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ABSTRACT 

The stationary Einstein-Maxwell -Kl ein-Gordon (EMKG) equations for  

interacting gravitational , electromagnetic, a n d  meson f ie lds  a re  examined. 

The theory i s  cast  into the formalism of principal fiber bundles with a  

connection, wherein i t s  relationship to  current trends in theoretical 

physics i s  made manifest. The EMKG equations are  shown to admit a  "Higgs - 

1 ike mechanism" for giving mass to  the gauge f i e ld .  A theorem specifying 

suff ic ient  conditions for the s ta t ionar i ty  of the spacetime metric to  imply 

s ta t ionar i ty  of the other f ie lds  i s  proved. By imposing additional con- 

s t r a i n t s  and symmetries, the EMKG equations are  considerably simplified.  

An attempt ismade to  apply a  solution-generating technique, and t h i s  meets 

with only partial  success. Finally, a  stationary, b u t  non-static, solution 

i s  found, and the geometric and physical properties are discussed. 
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1 . INTRODUCTION 

A .  Motivation 

1 In theoretical physics, a new paradigm i s  emerging . I t  i s  d i f f i -  

c u l t ,  a t  t h i s  point, to completely describe or even name, the emerging 

paradigm. Broadly speaking, what we have i s  a growing consensus among 

theoretical physicists that  nature a t  i t s  most fundamental level can be 

described by "quantum gauge theories". Furthermore, i t  i s  increasingly 

be1 ieved tha t  the topological and metrical properties of spacetime i t s e l f  

play a highly non-trivia1 role a t  the level of elementary par t ic les .  The 

formerly compl ementary paradigms of (classical  ) general re1 a t i  vi ty  theory 

and quantum f i e l d  theory are shedding t h e i r  separate iden t i t i e s ,  and are 

evolving into the theory of q u a n t u m  gauge f i e l d s .  In a sense the new 

paradigm i s  the fulfilment of the hopes of Einstein, Weyl , Schrb'dinger, 

and others tha t  the fundamental forces of interaction could be unified in 

a geometrical se t t ing  . 
A t  the heart of the n 2 w  paradigm i s  the t r i ad  of gravity, gauge 

f i e lds ,  and matter f ie lds  (also dubbed source f i e lds ,  or generic "Higgs 

f i e lds" ) .  In Chapter 2 ,  i t  will be outlined how th i s  t r iad  i s  consistent 

with the mathematical theory of principal f ibe r  bundles with a connection. 

The simplest example of such a t r i ad  i s  the system consisting of a scalar  

( i  .e., spin-zero) meson interacting with gravity and the electromagnetic 

f i e l d .  The electromagnetic f ie ld  i s  the simplest gauge f i e ld  because the 

corresponding gauge group, U(1), i s  Abel ian,  and hence the gauge f i e lds  " 

are not d i r ec t ly  sel f - i  nteracti n g .  The Einstein-Maxwell - K 1  ein-Gordon 

(EMKG) equations are  an obvious -choice for the f i e l d  equations describing 

the dynamical behaviour of such a system. - 



Exact so lu t ions  of c l a s s i c a l  f i e l d  equations a r e  important i n  the  

new paradigm. There a r e  two (no t  unre la ted)  reasons f o r  t h i s .  F i r s t ,  

i n  t h e o r i e s  such a s  quantum chromodynamics2 ( t h e  gauge theory o f  the  

s t rong i  n t e r a c t i o n )  , i  n con t ra s t  t o  quantum electrodynamics, per tur -  

ba t ive  techniques have not born f r u i t  . Second, c e r t a i n  exact  sol  ut ions 

of  c l a s s i c a l  f i e l d  equations have revealed a  r ichness  and s u b t l e t y  of the  

corresponding quantum f i e l d  theor i e s  t h a t  could not have been revealed by 

3 per tu rba t ive  techniques . Examples o f  t h i s  a r e  the  t l H o o f t  monopoles, 

which a r e  s o l i t o n  so lu t ions  of t h e  Yang-Mills-Higgs the  

various i  nstanton sol ut ions of the  vacuum Yang-Mi 11 s  equations ( i n  

Eucl idean  aceti time)^, and the  g rav i t a t iona l  i  nstanton s o l u t i o n s  of t h e  

vacuum Eins te in  equations w i t h  a  s t r i c t l y  Riemannian metr ic  6 ,7 ,8  

In t h i s  t h e s i s ,  the EMKG equat ions wi l l  be examined i n  some depth. 

By imposing c e r t a i n  symmetries ( s t a t i o n a r i t y  and ax ia l  symmetry of the  

f i e l d s )  and o t h e r  types of r e s t r i c t i o n s  ( i somet r i c  motion o f  t h e  meson 

f i e 1  d  and the  Weyl -Majumdar-Papapetrou ( WMP ) cond i t ion ) ,  t h e  f i e l d  

equations a r e  s impl i f i ed  t o  the  poin t  where exact  s o l u t i o n s  can be found. 

A c l a s s  of  such so lu t ions  is  displayed and some of i t s  p rope r t i e s  a re  

d iscussed .  The p ro jec t  undertaken here i s  t o  be regarded w i t h i n  the  

framework of  t h e  new paradigm. Hence the  formal na ture  of  Chapters 2  

and 3 and t h e  Appendices A and B y  which c a s t  t h e  theory i n t o  t h e  elegant  

geometric formal ism which has proven so  useful f o r  understanding the 

s t r u c t u r e  and concepts of  gauge t h e o r i e s .  

B .  A Brief  His tory  of  the E M K G  Equations 

The h i s t o r y  o f  the  Klein-Gordon equation goes back t o  1926 with t h e  

9  
a t tempts  of SchrGdi nger ,  ord don", and  lei n l '  t o  cons t ruc t  r e l a t i v i s t i c  



versions of  quantum-mechanical wave-equations . In 1935, yukawal proposed 

a  model f o r  the  s t rong nuclear  i n t e r a c t i o n  i n  which t h e  force  between 

nucleons was mediated by massive charged s c a l a r  mesons (p i  mesons, o r  

pions) which obeyed the  Klein-Gordon equation i n  regions external  t o  the  

nucl eonic sources .  

In 1947, utiyama13 examined the  Eins te in  equations with a  s c a l a r  meson 

source which obeyed a  curved spacetime version o f  t h e  Klein-Gordon equat ion .  

Subsequent inves t iga t ions  tended t o  deal w i t h  t h e  subcase of massless  

s c a l a r  mesons. Prominent examples of  t h i s  a r e  t h e  papers of  ~ z e k e r e s ~ ~ ,  

15 Bergmann and Leipnik , and ~ i l m a z l ~ .  More r ecen t ly ,  E r i s  and Giirses 17 

displayed a  technique f o r  genera t ing  c l a s s e s  o f  s o l u t i o n s  of  t h e  Eins te in-  

Maxwell-mass1 ess-Klei n-Gordon equations from s t a t i o n a r y  ax ia l  ly-,symmetric 

so lu t ions  o f  t h e  Einstein-Maxwell equat ions .  In  this context ,  i t  should 

be mentioned t h a t  the massless Klein-Gordon equation i n  curved spacetime 

1 "  h 

i s  o f t en  modified by the addi t ion  of  t h e  term g R I) where R i s  t h e  s c a l a r  

curvature of spacetime and + i s  t h e  meson f i e l d .  Such theor i e s  a r e  o f t e n  

dubbed "conformal s c a l a r "  s ince  t h e  correspondingly modi f i e d  Kl e i  n-Gordon 

18 equation i s  inva r i an t  under conformal t ransformat ions  of  the  metr ic  t e n s o r  . 
Recently, t he re  has been cons iderable  i n t e r e s t  i n  t h e  Klein-Gordon 

and o t h e r  wave-equations i n  a  given semi-Riemannian spacetime. This i s  

usual ly  done i n  t h e  context  of  black-hole physics o r  quantum f i e l d  theory 

i n  a  curved c l a s s i c a l  "background" spacet ime.  The s o l u t i o n s  of t h e  Klein- 

Gordon equation so found a r e  never exact  s o l u t i o n s  of the  combined Eins te in-  

Maxwell-Klein-Gordon equations.  For more d e t a i l s ,  s ee  the  book by Fried- 

lander' '  and t h e  review by ~ i b b o n s "  and the  references  c i t e d  t h e r e i n .  



In the  e a r l y  1 9 6 0 ' ~ ~  Das 21 "', .Stephensonz3, ~ e ' ~ ,  and Das and Coff- 

25 
man found exact ,  s t a t i c ,  s p h e r i c a l l y  symmetric so lu t ions  of  t h e  EMKG 

equations with the  s c a l a r  meson having non-zero r e s t  mass and charge.  The 

s o l u t i o n s  found by Das and Coffman a r e  p a r t i c u l a r l y  i n t e r e s t i n g  . i 

3 
F i r s t ,  they bear some resemblance t o  s o l i t o n s  , i .e . ,  r egu la r ,  f i n i t e  

energy, local  ized s o l u t i o n s  o f  a  wave-equation>. Second, t h e  sol u t ions  

e x i s t  only i f  the  f i n e - s t r u c t u r e  cons tant  a t t a i n s  c e r t a i n  numerical values 

determined by a non-l inear  eigenvalue problem;- F i n a l l y ,  t he  co r res -  

ponding spacetimes a r e  topo log ica l ly  n o n t r i v i a l .  In quantum gauge theor-  

i e s  s o l i t o n s  a r e  important ,  a s  mentioned above, and coupling cons tan t s  

2 a r e  o f t en  energy-dependent . 

C .  Summary 

In Chapter 2, t h e  p r o p e r t i e s  of a  pr inc ipa l  f i b e r  bundle over  a  space- 

time M4 with s t r u c t u r e  group U(l )  a r e  developed. The bundle space,  a  f i v e -  

dimensional smooth manifold, i s  c a l l e d  the  world-bundle and denoted W .  I f  

W i s  endowed w i t h  a  connect ion,  determined by a  1-form f i e l d  A over  W ,  

then W is t h e  geometric s e t t i n g  f o r  an Abelian gauge theory,  and t h e  loca l  

expressions Ai f o r  A can be i d e n t i f i e d  with the  electromagnetic  po ten t i a l  . 
The semi-Riemannian s t r u c t u r e  on M4 determines t h e  g rav i t a t iona l  f i e l d  i n  

t he  usual manner. Sca la r  meson f i e 1  ds $ a r e  a s soc ia t ed  with smooth 

s e c t i o n s  of the  vector  bundle a s soc ia t ed  with W by t h e  fundamental rep- 

r e sen ta t ion  o f  U(1). In any region of M4 where $ f 0 ( s t r i c t l y  speaking,  

a r g  ($) i s  c L ) ,  one may use the  rea l  gauge, wherein $ i s  real  . 
The EMKG equations a r e  introduced via an ac t ion  p r i n c i p l e .  I t  i s  

shown t h a t  i n  regions of M4 where $ # 0 ,  c e r t a i n  conf igura t ions  of  t h e  



f ie1  ds mimic s o l u t i o n s  of the  Einstein-Proca o r  Einstein-Maxwell -Lorentz 

equations . 
A 

The metr ic  g of  spacetime i s  assumed t o  be s t a t i o n a r y  i n  Chapter 3. 

The f i e l d  equations then r equ i re  t h a t  2 Ti = 0, where Ti i s  t h e  sum o f  
5; 

t he  energy-momentum tensor s  of  t h e  electromagnetic  f i e l d ,  Ei j, and o f  t h e  

meson f i e l d ,  M i j '  
I t  i s  shown t h a t  i f  one f u r t h e r  demands t h a t  e i t h e r  

f. E i j  = 0 o r  f M i j  = 0 i n  a region of spacetime where $ f 0, then  
5 
f = E Ai = 0,  i . e . ,  t h e  meson and electromagnetic  f i e l d s  a r e  s t a t i o n a r y .  
5 5 

The theory i s  then decomposed i n t o  "3+1 form", so t h a t  a l l  f i e l d s  a r e  

over M3 = M /T  where T1 i s  the  one-parameter group of t r a n s l a t i o n s  gen- 4 1 
i 

e ra ted  by the t ime l ike  Ki l l ing  vector  f i e l d  5 . Tensor a n a l y s i s  over M3 

i s  developed and t h e  s t a t i c  case ,  including the  Das-Coffman s o l u t i o n s ,  i s  

reviewed. 

i i In Chapter 4,  we demand t h a t  the  meson cu r ren t  J i s  p a r a l l e l  t o  5 . 
This condit ion i s  c a l l e d  i sometr ic  motion, and has been used previous ly  t o  

s impl i fy  the  Einstein-Maxwell-Lorentz equat ions .  Used i n  t he  p resen t  

context ,  i t  enables  one t o  w r i t e  the  EMKG equat ions i n  terms o f  t h e  me t r i c  

g a ~  
of M3,  two complex p o t e n t i a l s  Q and r ,  and the  real  meson f i e l d  11. 

Two s i g n i f i c a n t  r e s u l t s  a re  then demonstrated. The f i r s t  i s  t h a t  t h e  mag- 

n e t i c  f i e l d  is  p a r a l l e l  t o  the  so-cal led t w i s t  vector  (determined by t h e  
A 

g4,) . The second i s  t h a t  t h e  Weyl -Ma jumdar-Papapetrou (WMP) cond i t ion ,  
h 

which i s  a funct ional  r e l a t i o n s h i p  between g44 and the reai  p a r t  of  t h e  

2 electromagnetic  po ten t i a l  4 ,  implies t h a t  e i t h e r  e2  = 16nm o r  t h a t  t h e  

real  and imaginary p a r t s  of 4 a r e  func t iona l ly  r e l a t e d .  In t h e  above, e 

and m a r e  the  charge and rest-mass o f  t h e  s c a l a r  meson. 



Chapter 5 c o n s t i t u t e s  an a t tempt  t o  apply the  Kramer, Neugebauer, 

and Stephani (KNS) so lu t ion-genera t ing  ansa tzZ6 t o  the  EMKG equat ions .  

The s t a t i o n a r y  Einstein-Maxwell o r  Einstein-Maxwell-Lorentz equat ions  w i t h  

isometr ic  motion f o r  the  f l u i d  a r e  der ivable  from an a c t i o n  p r i n c i p l e  on 

M w i t h  a  Lagrangian dens i ty  which i s  inva r i an t  under a  group of t r ans -  3 

formations isomorphic t o  SU(2, l)  a c t i n g  on @, T, and, i n  t h e  case  where a  

f l u i d  source i s  p resen t ,  on the  pressure ,  dens i ty ,  and f l u i d  v e l o c i t y  

f i e l d s .  T h i s  group transforms among so lu t ions  o f  t h e  f i e l d  equat ions  in  

a  nont r iv ia l  way. However, i f  we apply the  KNS technique t o  t h e  s t a t i o n -  

a r y  E M K G  equat ions  with i sometr ic  motion f o r  the  meson, then t h e  t r a n s -  

formations so  obta ined  a r e ,  i n  genera l ,  t r i v i a l  . However, a long t h e  way, 

one discovers  a  group isomorphic t o  SU(2, l)  x T1 which transforms among 

solu t ions  of  t h e  s t a t i o n a r y  EMKG equat ions with t h e  meson massless  and 

e l e c t r i c a l l y  n e u t r a l .  Mass breaks t h e  ~ U ( 2 , l )  x Ti symmetry much a s  i t  

breaks conformal symmetry i n  e l  ectrodynamics . 
In Chapter 6 ,  t he  s t a t i o n a r y  E M K G  equat ions w i t h  i somet r i c  motion 

a re  f u r t h e r  s i m p l i f i e d  by imposing ax ia l  symmetry on t h e  me t r i c  and t h e  

electromagnetic  and meson f i e 1  ds . I n t e r e s t i n g l y  enough, i t  i s  demon- 

s t r a t e d  t h a t  t h e  metr ic  can be put i n  t h e  so-cal led Weyl-Lewis-Papapetrou . 

form i f  and on ly  i f  t h e  WMP condit ion i s  s a t i s f i e d .  F ina l ly ,  a  c l a s s  of 

exact  sol u t ions  i-s found. These sol  u t ions  a r e  s t a t i o n a r y  (bu t  n o n - s t a t i c ) ,  

a x i a l l y  symmetric, and s a t i s f y  the  WMP and i sometr ic  motion cond i t ions .  

The f i n a l  Chapter i s  a  d iscuss ion  o f  the  p roper t i e s  o f  t h e  s o l u t i o n s  

found i n  t h e  previous Chapter. In p a r t i c u l a r  i t  i s  shown t h a t  t h e  metr ic  

has causal pa thologies  s i m i l a r  t o  those of the  Gadel me t r i c .  The metr ic  i s  



n o t  asymptotically f l a t ,  b u t  i s  homogeneous. The sources are  shown to be 

well-behaved in tha t  Ti s a t i s f i e s  the strong energy condition of Hawking 

and El l i s .  

There are four appendices. The f i r s t  summarizes the properties of 

principal f i b e r  bundles with a  connection. The second shows tha t  a  station- 

ary spacetime M4 has the structure of a  principal f iber  bundle over a  
A 

s t r i c t l y  Riemannian M = M4/T1. The components g4a determine a  connection 3 

on the bundle space M 4 .  The remaining two appendices are  technical. 

D .  Suggestions for Future Research 

In terms of the subject matter of the thesis  i t s e l f ,  there are two 

projects which are worth pursuing. The f i r s t  i s  the question of whether 

Theorem 3.1 could be strengthened so that the hypothesis that  e i ther  

L M = 0 or f Ei  = 0 could be dropped. The second i s  to find other 
5 i j  5 
solutions of the E M K G  equations, in  particular solutions where Re(@) # a 

constant and/or f a constant. I t  would be gratifying i f  such a  solution 

required the parameter e  to sa t i s fy  an eigenval ue problem a l a  the Das- 

Coffman solution. The hope i s  that  such a  solution would be a  more physi- 

cal ly  r e a l i s t i c  c lassical  model of an elementary par t ic le  than e i ther  the 

Das-Coffman solution or the solution found i n  t h i s  thes is .  

The rather  dramatic simplification in the s tat ionary E M K G  equations 

that  resu l t s  when isometric motion i s  imposed suggests the use of that  

condition in other equations for interacting systems of gravity, gauge 

f i e lds ,  and sources. Under current investigation are  the Einstein-Maxwell 

~ i r a c ' ~  and   in stein-yang-~il 1 s - ~ i g g s ' ~ ~  equations. 



Final ly ,  Appendix B suggests  t r e a t i n g  t h e  s t a t i o n a r y  g r a v i t a t i o n a l  

vacuum a s  a  gauge theory.  Under inves t iga t ion  by the  author  a r e  quest ions 

of topology and quant iza t ion  in  t h i s  formal ism. 



2.  THE WORLD-BUNDLE 

A .  The World-Bundle 

A natural geometrical set t ing for  the physical theory described in 

th i s  thesis i s  the world-bundle W .  The l a t t e r  i s  a principal f ibe r  bundle 

with a connection. The pertinent properties of principal f iber  bundles are 

summarized in  Appendix A .  More detailed treatments can be found in 

32 ~obayashi and ~ o r n i z u ~ ~ ,  Drechsler and ~ a , y e r ~ ' ,  and Daniel and Vial le t  . 
In spelling out the properties of W ,  most of the notation and conventions 

used subsequently will be displayed. 

The principal f iber  bundle structure of W i s  denoted by W(M4,U(1), r ) .  

