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ABSTRACT

There exists a body of literature concerned with the estimation of models
of the "Modern Theory" of forward currency exchange. This thesis is ulti-

mately concerned with the validity of the estimation procedures of this

literature.

To constitute a theoretical alternative to its precursor, the "Interest
Parity Theory'", the '"Modern Theory" requires that there does not exist a
domestic asset and a "covered" foreign asset, which are perfect substitutes.
A popular rationale within this literature for the absence of such assets,
is the risk that within the period between the acquisition of a forward
contract to repatriate the return on a nominally riskless foreign asseﬁ,
and the maturity of that asset, the foreign authorities may impose regulations
which prevent eventual repatriation at ﬁhe contracted exchange ratef The
modern theory models incorporate this risk in a simple manner at the
aggregate level. As is recognized in the literature, if this mannér is
inappropriate, the estimation procedures -employed in all of this literature
‘are rendered invalid. This prompts the question; are the modern theory
model specifications of aggregate behavior in the event of exchange control
risk, consistent with the aggregate behavior which emerges from a model of

optimal individual behavior with such risk?

iid



Beginning with an expected utility model of optimal individual inter-
national portfoiio selection, which treats forward currency market
participation as only one of many ways‘in which the individual may
tailor his portfolio to his tastes, expressions are derived which‘are
analogous to the "arbitrage", "speculative" and "trade" functions of the
modern theory models. These expressions are then compared and contrasted
with the modern theory specificétions. It emerges that the two models are
not consistent. Had the equilibrium equation froﬁ which all of the
modern theory model estimation embarks, been derived from the model
within this thesis, it would have transpired that the 'parameters' which
this literature attempts to estimate, are not parameters, but are variables.

Furthermore they are random variables. Our model thus serves to engender

misgivings about the soundness of the modern theory estimation literature.
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CHAPTER I: INTRODUCTION

Section 1: The Modern Theory empirical literature.

There exists a body of literature, documented below, concerned
with the estimation of models of the 'Modern Theory' of forward exchange.
Whilst these models are not identical they are, as we shall see, essentially
similar. This thesis is ultimately concerned with the validity of the
estimation procedures employed in this body of literature.

The 'Modern Theory' of forward exchange emergea as an attempt to
explain the apparent existence of riskless profitable internatiomal
arbitrage opportunities. Such opportunities would clearly be contrary to
a fyndamental tenet of economic theory, but more particularly they are
inconsistent with the precursor of the 'Modern Theory', the 'Interest Parity
Theory' of forward exchange.

The Interest Parity Theory L may be summarized by equation (l) plus

its concommitant definitions and assumptions

I @
j i 44
sji
where,
£ ' .
T 3 is the risk free rate of interest plus one, in country j.
£

Ji  is the currency j price of a unit of currency i in a forward

‘contract with the same common maturity date as the risk free

assets of countries j and 1.



Siq is the spot currency j price of one unit of currency.i.
Ji .
It is assumed that there are no transaction costs or other market imperfec-

tions, so that f;i and Sji are both buying and selling rates, and each

interest rate is both the borrowing and lending rate within the country

with which it is associated.

The remainder the the Interest Parity Theory is in the form of a

famous corollary introduced below.
The violation of (1) is viewed within the Interest Parity Theory

as stimulating short term capital movements to take advantage of profitable

covered arbitrage opportunities.
If

£ £ ‘
ro>r fji (2)
S..
ji
capital is expected to flow from country i to country j. If
f f
r.cr . 'fji (3)
J i
S, .
ji

the direction of flow is reversed. As a convenient indicator of the

favourable investment location, the covered arbitrage margin'is defined;
— - - f =
CAMji“ rL-T i1 7 Sii (4)
r , 551
¥  (interest differential) - (forward premium)

(4) is the traditional equation for CAMji’ it may be rewritten as

.t _ £ ' - £ _ £
cam, =fr £ CAM, , _;__ A (5)
£ 541 Ty %51
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I1f (2) holds, then the term within parentheses in (5) is positive, CAM,
‘ , ji

is positive and short term-capital move from country i to country j. If
(3) holds CAM[ji is negative and such capital flows from country j‘to
country 1i. Iﬁ both cases, capital flows are expected to ensue and thus,
within the confines of the.theory, a non zero CA¥ji is viewed as'a dis—
equilibrium phenomenon. A corollary of the Intefest Parity Theory therefore,
is a fendency for CA¢S£ to be zero.

Contrary - to the Interest Parity Theorem there exists a wealth of
data indicating a persistent tendency for covered arbitrage margins to be
non zero (2). The theoretical resolution of this somewhat paradoxical
phenomenon has taken two distinct avenues (3). One has retained the
interest parity framework but has introduced market imperfections in the form

of transactions costs and non parametric interest rates. There has also

been condideration of the difficulties of selecting comparable assets for

N

(4)

the calculation of covered arbitrage margins . Pursuit of the other
avenue was prompted by the realization "that the traditional Keynesian
emphasis on covered interest arbitrage was insufficient to fully explain the
equilibrium rate of forward exchange and that other operations in fhe
forward market were equally important in determining the equilibrium rate.
lThese additional operations, which along with covered interest arbitrage,
constitute the source of demand for and supply of forward exchange,

can be broadly defined as commercial hedging and speculation. The

addit%on of these components to the Keynesian theory has resulted in

the challenging of the major conclusion of the prewar [interest parity]



theory, that is the new theory contends that the equilibrium forward
preﬁium rate cén be considerably different from the interest-differential
‘rate." ) This "new" theory is now referred to as the "Modern Theory"
of forward eXChange. |

Estimation of modern theory inspired models in the literature, has
tended to embark froﬁ what is essentially a single common model. This
model, which shall be referred to as the modern theory empirical model,
is evident in the contributions of J. Stein (19655, H. Stoll (1968),
J. Kesselman (1971), R. Haas (1974), B. McCallum (1977), W. Gaab (1978)
and E. Tower & G. Pederson (1979). That Stein, Tower and Pederson may
be included in this group 1is perhaps not clear. TFollowing the presenta-
tion of the éssentially common model of the remaining authors, justification
for the inclusion of these three will be provided.

B. McCallum's derivation of a modern theory equilibrium condition,
identical to that of Gaab and differing from the other works cited, only
by the explicit inclusion of trading behaviour, is representative. ‘It proceeds
in the following manner. |

Solving (1) for fji’ provides the forward rate associated with an

absence of profitable arbitrage opportunities. This rate, denoted F*ji’ is

‘universally referred to as the 'interest parity' forward rate.

Thus
F* . = s, - ‘ (5a)
i 731 _ 4
rf
. i
The Interest Parity Theorem can be presented as
£., = F* ' (5b)

ji ji



f
If f.. F*,, =8, T . : 6
AR F Ot Rl . 2
rf |
i
then
rf' £f.. > rf; and from (3) we have that arbitrage will cauée capital
i i j
S. .
ji

to flow from country j to country i. Associated with this flow are
forward sales of currency i for the repatriation of return, and the re-

payment of debt. Hence (6) is associated with a negative excess demand for

forward i arising from arbitrage.

If f'i < F*ji then (2) is satisfied, capital flows from country i to
country j, and there is a positive excess demand for forward i arising

from arbitrage.

Adopting a linear form, the excess demand for forward i arising

. . Aji
from arbitrage between countries j and i, XJi » 1s written as

JA' -
XJil - MJAi[F* _f

ji ji] o~ ¢ oo (N

The excess demand for foward currency i arising from speculation between
. 3§54 o
currencies j and i, X i is expressed by,
jSsi .

xi = [E[sji] fji] o %" ¢ oo (8)
‘where s,, is the future spot currency j price of a unit of currency i,
governing at the maturity date of the forward contract associated with
fji’ and E is an expectation operator.

The absolute value of [E[Eji] - fji] is the expected currency j

profit per unit of currency 1 traded forward speculatively. For example,



if one unit of i is bought forward at price fji’ and is eventually sold
for"é',i units df j, the profit is [E}i‘— fji]’ the expected profit

[E[Eﬁi] - fji]. If one unit of i1 is sold forward speculatively the expected
profit is [fji - E[Eji]]. Thus the implication of (8) is that speculative
behaviour is a function ONLY of expected return.

The excess demand for forward i arising from trade between countries
j and i, ini » 1s expressed by |

H = kTo - wd™E, wovo xiTho 9)

i ji

This equation does not appear in the works by Kesselman, Stoll or Haas,
where trade inspired participation is viewed as impl&citly included in
the 'arbitrage' and 'speculative' functions. Whilst this distinction is
not of great significance for our eventual purpose, it is of sufficient
interest to warrant a somewhat detailed discussion below.

Using the market clearing condition

SRS SRR PRI

provides the modern theory equilibrium equation

£, = %1, + w 351 E[‘s‘ji]
WIAL,  3Si JTI o JAL, 351, IT1

+ uin F*ji (10)
vin+ uj si+ “jTi

With the absence of an explicit trade excess demand function, this equi-

librium equation has the form



£y i 351 B[S, 1+ x A
. °‘JA:L + °<JSl - jAL +“381

*
P4 (11)
"

McCallum and Gaab proceed with estimation from (10); Kesselman, Haas
and Stoll proceed from (11). Other than this distinction, the principal
difference between these works arrives in the specification of an operational
measure of E[Eji].

In the specification of his structural equations, Stein (1965) allows
for the possibility that forward market participation which is a function
of [F*,. - fji],'(he terms this "hedging'), adjusts from actual positions
to optimal positions, with a lag. As a consequence he arrives at a somewhat

more complex equilibrium equation. Using his notation for parameters, but

our own for variables, this “reduced form equation" as he terms it, has the

form,
sji(t) _ fji(t) = a-e 5 ffi -t
555 (£ 1+ (g;/hy) ———l;rf
i ~
+ ho - go + B - ho + hiyo e—At
gl + hlJ gl + h1
Tl B || Elsgl -5y ® (12)
g, + hl-1 sji(t)

[This is Stein's (1965) equation (5) p. 115.]



If there is no lag, the speed of adjustment coefficient \ tends to

~At . .
infinity, and the term e A tends to zero. 1In this case equation (12)

becomes

N ' f f

Sii(t) - fji(t) _ 1 T, -r
Sjl(t) 1+ g1/h1 rf
S i
+ hO - 8, - 8, E[Sji] - sji(t)
8y 4+ h 81 + h1 Sji(t)
(13)

After some preliminary estimation Stein (1965 p. 119) concludes that
"Whatever lag may exist in the hedging function is negligible'. ‘'He then
proceeds to interpret the estimated coefficient of the interest differential
as an estimate of 1/(1 + gl/hl). Thus he is using not (12), but (13), |

as the basis for his estimation. To justify the inclusion of Stein in

this modern theory empirical model group, it remains to show that (13)

is essentially a rearrangement of (11), the Kesselman, Stoll, Hass formula-
tion.

(13) may be rewritten as

- _ £
fji = |8 ~hy sy4 4+ hy T %5
gl + h1 h1 + gl rf
i
+ g -
1 E[Sji]



Or :
fig =do * 4Pyt §, B3]

wher'e Jl +!2 =1 (14)

The only difference betwéen (14) ané (11) is the appearance of the é-o term
in the latter. (This has arisen because of Stein's inclusion of inter-
cepts to reflect transactions costs, in the specification of the hedging
and speculative equations.)

Stein's estimation procedure is novel, in that he subsumes the
expectations variable into the disturbance term and then analyses the
consequent estimation bias,to show its existence serves only to reinforce
his conclusions ensuing from the estimation of¢fl. In view of (}4)
however, it seems not unreasonable to c¢laim that his estimation proceeds
from the modern theory empirical model, and thus what we shall have to
say.about that model does pertain to his contribution.

Pederson and Tower (1979), employ Stein's (1965) model with its
arbitrage response lag, to examine the sensitivity of the forward discount,
to interest differentials in the long run. Using Stein's structural
" equationsthey derive a "reduced form", which expresses the forward

discount as a linear function of current and past interest differentials.

Using our notation,
s, (t) - £, (t) ©° L o(e-x) - . (t-K)
ji ji = z W i j
541 () ko ef (tk)




(10)

The initial weight LA is a measure of short run responsiveness,

o
v ==§Ew%.the long run responsiveness. What is of interest from our
5 v

perspective is that the Wy and c, are functions of the parameters‘of the
structural eqﬁations specifying hedging and speculative behaviour. They
are functions of some of the same parameters which compose the coefficients
of the modern theory empirical model equations (10) and (11). Thus,whilst
the Pederson Tower reduced form’differsifrom those of the modern theory
empirical models, what we shall have to say of the latter has significance
for the former.

Having delineated the literature which is the focus of our interest,

we now return to an outline of the theme of our enquiry.
Section 2: The role of risk in the modern theory empirical model.

To constitute a theoretical alternative to the Interest Parity
Theory, the modern theory empirical model requires that ngl in (7)
abov% be finite. If it were not, then equilibrium would require

= *
£50 = 54

which, recalling (5b) is the Interest Parity Theorem. Officer and Willet

(1970) in a comprehensive survey of explanations of deviations from interest

JAi

parity, provide a numbef of reasons for positive and finite & . In turm,

in his most penetrating critical survey, Kohlhagen (1978) classifies the

Officer and Willet explanations into four issues(6), " (1) non monetary
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returns, (2) default risk, (3) non unitary correlation of returns and
(4) premature repa;riation".

The first explanation '"'mon monetary returns", first posited’by
S. Tsiangr(l959), has not been addressed in the modern theory empirical
literature. As Kohlhagen points out, the third explanation depends upon
the existeﬁce of either (2) or (4). 1In their absence, the returns on
the domestic bonds and covered foreign bonds are certain, and thus at
an equilibrium these assets should be perfect substitutes. Stoll (1972)
has shown that explanation (4) also cannot stand alone. He shows that
in the absence of some form of default risk, premature liquidation cannot
lead to a less than perfectly elastic arbitrage schedule (i.e. finite
“in.)

Explanation (2), whilst not posited exclusively, appears regularly
in the modern theory empirical literature. Whilst in his 1968 paper,

Haas does not address the question, in his associated 1971 paper he

(7>

comments:

"The riskiness of [a domestic security] and [a covered foreign
security] may, however, differ if different degrees of default risk
are associated with the promised payments ... [For securities of
the same risk class] if there is uncertainty that the contractual
rate F [i.e. the forward rate,] will be held to, the [covered foreign
security] will be riskier than [the domestic security] ... In

~ periods of international crisis [the covered foreign security] may
suffer a loss relative to [the domestic security] because the forward
exchange contract cannot be carried out, or can be carried out
only at a loss due to a moratorium on payments or to other
government restrictions on capital flows."
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8)

Hans Stoll makes the following comments:

"Now the.crucial question concerns the size ofqu? and the factors
determiningng 1. We would argue that the value of “J + depends on
the amount of risk attaching to arbitrage operations and the
degree of risk aversion on the part of arbitragers ... But what
would be the nature of such risk? The exchange rate risk is already
covered in the forward market. The remaining risk, which cannot
be hedged by the arbitrager, we claim is in the nature of a
default risk. Not only does the arbitrager face the possibility
that the individual with whom he has a contract will fail to keep his
bargain to buy or sell forward exchange, but, more important, he
also faces a general danger that the govermments concerned will
freeze foreign balances or in some way put a halt to all inter-
national transactions, at least temporarily."

(9

" Robert Aliber comments in a similar vein:

"The risk that ... arbitragers encounter.is that of exchange
controls. These controls applied within the home country of the
investor may limit the ability of arbitragers to take advantage
of a spead between the interest agio and the exchange agio. Even
without these controls, that willingness to take advantage of this
spread may be constrained by the concern that the monetary authorities
may apply these controls.”

It is of interest to note that Keynes, an early proponent of the

Interest Parity Theory, was cognisant of the risks of "covered" bond

arbitrage. The possibility of persistent deviation from interest parity

was by no means paradoxical to him:(lo)

"If questions of credit did not enter in, the factor of the
rate of interest on short loans would be the dominating one [in
the determination of the forward premjium/discount]. But ... the
various uncertainties of financial and political risk ... introduce
a further element which quite transcends the factor of relative
interest. The possibility of financial trouble or political
disturbance, and the quite appreciable probability of a moratorium
in the event of any difficulties arising, or of the sudden
introduction of exchange regulations which would interfere with
the movements of balances out of the country ... all of these
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factors deter bankers, even when the exchange risk proper is.
eliminated, from maintaining large floating balances at certain
foreign centres. Such risks prevent the business from being based
... on a mathematical calculation of interest rates."

. 11
Stein also quotes from Keynes( )
"Finally, in turbulent periods the fear of a "sudden intro-
duction of exchange regulations which would interfere with the move-
ment of balances out of the country ... deter bankers, even when
the exchange risk is eliminated, fr?TzTaintaining large floating
balances at certain foreign centres " For these reasons the
potential investor may not invest more funds abroad although the
forward rate is less than the measured interest parity."
In view of these quotations, it seems reasonable to assert that
a popular foundation for the less than perfectly elastic arbitrage
schedule in the modern theory empirical model, lies in the possibility
of forward contract default, arising from the imposition of currency
exchange regulation. In short, the slope of the arbitrage function is

widely regarded as depending upon risk considerations.

The slope of the speculative function is universally regarded as

(13

depending upon risk considerations, Hans Stoll is explicit on this point:
"... it is assumed that B [i.e. the slope of the speculative function]

depends upon risk and the degree of risk aversion.”
Section 3: The theme of the thesis: Can the modern theory model linear
equilibrium equation be derived from a model of individual

optimization?

‘That the slopes of the arbitrage and speculative schedules are

)
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widely regarded as depending upon risk considerations is central to our
theme. As Kessélman (1971, p. 238) emphasises, the modern theory empirical
model "reduced form " M... requires the assumption that the slopes of
the scheduleskremain constant over the period of study. Otherwise the
specification will be underidentified for estimation.” This assumption
is reflected in the fact that the coefficients of the reduced forms (10)
and (11), appear without a time index. If it is unwarranted, then to
proceed with estimation as if the coefficeints are constants, as all
of the cited works do, is to fall prey to the identification problem.
In short, such estimation would involve combining observations from
differing underlying structures’and producing estimated coefficients
which are invalid estimates of the parameters of any one of these structures.
It is the question of whether or not these coefficients can reasonably be
assumed to be unvarying in view of their dependence upon risk considerations,
which is the major unif&ing theme of this thesis.

