each type in S (  8:) is realized at 

J 
most finitely often in c(vOa yl, . . . , y ) (8 .) then n 
there are infinitely many such types in ~(8;) so there exists 

and c a f C I  such that c realizes q t ,  Then if C 1  is prime 
3 3 

over 181 U ic i the dimension in ~ i B j  of ~ ( 2 : )  is 8 f o r  soae 3 
S L n. 

Bet q be the type in ~ ( 8 )  realized by c 3 '  
Construct 3 

C & Si+l(~(8)) from q3 Ju8t as C is constructed from p. Then 
5 

as in Lemma 1 2  (ii) any 8 '  P 8 which realizes q, must contain 

a set of s elements in ~(8') which is algebraically 

independent in ~(23). So q3 is first realized in 8.. Since 

2 n by Lemma 13 q r sn(8). As in Lemma 13 infinitely many 
'I 

n+l of the q are distinct. Hence p E s ( 0  ) .  
'I 

Lenuna 16. If T is H i  categorical and for some model 

of T, p r S ( Q )  is first realized in a m  implies 

p E ~ r ~ (  dl ) for every m, then T is almost strongly minimal. 

Proof. Since T is H1 categorical, by Lemma 8 there is a 

principal extension T 1  of T in a language L t  with a formula 

D E Sl(Lt) which is strongly minimal in T 1 .  For each model 

of T let a t  be the natural expansion of (2 tto an 

L'-structure. Let 0 be as in the hypothesis. We may assume 

for contradiction that there is an elementary extension 8' of@' 

and an element b E cl(~(8')~I a1 1. Let p be the element of 



~ ( a )  r e a l i z e d  by b .  By Lemma 1 2  ( i )  p  i s  f i r s t  r e a l i z e d  i n  

0, f o r  some n. Choose C a s  i n  t h e  proof  of  Lemma 1 4 .  If 

C(vo,  d l ,  . . . dn)(C7 1;) i s  f i n i t e , m a p p i n g  ~7 ;l i n t o  8 '  y i e l d s  a  

c o n t r a d i c t i o n .  Hence p  s a t i s f i e s  t h e  h y p o t h e s i s  of Lemma 1 5 .  

n + l  Thus p  E S  ( )  But p  i s  r e a l i z e d  i n  C I A  s o  by h y p o t h e s i s  

p  e ~ r ~ ( c 7  I ) .  From t h i s  c o n t r a d i c t i o n  we conclude  t h a t  f o r  each 

8'  P Q and each b  e I B 1  I t h e r e  a r e  n a t u r a l  numbers n  and k ,  

a  formula  Ab 
%+l 

( ~ ( a  I ) )  and e lements  dl,  ..., dn & D ( 8 ' )  

But t h e n  bx t h e  compactness theorem ~ h ( 0  I ,  lC7 1 1 )  models 

f o r  some n a t u r a l  numbers N and k .  But t h e n  i f  8 i s  a  prime 

model o f  T ,  8  must model t h a t  s e n t e n c e  w i t h  t h e  c o n s t a n t s  from 

1 a 1 r e p l a c e d  by names of members o f  181. I f  t h e  s e t  o f  t h e s e  

c o n s t a n t s  i s  X ,  T h ( 8 , ~ )  i s  t h e  r e q u i r e d  p r i n c i p a l  e x t e n s i o n  of  

L e t  T be  an l - c a t e g o r i c a l  t h e o r y ,  0 a  model o f  T and 

p  an  e lement  of  ~ ( 0  ). Let  T 1  be a  p r i n c i p a l  e x t e n s i o n  o f  T 

w i t h  s t r o n g l y  minimal formula  D. For  each model B o f  T l e t  B 1  

be  t h e  n a t u r a l  expans ion  of 8 t o  a  model of  T .  Then p i s  

n a t u r a l l y  a  member of  s ( G  I ) .  Moreover p  i s  f i r s t  r e a l i z e d  i n  

a m  i f  and o n l y  i f  a s  $member of  S ( a  ' )  it i s  f i r s t  r e a l i z e d  

i n  0 ',. Fur thermore  f o r  each o sa(  a ) = sa( @ ) . 
With t h i s  o b s e r v a t i o n  we c a n  c o l l e c t  t h e  p r e c e d i n g  r e s u l t s  



Theorem 6 .  L e t  T  b e  a n  H 1 - c a t e g o r i c a l  t h e o r y .  The 

f o l l o w i n g  a r e  e q u i v a l e n t :  

( i )  T i s  a l m o s t  s t r o n g l y  min imal  

( i i )  Fo r  some model d of  T and  e v e r y  n a t u r a l  number m ,  

i f  p  i s  f i r s t  r e a l i z e d  i n  f f m  t h e n  p E ~ r ~ (  a ) .  

( i i i )  Fo r  e v e r y  model o f  T and  e v e r y  n a t u r a l  number m 

p E ~ r ~ (  d j if. and o n l y  i f  p  i s  f i r s t  r e a l i z e d  i n  Q , m 

By Lemma 1 2  and Theorem 6 ( i i i )  i f  T i s  a l m o s t  s t r o n g l y  

minimal '*a  i s  f i n i t e .  From Theorem 6 we c a n  f u r t h e r  deduce  t h e  'r 
f o l l o w i n g  p a r t i a l  c o n v e r s e  t o  Theorem 3 .  

C o r o l l a r y .  I f  T i s  B 1 - c a t e g o r i c a l  and aT = 2 t h e n  T i s  

a l m o s t  s t r o n g l y  min ima l .  

P r o o f .  aT = 2 i m p l i e s  t h a t  f o r  e a c h  model Q o f  T  e a c h  

p c S( a )  i s  i n  ~ r * ( ( l )  o r  ~ r ' ( C 7 ) .  Thus f o r  e a c h  n a t u r a l  

number n ,  i f  p  c ~ r ~ (  O )  t h e n  p  i s  f i r s t  r e a l i z e d  i n  dn .  

Hence by Theorem 6 ,  T i s  a l m o s t  s t r o n g l y  min ima l .  

The f o l l o w i n g  c o n s t r u c t i o n  shows t h a t  f o r  e a c h  p o s i t i v e  

i n t e g e r  n  t h e r e  i s  an  a l m o s t  s t r o n g l y  min imal  t h e o r y  T  w i t h  

aT = n .  

L e t  T  b e  a  t o t a l l y  t r a n s c e n d e n t a l  t h e o r y  i n  a  f i r s t  o r d e r  

l a n g u a g e  L which  h a s  o n l y  r e l a t i o n  symbols  and c o n s t a n t s .  F o r  

e a c h  p o s i t i v e  i n t e g e r  b we c o n s t r u c t  a  t h e o r y  T ' ~ ) .  The 

l a n g u a g e  L (k) i s  formed by a d j o i n i n g  t o  L a  u n a r y  r e l a t i o n  



symbol p  and Dinary  r e l a t i o n  symbols f l ,  ..., f k .  Let  C7 b e  a  

( k )  prime model of  T .  We w i l l  c o n s t r u c t  a prime model 8 f o r  T . 
Let  1 B I  = I@l u lalk. Without l o s s  we may assume 

la1 n la lk - 0. Fol lowing  S h o e n f i e l d  1 2 0 ;  p .  18[ if p i s  a  

symbol i n  L and 4 i s  an L - s t r u c t u r e  (q )a  d e n o t e s  t h e  

i n t e r p r e t a t i o n  o f  q i n  Q. Def ine  ( P ) B  t o  be  lal. Each ( f i ) *  

i s  t h e  graph of  t h e  i t h  c o o r d i n a t e  f u n c t i o n  mapping 1C7lk o n t o  

1 ~ 1 1 .  I f  q i s  an  n-ary r e l a t i o n  symbol i n  L t h e n  ( Q ) ~  = (q), 
U - 

If c  i s  a  c o n s t a n t  i n  L ( c ) ~  = ( c ) ~  . Let T ' ~ )  be Th(B) .  

Then B i s  a  prime model of T ( ~ )  and it i s  e a s y  t o  v e r i f y  

.c 

Lemma 17. I f  k  i s  a  p o s i t i v e  i n t e g e r  and T  i s  t o t a l l y  

t r a n s c e n d e n t a l  

(i) T ( ~ )  i s  a t o t a l l y  t r a n s c e n d e n t a l  t h e o r y -  

( i i )  I f T  i s  c a t e g o r i c a l  s o  i s  T (k) 

( i i i )  I f  T i s  a  s t r o n g l y  minimal t h e o r y  t h e n  f o r  each 

k T ( ~ )  i s  a n  a lmost  s t r o n g l y  minimal  b u t  n o t  a  s t r o n g l y  minimal 

t h e o r y .  Moreover a = k + 1. 

Applying Lemma 1 7  ( i i i )  w i t h  k  = 1 shows t h a t  t h e  c o r o l -  

l a r y  t o  Theorem 6 c o u l d  ng,t b e  s t r o n g t h e n e d  t o :  i f  T  i s  

H1 c a t e g o r i c a l  and aT = 2 t h e n  T i s  s t r o n g l y  minimal .  

I n  each of t h e  p a r t i c u l a r  # - c a t e g o r i c a l  t h e o r i e s  T t h a t  
t 

we have c o n s i d e r e d  s o  f a r  t h e r e  h a s  been a  s t r o n g l y  minimal 

fo rmula .  T h i s  i s  n o t  always t h e  c a s e .  There  i s  no s t r o n g l y  

minimal  formula  i n  t h e  t h e o r y  o f  a l g e b r a i c a l l y  c l o s e d  p r o J e c t i v e  

p l a n e s  of c h a r a c t e r i s t i c  zero f o r m u l a t e d  i n  a language 



c o n t a i n i n g  u n a r y  r e l a t i o n s  p i c k i n g  o u t  p o i n t s  and l i n e s  and t h e  

i n c i d e n c e  r e l a t i o n .  But i f  s p r i n c i p a l  e x t e n s i o n  i s  formed 

naming a  l i n e  and two p o i n t s  n o t  on t h e  l i n e ,  n o t  o n l y  i s  t h i s  

s e t  s t r o n g l y  minimal b u t  i t s  c l o s u r e  i s  t h e  e n t i r e  model. 

We now e x h i b i t  an  K1-but n o t  H - c a t e g o r i c a l  t h e o r y  T # 
0 

which i s  n o t  a lmost  s t r o n g l y  minimal .  For  coavsn ience  i n  

p r e s e n t i n g  t h e  n e x t  s e t  o f  examples we w i l l  c o n s i d e r  l a n g u a g e s  

which have f u n c t i o n  symbols .  We f i r s t  d e f i n e  a  s t r u c t u r e  

f o r  t h e  l anguage  L whose o n l y  n o n l o g i c a l  symbol i s  a  t e r n a r y  

f u n c t i o n  symbol f: l e t  Q d e n o t e  t h e  s e t  o f  r a t i o n a L s  and l e t  

I d  I c o n s i s t  o f  a l l  p a i r s  ( q , l - q ) ,  q E Q. Def ine  F = (f)a 

by : 

where a d d i t i o n  i n  I Q I  i s  p o i n t - w i s e .  We show t h a t  e v e r y  n - a r y  

r e l a t i o n  d e f i n a b l e  Q is & Boolean combina t ion  of r e l a t i o n s  

R o f  t h e  form: ---- 
( 1 )  R(E1, ..., 6 , )  * q1 El + ... + qn E a  = 0 , 

where ql ,  . . . , qn e r e  a l l  i n  Q and El 
~j ~ n q j  = O .  We f i r s t  

show t h a t  i f  A E S n ( l )  i s  an  a r b i t r a r y  a t o m i c  fo rmula  s = t 

t h e n  t h e  n-ary r e l a t i o n  d e f i n e d  by A i n  d h a s  t h e  form ( 1 ) .  

T h i s  i s  e a s i l y  accompl ished by showing t h a t  f o r  any t e r m  s 

c o n t a i n i n g  a t  most t h e  v a r i a b l e s  e l ,  ..., z  t h e r e  e x i s t  n 

s 1, ... s & Q w i t h C  n  = 1, such tt- k i f  i i s  t h e  
15 j s n  'j 3 

name o f  a f o r  1 I j 5 n  t h e n  

For  t h e  r e s t  suppose  t h a t  t h e  r e l a t i o n  d e f i n e d  i n  0 by B i s  a  
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I Boolean combina t ion  o f  r e l a t i o n s  o f  t h e  form ( 1 )  f o r  a l l  B i n  L 
it 

w i t h  l e n g t h  l e s s  t h a n  t h a t  of A .  It i s  s u f f i c i e n t  t o  show t h a t  

A d e f i n e s  t h e  same k i n d  o f  r e l a t i o n .  The o n l y  c a s e  which i s  n o t  

o b v i o u s  i s  t h a t  i n  which A h a s  t h e  form 3 z B.  Without  l o s s  

assume t h a t  B E S ~ + ~ ( L )  and  t h a t  z i s  z n + l  ' From t h e  i n d u c t i o n  

h y p o t h e s i s ,  u s i n g  d i s j u n c t i v e  normal  form, we may suppose  t h a t  

F 2 e f i n e s  an  ( n + l )  -any r e l a t i o n  S o f  t h e  form: 

where f o r  each  p a i r  ( r , s )  we have  C Q = 1 5 j 5 n + l  r , s , J  

Q ' '1 5 j 5 n + l  r , s , j  = 0. We have  t o  show t h a t  t h e  n-ary r e l a t i o n  

T on 1 4 d e f i n e d  by : 

i s  a  Boolean combina t ion  o f  r e l a t i o n s  of  t h e  form ( 1 ) .  S i n c e  

3 and v commute we need o n l y  examine ( 2 )  when m = 1, i . e .  we 

may suppose  t h a t  

( 3 )  sK1, , 5 * : 

If Qs , n + l  = 0  f o r  e a c h  s t h e r e  i s  n o t h i n g  t o  p r o v e ,  b e c a u s e  

T ( E ~ ,  . . . , c n )  i s  c l e a r l y  e q u i v a l e n t  t o  t h e  r . h . s .  o f  ( 3 )  w i t h  

a l l  t h e  c o n j u n c t s  i n  which q:,n+l # 0  d e l e t e d .  O the rwise  we 

may suppose  t h a t  q1 ,n+l # 0  i n  which c a s e :  



S i n c e  C1 5 J 5 n ( q l , j ' q l , n + l  ) = -1, i n  each  c o n j u n c t  t h e  sum o f  

t h e  c o e f f i c i e n t s  i s  z e r o  s o  t h e  i n d u c t i o n  i s  comple te .  

