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Abstract

Linear regression is a simple, powerful, often reasonable tool for modelling the de-
pendence of a response variable upon other factors or conditions. However, incorrect
inferences concerning parameters in the model may result if the underlying assumptions
are not met. This project considers diagnostic techniques for model checking in linear
regression, and influence measures for identifying observations which severely affect the
results of the analysis.

These techniques are illustrated by applying them to a Children’s Aid Society Ex-
penditures Data. The response variable in this data set is the per child capita expenditure
in 44 Ontario counties and districts for Children’s Aid Societies in 1980. The depen-
dence of the expenditures by the Children’s Aid Society on sixteen socioeconomic factors

is investigated. Linear models that fit the data reasonably well are identified.
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CHAPTER 1
INTRODUCTION

Linear Regression methods have been used for a long time as a tool for the investi-
gation of the dependence of a response variable upon various conditions. There are many
reasons for its popularity. It is easily understood and computationally simple. Because of
the linear structure, the mathematics involved in fitting and making inferences in a linear
model is tractable and simple. Most important of all, linear regression very often provides
an adequate approximation to the underlying model and it can be a powerful tool when
used properly. It can be applied not only to situations where linear dependencies exist,
but to a variety of other situations.

Like many scientific methods, linear regression is applicable only if certain assump-
tions are satisfied, else incorrect inferences may result. This project describes test statistics

and graphical procedures useful for checking the assumptions of the linear regression model.

1.1 Basic Assumptions and the Theory of
Linear Regression Models

The linear regression model that will be used throughout this project is:



yi = iz + Paria+ -+ Bpzip + €4 1=1,...,n.

This can be written compactly in matrix form as
Y =X3+e,
where Y is an n x 1 observable random vector,
X is an n x p fixed design matrix of known constants describing the conditions upon
which Y depends,
B is an p x 1 vector of unknown parameters,
and € is an n x 1 unobservable random error vector.
Very often, the model contains a constant term so, for example, z;; = 1.
It is assumed here that rank(X) = p.. It is also assumed that the means of the
y;'s can be expressed as linear functions of the unknown parameters f,...,3p, hence
the name linear model. The usual additional assumption imposed on the model is that
e ~ N(0,0°I). This simple looking expression implies
(i) that the ¢; have zero mean,
(ii) that the ¢; are independently distributed; that is, the observed y; are independent of
each other,
(iii) homoscedasticity; that is, the variance of y is the same regardless of the values of
Ti,...,Tp at which the observation is taken, and
(iv) that the y; are normally distributed.
The following is a brief review of the inference associated with the linear regression
model. (See, for example, Christensen [1987], Draper and Smith [1981], and Graybill
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(1976].)

The least squares estimate of 3, usually denoted by B, is defined to be the value of 3
that minimizes the quantity (Y — X3)'(Y — X3). Since rank(X) = p, X'X is nonsingular
and is invertible. In this case., the least squares estimate of 3 is unique and unbiased
and is 3 = (X'X)"1X'Y. Consequently, all linear functions of 3, '3, are estimable f
with rstimate A’B. In particular, the estimate of E(Y) = X3 is Y = X(X'X)"1X'Y.
From the fact that A’3 is estimable, it can be shown that XB is the unique best linear
unbiased estimate of A'3, provided 0% > 0. Assuming that € ~ A(0,02I), then A'B ~
N(A'B,02A'(X'X)~1A) for any matrix A.

An unbiased estimate of o2 is given by the quadratic form 6% = Yl(+::lﬁ where
H = X(X’X)"!X'. The matrix H is sometimes called the hat matrix. It is also known as
the projection matrix onto X since HY is the orthogonal projection of Y onto the space
spanned by the columns of X. (In general, we will use C(Z) to denote the space spanned
by the columns of Z and Hz to denote Z(Z'Z)~*Z' for any matrix or column vector Z.)

Assuming € ~ N(0,0°1), it can be shown that 7 is a minimum variance unbiased estimate

22 '
of 02 and that Z (:2—”) = YAHY x%(n —p).

o2

Let Z be an n x r matrix such that C(Z) C C(X) with rank(Z) = r < p. Assume
that the model Y = X3 + € is being considered. Then the validity of the reduced model

Y = Z~ + € can be tested with the statistic

F o Y(H-Hy)Y/rank(H-Hg) _ Y'(H-Hz)Y/(p-r)
= TY(1-H)Y/rank(I-H) ~ Y'(I-H)Y/(n-p) °

The distribution of F is F(p — r,n — p, 3'X'(H — Hz)X3/20?). If the reduced model is

correct, the noncentrality parameter reduces to 0. Since a nonzero noncentrality parameter

T A’'B is estimable if X' = p'X for some vector p.

3




shifts the F distribution to the right, we reject the null hypothesis Hy : the reduced model
18 correct with a significance level of a if F > F(1 — a;p — r,n — p,0). The hypothesis
Hy: 3, =8, =-=3, =0with 1;,...,1x € {1,...,p} can be tested by setting Z to be

the resulting matrix after the iy,...,7; columns of X are deleted.

1.2 Problems with Linear Regression Fitting

Although linear regressions are easily performed, it is not so easy to justify the
correctness of the conclusions that might be drawn from them. A deviation from the
assumed model may alter the results substantially. Worst of all, many of these problems
may go unnoticed unless further detailed analyses are performed.

One deviation from the linear model is that the dependence of the response variable
upon the independent variables is not linear. As a result, the theory developed for the
linear model, and hence the conclusion drawn from it, is irrelevant and incorrect. This
problem can sometimes be solved by transformation of the independent or dependent vari-
ables (Atkinson [1985]). Another departure from the model is that E(Y) ¢ C(X). In some
~ situations where E(Y) depends on the values z,...,, in a non-linear manner, a trans-
formation may linearize the problem if the transformed variates are normally distributed.

A commonly violated assumption is Cov(e) = ¢%L. In this case, the tests and
confidence regions constructed by the ordinary least squares method will be incorrect. If
the deviation is such that Cov(e) = 02V where V is some known positive definite matrix,
then generalized least squares is used instead. (For a discussion of generalized least squares,
see Graybill [1976].) A special case of this occurs when V is diagonal, so a weighted

4



regression analysis is appropriate. Another cause of incorrect confidence regions and tests
is the violation of the normality assumption. Neter, Wasserman, and Kutner [1990; Section
4.3| state that small departures fromn normality do not create serious problems, but large

departures, however, do.

Conclusions can also be affected by the presence of outliers — extreme observations
that are significantly ‘different’ from the rest of the data set; these observation arouse
suspicion about the validity of the underlying distribution. . Outliers can have undue in-
fluence on the regression line. They also may cause o2 to be overestimated. Sometimes
outliers are the result of mistakes in encoding or recording the data, and the model can be
rectified by correcting the mistakes or by discarding the observations associated with the
outliers. However, such explanations may not be available. Qutliers may contain valuable

information; discarding them in this situation is inappropriate.

Multicollinearity in the design matrix itself may also cause problems. This occurs
when some of the columns of X are linearly or nearly linearly dependent to each other. An
exact linear dependency among the columns of X implies that X'X is noninvertible and
that A’'@ is not necessarily estimable. In particular, the least squares estimate of 8 is no
longer unique. Fortunately, the columns of X seldom exhibit exact linear dependencies.
However, nearly linear dependencies are not rare. In these cases, the variance of the

estimates of some linear functions of 3 may be inflated.

Influential observations may also give rise to misleading results. These are data
points located in such a way that a change in their values will affect the regression line
(i.e. ,@) substantially, regardless of the fact that they might make up only a very small
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portion of the data. It is important to identify influential observations and to note their

influence. Influential observations deserve further attention from the experimenter.

1.3 Purpose and Outline of this Project

The purpose of this project is to present and investigate statistical methods that are
used to detect the various departures from the assumptions underlying the linear model, as
discussed in the last section. The basic theory of residuals will be presented in Section 2.1.
Diagnostic procedures based on residuals will be discussed in subsequent sections of Chap-
ter 2. In particular, methods for detecting outliers will be discussed in Section 2.2; how to
determine whether the addition of further independent variables significantly improves the
model is discussed in Section 2.3; tests for non-normal errors are given in Section 2.4, and
methods for the detection of some special cases of heteroscedasticity in Section 2.5. Tech-
niques for identifying influential observations will be treated in the last section of Chapter
2. A discussion of transformations, variable selection and multicollinearity will be covered
in the three sections of Chapter 3 in that order. A data set on Children’s Aid Society
expenditures will be introduced in Section 4.1. The rest of Chapter 4 will be devoted to
an analysis of this data with special considération to illustration of the statistical methods

presented in Chapters 2 and 3. Conclusive remarks are given in Chapter 5.




CHAPTER 2
DIAGNOSTICS AND INFLUENCE ANALYSIS

Most plots and tests in regression analysis are designed to either (i) criticize the
model fitted, or (i1) criticize or examine any abnormality of the data. Procedures that
aim for the former and latter tasks are called (Weisberg [1983]) diagnostics analysis and
influence analysis.

Diagnostic procedures for model criticism are usually statistics or plots designed to
check the various assumptions imposed upon the model. The following summarizes the
properties that Weisberg [1983] proposed a good diagnostic should have.

(D1) The behavior of a diagnostic procedure should be known, at least approximately,
both under the assumed model and other models with preferably only one assumption
modified.

(D2) The diagnostics can be derived by parameterizing the assumptions so that the problem
of criticism can be investigated with significance test.

(D3) Diagnostic methods should not be computationally intensive, with respect to current
computing facilities.

(D4) Diagnostics should be graphical or have graphical equivalents.

(D5) Diagnostic procedures should suggest remedial action.

The idea of influence analysis is to study the changes in the outcome of the regression

when small perturbations are introduced in the data. As with regression diagnostics,
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Weisberg [1983] also proposed that a good influence measure possess certain properties as

summarized below.

(I1) The perturbation scheme should be well defined (eg. the deletion of a case).

(I2) Influence measures must reter to somie specific aspect of the problem. They must
measure something interesting.

(I3) Influence measures should depend on the sample at hand.

(I4) If a vector norm is used to summarize influential information provided by a vector, (a)
it should possess desirable statistical properties, (b) it should depend on the specific
aspect of the analysis of interest, and (c) the resulting values should be calibrated
with respect to some external reference.

However, seldom does a diagnostic or influence procedure possess all the above prop-
erties. In this chapter, we will present some diagnostic methods that criticize different
aspects of the model and possess some of the properties in D1 to D5. Since most diagnos-
tics are functions of the residuals, the first section will be devoted to the theory of residuals.
Statistical procedures concerning the identification of outliers, the significance of the ad-
dition of more independent variables to the current model, checking for non-normality of
errors, and non-constant variance of errors will be presented in Section 2.2 through Section
2.5 in that order. Some influence procedures that possess some of the properties in I1 to

14 are discussed in the last section.

2.1 Residuals

The ordinary residual is defined by



e=Y-Y=(I-HY=I-H)XB8+¢)=(I-H)e with e ~ N(0,02(I — H)).
The usual use of the residuals is to check for violations of a given standard regression model
as described in Section 1.1. However, since Var(e;) = 02(1 — h;;) (where h;;, usually called
the leverage, is the i*" diagonal entry of H), the ordinary residuals have heteroscedastic
variance. Thus, the assumption of homoscedastic variance of the errors may not be properly
checked by looking at a plot of the ordinary residuals. Furthermore, Christensen [1987;
Chapter 13| noted that since some normality tests are sensitive to inequality of variances,
using the ordinary residuals may lead to a non-normal conclusion about the errors even
though they are actually normally distributed. For these reasons, it is more appropriate

to use the studentized residuals (also called standardized residuals):

2 SSE _ Y'(I—H)Y
_&\/l—h,‘,‘ —n_P_ n—p .

It can be shown that, assuming that Y = X8 + ¢ with ¢ ~ N(0,0%I), r?/(n — p) has a
Beta distribution with parameter 1/2 and (n — p — 1)/2. (See Cook [1982] and Ellenberg
[1973].) It follows that E[r;] = 0 and Var[r;] = 1. Moreover, Cook [1982], applying results
from Ellenberg [1973], showed that Cov[ri, ;] = —hi;/[(1 — hii)(1 — hj;)]*/2 for i # ;. The
ri’s are therefore not independent of each other. The last statement is clear from the fact

that e ~ A(0,0%(I — H)).

An alternative is to use the standardized predicted residuals derived as follows. Let
Y[ and X|; be, respectively, the corresponding Y and X with the ¢** case deleted.

