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ABSTRACT 

There e x i s t s  a  body of l i t e r a t u r e  concerned with t h e  es t imat ion  of models 

of t h e  "Modern Theory" of forward currency exchange. This  t h e s i s  i s  u l t i -  

mately concerned with t h e  v a l i d i t y  of t h e  es t imat ion  procedures of t h i s  

l i t e r a t u r e .  

To c o n s t i t u t e  a  t h e o r e t i c a l  a l t e r n a t i v e  t o  i t s  precursor ,  t h e  " ~ n t e r e s t  

P a r i t y  ~heory" ,  t h e  "Modern Theory" requi res  t h a t  t h e r e  does no t  e x i s t  a  

domestic a s s e t  and a  "covered1' fo re ign  a s s e t ,  which a r e  p e r f e c t  s u b s t i t u t e s .  

A popular r a t i o n a l e  wi th in  t h i s  l i t e r a t u r e  f o r  t h e  absence of such a s s e t s ,  

i s  t h e  r i s k  t h a t  wi th in  t h e  per iod  between t h e  a c q u i s i t i o n  of a  forward 

con t rac t  t o  r e p a t r i a t e  t h e  r e t u r n  on a  nominally r i s k l e s s  fo re ign  a s s e t ,  

and the  matur i ty  of t h a t  a s s e t ,  t h e  fo re ign  a u t h o r i t i e s  may impose regu la t ions  

which prevent eventual  r e p a t r i a t i o n  a t  t h e  cont rac ted  exchange r a t e .  The 

modem theory models incorpora te  t h i s  r i s k  i n  a  simple manner a t  the  

aggregate l e v e l .  A s  i s  recognized i n  t h e  l i t e r a t u r e ,  i f  t h i s  manner is  

inappropr ia te , the  e s t ima t ion  procedures~employed i n  a l l  of t h i s  l i t e r a t u r e  

a r e  rendered inva l id .  This prompts t h e  quest ion;  a r e  t h e  modern theory 

model s p e c i f i c a t i o n s  of aggregate  behavior i n  t h e  event of exchange c o n t r o l  

r i s k , c o n s i s t e n t  with the  aggregate  behavior which emerges from a  model of  

optimal ind iv idua l  behavior wi th  such r i s k ?  

iii 



Beginning w i t h  a n  expected u t i l i t y  model of op t imal  i n d i v i d u a l  i n t e r -  

n a t i o n a l  p o r t f o l i o  s e l e c t i o n ,  which t r e a t s  forward cur rency  market 

p a r t i c i p a t i o n  as on ly  one of  many ways i n  which t h e  i n d i v i d u a l  may 

t a i l o r  h i s  p o r t f o l i o  t o  h i s  t a s t e s ,  exp res s ions  a r e  de r ived  which a r e  

analogous t o  t h e  "arb i t rage" ,  "specula t ive"  and "trade" f u n c t i o n s  of t h e  

modem theory  models. These expres s ions  a r e  then  compared and c o n t r a s t e d  

wi th  t h e  modern theo ry  s p e c i f i c a t i o n s .  It emerges t h a t  t h e  two models are 

no t  c o n s i s t e n t .  Had t h e  e q u i l i b r i u m  equat ion  from which a l l  of t h e  

modern theory  model e s t i m a t i o n  embarks, been de r ived  from t h e  model 

w i t h i n  t h i s  t h e s i s ,  i t  would have t r a n s p i r e d  t h a t  t h e  'parameters1  which 

t h i s  l i t e r a t u r e  a t t e m p t s  t o  e s t i m a t e ,  a r e  n o t  parameters ,  b u t  a r e  v a r i a b l e s .  

Furthermore they  a r e  random v a r i a b l e s .  Our model t hus  s e r v e s  to .engender  

misgivings about  t h e  soundness of  t h e  modern theory  e s t i m a t i o n  l i t e r a t u r e .  
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CHAPTER I: INTRODUCTION 

Section 1: The Modern Theory empirical literature. 

There exists a body of literature, documented below, concerned 

with the estimation of models of the '~odern ~heory' of forward exchange. 

Whilst these models are not identical they are, as we shall see, essentially 

similar. This thesis is ultimately concerned with the validity of the 

e~timation procedures employed in this body of literature. 

The 'Modern Theory' of forward exchange emerged as an attempt to 

explain the apparent existence of riskless profitable international 

arbitrage opportunities. Such opportunities would clearly be contrary to 

a fundamental tenet of economic theory, but more particularly they are 

inconsistent with the precursor of the 'Modem Theory', the 'Interest Parity 

Theory' of forward exchange. 

The Interest Parity Theory may be summarized by equation (1) plus 

its concommitant definitions and assumptions 

where, 

f r 
j 

is the risk free rate of interest 

f 
ji is the currency j price of a unit 

plus one, in country j. 

of currency i in a forward 

contract with the same common maturity date as the risk free 

assets of countries j and i. 



ji 
is the spot currency j price of one unit of currency-i. 

It is assumed that there are no transaction costs or other market imperfec- 

tions, so that f.. and s;. are both buying and selling rates, and each 
J 1  J 1  

interest rate is both the borrowing and lending rate within the country 

with which it is associated. 

The remainder the the ~nterest Parity Theory is in the form of a 

famous corollary introduced below. 

The violation of (1) is viewed within the Interest Parity Theory 

as stimulating short term capital movements to take advantage of profitable 

covered arbitrage opportunities. 

If 

f f f r > r i  ji j s 
ji 

capital is expected to flow from country i to country j. If 

the direction of flow is reversed. As a convenient indicator of the 

favourable investment location, the covered arbitrage margin is defined; 

I 
CAM = r .-ii - f . i - s  ji 

. f 
r r i 
I 

(interest differential) - (forward premium) 
(4) is the traditional equation for CAMji, it may be rewritten as 

= ' I"' - (5) 
r 
i 



~f (2) holds, then  t h e  term w i t h i n  parentheses i n  (5) i s  p o s i t i v e ,  CAM., 
3 1  

is  p o s i t i v e  and s h o r t  t e r m  c a p i t a l  move from country i t o  country j. I f  

(3) holds CAM;. i s  negat ive  and such c a p i t a l  flows from country j t o  
J 1  

country i. I n  both  cases ,  c a p i t a l  flows a r e  expected t o  ensue and thus ,  

wi th in  the  conf ines  of the  theory,  a  non zero CAM,. i s  viewed a s  a  d is -  
J 1  

equil ibrium phenomenon. A c o r o l l a r y  of the  I n t e r e s t  P a r i t y  Theory the re fo re ,  

is  a tendency f o r  CA t o  b e  zero.  T i  
Contrary t o  t h e  I n t e r e s t  P a r i t y  Theorem t h e r e  e x i s t s  a  wealth of 

da ta  i n d i c a t i n g  a p e r s i s t e n t  tendency f o r  covered a r b i t r a g e  margins t o  b e  

non zero ( 2 ) .  The t h e o r e t i c a l  r e s o l u t i o n  of t h i s  somewhat paradoxica l  

phenomenon has  taken two d i s t i n c t  avenues ( 3 ) .  One has r e t a i n e d  t h e  

i n t e r e s t  p a r i t y  framework b u t  has  introduced market imperfec t ions  i n  the  form 

of t r ansac t ions  c o s t s  and non parametric  i n t e r e s t  r a t e s .  There has a l s o  

been condiderat ion of t h e  d i f f i c u l t i e s  of s e l e c t i n g  comparable a s s e t s  f o r  

(4  the  c a l c u l a t i o n  of covered a r b i t r a g e  margins . P u r s u i t  of t h e  o t h e r  

avenue was prompted by t h e  r e a l i z a t i o n  " t h a t  the  t r a d i t i o n a l  Keynesian 

emphasis on covered i n t e r e s t  a r b i t r a g e  was i n s u f f i c i e n t  t o  f u l l y  expla in  t h e  

equil ibrium r a t e  of forward exchange and t h a t  o the r  opera t ions  i n  t h e  

forward market w e r e  equal ly  important i n  determining the  equi l ibr ium r a t e .  

These a d d i t i o n a l  opera t ions ,  which along wi th  covered i n t e r e s t  a r b i t r a g e ,  

c o n s t i t u t e  the  source of demand for  and supply of forward exchange, 

can be  broadly def ined a s  commercial hedging and specula t ion .  The 

add i t ion  of t h e s e  components t o  t h e  Keynesian theory has  r e s u l t e d  i n  

the  challenging of t h e  major conclusion of the  prewar [ i n t e r e s t  p a r i t y ]  



theory ,  t h a t  i s  t h e  new theo ry  contends t h a t  t h e  equ i l i b r ium forward 

premium r a t e  can b e  cons iderably  d i f f e r e n t  from t h e  i n t e r e s t - d i f f e r e n t i a 1  

rate. " (5) Th i s  "new" theory  i s  now r e f e r r e d  t o  as t h e  "Modern Theory1' 

of forward exchange. 

Es t imat ion  of modern theo ry  i n s p i r e d  models i n  t h e  l i t e r a t u r e ,  h a s  

tended t o  embark from what is e s s e n t i a l l y  a s i n g l e  common model. Th i s  

model, which s h a l l  be  r e f e r r e d  t o  as t h e  modern theo ry  empi r i ca l  model, 

i s  ev iden t  i n  t h e  c o n t r i b u t i o n s  of  J. S t e i n  (1965),  H. St011 (1968), 

J. Kesselman (1971), R. Haas (1974), B. McCallum (1977), W. Gaab (1978) 

and E. Tower & G. Pederson (1979). That S t e i n ,  Tower and Pederson may 

be  inc luded  i n  t h i s  group is  perhaps n o t  c l e a r .  Following t h e  presenta-  

t i o n  of t he  e s s e n t i a l l y  common model of t h e  remaining au tho r s ,  j u s t i f i c a t i o n  

f o r  t h e  i n c l u s i o n  of t h e s e  t h r e e  w i l l  b e  provided.  

. B. ~ c C a l l u m ' s  d e r i v a t i o n  of a modern theory  equ i l i b r ium condi t ion ,  

i d e n t i c a l  t o  t h a t  of Gaab and d i f f e r i n g  from t h e  o t h e r  works c i t e d ,  only 

by t h e  e x p l i c i t  i n c l u s i o n  of t r a d i n g  behaviour ,  i s  r e p r e s e n t a t i v e .  It proceeds 

i n  t h e  fo l lowing  manner. 

Solving (1) f o r  f , prov ides  t h e  forward rate a s s o c i a t e d  wi th  a n  
35 

absence of p r o f i t a b l e  a r b i t r a g e  o p p o r t u n i t i e s .  Th i s  rate, denoted F* i s  
j i' 

u n i v e r s a l l y  r e f e r r e d  t o  as t h e  ' i n t e r e s t  p a r i t y '  forward rate. 

Thus 

The I n t e r e s t  P a r i t y  Theorem can  b e  p re sen ted  as 



then 

rf f > r f  and from (3) we have t h a t  a r b i t r a g e  w i l l  cause c a p i t a l  2~ j 

t o  flow from country j t o  country i. Associated with t h i s  flow a r e  

forward s a l e s  of currency i f o r  t h e  r e p a t r i a t i o n  of r e tu rn ,  and t h e  re- 

payment of debt.  Hence ( 6 )  i s  associa ted  with a negative excess demand f o r  

forward i a r i s i n g  from a rb i t r age .  

I f  f  C Ft j i  then (2) is s a t i s f i e d ,  c a p i t a l  flows from country i t o  
j i  

country j ,  and t h e r e  i s  a p o s i t i v e  excess demand f o r  forward i a r i s i n g  

from arbi t rage .  

Adopting a l i n e a r  form, the  excess demand f o r  Forward i a r i s i n g  

from a r b i t r a g e  between coun t r i e s  j and i, x'? , i s  w r i t t e n  a s  

The excess demand f o r  foward currency i a r i s i n g  from specula t ion between 

j S i  
currencies j and i, X , is expressed by, 

i 

where sji i s  t h e  f u t u r e  spo t  currency j p r i c e  of a u n i t  of currency i, 

governing a t  t h e  matur i ty  d a t e  of t h e  forward con t rac t  a s soc ia ted  wi th  

fj.i' and E i s  an expecta t ion operator .  

The absolute  value  of [E[;. ] - f ] is  the  expected currency j 
~i j i  

p r o f i t  per  u n i t  of currency i traded forward specula t ively .  For example, 



if one unit of i is 

for; units of j, 
ji 

bought forward at price f,,, and is eventually sold 
J 1  

the profit is [z.. - f. . I ,  the expected profit 
J 1  J 1  

one unit of i is sold forward speculatively the expected 

profit is [f . . - E[;~~] 1. Thus the implication of (8) is that speculative 
3 1  

behaviour is a function ONLY of expected return. 

The excess demand for forward i arising from trade between countries 

XjTi j and i, , is expressed by 
i 

This equation does not appear in the works by Kesselman, Stoll or Haas, 

where trade inspired participation is viewed as implicitly included in 

the 'arbitrage' and 'speculative' functions. Whilst this distinction is 

not of great significance for our eventual purpose, it is of sufficient 

interest to warrant a somewhat detailed discussion below. 

Using the market clearing condition 

provides the modern theory equilibrium equation 

With the absence of an explicit trade excess demand function, this equi- 

librium equation has the form 



- .  

- j S i  
ECE..] + , j Ai F*. . 

.ji -1. j A i  + g j s i ]  J. [.jAi + .jS.] 

McCallum and Gaab proceed wi th  e s t ima t ion  from (10); Kesselman, Haas 

and S t o l l  proceed from (11,). Other than t h i s  d i s t i n c t i o n ,  t h e  p r i n c i p a l  

d i f ference  between t h e s e  works arr ives i n  t h e  s p e c i f i c a t i o n  of an  opera t ional  

measure of E [ z .  .I. 
J 1  

In  the  s p e c i f i c a t i o n  of h i s  s t r u c t u r a l  equations,  S t e i n  (1965) al lows 

f o r  the  p o s s i b i l i t y  t h a t  forward market p a r t i c i p a t i o n  which is  a  funct ion  

of - f  . . ] , (he terms t h i s  "hedging") , a d j u s t s  from a c t u a l  p o s i t i o n s  
J 1  

t o  optimal p o s i t i o n s ,  with a  l ag .  A s  a consequence he a r r i v e s  a t  a somewhat 

more complex equi l ibr ium equation.  Using h i s  no ta t ion  f o r  parameters,  bu t  

our own f o r  v a r i a b l e s ,  t h i s  "reduced form equation" a s  he terms i t ,  has the  

f o m ,  

[ ~ h i s ' i s  S t e i n ' s  (1965) equation (5) p. 115.1 



I f  t h e r e  i s  no l a g ,  t h e  speed of adjustment  c o e f f i c i e n t  h t ends  t o  

i n f i n i t y ,  and t h e  term e-M t ends  t o  zero .  I n  t h i s  c a s e  equat ion  (12) 

becomes 

t e r  som a r y  e s t ima t ion  S t e i n  (1965 p. 119) concludes t h a t  

"Whatever l a g  may e x i s t  i n  t h e  hedging f u n c t i o n  i s  neg l ig ib l e " .  'He then  

proceeds t o  i n t e r p r e t  t h e  es t imated  c o e f f i c i e n t  of t h e  i n t e r e s t  d i f f e r e n t i a l  

a s  an e s t i m a t e  of 1 / ( 1  + gl/hl). Thus he  is  us ing  not  (12 ) ,  bu t  (13) ,  

a s  t h e  b a s i s  f o r  h i s  es t imat ion .  To j u s t i f y  t h e  i n c l u s i o n  of  S t e i n  i n  

t h i s  modern t h e o r y  empi r i ca l  model group, it  remains t o  show t h a t  (13) 

is e s s e n t i a l l y  a rearrangement of  ( l l ) ,  t h e  Kesselman, S t o l l ,  Hass formula- 

t ion .  

(13) may b e  r e w r i t t e n  as 



where J1 +[, = 1 

The only d i f f e r e n c e  between (14) and (11) i s  t h e  appearance of t h e  6 term 

i n  t h e  l a t t e r .  (This has a r i s e n  because of S t e i n ' s  inc lus ion  of i n t e r -  

cep t s  t o  r e f l e c t  t r a n s a c t i o n s  c o s t s ,  i n  t h e  s p e c i f i c a t i o n  of t h e  hedging 

and specu la t ive  equations.)  

s t e i n ' s  e s t ima t ion  procedure i s  nove1,in t h a t  he subsumes t h e  

expectat ions v a r i a b l e  i n t o  t h e  d i s tu rbance  term,and then analyses  t h e  

consequent e s t ima t ion  b i a s , t o  show i t s  exis tence  se rves  only t o  r e i n f o r c e  

h i s  conclusions ensuing from t h e  es t imat ion  of Jl. I n  view of (14) 

however, it seems not  unreasonable t o  c l a i m . t h a t  h i s  es t imat ion  proceeds 

from t h e  modern theory empir ica l  model, and thus what we s h a l l  have t o  

say about t h a t  model does p e r t a i n  t o  h i s  cont r ibut ion .  

Pederson and Tower (1979), employ S t e i n ' s  (1965) model wi th  i t s  

a r b i t r a g e  response l a g ,  t o  examine t h e  s e n s i t i v i t y  of t h e  forward discount ,  

t o  i n t e r e s t  d i f f e r e n t i a l s  i n  t h e  long run. Using S t e i n ' s  s t r u c t u r a l  

equationsthey d e r i v e  a "reduced form", which expresses t h e  forward 

discount  a s  a  l i n e a r  func t ion  of c u r r e n t  and pas t  i n t e r e s t  d i f f e r e n t i a l s .  

Using our no ta t ion ,  



The i n i t i a l  weight w i s  a  measure of s h o r t  run  responsiveness,  
0 ' 

00 

w = r w k  t h e  long run responsiveness. What i s  of i n t e r e s t  from our 
0 

perspect ive  i s  t h a t  t h e  w and c ,  a r e  func t ions  of t h e  parameters of t h e  
k  

s t r u c t u r a l  equations speci fy ing hedging and specu la t ive  behaviour. They 

a r e  funct ions  of some of t h e  same parameters which compose the  c o e f f i c i e n t s  

of t h e  modern theory empirical  model equations (10) and (11). Thus,whilst 

t h e  Pederson Tower reduced form d i f f e r s  from those  of  t h e  modern theory 
I 

empir ica l  models, what w e  s h a l l  have t o  say of t h e  l a t t e r  has s ign i f i cance  

f o r  t h e  former. 

Having del ineated  t h e  l i t e r a t u r e  which is  t h e  focus of our i n t e r e s t ,  

we now r e t u r n  t o  an o u t l i n e  of t h e  theme of our  enquiry.  

Sect ion  2: The r o l e  of r i s k  i n  t h e  modern theory  empir ica l  model. 

To c o n s t i t u t e  a  t h e o r e t i c a l  a l t e r n a t i v e  t o  t h e  I n t e r e s t  P a r i t y  

j A i  
Theory, t h e  modern theory empir ica l  model r e q u i r e s  t h a t 6  i n  (7) 

above,be f i n i t e .  I f  i t  were n o t ,  then  equi l ibr ium would r e q u i r e  

which, r e c a l l i n g  (5b) is  t h e  I n t e r e s t  P a r i t y  Theorem. Of f i ce r  and W i l l e t  

(1970) i n  a  comprehensive survey of explanat ions  of dev ia t ions  from i n t e r e s t  

jAi. I n  tu rn ,  p a r i t y ,  provide a  number of reasons f o r  p o s i t i v e  and f i n i t e  O( 

i n  h i s  most pene t ra t ing  c r i t i c a l  survey, Kohlhagen (1978) c l a s s i f i e s  t h e  

Of f i ce r  and Wi l l e t  explanations i n t o  four  i s sues (6 ) ,  " (1) non monetary 



r e t u r n s ,  (2) d e f a u l t  r i s k ,  (3) non u n i t a r y  c o r r e l a t i o n  of  r e t u r n s  and 

(4) premature r e p a t r i a t i o n " .  

The f i r s t  e x p l a n a t i o n  "non monetary r e tu rns" ,  f i r s t  p o s i t e d  by 

S. Tsiang (1959), has  no t  been addressed i n  t h e  modern theory  e m p i r i c a l  

l i t e r a t u r e .  A s  Kohlhagen p o i n t s  o u t ,  t h e  t h i r d  exp lana t ion  depends upon 

t h e  e x i s t e n c e  of e i t h e r  (2) o r  (4) .  I n  t h e i r  absence,  t h e  r e t u r n s  on 

t h e  domestic bonds and covered f o r e i g n  bonds a r e  c e r t a i n ,  and t h u s  a t  

a n  equi l ibr ium t h e s e  assets should be  p e r f e c t  s u b s t i t u t e s .  S t o l l  (1972) 

has  shown t h a t  exp lana t ion  (4) a l s o  cannot s t and  a lone .  H e  shows t h a t  

i n  t h e  absence of some form o f  d e f a u l t  r i s k ,  premature l i q u i d a t i o n  cannot  

l e a d  t o  a  l e s s  t h a n  p e r f e c t l y  e l a s t i c  a r b i t r a g e  schedule  ( i . e .  f i n i t e  

j A i  
M -1  

Explanat ion ( 2 ) ,  w h i l s t  n o t  pos i t ed  e x c l u s i v e l y ,  appears  r e g u l a r l y  

i n  t h e  modern theory  e m p i r i c a l  l i t e r a t u r e .  Whils t  i n  h i s  1968 paper ,  

Haas does not  add res s  t h e  q u e s t i o n ,  i n  h i s  a s s o c i a t e d  1971 paper h e  

comments : (7) 

11 The r i s k i n e s s  of  [a domest ic  s e c u r i t y ]  and [a covered f o r e i g n  
s e c u r i t y ]  may, however, d i f f e r  i f  d i f f e r e n t  degrees  of d e f a u l t  r i s k  
a r e  a s s o c i a t e d  w i t h  t h e  promised payments ... [For s e c u r i t i e s  of 
t h e  same r i s k  c l a s s ]  i f  t h e r e  is  u n c e r t a i n t y  t h a t  t h e  c o n t r a c t u a l  
rate F [i.e. t h e  forward rate,] w i l l  b e  he ld  t o ,  t h e  [covered f o r e i g n  
s e c u r i t y ]  w i l l  b e  r i s k i e r  t h a n  [ t h e  domest ic  s e c u r i t y ]  ... I n  

. pe r iods  of i n t e r n a t i o n a l  c r i s i s  [ t h e  covered f o r e i g n  s e c u r i t y ]  may 
s u f f e r  a l o s s  r e l a t i v e  t o  [ t h e  domestic s e c u r i t y ]  because t h e  forward 
exchange c o n t r a c t  cannot  b e  c a r r i e d  o u t ,  o r  can b e  c a r r i e d  o u t  
on ly  a t  a l o s s  due t o  a moratorium on  payments o r  t o  o t h e r  
government r e s t r i c t i o n s  on c a p i t a l  flows." 



Hans S t o l l  makes the  following comments: (8 

II Now t h  c r u c i a l  quest ion concerns t h e  s i z e  of*::: and t h e  f a c t o r s  

determiningdgi. W e  would argue t h a t  t h e  va lue  of * depends on 
t h e  amount of r i s k  a t t ach ing  t o  a r b i t r a g e  opera t ions  and t h e  
degree of r i s k  avers ion  on t h e  p a r t  of a r b i t r a g e r s  ... But what 
would be t h e  na tu re  of such r i s k ?  The exchange r a t e  r i s k  i s  a l ready 
covered i n  t h e  forward market. The remaining r i s k ,  which cannot 
be hedged by t h e  a r b i t r a g e r ,  we c la im i s  i n  t h e  na tu re  of a  
d e f a u l t  r i s k .  Not only does t h e  a r b i t r a g e r  f a c e  t h e  p o s s i b i l i t y  
t h a t  t h e  ind iv idua l  wi th  whom he  has  a  c o n t r a c t  w i l l  f a i l  t o  keep h i s  
bargain t o  buy o r  s e l l  forward exchange, bu t ,  more important ,  he  
a l s o  faces  a  genera l  danger t h a t  t h e  governments concerned w i l l  
f r eeze  f o r e i g n  balances o r  i n  some way put  a  h a l t  t o  a l l  i n t e r -  
na t iona l  t r ansac t ions ,  a t  l e a s t  temporarily." 

Robert Al iber  comments i n  a  s i m i l a r  vein:  (9) 

"The r i s k  t h a t  ... a r b i t r a g e r s  encounter i s  t h a t  of exchange 
con t ro l s .  These c o n t r o l s  appl ied  w i t h i n  t h e  home country of t h e  
inves tor  may l i m i t  t h e  a b i l i t y  of a r b i t r a g e r s  t o  t a k e  advantage 
of a  spead between t h e  i n t e r e s t  agio  and t h e  exchange ag io .  Even 
without t h e s e  c o n t r o l s ,  t h a t  wi l l ingness  t o  t ake  advantage of t h i s  
spread may be  constrained by t h e  concern t h a t  t h e  monetary a u t h o r i t i e s  
may apply t h e s e  cont ro ls ."  

- It is  of i n t e r e s t  t o  no te  t h a t  Keynes, an  e a r l y  proponent of t h e  

I n t e r e s t  P a r i t y  Theory, was cognisant of t h e  r i s k s  of "covered" bond 

a r b i t r a g e .  The p o s s i b i l i t y  of p e r s i s t e n t  d e v i a t i o n  from i n t e r e s t  p a r i t y  

(10) was by no means paradoxical  t o  him: 

"If ques t ions  of c r e d i t  d id  not  e n t e r  i n ,  t h e  f a c t o r  of t h e  
r a t e  of i n t e r e s t  on s h o r t  loans  would be  t h e  dominating one [ i n  
the  determination of t h e  forward premium/discount]. But ... t h e  
var ious  u n c e r t a i n t i e s  of f i n a n c i a l  and p o l i t i c a l  r i s k  ... in t roduce  
a  f u r t h e r  element which q u i t e  t ranscends  t h e  f a c t o r  of r e l a t i v e  
i n t e r e s t .  The p o s s i b i l i t y  of f i n a n c i a l  t r o u b l e  o r  p o l i t i c a l  
d is turbance ,  and the  q u i t e  apprec iab le  p r o b a b i l i t y  of a  moratorium 
i n  the  event  of any d i f f i c u l t i e s  a r i s i n g ,  o r  of t h e  sudden 
in t roduc t ion  of exchange regu la t ions  which would i n t e r f e r e  wi th  
t h e  movements of balances out  of t h e  country ... a l l  of t h e s e  



f a c t o r s  d e t e r  bankers ,  even when t h e  exchange r i s k  proper  i s  
e l imina ted ,  from main ta in ing  l a r g e  f l o a t i n g  ba lances  a t  c e r t a i n  
fo re ign  c e n t r e s .  Such r i s k s  prevent  t h e  bus ines s  from be ing  based ... on a  mathematical  c a l c u l a t i o n  of i n t e r e s t  r a t e s . "  

S t e i n  a l s o  quo te s  from Keynes (11) 

"F ina l ly ,  i n  t u r b u l e n t  p e r i o d s  t h e  f e a r  of a  "sudden i n t r o -  
duc t ion  of exchange r e g u l a t i o n s  which would i n t e r f e r e  w i t h  t h e  move- 
ment of ba l ances  ou t  of  t h e  coun t ry  ... d e t e r  bankers ,  even when 
t h e  exchange r i s k  i s  e l imina ted ,  a i n t a i n i n g  l a r g e  f l o a t i n g  
balances a t  c e r t a i n  f o r e i g n  c e n t r e s  frpT2'11 For t h e s e  r ea sons  t h e  
p o t e n t i a l  i n v e s t o r  may n o t  i n v e s t  more funds abroad a l though  t h e  
forward r a t e  i s  l e s s  t h a n  t h e  measured i n t e r e s t  pa r i t y . "  

I n  view of t h e s e  q u o t a t i o n s ,  i t  seems reasonable  t o  a s s e r t  t h a t  

a  popular foundat ion  f o r  t h e  l e s s  t h a n  p e r f e c t l y  e l a s t i c  a r b i t r a g e  

schedule i n  t h e  modern theo ry  e m p i r i c a l  model, l i e s  i n  t h e  p o s s i b i l i t y  

of forward c o n t r a c t  d e f a u l t ,  a r i s i n g  from t h e  impos i t ion  of  cu r r ency  

exchange r e g u l a t i o n .  I n  s h o r t ,  t h e  s l o p e  of t h e  a r b i t r a g e  f u n c t i o n  i s  

widely regarded a s  depending upon r i s k  cons ide ra t ions .  

