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ABSTRACT 

A s t rongly minimal s e t  H i s  s t r i c t l y  minimal i f  it i s  

definable without parameters, r e a l i z e s  only 1-type , and there  a re  no 

nont r iv ia l  equivalence r e l a t i ons  on it definable without parameters. 

( A ) H  is  by d e f i n i t i o n  H n acE(A) ; dimH(A) the s i ze  of a maximal 

independent subset  of ( A I H  . I f  H i s  s t r i c t l y  minimal, it i s  

modular i f  f o r  any A,B - c H , dim (A) + di% (B) = di% (A U B) 
H 

+ dimH ( (A) n (B) ,) . E is  an H-envelope of A i f  E i s  maximal 

subject  t o  (E U A ) H  = (A) . I n  the following, M i s  an 

l4 -categorical ,  N -s table  s t ruc tu re ,  H C M i s  s t r i c t l y  minimal w i t h  
- 0  0 - 

e i t h e r  H modular o r  ( A ) H  # $I , and E i s  an H-envelope of A - c M . 

- - 
Theorem 2.7. For any b C M w i t h  s t ( g l l ~ )  = s t ( g 2 1 A )  there a l f a 2 f  1 

i s  b 2 C M with s t (a lA<b 1 > ( A )  = st(a2'<b2> IA)  . 

Lemma 3.1. S T ( E ~ A  U H) = { s t ( g l ~  U H ) :  6 C M and ( A  U G I H  = , 

where ST(A I B )  i s  by de f in i t i on  { s t  (2 (B)  : 2 € A) . 

Theorem 4.5. (1) M i s  atomic over E U H . 

(2) I f  (A)H is f i n i t e ,  M i s  atomic over E . 

Corollary 4.6. I f  M is  countable, E i s  unique up t o  an 

automorphism of M f i x ing  A U H pointwise. 
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INTRODUCTION 

The no t ion  of a theory  c a t e g o r i c a l  i n  power a was f i r s t  

introduced by Zos (see Zbs) and Vaught (see  v1) i n  1954. Probably t h e  

first important r e s u l t  a b u t  N -ca tegor ica l  t h e o r i e s  i s  t h e  1959 
0 

theorem that  a theory T i s  N -ca tegor ica l  i f  and on ly  i f  T has 
0 

only f i n i t e l y  many t y p e s  i n  any f i n i t e  s e t  of va r iab les ;  t h i s  i s  

a t t r i b u t e d  t o  Engeler and Svenonius a s  w e l l  a s  ~ y l l - ~ a r d z e w s k i  ( a l l  

independently; see En, R-N, Sv) . Vaught (V2) gave some o t h e r  equivalent  

condit ions i n  1961. - 

I n  *s it was conjectured t h a t  any countable theory  

ca tegor ica l  i n  one uncountable power i s  c a t e g o r i c a l  i n  every 

uncountable power. This con jec tu re  w a s  proved by Morley i n  1965 (Mo); 
# 

i n  t h i s  paper Morley introduced t h e  notions of  t ranscendenta l  rank 

and degree and t o t a l l y  t ranscendenta l  theory. ~ o r l e y ' s  rank i s  used 

i n  t h e  p r e s e n t  paper, and of course i n  countable languages t o t a l l y  

t ranscendenta l  and N - s t ab le  t h e o r i e s  a r e  t h e  same a s  pointed  o u t  i n  
0 

Mo, Theorem 2.8. 

The t e r m  s t a b l e  ( a l s o  supers table  and No-stable 1 a c t u a l l y  

comes from Shelah ( s h l ,  Sh2) ; indeed, t h e  modern notion of s t a b i l i t y ,  

as w e l l  a s  a g r e a t  d e a l  of  what i s  known about it, i s  due t o  Shelah, 

beginning about  1969. s h e l a h ' s  notion of forking independence, 

though never mentioned by name, i s  i m p l i c i t  throughout t h e  c u r r e n t  

Paper. The same goes f o r  t h e  f i n i t e  equivalence r e l a t i o n  theorem 

(Sh2, 111, 2.8; see a l s o  CHL, Lemma 1.6) ; f o r  example, it i s  used i n  

der iv ing p ropos i t ion  1.14 of t h e  c u r r e n t  paper from Theorem 3.1 of 



s concepts of s t rong type and almost d e f i n a b i l i t y  a r e  

used qu i t e  e x p l i c i t l y  i n  t h e  cur ren t  paper. =so due t o  Shelah a r e  

the notion of imaginary elements and a s t r u c t u r e  re fe r red  t o  a s  M~'; 

ch i s  i s  e s s e n t i a l l y  our S t ruc ture  N . (All oE the  above is i n  Sh2.) 

  here a r e  o ther  notion of rank besides  M~r l ey ' s , :~ seve ra l  

due t o  Shelah and one, t h e  U-rank, due t o  Lascar (Las),  which fo r  

the  purposes of t he  cur ren t  paper is i d e n t i c a l  with ~ o r l e y ' s  

(as  pointed o u t  i n  Bu, a r e l a t i v e l y  readable account of some of the  

highlights of CHL.) The notat ion f o r  forking independence used - 
here comes from Ma. 

S e t s  of Morley rank 0 a r e  f i n i t e  and hence of l i t t l e  i n t e r e s t  

i n  studying ideas  r e l a t ed  t o  ca tegor ic i ty .  Given the  Morley rank, 

then, the na tu ra l  th ing  t o  consider is def inable  s e t s  of rank and 

degree 1. These, c a l l ed  s t rongly minimal s e t s ,  were f i r s t  

investigated by Marsh (Mar) i n  1966, and l a t e r  more thoroughly by 

Baldwin and Lachlan (BL) where they were used t o  prove a conjecture 

of vaught's t h a t  every N c a t e g o r i c a l  theory i n  a countable language has 
1- 

one o r  N - nonisomorphic models. O f  course, given imaginary elements, 0 

the  study of s t rongly minimal sets is v i r t u a l l y  equivalent t o  

studying s t r i c t l y  minimal s e t s  (CHL) . 
Much of t he  work regarding categoricdty has been devoted 

t o  providing answers t o  t h e  following (from &lo, more o r  ;.Less) : 

(1) Under what condit ions on a s t r u c t u r e  M can it be f i n i t e l y  

axiomatizable? 



3 .  

(2) Under what condi t ions  is t h e  rank of M f i n i t e ?  

(A s t ruc tu re  i s  f i n i t e l y  axiomatizable, e t c  . , i f f  i ts complete theory 

is.) 

~ a l d w i n  (B) provided a p a r t i a l  answer t o  (2) i n  1973; i f  

M i s  N -categorical  it has f i n i t e  rank. Mchlan,  i n  1974, 
1 

attempted t o  prove t h a t  t h e  rank i s  f i n i t e  f o r  N -categorical  M . 0 

TO do t h i s ,  he invented t h e  notion of  pseudoplane and showed (La) 

t h a t  t h e  nonexistence of  N -categorical  pseudoplanes implies not 0 

only t he  f i n i t e n e s s  of rank f o r  N -categorical  M , but  a l s o  that 0 

s tab le  and N -categorical  imp1 y N -stable.  He proved a l s o  without 
0 0 

assuming nonexistence of pseudoplanes, t h a t  supers table  and 

No-categorical imply s t a b l e  ( a s  he mentions, t h i s  was known t o  Shelah) . 
Makowsky, meanwhile, showed i n  Mak t h a t  a s t ruc tu re  which 

is the  a lgebra ic  c losure  of a s t rongly minimal s e t  cannot be 

f i n i t e l y  axiomatizable (extending a r e s u l t  known t o  Vaught) and 

provided an example of a supers table  f i n i t e l y  axiomatizable theory. 