9




Similarly, let Bj;, Hy;j, SSEy;;, and &[21‘] be defined
B = (X{yXp) " Xy Yy,
Hyi) = Xy (X X)) 7' Xy
SSEu = Y(I-Hy) Yy,

SSE

~2 _
0 iep—

Note that updating formula are available so that the above statistics can be obtained
without actually deleting any cases and performing another regression. (Some of the
updating formulae are given by Cook and Weisberg [1982] and Atkinson [1985] without

proofs. I provide detailed proofs of them below.) First notice that, if x! represents the :*?

row of X,
(X Xk = Z TyT1k = Z ez — cijeie = (X'X — x:%) jx
l=1 =1
[E)

= Xfi]x[,-] =X'X — xixi
and, similarly, Xfi]Y[i] = X'Y — x;y:. Therefore,

(X' X)) 1xxi(X'X)™! >

e 1Ny —1
(X[I]X[l]) ((x x) + 1 — XQ(X'X)_IX,'

(X' X)) Ixxi(X'X)™?
1 —xi(X'X)"1x; )

(X' X)(X' X)) xx (X' X))

1-— xg(X’X)'lxi

xixH( X' X) " Ixx{( X' X)™?

T 1 XXX)x;

X xH( X X) 7! = xx(XX) " Ixx (X X) 7!

- x(X'X)'x;
xill - x(X'X) X JRUXX)
1 x(X'X)"Ix;

:(XIX——LXD<}XUQ_1+

—x;xy(X'X)™!

= (X'X)(X'X)"! +

=I-xxy(X'X)™' +

=I—-xxi(X'X)™' +
=TI -xx}(X'X)™" + xx}(X'X)™!
=1

10




That is, (X!, X()™" = (X'X) 7! 4 X0 X7 ppep

(1) B = XX ™' XYy

B XIX -1 ; ! XIX -1
[J —-1o . <! ! -1y
— (X'X)TXY — (XK s 4 ) "ix"(ff X)) XY
_ (X'X)'lxixi(X'X)”lxiyi
1—hy
_ g (XX i1 = ha) (X'X) 7 1x:xi8 + (X' X) "' xihiiyi
B 1 — hi
=3 - (X'X) ' xyi — (X' X) " xigihi — (X'X) 7T xagi + (X' X) " xahiiys
1—hy
s (X'X) ke
=P 1—hy
~ - (X'X)_IX,E,
(2) 9y = X3P = X, (ﬂ %
O X(X'X) ke hije
1- hil 1- hn

(3) SSEp = Yiy(1- Hy)Yy
= Y[ (T = X (X X)) 7 X)) Yy
= Y Y1~ Y Xpa (Xpy X)) ™ X}y Y

=Y'Y ~ in - Yf;‘]X[i]ﬂ[i]

. X'X i
Y'Y -2 — (Y'X —yix )(,g_(___)_x_e_)
1—-h
L Y'X(X'X) xge; s X (X' X) T xe;
=Y'Y -y -Y'X3+ (1—h)-- i +y,‘x§ﬂ—yx'(1_}3_'xe
! N h;;e;
LYY g YHY ¢ NP6y Wi
v, ~Y'H +1 P yixif — T
2 h — Y4 hu ihiii
:Y,(I'—H)Y—yl(l ) ylell y;ly( )+y €

11



=Y'(I-H)Y - y,'z - y,‘zhii — Yiyi + fl,z —Yiyi +yivihi + yfh,—,- — YiGihii

1 — hi
(yi = §:i)°
—Y'(I-H)Y - L4
( ) 1—hy
2
e
=SSE - —.

Now let e;;) = y; — x:[:}[,-], which is sometimes called the PRESS residual. With the

help of the updating formula, we have

hiei e
1—hi  1—hy'

€n =i — i +
and therefore

o?(1 — hy;) o’
Eley] =0 and Varle] = (1 — ki) 1 _hia

Based on e[i] the standardized predicted residual is defined to be

€[i] €[]

T[i] = — — =

Var(ep] &7y /(1 — hii)

‘ SSEy  Yi,(I-Hy)Y
= i where &[21,]= f _ []( (i) []'

O3 (1= ha)

The distribution of rf;; can be derived as follows. Since e; ~ N(0,0%(1 — hii)),

n—-p—1 n—p-—1

0! —

ST = o'\/lfi-h;; ~ N(0,1). Furthermore, Yfi](I — H[,'])Y[,-]/a2 ~ xX(n —p—1). Since

5[21-] does not depend on y; and 6[21.] can be shown to be independent of ﬁ[i] , 6[21-] is independent

of ef) = yi — x;,B[i]. Therefore,

= ;
\/Y[;](I‘H[i])y[-’]
o%(n—p=1)

~tn—-p—1).

For this reason, r; is also called the studentized predicted residual and is sometimes

denoted by ¢;.
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Note that

i g 6/ (1 — hii)
= SSE, =vn-poloe—re

S U 2
\/(n—p—l)(l—h.-;) SSE- 1oy
1—hy;
e
=\yn—-p-1 !

e2

V ” SSE_ 'h“
vn -1
\/1"‘hll\/SSE \/n_p

(1—

n—p-—
:T‘l' 7.

Therefore, if the studentized residual r; is available, r(;; can be easily calculated from the
above formula. The advantage of using rf;) over r; is that the distribution of the former is
known exactly to be ¢(n—p—1), which is asymptotically normal. On the other hand, since
the distribution of r? /(n — p) is Beta, the distribution of r; is non-normal. For this reason,
we intuitively expect r; to reflect ¢; (which is assumed to be normally distributed) better
than r; does. Furthermore, note that the only computational difference between (i) and r;
is that rf;) uses a[] to estimate o? while r; uses 6%. Using r[;) instead of r; in diagnostical
methods should lead to more accurate and unbiased results because the estimate 0[ ] does
not depend on ¢; and therefore 6[21.] should better estimate o2 when e; is large.

As a final remark, note that, as the r;’s, the r(;)’s are correlated.

2.2 Outliers

One task in model criticism is to check for outliers, observations y; that do not fit
the linear model. This is usually done with statistics that are functions of the residuals
since residuals contain the information not explained by the fitted line. The common ones

13




are: e; = y; — x:ﬂ, r; = ﬁT, eH = Yi — x;,BM, and 7y ;ﬁ Any of
these statistics can be used to detect outliers by plotting the statistic against §;, and then
picking out points that are far from zero and the other points. It is better not to use e; or
e(; since they are not standardized and results may be complicated by the fact that the ¢;
or ¢[;) have different variances. The reason for plotting residuals against g;, instead of y;,

is that €;, and hence the above statistics, are not independent of y;. In fact, if hi; 1s small

for ¢« # j, then

=3 hijys
j=1
~ y,'(]. - h,‘,‘)

=Yy 1——-———h“2 1Y
Z] ly_?

o (1 YHY
=Y Y'Y

= yi(1 - R).

Among the four statistics, the one that is most suitable to perform a significant test
is t; since it is standardized and has a known distribution. Since a large value of ¢; indicates
the possibility of an outlier, we reject the null hypothesis Hy : the i** observation is not
an outlier at a significance level of a if |t;| > t(1 —a/2;n —p —1).

In the above test, we have assumed that i is known. However, in most cases, there
1s no way of knowing at which case will the outlier occur, if any. The natural thing to
do is then to let 7 be the case number of the observation that yields the largest |t;| and
test for the possibility of the i** case being an outlier. Though the distribution of maz|t;]
is not clear, we can find an upper bound for the (1 — )™ percentage point by using the
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Bonferroni inequality and the fact that t; ~ t(n — p — 1):

Plmaz|t;| > t(1 —a/2n;n — p—1)]

= P[t;| > {1 —a/2n;n — p—1) for some i]

:P{U“f,' > t(l—a/?n;n—p‘-l)]}

1=1

<Y Pt > #(1-a/2nin —p—1)]

1=1

n
= Za/n = a.
i=1

The test for a single outlier will then reject if max|t;| > t(1 — a/2n;n — p — 1) with
a maximum type I error of a. The test for an outlier can be turned into a test for a
parameter in a linear model. Suppose that the i'* case is suspected as being an outlier.

Consider the linear model

Y=Xﬁ+d1¢+€,

where d; is an n x 1 column vector with a 1 in the :** element and 0 everywhere else. This

model can also be rewritten as

Y =XB+d;¢-Hd;¢ + Hdip + ¢
=X(B+(X'X)7'X'd;¢) + (I-H)d;¢ + ¢

= Xv+ (I-H)d,¢+e, where ¥ =8+ (X'X)7'X'd;¢.

Note that X and (I — H)d, are orthogonal to each other. Now let Z = [X,(I - H)d],
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then the usual F test for ¢ =0 is

Y'(Hz — H)Y/1

F =
Y'(I-Hz)Y/(n—p—1)
= ; (n—p—l)
Y'(I-Hz)Y

_ Y'(I-H)d,[d/(I-H)I-H)d] 'dyI- H)Y(n _p—1)
Y (I-H-H/_gq4)Y o

€2 /(1 = hy)
SYI-H)Y -1y " P Y
_ | e?/(1 = hi;)
(SSE-52) /n—p-1)
e?/(1 — hy)
= SSEp/(n—p-1)

e?

— [} _ 42
= =12

57T = ha)

and F has an.F(1,n — p — 1) distribution with noncentrality of

(Xv + (I-H)d,¢)'(Hz — H)(Xy + (I - H)d,;$)/(207)
= ¢di(I - H)(Hz — H)(I - H)d,$/(25°), since  HzX = HX

= ¢dj(Hz — H)d,¢/(20*), since =~ HzH=HH

, (I - H)d,di(I - H)
= ¢d, 502(1 = hyy) d.¢
(1= hi)(1 = hii)
5021 — k) ¢
_ %1 = hii)

202

Consequently, sgn(e;)VF ~ t (n -p-1, @) has the same distribution as ¢; under
Hy : ¢ = 0. Testing whether the i** case is an outlier is therefore the same as testing
Hy:¢4=0.

Since the nohcentrality is small when h;; is close to 1, the test does not have much
power in this situation. In other words, it is hard to detect outliers when the corresponding
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observations are influential. (See section 2.6 for a discussion on influential observation.)
This agrees with the fact that influential points will pull the regression line in their direction

and hence will reduce the value of the associated residuals.

2.3 Inclusion of Additional Variables

It is often desired to see whether the addition of an independent variable to the
linear model will improve the fit of the model significantly. To be general, assume that ¢

independent variables are added to the base model

Y=X8+¢

so that the expanded model is

Y=XB8+Zvy+e,

where X is an n x p matrix of rank p, Z is an n x ¢ matrix of rank ¢, 8 is an p x 1 column
vector, 4 is an ¢ X 1 column vector and € ~ N(0,0°I). Let 8= (X’X)"1X'Y be the usual
linear estimate of 3 and & = (I — H)Y be the usual residual vector in the base model.
Also, let W = (I — H)Z.
To estimate B and 4 in the expanded model, we rewrite the model as
Y=X8+(I1-H)Zy+HZvy+¢
=X(B+(X'X)1X'Zv) + WA te.

Since X'(I - H)Z = (X — X)Z = 0, X and W are orthogonal matrices, so the estimate of
v and B + (X'X)~1X'Z~ are simply given by the projections of Y onto C(W) and C'(X)
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respectively:
¥ = (WW)'w'Y

— (WIW)—-IZI(I _ H)IY
= (WW)'Z(I-H)(I-H)Y
- (W’W)~1W’é7

and

B+(X'X)7'X'Z5 = (X'X) XY
= B=p3-(X'X)"1X'Z5.
The covariance matrix for 4 and the residual vector of the expanded model are then given,

respectively, by
Covld) = (W'W)™' W' Coo[ Y]W(W'W)"?

AA(WW)TWWwWWwW'w)?

cA(W'W)™?
=o3(Z'I-H)(I-H)Z)?
=o%(2'(I1-H)Z)™,

and
e=Y-Y

=Y — (X8 +Z9)
=Y -X(B-(X'X)"'X'Z%) - Z%
=Y -XB+X(X'X)"'X'Z¥ - Z4
—e—(I-X(X'X)"1X')Z4
=&-W4.
To see whether the addition of the extra variables improves the fit of the model, we
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test Hy : v = 0 with

Fo YI(H[X‘Z] — H)Y/Tank(H[x'z] —H)
Y'(I-Hx z)Y/rank(I - Hix z)
B Y'(H+Hq-uyz-H)Y/rank(Hi_u)z)
Y (I-H-Hj_mz)Y/rank(I-H-H1_n)z)
Y(I-H)Z[Z(I1-H)Z]7'Z'(I1- H)Y /rank(W)
Y'I-HY-Y(I-H)Z[Z(1-H)Z]*Z(I1-H)Y)/(n — p— rank(W))
EWW'W)"1W'e n—p—gq
T - eW(WW)-I1W's ¢

which has a central F(¢g,n — p — q) distribution under the base model.