From ( 2 )  we now s e e  t h a t  i f  B E s (L) t h e n  f o r  some n + l  

p o s i t i v e  i n t e g e r  k t h e  f o r m u l a  

i s  v a l i d  i n  a.  I n  f a c t  we c a n  t a k e  k  = max {m,mi, ..., m;}. 

T h i s  p r o v e s  t h a t  I Q l  i s  s t r o n g l y  minimal  i n  0 ,  and hence  by 

Theorem 1 t h a t  ~ h (  b ) i s  '& l - c a t e g o r i c a l .  S i n c e  I 0 I h a s  

d imens ion  two ~ h (  0 )  i s  n o t  N o - c a t e g o r i c a l .  It i s  e s s e n t i a l  

t o  t h e  c o n s t r u c t i o n  of T' below t h a t  C7 have t h e  f o l l o w i n g  

p r o p e r t i e s :  f o r  any @ , Y c la1 AS F ( @  , Y , & )  i s  an 

automorphism o f  a mapping @ i n t o  Y ,  and i f  AS F  ( $  , Y ,  5 ) ,  

A6 F ( @  l o  Y ' ,  5 )  a g r e e  a t  one p o i n t  t h e y  a r e  i d e n t i c a l .  

These p r o p e r t i e s  may b e  e a s i l y  v e r i f i e d  from t h e  d e f i n i t i o n  of  

F g i v e n  above ,  T h e i r  n e c e s s i t y  below i s  i m p l i c i t  r a t h e r  t h a n  



e x p l i c i t ,  

# Let  L', t h e  l anguage  o f  T  , have a s  i t s  n o n l o g i c a l  symbols 

a  b i n a r y  p r e d i c a t e  symbol q  and a  t e r n a r y  f u n c t i o n  symbol f .  

The axioms o f  T' a r e  t o  b e  such  t h a t  if 8 i s  any model o f  T # 

t h e n  t h e  f o l l o w i n g  c o n d i t i o n s  a r e  s a t i s f i e d :  

i Le t  C = {b I b ~ l B l  & B(3voqbvo) = T I  and 

Cb = { c  Icr IBI  & 8 ( q  b  c )  = TI t h e n  C # $ and Cb (d j u s t  

A l s o ,  

cn u f c , l a ~ c }  = @; cb n c b ,  = 0 b , b l  c C .  

( i i )  There  i s  a  s u b s t r u c t u r e  C o f  8 such t h a t  I c ~  = C and 

C I L  q , and f o r  each  b  E C t h e r e  i s  a s u b s t r u c t u r e  Cb o f  8 

s u c h  t h a t  1 C b l  = cb and Cb ] L  a . 
( i i i )  If b € C and c  E C b  t h e n  h x f 8 ( b ,  c ,  X ) ~ C  i s  an  

iaomorpbism of C I L  and C b / ~  t a k i n g  b i n t o  c .  Further if 

c '  E C b  t h e n  

( 4 )  f B ( b ,  c x  = f g ( c ,  c t ,  f s ( b ,  c ,  x ) ,  x  € C .  

( i v )  For  a l l  x ,  y ,  z  E 181 ( x ,  y ,  Z) & 

i m p l i e s  f B ( x ,  y ,  z )  = z .  

S i n c e  ( i )  - ( i v )  a r e  a l l  e l e m e n t a r y  p r o p e r t i e s ,  t o  show t h a t  

t h e  axioms of TW can  be  chosen i t ' s  s u f f i c i e n t  t o  e x h i b i t  8  

s a t i s f y i n g  ( i )  - ( i v ) .  Le t  181 = 101 U ( 1  0 1 x 10 1 )  and 

d e f i n e  

q+,  Y )  ++ : x e la1 & Y E t x / a l .  
F u r t h e r ,  f g  i s  t o  be  t h e  un ique  f u n c t i o n  s a t i s f y i n g  ( i v )  and 



f o r  a l l  4 ,  @ I ,  Y, x E Id 1 .  The r e a d e r  w i l l  e a s i l y  v e r i f y  

t h a t  ( i )  - ( i v )  a r e  s a t i s f i e d .  

# To show t h a t  T i s  8 l - c a t e g o r i c a l  c o n s i d e r  two models 

1 # go,  8 of T b o t h  o f  power ?A whose u n i v e r s e s  a r c  d i s j o i n t .  

We c a r r y  o v e r  a l l  t h e  n o t a t i o n  deve loped  f o r  8 add ing  

C:-nc, # A -  apprcpriate superscripts, ,,,,, ,,, j = 0 ,  1 

j j 3 andU'since I C ( C  ) = K(Cb) f o r  e a c h  b E c', ve  have K(C ) = H 1. 

0 1 Hence C ( L ,  C I L  a r e  i s o m o r p h i c ,  by G s a y ,  s i n c e  b o t h  a r e  

models  o f  T ~ ( Q  ) .  For j = 0 ,  1 and each  b E C' choose  

Cb E c;. We e x t e n d  G t o  a l l  o f  ( ~ ' 1  a s  f o l l o w s .  R e c a l l  from 

( i i i )  t h a t  f o r  b r 2 j , ~ $ = A x f  ( b , c b , r ) j ~ ' i a a n  
B j  

0 0 f - i s o m o r p h i ~ m  of  cJ and For any c E I B  I - C l e t  b b e  

t h e  unique  member o f  CO s u c h  t h a t  c E C O  d e f i n e  b '  

~ ( c )  = 0 1 0 
G & ~ )  ~ ( 0 ~ ) -  ( c ) .  C l e a r l y  G ( c ~ )  = c ; ( ~ )  f o r  each  

b E c o ,  whence G i s  a 9-isomorphism of  8' and gl. To show 

t h a t  G i s  an f- isomorphism we must show t h a t  

T h i s  i s  immediate from t h e  c h o i c e  of  G i f  x ,  y ,  z E C" o r  i f  

0 f o r  some b E C O  w e  have x ,  y ,  z E C b .  Suppose t h a t  
Y 

0 0 x = b E C , y E C b ,  and z L C 0 ,  t h e n  u s i n g  o u r  l a s t  remark 

and ( 4 )  we have:  



-. x n e r e  o n l y  remains  t h e  c a s e  i n  whIch i x ,  y ,  2 )  s a t i s f i e s  ( i v j  

w i t h  r r s p e c t  t o  B O ,  i n  which c a s e  f  O ( x ,  y ,  z )  = z .  But s i n c e  
8 

r e s p e c t  t o  8, whence f ( ~ ( x ) ,  ~ ( y ) ,  ~ ( z ) )  = G ( z ) .  T h i s  
a1 
U 

comple tes  t h e  p roof  o f  (5) and shows t h a t  T' i s  i n d e e d  an 

- c a t e g o r i c a l  t h e o r y .  
1 

The p a r t i c u l a r  model 8  o f  T' c o n s t r u c t e d  above i s  p r ime ,  

b e c a u s e  it h a s  no p r o p e r  e l e m e n t a r y  submodels .  T h i s  f o l l o w s  

i n m e d i a t e l y  when one o b s e r v e s  t h a t  t h e  s t r o n g l y  minimal  s u b s e t  

la I of  8 h a s  dimension two ,  and t h a t  f o r  any a  i n  

1 0  1 ,  a  = a .  By naming a  p o i n t  i n  la I we o b t a i n  a  

s t r u c t u r e  ( 8 ,  { a ) )  which h a s  two s t r o n g l y  minimal  s e t s  I C7t and 

C o f  d i f f e r e n t  d imens ions .  a  

I n  [ l o ]  Morley c o n j e c t u r e d  t h a t  i f  T ,  C c h a r a c t e r i z e  

X < H o  t h e n  T h a s  i n f i n i t e l y  many a l g e b r a i c  t y p e s ,  ( i . e .  t y p e s  

r e a l i z e d  by o n l y  a  f i n i t e  number of  p o i n t s ) .  T ,  C 

c h a r a c t e r i z e  A i f  C i s  a s e t  of  1 - a r y  fo rmulas  c o n s i s t e n t  w i t h  

T and t h e r e  i s  a model o f  T i n  each  c a r d i n a l  l e s s  than X which 

o m i t s  C b u t  e v e r y  model o f  T w i t h  power X r e a l i z e s  C .  S e v e r a l  



1 f a l s e  i n  g e n e r a l .  However we may n o t e  t h e  f o l l o w i n g  s p e c i a l  
b .  

s c a s e .  If T i s  H 1 - c a t e g o r i c a l  and T ,  E c h a r a c t e r i z e  H l  t h e n  

T h a s  a p r i n c i p a l  e x t e n s i o n  T" w i t h  i n f i n i t e l y  many a l g e b r a i c  

t y p e s .  F o r ,  l e t  T t  b e  a  p r i n c i p a l  e x t e n s i o n  o f  T  w i t h  s t r o n g l y  

minimal  f o r m u l a  D and l e t  Q t  b e  a  pr ime model o f  T I ,  S i n c e  

T ,  6 c h a r a c t e r i z e  K 1  T  and hence  TI i s  n o t  H 0  c a t e g o r i c a l .  
6 1  

Hence D ( Q ' )  h a s  f i n i t e  d i m e n s i o n ,  Le t  T" b e  ~ h ( d , X )  where 

)( i s  a b a s i s  f o r  D( Q t ) .  Lach lan  h a s  p o i n t e d  o u t  t h a t  t h e  

weakening o f  t h e  c o n c l u s i o n  t o  a l l o w  a p r i n c i p a l  e x t e n s i o n  i s  
Y 

n e c e s s a r y  w i t h  t h e  f o l l o w i n g  example ,  

Let  be  t h e  s t r u c t u r e  we c o n s t r u c t e d  above whose 

l a n g u a g e  c o n t a i n e d  a s i n g l e  u n a r y  f u n c t i o n  symbol f and whose 

u n i v e r s e  was {(q, 1-q)  I q E Q). D e f i n e  a  s t r u c t u r e  3 by 

l e t t i n g  / = j x / , and i n t e r p r e t  two n o n l o g i c a l  symbols 

o v e r  t h i s  s e t :  f a g a i n  a t e r n a r y  f u n c t i o n  symbol,  and p  a 

b i n a r y  p r e d i c a t e  symbol .  We d e f i n e  % by $((aOs al), 

((a1, F ( a l ,  ai, a 2 ) )  o t h e r w i s e .  

I n t u i t i v e l y  4 i s  o b t a i n e d  by r e p l a c i n g  e a c h  p o i n t  i n  0 by 

a copy o f  0. T ~ ( . B )  i s  K 1 - c a t e g o r i c a l .  

L e t  B be  o b t a i n e d  from 6 by a d d o i n i n g  u n a r y  r e l a t i o n s  

naming two e q u i v a l e n c e  c l a s s e s  of p .  B '  i s  H 1 - c a t e g o r i c a l .  

There a r e  i n f i n i t e l y  many 1 - t y p e s  i n  ~ h ( . 4 ' )  s o  T ~ ( B ' )  i s  n o t  



5 5 P r o o f  o f  V a u g h t ' s  C o n j e c t u r e  

I n  t h i s  s e c t i o n  we p r o v e  V a u g h t ' s  c o n j e c t u r e  t h a t  modulo 

i somorphism an  H 1 - c a t e g o r i c a l  t h e o r y  h a s  e i t h e r  j u s t  one  

o r  e x a c t l y  R 0  models  o f  power H o .  It was shown i n  Morley 

[8]  t h a t  t h e  number of i somorphism t y p e s  o f  c o u n t a b l e  models  

i s  a lways  5 N o  f o r  H I - c a t e g o r i c a l  t h e o r i e s .  Thus we have  

oniy t o  d e m o n s t r a t e  t h e  i m p o s s i b i l i t y  o f  a n  i t  -bu t  n o t  
1 

H - c a t e g o r i c a l  t h e o r y  h a v i n g  o n l y  a  f i n i t e  number o f  0 

i s o a o r p h i s m  t y p e s  of  c o u n t a b l e  mode l s .  I n  t h i s  endeavor  we 
r 

r e l y  on t h e  r e s u l t s  o f  S e c t i o n s  1 and 3 and  Lemma 1 7  from 

S e c t i o n  4 .  