The s l o p e  of  t h e  s p e c u l a t i v e  f u n c t i o n  i s  un5versa l ly  regarded as 

depending upon r i s k  c o n s i d e r a t i o n s ,  Hans S t o l l  is  e x p l i c i t  on  t h i s  po in t :  (13) 

11 ... it is  assumed t h a t  B [ i .e.  t h e  s l o p e  of t h e  s p e c u l a t i v e  f u n c t i o n ]  

depends upon r i s k  and t h e  deg ree  of  r i s k  avers ion ."  

Sec t ion  3: The theme of t h e  t h e s i s :  Can t h e  modern theory  model l i n e a r  

equ i l i b r ium equa t ion  b e  de r ived  from a model of  i n d i v i d u a l  

op t imiza t ion?  

'That t h e  s l o p e s  of t h e  a r b i t r a g e  and s p e c u l a t i v e  schedules  are 



widely regarded as depending upon r i s k  c o n s i d e r a t i o n s  is  c e n t r a l  t o  our  

theme. A s  Kesselman (1971, p.  238) emphasises,  t h e  modern theo ry  empi r i ca l  

model "reduced form " " ... r e q u i r e s  t h e  assumption t h a t  t h e  s l o p e s  of 

t h e  schedules  remain cons tan t  over  t h e  pe r iod  of  s tudy .  Otherwise t h e  

s p e c i f i c a t i o n  w i l l  be  u n d e r i d e n t i f i e d  f o r  es t imat ion ."  This  assumption 

is  r e f l e c t e d  i n  t h e  f a c t  t h a t  t h e  c o e f f i c i e n t s  of t h e  reduced forms (10) 

and ( l l ) ,  appear  without  a  t ime index.  I f  i t  i s  unwarranted, t hen  t o  

proceed wi th  e s t i m a t i o n  a s  i f  t h e  c o e f f i c e i n t s  a r e  c o n s t a n t s ,  as a l l  

of t h e  c i t e d  works do, i s  t o  f a l l  prey t o  t h e  i d e n t i f i c a t i o n  problem. 

I n  s h o r t ,  such e s t ima t ion  would invo lve  combining obse rva t ions  from 

d i f f e r i n g  under ly ing  s t r u c t u r e s f a n d  producing es t imated  c o e f f i c i e n t s  

which a r e  i n v a l i d  e s t ima te s  of t h e  parameters  of any one of  t h e s e  s t r u c t u r e s .  

It is  t h e  ques t ion  of whether o r  n o t  t h e s e  c o e f f i c i e n t s  can  reasonably  be  

assumed t o  be  unvarying i n  view of t h e i r  dependence upon r i s k  c o n s i d e r a t i o n s ,  

which i s  t h e  major uni fy ing  theme of  t h i s  t h e s i s .  

The s t r u c t u r a l  equat ions  of t h e  modern theo ry  empi r i ca l  model 

i nc lude  s p e c i f i c a t i o n s  of agg rega te  p a r t i c i p a t i o n  i n  a forward market.  

. It is no tab le  t h a t  t h e s e  aggrega te  f u n c t i o n s  a r e  immediately s p e c i f i e d ,  they  

a r e  not  t h e  consequence of agg rega t ion  from some form o f  i n d i v i d u a l  behaviour 

which has  been de r ived  v i a  a n  o p t i m i z a t i o n  process .  It is  perhaps,as  a 

r e s u l t  t h a t  t h e  empir ica l  model s p e c i f i c a t i o n s  are somewhat l a c k i n g  i n  

t h e i r  i n t u i t i v e  appeal .  They purpor t  t o  c a p t u r e  behaviour  which is  

i n t + t e l y  r e l a t e d  t o  t h e  s e l e c t i o n  o f  r i s k y  f i n a n c i a l  p o s i t i o n s ,  and y e t  



f a i l  t o  d i s p l a y  any h i n t  of  d i v e r s i f i c a t i o n .  I n  s h o r t ,  i n  much of t h e  

t h e o r e t i c a l  underpinning of t h e  modern theo ry  empi r i ca l  model, t h e  r e t u r n  

from hold ings  of  covered f o r e i g n  bonds and from a  s p e c u l a t i v e  p o s i t i o n ,  

a r e  bo th  r i s k y .  However, i n  t h e  d i s c u s s i o n  of a c q u i s i t i o n  of t h e s e  

hold ings ,  and i n  t h e  s p e c i f i c a t i o n  of  t h e  excess  demand f o r  forward currency 

which ensues from t h e s e  ho ld ings ,  t h e  d i v e r s i f i c a t i o n  motive i s  nowhere t o  

be seen.  Th i s  prompts t h e  ques t ion :  "Are  t h e  modern theo ry  model s p e c i f i c a -  

t i o n s  of agg rega te  behaviour ,  i n  t h e i r  cons t an t  c o e f f i c i e n t  e n t i r e t y ,  

c o n s i s t e n t  w i th  t h e  agg rega te  behaviour  which emerges from a model of 

op t imal  i n d i v i d u a l  behaviour?" T h i s  i s  t h e  ques t ion  we addres s .  

Beginning w i t h  a  model o f  op t ima l  i n t e r n a t i o n a l  p o r t f o l i o  s e l e c t i o n ,  

which t r e a t s  forward market p a r t i c i p a t i o n  a s  only one of many ways i n  

which t h e  i n d i v i d u a l  may t a i l o r  h i s  p o r t f o l i o  t o  h i s  tastes, we d e r i v e  

express ions  which a r e  a n a l o g o w  t o  t h e  "arb i t rage" ,  "specula t ive"  and 

"trade"funct ions of t h e  modern t h e o r y  empi r i ca l  model* These expres s ions  

a r e  then  compared t o  t h o s e  of  t h e  e m p i r i c a l  model, and t h e  c r i t i c a l  

ques t ion  of t h e  constancy o f  t h e  c o e f f i c i e n t s  of t h e  e m p i r i c a l  model 

equi l ibr ium equa t ion  i s  addressed .  



The i n t e r e s t  p a r i t y  theory  is  commonly a s c r i b e d  t o  John Maynard 
Keynes. The fo l lowing  most s u c c i n t  r e n d i t i o n  from Keynes (1923), 
i s  perhaps t h e  f i r s t  s ta tement  of t h i s  theory .  

"That is  t o  s ay ,  forward q u o t a t i o n s  f o r  t h e  purchase of t h e  
cur rency  of  t h e  d e a r e r  money market [ i . e .  h ighe r  r a t e  of i n t e r e s t ]  
tend t o  b e  cheaper t han  s p o t  q u o t a t i o n s  by a percentage  per  month 
equal  t o  t h e  excess  of t h e  i n t e r e s t  which can  be  earned i n  a month 
i n  t h e  d e a r e r  market over  what can  b e  earned i n  t h e  cheaper." 

(parentheses  added) 

See Grubel ( l 966) ,  Gaab ( l978) ,  C a l l i e r  (1979). 

For a comprehensive d i s c u s s i o n  and documentation of  t h i s  l i t e r a t u r e  
s e e  S. Kohlhagen (1978). 
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CHAPTER 11. SPECIFICATION OF INDIVIDUAL FINAL WEALTH 

A s  was suggested i n  t h e  i n t r o d u c t i o n ,  t h e  modern theory  e m p i r i c a l  

model i nco rpora t e s  t h e  r i s k s  of i n t e r n a t i o n a l  a r b i t r a g e  and specu la t ion ,  

i n  a somewhat ad hoc manner a t  t h e  aggrega te  l e v e l .  Since t h e  v a l i d i t y  

of t h e  e s t ima t ion  of t h i s  model depends c r i t i c a l l y  upon t h e  constancy 

of c o e f f i c i e n t s  which a r e  recognized t o  be  func t ions  of t h e s e  r i s k s ,  

we at tempt  t o  c o n s t r u c t  a model of  op t imal  forward market p a r t i c i p a t i o n  

which w i l l  p rovide  t h e s e  f u n c t i o n a l  r e l a t i o n s h i p s  i n - e x p l i c i t  form. 

The model i nvo lves  t h e  s p e c i f i c a t i o n  of f i n a l  weal th  a r i s i n g  from 

an ex tens ive  oppor tun i ty  set ,  inc lud ing  t h o s e  o p p o r t u n i t i e s  f o r  t r a d e ,  

specu la t ion  and a r b i t r a g e  w i t h  which t h e  modern theory  model is  e x c l u s i v e l y  

concerned. Assuming t h a t  each  t r a n s a c t o r  maximizes t h e  expected u t i l i t y  

of f i n a l  weal th,  w e  d e r i v e  t h e  i n d i v i d u a l ' s  opt imal  r i s k y  p o r t f o l i o .  

Within t h i s  p o r t f o l i o  t h e r e  are elements  which g i v e  rise t o  forward 

market p a r t i c i p a t i o n ,  and which corresponds t o  t h e  s p e c u l a t i v e ,  a r b i t r a g e  and 

t r a d e  motivated p a r t i c i p a t i o n  of t h e  modern theo ry  model. Assuming t h a t  a l l  

t r a n s a c t o r s  a r e  "mean/varianceU op t imize r s ,  we aggrega te  t h e s e  elements  over  

a l l  t r a n s a c t o r s  w i t h i n  a coun t ry ,  t o  provide  aggrega te  market p a r t i c i p a -  

t i o n  func t ions .  From t h e s e  f u n c t i o n s ,  "trade", "a rb i t rage" ,  and " specu la t ivew 

func t ions  analogous t o  t h o s e  of  t h e  modern theory  model, a r e  t hen  der ived .  

I n  t h i s  c h a p t e r  t h e  form of  f i n a l  weal th  i s  presented .  Before doing 



s o ,  however, some d i s c u s s i o n  of t h e  model l ing of i n t e r n a t i o n a l  "covered" 

a r b i t r a g e  r i s k ,  i s  warranted.  

Sec t ion  1: Risk  i n  covered a r b i t r a g e  

This  r i s k  which we model i s  t h a t  of  t h e  impos i t ion  of cur rency  

exchange c o n t r o l s  i n  t h e  per iod  between t h e  a c q u i s i t i o n  of  a  forward c o n t r a c t  

and i t s  ma tu r i ty .  The fo l lowing  assumptions a r e  made w i t h  r e s p e c t  t o  

c o n t r o l s .  

The only form of c o n t r o l  is  one which a  count ry  imposes t o  r e s t r i c t  

s a l e  of i t s  currency.  

Cont ro ls  a r e  imposed i d e n t i c a l l y  on a l l  s a l e s  of t h e  domestic currency 

f o r  a p a r t i c u l a r  f o r e i g n  cur rency ,  except  t h o s e  s a l e s  which are a 

consequence of "trade". 

The impos i t ion  of c o n t r o l s  by count ry  i o r  count ry  j ,  on t h e  exchange 

of i f o r  j ,  r ende r s  void a l l  forward c o n t r a c t s  f o r  exchange between 

t h e s e  c u r r e n c i e s .  

B e l i e f s  about  t h e  f u t u r e  spot  r a t e  between c u r r e n c i e s  i and j, 

a r e  con t ingen t  upon c o n t r o l  con f igu ra t ions ,  That i s ,  a n  i n d i v i d u a l  

i s  modelled as having a s u b j e c t i v e  c o n d i t i o n a l  d i s t r i b u t i o n  f o r  t h e  

f u t u r e  s p o t  r a t e  i n  t h e  absence of c o n t r o l s ,  i n  t h e  event  of  c o n t r o l s  

by e i t h e r  count ry  a lone ,  and i n  t h e  event  of  s imultaneous c o n t r o l s  by 

both  c o u n t r i e s .  It i s  f u r t h e r  assumed t h a t  b e l i e f s  about t h e  f u t u r e  

spo t  r a t e  between c u r r e n c i e s  i and j ,  are independent of t h e  p o s s i b i l i t y  



of imposit ion of c o n t r o l s  on t h e  exchange of currencies  o t h e r  than 

i or  j. 

5. Exchange i s  impeded by c o n t r o l s ;  only a s  a  s p e c i a l  case  is  i t  pre- 

vented. For example, i f  country j p r o h i b i t s  the  s a l e  of i t s  currency 

f o r  currency i, an exchange of j f o r  i may be  secured by purchasing 

commodities i n  country j ,  and s e l l i n g  them i n  country i. For such 

a  t r ansac t ion ,  an  e f f e c t i v e  'de f a c t o '  exchange r a t e  may be  c a l -  

culated.  Such de  f a c t o  r a t e s  might a l s o  be  suggested by t h e  

individual  owning t h e  'blocked' currency j ,  having t h e  b e l i e f  t h a t  

a t  some t ime i n  t h e  f u t u r e  t h e  r e s t r i c t i o n s  may be removed. Any 

c o s t s  a s soc ia ted  wi th  t h e  postponed exchange could be  included 

i n  the  c a l c u l a t i o n  of a  de f a c t o  exchange r a t e .  Uncer ta in ty  

i n  the  timing of t h e  l i b e r a l i z a t i o n  of exchange and i n  t h e  c o s t s  of 

- postponed exchange, c o n t r i b u t e  t o  t h e  randomness of such a  r a t e .  

It i s  assumed t h a t  d e  f a c t o  exchange r a t e s  a r e  t h e  same f o r  a l l  

i nd iv idua l s ,  and t h a t  t h e i r  d i s t r i b u t i o n s  a r e  t h e  same i n  t h e  

event of simultaneous imposit ion of c o n t r o l s ,  a s  i n  t h e  event  of 

u n i l a t e r a l  con t ro l .  

The fol lowing assumptions r e l a t e  t o  o t h e r  a spec t s  of t h e  oppor tuni ty  

set. 

1. No t r a n s a c t i o n s  c o s t s .  

2. Unlimited borrowing and lending a t  an  exogenous r i s k l e s s  r a t e  i n  each 

,country. 



3.  U n r e s t r i c t e d ,  margin less  s h o r t  p o s i t i o n s  i n  forward c u r r e n c i e s  and 

r i s k y  a s s e t s .  

4.  The r i s k y  o p p o r t u n i t i e s  w i t h i n  a count ry  may b e  r ep re sen ted  by a 

s i n g l e  index  of r e t u r n s .  

5. A l l  o p p o r t u n i t i e s  r e l a t e t o  a s i n g l e c o m m o n p e r i o d .  That is, a l l  

c o n t r a c t s  a r eas sumed  t o  have t h e  same du ra t ion .  Thus, a n t i c i p a -  

t i n g  our  theme, forward cur rency  committments a r i s i n g  from t r a d e ,  

s p e c u l a t i o n  and a r b i t r a g e ,  a l l  mature a t  t h e  same t ime and have 

t h e  dimension of f lows per  common per iod .  

Sec t ion  2: The s t r u c t u r e  of f i n a l  weal th .  

Rather t h a n  immediately p r e s e n t  t h e  form of f i n a l  weal th ,  we s h a l l  

f i r s t  p rovide  a  taxonomy of i t s  components. I n  what fo l lows ,  a l l  choice  

v a r i a b l e s  r e l a t e  t o  a n  i n d i v i d u a l  'k' of count ry  j. With t h i s  understood,  

w e  s h a l l  omit t h e s e  s u b s c r i p t s  and, w i t h  r e s p e c t  t o  cho ice  v a r i a b l e s ,  

u s e  a s i n g l e  s u b s c r i p t  i, t o  denote  t h e  cur rency  i n  which t h e  a s s e t  o r  

deb t  a s s o c i a t e d  w i t h  t h e  choice ,  i s  e s t a b l i s h e d .  

The i n d i v i d u a l  is  envisaged as having t h e  oppor tun i ty  t o  i n v e s t  i n  

t h e  r i s k y  and lo r  riskless a s s e t s  of  'n' c o u n t r i e s ,  t o  borrow i n  t h e s e  

c o u n t r i e s  and/or  t o  go s h o r t  i n  t h e i r  r i s k y  a s s e t s ,  and t o  engage i n  

t r a d e  wi th  t h e s e  coun t r i e s .  For purposes  of  expos i t i on  on ly ,  t h e  cho ices  

a s soc i a t ed  w i t h  t h e s e  o p p o r t u n i t i e s  w i l l  b e  r e f e r r e d  t o  as primary choices .  



Concurrent with t h e  making of primary choices,  t h e  ind iv idua l  i s  faced 

with t h e  s e l e c t i o n  of exchange s t r a t e g i e s  f o r  t h e  r e p a t r i a t i o n  of income, 

and t h e  repayment of debt a r i s i n g  from theSe choices. We s h a l l  c l a s s i f y  

our taxonomy by t h e  primary choice  v a r i a b l e s ,  and i n  each c l a s s i f i c a t i o n  

o u t l i n e  t h e  inf luence  of t h e  primary choice and i t s  associa ted  exchange 

s t r a t e g i e s  on f i n a l  wealth. 

1. Lending. 

Let A .  denote t h e  number of u n i t s  of currency j a l l o c a t e d  t o  t h e  
1 

r i s k  f r e e  a s s e t  of country i; rf denote t h e  r i s k  f r e e  r a t e  of country 
i 

i p lus  one; and s t h e  number of u n i t s  of currency j paid spot  c u r r e n t l y  i 

f o r  one u n i t  of i. Then 

is a known f u t u r e  income, denominated i n  currency i. How may t h i s  income 

be r e p a t r i a t e d ?  Let  u denote t h e  number of u n i t s  (nb. currency i) of 
i 

t h i s  income, which a r e  l e f t  exposed t o  be  r e p a t r i a t e d  a t  t h e  end of  

period spot  r a t e  zi. Let  f .  denote t h e  currency j forward p r i c e  of one 
I 

u n i t  of currency i. Then, leaving some of t h e  income exposed, and 

covering some i n  t h e  forward market, provides,  i n  t h e  absence of any 

exchange c o n t r o l  cons idera t ions ,  t h e  fol lowing con t r ibu t ion  t o  f i n a l  

wealth: 



With t h e  p o s s i b i l i t y  of exchange c o n t r o l s ,  i t  may b e  t h e  c a s e  t h a t  

(3 
n e i t h e r  f . n o r  s t u r n  ou t  t o  b e  t h e  r a t e s  which govern t h e  even tua l  

1 i 

exchange. That they  may no t ,  f o l l o w s  from t h e  assumptions t h a t  any 

c o n t r o l s  s e r v e  t o  void forward c o n t r a c t s ,  and t h a t  t h e  end of per iod  s p o t  

r a t e ,  may b e  con t ingen t  upon t h e  c o n f i g u r a t i o n  of c o n t r o l s .  

The i n f l u e n c e  of c o n t r o l s  i s  r e f l e c t e d  by u s e  of t h e  fo l lowing  

b inomia l ly  d i s t r i b u t e d  random v a r i a b l e  ,. 

Let  
P = 0 i f  c o n t r o l s  a r e  imposed by count ry  j and/or  count ry  i. 
j i  

P = 1 otherwise  ( i . e .  i n  t h e  absence of any c o n t r o l s ) .  
ji 

w 
The obsa lescence  of f. and si i n  t h e  event  of  any c o n t r o l s  is  then  r e f l e c t e d  

1 

by changing (15) t o  

We have now t o  r e p r e s e n t  t h e  r e p a t r i a t i o n  of t h e  cur rency  i income, 

given t h e  impos i t ion  of  c o n t r o l s ,  I f  count ry  i c o n t r o l s  t h e  s a l e  of i ts  

cur rency ,  t h e  income is r e p a t r i a t e d  a t  a de  f a c t o  rate ; (5.e. A currency 
i 

j p r i c e  of ano the r  currency,  i n  t h e  event  of  c o n t r o l .  The s u b s c r i p t  



denotes  t h e  ' o t h e r '  cur rency ,  t h e  s u p e r s c r i p t  denotes  which count ry  i s  

c o n t r o l l i n g  t h e  sale of  i ts  currency.)  I f  country j c o n t r o l s  t h e  s a l e  

of i ts  currency t h i s  does n o t  p rec lude  acces s  t o  t h e  end of per iod  s p o t  

market,  however, t h e  exchange r a t e  i n  t h i s  market is  con t ingen t  upon t h e s e  

c o n t r o l s .  Hence r e p a t r i a t i o n  i s  a t  r a t e  ;j ( i . e .  A currency j f u t u r e  
i 

s p o t  market p r i c e  of ano the r  cur rency  i n  t h e  event  of  c o n t r o l s .  The sub- 

s c r i p t  denotes  t h e  ' o t h e r '  cur rency ,  t h e  s u p e r s c r i p t  denotes  which 

count ry  is  c o n t r o l l i n g  t h e  sale of  i t s  cur rency . )  

These cons ide ra t ions  can  b e  r e f l e c t e d  by t h e  i n t r o d u c t i o n  of t h e  

fo l lowing  b inomia l ly  d i s t r i b u t e d  random v a r i a b l e s .  

Le t  

D = 1 i f  j (or  i f  j and i )  imposes c o n t r o l s .  
j 

= 0 o the rwi se  

Di = 1 i f  i (or  i f  i and j )  imposes c o n t r o l s .  

= 0 o the rwi se  

then  

1 - D )  = 1 i f  ONLY i imposes c o n t r o l s  

= 0 o the rwi se  

D j  (1 - Di) = 1 i f  ONLY j imposes c o n t r o l s  

= 0 o t h e r w i s e  

The r e p a t r i a t e d  income i s  t h e n  r ep resen ted  by t h e  term: 



Adding (16) and (17 ) ,  p rovides  t h e  g r o s s  c o n t r i b u t i o n  of lending  

count ry  i t o  f i n a l  weal th  ( i . e .  ' g ros s '  i n  t h e  sense  t h a t  we have y e t  

t o  cons ider  t h e  f inanc ing  of t h i s  l e n d i n g ) ,  

A s  an  example of t h e  respons iveness  of t h i s  formula t ion ,  cons ide r  a 

s imultaneous impos i t ion  of c o n t r o l s  by c o u n t r i e s  i and j .  Then: 

P = 0 D = 1 and D ( 1  - Di) = 0 
ji j 

(18) reduces  t o  

which i n d i c a t e s  t h a t  t h e  cur rency  i income i s  r e p a t r i a t e d  a t  t h e  d e  

-i f a c t o  r a t e  c 
i ' 



2. Borrowing . 

Let 0 .  denote t h e  number of u n i t s  of j ra i sed  by borrowing i n  country 
1 

i. Then 

is  a known f u t u r e  debt denominated i n  currency i. Let p denote t h e  
i 

number of u n i t s  (nb. currency i )  of t h i s  deb t ,  which a r e  l e f t  exposed 

t o  be  repaid v i a  t h e  end of period spo t  market. Then leaving some of t h e  

debt exposed, and covering some i n  t h e  forward market, provides, i n  t h e  

absence of any exchange c o n t r o l  considera t ions ,  the ' fo l lowing d e b i t  

terms i n  f i n a l  wealth, 

With t h e  p o s s i b i l i t y  of exchange c o n t r o l s ,  i t  may be t h a t  n e i t h e r  f i  nor 

w 
s govern t h e  eventual  exchange. Following t h e  d iscuss ion i n  t h e  preceding 
i 

s e c t i o n ,  t h i s  obsolescence of f  and Zi i n  t h e  event of con t ro l s ,  is  
i 

r e f l e c t e d  by changing (19) t o ,  

f  
w -  

- [or - p i  ] f l j i  - ~ i ~ i ~ ~ i  

W e  have now t o  represent  t h e  repayment of t h e  debt ,  given t h e  imposit ion 

of controls .  I f  country j c o n t r o l s  t h e  s a l e  of i ts  currency, t h i s  debt  



i s  repa id  a t  t h e  d e  f a c t o  exchange rate hj . ( i . e .  A currency  j p r i c e  of 
i 

currency  i i n  t h e  event  of c o n t r o l  by coun t ry  j. The s u p e r s c r i p t  denotes  

t h e  ' c o n t r o l l i n g '  count ry ,  t h e  s u b s c r i p t  t h e  ' o the r '  cur rency  i n  t h e  

exchange.) I f  count ry  i c o n t r o l s  t h e  s a l e  of i t s  cur rency ,  repayment of 

cur rency  i d e b t  by purchase  of  i i n  t h e  end of  per iod  s p o t  market 

is  n o t  precluded.  However, t h e  exchange r a t e  i n  t h i s  market i s  cont ingent  

upon t h e s e  c o n t r o l s .  Hence t h e  repayment is  governed by t h e  exchange 

-i 
r a t e  s 

i* 
( i . e .  A currency  j f u t u r e  s p o t  market p r i c e  of ano the r  cur rency  

i n  t h e  event  of c o n t r o l .  The s u b s c r i p t  denotes  t h e  ' o t h e r '  cur rency ,  t h e  

s u p e r s c r i p t  deno te s  which count ry  i s  c o n t r o l l i n g  t h e  s a l e  of  i t s  currency.)  

Once aga in ,  u s ing  t h e  b inomia l ly  d i s t r i b u t e d  random v a r i a b l e s  introduced 

i n  t h e  preceding s e c t i o n ,  t h i s  debt  i n  t h e  

r ep re sen ted  by t h e  term, 

Adding (20) and (21) provides  t h e  cur rency  

borrowing i n  coun t ry  i, 

event  of c o n t r o l s  may,be 

(21) 

j deb t  which arises from 

b.. 



Consider a  simultaneous imposit ion of con t ro l s  by coun t r i e s  i and j. 

Then, 

= O  D = 
Pji j 

and (22) becomes 

This t e r m  i n d i c a t e s  j t h a t  t h e  debt  is  repaid  v i a  t h e  de f a c t o  r a t e  c  i. 
I f  t h e r e  a r e  no con t ro l s  

Pji 
= 1  D = O  D i = O  

j 

and (22) becomes 

This term ind ica tes  t h a t  i n  t h e  absence of any con t ro l s ,  t h e  debt  i s  

repaid employing both t h e  forward market,  and t h e  f u t u r e  spo t  market. 