Now suppose that ¢ = 1, then the expanded model reduces to

Y=XB3+Zp+e

with A
¢=[2'(1-H)Z]"'Z'1-H)Y
_Z(1-H)Y
T Z(1-H)Z’

and we reject Hy : ¢ = 0 with a significance level of a if F' = é(,zw)vzéz(_é’f;&))z > F(1 -

a;1,n — p — 1) and conclude that the added variable does improve the fit of the model
significantly. Here we have assumed that Z ¢ C(X). Graphically, the significance of ¢ can
be detected by the added variable plot of € vs. (I — H)Z. Since
Y=XB+Z¢+¢
= (I-HY=(I-HX3+(I-H)¢Z+ (I-H)e
2>eée=¢(I-H)Z+(I-H)e
= E[é] = ¢(1- H)Z,
a plot of & vs. (I — H)Z should reveal a straight line with slopé ¢, which can be esti-
mated by ¢, in expectation. The variability of the slope can be estimated by @'(({S) =
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(Z'(I-H)Z]"!6% = Z\’{(’I(E;{I;IZ—(I:X\;)_Y” Added variable plots are helpful since they allow

one to see whether the F statistic, on which we may base our decision, is influenced by
isolated points.t

Note that, instead of using a new constructed variable, Z can be one of the variables
in the model. This allows a check on the significance of the variables already in the model.
Let X; denote the i'* column of X and H; the projection matrix onto the space spanned
by the vectors Xy, ..., Xi-1,Xit1,...,X,. Then we can apply the above technique to the

model

Y = [Xl,...,X,‘_l,XH.l,...,Xp],B+X,‘¢+€,

and plot € = (I — H,)Y vs. (I — H;)X; to see whether the variable z; should be included
in the model. A straight line graph with a nonzero slope indicates that z; should be kept
in the model. These kinds of added variable plots are called partial leverage regression

plots.

2.4 Normality

The assumption of normality is important primarily for prediction; it is also impor-
tant because many statistics used to test various aspects of the model assume the normality
of the distribution of the error, ¢;. To construct a test, first suppose that ¢;,...,¢e, are
i.1.d. N(0,02) so that ¢;/0,...,¢,/0 are i.1.d. N(0,1). Also let & denote the distribution

function of the standard normal with ¢ representing the corresponding density function.

t One of the examiners of this project has pointed out that these plots can also probably
be used to identify whether the candidate variable should be transformed for better fit.
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Now let Uy),...,U(,) be the order statistics of n ¢.i.d. (0, 1) random observations. Then

fU“) ..... L'(n)(ll(l),...,u(n)):n!_

Transforming the U(;)’s by Z(,) = 7(U,,)), we have Uiy = ®(Z(;)) and, therefore,

Wy _ [e(Zy) ifi=
9Z; 10 ifi#,"

Therefore, fz,,,..z.,,(3(1)s- -+ 2(n)) = 1! H:;l #(z(iy) 50 Z(1y,. .., Z(n) represent the order
statistics of n .i.d. N'(0,1) random variables. If g(1)»---»&(n) are the order statistics of

€1,...,En, then

Eleiy/o] = E[Z3)
= E[@7'(Uy)]

 —3/8
~d! [;+1//4], for n > 5.

(See Blom [1958] for a proof of the last approximation.) Consequently, a plot of the ordered

standardized residuals r(;) = \/——1‘_’% vs, ¢! {—:;:_—31%} should resemble a straight line with

slope 1. If the plot is not linear, the assumption of normality may be violated. A test

statistic that is closely related to this graphical procedure is the Shapiro and Wilk statistic:

(E[Z'|V~'e/o)?
(E[Z'|V2E(Z]) YL ey — ) [o?’

W —_
where Z’' = [Z1),...,Z(,)] and V is the variance-covariance matrix of Z;,. Since V cannot
(1) » “(n) ©)

be computed easily, an approximation to the W test statistic, the square of the sample

correlation coefficient between E[Z] and £/0, is often used instead:

(ZI;I(E[Z(")] — E[Z))ew - 5)/0>2
Y= (ElZy] = E[Z(4))? S (e —€)2o?

_ (Z ElZp)en - &)/a)
S B2 2] 2 (e — 8)* /o

_ (Z?:lE[Z(i)]E(i)/U)2
S ERZ)) i ey — €2/
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Since ¢(;)/0 is not observable, it is usually replaced by r(;y. If the plot of r(i) Vs E[Z;)
reveals a straight line graph, r(iy and E[Z(;)] are then highly correlated and W' should be
large. Therefore, we reject Hy : ¢; ~ i.i.d.A"(0,0?), against the arbitrary alternative of
non-normal errors, if W' is small. Percentage points for the distribution of W' are given

in Weisberg [1974].

2.5 Heteroscedasticity

Another important assumption in the linear model that should be investigated is the
assumption of constant variance of the errors. F irst, suppose that all other assumptions of
the linear model hold except for this one so that e ~ N(0,0°W), where W has diagonal
elements w; and zero off-diagonal entries. Since ¢; is not observable, the problem of
heteroscedasticity is usually investigated with functions of the residual e; instead. Even
if w; = 1, e; has nonconstant variance, (1 — h;;)o?, so to check the constant variance
assumption, the standardized residual r; should be used instead. A graphical procedure
plots 7; vs. g; or against the observed values X;j of any independent variable z;. An
improvement suggested by Cook and Weisberg [1983] is to use r? instead of i, especially
when the sample size is small; this has the effect of doubling the sample size since the
pattern suggested by the negative residuals and that of the positive residuals are now
superimposed to give a single pattern. Another improvement is to use (1 — hii)ji and
(1 — hii)X;; in place of §; and X,;. A plot with non zero slope then suggests that the
variance is a function of the independent variable being plotted against. A wedged-shaped
graph indicates that the variance is a monotonic function of the independent var iable.
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Statistical tests for homoscedasticity are more complicated. The idea of the score test
presented below can be extended to include more general, twice differentiable functions
w; = f(z;,A), where z; is a known ax 1 vector not necessarily chosen from the design matrix
and A is a b x 1 vector of unknown parameters. For simplicity, we only consider the special
cases where a = b =1, f(z;,)\) = e** with z; = E(y;) and z; = X;;. That is, we will be
testing the hypothesis of constant variance of the errors (i.e. A = 0) against the alternative

that the variance depends exponentially on the mean response or the independent variables
(i.e. A #0).
A test statistic for testing whether the variance depends on the mean response in the

form w; = e*EW¥i) ig

which has an asymptotic x%(1) distribution under Hy : A = 0. (See Cook and Weisberg

[1983].) Similarly, the test statistic for testing whether the variance depends on the j'*

independent variable in the form w; = e*Xii is

(S (X — Xy )e? /6% — 1)
2 Z?:l(xl] - —X_U—)Q

Sy =

where the average X;; is taken over the observed values of the j'* independent variable.
The asymptotic distribution of S; is also x2(1) under the hypothesis Hy : A = 0. It should
be noted that using the chi-squared approximation for small sample size will in general

lead to a conservative test.




2.6 Influence

The analysis of residuals allows one to check the fit of a regression line on a set of
data. However, it does not allow the user to assess the sensitivity of the results against
modifications of the data set. In particular, none of the procedures discussed in previous
sections are designed to detect the presence of influential observations, those whose deletion
will lead to a dramatic change in the regression estimates. One way to detect an influential
observation i1s to compare the difference in the estimates B and B[i]; that is, to compare
the difference in estimating 8 with and without the observation being investigated. One

measure of this difference is provided by the sample influence curve for the parameter 3

SIC; = (n— 1)(8 - Byy)-
(See Mallows [1975] for details.) Since SIC; is a vector- valued function, it is difficult to
compare the SIC;’s for different observations (i.e. different value of :). Hence, we can
instead consider norms of SIC; that have the form
(SIC)'M(SIC,) _ (B — BYM(Byy - B)

Di(M,¢) = = = - :

where M is a p x p symmetric, positive (semi-) definite matrix and c is a positive scale
factor. For any fixed M and ¢, contours of D; are ellipsoid in p-dimension with B (or B[i])
as the center. For an influential observation, B[i] would be ‘far away’ from B and hence D;

would be large.
To compute D;, Cook [1977] suggested using M = X'X and ¢ = pé®. In this case,

D; is called the Cook’s distance

(B — B) (X'X)(By — B)
po?

(Y - Y) (Y - Y)

po?

C; =
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Therefore, C; is also a summary of how far apart are the predicted values with and without

the 1'% observation. A high C; value (C; > 1; see Cook [1982]) then indicates that the

i'" observation is influential in the sense that deleting it from the data set will alter the

X'X) 'x;e; .
{ ) Xi€i C,; can be written as

estimated mean responses significantly. Since 3 — B[i] = =I5

e (X' X) " H(X' X)X X))  xse

€= P31 by,
2 2
€ ! ' -1 1 €, hii
= Y(X'X)'xi= -
pd2(1 — hy;;)? Xl )X po? (1 —hy)l— hy
Ll R
ptl—hy

It is clear that C; will be large if h;; is close to 1 (unless r; is very close to zero) or if

hi
1—-hi;

r; is large. The increasing function P; = is called the potential. It is interesting to

note that (i) P; = x:(XEi]X[i] )~1x;, which is a measure of distance relative to the ellipsoids

defined by (X{i]x[,-])—l, (i1) gi = (1 = hi)ypi;i + hiyi, so that P; is the quotient of the
weights of gj;); and y; respectively, and (iii) P; « Z‘?:l Var(jp;) — E;;l Var(g;), which

is the difference of the total variance of the estimated mean values with and without the

“th

1" case.
Another measure, known as the DFFITS, uses ¢ = &[21.1 instead of p4?; its square is
defined by ) A )
6= X' X)) By —
DFFITS? = (B — B : N B — B)
agr.
(i]
~2 v
o)
(1]
_ r?&2 hi;
R
B
2 1)
~ T hy

It should be clear that DFFITS? is essentially the same as C; except that DFFITS?
gives more weight to outliers, where rj; > r; > 1. One shortcoming in using &[%.] instead of
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62 is that the shape of the contours of DFFITS? (still ellipsoidal) now depends on i. This
makes comparison between DFFITS? for different observations less meaningful since the
distances from B[,-] and fi[j] (z#£ ) to B are now on different scales.

Another related measure is the Mahalanobis distance, which measures the distance
of a random vector to the middle of its distribution. (See Christensen [1987].) Let z be a
random (column) vector with mean g and covariance matrix U; the squared Mahalanobis
distance is defined by

D? =(z—p)U™Y(z - p).

Even though the rows of X are not random vectors, we can still apply the idea of the
Mahalanobis distance to find out how extreme a particular covariate vector, x,, is. Es-
timating g by x = ;II-X'I,, (where 1, is a column vector with n 1’s) and U by S =
L {Z?___l XX, — nm} = —L-X'(I- £17) X (where 17 is an n x n matrix with all

elements being 1), an estimate of the Mahalanobis distance for the it* data point is

D? = (x; —x)'S™'(x; — X)

1 ' 1 - 1
=(n-1) <x,~ - —X'ln) [X' (I — —1;’) X] (xi - —X'1n> ,
n n n
which is the i** diagonal element of
1 ' 1 - 1
(n—-1) (X' - —X'ln) [X' (I - —12) X] (X' - -—X'ln)
n n n
1
=(n-1KKK) 'K where K= (I — ;1;’) X

1 projection matriz onto the orthogonal complement)
=(n-1 of the column space of 1, with respect to X

1
:(n—1)<H——12).
n
This has diagonal element (n — 1) (hii — %) Therefore, bf =(n—1)(hii — %) Note that
DFFITS? is an approximate Mahalanobis distance between B[i] and 8.
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A quick way to detect influential cases (influential in the sense that they are far from
the center of the data set) is then to pick out cases with high h;; values. This can be
done by plotting h;; vs. case number and identifying those with larger leverages. Since
€ = T?e;: ~ e; for small h;;, a plot of €[] vs. € should form a straight line with slope
1. Any points that significantly fall away from such a line may be considered as having
high leverage. However, this method may not be appropriate for small n. Since h;; has
a lower bound of 1/n, the slope of the graph of ¢[;) vs. e; (assuming it is straight) can
be quite different from 1 for small n. Since Z?zl hii = p, the average value of h;; is

= -2 rather than 1. Note that

p/n. This suggests a guiding line with a slope _I_L/n n—p

the identification of influential points should be followed with a discussion of how they are

expected to sway the analysis and a discussion with the experimenter as to why they arise.
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CHAPTER 3
TRANSFORMATION, VARIABLE SELECTION,
AND MULTICOLLINEARITY

The first section of this chapter is devoted to a discussion of transformations on the
response variable to make the errors (more nearly) normally distributed. Although we will
not be discussing transformations on the independent variables, it should be mentioned
that they are equally important. Also omitted is a discussion of joint modelling of the
mean and variance of the response variable via generalized linear models. The second
section deals with techniques for identifying important factors (independent variables)
that explain the variation in the response variable. The computational aspect of one such
technique will be discussed in the third section. The fourth section discusses the problem

of multicollinearity and procedures for detecting the existence of multicollinearity.