L e t  T b e  an  H1-but n o t  H o - c a t e g o r i c a l  t h e o r y  i n  a  

c o u n t a b l e  f i r s t  o r d e r  l a n g u a g e  L .  L e t  L '  b e  a n  e x t e n s i o n  o f  

1 m L by c o n s t a n t s  c , ..., c  and  s u p p o s e  T I  i s  a  p r i n c i p a l  

e x t e n s i o n  o f  T  i n  L '  which h a s  a  s t r o n g l y  min ima l  f o r m u l a  

D'. Then D l  h a s  t h e  form D ( V ~ ,  c l ,  . . . , c m )  where 

D E s m + l ( ~ ) *  

1 f  go1 i s  a  pr ime model o f  T '  t h e n  dim(lI1 ( g o 7 ) )  i s  

f i n i t e  f o r  o t h e r w i s e  by Lemma 1 0  T '  and hence  T i s  No-ca t e -  

g o r i c a l .  By fo rming  a p r i n c i p a l  e x t e n s i o n  o f  T I  i f  

n e c e s s a r y  we may assume  dim(^'( a ' ) )  = 0 .  F o r  e a c h  0  

p o s i t i v e  i n t e g e r  n  l e t  C? ' b e  a min imal  p r ime  e x t e n s i o n  o f  n 

R ' 
n-1 and l e t  Q n  =  AIL. By Lemma 1 0  f o r  e a c h  n  

 dim(^'(^ A ) )  = n .  An u n s a t u r a t e d  model 8  o f  T  c a n  b e  

expanded  t o  an u n s a t u r a t e d  model  8' of T I .  C l e a r l y  8 '  r n  



f o r  some n  whence B iZ :. Converse ly  each  an i s  an 

u n s a t u r a t e d  model o f  T . 
We now assume t h a t  T  i s  a c o u n t e r  example t o  Vaugh t ' s  

c o n j e c t u r e .  Thus we may choose  N such  t h r t  e v e r y  u n s a t u r a t e d  

model of  T i s  i somorph ic  t o  one o f  CI09 , . a . . C l e a r l y  

a f o r  e a c h  n  t h e r e  e x i s t s  an e l e m e n t a r y  embedding fn of 

i n t o  aN. For  each  n  l e t  X n  b e  a  b a s i s  f o r  D 1 ( Q ' )  n and let 

a r b i t r a r y  p o s i t i v e  i n t e g e r .  When we w r i t e  " c l "  we s h a l l  

mean c l o s u r e  w i t h  r e s p e c t  t o  L r a t h e r  t h a n  L ' .  We show 

t h a t  f;(xM) c l ( Z )  where Z = X N  U YN U fM(YM) a Suppose f o r  

c o n t r a d i c t i o n  t h a t  x E f M ( x M )  - c l ( Z ) .  N o t i c e  t h a t  a N  i s  

pr ime o v e r  Z b e c a u s e  some e l e m e n t a r y  submodel C o f  O N  i s  

pr ime o v e r  Z and if l ~ l f w ~ l t h e n  T '  s a t i s f i e s  t h e  h y p o t h e s i s  

of t h e  two c a r d i n a l  t heorem.  Hence t h e  t y p e  p i n  S ( Z ~  

i 
r e a l i z e d  by x i n  a N  i s  a  p r i n c i p a l  t y p e .  I f  cM i s  t h e  name 

i i of  f ,((ci)Q , )  i n  GIN, i . e .  if f M ( ( c  ) ') = ( C  ) t ": -7. .i 

M OM d~ 
t h e n  c l e a r l y  D(v0, c  ' . . . , c m )  i s  i n  p .  Le t  X b e  t h e  s e t  o f  a l l  

M s  M 

=embers of laNl which r e a l i z e  p .  Then X i s  i n f i n i t e  s i n c e  

1 x 4 c l ( z )  and X - c D ( V ~  , c M 9  , , , c )  ( . R e c a l l  t h a t  by 

1 m 
t h e  c h o i c e  of  T '  c l ( y y )  2 D 1 ( Q ' ; ) .  Hence D ( v o s  c M ,  ..., C M )  

(a,) - X ,  b e i n g  a  s u p e r s e t  o f  f y ( D 1 ( Q  6)). i s  i n f i n i t e .  

Cons ide r  t h e  e x p a n s i o n  a f; of a o b t a i n e d  by l e t t i n g  

i 
( c i l a i  = ( ~ ~ 1 ~  f o r l T i 5 m .  C l e a r l y ,  O N  " i s  a  model c f  

N 
T 1 ,  X i s  d e f i n a b l e  i n  a{, and b o t h  D 1 ( O { )  fl X and 

~ ' ( a f )  - X a r e  i n f i n i t e .  T h i s  c o n t r a d i c t s  t h e  s t r o n g  



m i n i m a l i t y  o f  D' i n  T '  ; hence  fbI(XM) 5 c l ( Z ) .  Now f M  ( x ~ )  

i s  an independen t  s u b s e t  o f  D'(a i)  and t h e  members of 

f M ( y M )  a r e  named i n  a i. Hence, now w i t h  r e s p e c t  t o  L', 

c l ( X N  U Y N )  c o n t a i n s  an independen t  s u b s e t  of  ~ ' ( f f ; . )  o f  

power M .  Note t h a t  t h e  c a r d i n a l i t y  o f  X N  U Yg i s  m + N and 

does  n o t  depend on M .  

Le t  k = m + N and a p p l y  t h e  c o n s t r u c t i o n  o f  Lemma 1 7  

t o  T 9 .  L e t  T' (k) be T "  . Let  8 be a  model of T ' !  such  t h a t  

p ( 8 )  i s  i somorphic  t o  af; by an  isomorphism g .  Le t  b  be  

t h e y e l e m e n t  o f  - p ( B )  whose components a r e  t h e  e l ement s  i n  
1( 

p(B)  which a r e  i d e n t i f i e d  w i t h  t h e  e l ement s  of  X N  U Y N  by g .  

Then i n  8 ,  c l ( { b } )  2 U Y ) )  c o n t a i n s  an  independen t  N 

s u b s e t  o f  ~ " ( 8 )  of power M where D'' i s  t h e  r e l a t i v i z a t i o n  o f  

D' t o  p .  Thus we have e s t a b l i s h e d  

P r o p o s i t i o n .  If Vaught ' s  c o n j e c t u r e  i s  f a l s e  t h e r e  

e x i s t s  an l-but n o t  Y o - c a t e g o r i c a l  t h e o r y  TI' and a  

fo rmula  D" s t r o n g l y  minimal  i n  T "  such  t h a t  f o r  e v e r y  M 

t h e r e  e x i s t s , . a  model B o f  T" and b  E 181 w i t h  c l ( { b l )  

c o n t a i n i n g  an  independen t  s u b s e t  o f  ~ " ( 8 )  w i t h  M e l ement s  

w h i l e  b  4 ~ ( 8 ) .  

We now show no t h e o r y  T" c a n  s a t i s f y  t h e  c o n c l u s i o n  

o f  t h i s  p r o p o s i t i o n .  We a g a i n  e x p l o i t  V a u g h t t s  two c a r d i n a l  

theor'&, Le t  T be  a  comple te  t h e o r y  i n  a  f i r s t  o r d e r  

l anguage  L and p  a unary  p r e d i c a t e  symbol i n  L such  t h a t  i f  

a i s  a  model o f  T p (  a )  i s  i n f i n i t e .  L e t  T b e  ex tended  

t o  T' i n  a l anguage  L' by a d j u n c t i o n  o f  a  new c o n s t a n t  c  



b u t  no new axioms.  I n t r o d u c e  s p e c i a l   enki kin) c o n s t a n t s  one 

f o r  e a c h  c l o s e d  i n s t a n t i a t i o n  e x a c t l y  a s  i n  [20], C h a p t e r  4 .  

L e t  A ,  B ,  B' b e  t h e  l e a s t  s u b s e t s  of t h e  s e t  o f  Henkin 

c o n s t a n t s  s a t i s f y i n g  t h e  f o l l o w i n g  c o n d i t i o n s  where C 

d e n o t e s  A U B  U B ' :  

( i )  If 3vOA i s  c l o s e d  a n d  c o n t a i n s  o n l y  symbols  f rom 

L '  and  C bad i f  & ha8 t h e  form 

- ' V O  .* . A .  3vo(pYo A B) ' B 

t h e n  t h e  c o n s t a n t  f o r  3vOA i s  i n  A .  

d i i )  I f  3vOA i s  c l o s e d  and  c o n t a i n s  a t  most  symbols  

f rom L and  AUB,  and  i f  A h a s  t h e  form 

t h e n  t h e  c o n s t a n t  f o r  3v0A i s  i n  B .  

( i i i )  If 3vOA i s  c i o s e d  and  c o n t a i n s  a t  most  symbols  

f rom L'  and  C ,  and  i f  A h a s  t h e  form 

- pVo . A .  3v0 ( -  pVo A B) + 8 

t h e n  t h e  c o n s t a n t  f o r  3vOA i s  i n  B '  i f  it i s  n o t  i n  B .  

It i s  e a s y  t o  check  t h a t  A ,  B, B '  a r e  i n d e e d  w e l l  

d e f i n e d  by r e d e f i n i n g  them i n  t e r m s  of  t h e  " l e v e l s "  where 

t h e  c o n s t a n t s  a r e  i n t r o d u c e d .  L e t  b e  t h e  s e t  o f  n o n l o g i c a l  

axioms o f  T, L e t  A b e  t h e  s p e c i a l  axioms f o r  a l l  t h e  s p e c i a l  

c o n s t a n t s  i n  C .  L e t  O b e  t h e  s e t  o f  f o r m u l a s  

I' U il U {-PC)  U {-c = r l r  e B). 

Suppose  t h a t  T( O), ( t h e  s e t  o f  l o g i c a l  consequences  o f  O )  

i s  c o n s i s t e n t  and  C* i s  a model o f  T(@ ) .  It  i s  e a s i l y  shown 

t h a t  t h e r e  a r e  s u b s t r u c t u r e s  8 ,  8 '  of  C s u c h  t h a t  



It i s  f u r t h e r  e a s i l y  shoun t h a t  8 4 8 '  < C ,  t h a t  ( c ) ~  E 

18'1 - 181, and  t h a t  p ( 8 )  = p ( B t )  = { ( r l C  I r E A } .  Thus if 

T ( 8 )  i s  c o n s i s t e n t  T  s a t i s f i e s  t h e  h y p o t h e s i s  o f  t h e  two 

c a r d i n a l  t heo rem.  The c o n v e r s e  i s  a l m o s t  immedia te  s o  we 

have  shown 

L e n ~ s  1 8 .  L e t  T b e  a c o m g l e t e  t h e o r y  i n  a  l a n g u a g e  L 

a n d  p  a  u n a r y  p r e d i c a t e  symbol i n  L  s u c h  t h a t  p (  67) i s  

i n f i q i t e  f o r  e a c h  model G' of T.  Then T s a t i s f i e s  t h e  
C 

h y p o t h e s i s  op t h e  two c a r d i n a l  t heo rem w i t h  p  f o r  D i f  and  

o n l y  i f . .  T ( 0 )  i s  c o n s i s t e n t .  

Below we s h a l l  a p p l y  lemma 18 t o  an  ' % l - c a t e g o r i c a l  

t h e o r y  T i n  which p i s  s t r o n g l y  m i ~ i m a l .  B e f o r e  we can do 

t h i s  wenneed t h e  f o l l o w i n g  t e c h n i c a l  lemma. 

Lemma 1 9 .  L e t  T  b e  a  c o m p l e t e  t h e o r y  i n  a  f i r s t  o r d e r  

l a n g u a g e  L .  Suppose D i s  i n  S 1 ( ~ )  and  D i s  s t r o n g l y  

min ima l  i n  T .  L e t  CI b e  a  model o f  T ,  al, . . . , a  E 101 , n  

a n d  X 5 D( a )  s u c h  t h a t  < a l ,  . . . a  > r e a l i z e s  a  p r i n c i p a l  n  

t y p e  i n  ~ h (  d 7 , ~ ) .  I f  X 5 X 1  2 D (  a ) ,  X 1  - X i s  f i n i t e ,  and  

D (  a )  n c l ( @ )  i s  i n f i n i t e  t h e n  t h e  t y p e  i n  ~ h (  a,Xt ) which 

i s  r e a l i z e d  by  <a1 , . , , an' i s  a l s o  a  p r i n c i p a l  t y p e .  

P r o o f .  By a d j o i n i n g  nemee it s u f f i c e s  t o  c o n s i d e r  t h e  

c a s e  where X i s  empty.  By i n d u c t i o n  we may f u r t h e r  s u p p o s e  

X! - X i s  a s i n g l e t o n ,  s a y  { a ) .  The re  a r e  two c a s e s  



depend ing  on w h e t h e r  o r  n o t  a  s c l ( 0 ) .  

Suppose a  c l . ( @ )  and l e t  A E s,(L) g e n e r a t e  t h e  t y p e  

i n  T  r e a l i z e d  by < a l ,  . . . , a  ' i n  a. We c l a i m  t h a t  A 
n  

a l s o  g e n e r a t e s  t h e  t y p e  i n  ~ h ( ~ 7  , { a ) )  r e a l i z e d  by 

< a l ,  ..., a n > .  I f  n o t ,  t h e  t h e o r y  T t  o b t a i n e d  by 

a d j o i n i n g  t o  L ( a )  t h e  c o n s t a n t s  a l ,  ... a and  e x t e n d i n g  n 

T by  t h e  n o n l o g i c a l  axiom ~ ( a ~ .  ..., a  ) i s  i n c o m p l e t e .  
n 

Thus t h e r e  e x i s t s  c f o r m u l a  B E S n + l ( ~ )  s u c h  t h a t  

B ( a ,  a l ,  ..., a  ) i s  n e i t h e r  p r o v a b l e  n o r  r e f u t a b l e  i n  T I .  n  

WitlPouf l o s s  o f  g e n e r a l i t y  assume B ( V ~ ,  a l ,  . * . ,  a n )  A 

D (  51) i s  i n f i n i t e .  D ( O  ) fl c l ( 0 )  i s  a d i s j o i n t  u n i o n  o f  

s e t s  A i ( a  ) ,  e a c h  of  which  i s  f i n i t e  and  min imal  i n  t h e  

s e n s e  t h a t  t h e r e  i s  no f o r m u l a  C E S ( L )  s u c h  t h a t  
1 

(C , A .  ) (  a) i s  a  p r o p e r  nonempty s u b s e t  of  A .  ( C I ) ,  For 
1 1 

e a c h  f o r m u l a  Ai e i t h e r  

S i n c e  ( ~ ( v ~ ,  a  ..., a n )  A D ) ( Q )  ie I n f i n i t e  and D ( Q )  i s  1' 

s t r o n g l y  min imal  t h e r e  c a n  b e  o n l y  f i n i t e l y  many Ai s u c h  t h a t  

