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ABSTRACT 

In this paper the li~ear exi3rapoiat.i.on theory of f u l l  rank rnultj.var.-iate 
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INTRODUCTION 

The study of multivariate prediction theory began in the U.S.S.R. in 

the early 1940's at approximately the same time as the univariate case was 

being investigated (for references to the Russian literature see Jang Ze Pei 

[lo]) . Problems still exist in the multivariate case, however, whereas the 

univariate case was essentially solved by the early 1950's (see, for example, 

The study of univariate processes rests heavily on the theory of complex 

valued functions on the unit disc, notably the theory of H and L spaces. 
P P 

The natural multivariate analogue of this is the study of matrix valued 

functions. Two problems arise with the introduction of matrix methods: the 

lack of commutativity of multipli~ation and the existence of singular non-zero 

matrices. Nonetheless, many results have been obtained, notably in the case 

of full rank processes, (Masani [ 211 , and Rozanov [ 261 ) . 
There are two closely related approaches to the general problem of 

multivariate prediction. One technique, adopted by Rozanov [26], Matveev 

[ 2 2 ] ,  and others is to study a certain Hilbert space H of complex valued 

random variables. A second, although similar, approach is the one propos~,d 

by Zasuhin and developed by Wiener and Masani [29]. In their approach the 

vector valued random functions themselves are treated as elements of a 

Hilbert space e2 . However, instead of using the normal inner product on 

,il 



t h i s  space a matrix valued inner  product cal:ed the  Gramian i s  introduced.  

The rcsul- ts  obtained by each approach a re  almost the  same, s ince  , i s  
L 

q e s s e n t i a l l y  j u s t  \ H  . It  i s  t h i s  l a t t e r  a ~ p r o a c h  of Wiener and x a s a n i ' s  

t h a t  i s  reviewed i n  t h i s  paper.  

Chapter S s e t s  fc ,r th t h c  b a s i c  d e f i n i t i o n s  of  the u11ivarj-ate theory and 

p resen t s  t h e  necessary  ma te r i a l  on mdtrix i n t e g r a t i o n  theory t h a t  i s  requi red  

throuqhout tke payer. 

Tn Chapl-cr 11 the  fundamental Ki lbe r t  space & is  introduced and i t s  
2 

* 
p r o p e r t i e s  itevelope d .  Thc t i n e  dor,,ain ana lys i s  o f  m u l ~ i v a r i  a t e  d i s c r e t e  

parameter b~eakly s t a t i o n a r y  (henceforth refer-red t o  a s  g-var ia te)  processes 

i s  presented., including -the m u l t i v a r i a t e  extension oE the  cLass ica l  Wold 

decomposition theorem. 

The spectral. theory of q -va r i a t e  processes is developed i n  Chapter 171, 

, 
together  with a cha rac te r i za t ion  of f u l l  rank processes i n  terms of l-heir 

s p e c t r a l  measures. 

Chap " i c w  ::V ---+-; LuIIC-U.LILU n -  2, ~,.tli::e c?f the extra:- )n l  a ~ t i  on t h e o r y  of f u l l  r-ark 
ri 

processes as  deveLoped by Wiener and Masani [ 30 1 a.nd Nasani ' s C l.9 1 subsequent 

geni.za:lr:i,;it%.on of these  res~At!;. 

The f i rs t  h a l f  of the chapter  contai .ns  var ious  so lu t ions  of t h e  ex t ra -  

po la t ion  p r ~ b l e m  .together with t h e  requi red  material on nini.ma1 q-,vzric?.te 

processes.  In the  l a t t e r  h a l f ,  methods o f  f inz ing  t h e  ger;crati.:ny funct5on 

of a q;-vnri.atc process a r e  presented.  

Chapter V concludes khe paper with a d.iscussion o f  t h e  unsolved probj-sn:s 

encounrered i n  the s tudy  of d-eyenerate rank p iocesses .  



CHAPTER I 

MATIIEMATICAL PRE-WQUISITES 

UNIVARIATE CONCEPTS ---- ------.- 

The following u n i v a r i a t e  d e f i n i t i o n s  a r e  func'anental t o  t h e  e n t i r e  

paper. 

Def in i t ion  I A p r o b a b i l i t y  space .is an ordered t r i p l e  (x,B,P) where X .---.--- 

i s  a s e t ,  8 i s , a  Borel f i e l d  of s u h i e t s  of X , and P i s  a p o s i t i v e ,  

r e a l  valued, countably add.i.t.ive s e t  funct ion  defined on .8 with I? ( X I  = 1.- 

def ined on X which i s  measurable with respect t o  B . 

Dcfiinition 3 A s t o c h a s t i c  process (on X') i s  a family of random v a r i a b l e s  .- ---- --- 

(f - t E T ) .  If T = R , t h e  r e a l ~ ,  t h e  process i s  c a l l e d  a conti-nuous 
t' 

pnrc\n,eter p ~ o c c s s ;  i f  T = N , t he  i n t e g e r s ,  then the process i s  c a l l e d  a  

cli sc:rct.e parameter process.  

Cr- .Ein l  t i c n  4 A weakly stakiionary d i s c r e t e  parameter s t o c h a s t i c  process ---------- 
if,: - 1 i s  a process s a t i s f y i n g  t h e  fol.loiring t ~ r o  condi t ions :  



- - 
. 2 )  Elfn12 < c, 'dn , and Efmfn = ~ f ~ + ~ f ~ + ~  'dn,m,h E N . 

The f u n c t i o n  c(m,n) = E ~ ~ T ,  is  c a l l e d  t h e  covariance func t ion  of  

* the process  I fn :  < n  < m1 . I f  t h e  process i s  weakly s t a t i o n a r y ,  

then c(m,n) = c(m-n,0) = I' 
m-n 

D e f i n i t i o n  5 Let  t h e  process  {f : -m < n  < be weakly s t a t i o n a r y .  
il 

The assoc ia ted  sequence { r  : < n  .: w) i s  c a l l e d  t h e  covariance 
n 

sequence of t h e  process {fn: -a < n  < a) . 

Lemma 1 Let  { \ :  < n  < w) be a s  above. Then 

iv) -m < n  < w} i s  a  p o s i t i v e  d .ef in i te  sequence; i . e .  V t .  ,ti,. . .t 
I n  n n  

i n  N and any complex numbers c  , c  ,... c  
1 2  c c c C r  3 0 .  

n  ' j=l k = l  j k  t j-tk 

Proof P a r t s  i) and ii) are obvious from t h e  d e f i n i t i o n .  P a r t  iii) 

is a  p a r t i c u l a r  ins t ance  of t h e  genera l ized  Cauchy Schwartz i n e q u a l i t y  

i n  t h e  Hi lbe r t  space L (X) discussed a t  t h e  beginning of Chapter 2. 
2 

P a r t  iv) fol lows f r o a  t h e  r e l a t i o n s h i p  

Under t h e  usua l  i n t e r p r e t a t i o n  of the indexing s e t  as t ime,  saying 

t h a t  a Grocess I fn :  -a < n  < i s  weakly s t a t i o n a r y  i s  equ iva len t  t o  



saying t h a t  tt.e f i r s t  and scco;?d momerlts of the  randoiu var iables  a r e  

F n d c p ~ n d ~ n t  of t i m ~ ,  

\ 

An uncorrc3lated procsss.  L e t  : -m < n < %I be a sequence of --. ----- 

inde?-icndenr-. iden t ica l ly  6isixi.buted 3-endom var iables  o:? snrne probdhi l i ty  

6 , and hence {f : -a < n <m) is a weakly  s ta t ionzcy process. Any 
jk n  

sieakl-y s tnt ionary process havl-iig a covari.anct? sequence of the fgrm 

r = 6 k , where k i s  a comtan t ,  i s  cal led an  uncorrelated pr:ocess. 
t t o  * 

m - 
sirmabi1it.y of thc sequence . Then c ( j ,k . )  = l g _ , A . A .  

i j:l-k- j ' I<:-" 

s t a t ionary  process, Such a process is cal led a  n~ovirlq average process. 

r l  Jhe  material i n  t h i s  sec t ion  i s  necessary for the study of mul t i -  

v a r i a t e  pxocesses, O r d y  the  statements of the  following theorems allcl 

lemmas a r e  included here ,  s i ~ l c c  t h e i r  proofs a r e  riot essential.  t o  the  

n1ul~t:ivariate theory. For t h e i r  proofs and a more de ta i l ed  d i s c i ~ s s i . ~ ~ . ?  of 

t h i s  mate r ia l ,  the  render i s  referxed t o  Chaj?ter 3 of Wieiler an6 Masalzi [ 2 9 ; .  



The following no ta t ion  w i l l  be used. I f  A is a  square matr ix ,  tke  

* 
symbo.ls AA,  TA, and P, w i l l  denote the  d e t e r i n i n d ~ ~ t  of  zi; i h ~  t r a ce  of 

A ,  and t h e  conjugate t ranspose of  A r e spec t ive ly .  The synbols 2 ,  D+ , 

a n d  D w i l l .  dcnote the  s e t s  I z 1 = 1, 1 z 1 < 1 , ancl 1- < 1 z 1 5 Co i n  - 
t h e  complex plane.  The d e f i n i t i o n  and important p r c p c r t i e s  of thc Hardy 

c l a s s  H6 can be found i n  Wiener and Masani [ 291. 

Theorem 1. i) The space of q 2: 9 matr ices  w i t h  complex e n t r i e s  i s  a --------- 

Banach aL,~- . t ra  under the  usual  algebr' l ic operations a n d  e i t h e r  of tl-*-,e norms 

-- Banach norm 

ii) T h i s  space i s  a H l l h e r t  sl)ace under t h e  sime opera t ions  and the 

* ' Y  Y -- 
inner  product (A,R) = TAU = C C A. .E = 12 j i  " 

equivalent  topologies on t h i s  spa re ,  s inca  / A /  5 / A /  5 1 fi i: . ID 

t h i s  topology, A -t A as n  3 i f  and only i f  each en t ry  of A t.ends 
n n  

t o  the, coxresponding en t ry  of A a s  n  -% . 

D e f i ~ ~ i t i o ~ l  6 i) kg , 6 > 0 , i s  t h e  s e t  of r i l l  q x q mz.trix v ~ l u p d  ---.--.- -" 

funct ions  r" = [ F . . ]  on the  u n i t  c i r c l e  with complex valued e l t r i e s  
1 7 

E' i n  L6 . 
i j 

ii) L, i s  the  s e t  o? a l l  q x q rniltrlx valued functions F on the  u n i t  

c i r z i c  k i t h  complex valved e n t r i e s  i n  1~~ , t h a t  i s ,  each F i s  
F i j  i j 

e s s e n t i a l l y  boundcc?. 



Theoran 2 i j  F E L6, 6 > O . if and or'?-y i f  F has  measurable e n t r i e s  -.-..- 

and /E', E LA . I 6 2 1 , is  a Ranach space a n 6 e r  the 1~su~4.1 a19e?>r2i.c 
L -6 ' 

1. 27s 6 1/6 
o p e r a t i o n s  and t h e  norm I F /  A = .fo I F  ( 0 )  /Ed@]--  . 

ii) L2 i s  a H i l b c r t  space  under t h e  usua l  ope ra t ions  and the i n n e r  

1 2?r ~i 
product  ( (FIG) ) = - .f TIP ( 0 ) ~  (5)  Id0 , with the  corresponding norm 

2w 0 

be ing  lfF]/ = )/i?lFFT-) := / F /  2 -  

i i i . )  F E i f  and only  if F h i s  l ieosurabla e n t r i e s  and /F I E  is 

D e f i n i t i o n  7 The bebesguc i n t e g r a l  of a func t ion  F c LAl 6 2 1 , is - -.-.--*- 

2 'IT 
de r ined  by .fO ??(0)d3 =[.fZaF. , ( ! 3 )d0 ] i j  . 

0 13 

-niO 
I t  fol'Lows frorn iii) , with G (0 )  = e I , that every func t ion  F i n  

L6, 6 > 0 , has  an n'th Four i c r  c o e f f i c i e n t  

coey ; - l c i en t  of t h e  fuqc t ion  F . . (6) . 
3- 3 



8 

The fol lowing g i v e s  t h e  m a t r i c i a l  exter is ions of  some w e l l  kr,own 

r e s u l t s  of Four i e r  a n a l y s i s ,  

Theorem 3 i) iiiemann Lebesgue lemma. I f  A i s  t h e  n ' t h  Fourj-er --.- n 

c o i f f i c i c n t  of F  E L6, 6 P 1 , t hen  A + 0 a s  n + . 
n 

ii) lf An i s  the  n ' t l i  Four iev  c o e f f i c i e n t  of  F E L then  
2 ' 

m CO ? 
C ] A  / < Conversely,  if t ho  A are such t h a t  nz-ml A,] p < m , 

D = - ~  n E 12 

then t h e r e  i s  a f u n c t i o n  F  E L7 such t i ra t  A n  i s  i t s  n'th Four i e r  - 

c o e f f i c i e n t .  

iii) P a r s e v a l ' s  i d e n t i t y .  If E',G € iZ d i ~ d  have n'th Four i e r  

* 
c o e f f i c i e n t s  h and B r e s p e c t i v e l y ,  t hen  -&!2nF (@)G ( B )  do = A B* . 

n n L'n 0 II==-~ n n 

iv) Convolution r u l e .  I f  F  and G are a s  i n  iii) then  t h e  n ' t h  

m 
Four ier  c o e f f i c i e n t  of FG is  Z A B* 

k = - W  k n-V, 

m n m - n 
F ( z ) =  x h z  , % E D  

4 , and F  ( z )  = C N z  , z E D 
-t. n= 0 n - n=l. -n - 

are csl led respect : ively t h e  i n n e r  and  o u t e r  f u n c t i o n s  determined by F . 