A notable d i s t i n c t i o n  between t h e  form of fore ign lending and 

fore ign borrowing i n  f i n a l  wealth,  i s  t h a t  they a r e  influenced d i f f e r e n t l y  

by controls .  For example, i f  country j c o n t r o l s  s a l e  of currency j ,  t h e  

repayment of borrowing i n  country i involves  a  de  f a c t o  r a t e  E' t h e  
i ' 

r e p a t r i a t i o n  of currency i income from lending i n  country i, however, i s  

j I n  s h o r t ,  i n  t h e  event r epa t r i a ted  a t  t h e  condi t ional  spo t  r a t e  s i. 

of cootrols ,  t h e  same exchange rate does not govern exchange associa ted  



with borrowing and lending. Lending thus  cannot b e  viewed a s  t h e  opposi te  

t r ansac t ion  t o  borrowing. For t h i s  reason,  borrowing and lending cannot 

be  modelled wi th  a s i n g l e  choice v a r i a b l e ,  t h e  s i g n  of which would i n d i c a t e  

whether a t  t h e  optimum, t h e  ind iv idua l  engages i n  borrowing o r  lending.  

This comment a l s o  t o  t h e  treatment of long and s h o r t  pos i t ions  

i n  fo re ign  r i s k y  a s s e t s .  

3.  Risky investment. 

Let B .  denote t h e  number of u n i t s  of j a l l o c a t e d  t o  t h e  r i s k y  
1 

w 
a s s e t  of country i, and r denote t h e  r i s k y  r a t e  of r e t u r n  p lus  one, 

i 

from t h i s  a s s e t .  Then 

represents  unce r t a in  currency i income. Because of i t s  uncer t a in ty ,  

even i n  t h e  absence of c o n t r o l  r i s k ,  t h e  exchange r i s k  a s soc ia ted  wi th  

this income cannot b e  completely avoided. However, i t  may b e  "'hedged" 

aga ins t  

Hedging of a f i n a n c i a l  p o s i t i o n ,  involves t h e  a c q u i s i t i o n  of o the r  

pos i t ions  such t h a t  because of t h e  covariances of r e t u r n s  (o r  payments), 

t he  expected u t i l i t y  of t o t a l  f i n a l  wealth is  enhanced. 

One such f i n a n c i a l  p o s i t i o n  which r e a d i l y  p resen t s  i t s e l f  i n  t h i s  

context ,  involves t h e  forward s a l e  of currency i. 

r - 
The value  i n  currency i of t h e  f u t u r e  income B i f l u c t u a t e s  

i -  
s 
i 



d i r e c t l y  w i th  t h e  f u t u r e  s p o t  r a t e  a t  which i t  i s  r e p a t r i a t e d .  Ignor ing  

f o r  t h e  moment t h e  p o s s i b i l i t y  of c o n t r o l s ,  t h i s  r a t e  i s  g.. The s a l e  
1 

of wi u n i t s  of cur rency  i forward,  a n t i c i p a t i n g  t h e i r  purchase a t  f u t u r e  

h 
spo t  s . ,  c r e a t e s  a r i s k y  p o s i t i o n  t h e  cur rency  j r e t u r n  on which is  

1 

w 
(f i  - s . )  per  u n i t  o f  i so ld  forward. This  r e t u r n  f l u c t u a t e s  i n v e r s e l y  

1 
H 

r 
wi th  ; and t h u s  t h e  forward s a l e  may b e  regarded as a hedge f o r  Bi . 

i ' 
s, 
I 

The n e t  p o s i t i o n ,  wi thout  cons ide r ing  c o n t r o l s  is, 

I f  c o n t r o l s  a r e  in t roduced  e i t h e r  by i o r  j ,  o r ' b y  both c o u n t r i e s ,  t h e  

m 
&change r a t e s  s and f  no longe r  apply.  Mul t ip ly ing  (23) by t h e  b inomia l ly  i i 

crr 
d i s t r i b u t e d  v a r i a b l e  Pji, ensu res  t h a t  i n  t h e  event  of c o n t r o l s ,  t h e  

terms i n  (23) d i sappea r  from f i n a l  weal th .  Thus f i n a l  weal th  i nc ludes  t h e  

term 

I n  t h e  event  of r e s t r i c t i o n  on  t h e  s a l e  of cur rency  i, r e p a t r i a t i o n  

i i i  
I n  o f  t h e  income B (; /s ) is  a l l  e f f e c t e d  a t  t h e  d e  f a c t o  r a t e  c i. 



t h e  event of r e s t r i c t i o n  on t h e  s a l e  of currency j bu t  not currency i, 

t h i s  income may be  r e p a t r i a t e d  v i a  t h e  f u t u r e  spot  market, but a t  a  r a t e  

$ contingent  upon t h i s  r e s t r i c t i o n ,  These considera t ions  a r e  represented 
is 

i n  f i n a l  wealth by t h e  term, 

Combining (24)and (25) provides t h e  gross con t r ibu t ion  t o  f i n a l  wealth 

of investment i n  t h e  r i s k y  a s s e t  of country i, 

By t h e  way of example of t h e  responsiveness of t h i s  term, consider t h e  

case  when t h e  sale of currency j b u t  not currency i, is  control led .  Then, 

P = O  D i = O  D  = 1  
j i  j 

and (26) becomes 

This term i n d i c a t e s  t h a t  a l l  of t h i s  currency i income is r e p a t r i a t e d  v i a  

the  eed of period spo t  market, a t  t h e  c o n t r o l  contingent  spot  r a t e  %j 
i ' 



4. Short  p o s i t i o n s  i n  s tock.  

Let  M .  denote t h e  number of u n i t s  of currency j acquired by going 
1 

w 
r 

s h o r t  i n  t h e  r i s k y  a s s e t  of country i. Then Mi.& is  an uncer t a in  f u t u r e  
S i 

debt  denominated i n  currency i. This  debt  may b e  hedged by a  forward 

purchase of k  u n i t s  of currency i. The n e t  pos i t ion ,  without cons ider ing  
i 

c o n t r o l s  is, 

(The l a t t e r  form i n d i c a t e s  t h a t  hedging may b e  equivalent  t o  some exchange 

v i a e t h e . f u t u r e  spo t  market, and some v i a  t h e  forward market.) 

Multiplying (27) by ? ensures  i t s  disappearance from f i n a l  wealth 
j i  

i n  t h e  event of con t ro l s .  Hence t h e r e  i s  a  term i n  f i n a l  wealth: 

I n  t h e  event of r e s t r i c t i o n  on t h e  s a l e  of currency j ,  repayment of t h e  

debt M (; Is ) is  a l l  e f fec ted  a t  t h e  d e  f a c t o  r a t e  >ji. I f  t h e  s a l e  
i i i  

of -cur rency  i, bu t  not  t h a t  of  j ,  is r e s t r i c t e d ,  repayment i s  v i a  t h e  

f u t u r e  spot  market, a t  t h e  c o n t r o l  cont ingent  r a t e  . s These cons ide ra t ions  



a r e  embodied i n  t h e  term, 

The g r o s s  i n f l u e n c e  of a  s h o r t  p o s i t i o n  i n  t h e  r i s k y  a s s e t  of count ry  

i, on f i n a l  wea l th  i s  r ep resen ted  by (28) and (29) ,  

Once more, by way of example, cons ider  i f  t h e  s a l e  of i i s  c o n t r o l l e d ,  

b u t  t h a t  of j i s  no t .  Then 

- P j i = O  D i = l  D . = O  
J 

and (30) becomes 

Th i s  term i n d i c a t e s  t h a t  t h e  e n t i r e  deb t  i s  repa id  v i a  t h e  f u t u r e  s p o t  

market a t  t h e  c o n t r o l  con t ingen t  r a t e  2 i 
i ' 

5 . .  Exports.  

The i n d i v i d u a l  is  t r e a t e d  as be ing  i n  a p o s i t i o n  t o  c o n t r a c t  t o  



supply a q u a n t i t y  of expor t s ,  f o r  which t h e  f o r e i g n  currency payment a t  t h e  

end of t h e  per iod  i s  KNOWN. L e t  u s  deno te  t h i s  payment f o r  e x p o r t s  t o  

count ry  i as E. .  The c o s t  of g e n e r a t i n g  a u n i t  of t h i s  payment, i s  
1 - E 

t r e a t e d  as be ing  unce r t a in .  It is  denoted as r . Thi s  pe r  u n i t  c o s t  
i 

;E i s  assumed n o t  t o  b e  a f u n c t i o n  o f  t h e  magnitude of E . Thus i t  may 
i i 

b e  a n t i c i p a t e d  t h a t  i t  i s  t h e  u n c e r t a i n t y  of  p r o f i t ,  r a t h e r  than  r i s i n g  

marginal  c o s t ,  which w i l l  s e r v e  t o  e n s u r e  t h a t  t h e  opt imal  cho ice  of E is  
i 

f i n i t e .  

It is  assumed t h a t  t h e  c o s t  o f  g e n e r a t i n g  E i s  pa id  a t  t h e  end of 
i 

t h e  period.  Hence t h e r e  is a term i n  f i n a l  weal th ,  _ 

The i n d i v i d u a l  i s  faced w i t h  t h e  problem of r e p a t r i a t i n g  t h e  known 

amount, E. u n i t s  of currency i. Without cons ide r ing  c o n t r o l s ,  t h e r e  
1 

a r e  t h r e e  p o t e n t i a l  methods of r e p a t r i a t i o n .  Some of E may be  l e f t  
i 

exposed t o  b e  r e p a t r i a t e d  a t  f u t u r e  s p o t ,  l e t  u s  denote t h i s  amount of 

currency i, e Some of Ei, a n  amount denoted R may b e  r e p a t r i a t e d  by - 
i ' i ' 

borrowing i n  count ry  i, exchanging t h e  proceeds a t  c u r r e n t  s p o t ,  and inves t -  

ing  i n  t h e  domestic r i s k l e s s  a s s e t .  The remainder of Ei, an  amount 

(Ei - e - R ) ,  may be so ld  forward. These o p p o r t u n i t i e s  may b e  summarized 
i i 

by t h e  terms: 



H 
I n  t h e  event of any form of c o n t r o l s  terms involving f  and s disappear 

i i 

from f i n a l  wealth. This i s  ensured by mult iplying such terms i n  (32) 
b 

by Pji. Hence t h e r e  appears i n  f i n a l  wealth, t h e  terms 

Note t h a t  t h e  s t r a t e g y  associa ted  wi th  R .  i s  not influenced a t  a l l  by 
1 

i n t r a  period con t ro l s .  Thus t h e  con t r ibu t ion  t o  f i n a l  wealth 

. . 
i s  unaltered by con t ro l  considera t ions .  With R ,  uninfluenced by con t ro l s ,  

1 

i n  the  event of c o n t r o l s , r e p a t r i a t i o n  involves not t h e  e n t i r e  amount E i ' 
but  t h e  l e s s e r  amount (E - Ri). We have now t o  model t h e  r e p a t r i a t i o n  of 

t h i s  amount, i n  t h e  event of con t ro l s .  

I< has been assumed t h a t  con t ro l s  a r e  never imposed on t r a d e  inspi red  

currency exchange. Thus i n  t h e  event of con t ro l s ,  such exchange always takes  

place a t  some spo t  market con t ro l  contingent  r a t e .  I f  country i alone 

imposes c o n t r o l s ,  r e p a t r i a t i o n  i s  a t  t h e  spot  r a t e  contingent  on 

-i 
'on ly  i' con t ro l ,  s 

i' 
I f  country j alone imposes con t ro l s ,  t h e  re leven t  

exchange r a t e  is  s i. I f  both coun t r i e s  impose c o n t r o l s  simultaneously, 

then t h e  re leven t  r a t e  i s  t h a t  spo t  r a t e  contingent  on simultaneous con t ro l s ,  

denoted j s These considera t ions  may a l l  be represented by t h e  following 
i 

terms; 



For example, i n  the  event of simultaneous c o n t r o l  

and (35) reduces t o  

Combining ( 3 l ) ,  (33),  (34) and (35) provides t h e  con t r ibu t ion  of  

E .  t o  f i n a l  weAl  t h  
1 

- h i  * ,j --, . i j  + (Ei - Ri) Di ( 1  - D.) s + 5 ( 1  - Di) s + DiDjsi J j 

I n  t h e  absence of con t ro l s ,  P 
= Is Dj 

= Di = 0 and (36) reduces t o  
j i  

(32), t h e  con t r ibu t ion  of Ei t o  f i n a l  wealth without con t ro l s .  

6. Imports. 

The ind iv idua l  is viewed a s  con t rac t ing  t o  purchase an amount of 

imports f o r  which t h e  end of period currency i payment, denoted Ii, i s  known. 



The (domestic) currency j revenue which each u n i t  of I genera tes ,  denoted i 
I is assumed t o  be  uncer t a in .  Hence t h e r e  is  a term i n  f i n a l  wealth,  

i '- 

The exchange s t r a t e g i e s  f o r  meeting '.'the known currency i debt  I i ' 
a r e  exac t ly  analogous t o  t h o s e  of t h e  export  case.  Some of I an amount 

i ' 
denoted bi, may b e  repaid  v i a  t h e  f u t u r e  spot  market. Some of I 

i ' 
an amount denoted Q may b e  paid by borrowing domest ica l ly ,  exchanging 

i ' 
t h e  proceeds a t  cu r ren t  spo t  f o r  currency i; and inves t ing  i n  t h e  r i s k l e s s  

a s s e t  of currency i. The remainder of I an amount ( I  - bi - Qi) 
i ' i 

may be paid by purchasing forward currency i, These oppor tun i t i e s  may 

be representxd i n  f i n a l  wealth by t h e  terms 

Analogous t o  t h e  export  case ,  t h e  p o s s i b i l i t y  of c o n t r o l s  r e q u i r e s  

t h a t  (38) b e  modified, 

I n  t h e  event of c o n t r o l s ,  t h e  problem i s  one of how t o  meet t h e  currency i 

debt unaccounted f o r ,  ( I i  - Qi). Since i t  is t r a d e  insp i red ,  t h e  exchange 

i s  always v i a  t h e  f u t u r e  spo t  market. I f  country j imposes c o n t r o l s ,  t h e  



-i 
p e r t i n e n t  exchange r a t e  i s  2' i f  country i imposes c o n t r o l s  i t  i s  s 

i ' i ' 
- j i  and i f  t h e r e  is  simultaneous c o n t r o l ,  i t  is  s . 
i 

The in f luence  on f i n a l  wealth,  of t h e  payment of ( I  - Qi) may i 

be represented by, 

Combining (37), (39) and (40) provides t h e  con t r ibu t ion  of Ii 

t o  f i n a l  wealth,  

This completes our taxonomy of primary choices and assoc ia ted  exchange 

s t r a t e g i e s .  I n  t h i s  taxonomy t h e  in f luence  on f i n a l  wealth of borrowing, 

lending,  going s h o r t  and r i s k y  investment,  were gross  inf luences .  ( i .e .  

11 gross" i n  t h e  sense  t h a t  t h e  f inanc ing  of investment, o r  t h e  a l l o c a t i o n  

of borrowing were not  considered).  Using W t o  denote i n i t i a l  wealth,  we 
0 

ensure t h a t  a l l  debt  is  a l l o c a t e d  and a l l  investment f inanced,  i n  t h e  

formulation of f i n a l  wealth, by in t roducing t h e  term 



The i n d i v i d u a l  is  envisaged as c r e a t i n g  a pool  of cu r r ency  j ,  composed 

of i n i t i a l  weal th ,  and t h e  proceeds of borrowing (LO.) and s h o r t  p o s i t i o n s  
1 

i 
( z M i ) .  Th i s  pool  is  then  a l l o c a t e d  t o  r i s k y  a s s e t s  and f o r e i g n  
i 

r i s k l e s s  a s s e t s .  The remainder, t h e  term mul t ip ly ing  rf i n  ( 4 2 ) ,  is  
j 

a l l o c a t e d  t o  t h e  domestic ( i . e .  count ry  j) bond. 

Having d i scussed  each major component of  f i n a l  wea l th  i n  t u r n ,  we 

now combine them and p re sen t  f i n a l  wea l th  i n  i ts e n t i r e t y :  



c i  w * H -ij  + (Ei - Ri) 11 - D j l  s i + 5 [l - Dl] ;ji + D D s 
j i j i  

i I 



Fina l  wealth a s  i t  appears above, does not  exclude a p r i o r i ,  

behaviour which, i t  might b e  r e a d i l y  suspected,  is  i n c o n s i s t e n t  wi th  a 

conventionally optimal p o r t f o l i o .  A s  i t  s tands  i t  has a term f o r  borrowing 

and covering i n  country i, and a term f o r  lending and covering i n  

country i. However, w e  emphasize t h a t  t h e  above form is not  f i n a l  

wealth a t  t h e  i n d i v i d u a l ' s  optimum, i t  is ,  ins tead ,  t h e  argument i n  

t h e  ind iv idua l ' s  o b j e c t i v e  funct ion .  A s  w i l l  b e  shown below, some of 

t h e  above choice  v a r i a b l e s  cannot be  simultaneously p o s i t i v e  a t  an  optimum 

which i s  def ined by t h e  maximization of expected u t i l i t y .  

I n i t i a l l y  our aim has been t o  d e f i n e  f i n a l  weal th  over a  comprehensive 

opportunity s e t  which embodies t h e  p o s s i b i l i t y  of c o n t r o l s .  This  

comprehensiveness, a l l i e d  wi th  t h e  mul t ip le  conf igura t ion  of c o n t r o l s ,  

has forced upon us  a  most lengthy and unpala table  form of f i n a l  wealth. 

Rel ief  i s  i n  s i g h t ,  however. Having attempted i n  t h i s  s e c t i o n  t o  s a t i s f y  



t h e  demands of demonstrable g e n e r a l i t y ,  i n  subsequent sec t ions  t h e  express ion 

f o r  f i n a l  wealth i s  s impl i f i ed  and col lapsed t o  an  equivalent ,  bu t  more 

d iges tab le ,  form. 

Section 3:  The s i m p l i f i c a t i o n  of t h e  f i n a l  wealth form. 

Let 

U h  .c. "C 
Note t h a t  Gi, Ni and S can b e  viewed a s  composites of c o n t r o l  

i 
H 

contingent exchange r a t e s .  G governs p o t e n t i a l l y  c o n t r o l l a b l e  s a l e s  of 
i 

h '+c 
i f o r  j ,  N governs p o t e n t i a l l y  c o n t r o l l a b l e  s a l e s  of j f o r  i, and S 

i i 

governs those t r a n s a c t i o n s  which it i s  assumed, a r e  never t h e  d i r e c t  

t a r g e t  of con t ro l s .  

Using t h e  above d e f i n i t i o n s  wi th  ( 4 3 ) ,  c o l l e c t i n g  terms and 

rearranging provides: 





Let t ing  

'i 
= (ui + ei + ki - wi - pi - bi) 

and 

where t h e  s t o c h a s t i c  terms a r e  def ined by t h e  corresponding terms wi th in  [ 1 
i n  (47) The exclusion of t h e  i=j terms is permitted by t h e  f a c t  t h a t  

- 
Comparing W a s  i t  appears i n  (48) with i ts form i n  (43), t h e  p r inc i -  

j 

p l e  d i s t i n c t i o n  is  t h e  co l l apse  of what appear a s  separa te  choice 



v a r i a b l e s  i n  t h e  former,  i n t o  s i n g l e  v a r i a b l e s  i n  t h e  l a t t e r .  I n  (48),  

Y .  and X.  a r e  such  ' n e t '  v a r i a b l e s .  I n  our  mode1,the mathematical  
1 1 

l eg i t imacy  of t h i s  c o l l a p s e  s e r v e s  t o  i n d i c a t e  t h a t  t h e  ' n e t '  v a r i a b l e s  

and t h e i r  components, a r e  equ iva l en t  i n  t h a t  they  have i d e n t i c a l  e f f e c t  

L"b 

on W;. Thus when f i n a l  weal th  was i n i t i a l l y  presented  it might have simply 

been s t a t e d  d i r e c t l y  i n  t h e  form of (48) .  Had we done so,  a l l  of t h e  

choice  v a r i a b l e s  common t o  both  equa t ions ,  would of cou r se  r e t a i n  t h e i r  

o r i g i n a l  d e f i n i t i o n ,  and supplementary d e f i n i t i o n s  f o r  t h e  v a r i a b l e s  

Y .  and X.  would b e  requi red .  Associated w i t h  t h e  o r i g i n a l  choice  v a r i a b l e s  
I I 

however, would b e  new r e p a t r i a t i o n  s t r a t e g i e s  suggested by t h e  s t o c h a s t i c  

r e t u r n  terms i n  (48) .  For example, A .  i s  t h e  "number of u n i t s  of currency 
1 

j a l l o c a t e d  t o  t h e  r i s k  f r e e  asset of count ry  in. Equat ion (43) . i s  

s t r u c t u r e d  a s  i f  a p a r t  of t h e  currency i income from A i s  s o l d  forward, 
i 

w 
a p a r t  l e f t  exposed e t c .  I n  equa t ion  (48) t h e  u n i t  r e t u r n  on A is  a 

i i ' 
which, as examination of i t s  form shows,involves complete forward coverage. 

Guided i n  t h i s  way by t h e  form of t h e  s t o c h a s t i c  terms i n  (48) ,  i t  i s  

p o s s i b l e  t o  p rov ide  a ca ta logue  of  t r a n s a c t i o n s  w h i c h .  may b e  considered 
-- 

AS I F  they  a r e  t h e  de te rminants  of f i n a l -  weal th.  

1. Al loca te ,  A. t o  t h e  covered bond of  count ry  i and f i n a n c e  t h i s  
1 

a l l o c a t i o n  w i t h  domestic borrowing. (nb. t h e  u n i t  r e t u r n  on t h i s  

2. A l l o c a t e  Biy f inanced  by domest ic  borrowing, t o  t h e  r i s k y  a s s e t  of 

country i. R e p a t r i a t e  v i a  t h e  f u t u r e  s p o t  market o r ,  i f  t h i s  is  



precluded, by t h e  most e f f i c i e n t  a l t e r n a t i v e  means-( the u n i t  r e tu rn  

* 
on t h i s  t r ansac t ion  i s  b i n  (48) .) 

i 

3 .  Allocate  Oi t o  t h e  domestic bond, financed by covered borrowing i n  

H 

country i. (per u n i t  r e t u r n ,  oi) 

4 .  Al locate  M .  t o  the  domestic bond, f inanced by a s h o r t  p o s i t i o n  i n  
1 

t he  r i s k y  a s s e t  of country i. Repay t h e  debt  by means of t h e  

f u t u r e  spo t  market o r ,  i f  precluded by c o n t r o l s ,  by t h e  most 

e f f i c i e n t  a l t e r n a t i v e  means. (The pe r  u n i t  r e t u r n  on t h i s  t r a n s a c t i o n  

5 .  Contract t o  export goods of t h e  g ross  va lue  of E u n i t s  of currency 
i 

i, t o  country i. Cover a l l  of t h i s  currency i income i n  t h e  forward 

m 
market. (per u n i t  r e t u r n  i s  e . )  

1 

6. Contract t o  import goods from country i a t  a t o t a l  cos t  of I 
i 

u n i t s  of i. Cover t h i s  currency i debt  completely i n  t h e  forward - 
market. (per u n i t  r e t u r n  i s  i ) 

i 

7. The choice v a r i a b l e  X. may b e  p o s i t i v e  o r  negative.  For X i > O ,  
1 

engage i n  a specu la t ive  forward purchase of X u n i t s  of currency i. 
i 

I f  X ( 0, engage i n  a s p e c u l a t i v e  forward s a l e  of Xi u n i t s  of 
i 

currency i. ( I t  is shown below t h a t  t h e  t o t a l  r e t u r n  on e i t h e r  

W 

t r ansac t ion  may be modelled a s  it  appears i n  (48),  + Xi xi.) 

Y may be p o s i t i v e  o r  negat ive .  Guided by t h e  form of yi, 
i i 

p o s i t i v e  may be  i n t e r p r e t e d  a s  a number of u n i t s  of currency j, 

a l loca ted  t o  the  domestic ( i . e .  country j) bond, financed by borrowing 
' 



i n  count ry  i and cover ing  i n  t h e  forward market.  

Again guided by t h e  form of i' Y .  1 n e g a t i v e  may b e  i n t e r p r e t e d  

as t h e  number of u n i t s  of j borrowed domes t i ca l ly  f o r  investment 

i n  t h e  r i s k l e s s  a s s e t  of country i covered i n  t h e  forward market.  

Note t h e  s i m i l a r i t y  between t h e  t r a n s a c t i o n s  a s s o c i a t e d  w i t h  Y 
i 

p o s i t i v e ,  and 0 . Both invo lve  covered borrowing i n  count ry  i t o  f i n a n c e  
i 

domestic (count ry  j )  l ending .  However, t hey  a r e  NOT i d e n t i c a l ,  t h e  

exchange channel  employed f o r  t h e  repayment of t h e  f o r e i g n  d e b t ,  d i f f e r s  

f o r  t h e  two t r a n s a c t i o n s  i n  t h e  event  of c o n t r o l s .  Hence, t h e i r  p e r  

\A H 

u n i t  r e t u r n  d i f f e r s ,  a d i f f e r e n c e  r e f l e c t e d  i n  t h e  forms of y  and o . 
i i 

\n 

Consider y  and ;;I 
i i ' 

In  t h e  absence of c o n t r o l s  P = 1 and us ing  (45) and (46) ,  
j i  

However, w i th  any c o n f i g u r a t i o n  of c o n t r o l s  J? - =  0 and we have: j Z  



Thus with con t ro l s  t h e  exchange t r a n s a c t i o n  takes  p lace  a t  d i f f e r e n t  

r a t e s .  

From (49) i t  i s  apparent t h a t  wi th  some c o n t r o l s  the  exchange 

"'c 
associa ted  with Y takes  p lace  a t  r a t e  S . E x p l i c i t l y ,  from ( 4 6 )  t h i s  

i i 

r a t e  is: 

( 4 6 )  rp td .  

Note t h a t  a l l  of these  exchange r a t e s  a r e  spot  market r a t e s ,  thus  t h e  

exchange associa ted  with Y is  i n  t h e  event of c o n t r o l s ,  always secured 
i 

a t  a spot  r a t e  contingent  upon t h e  c o n t r o l  configuration. '  This i s  

not  t h e  case  f o r  Oi. 
H 

From (50) with some c o n t r o l s  t h e  exchange takes  p lace  a t  r a t e  N i 

From ( 4 5 )  t h i s  r a t e  is: 



I f  country j imposes c o n t r o l s  we have D = 1 and 
j 

t h e  exchange assoc ia ted  wi th  0 is  excluded from t h e  spo t  market and 
i 

i s  ins tead  secured a t  t h e  de f a c t o  r a t e  :j 
i ' 

I n  summary, t h e  t r ansac t ions  associa ted  wi th  Y .  p o s i t i v e  and 0 
1 i 

d i f f e r .  With c o n t r o l s ,  t h e  currency exchange involved i n  t h e s e  t r a n s a c t i o n s  

may t a k e  p lace  a t  d i f f e r e n t  r a t e s .  A s  a consequence t h e  per  u n i t  r e t u r n  

on t h e  t r a n s a c t i o n s  may not  be  t h e  same. 