( i i )  h o l d s .  Thus f o r  e a c h  k 

k 
k 3 'v0  Vvl, ... Vvn ( # ( v l ,  ,.., v n )  + B A  D ) .  
T' 

S i n c e  D i s  s t r o n g l y  m i n i m a l ,  f o r  some m i 
t 



S i n c e  a  elk) by a s s u m p t i o n  A ( a l 9  . . .  a n )  ,. 
- B ( a , a l ,  . . . , an 

) A D ( a )  i s  r e f u t a b l e  i n  T '  , whence 

Now suppose  t h a t  a  e c l ( @ )  and choose  C E S ( L )  s u c h  n + l  

t h a t  C(vO,  a l ,  ..., a n ) ( Q  ) = C and  i s  t h e  s m a l l e s t  

d e f i n a b l e  s u b s e t  o f  16' I c o n t a i n i n g  a .  C l e a r l y  C i s  f i n i t e  

.....A C is c o n t a i n e d  i n  J J \ U ) .  ,. t A\ Extend  L t o  L i  by a d j o i n i n g  

c o n s t a n t s  a ,  a l ,  . . . , a  t o  L. Form T' by a d d i n g  t h e  n  

n o n l o g i c a l  axiom ~ ( a ~ ,  ..., a n )  A C ( a ,  a l ,  ... a n )  t o  
"- 

~ h ( a  a  I t  s u f f i c e s  t o  show T '  i s  c o m p l e t e .  To show 

t h i s  l e t  B ( a ,  a l ,  ..., a  ) b e  a n  a r b i t r a r y  s e n t e n c e  i n  L 1  n  

where B E S n + l ( ~ ) .  L e t  Eo , El , E2 b e  t h e  f o r m u l a s  

S i n c e  A ( V ~ ,  ... v  ) g e n e r a t e s  a  p r i n c i p a l  t y p e  i n  T one  o f  n  

Eo, El,  E i s  a  t heo rem o f  T ' .  Now C i s  t h e  l e a s t  s u b s e t  o f  2  

16'1 d e f i n a b l e  i n  (a , { a l ,  ... a  1 )  w h i c h c o n t a i n s  a .  Hence n  

Eo c a n n o t  b e  a  t h e o r e m  o f  T ' .  Thus e i t h e r  El o r  Ep i s  a  

t h e o r e m  o f  T '  s o  e i t h e r  B ( a ,  a l ,  . . . , a ) o r  i t s  n e g a t i o n  n  

i s  a  tiw,g,r.em of  T f  s o  T '  i s  c o m p l e t e .  T h i s  p r o v e s  t h e  lemma. 

We a r e  now i n  a  p o s i t i o n  t o  a p p l y  Lemma 18  t o  a n  

K l - c a t e g o r i c e l  t h e o r y  which h a s  a s t r o n g l y  min ima l  

' f o r m u l a .  



Lemma 20 .  L e t  T be  a  c o m p l e t e  .K1-ca t egor i ca l  t h e o r y  

i n  which pvo i s  s t r o n g l y  min ima l .  T h e r e  e x i s t s  a p o s i t i v e  

i n t e g e r  N s u c h  t h a t  i f  8 i s  a  model of T ,  b  E 181, and  

D(%) f l  c l ( @ )  i s  i n f i n i t e ,  t h e n  t h e r e  e x i s t s  c7 < 8 and 

X c p (  6') s u c h  t h a t  b E 16'1, K ( X )  c N and i s  p r ime  

o v e r  X .  

P r o o f .  Assume t h a t  T: 8: b are g iven  swtisfying the 

h y p o t h e s i s  o f  t h e  lemma. Assume a l s o  t h a t  b  & ~ ( 8 )  

b e c a u s e  o t h e r w i s e  t h e  lemma i s  t r i v i a l .  By Lemma 18 T(O ) 
-i 

* 
i s  i n c o n s i s t e n t ,  By t h e  compac tnes s  t heo rem t h e r e  i s  a 

f i n i t e  s u b s e t  A. o f  A s u c h  t h a t  r e p l a c i n g  A by AO i n  t h e  

d e f i n i t i o n  o f  O would l e a v e  T(O ) i n c o n s i s t e n t .  Choose 

s u c h  a AO w i t h  t h e  a d d i t i o n a l  p r o p e r t y  t h a t  i f  t h e  s p e c i a l  

c o n s t a n t  r a p p e a r s  i n  a  member o f  A t h e n  t h e  s p e c i a l  
0 

axiom f o r  r i s  i n  AO. L e t  r l ,  ... r b e  t h e  s p e c i a l  
N 

c o n s t a n t s  o c c u r r i n g  i n  A s o  t h a t  i f  ri i s  i n  a  l o w e r  l e v e l  
0 

t h a n  r t h e n  i < j .  We expand  8 t o  C by i n t e r p r e t i n g  c  and 
J 

* * * *  N i n  181 s o  t h a t  a l l  t h e  s e n t e n c e s  i n  AO a r e  t r u e  

i n  C. We f i r s t  l e t  (c) b e  b and  t h e n  we choose  ( r i ) C  f o r  
C 

i = 1, ..., N i n  t h a t  o r d e r .  I n  c h o o s i n g  ( K  ) when r E 
3 c J 

A U B '  we a r e  c o n c e r n e d  o n l y  t o  e n s u r e  t h e  t r u t h  i n  C o f  

t h e  s p e c i a l  axiom f o r  r 
3 '  

However, i f  r E B we c h o o s e  J 
( r j ) C  n o t  o n l y  t o  s a t i s f y  t h e  s p e c i a l  axiom f o r  r b u t  a l s o  

3 
s u c h  t h a t  t h e  t y p e  o f  ( r  ) i n  ~ h ( 8 ,  Z ) i s  principal where 

J c J 
Z = { ( r i ) C  I ri E A U B ,. 1 5  i 5 : j I .  T h i s  i s  p o s s i b l e  
'I 

b e c a u s e ,  a s  we p o i n t e d  o u t  i n  t h e  p r o o f  o f  Lemma 6 ,  i n  any  
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model CI of  a  t o t a l l y  t r a n s c e n d e n t a l  t h e o r y  t h e  p r i n c i p a l  

t y p e s  a r e  d e n s e  i n  s(Q ) .  From Lemma 1 9  it i s  c l e a r  t h a t  i f  

we l e t  X = I r i  E A ,, 1 5 i 5 N), Y = { ( r i ) C  ( 

r E B 1 9 i 5 N}, and  i f  bl ,  . . . , bk i s  an  e n u m e r a t i o n  o f  i 

Y ,  t h e # t h e  k - type  o f  b l ,  .. . , bk i n  ~ h ( 8 , ~ )  i s  p r i n c i p a l .  

L e t  C7 8 b e  chosen  pr ime o v e r  X U Y and C7 ' 4 8 b e  chosen  

p r i m e . o v e r  X .  S i n c e  p r i n c i p a l  t y p e s  a r e  a lways  r e a l i z e d  i n  

models  t h e r e  e x i s t s  b i t ,  . . . , b; i n  l a t l  such  t h a t  

<b;, . . . , b.'> and <bl,  . . . , bk> r e a l i z e  t h e  same t y p e  i n  
LC 

T~(%,;X),  S i n c e  C7 i s  pr ime o v e r  X U Y t h e r e  i s  a n  e l e m e n t a r y  

embedding f o f  Q i n t o  12' which t a k e s  bi  t o  bf  1 5 i C k  and  

i s  t h e  i d e n t i t y  on X .  Hence 6' i s  p r ime  o v e r  X s i n c e  c? ' 

i s .  A l s o ,  s i n c e  t h e  s p e c i a l  axioms i n  A a r e  a s u f f i c i e n t  
0 

s u b s e t  o f  A t o  make T! 0 )  i n c o n s i s t e n t  no+, all o f  +,he axioms 

.- c = r i ,  r i  E B a n d 1  5 i 'N, a r e  t r u e  i n c .  Thus b  E Y 

and s i n c e  Y - c la 1 t h e  lemma i s  p r o v e d .  

We c a n  now p r o v e  V a u g h t l s  c o n j e c t u r e .  

Theorem 7 .  I f  T i s  an  ?.$-but n o t  H o - c a t e g o r i c a l  

t h e o r y  t h e n  t h e r e  a r e  H0 i somorphism t y p e s  of  models  of  T 

o f  power i). 
0' 

P r o o f .  I f  n o t ,  f rom t h e  p r o p o s i t i o n  p roved  a t  t h e  

'.I b e g i n n i n g  o f  t h i s  s e c t i o n  t h e r e  must b e  an  &\ -bu t  n o t  1 

~ o - c a t e g o r i c a l  t h e o r y  T" s u c h  t h a t  f o r  e v e r y  M t h e r e  e x i s t s  

a  model 8 o f  T "  and  b  E 181 s u c h  t h a t  c l ( { b ) )  c o n t a i n s  an  

i n d e p e n d e n t  s u b s e t  o f  ~ " ( 8 )  of  power M ,  where D "  i s  s t r o n g l y  



min ima l  i n  T".  Wi thout  l o s s  we can  s u p p o s e  t h a t  D"  i s  pv 
0 1  

and  t h a t  i n  any model 8 o f  T " ,  p ( 8 )  tl c l ( (3 )  i s  i n f i n i t e .  

0 T h i s  f o l l o w s  b e c a u s e  d i m ( p ( 8  ) )  i s  f i n i t e  i f  8' i s  t h e  

p r ime  model of  T". Now we a p p l y  Lemma 20 t o  TI1.  Suppose 

t h e  v a l u e  o f  N f o r  T "  i s  N " .  Choose M > N "  and c o r r e s p o n d -  

i n g  8 ,  b  s o  t h a t  c l ( { b ) )  c o n t a i n s  a n  i n d e p e n d e n t  s u b s e t  o f  

p ( 8 )  of power M .  Then t h e r e  e x i s t  Q 4. 8 and  X - c p ( a )  

s u c h  K ( X )  5 N " ,  b E and a i s  p r ime  o v e r  X .  S i n c e  

p ( 8 )  n c l ( @ )  i s  i n f i n i t e  any p r i n c i p a l  1 - t y p e  i n  ~ h ( 8 , x )  

wh ich - "cog ta ins  t h e  f o r m u l a  pv i s  r e a l i z e d  by  o n l y  a  f i n i t e  
0 

number o f  members of  181. O t h e r w i s e  pvo would n o t  b e  

s t r o n g l y  min imal  i n  TI1. Thus p (  a) c - c l ( ~ )  which shows 

t h a t  d i m ( ~ ( a ) )  5 K ( x ) .  But c l ( { b ) )  c o n t a i n s  an i n d e p e n d e n t  

s u b s e t  o f  p ( B )  o f  power M s o  p ( Q )  c o n t a i n s  a n  i n d e p e n d e n t  

s u b s e t  o f  power M .  Hence M 5 K(x). S i n c e  K( -X)  5 N "  we 

have  c o n t r a d i c t e d  t h e  c h o i c e  o f  M .  

Theorem 8 .  I f  C7 i s  a  model o f  an # l - c a t e g o r i c a l  

c o m p l e t e  t h e o r y  T ,  t h e n  a i s  homogeneous. 

P r o o f .  By Theorem 4 ( i v )  and  ( v )  it s u f f i c e s  t o  

c o n s i d e r  an  u n s a t u r a t e d  model o f  T .  L e t  a l ,  ..., a and k  

a  . . . a i  b e  e l e m e n t s  o f  1 a 1 s u c h  t h a t  a l ,  . .. , a  
1 ' k 

and a  . . . , a  have  t h e  same t y p e  i n  T .  We s h a l l  show 
k 

t h e r e  i s  an  automorphism f o f  a s u c h  t h a t  f ( a i )  = a{ f o r  

1 5 i 5 k. S i n c e  any model o f  T o f  power N1 i s  s a t u r a t e d  

it i s  e a s y  t o  s e e  t h a t  Th( C ,  { a l ,  . . . 1 )  i s  H1-categor- 

i c a l .  L e t  T* b e  p r i n c i p a l  e x t e n s i o n  o f  Th( a , { a l s  . .., a k } )  



i n  which D i s  a  s t r o n g l y  min ima l  f o r m u l a .  Wi thout  l o s s  we 

may assume t h a t  T* comes f rom Th(  4 , { a l ,  * ,  a k l )  by 

a d j o i n i n g  names a  k + l  ' ..., a  k+m f o r  a  k+l ,  " ' 9  a l a  I k+m 

and  a  n o n l o g i c a l  axiom A(a l ,  ..., a  ) which i s  t r u e  i n  0. k+m 

~ e t  B = ( a , { a l ,  ... ak+m I ) ,  t h e n  8 i s  a  model o f  T*. 

S i n c e  p r i n c i p a l  t y p e s  a r e  a lways  r e a l i z e d  i n  models  we c a n  

c h o o s e  a i + l ,  . . . , a 1  € 1 a I s u c h  t h a t  C7 r A ( a i ,  . . . , a;+m). k+m 

Hence C7 c a n  b e  expanded t o  a  model 8 '  o f  T* by l e t t i n g  

( a i )  = a '  f o r  1 5  i 5 k+m. Now l e t  X ,  X' b e  b a s e s  o f  
B' i 

D ( B ' 7 ,  ~ ( 8 ' )  r e s p e c t i v e l y .  L e t  f  b e  a 1-1 map o f  X i n t o  X I  

and  o n t o  i f  p o s s i b l e .  S i n c e  B i s  p r ime  o v e r  X by Lemma L O ,  

f c a n  b e  e x t e n d e d  t o  an  e l e m e n t a r y  embedding g  o f  8 i n t o  8 ' .  