Theorem 4 i f  F E il and t h e  vniuea 3f  -re nan n ~ g a t i v e  i ~ c r n ~ i i i i i n ,  -------- 

1) AF ( 2 )  E H 
iC3 

on D 
4 

and A F ( ~  ) E L ; .  on C .  
4.. 6 /4 " /9 

2)  E i t h e r  AF+ (z) vanislies i d e n t i c a l l y ,  o r  log AF E L on C arid 
I 



D e f i n i t i o n  9 Le t  F be a q x q matrix valued Eurlction on [ c t b ]  . -- 

Then F i s  cf hounded v a r i a t j o n  j f and only  i f  t he  s e t  o f  v a r j n t i o n s  
n 

) 1 } of F over  d i f f e r e n t  f i n i t e  p a r t i t i o n s  {k~ll~(~k) - F ( x ~ - ~  

{xU,xl,...x } of [ a r b ]  j s  bounded above F i s  no12 dec r r a s inq  i t  arid 
n 

only  i f  i t s  va lues  a r e  Hermitian and x f  > x impli-cs t h a t  F(xl) - P(x) 

i s  non negat ive  Hermit ian,  

Leimma 3 j. ) 17 = r F -- --. - . j is of bcmnded 
* .I 

if each P' is of bounded v a r i a t i o n .  
i j 

ii) I f  F - [F. . ] i s  m n  dec reas ing  
1 3 

v a r j a t i o n  on  [ z $ b ]  i f  and only 

and bounded on [ a , b ]  , then  t h e  

fi' i = 2 . . a r e  real.  valuedl ,  non decreasing and bounded on [ a r b ]  . 
ii ' 

1 . , , i -j , cre Eunctions of I~oxnded v a r i a t i o n ,  i n  g e n e r a l  complex 
1 3  

val . -~ed.  

D e f i n i t i o n  13 Le t  j;' Lz of bounded v a r i a t i o n  on [ a , b ]  . The Eui~ct ions  - --------.--- 
a t l  s 

ti' , F  , and F are ciefined as follovr:;: 



. These funct ions  a r e  c a l l e d  t h e  abso lu te ly  continuous,  d iscont inuous ,  and 

s i n g u l a r  p a r t s  of F  r e s p e c t i v e l y .  

\ .  

An immediate consequence of t h i s  d e f i n i t i o n  i s  t h e  fol lowing lemma. 

Lema 4 i) ( F ~ ) '  = F '  a.e.  

d '  
ii) ( ) = 0  except  a t  t h e  p o i n t s  of d i s c o n t i n u i t y  of F  . 

iii) ( F ' ) ' = O  a .e .  

i v )  I f  t h e  same s u p e r s c r i p t  no ta t ion  i s  ado2ted f o r  t h e  components o f  

d  s F , then  F~ = [ F ~ . ] ,  F~ = [ F . . ] ,  and FS = [ E ' . . ]  . 
1 3  1 I 1 3  

Theorem 6 I f  F  is  non decreas ing and bounded or! [a,b,] , then  s o  a r e  - 

F ~ ,  F ~ ,  and f s  . 

D e f i n i t i o n  11 Let  F  and G be q x  q matr ix  valued func t ions  on 

[ a , b ]  . Let  n = {x x ..x 1 be a  p a r t i t i o n  of [ a r b ]  , = 
0' 1" n 

* 
max {x -x k=1,2 ,... n) , and r = {t t t , where' 

k k-1: 1' 2 '  n 

l i m i t  L , then  L is  c a l l e d  t h e  l e f t  Riemann-Stiel t jes  i n t e g r a l  of F  

wi th  r e s p e c t  t o  G from a  t o  b , and it is  denoted by ~ ~ ~ ( x ) d C ( x )  . a 
b  

ii) The r i g h t  ~ i e m a n n - ~ t i e l t j e s  i n t e g r a l  1 dG (x)F (x)  i s  s i m i l a r l y  
a  

def ined . 

tends  t o  a  l i m i t  L , then L i s  c a l l e d  t h e  b i l a t e r a l  Riemann-Stieltje; 

i n t e g r a l  o f  F  and F*' d i t h  r e s p e c t  t o  G froin a t o  b , and it i r  



* 
denoted by /!jF (x)  dG (x) F (x)  . 

' I  

Theorem 7 i) If F i s  continuous and G i s  of hounded v a r i a t i o n  then .-- --- 
b b  -k 

t he  i n t e g r a l s  .f i. ( a ) &  (a) , ,tdG (x)F (x)  , and / F (xidG ( x ) i  (x) wist . 
a  a 

1, b b 
ii) .f F ( x ) d r  (x)  r .f F ( x ) ~ G ,  (x) = F (x )d  ( G ~  (r)  i G~ ( x )  ) . 

R 1 a 2 a  
b b 

iii) .f F ( x ) ~ G ( x )  + S d r ' ( x ) ~ ( x )  .- ~ ' ( b ) ~ ( l s )  - E ~ ( ~ ) G ( . I )  . 
a a  

i v )  T f  G (x)  i s  absolutely continuous on [ z , b l  ( t h a t  i s ,  ~ ( x )  = 

b  G~(X) 5 [a,b]) then / " ~ i x ) d ~ ( s )  = ~(,:)d !x)dx . 
a a  

Definj.t ian 1 2  Let G be of bounded va.ri.ation on [ O  , 2 ~ ]  . , Then t he  ---..--.---.. 

n ' t l ~  Fouxier S t i e l t j e s  c o e f f i c i e n t  o t  G i s  defined t o  be 

Note that: t he  exis tence  of P.. i :~! . lc ;ws Sroii;. .the par:t i.) of the  
r: 

-ni8 
previous theorem wi211-1 F (x) = e  J . 

271 -n;8 
Lemm~i 5 i f  P is of bounded v a r i a t i o n  and f o r  a l l  11 .fO a dT(0) -- 0 , --- 

then F is constant  va3 ued. 

2T -n i e  
I n  particular, the  abovc l e m m a  implies t h a t  i E  

e  
d ~ ( e )  = 

27~ --ni0 
. f o e  dG(0) f o r a l l  n ,  tn.en F ( 0 )  and G ( 0 )  d i f f e r b y  a c o n s t a n t  



MULTIVARIATE STOCHASTIC PROCESSES 

I n  t h i s  chaptzr  the z t r u c t u r a l  framework f o r  the  study of u n i v a r i a t e  

processes is Fi . rs t  presen?.ed, and then t h e  multi.vari.ate general.izatioi-is a r e  

developed . 

The approach taken t o  the  mult iva.r iate  theory is that. which w a s  

o r l .g ina l ly  proposed by Zasuhin i11 19/13. ( see  Jang Ze Pe i  [lo]) arid subsequently 

devcloped Ly Wrenes and Masa.ni. [29] i n  1958. A s i m i l a r  appioach which 

doesn ' t  re1.y a s  much on squal-e matr ix  ana lys i s  can be found i n  i<ozanov [26]. 

a l l  complex valued B mcasuuable funct ions  f on X f o r  which 

2 Jx / f (t.) 1 P (dt) < , i. e .  t h e  s e t  of a l l  random var iahlas  on X having 

f i n i t e  var iance .  It is  a well. known f a c t  ( ~ o z a n w [  261) khat 1, (X) i s  a 
2 

I-lilbel-t space un&r the  usual  opera t ions  and t h e  Snner product (f,g) = 

- u -  L 
jxf (t)  g ("cP (dt) , with the  corresponding norm Seincj Ijf// = (f,,f) . 

The EoLlowing m t a t i o n  wj.l.1 be used, I f  A and B a r e  ouhsets of 

I, (X) then A+B ~ i i . i l L  der.ot:e the s e t  of: a l l  functions i + g  where f € A 
2 < 

and g € B .  ~ ( f ~ ) ~ ~ , - ~  w i l . ~  denote t h c  subspace ( t h a t  i s ,  cl.osed l i n e a r  



pro jec t ion  of a funct ion  f  onto the  subspace M of L 2 ( x )  w i l l  be 

w r i  t tm as ( f l ~ . r )  

A weakly stat iona.ry d i s c r e t e  parameter s t o c h a s t i c  process i s  then a 

seguerice {fn:  - < 

view, can be thought 

The basic space 

s i m i l a r  t o  t h e  space 

by vectors  of random 

n  < a) i n  L ( x )  which, from a geometric p o i n t  of 
2 

of a s  a  s i n g l e  parameter curve i n  LZ ( X )  . 

s tud ied  i n  t h e  ana lys i s  of m u l t i v a r i a t e  precesses  i s  

L~ ( X )  : however, the  t:lemcnts of L (X) a r e  replaced 
2 

v a r i a b l e s ,  q x q cornplcx matrices a r e  used ins tead  

of coinplex coeffici .ents ,  aid t h e  inner  product .LS j-eplaced by t h e  matr ix  

valued Grarni an  inner  product.  

MULTIVAKLA'TE R&NDOM VARIABLES 

Def in i t ion  13 Pg = bZ ( X )  i s  t h e  s e t  of al i q  d ~ a e n s i o ~ l a l  col~ireii vccl:oi: ------- 

i valued funct ions  E' on X  whose conponents F , i = 1 , 2 ,  . . .q a r e  

elements of L 2  ( X )  . 

L t  folloris e a s i l y  from the  p m p e r t i c s  c f  L~ (x) that i.: a 
2 

H i l h e r t  spa.ce cnder the usual o p e r a t i o w  2nd the  inner  product 

The corresponding norm i s  I / F / /  = ( ( F . F )  ) +  . A seqaence {F : - a < n < a} 
11 

i s  s a i d  t o  coverge t o  F i n  e2 2% and only i f  I ~ P ~ - T / [  -+ O a s  11 -+ w . 
This i s  equivalent  t o  F' + rj i n  I,, ( ;.i: n  + a f o r  e a ~ h  j i= 1?2,. . .q - 

1) L ,  



is c a l l e d  t h e  Gramian of t h e  pair F and G . 

Lj 
N0t.e t h a t  ( ( F , G )  ) = T (F,G) and I ~ F ~ I  = [ T  (F,F) I . Although t h e  

concept  of  o r thogona l i t y  a l r eady  e x i s t s  i n  R t h c  fo l lowing  d e f i n i t i o n s  
2 '  

which are based on t h e  Gramiaiz r a t h e r  than on the inne r  product  a r e  used.  

Def in i t5on  15 L e i  5, F ,  and G be i n  * -----.-- 2 - Then 

i )  F I G  i f  a r idon ly  i f  (F,G) = O .  

ii) F i s  a noma1  vecLor i f  and only  i f  (F,F! = 1 . 

iii) {P : j C J) i s  an  orthonormal s e t  i f  and only i f  (F  ,F ) = (7 I . 
j  in n mn 

Defini . t ion 16 i) A l i n e a r  manifold i n  % is a  non empty s u b s e t  M oE ----- 2 

1, such t h a t  i f  F I  G t $$ t hen  P + BG c M fo r  any g x c i  compkx 

rnatric:es A and R . 

ii) A ~ ~ S s p a c e  of % is a  Liraclasr marriFold. which j.s c l o s e 6  i n  tlie 
2 

of  e2 i s  the i n t e r s e c t i o n  a f  a l l  subqpaces ( r e s p e c t i v e l y  i i nc i i r  nmnifolds)  

con ta in ing  M . A s  be fo re ,  t h e  subspxr spanned by t h e  s c t  { F ~  : j  C J) 

w i l l  be denoted by o (f j )  jcJ . 
i v )  If M j  C 1, f o r  j  E J . t hen  E M ,  will. denote t h e  s e t  o f  a l l  

J 2 

sums 7: F , i t  F E M j  , which coaverge i n  t h e  topology of the norm. 
j&J j j 

The follclwincf l e m a  is  a  t r i v i a l  consequence of t h e  above d e f i n i t i o n s .  

* 
Ikrnrna 6 :i j ((;,F) = ( F , G )  , an6  ( )  i s  non negat ive  d e f i n i t e .  .-.-- - 



ii) I f  P n + F  and G n + G  as n - b m ,  then (FI1,Gn) -+ (FIG) . 
n m n rn 

V) F i s  a normal v e c t o r  i f  and on ly  j.f i t s  co~npo~ients  form an o r t h o n o r r d  

s e t  in 1; (X) . 
2 

vi.) The  s e t  {F : j F: J) i s  or-t5.nnormal i f  and only  if the set  o f  a l l  
j 

co r rpnen t s  of  ail t h e  F, , j E 3' forn~s  an o r thono~ma1  s e t  in L (X) . 
J 2 

6 K . I f  t h e  matrix jC i s  i n v c r r i b l e  and or!c & f i n e s  Gn by G = 
r~m n 
-'I Y/X= -I- F t hen  t h e  sequence : - < n < m) i s  ortlronomal.. 

n '  

The proof  of the  fo:l.lowi.ng :I.enalla, althouc,rh lengthy ,  i s  of  a r o u t i n e  

nature. 

ii) L e t  M he a suhspace of xz a n d l e t  t E 1 
2 -  

Ther, t h e r e  e x i s t s  a 

iii) 12 M and H a r e  s ~ h s p a c e s  of e2 '2nd M C. , then tlierc exists 

n u n i q ~ w  subspece M' of such t h a t  N = 14 + M' and I4 1 M'  . 
i 

i v )  L e t  i l~  : j E J )  be  a s u b s e t  o f  l2 . Then I? t 0 (Gi) jEJ i f  
j 



Defini t ion 17 The :unction G of p a r t  ii! above i s  ca l l ed  the  orthoyonal --------- 

pro jec t ion  of F onto M and i s  denoted by (F lfq) . 