3.1 Transformation

It is not always possible to satisfy all the assumptions of the linear model in the
original scale of the responses y;. Sometimes the problem can be resolved by transforming
the y; by a nonlinear function such that the new transformed observations would then

satisfy these assumptions. Mathematically, we write

zi = g(yi) = x;B + €.
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For example, if the standard deviation of y increases as 4 = E(y) increases, then, to the

first order of y — u,

ol
Inyminp+ 52 (y—u)
Y |y
—uy YTH

1
= Var(ln y) = —205,
H

and hence the transformed response z; = In y; may have a stable variance. The In
transformation is a special case of the family of transformations considered by Box and
Cox [1964]:

L=lf N £0
= A R
9(v) {my if A =0

where A is a constant to be determined. Note that ¢(y) is a continuous function with

respect to A since, by 1’'Hopital’s rule,

. A1 . y’\ln y
lim = lim =
A—0 A—0

Iny.

A regression model usually includes a constant term. In this case, the transformed model

can be assumed to have the form

vl =xif+e

since ; /
g(yi) =x;8 +ei

A
A1
@g’—/\—:xiﬂ—#ei

=y} =14+ x{(BA) + des,

and 1 can be absorbed by the constant term. The procedure is then to estimate A and to
test whether it is significantly different from 1; if so, a transformation is in the order. One of
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the methods of estimating ) is the likelihood ratio method. Since 9(Y) =[g(n1),-.-,9(yn)]

is assumed to be (X3, ¢%I) distributed, its density function is:

flg(Y)) = (2Tr02)’"/2erp{~$(g(Y) - XB)(g(Y) - Xﬂ)}

<

A ! A _
= f(Y) =(2m?)—"/'f’-ejcp{_L (Y X 1—x5) (Y X 1-x5)}J,

where

a(g(yl),...,g(yn),)l z
J = =
l O(Y1y.-+yYn) H

and

Y —1=[yr—1,...,y0 - 1]".

Chen [1991] pointed out that the density function f(Y) is not proper in the sense that
it does not integrate to 1. Fortunately, after adjusting the linear model to remedy this
defect, he found that approaches with and without the adjustment ‘will lead to practically
the same parameter estimates for a given set of data’ (Chen [1991], Section 5.2.1).

An estimate of ) is then found by maximizing the log likelihood
€B,0,A) =1In f(Y)

R 2r) — R o? — — S (w1 x'3 2+1 J
= —— - = - — _——X; n J.
5 n(2r) = gino” =55 A\ i

Note that, for fixed X, In J is a constant and so maximizing ¢(3,0,A) can be viewed
as a least squares problem with response 3’% Therefore, for a fixed A, the maximum
likelihood estimates for 3 and o? are, respectively,
B = (X'X)"1X'g(Y)
and 5 = ~[g(Y')(I ~ H)g(Y)].
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With B and o? estimated by 8 and 42, the log likelihood then becomes
€B.6%0) = —2in@r) = Bln d? — 2 ng? 4 in J

2 2 252
n,o_ :
= —Eln 6“4+ In J + constant

= —Zin [i(yl/\ l—xﬂ)

< i=1

+ constant.

+Zl ' ayz

=1

The maximum likelihood estimate, A, is the value of A that maximizes the above log
likelihood. This is usually done by evaluating ¢(3,5%,)\) at selected points A; over a
reasonable range, say -2 to 2. The A; which yields the maximum log likelihood in this set
can be treated as . Accuracy can be increased by "fine tuning” the values of A; at which
the log likelihood is evaluated. However, since the values of A are often rounded to values
such as —2,-1,-1/2,0,1/3,1/2,1,2, for the sake of convenience, ease of interpretation,
or physical reason associated with the problem at hand, it is thus usually not necessary to
estimate A to a high accuracy.

An approximate 100(1 — a)% confidence interval for A is given by the values of Ag
such that

206(3) — £(Xo)] < x*(1 — a;1);

this is based on the asymptotic property of the likelihood ratio test. The likelihood ratio
test can be used to test the hypothesis Hy : A = 1, whose rejection indicates the need for
a transformation.

A graphical aid to check on the need for transformation can be derived from the
following. First, following Atkinson [1985], we normalize the power transformation by the

geometric mean of the response values so that the transformation is:

y)_{ﬁ\;r if A A£0
1 glny, ifA=0
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where § = ([]i, yi)'/™. Now assume that, for some value A, the model
GY;\)=XB+¢

is ‘correct’. (Of course, the value of A that makes G(Y;)\) normally distributed is, in
general, not the same as the one that makes ¢(Y;)) normally distributed. However, it
should be mentioned that, asymptotically, G(Y; X) and ¢(Y; \) are identically distributed.)

Expanding G(Y; ) about some point A = )\ and ignoring terms after the first order, we

have
0G(Y; A
GY:0) % G(Y ;o) + (1 = 2y 22
A= Ao
The model can then be written approximately as
0G(Y; A

The significance of A — Ay can be checked by the added variable plot (see Section 2.3)

of e =(I-H)G(Y;X)vs. w=(I- H)%& . This should yield a straight line

graph with slope —(A — Xg). Therefore, if no transformation is needed, the added variable
plot for g = 1 should display, approximately, a horizontal line.

The advantage of the added variable plot is that it shows not only the need for a
transformation, but also whether such a need is dictated by the whole set of data or just
by one or a few cases. In the latter case, all but a few data points would lie around
a horizontal line. This information is very useful because sometimes the untransformed
model is perfectly all right after the deletion of an outlying case. (For an example, see
Example 8 in Chapter 6 of Atkinson [1985].) In contrast, the likelihood test statistic is a
single summary value pooling information possessed by the data.
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Very often one simply wants to see whether a transformation of the response variable
1s necessary; that is, to see whether A = 1. In this situation, estimating A is not the prime
directive and therefore using the likelihood ratio test may be too time-consuming for such

a simple task. An alternative is to use the usual F test on the expanded model

G(Y;ho)=XB - () — )\0)2(—;(—})\;)\—0) te

As mentioned Section 2.3, the F test for y = A - g =0& A= Ag is

(e'w)?(n—-p—1)
@) (ww) — (Fw)?

F =

and we reject Hy : A = Ao with a significance level of a if F > F(1 — a;1,n — p — 1).
(Atkinson [1985] mentioned that the equivalent score test Tp(Ag) = sgn(—&'w)VF is an

approximation to the likelihood test for the hypothesis A = Ag.)

3.2 Variable Selection

One of the major goals in regression is to find out the factors that strongly influence
the values of the response variable. It is therefore desirable to cut down the number of
independent variables by deleting those which do not contribute significantly. Besides,
although it is no longer a heavy job to perform a regression based on many variables,
the inclusion of irrelevant independent variables will result in complicated models which
are difficult to interpret. Furthermore, deleting variables has some desirable statistical
properties as discussed below.

Consider the model

Y = X8, + XrBr + €,
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where X, (with rank p) and X, (with rank r) form a partition of X (rank(X) = ¢) so
that X = [X, X,], and similarly 8’ = [ﬂ;, B']. 1t is assumed that the variables in X, are

the ones we are attempting to delete; the reduced model is then
Y =X,8,+e.

r

Let B' = [B;, B'] and BP be, respectively, the usual least square estimate of the 8’ and 3,
in the full and reduced models. Also, let 62 and &;‘; be the residual mean squares for the
two models; that is,

72 =Y'I-H)Y/(n-p—r1),

52 = Y'(I- X,(X,X,) " X})Y /(n — p)

Then, from Section 2.3, we have
By =B, — (X, X,) 7' X, X, B,
E(B,) = E(B,) — (X,X,) ' X, X E(B:),

and, if we assume the full model is correct,
E(By) = Bp + (X, X,) ' X} X, By

If B, = 0, the resulting estimate Bp is unbiased. If 3, # 0, Bp is only unbiased if X, X = 0;
that is, the columns in X, are orthogonal to those in X;.
Another desirable property is that Cov(Bp) - Cov(Bp) is positive semidefinite, which

I prove below. Note first that

A B\/Al4+A-'B(D-BA-!B)"!B'A"! -A-'B(D-B'A"'B)!
B D —(D-B'A"1B)"lB'A'"! (D - B'A-1B)!

-(5 %)
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If we let

A B\ _ iy, (XX, XX,
then

Covf3 = Cov (gp) = Cor[(X'X)"'X'Y] = 02(X'X) 7!

r

_,2(AT'+AT'B(D-B'A™'B)"'B'A'"! -A"'B(D-B'A"!B)!
—(D-B'A'B)"'B'A"! (D-B'A"'B)™*
= Cov(B,) =0’ [A"' + A"'B(D - B'A"!B)"1B'A'"1]
= Couv(By) — Cov(B,) = o*[(X,X,)™' + A'B(D - BA7'B)'B'A" ] - 03X, X,)

=0’A"'B(D-B'A™'B)"!B'A'"L.

Now, for any column vector a

a'[Cov(Bp) — Cov(B,)]a

=o‘a’A"'B(D-B'A7'B)"!B'A' !a

=b'(D-B'A!B) b, where b'=a'A"'B

> 0.
The last inequality holds since (D — B’A~1B)~1! is the covariance matrix of B, and hence
positive (semi-) definite. This concludes the required proof.

The advantage of Cov(['lp) - Cov(['}p) being positive semidefinite can be realized if we

look at the variance of the estimate of A'B3,. Consider any linear function of 3,, ¢ = A'35.
(Note that ¢ is estimable for any vector A because 3, itself is estimable.) Let é = /\’Bp

and ¢ = /\’Bp be the estimate of ¢ based on ['Ip and Bp respectively. Then

Var(¢) — Var($) = A'Cov(B,)A — X'Cov(B,)A

= X[Cov(B,) — Cov(B)]A

35



That is, estimating linear combinations of 8, using Bp rather than Bp yields more precise
results. Consequently, confidence intervals for ¢ will be narrower if they are constructed
using Bp rather than Bp. Of course, even though COU(BP)—COL'(BP) 1s positive semidefinite
regardless of whether ,Bp is unbiased, the advantages just discussed are desirable only if 3,
1s unbiased.

The remaining question is then how to decide which variables may be deleted.}
Some common procedures designed for such a purpose are forward regression, backward
regression and stepwise regression (a combination of forward and backward regression).
Between forward and backward regression, the latter is more appropriate since it starts
with a full model and eliminates only those variables that are not significant; however the
resulting models can be complicated. Among the three, stepwise regression seems to be
the most acceptable and widely used method. However, since all three methods process
only one variable at time, valuable information provided by certain combinations of the
independent variables can easily be missed, and the resulting model may be far from the
best. Another shortcoming of these methods is that they only give a single model - they
do not provide the second best or other alternative models for further consideration and
decision; in many situations involving observational studies, there may not be a single
best subset but several good ones. An alternative is to consider all possible regressions,

provided that the number of variables is not very large (say, < 15). This method considers

t Note that the experimenter may be able to suggest which variables are expected
to be of foremost importance in influencing the response. Sometimes, variables may be
grouped into primary and secondary categories of potential importance. In any case,

variable selection methods are useful.
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the effect of each of the 29 possible linear combinations of the independent variables on
the response and allows one to select the best subset (or the first, say, ten best ones) based
on some predefined criteria. One common criterion for this method is the C, criterion.
Before stating the criterion, we first derive the C), statistic. Consider the mean square

error for the fitted value j; = x),;3, (where x.; denotes the i** row of X,) defined by

Elgi — E(yi)]*

= E{[g: — E(3:)] + [E(9:) — E(y:)]}?

= E[g — E(y)]* +2E[5: — EGOJIEG) - B(w)] + [B(5) - E@w)]

= Var(§i) + [E(5:) — E(y:)]%.

The (scaled) total mean square error for all n fitted values is then

Ty = 2 3 {Var(g) +[BGi) - E@l?},

=1
where the subscript p indicates that the statistic is calculated from a model with p variables

employed. Assuming the full model is correct, E(Y) = X3. Then, in matrix form,

T, = 0_% {Z[Var(x;i(X;Xp)_IX;,Y)] +[E(Y) - E(Y)V'[E(Y) - E(Y)]}

o?
i=1
= Z[x;i(X;Xp)"lxpg] +

=1

1 :
= trace[pr] + EE’BIX,(I - pr) (I — pr )Xﬂ

! [Hx, X8 - X4]'[Hx, X8 - Xg]

ol

=p+ %ﬂ’x’(l - Hx,)XB.
Note that
E(Y'(I1-Hx,)Y) = trace[(I - Hx, )o’I] + E(Y')(I - Hx, )E(Y)
=o%(n-p)+ /X' (I-Hx,)XB.