Y .  negat ive ,  i n t e r p r e t e d  above, i s  s i m i l a r  t o  A however i t  a l s o  
1 i ' 

c o n s t i t u t e s  a d i s t i n c t  t r ansac t ion .  I n  t h e  event of c o n t r o l s ,  currency 

exchange assoc ia ted  wi th  A . ,  may occur a t  a d i f f e r e n t  exchange r a t e  t o  
1 

t h a t  r a t e  governing Y negative.  
i 

It has been shown t h a t  t h e  t r a n s a c t i o n s  denoted Y do not  d u p l i c a t e  
i 

those  associa ted  wi th  e i t h e r  A o r  0 That t h i s  i s  t h e  c a s e  a r i s e s  from 
i i 

t h e  f a c t  t h a t  currency exchange involved i n  Y i s  never excluded from 
i 

t h e  spot  market. Since i n  our  model i t  is only t r a d e  exchange which 

is never t h e  s u b j e c t  of con t ro l ,  t h i s  sugges ts  t h a t  t h e  choice  v a r i a b l e  

Y and t h e  t r a d e  choice  v a r i a b l e s  E and I a r e  r e l a t e d .  This  r e l a t i o n -  
i i is 

s h i p  i s  explored below; before  doing so ,  w e  conclude t h e  d i scuss ion  of 

H 

t h e  form of W .  a s  i t  appears i n  ( 4 8 ) .  
J 

Within our  model, t h e  adoption of (48) and i ts assoc ia ted  t r a n s a c t i o n s ,  , 



o r  (43) and i t s  t r a n s a c t i o n s ,  is a m a t t e r  of  assumption. It has  been 

poin ted  ou t  t h a t  t h e  e n t i r e  d i s c u s s i o n  might have ensued from t h e  form 

of (48) from t h e  o u t s e t ;  t h e  only  drawback be ing  t h a t  wi thout  t h e  

e x p l i c i t n e s s  of (43) ,  t h e r e  might b e  a  s u s p i c i o n  of unreasonable r e s t r i c -  

t i o n  of t h e  oppor tun i ty  s e t .  Because of i t s  a n a l y t i c a l  convenience we 

choose t o  view (48) a s  r ep re sen t ing  " the  way t h e  i n d i v i d u a l  behaves", a 

d e c i s i o n  which has  i t s  precendents  i n  t h e  modern theory  l i t e r a t u r e :  

"The c u r r e n t  flow of t r a d e  and payments w i l l  no t  b e  considered.  ... I n  s o  f a r  a s  t r a d e r s  o p e r a t e  i n  t h e  forward market "'2 
they a r e  considered e i t h e r  as a r b i t r a g e r s  o r  specu la to r s "  

The i n t e n t i o n  h e r e  i s  t h a t , i n  a s  f a r  as t r a d e r s  behaviour may b e  dup l i ca t ed  

by a r b i t r a g e  and specu la t ion ,  S t o l l  chooses no t  t o  model i t  e x p l i c i t l y  

b u t  t o  view it  a s  being contained w i t h i n  t h e  "arb i t rage"  and "specula t ive"  

func t ions .  

S i m i l a r l y ,  as McCallum p o i n t s  o u t :  

11 Tsiang,  f o r  example, adopts  t h e  convent ion t h a t  t r a d e r s  hedge 
o r  cover  complet l y ,  subsequent ly  express ing  choices  n o t  t o  hedge, 
as specula t ion ."  5 

Sec t ion  4: Some comments on t h e  model l ing of specu la t ion .  

The term + X 2 i n  (48) is i n t e r p r e t e d  as t h e  t o t a l  r e t u r n  on 
i i 

forward currency i specu la t ion .  Wr i t i ng  i n  f u l l ,  t h e  term is: 
i 



Note t h a t  i f  any conf igu ra t ion  of c o n t r o l s  i s  imposed P = 0 and t h i s  
j i  

s p e c u l a t i v e  component d i sappea r s  from f i n a l  weal th .  Th i s  a s p e c t  of t h e  

formula t ion  r e f l e c t s  a  p o i n t  made by Robert A l ibe r :  

"But i f  c o n t r o l s  a r e  appl ied  between t h e  d a t e  when t h e  c o n t r a c t  i s  
acqui red  and when it  matures ,  t h e  c o n t r a c t  may b e  voided; bo th  
buyer and s e l l e r  a r e  r e l i e v e d  of t h e i r  forward commitment wi thout  
any d i r e c t  l o s s .  The specu la to r  may l o s e  t h e  oppor tun i ty  t o  s ecu re  
a  p r o f i t  on h i s  forward c o n t r a c t ,  b u t  h e  h a s  n o t  i ncu r red  any l o s s  
nor any c o n s t r a i n t  on h i s  u se  of owned unds comparable w i t h  t h e  
l o s s  t h a t  t h e  a r b i t r a g e r s  might i ncu r r . "  d 
X.  p o s i t i v e  i s  construed a s  t h e  number of u n i t s  of i p u r c h a s e d  forward 
1 

specu la t ive ly .  W e  a r e  permi t ted  t o  cons t rue  X nega t ive ,  as t h e  r e v e r s e  
i 

rn 
t r ansac t ion ,  because  minus x c o n s t i t u t e s  t h e  r e t u r n - o n  t h i s  r e v e r s e  

i 

t r a n s a c t i o n .  'More e x p l i c i t l y ,  'denote a s p e c u l a t i v e  forward s a l e  of i 
\c. 

as- SFi, denote i t s  u n i t  r e t u r n  s f  : 
i 

The t o t a l  r e t u r n  on t h e  forward sale of  i would appear  i n  f i n a l  wea l th  

* + SF. s f i  
1 

where X i s  nega t ive .  Th i s  e l a b o r a t i o n  on a s t anda rd  method of u s ing  a 
i 

s i n g l e  v a r i a b l e  t o  denote  a p a r t  o f  a c t i o n s  might seem unnecessary,  



however it i s  of some importance. With t h e  except ion  of X and Y a l l  
i i ' 

o f  t h e  choice  v a r i a b l e s  i n  (48) a r e  cons t r a ined  t o  being p o s i t i v e .  

This  i s  p r e c i s e l y  because t h e  n e g a t i v e  of t h e i r  a s soc i a t ed  u n i t  r e t u r n s  

i s  NOT t h e  r e t u r n  on t h e  "reverse" t r a n s a c t i o n .  It i s  t h i s  f a c t o r  

which has  forced  t h e  adopt ion  of p a i r s  of  cho ice  v a r i a b l e s ,  r a t h e r  t han  

t h e  more usua l  u s e  of a  s i n g l e  u n c o n s t r a i n d v a r i a b l e  t o  r e p r e s e n t  each p a i r .  

Sec t ion  5: The i m p l i c i t  i n c l u s i o n  of  s p o t  specu la t ion  i n  f i n a l  weal th .  

Spot cur rency  market s p e c u l a t i o n  has  no t  been e x p l i c i t l y  inc luded  

i n  f i n a l  weal th ,  however, i t  may b e  shown t h a t  i n  a s  f a r  as i t s  r e t u r n  
I 

may b e  dup l i ca t ed  by forward s p e c u l a t i o n  and a r b i t r a g e ,  i t  may b e  sub- 

. - sumed i n t o  t h e s e  t r a n s a c t i o n s .  

\r 

Consider s p e c u l a t i o n  on a r i s e  i n  s. .  An i n d i v i d u a l  i n  count ry  j 
1 

t a k e s  advantage of  t h i s  b e l i e f  by borrowing domest ica l ly ,  l end ing  i n  

count ry  i and r e p a t r i a t i n g  a t  t h e  f u t u r e  favourable  spo t  rate, I n  our  

model t h i s  f u t u r e  exchange may b e  impeded by c o n t r o l s ,  i n  which c a s e  

m b3 

exchange t akes  p l a c e  a t  r a t e  G (From (44),  G i s  a composite of t h e  
i' i 

c o n t r o l  cont ingent  exchange rates which govern t h e  s a l e  of i ) .  

r, 
The r e t u r n  on t h i s  s p o t  s p e c u l a t i o n  per  u n i t  of j borrowed denoted Rs, 



Thus, t h e  r e t u r n  from borrowing an amount Z u n i t s  of j f o r  such spo t  

r f  
speculation,may b e  dupl ica ted  by s e l l i n g  Z> u n i t s  of i forward 

s 
i 

specu la t ive ly ,  and simultaneously borrowing Z u n i t s  of j f o r  covered 

lending i n  country i. 

I n  l i k e  manner it  may a l s o  b e  shown t h a t  spo t  specu la t ion  on a 

f a l i  i n  li can b e  dupl ica ted  by a r b i t r a g e  and forward specula t ion .  

Sect ion 6 :  A d ig ress ion  on " t r i angu la r"  specula t ion .  

The oppor tun i t i e s  s t ruc tu red  e x p l i c i t l y  i n  ( 4 8 ) ,  r e f l e c t  what 

may b e  termed "dual" t r ansac t ions  ( i . e .  t r ansac t ions  between country j 

and i, j and k, e tc . )  No e x p l i c i t  oppor tuni ty  i s  included f o r  a re s iden t  

of country j t o  t r a n s a c t  between c o u n t r i e s  i and k, and then b a c k ' t o  h i s  

doinestic currency,  j . The fol lowing i s  an  exanlple of such a " t r iangular"  

t ransact ion .  A r e s iden t  of country j sells currency i forward specu la t ive ly  



f o r  currency k ,  t h e  r e p a t r i a t i o n  of  f u t u r e  cur rency  k  p r o f i t ,  o r  payment 

of l o s s ,  then  involves  a  cur rency  j exchange. 

It is of  i n t e r e s t  t o  c o n s i d e r  whether o r  no t  our  formula t ion  of 

f i n a l  weal th  i m p l i c i t l y  i n c l u d e s  such o p p o r t u n i t i e s .  Consider f i r s t  a 

s i t u a t i o n  wi thout  t h e  p o s s i b i l i t y  of  c o n t r o l s .  

An i n d i v i d u a l  w i th  f i n a l  wea l th  denominated i n  currency j ,  s e l l s  

cur rency  i forward f o r  cur rency  k. ' Per  u n i t  o f  i so ld  forward, t h e  

r e t u r n  i n  currency k  is: 

I I where f  and 2 a r e  k  p r i c e s  of i". This  r e t u r n  is r e p a t r i a t e d  i n t o  
k i  k i  

Ir 

currency  j a t  t h e  f u t u r e  s p o t  rate s j k '  
The currency j r e t u r n  on t h i s  

t r i a n g u l a r  specu la t ion  may b e  w r i t t e n :  

w h h - - f . .  + ( f j i  - sjkski) - ( f k i  'jk J I  

where i t  has  been assumed: 



(52) i n d i c a t e s  t h a t  & may be  dup l i ca t ed  by buying s p e c u l a t i v e l y  f  ki 

u n i t s  of cur rency  k forward, and s e l l i n g  them a t  f u t u r e  s p o t  f o r  cur rency  

j ,  whils t . -s imultaneously s e l l i n g  one u n i t  of i forward f o r  cur rency  j 

s p e c u l a t i v e l y .  

is  equa l  t o  a  l i n e a r  combination of t h e  r e t u r n s  on d u a l  specula-  

t i v e  t r a n s a c t i o n s .  Thus, wi thout  t h e  c o n s i d e r a t i o n  of c o n t r o l s ,  t r i a n g u l a r  

s p e c u l a t i o n  is  i m p l i c i t l y  included w i t h i n  t h e  "duals' fo rmula t ion  of 

f i n a l  weal th.  With t h e  c o n s i d e r a t i o n  of c o n t r o l s  however, t h i s  r e s u l t  

i s  l o s t .  

With t h e  p o s s i b i l i t y  of c o n t r o l s , ( 5 1 )  becomes: 

- 
where t h e  appearance of P r e f l e c t s  t h e  p rope r ty  t h a t  s p e c u l a t i v e  

k i  

r e t u r n s  a r e  ze ro  i f  e i t h e r  o r  both c u r r e n c i e s  involved i n  t h e  specula-  - 
t i o n  become c o n t r o l l e d ;  t h e  replacement of 2 w i t h  u  a r i s e s  because 

j k jk 

t h e  r e p a t r i a t i o n  of t h e  cur rency  k income, o r  payment of  cur rency  k l o s s ,  

from t h e  i n i t i a l  speculation,may now b e  a t  some c o n t r o l  cont ingent  

Y 
exchange rate. 

k 
w i l l  n o t  b e  s p e c i f i e d  p r e c i s e l y ,  i t  s u f f i c e s  t o  s t a t e  

t h a t  on ly  i n  t h e  s p e c i a l  c a s e  of t h e  prevent ion  of  c u r r e n c i e s  j and k 

exchange, is  it zero.  
C 

Let  RD b e  t h e  r e t u r n  on a l i n e a r  combination of  d u a l  s p e c u l a t i v e  

t r a n s a c t i o n s ,  all of which invo lve  cur rency  j. 



I f  some combination of d u a l  t r a n s a c t i o n s  a r e  t o  d u p l i c a t e  t r i a n g u l a r  

specu la t ion ,  we must have, f o r  some PC 
i ' 

b U 

f o r  every c o n f i g u r a t i o n  of outcomes f o r  t h e  random v a r i a b l e s .  However, 

one "outcome" may b e  r e a d i l y  s t a t e d  where t h i s  e q u a l i t y  does  n o t  ho ld .  

I f  country j imposes c o n t r o l s  on t h e  s a l e  of j f o r  every  i, then:  

Dji 
= 0 f o r  a l l  i 

and 

I f  c o u n t r i e s  k  and i do no t  impose c o n t r o l s  we have: 

a  a 
where s and u a r e  a c t u a l  end of per iod  va lues .  S ince  i n  gene ra l  

k i  j k  
T T D 

R # 0 we have R # R . Thus a  

cannot d u p l i c a t e  t h e  t r i a n g u l a r  

s e r i e s  of d u a l  s p e c u l a t i v e  t r a n s a c t i o n s  

s p e c u l a t i v e  t r a n s a c t i o n .  Put  s imply,  

u n i v e r s a l  c o n t r o l s  by country j ,  causes  a l l  s p e c u l a t i v e  r e t u r n s  on d u a l  

t r a n s a c t i o n s  invo lv ing  cur rency  j t o  be zero.  Return o n  s p e c u l a t i o n  

between two o t h e r  c u r r e n c i e s  however, w i l l  no t  be  zero ,  on ly  t h e  r a t e  f o r  

r e p a t r i a t i o n  o f  p r o f i t  o r  payment o f  l o s s ,  w i l l  b e  i n f luenced .  Hence 

dua l  t r a n s a c t i o n s  cannot  d u p l i c a t e  t r i a n g u l a r  s p e c u l a t i v e  t r a n s a c t i o n s .  

Given t h i s  r e s u l t ,  w e  a r e  confronted wi th  a demonstrably r e s t r i c t i v e  

formulat ion of f i n a l  weal th.  I n  view of t h e  theme of t h e  o v e r a l l  a n a l y s i s  , 

however, an  examinat ion of t h e  cons i s t ency  of t h e  modern theo ry  model, 



with a model of optimal individual forward currency market participation, 

this formulation may prove sufficient for our purposes. Subsequent 

analysis suggests that consistency, or the lack of it, is most unlikely 

to hinge on the availability of "triangular" opportunities. If consistency 

cannot be demonstrated for the restricted opportunity set, there is no 

cause for optimism that it will emerge for a more comprehensive set. The 

soundness of this assertion is left to be judged in the light of the remain- 

ing analysis. 



CHAPTER 11. FOOTNOTES 

1. Recall the "AS IF" qualification of page 44. The effect of Yi on 
final wealth is identical to the net effect of its components R and i 
Qi. Its net effect in the forward market is also identical. Hence 
we have assumed the individual acts AS IF he is selecting Yi. In 
fact the opportunities associated with Y do not exist. Since controls i are assumed to apply to - all capital movements, there are no such 
movements which can always be affected at spot market rates. 

2. Hans Stoll (1968), p. 61. 

3. B. McCallum (l977), p. 146. 

4. R. Aliber (1973) , p. 1458. 



Sec t ion  1: The i n d i v i d u a l ' s  op t imiza t ion  problem. 

Ind iv idua l s  a r e  assumed t o  maximize t h e  expected u t i l i t y  of f i n a l  

weal th ,  a l l  he ld  i n  t h e  form of a s i n g l e  currency.  Ind iv idua l s  "of 

count ry  j" a r e  t hus  more p r e c i s e l y  de f ined  as t h o s e  who in tend  f i n a l  weal th  

t o  b e  i n  t h e  form of cur rency  j .  The cho ice  v a r i a b l e s  of t h e  maximization 

problem a r e  assumed t o  b e  t h o s e  of equa t ion  (48) above. A s  was explained 

i n  t h e  l a t t e r  p a r t  of t h e  s e c t i o n  "Some comments on t h e  modelling of 

specu la t ion , "  a l l  of t h e  choice  v a r i a b l e s  except  Y and X .  a r e  cons t r a ined  
i 1 

t o  be ing  p o s i t i v e .  It i s  perhaps a l s o  c l e a r  from t h a t  s e c t i o n ,  t h a t  t h e  

X .  a r e  unconstrained.  It remains t o  formula te  t h e  c o n s t r a i n t s  f o r  t h e  
1 

Y ( r e c a l l i n g  t h a t  t h e  d i s c u s s i o n  is  from count ry  j 's pe r spec t ive )  
i 

is a number of u n i t s  of j e i t h e r  a l l o c a t e d  t o  t h e  domestic bond and f inanced  

by covered borrowing i n  count ry  i, o r  i s  a number of u n i t s  of j borrowed 

domest ica l ly  f o r  covered r i s k l e s s  investment  i n  coun t ry  i. Which of t h e s e  

is  t h e  case  a t  t h e  i n d i v i d u a l ' s  optimum, i s  i n d i c a t e d  by t h e  s i g n  of Yi. 

A p o s i t i v e  s i g n  denotes  f o r e i g n  borrowing, n e g a t i v e  domestic borrowing. 

R e c a l l  t h a t  Y i s  d i s t i n g u i s h e d  from t h e  somewhat similar cho ice  v a r i a b l e  
i 

Ai and Oi, by t h e  proper ty  t h a t  exchange a s s o c i a t e d  w i t h  Yi is, i n  t h e  



event  of c o n t r o l s ,  always secured a t  a cur rency  exchange market s p o t  rate. 

Since i n  our  model, i t  i s  only  t r a d e  income and deb t  which i s  never  

excluded from t h e  s p o t  market,  t h i s  sugges t s  t h a t  t h e  Y a r e  cons t r a ined  
i 

by t h e  magnitude of  t h e  t r a d e  choice  v a r i a b l e s  I and Ei. The form of 
i 

t h e s e  c o n s t r a i n t s  may be  der ived  by r e c a l l i n g  t h e  d e f i n i t i o n s  of t h e  

c o n s t i t u e n t s  

R .  i s  de f ined  (page 33) as t h e  number of u n i t s  of E r e p a t r i a t e d  
1 i 

by borrowing i n  count ry  i, exchanging a t  c u r r e n t  s p o t  and l end ing  

domest ical ly .  Thus we have: 

S imi l a r ly ,  Q i s  de f ined  (page 36) a s  t h e  number of u n i t s  of Ii pa id  by 
i 

borrowing domes t i ca l ly ,  exchanging a t  c u r r e n t  spo t  and l end ing  i n  coun t ry  

i. 'Thus we have: 

Using (53) and (54) we can wr i t e :  

Combining (55) and (56) provides:  



f  
o r ,  no t ing  Y (Ri - Qi) si/r : 

i 

A s  long a s  t h e  cho ice  of Y s a t i s f i e s  (57) ,  t h e  oppor tun i ty  s e t  a s s o c i a t e d  
i 

* k 

with  W .  i n  (48) i s  i d e n t i c a l  t o  t h a t  a s s o c i a t e d  w i t h  W .  i n  ( 4 3 )  and i ts  
J J 

concommitant c o n s t r a i n t s  on R .  and Q . Thus i n  assuming t h a t  f i n a l  weal th  
1 i 

may be  w r i t t e n  a s  i f  i t  i s  genera ted  by t h e  choice  v a r i a b l e s  enumerated i n  

(48) we must no t  l o s e  s i g h t  of t h e s e  c o n s t r a i n t s  on Y i ' 

We a r e  now i n  a  p o s i t i o n  t o  p r e s e n t  t h e  i n d i v i d u a l s  op t imiza t ion  

problem. The problem fac ing  i n d i v i d u a l  k  of count ry  j i s  t o :  

Max E [ukj ( G ~ ~  11 

f o r  a l l  i 

and where Gk is  de f ined  by (48).  
j 



Before de r iv ing  a s o l u t i o n  t o  (58) w e  r e t u r n  t o  t h e  a s s e r t i o n  made 

e a r l i e r  (page 40) t h a t  "some of t h e  above choice v a r i a b l e s  cannot b e  

simultaneously p o s i t i v e  a t  an optimum which is  defined by t h e  maximiza- 

. t i o n  of expected u t i l i t y . "  

Sect ion 2: Some c h a r a c t e r i s t i c s  of any expected u t i l i t y  optimal  p o r t f o l i o .  

The i n i t i a l  comprehensiveness of f i n a l  wealth, has l e d  u s  t o  an a r r a y  

of choice v a r i a b l e s  i n  ( 5 8 ) ,  some of which, i n t u i t i o n  sugges ts ,  must b e  

zero a t  any optimum. For example, A .  i s  associa ted  with covered lending 
1 

i n  country i, 0. is  associa ted  wi th  covered borrowing i n  country i. 
1 

Similar ly ,  B .  i s  assoc ia ted  with investment i n  t h e  r i s k y  a s s e t  of country i, 
1 

M. is  associa ted  wi th  a s h o r t  p o s i t i o n  i n  t h e  r i s k y  a s s e t  of country i. 
1 

For-both of t h e s e  p a i r s  of choice v a r i a b l e s ,  i n t u i t i o n  sugges ts  t h a t  

t h e i r  components being simultaneously p o s i t i v e ,  i s  i n c o n s i s t e n t  wi th  

optimal choice. W e  s h a l l  demonstrate t h a t  such s imul tane i ty  i s  indeed 

, i ncons i s t en t  wi th  expected u t i l i t y  maximization. 

We s h a l l  show t h a t  t h e r e  always e x i s t s  a p o r t f o l i o  wi th  one of Ai 

and Oi zero, which has g r e a t e r  expected u t i l i t y  than any p o r t f o l i o  

with both p o s i t i v e .  S imi la r ly  i t  w i l l  be  shown t h a t  t h e r e  always e x i s t s  

a p o r t f o l i o  w i t h  one of B .  and M .  zero ,  which has g r e a t e r  expected u t i l i t y  
1 1 

than any p o r t f o l i o  wi th  both p o s i t i v e .  



From ( 4 7 )  and ( 4 8 ) ,  t h e  pe r  u n i t  r e t u r n  on Ai is: 

t h e  per  u n i t  r e t u r n  on 0 is: i 

Thus 

and 

Using ( 4 4 )  and ( 4 5 ) :  

w w 

Depending upon t h e  conf igura t ion  of c o n t r o l s ,  t h e  random v a r i a b l e  [Gi - Nil 

is equal  t o  one of four  combinations of i t s  underlying components. 

1. With Di 
= Dj = O 



2. With Di = 0, Dj = 1 

3. With Di = 1, D .  = 1 
J 

4. With Di 
= O y  Dj = O 

Now i t  may . . . p l a u s i b l y  b e  assumed t h a t  t h e  t e r m s  i n  (60) ,  (61) 

and (62) though s t o c h a s t i c ,  a r e  always negat ive .  Consider what i s  be ing  

assumed when it is assumed of (60) t h a t :  

Reca l l  t h a t  a l l  exchange rates are expressed as a cur rency  j p r i c e  of a 

u n i t  o f ,  currency i. ( 6 4 )  is simply t h e  assumption t h a t  t h e  number of 



u n i t s  of j rece ived  by a  c o n t r o l l e d  s e l l e r  of one u n i t  of currency i 

( i . .  ) i s  l e s s  than  t h e  number of u n i t s  of j rece ived  by a n  uncon t ro l l ed  
i 

s e l l e r  ( i .  e .  zi ) Thus (64) is simply a c o r r o l l a r y  of t h e  broader  
i 

assumption t h a t  c o n t r o l s  work t o  d i suade  exchange. S imi l a r ly . ,  w i th  

r e s p e c t  t o  (61) ,  assuming: 

i nvo lves  assuming t h a t  t h e  number of u n i t s  of j pa id  f o r  one u n i t  of i 

by a n  uncont ro l led  s e l l e r  of j ( i .  e .  2J ) , i s  l e s s  t h a t  t h e  number pa id  
i 

by a  con t ro l l ed  s e l l e r  of j. Again t h i s  assumption would b e  covered by 

t h e  broader  assumption t h a t  c o n t r o l s  "work". F i n a l l y ,  w i th  r e spec t  t o  

(62) , assuming : 

involves  assuming t h a t  t h e  number of u n i t s  of j rece ived  f o r  a  u n i t  of i 
< - I 

by a  con t ro l l ed  s e l l e r  of i ( i . e .  c  i ) ,  i s  l e s s  t han  t h e  number of u n i t s  

of j paid by a con t ro l l ed  s e l l e r  of j. 

Given t h e  above assumptions we may w r i t e :  

and from (59) : 

m b 
(Note t h a t  i t  is  (63) which prompts (ai + oi)= 0. Thi s  corresponds t o  

our  i n t u i t i o n .  I n  t h e  absence of c o n t r o l s ,  t h e  t r a n s a c t i o n s  a s s o c i a t e d  

wi th  A. and Oi cance l  each o t h e r  ou t .  Thus t h e  r e t u r n  on one u n i t  o f  Ai 
1 

p l u s  one u n i t  o f  Oi, i s  zero.)  



Using (66),  i t  i s  p o s s i b l e  t o  show t h a t  w e  can  always f i n d  a p o r t f o l i o  

w i t h  e i t h e r  A.  z e ro  o r  0  zero ,  which f o r  every s e t  of outcomes, g e n e r a t e s  
1 i 

g r e a t e r  f i n a l  weal th  than  any p o r t f o l i o  w i th  A and 0 .  bo th  p o s i t i v e .  
i 1 

Let  P .  denote  t h e  number of u n i t s  devoted t o  t r a n s a c t i o n  i. L e t  
1 

* 
P i  

denote t h e  pe r  u n i t  r e t u r n  on t h a t  t r a n s a c t i o n .  Then, w r i t i n g  A and i 

0.  e x p l i c i t l y ,  t h e  f i n a l  weal th  generated by any p o r t f o l i o  w i t h  A and 
1 i 

0 .  bo th  p o s i t i v e  is: 
1 

Now cons ider  f i n a l  weal th  genera ted  by a  p o r t f o l i o  w i t h  t h e  same v a l u e s  

w 
of P.. bu t  w i th  [Ai - 0.1 devoted t o  t h e  t r a n s a c t i o n s  a s s o c i a t e d  w i t h  ai, 

1 1 

and nothing devoted t o  t h o s e  a s s o c i a t e d  w i t h  2 I n  t h i s  case :  
i ' 

Note t h a t  i n  ou r  model t h e  only  c o n s t r a i n t  on t h e  choice  v a r i a b l e  mu l t ip ly -  

ing  ; is t h a t  i t  i s  non negat ive .  (The s i t u a t i o n  when (Ai - Oi) i s  
i ' 

nega t ive  i s  addressed below.) Th i s  choice  v a r i a b l e  denotes  t h e  e x t e n t  

t o  which t h e  i n d i v i d u a l  engages i n  a  s e r i e s  of s e l f  f i nanc ing  TRANSACTIONS. - 
The a s soc i a t ed  r e t u r n  ai i s  t h e  n e t  r e t u r n  per u n i t  of t h e  t r a n s a c t i o n  



engaged i n ;  s p e c i f i c a l l y ,  i t  i s  t h e  cu r r ency  j n e t  r e t u r n  on borrowing a 

u n i t  of currency j domest ica l ly ,  and a l l o c a t i n g  i t  t o  t h e  covered bond of 

country i. 