The l a s t  p a r t  of l.ema 6 i l l u s t r a t e s  one way i n  which the  mul t ivdr ia te  

any orthogonal sequence i n  L2 (XI c ; m  be nornaiized,  t:hi s i s  not  in general  

possi-ble i n  t.he space 0 

A.,2 a 

I f  the  matrix K of lenma 6 ,  part v i i )  is  no t  

i nvez t i b l e ,  very little can be done (see howe'rer Masani [ 2 1 - I ) .  Therefore 

it becomes necessary t o  take Fourjer ex~~ans ions  of functions with respect  t o  

Proof i) This fo!.l.ows from the linearkty and convergence proper.ties of ---" - 
2 

the Grami.an a s  given in I-emina 6 ;  noting t h a t  I ?  = , g i v e s  the  

2 
equat ion  for I ~ F I I  * .  If one takes G = ipn , then Ri = 6. 1 and hence 

J 3 n 
Or, 

e l  ( - I=-" , A j l a *  = RnI< . 
j 



found i n  wiener and Ma.sani [29 1 .  
A 03 00 03 

iii) Let H = ( 1  0 (9 , - )  - Since O (9, ) jx-m - ..Z a ( q j )  by part i i ) ,  
J J  1 ==-a 

A o? A 

t h e r e  e x i s t  mdtrices C .  su.ch t h a t  I1 = .Z  C.9 a ~ d  (H,qn) = C .t< . 
7 7 =-m I j n 

H ,  = 0 Thus (H,qn) = CnK . 

Defi-rrition 18 Ii q dimensi.onal ili.scr-ete para~neter  weakly s t a t i o n a r y  -------- -.--,.-. 

stochast ic:  process (or  equ iva len t ly ,  a (1-varj a t e  process)  i s  a sec~uence 

{F : - m C n < '"1 i n  l2 having t h e  prr ,periy ifhat t h e  Graminn (Y ,P ) = 
n m ri 

r : [ , m-n) deyerds only on the d i f  f crence m-n and no t  on r .  or :n 
m- n 3. J 

sepa ra te ly .  The sequence 1 - < n : mj is  co l l ed  the covariance 

sequence of t.he prnct?ss, and Y i.s c a l l e d  -the covariani.e matxi-x for lead  n . 
n 

m i r l c  s tudy of mi~l . t ivar ia te  processes zs sequences i n  .e2 i.s r e i e r r e d  t o  

as -time dama.ir a ra1ysis .  T h i s  i s  a s  opposed t o '  s p e c t r a l  a n a l y s i s ,  which i s  

exanined :in the  next chapter .  

Every q -va r i a t e  ~ L O C ~ S P  { F ~ -  - < n < m) has assoc ia ted  with it 
. a 

y u n i v a r i a t e  wciikly s t a t i o n a r y  processes ,  s i n c e  ( 7 )  = y , , I .  he 
3 3 

covcrse hm7ever i s obviously f a l s e .  

The riext lcrma j.s the m u l i i v a r i a t e  extension of lemma 1- 



. v a r i a t e  process { :  - < n < a} . Then 

i) r0 t 0 i . e .  t h e  ma t r ix  i s  non negat ive  d e f i n i t e ,  

iii) The sequence (I? : - < n < a) i s  non negat ive  d e f i n i t e :  i f  
n 

C1,C 2 , . . . C  a r e  any n q x q complex matr ices  and tl,t2, ... t a r e  any n n 
n n * 

i n t e g e r s ,  then C C C .  r C .  2 0 .  
i=l j=l 1 t -t. J 

i I 

Proof P a r t  i) follows from lemma 6 ,  and ii) i s  obvious. For iii), l e t  

x be  any row vec to r  i n  cq . Then 

L e t  { F ~ :  - < n < a) be a q -va r i a t e  process .  I t  i s  w e l l  known 

( see  Rozanov [ 2 6 ] )  t h a t  t h e r e  e x i s t s  a u n i t a r y  o p r a t o r  U on L2(X) 

s a t i s f y i n g  UF' = F' f o r  j = 1 , 2 ,  ...q and any n . The opera to r  3 
n n + l  

may n o t  be  unique: however, i f  V is another  u n i t a r y  opera to r  s a t i s f y i n g  

t h e  above condi t ions  then U and W w i l l  agree  on the  subspace of  L2(X)  

spanned by {Fj:  - m < n < j = 1 , 2 , .  . .q] . Since this is" the  l a r g e s t  
n 

scbspace of  . L  (X) t h a t  i s  ever  considered,  U can then be  considered 
2 

unique. 

D e f i n i t i o n  13 The opcra to r  U i s  c a l l e d  t h e  s h i f t  ope ra to r  of  t h e  process  

{Fn 
: - w < n < m} , and one w r i t e s  UFn - - Fn+l 

D e f i n i t i o n  20 L e t  {F~: - m < n < m} be a q -va r i a t e  process .  The sub- 

space of k2 spanned by {F : - < k 5 } i s  c a l l e d  t h e  p r e s e n t  and p a s t  
k 

;I . to 
of Fn , 2nd is  decoted by M . The su>r;pace M_ = ng-m Mn is  c a l l e d  

n 



OD 

t h e  remote past of the  process ,  while Ma = closure  n=-co U f q n  i s  c a l l e d  tlw 

space spanned by the process.  

The p resen t  and p a s t  of Fj of the component processes {I?': - < n < m) 
I1 

w i l l  be denoted by M j j which i s  a subspacc of It2 (V) . The spaces Y-_ 
n '  

The proof of ishe ne,,t L t x u n a  is  cl-ear from t h e  above d e f i n i t i o n s  and 

lewm 7 . 

Lcm.a ~3 ~ c t  {Y : - a <  n <  - -- --- n ) be a q-var ia te  process.  Then 

i ) M_, c iyl: c !4 r~ nl-l  C Mu, I 

i v )  u ~ ( ~ ? . I I $ ~ )  = (Fj  i.n 
.I 

-j 9 j, 
v j  G E /"in if and 0n:i.y if G & c losure  C, E5. f o r  j = 1,2,. . .q . 

i.=l n 

Definition %I The q-var i a t e  process {pn: - m < n < m) i s  non determin- ----.-.--- 

i s t i c  i f  for some n , Fn j2 M The process is mi .nb i l l .  i f  f o r  some n, 
11.- .L ' 

E' e) o ( ~ '  ) 
n f; E$n ' 

Since thc  process {F : - < n < m} i s  weakly s t a t i o n a r y ,  i t  fo%lows n 

that I? $ P.4 f o r  some p a e t i c u l a r  ri i f  and on.ly i f  F $ M for a1.l 
n n.- l n n-J- 

n . Sirni1arl.y Fn $ o ( F - )  k k+n holcb..; f o r  sornc p a r t i c u l a r  n i f  and only i f  

it holds for all n . t 

-- Let {I-' : - Ln < n < a} he a lion d e t e m i ~ i i s t i c  process.  Wen Gn - 
n 



means t h a t  no mat t e r  how much information &out t h e  p a s t  behaviour of  the  

process  one is  given,  it i s  impossible t o  l i n e a r l y  p r e d i c t  e x a c t l y  the 

behaviour of the  process  a t  t h e  next  moment i n  time. 

Lemna 10 Let  {Fn: - a <  n < m )  and { G ~ :  - a <  n < w )  b e a s  dzove. 

Then 

i) {G : - a < n < a) is a q-vari-ate process  wi th  the same s h i f t  ope ra to r  
n 

as {F_: - a < n < a) , i .e . ,  UG = G 
I. I I n t i  

ii) The process  
i G n  

: - < n < a) i s  uncorre la ted:  (GZJ,Gn) = 6 G , 
mn 

where G = (G , G  ) = ( G n , G n ) .  0 0 

n n 
ii) I f  m = n , then (G ,G_) = (G ,G ) = (U G ,U G,) = (G,,G,) = 6 G . m A, n n 0 u u u rnn 

One may assume without  l o s s  o f  g e n e r a l i t y  t h a t  m < n . Then (GmlGn) = 

(P,- ( E . ~ ~ Q - ~ )  , F ~ -  ( F ~  / M , - ~ )  S ince  ("m/~4h-l) E F I - ~  c FL , it f o l l o w  

t h a t  Fm- (P, / Mnel) c Mm C M, , s i n c e  m < n . From lemma 7. H- ( H  IS )  1 S 

f o r  any H E e2 and any subspace S of e2 . Hence 

(F - (F  INm , F ~ - ( F ~ ~ M ~ - ~ ) )  = O . Thus (Gm1Gn) = O = 6 G . 
m n -  mn 

D e f i n i t i o n  22 Le t  ' t h e  q -va r i a t e  processes  {yn: - w  < n < w} and 

{ G ~ :  - m < n < be a s  above. The  process  ' {G,: - < n < is  

c a l l e d  the innovation process  of  t h e  process  $n: - w < n < a ) .  The 

Gramian matr jx  G = (G ,C ) is  c a l l e d  t h e  p r e d i c t i o n  e r r o r  matr ix  f o r  l a g  1. 
91 0 



D e f i n i t i o n  23  !I'lze ra.nk. of the q--vari.il.te process  { : - CO < n < m) i s  - ---.-.-_ --- n 

.the rank of t h e  pred. ic t ion e r r o r  m3tri.x f o r  l a g  1, and j s danot--6-:d ?:)y p : 

Zf p = q then  the process  i s  s a i d  t o  be c;f f u l l  rank:  o the rwi se ,  it i s  of  

degenera te  rank .  

I t  fo l lows  t h a t  a q-variiii-e p roces s  is non detenninj.stic:  if and only  i f  

p > I . 1:f p jL y , however, t:lien the  predic!:ion e r r o r  ma t r ix  f o r  l a g  1 is  

no t  i n v e r t i b l e ,  and h e n c e ,  by previous  remarks, the innovat ion  p roces s  c a n n o t  

be normalized. Thus problems a r i . s e  i.n t h e  mult ..j. var:ia.ke theory  of  d e ~ e n e r a t e  

rank pirocccsc?s t h a t  dc-5 n ~ t .  n:rj se i n  the :~nivnuia- te  thco~:y. 

The i7ol.l.owl:.i-1g d~fi.~;i-Li.ori  and t!;eor'en de l i i i ca t e  t hose  r?r:ocesses which 

a-re,  in a sense ,  t h e  most rlon d e t e ~ r m i n i s t i c  pmcc.sses of a l l ,  

D e f i n i t i o n  21 A process  {F : - a < n < (0) i s  r e g u l a r  i f  and only  i 2  
J1 

(y ) -% 0 a s  n -b ~0 . 
O .-n 

Note - 1,:n The l i t e r a t u r e  t h e r e  axe c a s e s  of  conf2i.cti.lig use o2 tei-r;ij.fiol.~cjy, 

and a.l.so cases of d i : f f e r en t  tezrns used for the same cc;ncept, For e::;:mpl.e, 

Dooh [4] uses t h e  term r e g u l a r  i n  a s e n s e  d i f fcxcnt  f n x n  the above- I n  

other pai:~c!~:s, such as Iqasai2i [ 2 l j  a _ps:.ocess t h a t  i s  r.egu!,aj: hy the ai:mve 

de:fj .ait ion is c a l l e d  a pu re ly  non deterrn5.nistic process .  C o n f l i c t i n g  

defi.n.i.i-i0i.s of rank a l so  e x i s t :  s e e  chap te r  4.  

The proof of  t h e  f o i L o ~ i n g  theorern can be fourid irr Wiener and. Nasnni [ z ? ] .  



ii) {F,: - [ O  < n < a) is a one sided moving averczge process;, i .c. , 

The n e x t  lemma is t h e  justificat:ion of t h e  name i.nnovati.on process for 

'me process : -- @> < n < "1 . It i s  the has i s  Tor thc  Wold 
I t  

decor~nposition theorem. 

Lemma I1 T.et {F,: - a3 < n < a} be a q-variat.e process,  and l e t  -- ...----- 

{ G  : - < n < m) be i ts  innovat i .cn process. Let Mn be the p r e s e n t  
11 



M i t  follows that 1'1 + I n  C 1 To the  rcvcrsc inclus ion,  jt 
n -a n 

and 

i) 

ii) 

iii) 

f J  arc the present and past: r,f F and G rcspec'iive:ly , then 
n n n 

F = U + V , where 
n n n 'n = (I? n IN r! 1 - -  V r , =  ( q M  -.co . 
{u,: - LO < n < and {v~: - a < n < LO] a:r:e q-varj.ate processes. 

The process {V : - < n < a} is  dctcr.n.~in.i.stic, arrd fo r  each 
11 

where as before CI- = (G G ) and tlxe A are matrices satish'yin~ o f  0 k 

P:cco:E 1';zr.t i ) j.s o!?~J~cY;?s f : ~ ~ i r ?  the j:,re\ii ous :leim;a, whi.le t he  ~7er:i f?:.cat:ion -.------ 



is  a s i r ~ p l e  

product. Par t  ii 

consequence of the l i n e a r i t y  of the Gramian inner 

i) follows essent ia l ly  from p a r t  iii) of  lemma 7.  Since 

CO 

un ff ( G ~ )  E=-m , k t  follows t h a t  U n = k=0 C A nk G n-k . By use of the s h i f t  

operator U of t h e  processes { F ~ :  - ' 9 < and { G ~ :  - < n < , 

it can be shown that the coeff ic ient  21 is in2ependent of n . That the 
nk 

process {un: - < r. < is  regular follows From theorem 9.  

Corollary - I f  the process F - < n < 00) is of full r a n k ;  then 
I I 

the process {u,: - < n < m) can be represented as  

where {H,: ' - m < n < i s  the normalized innovation process:  

Hn = -n , ck o -k k k 
= (u , H  ) = A G' where A G i s  as  above, and ~ ~ f i  = & . 

i 8 ' I k i e  
Definition 25  The function Q ( e  ) = C A G e i s  c a l l e d  the generating 

k=O k 

function of the process IF : - co < n < 03) . 
L? 