Here W i s  a cm manifold ( the bundle space), M4 ( t he  base manifold) i s  a 

four-dimensional connected Hausdorff paracompact cm mani fold, U(1) (the 

structure group) i s  the one-parameter Abel ian group of unitary transfor- 

mations, and n:W -t M4 i s  a sur ject ive cm map, cal led the canonical c- 
jection. Given PcM4, there i s  a neighborhood U of p such that  n-' ( U p )  

P 
i s  diffeomorphic to  U x ~ ( 1 ) .  I t  i s  not assumed that  W i s  t r i v i a l ,  i  .e. 

P 
that  W i s  diffeomorphic to  M4xU(1). See Figure -a.L 

The manifold M4 i s  provided with an af f ine  s t ructure.  In par t icular ,  

i t  i s  assumed tha t  M4 has a semi-Riemannian s t ruc ture .  This means that 
A 

there i s  a rank-two non-degenerate symmetric tensor f i e ld  g on M4 with 
A 

signature -2 .  In the usual way33 the metric g determines a torsion-free 

aff ine connection on M4 . On .a coordinate patch ( i  .e. loca l ly) ,  where - 
A 

the metric has components g i  j, the connection i s  determined by the 

Christoffel symbols 



Figure 2.1 : The Worl d-Bundl e .  



Lower case l a t i n  indices i , j , .  . . . ,ZE (1,2,3,4} and t h e  summation convention 

holds f o r  repeated indices  i n  a  term. A comma denotes p a r t i a l  d i f f e r e n t -  
" - a A  - -  i a t i o n  with r e spec t  t o  t h e  coord ina tes ,  e .g .  g i j  ,k - 

g i  j ,  ax 

Covariant de r iva t ives  w i t h  r e spec t  t o  g a r e  defined a s  usual ,  and 

l o c a l l y  a r e  denoted by V i .  T h u s ,  f o r  example, i f  B .  i s  a  covar iant  vec tor  
J 

f i e l d  on M 4 ,  then 

V - B  = B .  k 
I j ~ . , i - ~ i j ~ k '  

The Riemann curvature t ensor  i s  defined so t h a t  i t s  components i n  a  c h a r t ,  

R' jkm , a r e  given by 

"i - i - i 
j k m  - r j m , k  - ' j k , m  + r;mr:k - r:k~:m . 

The Ricci t enso r  and curvature  s c a l a r  a r e ,  r e spec t ive ly ,  

A 

- ^i 
R j k  = R j k i ~  and 



These tensors sa t i s fy  the usual algebraic ident i t ies :  

A number of different ial  i den t i t i e s  are also sa t i s f i ed  by the Riemann ten- 

sor and i t s  contractions, the most important of which are the Bianchi 

identi t i e s :  

This in turn implies the contracted Bianchi ident i t ies :  

A A A 

where G -lg. R i s  the Einstein tensor. j k  "jk 2  j k  

The semi-Riemannian af f ine  s t ructure on K4 can be described in a  co- 

33 ordinate-independent way in term? of different ial  forms . This i s  accom- 

a i  pl ished by introducing the orthonormal family of 1 -form f ie lds  wa = wi d x  , 

such that 

- i j . a  b 
g w . o  = n a b  = 

1 j 
?lab E diagonal ( - 1 ,  -1, -1 ,  1  ) . ( 2 . 7 )  



Lower case l a t i n  indices  a ,b ,  .. . , h ~  {1,2,3,43 and denote t h e  t e t r a d  ( o r  

vierbein o r  i n v a r i a n t )  components. The a f f i n e  connection on M4 is  de te r -  

a i mined by the  connection 1-forms u E w i a b  dx . These q u a n t i t i e s  a r e  

r e l a t ed  to  t h e  r i  by 
j k  

a - r a s  k w b - T s k W r e b d x  Y 

where esb = 9StqbCwCt a r e  the  components o f  t h e  orthonormal b a s i s  of tang- 

ent  vectors  dual t o  t h e  w a i .  

The curvature  2-forms Ilab a r e  defined a s  

and a re  r e l a t e d  t o  the  curvature  tensor  by 

A 
* i  where R~~~~ E R j k m  waie j b .  The to r s ion- f ree  property o f  the  connection 

and the  Bianchi i d e n t i t i e s  a r e  equivalent  t o ,  r e spec t ive ly :  

b dua + uab A u = 0, and 

Equations (2 .9 ) ,  (2.11) ,  and (2.12) a r e  the  Cartan s t r u c t u r a l  equat ions  f o r  
- 

a connection on t h e  bundle of orthonormal frames o ( M ~ )  over M 4 .  This  is  a 



+ 
pr inc ipa l  f i b e r  bundle over M4 with s t r u c t u r e  group L,, t h e  proper ortho-  

chronous Lorentz group. The bundle space of  0(M4) c o n s i s t s  of  a l l  bases 

(frames) of  t h e  tangent  spaces T M a t  a l l  p c ~ 4 3 4 .  The covar i an t  der iv-  
A 

P 4  
a t i v e  w i t h  r e s p e c t  t o  g  a c t s  upon a1 1 smooth ( i  . e . ,  cOS) s e c t i o n s  of  t h e  

vec tor  bundl e s  a s soc ia t ed  with 0(M4) under the  various r ep resen ta t ions  

+ 
of t h e  Lie group L+, i  . e .  smooth t ensor  f i e l d s .  The mab  and t h e  aab 

may be i n t e r p r e t e d  a s  t h e  matr ix elements of  the  loca l  express ions  f o r  the  

connection 1-form and curvature  2-form f i e l d s ,  r e spec t ive ly ,  o f  a  connect- 

ion on the  p r inc ipa l  f i b e r  bundle 0(M4). 

The world-bundle W i s  a l s o  endowed with a  connect ion,  denoted here by 

A .  Thus ( s e e  Appendix A )  A i s  a  1-form f i e l d  over W, and i t  determines a  

unique smooth decomposition of TwW i n t o  horizontal  and v e r t i c a l  subspaces 

For each WEN.  I f  UCM4 i s  the  domain o f  a  cha r t  on M4 and S: U - W is  a  

loca l  smooth s e c t i o n ,  then the  loca l  expressions f o r  A a r e  

where p i s  a  b a s i s  of  u ( l ) ,  t h e  Lie algebra of U(1). The f a c t o r  i i s  

introduced i n  o rde r  t o  make A .  rea l  -valued ( u  ( 1 )  i s  an t i -he rmi t i an ) .  The 
J 

constant  f a c t o r  ( - e )  i s  chosen f o r  l a t e r  convenience. 

The cu rva tu re  2-form f i e l d  F i s  

where D i s  t h e  e x t e r i o r  covar iant  d e r i v a t i v e .  Since U( l )  i s  Abelian,  

i t  follows t h a t  



The local expressions for f are o f  the form 

The curvature 2-form ? s a t i s f i e s  the Bianchi ident i ty  

D f = d f = O ,  

which, loca l ly ,  i s  equivalent to 

A cautionary note i s  in order here. A common practice i s  t o  essent- 

i a l l y  drop the distinction between the globally-defined forms A and f on W 
i  1  i  

and the forms A E A.dx and F 5 - - F . . d x  A d x J .  To do so implies that  
1 2 1J 

there i s  a  global smooth section on M4, and hence that  W i s  t r i v i a l ,  i .e.-  

isomorphic to M4 x ~ ( 1 )  . In order to keep open the possi bi 1 i  t y  of the 

non-trivial i t y  of W ,  the objects A and F above will be assumed to be &fined 

with respect t o  a local smooth section. 



The fundamental r e p r e s e n t a t i o n  o f  U ( l )  i s  t h a t  c a r r i e d  by  C = t h e  

complex p lane .  If a d ,  then  t h e  a c t i o n  ( l e f t  o r  r i g h t )  o f  U ( l )  on a i s  

j u s t  o f  t h e  form eiea, where 0 ~ 4 .  Denote t h e  v e c t o r  bundle  assoc ia ted  t o  

w by t h e  fundamental r e p r e s e n t a t i o n  by  V(M4, C, n v )  Thus t h e  f i b e r s  o f  

v a r e  isomorphic  t o  C .  

L e t  a: U+C be a  l o c a l  smooth s e c t i o n  o f  V.  The s e t  C o ( m ) l m ~ U )  i s  

c a l l  ed a  moving frame ove r  U. I f  l a  (m) 1 E Jo (m) *~ (m)  = 1  f o r  every  

m d ( a ( m ) *  i s  t h e  complex con juga te  o f  a(m)) ,  then  t h e  moving frame can 

a1 so be i n t e r p r e t e d  as a l o c a l  s e c t i o n  o f  W ;  I n '  

1 oca l  gauge .- - 
A  gauge t r a n s f o r m a t i o n  on W i s  a  smooth map 

format ions a c t  upon moving frames o f  v e c t o r  bundl 

t h i s  case a i s  c a l l e d  a  

v:U -+ U ( l  ) . Gauge t r a n s -  

es assoc ia ted  w i t h  rep-  

r e s e n t a t i o n s  o f  U (1 ) .  L e t  o  be a  l o c a l  gauge, and l e t  Ai be t h e  components 

o f  t h e  l o c a l  express ion  f o r  t he  connec t ion  A w i t h  r espec t  t o  a. By 

equa t i on  (A.lO), t h e  e x t e r i o r  c o v a r i a n t  d e r i v a t i v e  o f  a  i s  

The fundamental r e p r e s e n t a t i o n  o f  t h e  gauge t r ans fo rma t i on  v  i s  o f  t h e  

form eieu, where u:U - R i s  smooth. Thus a  i s  t rans fo rmed t o  a  new 

gauge a' by 

a '  = e  i e u  a .  

S ince  t h e  e x t e r i o r  c o v a r i a n t  d e r i v a t i v e  i s  independent o f  t h e  gauge, i t  

fo l lows  t h a t  



From t h e  f a c t  t h a t  D i s  a  de r iva t ion  ( s e e  equation A.12 of Appendix A), 

and from (2 .21) ,  i t  fol lows t h a t  A!, t he  loca l  expressions f o r  A i n  t h e  
J 

transformed gauge a ' ,  a r e  r e l a t e d  t o  A .  by the  formula 
J 

A 

Let $ be a smooth sec t ion  of  the  vec tor  bundle a s soc ia t ed  w i t h  t h e  fund- 

amental representa t ion  of U(1), and denote i t s  component w i t h  r e s p e c t  t o  
A A 

the  gauge a by $, so t h a t  $ = $0. The component of  $ w i t h  r e spec t  t o  

a '  i s  then given by 

The geometrical s e t t i n g  j u s t  sketched i s  now given the  following 

physical i n t e r p r e t a t i o n .  The base manifold M4 i s  spacetime. The semi- 

Riemannian s t r u c t u r e  on M4 determines t h e  g rav i t a t iona l  f i e l d .  The conn- 

ec t ion  on W determines the  electromagnetic  f i e l d .  In p a r t i c u l a r ,  t he  

real  -val ued tensor  f i e1  d Fi i  s  t he  e l  ectromagnetic f i  el d  s t r eng th  t e n s o r  

f i e l d  and A .  i s  t he  four-potent ia l  . Matter f i e l d s  on spacetime a r e  smooth 
J 

sec t ions  of  vec tor  bundles a s soc ia t ed  with r ep resen ta t ions  of  U(1). In  . 

p a r t i c u l a r ,  smooth sec t ions  of t h e  vec to r  bundle associa ted  with the  fund- 

amental representa t ion  of  U ( l )  a r e  t h e  wave-functions of mesons, i  .e . 
charged massive spin-zero bosons . Physical l y  measureabl e  q u a n t i t i e s  a r e  

required t o  be independent of the  choice o f  gauge' and spacetime coord ina tes .  



For example, t he  f i e l d  s t r e n g t h  F i j  and t h e  p robab i l i ty  dens i ty  of a  

2  
meson, namely, = $*$, a r e  gauge-invariant .  

A1 t e r n a t i v e l y  t h e  world-bundle W has the  s t r u c t u r e  of a  five-dimens- 

ional semi-Riemannian manifold with a  one-parameter isometry. The group 

which generates  t h e  isometry i s  U(1). T h i s  viewpoint i s ,  of  course ,  t h a t  

of the  Kaluza-Klein "un i f i ed"  f i e l d  theory 35y36 ,  as  updated and general-  

37 3  9 
ized by Kerner , ~ r a u t m a n ~ ~ ,  and Cho . 

B. The Field Equations 

I f  the  world-bundle i s  t o  be a model f o r  c l a s s i c a l ,  i .e. non-second- 

quantized, i n t e r a c t i n g  g r a v i t a t i o n a l ,  e lectromagnetic ,  and mesonic f i e l d s ,  
A 

then the  so f a r  unprescribed f i e l d s  gi j ,  
A j  

, and IJ must be governed by 

appropr ia te  dynamical laws. I t  i s  pos tu la ted  here t h a t  these  dynamical 

laws a re  der ivable  from an a c t i o n  p r i n c i p l e .  Hence, i t  i s  assumed t h a t  
A 

t h e r e  i s  a  Lagrangian dens i ty  L($; A . g . )  depending on the  f i e 1  ds and 
j' I J  

t h e i r  de r iva t ives  such t h a t  when the  ac t ion  funct ional  
A A A 2 3 4  I ;  A ;  g . )  E I L($; A . ;  g . . )  ( -g)1 '2dx1~dx ~ d x ~ d x  i s  extremized, t h e  

J 1J U J 1J 

consequent Eul er-Lagrange equations a r e  t h e  dynamical laws. In t h e  above 
A 

expression,  U i s  an open connected compact region of M 4 ,  g i s  the  de te r -  

minant of the  , and the  v a r i a t i o n s  of t h e  f i e l d s  on the  boundary 2U a r e  

prescribed.  

The c r i t e r i a  f o r  choosing the  form of L a r e  the  following: 

( i )  L i s  gauge and coordinate t ransformation i n v a r i a n t ;  

( i i )  I f  t h e  connections on O ( M ~ )  and W a r e  both f l a t ,  i . e . ,  

i f  t h e  r e spec t ive  curvature 2-forms fiab and F vanish,  

then L reduces t o  t h e  usual f r e e  Lagrangian dens i ty  

i j 2  
Lo($) E q ai$*a .$ + m $*$ f o r  a  meson with r e s t  mass m 

J 

i n  Minkowski spacetime; 



( i i i )  L should be the  "simp1 e s t "  Lagrangian dens i ty  c o n s i s t e n t  

with the  previous c r i t e r i a .  

The f i r s t  two c r i t e r i a  can be j u s t i f i e d  on physical grounds, while  

the  t h i r d  i s  invoked f o r  pr imar i ly  a e s t h e t i c  reasons.  The fol lowing i s  

a shor t  l i s t  of  phys ica l ly  not untenable p o s s i b i l i t i e s  t h a t  a r e  ru led  ou t  

by the  above: 

1 .  Higher order  s e l f - i n t e r a c t i o n s  of the  meson f i e l d s ,  e .g . ,  terms 

2  
i n  t h e  Lagrangian dens i ty  o f  t h e  form b($*$) v i o l a t e  ( i i )  . Such 

terms may be useful in  accounting a t  l e a s t  phenomenologically f o r  

the  i n t e r a c t i o n  of  the  meson with t h e  s t rong and/or weak f o r c e s .  

2. The l ike l ihood  t h a t  e x i s t i n g  mesons, e .g .  pions,  a r e  no t  "fund- 

amental ", but r a t h e r  a r e  composite p a r t i c l  es2  cannot be d e a l t  

with i n  the  formal ism being used here. 

3. The in t ima te  connection between t h e  electromagnetic  and weak 

i n t e r a c t i o n s  a s  pos tu la ted  in  the  Weinberg-Salaam theory4' and 

which is  on the  verge on experimental v e r i f i c a t i o n  cannot be 

accounted f o r  within the  model being developed here .  

4. The p o s s i b i l i t y  t h a t  the  a f f i n e  s t r u c t u r e  of spacetime has 

tors ion4 '  has been expl i c i  t e l y  ru led  ou t  here.  

42 5.  I f  t h e r e  i s  supersymmetry i n  the  universe , then c e r t a i n  

ferrnion f i e l d s  such as  t h e  sp in  3/2 "g rav i t ino"  f i e l d 4 3  would 

have t o  be included. 

6 .  One i n t e r p r e t a t i o n  of the  Bohm-Aharonov e f f e c t  i s  t h a t  t h e  

i n t e r a c t i o n  of matter  f i e l  ds with the  electromagnetic  f i e l  d  

44 may be gauge-dependent . 



All o f  t h e  above caveats  sugges t  t h e  l i m i t a t i o n s  o f  the  model which 

i s  being developed here .  However a l l  o f  the  above, w i t h  t h e  poss ib le  excep- 

t ion  of 6 ,  could be embraced within geometrical s e t t i n g s  s i m i l a r  i n  p r i n c i p l e  

t o  the  worl d-bundle W .  For example, p o s s i b i l i t y  3 could be developed in  

40 
terms of a  worl-d-bundle w i t h  s t r u c t u r e  group SU(2) x U( l )  . 

We s h a l l  begin by considering the  Lagrangian dens i ty  Lo f o r  a  f r e e  

s c a l a r  f ie1  d  i n  Minkowski spacetime. Lo can be made gauge and coordina te  

t ransformation i n v a r i a n t  by making the  following s u b s t i t u t i o n s :  

so t h a t  the  Lagr,angjan dens i ty  becomes 

The cons tant  e  i s  t o  be i n t e r p r e t e d  a s  the  charge of  t h e  meson. 

The " k i n e t i c "  o r  " f r e e  f i e l d "  terms i n  the  Lagrangian dens i ty  a r e  

now assumed t o  be 

A 

where, R i s  t h e  s c a l a r  curvature  and k i s  a  coup1 i n g  cons tan t .  The complete 

Lagrangian d e n s i t y  i s  



! 

r 
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This choice f o r  L i s  governed by the  c r i t e r i o n  of sim p l i c i t y ,  a s  LEN i s  

t he  s imples t  non- t r iv ia l  s c a l a r  which can be constructed from the  p a r t i a l  
A 

der iva t ives  of  g and A The u n i t s  used here a r e  "natural  gaussian" i j  j 

i f  k = 8 ~ .  Hence c  = %  = G ( t h e  Newtonian g rav i t a t iona l  cons tant )  = 1 .  

The f i e l d  equations a r e  obtained by extremizing t h e  ac t ion  I (def ined  
^ i j  on p. 18)  under independent v a r i a t i o n s  of t h e  f i e l d s  $, $*, A j ,  and g , 

sub jec t  t o  t h e  "boundary cond i t ions"  

on aU. Hence t h e  f i e l d  equations a r e :  

where 



with 

The d i f f e r e n t i a l  i d e n t i t i e s  s a t i s f i e d  by the  f i e l d s  a r e  

The f i e 1  d  equat ions  (2.27)  a r e  known a s  t h e  Ei n s t e i  n-Maxwell-K1 e i  n-Gordon 

(EMKG) equat ions .  

The fol lowing counting argument shows t h a t  i n  general t h e  EMKG 

equat ions a r e  de te rmina te .  One may impose fou r  coord ina te  cond i t i ons  

i  
(C = 0 )  and one gauge cond i t i on  (A = 0 )  on t h e  f i e l d s  $, $*, A j ,  and 
A I\ 

g i j  . Hence t h e  number o f  independent f i e l d s  i s  11 = 1 0  ( g .  .) + 4  (A. )  + . 
1 J  J 

+ 1 ($1 + 1  ($*) - 4  ( c i  = 0 )  - 1  ( A  = 0 ) .  The number o f  independent 

F ie ld  equat ions  i s  11 = 10 ( S i j  = 0 )  + 4  ( M ~  = 0 )  + 1  (K = 0 )  + 

+ 1  (K* = 0 )  - ~ ( v . J '  = 0 )  - ~ ( v . T ~ '  = 0 ) .  Hence, t h e  E M K G  equat ions  a r e  
J J - 

determinate  . 