37

! {Z[x;,,-(x;,x,,)—lx;,(,—?x,,(x;,x,,)—lx,,i] +[EHx,Y) - E(Y)'[E(Hx,Y) — E(Y)]

}




Therefore,
1 '

Ip = p+ S [E(Y'(I-Hx,)Y) - o%(n - p)]

B E[Y'(I1 - Hx,)Y]

o2
Since I', contains unknowns parameters, it is usually estimated by

+2p —n.

Y'(I-Hx,)Y

o2

C, = + 2p — n.
(Discussions of I', and C, can be found in Christensen [1987], Daniel and Wood [1980],
Hocking [1976], and Neter et al. [1985].)

It should be clear that, for a correct reduced model, the total mean squared error,
and hence the C, value, should be small. It is therefore possible to use C, as a guideline for
selecting the best subset. The procedure for variable selection is to perform 29 regressions
using different subsets of the independent variables. For each regression, the value of Cp
is calculated. The better models have small Cp, with Cp, = p. Often, especially when ¢

is large, more than one C), may satisfy the above criterion. Note that we do not simply

choose the subset associated with the smallest Cp, as the best subset. The reason is that
Y'(I-Hx,)Y

0"-2

E[C,)|E(Y) = E(Y)| = E

+2p—n|E(Y) = E(Y)]

~T,|E(Y) = E(Y)
=p.
Therefore, if the bias in Y is small, we expect C, to be close to p.

Graphically, variable selection can be done by plotting Cp vs. p together with the
line C, = p. The points with small C}, values that are relatively close to the line are usually
chosen as the better subsets. To get an idea of the variation in the C) vs. p plot, consider,
again, the full model

Y =X,8, +X.8:; + €.
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The test statistic for 3, = 0 is

Fo Y'(H —AHX” )Y
ro?
-Y(I-H)Y+Y'(I- pr )Y
- ra?
~(n—-p+r)3? Y(I-Hyx)Y
= 2 + =
ro? ro?

>rF=-n+p-r+Cp—2p+n
>rF-1)=C,-p
= Var(C, — p) = r*Var(F).
Since F ~ F(r,n — q) (recall that q is the number of independent variables in the full

model) under Hy : 3, =0,

Var(Cp, —p)=r (n forn—q>4

— 2 —q—2
:>\/Var(Cp—p)=niq_q_‘)\/ r(rn—i—_nq_q4 ) for n—gq > 4.

The table below gives values of \/Var(C, — p) for various values of r and ¢ —n.

n— q\r 2 4 6 8 10 12
5 7.5 12 173 221 269 31.6
10 3.2 5 6.6 8.2 9.7 11.2
15 2.7 4.1 5.3 6.4 7.5 8.5
20 2.5 3.7 4.7 5.7 6.6 7.5
25 24 3.5 4.4 5.3 6.1 6.9
30 23 34 4.2 5.0 5.8 6.5
35 23 3.3 4.1 4.9 5.6 6.3

As seen from the table, the variation can be quite large as compared to the value of
P, which is usually less than 15. This makes the problem of selecting the best subset more
difficult since points that are close to the line C), = p statistically (in the sense that their
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distances to the line are within, say, one standard deviation of Cp, — p) may not appear so

to the human eye.

3.3 Computational Aspects of Variable Selection

Even with a computer, performing 29 regression is still a tremendous amount of
work and may take a long time for ¢ > 10. Since most selection criteria are functions
of (X},X,)~" or the error sum of squares (ESS, = Y'(I - Hy )Y), the task of finding
the best subset can be speeded up if there is a quicker way of finding (X}, X,)~! and/or
ESS, for all 29 regressions. One such method uses the SW EEP operator (cf. Goodnight
[1979]). Given an n X n matrix A, the SWEEP operator on A is defined by the following
algorithm.

1. Let b = axr and divide row k of A by b.
2. For each row 1 # k, let ¢; = a;x and add (—a;x)*(row k) to row z.
3. Set apx to 1/b and a;x(i # k) to —c;/b.

In matrix form, this is

] k
o Okj%ik _aik
t aij Qkk ik
S A =
k Bkj 1
Qrk Grk

If we now perform another SW EE P operation, S;, we will have
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SiSLA

(including the one used to indicate the row and column) will leave the matrix unchanged.

Ak; A5k
Cl,j—
akk a1
a“__l(:li._tk_
Apia; Qi; Ak -
all_J_LAL al —ky ik a; - kal ik
ki Qkk k k
Gk(a{k
an—
Ak
a ; @
_%kjOlk
AT Ty 1
ay — CELCIE PRT YT
Gk Gk
, (_"_I:L)(a,‘_“_“i_“ﬂ‘. _ Skl
_ 8k N apg J akk Y
Tk ay—=kL"lk 2 — ZkLTIE
ek Tkk
ajjagjopta; a0
- —ai|ak; Ak "Gk 1] Ok LT R LY,
a;j— — SilBkk—2kimtE

Al1Bkk — ki Qi

QL Qkk—Qkj Lk
Akp@U—AkiCLk

QkjQI—C1; Akl
Q@I —QkiQlE

It should be ‘obvious from the last matrix that interchanging the subscripts [ and k

QU Qleke —CQkiQlE

— Okk
kAU —QkICE

SN 17 E—
Ok @U—CkIALE
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Qe k

G agr—kiaik
AU Akk—RkIAIk

PR 1 ) T
A Ak —QkiGlk

S 7 § E—
QiGkk —QkiQLE
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That is

(P1) SiSrA = S5iSiA.

Furthermore, by performing another Si operation on

that

SkSkA =

This proves

(P2) SkSkA = A.

akj

gk {(—aix/aex)(aki/akr)

1/akk

Qkj/Okk
1/ake

ALk

Although not straightforward, it can be shown that,

(P3) If A is transformed by S;,, Si,, - - -,

the matrix Sy A, we can see

_ TQik[akk

1/akr

S;, successively to a matrix B , the kx k submatrix

of B indexed by {i1,...,ik} is the inverse of the corresponding k x k submatrix of

A indexed by {71,....%}.

42



Finally, note that, after a S operation on A, the elements in the k** columnn can
affect only themselves in further SW EEP operations. That is, if we are to perform a S;
on S;A, the resulting values of the elements that do not fall in the k** column will be the
same whether or not we carried out step 3 of the algorithm when we performed Sy A. We
therefore conclude that
(P4) Let S;,,....Si, be the operation performed on A so far. (Without loss of generality,

we can assume that none of the subscripts is the same due to property P2.) The

matrix obtained after deleting the columns indexed by {i1,...,ix} would have been
the same had we carried out only steps 1 and 2 of the algorithm; this is essentially

Gauss-Jordan elimination.

To use the SW EEP on variable selection, consider the model
Y =X,8, + X,8- +¢,

and augment the matrix X'X to

XX, XX, XY

XX, XI X, X\Y

Y'X, YX, Y'Y

Now let B = S,,...,S1A. As far as the submatrix X, Y and Y'Y are concerned, these

A [XXXY]_
T IYXYY |

operations are the same as performing the Gauss-Jordan elimination on the first p rows.

(This follows from P4.) Therefore
(X, X,) 71X, Y

B =

Y'Y - Y'X, (X X,) T XY
Moreover, P3 tells us that the submatrix X X, will be reduced to (X;Xp)_l and B thus

becomes

(XU X)X X,) T XL Y

B=

Y (I-Hy )Y
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X %) || By

. ESS,

(For simplicity, we have used the first p rows of the matrix A. The results still hold if
we apply the SWEEP operators to rows chosen according to some other schemes. For
example, if rank(X) = ¢ and we apply Si,,...,S;, to A toobtain B =S5;,,...,5; A, we
will have (i) b;, g+1 = Bi, for 1 < j < k, (ii) bgs1,¢+1 = ESSk, and (iii) the submatrix
formed by b;; ;,,1 < j,1 < k, is the inverse of the submatrix formed by a;; ;,,1 < 5,1 < k,.)
Applying the SW EEP operator successively, we can then obtain (X} X,)71, ,Bp, and ESS,
for all possible subsets. This is illustrated in the table below, where we have 3 regressor

variables and we want to fit all 2% — 1 = 7 models.

Step  Operator Resulting Matrix Variables in Model

0 A none

1 S S|A I

2 S, S,51A Ty,22

3 Si 515:;51A = 5,5151A = 5;A T2

4 S; S352A r2,T3

5 Sy 52835, A = 535,5;A = 53A T3

6 Si S153A T1,T3

7 Sa S5.5153A z1,T2,TI3
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3.4 Multicollinearity

Consider again the model Y = X3 +&e. The most fruitful statistical inference results
from a well designed experiment where the columns of X are orthogonal. Observational
studies are not rare, however, especially in medical statistics, and in these studies X is
generally non-orthogonal. Multicollinearity refers to the fact that the columns of the design
matrix X are not linearly independent. The effect of this is that some linear functions of
B do not have unique estimates. Fortunately, it is unusual in regression analysis that
columns of X will exhibit exact linear dependency. However, near multicollinearity does
occur occasionally.

Since X'X is a real symmetric matrix, it can be decomposed as X'X = PAP’ such
that A = diag(A1....,Ap) with Aj,..., )\, being the eigenvalues of X'X and P being
the matrix whose columns, vy,...,v,, are orthonormal eigenvectors corresponding to
M,...,Ap. Suppose we want to cstimate p'P’'B for some vector p. The least squares

estimate 1s

p'P'B=p'P(X'X)IX'Y,

with variance

Var(p'P'B) = p'P'(X'X) ' X'(¢? D)X (X'X) ' Pp

=o?p'P'(X'X)"'Pp

ZO_ZPIA—IP
./\1_1 0o --- 0
:a_2pl 0 : p.
: oo 0
0 --- 0 /\I_P

From the last expression, it is obvious that the variance of the estimate would be large
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if any of the A;’s is small but p; (the i'* component of p) is not zero or compatible to
v/ Ai. In other words, linear functions of 3 in the form p'P’B will be accurately estimated
only if p'P’ is a linear combination of eigenvectors of X'X associated with relatively large
eigenvalues.

The last statement can be generalized to any linear function of 3 since, for any vector

c'B=c'PP'3
= p'P'3, where p =c'P.

Therefore, all linear functions of 3 can be written in the form p'P’B. Consequently, for any
c, ¢'B can be accurately estimated only if ¢ can be approximated by a linear combination
of the eigenvegtors corresponding to relatively large eigenvalues. In particular, the estimate
of the j** component of 3, BJ = ij (where d; is a vector with its 7" component equals 1
and the rest zeroes), and the prediction of the future response value at Xo, yo = x{)B, will
not be precise if the projections of d; and xo onto the space spanned by the eigenvectors
associated with small eigenvalues is not much smaller in magnitude than their projections
onto the space spanned by the eigenvectors associated with larger eigenvalues. (See Silvey
[1969)] for a more detailed discussion on imprecise estimation caused by multicollinearity.)

The problem now is to devise a way to detect collinearity. First of all, given the
matrix X, we should scale the columns so that they are compatible in length. The reason
for doing so is that it should make no difference to the resulting model whether, say the
mass of an object, is measured in kg or g. However, it makes a difference numerically
and affects the procedures that we are going to discuss. One common way to scale X 1s
to normalize its columns. Another way centers the independent variables first so that the
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model is (assuming there is a constant term)

E(y:) =50+ (xi — 1y )ﬂ{ +- o+ (Lip-1 — fp—l)ﬂ;—l’

n
B 1
where I;=— E I
n

= E(Y) = 30 + xcﬂc-

The independent variables are then standardized so that

Tip—-1 ""i‘p—l *
B+ : Fp-1

— 5! ™ —Fp_1)?
\/Z (rj1 — 1) Z,‘:l(fj.p—l p-1

(Y) - /30 nt+ xsﬂs-

_fl

yz —do-l-

Multicollinearity analysis can then be applied to the standardized matrix X,. (To follow
the convention for models with a constant term, we have used subscripts 0, ..., p—1 instead
of 1,...,p for the p components of 3. We have also use z; instead of z;+1 to denote the
variable corresponding to the i + 1** column of the matrix X.)