The converse to  the Aove theorem is no t  tr.-de. Robertson [ 2 4 ]  has an 

example of a 'decomposition of a process i n t o  orthogonal regular  and determin- 

i s t i c  processes which are  not the component processes i n  the  khld 

decomposition. He has also given necessary and s u f f i c i e n t  conditions fo r  

such a decomposition to  i n  f a c t  be Wold's decomposition (see a l so  Jang Ze Pei 

[ l o ] )  

The importance of the Wold decomposition theorem cannot he overestimated. 

I n  the study of prediction theory it says,  i n  e f f e c t ,  t h a t  the only kind of 

processes which need rea l ly  be investigated a r e  regular processes. 
I t >  



miltrix, i c t  {fi - - < n < w} be an uncorre3.ateli u n i v a r i a t e  process in 
n 

L2(X) for each i = 2 . q such t h a t  zny  t w o  of these py:ocesscs are 
- 

'i)f(j! - 
uncc.rl.elated wi th  each other except a t  the  sane t i n : . e ,  i .e. .k: fr: '. .- 

T i  n 

(i! O3 (:i.) (i ) E (i 3.2.) ( i + I  ) 
f = 1;  c L c c i  f o r  i = l , . - l  and - -- 
n k = - . ~  I( qJl+ .. ; - , l l . -~~ I. 



{F,: - c rr CO} t hen  G -; F . Thus .the p : ed ic t ion  er rox rr,atri.x 
n a-t 1 

f o r  l a y  I of t h e  process {F : - < n < m) is jrast ( G  C' ) := (1,. F' ) == K . 
n 0.' '0 1. ' 2. 

rank can be constructed. 



CHILPTER I11 

SPECTRAL ANALYSIS 

SPECTRAL THEORY 

i n  this sect ion a more detai led invest igat ion w i l l  be made of the 

s h i f t  operator U of a q-variate process. This w i l l  lead t o  the study of 

the  space L of functions on C which a re  square integrable with 
2 ,m 

respect  t o  a ,pa r t i cu l a r  matrix valued measure M closely re la ted  t o  U . 
It w i l l  then be shown t h a t  this space L is  i n  f a c t  isomorphic t o  Mm . 2.m 

Let U be the s h i f t  operator of the q-variate process (F : - @ < 11 < 
n 

I t  i s  known (see Wiener sad Masani [2g]) t h a t  because U i s  unitary it can 

be wri t ten as 

u = 

where E 

c l a s s  of 

with the 

i) An 

measure 

is a projection valued measure over ( [0 ,2~r]  , B )  ,. g being the 

Bore1 subsets of [0,2'fr] . Two measures can then be associated 

process { F ~ :  - m < n < -1 . 

t2 valued. countably addit ive.  orthogonally scat tered (c.a.0.s.) 

5 defined by 

The measure has the property t h a t  i f  B fl C = $ , then ( ~ ( B ) , S ( C ) )  = 0 . 
ii) A q x q non negative Hermitian matrix valued measure M defined by 



Definition 26 The matrix valued measure M described above i s  ca l led  the 

spec t ra l  measure of the process F :  - < n < ~1 . The matrix valued 

function F ( O ) , O E  [0 ,21~]  , defined by F(8) = 2T ~ ( [ 0 , 8 ] )  , is  cal led the 

spectral  dis t r ibut ion function of the process. 

It is possible (see Doob [ 4 ] )  t o  define in tegra ls  of a complex va-laed 

function 4 on [0,2n] with respect t o  the components of the measures 

and M , since they have properties akin to  those of a process with ortho- 

gonal increments. Hence 'the following makes sense. 

are defined t o  be, respectively, 

The following theorem re l a t e s  these measures t o  the process 

{Fn: - " < n < "1 . 

2ae-nieg (do) . 2ne-nie~ (dB) FO = lo Theorem 11 i) Fn = jo 

27r -niO 
Proof i) 1t is easi ly  seen tha t  un = lo e E (do) 1 this follows 



from t h e  or thogonal i ty  of the  p ro jec t ion  valued measure E . Since 

. Fn = U ~ F ~  , it follows t h a t  m = ~ i " e - ~ ~ ~ ,  (&IF, . 
2~ -ni8 2rr 

ii) = (Fn.Fox) = (j d E (do) FO , lo E (dB) . By rep resen t ing  n 0 

t hese  i n t e g r a l s  a s  l i m i t s  of approximating sums, t h e  r e s u l t  fol lows from 

t h e  l i n e a r i t y  and l i m i t i n g  p r o p e r t i e s  of t h e  Gramian i n  lemma 6. 

Theorem 12 Let  { F ~ :  - < n < a) be a q-var ia te  process and l e t  F be 

i t s  s p e c t r a l  d i s t r i b u t i o n  function.  Then F is hounded, non decreasing,  

and r i g h t  continuous on [o ,  2T] w i t h  F (0) = 0 , 

Proof I t  i s  c l e a r  from t h e  p r o p e r t i e s  of t h e  measure E t h a t  F is  non 

decreasing and ~ ( 0 )  = 0 . F is bounded and r i g h t  continuous because 

~ ( [ 0 , 2 ~ ] )  = I and l i m  E ( [ o , x ] )  = E([0 ,x0])  ( see  [ 2 9 ] ) .  

X f X ~  

I t  is  extremely use fu l  t o  know when a given matrix valued funct ion  F 

. . 
is iii f a c t  t he  spectral  d i s t r i b u t i o n  funct ion  of some q-var ia te  process.  

I n  [21 Cramer proved t h a t  the above condi t ions  a r e  i n  f a c t  s u f f i c i e n t .  

This r e s u l t  is  extremely use fu l  i n  t h e  cons t ruc t ion  of  examples. 

Theorem 1 3  (Cramer) Let F be a q x q complex matrix valued funct ion  

on [0,2T] which s a t i s f i e s  t h e  following: F is bounded, non decreasing,  

r i g h t  continuous, and F(O) = 0 . Then t h e r e  e x i s t s  a q-var ia te  process 

{F~: - < n < "1 such that F(8)  is  i ts  s p e c t r a l  d i s t r i b u t i o n  funct ion .  

From t h e  above theorems and t h e  theory of complex valued funct ions  

(see  Hewitt and Stromberg [ 8 1) t h e  fol lowing theorem can be  proved. 



Theorem 14 L,et ~ ( 9 )  be t h e  s p e c t r a l  d i s t r i b u t i o n  func t ion  of t h e  process 

{ F ~ :  - ' < n < . Then F has  a  de r iva t i ve  a .e .  (Leb.) which has non 

negative Hermitian values  and i s  i n  4 

Def in i t ion  28 I f  t h e  s p e c t r a l  d i s t r i b u t i o n  funct ion F i s  i n  f a c t  

abso lu te ly  continuous (with  r e spec t  t o  Lebesgue measure) on [ 0,2n] then 

t h e  matr ix  valued func t ion  ~ ' ( 9 )  i s  ca l l ed  t h e  s p e c t r a l  dens i t y  func t ion  

cf +kc. nvnnncr  
.-.A" rA -..""" . 

Let  Ifn:  - < n < a} be a  1-vnr ia te  process.  It i s  a  we l l  known 

f a c t  t h a t  the  space Ma of t h i s  process i s  isomorphic t o  t h e  space of 

complex valued funct ions  on [0,2n] which a r e  square i n t eg rab l e  w i t h  r e spec t  

to t h e  s p e c t r a l  measure of f :  - < n < . Under this isomorphism 

-ni0 
t h e  func t ion  

f n  
i s  mapped i n t o  e  

The genera l iza t ion  of this isomorphism f o r  a  mu l t i va r i a t e  process was 

f i r s t  accomplished by Wiener and Masani [30] under t h e  assumption t h a t  t h e  

process is of f u l l  rank. The work of Rosenberg [27] and Rozanov [26]  

extended t h i s  r e s u l t  t o  a l l  q-var ia te  processes.  

Let  { F ~ :  - < n < be a q-var ia te  process w i t h  s p e c t r a l  rreasure 

M . Let  U(0) and V(8) , 0 E [ 0 , 2 ~ ]  , be q x q  m a t r i x v a l u e d  funct ions .  

Since M is  non negat ive  Hermitian valued, it follows t h a t  f o r  any Bore1 

set A ,  TM(A)  = 0 impl ies  M ( A )  = 0 . Thus t h e  e n t r i e s  of M a r e  a l l  

I 

abso lu te ly  continuous wi th  respec t  t o  t h e  measure TM . L e t  dM(0) be 
~ T M  (0) 

t h e  matr ix  of Radon-Nikodym de r iva t i ve s  of t h e  e n t r i e s  of M wi th  r e spec t  



Definit ion 29 The in t eg ra l  J;*U ( 0 ) ~ ( d 0 ) ~ ( 0 )  is  defined t o  be 

It can be shown (Rozanov [ 261) t h a t  the  value of the above in t eg ra l  

does not i n  f a c t  depend on the measure M . Any other measure P 

sa t i s fy ing  M << P , i , j  = 1 , 2 ,  ...q could have been used instead of TM 
i j 

and would y ie ld  the same value for  the above in tegra l .  

Definit ion 30 The c l a s s  L is  defined as  the s e t  of a l l  q x q 
2 1m 

* 
matrix valued functions V(0) on [0 ,2r l  such t h a t  I :V(~)M(~B)V ( 8 )  

ex i s t s .  

Note t h a t  i f  U and V a r e  i n  L and A and B a re  q x q 
2 ,m 

matrices, then AU + BV i s  a l so  i n  L . I t  is a l so  c lear  t h a t  i f  U 
2 1m 

' * 
and V a re  i n  then J : * u ( ~ ) M ( ~ o ) v  ( 0 )  ex is t s .  

Definit ion 31 Let U and V be i n  L . The LzIm matrix and 
2 ,m 

complex valued inner products a re  defined as  follows: . 

The following important theorem is due independently t o  both Rasenberg 

and Rosanov. For i ts  proof see Rosenberg [ 2 7 ] .  

4 
Theorem 15 The space L i s  oomplete under the norm lvlm = ( (V,V) lrn . -- 2,m 



Recall tha t  M(B) = (c (B)  , 5 (B) ) for  B E B . A s  a consequence of 

che above theorem it i s  possible t o  define integrals  of the form 

I ; " V ( O ) ~  (dB) for any v i n  L . It  is then possible to  prove the 
2 1m 

following theorem. For the d e t a i l s ,  see Rosenberg [ 2 7 ] .  

Theorem 16 Let 5 be the c.a.0.s. measure and M the spectral  measure 

associated with the process { F ~ :  - w < n < w) . Let S = G ( < ( B ) )  c l2 . 
BEB 

Then 

2T 
i) G E S i f  and only i f  there ex i s t s  V E L such t h a t  G = lo V(6)5(de) , 2 ,n' 

ii) The functi.on V above i s  uniquely defined up to  a s e t  of zero M 

measure, 

2lT 
iii) The correspondence v + I V (8) 5 (dB) is  an isomorphism of L 

0 2 ,m 

f o r  a l l  U and V i n  
L2.m * 

03 
c: ...-- & A  , ,  s = a(5  (8 )  ) = G ( $ F ~ )  = 1 '1  w it foiiows that L and iviw 

srB n=-00 2 1m 

a r e  isomorphic Hilbert spaces. From theorem 11 it i s  known tha t  

2" -niB 
Fn = lo e 5 (dB) ; hence the L image of F under t h i s  isomorphism 

2 1m n 
-niB is e I . The image of the s h i f t  operator U i n  Mw i s  the operator 

- i 0  
e (multiplication by e-ie) the values of the measure 5 (B) correspond 

t o  the  functions xB , and the projection operators E(B) correspond t o  

mult ipl icat ion by X 
B 

PROCESSES OF FULL RANK -- 

In  this section a character izat ion of f u l l  rank processes i n  terms of 

t h e i r  spectral  measures w i l l  be found. In the univariate theory a process 



is  o f  f u l l  rank i f  and only i f  t h e  process is non de te rmin i s t i c .  Since t h e  

s p e c t r a l  c r i t e r i a  for  non determinism is known in t h e  un iva r i a t e  case,  a 

c h a r a c t e r i z a t i o n  of such f u l l  rank processes is ava i l ab le  ( see ,  f o r  example, 

Rozanov [ 261 ) . 
The s o l u t i o n  i n  the  m u l t i v a r i a t e  case was obtained by Wiener and Masani 

i n  1958. .Rozanov a l s o  has  a s o l u t i o n  t o  t h e  ques t ion  of f u l l  rank; however, 

the reader  should be warned t h a t  h i s  d e f i n i t i o n  of rank i s  d i f f e r e n t  from 

t h a t  adopted here .  Accordinq t o  Rozanov, a q-var ia te  process 

'Fn 
: - w < n < a) has  rank m i f  and only i f  

i) t h e  process has a s p e c t r a l  dens i ty  F' (8) , 

ii) The rank of F' (8) i s  m f o r  almost a l l  8 . 
This d e f i n i t i o n  has an obvious drawback i n  t h a t  n o t  a l l  processes have 

a rank. It can be shown t h a t  a process t h a t  i s  of f u l l  rank by t h e  Wiener 

and Masani d e f i n i t i o n  i s  a l s o  of f u l l  rank according t o  Rozanovts d e f i n i t i o n .  

The coverse,  however, i s  no t  t r u e :  s e e  Jang Ze Pei  [ 101. 

. .  . 
The fol lowing theorem shows t h a t  a l a r g e  c l a s s  of  q-var ia te  processes 

do i n  f a c t  have s p e c t r a l  dens i ty  funct ions .  