C. The Real Gauge 

In t h e  fo l lowing,  a  choice of  gauge wi l l  be imposed on t h e  E M K G  equat- 

ions. This gauge, c a l l e d  t h e  r ea l  gauge, wi l l  s impl i fy  subsequent comput- 

a t ions ,  and wi l l  f a c i l i t a t e  t h e  comparison of the  EMKG equat ions w i t h  r e l a t e d  

f i e l d  equations involving g r a v i t y .  

Let $ be a  smooth meson f i e l d ,  which i s  non-vanishing on some UcM4.  

Then by def in ing  t h e  smooth funct ions  

i t  i s  seen t h a t  q can be i n t e r p r e t e d  a s  the  real-valued component o f  t h e  

meson f i e l d  with r e spec t  t o  t h e  gauge eiea.  This choice of gauge is  c a l l e d ,  

f o r  obvious reasons ,  t he  r e a l  gauge. Clear ly  t h e  constant  funct ion  E = 1 

over C i s  a l s o  a  gauge, and s h a l l  be dubbed t h e  canonical gauge. The comp- 

onent of  the  meson f i e l d  i n  t h e  canonical gauge i s  $ i t s e l f .  Let t h e  comp- 

onents of the  connection 1  -form on W be A. i n  t h e  canonical gauge. Then . 
J 

the t ransformation from the  canonical t o  t h e  r e a l  gauge eiea = eieaB has t h e  



by equations (2 .22)  and (2.23) . Note t h a t  A .  a r e  the  components of  t h e  
J 

connection in  t h e  r ea l  gauge. Now i n  t he  canonical gauge, and by use of  

(2.36),  t he  q u a n t i t i e s  Ti, Eij, and t h e  Klein-Gordon equation ( 2  .2i'a) be- 

come, r e spec t ive ly ,  

- 2 - 2 
J .  = -2e (A. + a , i ) i )  , 

1 1 
(2.39) 

- 2 - Z A  A 

M i j  = 2vYin9 j + 2e (Ai + a Y i )  (Ti.  J + a, J . )n  - g i j  [grsv,ri),s + 

The Kl ein-Gordon equation f o r  I)* i s  just t h e  complex conjugate of  t h e  1 a s t  

equation above. I f  n-l f 0, then (2.41) and i t s  complex conjugate hold i f  

and only i f  t h e  r ea l  and imaginary p a r t s  of  Ke -iea vanish s e p a r a t e l y .  Hence, 

in  the  rea l  gauge, t h e  EMKG equat ions reduce to :  



where T i j  : M i j  + E i  with 

and 

i 2 i 2  J  E - 2 e A q  . 

Note that  the equation Ki  = 0 i s  equivalent to the d i f fe rent ia l  ident i ty  

i 
ViJ 

= 0, so tha t  when solving the E M K G  equations in the real gauge only 

equations (2.42a) - ( 2 . 4 2 ~ )  need be considered d i rec t ly .  

This section will be concluded by showing that  i f  cer tain constraints 

are imposed on the solutions of the EMKG equations, then the resulting 

equht ions formally resemble other we1 1 - k n o w n  c lassical  f i  el d equations in- 

vol ving gravity.  These resul t s  wi 11 be stated as theorems. 

Theorem 2.1 . The c lass  of solutions of (2.42a) - ( 2 . 4 2 ~ )  for  which 

I-I r a constant j! 0 s a t i s f y . t h e  f i e ld  equations 

(p) ,  = A 1 l A  2 
- G~~ + I+F. F + -- g F"F + M A . A . )  = 0, 1 1  4 i j .  . r s  1 J 



S 
I 2 -  2 2  where M = 2e r~ = a  cons tant .  The d i f f e r e n t i a l  i d e n t i t y  vi J~  = 0 becomes 
t 

proof: The c o n s t r a i n t  q  E a  cons tant  reduces ( 2 . 4 2 ~ )  t o  (2 .47) .  S u b s t i t u t e  
L__ 

the c o n s t r a i n t  and (2.47) i n t o  (2 .42a) ,  (2.42b), and (2.42d) t o  g e t  t h e  

des i red  resul  t .// 

The equations (2.45),  (2 .46) ,  and (2.48) a r e  t h e  Ei nstein-Proca equat- 

i o n . ~ ~ ~  f o r  a  massive vector  meson i n t e r a c t i n g  with t h e  g r a v i t a t i o n a l  f i e l d .  

Equation (2.47) i s  a  subs id iary  condit ion and implies  t h a t  t h e  vec to r  meson 

wave-function Ai  i s  a  t imel ike  vector  f i e l d .  The theorem i s  reminiscent  of  

4  6 the so -ca l l ed  Higgs mechanism , s i n c e  a  c e r t a i n  conf igura t ion  o f  a  massive 

s c a l a r  f i e l d  e f f e c t i v e l y  "gives mass" t o  the  photon f i e l d ,  but otherwise 

plays no dynamical r o l e .  In c o n t r a s t  t o  the Higgs mechanism, where the  mass 

of the  o r i g i n a l  s c a l a r  meson i s  imaginary and t h e r e  i s  a  q u a r t i c  s e l f - i n t e r -  

ac t ion ,  the  s c a l a r  meson here has rea l  mass and obeys t h e  l i n e a r  Kl e in-  

Gordon equation.  

Theorem 2.2. Let t h e  condit ions of  the  previous theorem hold. Define the  

2  2  2  bector f i e l d  v i  E (e/m)A. and the  constants  p 5 2m q and o - -2emq . Then 
1 

the equations (2.42a) - (2.42d) reduce t o  



proof: The proof i s  as  i n  t h e  previous theorem. // - 
4 7 The above a r e  the  equations f o r  a  charged d u s t  i n  general r e l a t i v i t y  , 

The dus t  i s  cha rac te r i zed  by constant  mass and charge d e n s i t i e s  and the  

ve loc i ty  vec to r  f i e1  d i s  para1 1 el  t o  t h e  e lec t romagnet ic  four-potent ia l  . 
2 

Theorem 2.3. I f  m - e2AjAj = 0 and i f  t h e r e  i s  a  real-valued s c a l a r  

f i e l d  9 such t h a t  qYi = B A i ,  then equations (2.42a) - (2.42d) can be 

wr i t ten  in  t h e  form: 

Proof: S u b s t i t u t e  t h e  cond i t ionsm2 - e2AjA = O a n d q  = @A. i n t o  - j '3 J 
(2.42a) - (2.42d) t o  g e t  t h e  des i red  r e s u l t  .// 

The above a r e  t h e  equations f o r  a p e r f e c t  f l u i d  i n  general r e l a -  

t i ~ i t ~ ~ ~ .  Here the  r a t i o  o f  charge d e n s i t y  o t o  mass d e n s i t y  p is  a 



6 rletic four-potent ia l  . Also the  pressure p and t h e  mass dens i ty  s a t i s f y  an 
F 
I equation of s t a t e  o f  t h e  form 
L 

~f e , i  i s  p a r a l l e l  t o  n , i  (which includes t h e  case  6 = cons tan t ) ,  then 



3 .  THE STATIONARY CASE - 
A 

In th i s  section i t  will be assumed tha t  the metric g i s  stationary. 

~ [ t  will be demonstrated , that  under cer tain conditions the EMKG equations 

together with the s ta t ionar i ty  of the metric imply the s t a t iona r i ty  of  

the electromagnetic and meson f i e lds .  The metric will be put into the 

usual 3+1 form and tensor analysis on an associated 3-manifold M will 
3 

be developed. The components of the curvature tensor will be written in 

terms of tensor f ie lds  on M3. Finally, the s t a t i c  case will be briefly 

reviewed . 

A .  Stationary Metrics 

i  i  Let x be coordinates on U c M 4  Then the dx are  a  basis of 1-form 
A 

f ie lds  dual to  the coordinate basis a i  = % . The metric g can be written 
ax  

as 

i j  where dx dx i s  shorthand for 1 / 2 ( d x i  @ d x j  + d x j  @ dxi) .  The metric 
A 

g i s  said to  be stationary on M4 i f  there i s  a smooth time-like vector 

4 8 f i e ld  5 over M which generates a  one-parameter group of isometries . 4 
-t -f 

This means tha t  5 i s  a  Killing vector f i e ld ,  i  .e . ,  tha t  5 s a t i s f i e s  the 

Kill i  n g  equation 

-f 

where f i s  the Lie derivative48 with respect to  5. The local form of 
5 

(3.2) i s  



Consider t h e  c l a s s  of  observers  whose world-l ines are  the t r a j e c t o r -  
-t 

i e s  ( i n t e g r a l  curves)  of 5. Such observers  wi l l  be c a l l e d ,  following 

4 8 1 2 3 4 -  Trautman , Copernican. A Copernican c h a r t  ( x  , x , x , x = t )  i s  
-t 4 

cha rac te r i zed  by a4 = 5, i . e . ,  t h e  x -1 ines  a r e  t h e  world-1 ines of a 

i i Copernican observer .  Clear ly ,  i n  such a c h a r t ,  5 = €i4. 
A 

The me t r i c  g i s  s t a t i c  i f  i t  i s  s t a t i o n a r y  and i f  the  t r a j e c t o r i e s  
-t 

of 5 a r e  orthogonal t o  a family o f  hypersurfaces.  The l a t t e r  condition is 

48. equivalent  t o  . 

 he following re su l t s48  a r e  e a s i l y  derived from (3 .3)  and (3 .4) :  I f  
A A A 

g i s  s t a t i o n a r y ,  then in a Copernican c h a r t  g i j , 4  = 0. I f  g i s  s t a t i c  a s  
A 

wel l ,  then i n  a Copernican c h a r t ,  gw4 = 0 f o r  a l l  w = 1,2 ,3 .  

~ r a u t m a n ~ ~  has shown t h a t  neighboring Copernican observers in a s t a t -  

ionary spacetime appear a t  r e s t  i n  a Fermi-transported local frame i f  and 

only i f  t h e  spacetime i s  s t a t i c .  In t h i s  sense ,  the  physical d i s t i n c t i o n  

between s t a t i o n a r y  and s t a t i c  i s  t h a t  only i n  t h e  l a t t e r  neighboring 

Copernican observers  wi l l  not  r o t a t e  w i t h  r e spec t  t o  one another. 

B. S t a t i o n a r i  t y  of Electromagnetic and Meson Fie lds  

4 9 I t  i s  u sua l ly  assumed, f o r  example i n   as" o r  in  Israel  and Wilson , 

t h a t  non-gravi t a t i o n a l  f i e1  ds i n  a s t a t i o n a r y  spacetime are a1 so s t a t i o n a r y .  

I f  i s  an observable non-gravitat ional  f i e l d ,  then i s  s ta t ionary  i f  



0. I f  $ i s  a  

onary i f  the  

wave-functi 

Lie d e r i v a t i  

on, so not d i r e c t l y  observable,  t 

2 -  2 ve o f  = q , which i s  observab - 

hen II, i s  

l e ,  i s  

t o  zero.  These l a t t e r  condi t ions  a r e  not always necessary consequen- 
A 

ces of  the  f i e l d  equations and t h e  s t a t i o n a r i t y  of g ,  a s  has been demon- 

~ t r a t e d  by ~ o o l l e y ~ ~  and Wainwright and ~ a r e r n o v i c z ~ ~ .  In t h i s  s e c t i o n  i t  

wil l  be asked whether ( 3 . 3 )  and t h e  EMKG equat ions imply 

t, 

and 

where F i j  i s  the electromagnetic  f i e l d  s t r e n g t h  and $ i s  the  meson wave- 

funct ion.  Note t h a t  from (3 .6)  and from t h e  f a c t  t h a t  z obeys the  product 

r u l e ,  i t  follows t h a t  

where E i s  a  real-valued func t ion .  The s t a t i o n a r i t y  of $ means t h a t  

i s  cons tant  along the  t r a j e c t o r y  o f  through p, f o r  each p~ M 4 .  

A necessary and s u f f i c i e n t  condi t ion  f o r  (3 .5)  i s  t h a t  t h e r e  e x i s t s  

a  smooth s c a l a r  f i e l d  f  such t h a t  



 his follows from ( 2  . I  7 )  and the  fac t5 '  t h a t  f o r  any tensor  f i e 1  d T i... . 
j... . 

N O W  perform t h e  gauge transformation 

where A i s  chosen so  t h a t  f X = - f .  This choice f o r  A i s  poss ib le  because 
5 

of the  required smoothness of f .  Now 

and 

Hence, without  l o s s  of  g e n e r a l i t y ,  we may replace  (3 .5)  by 



Wainwright and ~ a r e m o v i c z ~ '  proved the  elegant  and general r e s u l t  
A A A 

- t h a t  i f  g i s  homothetic, i . e . ,  t h a t  c g i j  - 2ygij ,  where y i s  a  constant ,  
5 

a n d  i f  Fi i s  non-null F .  F # 0 ,  then the equations fo r  a charged 
1J  

pe r fec t  f l u i d  i n  general r e l a t i v i t y  imply t h a t  

where v l ,  p ,  and p a r e  as defined in sect ion 2 . C ,  *F i s  the Hodge dual 
i j  

'L 5 2 
of F i j  ( see sect ion 4.A) and y i s  r e la ted  t o  the complexion a of F i j  

% 
b y y  5 •’a. 

5 
An analogous, b u t  a l a s  weaker, r e s u l t  f o r  the EMKG equations will now 

be demonstrated: 
+- 

Theorem 3.1.  Let 5 (which i s  not necessar i ly  time1 ike)  generate an isometry 
A " 

of g, so t h a t  E g . .  = 0. Further, suppose t h a t  the EMKG equations (2.42) 
5 3J 

hold, and t h a t  e i t h e r  E M = 0 o r  E E = 0. Then q = 0 and E Ai = 0. 
5 i j  5 i j  5 5 

The proof of  the  theorem depends on the  fol.lowing two lemmas: 

5 1 
Lemma 3.1 . Let A i j  be a symmetric tensor f i e l d  with E A i j  = 0. I f  h i s  

5 
an eigenvalue o f  A with a non-null eigenvector,  then f A = 0 .  

i  j 5 
Proof: Let u j  be a non-null eigenvector of A with eigenvalue A .  Take the - i j 

A 

Lie der iva t ive  of both s ides  of A .  . u j  = hg. . u j  t o  get  the desired r e s u l t .  J /  
1 J  1 J  

Lemma 3.2. In the real  gauge, the eigenvalues of 

2 2 " 2 2 "rs 2 2 + e A . A . Q  ) + g i j  [m 11 - g ( Q s r  Q's + e A ~ A ~ I ?  ) I  M i j  = 2 ( ~ , ~ n ,  - 
j J 



2 2 
1 = m q  - Q ,  and 

Furthermore, t h e  e igenvec tors  a t  p&M4 corresponding t o  

subspace o f  T M which con ta ins  a t  l e a s t  one non-null v 
P 4  

Proof: Consider t h e  s e c u l a r  equat ions  f o r  M i j :  
P 

A A 

0 = det(Mij  - hg. 1 J  .) = d e t ( 2 ~ ~ ~  - Z A ~ J ; . ) ,  1 J  

f o r  A and then f i n d  the  e igenvalues  1 of  Mi from A = A 

h ( p )  gene ra t e  a  
0 

ec  t o r .  

. . 

ion d e t ( Q i  j - ~ g i  j )  

2 2 i m q  - Q .  A 
' J 

s t r a igh t fo rward  but ted ious  c a l c u l a t i o n  y i e l d s  t h e  d e s i r e d  e igenvalues  ho 

and A,. 
- 

2 2 S ince  Q - m q + ho = 0, i t  fo l lows  t h a t  

j Thus, i f  U i s  an e igenvec tor  o f  M i j  with e igenvalue  A then 
0 ' 

I 
and hence Q . . u i d  = 0, i . e . ,  + (enAiui12 = 0. 

1J  
- 



A necessary and s u f f i c i e n t  condi t ion ,  then ,  f o r  (3 .12)  i s  

i I f  h i  and Ai a r e  non-coll inear ,  then t h e  s e t  o f  U s a t i s f y i n g  t h e  above 

equations generates  a two-dimensional subspace o f  T M Let r i  and s i 
P 4 '  

i i span t h i s  subspace. I f  one o r  both of r and s a r e  non-null,  then we a r e  

i done. I f  they a r e  both n u l l ,  then t h e  vec to r  ti E r i  + s i s  non-null 

A i j  A s ince  g t t = 2g. . r i s j  i s  non-zero by t h e  f a c t  t h a t  two null  vec tors  a r e  i j  1J 

orthogonal i f  and only i f  they a r e  c o l l i n e a r .  I f  qYi and Ai  a r e  c o l l i n e a r ,  

then the  s o l u t i o n s  of  (3.13) span a three-dimensional subspace, and t h i s  

subspace obviously contains a non-null vec to r .  / /  
h A 5 3 Proof of  Theorem 3.1 . From f gi  = 0, i t  fo l  lows t h a t  f G i  = 0 . Hence 

A 5 5 
from Gi  + kTi = 0 one has f Ti = 0. Thus, by hypothesis ,  f Mi = 0 .  

5 5 
Now, s i n c e  Mi can be wr i t t en  a s  

i t  fol lows t h a t  

By Lemma 3.2, ho has a non-null e igenvector ,  and so by Lemma 3.1, 



E. lo = 0. Thus 
C 

"i j 
and s i n c e • ’ Q  !r = g E Q ~ ~ ,  t 

i t  f o l l o w s  t h a t  Q = 0. B u t  

and so 

F i n a l l y ,  t h e  l a s t  e q u a t i o n  i m p l i e s  t h a t  f q, = (f v ) , ~  = 0, so t h a t  f rom 
t i  5  

(3.14) i t  f o l l o w s  t h a t  f (A.A.) = 0.  I f  each component Ai 0, t h e n  
r ' J  
'7 

f Ai = 0  f o l l o w s  t r i v i a l l y .  If one component, say A1, i s  non-zero, t h e n  
5 
f(AIA1) = 0  i m p l i e s  f Al = 0 .  Then from f (AIA.) = 0, i t  f o l l o w s  t h a t  
5 5 5  J 
f A. = 0  f o r  j = 1,2,3,4. / /  
t ; J  

C.  The 3 + 1 Decomposi t ion o f  t h e  M e t r i c  
-f 

I n  a  Copern ican c h a r t ,  t h e  t i m e l i k e  K i l l i n g  v e c t o r  5 s a t i s f i e s  
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Hence, i n  a  Copernican c h a r t  w i t h  coordina tes  ( x a , t ) ,  a s  we have seen above, 
A 

t he  g i j  a r e  funct ions of  t h e  xu on ly .  Henceforth, lower case  greek ind ices  
A 

a r e  elements of  {1,2,3) .  Without l o s s  of gene ra l i ty ,  t he  metr ic  g can be 

49. wri t t en  in  a  Copernican c h a r t  a s  fol lows . 

h 

g = -e  - W ( X ) g  (x)dxadxB + e W ( X )  [a (x)dxa + d t ]  . 2 
a B a ( 3  ..I 6 )  

The funct ions  w, g and aa depend on t h e  xu only,  and t h e  symbol 
a@' 

(x )  (xu) .  The above s h a l l  be c a l l e d  the  Copernican form p f  t h e  metr ic  

and i t  i s  c l e a r l y  preserved by the  f o l l  owing coordinate t ransformations 

where f a  and X a r e  a r b i t r a r y  smooth funct ions  of the  xa, i f  and only i f  t h e  

a transform a s  a 

Note t h e  resemblance of  the  l a s t  equat ion t o  a  gauge transformation of the- 

electromagnetic  four-potent ia l  Ai . In f a c t ,  t he  choice o f  aa f o r  a p a r t -  

i c u l a r  Copernican c h a r t  i s  only determined up t o  t h e  add i t ion  o f  a  g rad ien t  

of an a r b i t r a r y  smooth funct ion .  