The structural equations of the modern theory empirical model
include specifications of aggregate participation in a forward market.
. It is notable that these aggregate functions are immediately specified, they
are not the consequence of aggregation from some form of individual behaviour
’which has been derived via an optimization process. It is perhaps,as a
result that the empirical model specifications are somewhat lacking in
their intuitive appeal. They purport to capture behaviour which is

intimately related to the selection of risky financial positions, and yet
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fail to display any hint of diversification. In short, in much of the
theofetical undérpinning of the modern theory empirical model, the return
from holdings of covered foreign bonds and from a speculative position,
are both risky} However, in the discussion of acquisition of theée
holdings, and in the specification of the excess demand for forward currency
which ensues from these holdings, the diversification motive is nowhere to
be seen. This prompts the question: "Are the modern theory model specifica-
tions of aggregate behaviour, in their constant coefficient entirety,
consistent with the aggfegate behaviour which emerges from a model of
optimal individual behaviour?" This is the question we address.

Beginning with a model of optimal international portfolio selection,
which treats forward market participation as only one of many ways in
which the individuval may tailor his portfolio to his tastes, we derive
expressions which are analogous to the "arbitrage'", "speculative" and
"trade'functions of the modern theory empirical model. These expressions
are then compared to those of the empirical model, and the critical
question of the constancy of the coefficients of the empirical model

equilibrium equation is addressed.
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CHAPTER I INTRODUCTION FOOTNOTES

L

(2)
(3)

(4)
- (5)
(6)
@
(8)
(9)
(10)
(11)
(12)

(13)

The interest parity theory is commonly ascribed to John Maynard
Keynes. The following most succint rendition from Keynes (1923),
is perhaps the first statement of this theory.

"That is to say,’forward quotations for the purchase of the
currency of the dearer money market [i.e. higher rate of interest]
tend to be cheaper than spot quotations by a percentage per month
equal to the excess of the interest which can be earned in a month
in the dearer market over what can be earned in the cheaper."
(parentheses added)

See Grubel (1966), Gaab (1978), Callier (1979).

For a comprehensive discussion and documentation of this literature
see S. Kohlhagen (1978).

Grubel (1966) Ch. 8 and 13.
Glahe p. 8 - 9 (1967).
Kohlhagen (1978), p. 5.

Haas p. 115 (1971).

Stoll p. 58 (1968).

Aliber (1973).

Keynes Ch. 3. p. 105 (1923).
Stein (1965) p. l1ll4.

Keynes (1923) p. 126.

Stoll p. 61 (1968).
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CHAPTER II. SPECIFICATION OF INDIVIDUAL FINAL WEALTH

As was suggested in the introduction, the modern theory empirical
model incorporates the risks of international arbitrage and speculation,
in a somewhat ad hoc manner at the aggregate‘level. Since the validity
of the estimation of this model’depends critically upon the constancy
of coefficients which are recognized to be functions of these risks,
we attempt to construct a model of optimal forward market participation
which will provide these functional relationships in _explicit form.

The model involves the specification of final wealth arising from
an extensive opportunity set, including those opportunities for trade,
speculation and arbitrage with which the modern theory model is exclusively
conecerned. Assuming that each transactor maximizes the expected utility
of final wealth, we derive the individual's optimal risky portfolio.
Within this portfolio there are elements which givg rise to forward
market participation, and which corresponds to the speculative, arbitrage and
trade motivated participation of the modern theory model. Assuming that all
transactors are '"mean/variance" optimizers, we aggregate these elements over
'all transactors within a country, to provide aggregate market participa-
tion functions. From these functions, "trade", "arbitrage", and "speculative"
functions analogous to those of the modern theory model, are then derived.

In this chapter the form of final wealth is presented. Before doing
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so, however, some discussion of the modelling of international "covered"

“arbitrage risk, is warranted.
Section 1: Risk in covered arbitrage

This risk which we model is that of the imposition of currency
exch;nge controls in the period between the acquisition of a forward contract
and its maturity. The following assumptions are made with respect to
controls.

1. The only form of control is one which a country imposes to restrict
sale of its currency.

2. Controls are imposed identically on all sales of the domestic currency
for a particular foreign currency, except those sales which are a
consequence of "trade".

3. The imposition of controls by country i or country j, on the exchange
of 1 for j, renders void all forward contracts for exchange between
these currencies.

4. Beliefs about the future spot rate between currencies i and j,
are contingent upon control configurations. That is, an individual
is modelled as having a subjective conditional distribution for the
future spot rate in the absence of controls, in the event of controls
by either country alone, and in the event of simultaneous controls by
fboth countries. It is further assumed that beliefs about the future

'spot rate between currencies i and j, are independent of the possibility
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of imposition of controls on the exchange of currencies other than
ior j.

Exchange is impeded by controls; only as a special case is it pre-
vented. For example, if country j prohibits the sale of its currency.
for currency i, an exchange of j for i may be secured by purchasing
commodities in country j, and selling them in country i. For such
a transaction, an effective 'de facto' exchange rate may be cal-
culated. Such de facto rates might also be suggested by the
individual owning the 'blocked' currency j, having the belief that
at some time in the future the restrictions may be removed. Any
costs associated with the postponed exchange could be included

in the calculation of a de facto exchange rate. Uncertainty

in the timing of the liberalization of exchange and in the costs of
postponed exchange, contribute to the randomness of such a rate.

It is assumed that de facto exchange rates are the same for all
individuals, and that their distributions are the same in the.

event of simultaneous Imposition of controls, as in the event of

unilateral control.

The following assumptions relate to other aspects of the opportunity

No transactions costs.

Unlimited borrowing and lending at an exogenous riskless rate in each

.country.
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3. Unrestricted, marginless short positions in forward currencies and
risky asséts.

4. The risky opportunities within a country may be represented by a
single index of returmns.

5. All opportunities relate to a single common period. That is, all
contracts are assumed to have the same duration. Thus, anticipa-
ting our theme, forward currency committments arising from trade,
speculation and arbitrage, all mature at the same time and have

the dimension of flows per common period.
Section 2: The structure of final wealth.,

Rat her than immediately present the form of final wealth, we shall
first provide a taxonomy of its components. In what follows, all choice
variables relate to an individual 'k' of country j. With this understood,
we shall omit these subscripts and, with respect to choice variables,
use a single subscript i, to denote the currency in which the asset or
debt associated with the choice, is established.

The individual is envisaged as having the opportunity to invest in
‘the risky and/or riskless assets of 'mn' countries, to borrow in these
countries and/or to go short in their risky assets, and to engage in
trade with these countries. For purposes of exposition only, the choices

associated with these opportunities will be referred to as primary choices.
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Concurrent with the making of primary choices, the individual is faced
with the selection of exchange strategies for the repatriation of income,
and the repayment of debt arising from these choices. We shall classify
our téxonomy by the primary choice variables, and in each classification
outline the influence of the primary choice and its associated exchange

strategies on final wealth.

1. Lending.

Let Ai denote the number of units of currency j allocated to the
. . f .
risk free asset of country i; r i denote the risk free rate of country
i plus one; and 55 the number of units of currency j paid spot currently

for one unit of i. Then

is a known future income, denominated in currency i. How may this income
be repatriated? Let ui denote the number of units (nb. curréncy i) of
this income, which are left exposed to be repatriated at the end of
period spot rate El. Let fi denote the currenéy j forward price of one
‘unit of currency i. Then, leaving some of the income exposed, and

covering some in the forward market, provides, in the absence of any

exchange control considerations, the following contribution to final

wealth:
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A" i —u,| f, +u.,s : (15)

With the possibility of exchange controls, it may be the case that
‘neither finor ;i turn out to Be the rates which govern the eventual
exchange. That they may not, follows from the assumptions that any
controls serve to void forward contracts, and that the end of period spot
rate, may be contingent upon the configuration of controls.

The influence of controls is reflected by use of the following

binomially distributed random variable '.

Let

P 0 if controls are imposed by country j and/or country i.

ji
Pji 1 otherwise (i.e. in the absence of any controls).

The obsolescence of fi and gi in the event of any controls is then reflected
by changing (15) to

r . w w9
Ai i uy fini + uiSini (16)

We have now to represent the repatriation of the currency i income,
given the imposition of controls., If country i controls the sale of its

’ i
currency, the income is repatriated at a de facto rate E& (i.e. A currency

h| brice of another currency, in the event of control. The subscript
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denotes the 'other' currency, the superscript denotes which country is
contfolling the sale of its currency;) If country j controls the sale

of its cufrency this does not preclude access to the end of period spot
market, however, the exchange rate in this market is contingent uéon these
controls. Hence repatriation is at rate Eji (i.e. A currency j future
spot market price of another currency in the event of controls. The sub~
script denotes the 'other' currency, the superscript denotes which \
country is éontrolling tﬁe sale of its currency.)

These considerations can be reflected by the introduction of the

following binomially distributed random variables.

Let
Dj = 1 if j (or if j and i) imposes controls.
= 0 otherwise
Di = 1 if 1 (or if i and j) imposes controls.
= 0 otherwise
then
Di(l - Dj) =1 i1if ONLY i imposes controls
= 0 otherwise
Dj(l - Di) = 1 4if ONLY j imposes controls

= 0 otherwise

The repatriated income is then represented by the term:
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rf -
A. i (D.C
1 — 1

s

i had _"‘ -\j

i F Dj[l Di]s i) ‘(17)
i

Adding (16) and (17), provides the gross contribution of lending in

country i to final wealth (i.e. 'gross' in the sense that we have yet

to consider the financing of this lending),

+A T4 (D2 i, D.[1 - 5.]‘s‘j ) (18)

As an example of the responsiveness of this formulation, consider a
similtaneous imposition of controls by countries i and j. Then:

P,y =0 D; =1 andD,(1-D) =0

(18) reduces to

£
A, Tqgogt

i P i
i
which indicates that the currency i income is repatriated at the de

facto rate ¢ 1
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2. Borrowing.

Let Oi denote the number of units of j raised by borrowing in country

i. Then

is a known future deBt denominated in currency i. Let pi denote the
number of units (nb. currency i) of this debt, which are left exposed

to be répaid via the end of period spot market. Then leaving some of the
debt exposed, and éovering some in the forward market, provides, in the

absence of any exchange control considerations, the following debit

terms in final wealth,

f .
r . [V )
—-[Oi Cio- pi] fi - P;S,; (19)

With the possibility of exchange controls, it may be that neither fi nor
Ei govern the eventual exchange. Following the discussion in the preceding

section, this obsolescence of fi and ?i in the event of contfols, is

reflected by changing (19) to,

rfi £P 5P 20
=103 L -py [ 5Py PSPy (20)
i

We have now to represent the repayment of the debt, given the imposition

of controls. If country j controls the sale of its currency, this debt
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is repaid at the de facto exchange rate EJi. (i.e. A currency j price of
éurréncy i in the event of control by country j. The superscript denotes
the 'controlling' country, the subscfipt thé 'other' currency in the
exchahge.) If‘country i controls the sale of its currency, repayﬁent of
currency i debt by purchase of i in the end of period spot market

is not precluded. However, therexchange rate in this market is contingent
upon these controls. Hence the repayment is governed by the exchange

rate Eii. (i.e. A currency j future spot market price of another currency
in the event of control. The subscript denotes the 'other' currency, the
superscript denotes which country is controlling the sale of its currency.)
Once again, using the binomially distributed random variables introduced
in the preceding section, this debt in the event of controls may be

represented by the term,
- » wj » _naanl
o, _ i (ch ; ¥, 01 Dj]s 1) (21)

Adding (20) and (21) provides the curreﬁcy j debt which arises from

borrowing in country i,

0 et B.3, +5 [1-5185 (22)
- 0y 41 Uyt Yy 5781
8 . . N




27

Consider a simultaneous imposition of controls by countries i and j.

~Then,

This term indicates that the debt is repaid via the de facto rate ch.

If there are no controls

P,,=1 D,=0 D, =0
Ji J 1

s L “
- 1o, i P, fi P;S;

This term indicates that in the absence of any controls, the éebt is
repaid employing both the forward market, and the future sﬁot market.

A notable distinction between the form of foreign lending and
foreign borrowing in final wealth, is that they are influenced differently

by controls. For example, if countfy j controls sale of currency j, the

repayment of borrowing in country i involves a de facto rate 331, the

repatriation of currency i income from lending in country i, however, is

repatriated at the conditional spdt rate gji. In short, in the event

of controls, the same exchaﬁge rate does not govern exchange associated
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with borrowing and lending. Lending thus cannot be viewed as the opposite
transaction to borrowing. For this reason, borrowing and lending capnot
be modelled with a single choice variable, the sign of which would indicate
whether at thekoptimum, the individual engages in borrowing or lending.
This comment also perfains to the treatment of long and short positions

in foreign risky assets.
3. Risky investment.

Let Bi denote the number of units of j allocated to the risky
asset of country i, and ;i denote the risky rate of return plus omne,

from this asset. Then

RS

B,
i

|-

0
[

represents uncertain currency i income. Because of its uncertainty,
even in the absence of control risk, the exchange risk associated with
this income cannot be completely avoided. However, it may be '"hedged"
against |

Hedging of a financial position, involves the acquisition of other
positions such that because of the covariances of returns (or payments),
‘the expected utility of total final wealth is enhanced.

One such financial position which readily presents itself in this
context, involves the forward sale of currency 1i.

The value in currency i of the future income B fluctuates

i

o] H
e IH s
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directly with the future spot rate at which it is repatriated. Ignoring

for the moment the possibility of controls, this rate is ;i' The sale

of LA units of currency i forward, anticipating their purchase at future
- . A . . .

spot s, creates a risky position the currency j return on which is

(fi - Ei) per unit of i sold forward. This return fluctuates inversely
Lol

r
with ;E, and thus the forward sale may be regarded as a hedge for Bi-—i .
S.
The net position, without considering controls is, *
r
+B, ‘i 8 + w. (£, -%))
i— "1 itvi i
s
i
or
w
w
[B. Ty - w,] s, + w.,f, . (23)
ic7 if i i'i
i

If controls are introduced either by i or j, or by both countries, the

exchange rates gi and fi no longer apply. Multiplying (23) by the binomially
w,

distributed variable Pji’ ensures that in the event of controls, the

terms in (23) disappear from final wealth. Thus final wealth includes the

term

;i S +wf |P 24
Bi;—' ‘”’i] Sg F vty Fya (24)
1

In the event of restriction on the sale of currency i, repatriation

of the income B ?i/si) is all effected at the de facto rate‘Eii. In

g €
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the event of restriction on the sale of currency j but not currency i,

this income may be repatriated via the future spot market, but at a rate
EJi, contingent upon this restriction, These considerations are represented
in final wealth by the term,

i

“ “ _ “ ..j ’ . )
D27, + D:,| (1-D)) s ;] | (25)

-~
10} I»--H’

[N

Combining (24)and (25) provides the gross contribution to final wealth

of investment in the risky asset of country i,

L
r, o w _ w U\j
+ B, i [Dic i + Dj (1-D)) s i] (26)

By the way of example of the responsiveness of this term, consider the
case when the sale of currency j but not currency i, is controlled. Then,

=0 D.=0 D, =1
i

i1 3

and (26) becomes

This term indicates that all of this currency i income is repatriated via

the end of period spot market, at the control contingent spot rate %ji'
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4. Short positions in stock.

Let Mi denote the number of units of currency j acquired by going
. .
r,

short in the risky asset of country i. Then Mi is an uncertain future

-1
S,
i
debt denominated in currency i. This debt may be hedged by a forward
purchase of ki units of cﬁrrency i. The net position, without considering

controls is,

WV
- M, %i%i -k, (F - %))
1 1 1
S,
1
or . .
- [M i - k.} s, - k.f. 27)
1—3—' 1 1 1 1 .
i

(The latter form indicates that hedging may be equivalent to some exchange
via the future spot market, and some via the forward market.)

Multiplying (27) by P, ensures its disappearance from final wealth

ji

in the event of controls. Hence there is a term in final wealth:

v

r - by )
[Mi i - ki] g+ kyE Py (28)
8 -
i
In the event of restriction on the sale of currency j, repayment of the
debt Mi (;i/si) is all effected at the de facto rate Eji. If the sale
of currency i, but not that of j, is restricted, repayment is via the

future spot market, at the control contingent rate gii, These considerations
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are embodied in the term,

w . .
_ r' - “J ) _ head wl
M. Sl [ch ; ¥ 1 Dj) S i] '(29)
i

The gross influence of a short position in the risky asset of country

i, on final wealth is represented by (28) and (29),

T
S.

1

]
~
| —
Y]
H
+
=
R
'—h v
I H-
B
{27
'—l

i
=
ml =4
He

n“j v _v\ “i
[ch i + Di (1 Dj) s i] (30)
i

Once more, by way of example, consider if the sale of i is controlled,

but that of j is not. Then

P..=0 D, =1 D, =0
ji 1 J

and (30) becomes

This term indicates that the entire debt is repaid via the future spot
market at the control contingent rate 311.

5. . Exports.

The individual is treated as being in a position to contract to
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supply a quaﬁtity of exports, for which the foreign currency payment at the
end of the period is KNOWN. Let us denoté this payment for exports to
country i as Ei' The cost of generating a unit of this payment, is
treated as being uncertain. It is denoted as ?iE. This per unit cost
?Ei is assumed not to be a function of the magnitude of Ei' Thus it may
be anticipated that it is the uncertainty of profit, rather than rising
marginal cost, which will serve to ensure that the optimal choice of Ei is
finite.

It is assumed that the cost of generating Ei is paid at the end of
the period. Hence there is a term in final wealth,

w E .

