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ABSTRACT. 

The main o b j e c t  of t h i s  t h e s i s  i s  t o  d i scuss  t h e  "Cheo" (or  "C") 

lower asymptot ic  dens i ty ,  upper asymptot ic  and n a t u r a l  d e n s i t y  f o r  

s e t s  of n- tuples  of non-negative i n t e g e r s .  These d e n s i t i e s  a r e  c l o s e l y  

r e l a t e d  t o  t h e  K-asymptotic d e n s i t y  of A. R. Freedman. 

Chapter 0 s t a t e s  t h e  main r e s u l t s  of Schnirelmann dens i ty ,  

asymptot ic  dens i ty  and n a t u r a l  d e n s i t y  f o r  s u b s e t s  of t he  sequence of 

non-negative i n t e g e r s  ( i . e . ,  i n  t h e  case  of dimension one).  The b a s i c  

p r o p e r t i e s  of Cheo (lower) asymptot ic  d e n s i t y  i n  n-dimensions a r e  

ob ta ined  i n  chapter  1. Chapter 2 i s  concerned w i t h  a d d i t i v e  ques t ions  

invo lv ing  the  Cheo (lower) asymptot ic  dens i ty .  Chapter 3 c o n s i s t s  of 

t h e  s t r u c t u r e  r e s u l t s  s i m i l a r  t o  t h e  a d d i t i v i t y  theorem. F i n a l l y ,  

we compare the  C-asymp t o t i c  d e n s i t y  and t h e  K-asymp t o t i c  d e n s i t y  of 
Z 

Freedman i n  chap te r  4. 
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I 

CHAPTER 0. 

INTRODUCTION. 

The purpose of t h i s  t h e s i s  is t o  develop an asymptot ic  type  dens i ty  

c a l l e d  t h e  Cheo asymptot ic  d e n s i t y  f o r  s e t s  of n- tuples  of nonnegat ive 

i n t e g e r s ,  This  Cheo asymptot ic  d e n s i t y  i s  s i m i l a r  t o  t h e  asymptot ic  

dens i ty  of Freedman [ 4 ] .  W e  s h a l l  p r e s e n t  t h e  b a s i c  d e f i n i t i o n s  i n  

chap te r  1. 

By way of i n t r o d u c t i o n  we s h a l l  f i r s t  p re sen t  a  b r i e f  d i scuss ion  of 

t he  s u b j e c t  i n  t he  case  of  dimension one, i . e .  ,. i n  t he  case  of non- 

nega t ive  i n t e g e r s  0 ,1 ,2 , " ' .  

Let A be a s e t  of nonnegat ive i n t e g e r s ,  f o r  any p o s i t i v e  i n t e g e r  n ,  

l e t  A(n) be the  number of p o s i t i v e  i n t e g e r s  n u t  g r e a t e r  than  n  i n  A. 

Then t h e  Schnirelmann d e n s i t y  a of A i s  def ined  a s  

From t h i s  d e f i n i t i o n  we immediately see t h a t  

i I f  A c I  (I = t he  s e t  b f  a l l  nonnegat ive i n t e g e r s ) ,  

then OSEl and 



I 

( i i )  a=l i f  and only i f  A = I  o r  A = I  \ (0).  

I f  A and B a r e  s u b s e t s  of t h e  nonnegat ive i n t e g e r s ,  then  t h e  sum A+B 

is def ined  t o  be t h e  s e t  

Schnirelmann and Landa'u [ 6 , ~ 3 ]  proved t h a t  i f  OCAflB and i f  a, 6 ,  y . 

a r e  t h e  Schnirelmann d e n s i t i e s  of A, B ,  C=A+B r e s p e c t i v e l y ,  then  

and i f  a+B 2 1 , then y= l .  

The ques t ion  of t h e  r e l a t i o n  of y t o  a and B has  been t h e  s u b j e c t  of 

much i n v e s t i g a t i o n .  I n  1942 ,  H.B.  Mann 171 proved t h e  famous a+B theorem, 

which s t a t e s  t h a t ,  i f  A and B each con ta in  0, then 

The lower asymptot ic  dens i ty  601)  o r ,  b r ie f ly , tMe asymptot ic  dens i ty  

of A is  def ined  t o  be 

A(n) 6 (A) = l i m  i n f  -a- . 
n 

From t h i s  d e f i n i t i o n  w e  can e a s i l y  s e e  t h a t  t h e  asymptot ic  dens i ty  of 

any s u b s e t  of I i s  i n v a r i a n t  under t r a n 1 a t i 0 n ~ i . e .  



6 ( x+A ) = 6 (A) 

i 
f o r  AcI and x € I  , 

For any s u b s e t  A , B  of I ,  A i s  s a i d  t o  be asymptot ic  t o  B (denoted by 

P B )  i f  t h e r e  i s  an i n t e g e r  NZO such t h a t  AN 11, N+l," " 1 = ~ n {  N ,  ~+1 , - ' 1 .  

It can be  seen  t h a t  i f  A-By then &(A) = 6(B). 

Also, i n  analogy t o  one of t h e  Schnirelmann-Landau r e s u l t s ,  we have 

i f  &(A) + 6(B) > 1, then  O-I. 

The analogue of t he  a+P theorem of Mann f o r  asymptot ic  d e n s i t y  i s  not  

t r u e ;  cons ide r ,  f o r  example, the  ca se ,  where both A and B a r e  composed of 

a l l  nonnegat ive even i n t e g e r s ,  s o  t h a t  A+B i s  the  same s e t .  Then we have 

6 (A) = 6(B) = 6 (A+B) = g. 

However, Erd5s [ 3 ]  proved t h a t  i f  OEA, 0 ,  l E B ,  6 (B)56 (A) and 

6 ( ~ ) + 6  (B) 51, then 

6 ( c )  r 6 (A)++$ (B) . Z 

We now s t a t e  t h e  remarkable r e s u l t  of M. Kreser  which amounts t o  t h e  

b e s t  p o s s i b l e  f o r  asymptot ic  d e n s i t y  a long  the  l i n e s  of t h e  a+B theorem. 

The language i s  t h a t  of Halberstam and Roth [ 6 ,  P51 1: 

A "system" (A1, B') i s  s a i d  t o  be "worse" than  (A,B) i f  AcA' , B ~ B '  

and A+B-A'+B1 . 
A "system" i s  s a i d  t o  be "degenerate  mod g" i f  bo th  A and B a r e  

unions of ( e n t i r e )  Congruence c l a s s e s  mod g. 



A "system" (A,B) i s  s a i d  t o  be "degenerate" , i f  t h e r e  e x i s t s  an g 

such t h a t  (A,B) i s  degenerate  mod g. 

Kreser  proved t h a t ,  assuming A,B , C I ,  C=A+B, 6  (A)+6 (B)51 : 

( i )  I f  no system worse than (A,B) i s  degenera te ,  then  6  ( C ) Z ~  (A)+6 (B) .  

( i i )  I f  t h e r e  i s  a system worse than (A,B), which i s  degenera te  mod g  

and g  i s  minimal, than  6(C)26(A)+b(B)-l/g. 

We cont inue  ou r  d i scuss ion  by de f in ing  the  upper asymptot ic  d e n s i t y  

- 
6 (A) of A t o  be 

- A(n) 6 (A) = l i m  sup - . n n  

For any AcI i f  t h e  lower asymptot ic  dens i ty  and t h e  upper asymptot ic  

have same va lue ,  then  we say  t h a t  t h e  n a t u r a l  dens i ty  of A e x i s t s  and w r i t e  

- 
v(A) = &(A) = 6(A). I n  t h i s  case  

A(n) v (A) = l i m  - . 
n n-+m 

Evident ly ,  v i s  a  f i n i t e l y  a d d i t i v e  s e t  func t ion ,  i . e .  i f  A 1 ,  A 2 ,  
.... 