Theorem 17 Let  (F : - w < n < 03) be a moving average process:  
n 

Then i t s  s p e c t r a l  d i s t r i b u t i o n  funct ion  ~ ( 8 )  is absolute ly  continuous wi th  

i 8 r e s p e c t  t o  Lebesgue measure , and F ' (e ) admits the  f a c t o r i z a t i o n  

i 8 i 8 i 8 w 31 kit3 
~ ' ( e  ) = @(eie)@*(e  , where O(e ) = k=-a3 E A k G e 



Proof I t  follows from theorem 3 t h a t  the  funct ions  @ and @* a r e  i n  

L2 I which implies @@* E Ll . The k ' t h  Fourier  c o e f f i c i e n t s  of @ and 

# # * @* are AkG and G A - k  r e spec t ive ly .  Hence, fromtheorem 3 ,  t h e d ' t h  

00 4 4 *  CO * 
Four ier  c o e f f i c i e n t  of * is  C A . G  G A = C A GA j=-w J j - p j  j=-w j j-fl . However, 

W CO 

t h i s  is  j u s t  rn , s ince  r = (Fn,FO) = ( C A G 1 A G . )  = 
n k=-w k  n-k' k=-w k  -r. 

03 

C 
3r if? 2- -ni0 i 0 

k=-OO%GAk-n . ?hus ZTT n  ) d B = j O 1 ' e  d ~ ( e  ) by 

i 0  
theorem 11. It then follows from theorem 7 and lemma 7 t h a t  F ( e  ) = 

0 it it I i e  i 0  * i 0  
I ,@(e ) @ * ( e  )at, i . e .  F  ( e  ) = @ ( e  ) @  (n ) . 

Theorem 18 Let  {P,: - < n < be a  r egu la r  process: 

i 0  i 0  * i 0  i f3 w 

k=O k 
' kie and e i t h e r  Then ~ ' ( e  ) = @(e ) @  (e ) , where @ ( e  ) = C A G e  

i) A@ (2) = 0 f o r  a l l  z  E D+ , + 
I i e  * 1 2~ I i 0  

ii) log  @.F (e  ) & L1 on C arid log  (h GA ) 9 -,! log  AF (e )do . 
0 0 2T 0 

I i 0  
Proof The f a c t o r i z a t i o n  of F  (e ) i s  obvious from the  l a s t  theorem. 

Since @ E l2 and i t s  n ' t h  Fourier  c o e f f i c i e n t  i s  zero i f  

theorem 4 e i t h e r  t h e  f i r s t  a l t e r n a t i v e  above holds o r  e l s e  

5 
and log  1 A (AOG ) 1 4 &!iT log  1 A@ (eie) I d0 . However, this implies 

* 1 2T i 0 
log  (A GA ) 5 -1 log  ,m' ( e  de s ince  AA~GA;)  = I A A ~ G  % 

0 0  2T 0 
l 2  and 

Rozanov has shown t h a t  t h e  above f a c t o r i z a t i o n  i s  i n  f a c t  s u f f i c i e n t  

f o r  t h e  process : - < n < w} t o  be regu la r .  For d e t a i l s  o f  the  

proof s e e  [ 261. 



Theorem 19 (Rozanov) The process {Fn: - " < n < Wl is regular if and 

only if its spectral distribution ~ ( 8 )  is absolutely continuous with 

ie respect to Lebesgue measure, R (F ' 1 = a. e . , and F ' (e 1 admits the factor - 
ie i0 ie ization ~ ' ( e  ) = @(e )@*(eiO) with @(e ) E L: on C , i.e., in the set 

of all functions in L, whose nlth Fourier coefficient vanishes for n < 0 . 

Upon combining the above results with the Wold decomposition theorem 

one obtains the followinq theorem. 

Theorem 20 Let {Fn: - m < n < m} be a non deterministic q-variate 

m 
process. Let {un: - m < n < -1 . {vn: - - < n < -1 . {%Ik=- and G 

be as in +e Wold decomposition theorem, and let F, F , and Fv 
be the 

u 

spectral distribution functions of the processes {Fn0 - c o < n < ~ }  , 

{un: - < n < } , and {v: - a < n < m} respectively. Then 

i) F = FU + FV . 
i.6. 3rkie 

ii) 
FU 

is absolutely continuous and F' = @af , where O ie 1 = &\G -e , 
u - 

iii) If {Fn: - < n < m} is of full rank then logmi E L1 on C 

1 2I.r I ie 
and logA~ = %I0 ~ o ~ A F ~  (e ) dB ,. 

Proof i) Since the processes {un: - w < n C m} and ' {V n : - < n < a} 

are orthogonal, (Fn,FO) = (Un+VnIU +V ) = (U .U ) + (Un,VO) + (Vn,uo) + 
0 0 n 0 

Since this is true for all n . by lemma 7 ~ ( 0 )  = ~ ~ ( 0 )  + ~ ~ ( 0 )  + K . 
where K is a constant matrix. However F (O)= ~ ~ ( 0 )  = ~ ~ ( 0 )  = 0: hence 



K = 0 and ~ ! 0 )  = ~ ~ ( 0 )  + ~ ~ ( 0 )  

ii) This is  obvious from t h e  theorems 10 and 18. 

iii) Recal l  t h a t  A G = G . I f  t h e  process 
0 

{ F ~ :  - < n < w) is  of 

* 
f u l l  rank G is  i n v e r t i b l e  and hence AO = A = I . Thus A ( @ + ( O )  ) = 

0 

32 A ( G  ) f 0 and hence t h e  second a l t e r n a t e  conclusion of theorem 18  must 

* 
hold.  The requi red  r e s u l t  follows s i n c e  AOGAO = G . 

The following lemma is required  f o r  t h e  proof of t h e  main theorem of 

t h i s  sec t ion .  Its proof,  w h i l e  not  d i f f i c u l t ,  r equ i res  some extraneous 

m a t e r i a l  on matrix i n t e g r a t i o n  theory and hence is  n o t  presented.  For 

d e t a i l s  of the  proof t h e  reader  should consu l t  Wiener and Masani 129 1. 

Lemma 12 Let F be t h e  s p e c t r a l  d i s t r i b u t i o n  funct ion  of t h e  q-variate 

n n n 
process {Fn: - < n < . ~ e t  P (z) = n&oAnz and P (F) = nsO~nF-n . 
Then 

* i 0 ,  1 2* i8riln ,ei'lp ( e  i) p i  = -  P f e  , - ,b 
27r 0 I I 

1 i 8  
ii) logA (P (F) ,P (F) ) 2- &liT log" (e dB + l og  1 a ~ ,  I ; t h e  i n t e g r a l  on 

t h e  r i g h t  may be  equal t o  . 

Theorem 21 Let  {Fn: - m < n < m) be a q-var ia te  process.  Then p = q , 

i. e. , t h e  process i s  o f  f u l l  rank, i f  and only  i f  ~ O ~ A F '  e L1 on C . 
When this occurs 

where G i s  t h e  p red ic t ion  e r r o r  matr ix  f o r  l a g  1. 



Proof 3 Let the  process { F ~ :  - a < n < a} ' be of f u l l  rank, and l e t  

F = U  + V n  be i t s  Wold decomposition. From theorem 20 l o g ~ ~ l  E L1 on C 
n n u 

1 2 - ~  I i e  
and l o g A ~  9 -1 l o g A ~ ~ ( e  )dB . Since F '  = F: + F: and the values of 

2n 0 
i B  < & I  ( e i O  

F: a r e  non negative Hermitian, it i s  ea s i l y  shown t h a t  AFu(e - 1 .  

1 2 - ~  I i e  1 2 l ~  i e  This i n  turn implies -1 ~ o ~ A F ~  (e  )dB 5 -I ~ o ~ A F  ( e  )dB . Thus 
2lT 0 2n 0 

1 2'IT i e 
l o g A ~  5 -! logAF1 (e  ) df3 . Since the  process i s  of f u l l  rank AG # 0 , 

2-K @ 
2 - ~  i e  

which implies lo l o g A ~  (e )do is greater  than -a . From theorem 4 

2-K I i e  r looAr (P 4 l c o ~ r l r ~ ~ F ~  ( e i e ! ~ ~ !  a  pin^. " I  1- 
-1 

Thus ::he:: 
0 '-' 2n' 0 

the  process i s  of f u l l  rank ~ o ~ A F '  E L on C -. 
1 

I 

t Let log& E L on C . The innovation vector 
1 

Go i s ,  by 

- def in i t ion .  equal t o  Fo- (Fo I M - ~ )  . Since (FO / M - ~ )  E M-l . Go - 
n 

l i m  G(") , where G(") = Fo - j=l I: B j ("IF - j  by lemma 7 .  By p a r t  ii) of the  
n- 

1 2n. I i f3  2 
above lemma logA (G (") , G  (n) ) t -I l o g A ~  (e  )dB + log 1 &io 1 . But A 

21T 0 0 .  
2 

the  coef f ic ien t  of F . i s  ju s t  I: thus logIAA0! = 0 . Therefore 
0 

1 2 l ~  I i e  
logd (G (") . G(") ) 2 -1 logAF (e  ) dB . Upon taking the  l i m i t  a s  n + , 

2-K 0 
1 7.rr 6 i e ) d e  

one obtains ~ o ~ A G  L A.fA" ~ o ~ A F  ( e  . By assumption the  l a s t  i n t eg ra l  
2-K 0 

i s  f i n i t e .  so  AG > o . ~ h u s  the  process IF,: - a < n < is  of f u l l  

rank. 

When the  process is  i n  f a c t  of f u l l  rank a l l  of the above inequa l i t i e s  

1 2 l ~  I i e  
hold. From the f i r s t  p a r t  of the  above proof ~ o ~ A G  5 --.f ~ o ~ A F  (e  ) df3 . 21T 0 

and from the second p a r t  of the proof the  reverse inequal i ty  holds. Thus 

1 2 - ~  i e  
when the  process is  of f u l l  rank ~ o ~ A G  = -! 1ogA~ ( e  )do . 

2n 0 

Theorem 22 Let Ifn: - < n < a} be a f u l l  rank q-variate process, --- 

{un: - a < n < a) and {vn: - < n < a) the  component processes i n  its 

Wold decomposition, and F, FU, and 
Fv the spec t r a l  d i s t r ibu t ion  functions 



of  t h e s e  processes r e spec t ive ly .  I f  F = + F ( ~ )  + F i s  t h e  

' decomposition of F i n t o  i t s  abso lu te ly  continuous, discontinuous,  and 

s i n g u l a r  p a r t s ,  &en 

FU = F (a )  , and F = F (d) + F (s) 
v 

Proof From theorem 20 it i s  known t h a t  F = FU + Fv and t h a t  FU is 

absolute ly  continuous. Hence one need only show t h a t  
t 

Fv = 0 a.e. on C . 

Hence AF' i s  d i f f e r e n t  from zero a . e . ,  o r  equivalent ly ,  R(F t )  = q a.e.  

The required r e s u l t  is  then a consequence of the following two lemmas. The 

proof of lemma 13 cen be  found i n  Jang Z e  Pe i  13.01. 

Lemma 13 R ( F ' )  = R(F:) + K ( F ' )  a . e .  Leb. 
v 

Lemma 14 Let  {Fn: - m < n < m) be any non de te rmin i s t i c  q-variate 

I 

process and l e t  Fn = U + Vn b e  i t s  Wold decomposition. Let  FU be 
n 

t h e  s p e c t r a l  dens i ty  of t h e  process  {u,: - < n < . Then R(F:) = P 

a.e. Leb., where p i s  the  rank of  t h e  process 
IFn 

: - m < n < w ) .  

Proof Masani [20] has shown t h a t  the genera t ing  funct ion  Q, of the 

i e  4 process  IF,: - < n < a) can be w r i t t e n  i n  the form @(eie) = Q ( e  )G 

- where t h e  matr ix  valued funct ion  Q is  i n v e r t i b l e  a .e .  Leb. Since F: - 

@@* by theorem 20, it follows t h a t  R(F:) = R(G)  = p a.e. Leb. 

Thus i f  {Fn: - < n < is of  f u l l  rank,  R ( F ' )  = q a .e . ,  P.(Ft) = 
u v 

0 a .e . ,  and hence F: = 0 a .e .  



Spect ra  of  uncorre la ted  processes.  Let  the process 
iFn 

: - w < n < c o )  b e  - 
an uncorre la ted  q-var ia te  process wi th  (FmIFn) = Sm, K . Such a process 

has  a  s p e c t r a l  dens i ty  ~ ' ( 0 )  which is j u s t  tke constant  matr ix K . This 

n # 0 and equals  K 
1 27r -nie 

is because --I e K dB = &Kce-niedB = 0 i f  
27r 0 

Disc re te  spectrum. Let the process iFn: - < n -- 
p -niOk 
C e Fn: k = l  'Pk ' where qk E E2 f o r  each k = 1 

4 03) be  defined by 

,2, .. .p and s a t i s f y  

(cpm,lpn) = 6 K . t h e  Ok a r e  a r b i t r a r y  numbers i n  [0 ,2n]  , and p is  some 
mn 

  IT -nie 
f ixed  f i n i t e  number. Then Fn = j0 e E (do) PO where E ( B k )  F~ = qk and 

E ( A )  FO = 0 i f  Afl{BI . B2. . . .8 1 = $3 . I n  t h i s  case  t h e  s p e c t r a l  d i s t r i b u -  
P 

t i o n  funct ion  ~ ( 0 )  is a s t e p  funct ion  w i t h  jumps a t  the  p o i n t s  @k , 
k = 1,2 ,  . . .p . Thus F ( e )  = 2VjK where the i n t e g e r  j s a t i s f i e s  

8 z e r 8  . and t h e  process {Fn: - < n < i s  s a i d  t o  have a 
j j+l 

d i s c r e t e  spectrum. 

I t  is c l e a r  from the  Wold decomposition theorem t h a t  {Fn: - < n < 031 

is de te rmin i s t i c :  i f  it were non de te rmin i s t i c  it would have a r egu la r  

component which has  an absolute ly  continuous s p e c t r a l  d i s t r i b u t i o n  funct ion ,  

cont rary  t o  the  na ture  of F (8)  . 