I n  22, z i l ' b e r  proved t h a t  i f  H is a s t r i c t l y  minimal 

N -categorical  s t ruc tu re ,  e i t h e r  H i n t e r p r e t s  a rank 2, degree 1 
0 

pseudoplane o r  t he  c l a s s i f i c a t i o n  Theorem i s  t r u e  f o r  H ; t he  

Class i f ica t ion  Theorem says t h a t  e i t h e r  H has i n  e f f e c t  no 

s t ruc ture  at a l l  o r  i s  e s s e n t i a l l y  an a f f i n e  o r  p ro jec t ive  space over 

a f i n i t e  f i e l d .  I n  23, he introduced the  notion of envelope i n  

an attempt t o  prove t h a t  no complete t o t a l l y  categorical  theory T 

can be f i n i t e l y  axiomatizable. The idea of t h e  proof was t o  show 



that i f  M i s  a model of such a T and H - C M i s  s t rongly minimal, 

then an envelope of any s u f f i c i e n t l y  l a r g e  subset  of H is a f i n i t e  

&el of any fixed f i n i t e  subset  of T . 23 contains an e r ror ,  which 

~ i l ' b e r  has s ince  repaired ( i n  a non-t r ivia l  way). 

Cherlin noticed t h a t  t h e  C la s s i f i ca t i on  Theorem ( fo r  a l l  

s t r i c t l y  minimal, N -categorical  H) is a consequence of the  0 

c l a s s i f i ca t i on  Theorem f o r  f i n i t e  simple groups. (See CHL f o r  
I 

proof. ) 

using t h e  Class i f ica t ion  Theorem, Cherlin, ~ a r r i n g t o n  

and Lachlan ( i n  CHL) expanded and reorganized z i l ' b e r ' s  work. I n  

par t i cu la r ,  they generalized most of z i l ' b e r ' s  work t o  

N -categorical ,  N -s table  s t ruc tures ,  proved t h e  rank i s  f i n i t e  i n  
0 0 

N ca tegorical ,  N -s table  s t ruc tures ,  and introduced the  powerful 
0- 0 

Coordinatization Theorem (Theorem 3.1 of  CHL, proposi t ion 1.14 of 

the  present  paper).  using a notion of  envelope t h a t  i s  t h e  same 

a s  Z i l ' be r ' s  except i n  one p a r t i c u l a r l y  perverse case (and i n  a l l  

cases t he  same a s  i n  t h e  present  paper) ,  they show t h a t  No-categorical, 

N -stable s t ruc tu re s  a r e  not f i n i t e l y  axiomatizable, addressing 0 

(1). On t h e  o ther  hand, ~ e r e t y a t ' k i n  (P) has found an example of an 

N -categorical  f i n i t e l y  axiomatizable s t ruc ture .  1 

z i l ' b e r  i n  24 and z5, found a q u i t e  d i f f e r e n t  proof of 

t he  d l a s s i f i ca t i on  Theorem without using any deep group theory. 

A s  mentioned above, one of t h e  main t o o l s  of CHL i s  

Zi l 'be r ' s  notion of envelope. They a l s o  prove t h a t  except i n  t he  



mentioned perverse case, envelopes a r e  unique i n  t he  

sense t h a t  any t w o  H-envelopes of A a r e  isomorphic when considered 

a s  s t ruc tures  i n  t h e i r  own r igh t .    his i s  t h e  r e s u l t  t he  present  

paper extends. The main r e s u l t  of the  present  paper i s  t h a t  i n  

N ca tegorical ,  No-stable s t ruc tures ,  envelopes a r e  a s  unique a s  
0- 

could reasonably be expected, except i n  t h e  perverse case (where 

they a r e  not a t  a l l  unique f o r  e i t h e r  our envelopes o r  z i l ' b e r ' s ) .  

Along the  way we prove t h a t ,  f o r  any subset  A of an No-categorical, 

No-stable M , M i s  i n  a natural  sense weakly homogeneous over A . 
The f i r s t  chapter of this paper is devoted t o  preliminaries,  

t he  bulk of which a r e  from CHL. The second proves t he  weak 

homogeneity j u s t  mentioned (Theorem 2.7). The t h i r d  proves t h a t  any 

two H-envelopes of A a r e  isomorphic v i a  a map f ix ing  A U H point- 

w i s e  except i n  t h e  perverse case,(Corollary 3.3). The f i n a l  

chapter shows t h a t  t he  s t ruc tu re  is atomic over the  union of H 

and any H-envelope (Theorem 4.5) and so  i f  the  s t ruc ture  i s  

countable, t h e  map from Corollary 3.3 extends t o  an automorphism of 

the  s t ruc ture  (Corollary 4.6). 



CHAPTER 1 

PRELIMINARIES 

This chapter is devoted t o  s e t t i n g  t h e  stage f o r  t h e  r e s t  of 

the  paper. I t  begins with a descr ipt ion of a s t ruc ture  N constructed 

from t h e  given s t ruc tu re  M ; N i s  e s sen t i a l l y  a version of Shelah's  

Meq . [For an a l t e r n a t e  descr ipt ion,  see  Ma, pp. ~ 5 - ~ 8 . 1  

From t h i s  po in t  on M i s  assumed t o  be K -categorical  and 
0 

KO-stable. The chapter def ines  most of t he  notions s tudied i n  t he  

paper; most importantly, s t r i c t l y  minimal s e t s  and envelopes. The 

de f in i t i ons  come e s sen t i a l l y  from CHL although they a r e  a l i t t l e  more 

general. The c l a s s i f i c a t i o n  Theorem of z i l ' b e r  and Cherlin f o r  

s t r i c t l y  minimal s e t s  (see  CHL, Theorem 2.1) i s  not s t a t ed  but those 

of i t s  consequences which I use a re ,  i n  proposi t ions  1.9 through 1.12. 

pa r t i cu l a r ly  important a r e  1.9(2) and (3 )  and 1.11(1) . 1.9(2) s t a t e s  

bas ica l ly  t h a t  a modular s t r i c t l y  minimal s e t  behaves n ice ly  when any 

parameters from t h e  s t ruc tu re  a r e  named; 1.9(3) t h a t  any s t r i c t l y  

minimal set i s  c lose ly  t i e d  t o  a modular one; and 1.11(1) t h a t  any two 

modular s t r i c t l y  minimal s e t s  a r e  e i t he r  not r e l a t ed  a t  a l l  o r  t i ed  

i n  t he  c l o s e s t  poss ib le  manner. 

The r e s u l t  from CHL which t h i s  paper general izes  i s  

Proposit ion 1.18. ~ l s o  from CHL come proposit ions 1.13 and 1.14; the  

l a t t e r ,  which s t a t e s  how powerful knowledge about s t r i c t l y  minimal 

sets is, is  used repeatedly throughout t he  paper. Its basic  content 



is t h a t  any degree 1 type has an associated s t r i c t l y  minimal tqpe t h a t  

induces s t ruc tu re  on t he  given type. 

The chapter c loses  with a few well-known consequences 

of supers tab i l i ty  and a simple appl icat ion of these  useful  elsewhere 

i n  t he  paper. 



~hroughout ,  M and N (a l so  Mi, N ' ,  e tc.)  w i l l  r e f e r  t o  

s t ruc tures  i n  a r e l a t i ona l  language. This e n t a i l s  no l o s s  of 

f o r  t h e  purposes of t h i s  paper. I f  t w o  o r  more s t ruc tu re s  

a r e  mentioned together t he re  is no assumption t h a t  they share t he  same 

language. ] M I  denotes t h e  universe of M . 

I f  A - C 1 M l n  f o r  some n < w , A is def inable  i f  it i s  

definable using parameters from I M ~  ; A i s  B-definable i f  it i s  

definable using parameters from B ; A is 0-definable i f  it is  

definable without parameters. The d i s t i n c t i o n  between sequences, 

singletons,  and the  ranges of sequences w i l l  f requent ly  be dropped; 

fo r  example a-def inable  means rng (a) -definable. 

I f  A - C M , (M,A) denotes the  expansion of M obtained by 

adding f o r  each a f A a p r ed i ca t e  
'a 

with uaM = {a 

i s  non-empty, M I  A denotes t h e  s t ruc tu re  with universe 

language L ( M I  A) which has a pred ica te  symbol 
R~ 

f o r  

0-definable r e l a t i o n  R on M ; and i f  R i s  n-ary, 

r k M ( ~ )  and degM(B) (or  j u s t  rk(B) , deg(B) i f  M i s  

understood) denote t h e  Morley rank and degree of B f o r  any 

proposi t ion 1.1, I f  A - C  MI i s  def inable  and M i s  s t ab l e ,  

then fo r  any n < w , B c , - 
(1) B is def inable  i n  M i f f  it is  def inable  i n  M I A .  