- Ei r, (31)

The individual is faced with the problem of repatriating the known
amoﬁnt, Ei units of currency i. Without considering controls, there
are three potential methods of repatriation. Some of Ei may be left
exposed to be repatriated at future spot, let us denote this amount of
currency i, ei. Some of Ei’ an amount denoted Ri’ may bé reﬁatriated by -
borrowing in country i, exchanging the_proceeds at current spot, and invest-
ing in the domestic riskless asset. The remainder of Ei’ an amount
(E

- e -~Ri), may be sold forward. These opportunities may be summarized

i i

by the terms:

s £ “
1 2 T j + e sy (32)
T

i

“(E -R) £ +R

i~ %
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In the event of any form of controls terms involving fi and g; disappear
from final wealth. This is ensured by multiplying such terms in (32)
A
by P‘i’ Hence there appears in final wealth, the terms
(E;, - e (33)
Note that the strategy associated with Ri is not influenced at all by

intra period controls. Thus the contribution to final wealth

f .
R, °i r (34)
1
f
r . -
1

=

.

ov

is unaltered by control considerations. With Ri_uninfluenced byhcontrols,
in the event of controls, repatriation involves not the entire amount Ei’
but the lesser amount (Ei - Ri)' We have now to model the repatriation of
this amount, in the event of controls.

It has been assumed that controls are never imposed on trade inspired
currency exchange. Thus in the event of controls, such exchange always takes
place at some spot market control contingent rate. If countfy i alone
imposes controls, repatriation is at the spot rate contingent on
v'only i' control, gii. If country j alone imposes controls, the relevent
exchange rate is Eji. If both countries impose controls simultaneously,
then the relevent rate is that spot rate contingent on simultaneous controls,
denoted Eij. These considerations may all be represented by the following

terms,
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(Ei Ri) [Di (1 Dj) $7 + Dj (1 Di) sy + DiDjSi .(35)

For example, in the event of simultaneous control

and (35) reduces to

_ wij
(Ei Ri) S;”-

Combining (31), (33), (34) and (35) provides the contribution of

Ei to final wealth

[(E. -e. -R)TLf, + e.?.]?.. +R, °i rf.
i i i’ Ti i%i | ji i3

- " wi - “ \.j Dl “ij
+ - - + -
(Ei Ri) [Di 1 Dj) S 4 D, (1 Di) sV + DiDjSi ]

wE »
- BTy ' : (36)

In the absence of controls, Pji =1, Dj = Di = 0 and (36) reduces to

(32), the contribution of Ei to final wealth without controls.

6. Imports.

The individual is viewed as contracting to purchase an amount of

imports for which the end of period currency i payment, denoted Ii, is known.
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The (domestic) currency j revenue which each unit of Ii generates, denoted

“wl | . . . .
r,”, is assumed to be uncertain. Hence there is a term in final wealth,

+ 1. o1 (37)

The exchange strategies fbr meetingﬁfhe known currency i debt Ii’
are exactly analogous to those of the export case. Some of Ii’ an amount
denoted bi’ may be repaid via the future spot ﬁarket. Some of Ii’
an amount denoted Qi’ may be paid By borrowing domestically, exchanging
the proceeds at current spot for currency i; and investing in the riskless
asset of currency i. The remainder of Ii’ an amount (Ii - bi - Qi)
may be paid by purchasing forward currency i. These opportunities may

be represented in final wealth by the terms
- (1, -b, -Q)Ef, -Q, %1 rf, =B, (38)
L B DA B I S IR A

Analogous to the export case, the possibility of controls requires

that (38) be modified,

= 8 f “w
- (Ii - bi - Qi)fini - Qi_%_r 3 biSini (39)
T

In the event of controls, the problem is one of how to meet the currency i
debt unaccounted for, (Ii - Qi)' Since it is trade inspired, the exchange

is always via the future spot market. If country j imposes controls, the
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. j : . sy s i
pertinent exchange rate is EJi, if country i imposes controls it is i’

. . . fy . ji
and if there is simultaneous control, it -is Ei .

The influence on final wealth, of the payment of (Ii - Qi) may
be represented by,
- - . = R e
- - - - +
(Ii Qi) [Di [1 Dj] sy + Dj [1 Di] s DiDjSi ] (40)
Combining (37), (39) and (40) provides the contribution of Ii
to final wealth,

+ I.r.I - [(I. - b, -Q))f, + b.g.] P..-Q i r .
ii i i i’7i iYif Tji i—5" 3

_ _ w -v\ i - _-\ ‘j uu“ij
(1, Qi)[Di [1 Dj] 57, + D, [1-D,15%, +DiDjsi ] (41)

This completes our taxonomy of primary choices and associated exchange
strategies. In this taxonomy the influence on final wealth of borrowing,
lending, going short and risky investment, were gross influences. (i.e.
"gross" in the sense that the financing of investment, or the allocation
of borrowing were not considered). Using Wo to denote initial wealth, we
ensure that all debt is allocated and all investment financed, in the

formulation of final wealth, by introducing the term

f
w0+§[01+M1—Ai—Bi] Ty (42)
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The individual is envisaged as creating a pool of currency j, composed

of initial wealth, and the proceeds of borrowing (Z.‘Oi) and short positions
(Z-’Mi)' This pool is theﬁ allocated to risky assets and foreignv
ri;kless assets. ‘The remainder, the term multiplying rfj in (42), is
allocated to the domestic (i.e.' country j) bond.

Having discussed each major cdmponent of final wealth in turn, we

now combine them and present final wealth in its entirety:

W, = [w +2[o,+M,—A,—B,]]rf.
hj o i i i i i J
rfl w
+ 2 [A i —u] f. +u.s P
i— ji
1 S.
1
rf “ 1 wa e j
+ZA1 1(Dici+Dj[l—Di]si)
b S,
h i
0 3 £ P
-Z. I:J.---—i _PJ i~ Pi% ji
1 Si



e - 5.7 P..
Z [(Ei e; Ry £ 7 eisi] ji
1

¥, -8
i

-

D

51l +0.1-01%, +D
i[l-—Dj]si+Dj[l Di]si_

Ba
1°3°

i
i

J

39

]
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. w v

- 21: [(1i -b, -Q) £, + bisi] Py

- _ = EENETE- G- S awmi L weaij
E(Ii Qi)[Di [1 Dj] 5, Dj [1 D.]1 %", +D.D.5] ]

wI
+ );_Ii T, (43)

Final wealth as it appears above, does not exclude a priori,
behaviour which, it might be readily suspected, is inconsistent with a
conventioﬁally optimal portfolio. As it stands it has a term for borrowing
and covering in country i, and a term for lending and covering in
country i. However, we emphasize that the above form is not final
wealth at the individual's optimum, it is, instead, the argument in
the individual's objective function. As will be shown below, some of
the above choice variables cannot be simultaneously positive at an optimum
which is defined by the maximization of expected utility.

Initially our aim has been to define final wealth over a comprehensive
'opportunity set which embodies the possibility of controls. This
comprehensiveness, allied with the multiple configuration of controls,
has forced upon us a most lengthy and unpalatable form of final wealth.

Relief is in sight, however. Having attempted in this section to satisfy
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the demands of demonstrable generality, in subsequent sections the expression
for final wealth is simplified and collapsed to an equivalent, but more

digestable, form.

Section 3: The simplification of the final wealth form.

Let
by =In -1 oy =y "‘j
G, =|Dc,+D, [1L~-D,] s, (44)
i i i i i i
N, = [D,EJ, +D, [1-D.] 31.7] : (45)
i j i i j i
Al - w “i - - i - v owid :
SC.E[D. [L-D,1%.+D,[1-D,]%, +D.0D,5 ] (46)
i i j i i i i i7§71
Note that Ei’ ﬁ; and §Ci can be viewed as composites of control
WA
contingent exchange rates. Gi governs potentially controllable sales of

“ “
i for j, Ni governs potentially controllable sales of j for i, and Sci

governs those transactions which it is assumed, are never the direct

target of controls,

Using the above definitions with (43), collecting terms and

rearranging provides:
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(47)

{

RS

[,
i+ei+ki—wi-pi—bi) [[si

+ T (u
Cq
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Letting
= + + - - -
X, = (uy +e; +hky —w, - py bi)
and
= _ S.
Yl_(Ri Q.) 7i
f
r .
i
v f - »
W = W r .+ %A a,+ ¥ Bb,
J o J i11 111
i#j

+goloi+ ZMimi+ ZEiei

1 1 1

i#j
+ZIii+i_Yy+Zx§ (48)
i i i

i#j i#j

where the stochastic terms are defined by the corresponding terms within[‘]

in (47) The exclusion of the i=j terms is permitted by the fact that

- w -
= =0,, =x,, =0.

y a, (s
Y33 i3 i3 i3
[N
Comparing Wj as it appears in (48) with its form in (43), the princi-

ple distinction is the collapse of what appear as separate choice
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variables in the former, into single variables in the latter. In (48),

Yi and Xi are suéh 'net' variables. In our model the mathematical
legitimacy of this collapse serves to ihdicate that the 'nmet' variables

and their components; are equivalent in that they have identical effect

on ;G. Thus when finallwealth was initially presented it might have simply
been stated directly in the form of (48). Had we done so, all of the
choice variables common to both equations, would of course retain their
original definition, and supplementary definitions for the variables

Yi and Xi would be required. Associated with the original choice variables
however, would be new repatriation strategies suggested by the stochastic
return terms in (48). For example, Ai is the "numbeé of units of currency
j allocated to the risk free asset of country i'". Equation (43) is
structured as if a part of the currency i income from Ai is sold forward,

a part left exposed etc. In equation (48) the unit return on Ai is 21"
which, as examination of its form shows,involves complete forward coverage.
Guided in this way by the form of the stochastic terms in (48), it is

possible to provide a catalogue of transactions which ' may be considered

AS IF they are the determinants of final wealth.

1. Allocate. Ai to the covered bond of country i and finance this
allocation with domestic borrowing. (mb. the unit return on this

is Ei in (48)).

2., Allocate B financed by domestic borrowing, to the risky asset of

i’
country i. Repatriate via the future spot market or, if this is
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precluded, by the most efficient alternative means ' (the unit return
on this transaction is gi in (48).)

Allocate Oi to the domestic bond,.financed by covered borrowing in
country i. (per unit return, 31)

Allocate Mi to the domestic bond, financed by a short position in
the risky asset of country i. Repay the debt by means of the
future spot market or, if precluded by controls, by the most
efficient alternative means. (The per unit return on this transaction
ism, in (48).)

Contract to export goods of the gross value of Ei units of currency
i, to country i. Cover all of this currency i_income in the forward
market. (per unit return is Z})

Contract to import goods from country i at a total cost of Ii

units of i. Cover this currency i debt completely in the forward .
market. (per unit return is Yi)

The choice variable Xi may be positive or negative. For Xi) 0,
engage in a speculative forward purchase of Xi units of_curreﬁcy i.
If Xi ¢ 0, engage in a speculative forward sale of Xi units of
currency i. (It is shown below that the total return on either
transaction may be ﬁodelled as it appears in (48), + Xi E;.)

Yi may be positive or negative. Guided by the form of §i’ Yi

positive may be interpreted as a number of units of currency j,

allocated to the domestic (i.e. country j) bond, financed by borrowing



46

in country i and covering in the forward market.
Again guided by the form of ;i, Yi negative may be interbreted
as the number of units of j borrowed domestically for investment

in the riskless asset of country i covered in the forward market.

Note the similarity between the transactions-associated with Yi
positive, and Oi. Both. involve covered borrowing in country i to finance
domestic (country j) lending. However; they are NOT identical, the
exchange channel employed for the repayment of the foreign debt, differs
for the two transactions in the event of controls. Hence, their per

- s 3 . " L L
unit return differs, a difference reflected in the forms of v and 0,

. W oy
Consider vi and 0,5

- f e
v f T, b “we
y]_ = r j - . 1 [fini + S 1]

L i -,
- — r f rf had el 7
o, = T i ~ - i [fini + Ni]

L i .

In the absence of controls P.i = 1 and ﬁsing (45) and (46),
=0, = rf - rfi £
Yi T % j - — "1
81

However, with any configuration of contrels Pji-= 0 and we have:
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. f
- _ _ f_r,“‘c -
Gyf?ys = O = [% jooas i] “9)
R
£ .

(50)

(Sglpji 0)

i
—
n
H
[
|
ml H
=
e
| S——

Thus with controls the exchange transaction takes place at different

rates.

From (49) it is apparent that with some controls the exchange
w
associated with Yi takes place at rate Sci. Explicitly, from (46) this

rate is:
e i w i - v wi - - ij '
= F1 - + - + . td.
5", [Di[ Dj] 5T, Dj [1 -D,]s ; D.D, s ] (46)rp

Note that all of these exchange rates are spot market rates, thus the
exchange associated with Yi is in the event of controls, always secured
at a spot rate contingent upon the control configuration.l This is

not the case for Oi.

From (50) with some controls the exchange takes place at rate ﬁi“

From (45) this rate is:

v
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If country j imposes controls we have Dj = 1 and

X =1) =2
(Ni Dj 1) ey

the exchange associated with 0i is excluded from the spot market and
is instead secured at the de facto rate Eji.

In summary, the transactions associated with Yi positive and Oi
differ. With controls, the currency exchange involved in these transactions
may take place at different rates. As a consequénce the per unit return
on the transactions may not be the same.

Yi negative, interpreted above, is similar to Ai’ however it also
constitutes a distinct transaction. In the event of controls, currency
exchange associated with Ai’ may occur at a different exchange rate to
that rate governing Yi negative.

. It has been shown thatvthe transactions denoted Yi do not duplicate
those associated with either Ai or Oi' That this is the case arises from
the fact that currency exchange involved in Yi is never gxcluded from

the spot market. Since in our model it is only trade exchange which

is never the subject of control, this suggests that the choice variable

Y, and the trade choice variables Ei and I are related. This relation-

i

ship is explored below; before doing so, we conclude the discussion of

i’

the form of Wj as it appears in (48).

Within our model, the adoption of (48) and its associated transactions,
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or (43) and its transactions, is a matter of assumption. It has been
pointed out that the entire discussion might have ensued from the form
of (48) from the outset; the only drawbéck being that without the
explicitness of (43), there might be a suspicion of unreasonable restric-
tion of the opportunity set. Because of its analyfical convenience we
choose to view (48) as representing "the way the individual behaves", a
decision which has its precendents in the modern theory literature:

"The current flow of trade and payments will not be considered.

... In so far as traders operate in the forward market ...

they are considered either as arbitragers or speculators'
The intention here is that,in as far as traders behaviour may be duplicated

by arbitrage and speculation, Stoll chooses not to model it explicitly

"

but to view it as being contained within the "arbitrage" and "speculative"
g g P

functions.
Similarly,-as McCallum points out:

"Tsiang, for example, adopts the convention that traders hedge
or cover completgly, subsequently expressing choices not to hedge,
as speculation."

Section 4: Some comments on the modelling of speculation.

The term + X,%, in (48) is interpreted as the total return on

id

forward currency i speculation. Writing §i in full, the term is:

Xi[[Si - 5] Pji]
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Note that if any configuration of controls is imposed Pji = 0 and this .
speculative component disappears from final wealth. This aspect of the

formulation reflects a point made by Robert Aliber:

"But if controls are applied between the date when the contract is
acquired and when it matures, the contract may be voided; both
buyer and seller are relieved of their forward commitment without
any direct loss. The speculator may lose the opportunity to secure
a profit on his forward contract, but he has not incurred any loss
nor any constraint on his use of owned funds comparable with the
loss that the arbitragers might incurr."

Xi positive is construed as the number of units of i purchased forward
speculatively. We are permitted to construe Xi negative, as the reverse
transaction, because minus §i constitutes the return on this reverse
transaction. More explicitlyg'déﬁote a speculative forward sale of i

o
as SFi’ denote its unit return sfi:
s

T = (f. -%)P.. =- (3, -£)P,, =
st; = (£, -8 Py =- (5, - f) P8 -y

The total return on the forward sale of i would appear in final wealth

as .
+ SFi sfi
or
- SEyxy
or
+ X, x
i %1

where Xi is negative. This elaboration on a standard method of using a

single variable to denote a part of actions might seem unnecessary,
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however it is of some importance. With the exception of Xi and Yi’ all
of the choice variables in (48) are constrained to being positive.
This is precisely because the negative.of their associated unit returns
is NOT the return on the "reverse' transaction. It is this factor
which has forced the adoption of pairs of choice wvariables, rather than

the more usual use of a single unconstrainal variable to represent each pair.
Section 5: The implicit inclusion of spot speculation in final wealth.

Spot currency market speculation has not been explicitly included

in final wealth? however, it may be shown that in as far as its return
may be duplicated by forward speculation and arbitrage, it may be sub-
sumed into these transactions.

Consider speculation on a rise in ;i. An individual in country j.
takes advantage of this belief by borrowing domestically, lending in
country i and repatriating at the future favourable spot rate. In our
model this future exchange may be impeded by controls, ip which case
is a composite of the

W
exchange takes place at rate G (From (44), G

i’ i

control contingent exchange rates which govern the sale of 1i).

vy
The return on this spot speculation per unit of j borrowed denoted Rs’

f
"N
R = © i[8

S
i

(%Y [ f
i P'i + Gi] - T 3
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rf by rf rf
= + 4 - -
i [s1 PJi Gi] + i [f1 f.] PJl 3
s s
i ) i
rf by rf - f
= ifs., -£f.]P., + i{f,P..+G.]-r
— i i’ 7ji —= "1 "ji i j
s, S.
i i
rf - -
= ix, +a
— i i
S,
i

Thus, the return from borrowing an amount Z units of j for such spot
f
speculation may be duplicated by selling z' i units of i forward

s,

1 f
speculatively, and simultaneously borrowing Z units of j for covered
lending in country i.

In like manner it may also be shown that spot speculation on a

fali in ;i can be duplicated by arbitrage and forward speculation.
Section 6: A digression on "triangular" speculation.

The opportunities structured explicitly in (48), reflect what
may be termed "dual" transactions (i.e. transactions between country j
and i, j and k, etc.) No explicit opportunity is included for a resident
of country j to transact between countries i and k, and then back to his
domestic currency, j. The following is an example of such a "triangular"

transaction. A resident of country j sells currency i forward speculatively
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for currency k, the repatriation of future currency k profit, or payment
of loss, then involves a currency j exchange.