Now i f  f  i s  o n t o  and B" i s  t h e  image o f  8 unde r  g  t h e n  

~ ( 8 " )  = D(B), whence ! B " !  = 181 by Lemma 7 ,  s o  g i s  t h e  

r e q u i r e d  automorphism.  I f  g i s  n o t  o n t o  a i s  i s o m o r p h i c  

t o  a p r o p e r  e l e m e n t a r y  submodel o f  a .  L e t  

< C I n  c u r >  b e  a  s e q u e n c e  o f  models  o f  T s u c h  t h a t  Co n  

i s  a  pr ime model and C n  i s  a  min ima l  pr ime e x t e n s i o n  o f  

C n-1 ' L e t  ho b e  an  e l e m e n t a r y  embedding o f  Co i n  g ( a  ) .  

For  e a c h  n > 0 s u c h  t h a t  hn - l(Cn-l ) i s  a  p r o p e r  e l e m e n t a r y  

submodel  o f  g ( a  ) we e x t e n d  hn-l t o  a n  e l e m e n t a r y  embedding 

hn  o f  C n  i n  g ( Q  ) .  S i n c e  g ( 0 )  i s  n o t  s a t u r a t e d  by Theorem 4 

( v )  we h a v e ,  f o r  some N ,  h N ( C N )  = g ( a ) .  We now e x t e n d  hN 

t o  an e l e m e n t a r y  embedding h  1?+1 O f  C g + l  
i n t o  a and  s o  on .  

Again 1.y Theorem 4 ( v )  s i n c e  CI i s  u n s a t u r a t e d  t h e r e  must  

e x i s t  M > N s u c h  t h a t  h M ( c M )  = a .  S i n c e  CM s C N  it f o l l o w s  



t h a t  C 
M+3 c ~ + j  

f o r  a l l  j > 0 .  T h a t  i s  a t  most M o f  

C o ,  C1, ... a r e  non i somorph ic .  But j u s t  a s  we p roved  t h a t  

g (  @ )  i s  i s o m o r p h i c  t o  some C we c a n  p r o v e  e a c h  u n s a t u r a t e d  

model i s  i s o m o r p h i c  t o  some C . S i n c e  modulo i somorphism 
J 

t h e r e  i s  o n l y  one c o u n t a b l e  s a t u r a t e d  model it n o s  f o l l o w s  

, . 
f rom Theorem 7 t h a t  T i s  d o - c a t e g o r i c a l .  Hence i s  

s a t u r a t e d  c o n t r a r y  t o  h y p o t h e s i s  s o  g must b e  o n t o .  T h i s  

c o m p l e t e s  t h e  p r o o f .  

* .. N o t i c e  t h a t  t h e  r e a s o n i n g  g i v e n  i s  a d e q u a t e  f o r  a  
* 

s t r o n g e r  r e s u l t  i n  t h a t  we may r e p l a c e  "homogeneous" by 

" c o u n t a b l y  homogeneous1',  i . e .  t h e  f i n i t e  s e q u e n c e s  

( a l ,  ... a  k ) and (a;, ... a ' )  k by s e q u e n c e s  o f  l e n g t h  o. 

Theorem 8 i s  more o r  l e s s  e q u i v a l e n t  t o  Theorem 7 s i n c e  

e a c h  c a n  b e  deduced  from t h e  o t h e r  p u r e l y  on t h e  b a s i s  o f  

M a r s h ' s  r e s u l t s ,  

Morley h a s  o b s e r v e d  [ 6 ;  p .  161  t h a t  i f  some 1 - t y p e  i s  

n o t  r e a l i z e d  i n  a  m o d e l d , o f  an N - c a t e g o r i c a l  t h e o r y  t h e n  1 

4 c a n n o t  c o n t a i n  a n  i n f i n i t e  s e t  o f  i n d i s c e r n i b l e s .  We 

c a n  s h a r p e n  t h i s  t o :  - a model - - -  o f  an  8 - c a t e g o r i c a l  t h e o r y  
1 

i s  s a t u r a t e d  if and o n l y  if it c o n t a i n s  an i n f i n i t e  s e t  o f  - -- 
i n d i s c e r n i b l e ~ .  The " o n l y  i f "  p a r t  i s  immedia te .  Fo r  t h e  

" i f "  p a r t  w e  c o n t i n u e  t h e  l i n e  of  r e a s o n i n g  begun i n  t h e  

l a s t  p r o o f  where it was shown t h a t  C o ,  C1, . . . a r e  a l l  

d i s t i n c t  and  t h a t  none o f  t h e n  i s  i s o m o r p h i c  t o  a  p r o p e r  

submodel o f  i t s e l f .  L e t  X c 1 b e  a n  i n f i n i t e  s e t  o f  

i n d i s c e r n i b l e s .  Wi thout  l o s s  suppose  X i s  maximal i n  t h e  



ii 
P s e t  o f  i n d i s c e r n i b l e s .  L e t  Xo b e  any  p r o p e r  s u b s e t  o f  X w i t h  

K ( X )  = K ( x ~ ) .  L e t  8 Q be p r i m e  o v e r  X and  h a  1-1 map 

f rom X o n t o  Xo. S i n c e  % i s  p r ime  o v e r  X h  c a n  b e  e x t e n d e d  

t o  a n  e l e m e n t a r y  embedding h '  o f  6 i n  i t s e l f ,  S i n c e  X i s  

maximal h ' ( l ~ l )  n (X - X,) = 8 .  Thus 8 i s  i s o m o r p h i c  t o  one  

of  i t s  e l e m e n t a r y  submode l s .  Hence 8 i s  s a t u r a t e d  whence, 

by Theorem 4 ( v i )  , i s  s a t u r a t e d ,  



$6 Proof  o f  M o r l e y t s  C o n j e c t u r e  

I n  t h i s  s e c t i o n  we p rove  M o r l e y t s  c o n j e c t u r e  t h a t  f o r  

an  H1-ca tegor ica l  t h e o r y  T ,  uT i s  f i n i t e .  Our f i r s t  s t e p  

i n  t h i s  p r o j e c t  i s  t o  i n t r o d u c e  a c o n c e p t  of  t h e  r a n k  of  a  

. f o r m u l a  i n  a  model of  a  t h e o r y ,  We w i l l  compare t h i s  n o t i o n  

w i t h  two o t h e r  s o r t s  o f  r a n k .  

t h e n  i n  9.1 we d e f i n e d  A t o  b e  minimal  i n  a i f  A ( C ~  ) i s  

i n f i n i t e  and f o r  each  fo rmula  B E S 1 ( ~ ( G ' ) )  B , A ( U )  o r  
* 

- B  , A ( a )  i s  f i n i t e ,  We w i l l  d e f i n e  a n o t i o n  o f  r a n k  o f  

a f o r m u l a  i n  a  model such  t h a t  minimal  formulas have r a n k  

one .  

Well o r d e r  t h e  c l a s s  X c o n s i s t i n g  o f  (-1) and t h e  

d i r e c t  p roduc t  o f  t h e  c l a s s  o f  a l l  o r d i n a l s  w i t h  t h e  

p o s i t i v e  i n t e g e r s  by p l a c i n g  -1 f i r s t  i n  t h e  o r d e r  and t h e n  

f o l l o w i n g  t h e  n a t u r a l  l e x i o c o g r ~ p h i c  o r d e r .  For  each  L- 
s p a  ) )  

s t r u c t u r e  CT d e f i n e  f Q  : X + 2 by i n d u c t i o n  

A s f  ( < a , k >  ) i f  and o n l y  i f  A f ( x )  f o r  any 
d C7 

x  < <  a , k >  and i f  f o r  any s e t  o f  k  + 1 formulas  B1, ... Bk+l 

from s ~ ( L ( ~  ) )  such  t h a t  t h e . s a t s . . ~ i ( C i ' )  p a r t i t i o n  A(  a )  

t h e r e  e x i s t s  an  x  < <a,$> w i t h  one of  t h e  Bi c f ( x ) .  

Let  T be  t o t a l l y  t r a n s c e n d e n t a l ,  0 a  model o f  T ,  and 

A c S 1 ( ~ ( C ) ) .  C a l l  a fo rmula  A r a n k l e s s  i f  A n o t  i n  t h e  

range of  f,. L e t  A be a rankless formula and l e t <  Bol> 



l i s t  t h e  f o r m u l a s  i n  SI(L(c7 ) )  s u c h  t h a t  Ba( &')and - ~ ~ ( a ) ~ a r t i t i o n  

A ( c ~ )  where X = r ( Q )  + > t o .  T h e r e  e x i s t  a n  x  s X s u c h  t h a t  

i f  Ba i s  n o t  r a n k l e s s  Ba & f ( y )  f o r  y < X  , b e c a u s e  X i s  n o t  q 
c o f i n a l  w i t h  t h e  c l a s s  of a l l  o r d i n a l s .  Fo r  some a < b o t h  Ba 

and -B must b e  r a n k l e s s ;  o t h e r w i s e  A would b e  i n  f a ( x ) .  
a 

Now by  an  argument  s i m i l a r  t o  t h a t  i n  Lemma 6  it c a n  b e  deduced 

t h a t  i f  t h e r e  i s  a  r a n k l e s s  f o r m u l a  A i n  a model o f  T 

Thus i f C ?  i s  a  model o f  a t o t a l l y  t r a n s c e n d e n t a l  

t h e o p y  we may d e f i n e  f o r  e a c h  A € S 1 ( ~ ( c 7 ) )  t h e  r a n k  o f  
.z 

A ( G )  ( t h e  r a n k  of  A i n  6') which  we d e n o t e  by % ( A ) .  

I n  [ 6 ] ,  Morley i n t r o d u c e d  f o r  a c o u n t a b l e  f i r s t  o r d e r  

t h e o r y  T ,  X s N ( T ) ,  and  p E S ( X )  t h e  c o n c e p t  o f  t h e  

t r a n s c e n d e n t a l  r a n k  o f  p .  I n  [ 4 ]  L a c h l a n  i n t e r p r e t s  t h i s  

n o t i o n  i n  t e r m s  of t h e  r a n k  of a  f o r m u l a  A i n  S 1 ( L ( d ) )  as 

f o l l o w s  

We r e l a t e  r ( A )  t o  R a  ( A )  i n  t h e  f o l l o w i n g  theo rem.  a 

Theorem 9 .  L e t  a b e  a  model of a  t o t a l l y  t r a n s c e n d -  

e n t a l  t h e o r y  T and A & S 1 ( ~ ( C ? ) ) .  



59 
( i i )  F o r  some 8  a n  e l e m e n t a r y  e x t e n s i o n  o f a  and some 

i n t e g e r  k ,  R8(A) = ( r a ( A ) , k )  

( i i i )  For  some 8 an e l e m e n t a r y  e x t e n s i o n  o.f d 

To p r o v e  t h i s  t heo rem we need  t h e  f o l l o w i n g  e x t e n s i o n  

o f  a  lemma i n  [ 4 ] .  

Lemma 21 .  L e t  T  b e  a  f i r s t  o r d e r  t h e o r y ,  G7 a  model o f  

T ,  A E S 1 ( ~ ( a ) )  and  s u p p o s e  ra(A) = a t h e n  f o r  e a c h  B < a 

t h e r e ' e x j s t  an  e l e m e n t a r y  e x t e n s i o n  8  o f  C7 s u c h  t h a t  

-1 B 
i*08 (UA) tl T r  ( 8 )  i s  i n f i n i t e .  

P r o o f .  I f  t h e  lemma i s  f a l s e  t h e r e  e x i s t s  a model 

o f  T and  a  f o r m u l a  A E S, (L( a)) w i t h  rg(A) = a and some . - 
< a s u c h  t h a t  f o r  e a c h  8 0 i*Q'ag 

-1 (U,) fl TrB(I3)  i s  

f i n i t e .  Suppose q  E ~ r ' ' l ( 8 ) .  Then f o r  e a c h  C 8 ,  

i*8C-1(q) tl s B + l ( c )  i s  a  s e t  o f  i s o l a t e d  p o i n t s  i n  s B + l ( c ) .  

But t h e n  i f  A E q ,  i*8C B - l ( q )  tl S (C) i s  a s e t  o f  i s o l a t e d  

B p o i n t s  i n  S ( C )  s i n c e  i* -1 -1 
QC (U,) = i*gc (UA) and  

-1 B B 
*"c (UA) tl T r  (C)  i s  f i n i t e .  Thus q  E T r  ( 6 )  b u t  q was 

chosen  i n  T r B + l ( g )  s o  t h i s  i s  i m p o s s i b l e .  Hence 

-1 
i * ~ ~  (UA) f l  ~ r ~ ' ' ( 8 )  i s  empty and by i n d u c t i o n  f o r  e a c h  

> 6 + 1 ,  f o r  e a c h  C )  C? T ~ ' ( c )  tl -1 
Y - i*Oc ( u A )  i s  empty 

~6 r b ( ~ )  # a. 

P r o o f  o f  Theorem 9 .  

( i )  The p r o o f  p r o c e e d s  by i n d u c t i o n  on r a (A) .  I f  



rQ(A) = - 1 then i T  - 3vOA and so the theorem holds. 
Suppose,as the induction hypothesis, the theorem holds for 

a formula A if ra(A) = y is less than a. We first prove 

that for each 8 3 R~(A) < (a + 1, 1). If not, there 

is some 8 2 L7 with R (A) >, (a + 1, I), Then there 
1 

exists a sequence of formulas (A~)~," each Ai E sl(~(B1)) 

such that Ai(Bl) 5 ( A ~  A Aj)(B1) = O if i # 3, and 

R A = a .  Now we show that for each natural number 
8 7 

J. 

i there is a 1-type pi E U fl ~ ~ ( 6 ~ ) .  
A, 
A 

" - Case 1) a is a successor ordinal, say a = A + 1. 