One way to detect multicollinearity is by means of the variance inflation factor, VIF

(see Neter et al. [1985]), which is defined to be
VIF, = (R™!); for 1<i<p-1,

where R is the correlation matrix for zy,... ,Zp—1 in the standardized model. Note that,

for the standardized model Y = 331, + X,3, + € with Cov(e) = 0?1

Var(Bs)
=Var[(X,X,)'X\Y]
=(X!,X,) o IX (X! X, )

=0*(X(X,)™!
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n
Yo (rji—11)2
J=1

Ipi—1)

In.p—l_fp—l

r I — I
[ T=
2(111—11)2
j=1
:02
Ti1p—1—Tp-1
n
Z:(Ij.p—l—fp—l)2
\V.=
n
( Z(In—fl)2
=1 _
n
Z(Ijl_-i'l)2
i=1
n
Z(In—fl)(ru—h)
i=1
2 /n n
=0 . Z(Ijl"fl)ZZ(IjZ_-f?)z
vj:l j=1
. :
Z(Iil—il)(l'i,p—l—ip—l)
=1
n n
Z(Ij1—i1)2Z(Ij,p-l—ip—1)2
\ =1 i=1
1 12 T1,p—1
o T2 1 T2 p—1
=0 .
Ti,p—1 T2p-1 Tp—1,p—1
_0,2R—1
Therefore,

Z(vap‘l“ip—lﬂ 2(111—51)2
J\WE

Z(Iil"fl)(li,p—l—fp-l)

=1

n

Z:(Ij,x"-l‘ip—l)2

;=1

n
Z(Ijl—il)2
1=l

n

Z(IiZ_-i?)(Ii,p—l_fp—l)

n n

Z(Ij,p—l_ip—l)2

j=1

Z(Ii,p—l—ip—1)2

i=1

n
Y (zip-1=Ip-1)?
=1

Var[it" component of B, = 0*VIF;,

Li,p—1—Ip—1

Z(Ij,p—l_jp—1)2
J=1

I",p—l"ig-l

n
Z:(Ij,;n—x’-f;p—l)2

j=1

and it will be large if VIF; is large, hence the name variance inflation factor.

It is possible to show thatt

1 See Appendix A for proof.

IF, = ——;,
VIF = —
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where R; is the coefficient of multiple determination when the i'* column of X, is regressed
upon the other p—2 columns. If a linear relation exists between «; and some other variables
in the model, R; will be near 1 and VIF; will be large. Therefore, a large VIF; value
indicates a problem of multicollinearity. A common practice is to take max;<i<p—1 VIF; >
10 as an indication of the existence of near dependency among the columns Xj.

Belsley et al. [1980] noted that a shortcoming of the use of the VIF is that it cannot
distinguish the difference between one linear dependency and the coexistence of several
linear dependencies. For example, high values of VIFy,...,VIF, can result from a single
linear relationship between r;,r,,r3 and x4, or two linear relations, one between r; and
z, and one between r3 and z4.

A better method for detecting multicollinearity is based on the singular values of X.
(See Belsley et al. [1980].) By the Singular-Value Decomposition, the p x p matrix X can

be written as

X = UDV',

where U is an n x p matrix whose columns are orthonormal eigenvectors of XX',
D = diag(v/Ai) is an p x p matrix, and
V is an p x p matrix whose columns are orthonormal eigenvectors of X'X.
The quantities p; = v/A;, 1 < < p, are called the singular values of X. Since V is an

orthogonal matrix,

XV =UDV'V = UD.

If y; is near zero, then

X1 + Xovgi + -+ + Xpvp = Ui % 0,
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where X; and U; represent the j'* column of X and U respectively, and v;x denotes the
jk'* entry of V. Therefore, each small value of y; corresponds to a near linear dependency
between the columns of X. This agrees with the fact that small A; are problematic, as
discussed in the beginning of this section. Note that if there are r small y;, there will be
r near linear dependencies between the colulnqs of X. To see how small should y; be for
it to be considered problematic, Belsley et al recommended using the condition indez

maxi<j<e Hj
Hi

m=

instead of p;. Since 3_F_ p? =3P X, = Trace(X'X) = p (the last equality holds because
columns of X are assumed to be normalized), not all y; can be small simultaneously. For
this reason, a small p; will result in a large n;. By their experience, weak dependencies are
associated with n; around 10, whereas moderate to strong relations are associated with 7;
of 30 to 100.
Once a linear dependency is detected, the independent variables that are involved
can be found by using the variance-decomposition proportion defined below. Since
Var(B) = o%(X'X)!

= o (PAP')™! = o’PA'P'

=o’VD7?V/',
we have Var(B,-) = o2 ?:1 %‘} It is then obvious that the quantity, called the variance
decomposition proportion, defined by

2
S v! j/ H;
TP 2,20
=1 Vi 5
represents the proportion of the variance of B,' associated with p;. For a high value of 7,

the variables z;,,2j,,...,2j. (j1,---,jr € {1,...,p}) are considered to be nearly linearly
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dependent if m;j, is large for 1 < k < r. Belsley et al used m;j, > 0.5 as a judgement for
large 7;;, . Such variables can be easily picked out with the help of a variance-decomposition

proportion table like the one shown below.

P Var(3) B Var(3,) 7
Ha 11 Tt Tip m
Hp Tp1 o Tpp Mp

A few remarks are in order here:

(1) A linear relation must involve at least two variables; a single high 7;; value at any

row cannot be used to establish linear dependence.

(2) The involvement of the variates in two or more linear relations may be confounded

if the associated condition indexes are roughly equal in magnitude.

To clarify this point, I considered a hypothetical example where I related four variables in
the following manner: ry +z3 ~ 0, 3+ 24 = 0 (i.e. Yo (z1i+22:)? and Y1 | (T3i + 24i)°

are small). The resulting table may look somewhat like

Hi Var(f) Var(3;) Var(j3s) Var(B4) ni
1.48 0.02 0.01 0.01 0.04 1
1.34 0.03 0.01 0.01 0.01 1.1
0.06 0.35 0.28 0.53 0.55 25
0.05 0.60 0.70 0.45 0.40 30

even though it is expected to be something like
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i Var(81)  Var(3)  Var(Bs)  Var(Bs) n;

1.48 0.02 0.01 0.01 0.04 1
1.34 0.01 0.01 0.01 0.01 1.1
0.06 0.02 0.02 0.90 0.89 25
0.05 0.95 0.96 0.08 0.06 30

Although it is still clear that two linear relations exist (two 7; are considerably greater
than 15), the variables that are involved in each dependency can no longer be definitely

picked out.

(3) When a variable is involved in two or more linear dependencies, its involvement in

the weak one may be masked by that in the strong one.

For example, suppose 71 + r2 =~ 0 and x; + 3 + 24 = 0 where it is assumed that the latter

linear relation is much stronger than the first one. Then the following table may result.

Wi Var(p) Var(52) Var(83) Var(Bs) ni
1.449 0.031 0.003 0.015 0.020 1
1.378 0.042 0.002 0.010 0.020 1.05
0.020 0.925 0.055 0.005 0.010 72
0.005 0.002 0.940 0.970 0.950 290

Although r; is involved in a linear relation with z1, its involvement in such a relation
did not show up in the table because its effect is being dominated by its involvement
in the stronger relation with z3 and r4 where ; = 290. This problem can sometimes be
overcome by picking an involved variable from each dependency and regressing them on the
remaining variables. For the example above, we can pick z3 from the stronger dependency
and z; from the weaker one and regress each on r; and z4; the regression coefficient of
z7 should be significant for the regression of ; on z; and z4, indicating a relationship

between z; and z,.
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The advantage of using condition index over the VIF is obvious. To obtain all the
VIF’s, a matrix multiplication and an inversion are required. To find all 5;, a singular
value decomposition and some divisions are required. With some more arithmetic, all
variance decomposition proportions can be found. With a computer, both procedures can
be performed in seconds. However, the information provided by the 7; and 7;; are more
valuable than that by the VIF;.

We shall now briefly describe the Ridge Regression, an alternative that can be used
in place of the usual linear regression when multicollinearity is detected. The idea is to
use X'X + kT instead of X'X in the estimate of 3 so that, instead of 8 = (X'X)"X'Y,
we have

Br=(X'X+k)'X'Y

where k is a non-negative constant to be determined. Returning to our original problem
in estimating p'P’B (see the beginning of this section), we can now use p'P'Bg instead.

It can be shown that the mean square error for p'P'fiR 1s

E[(p'P'Br — p'P'B)]
= Var(p'P'BR) + [E(P'P'BR) — p'P'B)*

= Variance + Bias

A —k 2
ez 0o 0 e 0 o 0
_—.azp' 0 ) p+ p' 0 _ ) P'ﬂ
: . 0 : oo 0
A —k
0 0 e 0 - 0 9%

Note that the problem of inflated variances in the presence of small eigenvalues can be
eliminated by choosing a value of k that is considerably larger than 0. However, there is
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a trade off: a non-zero value of k creates bias. Nevertheless, it can be shown that there
exists k > 0 such that the mean square error is smaller than that given by the least square
estimate (K = 0). Unfortunately, such a & is generally unknown. A method commonly
used in determining the value of k to use (say kq) is the ridge trace, a simultaneous plot
of the estimated regression coefficients against k; ko is usually chosen as the value of k
beyond which the graph looks flat. (Ridge regression has been discussed by Hoerl and

Kennard [1970], Neter et al., and Smith and Campbell [1980], for example.)
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CHAPTER 4
ANALYSIS OF CHILDREN’S AID SOCIETY
EXPENDITURES DATA

4.1 Children’s Aid Society Expenditures Data

The data set that we investigate deals with the per child capita expenditure by the
Children’s Aid Society in 44 Ontario counties and districts. The Children’s Aid Society
is interested in determining how this expenditures is related to the sixteen variables listed

below.
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All rates are measured in incidents per 100 population. The data is given in Appendix B

proportion of population whose mother tongue is not English or French.
proportion of children less than 18 who are from single parent families.
proportion of tax returns from the two lowest categories.

proportion of GWA beneficiaries.

proportion of legal aid cases.

migration rate outside of municipality.

infant mortality rate.

criminal code offense rate.

Juvenile Delinquent Act offense rate.

number of doctors/1,000 population.

proporti;)n of population of (N.A.) Indian descent.

proportion of tenant occupied dwellings.

proportion of population from large families.

proportion of population with grade 8 education or less.

dependency ratio.

rate of incidence of births to unmarried mothers.

where y represents the response variable,

y = per child capita expenditure (i.e. total amount spent divided by number of children

discussed, as well as the problem of multicollinearity in the design matrix and the identifi-

in the region) on Children’s Aid Society services in 1980, in dollars.

This data is'analyzed in the following sections. QOutlying and influential cases are
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cation of the important factors influencing the response. Many of the diagnostic procedures
presented in the previous two chapters will be illustrated here. For the convenience of the

reader, these are listed below and their previous references are indicated.

Table 4.1 Diagnostics discussed in the analysis of the Children’s Aid Society data.

First Reference

Statistic/ Procedure Section page
t test for outliers 2.2 14
F test for a single added variable 2.3 19
Added variable plot 2.3 19
Normal plot 2.4 21
W' test for normality 2.4 21
Cook’s distance, C; 2.6 24
DFFITS? 2.6 25
Mahalanobis distance, D? 2.6 26
Leverage, h;; 2.6 27
ei vs. €; plot 2.6 27
Added variable plot for transformation 3.1 32
F test for transformation 3.1 33
Cp 3.2 38
VIF; 3.3 47
Condition number, 7; 3.3 50
Variance-decomposition proportion table 3.3 50
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4.2 Analysis

The objective of this section is to identify important factors influencing the response
y, and to simultaneously demonstrate some of the techniques discussed in previous chap-
ters. The software MINITAB will be used as a tool for fitting the regression line and
providing basic statistics. Analyses based on procedures discussed in previous chapters
are provided by a program written by the author.
4.2.1 Identification of potentially outlying and influential cases

The estimated regression line from the full model is

E(y) = —89.9 4+ 26.0x; + 355z2 — 3.6x3 + 188z4 — 347x5 — 2976

—411x7 — 9228 + 164629 + 4760x19 + 17321, + 84.0x12

— 48.’1'13 + 90.91714 + 2041'15 + 581'16.