Defini t ion  1.2. (1) A map ~ : I M ~ I  -r 1 ~ ~ 1  i s  a w.e. 

embedding of M1 - i n t o  . M a  i f  h is i n j e c t i v e  and f o r  any 

n 
< , A 5 1 MlI , A is 0-def inab le  i n  M i f f  h ( ~ )  i s  1 

O-definable i n  M2 

(2) h : 1 1 + I M2 1 is  an equivalence of  - Y and M2 i f  h i s a  

w.e. embedding of M1 i n t o  M2 
and h-' e x i s t s  and is a 

w.e. embedding of M2 i n t o  M . 
1 

(3)  M1 and M2 a r e  e s s e n t i a l l y  i d e n t i c a l  i f  1 ql = ln21 and t h e  

i d e n t i t y  is an equivalence of 
M1 

and M2 . 
(4) y is a w.e. subs t ruc tu re  of M2 (M2 is  a w.e. extension 

of 3) if I M~ I 5 IM21 and t h e  i d e n t i t y  u s  a w.e. embedding of 

y i n t o  M2 . W e  write M c 
1 - w.e. M2 

(5) I f  I M ~ J  5 lMll n IM21 and l M O l  is  0-definable i n  M , then 
1 

h:lM.,.I + I M 2 (  i s  a w.e. embedding of 5 i n t o  M2 (an equivalence 

o f  M1 and M2) over - Mo i f  h1 1 ~ ~ 1  is t h e  i d e n t i t y  and h i s  a 

w.e. embedding of  M~ i n t o  M (an equivalence of 
2 M1 and M 2 ) .  

Remarks. (i) A l l  t h e  above d e f i n i t i o n s  a r e  language-free. 

(ii) 5 5 w.e. '2 i f f  1 %  i s  a 0-definable subset  of M 2 and M1 

is e s s e n t i a l l y  i d e n t i c a l  t o  M2 1 1 M~ 1 . 
(iii) I•’ 

V M 2  5 woe .  N and l M l l  5 lM21 , then M 1 - c- w.e. M2 . 

( iv )  I f  Mo C - w.e. 5 and 5 5 w.e. M2 
then M c o - w.e.  M2 



( )  1f A - c l M l l  and ~ : I M ~ I  + I M 2 (  is  a w o e .  embedding of M1 

into  M2 , then h is a w o e .  embedding of (M1tA) i n t o  (M2rA) 

~ e f i n i t i o n  1.3. (1) I f  A,B - c I M I  and A and B a r e  

0-definable, then A i s  B-small i f  there  a r e  n < w and 

n 
w e f i n a b l e  C and F such t h a t  C - C B and F i s  a function from 

c onto A . 
(2) I•’ B - c ] M I  is 0-def inable and A - c 1 ~ 1  , A is B-small i f  there  

is  0-definable C 5 ] M I  such t h a t  C i s  B-small and A - c C . 
(3) M1 i s  a d-substructure of and M2 i s  a d-extension of - 

M~ , denoted M1 - d  C M 2~ i f  M I C  and 1 M2 1 i s  . . I M1 I - s m a l l  - w.e. M2 

( i n  M 2 ) .  

Remarks. (i) I f  A,B,C 5 I M /  a r e  0-definable, A - c C and 

C is B-small, then A i s  B-small according t o  de f in t ion  0.3(1); 

thus 0.3 (1) and (2) agree on 0-def inable  subsets  of I M I  . 
(ii) I f  M c N , then fo r  any 0-definable A with  - w o e .  

I M ]  5 A f I N  1 , A i s  I M I  -small i f f  N I A  is  a d-extension of M . 

(iii) I•’ M1 5 d M2 and M2 5 d M3 t h e n  M 1 - d  c M 3 . 

(iv) I•’ M c M , M c 
- d  2 1 - w . e . M 2  

and I M I  5 IM1I , then M c 
- d M 1  

(v) I f  M c M , M c M and M1 c then M c M . 
- d  1 - d  2 - w o e ,  M2 1 - d  2 

Defini t ion 1.4. N is a def inable  c losure  of M i f  : - 
(i) M c N .  - w.e. 



(ii)  or a l l  k < w and a l l  definable R - c 1 N 1 t he re  is 1 M I  - m a l l  

k k 
t h a t  e i t h e r  R - c B~ o r  R U B = I N I  . 

C M C  N and Ml 5 M i  , then t h e r e  i s  M2 and - d 1 - w.e. 

I such t h a t  M c M c N and h i s a n  
1 - d 2 - w.e. 

equivalence of Mi and M2 over M~ . 

~ r o p o s i t i o n  1.5. (1) Suppose M c M ,M and 
- d  1 2 

1 ~ ~ 1  n la2] = . There is a s t ruc ture  unique up t o  e s sen t i a l  

i den t i t y  with universe lhl 1 U IM2 1 t h a t  has M1 and M2 a s  

w.e. substructures.  Denote t h i s  s t ruc ture  M1 U M2 ; we have fur ther  

t h a t  M c M U M2 . 
- d  1 

(2) For a l l  M there  e x i s t s  N a definable c losure  of M . Further 

i f  M has only a countable number of 0-definable r e l a t i ons ,  we can 

choose N with only a countable number of 0-definable r e l a t i ons ,  

and t h i s  N i s  unique up t o  equivalence over M . 
(3) I f  M C M C N and N i s  a def inable  closure of M , - d 1 - w.e. 

then N i s  a definable closure of M . 
1 

The proof i s  omitted. Here a s  elsewhere i f  nei ther  a proof 

nor a reference is  given, the reader should be able  t o  supply h i s  own 

Proof i f  necessary. 

For any A 5 I N I  where M c - w.e. 
N , (M,A) denotes 

(N,A) I I M I  . 



proposi t ion 1.6. I f  A - C I N  I and N i s  a definable closure 

of M , then (N ,A) is a def inable  c losure  of (M,A) . 
From now on, M w i l l  r e f e r  t o  an N s tab le ,  N -categorical  

0- 0 

s t ructure  i n  a countable r e l a t i o n a l  language and N t o  a ( i .e . ,  the) 

definable c losure  of M which has countably many 0-definable 

re la t ions .  Unless otherwise indicated,  a l l  s e t s  considered w i l l  be 

IMI-small subsets  of I N [  . The pr inc ipa l  exception t o  t h i s  r u l e  

is  t h a t  a lgebra ic  c losures  of small s e t s  w i l l  not  be small- a c 8 ( ~ )  

always r e f e r s  t o  t h e  a lgebra ic  c losure  of A taken i n  N . Since any 

d-extension of M i s  N -categorical  and N -stable,  N r e t a i n s  
0 0 

much of t he  character  of No-categorical, N s t ab l e  s t ructures .  0- 

For ins tance,  although N is not  No-categorical, any type (over r$) 

rea l ized i n  N i s  i so la ted .  Also, i f  A is f i n i t e  ac8(A) i s  no t ,  

but fo r  any small B , acC (A) fl B is  f i n i t e .  

- 
The no ta t ion  tp(alA) is used f o r  the  (complete) type of a 

over A , and a l s o  f o r  t he  solut ion s e t  of this type. s t  (gig) i s  the  

- 
strong type of a over A ; a l s o  i t s  so lu t ion  s e t .  tp(a = tp(a 14) 

- - 
t p ( a2  1 A) and f o r  any Aidefinable B 5 1 N I  with a a C B and any 

1' 2 

A-definable equivalence r e l a t i o n  E on B with a f i n i t e  number of c lasses ,  

- - 
we have a E a 

1 2 

For any def inab le  B 5 I N  I , there  is a point  [BJ € N 

which "names" B - t h a t  is, ( N ,  { [B] }) i s  e s sen t i a l1  y i den t i ca l  t o  the  

expansion of N by a predicate  U with uN = B . spec i f ica l ly ,  let  

rp (x, EO) be a d e f i n i t i o n  of B ; on the  0-definable s e t  tP(Z0)  



- - 
define - by: a w a '  i f f  ~x[cp(x,a) c+cp(x , i ' ) l .  we may assume 

- 
t h a t  tp (ZO) /  -5  I N I ,  so l e t  [B] = a /- . Now f o r  any b' with 0 

t p ( b m )  = t p  ( [BI 1 , t h e r e  is a unique B '  such t h a t  

[B'] = b' - x C B '  i f f  3F C tp(S0) Ib' = ?/-A cp (x,?)] .  The 

notation [A1 i s  unambiguous f o r  definable A given a pa r t i cu l a r  

def in i t ion  of A -- whenever it i s  used, a p a r t i c u l a r  de f in i t i on  i s  

assumed. Also, i f  t h e  de f in i t i on  used f o r  A is cp(x,a) and A'  

is  a conjugate of A , then t h e  def in i t ion  used f o r  A'  i s  q(x ,a ' )  

- - 
fo r  some a '  C t p 6 )  ( i t ' s  i r r e l evan t  which a '  € tp(a) ) . Note 

A s e t  B i s  almost A-definable i f  [B] C ace (A) ; t'nat is, there  i s  

C which is A-definable and an A-definable equivalence r e l a t i o n  E on 

c with f i n i t e l y  many c l a s se s ,  one of which i s  B . I f  

[B] € ace (4) , B i s  almost 0-definable. -- 

For any def inable  B and any A , t h e  c losure  of A i n  B , - - 
denoted (A) , is B fl a c t  (A U I [BI 1 )  . 