Since R (Ai) = (A + 1, 1) there exists a sequence of 
B1 

formulas (Ai 3 ) j<o each A id E S1(~((B1)), such that 

A (8,) 5 Ai(8,), (Aij A Air)(B1) = @ if J # k, and 
i3 

= A 1 .  Then by induction for each j r 
> 

2 A so there exists pij E UA: a f l  T~*(B~). Then for each i , 
LlJ 

since s(B1) is compact and UA is closed, there exists 
i 

pi * an accumulation point of the p such that 
13' 

Case 2) a is a limit ordinal. a has cofinalkty 

o since a < w [ h ] .  Then there exists a sequence of 
1 

ordinals (a ) 
3 3- 

and a sequence of formulas (A ) ij J<ws each 

A E sl(L(B1))' such that A (B1) 2 Ai(B1), 
iJ iJ 

(Aij A Aik)(B1) = O if j # k, R (AiJ) = (aj , 1) for each 
B1 

j, and the a increase monotonically to a. Then by 
J 

induction r ( A ~ ~ )  = a so there exists a type 
3 

a .  

Pij "A fl Tr J(~l). Since UA is closed and ~ ( 8  ) is 
ij i 

1 



6 1 
compact t h e r e  e x i s t s  pi an  a c c u m u l a t i o n  p o i n t  of  t h e  p  f o r  1 3  
each  i . But pi ~ r ' ( 8 ~ )  f o r  any y  < a s o  pi E U  n 

A, 

S i n c e  UA i s  c l o s e d  t h e r e  e x i s t s  p ,  a n  accumula t ion  p o i n t  o f  
a + l  

t h e p i g a n d p  E U A n  S ( q )  s i n c e  e a c h p  i 'A n ~ r ~ ( 3 ) .  ~ u t  

t h e n  r . d ( ~ )  2 a + 1  s o  i )  i s  p r o v e d . '  

( i i )  Now we show t h a t  t h e r e  e x i s t s  8  a such  t h a t  f o r  

some k RB(A) = ( a , k ) .  By Lemma 22 s i n c e  r a ( ~ )  = a, f o r  e a c h  

? < a t h e r e  e x i s t s  an e l e m e n t a r y  e x t e n s i o n  (2' o f  (2 such  t h a t  
Y 

Ll 
i * ~ y  < u A )  n ~ r ~ (  G' ) i s  i n f i n i t e .  Hence t h e r e  e x i s t s  a 

Y 
s equence  of f o r m u l a s  (AYi ) i<o ,  e a c h  A~~ E s ~ ( L (  a ) ) ,  such  

Y 

t h a t  ( A ~ ~  ,. A Y j ) (  O y )  = @ i f  i # j ,  AYi(C? y )  C A ( O  y )  and 

(AYi) = y .  So by i n d u c t i o n  t h e r e  e x i s t s  such  t h a t  
IC7 Y 

Y ,i 

f o r  e a c h  y  and i Ra ( A Y . \  = ( y , k )  f o r  some k .  Without  
Y ,i 

1: 

l o s s  of  g e n e r a l i t y  we may assume ( 1 a , ,, I - P I )  n 

( 1 0 6 , j l - I C I )  = 0 if ( y , i )  # ( 6 , j ) .  The re  e x i s t s  a model C 

such  t h a t  f o r  e a c h  y ,  i C )  by t h e  compactness  
Y ,i 

theorem.  Then f o r  each  y  C a and e a c h  i < o t h e r e  i s  a  k  

such  t h a t  R C ( ~ Y k )  ? ( y a k )  and A A Y j ) ( c )  = @ if i f 3 .  

So RC(A) 2 ( a , l ) .  S i n c e  f o r  e a c h  8 R ~ ( A )  < (L" + 1, 1 )  

by i ) ,  f o r  some k R ~ ( A )  = (ask) and C i s  t h e  r e q u i r e d  

model .  

( i i i )  It remains  t o  f i n d  B > O  such  t h a t  RB(A) = 

sup{RC(A) I C > Q 1. It  s u f f i c e s  t o  show t h a t  t h e  s e t  o f  

k such  t h a t  f o r  some C > Q RC(A) = ( a s k )  i s  bounded. I f  

n o t  t h e r e  e x i s t s  a  sequence  o f  models Bi such  t h a t  f o r  e a c h  



k < w t h e r e  e x i s t s  i < W  w i t h  R~ ( A )  3 ( a , k ) .  We may assume 
i 

a 1 )  n a 1 )  = 0 i f  i j BY t h e  compactness  

theorem t h e r e  e x i s t s  a model 8 o f  T which e x t e n d s  each  o f  

t h e  B i .  Then R * ( A )  2 (a + 1, 1 )  c o n t r a r y  t o  i i ) .  

Note t h a t  q ( i )  and 4 ( i i )  t o g e t h e r  imply t h a t  

rQ(n)  = sup  i a 1 3 8 ,  3k ( 8 >  , R @ ( A )  = ( a s k ) ) } .  

We now r e s t r i c t  o u r  a t t e n t i o n  t o  H 1 - c a t e g o r i c a l  

t h e o r i e s .  I n  p a r t i c u l a r ,  we w i l l  d e a l  w i t h  an  % l - c a t e g o r -  

i c a l  t h e o r y  T w i t h  a s p e c i f i e d  s t r o n g l y  minimal  f o r m u l a  D 

s u c h q t h a t  f o r  each  model 8 o f  T ~ ( 8 )  fl c l ( 0 )  i s  i n f i n i t e .  

For  e a c h n a t u r a l  number j2, f o r  each  A E Sg+l(L) and t o  

- 1 and each  n a t u r a l  number n  a s s i g n  a  s e t  o f  fo rmulas  a s  

f o l l o w s  

AT.  E U U O ( n )  and some A! E O ( n ) )  
r < n  Ai Ai Ai 



Note t h a t  i f  A E S R + l ( ~ )  and  A* E I$") f o r  some n  t h e n  

A-as f r e e  v a r i a b l e s  v l ,  ... v Q .  Thus when we w r i t e  

A*(al ,  ... a R )  we mean t h e  r e s u l t  o f  s u b s t i t u t i n g  a i  f o r  v i  

f o r  i = 1, 2 ..., R .  I n  t h i s  s e c t i o n  we a b b r e v i a t e  

A vl, ..'. v  ( a l ,  ... a t )  by A(a l ,  ... a R ) .  Thus A(a l ,  ... a R )  
R 

Theorem 1 0 .  L e t  T  b e  a  t h e o r y  of t h e  k i n d  d e s c r i b e d  

a b o v e ,  a a model o f  T ,  m E {-11 U 61 A E SR+l(L) ,  and  
C ' 

a ,  ...* a R  6 1 1 .  The f o l l o w i n g  two p r o p o s i t i o n s  a r e  

e q u i v a l e n t ,  

i )  The re  e x i s t s  a  f o r m u l a  A* E rA ( m )  s u c h  t h a t  

\ ~ * ! a ~ .  .. . , a&,. 
i i )  Fo r  some k  % ( ~ ( v * , a ~ ,  ..., a R ) )  = (m,k)  i f  m 5 0 .  

N o t i c e  t h a t  t h e r e  i s  no l o s s  o f  g e n e r a l i t y  i n  t h i s  

t heo rem b e c a u s e  o f  o u r  a s s u m p t i o n  t h a t  T  h a s  a  s t r o n g l y  

min ima l  f o r m u l a  D and t h a t  f o r  e a c h  model 8  o f  T 

D(8 )  n c l ( @ )  i s  i n f i n i t e .  F o r ,  l e t  T b e  an arbitram 

H 1 - c a t e g o r i c a l  t h e o r y  i n  a  f i r s t  o r d e r  l a n g u a g e  L. Then 

t h e r e  i s  a  p r i n c i p a l  e x t e n s i o n  T t  of  T  w i t h  a  s t r o n g l y  

min imal  f o r m u l a  D l .  L e t  d be a  p r ime  model o f  T ' .  L e t  

X be an  i n f i n i t e  s u b s e t  o f  ~ ' ( 0  ' ) .  Then ~ h ( 0  ' , X )  = T" 

i s  a  t h e o r y  of t h e  s p e c i f i e d  k i n d .  Suppose 8 i s  a  model 

o f  T " ,  A E S k + l ( L ) ,  A* E f o r  some m ,  and  



- a ,  a, s I B I .  Then B , kA*(a l ,  ..., a t )  if and o n l y  if 

B I L  C ~ * ( a ~ ,  . . . , a , ) .  Moreover R ( ~ ( v ~ , a ~ ,  . . . , a f ) )  = 
8 1 ~  

RB (b(vo, al?. . ...., $)). Thus i t  suffices ' t d  move the theorem for  T". 

Proof  of Theorem. The p r o o f  p r o c e e d s  by i n d u c t i o n  on 

m .  If m = -1 d i A * ( a l ,  ..., a,) f o r  some A* E i f  and 

o n l y  i f  A(v0,al ,  ..., a , ) ( a )  = (8 which i s  e q u i v a l e n t  t o  

R ( ~ ( v ~ , a ~ ,  ..., a , ) )  = -1. We assume t h e  theorem i s  t r u e  a 
f o r  m < n and p rove  ( i )  i m p l i e s  ( i i )  f o r  m = n.  Then we 

p r o v e  a  lemma. F i n a l l y  we assume t h e  theorem h o l d s  f o r  
v 

m < n arrd p rove  ( i i )  i m p l i e s  ( i )  f o r  m - =  n .  

To p rove  ( i )  i m p l i e s  ( i i )  c o n s i d e r  a  f o r m u l a  . 
A E S , + l ( ~ )  and a  fo rmula  A* E r i n )  such  t h a t  a 

~ * ( a ~ ,  . . . a L )  w i t h  Ebl, . . . a t  E 1 a 1 .  N o t i c e  f i r s t  t h a t  

it s u f f i c e s  t o  p rove  t h e  c a s e  i n  which A* E @!"I. F o r ,  

suppose  t h e  ( i )  i m p l i e s  ( i i )  h a s  been  shown f o r  e a c h  i n t e g e r  

g, e a c h  A E S,+l(L) and e a c h  A* s ( n )  ( " )  and t h a t  A* E OA , 

Then s i n c e  Q p A * ( a 1 ,  ... a , ) ,  ~ ( v ~ , a ~ ,  . . . a,) ( (7 )  = 

- 

U ( ~ , ( v ~ , a ~ ,  . a  (0)) f o r  some a,+l, ... a  i n  ( Q l  
i-1 . k 

and some A,., ..., A . Moreover f o r  e a c h  i s a t i s f i e s  
S n-L 

A 2  ( a l ,  ..., a k )  and each  At E ,, $ n - l )  U @Ln)  and some 
i=l Ai i 

A t  E 
SO f o r  each  i t h e r e  e x i s t s  ni 5 n and a  ki such  

Ai 
t h a t  R ( ~ ~ ( v ~ , a ~ ,  ... a Q ) )  = ( n i , k i )  and f o r  some i t h e r e  a 
e x i s t s  k  such  t h a t  R ( ~ ~ ( a ~ ,  ... a t ) )  = ( n , k ) ,  by i n d u c t i o n  a 
and t h e  a s sumpt ion  t h a t  t h e  theorem h o l d s  f o r  each  

( n )  B* E QB . But t h e n  R (A(a l ,  ... a t ) )  = (n,m) f o r  some CI 



i n t e g e r  m .  

Thus t o  p r o v e  ( i )  i m p l i e s  ( i i )  when m = n ,  l e t  

A E Sa+l(L) and  s u p p o s e 0  /I ~ * ( a ~ ,  . .. , a & )  where 

A* E m i n ) .  L e t t i n s  A '  = A(v0,al ,  .. . , a & )  we w i s h  t o  p r o v e  

t h a t  f o r  some q  % ( A q )  = ( n , q ) .  From t h e  d e f i n i t i o n  o f  

@Ln)  we s e e  A* h a s  t h e  form 

. . 
* 

where p  i s  a  p o s i t i v e  i n t e g e r ,  k  5 k  < W c i s  i n  S k + 2 ( ~ )  

and  C* i s  i n  r ( n - l ) .  S i n c e  ~ * ( a ~ ,  . . . , a k )  t h e r e  e x i s t  C 

a  k + l ,  , a E l a  I s u c h  t h a t  f o r  a l l  b u t  p  e l e m e n t s  b o f  k 

D ( g  ) Q 1: C r ( a l ,  . . . a  b ) .  Thus f o r  any al> a and  k '  

d E D ( Q  , )  - D ( O  ) 0, c*(a1, ..., a  d )  s i n c e  D i s  k' 

s t r o n g l y  min ima l .  By i n d u c t i o n  f o r  some s  R ( C ' V ~ + ~ ( ~ ) )  
a1 

( n - 1 ,  s )  where C * = C(vO,  a l ,  . . a  v ) .  Then R ? ( A ' )  k '  k + l  

i s  5 ( n , s ) .  F o r ,  i f  n o t  t h e r e  e x i s t  L- formulas  B1, ..., 
where each  Bi h a s  f r e e  v a r i a b l e s  vO , v ~ + ~ ,  , ,  v  w i t h  t h e  m 

i 
f o l l o w i n g  p r o p e r t i e s .  T h e r e  e x i s t  c o n s t a n t s  ak+*,  . . * ,  

R ( B ' )  2 ( n , l ) .  We w i l l  show t h a t  t h i s  c o n d i t i o n  i m p l i e s  a i 

f o r  e a c h  e l e m e n t a r y  e x t e n s i o n  0 o f  0 , e a c h  

d  E D ( Q , )  - D ( Q  ) ,  and e a c h i t h a t R  ( B i  ,C; ( d ) )  5 
01 k + l  

- 1  1 .  T h i s  i n  t u r n  i m p l i e s  R (c; ( d ) )  2 ( n - 1 , s )  
01 k + l  



which is a contradiction allowing us to conclude that 

Suppose R&B~) 2 (n,l) and for some O1 0 and some 

d E ~(a,) - ~ ( a  1 % ( ~ i  A C' ( 1 )  < - 1  BY 
1 Vk+l 

induction there exists a formula (Bi A c)* & I- ( )  for some BiAC 

i i 
r < n-1 such that Q (B~,c)* (al, . . . ak, d, ak+2, . . .am). 
Since D is strongly minimal, there exists p, € w which may - 

be assumed larger than p such that for all but pl members of 

i 
D(Q) d l  (Bi A C)* (a1, ' 0  ak. b, ak+2, * * *  a:). Consider 

the fgrmulas 

i i 
(r+l) and 0 Fx(al, . . . ak, . . . am) so if F t  NOW F* c rF 

is the formula F(v0 ,al, . . . , a a i i 
k' k+2 ' . . . am) by induction 

there is an integer q such that R & F I  1 = (r+l,q) < (n,l). For 

each element c E B ~ ( o )  there exists an element b in D(c7) 

such that a 1: Bi(c) , Ct(b,c) A c*(al, . . . ak, b) since 
~ l ( a )  & A ' ( G :  and c7 /Z ~ * ( a ~ ,  ... ak). Let bl, ... b be 

9 

an enumeration of the elements b & D(Q) such that 

I a k. c*(al, ..., a k ,b) A - ( B ~  A c*) 
t i 

(al, . . . ak, b, ag+l, . . . 
We know there are only finitely many such b from above. 