,An 

a r e  s u b s e t s  of I such t h a t  AinAj = 4 f o r  i f j  and each A i  pos ses ses  n a t u r a l  

n 
d e n s i t y ,  then U Ai has  n a t u r a l  dens i ty  and 

i= 1 



t 

The func t ion  f on s e t s  i s  countably a d d i t i v e ,  i f  A1, A 2 ,  ..... .... 
An 

is a sequence of s e t s  such t h a t  f (A i )  i s  def ined  f o r  each i and 
03 QJ. 

f i i f lAj=+ f o r  i #  j , then f  ( i i  A i  ) =iE1 f (Ai) . 
An example shows t h a t  V i s  n o t  countably a d d i t i v e .  Let  ~ i = { l ) ,  

~ ~ = { 2 ) , * * * * .  3 A n- -{n) , . . . . - -  . Then v(Ai)=O f o r  each i, t h e r e f o r e ,  
03 00 

L v(Ai)=O* But iI1 ( A ~ ) = I ' \  {o}, hence 1 = V (;O Ai) figi v(Ai)=O. i= 1 I= 1 

Although v i s  n o t  countably a d d i t i v e ,  w e  can prove t h a t  v i s  

"almost" countably a d d i t i v e .  This  r e s u l t  c a l l e d  t h e  a d d i t i v i t y  theorem 

..... f o r  n a t u r a l  d e n s i t y ,  s t a t e s  t h a t ,  i f  A I ,  A2,""" ,An a r e  s u b s e t s  of  

I such t h a t  A i f l A j = @  f o r  i f j  and each A i  possesses  n a t u r a l  d e n s i t y ,  t hen  

t h e r e  e x i s t  Bi , B 2 , "  " B n ~ " " "  such t h a t  Bi-Ai ,  i=1,2,"-"  , t he  

03 

n a t u r a l  d e n s i t y o f  U B i  e x i s t s  and 
i= 1 

R. C. Buck [ I ]  h a s  def ined  (lower) asymptot ic  d e n s i t y ,  upper asymptot ic  

d e n s i t y  f o r  s u b s e t s  a f  a  measure space  X. B r i e f l y ,  t h e  proesdure  i s  t h i s :  

Take a countable  i n c r e a s i n g  sequence K(i)  of s u b s e t  X which covers  X and a 

sequence pi of measures. def ined  on t h e  same c l a s s  of s e t s  which inc ludes  t h e  

sets K( i )  . The fo l lowing  p r o p e r t i e s  a r e  assumed: 

( i )  Wi(X) = 1 f o r  each i ,  

( i i i )  For each i t h e r e  e x i s t s  a ( i )  such t h a t ,  i f  A n ~ ( a f i ) )  = @then 

Pi (A) = 0. 



Then d e f i n e  t h e  (lower) asymptot ic  dens i ty  of A t o  b e  

and upper asymptot ic  dens i ty  of A t o  be  

- - 
D (A) = l i r n  (A) 

i-w 

and t h e  n a t u r a l  dens i ty  D(A) a s  u sua l .  Furthermore, a  s e t  AcX i s  c a l l e d  

bounded i f  AcK(i) f o r  some i. We s h a l l  w r i t e  AcB when A \ B  i s  bounded; 

t h e r e  i s  then a  va lue  of j f o r  which A \  K(j)cB\  K( j )  , K. C. Buck proved 
. . . . 

t h e  fo l lowing  theorem: I f  AlcA2c0 ' c b c *  * , l i r n  5 (An) = A and 

l i m  - D (41) = 6 , then  t h e r e  e x i s t s  a  s e t  A w i t h  D(A) = A and - D(A) = 6 

such t h a t  h c A  f o r  a l l  n .  From t h i s  theorem we immediately s e e  t h a t  i f  
. . . . 

t h e  s e t s  have n a t u r a l  d e n s i t y ,  and A l c A 2 c " ' c ~ c " ' .  Then, t h e r e  i s  

a  s e t  A, unique up t o  s e t s  of zero  n a t u r a l  d e n s i t y ,  such t h a t  &<A f o r  

a l l  n  and D(A) = l i r n  D(&). Furthermore, i f  C1,  C 2 , " '  a r e  d i s j o i n t  s e t s  

having n a t u r a l  d e n s i t y ,  t h e r e  is  a  s e t  C ,  unique up t o  s e t s  BE zero  
r n 00 

n a t u r a l  d e n s i t y ,  such t h a t  C 3  U C f o r  a l l  n  and w i t h  DCc) = 
k = l  k & (Ck) 

The r eade r  may l a t e r  wish t o  compare t h i s  r e s u l t  of Buck's w i t h  o u r  

theorem 3.19 and 3.21 i n  chap te r  3. 

To conclude t h i s  d i scuss ion  w e  mention t h a t  i t  has  been n o t i c e d  t h a t  

&(A) = l i r n  d  ( AUjl,2, .  ',Nj) 
w 

Thi s  i s  t h e  b a s i s  f o r  ou r  d e f i n i t i o n  of (lower) k e o  asymptot ic  

dens i ty  i n  chap te r  1. 



Chapter 1 fol lows c l o s e l y  t o  t h e  paper  of Freedman [ 4 ,  s e c t i o n  2:. 

We def ine  t h e  Cheo o r  C-asymptotic dens i ty  i n  n-dimensional space.  To 

do t h i s  we f i r s t  g e n e r a l i z e  t h e  Schnirelmann dens i ty  gtven above t o  

n-dimensions. We a l s o  g ive  some equiva1c;it  forms o f  t h e  C-asymptotic 

d e n s i t y .  To conclude t h e  chap te r  we reduce the  C-asymptotic d e n s i t y  

t o  t h e  usua l  asymptot ic  dens i ty  i n  t h e  case  n = l .  

I n  chap te r  2,we d i s c u s s  some a d d i t i v e  ques t ions  invo lv ing  t h e  

C-asymptotic dens i ty .  

I n  chap te r  3 ,  which we cons ide r  t he  main p a r t  of t h i s  paper ,  we 

de f ine  t h e  upper C-asymptotic d e n s i t y  and t h e  C-natural dens i ty .  We 

prove t h e  " a d d i t i v i t y  theorem" f o r  C-natural dens i ty  and some r e l a t e d  

r e s u l t s  f o r  lower and upper C-asymptotic d e n s i t y  (Theorems 3.25, 3 . 1 9  

and 3.21 r e s p e c t i v e l y )  which a r e  e n t i r e l y  new i n  t h i s  s e t t i n g .  

I n  chapter  4 ,  we a t tempt  t o  compare t h e  C-asymptotic d e n s i t y  

and t h e  K- asymptot ic  d e n s i t y  of Freedman. F i n a l l y ,  we w i l l  s e e  

t k a t  t h e  lower C-asymptotic and K-asymptotic d e n s i t i e s  a r e  i n  f a c t  

d i f f e r e n t .  .-- 



I 

CHAPTER 1. 

THE CHEO ASYMPTOTIC DENSITY I N  n-DIMENSION. 

Let  n  be a  p o s i t i v e  i n t e g e r  and S  the  s e t  of a l l  n - tuples  of non- 

n e g a t i v e  i n t e g e r s ,  the  element (0,  0 ; * * * . .  ,0 )  i s  denoted by 2 and 

gene ra l ly  t h e  element ( x l ,  x2,-**.* xn) by &* 

D e f i n i t i o n  (1 .1) .  For any & C S  d e f i n e  

~ k )  = { x I X€S, y j x i  ( i = 1 , 2 , * * * * - 0  ,n> 1 

and 

We l e t  { L k )  I &CS'\R).  The c l a s s @  i s  c a l l e d  the  c l a s s  of Cheo 

s e t s  o r  t h e  C-class on S. 

D e f i n i t i o n  (1.2). For any s e t  AcS and a  f i n i t e  s e t  XCS, A&) i s  the  

c a r d i n a l i t y  of t h e  s e t  ( A~x)&. 

D e f i n i t i o n  (1 .3) .  For any AcS the  Cheo o r  C-density of A i s  de f ined  



I 

I n  t he  paper  of L. Cheo [ 2 ] ,  he  has  def ined  t h e  C-density of A 

I i n  t h e  case  n=2. I n  t h e  case n = l ,  above d e f i n i t i o n  reduces t o  t h e  

o rd ina ry  Schnirelmann dens i ty  of t he  s e t  A. 

Notat ton:  For a nonnegative i n t e g e r  N ,  l e t  

J(N) = { I MES, min { x l , * * . , x n k N  1 .  

I t  can be noted t h a t  J(N) = s \ u ( ( N + ~ , * * * *  ,N+1) 

D e f i n i t i o n  (1.4) .  For any AcS the  lower Cheo asymptot ic  d e n s i t y ,  

r e f e r r e d  t o  hencefor th  a s  C-asymptotic d e n s i t y ,  i s  def ined  t o  be 

6(A) = &l d (AUJ(N)). 

Remark (1.5) . For a l l  N>_O we have 

Since f o r  a l l  &€J (N) , we have L&)cJ (N) and 

D e f i n i t i o n  (1.6) .  For in tege . r s  M, N ,  n w i t h  &N?O, n>O, l e t  

We n o t e  t h a t  f o r  f i x e d  N,n, g(M,N,n)- as M-t... Also, f o r  f i x e d  

M , N ,  i f  nl>n2 then g(M,N,nl)zg(M,N,nz). The second s ta tement  i s  

( ~ 2 ) ~  -1 
g(M,N,n) = min { - ( M C z ) n ~  - (M-iq+l)m 

obvious. The f i r s t  s t a t emen t  fo l lows  from t h e  f a c t  t h a t  f o r  f i x e d  N,n 

m = l , * * * , n } -  



Lemma (1.7) .  Let O S k M  and GES such tha t  MS1Cx-i (i-1, e ,n) . I f  

then f (M,N ,n ,% )Zg (M,N ,n) 

Proof. F o r n = l ,  



1 

Also, f o r  any n ,  i f  z = (Mtl ," ' ,Ht l ) ,  then 

Now, we perform a  mul t ip le  induction.  Let k>l and assume the  lemma 

t r u e  f o r  a l l  M,N,n,;t! with n<k. L e t  = (xl , " *  ,xIc) be such t h a t  xi> 

... M i l  , ,k) and, f o r  some j , x.zbf+l, and assume f o r  each = (yI , ,yk) J 

with  kyi'xi ( i = l  , .. ,k) and, f o r  some j ,  y j<x j ,  t h a t  f ( ~ , ~ , k , ~ ) ~ g ( ~ , ~ , k ) .  