B 

B is an atom over A i f  tp(blA) i s  the  same f o r  every -- 
b € B . B i s  an atom (B is  t r ans i t i ve )  i f  B i s  an atom over 4 . 

~ e f i n i t i o n  1.7. (1) A s e t  H i s  s t rongly minimal i f  it i s  

definable and (rk,deg) H = (1,l) . 
( 2 )  I f  H is s t rongly  minimal, there  is no [HI-definable equivalence 

r e l a t i on  on H with f i n i t e  c lasses  and H is an atom over [HI, we say 

H i s  s t r i c t l y  minimal. 

The following version of the  exchange p r inc ip l e  i s  used 



proposit ion 1.8. I•’ H is B-definable and strongly 

minimal, a € H and c € a c t  (B U {a)) - a c t  (B) , then 

a 6 acC(B U {c)) . 
I f  H is def inable  and B c H , B is independent over A - - 

i f  f o r  any b € B , b f (A U (B-{b)) Otherwise B is  dependent 

over A . From now on, i f  a d e f i n i t i o n  is made "over A" and the  A - 
is omitted, it i s  understood to. be 4 . ~ h u s ,  B is independent 

means B i s  independent over 4 . 
I•’ H is s t rongly minimal and A c H , then d i % ( ~ )  - 

denotes t he  ca rd ina l i t y  of a maximal independent subset  of A . I f  

B 5 I N  1, dink (B) = dink((.) H) ; cod- (8) i s  the  ca rd ina l i t y  of a 

maximal subset  of H independent over B . These notions a r e  

well-defined. Also, i f  A c B c a c t  (A) , di% (A) = dink (B) and - - 

c o d 3  (A) = codink (B) . 
If H is def inable  and A c H , then A is H-closed over - - 

f 

B i f  ( A  U B)H = A ; t he  H is o f t en  omitted. 

I f  H is s t r i c t l y  minimal, then H is modular i f  f o r  any 

closed A,B - c H , dimH (A) + d~ (B) = d i  (A U B) + di% (A n B) . "k 

I•’ H is s t r i c t l y  minimal, D[H,A] ( t he  dependence r e l a t i on  

of H over A) denotes {B H : B f i n i t e  and dependent over A); - - 

D [H, ($1 is denoted D [HI . 
Suppose H i s  s t r i c t l y  minimal and A is f i n i t e ;  then 

H - (A) i s  a 0-definable s t rongly  minimal atom i n  (N ,A U { IH] 1) . 
L e t  M1 be a small substructure  of N containing A U H U { IH] 1 .  I n  



5 there  is a Coarsest A U {[HI)-definable equivalence r e l a t i o n  
E~ 

on H - (A)H with f i n i t e  c lasses  s ince  M1 is N -categorical .  
0 

~ u t  any r e l a t i o n  on H - (A) t h a t ' s  A U { [HI 1-def inable  i n  N is  

A U { [HI )-definable i n  M1 r SO EA is the  coarses t  A U {[HI)- 

definable such r e l a t i o n  i n  N . Let H~ = [H- ( A ) ~ ]  / E ~  and H/A be 

a corresponding A U { [HI ) -definable subset  of N a s  given by 0.6 

and the  d e f i n i t i o n  of N . 
proposi t ion 1.9. Let H be s t r i c t l y  minimal. 

(1) I•’ A is f i n i t e l  H/A i s  s t r i c t l y  minimal i n  ( N ~ A )  ; i f  i n  

addit ion e i t h e r  H is modular o r  ( A ) ~  # C$ then H/A is  modular. 

(3)  Suppose H is not  modular. Then there  is a modular H' - C N 

such t ha t :  

(i) { [HI ) is [H ' ] -definable and { [H ' ] ) is  [HI -definable . 

any non-modular s t r i c t l y  minimal Hlr H2 and 

(iii) For any a € H , there  is a unique {[H],a)-definable b i jec t ion  

between H/a and H '  . 

(4) 1f H is not  modular and (A) = C$ then 

D[HtAI = D I H r  - 
(5) I f  H is not  modular and A - c H '  i s  f i n i t e ,  then H/A is not 

modular and the re  is a unique A U {$])-definable b i jec t ion  between 

(H/A) ' and 3 '/A . 



This proposit ion contains  Lemas 2.3 - 2.7 of CHL. 

~f H i s  modular, the  notat ion H '  j u s t  r e f e r s  t o  H . 
~f Ho and H1 a r e  s t r i c t l y  minimal s e t s ,  they a r e  

- 
orthogonal over A i f  f o r  any Ei € Hi independent over A , hi 

is independent over A U H1 - f o r  i = 0 , l  . We wr i te  H~ L H  . 
A 

1 

otherwise, Ho and H1 a r e  nonorthogonal over A , writ ten 

proposit ion 1.10. (1) For any s t r i c t l y  minimal H~ and 

(2 )  I f  ( [ H I )  = ( [ H I )  = +  r Ho and H1 a r e  s t r i c t l y  minimal 
O H1 Ho 

se t s ,  and Ho 1 H1 , then f o r  any A , (A U H = (A) 
Ho Ho 

(3) The r e l a t i o n  of being nonorthogonal i s  an equivalence re la t ion  

on the  s e t  of s t r i c t l y  minimal sets. 

(1) and (3) a r e  p a r t s  of Lemma 1.5 of CHL; ( 2 )  follows 

ea s i l y  from (1) .  

proposi t ion 1.11. Suppose Ho and H1 a r e  0-definable, 

nonorthogonal s t r i c t l y  minimal sets and f o r  i = 0 , l  , e i t h e r  . .Hi  

i smodular  or (A) # ( g  . 
Hi 

(1) I f  H~ and H1 a r e  both modular, t he re  i s  a unique 0-definable 

b i jec t ion  between them. I n  p a r t i c u l a r ,  dim (A) = dim (A) . 
Ho 1 



(2) I•’ ne i ther  H~ o r  H~ is modular, then dim (A) = dink (A) . 
Ho 1 

(3)  I f  H o  i s  modular and H is not, dink (A) + 1 = dink (A) . 
1 

0 1 

 his includes co ro l l a r i e s  2.8 and 2.9 of CHL. 

proposi t ion 1.12. Suppose Ho and H1 a r e  0-definable 

non-orthogonal s t r i c t l y  minimal s e t s .  There a r e  three  p o s s i b i l i t i e s :  

(1) H~ i s  not modular, (A) = @ , and e i t h e r  H i s  modular o r  
H, 0 

(A) # ($ ; then codink (A) + 1 = c o d 3  (A) . 
Ho 0 1 

(2) Interchange H~ and H1 i n  (1) . 
(3 )  Otherwise, codink (A) = cod- (A) . 

0 1 

proposit ion 1.13. I f  M i s  an N -categorical ,  No-stable 
0 

s t ruc ture ,  then rk(M) is f i n i t e .  

  his is Theorem 1.4 of CHL; it implies t h a t  fo r  any A , 

rk(A) (= rkN(A) by def in i t ion)  i s  f i n i t e ,  s ince every A we consider 

is a small subset  of N and so contained i n  an KO-categorical, 

N s t ab l e  s t ruc ture .  
0- 

Proposit ion 1.14, I f  H - c N i s  t r ans i t i ve  and definable,  

rk(H) L 1 and deg (H) = 1 , there  i s  a s t r i c t l y  minimal s e t  J which 

i s  almost [HI-definable, an atom over IH] such t h a t  f o r  any 

a C H , ( a ) J #  4 . .  