Then % (B; A C; (b)) 5 % ( C $  (b)) = (n-1,u) for some u < w 
k+l k+l 



q  
by i n d u c t i o n .  ~ u t 4  I V v o ( ~ i c t  F '  v  IJ (Bi , CV ( b J  ) s 

jE1 k + l  
So B ; ( Q )  i s  t h e  un ion  o f  a  f i n i t e  number o f  d e f i n a b l e  s e t s  

e a c h  w i t h  r a n k  l e s s  t h a n  (n .1 )  and t h u s  % (B;) < ( n , l )  

c o n t r a r y  t o  a s sumpt ion .  Thus we conc lude  as o u t l i n e d  above Ra(A1) 
- - 

' (n.8). S i n c e  VvO? k+l (c' ), R ~ ( A " . )  z ( n , l )  . T h e r e f o r e  

t h e r e  e x i s t s  an  !I, 1 5 I, 5 &I such  t h a t  R ~ ( A ' )  = ( n , I , ) .  We 

have  shown ( i )  i m p l i e s  ( i i )  when m = n .  

Lemma 22 .  L e t  QbT A ~ s & $ L )  a,, ... a e  c l a l ,  
A '  = A ( v ~ , ~ ~ ,  ... a & )  and a 5 w. Suppose t h e  Theorem h o l d s  

" - 
,+ 

f o r  each  m < a and t h a t  f o r  e a c h  B > Q  t h e r e  i s  some k  such  

t h a t  R * ( A ' )  = ( a s k )  t h e n  t h e r e  e x i s t s  r < a and 

P r o o f :  Adjo in  a new u n a r y  p r e d i c a t e  symbol q t o  L to 

form L '  and a new c o n s t a n t  symbol f t o  L 1  t o  form L 1 .  L e t  

A b e  t h e  s e t  of  L 1  s e n t e n c e s  which a r e  t r u e  i n  an L '  

s t r u c t u r e  C' j u s t  i f  t h e r e  i s  an  e l e m e n t a r y  e u b s t r u c t u r e  

C* o f  t h e  r e d u c t  of C 1  t o  L such  t h a t  lC*l = q ( C t ) .  Le t  

D~ b e  t h e  L 1  s e n t e n c e  3 ' n v O ( ~  , - q ) .  L e t  rl b e  t h e  s e t  of  

s e n t e n c e s  

{ e l e m e n t a r y  d iag ram o f d )  U A U { ~ ~ ( n  < w ) .  

I f  k  < w and F c Sk+*(L) c o n s i d e r  t h e  f o l l o w i n g  

f o r m u l a s .  

Le t  m = I, + k .  

Le t  F1 € Sm+*(L) b e  t h e  f o r m u l a  

F ( V ~ ,  v ~ + ~ ,  . v  v ) A A .  m ' m + l  



Let G(F,F~*) = ~V,+~(D(V~+~) A Fl A F~*). 

Let G* (F ,F~*, p) be 

(VV,(G(F,F~*) %-+ G(F,F~*))) 

=P 
A (VV,(G(F,F~*) + 3 V~+,(D(~~+~) A F1)) 

Then if F,* is in , (s +1 
A G*(F,F~*, d. P )  is in rG(F,p * 1 # ! *  

Let r2 be the set of sentences 

Pa+l, - * *  bm, E la I }  

Now we show that r2 is inconsistent by finding for 

each L" structure C" such that C" )I fl, for each element 

f E (A' A - q)(C1) formulas F and F1*, an integer p, and 

constants c R+1' 
. . . c such that m 

L-structure. Let C1 be an L-structure prime over U {f}. 



Then D(C1) - ~ ( 8 )  # @. F o r ,  suppose  D(C1) 5 D(8) and l e t  B1 

b e  pr ime o v e r  D(C1). ( B 1 ,  C1 e x i s t  by 4 .3  of  [ 7 1 . )  Then 

C = 8  f o r  i f  n o t  B1+ C1 w h i l e  D ( B ~ )  = D ( C ~ )  But t h e n  B1 
1 

and C1 a r e  models  of T which s a t i s f y  t h e  h y p o t h e s i s  o f  t h e  two 

c a r d i n a l  theorem s o ,  as i n  s e c t i o n  3 ,  T i s  n o t  K 1  c a t e g o r i c a l .  

Thus t h e r e  e x i s t s  d  E D ( C ~ )  A ~ ( 8 ) .  Le t  C E S k + 2 ( ~ )  and 

c 1, . . . C € 1  0 I such  t h a t  ~ ( f  , c l ,  . . . C k ,  k 
v  ) g e n e r a t e s  t h e  k + l  

p r i n c i p a l  1 - t y p e  i n  ~ h ( c ,  l a l ~ { f ) )  r e a l i z e d  by d .  Then 

f i n i t e .  For  n o t ,  s i n c e  D 

~ t r 0 n g l y  minimal and contai .ns infinitely many ~ l g e h r n i c  points 
. - 

t h e r e  e x r s t s  an a l g e b r a i c  p o i n t  b  € Id  ) such  t h a t  C 

S i n c e  a l g e b r a i c  t h e r e  e x i s t s  

f o r m u l a  B c S1(L) and an  i n t e g e r  t such  t h a t  C 

et 
~ ( b )  , 3- vo B. But s i n c e  C ~ ( f ,  c l ,  ... c , b ) ,  

9 

c ,  C ,  . c  v ) g e n e r a t e s  a  p r i n c i p a l  t y p e  and k  ' k + l  

~ ( f ,  c l ,  ... c v  )(C) i s  i n f i n i t e ,  B ( C )  i s  i n f i n i t e .  So k D  k + l  

f o r  some q < w 

L e t  t h e  f o l l o w i n g  member 

Le t  C i  b e  o b t a i n e d  from C1 by s u b s t i t u t i n g  a l ,  ... a &  f o r  

v  1, . . . vg and c l ,  . .. c f o r  v & + ~ ,  . . . v . For  any k  rn 

b  E D ( C )  - ~ ( 8 )  R ( c '  ( b ) )  = ( d ) )  s i n c e  any such  
l v  m + l  Vm+l 

b r e a l i z e s  t h e  same 1-type i n  ~ h ( C , { a ~ ,  ... a&, c l ,  . . . c& 



as d and C i s  homogeneous by Theorem 8. Since D ( C )  - D ( 8 )  
C 

is infinite I,: Yv 0 3-qvm+lC'; thersf ore 

(d)) r (a,l) then RC(At) 2 (a+1, 1) contrary to if RC(CI 
v *. m ~ 1  

hypothesis, So for some u < a and some k R (C (dl) = c lv . 
m+l 

(u,k). Thus by hypothesis, there exists a formula Cf E I- (u) 
C1 

such that C 1.- Cf(al, . . . , at, cl, . . . c d). Let p be the 
P' 

*. maximum of q and the cardinality of 

F C;(al, . . . ae, cl, ... ck)(CV) which is a finite subset of 

D(C1'). Then 

so C" does not model I'2 but C" was an arbitrary model of r1 
so r2 is inconsistent. By the compactness theorem there 

1 S i* %? for exists k E w F , ..., F in Sk+2(L) and Fl & r 
some t < a such that i 

cl, . a * ,  c k list the constants occurring in some Fi and are 

assumed to occur in each Fi for notational convenience. 

If ( A '  , .. B 1 ) ( < 7 ' )  is infinite then there are models of T of 

arbitrarily large cardinality with ( A '  n - ~')(8) - 
(A' n - B') ( a) # $. Thus there is a model C of rl with 
(A1 , - B')(C) - q(C) 3 @. But this is impossible. So 



where u  = max(ui )  < a. 

We r e t u r n  t o  t h e  p roof  of  Theorem 1 0 .  The i n d u c t i o n  

h y p o t h e s i s  a s s e r t s  t h a t  ( i )  i s  e q u i v a l e n t  t o  ( i i )  if m < n.  

We have  a l r e a d y  proved ( i )  i m p l i e s  ( i i )  i f  m = n and now we 
-- - 

wish  t o  sdow ( i i )  i m p l i e s  (i) i f  m = n .  Suppose A & S1+l(L), 

a ,  ... at E 1 ~ 1 ,  A '  = ~ ( a , ,  ... a,) and f o r  some k 

( n )  a l l o w s  u s  t o  assume % ( A ' )  = ( n , k ) .  The d e f i n i t i o n  o f  BA 

t h a t  k  = 1. We w i l l  f i n d  a f o r m u l a  A* E rln) such  t h a t  

6' A*(al,  . .. a t ) .  

We f i r s t  a s s e r t  t h a t  t h e r e  i s  an  e l e m e n t a r y  e x t e n s i o n  

of and a  fo rmula  B 1  & S 1 ( ~ ( 8 ) )  s u c h  t h a t  ~ ~ ( 8 )  ~ ' ( 8 )  

R 8 ( B t )  = ( n , l )  = s u p  { R C ( B t )  I C B}. To s e e  t h i s  c o n s t r u c t  

t h e  f o l l o w i n g  sequences  of  f o r m u l a s  and models .  Le t  B0 = 3 

and B o =  A ' .  Given Bm and B m e  S 1 ( ~ ( B m ) )  choose  Bm+lby 

theorem 9 such  t h a t  I? (ern)  = s u p  { R ~ ( B ~ )  I C >  P 1 .  
8m+l m 

Choose Bm+l such  t h a t  Bm+l (8m+l) 5 B,(B,+~) and R (Bm) = 
'm+l 

.(A,1) > ( n , l )  f o r  each  C RC(Bm+l ) < R  (Bm) 
8m+1 

F o r ,  suppose  n o t ,  t h e n  t h e r e  e x i s t s  C such  t h a t  RC(Brn+,) L 

R ~ ( B , )  = ( A , & ) .  Hence t h e r e  e x i s t s  p < A ,  t h e r e  e x i s t s  q  such  



tha t  RC(Bm A ) = ( u , q ) .  But t h e n  s i n c e  R ( B  A - B ~ + ~ )  5 
'm+l m 

( u , q )  a n d ( n , l )  < ( A , & )  R (Bm) < (A ,&)  which i s  a  
'm+l 

c o n t r a d i c t i o n .  S i n c e  t h e r e  i s  no f i n i t e  descend ing  sequence  i n  

a  w e l l  o r d e r e d  s e t ,  f o r  some k R B = 1 .  Le t  Bk b e  
%+I -- - 

t h e  f o r m u l a  B t  = B(bl ,  . . . b,) where b l ,  . . . bs o !Ski and l e t  

Now B i  and 8 s a t i s f y  t h e  h y p o t h e s i s  o r  Lemma 22  s o  t h e r e  e x i s t s  

( k + l )  B* E rB f o r  some k < n  s u c h  t h a t  8 1:. 13*(k1, . . . b , ) .  If 

k < n - -  1 by t h e  i n d u c t i o n  h y p o t h e s i s  R s ( B t )  e ( n , l )  s o  k  = n  - 1. 
t 

8 B*(bl, . . . b s )  , V v 0 ( ~ ( b l ,  . . . b s )  + A t )  and 8  i s  an  

e l e m e n t a r y  e x t e n s i o n  o f  0 s o  f o r  some c l ,  . . . c  & 1 1 ,  0 k  s 

B*(cl,  ... c s )  ,Vv0(B(cl, ... c s ) + A t ) .  S i n c e  B* E r i n ) ,  and 

we have  proved ( i )  i m p l i e s  ( i i )  f o r  m = n ,  f o r  some R 

% (B(c l ,  . . . c s ) )  = ( n ,  Q. L n u s t  e q u a l  1 s i n c e  B(c l ,  . . . c s ) @  ) 

c ~ ' ( 0 )  and F t ,dAt )  = ( n . 1 ) .  I f  C' = C(vo,  a l ,  ... all ,  - 

by i n d u c t i o n  t h e r e  e x i s t s  C* E q1 rh J )  such  t h a t  
J= -1  

a! . :  c*(a, ,  . . . a & ,  c l ,  . ., c S ) .  Hence l e t t i n g  

A B* A C * )  

A*  i s  i n  r l n )  and 0 \ ~ * ( a ~ ,  ... a  ) p r o v i n g  t h e  theorem.  11 

R e c a l l  from S e c t i o n  2 t h a t  a, i s  d e f i n e d  t o  b e  t h e  l e a s t  
'I 

o r d i n a l  such  t h a t  f o r  a l l  B E  N(T) and f3 > a, Sa'( a = s B (  0 ) .  
I M 

' O +  I n  [ T I  Morley p roved  aT e x i s t s  and  i s  l e s s  t h a n  ( 2  ) f o r  

ill ' 

e v e r y  comple te  t h e o r y .  I n  [ h ]  Lach lan  shows t h a t  aT < w l  f o r  



e a c h  c o m p l e t e  t h e o r y .  We a p p l y  Theorem 1 0  t o  p r o v e  t h e  

f o l l o w i n g  c o n d e c t u r e  o f  Mor ley .  