Without l o s s  of genera l i ty  we may assume t h a t  x,>MSl. And 



The t h i r d  i n e q a l i t y  fo l lows  from the  f a c t  t h a t ,  i f  a , b , c , d ,  a r e  

p o s i t i v e  i n t e g e r s ,  then 

a + b  -> a b  
c + d -  min i - , - 1 .  

c d  

Hence, t h e  lemma i s  proved. 

By s imple c a l c u l a t i o n s  we can ge t  t h e  fo l lowing  formulas: 

where A&) = 0 i f ~ f g  and Ah) = 1 i f  X =  2. 

To s e e  (1. c)  , s i n c e  



Lemma (1.8) . I f  k k M  and XF, f J (M) , then 

Proof .  The f i r s t  i n e q u a l i t y  i s  obvious. 

D e f i n i t i o n  (1.9) .  For any i n t e g e r  NZO, de f ine  

D e f i n i t i o n  (1.10).  Let g b e  t h e  c l a s s  of  a l l  s e q u e n c e s { l k i ) }  i n  .C 

which s a t i s f y  the  p rope r ty  t h a t  f o r  each intl.qger N>O 



Urn W J k i ) )  - - - 
s ( L & ~ ) ~ J ( N ) )  

Lemma ( 1 . 1 1 ) .  I f  { ~(;51) 1 i s  a sequence such t h a t  L & ~ )  € C;e (i) , 

t hen  { L k i )  ) € S: . 

Proof.  Lemma (1.8) shows t h a t  f o r  i s u f f i c i e n t l y  l a r g e  we have 

and g ( i , N , n )  + w as i +  m .  

Theorem (1.12).  I f  { L k i ) }  € S and . ACS, then  

Proof .  L e t  N70. Then 

Hence 



- - - l i m  A(L(&) 
1- 

s (L&)  . 

L e t t i n g  N- we have t h e  r e s u l t .  

The fo l lowing  theorem shows Ohat &(A) can be  always obta ined  as a 

l i m i t  o f  q u o t i e n t s  A ( L ~ ~ ) ) /  S ( L ( ~ ~ ) )  where {L(l51)] i s  a seqju6nce i n  S . 

i 
Theorem (1.13). For any AcS t h e r e  e x i s t s  { L k  ) )  6s such  t h a t  

l i m  m(yji) 6 (A) = 
i-t- s(L&) . 

Furthermore, we may choose L($i) s o  t h a t  $€s '\ ~ ( i )  . 



Proof .  I f  6  (A) = 1, then  f o r  any sequence (Lki)}C $ w e  have 

A(L(& - l i m  < l i m  A(L@ 
1 = 6(A) 5- - i-w 5 1 

i- S ( L k i ) )  s ( L ( & ~ ) )  

and t h e  theorem i s  proved i n  t h i s  case.  

Suppose t h a t  6  (A)<l. For any iL1,  l e t  M(i) be  such M(i )>i  and 

. .  g(M4i) ,i ,n) > 2i 

and choose L($) c C such t h a t  ,$€s \ J (M(i ) )  and 

The e x i s t  e w e  of L &i)  fo l lows  from the  remark 1 .5 .  

It fo l lows  t h a t  L C  ( M )  ( i )  s o  t h a t  by lemma 1.11( L&) ]< SF. 

It remains only  t o  show t h a t  6CA) is  t h e  l i m i t  of the  q u o t i e i ~ t s  

A(L($) > / s (~ (xNi )  

From the  i n e q u a l i t i e s  



i t  follows t h a t  

But a l so  

f o r  



where both  ends approach 6 (A) as i- 

Theref o r e ,  

l i m  A ( L ~ ~ >  1 
= 6 (A). 

i- i 

s (L ($1 > 

Theorem (1.14).  For any AcS w e  have 

Proof .  By theorem 1.12 we have f o r  any { L k i ) ) € S  

l i m  A(L($> > 
&(A) 5 - 

i- S ( L ( & ~ > )  

Thus, 

i 
Oq the o t h e r  hand, t h e r e  e x i s t s  a sequence { L ( z  ) } €  $ such t h a t  



l i m  ~ ( L ( 2 i ~ ) )  - lim - -  
~ ( L b i )  

6 (A) = 
s(~(&) 

i- 
s ( ~ ( & )  

Therefore ,  

6 (A) L 
g lb  &n ~(~Gt j l i ) . )  

It fol lows t h a t  

g lb  - l i m  
A(L ($1 ) 

6 (A) = 
{ ~ 0 5 1 ) j ~ 8  - S(L(&). 

Def in i t i on  (1.15).  For NZO and AcS w e  de f ine  

Theorem (1.16).  For any ACS, 

lim dN(A) . 6 (A) = 

Proof.  S ince ,  f o r  each L(z) € @  and f o r  each N,  



N 
i t  fo l lows  t h a t  d(AUJ(N)) 5 d (A). 

On the  o t h e r  hand, l e t  {L(,&)}€ 8 such t h a t  

Then 

N A(L@)) + s(L($)~J(N)) 
d (A) 5 

s (L ($1 

.-- 
t h e  r i g h t  hand s i d e  of t h e  i n e q u a l i t y  tends t o  6(A) a s  i tends  t o  i n f i n i t e .  

Hence, f o r  each N w e  have 

d (AUJ (N) )%IN (A) 5 6 (A) , 

lim dN (A). 6 (A) = , 



Theorem (1.17).  Fa r  any ACS, 
i 

6 (A) = lim d N ( ~ u ~ ( ~ ) ) .  
N-tm 

Proof .  A s  i n  t he  proof of theorem 1.16, 

The l a s t  e q u a l i t y  fol lows e a s i l y  from t h e  de f in i t i on ,  of 6 .  

Theorem (1.18).  For any AcS , 

( i )  If n22 and AflJ(N) i s  f i n i t e  f o r  each N L O ,  t hen  6 [A) = 0 

( i i )  I f  S\A cJ(N) f o r  snme N ,  then  6 (A)=l. 
\ 

Proof.  ( i )  For P O ,  l e t  X ~ , ~ , X ~ , ~ , . *  
' X n - l , ~  

be chosen s o  

l a r g e  t h a t  x >N ( i = l , * * * , n - 1 )  and S ( L ( ( X ~ , ~ , * * * , X ~ - ~ , ~  
i ,N ,N) )>NOS ( A ~ J  (N)> 

Le t  L ( x ~ , ~ , * * *  N N 
yxfi-l ,N ,N) = L& ) s o  t h a t  L &  ) C @  and 

{ L k N )  I €  B ( s ince  L & ~ )  C&. (N-1)) and L k N ) c J  (N) . 

Hence 



( i i )  I f  S\AcJ(N) , then  AUJ (M) = S f o r  W. Thus d(AUJ(M)) = d(S) = 1 

and the  r e s u l t  fol lows c 

kernark (1.19). The p a r t  ( i )  ,of theorem 1 .18  i s  n o t  t r u e  f o r  n= l .  

For example, l e t  A=I  t h e  s e t  of a l l  nonnegative i n t e g e r s .  Then f o r  each 

P O ,  A n J ( N )  i s  f i n i t e ,  b u t  6(A) = 1 # 0.  

To conclude t h i s  chapter  we prove t h a t  6  gene ra l i zes  t h e  u s u a l  

asymptot ic  dens i ty .  

Theorem (1.20). I n  t h e  case  n = l ,  8 (A) i s  t h e  usua l  asymptot ic  

dens i ty  of A. 

Proof .  When n = l ,  S=I. Then S ( L ( i ) )  = i f o r  each  i € I \ O .  Hence - 
by theorem 1.12 w e  have 

l i m  A(i)  
&(A) 5 * 



On t h e  o t h e r  hand, by theorem 1.13, t h e r e  i s  a sequence in .]  
1 

such t h a t  ni-+" a s  i-corresponding t o  IL-(ni)]€ g s u c h  t h a t  

This  completes t h e  proof .  



CHAPTER 2. 

THE C-ASYMPTOTIC DENSITY OF THE SUM OF TWO SETS. 

In  t h i s  chap te r ,  we d i scuss  some p r o t e r t i e s  of t h e  C-asymptotic 

d e n s i t y  of t he  sum of two s e t s .  