It is of interest to consider whether or not our formulation of
final wealth implicitly includes such opportunities. Consider first a
situation without the possibility of controls.

An individual with final wealth denominated in currency j, sells
currency i forward for currency k. ' Per unit of i sold forward, the
return in currency k is:

v

(fs = Siyq)

where fki and Eki are "k prices of i". This return is repatriated into
Y~
currency j at the future spot rate Sjk' The currency j return on this

triangular speculation may be written:

Rp = By = Sg) Sy (1)

+ - f
ik (53 = 59

ns

-,
= (Ey - spy)

= By sy~ i) F By - os5Siy)

= £y G- £ * (-5 (52)

where it has been assumed:

-

Sik ki~ %j1

Fhe fra T By
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" (52) indicates that §T may be duplicated by buying speculatively fki
units of currency k forward, and selling thém at future spét for currency
j, whilst<simultaneously selling one unit of i forward for currency j
speculatively.
- - .

RT is equal to a linear combination of the returns on dual specula-
tive transactions. Thus, without the consideration of controls, triangular
speculation is implicitly included within the "dual" formulation of
final wealth. With the consideration of controls however, this result

is lost.

With the possibility of controls, (51) becomes:

bl “ had “
= £ . -
Rp [CErs = Seed Prgd Yyn
-
where the appearance of Pki reflects the property that speculative
returns are zero if either or both currencies involved in the specula-
LY

tion become controlled; the replacement of gjk with ujk arises because
the repatriation of the currency k income, or payment of currency k loss,
from the initial speculation,may now be at some control contingent

-
exchange rate. u

jk

that only in the special case of the prevention of currencies j and k

will not be specified precisely, it suffices to state

‘exchange, is it zero.

Let RD be the return on a linear combination of dual speculative

transactions, all of which involve currency j.
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If some combination of dual transactions are to duplicate triangular

speculation, we must have, for some K.i,

w w

for every configuration of outcomes for the random variables. Howevér,
one "outcome'" may be readily stated where this equality does not hold.
If country j imposes controls on the sale of j for every i, then:
D.,, =0 for all i
ji
and
Ry = 0

If countries k and i do not impose controls we have:

a a
Rp = (g = spq) Uk

where sii and u?k are actual end of period values. Since in general

RT # 0 we have RT # RD. Thus a series of dual speculative transactions

cannot duplicate the triangular speculative transaction. Put simply,

universal controls by country j, causes all speculative returns on dual

transactions involving currency j to be zero. Return onispeéuiation

between two other currencies however, will not be zero, only the rate for

repatriation of profit or payment of loss, will be influenced. Hence

dual transactions cannot duplicate triangular speculative transactions.
Given this result, we are confronted with a demonstrably restrictive

formulation of final wealth. In view of the theme of the overall analysig

however, an examination of the consistency of the modern theory model,
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with a model of optimal individual forward currency market participation,
this formulation may prove sufficient for our purposes. Subsequent
analysis suggests that consistency, or the lack of it, is most unlikely

to hinge on the availability of "triangular" opportunities. If coﬁsistency
cannot be demonstrated for the restricted opportuniﬁy set, there is no
cause for optimism that it will emerge for a more comprehénsive set. The

soundness of this assertion is left to be judged in the light of the remain-

ing analysis.
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CHAPTER II. FOOTNOTES

Recall the "AS IF" qualification of page 44. The effect of Y, on

. . . . 3 l
final wealth is identical to the net effect of its components Ri and
Q.. Its net effect in the forward market is also identical. Hence
we have assumed the individual acts AS IF he is selecting Y,. In
fact the opportunities associated with Yi do not exist. Since controls
are assumed to apply to all capital movements, there are no such
movements which can always be affected at spot market rates.

Hans Stoll (1968), p. 61.
B. McCallum (1977), p. 1l46.

R. Aliber (1973), p. 1458.
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CHAPTER III. THE STRUCTURE OF AN INDIVIDUAL'S OPTIMAL PORTFOLIO

Section 1: The individual's optimization problem.

Individuals are assumed to maximize the expected utility of final
wealth, all held in the form of a single currency. Individuals "of
country j'" are thus more precisely defined as those who intend final wealth

to be in the form of currency j. The choice variables of the maximization

problem are assumed to be those of equation (48) above. As was explained

in the latter part of the section "'Some comments on the modelling of
speculation," all of the choice variables except Yi and Xi are constrained
to being positive. It is perhaps also clear from that section, that the

Xi are unconstrained. It remains to formulate the constraints for the

Y..
i

Yi (recalling that the discussion is from country j's perspective)
is a number of units of j either allocated to the domestic bond and financed

by covered borrowing in country i, or is a number of units of j borrowed

domestically for covered riskless investment in country i. Which of these

is the case at the individual's optimum, is indicated by the sign of Yi'
A positive sign denotes foreign borrowing, negative domestic borrowing.

Recall that Y, is distinguished from the somewhat similar choice variable:

i
A and 0., by the property that exchange associated with Yi is, in the
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event of controls, always secured at a currency exchange market spot rate.
Since in our model, it is only trade income and aebt which is nevér
excluded from the spot market, this suggesté that the Yi are constrained
by the magnitude of the trade choice variables Ii and Ei. The form of
these constraints may be derived by recalling the definitions of the

constituents of Yi.

Ri is defined (page 33) as the number of units of Ei repatriated
by borrowing in country i, exchanging at current spot and lending

domestically. Thus we have:

0 &R, & E ' (53)

i i

Similarly, Qi is defined (page 36) as the number of units of Ii ﬁaid by
borrowing domestically, exchanging at current spot and lending in country

i. "'Thus we have:

0 & Qy € L . (54)
Using (53) and (54) we can write:

[Ri - Qi]\< Ey (55)

[o; - R g1y (56)

- Combining (55) and (56) provides:

hs [Ri - Q]S Ey
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- = — f .
or, noting Yi = (Ri Qi) si/r i
-1, Y, iX E, (57)

As long as the choice of Yi satisfies (57), the opportunity set associated
R a) ‘ )
with Wj in (48) is identical to that associated with Wj in (43) and its
concommitant constraints on Ri and Qi' Thus in assuming that final wealth
may be written as if it is generated by the choice variables enumerated in
(48) we must not lose sight of these constraints on Yi'
We are now in a position to present the individuals optimization

problem. The problem facing individual k of country j is to:
Max E [Uk. (ﬁk,)]
-J J
w.r.t.
Ak Bk Ok Mk

ji Tji 3i ji

k k kxk

Eii 51 Y41 %3
sS.t.
k .k .k .k .k _k
510 Byer O5p0 My Epp Iji), 0 (58)
k k rf k
- Ijis Y i\<Eji
S for all i

and where ;ka is defined by (48).
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Before deriving a solution to (58) we return to the assertion made
earlier (page 40) that "some of the above choice variables cannot be
simultaneously positive at an optimum which is defined by the maximiza-

. tion of expected utility."
Section 2: Some characteristics of ‘any expected utility optimal portfolio.

The initial comprehensiveness of final wealth, has led us to an array
of choice variables in (58), some of which, intuition suggests, must be

zero at any optimum. For example, Ai is associated with covered lending

in country i, Oi is associated with covered borrowing in country i.
Similarly, Bi is associated with investment in the risky asset of country i,
Mi is associated with a short position in the risky asset of country i.
For both of these pairs of choice variables, intuition suggests that
their components being simultaneously positive, is inconsistent with
optimal choice. We shall demonstrate that such simultaneity is indeed
inconsistent with expected utility maximization. |

We shall show that there always exists a portfolio with one of Ai
and 0i zero, which has greater expected utility than any portfolio

with both positive. Similarly it will be shown that there always exists

a portfolio with one of Bi and Mi zero, which has greater expected utility

than any portfolio with both positive.
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From (47) and (48), the per unit return on Ai is:

- f rf - hed
o, = r - i [f. P,. + N,]
i 3j — ji i
S,
i
Thus
rf by bt -
a, = i [G. - N.] -o
i — i i i
S,
i
and
v “ rf bl \~
a, +o, =_1i[G, - N_] (59)
i i o i i
i

[Gi - Ni] = (Di ey + Dj[l - Di] s i)
(ch 1 + Di[l j] S i)

w .
Depending upon the configuration of controls, the random variable [Gi - Ni]

is equal to one of four combinations of its underlying components.

1.‘ = =
With Di 1, Dj 0
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[C. - §,] = &, -3 (60)
* L D.=1, D.=0
i=73
2 With D, = 0, Dj=l
[E _ % _ [331 _ *Ji] (61)
1 1 p.=0, D.=1
i h|
3. With D, =1, D, =1
[G. - N.] = [e7, - ¢”,] - (62)
i i D.=1, D=1 i i
i h|
4 with D, = 0, D, = 0
L g w
[, - N,] =0 (63)
1+ p.=0, d,=0
i h|

Now it may . ..plausibly be assumed that the terms in'(60), (61)
and (62) though stochastic, are always negative. Consider what is being

assumed when it is assumed of (60) that:

-1

[‘Eii -3ty <o, (64)

i)
Recall that all exchange rates are expressed as a currency j price of a

unit of currency i. (64) is simply the assumption that the number of
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units of j received by a controlled seller of one unit of currency i
(i.e. tii) is less than the number of units of j received by an uncontrolled
seller (i.e. Eii)J Thus (64) is simply a corrollary of the broadgr
assumption that controls work to disuade exchange. Similarly. with
respect to (61), assuming:

[s), -1 <o
involves assuming that the number of units of j paid for one unit of i
by an uncontrolled seller of j (i.e. jS), is less that the number paid
by a controlled seller of j. Again this assumption would be covered by
the broader assumption that controls "work". Finally, with respect to
(62), assuming:

[, -1 <o
involves assuming that the number of units of j received for a unit of i
by a controlled seller of i (i.e. Eli), is less than the number of units
of j paid by a controlled seller of j.

Given the above assumptions we may write:

[Gi - Ni] $ 0 : ' ' (65)
and from (59):
Z‘i +o, £ 0 (66)

(Note that it is (63) which prompts (5; + 5;)= 0. This corresponds to
our intuition. In the absence of controls, the transactions associated

with Ai and 0i cancel each other out. Thus the return on one unit of Ai

plus one unit of O is zero.)

i’
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Using (66), it is possible to show that we can always find a portfolio
with either Ai Zero or Oi zero, which for every set of outcomes, genérates
greater final wealth than any portfolio with Ai and Oi both positive.

Let Pi denote the number of units devoted to transaction i. Let
Bi denote the per unit return on that transaction. Then, writing Ai and
Oi explicitiy, the final wealth generated by any portfolio with Ai and

Oi both positive is:

e - v [
W = Z P.p, + A + 0.0,
i
or
- - e -y -t
= + [A, - + +
W E_Pipi _[Ai Oi] a; 0i [ai Oi] (67)

Now consider final wealth generated by a portfolio with the same values

of Pi but with [Ai - Oi] devoted to the transactions associated with ;i’

and nothing devoted to those associated with Ei' In this case:

) a o (68)

+ (Ai -0 1

w -
k =
W Zi PiPy i

Note that in our model the only constraint on the choice variable multiply-

ing Zi, is that it is non negative. (The situation when (Ai - Oi) is

negative is addressed below.) This choice variable denotes the extent
to which the individual engages in a series of self financing TRANSACTIONS.

is the net return per unit of the transaction

The associated return ;i
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engaged in; specifically, it is the currency j net return on borrowing a
unit of currency j domestically, and allocating it to the covered bond of

country i,

Using (67)and (68):

With 0i > 0 and using (66), we have:

W - W) 2 0 (69)

Using "'State of the world" notation, (69) may be written equivalently:

(@) - W(B) % O (70)
for all states 8
Sinée its domain is such that the utility function is increasing, (70)
implies:
u(W(8)) 3 u(W(e))
for all @
Thus, .
£(8)u(W*(8)) » £(B)u(W(e))

where f£(8) - is the p.d.f. of 6, and:

jf(e)u(w*(e))d9> Jf(e)u(w(e))de
0 0
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(noting that there is some O for which (70) is a strict inequality)
OR

E[u(W*(6))] > E[u(W(8))] o

v
The portfolio associated with W can be any portfolio with a positive
- Lo
allocation to the transaction associated with both a; and 0,- The
ity
portfolio associated with W* does not have both allocations positive.
. hasd -
Thus (71) indicates that if W% is feasible, then a portfolio W with positive
. w - >
allocations to both a, and s cannot be an expected utility optimal

portfolio.

Recall that the feasibility of the portfolio associated with W#
required [Ai - Oi] » 0. If this is not the case, (71) may still be
arrived at by specifying a slightly different, necessarily feasible,

alternative prospect. We could have written (67) as:

bt - wa - -
W o= zi_Pipi + [0, - A;] 0, +4; [0 +a,]
and considered an alternative prospect:
ot _ e - w
o= Ei'-Pipi + 105 - A5 oy
w wn
(note if W* is not feasible because [Ai - Oi] { 0, then W' is necessarily

feasible.)
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With Ai’> 0 and using (66) we have:

W' - W) %0
which implies:

E[u(W'(8))] 7 E[u(W(8))] (72)

v “
Thus with W* or W', we can always define a prospect with a zero

Aol w
allocation to one of a; or o, which has greater expected utility than

any prospect with both allocations positive. Hence a portfolio with

positive Ai and 0i cannot be optimal.

The exclusion of positive Ai and Oi from an opfimum, proceeded

from:
A ad -
a, +o

1t0; €0

By showing:

w

W
b. +m {0
1 1

we may immediately also exclude Bi and Mi positive.

From (47) and (48):

]

gs
M
H
g
of H
- lH $
s
Ly
+
z
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Thus
(v w e v 3 vy
b, = i [G, - N.] - m,
1 o 1 1 1
S
1
b. +m =¥i'[6 - N1
i i ;— i i
i

LY
Since r, (a rate of return plus unity) is non negative, and:

[Gi - Ni] S 0 (65) rptd.

Thus Bi and Mi cannot both be positive in an optimum portfolio.

We turn next to the derivation of a result familiar from the text

book theory of forward exchange.
In the contract default free models of many textbooks, it is a
standard result that if conditions are not profitable for repatriating

foreign trade income by borrowing in the "foreign" country and exchanging

at current spot, then they are also not profitable for engaging in

"arbitrage" involving borfowing in the "foreign" country.” To show this,

consider a country j exporter anticipating one unit of currency i in the

fupure. In the absence of contract default, he can sell the unit of i

forward for a certain number of units of j, fi' Alternatively, he may
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borrow currently in country i 1/rfi units of i, exchange at spot for
currency j, and invest in the currency j riskless asset. At the end of

the period he receives with certainty:

f
r i s units of currency j.
rf.
i
If
f
£ i s
i 2 1 s;
f
r .
i

the exporter would use the forward market to repatriate his foreign
income, he would not employ . the "borrowing' strategy. This condition

may be rewritten:

which is equation (2 ) the condition for "arbitragers" to borrow in country
j for investment in country i. Thus when it is not profitable for "traders"
to borrow in country i, it is also not profitable for arbitragers to do so.
This familiar result may also be derived from our model.
In our model, the return from investing in the domestic bond
- .
o,.

financed by covered borrowing in country i, is i The number of units

of country i export income repatriated by the "borrowing" method is R, -

Since:

Yy

S
®; - Q) %t (73)
Ty
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it is apparent from (48) (where Qi and Ri appear only within Yi) that
it is only the difference between Ri and Qi which influences final wealth.
Thus we can assume that Ri and Qi will not both be positive at an optimum.

Since:

R, Q, % O

1 1

- we have from (73):

Yﬁ>0 —+ Ri> o, Qi =0 (74)

From (48) the return per unit of positive Yi is ;&. Using (47) and

(48):

o.= y. + i [ -N.] L (75)

From (45) and (46):

wC _A E“ -“ v-j w o= nij _"‘j
[8°, - §;1 = D, -Dy) ¥, +DDd, 5 b, &,

Consider this term for each possible configuration of controls.

*c -~
575 =Ny DD =0 °
. D,
[s¢. - N.1] = (3. -8 5¢o
i i D.=1, D,=0 i i
j i

Negative, because we assume the number of units of j paid per unit of 1
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by a controlled seller of j (i.e. EJi), exceeds the number paid by an

uncontrolled seiler (§Ji).

[ECl - N,] _ = 0
D.=0, D, =1
1
[s°, - N,] = [s;0-&1<0
D.,=D.=1
J 1

Negative because we assume EJi (defined immediately above) exceeds the

. . wi
price for uncontrolled transactions s

'The preceeding, permits us to write:
e W .
[s7, - N,1K0 (76)

From (75) and (76):

Al -
7
Yi % % an
-y, wn LY “ -
Let W be any feasible prospect with Oi> 0. Let W' =W+ (l)yi - (l)oi:
v\" -\ v - ) 7
W'-W=y -0, %0 | by (77)

Invoking the procedure following (69) above, W s preferred to ﬁ. Thus,

as long as it is feasible (recall that the transactions generating ;i’

denoted Yi’ are constrained), it is preferable to engage in Yi rather than Oi'
It follows that 0i will only be positive if Yi is constrained by its

positive boundary, it also follows that if at an optimum the choice of Yi
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is unconstrained then 0i is zero. In summary,

Oi7 0 ——-)' Yi constrained at positive boundary (78)
or, using (57):
£
0.y0—> Y, i = E,
i 15— i
i

and using Y. = (R, - Q.) ®i with (74) provides:
i i 1+
. £
i

oiv 0o —>» R; = Ei (79)

Recalling (53) (i.e. o ¢ Ris Ei) provides:

0% Ri < Ei —> 0i =0 (80)

(80) is in part the familiar result that if zero currency i export income
is repatriated by "borrowing" (i.e. Ri = 0), then covered borrowing in
country i for riskless investment domestically, is also zero (i.e. 0i = 0).
(79) embodies the result that, only if it is optimgl to repatriate all of
the currency i export income by "borrowing', will it be oﬁtimél to engage
in any currency i borrowing for arbitrage purposes.