The above cons idera t ions  motivate the  following r e i n t e r p r e t a t i o n  o f  a  

s t a t i o n a r y  spacetime M4: A s t a t i o n a r y  spacetime i s  a  p r inc ipa l  f i b e r  

bundle $ ( M ~ ,  TI, $1. The base manifold M3, o f t en  c a l l e d  t h e  a s soc ia t ed  

space y 2 2 y 2 5 ,  i s  a connected Riemannian three-dimensional smooth mani fo l  d  

and t h e  s t ruc ture-group TI is t h e  one-parameter group o f  i somet r i e s  gen- 

e ra t ed  by f. In f a c t ,  M3 = M4/Tl . The bundl e  space M4 i s  endowed w i t h  a  

connection. Given a  moving frame, i . e , ,  a  smooth non-zero rea l -va lued 

funct ion on UCM then t h i s  connection i s  l o c a l l y  determined by t h e  smooth 3  ' 
1-form f i e l d  aadxa over U .  The curvature  2-form of the  connection i s  given 

1  ocal l y  by 

In Appendix B i t  wi l l  be shown how t h e  Riemannian s t r u c t u r e  on M3 and t h e  

connection on the  bundle space M4 determine the  semi-Riemannian s t r u c t u r e  

on M4.  

The metr ic  on M 3  i s  here chosen t o  be t h e  g a s  defined by (3 .16) .  
aB ' 

T h i s  choice i s  merely conventional ,  and o t h e r s  have used o t h e r  conventions,  

e .g . ,  ~ i c h n e r o w i c z ~ ~  chose -e -W 
g a ~  

. The q u a n t i t i e s  g aB' and w , t ransform,  

r e spec t ive ly ,  a s  a  rank two t e n s o r ,  a  covar i an t  vec tor ,  and a  s c a l a r  under 

coordina te  t ransformations o f  M3. 

Henceforth, we s h a l l  work i n  M3. Unless otherwise s p e c i f i e d ,  greek 

indices  a re  r a i s e d  and lowered by g  
aB - In  cases  where confusion could 

a r i s e ,  t enso r s  i n  M4 a r e  "ha t ted" ,  e . g . ,  



Covariant d e r i v a t i v e s  o f  t e n s o r s  i n  M3 a r e  denoted by a s l a s h .  Thus, f o r  

example, i f  BC1 i s  a  cova r i an t  vec tor  f i e l d  on M3, then 

where 

a r e  the  Chr i s to f f e l  symbols f o r  t he  met r ic  g on M3.  The fol lowing formulae 
a B 

w i  1 1 be used r epea ted ly  49,54. 



The a l t e r n a t i n g  tensor  on M3 i s  defined a s  

where 

+ I ,  i f  ( a ~ y )  i s  an even permutation of (1 23),  

- 
E - - -1, i f  ( a ~ y )  is  an odd permutation of  (1231,  BY 

0, otherwise.  

The a r e  r e l a t e d  t o  the  components of t h e  a l t e r n a t i n g  t ensor  

'i j km on M4 by: 

where 

w i t h  c i  jkm defined analogously t o  E ~ ~ ~ .  

A i  on a  s t a t i o n a r y  F ina l ly ,  t h e  components of  t h e  curvature  t ensor  R jkm 

M4 i n  a  Copernican c h a r t  can be expressed i n  terms of t ensor s  on M ~ ~ :  





where Ale 5 gaBw w ,a Y B  
R" 

' Bus a r e  the  components o f  t h e  curvature  tensor  

on M 3 y  and t h e  faB a r e  defined by (3 .19) .  

D.  The S t a t i c  Case 

The equations (3.4)  a r e  necessary and s u f f i c i e n t  condi t ions  t h a t  a 

s t a t i o n a r y  M4 i s  a l s o  s t a t i c .  I f  we def ine  a  vec tor  f i e l d  ; on M4 by 

- - 
[j k ,  m] 

*i - 'ijkm 5 0 4  Y 

then cl e a r l y  (3.4)  i s  equivalent  t o  ri = 0.  Now i n  a  Copernican c h a r t  i t  

turns out  t h a t  

and 

The ra a r e  t h e  components of a  vector  f i e l d ,  c a l l e d  the  t w i s t  vector  f i e l d ,  

on M 3 .  I f  M4 i s  s t a t i c ,  then i t  follows t h a t  ra = 0,  and hence t h a t  

fa, = 0  . 

Let us r e t u r n  f o r  a  moment t o  the  pr inc ipa l  f i b e r  bundle i n t e r p r e t a t i o n  

of  a  s t a t i o n a r y  M4.  The faB a r e  the  components of t h e  curvature 2-form of 

the  connection defined l o c a l l y  by the  aa on t h e  p r i n c i p l e  f i b e r  bundle M4 

(MgY T1 n s ) .  Thus the  bundle space M4 i s  s t a t i c  , i f  and only i f  t he  



-43- 

connection i f  f l a t .  In t h i s  interpretation i t  i s  manifest t ha t  the s t a t i c  

property i s  loca l .  A f l a t  connection implies that  the connection 1-form 

a 
a , d ~  i s  closed, i  .e. ,  d(a dxa) = 0 .  The converse of the Poincare' lemma a 

("Closed forms are  local ly  exact")33 implies that  for each pcM3 there i s  a 

neighborhood of p in which there ex is t s  a function A such tha t  aadxa = d l ,  
A 

i  .e. ,  a = A, . Thus the metric g of a s t a t i c  M4 can be written as a a 

This i s  the standard form of a s t a t i c  metric22y47y48, with timelike co- 

ordinate A.  The equations ~ ( x ' )  = constant locally describe the spacelike 

surfaces orthogonal to  the . 
The properties of the ( loca l ly)  s t a t i c  EMKG equations have been 

examined in d e t a i l ,  for  example in  as" and Das and   off man^^, i n  Bronni- 

23 kov, e t .  a1 .55, and in Stephenson . Some interesting exact s t a t i c  solu- 

tions were found by Das and coffmanZ5. The metric and the electromagnetic 

and meson f i e lds  of these solutions are spherically symmetric. The electro- 

magnetic f i e ld  i s ,  in  addition, Coulomb-like and described by a s ingle  real- 

valued potential A .  The so-called Weyl-Majumdar-Papapetrou (WMP) condition 

i s  sa t i s f ied :  

a n d  the "bare" charge e and mass m s a t i s fy  a balance condition* 

* The units used in references 2 2  a n d  25 d i f f e r  from those used here. In 

particular,  one may transform the former units to the l a t t e r  by writing 
e2 E 4nr2, where E i s  the uni t  of charge in references 22 and 25,  and e 

i s  the unit of charge used here. 
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In t h e  fol lowing,  ( x ,  8, @, t )  a r e  modified spher ica l  coord ina tes .  

In p a r t i c u l a r ,  x  i s  t h e  inverse  of a  r ad ia l  coordina te ,  8 and $I a r e  t h e  

usual angular  coordina tes  o n  a  sphere ,  and t ,  t h e  t ime l ike  coord ina te ,  is  

i i chosen so t h a t  5 = 64, i . e . ,  t h e  c h a r t  i s  Copernican. In these  co- 

o rd ina tes ,  t h e  me t r i c ,  e lectromagnetic ,  and meson f i e 1  ds a r e ,  r e s p e c t i v e l y ,  

The funct ion U(x) z e  -W'2 must s a t i s f y  the  second-order nonl i near  ord inary  

d i f f e r e n t i a l  equat ion 

d2 2  2  3 4 .  - U + (ex csch x)  U 2 (3.27) 
dx 

The equation (3.27) resembles the  f i e l d  equation f o r  a  s t a t i c  s c a l a r  

f i e l d  i n  one space dimension with a  cubic s e l f - i n t e r a c t i o n .  The l a t t e r  

3 
equation has s o l i t o n  so lu t ions  , and so i t  i s  not  too  s u r p r i s i n g  t h a t  

(3.27) has s o l u t i o n s  which a r e  so l i ton-1  i  ke. One such c l a s s  o f  s o l u t i o n s  

is  found by choosing boundary condi t ions  on U such t h a t  the  t o t a l  charge 

i 3 I J n i 6  d  x i s  f i n i t e  and i s  equal t o  e .  The so lu t ion  of  this boundary- 
M3 

value problem e n t a i l s  so lv ing  a  non-l inear  eigenvalue equation f o r  e .  

The sma l l e s t  va lue  in  the  spectrum of  e  i s  about two orders  of  magnitude 

l a r g e r  than t h e  experimentally determined value of t h e  f i n e - s t r u c t u r e  

cons tant .  
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4. ISOMETRIC MOTION 

The s tat ionary Einstein-Maxwell equations can be written in a  useful 

and  elegant .form in terms of two complex potentials 26,49,56,57, I f  there 

are sources, then, in general , the above potentials do not ex i s t .  How- 

i  ever, i f  one imposes the condition that the current four-vector J of the 

sources i s  parall el to the Kill ing vector fie1 d < i ,  then the complex 

potentials can be definedz6. This condition i s  called isometric motion 

i  since the motion of the sources i s  along the t r a j ec to r i e s  of €, . 
In th i s  chapter, a f t e r  some prel iminaries, the condition of isometric 

motion will be imposed on the current of the meson f i e l d .  This will enable 

us to define complex potentials and write the s tat ionary EMKG equations in 

a  revealing form. Two s ignif icant  resul ts  are demonstrated. T h e  f i r s t  i s  

that  the magnetic f i e ld  i s  parallel  to the twist  vector defined in the 

previous chapter. The second i s  that the Weyl -Ma jurndar-Papapetrou (WMP) 

condition58y59 implies that  e i ther  e2 = 2krn2, or t ha t  the e l ec t r i c  and 

magnetic potent ials  are  functionally related. 

A. The Electr ic  and Magnetic Potentials 

In a  s ta t ionary spacetime, the e l ec t r i c  and magnetic f ie lds  can be 

covariantly defined. In par t icular ,  

i  where 5 i s  the timelike Killing vector f ie ld  and F i j  i s  the electro- 

magnetic f i e l d  strength.  The Hodge dual * F i j  i s  defined in  the usual way: 



where qi  jkm was defined e a r l i e r  ( c f .  equation (3 .22)) .  Equations (4.1)  

and (4.2) general i z e  the  usual coordinate-dependent d e f i n i t i o n s  

In  a  Copernican c h a r t ,  (4 .1)  and (4.2)  reduce t o  (4 .4)  and (4 .5)  s ince  in  

i  i t h i s  case 5 = 64. Henceforth we sha l l  work i n  t h e  r ea l  gauge ( c f .  s ec t ion  
A 

2 .C)  and we s h a l l  assume t h a t  the spacetime me t r i c  g i s  s t a t i o n a r y  and 

t h a t  e i t h e r  f M i  = 0 o r  f E i  = 0, so t h a t ,  by Theorem 3.1, g q = 0 and 
5 5 5. 

• ’ A .  = 0.  The l a t t e r  implies  
5 1 

51 From t h e  above and from the  f a c t  t h a t  E yjkm = 0, i t  follows a s  well t h a t  
5 

In what fol lows,  t h e  E M K G  equations and t h e  s t a t i o n a r i t y  of  the various 

f i e l d s  wi l l  be used t o  de r ive  expressions f o r  t h e  "curl  ", i  .e . ,  the  a n t i -  

symmetrized covar i an t  d e r i v a t i v e ,  of var ious  vec tor  f i e l d s .  The work i n -  

vol ved i s  g r e a t l y  simp1 i  f i  ed i f  the a b s t r a c t  ( d i f f e r e n t i a l  geometric) 
- 



6 0 3 3 
viewpoint i s  adopted . In pa r t i cu la r ,  one needs the following : 

P Let be a smooth vector f i e l d  over M4, and l e t  j3 E F (M4), i  .e., a 

smooth p-form f i e l d  over M4. Then the  contraction of B by 3 is  a (p-1 ) 

form f ie1  d defined by 

+- 
where Y1 , . . . , yP-l a r e  an a rb i t r a ry  s e t  of contravar iant  vectors .  T h u s  

the e l e c t r i c  and magnetic f i e l d s  can be abs t r ac t l y  defined as  the  1-form 

f i e l d s  E and H which s a t i s f y  

where F is a 2-form f i e l d  re la ted  to  the  curvature 2-form f i e l d  f on W by 

The Maxwell equations can then be expressed i n  t h e  form 



i  j k 1  *J E (*J i jk)  dx  A ~ X  A d x  Z - n  3 r i j k  J r  dxi  A d x j  A dxk . (4 . I  3) 

We will also need the definit ion of the Lie derivative of a p-form. 

Given tha t  the Lie derivative of a  scalar  f i e l d  (0-form) f i s  •’f = d f ( l ) ,  
X . . 

3 +- 3 3 

and the Lie derivative of a  vector f i e ld  Y i s  E Y = [ X , Y ]  z % - 6!, then 
v 
A 

the Lie derivative of a  p-form f i e ld  0 i s  defined by 3  3 

3 -+ 
for  any se t  of p vector f ie lds  Y 1 , .  . . ,Yp. 

The following lemma, which i s  proved by ~ i c k s ~ ~ ,  will be used 

repeatedly: 

Lemma 4.1. Let 0 E F ' ( M ~ )  and a  smooth vector f i e l d .  Then 

The lemma allows us t o  quickly compute the exterior derivatives of E 

and H .  We a lso  use the facts  tha t  E F = E *F = 0, which follow from (4 .6 )  
5 5 

and (4.7) ,  the definit ions (4.9) and (4.10) of E and H ,  and the Maxwell 

equations. The upshot i s  
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dH = -2d(C*F) = -2[•’*F - C ( ~ * F ) ]  = 2C*J . (4.1 7)  
5 5 .  5 5 

The fol lowing theorem i s  thus  proved: 

Theorem 4.1. The magnetic f i e l d  1-form is  closed i f  and only i f  C*J = 0. 
-% 5 -% 

The l a t t e r  i s  t r u e  i f  and only i f  J li<jJ = 0,  e . ,  J i s  p a r a l l e l . t o 5 .  

We s h a l l  henceforth r e q u i r e  3 and i t o  be para1 1 e l  . This condi t ion  

i s  c a l l e d  i sometr ic  motionz6 s i n c e  t h e  "motion" of  t h e  source i s  a long 

the  t r a j e c t o r i e s  of  t he  t ime l i  ke K i l l i n g  vec tor  f i e l d  i. A Copernican 

observer  would observe t h e  meson f i e l d  a t  r e s t  i n  this case .  I t  w i l l  be 

shown l a t e r  t h a t  t h e r e  a r e  s o l u t i o n s  of  t h e  s t a t i o n a r y  EMKG equat ions w i t h  

t he  charged meson f i e l d  i n  i some t r i c  motion b u t  such t h a t  Copernican 

observers  woul d d e t e c t  a magnetic f i e l  d and a magnetic-1 i ke g r a v i t a t i o n a l  

f i e l d ,  b u t  would not d e t e c t  an e l e c t r i c  f i e l d  o r  an e l e c t r i c - l i k e  ("New- 

ton ian" )  g r a v i t a t i o n a l  f i e l  d.  The p rope r t i e s  of  t hese  s o l u t i o n s  wi l l  be 

discussed i n  d e t a i l  i n  Chapter 7.  

Henceforth,  we s h a l l  work i n  a Copernican c h a r t  and i n  t h e  r ea l  gauge. 

The following t h r e e  theorems a r e  consequences of  t h e  assumption o f  i some t r i c  

motion. 

Theorem 4.2. In  a Copernican c h a r t  i n  t h e  r ea l  gauge, t h e  condit ion of  

i sometr ic  motion i s  equ iva l en t  t o  

I\ ^ai 
Proof: In a Copernican c h a r t  <a E g Ei = 0,  and thus i sometr ic  motion 

P. "i a implies  J" g Ji = 0.  From (2.44) and (3.20) we then obta in  t h e  d e s i r e d  
- 

r e s u l t ,  s i n c e  q # 0. / /  
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The vanishing o f  t h e  Lie d e r i v a t i v e  of the  4-potent ia l  Ai impl ies  

t h a t  in  a  Copernican c h a r t  Aa and A4 a r e  independent of  the  time coordina te  

4 t z x . Hence A ( x )  and A4(x) may be regarded, r e spec t ive ly ,  a s  a  vec to r  a 

f i e l d  and a s c a l a r  f i e l d  on M3, t h e  Riemannian base space of t h e  p r inc ipa l  

f i b e r  bundle M4. From (4.18) i t  fol iows t h a t  these  q u a n t i t i e s  a r e  r e l a t e d  

4 Theorem 4.3. In a  Copernican c h a r t ,  t he  x -components of  Ei and H i  both 

vanish.  The remaining components, Ea and Ha, a r e  the  components of  l o c a l l y  

exact  1-form f i e l d s  on M3, i  . e . ,  t h e r e  i s  a  neighborhood o f  each p E Mg on 

which the re  e x i s t s  s c a l a r  f i e l d s  A and B such t n a t  

and 

j Proof: i n  a  Copernican c h a r t ,  E4 = 5 F = Fq4 = 0, and s i m i l a r i y  f o r  H4. 
4 j  

Since f E i  = 0 and f H i  = 0,  i t  follows t h a t  Ea and Ha a r e  independent o f  

4< 5 t = x . Hence E and Ha a r e  the  components of 1 -form f i e1  a s  on M3. Now by 
a 

Theorem 4.1, ~ ~ d x ~  and H dxa a r e  c losed  1 -form f i e l d s  on M3, and hence, by a 

t h e  converse o f  t he  Poincare lemma6', they a r e  l o c a l l y  exact . / /  



without l o s s  o f  g e n e r a l i t y  we may choose A = -A4. Thus (4.1 9)  becomes 

Theorem 4.4. The assumption of i sometr ic  motion implies  t h a t  t h e  magnetic 

f i e l d  Ha i s  p a r a l l e l  t o  t h e  t w i s t  vector  T, (defined by equation ( 3 . 2 5 ) ) .  

In p a r t i c u l a r ,  

6' Proof: Take t h e  e x t e r i o r  de r iva t ive  ( i n  Mg) of the  1-form f i e l d  ABdx . 
From (4.22),  t h e  d e f i n i t i o n s  of F  and faB, and from Fa4 = A , we ob ta in  

aB ,a 

Hence, using (3.20) and (3.'21), 



t he  l a s t  e q u a l i t y  fol lowing from (3.25) .  / /  

A Copernican observer  wi l l  t h u s  f ind  t h a t  t h e  magnetic f i e l d  and the  

magnetic-1 i k e  p a r t  o f  t he  g rav i t a t iona l  f i e l d  a r e  p a r a l l e l .  

5. The Complex P o t e n t i a l s  

The -Maxwell equat ions (4.11 ) and (4.1 2 )  can be w r i t t e n  a s  a s ing1 e 

compl ex equation : 

where 

- -" 

F  E F  - i * F  and J  = -i*J . 

This prompts t h e  in t roduc t ion  o f  a  smooth complex po ten t i a l  over  M 4 ,  

so t h a t  

wh,ere Fi E Fi - i*Fi j. In  a  Copernican c h a r t ,  g can be considered a s  a  

compl ex-val ued s c a l a r  f i  e l  d  over M3. 