S e c t r a  of moving average processes.  Let  { F ~ ;  - < n < a }  b e  a q-variate P- 
03 cn 

moving average process: F 'z C G  
2 

Fn k=-m k n-k ' kz-mlck 1 ' (Gm'Gn) = 6mnK 

From the p r o p e r t i e s  of the Gramian i n  lemma 6 it follows t h a t  (F,.F~) = 



Since th i s  i s  t rue for a l l  n , it follows tha t  the process {F,: - m < n < w) 

has an absolutely continuous spectral  dis tr ibut ion function F , and 

I n  [ 2 2 ]  Matveev has a rather  compiicated example of a spectral  density 

function of a deterministic bivariate  process which has regular component 

processes. This example shows the great  extent t o  which compon~nt p-ncesses 

can in terac t  with each other. It also i l l u s t r a t e s  the general lack of 

concordance betwetin the Wold and ~ebesgue-Cram&- deccmpositions of a 

q-variate process. 



CHAPTER I V  

EXTRAPOLATION THEORY 

THE EXTRkPOLATION PROBLEM 

The prediction problem associated with a q-variate process 

{Fn: - < n < a} are generally divided in to  three closely related 

categories. 

F i l te r ing  theory i s  concerned with trying to  determine Fk when a l l  

t ha t  i s  khown are the random variables (F + N : j E T} , where 
j j 

: - a < n < i s  a g-variate "noise" process and T i N . Such 

problems a r i se  frequently i n  communications theory, where the process 

{Fn: - < n < a} is a signal and the process IN,: - a < n < is the 

unwanted s t a t i c  tha t  is  mixed i n  with the signal.  For fur ther  information 

on f i l t e r i n g  theory see Rozanov [ 26 ] and Han~an [ 7 ] . 
Interpolation theory deals with the problem of determining Fk when 

only the p a r t  { F ~ :  n E TI is  known, where T C N . Such problems are  

encountered i n  control theory, where, fo r  example, the process 

IF,: - < n .<  may be sampled a t  regular time intervals  and inferences 

a re  to  be drawn about the unobserved random variables. 

The special  case of interpolation theory tha t  a r i ses  when T is  of 
1 

the form {k E N: k 4 kt} is called extrapolation theory. 

In t h i s  paper only l inear  l e a s t  squares extrapolation w i l l  be considered. 



A 

This i s  equivalent  t o  saying t h a t  t h e  b e s t  p red ic to r  
Fv f o r  F v 1  given 

t h e  random v a r i a b l e s  IF : j 5 k') . is  simply (Fv / % I )  . Because of the 
j 

s t a t i o n a r i t y  of the  process { F ~ :  - < n < m) , one need only consider  t h e  

case  k t  = o . 

A 

Def in i t ion  32 
Fv 

= ( F ~ ~ M ~ )  , v > 0 , is  c a l l e d '  t he  p r e d i c t o r  f o r  F . 
v 

A i 0 
i) Since Fv E Mo c Mw , it has an isommphic image Yv(e ) i n  L .  

2 ,m 
i 0 

When can Y ( e  ) be found? 
v 

A 

ii) When does t h e r e  e x i s t  an autoregress ive  rep resen ta t ion  of  Fv : i . e . ,  

A W 

when does t h e r e  e x i s t  a s e r i e s  r ep resen ta t ion  Fv - - kzO%F-k ? 

iii) When such a s e r i e s  e x i s t s ,  how can t h e  c o e f f i c i e n t s  Ak I k = 0.1,. .. 
b e  found? 

Quest ion i) was f i r s t  answered by Wiener and Masani i n  [30] under the  

assumption t h a t  t h e  process : - w < n < m) i s  of f u l l  rank. The 

genera l i za t ion  of t h i s  r e s u l t  t o  processes of a r b i t r a r y  rank can b e  found 

i n  Masani [ X I .  

Only s u f f i c i e n t  condi t ions  f o r  the exis tence  of an autoregress ive  

. . 
r ep resen ta t ion  of 

Fv 
have been found, and i n  these  cases methods o f  

determining t h e  c o e f f i c i e n t s  Ak, k = 0.1 ... a r e  known. 

The remainder of  this chapter  i s  devoted t o  the  papers 1301 by Wiener 

and Masani and [lg] by Masani. Only f u l l  rank processes w i l l  be  considered, 

al though a few minor generalizations of sbme of this mate r i a l  a r e  known 

(Masani [211) . 



SOLUTIONS OF THE EXTRAPOLATION PROBLEM 

Let  {\: - < n < -1 be a q-varizte f u l l  rank process,  and l e t  

A 

Fn = Un + Vn be i t s  Wold decomposition. Then Fv = (Fv 1 Mo) = (U +V I M  ) = v v o  

( u ~ ~ M ~ )  + ( v ~ ~ M ~ )  = ( U v l ~ O )  + Vv s ince  V v E M - ~ c M ~  . Thus t h e  only 

process  t h a t  is i n t e r e s t i n g  from a p r o b a b i l i s t i c  viewpoint is  t h e  regu la r  

process {un: - < n < m) , s i n c e  t h e  p red ic t ion  e r r o r  i s  independent of 

A 

t h e  process {vn: - m < n < w) : 
Fv - Fv = u + vV - (uvIM0) - v = v v 

U - U )  . It is the re fo re  assumed throuc~hout t h e  remainder of t h i s  
v v u 

chapter  t h a t  t h e  f u l l  rank q-var ia te  process is  regu la r .  It follows from 

theorem 22 t h a t  t h i s  i s  equivalent  t o  assuming t h a t  t h e  s p e c t r a l  dens i ty  

I 
F of  t h e  process e x i s t s .  

The next  two lemmas and theorem provide the  s o l u t i o n  t o  ques t ion  i) . 
Since t h e  s p e c t r a l  dens i ty  F' of t h e  process { F ~ :  - w < n < a) e x i s t s ,  

Lebesgue measure can be used i n  t h e  d e f i n i t i o n  of L ins tead  of the 
2 ,m 

measure TM . I t  then follows t h a t  L is t h e  c l a s s  of a l l  q x q 
2 ,m 

i 0  1 i e  
matr ix  valued funct ions  $ on C f o r  which I:"$ ( e  ) F  ( e  )$*  (eie) do 

e x i s t s .  With t h i s  cha rac te r i za t ion  of  L the  following l a m a  is  e a s i l y  
2 ,m 

proved. 

L ' i f  and only i f  @h?' E L2 . - 
Lemma15 i) 4 E 2,rfl 

iii) If  4 E Lw and $ E L . then  4 9 E L2,m . 2 ,m 

Lem.a 16 Let  {H,: - < n < m) be  the  normalized innovation process of  

the  process { F ~ :  - < n < W) , and l e t  @ be i ts  genera t ing  function.  



Then 

-nieo-1 , L i) e and is  t h e  isomorphic image of H & bqW . 
2 t m  n  

ii) I f  $ & L 2 '  then $ 0 ~ 4 .  
~m 

iii) Let @ E L and l e t  A be  t h e  k ' t h  Four ier  c o e f f i c i e n t  o f  $ 
2,m k  
n  

Then a s  n  -+ ( C A e  k i e )  @-1 
k=-n k  - + @  i n  L . 

2 Im 

Proof i) That @-' a c t u a l l y  e x i s t s  a .e .  follows from t h e  i n v e r t i b i l i t y  

image i n  L of Hn . By using t h e  isomorphism of L and M and 
2 I m  2 ,m 

n i e  comparing Four ier  c o e f f i c i e n t s  one can show t h a t  F'$* = e  @ . Since 

-nieQ-1 
F' = @a* and Q '  e x i s t s  a .e . ,  it fol lows t h a t  $ = e 

ii) Let  $ E L . Then by t h e  above lemma $g E L2 I and hence 
2., m 

I $ ~ I ;  E L, . * 
s i n c e  F' = QO a .e . .  ~$A?/;;ili = T ~ $ F ' $ * / =  ~/;;il$@@*$*l = 

2 l $ @ l ; .  Thus / $ @ l E & L 1  a n d h e n c e  $ @ c L 2 .  
n  k i e )  @-1 

iii) For each n  ( C 
k=-nAke 

i s  a c t u a l l y  i n  
2 ,m 

-l L L s i n c e  0 E 
2 I m  

n  
and A .ki4 im 

Then / I (  ? A e  
k i 0 )  @-:-$ ,, - - 

k=-n k  k=-n k m 
n  

11 ( ? A e k i -  11 = 11 k ~ - n \ e  k i e  k=-n k  -$m 11 s i n c e  &? = @ . By 

d e f i n i t i o n  of t h e  c o e f f i c i e n t s  Ak , the r i g h t  inne r  product tends t o  0 , 
n  k i0 ,  @-1 

and hence ( C A e + J I  i n  L as n L w .  
k=-n k  2  t m  

Theorem 23  Let  @ be a s  i n  the  above lemma. Then 

where [F ]  denotes t h e  funct ion  whose Four ier  s e r i e s  i s  UJ ki0  

o+ k P k e  
I 

Ak being t h e  k ' t h  Four ier  c o e f f i c i e n t  o f  F  . 



i 9 Proof It must f i r s t  be  shown t h a t  t h e  above expression f o r  Yv(e ) i s  i n  

* i e  I i e ,  * ' i e  fact in L Since F '  = C@ a . e . ,  Yv(e ) F  !e ,Yv  ( e  ) = 
2,m 

-vie i 9  * [e-vie@ (eie) 1 [ e  Q, ( e  ) lo+ . This i s  i n  L s ince  each f a c t o r  i s  i n  
0+ 1 

L -vie if3 i 0  -1 
2 ~ h u s ~ b y l e m m a 1 5 ,  [ e  @ ( e  1 1  @ ( e  1 is  i n  L . 

o+ 2 ,m 
a3 

Le t  F = C C H  a s  i n  t h e  co ro l l a ry  t o  the  Wold decomposition 
n k=O k n-k 

theorem, where {Hn: - < n < i s  t h e  normalized innovation process of  

t h e  r egu la r  process {Fn: - < n < 0) . Due t o  the  or thogonal i ty  of the  

w 00 

process { H :  - a <  n < m )  ( F ~ ! M " )  = - C C H  . = T C  H - sin- - c 
11 K=V R V-k k = O  kl-v -k -k 

is  a l s o  t h e  k ' t h  Four ier  c o e f f i c i e n t  of @ , it follows t h a t  

-v ie  it3 -1 i 0  -vie i@ 03 k i9  L 
[ e  @ ( e  ) ]  0 ( e  ) @ ( e J " ) = [ e  Q ( e  ) ]  = Z C  e & 2 .  By 

0'-  ~ + n  k=O v+k 
k i @  -1 i e  

iii) of the previous lemma t h i s  implies l i m  (kEoCv+ke ) @  ( e  ) = 
n-m 

-1 i 9  [ e-vie@ (eie) 1 @ ( e  1 . By i) of the  l a s t  lemma it follows t h a t  
n+ 
V 

-vie i 9  -1 i 0  n A 
[ e  @ ( e  ) ]  0 e i s  &e L image of l i m  k E O ~ V + k ~ - k  = F . 

O+ 2 tm n- v 
i 0 -vie i 9  -1 i 9  Thus Yv(e ) = [ e  @ ( e  ) ]  Q, ( e  1 .  

o+ 

Although t h e  above r e s u l t  was r e l a t i v e l y  easy t o  ob ta in ,  t h e  determin- 
A 

a t i o n  of FV i n  MO is  a much more d i f f i c u l t  problem. 

A 

It is poss ib le  t o  ob ta in  approximations of 
Fv 

i n  M0 by sol.ving 

systems of l i n e a r  equations.  I f  the  q x q matr ices  A:") a r e  chosen 
n J 

A 

SO t t ~ t  j = O j  c A ( ~ ) F  -j = ( F ~ ~ o ( F - ~ ) : = ~ )  , it can be shown t h a t  F = ( F ~ ~ M , )  = 
v 

(nIF l i m  .C A 
j = O  j - j  

. I f  t h e  a r e  so  chosen it follows t h a t  
n- j 

(n) - x F - ~ )  F - ~  f o r  k = 0.1 ,... n . ~ h u s  
(Fv j=o a 

(n)  ("IF 
F 1 = (FVIF-k) - j&Aj (F--j,F-k) , andhence  0 = (FV - j z O A j  - j l  -k 

n 
= c A ( n )  f o r  k = 0,1,. ..n . This is a system 02 n + 1 

rv+k j = O  j 'kMj 
(n1 (n) 
0 

, and can be  equations i n  t h e  In + 1 unknown matr ices  A , A1 ,... A 
n 



w r i t t e n  a s  the  s i n g l e  matrix equation 

Wiener and Masani [30] have shown t h a t  t h e  second matr ix  on t h e  l e f t  i s  

i n v e r t i b l e  i f  the  process { F ~ :  - < n < a) is of f u l l  rank. When t h i s  

occurs the unknown c o e f f i c i e n t s  , A . . A a r e  given by 
A~ n 

... A:)]= [ rVI  rv+l 

-n 

The problem w i t h  t h i s  s o l u t i o n  is  t h a t  it involves t h e  inver s ion  of 

an (n+l)q  x ( n + l ) q  matrix.  A s  n  -t a it becomes more and more 

d i f f i c u l t  t o  a c t u a l l y  compute t h i s  inverse .  Thus more s u b t l e  techniques 

a r e  requi red  t o  so lve  the time domain extrapolation problem. To see +he 

d i f f i c u l t i e s  involved t h e  following lemma is required .  Its proof can be 

found i n  Masani [20].  