Using (67) and (68): 

With 0 .  ) 0 and us ing  (66) , w e  have : 
1 

( - ) o (69) 

Using "Sta te  of t h e  world" n o t a t i o n ,  (69) may b e  w r i t t e n  equ iva l en t ly :  

w*(Q) - W(Q> ), 0 (70) 

f o r  a l l  s t a t e s  0  

Since i t s  domain i s  such t h a t  t h e  u t i l i t y  f u n c t i o n  i s  inc reas ing ,  (70) 

imp l i e s  : 

u(W*(Q)) ), u(W(Q)) 

f o r  a l l  8 

where f ( 8 )  is t h e  p .d . f .  of 8 ,  and: 



(noting t h a t  t h e r e  is  some 0 f o r  which (70) i s  a s t r i c t  i n e q u a l i t y )  

OR 

h 

The p o r t f o l i o  a s s o c i a t e d  w i t h  W can  b e  any p o r t f o l i o  w i t h  a p o s i t i v e  

a l l o c a t i o n  t o  t h e  t r a n s a c t i o n  a s s o c i a t e d  wi th  both  ?. and . The 
1 i 

H 

p o r t f o l i o  a s s o c i a t e d  w i t h  W* does - n o t  have bo th  a l l o c a t i o n s  p o s i t i v e .  

U 

Thus (71) i n d i c a t e s  t h a t  i f  W* i s  f e a s i b l e ,  then  a  p o r t f o l i o  W w i t h  p o s i t i v e  

H b 

a l l o c a t i o n s  t o  bo th  a. and o  cannot  b e  an  expected u t i l i t y  op t ima l  
1 i ' 

p o r t f o l i o .  
W 

Recal l  t h a t  t h e  f e a s i b i l i t y  of  t h e  p o r t f o l i o  a s s o c i a t e d  w i t h  W* 

required [Ai - Oil 0.  I f  t h i s  i s  not  t h e  c a s e ,  (71) may s t i l l  b e  

a r r ived  a t  by s p e c i f y i n g  a  s l i g h t l y  d i f f e r e n t ,  n e c e s s a r i l y  f e a s i b l e ,  

a l t e r n a t i v e  p rospec t .  We could have w r i t t e n  (67) a s :  

and considered a n  a l t e r n a t i v e  prospec t :  

* H 

(note  i f  W* i s  n o t  f e a s i b l e  because  [A - Oil 0, t hen  W' i s  n e c e s s a r i l y  
i 

feas ib l e .  ) 

* a 
w ' - w = -  Ai Gi + a;] 



With A .  ') 0 and us ing  (66) we have: 
1 - 

which imp l i e s  : 

*.c * 
Thus w i t h  W* o r  W ' ,  w e  can always d e f i n e  a  prospec t  w i t h  a  ze ro  

w * 
a l l o c a t i o n  t o  one of a  o r  o  which h a s  g r e a t e r  expected u t i l i t y  than  

i i ' 
any prospec t  w i t h  both a l l o c a t i o n s  p o s i t i v e .  Hence a  p o r t f o l i o  w i t h  

p o s i t i v e  A and 0.  cannot be  opt imal .  
i 1 

The exc lus ion  of p o s i t i v e  A and 0 from a n  optimum, proceeded 
i i 

from: 

By showing: 

we may immediately a l s o  exclude B and M .  p o s i t i v e .  
i 1 

From (47) and ( 4 8 )  : 



Thus 
m 
r *  4 - 

= i [Gi - Nil - mi bi - 
S 
i 

In 
Since r (a  r a t e  of r e t u r n  p lus  un i ty )  i s  non negative,  and: 

i 

we have : 

(65) rp td .  

Thus B .  and M .  cannot both be  p o s i t i v e  i n  an optimum p o r t f o l i o .  
1 1 

. We t u r n  next  t o  t h e  d e r i v a t i o n  of a  r e s u l t  f a m i l i a r  from t h e  t e x t  

book theory of forward exchange. 

I n  t h e  con t rac t  d e f a u l t  f r e e  models of many textbooks,  i t  is  a 

standard r e s u l t  t h a t  i f  condi t ions  a r e  not p r o f i t a b l e  f o r  r e p a t r i a t i n g  

fore ign t r ade  income by borrowing i n  t h e  "foreign" country and exchanging 

a t  current  spot ,  then they a r e  a l s o  not  p r o f i t a b l e  f o r  engaging i n  

' 

11 a rb i t r age f1  involving borrowing i n  t h e  "foreign" country.' To show t h i s ,  

consider a  country j expor ter  a n t i c i p a t i n g  one u n i t  of currency i i n  t h e  

fu tu re .  I n  t h e  absence of c o n t r a c t  d e f a u l t ,  he can s e l l  t h e  u n i t  of i 

forward f o r  a  c e r t a i n  number of u n i t s  of j, fi. A l t e rna t ive ly ,  h e  may 



f  borrow curr .ent ly i n  country i l / r  u n i t s  of i, exchange a t  spot  f o r  
i 

currency j ,  and inves t  i n  t h e  currency j r i s k l e s s  a s s e t .  A t  t h e  end of 

t h e  period he rece ives  with c e r t a i n t y :  

2 si 
u n i t s  of currency j .  

F 

t h e  exporter  would use  t h e  forward market t o  r e p a t r i a t e  h i s  fore ign 

income, he would not employ t h e  "borrowing" s t r a t e g y .  This  condit ion 

may be  rewr i t t en :  

I 

which i s  equa t ion  ( 2 )  t h e  condi t ion  f o r  "a rb i t r age r s"  t o  borrow i n  country 

j f o r  investment i n  country i. Thus when i t  i s  not  p r o f i t a b l e  f o r  " traders" 

t o  borrow i n  country i, i t  is  a l s o  not  p r o f i t a b l e  f o r  a r b i t r a g e r s  t o  do so. 

This f a m i l i a r  r e s u l t  may a l s o  be  derived from our model. 

I n  our model, t h e  r e t u r n  from inves t ing  i n  t h e  domestic bond 

H 
financed by covered borrowing i n  country i, is oi. The number of u n i t s  

o f - c o u n t r y  i export  income r e p a t r i a t e d  by t h e  "borrowing" method is  Ri. 

Since: 



i t  i s  apparent from (48) (where Q and R .  appear only wi th in  Y.) t h a t  
i 1 1 

i t  i s  only t h e  d i f f e r e n c e  between R and Q .  which inf luences  f i n a l  wealth. 
i 1 

Thus we can assume t h a t  R .  and Q .  w i l l  not  both be  p o s i t i v e  a t  an optimum. 
1 1 

Since : 

we have from (73) : 

b 
From (48) t h e  r e t u r n  per  u n i t  of p o s i t i v e  Y i s  yi. Using (47) and 

i 

(48) : 

From (45) and (46) : 

6 u w - - *i j  - -j  
[zCi - Nil  5 D j  ( 1  - Di) ;ji + D.D.  si - D c 

1 J  j i  

Consider t h i s  t e r m  f o r  each poss ib le  conf igura t ion  of con t ro l s .  

Negative, because we assume t h e  number of u n i t s  of j paid per  u n i t  of i 



by a c o n t r o l l e d  s e l l e r  of j ( i . e .  $ ) , exceeds t h e  number paid by a n  
i 

4 uncon t ro l l ed  seller ( s  i). 

Negat ive because we assume 7' (def ined  immediately above) exceeds t h e  
i - i j  

p r i c e  f o r  uncon t ro l l ed  t r a n s a c t i o n s  s . 
i 

The preceeding,  permi ts  u s  t o  w r i t e :  

From (75) and (7 6) : 

- U M H b, 
Let  W b e  any f e a s i b l e  prospec t  w i t h  Oi> 0. L e t  W", = W + ( l ) y i  - ( 1 1 0 ~ :  

U 

Invoking t h e  procedure fol lowing (69) above, W" i s  p r e f e r r e d  t o  W. Thus, 

U 

as long  a s  i t  is  f e a s i b l e  ( r e c a l l  t h a t  t h e  t r a n s a c t i o n s  gene ra t ing  yi, 

denoted Y are c o n s t r a i n e d ) ,  i t  is   referable t o  engage i n  Yi r a t h e r  t han  Oi. 
i' 

It fo l lows  t h a t  Oi w i l l  on ly  b e  p o s i t i v e  i f  Yi i s  cons t r a ined  by i ts  

P o s i t i v e  boundary, i t  a l s o  fo l lows  t h a t  i f  a t  a n  optimum t h e  cho ice  of Yi 



i s  unconstrained then  0 .  is  zero.  I n  summary, 
1 

0 .  7 0 -+ Y .  c o n s t r a i n e d  a t  p o s i t i v e  boundary 
1 1 

o r ,  using (57) : 
.I= 

S 
and us ing  Y (Ri - Qi) 2 with  (74) provides:  i c 

0 .  ') 0 j Ri = Ei 1 

Recal l ing  (53) ( i .  e. 0 Ri < Ei) provides :  

(80) i s  i n  p a r t  t h e  f a m i l i a r  r e s u l t  t h a t  i f  zero currency i e x p o r t  income 

is  r e p a t r i a t e d  by "borrowing" ( i . e .  R .  = 0 ) ,  then  covered borrowing i n  
1 

country i f o r  r i s k l e s s  investment  domes t i ca l ly ,  i s  a l s o  ze ro  ( i . e .  Oi = 0 ) .  

(79) embodies t h e  r e s u l t  t h a t ,  on ly  i f  i t  i s  opt imal  t o  r e p a t r i a t e  all of 

t h e  currency i expor t  income by "borrowing", w i l l  i t  b e  opt imal  t o  engage 

i n  any currency i borrowing f o r  a r b i t r a g e  purposes.  

The preceeding has  focused on borrowing i n  country i. It is s i m i l a r l y  

poss ib l e  t o  d e r i v e  t h e  f a m i l i a r  r e s u l t  p e r t a i n i n g  t o  domest ic  borrowing. 

It may be shown t h a t :  



That is ,  i f  i t  i s  not  op t imal  t o  repay  any cur rency  i import deb t  by 

domestic "borrowing" ( i . e .  Qi = 0 ) ,  i t  i s  n o t  op t imal  t o  engage i n  any 

domestic borrowing f o r  covered investment  i n  t h e  r i s k l e s s  a s s e t  o f  country 

i ( i . e .  A .  = 0 ) .  (81) a l s o  conveys t h a t  i f  i t  i s  opt imal  t o  repay some, 
1 

b u t  not  a l l ,  of t h i s  import deb t  by t h e  domestic borrowing s t r a t e g y  

( i . e .  O < Q i < I i ) ,  i t  i s  s t i l l  n o t  op t ima l  t o  engage i n  any count ry  i 

11 a rb i t r age t ' .  

The i n t e n t  of t h i s  s e c t i o n  h a s  been two-fold. F i r s t l y ,  t o  demonstrate  

t h a t  i n  t h e  p l e t h o r a  of s u b s t i t u t i o n  and rearrangement we have no t  l o s t  

s i g h t  of behaviour .  Some a p r i o r i  imp laus ib l e  cho ices  have been excluded 

from t h e  opt imal  p o r t f o l i o ,  and some cons is tency  between behaviour i n  

t h i s  model and i n  t h e  t r a d i t i o n a l  model has  been demonstrated. Secondly, 

as w i l l  even tua l ly  emerge, our major theme, t h e  d e r i v a t i o n  o f  aggrega te  

forward currency market excess  demand equa t ions  from an  op t imiza t ion  

framework, i s  f a c i l i t a t e d ,  by some of  t h e  r e s u l t s  of t h i s  s e c t i o n .  

Sec t ion  3. The Der iva t ion  of t h e  s t r u c t u r e  of t h e  i n d i v i d u a l ' s  op t imal  

I p o r t f o l i o .  

The i n d i v i d u a l ' s  op t imiza t ion  problem i s  one of maximization 

s u b j e c t  t o  i n e q u a l i t y  c o n s t r a i n t s .  Such problems do no t  permit  t h e  deriva-  

t i o n  of a reduced form s o l u t i o n  l i k e  t h a t  of  a c l a s s i c a l  e q u a l i t y  cons t r a ined  

problem. However, any a c t u a l  s o l u t i o n  can  b e  viewed a s  i f  i t  had emerged 



from a classical problem. In short, if it was known a priori which 

constraints were binding to the solution, that solution could be arrived 

at from a classical problem involving only these active equality con- 

straints. This assertion will first be justified and then its significance 

will be explored. 

Let X denote a vector of choice variables, c a vector of constants 

.and g(X) a vector of functions of X. Consider the following general 

maximization problem: 

Max y = f (X) 

g(X) 4 c (N.B. These constraints may (82) 
include non negativity constraints) 

Define the Lagrangian 

T 
where X is a row vector of multipliers. 

At the solution the following is required: 

The configuration of binding and non binding constraints at any solution 

may be represented by reordering and partitioning the above vectors. 



A t  any s o l u t i o n  t h e  cond i t i ons  f o r  t h e  optimum could be  w r i t t e n  as: 

I n  p r i n c i p l e ,  t h e  equat ions:  

provide  s o l u t i o n s  f o r  op t imal  X and )r B ' 

Let  u s  cons ider  t h e  c l a s s i c a l  problem: 

Max f (X) 

w.r.t. X 

s.t. 

gg(X) = c  B 

T 
Define Z* = f (X) - hB [gB - cB] 

where B i n d i c a t e s  a s s o c i a t i o n  
w i t h  a b inding  c o n s t r a i n t ,  
NB g s l a c k  c o n s t r a i n t .  

A t  t h e  optimum: 



I n  p r i n c i p l e  t h e s e  equa t ions  provide  s o l u t i o n s  f o r  opt imal  X and 

Now with )L NB = 0 we have: 

and (83) i s  seen  t o  be  t h e  same s e t  of equa t ions  a s  (85).  Thus t h e  same 

solutions f o r  X and h emerge from both  t h e  i n e q u a l i t y  cons t ra ined  B 

problem (82),  and t h e  c l a s s i c a l  problem, (84). 

The s i g n i f i c a n c e  of  t h i s  r e s u l t  l i e s  i n  t h e  fol lowing c o n s i d e r a t i o n s .  

I f  i t  was known a  p r i o r i  which c o n s t r a i n t s  were b inding ,  t hen  a reduced 

form could be a r r i v e d  a t .  With t h e  assumption t h a t  f o r  s m a l l  changes 

i n  t h e  parameters of t h e  problem, t h e  s e t  of binding c o n s t r a i n t s  does n o t  

change, i t  would then  be  p o s s i b l e  t o  a r r i v e  a t  t h e  func t ions  of i n t e r e s t ,  

and . to  engage i n  t h e  u s u a l  e x e r c i s e s  i n  comparative s t a t i c s .  However, 

s i n c e  i t  i s  not  p o s s i b l e  t o  know a p r i o r i  t h e  binding c o n s t r a i n t s ,  t h e  

unequivocal s o l u t i o n  cannot b e  determined. I n s t e a d ,  "cont ingent  s o l u t i o n s "  

can be determined; s o l u t i o n s  which a r e  cont ingent  upon t h e  a p r i o r i  

s p e c i f i c a t i o n  of  a  s e t  of b inding  c o n s t r a i n t s .  

To engage i n  t h e  c o n t i n g e n t a n a l y s i s  a s s o c i a t e d  wi th  con t ingen t  

s o l u t i o n s  would be  a  massive, r e p e t i t i v e  t a s k .  Fo r tuna te ly ,  f o r  ou r  

purpose, t h e  examination of each p o s s i b l e  con t ingen t  s o l u t i o n  i s  unnecessary. 

Rather than engage i n  a taxonomy of con t ingen t  s o l u t i o n s ,  we7can d e r i v e  

t h e  s t r u c t u r e  of any such s o l u t i o n ,  S ince  our  concern i s  wi th  t h e  



s t r u c t u r e  of t h e  Modern Theory Model, t h i s  w i l l  p rove  t o  b e  s u f f i c i e n t  

f o r  o u r  purposes.  

The s t r u c t u r e  of any cont ingent  s o l u t i o n ,  may be  a r r i v e d  at by 

s p e c i f y i n g  i n  a ve ry  gene ra l  way, t h e  c o n s t r a i n t s  which are binding.  

To f a c i l i t a t e  t h i s  s p e c i f i c a t i o n  t h e  cho ice  v a r i a b l e s  a r e  conso l ida t ed  

i n t o  v e c t o r s .  

Define t h e  v e c t o r s  : 

and s i m i l a r l y  f o r  a l l  t h e  remaining cho ice  v a r i a b l e s  of t h e  op t imiza t ion  

problem (58). 

(N.B.  A l l  a n a l y s i s  i s  from t h e  p e r s p e c t i v e  of person K of coun t ry  j .  A t  

a subsequent s t a g e  t h e  i n d i c e s ,  person K and coun t ry  "of domocile" j ,  

w i l l  b e  app l i ed  t o  t h e  v e c t o r  symbols A, B e t c  ... U n t i l  t hen  i t  is  

convenient  t o  omit them.) 



Let us c o l l e c t  those  choice v a r i a b l e s  which a r e  involved on ly  i n  

non nega t iv i ty  c o n s t r a i n t s ,  i n  a  s i n g l e  vec to r :  

We attempt next t o  spec i fy  a  cont ingent  s o l u t i o n  t o  t h e  op t imiza t ion  problem, 

which i s  s u f f i c i e n t l y  genera l  not  t o  c o n t r a d i c t  ANY poss ib le  a c t u a l  

so lu t ion .  We proceed t o  spec i fy  t h i s  very  genera l  so lu t ion .  

The vec to r  of choice v a r i a b l e  denoted X is  unconstrained.  Thus we 

can simply s t a t e  t h a t  a t  t h e  optimum, X t a k e s  on some unspeci f ied  va lue .  

Using * t o  denote t h e  optimal choice X = X*. Now with r e spec t  t o  Y ,  r e c a l l :  

c 

o r  i n  matrix n o t a t i o n  -I $ [ r / s ] Y  4 E where [ r / s ]  i s  a  d iagonal  matr ix  

I 
Thus we may have a  subse t  of t h e  v e c t o r  Y ,  l e t  us  denote i t  Y ( c o n s t r a i n e d  

C 
by a subset  of p o s i t i v e  elements of t h e  v e c t o r  I, denoted I . Hence 

c* I I* - I = [ r / s ]  Y ( 0 where [ r / s l l  is  a  diagonal  ma t r ix  compatible 



I 
wi th  Y . 

E S i m i l a r l y  we may have a subse t  of  t h e  v e c t o r  Y ,  denoted Y cons t ra ined  

C by a subse t  of p o s i t i v e  elements of t h e  v e c t o r  E, denoted E . Hence: 

E E f*  = [ r / s l E  yE*> 0 where [r/s] i s  compatil j le w i t h  Y . 

There may be  a subse t  of Y which i s  non ze ro  a t  t h e  optimum and i s  not a t  

a c o n s t r a i n t  boundary. This  may be  denoted 

There may be  a subse t  of p o s i t i v e  elements  of I which do no t  s e r v e  t o  

c o n s t r a i n  elements  of Y. Th i s  v e c t o r  i s  denoted I 
P 

Simklar ly t h e r e  may be  a p o s i t i v e  non c o n s t r a i n i n g  subse t  of E denoted E 
P 

F i n a l l y ,  t h e  v e c t o r  of choice  v a r i a b l e s  G ,  which is  only  cons t r a ined  t o  

being non nega t ive ,  may have some p o s i t i v e  elements  and some ze ro  elements.  

With t h e  elements  of G a p p r o p r i a t e l y  rear ranged ,  i t s  form a t  any optimum 

may b e  represented  by de f in ing  two new v e c t o r s  Z and 8, and w r i t i n g :  



Col lec t ing  t h e s e  vectkrs, any s o l u t i o n  i s  cons i s t en t  w i t h  t h e  follow- 

ing  : 

X = X* 

c* I *I* 
-I = [ r l s ]  < (d 

E E* 
E'* = [ r / s l  Y > O  

yu* P 0 

I ~ *  7 $ 

EP* > 0 

z* ? 0  

with any remaining choice  v a r i a b l e s  not  embraced by any of  t h e s e  v e c t o r s ,  

a l l  equal t o  zero .  Denote t h e  v e c t o r  of t h e s e  zero va lue  v a r i a b l e s  N. 

The above gene ra l  c o n t i n g e n t ' s o l u t i o n '  may be  viewed a s  i f  i t  had 

emerged from a c l a s s i c a l  o p t i m i z a t i o n  problem. I n  p a r t i c u l a r ,  t h e  

r e l a t i o n s h i p  between t h e  above op t ima l  cho ices ,  and t h e  parameters  of 

t h e  opt imiza t ion  problem would b e  provided by t h e  s o l u t i o n  t o  t h e  fo l lowing  

c l a s s i c a l l y  cons t r a ined  problem: 

Max E[uKj ( q ) ]  

A B O M  
E I Y X  



where 7 i s  defined by (48). Using vec to r  n o t a t i o n  i t  has  t h e  form: 
j 

0 f  7. = w r + ~~2 + B~;+ oT; + N ~ G  + E~; + I ~ ?  + yT;+ xT? 
J j 

(88) 

* 
where 9 = [zl . . . an] ,  and s i m i l a r l y  f o r  t h e  o t h e r  s t o c h a s t i c  terms. 

Note ?$( inc ludes  t h e  v e c t o r  of zero choice  v a r i a b l e  N. S e t t i n g  
j 

these  choice v a r i a b l e s  equal  t o  zero  i n  (88) ,  and employing t h e  choice 

v a r i a b l e - v e c t o r s  of t h e  genera l  contingent  s o l u t i o n  wi th  t h e i r  appropr i a t e ly  

defined as soc ia t ed  s t o c h a s t i c  r e t u r n  v e c t o r s ,  provides:  

The opt imiza t ion  problem (87) i s  then  equivalent  t o :  

K "K 
Max E[U (Y j) 1 



Rather  than  employ t h e  Lagrangian technique  t o  so lve  (go) ,  we can use  t h e  

E c o n s t r a i n t s  t o  e l imina te  Y' and Y from t h e  o b j e c t i v e  func t ion ,  and 

maximize t h e  r e s u l t i n g  f u n c t i o n  without  c o n s t r a i n t .  

S u b s t i t u t i n g  t h e  c o n s t r a i n t s  i n t o  (89) provides:  

Le t  u s  conso l ida t e  t h e  choice  v e c t o r s  and r e t u r n  v e c t o r s  of (91) i n t o  

two vec to r s :  

I d .  GC - [ s / r  I y , 

Note t h a t  both t h e  choice  v e c t o r  and r e t u r n  v e c t o r  a r e  indexed f o r  person 

K of country j. Whilst t h e  r e t u r n  on any s i n g l e  t r a n s a c t i o n  i s  t h e  same 

f o r  a l l  persons of country j, t h e  cho ice  v a r i a b l e s  included wi th in  C .  a r e  
J 

as soc ia t ed  wi th  a s i n g l e  person K, and thus  t h e  v e c t o r  of r e t u r n s  on t h e s e  



84 

cho ice  v a r i a b l e s  i s  a l s o  a s s o c i a t e d  w i t h  person K. Th i s  po in t  i s  of 

some importance and w i l l  b e  r e tu rned  t o  below when t h e  ques t ion  of  

aggrega t ion  a r i s e s .  

K Using t h e  v e c t o r s  2 and C r e s u l t s  i n :  
j 

and t h e  op t imiza t ion  problem 

K -K 
Max E[U (Y j ) l  

It i s  assumed t h a t  uK 
j 

may be  w r i t t e n  i n  i t s  most conc i se  form: 

i s  q u a d r a t i c  f o r  a l l  i n d i v i d u a l s  K and c o u n t r i e s  

K 0 f 
j. Using (93) U i s  expanded i n  an exac t  Taylor  s e r i e s  around W r  t o  

j j 

provide  : 

A t  t h e  optimum: 

and : * t 

cK = - u 3  
j " .. I 1  b[kK.3 J j E[GKj] 



where 
1 

0 f  
i s  t h e  i n d i v i d u a l ' s  r i s k  t o l e r a n c e  f u n c t i o n  eva lua ted  a t  W r 

j ' 

Thus t h e  s o l u t i o n  t o  (94) i s  provided by (95); a l l i e d  w i t h  t h e  

c o n s t r a i n t s  

1 IK* - I'~* = [r/sl y 

E&* = [r/s]"lPX* it i s  t h e  s o l u t i o n  t o  t h e  cons t r a ined  problem (90) .  

(95) i s  t h e  r e l a t i o n s h i p  between t h e  opt imal  cho ices  and t h e  parameters  

of t h e  choice  problem, which emerge from a v e r y  gene ra l  s p e c i f i c a t i o n  

of t h e  cont ingent  s o l u t i o n -  . - I t -& .pe rhaps  apparent  t h a t  t h e  s p e c i f i c a t i o n  

of any p r e c i s e  cont ingent  m l u t i o n ,  r a t h e r  t h a n  t h e  r a t h e r  vague g e n e r a l  

s p e c i f i c a t i o n  i n  (86), would s e r v e  on ly  t o  al ter t h e  composition of t h e  

v e c t o r s  cK and zK i n  (95). Most p e r t i n e n t  from our  p e r s p e c t i v e ,  t h e  
j j 

s p e c i f i c a t i o n  of any p a r t i c u l a r  con t ingen t  s o l u t i o n  would n o t  al ter t h e  

s t r u c t u r e  of  (95).  Thus i t  is  contended t h a t  (95) conveys t h e  s t r u c t u r e  

of t h e  r e l a t i o n s h i p  between t h e  op t ima l  cho ices  and t h e  parameters  of  t h e  

chb ice  problem f o r  any con t ingen t  s o l u t i o n  t o  t h e  c l a s s i c a l  o p t i m i z a t i o n  



problem (90).  F ina l l y ,  s ince  the  so lu t ion  t o  t he  ac tua l  choice problem 

(58), i s  necessa r i ly  the  same a s  some contingent so lu t ion  , we have t h a t  

(95) conveys t he  s t r u c t u r e  of the  above r e l a t i onsh ip  f o r  our a c tua l  choice 

problem. 



CHAPTER 111. FOOTNOTES 

1. For an  extended d i s c u s s i o n  s e e  f o r  example " I n t e r n a t i o n a l  Monetary 
Theory and Pol icy ,"  by M i l t i a d e s  Chacholiades,  McGraw-Hill, 1978, 
New York, pp. 21-31. 



CHAPTER I V .  THE STRUCTURE OF 0PTIMAL AGGREGATE PORTFOLIO 

I n  Chapter I11 t h e  s t r u c t u r e  of t h e  s o l u t i o n  t o  an  i n d i v i d u a l ' s  

choice problem w a s  der ived .  That s t r u c t u r e  was a r r i v e d  a t  by spec i fy- '  -- -- 

ing  s e t s  of a c t i v e  and s l a c k  c o n s t r a i n t s ,  d i s ca rd ing  t h e  l a t t e r ,  and 

so lv ing  t h e  r e s u l t i n g  c l a s s i c a l ,  e q u a l i t y  cons t ra ined  problem. It was 

noted i n  t h e  d e r i v a t i o n ,  t h a t  t h e  a c t i v e  c o n s t r a i n t  s p e c i f i c a t i o n ,  from 

which t h e  s o l u t i o n  ensued, pe r t a ined  t o  an ind iv idua l .  This  s p e c i f i c a t i o n  

determined which choice  v a r i a b l e s  were zero a t  t h i s  i n d i v i d u a l ' s  optimum, 

and hence which s t o c h a s t i c  r e t u r n  terms did not appear i n  t h i s  i n d i v i d u a l ' s  

equiva len t  c l a s s i c a l  cont ingent  choice  problem (90) .  consequent ly when 

those s t o c h a s t i c  r e t u r n s  which - d i d  appear  i n  (90) were c o l l e c t e d  Tn a  

rr 
s i n g l e  v e c t o r  M ,  t h a t  v e c t o r  pe r t a ined  t o  t h i s  i n d i v i d u a l  K and hence 

requ-ired a  s u p e r s c r i p t  K. Now t h a t  t h e  ques t ion  of aggrega t ion  i s  t o  be 

addressed t h i s  p o i n t  i s  of some s i g n i f i c a n c e .  