D e f i n i t i o n  (2 .1) .  Let A and B be  s u b s e t s  of S ,  w e  d e f i n e  

Here + = ( a l  +b l ,  an + bp,"',an + bn) where 2 = (al ,a2,***,+> 

and k, = ( b l , b 2 , * * * , b n ) .  Furthermore, i f  A C U ~ ) ,  we de f ine  

\ 

- 
Note! f o r  any ACS, A i s  de f ined  t o  be t h e  s e t  S \ A ,  

- 
Proof .  Suppose t h a t  $! A+B = C,  then  &€S \ C = C . Let  t h e  

elements  of  AflL (.$ be enumerated 

For each i ( O i n ) ,  we have - @(L&)flB) \g s i n c e  &-siCL(z) \ 2, and i f  

4 - aiCB then  4 = + & - s i ) € C  con t r a ry  t o  assurai~tion. Thus t h e  set 



and s o  

A(L(r)) + 1 = n+l  = S(D)4 B ( L ~ ) )  = S ( L k ) )  - B ( L k ) ) .  

Therefore ,  

T h i s  i s  a  c o n t r a d i c t i o n .  

Theorem (2.3) .  I f  EEAflB and 6 (A) + 6 (B) > 1, then  S \ (A+B)cJ(N) 

f o r  some N.  This l a s t  cond i t i on  imp l i e s  t h a t  6 (A+B) = 1. 

Proof .  The l a s t  s t a t emen t  i s  j u s t  theorem ( 1 . 1 8 ( i i ) ) .  

Let  X = 6 (A) +6 (13) - 1, then  19. Since 6 (A)= l i m  d  (AUJ (N)) 
N+ 

and 6 (B) = l i m  ~(BUJ(N)) ,  t h u s  f o r  some No we have 
N* 

\ 

Since ,  f o r  any L(x)€  - 



S i m i l a r l y ,  

4 
Le t  M be. s o  l a r g e  t h a t  g(M,No ,n) >- . By lemma 1.8, i f  &j?J(M), then X 

Henze , f o r  & J (PI) , 

Therefore,  by lemma 2.2 ,  g C A t B  s o  t h a t  S \ (M-B)CJ (M) .  

Remark (2.4) . I f  8 (A) -I- 6 (l?) = 1, the c ~ n c l u s i o n  of theorem 2 . 3  

i s  n o t  n e c e s s a r i l y  t r u e .  For example, l e t  S = and l e t  

A = B =  {(a ,b)  I (a,b)CS, a  i s  even] . 
We a r e  going t o  show that &(A) = 6 ( R )  = k. It is s u f f i c i e n t  t o  show t h a t  



l i m  A( .L(Lx~))  
8 (.A) = , = - 

s(L(& 2 

f o r  a l l  sequence {L(:~)}c 8 ( s e e  theorem 3.12 below). 

Let  { L e i ) }  be any sequence i n  8 and l e t  xi = (ai ,  bi) .  
rV 

Case I. If  &{A, then  
rV 

Case 11. Zf x i f ~ ,  then 



;s(ai + I) (bi 4- I.) 

Thus w e  have 

There fo re ,  

& ( A )  + &(B) = % +  + 5 =  I . 
But A+B = A ar,d 6(A+B) = 6 ( A )  = % . 

The fo l loc~ ing  theoren shows t ha t  t h e  C-asymptotic density of a 
"- 

s e t  is  invar ian t  under t r ans la t ion .  We. note  t h a t ,  i f  ,Q,$?A then 

A(L(&) = ( x + A ) ( L ( a  4- ) )  f c ~ r  any a, x CS. 

Theoxern (2.5)  . 6 & + A) = 6 (A) f o r  each AcS and &€S. 

Proof. If := 9, then & + A = A and the theorem is  t r i v i a l .  -- 
. . 

Hence i t  i s  assumed t ha t  y#g. Furthermore, s ince  + A a x l  g +(A\R) 



d i f f e r  i n  a t  most one p o i n t ,  i t  may b e  assumed t h a t  @A. 

It is f i r s t  shown t h a t  6 &  + A) 26(A). Let N = m a x { x ~ , ' * * , x n ) ,  

then f o r  any x€S \ J (N) we have 

The l a s t  i n e q u a l i t y  fo l lows  from t h e  f a c t  t h a t  

To s e e  t h i s ,  f o r  any x$J(N) 

and 

b u t  N>-xi (i = 1," ' ,n)  then  r[ (yi - N) 5 r[ (yi - xi) and so 
i= 1 i= 1 



Now, i f  w e  l e t  ( L h i ) } € $  such that 

(RS + A) C L k i ) )  l i r n  . 
6 (if +A) = i. 

s ( L k i ) )  

T h e n  9 w e  have, by (*) 

l i m  A ( L ( ~ ' ) )  - J(N) ( L k i ) )  - 1 
& & + A )  ei-  

s (L ( ~ 9 )  

- - l i r n  kAi) ) A ( L ~ , ~ )  1 
= l i m  2 & ( A ) .  

It r e m a i n s  t o  s h o w  that  6 + A) 5 6 (A). C l e a r l y ,  f o r  each 

E r n  wXii) 
i.- 

= s (A).  
s ( L ( Y i > >  w 

T h e n  



l i m  & + A ) C L ~ ~ H  lim 
& & + A )  5 -  - c- = 6 (A) 

A C L ~ ~ )  

1303 
s a k i ) )  i- s ( L ( ~ ) )  

and t h e  theorem i s  proved. 

Corol la ry  (?a. I f  AcS, zES w e  have 6 (A-z) = 6 (A). 

Proof .  Since A - % =  { c - 2  1 ~ E A ,  xi5a-i (i = l , * * * , n ) )  and 

(A - d + & =  {A I &€A, xi%i (i = l , * * * , n ) } c A .  Then by theorem 2.5 we have 

Furthermore, i f  we l e t  N = max {xl,*-,x,} then 

A \ J ( N )  c ( A - g )  + % =  {g 1 w€A, xiZai (i = l , * * * , n ) } .  

Hence 

6C(A - %) t 5) r 6@\ J@))= 6CA). 

This completes the  proof .  

Theorem (2.7). I f  AnBcJ(N) f o r  some N,  then  GCAUB) ? 8 CA) + 6 CB), 

I n  p a r t i c u l a r ,  i f  , Q E A ~ B ~ J  (N) , then  6 (A+B)? 6 (A) 3. 6 (B) . 



I 

Proof.  The second s ta tement  fol lows e a s i l y  from the  f i r s t  s i n c e  

A+BAiiB i f  2CAI-l B . 
Let C = AUB. I f  M 3 ,  then AflBcJCM) and s o  f o r  any L@)E C 

N Hence, by d e f i n i t i o n  of d , 

M 
d (CUJ(M)) 1 d(AUJ(M)) + dCBUJCM)). 

L e t t i n g  M--, we ob ta in  by theorem 1 .17  

6 (c) 2 6 (A) + 6 (B) . 

Remark(2.8) The i n e q u a l i t y  s i g n  of theorem 2.7  can no t  be omitted. 

For i n s t a n c e ,  i f  we l e t  S =  and l e t  



Then AUB = S and s o  6(AUB) = 1. But 6CA) + 6CB) = 0 + 0 = 0. To s e e  t h i s  

r e c a l l ,  f o r  any {Lk i )} f  S , 

L e t t i n g   LO^^) = ~ ( ( 2 ) )  i = 1 , 2 , * * * ,  we have  and 

( i  + 1 + 2) - 
l i m  = - 2  

l i m  
Ci + l ) C i  + 2) l i m  i + 2  5- = -  

i- = 0. 
2 ( i  + 1 1 ~ 2 ~  + 1.1 i-t- 

2(2i + 1) 

S i m i l a r l y ,  we have 6 (B) = 0. 



CHAPTER 3. 

THE UPPER C-ASYMPTOTI C DENSITY, THE C-NATURAL DENSITY AND 

SOME STRUCTURE RESULTS. 

I n  this chapter ,  we de f ine  t h e  upper C-asymptotic dens i ty  and t h e  

C-natural dens i ty .  We g ive  ana log ie s  t o  t h e o r e m  1.12--1.17 f o r  t h e  

upper C-asymptotic dens i ty .  We prove t h e  " a d d i t i v i t y "  theorem f o r  

C-natural dens i ty  and some r e l a t e d  r e s u l t s  f o r  lower and upper 

C-asymptotic dens i ty  (Theorem 3.25, 3.19 and 3.21 r e s p e c t i v e l y )  which 

a r e  e n t i r e l y  new i n  t h i s  s e t t i n g .  

D e f i n i t i o n  (3.1) .  For a s e t  AcS, we d e f i n e  t h e  upper C-density 

and t h e  upper C-asymptotic d e n s i t y  of A t o  be 

- 
6(A) = lirn 2 (A \ JCN)) .  

Njm 

, It i s  easy  t o  s e e  t h a t  



Since d ( A  \J(N)) forms a nonincreasing sequence a s  W i t  follows t h a t  

- 
6 (A) always e x i s t s .  

Theorem ( 3 . 2 ) .  I f  { L k i ) ] ( g  and ACS, then 

- - A C L ~ H  
6 CAI >_ l i m  

Proof. For any N;O and { L & ~ ) ] €  e , we have 

Thus 



L e t t i n g  I+- w e  ob ta in  

- A ( L & ~ )  i)) 
F(A) t l i m  

Cora l l a ry  (3.3) . For any AcS w e  have 6 (A) L X(A) . 