A s e t  J such t h a t  fo r  any a C H, ( a ) J  # 4 i s  sa id  t o  

coordinatize H .  his proposit ion,  the  basic too l  of t h i s  paper, i s  

Theorem 3.1 of CHL. 



~ o t a t i o n :  T ~ ( A ~ B ) ;  = {tp(alB) : c A) f o r  any A,B 5  IN^ 

18. 

, and 

~ e f i n i t i o n  1.15. B i s  homogeneous over A i f  f o r  any 

- - 
b C B such t h a t  tp(Iol~) = tp(gl  1 A) , there  is bl C B such ao 'a l t  0 

t h a t  tP(~:<bo>l A) = tP(al%bl> I A) . B i s  weakly homogeneous over 

- - 
A i f  f o r  any aO,al,bO c B such t h a t  s t ( a o l ~ )  = s t ( a l l ~ ) ,  there  

i s  b 1 C B with st(aoA<bo>)A) = st(; 1 A < b l > l A ) .  

p roposi t ion 1.16. Let G be homogeneous and J a 

0-definable atom with (G) 5 G . Then i f  (G fI M) # , 

( G ~ M ) ~ = G ~  J .  

Proof. Let e C (G fI M) and n C G n M be such t h a t  

e € (a . I f  f € G n J , t p ( e )  = t p ( f )  and s ince G i s  homogeneous. 

A- 
there  i s  m € G with  t p  (<e>%) = t ~ ( < • ’ >  m ' )  . SO f € (;') and 

J 

- 
m' C G n M . Thus G n J - c ( G  fl M) and the  reverse inclusion i s  

immediate from G n J = (GI . 
J 

~ e f i n i t i o n 1 . 1 7 .  I•’ M c N , H c I N ]  i s  s t r i c t l y  
1 - w.e. - 

minimal, and A 5 I N I ; then E - c 1 M1 1 is an H-envelope - of A - i n  

M1 i f  E is a maximal subset  of 1 Ml 1 such t h a t  (E U A ) H  = (A) . 

~emarks :  (1) I f  E i s  an H-envelope of A i n  MI , then 

(A$ Tt E and (E) = E . 
M1 - M1 



(2) I f  E i s  an H-envelope of 

H-envelope of A i n  N wi th  E 

= G n M~ = E . [Note: G is  no t  - 

A i n  M1 , t h e r e  i s  G an 

C G . For any such - 

small. J m y  such G i s  c a l l e d  an 

extension of E t o  an  H-envelope of A i n  N . - -- - - 

Proposi t ion  1 .l8.  I f  E is an H-envelope of A i n  

M c 1 - w.e. 
N and e i t h e r  H i s  modular o r  ( A ) ~  # @ , then 

(i) E i s  homogeneous 

  his fol lows e a s i l y  from Theorem 7.3 of CHL. The set A is  

assumed small;  t h e r e  i s  no need here  t o  assume 
M1 

is  small - of  

course, E w i l l  n o t  then be small,  but  a s  long a s  A is, t h e  r e s u l t  

is  t rue .  

M ~ r l e y  rank and U-rank a r e  i d e n t i c a l  i n  any N -ca tegor ica l ,  
0 

N - s t ab le  s t r u c t u r e  and hence i n  N f o r  t h e  purposes of this paper 
0 

( a l l  types  w i l l  be over small sets). The nota t ion ; L C  means that 

B 
r k t p ( a l ~  U c) = r k t p ( a l ~ )  , and A & C  means t h a t  f o r  every ( f i n i t e )  

B 

a c A , Z&c . The following summarizes t h e  bas ic  f a c t s  about 
B 

f s rk ing  used i n  this papert  

Proposi t ion  . l . l 9 .  (1) For any g, A, the re  i s  f i n i t e  

a c A such t h a t  G & A  . - 
a 

(2) A & C  =. CAA . I n  p a r t i c u l a r ,  i f  r k t p ( a )  2 1 and a € a c t ( g ) ,  
B B 



then r k t p  (GI a)  < rk tp (b)  . 
(3) There do n o t  e x i s t  a , B , C i ( i  < w) such t h a t  ci& U C and 

B j f i  j 

a & c i  f o r  a l l  i < o . 
B 

(4)  ~f c - c D , Z&c and Z&D , then ~ J / D  . 
B C B 

(5) ~f - C A; 5 ac8(Ai) f o r  i < 3 ,  then A ~ J ,  A~ i f f  

J. 

These f a c t s  fol low from t h e  s u p e r s t a b i l i t y  of M and a r e  

p a r t  of  t h e  l i t e r a t u r e .  See f o r  example Ma , where (1) is A:10, 

(2) is A.5, (3) i s  D.2(i) ,  (4) i s  A.4 and (5) i s  B.4. 

p ropos i t ion  1.20. Suppose H i s  s t r i c t l y  minimal, e i t h e r  

H is  modular o r  (A)H f 4 , (A), i s  f i n i t e  and d € N . Then 

(A U {dl),  i s  f i n i t e .  

Proof. Suppose not .  Then choose {ci : i < w} i n  

(A U {d}) independent over (A) , . By 1.9(2) , {ci : i < w} i s  

independent over  A . Thus ci&{c : j # i} , b u t  a l s o  
A j 

ci&d f o r  each i < w . 1.19(2) and (3) then g ive  a contradic t ion.  
A 



CHAPTER 2 

WEAK HOMOGENEITY 

The same conventions a s  i n  Chapter 1 a r e  car r ied  over here 

and elsewhere. I n  pa r t i cu l a r ,  M is an N -categorical ,  N -s table  
0 0 

s t ructure ,  N i s  i t s  def inable  c losure  and any s e t  mentioned i s  small 

unless otherwise indicated. The basic  r e s u l t  of t h i s  chapter 

- - 
(Theorem 2.7) is  t h a t  f o r  any a a b € N and A C N which i s  

1' 2' 1 - 
small, i f  st ( Z l l ~ )  = st ( G 2 l ~ )  then t he re  is b2 € N so t h a t  

st (zlA< bl> I A) = st (a2'< b2> I A) . That is, N i s  weakly homogeneous 

over any s m a l l  A - C N , and it follows t h a t  M i s  weakly homogeneous 

over any A L M  . Also included is a technical  lemma (2.1 and i t s  

corol lary  2-21 useful  i n  es tab l i sh ing  4.2 and 4.3 a s  well a s  2.4. The 

chapter concludes with an example (2.8) showing t h a t  M need not be 

homogeneous over A . 



Lemma 2.1. Suppose H and I a r e  s t r i c t l y  minimal, H i s  

almost 0-definable and I is almost b-definable, where b € H . Also 

suppose t h e r e  i s  a € N with b f (a)H and (< a , b  >) 
I ( b ) ~  

Then there  is J - c N which i s  modular and almost 0-definable such 

t h a t  ~ / b  1 I / b  . 
Proof. I f  I is almost 0-definable, take J = I '  . I f  

not, but H/b 1 I / b  , take J = H '  . So assume I i s  not almost 

0-definable and ~ / b  1 1/b ; [ I ]  C a c t  (b) - a c t ( $ ) ,  so by exchange 

(1.8) b € a c t  ( [ I ]  ) and I is an atom over b . Let K = st ( [ I ]  ) ; 

for  each [Io] C K , IO is  almost b -definable, s t r i c t l y  minimal 
0 

and an atom over bo f o r  some bo € H , so  t he  same is t r u e  fo r  IO1 . 
Let JO = U{IO1 : [I0] € K) and def ine  - on JO by do - dl i f f  

dl C (do) I; , f o r  some [Ill € K . - i s  c e r t a i n l y  re f lex ive .  I f  

do-d l  , say dl € and do € IO1 ; dl € ~ c ~ ( ~ ~ 1 ~ 1 ~ ~ ~ ~ l ~ d ~ ~ )  
1 

= (d ) , , so do € (d ) and s o  dl - d 0 
T ~ U S  - is  

I 0  l I 0  

symmetric. suppose dl € (d and d2 C (d ; then 
O I1 l I 2  

d2 f a c t  (< [ I ~ I ,  [ I2 ]  ,do>) - s ince  (< [ I l l ,  [ I 2 ]  ,d >) , = (d  ) I 

O I 2  O I 2  

dz € (do)Iml . Thus - is an equivalence r e l a t i on .  