The preceeding has focused on borrowing in country i. It is gimilarly
ﬁossible to derive the familiar result pertaining to domestic borrowing.
It may be shown that:

0£Q €I, — A =0 (81)
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That is, if it is not optimal to repay any currency i import debt by
domestic "borrowing" (i.e. Qi = 0), it is not optimal to engage in any
domestic borrowing for covered investmeﬁt in the riskless asset of country
i (di.e. Ai = 0). (81) also conveys that if it is optimal to repay.some,
but not all, of this import debt by the domestic borrowing strategy

(i.e. 0((%:(11), it is still not optimal to engage in any coﬁntry‘i
"arbitrage'.

The intent of this section has been two-fold. Firstly, to demonstrate
that in the plethora of substitution and rearrangement we have not lost
sight of behaviour. Some a priori implausible choices have been excluded
from the optimal portfolio, and some consistency between behaviour in
this model and in the traditional model has been demonstrated. Secondly,
as will eventually emerge, our major theme, the derivation of aggregate
forward currency market excess demand equations from an optimization

framework, is facilitated, by some of the results of this section.

Section 3. The Derivation of the structure of the individual's optimal

portfolio.

The individual's optimization problem is one of maximization
subject to inequality constraints. Such problems do not permit the deriva-
tion of a reduced form solution like that of a classical equality constrained

problem. However, any actual solution can be viewed as if it had emerged
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from a classical problem. In short, if it was known a priori which
constraints were binding to the solution, that solution could be arrived

at from a classical problem involving only these active equality con-
straints. This assertion will first be jusfified and then its significance
will be explored.

Let X denote a vector of choice variables, ¢ a vector of constants
rand g(X) a vector of functions of X. Consider the following general
maximization problem:

Max y = £(X)

w.r.t. X

g(X) £ ¢ (N.B. These constraints may " (82)
include non negativity constraints)

Define the Lagrangian
T
z=£fx) - N [g(X) - c]
where A? is a row vector of multipliers.

At the solution the following is required:

Lo [g®) - cl g0

A¥0  AT[g(X) - c]l =0

The configuration of binding and non binding constraints at any solution

may be represented by reordering and partitioning the above vectors.
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At any solution the conditions for the optimum could be written as:

°Z

0 [g(X) - ¢c] = g(X)B - cg ¢B

>

where B indicates association
------ with a binding constraint,
A =0 NB a slack constraint.

>
I
>
o
A4
)

In principle, the equations:

22=0 g(X)p = ¢, XNB =0 (83)
2 X
provide solutions for optimal X and AB'
Let us consider the classical problem:
Max f (X)
w.r.t. X
s.t.
- 8
g, = ¢y (84)
Define Z* = £(X) -A.L [g. ~ c. ]
B B B
At the optimum:
d z* A _ (85)
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In principle these equations provide solutions for optimal X andXB.

Now with )‘NB = (0 we have:

dz Dz
X

?

>

and (83) is seen to be the same set of equations as (85). Thus the same
solutions for X and }'B emerge from both the inequality constrained
problem (82), and the classical problem, (84).

The significance of this result lies in the following considerationms.
If it was known a priori which constraints were binding, then a reduced
fdfm could be arrived at. With the assumption that for small changes
in the parameters of the problem, the set of binding constraints does not
change, it would then be possible to arrive at the functions of interest,
and .to engage in the usual exercises in comparative statics. However,
since it is not possible to know a priori the binding constraints, the
unequivocal solution cannot be determined. Instead, "contingent solutions”
can be determined; solutions which are contingent upon the a priori
specification of a set of binding constraints.

To engage in the contingent analysis associated with contingent
solutions would be a massive, repetitive task. Fortunately, for our
purpose, the examination of each possible contingent solution is unnecessary.

Rather than engage in a taxonomy of contingent solutions, we can derive

the structure of any such solution, Since our concern is with the



structure of the Modern Theory Model, this will prove to be sufficient
for our purpéses.

The structure of any contingent solution, may be arrived at by
specifying in a very general way, the constraints which are binding.
To facilitate this specification the choice variables are consolidated
into vectors,

Define the vectors:

I
S

Il

and similarly for all the remaining choice variables of the optimization
-problem (58).

(N.B. All analysis is from the perspective of person K of country j. At
a subsequent stage the indices, person K and country "of domocile" j,
will be applied to the vector symbols A, B etc ... Until then it is

convenient to omit them.)
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Let us collect those choice variables which are involved omnly in

non negativity constraints, in a single vector:

[ A

1
o

We attempt next to specify a contingent solution to the optimization problem,
which is sufficiently general not to contradict ANY possible actual
solution. We proceed to specify this very general solution.
The vector of choice variable denoted X is unconstrained. Thus we
can simply state that at the optimum, X takes on some unspecified\value.

Using # to denote the optimal choice X = X*., Now with respect to Y, recall:

K Kr ‘K
_Iji Sin — = sEji
i

or in matrix notation -I &[r/s]Y £ E where [r/s] is a diagonal matrix
£
rl/sl

T £

rn/sn
Thus we may have a subset of the vector Y, let us denote it YI‘constrained
by a subset of positive elements of the vector I, denoted I°. Hence

c* I I* I
- I = [r/s]" Y & @ where [r/s] 1is a diagonal matrix compatible
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with YI.
Similarly we may have a subset of the vector Y, denoted YE constrained

. c
by a subset of positive elements of the vector E, denoted E . Hence:

* E E*
S = [r/s] YE > ® where [r/s]E is compatible with YE.

There may be a subset of Y which is non zero at the optimum and is not at

a constraint boundary. This may be denoted

V2o

There may be a subset of positive elements of I which do not serve to

. . . P
constrain elements of Y. This vector is denoted I

™ 5 ¢

Similarly there may be a positive non constraining subset of E denoted E

Pk
E >0

Finally, the vector of choice variables G, which is only constrainedkto
being non negative, may have some positive elements and some zero elements.

With the elements of G appropriately rearranged, its form at any optimum

may be represented by defining two new vectors Z and €, and writing:

G = 2% 59

B* =9
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Collecting these vecﬁor% any solution is consistent with the follow-

ing:

X = Xk

N Y LAY

B = [x/s1E YT v
g
oy ]
o *0
A (86)

with any reméining choice variables not embraced by ény of these vectors,
all equal to zero. Denote the vector of these zero value variables N.

The above general contingent 'solution' may be viewed as if it had
emerged from a classical optimization problem. In particular, the
relationship between the above optimal choices, and the parameters of
the optimization problem would be provided by the solution to the following
classically constrained problem:

Max E[UKj (ﬁxj)]

w.r.t.

= >
Ll =)
=)
MR

I
s.t. ~1% = [r/s1t Y

[r/s]E vE (87)

=
0
I
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w
where WKj is defined by (48). Using vector notation it has the form:

“ had -
W, = w°rfj + AT+ BT+ 0TS+ M E B+ I+ Yy 4 XR
(88)

wT " “ . . .

where a~ = [al eee an],‘and similarly for the other stochastic terms.
“w

Note ij includes the vector of zero choice variable N. Setting
these choice variables equal to zero in (88), and employing the choice
variable vectors of the general contingent solution with their appropriately

defined associated stochastic return vectors, provides:

- T T T T T T
YKj =w°rfj + 22+ S 2 + PP + 19 1% + P TP+ ¢y 5T 4 ¥R 3R
T T
+ Y FY + xR (89)

The optimization problem (87) is then equivalent to:

Max E[UK5(§K5)]

- 1% = [r/s1 !
ES = [r/s]5Y" (90)
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Rather than employ the Lagrangian technique to solve (90), we can use the
constraints to eliminate Y and ' from the objective function, and -
maximize the resulting function without constraint.

Substituting the constraints into (89) provides:

' T T T
?KJ. = w°rfj +270 4+ BS @ + [s/r1B 55 + 2P 2P 4+ 1© (G° - [s/e1t TD)
T- uT j T
+ 1P PP+ vy o+ x% ~ (91)
Let us consolidate the choice vectors and return vectors of (91) into

two vectors:

[ ] o [ T
Z Z
&+ s 15D £C
eP EP
- - J— e =
G - sesh| o= Rk © | = ckX
j j
iP P
3\'11 Yu
X X (92)
L. - - o

Note that both the choice vector and return vector are indexed for person
K of country j. Whilst the return on any single transaction is the same
for all persons of country j, the choice variables included within Cj are

assogiated with a single person K, and thus the vector of returns on these



84

choice variables is also associated with person K. This point is of
some importance and will be returned to below when the question of

aggregation arises.

Using the vectors MKj and C j results in:

“K o f K ™»K (93)

and the optimization problem may be written in its most concise form:

K ,wK '
Max E[U ; Y J,)] (94)

K
w.r.t. C
h|

It is assumed that UKj is quadratic for all individuals K and countries

j. Using (93) UKj is expanded in an exact Taylor series around w'r j to

provide:
1 T 111 T - T
efoX. 1 = g(oX, + uX, oK, K+ 0¥, KRR K
3 3 i3 3 3 3333
At the optimum:
K ] " T *
QEWU LT X gk A UK B[R 1k =0
P J j j 3
h|
and:
* ]
K »K K
c E[M M‘K E[M
3 j [ ] ]
UK
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* T ' ‘
K K »w» »K -1 K
cC, =T, E[M M, E[M . 95
y J[[JJ]] [, (95)
where
1
K K
T, = -0, 0 - 96
i ___JT> (96)
UK

is the individual's risk tolerance function evaluated at Worfj.
Thus the solution to (94) is provided by (95); allied with the
constraints

-1I

cK* 7
[r/S]IYIK#

cK* EYEK* R
E [r/s] it is the solution to the constrained problem (90).

(95) is the relationship between the optimal choices and the parameters -
of éhe choice problem, which emerge from a very general specification

of the contingent solution. .It _is.perhaps apparent that the specification
of any precise contingent soluticn, rather than the rather vague general
specification in (86), woﬁld serve only to alter the comgosition of the
vectors CK. and BK. in (95). Most pertinent from our perspective, the
specification of any particular contingent solution would not alter the
structure of (95). Thus it is contended that (95) conveys the structure
of the relationship between the optimal choices and the parameters of the\

choice problem for any contingent solution to the classical optimization
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problem (90). Finally, since the solution to the actual choice problem

(58), is necessarily the same as some contingent solution , we have that

(95) conveys the structure of the above relationship for our actual choice

problem.
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CHAPTER III. FOOTNOTES

1. For an extended discussion see for example "International Monetary
Theory and Policy," by Miltiades Chacholiades, McGraw-Hill, 1978,
New York, pp. 21-31.:
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CHAPTER IV. THE STRUCTURE OF AN OPTIMAL AGGREGATE PORTFOLIO

In Chapter III the structure of the solution to‘an individual's
choice problem was derived. That structure was arrived at by specify-" " :-
ing sets of active and slack constraints, discarding the latter, and
solving the resulting classical, equality constrained problem. It was
noted in the derivation, that the active constraint specification, from
which the solution ensued, pertained to an individual. This specification/
determined which choice variables were zero at this individual's optimum,
and hence which stochastic return terms did not appear in this individual's
equivalent classical contingent choice problem (90). Consequently when
those stochastic returns which did appear in (90) were collected in a
single vector §, that vector pertained to this individual K and hence

required a superscript K. Now that the question of aggregation is to be

addressed this point is of some significance.

Section 1: Aggregation using an implication of Pareto Optimality for

constrained individuals portfolios.

The structure of the individual K's optimal portfolio is expressed

T
K* K “K =K -1 _ .=
¢y = T [E[MKij 1] E[MKj]

_ oK [r/S]IYIK* gCK* [r/S]EYEK* (95) rptd.
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%
Recall (from (96)) that TKj is a scalar. Hence the aggregation of CKj

over K would be straightforward® if it was reasonable to assume that Ej
was the same for all individuals K of country j. Wé proceed to argue
that such an assumption is indeed reasonable.

It may be shown that with Pareto Optimality in the distribution of
the risky opportunities of this modél.at any optimum the SAME constraints
are binding for the choices of ALL individuals of the SAME country. (Please
see appendix for proof). Invoking such Pareto-optimality, then,given this
result, the specification of a set of binding constraints for individual
K's optimum, implies that for the overall optimum, the same constraints
are binding for all other individuals of country j. Recalling that
the specification of bindiné constraints for K ,determined which choice
variables appeared in,CjK, it then follows immediately that the choice
vector CK. contains the same variables for all K, and hence the associated
return vector ﬁsK is the same for all K. (N.B. In making this argument
it has been assumed that when a non negativity constraint is not
binding}the choice Qariable is positive. Thus, when for all K such a
constraint is slack, the associated choice variable appears in all CKj.)

- ;
Given M.K is the same for all K;the structure of individual K's

optimal portfolio is:

K* _ K [oo=wT.q-1_>=
¢y = Tj[E[Mij 1] E[,]

P gK* = 1r/e]HFE
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Summing over K provides the structure of country j's aggregate portfolio:
v - T -1 - ‘
C = T, |E[M.M, E[M, 97
5 [EOLECT] 7 ) on
where T, = ZTK.
J K 3

[e/s1 ¥l
g [r/s]5YE

I
—
]

* * * * *
where ) b ICK and similarly for YI , ¢ and YE .
K

It is emphasized that (97).is not a reduced form in the usual sense;
since we don't know which constraints are binding at the optimum, we
don't know which variables and parameters of the model, compose (97).
Howéver, if we posit some solution as optima1‘(97) provides the relationship
between that solution, and the parameters which are pertinent to it. If
we then assume that for small changes in these parameters, the compositon
of the solution does not change (i.e. the configuration of binding and

non binding constraints does not change, so that which variables compose

VA -
Cj, and which parameters compose E[ngT] and E[Mj], also do not change)

then (97) may be treated as a reduced form. 1In particular, it may be viewed

as a set of demand functions for participation in risky transactions. Since

these transactions involve the exchange of securities and currencies, (97)
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is the source of contingent demand functions for securities and currencies.
Thus we can derive from (97), contingent demand functions for forward
currencies. Again we choose not to derive a series of such functipns;

but instead to derive a general contingent demand function for a forward
currency which displays tﬁe structure of any such demand function.

Recall that in the Modern Thedry Model, the ultimate focus of our
interest, there is a functional classification of the sources of demand
for forward exchange. This classification demarks an "arbitrage"
demand a "speculative" demand and a ''trade' demand. To permit a comparison
of the excess demand functions specified in the Modern Theory, and
those which emerge from our model of optimal behaviour, we shall derive

a "general contingent excess demand function'" for each of the classifications

adopted in the Modern Theory Model.
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CHAPTER V: THE DERIVATION OF "ARBITRAGE," "SPECULATIVE" AND "TRADE" EXCESS

DEMAND FUNCTIONS FOR FORWARD CURRENCY.

In the conclusion of chapter IV, it was emphasized that whilst the
model does not permit the derivation of an unequivocal reduced form,
we have in (97), the structure of any contingent reduced form. This
"reduced form" now permits the derivation of the structure of the aggregate
demand function for each risky opportunity in the model. In particular,
it provides the structure of the aggregate optimal de@and for participation
in "arbitrage'", forward currency speculation and "trade".

At the outset, it is perhaps reassuring to demonstrate that 'the struc-
ture of our demand equations(97), is identical to that of the demand equations:
of the well-known "Capital Asset Pricing Model" when that model involves.
quadratic utility functions. Jan Mossinl for example, in a model involving
a single country, a riskfree rate of interest, and risky opportunities
represented by shares in companies, derives the vector of 'the -optimal
number of shares of each company, for an individual. He employs the

following notation:

Zj the number of shares of company j bought by the individual.

Z a vector of the Zj'

?j the beginning of the period price of a share of company j.
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the end of period expected value of a share of company j.

k|
m, = (/“j - rp) the "risk margin'". This is the expected net
return on a share of company j ("net" may be either net
of explicit borrowing costs incurred to finance the purchase
of the share; or net of the opportunity cost of the share).
m a vector of the mj.
C the variance covariance matrix of the end of period values
of shares.
W the individuals initial wealth.
w " w)
c a parameter of the individuals utility function Uj(W) =W-cW.

The vector of the optimal number of shares of each company for the individual

to hold, is then:

z=11 =~ rwWw{ [C+ mmT] -1 m
-} 2¢

Our optimal portfolio for the individual has the form:

CKj _ (W £ [;[M i i] -1
U (W r j

In our model E[ﬁj] is a vector of the expected net returns on risky

transactions and is thus analogous to Mossin's vector of '"risk margins' m.
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Let us define Ej as the variance covariance matrix of the elements of

M.. Then:
J
— N — .“ - — e T
fj = E[MJ. E[MJ.]] [Mj E[MJ.]]
Lars e T e T o= =T " “ T
= E[Mij MJ. E[Mj] E[Mj]Mj + E[MJ,] E[Mj] ]
et T, o “ T
E[MjM.j ] E[Mj] E[Mj]
Thus:
w ow T —-l__. w w T -1
E[MJ,MJ, ] = [z'j + E[MJ.] E[MJ.] ]

Finally, the utility functions in our model are quadratic:

U(ﬁ) =W - cﬁz

1
Hence: - U evaluated at Worfj is:
1"

U

f
-]11 - 2cW°r . -1 - Worf.
- 2c 2c J

Substituting into the expression for CKj provides:

K £ - -~ T.-1 =
c.=11 -Wr, , + E[M,] E[M E[M.]
; [BI OJJ[ZJ 07,1 e "1 sl
which is identical in strﬁcture, to Mossin's solution. With homogeneous
beliefs assumed both hereand by Mossin, this similarity of structure is

ma;ntained at the aggregate level.

Having demonstrated a consistency with the literature, we turn now to
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the derivation of the demand functions of interest.

Let us rewrite (97) as:

C*,
J

- - T. -1 _ =
TJ.IZJ. + E[MJ.] E[MJ.] 1 E[MJ.]

= T, det. . : -1 [
g det- (X Z. 5 EIM]
det. (g . + E[M,1E[N,]T
(iJ [ J] [ J] )
where "det." indicates "determinant of".
Or:
ck, =9,5 T, EIM.] ~ (98)
J J J J
where ©O E- Tj det. (ZJ) . (99)

: = - T
det. . + E[M, JE[M,
. (g + el 1m0 15
Recalling the definition of Ej note that in general:

£ "
9= ej (r;» £5, 54, EIS{T, oo, ceens) (100)

- J .
Let us denote the kith. element of J 1j as \‘\ ki Then, in general

‘the tth element of C*, is, from (98):

3

J hpd J -
C*jt = ej»\ tt E[th] + ej 2;. }] 1 E[Mji] (101)

i#t
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Section 1: An "arbitrage" excess demand function.