Sect ion 1: Aggregation us ing  a n  imp l i ca t ion  of Pare to  Opt imal i ty  f o r  

cons t r a ined  i n d i v i d u a l s  p o r t f o l i o s .  

The s t r u c t u r e  of t h e  i n d i v i d u a l  K ' s  

cK* I IK* E ~ K *  - I = [rls] Y 

optimal  p o r t f o l i o  i s  expressed 

EyEK* 
= [rlsl (95) rp td .  



R e c a l l  (from 

over  K would 

was t h e  same 

t h a t  such an 

It may 

K (96))  t h a t  T  i s  a s c a l a r .  Hence t h e  aggrega t ion  of C K * 
j j 

H K  b e  s t r a i g h t f o r w a r d '  i f  i t  was reasonable  t o  assume t h a t  M 
j 

f o r  a l l  i n d i v i d u a l s  K of  count ry  j .  We proceed t o  argue 

assumption i s  indeed reasonable .  

be shown t h a t  w i th  P a r e t o  Opt imal i ty  i n  t h e  d i s t r i b u t i o n  of 

t h e  r i s k y  o p p o r t u n i t i e s  of t h i s  mode1,at any optimum t h e  SAME c o n s t r a i n t s  

a r e  binding f o r  t h e  choices  of ALL i n d i v i d u a l s  of t h e  SAME country.  (P l ease  

s e e  appendix f o r  p roo f ) .  Invoking such Pare to-opt imal i ty ,  then,given t h i s  

r e s u l t ,  t h e  s p e c i f i c a t i o n  of a  s e t  o f  b inding  c o n s t r a i n t s  f o r  i n d i v i d u a l  

K ' s  optimum, imp l i e s  t h a t  f o r  t h e  o v e r a l l  optimum, t h e  . - same c o n s t r a i n t s  

a r e  binding f o r  a l l  o t h e r  i n d i v i d u a l s  of count ry  j .  Reca l l ing  t h a t  

t h e  s p e c i f i c a t i o n  of binding c o n s t r a i n t s  f o r  K ,  determined which choice  

v a r i a b l e s  appeared i n  C K, i t  then  fo l lows  immediately t h a t  t h e  choice  
j 

v e c t o r  cK con ta ins  t h e  same v a r i a b l e s  f o r  a l l  K ,  and hence t h e  a s s o c i a t e d  
j 

r e t u r n  vec to r  MI i s  t h e  same f o r  a l l  K. (N.B: I n  making t h i s  argument 
j 

it has  been assumed t h a t  when a non n e g a t i v i t y  c o n s t r a i n t  i s  not 

binding  t h e  choice  v a r i a b l e  is  p o s i t i v e .  Thus, when f o r  ' a l l  K such a 
) 

K 
c o n s t r a i n t  is  s l a c k ,  t h e  a s s o c i a t e d  cho ice  v a r i a b l e  appears  i n  a l l  C .) 

j 

Given is  t h e  same f o r  a l l  K,the s t r u c t u r e  of i n d i v i d u a l  K'S 
j 

opt imal  p o r t f o l i o  is: 



Summing over K provides  t h e  s t r u c t u r e  of count ry  j 's aggrega te  p o r t f o l i o :  

where T Z T~~ 
j K 

c  * E*. 
where I = 1 lcK* and s i m i l a r l y  f o r  yl*, EC* and Y - . 

It is emphasized t h a t  (97) i s  not  a reduced form i n  t h e  u s u a l  sense ;  

s i n c e  we don't  know which c o n s t r a i n t s  a r e  b inding  at t h e  optimum, we 

don ' t  know which v a r i a b l e s  and parameters  of t h e  model, compose (97) .  

However, i f  we p o s i t  some s o l u t i o n  a s  opt imal , (97)  provides  t h e  r e l a t i o n s h i p  

between t h a t  s o l u t i o n ,  and t h e  parameters  which are p e r t i n e n t  t o  i t .  I f  

we then  assume t h a t  f o r  smal l  changes i n  t h e s e  parameters ,  t h e  compositon 

of t h e  s o l u t i o n  does not  change ( i . e .  t h e  c o n f i g u r a t i o n  of b inding  and 

non binding c o n s t r a i n t s  does no t  change, so  t h a t  which v a r i a b l e s  compose 

T cs 
C and which parameters  compose E[MM. ] and ELM.] ,  a l s o  do no t  change) 
j ' J J 

then  (97) may b e  t r e a t e d  a s  a reduced form. I n  p a r t i c u l a r ,  i t  may b e  

a s  a s e t  of demand f u n c t i o n s  f o r  p a r t i c i p a t i o n  i n  r i s k y  t r a n s a c t i o n s .  

t h e s e  t r a n s a c t i o n s  involve  t h e  exchange of s e c u r i t i e s  and c u r r e n c i e s ,  

viewed 

Since  

(97) 



i s  t h e  source of cont ingent  demand f u n c t i o n s  f o r  s e c u r i t i e s  and c u r r e n c i e s .  

Thus we can d e r i v e  from (97),  cont ingent  demand func t ions  f o r  forward 

cu r renc ie s .  Again we choose not  t o  d e r i v e  a series of such f u n c t i o n s ;  

b u t  i n s t ead  t o  d e r i v e  a g e n e r a l  con t ingen t  demand func t ion  f o r  a forward 

currency which d i s p l a y s  t h e  s t r u c t u r e  of any such demand func t ion .  

Reca l l  t h a t  i n  t h e  Modern Theory Model, t h e  u l t i m a t e  focus  of ou r  

i n t e r e s t ,  t h e r e  i s  a f u n c t i o n a l  c l a s s i f i c a t i o n  of t h e  sources  of demand 

f o r  forward exchange. Th i s  c l a s s i f i c a t i o n  demarks a n  "a rb i t r age"  

demand a "speculat ive" demand and a "trade" demand. To permit  a comparison 

of t h e  excess  demand f u n c t i o n s  s p e c i f i e d  i n  t h e  Modern Theory, and 

those  which emerge from our  model o f  op t imal  behaviour,  we s h a l l  d e r i v e  

a "general  cont ingent  excess  demand func t ion"  f o r  each of t h e  c l a s s i f i c a t i o n s  

adopted i n  t h e  Modern Theory Model. 



DEMAND FUNCTIONS FOR FORWARD CURRENCY. 

I n  t h e  conclus ion  of chapter  I V ,  i t  was emphasized t h a t  w h i l s t  t h e  

model does n o t  permit  t h e  d e r i v a t i o n  of an  unequivocal  reduced form, 

we have i n  (97) ,  t h e  s t r u c t u r e  of any con t ingen t  reduced form. Th i s  

11 reduced form1' now permi ts  t h e  d e r i v a t i o n  of t h e  s t r u c t u r e  of t h e  aggrega te  

demand func t ion  f o r  each r i s k y  oppor tuni ty  i n  t h e  model. I n  p a r t i c u l a r ,  

i t  provides  t h e  s t r u c t u r e  of t h e  aggrega te  opt imal  demand f o r  p a r t i c i p a t i o n  

i n  "arb i t rage" ,  forward currency specu la t ion  and "trade". 

A t  t h e  o u t s e t ,  i t  i s  perhaps r eas su r ing  t o  demonstrate  t h a t ' t h e  s t r u c -  

t u r e  of our demand equat ions(97) ,  i s  i d e n t i c a l  t o  t h a t  of t h e  demand equat ions 

of t h e  well-known "Capi ta l  A s s e t  P r i c i n g  Model" when t h a t  model i nvo lves  

1 
quadra t i c  u t i l i t y  func t ions .  J an  Mossin f o r  example, i n  a model i nvo lv ing  

a s i n g l e  country,  a r i s k f r e e  r a t e  of i n t e r e s t ,  and r i s k y  o p p o r t u n i t i e s  

represented  by s h a r e s  i n  companies, d e r i v e s  t h e  v e c t o r  of t h e  op t ima l  

number of s h a r e s  of each company, f o r  an  i n d i v i d u a l .  He employs t h e  

fol lowing no ta t ion :  

Z t h e  number of sha re s  of company j bought by t h e  i n d i v i d u a l .  
j 

Z a  v e c t o r  of t h e  Z 
j ' 

Pj 
t h e  beginning of t h e  pe r iod  p r i c e  of a s h a r e  of company j. 



t h e  end of per iod  expected v a l u e  of a  sha re  of company j. 
j 

mj P ( P j  - r p )  t h e  " r i s k  margin". This  is  t h e  expected net 

r e t u r n  on a s h a r e  of company j ("net" may be  e i t h e r  n e t  

of e x p l i c i t  borrowing c o s t s  i ncu r red  t o  f i nance  t h e  purchase 

of t h e  sha re ,  o r  n e t  of t h e  oppor tun i ty  c o s t  of t h e  sha re ) .  

m a v e c t o r  of t h e  m . 
j 

C t h e  va r i ance  covar iance  m a t r i x  of t h e  end of per iod  va lues  

of s h a r e s .  

W t h e  i n d i v i d u a l s  i n i t i a l  weal th .  

- w *2 
c a  parameter of t h e  i n d i v i d u a l s  u t i l i t y  func t ion  U.(W) = W - cW . 

3 

The vec to r  of t h e  opt imal  number of s h a r e s  of each company f o r  t h e  i n d i v i d u a l  

t o  hold ,  i s  then:  

Our opt imal  p o r t f o l i o  f o r  t h e  i n d i v i d u a l  h a s  t h e  form: 

.r 
I n , o u r  model E[M.] i s  a v e c t o r  of t h e  expected net r e t u r n s  on r i s k y  

J 

t r a n s a c t i o n s  and i s  thus  analogous t o  Mossin's v e c t o r  of " r i s k  margins" m. 



Let  u s  d e f i n e  E a s  t h e  va r i ance  covar iance  ma t r ix  of t h e  elements  of  
j 

..) 

Mi. Then: 

Thus : 

F i n a l l y ,  t h e  u t i l i t y  f u n c t i o n s  i n  our  model a r e  q u a d r a t i c :  

~ ( 2 )  = ; - ct32 

I f  
Hence: - U evalua ted  a t  W r is: - 

I I 0 j 

S u b s t i t u t i n g  i n t o  t h e  express ion  f o r  cK provides:  
j 

which is  i d e n t i c a l  i n  s t r u c t u r e ,  t o  Mossin's s o l u t i o n .  With homogeneous 

b e l i e f s  assumed bo th  hereand by Mossin, t h i s  s i m i l a r i t y  of s t r u c t u r e  i s  

maintained a t  t h e  aggrega te  l e v e l .  

Having demonstrated a  cons i s t ency  wi th  t h e  l i t e r a t u r e ,  we t u r n  now t o  



t h e  de r iva t ion  of the  demand func t ions  of i n t e r e s t .  

Let us r ewr i t e  (97) a s :  

= T. de t .  ( r . )  E-', l3lfii] 

d e t .  (r + E [ ; ~ ] E [ ~ ~ ] ~ )  
j 

where "det . " i n d i c a t e s  "determinant of". 
2 

n 
Recall ing t h e  d e f i n i t i o n  of M note  t h a t  i n  general :  

j 

J 
Let us denote t h e  k i t h  element of z-' a s  9 ki. Then, i n  genera l  

j 

t h e  tth element of C* is ,  from (98) : 
j 



Sec t ion  1: An "a rb i t r age"  excess  demand func t ion .  

* 
I n  our  model, t h e  cho ice  v a r i a b l e s  Ai, 0 .  and Y ,  a r e  a s s o c i a t e d  

1 1 

w i t h  t r a n s a c t i o n s  which are t r a d i t i o n a l l y  r e f e r r e d  t o  as covered a r b i t r a g e .  

(For e l a b o r a t i o n  on t h e s e  choice  v a r i a b l e s  p l e a s e  s e e  p. 44 ).  Using 

(101) we can  provide  expres s ions  f o r  t h e  opt imal  aggrega te  p a r t i c i p a t i o n  

i n  t h e s e  t r a n s a c t i o n s .  

Assume t h a t  we a r e  a t  an  optimum where t h e  amount a l l o c a t e d  t o  t h e  

. 
covered bond of country p ,  A i s  p o s i t i v e ,  and t h u s  t h e  choice  v a r i a b l e  

j p '  

A i s  contained i n  C * of (98).  Let  A be  t h e  tth element of C 
j p  j j p  j 

H n 

and then  by i m p l i c a t i o n  we have a  = 
jp- Mjt* 

Using (101) : 

Now from (47) and (48) : 

R e c a l l  P = 0 i f  c o n t r o l s  a r e  imposed by count ry  j and/or  country i. 
j i  

= 1 i n  t h e  absence of c o n t r o l s .  

* 
Henceforth cho ice  v a r i a b l e s  t o  t h e  aggrega te  v a l u e  f o r  a coun t ry  



@ 

Then E[P. ] = (1 - ~f ) where pC i s  t h e  p r o b a b i l i t y  of having sbme 
J P  J P  j p  

conf igura t ion  of c o n t r o l s  between cu r renc ies  j and p. Hence (104) may 

be r ewr i t t en  a s :  

rL 
where F*- sp is t h e  " i n t e r e s t  p a r i t y  r a t e .  11 

P F 

Subs t i tu t ing  t h i s  expression f o r  E[; 1, i n t o  (102) provides: 
j p  

Reca l l  from s e c t i o n  2 ,  Chapter 111, "Some c h a r a c t e r i s t i c s  of any expected 

u t + l i t y  optimal p o r t f o l i o , "  our optimum cannot involve both p o s i t i v e  

A and 0 . Since by assumption A i s  p o s i t i v e ,  we have 0 i s  zero.  
j p  j p  j p  j P 

Also i n  t h a t  s e c t i o n  it was shown t h a t :  

Whilst  i t  was not  done so ,  it  could a l s o  have been shown by t h e  same 

procedure t h a t  : 



Thus wi th  A .  7 0 we have Y = - I 5 . Following t h e  procedure 
J P  j p  j p  

r 
P 

immediately preceding  (91) ,  Y could be e l imina ted  from f i n a l  weal th ,  and 
j p  

t h e  only  two terms involv ing  Y and I rep laced  by a  s i n g l e  term: 
j p  j P ' 

Using t h e  d e f i n i t i o n s  of t h e  s t o c h a s t i c  terms,  t h i s  term may be  r e w r i t t e n  

This  express ion  i n d i c a t e s  t h a t  t h e  forward market a c t i v i t y  a s s o c i a t e d  

wi th  I and Y s e p a r a t e l y ,  n e t s  ou t  t o  zero.  That i s ,  t h e  n e t  r e s u l t  
j p  j p  

i s  a s  i f  t h e  f o r e i g n  currency debt  a s s o c i a t e d  wi th  I i s  r e p a t r i a t e d  
j p  

e n t i r e l y  by t h e  "discount" method, without  any r e s o r t  t o  t h e  forward 

market. (Note t h a t  t h e  term w i t h i n  parentheses  i n  (107) i s  t h e  p e r  u n i t  

j n e t  r e t u r n  on impor ts ,  t h e  f o r e i g n  cur rency  c o s t  of which i s  pa id  by t h i s  

d i scount ing  method.) 

Given t h e s e  r e s u l t s ,  w e  have t h a t  i f  a t  t h e  optimum A i s  p o s i t i v e ,  
j p  

then  t h e  t r a n s a c t i o n s  denoted A are t h e  only  sou rce  from count ry  j ,  of 
j P 

4 forward market a c t i v i t y  a s s o c i a t e d  wi th  a r b i t r a g e .  Since A deno te s  t h e  
j p  

number of u n i t s  of j a l l o c a t e d  t o  t h e  covered bond of count ry  p,  we have 

t h a t  t h e  NET supply  of  forward p from count ry  j ,  a r i s i n g  from a r b i t r a g e  is: 



where A i s  provided by (105). 
j P 

Note t h a t  (108) has  been der ived  from t h e  assumption of p o s i t i v e  

A 
j p '  

For any optimum exh ib i t i ng  p o s i t i v e  A t h i s  n e t  supply  from a r b i t r a g e  
j p '  

f unc t ion ,  w i l l  have t h e  s t r u c t u r e  of (108). 

For any such optimum t h e  terms which compose (108) w i l l  depend upon 

H 

t h e  con f igu ra t ion  of t h e  M i n  (105).  What i s  s i g n i f i c a n t  from our  
j i  

rn 
pe r spec t ive  i s  t h a t  independent ly of t h i s  conf igura t ion  of t h e  M 

j i' 

having s u b s t i t u t e d  f o r  A (108) may b e  r e w r i t t e n  gene ra l ly  as: 
j P 

A 
where (Mj) is  meant t o  symbolize a summation of terms which depend upon 

j p  

t h e  parametersof t h e  v e c t o r  M b u t  which f o r  our  purposes need n o t  be  
j ' 

considered e x p l i c i t l y .  

(109) can  b e  viewed as a  fami ly  of func t ions  g iv ing  count ry  j's 

p a r t i c i p a t i o n  i n  t h e  j p  forward cur rency  market a r i s i n g  from a r b i t r a g e .  

The fami ly  i s  cha rac t e r i zed  by p o s i t i v e  A each member corresponding 
j P ' 

M 
t o  a p a r t i c u l a r  con f igu ra t ion  of M . I f  i n s t e a d  of p o s i t i n g  a n  optimum 

j 

with  p o s i t i v e  A we assume 0 i s  p o s i t i v e ,  a d i f f e r e n t  f ami ly  of market 
j P ' j p  

p a r t i c i p a t i o n  f u n c t i o n s  emerges. However, a s  we s h a l l  s e e ,  t h i s  family 



has a general  form ak in  t o  (109). 

Assume t h a t  we a r e  a t  an optimum where 0 i s  p o s i t i v e ,  and thus  
j p  * ' * 

t he  choice v a r i a b l e  0 is  contained i n  t h e  C vec to r  of (110). 
j P j 

* ' H w 1 

Let 0 be t h e  tth element of C , and we have by impl ica t ion  o = M . 
j p  j P jt 

Using an equation which corresponds t o  (101) we have: 

i f t  

From (47) and (48) : 

o r  using E[P ] = [I - P" : 
jP  JP 

* 
When p o s i t i v e p .  was assumed and de r iva t ion  proceeded from (98),  t h e  

no ta t ion  2. and M.>S Used. Since simultaneously p o s i t i v e  A .  and 0 has  
3 been ruled o u t ,  t a e  assumption of p o s i t i v e  0 n e c e s s a r i l y  me& t h a t  j p  

t h e  yector  M d i f f e r s  from t h e  o r i g i n a l .  ~ e @ e  t h e  "new so lu t ion"  (110). 
3 



S u b s t i t u t i n g  i n t o  (111) provides :  

0 denotes  t h e  opt imal  number of u n i t s  of j a l l o c a t e d  t o  t h e  domestic 
j p  

bond, f inanced by covered borrowing i n  count ry  p,  hence i t  gene ra t e s  

a demand f o r  forward currency p. 

Again r e c a l l  from t h e  s e c t i o n  " C h a r a c t e r i s t i c s  of any opt imal  

A and 0 cannot both be  p o s i t i v e  a t  a n  optimum. Thus i n  p o s i t i n g  
j P j p  

0 p o s i t i v e ,  we have A i s  zero.  Also from t h a t  s e c t i o n ,  (78) provides:  
j p  j p  

Once more fol lowing t h e  procedure preceding  (91),  Y could be e l imina ted  
j p  

from f i n a l  weal th and t h e  only  two terms involv ing  Y and E rep laced  
j p  j P ' 

by a s i n g l e  term: 



Using t h e  d e f i n i t i o n s  of t h e  s t o c h a s t i c  terms, t h i s  term may be rewr i t t en :  
5 

This expression i n d i c a t e s  t h a t  t h e  forward market a c t i v i t y  associa ted  

with E and Y sepa ra te ly ,  n e t s  out  t o  zero.  That i s ,  t h e  ne t  r e s u l t  
j p  j p  

i s  a s  i f  t h e  f o r e i g n  r e t u r n  assoc ia ted  wi th  E i s  r e p a t r i a t e d  e n t i r e l y  
j p  

by t h e  "discounting" method, without any r e s o r t  t o  t h e  forward market. 

(Note t h a t  t h e  t e r m  wi th in  parentheses i n  (114) i s  t h e  per  u n i t  j n e t  r e t u r n  

of expor ts ,  t h e  fo re ign  proceeds of which a r e  r e p a t r i a t e d  i n  t h i s  way). 

Given t h e s e  r e s u l t s ,  we have t h a t  i f  a t  t h e  optimum 0 is  p o s i t i v e ,  
j p  

then t h e  t r ansac t ions  denoted 0 a r e  t h e  only source,  from country j ,  of 
j p  

forward market a c t i v i t y  a s soc ia ted  with a rb i t r age .6  Thus with 0 p o s i t i v e  
j p  

t h e  NET demand from country j f o r  forward p a r i s i n g  from a r b i t r a g e  is  

provided by (113). S u b s t i t u t i n g  (112) i n t o  (113) and rearranging,  

provides : 

0 
where once again  Z (M.) i s  a summation of 

j p  J 

of t h e  parameters of 2 
j ' 

A s  a n t i c i p a t e d ,  t h e  "family" of forward 

terms which is  a func t ion  

market p a r t i c i p a t i o n  

funct ions  (115) ( i n  t h i s  case  n e t  demand funct ions)  has  a s t r u c t u r e  a k i n  
( 



To complete t h i s  taxonomy of country j forward market p a r t i c i p a t i o n  

a r i s i n g  from a r b i t r a g e  wi th  country p ,  w e  p o s i t  a n  optimum wi th  Y NOT 
j p  

being constrained by t h e  va lue  of I o r  E . Recal l ing  t h e  foo tno te  t o  
j p  j p  

(110), i n  t h i s  case  we w r i t e  t h e  optimal  v e c t o r  as :  

* " 
Let Y be  t h e  tth element of c  and by impl i ca t ion  t h e  u n i t  r e t u r n  on 

j p  j 
rr\ 11 

Y i s y  r M  . 
j P j p  jt 

Using t h e  equation which corresponds t o  (101) provides: 

ift  

~ r d m  ( 4 7 )  and (48): 

o r  using E[P. ] = 1 - pC 
J P j p  

Subs t i tu t ing  i n t o  (117) provides: 
I 



11 ~ l l  M 11 

+ e j  j t i E [ M j i  I 
1 

I n  t h e  " c h a r a c t e r i s t i c s "  s e c t i o n  i t  was shown t h a t ,  from (78) :  

from (106): 

Combining these :  

Thus a t  t h i s  p o s i t e d  optimum, t h e  t r a n s a c t i o n s  denoted Y , a r e  t h e  o n l y  
j p  

source  from coun t ry  j of  p a r t i c i p a t i o n  i n  t h e  c u r r e n c i e s  j and p forward 

market,  a r i s i n g  from a r b i t r a g e .  Reca l l i ng  t h e  d e f i n i t i o n  of Y ( s ee  
j i 

, P 45 1, yjp p o s i t i v e  gene ra t e s  a demand f o r  forward p ,  Y j~ n e g a t i v e  a 

supply. Regarding a nega t ive  demand as a supply ,  we can write t h e  demand 

C func t ion  f o r  forward p a r i s i n g  from a r b i t r a g e  as: 



S u b s t i t u t i n g  (118) i n t o  (120) and -rear?anging. provides:  

We have now, i n  equat ions  ( l o g ) ,  (115) and (121),  a complete 

taxonomy of j p  forward market,  n e t  p a r t i c i p a t i o n  f u n c t i o n s ,  a r i s i n g  from 

a r b i t r a g e  by " res idents"  of count ry  j .  That i s  t o  say, some net p a r t i c i p a -  

t i o n  r e q u i r e s  e i t h e r  t h a t  A o r  0 b e  p o s i t i v e ;  o r  t h a t Y  b e  non- 
j p  j p  j p  

ze ro  and not  a t  a c o n s t r a i n t  boundary. W e  have considered each of t h e s e  

c a s e s  i n  t u r n ,  and, i t  i s  t o  be emphasized, we have shown t h a t  at most 

on ly  one of t h e s e  sources  i s  non-zero a t  any optimum. For convenience, 

l e t  u s  mu l t ip ly  (109) by minus u n i t y ,  and view it  a s  a demand f u n c t i o n .  

It may then  b e  s t a t e d  t h a t  i n  g e n e r a l ,  t h e  net demand f o r  forward p i n  

t h e  p j  market a r i s i n g  from a r b i t r a g e  by " r e s iden t s "  a t  count ry  j ,  

whatever i t s  sou rce ,  has  t h e  form: 

* * J* r f 2 
D' (Arb.) = I *  . - 9 [ I f j p  -'Ip] 

P j~ 3 

where a t  t h i s  optimum t h e  sub v e c t o r  of r e t u r n s  e n t e r i n g  our  "reduced form" - * 
(98) ,  i s  denoted M and consequent ly:  

j ' i 



(Note t h a t  t h u s  f a r ,  t h e  cur rency  j forward p r i c e  of p h a s  been denoted 

f ; with  t h e  c o n s i d e r a t i o n  of count ry  P'S pe r spec t ive  nex t ,  t h i s  p r i c e  
P 

i s  denoted f i n  (122). S i m i l a r l y  F* = F3 
j p  P 

J P '  Sp I SjP).  

Now a l l  o f  t h e  preceding a n a l y s i s  could have been conducted from t h e  

p e r s e c t i v e  of  coun t ry  p. By r e p l a c i n g  t h e  index p wi th  t h e  index  j ,  and 

v i c e  v e r s a ,  i n  (122) ,  we can  a r r i v e  a t  t h e  n e t  demand f o r  forward j i n  t h e  

p j  market,  a r i s i n g  from a r b i t r a g e  by " r e s iden t s "  of coun t ry  p. 

Mul t ip ly ing  t h i s  exp res s ion  by f t h e  currency p forward   rice of cur rency  
p j  

j ,  provides  t h e  n e t  supply of forward p i n  t h e  p j  market,  a r i s i n g  from 

a r b i t r a g e  by coun t ry  p. 
.-. 