Let  J = J& and def ine f : I '  + J by f ( d )  = d/- . 
f i s  an almost b-definable i n j ec t i on  (s ince I '  i s  s t r i c t l y  minimal); 

i f  w e  show t h a t  f is  onto it w i l l  demonstrate that J i s  s t r i c t l y  



minimal, modular and an atom over b , and ~ / b  = J 1 I ' = I '/b 1 I / b  = I ,  

so ~ / b  1 1/b. It suf f ices  t o  show fo r  any [ I  O1 , LIl l C K tha t  

I 0  
and I1 a r e  non-orthogonal. Suppose IIo1, 11~1 € K and 

T O  1 I1 ; choose [I2] € K independent from both ITo] and [I1] . 
  it her IO 1 I2 or  I1 1 I2 and it follows from (rk,  deg) K = (1,l) 

f o r  any independent [ Io ] ,  [I1] C K t h a t  IO 1 Il . Now choose 

b = b  blI - . . I  bkt ... f H independent over a and f o r  each 

i f w , [ I ~ ]  € K so t h a t  s t ( < l I J , b , a > )  = ~ t ( < [ ~ ~ l , b ~ , a > ) .  

(< a ,b  > I I  # 4 so (< arbi > ) I  # 4 ; choose di € (< arbi>) f o r  

ri 1 ~ / b ~  , i f  we l e t  B = b : i < } , d f B f o r  i < w . 
Ii 

s ince I i l I  fo r  i f  j ,  i , j  < w ,  i f  w e l e t  o = f d  : i < w }  , 
j i 

di f (B U D - idi}) , so d . & ~  - idi} f o r  i < w . 
I i 

1 
B 

But a l so  di&a , contradicting 1.19(3) . 
B 

Corollary 2.2. Suppose H and I a r e  s t r i c t l y  minimal, 

H is almost &definable and I is almost cA < d > -definable where 

-A 
d € H . A ~ S O  suppose there  is a € N with d 1 (c <a>)* and 

(cA<a,d>) 3 (cA<d>) I . Then there  is J c N which is modular, almost 
I #  

- 
- 

&definable and an atom over c such t h a t  J/d b I/ (cA<d>) . 

proof. Apply 2.1 i n  (N,:) t o  H/; and I/; with d/G 

taking the  p a r t  of b . 



- - 
~ e f i n i t i o n  2.3. (1) < H 1 , ~ 2  > is A-suitable f o r  < c - l B C 2  > 

- 
i f  H1 i s  s t r i c t l y  minimal, almost c U A-definable and 

1 

-- - 
st (El 1 A) = st (C21 A) and f o r  any < H1 ,HZ > A-suitable f o r  < c > , 

e i t h e r  cod% (A U El) = cod? ( A  U c2) o r  both a r e  i n f i n i t e .  
1 2 - - 

Remarks. (i) I f  < c 
V C 2  

> i s  A-great . d t acC ( A  U El) 
1 

(ii) For any A , < @,@ > i s  A-great, 

- - 
(iii) For any B , A - c B - c acE(A), < c1,c2 > i s  A-great i f f  

- - 
A-suitable f o r  < c ,C > , di t Hi (i = 1,2) and 

1 2  

- A<d >> is A-great. 
st (C '<dl>l A) = st ( C ~ ' < ~ ~ > I  A) , then < E '<dl> ,c2 

1 1 

Proof, We may assume dl f acC (A U C1) . Let < 11.12 > be 

- - 
A-suitable f o r  < c "<d >, c2"<d2>> ; i f  Il (hence 

1 1  
12) is  not 

- A - 
modular, < I ~ '  ,I2' > is a l s o  A-suitable fo r  < cl <dl>, c %d2>> . 2 

may assume Il and I2 a r e  modular. Choose ; t A so t h a t  Hi i s  

- A- 
almost c a-definable and 

i I i  
is almost ~ ~ ~ < d ~ > ~ a - d e f  inable  fo r  

- - -A- A 
and i f  both of these  a r e  t rue ,  since I i s  modular 

i 



we have codinp (A U ciA<di>) inf in i te  for i = 1,2. So assume 
i - - -A- A 

there is a '  C A , a '  3 a , with ( ~ ' % ~ ~ < d  >) 3 (a c <d >) - 1 I, # 1 1 I, 

since dl f , we apply 2.2 t o  find J1 modular, 

-A- -A- 
almost a c -definable, an atom over a c such that  

1 1 

Jl/dl 1 11/ ( Z " G ~ " < ~ ~ > )  . Since s t  (clA<dl I D1l >I A) = st(c2A<d2, [ I~ ]> IA)  

so choose J~ so that  

- - - - 
< J ~ , J ~  > is A-suitable for < c1,c2 > and since < c 1' C2 

> : i s  A-great, 

either codim (A U cl) = codim ( A  U c2) or both are infini te .  
J1 2 

= (by 1.111) codim (A U ciA<di>) = codim (A U ciA<di>) 
~ ~ / d ~  Ji 

- - A- 
codim (A U ci) i f  Ji 1 Hi/ (ci a) . 

- A- 
codim ( A  U ci) - 1 i f  Ji b Hi/ (ci a) - 

- A- - A- 
since J~ 1 H ~ / ( c ~  a) i f f  J~ 1 HZ/ (c2 a) . either 

- A - A  
codim (A U cl <dl>) = cod" ( A  U c2 <d2>) or  both are infini te .  

I1 I 2  

- - 
Lemma 2.5. I f  < a ,a > i s  A-great and bl € N . then 

1 2  

there is b2 C N such that  st (; '<bl>l A) = s t  (z2'<b2>1 A) . 1 



- - - - - 
proof. Choose < c1,c2 > so tha t  a c ci , < c1,c2 > is  

i - 

A-great and rktp(bllEl) is minimal. I f  rktp(b 1; ) = 0 choose 
1 1  b2 

so that  s t  (C '<b > I A )  = s t ( c 2  
1 1  - '<b2>ln) 

and we are  finished. So 

suppose rktp(b 1; ) 2 1 ; l e t  H1 be a s t r i c t l y  minimal almost 
1 1  

- - 
c -definable atom over c tha t  coordinates s t ( b  I c ) - such H 
1 1 1 1  1 

exists  by 1.14. Choose that  

- - - then < H ~ , H ~  > is A-suitable for < c1 ,c2 > . For 

- A 
dl C (cl <b >) , there is d2 € (c2'<b >) so that 

H1 H2 

- 
clear, and i f  dl 1 (El U A) , then codi % (cl U A) 1 1 . 

H1 1 - - - 
Since < c1,c2 > is  A-great , cod% (c2 U A) 2 1 , so choose any 

2 

A-great; a lso  rktp(b 1; "<d >) :< rktp(bllcl) by 1.19(2).   his 
1 1  1 

contradiction finishes the proof. 

- 
 emm ma 2.6. I f  s t ( i l l A )  = st(a21A) there are g1 and 

- - A- - A- 
b2 such that  < al bl,a2 b > i s  A-great. 

- - - A- - A- 
Proof. Choose 

blr b2 
so that  s t ( a  1 1  b I A )  = s t ( a2  b21A) , 

< , > i s  A-great and rktp(a  1; ) i s  minimal; th i s  can be done 
1 2  1 1  

since < @,@ > i s  A-great. I f  rktp(a li; ) = 0 we're done, so 
1 1  

assume r k t p ( a  I E ) 2 1 . Let H1 be an almost 6 -definable, 
1 1  1 

s t r i c t l y  minimal atom over 5 tha t  coordinatizes s t  ( z  1s ) . 
1 1  

- A- A 
choose H so tha t  st (al 

2 - "5 ' < [ H ~ I > I A )  = s t ( a 2  b2 < [ H ~ I > I A ) ;  



- A- - A- A 
choose c C (a2 b2IH2 so t h a t  st(; "6 "<c > ] A )  = s t ( a 2  b2 < c 2 > 1 ~ ) ;  

2 1 1  1 

rktp(; 16 "<cl>) < rktP(Zll 5) , a contradiction.  
1 1  

From t h e  two preceeding lemmas t h e  following is  immediate. 