In our model, the choice yariables *.Ai’ Oi and Yi are associated
with transactions which are traditionally referred to as covered érbitrage.
(For elaboration on these choice variables please see p. 44 ). Using
(101) we can provide expressions for the optimal aggregate participation
invthese transactions.

-

Assume that we are at an optimum where the amount allocated to the

~

covered bond of country p, Aj , is positive, and thus the choice variable

A, is contained in Cj* of (98). Let A, be the tth element of Cj

jp -
and then by implication we have ;jps b%t' Using (101):
A =0 ER T+e T ol md ] (102)
jp 3ttt Thgp i otel i |
it
Now from (47) and (48):
E[S, ] SE T e B 481 - (103)
a, = . - T .
jip % i T P j -
p
- f -
T by £
= f_ E[P, ] + E[G -r. (104)
s_R-[p[Jp] [p]] L
p
Recall Pji = 0 if controls are imposed by country j and/or country i.

= 1 in the absence of controls.

* : .
Henceforth choice variables pertain to the aggregate value for a country..
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wA
Then E[P, ] = (1 ~ PS ) where PS¢ is the probability of having some
Jp Jp Jp
configuration of controls between currencies j and p. Hence (104) may

be rewritten as:

f f
WA __r T c w
Ela, ] = f - F* - P, £ - E[G
[Jp] SE[p p] SE[JPP [p]]
‘ P P
) f

- T . . . .
where F;:: j s_ is the "interest parity rate."

r
p

Substituting this expression for E[E}p], into (102) provides:

- F% - f -
J'ltt [f F1+9[Z‘)t1 lhtt [P E[G]]]
P it P

(105)
Recall from section 2, Chapter III, "Some characteristics of any expected
utility optimal portfolio," our optimum cannot involve both positive
A, and O, . Since by assumption A, 1is positive, we have O, 1is zero.

jp Y assuEp ip 2P ’ P

Also in that section it was shown that:

0,>0—> Y, =E, 54 (78) rptd.
i i i 3 :

Ty

_ Whilst it was not done so, it could also have been shown by the same

procedure that:

s
Ai> 00— Yi —-Ii'—% (106)

Ty
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Thus with A, 9 0 we have Y, = - I, S5 . Following the rocedur
Jp Jp JP'"% 8 P €
T
p

immediately preceding (91), Yjp could be eliminated from final wealth, and

the only two terms involving Yjp and ij, replaced by a single term:

-1

el o4 S
+1, 3 -% 3l
ip Yip TR Yyp)
r

P

Using the definitions of the stochastic terms, this term may be rewritten

as:

+1, (¥ s T ' (107)

This expression indicates that the forward market activity associated
with I, and Y, separately, nets out to zero. That is, the net result
is as if the foreign currency debt associated with ij is repatriated
entirely by the '"discount" method, without any resort to the forward
market. (Note that the term within parentheses in (107) is the per uynit
Jj net return on imports, the foreign currency cost of which is paid by this
discounting method.)

Given these results, we have that if at the optimum Ajp is positive,
"then the transactions denoted A.jp are the only source from country j, of
forward market activity associated with arbitrage& Since AjP denotes the

number of units of j allocated to the covered bond of country p, we have:

that the NET supply of forward p from country j, arising from arbitrage is:
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(108)

where Ajp is provided by (105).

Note that (108) has beeﬁ derived from the assumption of positive
Ajp' For any oﬁtimum exhibiting positive Ajp’ this net supply>from arbitrage
function, will have the structure of (108).

For any such optimum the terms which‘compose (108) will depend upon
the configuration of the ﬁﬁi in (105). What is significant from our

La)
perspective is that independently of this configuration of the Mji’

having substituted for Ajp (108) may be rewritten generally as:

s 4. )y=0oMm7 7
p Jp jv\tt L—E]
P

where z'?P (Mj) is meant to symbolize a summation of terms which depend upon

A
v[fp - F;] +sz (Mj)] (109).

the parametersof the vector Mj’ but which for our purposes need not be
considered explicitly.

(109) can be viewed as a family of functions giving country j's
participation in the jp forward currenéy market arising from arbitrage.
" The family is characterized by positive Ajp’ each member corresponding

“
to a particular configuration of Mj' If instead of positing an optimum

with positive Ajp’ we assume ij is positive, a different family of market

participation functions emerges. However, as we shall see, this family
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has a general form akin to (109).
Assume that we are at an optimum where ij is positive, and thus

‘ &
the choice variable ij is contained in the Cj vector of (110).

* 1 L _1 w !
cC. = 0, T E[M. 11
k| 3 z i' [ k| ] (110

1

jt

: * ! [
Let O, be the tth element of Cj , and we have by implication ojﬁs M

Using an equation which corresponds to (101) we have:

owm? EB 0 I et 111
. =80, . ] + 6, . E[M. .
ip = % Mee Blogpl * 8, zi‘\tl M5 ] (111)
ift
From (47) and (48):
f rf hay "
E[0, = E - £f P, +N
(04p] [r —2 [y Fyp p]J
P
or using E[Pjp] = [1 - P§p]:
" rf (o} e rf
E[0, ] = P f - E[N - £ - F
[ Jp] - [ ip [ p]] S_R [ > ]
P P

. .
When positive A. was assumed and derivation proceeded from (98), the

notation M, and ¥ JPyas dsed. Since simultaneously positive A. and O, has
been ruledjgut, the assumption of positive O, necessarily meadB that JP
the vector M, differs from the original. HetBe the "new solution" (110).

3
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Substituting into\(lll) provides:

nogt et vogr ot [pS [
0, =-8, £ - F*] + 0, PS £ - B[N
jp $Mee 2[5, = FR1+ 050, 2 [P £ ~ EINT]
P P
 Z e 2)
+ 0, . E[M, 11
G Inled <

i#t
0. denotes the optimal number of units of j allocated to the domestic
bond, financed by covered borrowing in country p, hence it generates

a demand for forward currency p.

3 = -
D°_ (0. )= 0, 113)
p 0500 7 %p (

®w] R
SRS

Again recall from the section "Characteristics of any optimal portfolio!
g P p ’

Ajp and Oj cannot both be positive at an optimum. Thus in positing

O . positive, we have A jp is zero. Also from that section, (78) provides:
0,>0— v, =g, 5
jp ip  ip
r
p

Once more following the procedure preceding (91), Yjp could be eliminated

from final wealth and the only two terms involving Yjp and Ejp’ replaced o

‘by a single term:

S wE )
-+ i

b

wC
+E . (e
jp " Jip
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Using the definitions of the stochastic terms, this term may be rewrittenE5

HE _S% rfj - ?E_P | (114)
r
p

This expression indicates that the forward market activity associated
with E, and Y, separately, nets out to zero. That is, the net result
is as if the foreign return associated with Ejp is repatriated entirely
by the "discounting'" method, without any resort to the forward market.
(Note that the term within parentheses in (114) is the per unit j net return
of exports, the foreign proceeds of which are repatriated in this way).

Given these results, we have that if at the optimum ij is positive,
then the transactions denoted ij are the only source, from cougtry j, of
forward market activity associated with arbitrage.6 Thus with ij positive
the NET demand from country j for forward p arising from arbitrage is
prévided by (113). Substituting (112) into (113) and rearranging,
provides:

f.2 ‘
3 = o AW I [ _ ,
D P (ij) = sz (MJ) QJ\‘ tt [S_p_R] [fP F;] | (115)

where once again zyjp Gﬂj) is a summation of terms which is a function
of the parameters of ﬁj'

As anticipated, the "family" of forward market participation

functions (115) (in this case net demand functions) has a structure akin

Q
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to (109).

To complete this taxohomy of country j forward market participation
arising from arbitrage with country p, we posit an optimum with Yjp NOT
being constrained by the value of ij or Ejp' Recalling the footnote to

(110), in this case we write the optimal vector as:

Mt " __1 - '
c, =6,L "y E[M, ] (116)
J J M J

J

t " . . . .
Let Y, be the t h element of cj and by implication the unit return on

“w - N

Y. isy, =M, .
Jp yJP jt

Using the equation which corresponds to (101) provides:
" J" - " J" w n )
Y. =0, E[Yy, 1 +86, & W.. E[M, 117
ip J}\tt [pr] j i)\tl [Ji‘] . ( )
i#t
From (47) and (48):

f
. f r - we
Ely. £ E r, - plf P, +8
[yJP] [ J ['P Jp P]]

c
or using E[P. = 1 - P,
g E[ Jp]

f f
w _ T c we r . *
Ely. ] = P, f - E[s’]l] - f - F_]
[pr] B—E [ jpp [ p]] S—E [ P p
P P

Substituting into (117) provides:
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gt g <t c prec
L - -0, »\tt T plf -F*]+e)]tt_y_lep £, ~ EIS.II
p P
vo) 2wl ui") “aw
j 1 ti ji .
i#t

In the '"characteristics" section it was shown that, from (78):

Ji Ji f J1
r i
from (106)
~I,. % <Y, —> A,. =0
ji = i
r .
1

’ s s
- i A, = 1
[ Iji ; Y 1 € EJl L ]—7 oJi 0 (119)
r r .
i i

Thus at this posited optimum, the'transactions denoted ij,.are the only
source from country j of participation in the currencies j and p forward
market, arising from arbitrage. Recalligg the definition of'Yji (see

. p. 45 ), Yjp positive generates a demand for forward p, Yjp negative a
supply. Regarding a negative demand as a supply, we can write the demand
function for forward p arising from grbitrage as:

£

Y=Y, 'p , (120)

jps

p

h|
D p.(Yjp
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Substituting (118) into (120) and rearranging provides:

ol v, ) =3¥ o) -0yl [_r_fP_Ff - F*] (121)

p JP jp 1 jitt s P P
We have now, in equations (109), (115) and (121), a complete

taxonomy of jp forward market, net participation functions, arising from

arbitrage by "residents" of country j. That is to say, some net participa-

tion requires either that Ajp or ij be positive; or that Yjp be non-

zero and not at a constraint boundary. We have considered each of these

cases in turn, and, it is to be emphasized, we have shown that at most

only one of these sources is non-zero at any optimum. For convenience,

let us multiply (109) by minus unity, and view it as a demand fupction.

It may then be stated that in general, the net demand for forward p in

the pj market arising from arbitrage by "residents" at country j,

whatever its source, has the form:

£.2
3 _c* N S L 2 _
ol @b = g5 ) - e [s E] [£,, - T4 ] (122)
jp :

where at this optimum the sub vector of returns entering our 'reduced form"

wk
(98), 1is denoted Mj; and consequently:

.
* d * |
o, = T det (M, ) (123)
det 0. + E.¥] B, 1D
3 3 5
-1 - (124)

\\J* = Z: *
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* - * .
:E ip = g (parameters of Mj ) (125)

(Note that thus far, the currency j forward price of p has been denoted
f ; with the consideration of country p's perspective next, this price

b

is denoted £, in (122)., Similarly F¥=F%*¥ , s = s, ).
Jp p Jp p Jp

Now all of the preceding analysis could have been conducted from the
persective of counfry p. By replacing the index p with the index j, and
vice versa, in (122), we can arrive at the net demand for forward j in the
pj market, arising from arbitrage by 'residents" of Eountry p.

pP (Arb.j -2t o) - e*'qP* [i;]z[f - Fx_] (126)

3 Pj "P p let o= Pj PJ

PJ

Multiplying this expression by fpj the currency p forward price of currency

j, provides the net supply of forward p in the pj market, arising from

arbitrage by country p.

2
‘ f
P _ * * * Pk r *
S° (Arb.) = f . M) -6 f £ . -F_.] (127)
p(r ) PJEPj (p) Py)tt Pj -S—i [PJ pi
pj
. Assume fpj =1 and spj = i s

Then f
* _r . 1
F = lzs , = 2 = -
PJ F >
r
J
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Hence the second term in (127) may be rewritten as:

*® P" | IF - f |
r
9 '\ f . j § i

i F. f,
PJ Jp Jp

* P*'rf rf

*
= 0 i p F, - f£, '
Py\tt 2 [ Jp JP]

f., "s_.

Jp Pl

and (122) becomes:

P * * * Px r~ . r *
S¥ (Arb.) = £ . . M -0 F, - £, 128
P (Arb.) PJZPJ ( P) Phtt —"‘.LZ'—R [ Jp. JP] ( )

f. "s .
Jp PJ

Using (122) and (128), we can derive an expression for the excess demand

for currency p in the jp forward market arising from arbitrage, XJAP:
x4 = pd (arb.) - sP (arb.)
P p P
f 2 f f
_ % J*x [r * Pk oyl oy * :
= eJy\tt [S_R] + Bp\-\ e ._.%___E [Fjp fjp] "
j 8 .
1P Jp PJ
* *
+ I
[ZJP PJZ'P.']]
or: v
jAp jAp _ JAp [*
X = + F, - £, (129)
P T A [ Jp JP] \
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where
. f 52 . £ f :
jAp _ * J* |r * P*r . r 130
A = Mt —S—P— +9pntt—‘%——2 130
i f.7s .,
JP JP PJ
and
jAp * * (131)
= N .
™ = Zjp " 5552

Equation (129) is what we have previously referred to as the

"general contingent excess demand functions" for forward currency p-in

the pj market, arising from arbitrage. Henceforth, it will be referred

to as an "arbitrage" function. Before comparing the form of this function,

with that of the arbitrage function of the 'Modern Theory Model', we derive

excess demand functions arising from speculation and trade.
Section 2: A speculative excess demand function.

The choice variable X, ~ denotes country j's net speculative position
with respect to forward currency p. X. positive, indicates the number

of units of p purchased forward for spebulative purposes, ij negative,

indicates the number of units of p sold forward.

*
Assume that ij is the sth element(of,cj in (98). Then:

- w ok
X, = M

jp js

and using (101), we have:
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* _ J% * J* _»m %
X, = 09 . E[x, + 0 . : . E[M, . 132
ip M ss B! i Zi\]ﬂ Myg T (132)
i#s

From- (47) and (48):

]

- B[S 7.1 -f, pNC (133)
jp 1p Jjp JP

where ng is the probability of 'no controls' between j and p.

L - - s
Now E[E. P, ] = E[s, 1] ch + Cov (s, , P, ). It seems not unreasonable
jp 1P Jp Jp ] Jp
to assume Cov (&. , ?. ) is zero.
Jp Jp
Recall P, = 1 with 'no controls', Pjp = 0 with = controls. ;5p is

thé spot rate which it is currently believed will, in the absence of

controls, govern at the end of the period. If gjp is 'high' we might

expect country j to impose controls and hence PjP =1, if E}P is 'low',
then l/§5p = gpj is 'high' and we might expect country p to-impose

controls, again Pjp = 1. Thus we might expect the values of gjp and
F. NOT to be related and hence their covari?nce is zero, with this

assumption, (133) becomes:

S _ " _ NC
E[xj ] = [E[sjp] fj ] P, (134)

P P JP

Substituting (134) into (132) provides:
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, % . J%* _NC " * Jx  wx
X, =86 P,  [E[S, 1 -£, 1+6 . Z%W  EM, 135
Jp J\'\SS Jjp LEL JP] JP], J i)|81 [ J1] (233)
i#s
Viewing negative demand as supply, (135) may be considered as country j's

speculative demand for forward p.

Thus:

k| —
D spec) = X,
p( pec) ip

Once again the corresponding function for country p with respect to
currency j may be arrived at by transposing superscript and subscripts.
This provides a demand for forward j, multiplying by fpj’ the currency p

forward price of j, provides country p's net supply of forward p;

P * p* NC [
S =0 P, £ . [E ] - £,
P(SpeC) P|1 ss Jp Pl [ [SPJ] PJ]
* * *
+£ .0 ZNPEN ] (136)
PJ P i S1 Pl
i#s
If we assume E[s, ] = 1
Jp E[E ]
PJ
Q
then:
E[§ .] - £ .] = [£f. - E[S. 137)
[ [spJ] pJ] [JP [SJP]] (
f. E[S. ]
Jjp jp

Substituting (137) into (136) we arrive at the excess demand for currency

P arising from speculation X;Sp:
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xISP = DJp (spec) - Spp (spec)

p
stp _ e* J% + e* p* £ ,2 NC E[5. ]
P jy] ss p)\_ssiﬁ—*T *ip *3p jp]
jp
* * wwk
EM -8 f .InP EM .
i‘v\ [ p Ipi 11}81 [ p1]
i#s i#s
or:
jsp _ jsp jsp “
X = + Efs. ] - £. 138
> T A [[st] ip) (138)

where TTjSp and AjSp are defined by the corresponding terms in the
preceding equation .

Equation (138) is the "general contingent excess demand function"
for forwafd p in the pj market, arising from speculation. Henceforth

it is referred to as a "speculative'" function.
Section 3: A "trade" excess demand function.

The aggregated variable Eji’ denoted the number of units of currency
’i accruing to residents of country j, from exports to country i. Similarly,
the aggregated variable Iji’ denotes the number of units of currency i

owed to residents of country i, by residents of country j,arising from

imports. We have chosen to view final wealth as it appears in (47) and
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(48), as representing "the way an individual behaves'" (see discussion
p. 49 ). Now the returns on Eji and Iji in (48) arise from covering ALL

of the associated currency i income or debt, in the forward markegy/

Hence, associated with Eji is a supply of forward currency i, sociated with

I'i a demand for forward 1.