Assume f = 1 and s = 1 
PI f P j  s 

j p  j p  

Then * f f 
p = '  = r p  = 1 

PJ - + s ~ j  - 
r r 

f  
j j 'jp 

F* 
j P  



Hence t h e  second term i n  (127) may b e  r e w r i t t e n  as: 

and (122) becomes: 

Using (122) and (128), we ca.n d e r i v e . a n  expres s ion  f o r  t h e  excess  demand 

~ A P .  f o r  currency p i n  t h e  j p  forward market a r i s i n g  from a r b i t r a g e ,  X . 
P 

xjAp , D' (Arb. ) - sP (Arb. ) 
P P P 

o r :  



where 

and 

Equation (129) i s  what we have previous ly  r e f e r r e d  t o  a s  t h e  

1 I g ene ra l  cont ingent  excess  demand func t ions"  f o r  forward cur rency  p - i n  

t h e  p j  market, a r i s i n g  from a r b i t r a g e .  Henceforth, i t  w i l l  be  r e f e r r e d  

11 t o  a s  an  a r b i t r a g e "  func t ion .  Before comparing t h e  form of t h i s  f u n c t i o n ,  

w i th  t h a t  of t h e  a r b i t r a g e  func t ion  of t h e  'Modern Theory ~ o d e l ' ,  we d e r i v e  

excess  demand f u n c t i o n s  a r i s i n g  from specu la t ion  and t r a d e .  

Sec t ion  2: A s p e c u l a t i v e  excess  denand func t ion .  

The choice  v a r i a b l e  X denotes  country j ' s  net s p e c u l a t i v e  p o s i t i o n  
j p  

w i th  r e s p e c t  t o  forward currency p. X p o s i t i v e ,  i n d i c a t e s  t h e  number 
j P 

of u n i t s  of p  purchased forward f o r  s p e c u l a t i v e  purposes,  X n e g a t i v e ,  
j p  

i n d i c a t e s  t h e  number of u n i t s  of p s o l d  forward. 

* 
Assume t h a t  X i s  t h e  sth element jof C i n  (98).  Then: 

j p  j 

and us ing  (101), w e  have: 



From (47) and (48): 

where pNC i s  t h e  p r o b a b i l i t y  of 'no c o n t r o l s  ' between j and p.  
JP  

*r w 

NOW E[: P. ] =E[:. 1 P NC + cov (g P. ) It seems not  unreasonable 
j~ JP  JP j~ j ~ '  JP  

m 

Reca l l  P  = 1 with  'no c o n t r o l s '  , P ~ P  
= 0 wi th  con t ro l s .  s i s  

j P j p  

t h e  spo t  r a t e  which i t  i s  c u r r e n t l y  be l i eved  w i l l ,  i n  t h e  absence of 

c o n t r o l s ,  govern a t  t h e  end of t h e  pe r iod .  I f  i s  'h igh '  we might 
j p  

expect  country j t o  impose c o n t r o l s  and hence P  = 1, i f  is  ' low1, 
j p  j p  

* 
t hen  118 = s is  'high1 and we might expec t  country p  t o  impose 

j p  p j  

c o n t r o l s ,  aga in  P  = 1. Thus w e  might expec t  t h e  va lues  of 2 and 
j p  j p  

NOT t o  be r e l a t e d  and hence t h e i r  c o v a r i  nce i s  zero ,  wi th  t h i s  
j p  a 

assumption, (133) becomes : 

S u b s t i t u t i n g  (134) i n t o  (132) provides :  



Viewing nega t ive  demand a s  supply,  (135) may be  considered a s  country j 's  

s p e c u l a t i v e  demand f o r  forward p. /' 
Thus : / 

Once a g a i n  t h e  corresponding f u n c t i o n  f o r  country p wi th  r e s p e c t  t o  

cur rency  j may be a r r i v e d  a t  by t r anspos ing  s u p e r s c r i p t  and s u b s c r i p t s .  

Th i s  provides  a demand f o r  forward j ,  m u l t i p l y i n g  by f  t h e  cur rency  P 
p j  ' 

forward p r i c e  of j ,  provides  count ry  p ' s  n e t  supply  of forward p ;  

I f  we assume E[:. I = 1 
J P  

I 

t hen  : 

S u b s t i t u t i n g  (137) i n t o  (136) we a r r i v e  a t  t h e  exces s  demand f o r  cur rency  

j SP. p  a r i s i n g  from s p e c u l a t i o n  X . 
P 



x-ISp _= D' (spec) - sP (spec)  
P P P 

o r :  

where vJSp and a r e  de f ined  by t h e  corresponding terms i n  t h e  

preceding equat ion  . 
Equation (138) is  t h e  "general  cont ingent  excess  demand func t ion"  

f o z  forward p i n  t h e  p j  market,  a r i s i n g  from specu la t ion .  Henceforth 

i t  is r e f e r r e d  t o  a s  a  "specula t ive"  func t ion .  

Sec t ion  3: A " t rade"  excess  demand func t ion .  

The aggrega ted  v a r i a b l e  E +noted t h e  number of u n i t s  of currency 
j i '  , 

i accruing t o  r e s i d e n t s  of count ry  j ,  from expor t s  t o  count ry  i. S i m i l a r l y ,  

t h e  aggregated v a r i a b l e  I denotes  t h e  number of u n i t s  of cu r r ency  i 
3 1' 

owed t o  r e s i d e n t s  of count ry  i, by r e s i d e n t s  of count ry  j , a r i s i n g  from 

imports.  We have chosen t o  v i e w  f i n a l  weal th  a s  i t  appears  i n  (47) and 



(48), as representing "the way an individual behaves" (see discussion 

p. 49 ). Now the returns on E and I in (48) arise from covering ALL 
ji ji 

of the associated currency i income or debt, in the forward 

Hence, associated with E is a supply of forward currency 
j i 

Iji 
a demand for forward i. / 

Assume E is positive and non-constraining~(reca11~footnote 6); assume 
jp * 

that it is the qth element of C in (98). Then: 

c * j 
m 

jq e j ~  

From (101) we have: 

From (47) and (48): 

Substituting into (139): 

This is the optimal supply of forward currency p by country j arising , 

from exports. We now derive the optimal demand of forward p arising 

from imports. 



7. 

Assume I is positive and non-constraining, (recall footnote 4), and 
jp * 

is the gth element of C in (98). Then: 

H r* 
j 

M l i  
j s  jp 

From (101) : / 

From (47) and (48): 

Thus : 

This is the optimal demand for forward currency p by country j arising 

from imports. The net demand for forward p by country j arising from trade, 

j D (trade), is: 
P i 

j D (trade) s I - E 
P jp jp 

Using (140) and (142) 

j 
' D (trade) = T * * NC J* J* 

P j P  (* -J) - ' j 'jp '9 gg +qqq' fjp 



T * 
where (M j )  simply denotes t h e  terms no t  w r i t t e n  e x p l i c i t l y .  

j p  

The n e t  demand f o r  forward j by country p a r i s i n g  from t r a d e  DP ( t r ade ) ,  
j 

has  t h e  form: 

T * 
DP J . ( t r ade )  = p j  (M - ekP P:: [ 9 :i +$ :fij 

/ 
Multiplying by t h e  forward p p r i c e  of j ,  f  , provides t h e  ne t  supply 

p j  

of forward p by country p ,  a r i s i n g  from t rade :  

sP ( t r ade )  " [DP. ( t r ade )  ] f  
p j  

(145) 
P J 

The excess demand f o r  forward p i n  t h e  p j  market a r i s i n g  from t rade ,  

xjTp, i s  then: 
P 

xjTp 5 D' ( t rade)  - sP ( t r a d e )  
P P P 

Using ( l43) ,  (144) and (145) : 

or :  

where r j T p  and )ilTp a r e  def ined by t h e  corresponding terms i n  (146) 



Equation (147) i s  t h e  "general  cont ingent  excess  demand funct ion" 

f o r  forward p i n  t h e  p j  market ,  a r i s i n g  from t r a d e .  I n  t h e  terminology / 
of t h e  modern theory  model t h i s  i s  a " t r ade  func t ion ."  

i 



CHAPTER V. FOOTNOTES 

1. & 2 .  Jan  Mossin (1973), p. 5 5 .  

3 .  *iC = - ? t h e  s u p e r s c r i p t  'c' was in t roduced  i n  (89) t o  denote t h a t  
j p  j p  

t h i s  i s  a  r e t u r n  a s soc i a t ed  wi th  a  cho ice  v a r i a b l e  which a t  t h i s  
optimum a c t s  as a b inding  c o n s t r a i n t .  

-1 - * 
'jp- 'jp 

t h e  s u p e r s c r i p t  'I '  w a s  in t roduced  i n  (89) t o  denote t h a t  

t h e  a s soc i a t ed  choice  v a r i a b l e  Y is  cons t r a ined  by I a t  t h i s  
optimum. Thus: j p  j p  

H 
Using (47) and (48) t o  provide ? and y we have: 

j p  j p  

4 .  I n  s t a t i n g  t h i s ,  we a r e  n e t t i n g  ou t  t h e  o f f s e t t i n g  forward market 
a c t i v i t y  a s s o c i a t e d  w i t h  Y 

.. J P  Td I j p  
. That i s ,  t h e  forward market 

a c t i v i t y  a s s o c i a t e d  wi th  t h e  CONSTMINED Y i s  excluded from t h e  
j p  

a r b i t r a g e  func t ion .  For cons is tency ,  t o  r e f l e c t  t h i s  "ne t t i ng  o u t ,  
11 

when we g e t  t o  t h e  t r a d e  func t ion  t h e  forward market a c t i v i t y  a r i s i n g  
from t h e  CONSTRAINING I i s  excluded from t h a t  func t ion .  

j p  

5 .  See f o o t n o t e  #3 ,  then  i n  t h e  same v e i n  we have: 



w 
Using (47) and (48) for and y provides: 

j p  j p  

6 .  We are netting out the offsetting forward market activity associated 
with constrained Y and constraining E . Here we are excluding the 

jp jp 
activity arising from Y from the arbitrage function, the offsetting 

jp 
activity of the constraining E is excluded from the trade function. 

j P 
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CHPTER V I :  THE EXCESS DEMAND FUNCTIONS OF THE "MODERN THEORY MODEL" COM- 

PARED AND CONTRASTED WITH THOSE OF OUR MOD f 

Sec t ion  1. The a r b i t r a g e  func t ion .  

Using ou r  n o t a t i o n ,  t h e  a r b i t r a g e  f u n c t i o n  of t h e  Modern Theory Model 

has  t h e  fo l lowing  f  o m :  

$AP = &AP * - f. ] 0 ( g  jAp& @ (7) r p t d .  
p  lF  j p  3p 

where xjAp is t h e  excess  demand f o r  cu r r ency  p a r i s i n g  from a r b i t r a g e  
P 

between c o u n t r i e s  j and p; AND, of p a r t i c u l a r  i n t e r e s t  from our  pe r spec t ive ,  

kjAp i s  a p o s i t i v e ,  f i n i t e ,  CONSTANT. 

- Thi s  'modern theo ry t -  s p e c i f f c a t i o n  i s  t o  be  compared and con t r a s t ed  

wi th  t h e  ' a r b i t r a g e  func t ion '  which emerges from our  model: 

(129) r p t d .  

1. I n  t h e  modern theory  s p e c i f i c a t i o n  

0 < M  jAP( p* 

Writ ing hjAp, the term i n  (129) which cor responds  t o  # jAp, e x p l i c i t l y ,  

we have : 

(130) r p t d .  



It may be shown t h a t  t h i s  term is a l s o  p o s i t i v e  and f i n i t e .  

Repeating (99) : 

Now T I ): T~ 
j , j  

K 
From (96) T ? 0 f o r  a l l  K and j ,  thus  T. > 0 f o r  a l l  j .  

j J 

I j  is  a va r i ance  covar iance  mat r ix .  It i s  thus  p o s i t i v e  d e f i n i t e  and: 

d e t  ( ) > 0 ( i t  i s  assumed tha t - the re  is  no exac t  l i n e a r  
dependence i n  t h e  M , . )  

J 1  

Since : 

= Var (x$) + ( x ~ E [ E ? . ] ) ~ > O  Thus: d e t  (f + E [ B . I E [ G ~ I ~ ) >  O 
J j J 

Using t h e s e  r e s u l t s  we have: 

8 .  ) 0 f o r  a l l  j. 
J 

-1 J* - ~ote)l:: is t h e  ttth element of x, j,. Thus 9 t t  - 1 d e t  (r 
P d e t  (Ij*) 

where f i s  f j, wi th  t h e  tth column and rth row removed. It i s  a l s o  
j * 

a var iance /covar iance  ma t r ix ,  . i s  p o s i t i v e  d e f i n i t e  and t h u s  h a s  a p o s i t i v e  

determinent .  Hence: 



> 0 f o r  a l l  J and t 

I n  view of (148) and (149), we have, from (130): 

W e  may r e w r i t e  8 as :  
j 

- d e t  (Z .> 
where Yj = 

d e t  ( + E[;.] E [ R . I ~ )  
J J J 

is  pos i t ive .  

Using (96): 

f o r  a l l  j 

Looking a t  (130) repeated above, t h i s  impl i e s  t h a t  t h e  ex i s t ence  of 

a  s i n g l e  i n v e s t o r q n  e i t h e r  country j o r  p, who i s  approximately r i s k  

n e u t r a l  would cause  hjAp t o  approach i n f i n i t y .  Our assumption t h a t  a l l  

i n v e s t o r s  are r i s k  averse  however, ensures  t h a t  hjAp is  f i n i t e .  

Hence, l i k e  its analogue i n  t h e  modern theory  model &jAp ,  we have: 



2. The modern theory  model s p e c i f i c a t i o n  (7), imp l i e s  t h a t  xjAp 
P 

is  zero  i f ,  and only  i f ,  t h e  forward r a t e  f  t h e  " i n t e r e s t  

* 
p a r i t y "  r a t e  F . (Or, e q u i v a l e n t l y ,  i f  

j p  

a r b i t r a g e  margin" i s  zero . )  I n  view of t h e  t e r d  lTjAp i n  (129),  t h e  a r b i t r a g e  

func t ion  which emerges from our  model, does not  have t h i s  imp l i ca t ion .  

The cond i t i on  t h a t  t h e  "covered a r b i t r a g e  margin" be  ze ro  i s  n e i t h e r  

necessary nor  s u f f i c i e n t  f o r  xjAp t o  be  zero.  
P 

3 .  The a r b i t r a g e  f u n c t i o n  which emerges from our  model, embodies a 

g r e a t  many more terms,  embedded i n  t h e  sum pjAp, than  does t h e  a r b i t r a g e  

func t ion  of t h e  modern theo ry  model. 

4. I n  t h e  modern theory  model, w j A p  i s  regarded a s  paramet r ic .  The 

jAp ,, model recognizes  t h a t  t h e  v a l u e  of Ot ... depends on t h e  amount of 

r i s k  a t t a c h i n g  t o  a r b i t r a g e  o p e r a t i o n s  and t h e  degree  of r i s k  a v e r s i o n  on  

t h e  p a r t  of a r b i t r a g e r s .  1 1 1  

hjAp,  as i s  immediately appa ren t  from (130), depends upon t h e  deg ree  

of r i s k  ave r s ion  of market p a r t i c i p a n t s .  It a l s o  i s  a f u n c t i o n  of t h e  

*15 n 
moments of t h e  j o i n t  d e n s i t y  f u n c t i o n s  of t h e  M and M embedded i n  

j i  p i  ' 
t h e  0 and )I terms. Hence i t  depends upon t h e  "amount of r i s k . "  However, 

a s  warran ts  emPCasis, hJAp cannot  be regarded as paramet r ic .  It i s  a 

func t ion  of f  and t h u s  cannot  b e  a cons t an t  i n  a model where f  i s  
j P ' j p  

v a r i a b l e .  

5. P( jAp is regarded as a cons t an t .  Its analogue hjAp, a s  a f u n c t i o n  

of f  i s  n e c e s s a r i l y  a v a r i a b l e .  Futhermore, i f ,  as i s  t h e  c a s e  i n  t h e  
JP ' 



es t ima t ion  of t h e  modern theory  model, f  i s  regarded a s  a random v a r i a b l e ,  
j p  

c o n s i s t e n c y  r e q u i r e s  t h a t  h jAp a l s o  b e  a  random v a r i a b l e .  

Sec t ion  2. The s p e c u l a t i v e  func t ion .  

Using ou r  n o t a t i o n ,  t h e  s p e c u l a t i v e  f u n c t i o n  of t h e  Modern Theory Model 

has  t h e  form: 

(8) r p t d .  

where xjSP i s  t h e  excess  demand f o r  cur rency  p a r i s i n g  from s p e c u l a t i o n  
P 

between c o u n t r i e s  j and p ;  AND O( jSp is a p o s i t i v e ,  f i n i t e ,  CONSTANT. 

This  s p e c i f i c a t i o n  i s  t o  be  compared and c o n t r a s t e d  wi th  t h e  

I I s p e c u l a t i v e  func t ion"  f o r  c u r r e n c i e s  j and p ,  which emerges from our  model: 

X j s ~  = +P + h j s P  [ E [ Z ~ ~ I  - f .  I (138) r p t d .  
P J P  

1. I n  t h e  modern theo ry  s p e c i f i c a t i o n :  

w j S p  7 0 
/ '. 

i t s  analogue h j S P  has  t h e  form: 

Using t h e  arguments of po in t  1 made wi th  r e s p e c t  t o  t h e  a r b i t r a g e  func t ion ,  

we have : 

x j S P  7 0 



2. I n  t h e  modern theory  model t h e o r e t i c a l  expos i t i on ,  % j S p  i s  

t y p i c a l l y  regarded as being f i n i t e .  However, t h a t  t h e r e  i s  a t h e o r e t i c a l  

2 r a t i o n a l e  f o r  i t s  be ing  non f i n i t e  i s  recognized,  and i n  a t  least one 

paper i s  given t h e  prominence of c o n s t i t u t i n g  a  d i s t i n c t  model. 
3 

Once a g a i n u t i l i z i n g  an  argument from p o i n t  1 of t h e  a r b i t r a g e  

schedule d i scuss ion ;  i n  our  model, r i s k  ave r s ion  i s  necessary  and s u f f i c i e n t  

f o r  t h e  f i n i t e n e s s  of h jSp. A s i n g l e  r i s k  n e u t r a l  market p a r t i c i p a n t  

i n  country j o r  p  would cause  hjSp t o  b e  non f i n i t e .  

3 .  The modern theory  s p e c i f i c a t i o n  i m p l i e s  t h a t  xjSp i s  ze ro  i f ,  and o n l y  
P 

i f ,  E[;. ] i s  equal  t o  f  . I n  view of t h e  term 3' S~p i n  (138) , o u r  model 
JP  j~ 

does no t  have t h i s  imp l i ca t ion .  I n  s h o r t ,  i n  our  model it may b e  d e s i r a b l e  

t o  open a  forward s p e c u l a t i v e  p o s i t i o n  when t h e  expected return on t h a t  

. p o s i t i o n  i s  ze ro  o r  nega t ive ,  because covar iance  p r o p e r t i e s  i n f l u e n c e  t h e  

v a ~ i a n c e  of t o t a l  f i n a l  weal th  s o  a s  t o  enhance i t s  expected u t i l i t y .  

Conversely, i t  may not be  d e s i r a b l e  t o  open a s p e c u l a t i v e  p o s i t i o n  even 

though t h e  expected r e t u r n  i s  p o s i t i v e ,  because doing s o  may i n c r e a s e  

t h e  va r i ance  of t o t a l  f i n a l  weal th  t o  such a degree,  t h a t  t h e  expec ted  

u t i l i t y  of f i n a l e e a l t h  is lowered. 

4.  The s p e c i f i c a t i o n  which emerges from our  model c l e a r l y  i n v o l v e s  a 

g r e a t  many more terms,  embodied i n d S p  than  does t h a t  of t h e  modern theo ry .  

Confined a s  it  is t o  two c u r r e n c i e s  and t o  two income paying assets, t h e  

modem theory  model s u p r e s s e s  t h e  e x t e n s i v e  interdependency between r i s k y  

p o s i t i o n s  which emerge from any g e n e r a l  model of p o r t f o l i o  s e l e c t i o n .  



Reca l l i ng  t h a t  bo th  lT'jSp and h jSp a r e  f u n c t i o n s  of e lements  of t h e  

i n v e r s e s  of t h e  var iance /covar iance  m a t r i c e s  of r e t u r n  p e r t i n e n t  t o  

c o u n t r i e s  j and p ,  sugges ts  t h a t  dSp depends not  on ly  on exchange r a t e s  
P  

between j and p ,  bu t  a l s o  on EVERY exchange rate i n  t h e  model involv ing  

4 
e i t h e r  currency j o r  p. Furthermore, i t  a l s o  depends upon t h e  r e t u r n  

d i s t r i b u t i o n s  o f  ALL of t h e  " r i sky  a s s e t s "  ( i . e .  s t ocks )  of t h e  model. 

(Thus t h e  model would support  t h e  con ten t ion ,  t h a t  a  forward d o l l a r  

p r i c e  of pounds depends i n  p a r t  upon b e l i e f  about  t h e  performance of t h e  

Dow Jones  I n d u s t r i a l  Average.) 

5. I n  t h e  modern theory  model M jSp i s  a parameter.  We have seen t h a t  

i t s  analogue h jSp ,  is a  func t ion  both  of E[:. ] and f  . I n  a  model 
JP  j~ 

wi th  t h e s e  v a r i a b l e  , Sp i s  a l s o  n e c e s s a r i l y ,  v a r i a b l e .  Furthermore, 

i n  a n  e s t i m a t i o n  model wi th  f  a  random v a r i a b l e ,  then  hjSp is a l s o ,  . 
j p  

n e c e s s a r i l y  a random v a r i a b l e .  

Sec t ion  3 .  The t r a d e  func t ion .  

n 

I n  a l l  o f  t h e  papers  which compose, what h a s  been cha rac t e r i zed  

h e r e  as, t h e  modern theory  model empi r i ca l  l i t e r a t u r e ,  t h e  s p e c i f i c a t i o n  

of t h e  a r b i t r a g e  and specu la t ive  f u n c t i o n s  i s  uniform. There i s  some 

d i v e r s i t y  however, i n  t h e  t rea tment  of t h e  exces s  demand f o r  forward exchange 

a r i s i n g  from t r a d e .  

I n  t h e  work of S t o l l ,  Kesselman and Haas, " t r a d e r s  are considered 



e i t h e r  a s  a r b i t r a g e r s  o r  ~ ~ e c u l a t o r s " ~  Thus t h e i r  behaviour is  regarded 

a s  being i m p l i c i t l y  captured  by t h e  a r b i t r a g e  and s p e c u l a t i v e  f u n c t i o n s ,  

(7)  and (8). 

McCallum, w h i l s t  adopt ing t h e  same a r b i t r a g e  and s p e c u l a t i v e  func t ions  

a s  those  of S t o l l ,  Haas and Kesselman, chooses t o  s p e c i f y  a  " t rade" 

func t ion  e x p l i c i t l y .  H i s  s p e c i f i c a t i o n  has  t h e  form: 

(9) r p t d .  

where xjTp i s  t h e  excess  demand f o r  forward p  a r i s i n g  from t r a d e  between 
P  

coun t r i e s  j and p. 

Re f l ec t ing  t h e  two t r ea tmen t s  of t r a d e  i n  t h e  modern theo ry  l i t e r a -  

t u r e ,  we have two avenues t o  pursue h e r e ;  t o  cons ider  whether o r  no t  t h e  

- "  c o l l a p s e  of t r a d e  excess  demand i n t o  e i t h e r  s p e c u l a t i v e  o r  a r b i t r a g e  

excess  demand i s  i n  our  model l e g i t i m a t e ,  and t o  compare and c o n t r a s t  

McCallumls e x p l i c i t  s p e c i f i c a t i o n  ( 9 ) ,  wi th  t h e  t r a d e  func t ion  which 

emerges from our  model: 

(147) r p t d .  

I n  t h e  l i t e r a t u r e ,  t h e  r a t i o n a l e  f o r  t h e  c o l l a p s e  of t r a d e  induced 

p a r t i c i p a t i o n  i n  a forward cur rency  market. , . , into,the a rb i t - rage  and specula-  

t i v e  func t ions ,  i s  provided v e r b a l l y .  For example: 

I t  Suppose a  home coun t ry  e x p o r t e r  is  t o  be pa id  i n  f o r e i g n  
exchange i n  t h r e e  months t i m e ,  i . e .  he  has  extended t r a d e  c r e d i t .  



I f  he p r o t e c t s  himself a g a i n s t  t h e  danger t h a t  t h e  exchange r a t e  
w i l l  move a g a i n s t  him, by s e l l i n g  forward f o r e i g n  exchange, he  i s  
a c t i n g  l i k e  an  a r b i t r a g e r .  I f  h e  does noth ing ,  he  has  n e t  a s s e t  
denominated i n  fo re ign  exchange, which i s  specu la t ion . "  

Perhaps t h i s  argument may be  s t r u c t u r e d  i n  t h e  fo l lowing  way. A 

count ry  j expor t e r  h a s  ' E l  u n i t s  of cur rency  p accru ing  i n  t h e  f u t u r e .  The 

f u t u r e  number of u n i t s  of currency j h e  w i l l  r e c e i v e  i n  exchange f o r  E 

can b e  w r i t t e n  as: 

where R i s  t h e  number of u n i t s  of p  "aga ins t  which" he borrows i n  country 

f  
p  ( i . e .  he borrows an  amount R / r  ), f o r  exchange a t  c u r r e n t .  s p o t ,  

P 

and investment i n  t h e  domestic r i s k l e s s  a s s e t ;  and e  i s  t h e  number of 

u n i t s  of E l e f t  uncovered, t o  be r e p a t r i a t e d  a t  f u t u r e  spo t .  

)rr . This  r e t u r n  w may be  w r i t t e n  a s :  

(151) i n d i c a t e s  t h a t  t h e  e x p o r t e r ' s  r e t u r n  from s e l l i n g  some of E forward, 

l e a v i n g  some exposed e t c . ,  may b e  dup l i ca t ed  by: (a)  r e p a t r i a t i n g  all 

of E by borrowing a g a i n s t  i t  i n  count ry  p e t c . ,  (b)  engaging i n  a r b i t r a g e  

by borrowing (E - R) u n i t s  of currency j f o r  investment  i n  t h e  



r i s k l e s s  a s s e t  of country p ,  ( c )  engaging i n  specu la t ion  by buying e 

u n i t s  of currency p  forward. 

Since t h e  r e p a t r i a t i o n  of E i n  t h i s  s cena r io  does not u t i l i z e  t h e  

forward market, t h i s  t r a d e r ' s  p a r t i c i p a t i o n  i n  t h a t  market,  may be  

viewed a s  b.eing governed e n t i r e l y  by t h e  motives of a r b i t r a g e  and 

specu la t ion .  I n  s h o r t ,  s i n c e  t h e  t r a d e r ' s  r e t u r n  can  be  dup l i ca t ed  by 

r e p a t r i a t i o n  not involv ing  t h e  forward market, p l u s  a r b i t r a g e  and 

specu la t ion  which do invo lve  t h e  forward market,  h i s  behaviour i n  t h e  f o r -  

ward market may be  subsumed under t h a t  of  " s p e c i a l i s t "  a r b i t r a g e r s  and 

specu la to r s .  This  p e r s p e c t i v e  sugges t s  t h a t  i f  i n  our  model t h e  t r a d e r ' s  

r e t u r n  cannot be dup l i ca t ed  by complete r e . p a t r i a t i o n  n o t  involv ing  t h e  

forward market,  p l u s  ' a r b i t r a g e '  and ' s p e c u l a t i o n ' ,  t hen  i t  would be  

i l l e g i t i m a t e  i n  our  model t o  subsume t r a d e  behaviour under t h a t  of 

a r b i t r a g e  and specu la t ion .  . 