Theorem 2.7. I f  s t ( Z l l A )  = s t ( g 2 1 A )  and b C N there  
1 

is  b2 C N such t h a t  st(; "<b > I  A) = st (z2"<b2> 1 A) . I n  par t i cu la r .  
1 1  

M is  weakly homogeneous over any A - c M . 
- - 

Corollary 2.8. I f  st ( q ~ )  = A) then < a 
l r a 2  

> 

- - 
Proof. I f  we had a counterexample < al.a2 - .  > . . A E  N ..- 

- - 
< HlIH2 > A-suitable f o r  < al.a2 > with 

cadi%- (A U il) # cod "k, (A U z2) < No then by taking an elementary 

- - 
s u h o d e l  prime over a .a , [Hl] , [HZ] and a su i t ab l e  countable subset  

1 2  

of A U H1 U H 2  . we would g e t  a counterexample i n  countable N . So 

- - 
suppose N is countable, and < H1,H2 > is  A-suitable f o r  < alla2 > . 

w e  have st(; 1 % [ H ~ ] > I A )  = S ~ ( Z ~ ~ < [ H ~ ] > ~ A )  and using 2.6 

and a back-and-forth argument we ge t  an automorphism of N f ix ing  

- 
A pointwise t h a t  takes  a t o  and [ H ~ ]  t o  [HZ] . The 

1 2 

conclusion is immediate. 



The following shows tha t  there is  an No-categorical 

N stable M and (algebraically closed i n  M) A c M such that  M 
0- - 

is not homogeneous over A . 
Example 2.8. Let L(M) have one unary predicate symbol V 

and three binary predicate symbols R , -l and w2 . ~ e t  

la1 = B  i) c i )  D , where I B I  = I c I  = = N o ,  and : 

M 
(2)  , wZM are hoth eqvivalence relations on $I . 
(3 )  - has two classes C and D . 

1 

(4) Every class of -2M is inf in i te ;  - has No classes that  2 

are subsets of C , No classes tha t  are subsets of D , and none that  

intersect both C and D . 

Let A = { { c ~ , D ~ }  : i 2 2. j E 1) .  Choose a. C CQ. al C C1 

and bO C D . We have tp(a0lA) = tp(b0lA), but there is no bl C M 
0 

with t p  (<ao, al> 1 A) = t p  (<bo, bl>l A) . 



CHAPTER 3 

ST (EIA U H) , THE SET OF STRONG TYPES 

The r e s u l t  of t h i s  b r ie f  chapter i s  t h a t  given H 

s t r i c t l y  minimal i n  M and any A C M with e i t h e r  H modular o r  - 
(A)H # $I , t h e  s e t  of strong types over A U H real ized i n  any 

H-envelope of A doesn' t  depend on t h e  choice of envelope.   his 

i s  Lemma 3.1. From t h i s  and 2.7 it follows e a s i l y  (Corollary 3.3) 

t h a t  i n  countable M t h e  envelope i s  unique up t o  an isomorphism 

f ix ing  A U H pointwise. 



3 0. 

Lemma 3.1. I f  A c N is small, H i s  almost A-definable - 
and s t r i c t l y  minimal with e i t h e r  H modular o r  (A) # @ , and E C M 

H - 
is an H-envelope of A , then ST(E I A  U H )  = { s t  ( G ~ A  U H) : g C M 

and (A U bH = ( A ) ~ }  . 

Proof. Given G C M and applying 1 . l g ( l )  , (4) and (5) 

- 
we can f i nd  a € A , C H such t h a t  5 is independent from 

0 
- - "6, # $ AI (ao i f  H i s  not modular, H i s  almost a 0 -definable, 

- 
and 5 \L A U H . I f  i n  addi t ion (A U bLH = ( A ) H  , then - A- 

a. ll 

A - - A -  & b by 1.9(2).  So by 1.19(2) and (5) .  G& a h I so by (4) I 
0 

b & A U H .   hat is, r k t p ( 5 l ~  U H) = rktp(blz0)  . ~ h u s  i f  a 
0 

- 
(A U bIH = (AIH and rktp(i;)A U H) = r there  i s  a C act? (A) such 

t h a t  (rk,deg) t p ( q a )  = (r, 1) , and H i s  a-definable. 

We now show by induction on r tha t :  

For a l l  A,G with 5 C M, (A U = ( A ) ~  and E an 8-envelope of A , 

i f  rktp(5lA U H) = r there  is e C E such t h a t  s t ( e l A  U H) 

= s t ( 5 l A  U H ) .  

1 f  r = 0 and the  condit ions apply, there  is a C acC(A) 

with rk tp (c l a )  = 0 , g € ( A ) ~  5 E and we're f inished.  Suppose 

rktp(E1 A U H) = k 1 1 , i; and A f u l f i l l  t h e  conditions, and the  

induction hypothesis holds f o r  a l l  r < k . Choose a C  act?(^) so 

t h a t  (rk,deg) tp (b 1:) = (k,  1) , H i s  a-definable and l e t  I be 



- 
an a l m o s t  :-definable s t r i c t l y  m i n i m a l  a t o m  over a tha t  coordinatizes 

t p ( q a )  . C h o o s e  a c . 
1 

case 1: H 1 1 . T h e n  for  any B c N , ( B  U {al}) H/i = ( 8 )  - 

- - 
T ~ U S  (g U A U = ( b  U A ) ~ / ; ;  - ( A ) ~ , ;  = (A U {all)Hlg ; thus 

(g U A U = ( A  U and also E is an H - e n v e l o p e  of 

A U {al} . W e  also have r k t p ( z l A  U {al} U H)  < k , so by the 

induction hypothesis there is ; C E w i t h  s t ( G l ~  U {al} U H) 

= s t ( ; l ~  U a U H) . 

case 2: H/; 11 . T h e n  i f  (A U H ) *  # 4 , (A U ~ h ) ~  # (I , so 

(A U H / ; ) ~  = I , SO ( A U H ) ~ = I .  T h e n  a 1 C (A U H) I ; but t h e n  

r k t p  ( G ~ A  U H) 5 r k t p  ( G I  z A < a l > )  < r k t p  (El a) = r k t p  (61 A U H) , a 

contradiction. So (A U H ) I  = 4 and so every po in t  of I 

the s a m e  s t rong type  over A U H . A p p l y i n g  1 . 1 8 ( 2 )  i n  ( ~ , a ) ,  s i n c e  

- 
E is  also an H/:-envelope of A , w e  get  e' C E w i t h  s t ( < '  I a) 

A - 
= s t ( G l a )  and a2 c a )  I . since s t ( a l l A  u H)  = st ( a 2 1 A  U HI  , 

by 2 . 7  there i s  C M w i t h  s t ( < a l > " b l A  U k) = st(<a2>';1A U H ) .  

since a c acL(?%), (A U {al} U bH = ( A  U bH = ( A ) ~  = (A U 1 

H-envelope of A U {a2}. B y  t h e  induction hypothesis, since 



- 
rktp(;lA U {a2} U H) < rktp(EIA U H)  = rktp(s lA U H ) ,  t he re  i s  c C E 

with  st(;(^ U {a2] U H) = s t ( C 1 ~  U {a2} U H ) ,  so  s t ( q ( ~  U H) = 

s t ( i ; l ~  U HI 

Thus ST(E [ A  U H) - 3 {st (%[A U H )  : 5 C M and (A U 6) = (A) ) 
H 

and the  opposite inclusion is c l ea r ,  

co ro l l a ry  3.2. Given A,H and E as i n  Lemma 3.1, E i s  

weakly homogeneous over A U H . 
Proof. suppose and 

= s t ( G 2 1 A  U H ) .  By 2.5 t he re  is f; C M with s t ( ;  "<fl>1A U H )  = 
1 

- 
st (;,'<f;> / A  U H) ; thus (e2'<f;> U A) = (A) and s ince E i s  an 

H-envelope of  A U z2 , t he re  is f 2  C E by 3.1 such t h a t  

- A  
s t ( f , l ~ U  Z 2 U ~ )  = ~ t ( f ; i ~ U  z 2 u ~ ) .  s o  s t ( e  . I  1 < f l > l ~ U ~ )  = 

co ro l l a ry  3.3. Suppose A and H are a s  i n  Lemma 3.1, 

and E2 a r e  both H-envelopes of A ( i n  M ) , and M i s  

countable. Then there  i s  an  isomorphism of N I (EL U H) and 

N I ( E ~  U H) t h a t  f i x e s  A U H pointwise. 