Table 4.2 gives the estimated coefficients, their standard errors, the significance level as-
sociated with a test that the variable may singly be excluded from the model (p), and the
variance inflation factors (VIF'); the analysis of variance table is also given. Notice that
some of the coefficients are different in sign than perhaps would initially be expected; for
example, the coefficient of x3 is negative. Comments on the variance inflation factors will
be given in the following section. Figure 4.1 and Figure 4.2, plots of ¢; and r; against g;,
show the difference between using the ordinary residuals and the standardized residuals.
Comparing the relative positions of the points, the two plots are similar; the greatest lo-
cation change occurs for cases 40 and 43, which are labelled on the plots. Table 4.3 gives
information on some potentially influential points. These cases can also be identified from
Figure 4.3-4.6, which plot hi;, D?, C;, and DFFITS? against i. As expected, h;; and D?
provide very similar results. With leverage values in the proximity of 0.9, both cases 6 and
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Table 4.2 Estimates from fitting a full model to the Children’s Aid Society Data

Standard
variable Coefficient Error P VIF
Constant -89.93 91.48 0.334
X1 25.97 54.26 0.636 3.0
X2 355.3 222.3 0.122 4.1
X3 -3.57 23.91 0.883 1.5
X4 188.0 404.5 0.646 4.2
X5 -346.9 546.0 0.531 1.9
X6 -297.2 139.3 0.042 1.3
X7 -410.9 658.8 0.538 2.0
X8 -91.6 436.4 0.835 4.1
X9 1646 1139 0.160 3.0
X10 4760 11786 0.689 2.8
X11 173.0 190.0 0.371 10.6
X12 83.96 64.36 0.203 5.6
X13 -47.9 223.7 0.832 7.9
X14 90.95 82.64 0.281 4.9
X15 204.3 249.9 0.421 6.7
X16 57.6 228.4 0.803 18.6
Analysis of Variance
SOURCE DF SS MS F p
Regression 16 13510.4 844.4 5.24 0.000
Error 27 4354.5 161.3
Total 43 17865.0

59



40

30| "
20 |F x x
: 40 x x
10 -
s F 8 ~ .
" < X x x
0 % =
C n;,( x 2% x x x x
C 43 x N x x X ¥
-10- N
- x x
- x
-20F x
_so-lllllllllllllIlllllllllllll[llllllllllllllLJJJlllllllllllll
20 40 60 100 120 140

80
9

Figure 4.1 Plot of ordinary residuals, e;, vs. fitted mean values, g;.
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Figure 4.2 Plot of standardized residuals, r;, vs. fitted mean values, ;.
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Table 4.3 Statistics concerning potentially outlying and influential cases.

Case PRESS Cook's

Number District Leverage Residual Distance DFFITS?
6 Kenora 0.9263 1.0040 0.7445 12.6606
7 Rainy River 0.4865 1.9888 0.1987 3.7469
9 Cochrane 0.4542 0.5773 0.0167 0.2774
31 York 0.7313 0.3481 0.0201 0.3298
32 Toronto 0.5094 2.4286 0.3049 6.1245
33 Frontenac 0.6501 0.9539 0.0998 1.6906
39 Ottawa-Carleton 0.4745 4.3688 0.6070 17.2317
40 Prescott & Russel 0.7339 1.9572 0.5625 10.5649
43 Durham 0.8943 1.7914 1.4770 27.1627
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Figure 4.3 Plot of leverage, h;;, vs. case number.
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Figure 4.4 Plot of D? (estimate of Mahalanobis distance) vs. case number.
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43 should be considered influential since they are far from the center of the data. The next
two most influential cases are 31 and 40, having leverage values larger than 0.7. Observa-
tion of the Cook’s distance values (see Figure 4.5) also indicates that cases 6 and 43 are
influential, with the latter case being more so. Detailed analysis indicates that case 6 has
values of ry, x4, r9,r11, and r¢ far outside the range of the other cases (zee Appendix C).
With C; values slightly larger than 0.5, cases 39 and 40 are slightly influential. The graph
of DFFITS? gives very similar results as that of C; except that in Figure 4.6 case 39
stands out more because case 39 is an outlier (see the discussion in the second paragraph
on p.25). Similar conclusions concerning which cases are influential can be drawn from
the plot of ef;) vs. e; in Figure 4.7. Cases 6 and 43 distinctly fall outside the linear trend
outlined by the other data points. Note that cases 6, 40, and 43 are identified by all three
(hii, Cy, and ef;) vs. e;) graphs. It should also be mentioned that the potentially influential
cases 7, 9, 32, and 33 included in Table 4.3 are not recognized as highly influential in these

three graphs.

Figure 4.8 shows a plot of the absolute standardized PRESS residual, |t;|, against
case number. With |t39| = maz|t;| = 4.369, the Bonferroni test is significant with a p-value
less than 0.008. We conclude that case 39 is much different from the rest of the data and
can be considered as an outlier. It is not unlikely that case 39 should behave differently

from the other districts since it corresponds to the Ottawa-Carleton region.
4.2.2 The problem of multicollinearity

The correlation matrix of the independent variables is given Table 4.4. There are

slight correlations between zg and z¢, 9 and r1;, 13 and 14, 12 and 5, and x;; and

64



80

60 x 39
40 - x 32

20 - x

- x 43

|
=30 -20 -10 0 10 20 30 40

€;

Figure 4.7 Plot of PRESS residuals, e[i], vs. ordinary residuals, e;.
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Figure 4.8 Plot of absolute standardized PRESS residuals, |t;], vs. case numl?er. In-
cluded is the value of the maximun [t;|; the quantity in parenthesis gives t-he 51gn1ﬁ(':a.nce
level for testing whether the observation associated with the largest |t;| is an outlier.
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Table 4.4 Correlation matrix of independent variables. Larger values are identified by
asterisks.

x1 X2 x3 x4 x5 X6 x7 x8
X2 0.254 '
x3 -0.102 -0.050
x4 0.256 0.289 0.175
x5 0.220 0.487 -0.121 0.354
X6 -0.211 -0.145 0.099 -0.072 -0.145
x7 0.292 0.244 10.137 0.543 0.141 -0.022
x8 0.322 0.277 0.045 0.469 0.396 -0.194 0.323
X9 0.234 -0.018 0.257 0.496 0.280 0.134 0.458 0.437
x10 0.214 0.453 -0.081 0.210 0.349 -0.207 0.236 -0.023
x11 0.413 0.071 0.097 0.673 0.236 -0.023 0.516 0.523
x12 0.474 0.576 -0.106 0.194 0.261 -0.230 0.154 -0.008
x13 -0.256 -0.130 0.120 0.381 0.008 0.282 0.283 0.196
x14 -0.130 0.026 0.144 0.362 0.061 0.280 0.229 0.244
x15 -0.363 -0.447 0.091 -0.025 -0.219 0.286 0.032 0.127
x16 0.368 0.457 0.146 0.645 0.422 -0.094 0.572 0.723*
x9 x10 x11 x12 x13 x14 x15
x10 -0.029

x11 0.735* 0.027

x12 -0.118 0.678 -0.040

x13 0.407 -0.367 0.394 -0.329

x14 0.281 -0.375 0.270 -0.336 0.775*

x15 0.225 -0.602 0.210 -0.792* 0.609 0.646

x16 0.604 0.104 0.780* 0.164 0.489 0.403 0.087
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r16. Note further that two V' IF; values are greater than 10 (see Table 4.2). The variance
decomposition proportions are given in Table 4.5, and these provide a deeper insight into
the problem of multicollinearity. There are three condition numbers that are significantly
greater than 30, indicating that there are three strong linear dependencies. The strongest
relation has a condition number of 255, and it involves the constant term and r;5, with
112 and ry4 playing minor roles. The linear relation with condition number 94 seems to
involve the variables 13, rg, 213, and z14; a regression of r;3 upon other variables confirms
that these are the major variables that enter the relation. Since all variance decomposition
proportions for the third strongest dependency, with condition number 52, are less than
0.45, it is not clear which variables are involved. It is likely that their involvements in this
relation is either masked by their involvement in the stronger relations or confounded with

relations having compatible condition numbers, 32 and 35.
4.2.3 Selecting a transformation

Since the results of the rest of the analysis may be affected significantly by influential
or outlying cases, we delete them from the data set initially and consider re-including
them later. The cases deleted are 6, 40. 13, and 39 as the first three seem to be the most
influential and the last is an outlier. Table 4.6 gives estimates from fitting a regression
without these observations. Comparing the regression equations with and without these
cases, we note a significant change in the regression coefficients for 1, z3,zs, 10,12, and
z16. The sign of 35 is now meaningful, but that of BIG is not. Note the significant decrease
in the variance estimate (from 161.3 to 65.49). With these four points deleted, case 31
stands out as an influential point while case 32 is an outlier.
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Table 4.6 Estimates from fitting a full model to the Children’s Aid Society Data with cases
6, 39, 40, and 43 deleted.

The regression equation is

E(Y) = - 130 + 139 x1 + 380 x2 + 112 x3 + 178 x4 - 404 x5 - 195 x6
- 898 x7 + 317 x8 + 895 x9 + 19613 x10 + 377 x11 - 18.2 x12
-'73 x13 + 75.8 x14 + 277 x15 - 80 x16

Standard
Variable Coefficient Error p
Constant -130.19 64.30 0.055
x1 139.47 42,04 0.003
x2 380.2 168.7 0.034
x3 111.69 42,92 0.016
x4 177.9 406.1 0.665
x5 -404.3 368.8 0.284
x6 -195.12 93.11 0.047
x7 -897.8 448.4 0.057
x8 317.2 299.7 0.301
x9 894.9 862.7 0.310
x10 19613 8109 0.024
x11 376.6 176.7 0.044
x12 -18.17 48.30 0.710
x13 -72.6 144.2 0.619
x14 75.77 66.39 0.265
x15 276.6 169.3 0.116
x16 -80.1 152.9 0.606
Analysis of Variance
SOURCE DF SSs MS F P
Regression 16 9038.51 564.91 8.63 0.000
Error 23 1506.28 65.49
Total 39 10544.79
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Figure 4.9 gives a plot of r(;, vs. E[z(;)]. The W' statistic for testing normality has a
value of 0.957, which is almost significant at the 0.10 significance level. Also, the plot does
not resemble a straight line. Figure 4.10 is an added variable plot for detecting whether
a transformation is required (see Section 3.1). The F statistic associated with this plot
has a large value of 23.218 with corresponding significance level less than 0.0001, and the
graph certainly seems to follow a linear trend. Note the striking difference in significance

levels corresponding to these two tests.

We consider a Box-Cox transformation to normalize the response. To estimate the
parameter A in the Box-Cox transformation, we plot maximized log likelihood for various
A in Figure 4.11. The maximum likelihood estimate of A is approximately -0.7. Note that
A = —1.0 is well within the 95% confidence interval and, for convenience, we will therefore

use the inverse transformation to normalize the data.

Figure 4.12 is a plot of r(;) against E[z(;)] for the transformed model with all variables
included, while Figure 4.13 gives an added variable plot for checking whether this trans-
formation is satisfactory. These two plots can be contrasted to the corresponding plots for
the untransformed model (Figure 4.9 and 4.10). It is apparent that the transformed model
follows a normal distribution more closely. The W' statistic corresponding to Figure 4.9
is 0.983 and the corresponding significance level is well above the 50 percent point. Since

maxlt;| = 2.071, there are no apparent outliers.

4.2.4 Variable Selection

In this section we attempt to identify the variables which most highly influence

the response. First, we consider all possible regressions to the transformed response.
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Figure 4.9 Plot of ordered standardized residuals, r(;), vs. expected values of normal
order statistics, E[z(;)]. Included is the associated test statistic for normality, W'; the
quantity in parenthesis gives the significance level for the test.
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Figure 4.10 Added variable plot for detecting the need for a transformation (Ag =
1) for the full model. Included is the associated F' test statistic for testing that a
transformationis required; the quantity in parenthesis gives the significance level for the
test.
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Figure 4.11 Plot of maximum log likelihood vs. A. The vertical lines form an approxi-
mate 95 percent confidence interval for A.
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Figure 4.12 Plot of ordered standardized residuals, r(;), vs. expected values of
normal order statistics, E[z(;], for the transformed model. Included is the associated
test statistic for normality, W’; the quantity in parenthesis gives the significance level
for the test.
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Figure 4.13 Added variable plot for detecting the need for a further transformation
(Ao = 1) for the transformed model. Included is the associated F test statistic for testing
that a transformation is required; the quantity in parenthesis gives the significance level
for the test.
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Reducing the number of explanatory variables in the model may remove some of the
problems encountered above, especially multicollinearity. All submodels contain a constant
term. Many of the models with low C, values include ry,r2,r3,r6. 27,211,214, and 73,

with ry,rp,r3 and r;; included most often.

Based on the (', statistic and with a consideration of parsimony, eight reasonable
submodels are shown in Table 4.7 together with some of their respective diagnostic and
influence statistics. Testing for normality using the W' statistic shows that all models
have errors which are reasonably approximated by the normal distribution. The last four
models provide small Cp, — p values. Note that r,,z2,x3, and z;; are common to all these

models.

To illustrate the technique of added variable plots and to test the importance of z,,
an added variable plot of r; for model 1 is displayed in Figure 4.14. Both the linear trend
and the highly significant F value strongly suggest keeping r, in the model. Figure 4.15
shows the added variable plot of 4 for the same model (with z; included). With a more
or less random pattern in the plot and a non-significant F' value, adding z4 to the model

does not significantly improve the model.