Proof .  For any {L(u~')}c S we have 

Theorem (3.4). For any ACS t h e r e  i s  a sequence {L(xi).]( 8 such  that 
r u  

Proof.  For any i l l ,  l e t  M ( i )  be  such t h a t  M(i) A and 



' and choose I k i )  f  C; such  t h a t  $C s \ J(M(i)) and 

[ A  \f (If(?))] ( L d ) )  1 
2 ( A  M i ) ) )  - -. 

s ( I & )  
2 1  . 

Since ,  L & ~ ) c ~  (M(i)) cd? ( i )  we have { L k i ) } €  S . From t h e  i n e q u a l i t i e s  

i t  fo l lows  t h a t  

But a l s o  



f o r  

where both  ends approach TCA) a s  i- , This shows t h a t  

The fol lowing t h r e e  theorems g ive  t h e  o t h e r  equ iva l en t  forms f o r  t h e  

upper C-asymptotic dens i ty .  

Theorem(3.5). For each ACS, 

Proof .  By theorem 3 .2 ,  f o r  any { L ( ~ ~ ) ] € $  

Thus 



- - ACL ($1 1 
6 (A) 2 l u b  lim 

On t h e  o t h e r  hand, by theorem 3.4 t h e r e  exists a sequence {L(xi)]€ 
N 

such t h a t  

Theref o r e ,  

- - A(L ($1 ) 
6 (A) = l u b  lim 

Nota t ion .  For NLO and AcS d e f i n e  - 

Theorem ( 3 . 6 ) .  For any ACS, 

- 
6 (A) = l i m  ~ C A )  . 

Proof.  S ince ,  f o r  each L & ) € @  



! 

Then 

'Therefore, 

Furthermore, l e t  {L(x~)}€  $ such that  

The r i g h t  hand s i d e  of the i n e q u a l i t y  tends t o  B(A) a s  i* . Then 



Therefore,  f o r  each  N we have 

and s o  

Theorem (3.7) . For any AcS , 

- 
6(A) = l i m  $(A\ J(N))  . 

N* 

Proof .  As i n  t h e  proof of theorem 3.6 

- 
d(A\ JCN)) = :([(A\ J (N)) ]  \JCN)) 

5 &A\ J(N))  

- 
L (A\ J(N)) = 6(A). 

The l a s t  e q u a l i t y  fol lows from t h e  d e f i n i t i o n  of  x. 

- 
Theorem (3.8).  I n  t h e  case n=l, 6 (A) i s  the  usua l  upper asymptot ic  

deds i ty  of A. 

Proof.  Nhen n = 1, S = I the s e t  of a l l  nonnegative i n t e g e r s ,  then  

f o r  any i C I  \ 0 ,  S (L(i)) = i. Hence by theorem 3.2, w e  we have 

- - ACi) 
6CA) 2 l i m  - 



I 

On t h e  o t h e r  hand, by theorem 3 .4 ,  t h e r e  e x i s t s  a sequence in.] 1 such 

t h a t  ni* a s  i- corresponding t o  (L(ni)jC $ such t h a t  

and t h e  r e s u l t  fo l lows .  

Thus 

Theorem (3.9). I f  AnBcJCN) f o r  some N ,  then  

- 
~ ( A U B )  5 B(A) + X(B). 

Proof .  For E N  we have AnBcJ(M), t hen  f o r  any L&)€ @ 

- 
6 (AUB) 5 T(A) + TCB).  

Remark (3.10) . The i n e q u a l i t y  s i g n  of t h e  theorem 3.9 can n o t  be 

removed. For example, l e t  S = I ~ ,  A and B def ined  as i n  remark 2.8. 

Then we can s e e  t h a t  



/ But 

To s e e  t h i s  r e c a l l ,  f o r  any {L(&~)]€ B 

L e t t i n g  L k i )  = L(( i ,  2 i ) ) ,  i = l , 2 , *  * * )  we have {L(xi)}f 8 and 

= l i m  
i- (i + 1 ) ~ 2 ~  + 1 )  - 1 

( i+ l  ) ( i+2)  - 1 + (2 i - i )  ( i + l )  
- 

= l i m  2 ( i+1 ) (2~+1)  1 
1 

- 
= l i m  I 

SThi l a r ly ,  we have 6(B) = 1. Therefore 

- 
6(A) + B(B) = 1 + 1 >B(AUB) = 1. 

We begin  now our  s tudy  of t he  some s t r u c t u r e  r e s u l t s .  



- 
D e f i n i t i o n  (3.11). For any AcS i f  6 0 2 )  1 &(A), then we say  t h a t  t h e  

- 
C-natural d e n s i t y  of A e x i s t s  and w r i t e  v(A) = 6CA) = 6(A). 

Note. The C-natural dens i ty  of a set A does n o t  always e x i s t .  For 

example, i f  w e  l e t  S = and A = f (x,y) I (x,y) CS, y 3 ) ,  then  from 

remark 2 .8  and remark 3.10, we have 6 (A) = 0 and X(A) = 1. Theref o r e ,  

t h e  C-natural d e n s i t y  of A does n o t  e x i s t .  

Theorem (3.12).  The C-natural d e n s i t y  of AcS e x i s t s  i f  and only i f ,  

f o r  each {L(&~)}c  8 , t h e  q u o t i e n t s  A ( L & ~ ) )  /S ( L k i ) )  form a convergent 

sequence. I n  thL9 case  

n ( L k i ) )  
V(A) = l i m  

i- S ( L ~ ' ) )  

f o r  each sequence { L & ~ ) } c  8 . 

Proof.  (i) Suppose t h a t  t he  v(A) e x i s t s ,  then  f o r  each sequence 
Z 

{L($)}c B , by theorem 1.12 and theorem 3.2, 

Thus 



I 

( i i )  Suppose A C L ~ ) )  /S (Lki)  ) i s  convergent f o r  each 

' i  
{L(d)}€  Then a l l  l i m i t s  must be the same, f o r ,  i f  {L& )J and 

{ L k i ) }  a r e  two sequences i n  B such t h a t  A ( L Q ) ) / s ( L ~ ~ ) )  and 

A ( L ~ ) ) / s ( L ~ ) )  converge t o  d i f f e r e n t  l i m i t s ,  then the  sequence 

{L(zi)} defined by 

f o r  i odd 
i z ={  

tw xi f o r  i even 

is i n  Band l i m  A ( L ~ ~ ) )  /S ( L k i ) )  does n o t  e x i s t .  This i s  a contradic t ion.  

Therefore, a l l  the  l i m i t s  a r e  t h e  same. By theorem 1 . 1 3  and theorem 3 . 4 .  

t h e r e  e x i s t  {L k i )  ] and {L k i ) }  i n  8 such t h a t  

Hence, v (A) e x i s t s  and the  l a s t  statement of the  theorem i s  obvious. 

Theorem (3.13). For any ACS, i f  the  C-natural densi ty v(A) e x i s t s ,  

then t h e  C-natural densi ty  ~ ( x )  a l s o  e x i s t s  and \ 

Proof. Since the  C-natural densi ty  v(A) e x i s t s ,  theorem 3 .12  shows 

i 
t h a t  f o r  each {L(& ) } €  S t h e  quo t ien t s  A ( L ( $ ) ) / S ( L ~ ~ ) )  form a 

convergent sequence and 

ACLki) 
v(A) = l i m  

i- s ( L ~ ~ ) ) .  



Hence, f o r  each f L k i ) ) c  8 

a s  i-tm , i t  foJlows from the  theorem 3.12 t h a t  v (A) w i l l  e x i s t  and 

Corol la ry  (3.14).  For any AcS, t h e  C-natural dens i ty  e x i s t s  if and 

only i f  

Proof .  ( i )  Suppose t h a t  V (A) e x i s t s  . Theorem 3.13 shows t h a t  -- 

v ( z ) e x i s t s  and 

v (A) +V(Z) = 1. 

But a l s o  

vCA) = 6CA) and v@)= 6c). 

Hence 

i(ii) Suppose t h a t  6(A) + 6 ~ x 1  = 1. Let { L k i ) 3  b e  a 

sequence such t h a t  { L ( & ~ )  } C  8 and 



Then 

Hence, 6 (A) L. X(A) . 

; On the  o t h e r  hand, we have, by c o r o l l a r y  3.3, 6 (A)5 X(A). ' Therefore,  
- 

6 (A) = &(A) and V(A) e x i s t s .  

Corol lary (3.15). - For any ACS, t h e  C-natural dens i ty  exis.@ i f  and 

only i f  
- - - 
6 (A) + 6 (A) = 1. 

The proof is  s imiza r  t o  co ro l l a ry  3.14. 

From the  remark 2 .8  and remark 3.10, we know t h a t ,  f o r  s e t  A, B w i t h  

- 
A n B c J ( N ) ,  t h e  e q u a l i t i e s  6 CAUB) = 6 (A) + 6 (B) and TCAUB) = 6 (A) I- Z(B) 

need n o t  be t r u e  i n  genera l .  But i f  t h e  C-natural d e n s i t i e s  of A and B 

e x i s t ,  then we can prove the  fol lowing r e s u l t  which amounts t o  f i n i t e  



a d d i t i v i t y  f o r  C-natural dens i ty .  