In the  work of Kramer, Neugebauer, and s tephaniP6,  i t  was shown t h a t  
. -- 

fo r  the  Einstein-Maxwell -Lorentz equations with a charged per fec t  f l u id  

source in isometric motion, one may define another complex potent ia l  i n  

terms of 4 and the  ' ve r t i ca l  par t"  of the metric,  eW and aa. I t  sha l l  

now be demonstrated t h a t  an analogous r e s u l t  holds f o r  the  EMKG equations 

with the meson fi-eld i n  isometric motion. - i j 
We begin by defining a  complex 2-form f i e l d  Z E ;..dx ~ d x  , 

1 J 

where 

- 
In t h e  above k ?   IT, $I* i s  the  complex conjugate of 0, and Z i j  i s  an t i -  

symmetric s i nce ,  by Kill i n g l s  equation, V j E i  = -8.6 i j '  For convenience, we 

shall  wri t e  

so t ha t  

- - - - 
'i j 

- Si j  + kg* F i j  , 

or ,  . i n  terms of d i f f e r en t i a l  forms, 
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- 
where S  has t h e  obvious d e f i n i t i o n .  F ina l ly ,  we def ine  a  complex 1-form 

i 3 

f i e 1  d  5  cidx by con t rac t i  ng  w i t h  5: 

- 
c E -2C z . 

5 

By Lemma 4.1, 

In Appendix C i t  i s  shown t h a t  dg = 0. Hence, l o c a l l y  t h e r e  e x i s t s  a  smooth 

complex s c a l a r  f i e l d  r such t h a t  

... - 
where t h e  Si a r e  the  components of the  1-form f i e l d  CS, i . e . ,  

5 

In t h e  manner of  Kramer, Neugebauer, and s t ephan iZ6 ,  we now wr i t e  

r e x p l i c i t e l y  i n  terms eW, 4, a*, and the  " t w i s t  p o t e n t i a l "  Q, which i s  

defined below. From Kill i n g ' s  equat ion,  i t  follows t h a t  
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j We can wr i t e  5 6 .  E ewy because t h i s  i n v a r i a n t  r e l a t i o n  holds i n  a  Copernican 
9 

c h a r t .  The r ea l  p a r t  o f  (4.36) i s  then 

+ k$*$ + r + r*] = o . 
Y i  

. -2eW + k+*$ + ( r  + r*)  = a  cons tant .  

I f  we choose t h e  cons tant  above t o  be zero ,  and w r i t e  R E I m ( r ) ,  we have, 

f i n a l l y ,  

w k  r = e  - q $ * @  + i R  . 

I t  can be shown 4 9 y 6 2  t h a t  R s a t i s f i e s  

R = - r  + 1 
i ik(+*$yi - $* ,$I , Y i  

where T i s  t h e  t w i s t  vector  on M 4 ,  def ined  by equation (3.24).  
i 

I n  a  Copernican c h a r t ,  

s i n c e V . 5  = - V . 5  Thus, b y ( 4 . 3 6 ) , r 4 = 0 .  T h e c o m p l e x p o t e n t i a l  T ,  
1 j J i '  y 

l i k e  $, can be thought of a s  a  s c a l a r  f i e l d  over  Mg. The same consider  - 

a t i o n s  obviously apply t o  R.  



equat ions .  An analogous r e s u l t  was shown f o r  pe r fec t  f l u i d  sources by 

2 6 
Kramer, Neugebauer, and Stephani . These f i e l d  equations a r e  equivalent  

A 

t o  t h e  Maxwell equat ions and t h e  E ins te in  equations G i 4  = - kTi4 .  

F i r s t  cons ider  t h e  Maxwell equat ions i n  t h e  form 

After  con t r a c  t i n g  w i  t h  r e spec t  t o  Si and using (4 .30) ,  one ob ta ins  

i where IJ E V V The so-ca l led  dual-product iden t i  ty5' i s  needed. This 
j ' 

s t a t e s  t h a t  any two anti-symmetric t ensor s  A i j  and B i j  s a t i s f y  the  fol low- 

ing  i d e n t i t y  

T h i s  enables one t o  e a s i l y  e s t a b l i s h  t h a t  

"i j where r" = g 5. Hence, t h e  Maxwell equation-s f o r  t h e  case of s t a t i o n a r y  
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grav i t a t iona l  and electromagnetic  f i e l d s  with s t a t i o n a r y  mesonic source i n  

i sometr ic  motion a r e  equivalent  t o  

-W i a+ - e ( r s i  + k+*+'i)4,i = -5 J~ . (4.43) 

I n  order  t o  ob ta in  an analogous equation f o r  r ,  we begin by cons ider ing  
.., 

t h e  cornpl ex-val ued anti-symnetri  c t ensor  f i e 1  d Zi defined by equation (4.32) . 

i where t h e  "current"  T depends on t h e  sources of the  g rav i t a t iona l  f i e l d .  

From (4.32) ,  

Now 

47. by t h e  E ins te in  equations and by use of t h e  following f a c t s  . 



Also, from (4.40), t h  e  l a s t  term i n  (4.45) becomes 

Hence (4.45) can be w r i t t e n  a s  

The r i g h t  hand s i d e  of (4.48) s a t i s f i e s  t h e  c r i t e r i o n  mentioned above f o r  t h e  

"current"  ri in  (4 .44) .  In f a c t ,  s ince  the  dual-product i d e n t i t y  enables one 

t o  show t h a t  

i  
where E i s  t he  electromagnetic  energy-momentum tensor ,  and s i n c e  

j 
i E = 0,  (4 .48)  reduces t o  

I f  one now c o n t r a c t s  (4.49)  by Si and uses t h e  dual-product i d e n t i t y ,  one 

obtains 



This equation i s  of t h e  same form a s  (4 .43) .  

So f a r ,  we have found t h a t  under the  assumptions o f  s t a t i o n a r i t y  and 
A 

isometr ic  motion t h e  Maxwell equat ions,  t he  Eins te in  equations G i 4  = -kTi4, 

and the  Klein-Gordon equations a r e  equivalent ,  r e spec t ive ly ,  t o  (4 .43) ,  

(4.50) ,  and ( 2 . 4 2 ~ ) .  The remaining f i e l d  equations a r e  t h e  E ins te in  

equations GaB = -khs . The l a t t e r  can be c a s t  i n t o  covar iant  form using 

the  pro jec t ion  opera tor  34 hi  defined by 
j 

A 

The r e s u l t s  of  ac t ing  on t h e  Ricci tensor  R i j  and t h e  energy-momentum tensor  

T i  j with h i  a r e  t h e  t ensor s  Ri and Ti j: 
j 

In  a  Copernican c h a r t ,  t h e  components %s a r e  



I t  turns o u t  t h a t ,  f o r  our purposes, t h e  most convenient form of  t h e  
A 

GaS = -kTclB equat ions i s  t he  following*: 

For easy reference ,  t he  EMKG equations i n  t h e  form in which they wi l l  be 

henceforth used a r e  co l l ec ted  here: 

C .  The Field Equations as  Tensor Equations on M3 

In  t h i s  s e c t i o n  we wi l l  work in  a  Copernican c h a r t  a n d i n  t h e r e a l  gauge. 

The components of t h e  electromagnetic energy-momentum tensor  E i j  can be 

expressed i n  terms of tensors  on M3 a s  fol lows:  

* The oaB used here a r e  not qu i t e  t h e  same a s  t h e  q u a n t i t i e s  of  t h e  same name 

6 
appearing i n  equation (F1) of Kloster ,  Som, and Das . Denoting t h e  l a t t e r  

( K )  i t  t u r n s  out  t h a t  o = 0 
(K) Frv (K) 

by o a ~  a6 aB - Opv 



where Al(@,$*) c gaB@ @*B. This r e s u l t  was obtained by I s rae l  and Wilson 
,a Y 

4  9 using s l i g h t l y  d i f f e r en t  notation and d i f f e r en t  un i t s  

The components of the  meson energy-momentum tensor M i j  a re :  

Ma4 = aaM44 3 

" i j  -w 2 2  
M E  g  M i j  = 2(e  A q  - eWnlq + 2p) 

where 

Final ly ,  the  components of the  meson current  J i  a r e  



We s h a l l  f i r s t  wr i t e  the  f i e l d  equations equivalent  t o  
A - 
Gas 

- -kTaB9 i .e . ,  equations (4.53).  In a  Copernican c h a r t ,  t h e  l a t t e r  

a r e :  

From equations (3.20) and (3 .23) ,  t he  l e f t  hand s i d e ,  i n  a  Copernican 

c h a r t ,  i s  

where R i s  t he  Ricci tensor  constructed from t h e  matr ic  g on M3 and 
a B aB 

r i s  t h e  twist vector .  Since (4.38) and (4.39) imply t h a t  
01 

Hence, from (4.57) and (4 .58) ,  t he  f i e1  d equations (4.53) become 



I t  i s  s t ra ight forward  t o  show t h a t  t h e  remaining EMKG equat ions become: 

where A 2  i s  t h e  Laplacian opera tor  on M 3 y  i . e . ,  

The equations (4.61) - (4.64) a r e  the  des i r ed  t ensor  equations on M3. 

They a r e  equivalent  t o  the  EMKG equat ions f o r  s t a t i o n a r y  g rav i t a t iona l  

and electromagnetic  f i e l d s  whose s t a t i o n a r y  mesonic source i s  i n  i sometr ic  

motion. 

D .  ' The WMP Condition 
A 

The Weyl -Ma jumdar-Papapetrou (WMP) cond i t ion ,  t h a t  g44 i s  f u n c t i o n a l l y  

dependent on A4 ( t h e  x4-component of the  e lec t romagnet ic  4-potent ial  A i ) ,  



has bee n used by various authors  47y21 '58359  i n  o rder  t o  s impl i fy  the  s t a t i  

Einstein-Maxwell equat ions t o  t h e  poin t  t h a t  exact  so lu t ions  can be r e a d i l y  

found. I f  sources a r e  present ,  then,  c h a r a c t e r i s t i c a l l y ,  a  "balance 

condit ion" on the  charge and mass d e n s i t i e s  of the  form (charge dens i ty ) /  

(mass dens i ty)  = cons tant  o f t e n  r e s u l t s .  I f  one imposes the  WMP condit ion 

4  7 on the  source less  s t a t i c  Einstein-Maxwell equat ions,  then one f i n d s  a  

s o l u t i o n  which may be in t e rp re ted  a s  a r i s i n g  from an a r b i t r a r y  number of  

charged point-masses mutually a t  r e s t .  

In  the  next theorem i t  wi l l  be demonstrated t h a t  an analogous s i t u a t i o n  

a r i s e s  f o r  the  s t a t i o n a r y  E M K G  equat ions with i sometr ic  motion. The form 

of t h e  WMP condit ion t o  be used i s  

I t  i s  worth noting t h a t  the  above can be wr i t t en  i n  an inva r i an t  manner, 

name1 y  , 

A so lu t ion  of t h e  s t a t i o n a r y  EMKG equat ions which s a t i s f i e s  (4.65) o r  (4.65a) 

wi l l  be sa id  t o  be of  t h e  -- WMP c l a s s .  

Theorem 4.5. Let (gaB,eW,aayA,B ,n)  be of t h e  WMP c l a s s  ( i n  the  r ea l  gauge 

and i n  a  Copernican c h a r t )  with A f 0. Then one o r  both of the  following 

must, hold: 



( i i )  The p o t e n t i a l s  A and B a r e  func t iona l ly  r e l a t e d .  

Proof: The proof uses t h e  f a c t  t h a t  a  so lu t ion  of the  EMKG equat ions  i n  

a Copernican c h a r t  must s a t i s f y  t h e  contracted Bianchi i d e n t i t i e s  on M3, 

namely 

The WMP condit ion (4.65) is  now imposed on the  f i e l d  equations (4.61) - 
(4.64) . The r e s u l t  i s :  

where 

The r e l a t i o n  (4.23) has been used t o  el  iminate T; from the f i e l d  equat ions .  

From the  above, one f inds  t h a t  



From the  f a c t  t h a t  g i s  Riemannian and from the  d e f i n i t i o n  o f  B ,  i t  
a@ 

follows t h a t  (4.66) i s  s a t i s f i e d  only i f  e i t h e r  e2  = 2km2, o r  i f  A and B 

a r e  func t iona l ly  r e l a t e d ,  o r  i f  B = a  cons tan t .  Since the  t h i r d  case  is 

c l e a r l y  a  spec ia l  case  o f  t h e  second, the  theorem i s  proved. // 
2  I f  e  = 2km2, so  t h a t  @ = 0 and a = 3/2, then t h e  f i e l d  equations 

(4.67) - (4.71) reduce to :  

Since these  equat ions  i d e n t i c a l  l y  s a t i s f y  (4 .66) ,  t he re  a r e  seven i ndepend- 

e n t  equations f o r  t h e  s i x  independent unknowns. (Three of t h e  ga6 can be 

chosen a r b i t r a r i l y ,  leaving  t h r e e  components of g plus t h e  t h r e e  s c a l a r s  
a 6  

A ,  B ,  and Q a s  independent f i e l d s . )  This makes t h e  task  o f  so lv ing  these  

equations a  d i f f i c u l t  one. 

I f  B = B(A), then (4.67) - (4.71) become: 



d where B '  E a B .  The consistency of equations (4.78) - (4.80) r equ i re s  

t h a t  B s a t i s f y  t h e  following ordinary  non-1 i  near d i f f e r e n t i a l  equation: 

T h i s  equation h a s  two f i r s t  i n t e g r a l s :  

where Bo i s  a  cons tant  of i n t e g r a t i o n .  I f  ( a ~ )  5 0, then B(+) - i s  r e a l .  

B u t  i f  ( a @ )  > 0 ,  then ,  t o  insure  the  r e a l i t y  of B I ,  i t  i s  necessary t h a t  

2 -% I A l  5 (4aBB0) . 
There a r e  s i x  independent equations f o r  t h e  f i v e  remainings unknowns 

in  this case .  In  genera l ,  the  t a sk  of f inding s o l u t i o n s  would be formid- 

ab le  because of t h e  non-polynomial c h a r a c t e r  of  ( 4 . 8 2 ) .  



We conclude t h i s  chap te r  with a  theorem giv ing  a  necessary  and s u f f -  

i c i e n t  cond i t i on  f o r  a  s t a t i o n a r y  W?P.solut ion t o  be s t a t i c .  

Theorem 4.6. A WMP s o l u t i o n  w i t h  A j? 0,  q 0 ,  and m f 0 is  s t a t i c  i f  and 

2  
only  i f  a = 0 ,  i . e . ,  e2  = 4 km . 
Proof: I f  a = 0 ,  then (4.70) implies  t h a t  A I B  = 0, i .e., B = a  c o n s t a n t .  

A A 

B u t  then ,  by (4.23), ra = 0,  so  g i s  s t a t i c .  On t h e  o t h e r  hand, i f  g i s  

2 2  s t a t i c ,  then A I B  = 0, s o  (4.70) becomes ~ ( A ~ A  + 2m q ) = 0 .  S ince  m f 0  

and q f 0 ,  i t  fo l lows  t h a t  a = Y O .  // 

This theorem i s  c o n s i s t e n t  with r e s u l t s  ob ta ined  e a r l i e r  by   as". I t  

a l s o  shows t h a t ,  i n  a  sence,  non- t r iv ia l  s t a t i o n a r y  n o n - s t a t i c  and s t a t i c  

WMP s o l u t i o n s  a r e  "d i s jo in t1 '  i f  B and A a r e  no t  f u n c t i o n a l l y  r e l a t e d .  This 

2 
i s  s o  because i n  t h e  former case  e2 = 2km2, whi le  i n  t h e  l a t t e r  e 2  = %km . 
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5. GENERATING SOLUTIONS O F  THE EMKG EQUATIONS 

One of  t h e  more promising r ecen t  developments i n  general r e l a t i v i t y  

i s  t h e  discovery o f  techniques f o r  genera t ing  new s o l u t i o n s  o f  t h e  s t a t i o n -  

a r y  E i  nstein-Maxwell equat ions from known s o l u t i o n s  . The o r i g i n s  of this 

6  7 p r o j e c t  go back t o  t h e  work of  A on nor^^, Buchdahl 64, ~ h l e r s ~ ~ ,  ~ r n s t ~ ~ ,  Harrison , 
6 Matzner and ~ i s n e r ~ ~ ,  ~ e r o c h ~ ' ,  and Klos te r ,  Som and Oas . In the  e a r l y  

1970's  i t  was discovered independently by Kramers, Neugebauer and 

s t ephan iP6 ,  and ~ i n n e r s l e ~ ' ~ ,  t h a t  t h e  group SU(2,l) plays a  fundamental 

r o l e  i n  t ransforming s t a t i o n a r y  e l  ec t rovac  s o l u t i o n s  i n t o  one another .  A t  

t he  present  t ime,  Kinnersley and ch i t r e7 '  and Erns t  and ~ a u s e r ~ '  have de- 

veloped t h e  so lu t ion-genera t ing  technique t o  the  poin t  t h a t  some s o r t  of 

"general so lu t ion"  of t h e  s t a t i o n a r y  a x i a l l y  syinmetric Enstein-Maxwell 

equat ions may be a t  hand. 

In this chap te r ,  the  method of Kramer, Neugebauer, and Stephani 26 

(KNs) wi l l  be appl ied  t o  t h e  s t a t i o n a r y  EMKG equat ions with t h e  meson source 

i n  i sometr ic  motion, w i t h  t h e  hope of  d iscover ing  a  non- t r iv i a l  group of 

t ransformations of t h e  f i e l d s  which genera te  "new s o l u t i o n s  from o ld" .  To 

accomplish this,  t h e  Lagrangian dens i ty  must be of t h e  form R + L o ,  where 

A R i s  the  curvature  s c a l a r  on M3, t h e  0 a r e  t h e  f i e l d s  $,@*,T,T:q, 

t he  ind ices  A , B ,  ... have t h e  range {1,2,3,4,51 and t h e  L a r e  funct ions  AB 
A of t h e  8 . This ,  unfor tunate ly ,  i s  not  t h e  case ,  s ince  i t  turns o u t  

t h a t  the  Lagrangian dens i ty  i s  of the  form R + Lo + H ,  where 



w i t h  

The KNS ansa tz  r e l i e s  on the  f a c t  t h a t  a  Lagrangian dens i ty  of the  form 

of  Lo above can be in t e rp re ted  a s  a  semi-Riemannian me t r i c  w i t h  components 

A 
LAB i n  a  c h a r t  on some manifold ( "po ten t i a l  space") with coordina tes  O . 
The "sol ut ion-generat ing group" i s  simply t h e  group o f  i sometr ies  o f  t h e  

metr ic  LAB.  The procedure t h a t  wi l l  be followed here is  t o  f ind  the  group 

of t ransformat ions  which preserves Lo and then f ind  t h e  subse t  which a l s o  

preserves H .  In  general ,  a s  sha l l  be shown below, t h i s  subse t  i s  t r i v i a l .  
0 

However, a long the  way, one discovers  t h e  i sometr ies  of  Lo,  and this i s  a  

group of t ransformations among s o l u t i o n s  of t h e  EMKG equations w i t h  a  mass- 

l e s s  neut ra l  meson source.  I t  seems t h a t  t h e  meson's mass breaks the  KNS 

symmetry much a s  i t  breaks the  conformal group symmetry of  r e l a t i v s t i c  wave- 

7 2  equations i n  f l a t  spacetime . 

A .  The KNS form of the  Lagrangian Density 

The Eins te in-Hi lber t  Lagrangian dens i ty  f o r  the  EMKG equations is  given 

by equations (2.24) - (2.26),  namely 

I f  one simply imposes the  condit ions of s t a t i o n a r i t y  and i sometr ic  motion 
A 

on L ( i n  a  c h a r t  where one may use t h e  r ea l  gauge), then the  Euler-Lagrange 

equations of  t h e  "reduced" Lagrangian dens i ty  so obtained a r e  not the  corr -  



e c t  f i e l d  equations (4.53) - (4.56) o r  (4.61) - (4 .64) ,  s ince  some of  the  

f i e l d  equations have a l r eady  been used. However, by examining t h e  f i e l d  

equations,  i t  i s  possi bl e  t o  "guess" an appropr ia te  Lagrangian d e n s i t y .  