Theorem 11. I f  T i s  H I  c a t e g o r i c a l  t h e n  aT i s  f i n i t e .  

P r o o f .  If f o r  some 4' and  some 6  I w t h e r e  e x i s t s  

B p  E S (01, t h e n  s i n c e  T i s  t o t a l l y  t r a n s c e n d e n t a l  f o r  some 

Y b 6 ,  p E ~ r ' (  a) and  by lemma 2 1  t h e r e  e x i s t s  8 a,q  E ~ r ~ ( 8 ) "  
-1 

i h  ( p ) s o  t h e r e  i s  a  f o r m u l a  A '  = A ( V ~ ,  a l ,  . . . a t )  i n  
Qs 

S 1 ( ~ ( B ) )  w i t h  r 8 ( A ' )  = w .  By Theorem 9 ,  t h e r e  e x i s t s  C F 8  

and  an  i n t e g e r  k such  t h a t  f o r  e v e r y  e l e m e n t a r y  e x t e n s i o n  C1 

o f  C i iC(&) = (u,k). Now by  lemma 22  w i t h  a = w,  t h e r e  e x i s t s  

an  n < w and a  f o r m u l a  A* E l"Ln+l) s u c h  t h a t  C I ~ * ( a ~ ,  . . . a & ) .  

By theo rem 1 0  f o r  some k R C ( ~ ' )  = ( n + 1 ,  k). T h i s  i s  a 

c o n t r a d i c t i o n  s o  t h e r e  i s  no 0 and no B 2 w and no p w i t h  

B 3 E S ( d ) .  Hence 3 < w .  T 



97 A Note on D e f i n a b i l i t y  

Let  L b e  a  f i r s t  o r d e r  l a n g u a g e  c o n t a i n i n g  a una ry  

p r e d i c a t e  p ,  a an  L s t r u c t u r e ,  and B = p ( Q  ) .  R e c a l l  t h a t  

d e n o t e s  t h e  s e t  o f  k - t u p l e s  bl ,  ... bk such  t h a t  6' 

t h e  form A(al.  ..., a n ) ( c 7 )  ll B an  A - r e l a t i o n .  We p rove  

undex c e r t a i n  c o n d i t i o n s  on ~ h (  0 )  each  A - r e l a t i o n  i s  d e f i n a b l e  
+ 

by naming a f i n i t e  number o f  c o n s t a n t s  from B. The re  i s  no 

a s sumpt ion  i n  t h i s  s e c t i o n  t h a t  L i s  c o u n t a b l e .  

For  s i m p l i c i t y  i n  n o t a t i o n  we assume n  = k  = 1. 

Each, . . A r e l a t i o n  on an i n f i n i t e  s e t  B can  b e  r e p r e s e n t e d  

by a  p a i r  ( h , q )  where h i s  a b i j e c t i v e  map of  K ( B )  i n t o  B 

and TI E 2 K ( B ' .  Thus A ( i )  i s  i n  t h e  A r e l a t i o n  if and o n l y  i f  

~ ( i )  = 1 where i < K(B). There  i s  a n a t u r a l  e q u i v a l e n c e  

r e l a t i o n  on such  r e p r e s e n t a t i o n s  produced by c a l l i n g  two 

r e p r e s e n t a t i o n s  e q u i v a l e n t  if t h e y  r e p r e s e n t  t h e  same r e l a t i o n  

on B .  Ambiguously we d e n o t e  b o t h  t h e  e q u i v a l e n c e  c l a s s  

c o n t a i n i n g  (X,q)  and t h e  r e l a t i o n  (A,TI)  r e p r e s e n t s  by 

( A ,  . We a l s o  c o n s i d e r  p a i r s  ( k , h )  where !& E B~ and 

h E 2n f o r  some n  < o. ( a s h )  i s  a p a r t i a l  r e p r e s e n t a t i o n  o f  

To s i m p l i f y  n o t a t i o n  i n  t h e  f o l l o w i n g  f o r m u l a s  we assume 

t h a t  i n  a d d i t i o n  t o  t h e  sequence  o f  v a r i a b l e s  v o ,  vl ... L 

c o n t a i n s  an  i n f i n i t e  s e t  o f  v a r i a b l e s  Z 
4 n  

where a E 2•‹ and 



a I n  i s  t h e  i n i t i a l  segment  o f  a o f  l e n g t h  n .  We o r d e r  s u c h  

f i n i t e  s e q u e n c e s  by l e n g t h  and  among t h o s e  o f  t h e  same l e n g t h  

l e x i o c o g r a p h i c a l l y .  If q  i s  t h e  l a s t  s equence  of  l e n g t h  n  

u n d e r  t h i s  o r d e r  t h e  p r e f i x  3z0 ... 32 w i l l  i n d i c a t e  t h a t  
P  

e a c h  v a r i a b l e  za lm,  m c n  i s  b e i n g  e x i s t e n t i a l l y  q u a n t i f i e d .  

If A i s  a  f o r m u l a  and  a E 2@ t h e n  A a ( i )  - - 
uiij = i and A a w  = -A if a ( i j  = 6 .  

L e t  C n  b e  t h e  f o r m u l a  3 z 0 ,  . . . , 32 
9 

.. . n-1 
( A ( a v o (  A A(vo, za l i  ) a ( i ) )  where q  i s  t h e  l a s t  s 
as2"  i = o  

equence  

o f  l e n g t h  n  i n  t h e  o r d e r  d e s c r i b e d  above .  Then i f  C n  i s  t r u e  

i n  T f o r  e a c h  model of o f  T t h e r e  i s  a  c o m p l e t e  t r e e  o f  

l e n g t h  n  o f  d i s t i n c t  A - r e l a t i o n s .  

L e t  f, b e  a n  e l emen t  o f  B ~ ,  X = r a n g e  and h c 2 k 

f o r  some p o s i t i v e  i n t e g e r  k .  D e f i n e  H" 
0 , h )  

E S * ~ ( L ( X ) )  t o  b e  

where q  i s  t h e  l a s t  s e q u e n c e  of l e n g t h  n .  

D e f i n e  [ ( A , n )  1 t o  b e  c l a s s  1 i f  0  HI ( a , h )  f o r  some 

p a r t i a l  r e p r e s e n t a t i o n  ( 8 , h )  of [ ( h , ~ ) ] .  Fo r  n  > 0 ,  d e f i n e  

[(A,Tl)l t o  b e  c l a s s  n i f  [ (A , I ? ) ]  i s  n o t  i n  c l a s s  n-1 and  

f o r  some p a r t i a l  r e p r e s e n t a t i o n  ( L , h )  o f  [ ( X , q ) ] .  

Lemma 23, If [ ( A , n ) ]  i s  i n  c l a s s  n f o r  n c w t h e n  

[ ( h , n ) ]  i s  d e f i n a b l e  i n  (a , X )  f o r  some f i n i t e  X 5 B.  



P r o o f .  L e t  (J l ,h)  b e  t h e  p a r t i a l  r e p r e s e n t a t i o n  o f  

[ (A , n ) ]  such  t h a t  0 k -H" ( J l , h ) *  
Suppose t h a t  !?, E B~ and  

k h  € 2 . L e t  X = r a n g e  L. I f  n  = 1 l e t  G b e  t h e  f o r m u l a  

k-1 
A ,,, A(vO,  k ( i )  h ( i ) .  If' n  > 1 l e t  G be t h e  f o r m u l a  

where q' i s  t h e  l a s t  s equence  o f  l e n g t h  n .  

S i n c e  [ ( A , q ) ]  i s  n o t  i n  c l a s s  n - l i f  [ ( A  q ) ]  = 

~ ( a ) ( o  ) fl B c l e a r l y  01. ~ ( a ) .  T h u s ,  i f  we c a n  show t h e r e  

i s  b u t  one A - r e l a t i o n  [ (A' , n '  ) 1 s u c h  t h a t  [ (1' ,173 ]  = 

~ ( a ' ) ( d  ) ll B and  a $ ~ ( 8 ' )  we c a n  d e f i n e  [ ( A , n ) ]  by 

3v0 G(v0)  - A(vO,vl) - P ( v l ) *  

Suppose t h e r e  e x i s t  A - r e l a t i o n s  [ (AL, t ' ) l ) ]  and  

[ ( X 2 , q 2 ) ]  and  e l e m e n t s  a l ,  a  2 E 1 0  1 s u c h  t h a t  [(A1. q l ) l  = 

~ ( a , ) ( a )  n B ,  1 , 1  # [ ( A 2 , n 2 ) l ,  a n d @  I d a l )  ~ ( a ~ ) .  



Then t h e r e  i s  some e l emen t  b  E B s u c h  t h a t  Q b  A(a l ,b )  , 
1 

-A(a2 ,b ) .  Then &'bH(Q,h) which  i s  a c o n t r a d i c t i o n  if n  = 1. 

If n  > 1 l e t  1, = Q U<k,O> and  hl = h  U Ck, l>  . L e t  

= Q U < k , P  and  h2  = h  U < k , W  . S i n c e  t? G ( a l ) ,  

1- XI-1 n-1 0 H(k ) .  S i n c e  a k G ( a 2 ) ,  a 1:. H(& , . But t h e n  
1' 1 2 2 

at= % , h )  T h i s  c o n t r a d i c t s  o u r  h y p o t h e s i s  and t h e  lemma 

I n  [ 1 9 ]  S h e l a h  d e f i n e s  a c o m p l e t e  t h e o r y  T t o  b e  s t a b l e  

i f  f o r  e a c h  n  + 1 - a r y  p r e d i c a t e  R t h e  f o l l o w i n g  s e t  o f  f o r m u l a s  
t 

i s  i n c o n s i s t e n t .  

( a )  d e n o t e s  t h e  l e n g t h  o f  Cj , a s e q u e n z e  o f  z e r o e s  and  o n e s .  

( Y ~ S  - * -  Y i i s  an  n - t u p l e  o f  v a r i a b l e s  i n d e x e d  by a 1 i. 

I n  o u r  c o n t e x t  we c a n  c o n c l u d e  t h a t  i f  T i s  s t a b l e  r A 

i s  i n c o n s i s t e n t  where 

Theorem 1 2 .  L e t  a b e  a model  o f  a  s t a b l e  t h e o r y  i n  a 

l a n g u a g e  L and  B b e  a  s u b s e t  o f  I I d e f i n a b l e  i n  L .  Any 

r e l a t i o n  on B which i s  d e f i n a b l e  i n  ( a  , la  I ) i s  a l s o  

d e f i n a b l e  i n  ( C7 ,B). 

P r o o f .  S i n c e  T i s  s t a b l e  r A i s  i n c o n s i s t e n t .  By 

t h e  compac tnes s  t h e o r e m  f o r  some n Q l r .  C n .  But t h e n  f o r  



e v e r y  ( R,h)  a / : ,  Hence e a c h  [(A , r l ) l  h a s  C l a s s  5 n 

and t h e  theorem f o l l o w s  from Lemma 23. 

We can  invoke  t h e  compactness  theorem once  more t o  

p roduce  t h e  f o l l o w i n g  u n i f o r m i z a t i o n  o f  Theorem 1 2 .  

C o r o l l a r y .  I f  T i s  a  s t a b l e  t h e o r y  i n  a  l a n g u a g e  L ,  p  i s  

a  una ry  p r e d i c a t e  i n  L ,  and A a b i n a r y  p r e d i c a t e  i n  L such  t h a t  

3 vO V v l ( ~ ( v O , v l )  + p ( v l )  t h e r e  e x i s t  i n t e g e r s  N, M and 

f o r m u l a s  C1, . . . CM i n  S (L) s u c h  t h a t  
N + 1  
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I n  t h i s  s e c t i o n  we l i s t  some r e c e n t  r e s u l t s  on problems 

r e l a t e d  t o  t h e  s u b j e c t  o f  t h i s  t h e s i s .  

A n a t u r a l  g e n e r a l i z a t i o n  o f  t h e  &&s c o n j e c t u r e  i s :  i f  T 

i s  a  c o m p l e t e  t h e o r y  h a v i n g  i n f i n i t e  model i n  a l a n g u a g e  L s u c h  
+ 

t h a t  t h e r e  a r e  K s e n t e n c e s  i n  L t h e n  T  i s  c a t e g o r i c a l  i n  

i f  and  o n l y  i f  T i s  c a t e g o r i c a l  i n  e v e r y  X > K . S p e c i a l  c a s e s  

of t h i s  t heo rem have  been  p r o v e d  by Rowbottom [ 1 5 ]  and  

~ e s s a ~ r ' e  ( 1 3 1 .  The g e n e r a l  t heo rem h a s  been  p roven  by 

S h e l a h  [171 .  

I n  [ 4 ]  Morley c o n j e c t u r e d  t h a t  i f  K ( T )  = A >  and  T i s  

c a t e g o r i c a l  i n  A t h e n  T h a s  a  model w i t h  power l e s s  t h a n  A . 
H 

S h e l a h  ( 1 8 1  h a s  p roven  t h i s  c o n j e c t u r e  i n  t h e  c a s e  = A .  

H a r n i k  and  R e s s a y r e  [ 1 4 ]  p r o v e  t h e  f o l l o w i n g  theo rem.  

T i s  c a t e g o r i c a l  i n  K ~ >  K ( T ) ,  i f  and  o n l y  i f  e v e r y  s e t  C 

o f  power K which i s  a  p r o p e r  s u b s e t  o f  a  model 0 , h a s  a 0' 

pr ime  e x t e n s i o n  which i s  a n  e l e m e n t a r y  submodel of  a . 
The n o t i o n  of s t a b i l i t y  and  many o t h e r  c o n c e p t s  r e l a t e d  

t o  c a t e g o r i c i t y  a r e  e x p l o r e d  by S h e l a h  i n  [ 1 8 ] .  
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