Theorem (3.16). Let A i , A 2 , " * , A n  be s e t s  w i t h  C-natural dens i ty  

such t h a t ,  f o r  each p a i r  i, j w i t h  i # j t h e r e  is  an N i j  such t h a t  

q A j c J ( N i j ) .  Then A = A ~ U A ~ U *  A, has  C-natural  dens i ty  and 

Proof .  Le t  N = max {Nij}. C lea r ly  Bi = A ~ \  J(N) has  n a t u r a l  
i , j  

d e n s i t y  and 

v(Bi) = v(Ai) i = 1,2,***,n. 

Since t h e  B a r e  d i s j o i n t ,  f o r  any sequence { L k i ) ] ~  8 
i 

B1(Lki)) + ~ 2 ( ~ ( t f ~ ) )  + * * ' *  + B , ( L ~ ~ ) )  - - 
s(IAki)) 

n  
where bo th  ends converge t o  C v(Ai) a s  i3m . By theorem 3.12 we 

i= 1 

conclude t h a t  V(A) e x i s t s  and 

The remainder of t he  chap te r  w i l l  be devoted t o  t h e  p roo f s  of some 



I 

" a d d i t i v i t y "  theorem. Before d i scuss ing  those theorems, l e t  us  g ive  

t h e  fo l lowing  d e f i n i t i o n :  

D e f i n i t i o n  (3.17).  For any A,BcS, A i s  s a i d  t o  be asymptot ic  t o  B 

(denoted by AwB) i f  t h e r e  i s  an i n t e g e r  N such t h a t  A \J(N) = B \  J(N). 

It i s  e a s i l y  seen  t h a t  AwB i f  and only. i f  t h e r e  e x i s t s  an N such  t h a t  

AUJ (N) = BUJ (N) . 

Lemma (3.15). -- For any A,BcS, i;f A"B then 6 (A) = 6 (B) and T(A)= T ( B )  . 
Furthermore, v(A) e x i s t s  i f  and only i f  v(B) e x i s t s  and v(A) = V(B) i f  

bo th  e x i s t .  

Proof .  S ince  ANB, t h e r e  e x i s t s  an Nl such  t h a t  AUJ (N1) = BUJ(N 1). 

Thus f o r  N ?N1 we have 

Theref o r e  

d(AUJ(N)) = d(BUJ(N)) f o r  a l l  N? NJ .  

L e t t i n g  N-t.. w e  o b t a i n  

6(A) = 6CB). 

The remainder of t h e  proof i s  s i m i l a r  and l e f t  t o  t h e  reader .  

We nov: proceed t o  prove some s t r u c t u r e  r e s u l t s .  We cons ider  a 

sequence of sets {Ai} on S such t h a t  AlcA2c"'cAnc'**, then  6 ( ~ ~ ) 5  &(A2) 

5- (b)~ - . Thus (6 (4 , j  ) is  an i n c r e a s i n g  sequence bounded above by 1. 



Therefore ,  t h e  l i m i t  of {w)} exists. 

cP 

6 ( U An) = l i r n  6  (An) ?It .  

n-= 1 n+00 

2 
A simple example shows t h a t  this i s  n o t  t r u e .  Let S  = I , Al = J ( l ) ,  

A2 = J ( 2 ) , * * . , %  = 
... J < n ) ,  . Then AlcA2c"*~Anc*", i t  i s  easy  t o  see 

t h a t  6(&) = 0 f o r  each n.  Thus 

But 

l i m  6(&) = 0. 
ft)ao 

w 

6 (  U & ) = 6 C S ) = l .  
n= 1 

However, we can f i n d  a sequence of se t s{Bi}  such t h a t  Bi^'A, (i = 1 , 2 ,  

* * * )  and 
w 

6 (  U B ~ )  = l i r n  6 (Ai). 
i= 1 i+ 

I n  t h i s  case  we could t a k e  Bi =4 f o r  each  i. I n  gene ra l  we have t h e  -- 
fo l lowing  theorem. 

Theorem (3.19). - Let  A~,A2," ' ,Ak, '" be sets w i t h  C-asymptotic 

d e n s i t y  dk (k = I,?,"') such t h a t  A l C A 2 C * * * C A k C * ' * .  Then t h e r e  e x i s t  

BI,BZ,"*,Bk*" such . h a t  BkWk (k = 1,2,"*) and 

w 

6 ( U Bk) = l i r n  6 (Ak). 
k= 1 k* 

Proof .  ( i )  I f  BkwAk (k = 1 , 2 , * * * ) ,  l e t  



m 

B =  U B k .  
k= l  

Then Bkc n f o r  any k. Therefore, 6 C B ~ )  5 6 (R ) ifor any k and 6 (Ak) r 6  (B ) 

f o r  any k. This implies  l i m  6 (Ak) 5 6 (8 ) . 
k- 

( i i )  W e  a r e  going t o  choose t h e  Bk such t h a t  

6 ( n )  I l i r n  6(Ak). 
k* 

Since ,  A = 6 ( k = 2 ,  t h e r e  exists a sequence {L(_xi9')}€ 

such t h a t  

A ~ C L ( & ~ ) )  
= ~ ( A I )  = l im 

i- s ( L & ~ , ' ) ) .  

Thus, t h e r e  i s  an i n t e g e r  N1 9 such t h a t  f o r  a l l  75i , '€~ \ J ( N ~ )  

S i m i l a r l y ,  t h e r e  e x i s t s  a sequence {L(&p2) j€ g such t h a t  

- 
Choose N2  b i g  enough such t h a t  

( i i )  There e x i s t s  an $ , ~ c J ( N ~ )  \ J(NJ);  

( i i i )  ~2  LO^^ > 2 )  ) 
5 6 2  + %  f o r  a l l  5i92 f S \ J ( N ~ ) .  

s (L&iy2)) 

I n  gene ra l ,  t h e r e  e x i s t s  a sequence { L @ - ~ ~ ) } € S  such t h a t  



Choose Nk b i g  enough such t h a t  

Then 

Bk"Ak (k = * ) .  
k k  

Since ,  B - C A B  (j = 1 , 2 , * * * )  and Al~A;C**'cAkc'", then U Bj c U Aj = Ak. 
J J  

j=l j=1 
m 

Now, l e t  B = U Bk, by theorem 1 .12 ,  f o r  any {Lki)}< 8 
k= 1 

Take 

Then, the  sequence { L ( ~ ~ ) } C  8 . It fol lows from our chosen Bk t h a t  
k  



( s i n c e ,  B j  ( L ( ~ ~ ) )  = 0 f o r  a l l  j%d-1). Therefore 
CV ' 

El (L k k )  
l i m  1 - k 5 - l i m  (6k + T-) = l i m  = l i m  6k = l i m  6  (Ak) 

LC - k + S  ( L k ) )  k-m k- k- k- 

( ~ i n c e , { 6 ~ ]  i s  an i n c r e a s i n g  sequence bounded above by 1). 

Hence 

This  completes t h e  proof .  

We a l s o  prove t h e  analogue of theorem 3.19 i n  terms of upper C-asymptotic 

dens i ty .  We r e q u i r e  t h e  fo l lowing  lemma: 

\ 

Lemma (3.20). I f  AcS and T(A) = B, then  f o r  any €9 t h e r e  e x i s t s  an 

i n t e g e r  N=O such  t h a t  f o r  a l l  wCS \ J ( N )  we have 

Proof .  We suppose t h a t  t h i s  lemma i s  no t  t r u e .  Then t h e r e  i s  an €9 

N and f o r  any i n t e g e r  N 9  t h e r e  e x i s t s  an zN such t h a t  4 C S \  J(N) w i t h  



N 
It fol lows s i n c e  I L ~  ) } €  3 t h a t  

which c o n t r a d i c t s  t o  the  theorem 3.2. 

Theorem (3.21). Let  A1,A2,"*,Ak"* be sets wi th  upper C-asymptotic 

dens i ty  -8, (k = 1 , 2 , )  such t h a t  AICA2C0"CA C *  * '  k . Then t h e r e  e x i s t  

B1,B2,"*,Bk,"*such t h a t  B]l:IVPPk (k = 1 , 2 , * * * )  and 

Proof.  Ci) I f  BkwAk ( k =  1 , 2 , " ' ) ,  l e t  --... - 

- 
Then BkC B f o r  any k .  Therefore,  ~ ( B ~ ) c  X(B ) f o r  any k and S ( A ~ )  

ST( a )  f o r  any k. This impl ies  l i m  S ( A ~ )  5 B ( B ) .  
k-tm 

(ii) We want t o  choose the  Bk such t h a t  

By lemma 3.20, the re  e x i s t s  an i n t e g e r  Nl 9 such t h a t  f o r  any $€s \J(N1) 



....................... 
t he re  e x i s t s  Nk such t h a t  NkSk-1 and f o r  any $CS \ J (Nk) 

Then 

Since,  ( i  = 1,2," ' )  and A1CA2C**'cAkc***, then U Bi C U Ai = 
i= 1 i= 1 

%' 

Xow, l e t  
0 

B =  U Bk. 
k= 1 

BY theorem 3.4,  t h e r e  e x i s t s  a sequence {L(&~)}( B such t h a t  

- n c ~ k ~ i ,  l 
& ( B )  = l i m  

i- s ( L ( ~ s ~ ) )  . 