The following does t h e  job: 

where 

The quant i ty  f  i s  

where the  equation just preceeding (4.38) on page 55 has been used. The 

terms ( R  + L ~ )  a r e  t h e  Lagrangian dens i ty  f o r  the  s t a t i o n a r y  EMKG equations 

with a  massless neut ra l  meson source. 

The q u a n t i t y  Lo i s  a  quadra t ic  form i n  the  gradients  of t h e  f i v e  f i e l d s  

$, @*, r ,  r*, q. Following KNS, we i n t e r p r e t  these  f i e l d s  as  coordina tes  * i n  

a  five-dimensional manifold K 5 ,  c a l l ed  the  "potent ia l  space". Capital  

l a t i n  indices  range over (1,2,3,4,5)  and denote components of  geometric 

o b j e c t s  on K g .  In p a r t i c u l a r ,  we wr i t e  



Hence, the LAB = L B A  a re  the components of the metric Lo defined by: 

where "d' here denotes the exterior derivative on K 5 .  The matrix ( L A B )  i s  

block diagonal, i  .e., 

where a ,b , .  . . E {1,2,3,4) . - 
Let G be the group of isometries of  Lo.  Clearly, G leaves the Lag- 

rangian density Lo invariant.  In the next section, we shall  see how the- 

infinitesimal generators of G a re  obtained, a n d  we will display the corr- 

espondi ng f i n i t e  transformations. 



B .  Transformations which Preserve Lo 

The i n f i n i t e s i m a l  genera tors  o f  G a r e  t h e  Ki l l i ng  vec to r  f i e l d s  of - 
L i n  K g .  To ob ta in  them, we so lve  K i l l i n g ' s  equation i n  Kg:  
0 

where 1 1  denotes  t h e  cova r i an t  d e r i v a t i v e  on Kg with r e s p e c t  t o  t h e  met r ic  

L A B .  We s h a l l  cons ider  t h e  t h r e e  cases  ( i )  A = B = 5,  ( i i )  A = 5 , B = b y  

and ( i i i )  A = a ,  B = b. 

( i )  Equation (5.1 0)  becomes 

5  B u t  L 5 5  = 2 K = a  cons tan t ,  and L 5 C = 6 5 C 2 k ,  so we haveV = O ,  i . e . ,  
$5  

( i i )  . I n  t h i s  case ,  



follows t h a t  

where xb a r e  a r b i t r a r y  funct ions of t h e  0 a .  T h u s  t h e  Ki l l ing  vector  

A f i e l d s  Y of LAB a r e  of t h e  form 

( i i i )  F ina l ly ,  we consider 

By (5 .13) ,  t h e  

- 
Lab - Xa Ilb 

above i s  equivalent  t o  the  two equations 

1n Appendix D i t  i s  shown t h a t  (5 .15)  impl ies  t h a t  E = a  cons tan t .  

Hence, (5.13) reduces t o  



The equations (5.14) a r e  p r e c i s e l y  t h e  equations f o r  the generators  

of t h e  e i g h t  parameter group of KNS transformations of  s t a t i o n a r y  Eins te in-  

Maxwell s o l u t i o n s  in to  one anotherz6.  This group i s  isomorphic to  SU(2,1),  

and i t  was shown by Das and ~ l o s t e r ~ '  t h a t  t h e  group i s  generated by t h r e e  

continuous t ransformations and one d i s c r e t e  t ransformation.  The ac t ion  of 

t h e s e  t ransformations on t h e  f i e l d s  4, r and q a r e  given below: 

The parameters a and 6 a r e  complex, while  y i s  r e a l .  The f i e l d s  $* and r* 

transform a s  t h e  complex conjugates of  4 and r .  

From t h e  two continuous t ransformations T2 and T3 and the  d i s c r e t e  

t ransformation T, one may generate the  two remaining KNS transformations 

a s  fol lows:  



The parameter X i s  r ea l  and 6 i s  compl ex. 

The in f in i t e s ima l  generator  (0,0,0,0,2 kc) generates  the  f i n i t e  t r ans -  

forma t ion  

The transformations (5.17) and (5.1 9) form a  group G isomorphic t o  

SU(2, l)  x  T1 where T1 i s  t h e  one-parameter group of t r a n s l a t i o n s .  

C .  The T r i v i a l i t y  of G 

The group G = ~ ~ ( 2 ~ 1 )  x T1 preserves the  term L o  defined by equation 

( 5 . 3 ) ,  i n  the  Lagrangian dens i ty  L = R + L + H. Since,  the s c a l a r  curv- 
0 

A 
a t u r e  R on Mg does not depend on any of t h e  f i e l d s  0 , i t  i s  t r i v i a l l y  

preserved under G .  I t  remains t o  examine the  e f f e c t  of G on the  term H 

i n  L .  Unfortunately,  i t  t u rns  ou t  t h a t  the  subse t  of G which preserves H 

i s  t r i v i a l .  

F i r s t  we consider  the  e f f e c t  of the  KNS transformations,  which a r e  

isomorphic t o  SU(2,1), on H .  To t h i s  end, we consider  the e f f e c t  o f  the  

t ransformations T I ,  T2 ,  Tg ,  and T on H .  Under each of these t ransformat ions ,  

t he  quant i ty  H w i l l  become 



where 

and H '  i s  

I f  the parameters e and m a r e  non-zero, then the subset of T1 which pre- 

serves H consists of transformations of the form: 

m ' =  - + a m ,  

e l =  + ae , - 

n I = n  Y 

where a i s  real parameter. 



i i )  The transformations T2 preserve H with no r e s t r i c t i o n  on the 

real  parameter y ,  i .e . ,  

preserve H .  

( i  i i )  Under T3, f '  = f ,  and H '  becomes 

Hence, the subset  of T3 whiih preserves H i s  given by 
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where the  parameter d  i s  r e a l .  

( i v )  Under the  d i s c r e t e  t ransformation T ,  one ob ta ins  

and 

(The cons tants  m and e  must transform a s  m '  = m and e '  = e  under T i f  

they a r e  t o  remain cons tant . )  Hence, i n  gene ra l ,  H i s  not  inva r i an t  under 

Under t h e  t ransformations ~ ( ~ ) ( c $ , T , q )  I ( @ , T , ~  + Zkc), H becomes 

Hence, the  subse t  of P which preserves H i s  the  i d e n t i f y  element ( E  = 0 ) .  

( a )  ( Y )  T h u s  t he  subse t  of G which preserves L i s  generated by T1 , T2 , 

and T ~ ( ~ ) ,  w i t h  t he  parameters a ,  y ,  and d  a1 1  r ea l  . The f u l l  group G does 

transform s o l u t i o n s  of the  EMKG equations w i t h  mass1 ess  neutral  meson f i e l d s  

i n t o  one another .  

The transformations TI ( a )  and T ~ ( Y ) ,  given by (5.24) and (5.25).  

r e spec t ive ly ,  a r e  c l e a r l y  t r i v i a l .  To show t h a t  the  remaining t r ans fo r -  . 

mation, T ~ ' ~ ) ,  given by (5 .27) ,  i s  t r i v i a l ,  i t  s u f f i c e s  to  show t h a t  eW 

and t h e  t w i s t  vec tor  T~ ge t  mapped i n t o  themselves. 



Let $ '  and r' denote the resu l t  of the action of the transformation 

(5.27) on (I and r. Then since 4 '  and I" are solutions of the EMKG equat- 

ions, there a re  quantit ies w' and Q' such tha t ,  by equation (4.38) 

Now, by (5 . U ) ,  we have, 

Hence, by using (4.38) for on the l e f t  hand s ide,  

Since d i s  r ea l ,  i t  follows that  

If we take the gradient ( in  M3, of course) of both sides of the l a t t e r  

equation, we get 

The transformed twist potential R' must sa t i s fy  (4.39), a n d  so from (5.33), 



and hence, using (5.27) aga in ,  we ob ta in  

, 

The r e s u l t s  (5.31) and (5.34) show t h a t  t h e  t ransformation T3 id) i s  

t r i v i a l .  



6 .  AXIAL SYMMETRY 

A uniformly r o t a t i n g  source produces s t a t i o n a r y  f i e l d s .  T h u s  i t  seems 

natural  t o  in t roduce  t h e  add i t iona l  symmetry t h a t  the  metr ic  i s  i n v a r i a n t  

under r o t a t i o n s  about some given l i n e  ( t h e  "polar  a x i s " ) .  T h i s  w i l l  be 

accomplished by assuming t h a t  t h e r e  e x i s t s  another  Kill  i,ng vector  whose 

t r a j e c t o r i e s  a r e  closed curves i n  M4 and which commutes with the  t ime l ike  
-+ -+ -?- -?- 

Ki l l ing  vector  i, i .e . ,  f p = [<,p] = - f 5 = 0.  A subse t  o f  t h e  Copernican 
5 P 

c h a r t s ,  w i t h  coordina tes  ( r , z , 8 , t ) ,  has an angular  coordina te  8 whose curves 

-?- 
a r e  the  t r a j e c t o r i e s  o f  p.  I t  w i l l  be f u r t h e r  assumed t h a t  f q = f A i  = 0,  

P P 
so t h a t ,  i t  terms of t h e  above c h a r t s ,  t he  components on t h e  metr ic  g on 

a P 
M 3 ,  t h e  complex p o t e n t i a l s  @ and I', and the  meson f i e l d  q, depend only on 

t h e  r ad ia l  coordina te  r and t h e  ax ia l  coordina te  z .  W i t h  these  assumptions, 

t h e  s t a t i o n a r y  E M K G  equat ions w i t h  i sometr ic  motion and with t h e  WMP cond- 

i t i o n  holding, wi l l  be wr i t t en  a s  p a r t i a l  d i f f e r e n t i a l  equations on an aux- 

3  i l l i a r y  Euclidean space E . F i n a l l y ,  a  c l a s s  of exact  s o l u t i o n s  of  these  

reduced equations with A = a  cons tan t  wi l l  be displayed.  

A .  The Per iodic  Ki l l ing  Vector Field 

A n  a x i a l l y  symmetric metr ic  i s  charac ter ized  by the  exis tence  of a  
-?- 

Ki l l ing  vector  f i e l d  whose t r a j e c t o r i e s  a r e  closed curves,  i .e ., p i s  

"pe r iod ic" .  I t  i s  f u r t h e r  assumed t h a t  2 i s  compatible w i t h  the  tirnelike 

+73 Ki l l ing  vector  f i e l d  5 . 

This condit ion implies  t h a t  one may choose c h a r t s  on M4 such t h a t  the  t r a j -  
-+ 

e c t o r i e s  of  both p and i a r e  coordina te  curves33. Such c h a r t s  form a sub- 



s e t  of the  Copernican c h a r t s .  I f  one denotes by x 3  and x4 E t t h e  co- 
-f 

ordinates  whose curves a r e ,  r e spec t ive ly ,  t he  t r a j e c t o r i e s  o f  and 5 ,  

i i i i 
then c l e a r l y  i n  such a c h a r t ,  p = 63 and 5 = 64. Furthermore, i n  such 

a Copernican c h a r t  ga8, aa, 
3  and w a r e  independent of both x and t. In 

general ,  i t  is  - not poss ib le  t o  guarantee in advance t h a t  a  s o l u t i o n  o f  t h e  

7 3 appropr ia te  f i e 1  d equations wi l l  be such a s  t o  make space1 i  ke everywhere . 
Spacetime wi l l  , i n  genera l ,  contain smooth closed non-space 1 i  ke curves.  

I t  i s  well known ( c f . ,  fo r  example, ~ r a s i n s k i ~ ~ ,  and re fe rences  there-  

i n )  t h a t  t h e r e  e x i s t s  a  subse t  of  c h a r t s  o f  the above type,  with coordina tes  

denoted ( r ,  z ,  8 ,  t ) ,  i n  which the  metr ic  has t h e  form: 

A 2 2 2, 2 1  2 
ev(dr  + dz ) t e dB + e W ( a d  8 + d t )  . 

In t h e  above, 8 i s  an angular  coordina te ,  whose curves a r e  the  t r a j e c t o r -  
-% 

i e s  of p ,  and ( r , z )  a r e  rectangular  Cartesian coordinates  i n  t h e  ha l f -  

plane 8 = a cons tan t ,  t = a cons tant .  The domain of  these  coordina tes  is 

4 
t he  open s e t  i n  M4 whose ipage i n  IR under the  coordina te  map i s  

0 < r < m, -CO < z < 03, 0  < 8 < 2 ~ r ,  - 0 3 ~  t < 03. The funct ions  w, v ,  A, and 

a depend on ( r , z )  only .  The polar  a x i s  r = 0 i s  - a t  -- l e a s t  a coordina te  s ingul -  

a r i  t y .  The coordina tes  ( r , z , e , t )  a r e  c a l l  ed cy l ind r i ca l  Copernican co- 

o rd ina tes .  The cons idera t ions  of Chapter 3 suggest  t h a t  t h e  add i t iona l  

requirement t h a t  e i t h e r  2 M i j  = 0 o r  € E i j  = 0 ,  s u f f i c e s  f o r  
D D 

p q = • ’ A i  = 0. In any Lase, we s h a l l ' s i m p l y  assume t h a t  t h e  l a t t e r  hold. 
P P 
The r e s u l t  i s  t h a t  t h e  complex electromagnetic  potent ia l  4 ,  t he  gravi-  

t a t i o n a l  po ten t i a l  r ,  and the  meson f i e l d  q depend on ( r , z )  on ly .  
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B. The Cyl i n d r i c a l  l y  Symmetric EMKG Equations 

The Riemannian metr ic  g on M3 i n  c y l i n d r i c a l  Copernican coordina tes  i s  

The components of t h e  Ricci t enso r  R (36 of g i n  t hese  coordina tes  a r e  e a s i l y  

computed : 

1  2  w h e r e x  = r , x  = z , A v z v  + v , ~ ~ ,  
2  

2 -  + A 2 .  and l ~ h l  = X 
91 1  ,1 9 

The fol lowing theorem i s  f u r t h e r  motivation f o r  imposing t h e  W M P  cond- 

i t i o n  on the  E M K G  equat ions:  

Theorem 6.1 . Assume t h e  s t a t i o n a r y  EMKG equat ions with i somet r i c  motion 

hold. Furthermore, assume t h a t  a1 1  t h e  f i e l d s  a r e  cyl i n d r i c a l l y  symmetric. 
A 

Then the  metr ic  g on M 4  can be put i n  the  Weyl-Lewis form 7 4 y 7 5 y  namely, i n  

cy l ind r i ca l  Copernican coordina tes ,  

i f  and only i f  t h e  WMP condit ion (4.65) holds.  



(6 .4)  and t h e  f a c t s  @,3  = r S 3  - - r7,3 = 0 ,  the  f i e l d  equation becomes 

e h - v ~ ( e h )  + 2ke -2w+2X 2 w  2 2  2 ( m e  - e A ) q  = O .  

X I f  t h e  me t r i c  is o f  t h e  form (6 .5) ,  i  .e., e = r ,  then t h e  above equation 

implies  t h a t  (4.65) holds. On t h e  o t h e r  hand, i f  (4.65) holds,  then e X 

must be harmonic i n  ( r , z ) .  Following ~ ~ n ~ e ~ ~ ,  we reason a s  fol lows:  

Write r r e A(r ") . Then r harmonic imp1 i e s  t h a t  t h e r e  e x i s t s  a  conjugate 

harmonic func t ion  y ( r , z )  such t h a t  

- 
r + i T  = f ( r  + i z ) ,  

- - 7 6 where f i s  a n a l y t i c .  The transformation ( r , z )  -t ( r , z )  i s  then conformal , 

so i t  preserves  t h e  form e 2 v ( r 3 z )  ( d r 2  + dz ) , i .e., 

A 

T h u s  we have succeeded i n  put t ing  g in t h e  Weyl-Lewis form (6.5)  .// 

All t h e  f i e l d  equations (4.72) - (4.76) can now be wr i t t en  a s  p a r t i a l  

3  
d i f f e r e n t i a l  equat ions on an a u x i l l i a r y  Euclidean IR . The equations below 

a r e  the  EMKG equations with s t a t i o n a r i t y ,  i sometr ic  motion, the  WMP cond- 

2 i t i o n ,  e 2  = 16mn , and ax ia l  symmetry imposed: 
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2  
V B - 3A-I VA VB = 0 , (6 .9)  

2  2 
V A - A - ~ I V A I  = o  , (6.1 0)  

2  2 v 2  
I V B ] ~  - ~ V A I  = 2 m e  rl , (6.11) 

2  
V q = O  , (6.1 2) 

- a A  where A = - A - - -  aA V i s  t he  usual g rad ien t  ope ra to r  i n  cy l ind r i ca l  
,r ar , z - a z '  

2  3 polar  coordina tes  on E~ ( I R  with a  Euclidean m e t r i c ) ,  V i s  t he  Laplacian, 

VA VB i s  t h e  s c a l a r  product, and I V A l  E (vA VA)'. 

Some comments on these  equations a r e  i n  o rder  before more r e s t r i c t i o n s  

a r e  imposed on them. 

( i )  The equations (6.7)  and (6 .8)  a r e  i n t e g r a b l e .  This i s  a c t u a l l y  

a  consequence of  the  contracted Bianchi i d e n t i t i e s  on M3 (equat ions 4.66),  

and t h e  f i e l d  equations (6.10) and (6 .12) .  Hence, given harmonic funct ions  

rl and 1nA on E ~ ,  v  can be computed from the  fol lowing path-independent 

contour i n t e g r a l  i n  E': 

where 

d< & ( d r y  dz,  rd8)  , 
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and C i s  a  contour from a given poin t  t o  the  po in t  ( r , z , 8 ) .  Also i t  should 

be noted t h a t  equation (6.6)  i s  not independent,  but i s  a  consequence of 

t h e  r e s t  of  t h e  f i e l d  equations.  The s i t u a t i o n  here i s  not without prece- 
i 4 7 

dent  i n  the  ques t  f o r  exact  a x i a l l y  symmetric s s l u t i o n s .  See Synge , 

page 311- f o r  t h e  case o f  s t a t i c  vacuum s o l u t i o n s ,  and Er i s  and Girses 17 

f o r  t h e  case  o f  a  neutral  massless meson f i e l d  source of  t h e  Einstein-Max- 

well equat ions .  

( i i )  There a r e  no non- t r iv ia l  s t a t i c  s o l u t i o n s  of (6.6) - (6 .12) .  

T h i s  follows immediately from (6.11) s i n c e  T = 0 imples t h a t  B = 0,  
I C1 ,a 

which, in t u r n ,  holds i f  and only i f  A = 0 and e i t h e r  m = O o r  q = 0.  

I f  m = 0, then the re  i s  a family o f  s o l u t i o n s  o f  the  form: 

where v ( r , z )  i s  given by 

f o r  

s t e  

and 

2 z )  = 21 u - u z )  dr + ~ r u , ~ n , ~  dz] , 

each harmonic funct ion q ( r , z ) .  These a r e  s t a t i c  so lu t ions  of  the  Ein- 

n equat ions with an e l e c t r i c a l l y  neutral  massless  meson f i e l d  source,  

17 a r e  a  subc las s  of the  so lu t ions  found f o r  t h a t  case by Er is  and GDrses . 
. . 