Lemma 17 Let  { F ~ :  - < n < be a q-var ia te  process (of any rank p ) 

and l e t  @ be i ts  generat ing funct ion .  Then 

o+ 
i) 0 is an-opt imal  funct ion  i n  LO+ , i .e . ,  @ (0) E 0 , and i f  I) E L2 

2 + .  
* * 4 and $$* = @@ a.e. ,  leb. .  then + O + C  E @+(0)  , 

ii) i f  p = q then I 

i9 
3 

A@+(z)  = exp [&!in ~ O ~ J A [ F ' ( O ) ]  do] . 
e -2 



Since the process {F,: - < n < is  assumed t o  be  of  f u l l  rank. 

by +he above l e m a  t h e  holomorphic extension O + ( z )  of O is  i n v e r t i b l e  

w k 
a t  each z E D+ . Let O+(z) = kgoCkz , where Ck = A ~ G '  . and l e t  

W k  
[@+ ( z )  I-' = k g O ~ k ~  The c o e f f i c i e n t s  D s a t i s f y  t h e  r e l a t i o n s  

k 

C D  = I , C D  + C D  = O , C D  + C D  + C D  = O . e t c .  I t t h e n f o l l o w s  
0 0 0 1  1 0  0 2 1 1  2 0 

i 0  t h a t  Y (e ) has a holomorphic extens ion t o  D+ which is  given by 
V 

1- n 

where = C C  D 
i 0 . . One would then hope t h a t  Yv(e i s  some s o r t  

E ~ k  j=O v+j  k-j 
i e  

of  r a d i a l  l i m i t  of ( y v ) + ( z )  and thus  be express ib le  a s  yv(e  ) = 

w 
E E  e 

i e  
kiO . Problems a r i s e  however, s ince  Y ( e  ) may n o t  be  i n  

k=O uk v L1 on 

C and thus bould no t  have t h e  matr ices  E a s  Fourier  c o e f f i c i e n t s .  
vk 

The broblem of determining under what r e s t r i c t i o n s  (yv) + ( z )  does 

converge i n  
i e  

'-2 ,m 
t o  Y v ( e  ) has been s tud ied  by Rozanov [ 261, wiener and 

Masani [30],  and Masani [19].  Rozanov.assumes t h a t  the  given regu la r  

q-var ia te  process (F : - < n < a) forms a b a s i s ;  i . e . ,  any element 
n 

to 

H of M, can be  represented a s  H = 1 A F , where t h e  s e r i e s  converges k=-a k k 

i n  Mw , t h e  r ep resen ta t ion  is  unique, and t h e  sum of the  s e r i e s  doesn ' t  

change under a r b i t r a r y  permutations of  i t s  terms. He then shows t h a t  this 

proper ty  of a  process implies the  boundedness condi t ion  of Wiener and 

Masani, and h i s  development is almost exac t ly  t h e  same a s  t h e i r s .  Hence 

t h e  treatment o f  Wiener and Masani w i l l  be ou t l ined  i n  the  remainder of 

t h i s  sec t ion .  

The following r e s t r i c t i o n  i s  placed on t h e  r egu la r ,  f u l l  rank q-var ia te  
? 

process  : - < n < . 



Boundedness Ccndition : The s p e c t r a l  dens i ty  F s a t i s f i e s  t h e  following : 

I i 0  
0 < 11 5 F !e  ) 5 1'1 < f o r  some r e a l  numbers X and X I  . 

Wiener and Masani [ 3 0 ]  have shown t h a t  i n  p r a c t i c a l  a p p l i c a t i o n s  of 

the  theory this condi t ion  w i l l  u sua l ly  be met due t o  the  e r r o r s  inhe ren t  i n  

I 
measuring d a t a  and es t imat ing  t h e  s p e c t r a l  dens i ty  F  . 

i-i) For every 4 E L2 . 

iii) L2 ,m ' convergence, and L2 convergence a r e  equivalent .  

Proof From t h e  boundedness condi t ion  it follows t h a t  both  and 

!dF1)-l a r e  i n  . The c r i t e r i a  $ E L i f  and only i f  $&I @ L2 
2 1m 

then e s t a b l i s h e s  i ) .  P a r t  ii) fo1lc)ws from lemma 1 .5  of Wiener and Masani 

[301 on Hermitian matr ices .  From ii) it is e a s i l y  seen t h a t  f o r  any 

$ E L2 Xll$ll 5 l / $ / l m  9 ~ ' l l $ l l  . This r e a d i l y  e s t a b l i s h e s  iii). 

The proof of the following lemma can b e  found i n  Wiener and Masani [ 3 0 ] .  

Lemma 19 i) . For any matr ices  AO,A1, ... A 
n  

CO 

c B F iii) If  G = kPO -k then 



As an immediate corollary to ii) above one has the series representation 
\ .  

a 
= C D F , where 

Hn k=O k n-k {H~: - ' < n < a} is the normalized innovation 

process of the process {F~: - < n < '1 , and the matrices Dk k = 0,1,.. . 
a 

satisfy z I D  12< a .  
k=O k E  

ie Theorem 24 Let @(e ) be the generating function of the process 

I F , :  - < n < m} , and let the process { H ~ ~ :  - < n < a} and the matrices 

D k = 0,1, ... be as above. Then 
k 

i) both @ and 0-I are in L:+ . 
i The matrix D is the k'th Fourier coefficient of . 

k 

Proof From the definition of @ and theorem 18 it follows that @ & L O+ 2 .  

Since O* = F' a.e. and the boundedness condition is assumed if follows 

o+ 
that @ E La and @'l E . From lemma 16 it is known that H, " 

corresponds to under the isomorphism between L and 1 . Since 

n 
2 1m 

2 D F converges to 
kie 

k=O k -k Ho 
by the last lemma, it follows that C D e k=O k 

converges to @" in L . But L = L and they have identical 
2,m 2 ,m 2 
ekiO 

topologies: hence 
k=O k 

converges to 0-1 in L 
2 .  

~ h u s  Q-' is 

in fact in L:+ and d is its k'th Fourier coefficient. 
k 

Theorem 25 Let {F~: - a < n < a} be a regular, full rank q-variate 

process whose spectral density F '  satisfies the boundedness condition. 

Then 



where E = 7 C D 
vk jg0 v+j k-j ' Ck and D being the k'th Fourier coefficients 

k 

of 6 and @ respectively. 

i 9 -1 i9 proof ~ e t  yV(e ) = [e-vie~(eie) ] @ (e ) . since [e -vi 0 
o+ @lo+ = 

03 kie -vie ie v- 1 -vi 9 + 
C c k = ~  v+ke. = e {@(e ) -kzO~kekiel , it follows that [e @Ig+ E L: . 

i 0 + 
From the 'previous lemma it is known that E L:+ ; hence Yv(e ) E L: . 
It follows from the convolution rule in theorem 3that the k'th Fourier 

ie coefficient of Y (e ) is '! E\rk 
when k L 0 , and is clearly zero when 

n ki 9 ie 
k <  0 Thus a s n j r n ,  kzoEvke -+Yv(e ) in L2 . However, by lemma 18, 

n 
this implies Z E ekie + \(eie) as n + - in k=O vk L2,, . From the 

A 

isomorphism of L and MW and theorem 23 it follows that Fv = 
2 ,m 

In 1958 Masani [lg] proved the following stronger result. 

0.L- -. ~ r ~ e u L e r n  26 Let IF : - < n < a) be a regular full rank q-variate 
n 

process whose spectral density F' only satisfies F' E La and (F'l)-l E 4 . 
If the matrices 

Evk are as in the above theorem, then 

The proof of this theorem follows readily from the given conditions 

on F' and lemma 18. 

MINIMAL PROCESSES 

The characterization of full rank minimal processes due to Masani [ 191 

is the generalization of a theorem on univariate processes due to Kolmo~orov. 



Recall  t h a t  a q-var ia te  process is  minimal i f  and only i f  f o r  some 

(and hence a l l )  n , P g! C J ( F ~ ) ~ + ~  . Wi=n t h i s  occurs 
n 

- qn - F~ - (F,  lo(^^)^+,) # 0 f o r  a l l  n E N . 
I t  is c l e a r  t h a t  t h e  sequence 

{ ~ n  : - < n < a} i s  a q-var ia te  process 

wi th  theesame s h i f t  opera tor  U a s  t h e  process {F : - < n < a) . 
n 

Def in i t ion  33 The q-var ia te  process -- { Q :  - CQ < n < m} is  c a l l e d  the  

two s ided  innovation process of t h e  process { F ~ :  - < n < a) . 

Def in i t ion  34 The process { F ~ :  - a < n < m) is  f u l l  rank minimal i f  

and only i f  ' A ( ( P ~ , ( P ~ )  > 0 . 

Def in i t ion  35 Let  {Fn: - < n < a} be a f u l l  rank process and l e t  

, {qn 
: - m < n < a) be i ts  two s ided innovation process.  The q-var ia te  

process : - < n < a) defined by 

is c a l l e d  the  normalized two s ided innovation process of IF,: - a < n < W) . 

The following lemma gives  t h e  b a s i c  p r o p e r t i e s  of  the  process 

: - < n < m) . Its proof and the proof of theorem 27 can be found 

i n  Masani [ 191. 

Lemma 20 Let  {H : - < n < m) be the  (one s ided)  normalized innovation 
n 



process of the  f u l l  rank minimal q-var ia te  process { F ~ :  - < n < 03) , and 

l e t  { I  : - < n < a} be a s  above. Then 
LI 

i) (JlmI$Jn) = UmnI I 

CO * 
ii) lVn = k&DkHn+k I where Dk i s  t h e  k ' t h  Fourier  c o e f f i c i e n t  of 

(@+I  -I , @ being t h e  genera t ing  funct ion  of  the  process { F ~ :  - < n < m} , 

iii) Q - ~  E L:-. 

i ts  s p e c t r a l  d i s t r i b u t i o n  function.  Then {F,: - w < n < m) is  of f u l l  

i 6 rank minimal i f  and only i f  F '  (e ) i s  i n v e r t i b l e  a .e .  and (F')-' E L 
1 

I -1 
Whes , th is  occurs (F ) is  t h e  s p e c t r a l  dens i ty  of t h e  normalized two 

s ided innovation process : - < n < m} which i s  a  r egu la r  f u l l  rank 

process.  

DETEmINATION O F  THE GENERATING FUNCTION 

It  i s  c l e a r  from theorems 2 3 ,  25,  and 26 t h a t  t h e  determination of t h e  

genera t ing  funct ion  Q, of a  r egu la r  f u l l  rank q-var ia te  process 

IF,: - m < n < m) is of utmost importance f o r  the s o l u t i o n  of the  ext ra-  

p o l a t i o n  problem. I n  p r a c t i c e  it is t h e  s p e c t r a l  dens i ty  func t ion  F '  

t h a t  i s  known, e i t h e r  through es t imat ion  from empirical  d a t a  o r  from 

t h e o r e t i c a l  cons idera t ions .  Hence Q is considered determined i f  it can 

be  found from the  funct ion  F  ' . 
I n  t h e  u n i v a r i a t e  theory t h e r e  is no j?roblem, s i n c e  i n  this case  cP 

and F '  a r e  merely complex valued and r e a l  valued funct ions  r e spec t ive ly .  

i 0  2 i e  
From t h e  equation I @ ( e  ) 1 = F ( e  t h e  funct ion  @ can be found due 



t o  its opt imal i ty  : s e e  Rozanov [ 261 and ~ a n h a n  [ 7 ] . 
m e n  q > I , however, problems a r i s e  due t o  t h e  f a i l u r e  of t h e  

exponential  law f b r  matr ices.  A t  p resen t  no c losed form expression f o r  

@ i n  terms of FI i s  known: however, i n f i n i t e  s e r i e s  expansions f o r  @ 

i n  t e r m s  of F1 a r e  a v a i i & l e  under c e r t a i n  r e s t r i c t i o n s .  Wiener and 

Masani 1301 found such a s o l u t i o n  when t h e  boundedness condi t ions  a r e  met. 

Subsequently Masani [19] extended t h i s  r e s u l t  by weakening t h e  r e s t r i c t i o n s  

i) The r a t i o  of the  l a r g e s t  t o  thn  s n a l l e s t  eigenvalues of F '  i s  i n  L 1 '  

ii) F' is i n v e r t i b l e  a .e .  on C1 and 

iii) 

a r e  needed. Since these  assumptions a r e  s a t i s f i e d  when I.' E La and 

(Fa  1 - l  E L1 , both  t h e  genera t ing  funct ion  and t h e  autorec~ress ive  represent -  

A 

a t i o n  of F can be  found (see '  theorem 26) i n  t h i s  case.  
v 

Let  { F ~ :  - m < n < a) be a r egu la r  f u l l  rank q-var ia te  process and 

l e t  F i  be i ts  s p e c t r a l  dens i ty  funct ion .  I f  F '  s a t i s f i e s  the  bounded- 

ness condi t ions  i t  is not  d i f f i c u l t  t o  show t h a t  p a r t  iii) of the fcl lowinq 

assumption involves no l o s s  of genera l i ty .  Hence f o r  t h e  remainder of t h i s  

s e c t i o n  t h e  following assumption i s  made: 

I 

Assumption 1 i) F i s  the s p e c t r a l  density. funct ion  of a r egu la r  f u l l  

rank q-var ia te  process { F ~ :  - < n < m) , 

ii) There e x i s t  r e a l  numbers h and such t h a t  

I i 0  i 0 iii) F (e ) = I i - M ( e  , where p = E S S .  L . u . B . l ~ i e  i9 < I .  
0 5 8 5  21T 

) IB 



i 0 a ki0  Then G ( e  ) =  C A e  + k=l  k  

The motivat ion f o r  s tudying the  following opera tor  stems from Von 

Neurnann's p ro jec t ion  theorem. See s e c t i o n  3 of Wiener and Masani [ 301 f o r  

a h e u r i s t i c  d iscuss ion of t h i s  ma te r i a l .  

Def in i t ion  37 For a l l  6 i n  Li , R(@\ = ($M) + : whw~ M = ' I - T  - 

The following p r o p e r t i e s  of 8 a r e  e a s i l y  v e r i f i e d .  