Assume Ejp is positive and non-constraining (recall footnote 6); assume

*
that it is the q " element of C ; in (98). Then:

[ ] -

. e.
Jq Jp

From (101) we have:

: * J* - * J* ] i
E. =80, E[e. ] +06 . Z%n . E[M,, (139)
jp J‘l qq [er] iy }]ql [ ji ]
i#q
From (47) and (48):
E[8, ] = E[f. P, +s8° - 2P
jp jp “Jp P P
“ NC C wE
Ele. = f, P, +E[s” -T
[ JP] jp “Jp [ P p]
Substituting into (139):
* J* NC J*
E. =280 .H f. P * J* c »E W %
+0 E[S°- -r + E[M,” ]
ip j'laq “jp Jp 3N W B, o) Zi\]qi iy

i#q
(140)
This is the optimal supply of forward currency p by country j arising

from exports. We now derive the optimal demand of forward p arising

from imports.
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Assume ijl is positive and non—Consfraining, (recail’footnote 4), and

R th *
is -the g = element of C i in (98). Then:

WA w
M. = i,
ig ip
From (101):
X Jk = * Jx _w %
I, = 9, E[i. ] + 68 .2 % . E[M,. (141)
ip 37 gg Bliz,] j ihgl (M5 ]
itg

From (47) and (48):

E[f. ] = E[ff - £, P, -35°]

jp P jp “ip P

- E[3L -5 ] -¢, PN

p jp " jp

Thus:
* J* I ne Jx _ w %
I. =86 . E[T- - S + 2N . E[M.. ]
jp J[n g8 [ p p] ingl ji
itg

*
ISR S (142)
jtegg 3p 1P
This is the optimal demand for forward currency p by country j arising

from imports. The net demand for forward p by country j arising from trade,

Djp(trade), is: C

i} -~
D trade) = I - E .
p( ) ip jp

Using (140) and (142)

- j = T * NC J’: Jik
D t d = - 43
(trade) Z j M j) e . Pi [h -+ﬂ ] £. (143)
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*
where T §p ™ j) simply denotes the terms not written explicitly.
The net demand for forward j by country p arising from trade Dpj(trade),

has the form:

P T ® * NC p* p*
D* . (trade) = . (M -8 P, + £ . 144
j(trade) =Z . Q005 p Fip Mge Mg s (144)

Multiplying by the forward p price of j, fpj’ provides the net supply

of forward p by country p, arising from trade:

Spp(trade) = [Dpj (trade)] £ (145)

The excess demand for forward p in the pj market arising from trade,

X;TP, is then:
XJTP = pJ (trade) - sP (trade)
P P %

Using (143), (144) and (145):

jTp T T
X = .- .
P T 22.1
£,
jp
* *
NC | * J* J* * p~
- PO 16, + -8 + £, 146
Jp[ P18 o N qq! p['\ggf ‘;\qq]] ip (146)
jp
.

or:

X3P - qpdTe g \3TP 3 (147)

P P

where TFJTP and Aij are defined by the corresponding terms in (146).
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Equation (147) is the "general contingent excess demand function"
for forward p in the pj market, arising from trade. In the terminology

of the modern theory model this is a '"trade function."
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CHAPTER V. FOOTNOTES

1. & 2. Jan Mossin (1973), p. 55.

ijps‘: ijp the superscript 'c¢' was introduced in (89) to denote that
this is a return associated with a choice variable which at this
optimum acts as a binding constraint. '

3.

I

;’jpz %?jp the superscript 'I' was introduced in (89) to denote that
the associated choice variable Y, is constrained by I, at this
optimum, Thus: JP JP

(‘]f_‘c _s_ =l y = (? _ s = )
ir —P—f 7ip ip —P—f 7ip
r r

P P

[N
Using (47) and (48) to provide ijp and ;\jp we have:

f
= T - s i
f

5
=
la]

p p
r
p

4. In stating this, we are netting out the offsetting forward market
activity associated with Y, d ij. That is, the forward market

activity associated with the CONSTRAINED Yjp is excluded from the

arbitrage function. For consistency, to reflect this "netting out,"
when we get to the trade function the forward market activity arising
from the CONSTRAINING ij is excluded from that function.

5. See footnote #3, then in the same vein we have:

e = @ ‘;rE =3 Thus: e + ° ;'E =e, +° ;
ip~ e = e SRS I | Tl PR <ol
. ' r r

P P



-with constrained Y, and constraining E. .
Jp Jp
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Using (47) and (48) for gjp and ;3p provides: .

we L s ;E _ s rf o ;E
jp _P—f jp —Lf 3 P
r r
P P

We are netting out the offsetting forward market activity associated
Here we are excluding the

activity arising from Yjp from the arbitrage function, the offsetting

activity of the constraining Ejp is excluded from the trade function.
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CHAPTER VI: THE EXCESS DEMAND FUNCTIONS OF THE "MODERN THEORY MODEL' COM-

PARED AND CONTRASTED WITH THOSE OF OUR MODEL.

Section 1. The arbitrage function.

Using our notatjon, the arbitrage function of the Modern Theory Model

has the following form:

jAp _ JAp [ * jAp (7) rptd
X = X F, =-f¢£, 0 < % L o0 ptd.
P [ jp JP] :

where XgAP is the excess demand for currency p arising from arbitrage
between countries j and p; AND, of particular interest from our perspective,
®32P is a positive, finite, CONSTANT.

This 'modern theory' specification is to be compared and contrasted

with the 'arbitrage function' which emerges from our model:

jAp jAp jAp ¥ (129) rptd.
X = 7 + N F. -f,1 p
p [ jp jp : :

1. In the modern theory specification

i A
Writing AJAP, the term in (129) which corresponds to x'j p’ explicitly,

we have:
£f 2 f f
JAP - gF I T >+ oF WP* T p T3 (130) rptd.
A j\) tt g . P»\ tt f.2 s
jp jp  p]
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It may be shown that this term is also positive and finite.

Repeating (99): /

J = 1;_jdet '(Zj) ]
det (g + E[M JEM,TD)

K

Now T.= ¥ T
Y E j

From (96) TKJ. ¥ 0 for all K and j, thus Tj > 0 for all j.

Ej is a variance covariance matrix. It is thus positive definite and:

det (T.) 0 (it is assumed that_there is no exact linear
J dependence in the Mji)

Since:

T v 1 e T
X [Z, 4+ EM] EN]T] X

Xt ZJ, X + X% E[ﬁj] E[r'vij]T X

]

" w T
Var (xTﬁ\j) + (XT E[ﬁj])z >0 Thus: det (zj + E[MJ.]E[MJ.] )>» 0

Using these results we have:

QJ. ?» 0 for all j. (148)

* h - * s
Note"‘it is the ttt element of J ji' Thus \‘\ gt = 1Z )det(zj*)
e det (
j*

whereZi‘ is ij* with the t‘:h column and tth row removed., It is also

a variance/covariance matrix, is positive definite and thus has a positive

determinent. Hence:
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*
g “tTt %0 for all J and t (149)

In view of (148) and (149), we have, from (130):

We may rewrite Gj as:

_ K
=% T T
where ?j det (zj)

‘ - “w T
det (zj + E[Mj] E[Mj] )

is positive,

Using (96):
K!
{1
9-??-2 - 3
J JK Kll
{1
J
Lim 0,
K"J __) oo for all j
Uj-)O-'

Looking at (130) repeated above, this implies that the existence of

a single investor’/in either country j or p, who is approximately risk

neutral would cause )sJAP to approach infinity. Our assumption that all
jA

investors are risk averse however, ensures that )sJ P jg finite.

. .A N
Hence, like its analogue in the modern theory model o(J p’ we have:

0 « Niar ¢ o0
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2. | The modern theory model specification (7), implies that XiAp
is zero if, and only if, the forward rate fjp is equal to the "interest
parity" rate F*. . (0r, equivalently, if and only if, the "covered
arbitrage margin" is zero.) 1In view of the ter TTjAp in‘(129), the arbitrage
function which emerges from our model, does not have this implicationm.
The condition that the "covered arbitrage margin' be zero is neither
necessary nor sufficient for XiAp to be zero.
3. The arbitrage function which emerges from our model, embodies a
great many more terms, embedded in the sum 1TjAp, than does the arbitrage
function of the modern theory model.
4. In the modern theory model,b(jAp is regarded as parametric. The
model recognizes that the value of o‘jAp "... depends on the amount of
risk attaching to arbitrage operations and the degree of risk aversion on
the part of arbitrageré."l

AjAp, as is immediately apparent from (130), depends upon the degree
of risk aversion of market participants. It also is a function of the
moments of the joint density functions of the ﬁji and ﬁpi’ embeddgd in
the 8 and W terms. Hence it depends upon the "amount of risk." However,
as warrants empﬂésis, AjAp cannot be regarded as parametric. It is a
function of fjp’ and thus cannot be a constant in a model where fjp is
variable.
5. “.jAp is regarded as a constant. Its analogue AjAp, as a function

of f, , is necessarily a variable. Futhermore, if, as is the case in the

ip
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estimation of the modern theory model, fjp is regarded as a random variable,

consistencygfrequires that )\JAP also be regarded as a random variable.

Section 2. The speculative function.

Using our notation, the specu'lative function of the Modern Theory Model

has the form:

jSp iSp - ‘
X = Els,. - f. 8) rptd.
0 o 7P [ (5,0 - £, (8) rp

where X7 Sp?*.is the excess demand for currency p arising from speculation
between countries j and p; AND NJSP is a positive, finite, CONSTANT.
This specification is to be compared and contrasted with the

"speculative function" for currencies j and P, which emerges from our model:

jsp isp ISP %

X = T + Efs. - f, 138) rptd.

P A [E{ Jp] Jp] (138) rp
1. In the modern theory specification:

. ~
its analogue XJSP has the form:

: 2
isp = * o J* * . op* f NC
A - [ej“ ss+epy\ ss _LE['S' i 1:.jp
jp

Using the arguments of point 1 made with respect to the arbitrage function,

we have:

.)‘jSp>O
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2. In the modern theory model theoretical exposition, p(jSp is
typically regarded as being finite. However, that there is a theoretical
rationale for its being non finite is recognized,2 and in at least omne
paper is giveﬁ the prominence of constituting a distinct model.

Once again utilizing an argument from point 1 of the arbitrage
schedule discussion; in our model, risk aversion is necessary and sufficient
for the finiteness of kjSp. A single risk neutral market participant
in country j or p would cause ijp to be non finite.
3. The modern theory specification implies that XgSp is zero if, and only
if, E[;jp] is equal to fjp' In view of the term'ﬂjSP in (138), our model
does not have this implication. In short, in our model it may be desirable
to open a forward speculative position when the expected return 6n that
position is zero or negative, because covariance properties influence the
variance of total final wealth so as to enhance its expected utility.
Conversely, it may not be desirable to open a speculative position even
though the expected return is positive, because doing so may increase
the variance of total final wealth to such a degree, that the expected
utility of final-wealth is lowered.
4. The specification which emerges from our model clearly involves a
'great many more terms, embodied in1TjSp than does that of the modern theory.
Confined as it is to two currencies and to two income paying assets, the
modern theory model supresses the extensive interdependency between risky

positions which emerge from any general model of portfolio selection.
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Recalling that both 1erp and AjSp are functions of elements of the
inverses of thevvariance/covariance matrices of all return pertinent to
countries j and p, suggests that XgSp depends not only on exchange rates
between j and‘p, But also on EVERY exchange rate in the model invélving
either currency j or p.4 Furthermore, it also depends upon the return
distributions of ALL of the "risky assets" (i.e. stocks) of the model.
(Thus the model would support the contention, that a forward dollar
price of pounds depends in part upon belief about the performance of the
Dow Jones Industrial Average.)

5. In the modern theory model K'jSp is a parameter. We have seen that
its analogue ,\jSp’ is a function both of E[E}p] and fjp' In a model
with these variable ,AjSp is also necessarily, variable. Furthermore,
in an estimation model with fjﬁ a random variable, then A?Sp is dlso, .

necessarily: a random variable,

Section 3. The trade function.
A .
In all of the papers which compose, what has been characterized

here as, the modern theory model empirical literature, the specification

‘of the arbitrage and speculative functions is uniform. There is some

diversity however, in the treatment of the excess demand for forward exchange

arising from trade.

In the work of Stoll, Kesselman and Haas, 'traders are considered



125

either as arbitragers or speculators"5 Thus their behaviour is regarded
as being implicitly captured by the arbitrage and speculative functionms,
(7) and (8).
McCalluﬁ, whilst adopting the same arbitrage and speculative functions
as those of Stoll, Haas and Kesselman, chooses to specify a '"trade"

function explicitly. His specification has the form:

- T .
G _mJTPf

jTp
5 o X 70 K 70 (9) rptd.

Py

Jp
where Xij is the excess demand for forward p arising from trade between
countries j and p.

Reflecting the two treatments of trade in the modern theory litera-
ture, we have two avenues to pursue here; to consider whether or“not the
collapse of trade excess demand into either speculative or arbitrage
excess demand is in our model legitimate, and to compare and contrast
McCallum's explicit specification (9), with the trade function which

emerges from our model:

X;Tp ____"ij - )\ij fjp (147) rptd.

In the literature, the rationale for the collapse of trade induced
participation in a forward currency market;,into:the arbitrage and specula-

tive functions, is provided verbally. For example:

"Suppose a home country exporter is to be paid in foreign
exchange in three months time, i.e. he has extended trade credit.
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If he protects himself against the danger that the exchange rate
will move against him, by selling forward foreign exchange, he is
acting like an arbitrager. If he does nothing, he has g net asset
denominated in foreign exchange, which is speculation.™

Perhaps this argument may be structured in the following way. A
The

country j exporter has 'E' units of currency p accruing in the future.

future number of units of currency j he will receive in exchange for E

can be written as:

v rf W )
w = (E-e~-R)f, +R i s, +es, (150
( ) Jjp —?J' Jp Jp
r
P

where R is the number of units of p "against which" he borrows in country
p (i.e. he borrows an amount R/rfp), for exchange at current spot,

and investment in the domestic riskless asset; and e is the numbér of
units of E left uncovered, to be repatriated at future spot.

\a
This return w may be written as:

f £
r r v
= E is. +(E-R £. - is + e(s. - £,
£ JP ¢ ) (i s 3’ Gip ™ I5p)
r r
P P
or
EF. + (E-R) (f F) + e(s £.) (151)
= . - . - . S, - .
jp jp jp YSip jp

(151) indicates that the exporter's return from selling some of E forward,
leaving some exposed etc., may be duplicated by: (a) repatriating all

of E by borrowing against it in cduntry p etc., (b) engaging in arbitrage

by borrowing (E - R) sjg units of currency j for investment in the

r
P
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riskless asset of country p, (c) engaging in speculation by buying e
units of currency p forward.

Since the repatriation of E in this scenario does not utilize the
forward market, this tr;der'é participation in that market, may be
viewed as being governed entirely by the motives of arbitrage and
speculation. In short, since the trader's return can be duplicated by
repatriation not involving the forward market, plus arbitrage and
speculation which do involve the forward market, his behaviour in the for-
ward mafket may be subsumed under that of "specialist" arbitragers and
speculators. This perspective suggests that if in our model the trader's
return cannot be duplicated by complete repatriation not»involving the
forward market, plus 'arbitrage' and 'speculation', then it woul& be
illegitima;e in our model to subsume trade behaviour under that of-
arbitrage and- speculation..

From our initial definition of final wealth (43), we have as the -

analogue to (lSO)i\

£ o
v ok by “e T “ hay
= (E-e~-R)f, P, + (E-R) S + R i s, +es, P,
w ( ) Jp Jp ( ) P _fl Jp Jp Jp
r
P
(152)

This is the gross return to an exporter (i.e. ignoring the cost of
generating the export income), using the same array of repatriation

opportunities as those of (150) bﬁt allowing for the risk of exchange control.

Using the definition:
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*
F . S,
ijp jp

il
] L;H
Hh Hh
o o

%
and adding and subtracting E F ip to (152) provides:

- %

* v [ *
W' =EF., +(€-R |(¢. P, +s°)-F,
ip ip “ip P ip

+e(38, -f, )P, 153
e(S5p = 30 By ‘ (153)

This expression:indicates that the return from exports arising from selling
some of E forward, leaving some of it exposed etc., (as embodied in (152)),
can indeed be duplicated by repatriating ALL of E by a method not involving
the forward market, and simultaneously engaging in arbitrage and speculation.
The first term in (153) corresponds to borrowing E/rfp units of P,
exchanging the proceeds at-current spot and investing in the domestic
riskless asset. Thus all of E is repatriated without resort to the

forward market.
U
The second term in (153) corresponds to an arbitrage transaction.

It involves borrowing (E - R)i%z units of the domestic’curréncy j,
exchanging at spot for curreniypp and investing in the riskless asset

of currency p. The proceeds, (E - R) units of currency p, are then sold
forward. The appearance of the terms ;jp and %Cp reflect the possibility
that in this model despite the forward sale, fjp may not be the actual

exchange rate, it may be that with the imposition of controls, a different

W
c
ratey S p» Boverns the exchange.
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The third term in (153) corresponds to a speculative purchase of

e units of forward p.

It may be concluded that the supression of trade induced participa-
tion in a forward currency market, can in our model be legitimate.* It
should be exphasized however, that in our machinations, this supression
of trade induced behaviour in a for@ard market, into speculative or
arbitrage induced behaviour in that market, hés not been engineered. In
going from (43) to (48) above, we did not use the manipulation involved
in going from (152) to (153). Hence, as discussed at length in the
section above "A trade excess demand function," there remains explicitly
in our model, trade induced behaviour in forward currency markets. As
a consequence it is éf interest to compare and contrast a 'tradehexcess
demand function' which emerges from‘our model, with that explicit trade

function which appears in a section of the Modern Theory Model literature..