I f  q 0, then from (6.7)  and ( 6 . 8 ) ,  v = a cons tan t  and hence g i s  f l a t  and 

the  e lec t romagnet ic  and meson f i e l d s  vanish.  

C .  'The Case A = a Constant 

The Lorentz fo rce  on the  meson i s  given by F .  .J' which, by the  assumpt- 
-JJ 

ion of i sometr ic  motion, i s  proport ional  t o  Fir Since F i 4  = A , t he  
, i 



condit ion A = a  cons tant  i s  equivalent  t o  t h e  vanishing of t h e  Lorentz 

force .  T h u s  t he  motion of  t h e  meson i s  geodesic77 ( a t  l e a s t  a t  t h e  c l a s s -  

i c a l  l e v e l ) .  This c o n s t i t u t e s  a  physical i n t e r p r e t a t i o n  ( o r  a t  l e a s t  

motivat ion)  f o r  the  condit ion A = a  cons tan t .  The r e s u l t  of t h e  l a t t e r  i s  

t h a t  t h e  f i e l d  equations (6.6)  - (6.12) become: 

The ex i s t ence  and uniqueness of so lu t ions  of the  above f i e l d  equations 

a r e  shown by t h e  following theorem: 

2 3 Theorem 6 .2 .  I f  v ,  B ,  and q  a r e  C funct ions  in  the a u x i l l i a r y  space E , 

then: 

( i )  Equations (6.16) - (6.21) have s o l u t i o n s  only i f  rl = a  cons tan t ;  

' ( i i )  The following i s  a  so lu t ion ,  unique up t o  t h e  choice of param- 

e t e r s  ag ,  m ,  v ,  A ,  B g ,  and q :  



A = a  cons tan t ,  

n = a  cons tan t .  

Proof: 

( i )  I f  r , ( r , z )  i s  a  s o l u t i o n  of  (6.21)  then t h e r e  i s  a  s o l u t i o n  v ( r , z )  

unique up t o  a  cons tan t  of  i n t e g r a t i o n ,  o f  (6.171 and (6 .18 ) .  Write  

2  
f r z )  E 2 e V 2  I f  B ( r , z )  i s  C and s a t i s f i e s  (6 .19)  and (6 .20 ) ,  then 

t h e r e  e x i s t s  a  funct ion  a ( r , z )  such t h a t  

B = f  cosa , 
, r 

i f  and only i f  

-1 2  f - l f  + a  = - r  cos a , 
, r , = 

Now de f ine  h E I n l f l ,  d i f f e r e n t i a t e  (6.27) with r e s p e c t  t o  r and (6 .28)  wi th  

r e s p e c t  t o  z ,  and add t h e  r e s u l t i n g  equat ions  t o  g e t  



Use (6.17),  (6.18) and (6.21) t o  express A X ,  X and X i n  terms of , r , z 
.I 

",r and q  only.  Then (6.29) i s  a  quadra t ic  equation i n  r- '  : 
, z 

where 

c = 2ri-l cosa (cosa  yr + s i n a  a ) 3 

2 - YZ 

2  
Thus C: - 4tlC3 = 4 n-2 [(G - v - 21vnj2 - 4~ n2 (ii V r i ~ ~ ]  , 

-f 
where n 5 (cosol, s i n a )  . Since = 1 , i t  follows t h a t  

- 

2 2  ( g  VQ)  - 2 1 ~ ~ 1 ~  < o f o r  + O .  T ~ U S  i f  / V V /  # 0, c2  - 4c1c3 < 0, so 

- 1 r must be complex. Hence, in  order  t o  g e t  so lu t ions  depending on rea l  

values of  r ,  i t  must be t h a t  I V T - I I  = 0, i  . e . ,  q  = cons tant ;  

(i i )  C lea r ly  i f  n = cons tan t ,  then v = cons tant .  Thus the  so lu t ion  of 

equations (6.16) - (6.21) reduces t o  f inding  a  cL funct ion B ( r , z )  such 

2  t h a t  v B = 0 and 1 ~ ~ 1 ~  = p2  E 2m2 ev n 2  = cons tan t .  Now the  equations 

(6.27) and (6.28) become, r e s p e c t i v e l y ,  

- I a = r COSCX sina.  . 
,r 



The  only  C '  funct ions  a(r ,z )  s a t i s f y i n g  these  l a s t  two equations a r e  con- 

s t a n t  funct ions  a = - +  IT/^, - + 3 ~ / 2 ,  . . . . Hence, by  (6.25) and (6.26) 

B = 0 and B = + p .  In conclusion, B = + pz + B where B O  i s  an , r ,z - - 0 ' 
a r b i t r a r y  cons tan t  of  i n t e g r a t i o n ,  n = cons tant ,  and v = cons tan t  i s  t h e  

unique c l a s s  of so lu t ions  of equations (6.16) - (6.21) .// 

In the  next  chapter ,  the  geometrical and physical p r o p e r t i e s  of  

these  s o l u t i o n s  wi l l  b e  e luc ida ted .  



I 7 .  PROPERTIES OF THE SOLUTION 
? 
I 

In  this chap te r ,  some o f  the  p roper t i e s  of t h e  s o l u t i o n  o f  t h e  EMKG 
I 

equations obtained i n  t h e  l a s t  chapter  wi l l  be d isp layed.  I t  w i l l  be shown, 
A 

i n  p a r t i c u l a r ,  t h a t  t h e  me t r i c  g of t h e  s o l u t i o n  i s  s t a t i c  i f  and only  i f  

i t  is  f l a t .  The l a t t e r  wi l l  be shown t o  hold on ly  i f  t h e  mass m of  t h e  

meson is  zero o r  i f  t h e  cons tant  wave-function q = 0. The c a u s a l i t y  prop- 
* 

e r t i e s  of g will be examined, and i t  wi l l  be shown t h a t  t h e  t r a j e c t o r i e s  

of  t h e  pe r iod ic  K i l l i n g  vector  f i e l d  a r e  time1 i k e  i n  a  region of M4 

e x t e r i o r  t o  t h e  cy l inde r  0 i r - i ro E (@M)-'. This causal  pathology i s  

s i m i l a r  t o  t h a t  found i n  t he  Gadel so lu t ion47.  The 'sources" wi l l  be shown 

34 t o  obey the  s t rong  energy condit ion of  Hawking and Ell i s  . F i n a l l y ,  t h e  

physical re levance  of the  so lu t ion  wi l l  be commented upon. 

A .  Geometric P r o ~ e r t i e s  o f  t h e  Metric 

We wi l l  cons ider  here some of the  p r o p e r t i e s  of t h e  me t r i c  

where 

2  a ( r )  = - + ( z 3 I 2 k  ~ ~ 1 - l  eVl2  ryn r + a. . 

In t h e  above, rl and m a r e  a r b i t r a r y  p o s i t i v e  cons tan t s ,  A i s  a  non-zero 

cons tan t ,  and v  and a. a r e  a r b i t r a r y  cons tan t s .  

(1 )  I t  i s  easy t o  see  t h a t  the  metr ic  g on M3, given by 

i s  f l a t .  Hence with no l o s s  of gene ra l i ty ,  one may choose v = 0, so t h a t  

(7  . l )  and ( 7 . 2 )  become: 



Now make t h e  f o l l  owing coordinate  transforma t i o n  : 

2  where C2 = 2kA . After  dropping t h e  primes, ( 7 . 5 )  and (7 .6)  can be wr i t t en  

i n  t h e  form: 

2 2  2  
where M E qm. In  these  coordina tes ,  t h e  WMP condi t ion  eW = 1 = ( e  /m ) A 

impl ies  t h a t  A i s  given by 
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The magnetic potential B i s  then of the form 

B = + 2% Mz - 

The meson f  

+ Bo 

ie ld  i s ,  of course, s t i l l  given by II = a  constant. 

(2) The components of the twist vector ra are  most easi ly  computed by 

substi tuting (7.8) into (4.23). The r e su l t  i s  

A 

Hence, g  i s  s t a t i c  only i f  M = 0, i  .e.,  e i ther  m = 0 or = 0. 
A 

(3) The invariant components of R i j k m  are  now computed. The orthonormal 

tetrad used i s  w defined by: 

u l = d r  , 

2 w = d z  , 

u3 = r d 9  , 

a 
The connection 1-form wab and the curvature 2-form R are  easi ly  computed 

from the s t ructure equations (2.11) and (2 .9) ,  respectively.  The r e su l t  i s  



A 

F i n a l l y ,  t h e  i n v a r i a n t  components R(abcd) of t h e  curva ture  tensor  can be 

C 
a A ad, and t h e  non-vanishing components obtained from Rab  = 7 ( b d  

a r e :  

A A 

Thus g i s  f l a t  only i f  = 0 o r  m = 0. Note t h a t  t h e  R(abcd) a r e  



A A 

(4 )  Since g d e t  gi = -r2, the re  i s  -- a t  l e a s t  a  coordinate s i n g u l a r i t y  

on t h e  polar  a x i s  r = 0. I n  order  t h a t  the  polar  a x i s  be p a r t  o f  t h e  

smooth manifold M4,  t h e  condit ion of elementary f l a tness47  m u s t  be s a t i s -  

f i e d  f o r  regions of M4 which contain t h e  su r face  r = 0. Thus we must 

check t h a t  

27T 'r lim - =  R rw r 

where Cr 

Rr  i s  i t s  

i s  t h e  circumference of a  c i r c l e  centered on the polar a x i s  and 
A 

r ad ius ,  both computed with r e spec t  t o  t h e  metr ic  g .  We need only  

consider  c i r c l e s  f o r  which z and t a r e  cons tan t .  Hence 

and Rr = r .  Thus 

We see  t h a t  t h e  elementary f l a t n e s s  condit ion (7.14) i s  s a t i s f i e d  

only i f  a. = 0. Henceforth, i t  i s  assumed t h e  above holds, so t h a t  

(5 )  The magnitude of t h e  per iodic  Ki l l ing  vec to r  f i e l d  is  



r 
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3 
Write ro E (&M)-' .  Thus p i s  space1 i ke f o r  0 < r < r null  f o r  r = r 

0 0 ' 
and t ime l ike  f o r  r > ro. 

A n 

t 933(r )  

I 
I * r 
1 0 

Figure 7.1 : Graph of j j 3 ( r ) .  

There i s  a type of horizon a t  ro. A Copernican observer  a t  r would 
0 

be r o t a t i n g  a t  t h e  speed of l i g h t ,  a s  seen by another  Copernican observer  

a t  some r # ro. For r > r t h e  t r a j e c t o r i e s  of a r e  smooth c losed  time- 
0 , 

l i k e  curves.  Such causal pathologies a r e  observed in  the  GGdel s o l u t i o n  34,47 

( 6 )  The su r face  defined by r = 0 c o n s i s t s  of  t h e  locus o f  f ixed  po in t s  of 

the  Ki l l ing  vec to r  f i e l d  c. However, with a. = 0,  t h e  manifold M4 can be 

extended t o  inc lude  t h i s  su r face .  This can be e a s i l y  seen by transforming 

t o  rec tangular  Car tes ian  coordina tes  ( x ,  y ,  z, t )  . The metr ic  i s  then o f  

t h e  form: 

Clear ly  t h e  me t r i c  i s  r egu la r  a t  x = y = 0 .  

78 Define t h e  " t w i s t  charge" ( o r ,  i n  t h e  parlance of Gibbons and Hawk- 

ing7' ,  t he  "nu t  chargei1)  enclosed by a closed su r face  S i n  M3 a s  



Since  T i s  a  c o n s t a n t  vec tor  f i e l d  on a l l  o f  M3, i nc lud ing  t h e  po la r  a x i s ,  
a 

i t  fol lows t h a t  NS = 0  f o r  any S .  This  means t h a t ,  u n l i k e  t h e  Taub-NUT 

metric80, t h e  me t r i c  considered here cannot be i n t e r p r e t e d  a s  a  'gravi- 

8 1  t a t i o n a l  dyonn . 

B .  The S t rong  Energy Condition 

The non-vanishing components of T i j ,  t h e  energy-momentum t e n s o r  f i e l d  

o f  t h e  e lec t romagnet ic  and mesonic "sources" ,  a r e :  

The non-vanishing components of  t h e  c u r r e n t  four -vec tor  f i e l d  J i  a r e :  . 

I t  wi l l  be shown here t h a t  t h e  Ti s a t i s f y  t h e  s t r o n g  energy condi t ion  

of Hawking and ~ l l i s ~ ~ .  This condi t ion  means t h a t  



i f o r  any time1 ike  vector W . 
We wil l  show tha t  (7.17) s a t i s f y  (7.19) by considering the  eigen- 

values h a and t he  corresponding s e t  of l i n e a r l y  independent eigen- 

i 
vectors V 

( a  of T i j .  Thus T i j  via) = ia v ( , ) ~ .  
The eigenval ues a r e  

h 

ea s i l y  computed from det(Ti - hg. .) = 0. We have 
1 J  

The desired s e t  of  eigenvactors are* 

The eigenvectors V j v j  j 
1 ( 2 ) '  

and V ( 3 )  a r e  spacelike,  while the  eigenvector 

j v i 4 )  i s  t imel ike .  The V ( , )  form an orthonormal t e t r a d .  

- 

* The author thanks Mr. Ted Biech fo r  doing the  computation cor rec t ly .  



i Let W be an a r b i t r a r y  timelike vector.  Without loss  of genera l i ty ,  

i W can be taken t o  be a u n i t  vector. Denote the  invar ian t  components of 

a i w i  with respect  to  the  orthonormal t e t rad  V' by w a ,  i .e . ,  W i  = W V 
( a )  ( a )  ' 

Hence, 
4 

2 Furthermore, W i W i ~ j  = M . So we f i n a l l y  have 
j 

demonstrating t h a t  the  strong energy condition holds f o r  the so1 ution being 

considered here. 

C .  The Physical Relevance of the  Solution 

Som and ~a~chaudhur i* '  discovered a solut ion of the  Einstein-Maxwell- 

Lorentz equations with a charged dust source i n  which the  metric i s  formally 

ident ical  t o  t h e  metric ( 7 .5 ' )  with a. = 0 ,  and w i t h  the  electromagnetic 

f i e l d  of the  same form a s  t ha t  determined by t h e  po ten t ia l s  (7.7) and (7 .8 ) .  

This i s  not surpr i s ing  i n  view of Theorem 2.2, s ince  the  meson f i e l d  i n  our 

solut ion i s  a constant .  

Theorem 2.1 provides a th i rd  in te rpre ta t ion  of our solut ion.  The pstent- 

i a l s  A and B determine t he  f i e l d  strength of a s t a t i ona ry  Proca f i e l d  with 

mass M .  



The physical relevance of t h e  s o l u t i o n  i s  problematic .  On t h e  one 

hand t h e  electromagnetic  and mesonic sources  a r e  not obviously unphysical,  

given the  f a c t  t h a t  t h e  Hawking and E l l i s  s t rong  energy condi t ion  is  s a t -  

i s f i e d .  On t h e  o t h e r  hand, t h e  me t r i c  ( 7 . 5 ' )  is  not  asymptot ica l ly  f l a t  

and has causal  pathologies o f  the  s o r t  which v i o l a t e  our i n t u i t i o n ,  and, 

in  any case ,  have never been observed. 

I f  our me t r i c  were, l i k e  t h e  Taub-NUT met r i c ,  asymptot ica l ly  f l a t ,  

t hen ,  1 i ke t h e  l a t t e r ,  which a l s o  has causal  pa thologies ,  our (Eucl ideanized?)  

83 so lu t ion  could p lay  a r o l e  i n  quantum g r a v i t y  . From t h e  quantum point  o f  

view, t h e  l ack  of  asymptotic f l a t n e s s  i s  more se r ious  than t h e  exis tence  o f  

closed smooth t ime l ike  curves.  

Non-asymptotically f l a t  met r ics  with phys ica l ly  well-behaved sources 

a r e  o f t en  dubbed "cosmological".  In t h i s  con tex t ,  t h e  s o l u t i o n s  given by 

( 7 . 5 ' ) ,  ( 7 . 6 ' )  with a. = 0,  (7.7) and (7.81,  could be i n t e r p r e t e d  a s  a model 

f o r  a universe  c o n s i s t i n g  of a gas o f  pro tons ,  d i f f u s e  enough so t h a t  spin 

can be ignored,  and w i t h  a cons tant  magnetic f i e l d  Ha = -B = + +M 6cr2 
,a - 

due t o  the  proton charge. 



APPENDIX A - Principal  Fiber Bundles w i t h  a  Connection 

In  this Appendix the  bas ic  d e f i n i t i o n s  and p roper t i e s  of pr inc ipa l  

f i b e r  bundles with a  connection a r e  summarized. The purpose of t h i s  i s  

pr imar i ly  t o  s tandardize  no ta t ion .  For proofs,  examples, and de ta i l ed  

d iscuss ion ,  t h e  reader  i s  r e fe r red  t o  Kobayashi and ~ o m i z u ~ ~ ,  Drechsler 

3  9 
and ~ a ~ e r ~ '  , Daniel and vial  l e t 3 2 ,  ~ r a u t m a n ~ ' ,  - and Cho . 

A f i b e r  bundle i s  a manifold which i s  l o c a l l y  isomorphic t o  the  

Car tes ian  product of  two o ther  manifolds. More p r e c i s e l y  we have: 

Def .A.1 : A smooth f i b e r  bundle i s  a  smooth manifold P together  with 

another  smooth manifold M ,  c a l l e d  t h e  base space, and a  smooth s u r j e c t -  

ion n: P + M, ca l l ed  t h e  p ro jec t ion ,  such t h a t  t h e  following property,  

ca l l ed  loca l  t r i v i a l i t y ,  i s  s a t i s f i e d :  

There e x i s t s  a  smooth manifold F ,  c a l l e d  t h e  f i b e r  space, such t h a t  

f o r  each m E M t he re  i s  an open neighborhood U o f  m such t h a t  x"(u) 

i s  diffeomorphic t o  U x  F. 

A smooth f i b e r  bundle s h a l l  be denoted by P(M,F,n). 

Def.A.2: A smooth f i b e r  bundle P(M,F,T)  i s  t r i v i a l  i f  P i s  d i f f eo -  

morphic t o  M x F.  

Def.A.3: A smooth map s:U + P ,  UCM, such t h a t  nos = i dM is  c a l l e d  a  

smooth s e c t i o n  of P over U .  A smooth sec t ion  whose domain i s  M i s  

c a l l e d  a  g loba l  sec t ion .  

All t r i v i a l  f i b e r  bundles admit global s e c t i o n s ,  but t h e  converse i s  gen-. 

e r a l l y  - not  t r u e .  

The two types  of smooth f i b e r  bundles we sha l l  be concerned w i t h  here 

a r e  vec tor  bundles and pr inc ipa l  f i b e r  bundl es . (Henceforth, t h e  smooth- 



1 ness of the  various manifolds and maps s h a l l  be taken f o r  granted and t h e  
t 
I a d j e c t i v e  "smooth" sha l l  be dropped .) 

Def .A.4: A f i b e r  bundle P(M,V,IT) i s  a  vec tor  bundle i f  t h e  f i b e r s  V 

a r e  vector  spaces. 

Def .A.5: A f i b e r  bundle P(M,G,IT) is  a  p r i n c i p a l  f i b e r  bundle i f  G i s  

a Lie group and i f  in  add i t ion  the  fol lowing hold: 

( i )  G a c t s  smoothly t o  the  r i g h t  on P without f ixed  po in t s .  

( i i )  The base space M i s  the  quo t i en t  space o f  P by t h e  equivalence 

r e l a t i o n  of r i g h t  mu1 t i p l i c a t i o n ,  i .e . ,  M = P/G. 