Theref o r e  
k 



( s i n c e ,  B j ( ~ k i ) )  = 0 f o r  a l l  j?W-1). 

Since  { 8 , as i-, k+ a l s o .  Therefore,  

s c ~ o s ~ ) )  - 1 - 1 - 
l i m  E l i m  (6k+ $ = E i m  (6k+ z) = lh m k  
i- B C L ~ ) )  i- k-tm k- 

Hence 

- 
6 ( B )  5 l i m  ~ c A ~ ) .  

k- 

This proves t h e  theorem. 

Corol la ry  (3.22).  Let  A1 ,A2 ,  " * ,AK, " be s e t s  w i t h  C-asymptotic 

d e n s i t y  6k and upper C-asymptotic d e n s i t y  TIC( k = 1,2  , *  * )  such t h a t  

AlCA2C"'CA C"*.  Then t h e r e  e x i s t  B 1 , B 2 , * * * , B K ,  . . . k such t h a t  BkwAk 

(k = 1 , 2 ,  ' )  and such t h a t  bo th  -- 

Proof .  From theorem 3.19, t h e r e  e x i s t  BI,B~,-- ,B$- and 

. . . N 1  , N i ,  " ' , N k ,  such  t h a t  BL = A ~ \  J CNL) and 

- Furthermore, theorem 3.2 1 shows t h a t  t h e r e  a l s o  e x i s  t B] ' ,Bd ' , ' , $' , ' ' 



l 

and N 1 '  , N i t  , , N k '  , such t h a t  B;' - %\ JCNL' ) and 

w - 
(2) 6 (  U B i '  ) = l i m  b(Ak). 

k= 1 k- 

I f  we t ake  Bk = A ~ \  ~(max ~ N L  , NL'] ), then  Bk- (k = 1,2 ," ' )  

and B ~ C B L  , BkcBc f o r  each k .  By t h e  f i r s t  p a r t  of proof of theorem 3.19,  

we have 

Combining (1) and ( 3 ) ,  we o b t a i n  

and s o  

00 

6  ( U Bk) = l i m  6  (h) . 
k= 1 k- 

S i m i l a r l y ,  we have 

Now, we a r e  going t o  prove the " a d d i t i v i t y '  theorem f o r  t h e  C-natural 

d e n s i t y  . 

D e f i n i t i o n  (3.23) . A s e t  func t ion  f  is  s a i d  t o  be countably a d d i t i v e  

.. . 
i f  t h e  s e t s  A 1 , A 2 ,  "',Aka such t h a t  AiflAj = ) f o r  f#j, then  

m w 



Remark (3.24). There i s  a s imple  example t o  show t h a t  V i s  n o t  a 

1 2 
i countably a d d i t i v e  s e t  func t ion .  Let S = I , h = J c l ) ,  A2 = J C ~ ) \ J ( ~ )  ;-*, 

... m 41 = J (n)  \ J ( n - l ) ,  . Then A, = = S and s o  V (  h) = 1. 
n= 1 

- 
But f o r  each n ,  v(A ) = 6(An) = 6(&) = 0. Therefore,  

n 

Although V i s  n o t  countably a d d i t i v e ,  we can prove t h a t  v i s  "almost" 

countably a d d i t i v e .  This  r e s u l t  is  c a l l e d  the  a d d i t i v i t y  theorem f o r  

C-natural dens i ty  . 

Theorem (3.25).  (Add i t iv i ty  Theorem). Le t  Ai( i =1, 2 ,  " ')  be  sets 

w i t h  C-natural  dens i ty  such t h a t  f o r  each p a i r  i, j w i t h  i # j , AinAj = 4 . .  

Then t h e r e  e x i s t  Bi ( i = 1 ,2 , " ' )  such t h a t  Bi"Ai ( i = 1 , 2 , * * * )  and 

Proof .  ( i )  I f B i ~ A i ( i = 1 , 2 , " ' ) , l e t  B =  U Bi. 
i=l 

rn n n n 
Then 6 ( n ) = 6 (  U B i ) ?  6 (  U B i ) =  C GCBi)= C vCBi)* 

i= 1 i=l i= 1 i=1 

L e t t i n g  n-t.. we have 



m 

( i i )  To choose the  B i  such t h a t  FCB) 5 Z v CB. ) . 
i=l 1 

! 

Let V(+) = Vi (i = 1 , 2 ; * * ) ,  then f o r  any {'L&)}€ 8 ,  t h e r e  exists an 

i n t e g e r  N l z O  such t h a t  f o r  a l l  4CS \J(NI) 

A1 ( L k ) )  
5 V l + 1  

s (L(&)) 

and t h e r e  e x i s t s  N 2 S 1  such t h a t  f o r  any &€s\ J(N2) we have 

the re  e x i s t s  N k s k - ~  such t h a t  f o r  any %CS\ J ( N ~ )  w e  have 

Now, l e t  B k = A k \ J ( N k )  ( k =  1 , 2 , - * ) .  

Thus 

Let  

By theorem 3.4,  t h e r e  i s  a sequence IL(&>€ such t h a t  

For any $ # & , t he re  e x i s t s  an k such t h a t  ?ji j! J(Nk) bat $ C J(Nk+l) 

Therefore 



( s ince ,  B .  (L(lii)) = 0 f o r  a l l  jt k + 1). 
J 

Since {Lk i )}€  g , as i* , k* a l s o .  Therefore 

= l i m  ( V1 + V2 + "' 
1 + v k + -  ) 

k- k  

It fol lows t h a t  

- 
Hence, 6 ( n  ) = 6 C R )  i t  imp l i e s  t h a t  V ( R )  exists and 

This  completes t h e  p roo f .  

2 
Here we g ive  an a p p l i c a t i o n  f o r  t he  a d d i t i v i t y  theorem. Let  S  = I 



I 

and l e t  ,&J be  any enumeration of a l l  ordered  p a i r s  b p s )  (po in t s  i n  S) 

such  t h a t  r and s a r e  r e l a t i v e l y  prime and r,ss0. Let 

00 

Then U A = \ axes and s o  V (  je/l Aj) = 1. Furthermore, A i n A j  = $ j=l j 

f o r  i j and v(A.) = 0 ( j  = 1 , 2 , * * * ) .  To s e e  this, f o r  any { L ~ ~ ) J C  8 
J 

t h e r e  corresponds { ~ ( t d )  1 such t h a t  

-1 2 t2 s o  t h a t  

S ince  IL(#)JC S , as i-- , t* a l s o .  Therefore 
N 

Aj ( L k i )  
v(A.) = l i m  = 0. 

i s  s ( L ~ ~ ) )  
2 

By a d d i t i v i t y  theorem, t h e r e  e x i s t  BjNA. (j = 1,2; * )  and V (  0 B .) = 
J j=1 J 

m 

C ' v(Aj) = 0. Here we n o t e  t h a t  A i  \Bi i s  only f i n i t e .  j=1 

As an example of an a p p l i c a t i o n  of theorem 3.19 and theorem 3.21, 

we  can prove t h e  fo l lowing  theorem which d i f f e r s  s l i g h t l y  from t h e  

a d d i t i v i t y  theorem. 



. . . Theorem (3.26). Let A 1 , A 2 , * * * , A n y  be  s e t s  w i th  C-natural 

I d e n s i t y  such t h a t  f o r  each  p a i r  i , j w i t h  i# j  , A i n A j  = 6 '!hen t h e r e  

Proof .  Let A] = A l  > 

. .. Then A j c A i c * * ' c ~ ~ c " ' .  By c o r o l l a r y  3.22, t h e r e  e x i s t B 1 ,  B 2 ,  9Bk,"' 

such t h a t  BkmA; = b Ai ( k  = 1,2,  * )  and such t h a t  bo th  i= 1 

m m 

6 ( U Bk) = l i m  (i (Ai) and 8( U Bk) = l i m  H ( A ~ ) .  
k= 1 k* k= 1 k+ -- 

But a l s o  

m k 
6 ( U B ~ )  = l i m  6 (A;) = l i m  6 ( U 4) 

k-1 k* k*. i=l 

The t h i r d  e q u a l i t y  fo l lows  from t h e  f a c t  t h a t ,  s i n c e  t h e  C-natural dens i ty  

of Ai ( i = 1 , 2 , " * , k )  e x i s t  and 



S i m i l a r l y ,  w e  have 

- 
Furthermore, s i n c e  &(Ai) = 6 (%) = v(%)  (i = 1,2, ' )  , t hen  

01 w 01 w w ' - 
6 ( U B ~ )  = Z b ( A ~ )  = Z v ( A ~ )  = Z B ( A ~ )  = 6 ( U B ~ )  

k= 1 i= 1 i= 1 i= 1 k= 1 
00 

It fo l lows  t h a t  t he  C-natural d e n s i t y  of k!l Bk e x i s t s  and 



COMPARISON OF C- AND K-ASYMPTOTIC DENSITIES. 