Lemma 21 i) 8 is i n  tke Banach a lgebra  of bounded l i n e a r  opera to r s  on 

L i n t o  i t s e l f  and 1 B1 C V < 1 . 
2 

ii) Let 1 be the  i d e n t i t y  operat.or on 4 . Then 1 + 8 is i n v e r t i b l e  

3 
and ( 1 + 8 ) - l = l  - 8 + B~ - 8 + ... 

a k k  
It follows from the above lemma t h a t  the series k&O(-l) 8 (I) is 

abso lu te ly  convergent. Hence the following d e f i n i t i o n  i n  f a c t  makes sense.  

a k k  - 1 
Def in i t ion  38 $ = kgO(-l) 8 (I) = ( l + B )  ( I )  . 

31 1 
Theorem 28  i) $ = G @- &ere G is t h e  p red ic t ion  e r r o r  matr ix  f o r  -- 
lag  1 of t h e  process { F ~ :  - a < n < a) , 



Proof i) Since F '  s a t i s f i e s  the  boundsdness condi t ions ,  by theorem 24 

-1 o+ 
@ E L, C L2 , and hence G'Q E L2 . By lemma 21 the opera tor  ? + 8 

is  1: 1, thus  a l l  t h a t  is required  i s  t o  show t h a t  G' (3-I = (I+B)-' (I) . 
' -1 This is  equivalent  t o  showing (l.t.8) (G Q, ) = I . This is r e a d i l y  

+2 es tab l i shed  by f i r s t  noting t h a t  G @ ( 0 )  = 1 and G'Q-' E c+ impl ies  

+ 2 ~  -1 ?i -1 
t h a t  G Q, = I + (G Q, )+. I f  k > 0 then t h e  k ' t h  Fourier  c o e f f i c i e n t  

?s !- -1 -1 rr -1 of G%* i s  0 . Since G @* - G 2 @  - @ a *  = G'-Q F '  = G @ ( I + M )  = 

G%-' + ~ ~ 0 - l ~  , i t  follows t h a t  i G  4 @ -1 + (G  % 0 -1 M )  = Q - 
3. 

Tkrrzc + 
4 -1 !2 -1 31 -1 4 -1 ( I + B ) ( G @  ) = G+Q,-I+ ( G Q ,  M I + =  I +  (G 0 ) +  + (G @ PI) = I .  T ~ U S  + 

q., =$m-l . 
-1 -1 * ii) This is c l e a r  from i ) ,  s i n c e  * G O  F ' ( @  ) G 2  = G . 

/ 

Since M is  obta inable  from the  s p e c t r a l  dens i ty  F1 s o  is  $ . 
I 

Thus Q, can be found when F s a t i s f i e s  assumption 1. 

Yor t h e  remainder of this chaprer  t h e  following assumption is needed. 

It makes poss ib le  the  f a c t o r i z a t i o n  F '  = f t F '  of the  s p e c t r a l  dens i ty  F' , 
1 where f '  E L1, --;E L1 , g' E L ,  and ( F ' ) - ' E  L1 . Such a f ac to r -  
f 

i z a t i o n  is required  t o  make use of t h e  theory of minimal processes.  

Assumption 2 The regu la r  f u l l  rank process IF,: - &< n < "1 has  a 

s p e c t r a l  dens i ty  F' which s a t i s f i e s  the  following: 

i 0  i 0 ii) I f  h(e 1 and ~ ( e  1 a r e  t h e  smal l e s t  and l a r g e s t  eigenvalues of 

I i 0  
. i O  

F (e ) , then @ - J - E L ~ ,  on C . 
A (eie 



- 1 
Lemma 22 If F t  E L2 and (F ' )  E L2 assumption 2 is s a t i s f i e d .  

I i 0  Proof 1f  F ' . ( F ' ) - ~ E L  then F ' , ( F ' ) - ~ E L ~  . For any 0  rF ( e  1 
2 

i 0  equals  t h e  sum of the  eigenvalues of F'  ( e  ) and s i m i l a r l y  f o r  (F '  . 

i 0  
i i )  M(e ) = 

1 I i 0  ie F  ( e  ) - I a.e. 
f l ( e  

i 0 I i 0  1 
M (e ) . i s  a c t u a l l y  w e l l  def ined,  s ince  f  (e ) t - 1 (eiO) > 0 a.e. 

2 

Lemma 2 3  Under t h e  condi t ions  of assumption 2 

I I 

i) F = f  (I+M) a.e.,  

i 0  
ii) 1 ~ ( e  ) I B  s 1 f o r  0 5 0  5 271 and 1bl(ei0) I B  < 1 a .e . ,  

iii) I + M is  t h e  s p e c t r a l  density of a  f u l l  rank minimal q-var ia te  

process ,  

I 

iv) f i s  t h e  s p e c t r a l  dens i ty  of a  r egu la r  minimal u n i v a r i a t e  process.  

The proof of  t h i s  lemma along w i t h  t h a t  of the  followimg theorem can be 

found i n  Masani [ 191 . 

Theorem 29 Let  Q,Q1 , and 4 be the genera t ing  funct ions  of the 

. processes w i t h  s p e c t r a l  d e n s i t i e s  P I ,  I c M, and f '  r e spec t ive ly .  Let  

G and " G e  the p red ic t ion  e r r o r  m a t r i c e s  w i t h  l a g  1 of the  f i r s t  two 



processes, and l e t  g be the  innovation fur.ction of the th i rd  process. 

Then 

A s  i n  the case under assumption 1, the following operator on L i s  
2 

examined. In t h i s  case, however, i t s  norm is not necessarily s t r i c t l y  

l e s s  than 1 . 

oefinitiolr 40 For a l l  $ E L2 ($1 = ( O M ) +  , where M is as  i n  lenuna 23. 

Lemma 24 i) D is  a bounded l inear  operator on L , and I D ~ B  5 1 . --- 2 
2 2 

ii) D ( 1 )  = M+, D (I) = (M+M)+,  D (1) = ( ( M + M ) + M ) +  , e tc .  

Lemma 25 Let @ , and be as i n  theorem 29.  Then, i f  1 is  the 

ident i ty  operator on L 2 ,  

4 -1 (I+D) (G a, ) = I . 

proof The proof is  exactly the same as tha t  of theorem 28, par t  i) once 

-1 LO+ 
it i s  noted that Q1 2 due t o  the f u l l  rank minimality of the process 

w i t h  spec t ra l  density I + M : 



I f  it were poss ib le  t o  i n v e r t  t h e  opera tor  2 + D , t h e  genera t ing  

funct ion  Q1, coulc! then be found i n  a  manner s i m i l a r  t o  t h a t  of theorem 28. 

The genera t ing  fuhct ion  4 of t h e  u n i v a r i a t e  process w i t h  s p e c t r a l  dens i ty  

f '  can e a s i l y  be found a s  noted on page 58. Then by theorem 29 t h e  

genera t ing  funct ion  of t h e  process { F ~ :  - < n C w) could be 

obtained.  

The proof of  t h e  following theorem r e s t s  upon t h e  f a c t  t h a t  < 1 

on some s e t  of p o s i t i v e  m e s s u r e ;  Per its prcxf see X s s ~ ~ i  [19] .  

Theorem 30 i) i s  a  s t r i c t  con t rac t ion  opera tor  on L;+ , i . e .  i f  

z 0 E L: then I I ~ W )  11 < II$II . 
ii) . I  + D i s  1:l on L2 i n t o  i t s e l f .  

By t h e  above theorem t h e  opera tor  I + P i s  i n v e r t i b l e  on its range. 

-1 
This f a c t ,  together  wi th  lenuna 26, shows t h a t  ( I i D )  ( I )  e x i s t s .  The 

next  theorem shows t h a t  t h e  geometric s e r i e s  f o r  ( I + D ) - I  converges 

s t rong ly  on t h e  range of 7 + 9 . Its proof can be found i n  Masani 1191. 

Theorem 31 i) u n + O  s t rong ly  on L2 a s  n  -t ; i . e .  f o r  any $ E L2 
I.im \IDn ($1 11 = o . 
n- 
ii) ~f $ is  i n  t h e  range of 7 + D ,  then 

Theorem 3 2  If Q1, and d a r e  a s  i n  theorem 29, then . - 

i) The s e r i e s  I - M+ + (M+M) + - . . . is mean convergent. 



4 -1 ii) I f  i s  i t s  sum, then $ = G @ 
1 ' 

* 
iii! . = $(I+M)$ . 

Proof i) i s  c lear  from the l a s t  theorem. ii) follows from the previous 

* 531 -1 -1 *-31 
theoremand lemma 25. Since I + M =  0101 , $( I+M)$*= G O @ @*(a ) G = 6 .  

1 1 1  1 

This proves iii) . 

Thus when tho s,nertr;r1 deficit17 cf -. rcgul;r f u l l  r a r k  q-vzziat~: 

process IFn: - < n < s a t i s f i e s  assumption 2, the generating function 

@ of { F ~ :  - m < n < W) can be found. 



CHAPTER V 

DEGENERATE RANK PROCESSES 

There a r e  severa l  problems t h a t  a r i s e  i n  the  study of degenerate rank 

q-variate processes t h a t  do not e x i s t  i n  the  f u l l  rank theory. I n  the  f u l l  

rank case the  determinant of the  spec t r a l  density matrix F 1  is of ten  

investigated: the analogue of t h i s  i n  the  degenerate theory is the  examin- 

a t i on  of various proper minors of F I . T h i s  natural ly  leads t o  t he  

u t i l i z a t i d n  of the  theory of t he  Nevanlinna c l a s s  N a re levant  discussion 
0 

of which can be found i n  Wiener and Masani [31]. 

Let IFn: - a < n < a) be a degenerate rank q-variate process, and 

l e t  F ( 0 )  be i ts  spec t r a l  d i s t r i bu t ion  function. The following problems 

a r e  s t i l l  receiving invest igat ion.  

) Regular processes. By theorem 19 the  process { F :  - a < n < a} is  

regular if and only i f  ~ ( 0 )  is absolutely continuous w i t h  respect  t o  

I i e  Lebesgue measure and F (e ) = @ (eie) O* (eiO) where @ s L:+ on C . 
Matveev [ 2 3 ]  has found necessary and s u f f i c i e n t  conditions f o r  such a 

fac tor iza t ion  t o  e x i s t .  One p a r t  of his condit ions,  however, requires t h a t  

c e r t a in  functions on C be the  boundary values of functions i n  the  N 
I 0 

, c lass .  A s  noted i n  Xozanov [ 2 6 ]  there  is no general method known fo r  

determining when a function on C is i n  f a c t .  such a boundary value. 



In the special  case of a  ra t iona l  spectral  density F (i. e . ,  the 

elements of F '  a re  rat ional  functions of eiB) the process 

{ F ~ :  - < n < a) is eas i ly  shown to be regular. A method for  actually 

* 
performing the factor izat ion F a  = 0 . @ E L;+ . can be found i n  

Rozanov [ 261. 

ii) Deterministic processes. Although the defini t ion of a  deterministic 

n - v a r i n f a  nrnracc is n?,i fa  c i m n l n  and h a c i r  t- thLe fh-hcr1~ 24- rrrncnnf nn 
a r------ 2-- -- -A-b*  r-- ---- ----- .rt -- C"-"-"- "' 
prac t ica l  spectral  characterization of such processes i s  known. Matveev 

[22] has found a suf f ic ien t  condition for  the process ' {F,: - < n < a} 

t o  be deterministic: he has a l so  shown tha t  this condition is not 

necessary, In [ l o ]  and [ l l ]  Jang Z e  Pei has developed necessary and 

su f f i c i en t  conditions for  { F ~ :  - < n < a) to  be deterministic, but h i s  

c r i t e r i a  have the same problem as those of Matveev i n  i) above. Only i n  

cer tain bivariate  cases is  it  actually prac t ica l .  

iii) Concordance In [17] Masani has shown tha t  the conclusion of 

theorem 22 does not hold i n  general by exhibiting a  process having both a  

spectral  density F' and a  non zero remote past .  Robertson [24] showed 

tha t  a  necessary and suf f ic ien t  condition for  concordance of the Wold 

decomposition i n  the time domain and the Lebesgue Crarner decomposition i n  

the spectral  domain is  t h a t  R(F (0 )  ) = p a. e.  Leb., where p is the rank 

of the process {Fn: - rn < n < a) . However, there is no method known of 

i 

determining p except i n  cer tain special  cases. T h i s  problem is closely 

related t o  tha t  of determining the spectral  density 
F: 

of the regular 

process U :  - a < n < rn} i n  the Wold decomposition of {F,: - a < n < w } .  



By u t i l i z i n g  the  theory of subordinat ion ( t h i s  i s  c a l l e d  the  theory of l i n e a r  

t ransformations i n  t r a n s l a t i o n s  of t h e  Xwsian papers)  Jany Ze Pei  [ l o ]  and 

[ l l ]  has been a b l e  t o  f i n d  F '  i n  theory f o r  any process {Fn: - < n < m} . 
u 

b u t  h i s  method i s  only p r a c t i c a l  i n  some b i v a r i a t e  cases .  

i v )  Predic t ion  theory .  I n  [21] Masani g ives  the  extension of theorem 23 

i0 t o  processes of a r b i t r a r y  rank. However, t h e  new expression f o r  Yv(e 1 

I 
involves a c e r t a i n  m a t r i x  J w h e n  (F r - co < n  < w) i g  nnf cf f ~ j d l _  

n 
I 

rank. Since t h e  matrix J i s  determined from the  p red ic t ion  e r r o r  matr ix  

G (thought of a s  a l i n e a r  opera tor  on cq) and the  ca lcu la t ion  of G i s  

s t i l l  an open problem, t h i s  new expression cannot be p u t  t o  p r a c t i c a l  use. 

No s t u d i e s  have y e t  been made on the  determination of  an autoregress ive  
A 

r ep resen ta t ion  f o r  
Fv 

when the  process F :  - < n < m) i s  of degenerate 

rank, except  i n  the  case of a r a t i o n a l  s p e c t r a l  dens i ty  F '  ( see  Yaglom [ 3 2 ] ) .  
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