The right ( l e f t )  ac t ion  of asG on PEP i s  denoted R p  r p*a(L p  z a - p ) ,  a a 

and s a t i s f i e s ,  f o r  each a , ~ ~ G , p * ( a f 3 )  = (p-a)*B and analogously f o r  t h e  

l e f t  a c t i o n .  That G a c t s  on P without  f ixed  po in t s  means t h a t  i f  

p-a = p  f o r  some PEP,  then a i s  the  i d e n t i t y  element e  of G .  

Def .A.6: Let y be a  vec tor  f i e ld*  over a  Lie group G .  (Recall  t h a t  G 

has a  smooth manifold s t r u c t u r e ,  so y:G -t TG.) Then y i s  r i g h t  ( l e f t )  

i n v a r i a n t  i f  f o r  every a,f3~G, R * ~ ( f 3 )  = p(af3) (La,u(B) = ( a ) )  where a 

%* i s  the  Jacobian of  t h e  map R : G  -t G .  
a 

All vec tor  bundles, t r i v i a l  o r  otherwise,  admit t h e  global sec t ion  

'-b 
o:M -+ P by rn L+ (rn,;), where i s  t h e  zero-vector  o f  V .  However, a  p r inc ipa l  

f i b e r  bundle i s  t r i v i a l i z a b l e  ( i  . e . ,  isomorphic t o  M x  G) i f  and only i f  i t  

31 admits a  global sec t ion  . 
A pr inc ipa l  f i b e r  bundle P(M,G,T)  i s  n a t u r a l l y  associa ted  with a  family 

of  vec tor  bundles Er(M,v ,T,) a s  follows: 

Let r:G -t GL(v) be a  r ep resen ta t ion  of G ,  i .e., V i s  a  vec to r  space on 

which G L ( V )  a c t s  t o  t h e  l e f t .  T h u s  r induces a  map G x V -t V by 

( a , v )  b r ( a ) v ,  f o r  any ~ E G  and V E V .  Write 



and define nr:Er + M by i lr(z)  ~ n ( p )  f o r  each z  = I(p.v)]-a the  s e t  of a l l  points 

in  P x V equivalent  t o  (p ,v )  under r i g h t  ac t ion by G .  Drechsler and 

~ a ~ e r ~ l  show t h a t  E r  (M,V,nr) s a t i s f i e s  the  axioms f o r  a  vector bundle. 

Hence we have: 

Def .A.7: The v e c t o r  bundle E ~ ( M , V , ~ , )  i s  the vector bundle associa ted 

t o  P by the  representa t ion r of  G ,  w i t h  E r  and T as  defined above. -- r 
Let {pA}, A = 1 ,  ..., n = dim. G be a  l e f t  invar iant  bas is  f i e l d  on G .  

3  8 The vA a r e  thus a  bas is  of the  Lie algebra G '  of G . The vA induce, i n  a  

natural  way, a  1  inear ly  independent s e t  of vector f i e l d s  {pi} over the  

bundle space P ,  i  .e . ,  each va ( p ) & T  P .  The Q* are  ca l led  fundamental 
P 

vector f i e l d s  over P corresponding t o  the vK The subspace V of  T P 
P P 

spanned by the  v$p) is  ca l l ed  t he  ve r t i c a l  subspace of T P .  
P 

Def.A.8: A connection on a  principal  f i b e r  bundle P(M,G,T)  i s  a  smooth 

assignment of  a  horizontal  subspace H C T P such t ha t  
P P 

( i )  T P = H  OV . 
P P P 

( i i )  For every ~ E G ,  pap, H = R,,Hp, i . e ,  H i s  r i g h t  invar ian t .  
P-a P 

( i i i )  T,H - 
P - T T ( P ) M  . 

Denote by { t he  coordinate basis  f i e l d s  over a  coordinate patch U 

of  M .  The exis tence  of a  connection on P allows one t o  uniquely a s soc i a t e  
A A 

w i t h  any vector vcTmM a vector vcH where p~n-1(m)31.  The vector v is  
P 

A 

ca l l ed  the  horizontal l i f t  of v .  The horizontal  l i f t s  a i ( p )  a r e  a  ba s i s -o f  

3  9 
H b u t  in general a r e  not pa r t  o f  a  coordinate basis  . 

P ' - 

The existence of a  connection on P ( M , G , ~ )  implies the existence of a  

1-form f i e l d  w on P w i t h  values in the  Lie algebra G ' .  



F i g u r e  A.l : P r i n c i p a l  F i b e r  B u n d l e .  



Def .A.9: A 1-form f i e ld  w:P -+ T*P i s  called a connection 1-form f i e l d  

on P i f  i t  s a t i s f i e s :  

( i )  For any fundamental vector f i e ld  v* corresponding to a vector 

f i e l d  v over M ,  u(v*) = v .  

( i i )  A vector f i e l d  u i's horizontal i f  and only i f  w(u) = 0. 

i 
Let {(U(,), x(,))} be an a t l a s  of M such that  on each U C M there i s  

( a  1 
a local section of P ,  denoted S 

(a): "(a)  
-+ P .  Given a connection 1-form 

w, one can define a family of local 1 -form fie1 ds A over U by ( a )  ( a )  

where S (a)*:TmM + Ts P i s  the Jacobian of S and the pB a r e a  basis of 
(aim (a) , . 

the Lie algebra G I .  In f ac t ,  the A(,) can be expressed as 

- 
A(a) - A ( a ) i  dxi z A p @ dxi , 

(a) i  B 

i  where {dx I a re  the basis 1-forms dual to  {a,}. The A a re  smooth real-  
( a )  i  

valued functions on U and depend on the choice of the local section S 
( a )  ( a >  

Transform to a new local section S '  - 
(a) = ' (a) 

-y, where y:U -t G .  I t  
( a )  

can be shown tha t  the expressions 

are .related t o  the A ( a ) i  by 
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A few de f in i t i ons  a r e  necessary before the  curvature 2-form can be 

properly defined.  

Def.A.lO: Let r:G -t G L ( V )  be a 

v over P i s  sa id  t o  be a type r 

Def .A . l l  : The horizontal p a r t ,  

i s  defined by 

representat ion of 

i f  f o r  every a&, 

denoted hor v,  of 

G .  A V-valued k-form 

- 1 a*v = r ( a  )v.  

a k-form v of type r ,  

where v l ,  . . . E T P ,  and hor v i s  the  project ion of v onto H 
' k  p j j P ' 

Def .A.12: The covariant  ex te r io r  de r iva t ive  of a k-form v of type r i s  

a ( k  + 1)-form o f  type r defined by 

Dv - hor dv . (A.4) 

The connection 1-form w i s  of the type "ad", i .e ., i t  tak'es i t s  values 

i n  the s e t  of automorphisms of the  Lie algebra G '  induced by the ad jo in t  

3 2 
representa t ion of G in i t s  Lie algebra . 

Def.A.13: The Curvature 2-form R i s  of type ad and i s  given by R E Dw. 

From the  def in i t ions  of D and w i t  can be shown t h a t  
3 1 

B B 
where the  commutator of two GI-valued forms v = v pB and T = r pg i s  



The rea l  numbers cEBC a r e  the  s t r u c t u r e  cons tants  of G with r e s p e c t  t o  t h e  

b a s i s  1%) of G t  . The loca l  expression f o r  R corresponding t o  a sec t ion  

s ( a )  :"(a) 
+ P i s  

- 1 - - F  dxi A dxj  . 
F ( a )  - 2 ( a )  i j B 

a r e  given by The F ( a )  i j 

B - 
i j  pB - a j )  

- - 
A ( a ) j , i  - A ( a ) i , j  + [A ( a )  i  ' A ( a )  j 1- y 

where 

t h e  product of t h e  A ' s  being the  product defined by t h e  Lie a lgebra  
( a )  

s t r u c t u r e .  

Under a change of  loca l  sec t ion  S t  - 
( a )  - ' (a)  

-y ,  t h e  F transforms a s  
( a )  

The d e f i n i t i o n  A.12 of the  e x t e r i o r  covar i an t  d e r i v a t i v e  Dv of  a  k-form 

of type r a l lows one t o  de f ine  t h e  e x t e r i o r  covar i an t  d e r i v a t i v e  of  a  smooth 

loca l  sec t ion  @:U(a) -+ E r  on a vector  bundle Er(M,v,nr) a s soc ia t ed  with 

P(M,G,T). Th i s ,  of  course,  amounts to  def in ing  a  connection on E~(M,V,T,).  



i 38; following Trautman , we use the local expression corresponding t o  (A.4), 

namely: 

a D ~ $ ~  = - a B b  
i  +a + rbB i$ 

ax 
I 

In the above, the indicies a ,  b are  fo r  the components i n  the vector space 

V ,  and ra i s  the ath component of 
bB 

a 
where tc[O,1], and the eb are the basis of V .  Thus the matrices r B  = ( r b B )  

a ) are the r- are  a basis of the r-representation of G ' .  Hence (rbBA(,) 

representation of the components of the connection 1-form w. So (A.lO) can 

be written in matrix form as:  

where I) stands for the column vector and % i s  the matrix with 
( a )  i  

a B 
ei ements rbBA(,) i .  

Now suppose that  M i s  a semi-Riemannian manifold. Let J/i * * *  j . . .  
be the 

components of a V-valued tensor f ie ld  over M .  Then (A .12)  has the immediate 

generali zation: 

j . . .  j . . .  j . .  . 
Di*k.. . = 'i* k . . .  + '(u)i@ k . . .  
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where Vi i s  t h e  c o v a r i a n t  d e r i v a t i v e  a s s o c i a t e d  w i t h  t h e  semi -Riemannian 

s t r u c t u r e  on  M. 



In t h i s  Appendix, we sha l l  consider the  principal  f i b e r  bundle 

M~(M~.T,,T), where M4 i s  a smooth four-dimensional manifold, Tl i s  a  1 -param- 

e t e r  Lie group isomorphic t o  R ( i  . e . ,  the " t r an s l a t i on  group"), M3, i s  a 

smooth three-dimensional manifold defined by M3 z M4/T,,and, f i n a l l y ,  

n:M4 -+ M j  i s  a  smooth sur jec t ion .  In addi t ion,  i t  i s  assumed t h a t :  

( i )  M3 i s  Riemannian with negat ive-def in i te  metric h. 

(ii-)- There i s  a connection a on the principal  f i b e r  bundle. 

I t  wil l  now be shown t h a t  the above i s  s u f f i c i e n t  t o  determine a semi- 
A 

Riemannian s t r u c t u r e  on M4 with metric g having the s ignature  -2 and such 
A 

t h a t  g i s  s t a t i ona ry ,  i  .e., there  ex i s t s  a  Kil l ing vector f i e l d  on M4 
h 

-f -t 
such t ha t  g ( < , < )  > 0. I t  should be noted t ha t  the usual "3  + 1 decomposit- 

ion" of a s t a t i ona ry  spacetime amounts t o  es tabl ishing the  converse of the 

6 9 
above - 

A 

The exis tence  of the  metric g and the Ki l l ing vector f i e l d  $ on M4 

I 
I will  be es tabl ished l oca l l y .  Thus we work in a char t  (u,xa) on M3. I t  i s  

also assumed t h a t  over U there  i s  a  smooth local  section a:  U + TI. The co- 
! 

I ordinate bas is  over U i s  ( 8  3 ,  and the dual basis  i s  (dxa}. Hence, the  a 

metric h over U i s  
E 

where h = h a r e  smooth functions of the  coordinates xa. Let 5 be a 
a6 Ba 

I 

i l e f t - i nva r i an t  vector f i e l d  over TI. Hence, < i s  a  basis  of Tl , the Lie 
i 39 
I algebra of T1 . 
I 



Now we wi l l  hor izonta l ly  l i f t  the  basis{a,} of TUM3 E {TpM3:p~U} t o  

M - {T T * - v J )  4 M :p&U}. The resu l t ing  l i n e a r l y  independent vector  
A ~T' '(P) 4 

f i e l d s  a, a r e  uniquely determined by the  a a and the  connection a. (See 
A A 

Appendjx A , )  The 8 a r e  horizontal  and hence s a t i s f y  a ( 2  ) = 0. However, 
a a 

A 

the  aa a r e  n o t ,  i n  genera l ,  pa r t  of a  coordinate basis  on M 4 because, as  
39 A * pointed out  by Cho , [aa,aBl f 0. To get  a  s e t  of  coordinate bas is  vectors  

on M ~ ,  choose a t r i v i a l  local  sec t ion  ;:u -+ K4 such t h a t  ;(p) = ( x a , t O ) ,  

where to = a cons tan t .  Define the  1-form f i e l d  a on U a s  the  "pullback" 
- 

a r a *a. Note al,so t h a t  

a(<v) = (;*a) (v)  = a (v )  , 

f o r  any v&TUM3 Thus, s ince  

where i s  the  vector  f i e l d  over M4 induced by 5 and a = a,( @ dxa i t  

follows t h a t  

- -f 
i  .e . , (o,aa - a,<)&T M4 i s  hor izonta l .  B u t  s ince  i s  v e r t i c a l ,  . 

A r-l ( u )  - -+ -f 

n,c = 0 ,  and s o  n,(a a ) = 2 a = n*(o*aa - a,<). 

Thus, by the  uniqueness of the horizontal l i f t  i t  follows t h a t  



A 

39. To obtain the metric g on M4 we use the prescript ion of Cho . 

A A i A .  gi aa aBJ = (B.4) 

A A i j  a 5  = o  , g i j  a (B.5) 

A 

i L e w  
gi j5 5 (B 6) 

A i i  
The quan t i t i e s  a, and 5 a r e  the components with respect  t o  the  local  basis  

A -+ -f 

(a*aay~) over M4 of the vector f i e l d s  a, and 5, respect ively .  The pres- 
A 

cr ip t ion  (8.4) - (8.6) i s  natural in the sense t ha t  the metric gi makes 

horizontal and ver t ica l  vectors orthogonal . Since (<a a ,i) s a t i s f i e s  the 

3 9 re la t ions  

- 1  
i t  i s  a  coordinate basis over n ( U )  . Denote the  corresponding coordinates by 

i  i  In t h i s  basis 5 = 64. Hence equations (8.4) - (8 .6)  become 



ese  equations m 

 ha^. and eW. 

A A A 

lay be solved f o r  g ga4, and g44 uniquely in terms o f  
aB ' 

In f a c t ,  by de f in ing  a new metr ic  g on Mj by 
aB 

i t  can be seen t h a t  the  equations ( ~ . 7 )  - (B.9) formally resemble t h e  

equations which give t h e  components of a s t a t i o n a r y  metr ic  in  a  Copernican 

c h a r t .  

From equation (B .6 ) ,  t he  vec tor  f i e l d  i s  t i lnel ike with r e spec t  t o  
A 

t h e  metr ic  gi j. 4 Furthermore, i n  t h e  c h a r t  (xa,x ) ,  the  Lie d e r i v a t i v e  o f  

A 

s ince  the  g a  , and eW, from which t h e  g i j  a r e  cons t ruc ted ,  a r e  independ- a@' a 
4 A 

e n t  o f  x . Hence $ i s  a  t imel ike  K i l l i n g  vector  f i e l d  over M g i s  s t a t i o n -  4 ' 
4 

a ry ,  and ( x a , x  ) a r e  coordina tes  of  a  Copernican c h a r t .  



APPENDIX C - The Proof t h a t  t h e  1-form c i s  Closed 

I t  w i l l  be shown here t h e  dy = 0, where y i s  t h e  1-form f i e l d  defined 

by equation (4.33)  . - - 
From t h e  d e f i n i t i o n  of Z ,  i t  is  c l e a r  t h a t  •’Z = 0. Hence 

5 

Using the  p r o p e r t i e s  o f  e x t e r i o r  d e r i v a t i v e s  of forms33 and (4.28) and 

(4 .25 ) ,  i t  can be shown t h a t  

The assumption of i somet r i c  motion causes t h e  l a s t  term o f  the  above t o  van- 

i s h .  Furthermore, from the  p rope r t i e s  of t h e  con t rac t ion  ope ra t ion  ( s e e  

47 i "i j 
~ i c k s ~ ~ ,  page g l ) ,  and from t h e  f a c t s  0 5  = R .5 and D * ( v ' < ~ )  = 0, i t  

J j 

fol lows t h a t  

where Ri  i s  t h e  Ricci t enso r  on M4.  We now invoke t h e  E ins t e in  equat ions  
j 

" r i n  t h e  form R rn = - k ( ~ ~ ~  - i 6 : ~ ) ~  t o  a r r i v e  a t  

I t  i s  now claimed t h a t  



These f a c t s  a r e  most e a s i l y  demonstrated i n  a Copernican c h a r t .  Equation 

(C. l )  holds independently of  the  i sometr ic  motion cond i t ion ,  and i t  is 

es tabl i shed by e x p l i c i t  v e r i f i c a t i o n  f o r  the  t h r e e  cases  ( i j )  = ( a ~ ) ,  

( i j )  = ( a 4 ) ,  and ( i j )  = (44) .  Equation (C.2) holds only i f  t h e  condi t ion  

of i sometr ic  motion i s  invoked, and follows almost immediately from 

equations (4 .58) .  

Upon using (C. l )  and (C.2) i n  t he  previous expression f o r  dg, t h e  

des i red  r e s u l t  is obtained.  



APPENDIX D - . P r o p e r t i e s  of the  Potent ia l  Space Metric LAB 

In  this appendix, t he  con t rava r i an t  components L~~ and t h e  Chris- - C t o f f e l  symbols KAB of  t h e  po ten t i a l  space metr ic  L o  w i l l  be d isp layed.  

These wi l l  be used t o  show t h a t  E = 0 implies  t h a t  E = a  cons tan t .  
1 1  A B  

From (5.9),  i t  fol lows t h a t  

( L ~ ~ )  = 

where 

ab - 
(L ) = c o f a c t o r  (Lab) 1 det(Lab) 

The C h r i s t o f f e l  symbols of the  metr ic  LAB on K are  5 



Now cons ide r  the  equat ions 
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Since K P 2  - a  a  - a = 0  f o r  a l l  a  = 1,2 ,3 ,4 ,  E must be of t h e  form, - K14 = K23 - K34 

where F and G a r e  a r b i t r a r y  d i f f e r e n t i a b l e  func t ions  of  t h e i r  arguments. 

The equation 

reduces t o  

Assume t h a t  F i s  not i d e n t i c a l l y  zero.  The f i r s t  i n t e g r a l  of t h e  l a s t  
91 

equation i s  then 

1n(F = -Z ln ( f )  + c(@*,r , r*)  , 
Y 

where 5 i s  an a r b i t r a r y  d i f f e r e n t i a b l e  func t ion .  B u t  s i n c e  F does not  depend 

on @* i t  fol lows t h a t  

B u t  t h i s  i s  impossible because 5 = 0 ,  but  (-kf"@) ,l f 0.  Hence our 
,21 

assumption F $ 0 m u s t  be wrong. The upshot i s  t h a t  E i s  of t h e  form 
,1 

* S i m i l a r l y ,  t h e  E = 0 equation y i e l d s  
1 1  22 



Now E 
- - F y p 2  + f-l 

9 2 
= 0. The f i r s t  integral i s ,  i f  F Y 2  # 0, 

11 33 

where p i s  an a rb i t ra ry  different iable  function. If  we d i f fe rent ia te  

both sides w i t h  respect t o  r* we obtain 

Again, the l a s t  equation i s  impossible since p does not depend on I'. Hence, 

F ,2  
= 0, and E = G(T*) . 

Finally, by exactly similar reasoning, the E = 0 equation yields 
11 44 

E = a  constant. 
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