A. R. Freedman [ 4 ]  has  def ined  K-density and K-asymptotic dens i ty  

as fo l lows  : 

D e f i n i t i o n  (4.1) .  A s e t  3( is  s a i d  t o  be a K-class on S i f  

?( = i F I Fn(S \g) i s  nonempty and f i n i t e ;  $F L(x)tF } . 
For FE 3( , l e t  

F* = i & I ,&fF; &€I&) \ x " Xpl 

F* i s  j u s t  t he  s e t  of maximal p o i n t s  of F wi th  r e spec t  t o  t h e  p a r t i a l  

o rde r ing  < determined by the  equivalence 

x S < X  " xi5yi ( i = 1 , 2 , * * * , n )  

It i s  c l e a r  t h a t ,  f o r  each FE K 

D e f i n i t i o n  ( 4 . 2 ) .  For any AcS, the  lower K-density of A i s  de f ined  

and the  upper K-density of A i s  def ined  t o  be 



I n  the  case  n = 1, dk(A) reduces t o  t h e  o rd ina ry  Schnirelmann dens i ty  

of t he  s e t  A. 

D e f i n i t i o n  (4.3) .  For any ACS, t h e  lower K-asymptotic d e n s i t y  of A 

i s  de f ined  t o  be  

c!~(A) = l i m  dk(~U.J ( N ) )  
N* 

and t h e  upper K-asymptotic d e n s i t y  of A i s  def ined  t o  be 

- - 
6,(A) = l i m  $ ( A \ J ( N ) ) .  

w 

2 

Proof .  I f  A i s  e i t h e r  empty o r  f i n i t e ,  then  

6k(A) = &,(A) = 0 .  

I f  A i s  asymptot ic  t o  S , then  

\ -- 
T h e r e f o r e , i n  above cases ,  t h e  theorem i s  t r i v i a l .  S ince  F i s  a set of 

f i n i t e  union of L&) , then f o r  each zCS \g, L k ) c F  f o r  some F i n  . 



Hence, f o r  any N=O 

L e t t i n g  N* we have 

From theorem 4.4, we know t h a t  6k(A) 5 6 ,  (A) 5 x c ( ~ )  5  LA) . Thus 

i f  t h e  K-natural dens i ty  of A e x i s t s ,  then s o  does t h e  C-natural d e n s i t y  

and t h e  two a r e  equal .  

Now, we a r e  going t o  o b t a i n  a r e l a t i o n s h i p  between t h e  C-asymptotic 

d e n s i t y  and the  K-asymptotic dens i ty .  Before d i scuss ing  t h i s  q u e s t i o n ,  

l e t  us mention a r e s u l t  of B.  Muller  [83 : For any AcS we have 

€ 3( and n i s  t h e  dimension of S ( s e e  [5, theorem 173 ) . 



Theorem (4.5). For any A G  = I" we have 

Proof .  F i r s t  we show t h a t  f o r  any i n t e g e r  N=O 

We t ake  an a r b i t r a r y  FC 3( and show t h a t  t h e  r i g h t  hand s i d e  of (2) does 

n o t  exceed [AUJ(N)I(F)/S(F).  I f  t he  p o i n t  (N,N,"*,N)fF, then FcJ(N) and 

and we a r e  done. Hence, assuming t h a t  (N,N, " ) CF, we have 

W e  have, apply ing  (1) 

Hence , 

L e t t i n g  N+ we obta in  



Corol la ry  (4 .6) .  For any ACS, 6c(A) = 1 i f  and only i f  tik@) = 1. 

Proof.  Suppose t h a t  6k(A) = 1. Then 1 P 6c(A) 2 tik(A) = 1 

which impl ies  6,(A) = 1. I f  rSc(A) = 1, then  theorem 4.5 shpws t h a t  

Therefore ,  

&(A) = 1. 

Theorem (4 .7 ) .  For any AcS = 1' we have 

Proof .  F i r s t  we show t h a t  f o r  any i n t e g e r  NsO 
"- 

Be t ake  an a r b i t r a r y  FC P( and show t h a t  IA  \J (N)J (F) /S (F) does n o t  

exceed t h e  r i g h t  s i d e  of (3) .  I f  t he  p o i n t  (N,N,-**)$?F,  then  

[A\, J(N) ] (F) = 0 and we a r e  done. Hence, assuming t h a t  (N, ,N) CF, 

we have [ ~ J ( N ) ] ( F )  2 (N + l ) n  - 1. We have, apply ing  (13, 

[XUJ CN) J (F) [XUJ (N) ] (F) [Xu J (N) 1 (F) + I 
- > 

s (F) [XUJ (N) ] (F)+ 1 S(F) + 1 



s o  t h a t  

- 
We ob ta in  (3)  i f  we can show t h a t  ~ , (XUJ(N))  z 1 - dc(A \ J(N)) . But 

t h i s  i s  easy s i n c e ,  f o r  each &S \a, we have 

Hence 

Corollary (4.8). For any AcS, xC(A) = 0 i f  and only i f  %(A) = 0. 

- 
Proof.  Suppose t h a t  Xk(A) = 0, then 0  = 6k(A) > z c ( A )  2 0 

which impl ies  X,(A) = 0 . I f  x c ( ~ )  = 0,  then theorem 4.7  shows t h a t  



Theref o r e  

We conclude with a n  example which shows that, t h e  C-asymptotic d e n s i t y  

and t h e  K-asymptotic d e n s i t y  a r e  i n  f a c t  d i f f e r e n t .  In t h i s  example, some 

n o t a t i o n s  and p r o p e r t i e s  f o r  K-asymptotic d e n s i t y  can  b e  found i n  t h e  

Freedman's paper 141 . 
Ekample. Le t  S b e  of dimension two. For i n t e g e r s  a , b  2 10 le t  

Take a i  = 10,  bl = 10: , ai+p = a i  + 2bi , bi+l = (ai+l)! and d e f i n e  

1 
W e  prove t h a t  6 k ( ~ )  57 and 6,(A) Z L s o  t h a t  Ak(A) # 6 c ( ~ ) .  2 

( i )  Let  F i  = L((ai+bi, ai+2bi))UL((ai+2bi, a i + b i ) ) ,  no t e :  Fi€ ?( f o r  

each i and (Fi) E 8 s i n c e  F icy (bi)c3( (i) f o r  each i. Thus 

Now 



Now 

1 + - 
3 Ci-> 

s ince  t h e  last 5 terms of t h e  numerator and t h e  l a s t  4 terms of denominater 

1 
a l l  approach 0 a s  i* . Hence we have Fk(A) E 5 . 

1 1 
( i i )  We show 6c (A) 2 T by proving t h a t ,  i n  f a c t  dc(A) L - i. e . ,  f o r  

2 ' 

each (x ,y) f S we have 
\ 

F i r s t  we show 

no te :  i f  i = 0 then  



Now 

(*) 4aibi > 4 b i  + 4ai + ai 

s i n c e  4ai - 4 > ai + 4 ( s i n c e  ai>2) and bi>ai SO 

so we conclude 



I 

We now cons ider  a n  a r b i t r a r y  (x,y)€ S . I f  e i t h e r  x<% o r  y<al  we have 

L e t t i n g  i b e  t h e  l a r g e s t  index such  t h a t  a i %  and a i 5 y y  we may assume t h a t  

ill. I f  y l a i + l ~  then  x<a i+ l  and w e  s e e  t h a t  

and s i m i l a r l y  i f  x?ai+l. Hence w e  can  i n  f a c t  assume t h a t  a i s x ,  yza i+ l .  

W e  d i s t i n g u i s h  3 c a s e s :  ( s e e  f i g u r e )  

Case I. X1 = ( x Y y )  and xcai-t-bi, ycai+bi. I n  t h i s  c a s e  i t  i s  c l e a r  t h a t  

Case 11. X2 = (x,y) and x>ai-t-biy y<ai+bi. Here 

We. need only  t o  show t h a t  



Thi s  i s  c l e a r  s i n c e  2(ai+bi)>x+l and 2ai2ai+l. ~ o t e !  By symmetry we a l s o  

have t h e  c a s e  x a i + b i ,  yzai+bi . 

Case 111. X3 F: (X ,y) and x?ai+bi, y?ai+bi . Let  x = ai+bi 3. w and 

y = ai+bi 3- z . We may assume zzw. Now we have 

Since  A(L((ai ,  a i l ) )  1 
2 - we need only  do  show t h a t  

Now, we c l e a r l y  have 

1 
Adding t h e s e  i n e q u a l i t i e s  we g e t  (A*)  above. So we conclude dC(A)?-. 

2 

Therefore ,  6, (A)? dc (A) - Thi s  completes t h e  proof .  2 .  
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