From our  i n i t i a l  d e f i n i t i o n  of f i n a l  weal th  ( 4 3 ) ,  we have as t h e  

analogue t o  (150) 5, 

This i s  t h e  g ros s  r e t u r n  t o  a n  expor t e r  ( i . e .  ignor ing  t h e  c o s t  of 

genera t ing  t h e  export  income), u s ing  t h e  same a r r a y  of r e p a t r i a t i o n  

o p p o r t u n i t i e s  a s  t hose  of (150) b u t  a l lowing  f o r  t h e  r i s k  of exchange c o n t r o l .  

Using t h e  d e f i n i t i o n :  



* 
and adding and s u b t r a c t i n g  E F t o  (152) provides :  

j p  

This  express ion  i n d i c a t e s  t h a t  t h e  r e t u r n  from e x p o r t s  a r i s i n g  from s e l l i n g  

some of E forward,  l eav ing  some of i t  exposed e t c . ,  ( a s  embodied i n  (152)) ,  

can indeed be dup l i ca t ed  by r e p a t r i a t i n g  ALL of E by a method no t  i nvo lv ing  

t h e  forward market, and s imultaneously engaging i n  a r h i t  rage  and specu la t ion .  

f  
The f i r s t  term i n  (153) corresponds t o  borrowing E/ r  u n i t s  of p ,  

P 

+ :  exchanging t h e  proceeds at c u r r e n t  spo t  and i n v e s t i n g  i n  t h e  domest ic  

r i s k l e s s  a s s e t .  Thus a l l  of E i s  r e p a t r i a t e d  wi thout -  r e s o r t  t o  t h e  

forward market. 
n 

The second term i n  (153) corresponds t o  a n  a r b i t r a g e  t r a n s a c t i o n .  

It involves  borrowing (E - R)? u n i t s  of t h e  domest ic  cur r&ncy j ,  
r 

P 
exchanging a t  s p o t  f o r  currency p  and i n v e s t i n g  i n  t h e  r i s k l e s s  a s s e t  

of currency p. The proceeds,  (E - R) u n i t s  of cur rency  p ,  a r e  t h e n  so ld  
b 

H C  
forward. The appearance of  t h e  terms P and S  r e f l e c t  t h e  p o s s i b i l i t y  

j p  P 

t h a t  i n  t h i s  model d e s p i t e  t h e  forward s a l e ,  f  may no t  be  t h e  a c t u a l  
j p  

exchange r a t e ,  i t  may be  t h a t  w i th  t h e  impos i t ion  of  c o n t r o l s ,  a d i f f e r e n t  

.5 

r a t e ,  sC , governs t h e  exchange. 
P 



The t h i r d  term i n  (153) corresponds t o  a  s p e c u l a t i v e  purchase of 

e  u n i t s  of forward p. 

It may be concluded t h a t  t h e  sup res s ion  of t r a d e  induced p a r t i c i p a -  

* 
t i o n  i n  a  forward currency market,  can  i n  ou r  model be  l e g i t i m a t e .  It 

should be exphasized however, t h a t  i n  our machinat ions,  t h i s  sup res s ion  

of t r a d e  induced behaviour i n  a  forward market ,  i n t o  s p e c u l a t i v e  o r  

a r b i t r a g e  induced behaviour i n  t h a t  market,  has  not  been engineered.  I n  

going from (43) t o  (48) above, w e  d i d  n o t  u s e  t h e  manipulat ion involved  

i n  going from (152) t o  (153).  Hence, a s  d i scussed  a t  l e n g t h  i n  t h e  

s e c t i o n  above "A t r a d e  excess  demand func t ion , "  t h e r e  remains e x p l i c i t l y  

i n  our model, t r a d e  induced behaviour  i n  forward currency markets.  As 

a  consequence i t  i s  of i n t e r e s t  t o  compare and c o n t r a s t  a  ' t r a d e  exces s  

demand func t ion '  which emerges from our  model, wi th  t h a t  e x p l i c i t  t r a d e  

func t ion  which appears  i n  a  s e c t i o n  of t h e  Modern Theory Model l i t e r a t u r e . .  

Using our  n o t a t i o n ,  t h e  t r a d e  f u n c t i o n  of t h e  Modern Theory Model 

has  t h e  form: 
i 

where dTp is  t h e  excess  demand f o r  forward currency p a r i s i n g  from t r a d e  
P - .  

between c o u n t r i e s  j and p. Th i s  i s  t o  be compared wi th  t h e  f u n c t i o n  which 

emerges from our  model: 

have not  considered t h e  r e t u r n  on import income, however, i t  could  
t r e a t e d  i n  p a r a l l e l  manner. 



(147) r p t d .  

I. I n  t h e  modern theory  s p e c i f i c a t i o n :  

' This  p rope r ty  s t e m s  e s s e n t i a l l y  from t h e  fo l lowing  cons ide ra t ions :  ( a )  A s  

f  r i s e s ,  coun t ry  j expor ts  and a  consequent supply of forward p  are 
j p  

encouraged, coun t ry  j imports  and a consequent demand f o r  forward p ,  a r e  

discouraged.  Thus a s  f r i s e s ,  t h e  count ry  j n e t  demand f o r  forward 
j p  

p  d e c l i n e s .  I n  o u r  model, t h i s  n e t  demand is  provided by (143): 

* J* - T 
D' ( t r a d e )  = - Q pNC [ J* + )I qq]  f j p  - rjp - P 

f j p  P J P  j j p  gg 

(143) r p t d .  

i 
Using t h e  approach involved i n  t h e  d i s c u s s i o n  of t h e  a r b i t r a g e  

f u n c t i o n ,  it may be  shown t h a t  f l  i s  p o s i t i v e .  Th i s  r e f l e c t s  t h e  sense  
j 

of t h e  preceding paragraph; I n  a  p a r t i a l  equ i l i b r ium framework, i n c r e a s i n g  

f encourages count ry  j expor t s  t o  p and d iscourages  imports .  (143) 
j p  

however, shows t h a t  t h e s e  f o r c e s  may not  be  s u f f i c i e n t  t o  ensure:  



Since:  

,j ) p > 0 cannot be prec luded .  

J f j p  

(b) A s  f  r i s e s ,  f  = l / f j p  d e c l i n e s .  
j p  p j  

Th i s  encourages a supply of 

currency p from count ry  p impor t e r s ,  and d iscourages  t h e  demand f o r  

currency p from count ry  p e x p o r t e r s  t o  count ry  j .  Hence t h e  n e t  supply  

of forward cur rency  p from count ry  p t r a d e r s  i s  p o s i t i v e l y  r e l a t e d  t o  

f  . I n  our model t h i s  n e t  supply  i s  provided by (145). Using (144) 
j p  

a n d f  = l / f j p  it has  t h e  form: 
p j  

sP (Trade) = 
T - 8 

* pNC P* 
P pj/f P j p  [ b  + 'I qql/f j p  

P* 2 

Now (3 i s  p o s i t i v e ,  which a g a i n  r e f l e c t s  t h e  sense  of t h e  preceding 
P 

comments. However, s i n c e  t h e  s i g n s  of and b 6 / 3 f  a r e  
p j  P j p  

u n r e s t r i c t e d  i t  cannot be  concluded t h a t  

( c )  I f  a s  f  r i s e s ,  t h e  count ry  j n e t  demand f o r  forward p d e c l i n e s ,  and 
j p  

country p n e t  supply  inc reases ,  t h e n  t h e  excess  demand f o r  forward p  i s  



nega t ive ly  r e l a t e d  t o  f  . Hence t h e  modern theo ry  s p e c i f i c a t i o n .  I n  our 
j p  

model however, t h e  r e l a t i o n s h i p  between t h e  excess  demand from t r a d e  and 

t h e  forward rate, is  complex and i s  not  n e c e s s a r i l y  i nve r se .  

2. The t r a d e  f u n c t i o n  which emerges from our  model embodies a g r e a t  

many more terms,  embodied i n  t h e  sum jTp, than  does t h e  t r a d e  func t ion  

of t h e  modern theo ry .  

3.  I n  t h e  modern theory  s p e c i f i c a t i o n ,  P( and wj rPa re  paramet r ic .  
0 

I n  (140) however, bo th  T jTp and h jTp a r e  f u n c t i o n s  of f  and thus  
j p  

cannot be  t r e a t e d  a s  c o n s t a n t s  i n  a model w i th  f  v a r i a b l e .  
j p  

4 .  Following from po in t  #3;  i n  a n  e s t ima t ion  model w i th  f  a  random 
j p  

v a r i a b l e  Ir jTp and h jTp would n e c e s s a r i l y  b e  random v a r i a b l e s .  In 

t h e  modern theo ry  e s t ima t ion  procedures ,  t h e  terms Go and wjTpare  

regarded a s  cons t an t s .  

- Having de r ived  excess  demand func t ions  from our  model, and having 

compared t h e i r  form t o  t h o s e  of t h e  modern theory  model,we a r e  now i n  

a  p o s i t i o n  t o  <nswer t h e  ques t ion :  i s  t h e  assumed "constancy" of t h e  

c o e f f i c i e n t s  of t h e  modern theory  empi r i ca l  model "reduced" form 

c o n s i s t e n t  w i t h  our  model? 

Sec t ion  4. Conclusion. 

The "modern theory  model" i n  i t s  most e x p l i c i t  form ( i .  e. i n c l u s i v e  

of a ."trade1' f u n c t i o n )  u ses  t h e  market c l e a r i n g  cond i t i on :  



t o  a r r i v e  a t  a  "reduced formrf f o r  f .. Using t h e  modern theory  s p e c i f i c a -  
j p  

t i o n s  (7), (8) and (9) t h i s  provides :  

(10) r p t d .  

Th i s  "reduced form" (or  a  s i m i l a r  form o m i t t i n g  t h e  t r a d e  func t ion )  i s  

t h e  b a s i c  e s t ima t ion  equat ion  from which t h e  e s t ima t ion  of t h e  modern theo ry  

l i t e r a t u r e  ensues.  

I f  our  model were t h e  " t rue"  model, t h e n  t h e  "reduced form ( l o ) ,  

would be  an  approximation t o  t h e  express ion  which emerges from t h e  market 

c l e a r i n g  cond i t i on ,  and t h e  excess  demand f u n c t i o n s  of o a r  model. It 

would be  a n  approximation of :  



I n  view of t h e  p o i n t s  made above wi th  r e s p e c t  t o  t h e  excess demand 

funct ions  of our  model, t h e  fol lowing observa t ions  may b e  made regard ing  

(154) : 

1. None of t h e  "coe f f i c i en t s "  i n  (154) a r e  cons tan t s .  With f  
j p '  

P* and E[:. ] v a r i a b l e ,  they  a r e  n e c e s s a r i l y  v a r i a b l e .  With f  a 
j p  J P  j p  

random v a r i a b l e ,  t h e s e  supposed c o e f f i c i e n t s  a r e  a l s o  random v a r i a b l e s .  

2. Since t h e  "coe f f i c i en t s "  of (154) a r e  func t ions  of f  (154) is  
j p '  

not a reduced form. 

3 .  (10) as a n  approximation of (154) has  omit ted v a r i a b l e s .  

I f  our model i s  t h e  " true" model then  i n  view -of t h e s e  p o i n t s ,  

t h e  e s t ima t ion  procedures of t h e  modern theory  l i t e r a t u r e ,  i n  any of 

t h e i r  forms, do not have t h e  d e s i r a b l e  p r o p e r t i e s  which a r e  t h e  j u s t i f i c a -  

t i o n  f o r  t h e i r  employment. 
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APPENDIX I 

AN IMPLICATION OF PARETO OPTIMALITY FOR THE CONSTRAINED CHOICE PROBLEM 

I n  t h i s  appendix we a t tempt  t o  prove t h a t  w i t h  Pa re to  Op t ima l i t y ,  

i n  t h e  d i s t r i b u t i o n  of t h e  r i s k y  o p p o r t u n i t i e s  of t h i s  model, t h e  SAME 

c o n s t r a i n t s  i n  our  op t imiza t ion  problem, must be  b inding  f o r  a l l  i n d i v i d u a l s  

of t h e  same count ry .  We d e a l  f i r s t  w i t h  t hose  cho ice  v a r i a b l e s  which a r e  

cons t ra ined  o n l y  i n  t h a t  they  must be  non nega t ive .  Associated w i t h  any 

such v a r i a b l e ,  f o r  example, t h e r e  a r e  t h e  fo l lowing  necessary  
i 

cond i t i ons  f o r  a n  optimum: 

f o r  a l l  i n d i v i d u a l s  K ,  and cho ice  
v a r i a b l e s  i 

(1) 

f o r  a l l  K and i 

a l l  K and i 

where * denotes  a n  opt imal  v a l u e ,  o r  "evaluated a t  t h e  optimum." 

A s  c o n d i t i o n s  f o r  a Pa re to  Optimal r i s k  a l l o c a t i o n  w e  have,  u s ing  



1. s t a t e  of t h e  world n o t a t i o n  . 

where uK [ 8 ( 8 ) ] ~  2lJK(?) 

b iF 

(4 

f o r  a l l  i n d i v i d u a l s  K and s t a t e s  8 

b 

eva lua t ed  a t  W = W(8) 

Again us ing  s t a t e  of t h e  world no ta t ion :  

t hus  ' 
t 

where cK i s  any choice  v a r i a b l e  and: 
i C 

S u b s t i t u t i n g  t h e  P-0 cond i t i on  (4) i n t o  (5) provides:  

s e e  p. 107 "Theory of F i n a n c i a l  Markets" by Jan  Mossin, P r e n t i c e  
Ha l l ,  New J e r s e y ,  1973. 



f o r  a l l  i nd iv idua l s  K and choice 
v a r i a b l e s  C 

i 

1 1 
Now i f  A ; i s  p o s i t i v e  ( i . e .  t he  c o n s t r a i n t  A , %  0 i s  not  binding f o r  

I 

person 1 )  we have, from (3): 

= 0 

and f  rom ( 6 )  (not ing  QK SO) : 

f o r  a l l  K 

which implies t h a t  f o r  no person K i s  t h e  c o n s t r a i n t  on A binding. Since 
i 

t h e  s e l e c t i o n  of  person 1 i s  a r b i t r a r y ,  i t  may be s t a t e d  t h a t  i f  a  non 

n e g a t i v i t y  c o n s t r a i n t  i s  not binding f o r  one person, then i t  i s  not  

binding f o r  anyone. It follows immediately t h a t  i f  a  non n e g a t i v i t y  

cons t ra in t  i s  binding f o r  one person, i t  is binding f o r  a l l .  W e  next 

attempt t o  prove, t h a t  t h i s  r e s u l t  a l s o  holds f o r  t h e  remaining c o n s t r a i n t s  

of our opt imizat ion  problem. 

Other than non nega t iv i ty  c o n s t r a i n t s ,  we have a s  c o n s t r a i n t s :  



These constraints may be rewritten: 

for all i 

for all i 

-K y~ rLi where Y 
i- 

s, 

For the variables within these constraints we also require: 

for all i 

which may be rewritten: 

K - E i C O  for all i 

The individual is assumed to maximize a Lagrangian which looks in part 

like the following: 

where the yK are multipliers. 
ji 



For a  maximum, we have amongst t h e  necessary  cond i t i ons :  

f o r  a l l  K and i 

2JEK i b EK i f o r  a l l  k and i 

invoking Pa re to  Opt$mality provides  ( 6 ) .  

provides  : 

Using (6), ( 8 ) ,  (9) and (10) 

We w i l l  f i r s t  assume t h a t  h e r e  i s  a t  l e a s t  one i n d i v i d u a l ,  whom 



we s h a l l  index 1, who i s  a n  e x p o r t e r  t o  coun t ry  i. It w i l l  then  be  

shown us ing  t h i s  assumption t h a t  t h e  same and only  t h e  same c o n s t r a i n t s  

on choices  involv ing  count ry  i are b ind ing  f o r  a l l  i n d i v i d u a l s  of count ry  

j. We s h a l l  then  assume t h e  e x i s t e n c e  of  a t  l e a s t  one ind iv idua l  who 

i s  a n  importer  from country i. Using t h i s  assumption we w i l l  aga in  prove 

t h e  a s s e r t i o n .  Without e i t h e r  v a r i e t y  of t r a d e r  t h e  proof i s  immediate: 

I f  n e i t h e r  a count ry  j expor t e r  t o  count ry  i, nor an  importer  

from country i e x i s t s ,  . - 

K - = 0 f o r  a l l  K E i - I i  

K K r  K 
and u s i n g  t h e  c o n s t r a i n t  -I , i < Y  i G E  

Index 

yK = o f o r  a l l  K 
i - 

Assume t h a t  t h e r e  i s  a t  l e a s t  one  count ry  j expor t e r  t o  count ry  i. 

t h i s . i n d i v i d u a 1 ,  1.. Then from t h e  complementary s lackness  c o n d i t i o n ,  

I 
we have y 4i = 0 and (13) becomes: 

f o r  a l l  K 

There a r e  a l s o  complementary s l a c k n e s s  cond i t i ons :  

f o r  a l l  K 



1 -1 1 
We have assumed E' > 0. E i t h e r  E # Y i n  which c a s e  y = 0 ,  o r  

i i 2 i  
1 -1 1 
i 

= Y and we have y = 0. Thus we have 
i 1 i 

1 
Mult iplying (15) by y provides:  

li 

K . I  1 1  
[Y' 2% Y li + Y 4i Y lil = Y 2 i  Y li = 0 us ing  (16) 

Since a l l  y"s 2 0 and pK 7 0 we have : 

Adding (11) and (15) g ives :  

K 1 
+ Y Ail = Y li 

Mul t ip ly ing  t h i s  equat ion  by y K . 
2 i  ' 

K K  K K .K = 0 us ing  (17) p [y li 9 2 i  + 4 i  Y 21' = Y li 21 

S i n c e y ' s  ) ,Oand  

= O  
li 2 1  

Mult iplying (11) by y Kli and us ing  (18) 

K .1 .K 1 
= y  1iY li - y  1iY 2 i  



K 1 
Thus y 1i7 0 Y li> O 

1 
Mult iplying (11) by y li and using (16) and (17) provides: 

Combining (19) and (20): 

f o r  a l l  K 

This  r e s u l t  impl ies  t h a t  t h e  c o n s t r a i n t  a s soc ia t ed  wi.th y li is e i t h e r  

binding f o r  everyone, o r  binding f o r  no-one. 

Using (21) and (16) : 

and s i n c e  y ' s  )r 0 

Thus : 

Multiplying (11) by ylZi and us ing  (22) and (16) provides: 



1 K 
Thus y 2i) 0 -+ Y 2i> 0 

Mult ip ly ing  (11) by yK2i  and us ing  (18) and (17): 

K > O  Thus Y 2i> 0 -) Y 2i 

Combining (23) and (24): 

This  r e s u l t  i m p l i e s  t h a t  t h e  c o n s t r a i n t  a s s o c i a t e d  wi th  yZi, i s  e i t h e r  

binding f o r  everyone,  o r  b'inding f o r  no-one. 

Using ( l l ) ,  (21) ,  (25) and (22):  

(11) r p t d .  

(21) r p t d .  

(25) r p t d .  

= ylli (26) and YK2i = ylZi (27) p Y l i  

K K K 1 and from (26) w e  have: Then from (12) f~ [ Y  li + Y 3i1 = Y li + Y 3i 

for  a l l  K 



K 
Since + )O 

Thus t h e  c o n s t r a i n t  a s s o c i a t e d  w i t h  y is  e i t h e r  binding f o r  everyone o r  
3 i  

binding f o r  no-one. 

Using : 

(25) r p t d .  

and (27) we have: 

Reca l l  t h a t  by assumption, t h e  c o n s t r a i n t  a s s o c i a t e d  wi th  y is  no t  b inding  
4 i 

f o r  i n d i v i d u a l  1, (29) i n d i c a t e s  t h a t  i t  is no t  binding f o r  anyone e l s e  
) 

C o l l e c t i n g  t h e  r e s u l t s  ensuing from t h e  assumptions of Pa re to  

Opt imal i ty  and t h e  ex i s t ence  of a t  least one count ry  j expor t e r  t o  count ry  

i, we have: 

1 
li ? O  H YKli) 0 

(21) r p t d .  

ylZi 0 t--) YKZi ) 0 (25) r p t d .  

1 
Y 31) 0 f~ YK3i7  0 (28) r p t d .  

K 
41 = 0 (29) r p t d .  

f o r  a l l  K. 



Together ,  t h e s e  r e s u l t s  imply t h a t  t h e  same c o n s t r a i n t s  a r e  b inding  f o r  

a l l  i n d i v i d u a l s  of count ry  j ,  w i t h  r e s p e c t  t o  cho ices  i nvo lv ing  count ry  i. 

I n  l i k e  manner, t h e  same conc lus ion  may be  made from t h e  assumption of 

a t  l e a s t  one coun t ry  j impor te r  from country i. 

Index t h e  importer  i n d i v i d u a l  1. From complementary s l ckness :  

f o r  a l l  K 

1 
Since  by assumption I . ) O  we have: 

1 

and (12) becomes: 

Again cons ide r  t h e  complementary s l ackness  cond i t i ons :  

1 -1 1 -1 1 
Ei ther - I  = Y i n  which c a s e  y1 = 0 ,  or-I  # Y and we have y li = 0. 

i 2 1  i 

Thus : 

1 1  
li 2 1  

= 0 (31) (26) r p t d .  

1 
Mul t ip ly ing  (30) by y 2i provides :  



Subtrac t ing  (11) from (30) : 

and mult iplying by y 
K 
1 i 

K K  K K K 
4 [Y 3 i  li + 2 i  li ] = y1 yKli = 0 using (32) 

2 i 

Thus 

K 
2 i  yKli = o (33) 

(18) r p t d .  

Mult iplying (32) by y 
1 
li 

Thus 

K 1 
2 i  li 

= 0 (34) (17) r p t d .  

Having reder-ived ( l 6 ) ,  ( l 7 ) ,  and (18) , w e  may now invoke t h e  procedure 

fol lowing t h e  o r i g i n a l  appearance of equation (18), and s t a t e : .  

1 
li > o c-f yKli> o (35) (21) rp td .  

f o r  a l l  K 

S imi la r ly ,  w e  may invoke the  procedure fol lowing (21) and s t a t e  immediately: 

and 

. K  K - 1 
y 2 i - Y 2 i  

(37) (27) rp td .  



K K  K and (37) provides :  
Using (32) P [ Y  3i + Y 2il = Y 2i 

yK3, = o f o r  a l l  K (38) 

Using (13) f ' ~ ~ 2 i  + Y K 4i1 = Y 1 2i + y1 4 i  and (37) provides :  

Thus 

Co l l ec t ing  r e s u l t s  we have: 

(35) r p t d .  

(36) r p t d .  

(38) r p t d .  

1 K 
Y 4 i > o  w Y 4 i > o  (39) r p t d .  

The i n t e r p r e t a t i o n  of  t h e s e  r e s u l t s  i s  a s  be fo re ,  t h e  same c o n s t r a i n t s  

a r e  binding f o r  a l l  i n d i v i d u a l s  of count ry  j wi th  r e s p e c t  t o  cho ices  

involv ing  count ry  i. 



APPENDIX I1 

DEFINITIONS OF TERMS APPEARING I N  FINAL WEALTH 

A l l  of t h e  fo l lowing  p e r t a i n  t o  lVperson K of country j" however, t h e  

j and k have been suppressed.  

f i n a l  weal th  denominated i n  u n i t s  of  j. 

i n i t i a l  weal th.  

# j  r a i s e d  by borrowing i n  coun t ry  i. 

# j  r a i s e d  by going s h o r t  i n  t h e  r i s k y  a s s e t  of country i. 

# j  a l l o c a t e d  t o  t h e  r i s k  f r e e  asset of count ry  i. 

# j  a l l o c a t e d  t o  t h e  r i s k y  asset of coun t ry  i. 

i,i accru ing  from expor t s  t o  coun t ry  i. 

#i f o r  which t h e  i n d i v i d u a l  i s  l i a b l e  a r i s i n g  from imports  from 
country i. 

number o f  u n i t s  of E r e p a t r i a t e d  by borrowing i n  count ry  i, exchang- 
i 

i ng  a t  c u r r e n t  s p o t  and l e n d i n g  domes t i ca l ly .  

number of u n i t s  of I pa id  by borrowing domes t i ca l ly ,  exchanging a t  
cu r r en t  s p o t  and l e n i i n g  i n  coun t ry  i. 

# i accru ing  from l end ing  i n  coun t ry  i which a r e  l e f t  exposed f o r  
r e p a t r i a t i o n  a t  f u t u r e  s p o t .  



w #i sold  forward t o  hedge t h e  uncer t a in  income from B..  
i 3. 

P i  
#i f o r  which t h e  ind iv idua l  i s  l i a b l e  through borrowing i n  country 
i, which are l e f t  exposed t o  be repaid  a t  f u t u r e  spo t .  

ki 
#i bought forward t o  hedge t h e  uncer t a in  l i a b i l i t y  a r i s i n g  from M . 

i 

e W i  accruing from expor ts  t o  country i, which a r e  l e f t  exposed f o r  
i r e p a t r i a t i o n  a t  f u t u r e  spot .  

i 
#i f o r  which t h e  ind iv idua l  i s  l i a b l e  a s  a  r e s u l t  of imports from 
country i, which a r e  l e f t  exposed f o r  r e p a t r i a t i o n  a t  f u t u r e  spot .  

r 
f  

r i s k  f r e e  r a t e  of country j ,  p lus  one. 
j 

H 

r r i s k y  r a t e  of r e t u r n  of country j ,  p lus  one. - 
j 

i #j  paid forward f o r  one u n i t  of i. 

- s # j  paid spo t  c u r r e n t l y  f o r  one u n i t  of i ( t h e  beginning of t h e  
i period spo t  r a t e ) .  

w 
s s .  governing a t  t h e  end of t h e  period i n  t h e  absence of t h e  imposit ion 
i o t  c o n t r o l s .  

-i 
s s governing a t  t h e  end of t h e  period i n  t h e  event t h a t  only  country 

i i i imposes con t ro l s .  

s governing a t  t h e  end of t h e  period i n  t h e  event t h a t  only country 
iimposes c o n t r o l s .  

:ji s governing a t  t h e  end of t h e  period i n  t h e  event t h a t  BOTH c o u n t r i e s  
i 

i and j impose con t ro l s .  

t h e  end of  period de  f a c t o  currency j p r i c e  of a  u n i t  of i, (an 
exchange r a t e ) ,  f o r  those  t r ansac t ions  where t h e  s a l e  of j i s  con t ro l l ed .  

.,i 
c t he  end of period d e  f a c t o  currency j p r i c e  of a  u n i t  of i f o r  those  ' 

t r ansac t ions  where t h e  s a l e  of i is con t ro l l ed .  



;E t h e  u n c e r t a i n  c o s t ,  i n  u n i t s  of j , of gene ra t ing  one u n i t  of E . 
i i 

t h e  u n c e r t a i n  r e t u r n ,  i n  u n i t s  of j ,  on one u n i t  o f  I r i i ' 

Binomially d i s t r i b u t e d  random v a r i a b l e s  used t o  r e f l e c t  t h e  in f luence  of  c o n t r o l s .  

i f  j (or  i f  j and i )  impose c o n t r o l s .  

o therwise .  

i f  i (or  i f  i and j) impose c o n t r o l s .  

o therwise .  

i f  c o n t r o l s  a r e  imposed by count ry  j and/or  country i. 

o the rwi se  ( i . e .  .in t h e  ABSENCE of  any c o n t r o l s . )  
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