Proof. A simple back-and-forth argument based on 3.1 

and 3.2, 



CHAPTER 4 

M IS ATOMIC OVER E U H. 

In this final chapter, it is shown that under the usual 

assumptions that E is an H-envelope of A for H,A - c M and H 

strictly minimal with either H modular or (A)H # @ , that the 

structure M is atomic over E U H . p his result (Theorem 4.5), along 

with Corollary 3.3, easily gives the final result (Corollary 4.6) 

that if M is countable, an H-envelope of A is unique up to 

an automorphism of M fixing A U H pointwise. 



- 
Defini t ion 4.1. c i s  A-good i f  tp(c  /A)  i s  i so l a t ed  

and i f  f o r  any H which i s  s t r i c t l y  minimal and almost 6 U A-definable, 

(A U c)H is  e i t h e r  f i n i t e  or a l l  of H . 
- 

Remarks: (i) I f  d € acC(A U c) , c i s  A-good i f f  

-A 
c <d> is A-good. 

(ii) I f  c is  A-good, H is  s t r i c t l y  minimal and almost c U A-definable 

and d C H , then t p ( d 1 ~  U c )  i s  i so la ted .  Hence t p ( ~ ~ < d > / ~ )  is  

isola ted.  

Lemma 4.2. I f  6 i s  A-good and H i s  s t r i c t l y  minimal 

-A 
and almost A U &definable, then f o r  any d € H , c <d> is  A-good. 

Proof. By the  remarks, tp ($<d> 1 A) is i so l a t ed  and we 

can assume d 1 ace ( A  U c )  . Let I be s t r i c t l y  minimal and almost 

-A 
A U c <d>-definable. We m y  assume I i s  modular, s ince  i f  

(A U aA<d>) # ($ t he re  is a d i r e c t  connection between (A U ~ ~ < d > )  
I I 

and (A U cA<d>) ,- i .e.,  i f  one i s  f i n i t e ,  t he  other  is, and i f  
I 

the second i s  I '  , t he  f i r s t  is I. . Choose a € A so  t h a t  H i s  

-A-A 
almost :';-definable and I i s  almost a c <d>-definable. I f  

-A-A 
(A U cA<d>) = ( a  c <d>) , we're f inished; i f  not ,  f i n d  a '  - 6  A , 

I I 

- A-A -A-A 
c such t h a t  (6' c <d>) 3 (a c <d>) . s ince  a l s o  d f (amA- - 1 9  I 

c), r 

we apply 2.2 t o  f i nd  J which i s  almost ;;A;-definable, modular and 

-A- -A- A - 
an atom over a c such t h a t  ~ / d  1 1/(a c. .cd>) . s i n c e  c is  A-good, 

(A U C) is e i t h e r  f i n i t e  o r  J ; thus by 1.20 , (A U cA<d>) i s  
J 



f i n i t e  o r  J and so (A U &d>) i s  f i n i t e  or ~ / d  . Thus by 
J/d 

-A-A 
X . l l ( 1 )  (A U cA<d>) -A-A i s  f i n i t e  o r  a l l  of 1 / ( a  c <d>) - 

1 / ( a  c <d>) 

but then (A U cA<d>) is  f i n i t e  o r  I . 
I 

Lemma 4.3. I f  H i s  s t r i c t l y  minimal, almost A-definable, 

e i t h e r  H is modular o r  (A)H # @ , and E i s  an H-envelope of A , 

then : 

(1) The empty sequence i s  E U H-good. 

( 2 )  I f ,  i n  addit ion,  ( A ) ~  i s  f i n i t e  then t he  empty sequence i s  E-good. 

-A - 
proof. Suppose I i s  s t r i c t l y  minimal and almost e h-definable, 

where e f E and f H i s  independent over E . Also suppose H i s  

almost ;-definable. We need t o  check t h a t  (E U H ) I  i s  f i n i t e  o r  a l l  

- 
of I . Also, i f  ( A ) H  i s  f i n i t e  and h = @ , we need t o  check t h a t  

( E ) ~  i s  f i n i t e  o r  I . 

Case 1- I H ) . If (E U H) I 3 , then . 
# 

-A- 
-A- # @ , so from 1.11(1) and (E U H) - = H /(e h) we 

(E H)I /(e h) H /(e h) 

-A- 
ge t  (E U H) I/ (;Ai;) = I/ ( e  h) . Thus e i t he r  (E U H) = I o r  

I 

-A- 
(E U H ) l  = ( e  h ) I  . Also when E = @ , i f  ( A ) ~  i s  f i n i t e ,  so i s  

a r e  f i n i t e .  

case 2. 1 1 H )  . Proceed by induction on E ~ ( E )  . 
Suppose i; = @ ; expand E t o  G an H/;-envelope of A i n  N . By 



 gain by 1.10(2) (E U H) I/; = (El I/; so (E U H ) ~  i s  f i n i t e  o r  I . 
Now suppose t h a t  f o r  any ' C H independent over E with .Eh(K1) 5 k 

and any J s t r i c t l y  minimal, almost ;%'-definable, we have t h a t  

- A 
(E U H )  is e i t h e r  f i n i t e  o r  J ; a l s o  suppose t h a t  = h' <h > 0 

where th(K')  = k 2 0 . 
A -A-, A 

I f  (E U 6' <ho>)I = ( e  h <hO>)* , we a r e  done since 

A - 
(E U H) I = (33 U I;' <ho>II; so assume the re  is e C E ,  ' - 3 with 

- A- A - A- 
( e m  h' <h >) 3 ( E ~ K " < ~ ~ > ) ~  . s o  ho t ( e '  h ' )H  , so applying 2.2 

I f  

gives J which i s  a modular, almost  definable atom over 

-A- A 
such t h a t  j/h0 1 1 / ( e  h '  <ho>) . By t h e  induction hypothesis 

(E U H ) ~  is e i t h e r  f i n i t e  o r  J , so  
(E U H ) ~ / ~ ~  

i s  f i n i t e  o r  ~ / h ~  

by 1.20. By 1.11(1), (E U H ) I / ( ~ A ~ l A < h o , )  i s  f i n i t e  o r  

-A- A 
I/ (e  h' <ho>) , so  (E U H) I is  f i n i t e  o r  I . 

Lemma 4.4. Suppose B - c M and some sequence is  B-good. 

Then M is atomic over B . 
- 

Proof. Let 6 € M ; choose a C N so t h a t  a is 

B-good and rktp(b1;) i s  minimal. ~f rktp(bla)  = 0 , tp (E  la U B) 
- 

is  i so la ted ;  s i nce  t p  (a / B) i s  isolated, .  t p  ( ~ J B )  i s  isola ted.  Suppose 

rk tp(5 la )  I: 1 and l e t  H be a s t r i c t l y  minimal almost a-def inable 



- -A- 
atom over a t h a t  coordinat izes  s t ( q a )  . Choose a '  C (b  a ) H  ; 

-A - -A 
by 4.2, a <a'> i s  B-good. Since r k t p ( b ) a  <a1>) < r k t p ( c ( a )  , we 

have a con t rad ic t ion .  

Theorem 4.5. Suppose H i s  s t r i c t l y  minimal and almost 

A-definable, and e i t h e r  H i s  modular o r  ( A ) H  # $I . ~ l s o  suppose 

E c M i s  a n  H-envelope of A . Then: - 

(1) M is atomic over E U H . 
(2)  I•’ i n  a d d i t i o n  (A)H is  f i n i t e ,  M is  atomic over E . 

Proof.  ~mrnediate from 4.3 and 4.4 . 
C o r o l l a r y 4 . 6 .  Let  A, H and M be a s i n T h e o r e m 4 . 5 .  

Then i f  El and E2 are both H-envelopes of  A and M is  

countable, t h e r e  i s  an automorphism of M mapping E~ onto  E* 

and f i x i n g  A U H pointwise. 

Proof.  Immediate from 3.3, 4.5 and t h e  uniqueness of countable 

prime models. (See, f o r  example, ChK, Theorem 2.3.3, P.  95.) 
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