4.2.5 A working model

Before comparing the models in Table 4.7, we should return to the (four) influential
and outlying cases that we have deleted and try to re-include them. Out of the four cases,
only case 40 can be re-included in models 1, 2, 3, 4, and 6 without significantly altering the
estimates. Cases 6 and 43 are still highly influential; similarly, case 39 is again an outlying

value.
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Figure 4.14 Added variable plot for adding z; to the model with z;,z3, 26,211,
and z,4. The associated F test statistic for including z, in the modelis is stated; the
quantity in parenthesis gives the significance level for the test.
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Figure 4.15 Added variable plot for adding z4 to the model with z1, 22,23, Zs, 211,
and z,4. The associated F test statistic for including z4 in the model is stated; the
quantity in parenthesis gives the significance level for the test.
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From the previous analysis, the factors important in explaining y are z,, rq, z3, 4,
Te, I7, I10, L11, L14, I15. All of the models in Table 4.7 provide a good fit to the data.
Models 3, 5, 6, 7 and 8 all have small C, — p values; model 3 may be preferable overall
since r5 is highly correlated with the constant term. Details of the fitted model with cases
6, 39, and 43 deleted are given in Table 4.8. Figure 4.16 and 4.17 give, respectively, the
added variable plots of r4 and x5 for this model. The F test for including z4 is significant,
but the plot indicates that it is affected by an isolated case. Figure 4.17 shows an opposite
situation. The F test for including r;5 is non-significant but the plot reveals that it might
be influenced by case 40.
4.2.6 Discussion
The variables that seem to be important in explaining the variation in y are:

r, : proportion of population whose mother tongue is not English or French.

r7 : proportion of children less than 18 who are from single parent families.

r3 : proportion of tax returns from the two lowest categories.

T¢ : migration rate outside of municipality.

r7 : infant mortality rate.

ry0 : number of doctors/1,000 population.

r1; : proportion of population of (N.A.) Indian descent. families.

T14 : proportion of population with grade 8 education or less.
Note, however, that some of the other independent variables originally considered are
correlated with those listed above, as discussed previously. In addition, some of the districts

have values of independent variables very different from the rest of the cases. Inclusion of
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Table 4.8 Estimates from fitting a submodel to the transformed Children’s Aid Society data
with cases 6, 39, and 43 deleted.

The regression equation is
E[y(-1)] = 0.946 + 0.0197 x1 + 0.118 x2 + 0.0181 x3 - 0.0771 x6
- 0.234 x7 + 5.10 x10 + 0.109 x11 + 0.0693 x14

Predictor Coef Stdev P
Constant 0.945954 0.004263 0.000
x1 0.01968 0.01003 0.058
x2 0.11824 0.03609 0.003
x3 0.01809 0.01255 0.159
x6 -0.07709 0.03247 0.024
x7 -0.2343 0.1478 0.123
x10 5.098 2.389 0.041
x11 0.10931 0.04388 0.018
x14 0.06933 0.01436 0.000

Analysis of Variance

SOURCE DF SS MS F P
Regression 8 0.00115363 0.00014420 15.02 0.000
Error 32 0.00030720 0.00000960

Total 40 0.00146083
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Figure 4.16 Added variable plot for adding z4 to the model with z,, z3, =3, z¢, 77,
T10, Z11, and z14. The associated F test statistic for including z4 in the model is stated,;
the quantity in parenthesis gives the significance level for the test.
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Figure 4.17 Added variable plot for adding ;5 to the model with z,, z2, =3, z,
7, 10, T11, and z14. The associated F test statistic for including 15 in the model is
stated; the quantity in parenthesis gives the significance level for the test.
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these observations would have biasing effect on the analysis. These districts are:

1. Kenora.

N

. Prescott and Russel.

3. Durham.

4. Ottawa-Carleton.
The fourth of the districts above is also an outlying case since it does not fit into any of the
reasonable submodels discussed in Section 4.2.4. Note that Kenora is the largest district.
Also, the per child capita expenditure in the Ottawa-Carleton region is far higher than

that predicted by any of the regression models studied.
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CHAPTER 5
CONCLUSION

After fitting a regression line, it is important to consider the goodness of fit of the
model. The procedures discussed in this project can be helpful in this regard. Note that
sometimes two statistics can give very similar results, as in the case of the Cook’s distance
and DFFITS?, or leverages and Mahalanobis distance. Considering Cook’s distance and
DFFITS?, Cook’s distance may be preferable over DF FITS? because the former statistic
is invariant under nonsingular linear transformations and can be calibrated by comparison
to confidence contours for 3. Likewise, h;; may be preferred over D; since its bounded

range provides an easy way to measure the ‘strength’ of influence of an observation.

Graphs are powerful analytical tools and they are easily understood. Some statis-
tics, such as the S test for heteroscedasticity and the F test for determining whether a
transformation is required, can be misleading if not presented together with their graphi-
cal equivalence or graphical procedures that are designed for similar purposes; the latter
methods can help to identify whether a significant result is caused by a few cases or the

data set as a whole.

Care should be taken when using some of the statistical procedures presented as
often they require some underlying assumptions, and violation of these assumptions may
lead to misleading' interpretations. For example, non-constant variances may offset the
W' test for normality to indicate that the errors are non- normal when they are actually
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normally distributed. Similarly, all F tests discussed rely on normality of the errors.
Finally, it should be mentioned that there are many other statistical procedures that
are not considered here, but may be useful or necessary in some situations. Some examples
are the test for lack of fit when repeated measurements are available, a consideration of
transformations of independent variables, or transformations of the response values other
than the Box-Cox transformation, and the assessment of influence when more than one
case is deleted. Some recent work in regression goodness of fit include diagnostics for
measurement-error models (Carroll and Spiegelman [1992]) and diagnostics for assessing
the influence of individual cases on the estimation of the parameter in the Box-Cox trans-

formation model (Tsai and Wu [1992]).
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APPENDIX A

Proofof VIF; = 1_—IIT§

Consider the standardized model
E(Y) = 50171 + xs,Baa
and define VIF; as in Section 3.4 by

VIF;, = (R™"); for 1<i<p-1,

where R is the correlation matrix for z,,...,zp—;. Proving that VIF; = l—_-lﬁ is therefore

the same as proving that the 7:'® entry of the inverse of R = X' X, is the same as _—17,
P g y s 1-R

where R; is the coefficient of multiple determination when the i** column of X is regressed
upon the other p—2 columns. Without lost of generality, we can assume : = 1 and partition

X, as

' /"
X' X, = [UU UV},

vV'u V'V
where U is the first column of X, and V is X, without the first column. Using the fact

that

A B\ ' _ [A — BD-C]! ~A-1B[D - CA-!B|!
c D/ ~\-D-clA-BDC]! [D - CA~!B]™! ’

we would have

(X'X, ) =[U'U-UvVVv'v)tvuT!
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1
U'U (1 - £HvY)

U’y
B 1
~ U'U(1 - RY)
1
T m

The last equality follows from the fact that X, is a standardized matrix.
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APPENDIX B

Children's Aid Society Expenditures Data

Area y o 8 x4 B x%

1 Algoma 53.15 0.1330 0.1070 0.1558 0.0239 0.0145 0.0460 0.0110
2 Muskoka 80.55 0.0490 0.0970 0.2225 0.0222 0.0136 0.0270 0.0126
3 Nipissing 43.39 0.0490 0.1010 0.1805 0.0246 0.0180 0.0390 0.0124
4 Parry Sound 67.84 0.0430 0.1110 0.2431 0.0140 0.0152 0.0550 0.0073
5 Sudbury 60.80 0.1150 0.1120 0.1760 0.0311 0.0130 0.0580 0.0153
6 Kenora 122,62 0.2880 0.0880 0.2098 0.0579 0.0177 0.0600 0.0223
7 Rainy River 87.77 0.1290 0.0960 0.2383 0.0160 0.0142 0.0520 0.0196
8 Thunder Bay 63.29 0.0590 0.1120 0.2758 0.0225 0.0099 0.0620 0.0213
9 Cochrane 85.25 0.0860 0.0930 0.4330 0.0244 0.0141 0.0420 0.0154
10 Timiskaming 70.55 0.1970 0.1060 0.1599 0.0171 0.0114 0.0380 0.0172
11 Brant 67.97 0.1040 0.1130 0.1682 0.0211 0.0085 0.0370 0.0115
12 Halton 28.31 0.1120 0.0650 0.1268 0.0053 0.0075 0.0220 0.0125
13 Hamilton—Wentworth 60.31 0.1920 0.1190 0.1619 0.0243 0.0200 0.0440 0.0124
14 Niagara 4466 0.1660 0.1040 0.1639 0.0193 0.0092 0.0600 0.0110
15 Elgin 33.99 0.1130 0.0920 0.2041 0.0071 0.0083 0.0800 0.0157
16 Haldimand—Norfolk 42.21 0.1180 0.0720 0.1968 0.0098 0.0087 0.0540 0.0104
17 Huron 43.11 0.0570 0.0560 0.2027 0.0046 0.0036 0.0820 0.0094
18 Middlesex 53.64 0.1200 0.1130 0.1503 0.0157 0.0072 0.0400 0.0107
19 Oxford 33.95 0.0970 0.0790 0.1612 0.0123 0.0033 0.0590 0.0122
20 Perth 34.26 0.0810 0.0680 0.1457 0.0062 0.0031 0.0650 0.0122
21 Bruce 37.21 0.0520 0.0650 0.1717 0.0123 0.0056 0.0750 0.0099
22 Grey 46.19 0.0540 0.0840 0.2115 0.0154 0.0124 0.0750 0.0141
23 Waterloo 38.31 0.1780 0.0920 0.1460 0.0154 0.0120 0.0590 0.0097
24 Wellington 43.36 0.1100 0.0780 0.1767 0.0115 0.0080 0.0600 0.0087
25 Essex 55.96 0.1740 0.1070 0.1726 0.0143 0.0149 0.0730 0.0107
26 Kent 43.21 0.0840 0.0970 0.1596 0.0090 0.0096 0.0850 0.0110
27 Lambton 38.24 0.0810 0.0860 0.1385 0.0157 0.0079 0.0800 0.0103
28 Dufferin 34.86 0.0670 0.0710 0.1134 0.0071 0.0104 0.0390 0.0082
29 Pesl 33.36 0.1770 0.0700 0.1028 0.0060 0.0086 0.0200 0.0096
30 Simcoe 33.13 0.0700 0.0960 0.1795 0.0113 0.0182 0.0820 0.0104
31 York 34.00 0.1210 0.0700 0.1628 0.0065 0.0165 0.0500 0.0093
32 Toronto 94.51 0.2900 0.1210 0.1407 0.0191 0.0161 0.0470 0.0107
33 Frontenac 4526 0.0850 0.1020 0.1894 0.0216 0.0236 0.0560 0.0130
34 Hastings 41,51 0.0430 0.1000 0.1843 0.0247 0.0174 0.0740 0.0127
35 Leeds & Grenville 40.45 0.0500 0.0900 0.1540 0.0133 0.0085 0.0500 0.0075
36 Lennox & Addington 36.95 0.0370 0.0750 0.1564 0.0161 0.0109 0.0610 0.0075
37 Prince Edward 51.93 0.0350 0.0920 0.2098 0.0082 0.0180 0.0530 0.0000
-38 Lanark 48.04 0.0290 0.1130 0.1607 0.0198 0.0099 0.0590 0.0192
39 Ottawa-—Carleton 92.05 0.1050 0.1210 0.1353 0.0158 0.0096 0.0500 0.0120
40 Prescott & Russel 59.16 0.0230 0.0660 0.1826 0.0432 0.0100 0.0550 0.0152
41 Renfrew 4571 0.0660 0.0870 0.2188 0.0124 0.0076 0.0760 0.0065
42 Str., Dund. & Glen. 51.95 0.0420 0.1090 0.1905 0.0149 0.0116 0.0430 0.0076
43 Durham 29.98 0.1020 0.0780 0.7351 0.0205 0.0027 0.0620 0.0115
44 Northumberland 42.73 0.0470 0.0720 0.1762 0.0168 0.0025 0.0640 0.0046
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APPENDIX C

Standardized Residual Plots
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Figure C.1 Plot of standardized residuals, r;, vs. proportion of population whose
mother tongue is not English or French, z;.
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Figure C.2 Plot of standardized residuals, r;, vs. proportion of GWA beneficiaries,
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Figure C.3 Plot of standardized residuals, r;, vs. JDA offense rate, zg.
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Figure C.4 Plot of standardized residuals, r;, vs. proportion of population of (N.A.)
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Figure C.5 Plot of standardized residuals, r;, vs. rate of incidence of births to

unmarried mothers, z¢.
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