Using our notation, the trade function. of the Modern Theory Model

g

has the form:
iTp . T §Tp T iTp | |
X = - f, 4 0 20 9) rptd.
S o ? 0N (9) Tp

where XJTp is the excess demand for forward currency p arising from trade

between countries j and p. This is to be compared with the function which

emerges from our model:

We have not considered the return on import income, however, it could
be treated in parallel manner.
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. ‘T .p
TP _ TP AJ P g (147) rptd.
P jp .
1. In the modern theory specification:
ax3T? - _ \JTP¢o
f.
d ip

" This property stems essentially from the following considerations: (a) As
f. rises, country j exports and a consequent supply of forward p are
encouraged, country j imports and a consequent demand for forward p, are
discouraged. Thus as fjp rises, the country j net demand for forward

p declines. In our model, this net demand is provided by (143):

* *
pNC J+Jf_zT

j T * .
D trade) = .. — 86 , P, R A .
P( ) z JpP J Jp [“gg hqq] Jp JpP p] Jp

(143) rptd.
J*

* *
sy = 6 45 073+
Using the approach éﬁvolved iﬁ the discussion of the arbitrage

function, it may be shown that ﬁ,j is positive. This reflects the éense
of the preceding paragraph. In a partial equilibrium fraﬁework, increasing
f. encourages country j exports to p and discourages imports. (143)

" however, shows that these forces may not be sufficient to ensure:
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Since:
] T
D
3 p = —[ﬂj+ i ip 3232
? f. of o f
P Jp Jp

|
D
) P > 0 cannot be precluded.
f.:
a Jp
(b) As f, rises, f , = 1/f, declines. This encourages a supply of
jip > Pj ip & PP
currency p from country p importers, and discourages the demand for
currency p from country p exporters to country j. Hence the net supply

of forward currency p from country p traders is positively related to

fjp' In our model this net supply is provided by (145). Using (144)
and £ , = 1/f. it has the form:
Pl Jp
P : T * NC p* P*
S¥ (Trade) = Y _. - 8 P, 1 + 2
f, f,
P pift,, p ip Mee T Naqql/ ip
or:
p T ¢ 2
g = . - f,
P ZpJ/fjp pp/ jip

Now ﬁ is positive, which again reflects the sense of the preceding
comments. However, since the signs of 2. III)‘j and bﬁp/ afjp are

unrestricted it cannot be concluded that

p
oS p/Afjp Y 0.

(c) 1If as fj rises, the country j net demand for forward p declines, and

country p net supply increases, then the excess demand for forward p is
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negatively related to fjp' Hence the modern theory specification. In our
model however, tﬁe relationship between the excess demand from trade and
the forward rate, is complex and is not necessarily inverse.

2. The tra&e function which emerges from our model embodies a great
many more terms, embodied in the sum TTij, than does the trade function
of the modern theory.

jTp

T .
3. In the modern theory specification,{y ()znuiu are parametric.

In (140) however, both.'rl'ij and ‘thp are functions of fjp and thus
cannot be treated as constants in a model with fjp variable.
4. Following from point #3; in an estimation model with fjp a random
variable Tr JTp and )\ij would necessarily be random variables. 1In
the modern theory estimation procedures, the terms b&TO and \(j Tp:are
regarded as constants. o

Having derived excess demand functions from our model, and having
compared their form to those of the modern theory model, we are now in
a position to dnswer the question: is the assumed "constancy" of the

coefficients of the modern theory empirical model "reduced" form

consistent with our model?
Section 4. Conclusion.

The "modern theory model" ih its most explicit form (i.e. inclusive

of a trade" function) uses the market clearing condition:
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xI4P 4 X‘;Sp+ >SRN

to arrive at a 'reduced form" for fjp‘ Using the modern theory specifica-

tions (7), (8) and (9) this provides:

T
£ = X o
ip AP L ISP . ITP
+ x I5P E[s‘fjp]
xJAP . xiSe . xiTp
X JAp *
+ Fip : (10) rptd.

x JAP 4 xiSp ., w«ITp

This "reduced form" (or a similar form omitting the trade function) is
the basic estimation equation from which the estimation of the modern theory
litgrature;ensues.

If our model were the "true™ model, then the '"reduced form (10),
would be an app{oximation to the expression which emerges from the market
clearing condition, and the excess demand functions of our model. it
would be an approximation of:

¢ =[wite 4 qrise . arile
P I AFAp . AISP . AITP |

\

+[_ A35P 1 &8, 1
| Ndap . adsp . AdTe | TP
+T N d4p 1 (154)

AJAp . AdSP . AGTP ir.
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In view of the points made abo%e with respect to the excess demand
functions of our ﬁodel, the following observations may be made regarding
(154):

1. None of the "coefficients" in (154) are constants. With fjp’

F*_ and E[;. ] variable, they are necessarily variable. With fjp a
random variable, these supposed coefficients are also random variables.
2. Since the "coefficients'" of (154) are functions of fjp’ (154) is
not a reduced form.

3. (10) as an approximation of (154) has omitted variables.

If our model is the "true" model then in view of these points,
the estimation procedures of the mo&ern theory literature, in‘any of

their forms, do not have the desirable properties which are the justifica-

tion for their employment.
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CHAPTER VI. FOOTINOTES

H. Stoll, (1968) p. 58.

H. Stoll, (1968) p. 61: "If there is nmo ... risk aversion [wJSRa-oo]"'

H. Stoll, (1968) p. 63.

In our model "triangular'" transactions have been ignored. However,
since we have shown that in this model, "dual" speculation, for
example, cannot duplicate "triangular' speculation, a more general
model would have ¥ jSp a function of exchange rates involving ALL

p
currencies, not simply those involving currency j or currency p.

H. Stoll, (1968) p. 61.

H. Stoll, (1968) p. 61.
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APPENDIX I
AN IMPLICATION OF PARETO OPTIMALITY FOR THE CONSTRAINED CHOICE PROBLEM

In this appendix we attempt to prove that with Pareto Optimality,
in the distribution of the risky oppbrtunities of this model, the SAME
constraints in our optimization problem, must be binding for all individuals
of the same country. We deal first with those choice variables which are
constrained only in that they must be non negative. Associated with any
such variable, AKi for example, there are the following necessary

conditions for an optimum:

K
' a E[U»(WK*)] .$ 0 for all individuals K, and choice
3 AK variables i
i D)
<‘\
K :
A i* 2 0 for all K and i (2)
K . K

A i a E[U (WK*)] =0 all K and i 3)

K

3 AT,

where * denotes an optimal value, or "evaluated at the optimum.”

As conditions for a Pareto Optimal risk allocation we have, using
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1
state of the world notation " :

< 0* @1 = vt (o] (%)

for all individuals K and states 6

=

where UK [‘W'I_((G)]E bUK(ﬁKQ evaiuated at D\;’ = W(B)
> o |

Again using state of the world notation:?

LR ON IR NN ONTO)
2]

thus .
)
oE[f@1 = ITF ¢, (8)p(8) (5)
P CK 6 . ) ‘
3 ‘ 7
where CKi is any choice variable and:

I (@) = ¢, (8)

X
bci

Substituting the P-0 condition (4) into (5) provides:

PK JE[LN(®)] = % ut c,(0)p(0)
8

K
> K,

see p. 107 "Theory of Financial Markets' by Jan Mossin, Prentice
Hall, New Jersey, 1973.



138

or

DK oy K, 1
P~ QE[U ()] = QE[U (8] (6)
K 1
2¢C dc,
for all individuals K and choice
variables Ci

LAl . . . . e 2.
Now if A ; 1s positive (i.e. the constraint Ali'h 0 is not binding for

person 1) we have, from (3):

el )]

2al
1

and from (6) (noting eK70):

K
° E[U (WK*)] = 0 for all K

% k.
1

Q

which implies that for no person K is the constraint on Ai binding. Since

the selection of person 1 is arbitrary, it may be stated that if a non
negativity constraint is not binding for one person, then it is not
binding for anyone. It follows immediately that if a non negativity

constraint is binding for ome persomn, it is binding for all. We next

attempt to prove, that this result also holds for the remaining constraints

of our optimization problem.

Other than non negativity constraints, we have as constraints:
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K e ¥ Ti g B for all i

K =K
- + Ve
(1", Y.) &0

F.-E.) 40 for all i
1 1
£
where YK. = YK. T
1 1;—'
i

IK. EK 20 for all 1

which may be rewritten:

K
-IiSO

- X £0 for all 1

i

The individual is assumed to maximize a Lagrangian which looks in part

like the following:

K K

K K "‘"K K =K XK =X K K
= E{U + . - -

: K
+yK4iE 1 + .eeee where the iji are multipliers.
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For a maximum, we have amongst the necessary conditions:

YKi 2 0 o for all K and 1 7
92X _ K X K _
33K B ————Q—L—aE[EK D1+ y 1175 21 = ° &)
i >Yv i
325 = @I+ v5 +yy =0 (9)
K 'BIK
oT i
22X = 28" 1 +yK2i +y'K4i =0 (10)
K K .
RE o, for all k and i

Invoking Pareto Optimality provides (6). Using (6), (8), (9) and (10)

provides:
K . K XK . _ .1 1 , ‘
A TR APYE Bl A PR AP Y ' (1)
K K, , K . _ 1 1
¢ [y'if +¥ 330 =y + ¥ 5y (12)
K . K K , _ .1 1
AN APTELE AV B APTIL AVP) (13)

We will first assume that here is at least one individual, whom
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we shall index 1, who is an exporter to country i. It will then be

shown using this assumption that the same and only the same constraints
on choices involving country i are binding for all individuals of country
j. We shall thén assume the existence of at least one individual who

is an importer from country i. Using this assumption we will again prove
the assertion. Without either variety of trader the proof is immediate:

If neither a country j exporter to country i, nor an importer

from country i exists, . .

X = 1% =0 for all X
i i £
. -, K. Kr, K
and using the constraint - -I -is'x' . i<&E . (14)

YK, =0 for all K +
i

Assume that there is at least one country j exporter to country i.

Index this individual, 1...Then from the complementary slackness condition,

K K -0 for all K

Yopi® 1 7

we have ylai = 0 and (13) becomes:

K K K 1
Prlygs vy 4yl =y gy (5)
There are also complementary slackness conditions:

K
i

K

Y 14 (1

—=K
+Y i) =
for all K

K =K K., _
Yoy ¥y -E ) =0
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We have assumed Eli> 0. Either Eli # -?11 in which case ylZi = 0, or

El, = ?l, and we have y’l ., = 0. Thus we have
i i 1i

1.1
y’liYZi_Q (16)

Multiplying (15) by ylli provides:

K.K 1 XK .1 ,_.1 1 _ .
¢ [y 9y Y11 ¥V 41 ¥ 141 =9 39 14 =0 using (16)

Since all y's 2 0 and eK>0 we have:

K 1
- 17
Y 1Y 1530 . a7

Adding (11) and (15) gives:

K, K K 1
AT ATUER ST

Multiplying this equation by y‘KZi:

K, K _K K K ,_.1 K _ .
O Dug¥ oa ¥V 4y ¥ oyl =Y 14 g =0 using A7)
. ' K
Since y's 2 0 and e »0 we have:

K K
= 18
Y 117 294 =0 (18)

Multiplying (11) by yKli and using (18)

S xx 2_x 1 x _1
O Yu1 S 11Y 11 7Y 117 21
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K 1
Thus y .7 0 — vy li> 0 : \ (19)

Multiplying (11) by ylli and using (16) and (17) provides:

K.K 1 _ 1 2
€ Y1iY1i 77 14

1 K :
Thus y li>0 —>y li>0 (20)

Combining (19) and (20):

1 K
y 1,70 ¢>y ;70 for all K (21)

This result implies that the constraint associated with yli is either
binding for everyone, or binding for no-one.

Using (21) and (16):

N S 1 o1
Y 420> ¥ ;70 >y, =0

and since y's 2 0

1

K -_—

Thus:

K 1 |
Y14 24 =0 (22)
Multiplying (11) by y121 and using (22) and (16) provides:

_kx 1 __1*?
V2172177V



Thus ylzj_)O - yKZi) 0

Multiplying (11) by szi and using (18) and (17):

_ K 2 - K 1

Y 21 Y21 Y 24
K 1

Thus vy 21) 0 —vy 2]._50

Combining (23) and (24):

K 1
Y21>0 <—)y2i>0
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(23)

(24)

(25)

This result implies that the constraint associated with Yoi» is either

binding for everyone, or binding for no-one.

Using (11), (21), (25) and (22):

K[ K _ K /} - 1 _ 1
Py ~ Yo TV 1s Y 24

1 K
yli)O <> yliSO

K 1
y21>0 A y21>0
K 1
Y11 ¥ 21 0

We have:

K XK _ 1
?- Y14 =Y 14 (26) and

K K _ .1
€ Y21~ Y21

(27)

(11)
(21)
(25)

(22)

' K, K K ,_ .1 1 .
Then from (12) E [y 11 + y 31] =¥ 34 +y 34 and from (26) we have:

K K _.1
P V31731

for all K

rptd.
rptd.
rptd.

rptd.
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Since {K>0
K 1 :
y 3]'_> 0 & vy 31>0 (28)

Thus the constraint associated with Y33 is either binding for everyone or
binding for no-one.

Using:

K, K K , 1
and (27) we have:
Ko 0 for all K ~ ‘ (29)
Y 41 a . ,

Recall that by assumption, the constraint associated with Yui is not binding

for individual 1, (29) indicates that it is not binding for anyone else
2,

either.
Collecting the results ensuing from the assumptions of Pareto

Optimality and the existence of at least one country j exporter to country

i, we have:

1 K '
Y1470 €y 1150 (21) rptd.
yi. %0 e y5. %0 (25) rptd
24 Y 21 .
y..v0 €55 Yo (28) rptd.
31 31 ‘ ,
yKAi . (29) rptd.
‘ for all K.
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Together, these results imply that the same constraints are binding for
all individuals of countfy j, with respect to choices involving country i.
In like manner, the same conclusion may be made from the assumption of

at least one coﬁntry i imﬁorter from country i.

Index the importer individual 1. From complementary slckness:
yK3. 5, = 0 for all K
. . 1
Since by assumption I i) 0 we have:

Y33 =0

and (12) becomes:

K, K K !
e lyy; *val = v (30)

Again consider the complementary slackness conditions:

K , K , =K., _
y g+ ¥y =0
K =K K
Yoy Oy —Ey =0
1 =1l 1 ' 1 =1 1
Either~IL 4= Y ; In which case y 21 = 0, or-1 i #Y i and we have y 14 " 0.
Thus:
vyt =0  (31)  (26) rptd.
11 7 24

Multiplying (30) by y12i provides:

K K1 K 1 ,_.1 1 _
ACATRATREETEETUE AT T G1)



K 1
Thus ¥y ;¥ 55 = 0 (32) (22) rptd.

Subtracting (11) from (30):

K, K K _ 1_“4
O Iy ¥yl =y g

and multiplying by yKli

K. K K K K ,_ 1 K _ .
@ Iy vq3 v g3 ¥l =¥ 53 ¥ =0 using (32)

Thus

K K _
Yo Y11 ° 0 (33) (18) rptd.

Multiplying (32) by y' ,
K, K 1 k 1 1 1 _ )
? [y 31 7 14 ty 21 ¥ li] AT AT 0 using (31)

Thus

1

K —
Y 5y Y15 =0 (34) (17) rptd.
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(32)

Having rederived (16), (17), and (18), we may now invoke the procedure

following the original appearance of equation (18), and state:

K N
Yl Yoe—> vy ., 20 (35) (21) rptd.
11 14
for all X

Similarly, we may invoke the procedure following (21) and state immediately:

yK21> 0 < y121> 0 (36) (25) rptd.

and

“K K 1
e y 21 =Yy 21 (37) (27) rptd.
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1 . .
Y o4 and. (37) provides:

. K, K K
Using (32) ? [y 33 ¥y Zi]

. | .
Y33 = 0 for all K (38)

Using (13) VK[yKZi + yK4i] 'ylZi + yléi and (37) provides:

K K _ 1
€ Y41~ 41
Thus

¥, 70> y14i> 0 (39)

Collecting results we have:

1 K ' -
Y1470 €2y, 20 (35) rptd.
yl Y0 yK 20 (36) rptd
2i 2i )
K = 0 (38) rptd
Y 31 pta.
L vo e % yo (39) rptd
Y 44 Y 41 pre

The interpretation of these results is as before, the same constraints
are binding for all individuals of country j with respect to choices

involving country i.
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APPENDIX II

DEFINITIONS OF TERMS APPEARING IN FINAL WEALTH

A1l of the following pertéin to "person K of country j'" however, the

j and k have been suppressed.

WE final wealth denominated in units of j.

WO initial wealth.

0, #j raised by borrowing in country i.

M, #j raised by going short in the risky asset of country i.

Ay #j allocated to the risk free asset of country i.

Bi #j allocated to the risky asset of country i.

E; #i accruing from exports to country i.

I, #i for which the individual is liable arising from imports from
country i.

Ri number of units of E, repatriated by borrowing in country i, exchang-

ing at current spot and lending domestically.

Qi number of units of I, paid by borrowing domestically, exchanging at
current spot and 1en&ing in country i.

u # i accruing from lending in country i which are left exposed for
. repatriation at future spot.



#i sold forward to hedge the uncertain income from B, .
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#i for which the individual is liable through borrowing in country
i, which are left exposed to be repaid at future spot.

i bought forward to hedge the uncertain liability arising from Mi'

#i accruing from exports to country i, which are left exposed for
repatriation at future spot.

#i for which the individual is liable as a result of imports from
country i, which are left exposed for repatriation at future spot.

risk free rate of country j, plus one.

risky rate of return of country j, plus one.

#j paid forward for one unit of i.

#j paid spot currently for
period spot rate).

s, governing at the end of
ol controls.

S, governing at the end of
i"imposes controls.

S governing at the end of
j imposes controls.

s, governing at the end of
i“and j impose controls.

one unit of i (the beginning

the period

the period

the period

the period

in

in

in

the

the

the

the

absence of

event that

event that

event that

of the

the imposition

only country

only country

BOTH countries

the end of period de facto currency j price of a unit of i, (an
exchange rate), for those transactions where the sale of j is controlled.

the end of period de facto currency j price of a unit of i for those
transactions where the sale of i 1s controlled.
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w
rEi the uncertain cost, in units of j, of generating one unit of E,,.
‘ i

wl . . . C . .
r the uncertain return, in units of j, on one unit of Ii'

Binomially distributed random variables used to reflect the influence of controls.

D, =1 if j (or if j and i) impose controls.

= 0 otherwise.

D, = 1 if i (or if i and j) impose controls.

= 0 otherwise.

Pji = 0 if controls are imposed by country j and/or country i.
= 1 otherwise (i.e. in the ABSENCE of any controls.)
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