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A B S T R A C T  

This r e s e a r c h  i n v e s t i g a t e s  t h e  a p p l i c a b i l i t y  of  t h e  Cobb-Douglas 

and Constant E l a s t i c i t y  of  S u b s t i t u t i o n  product ion  models t o  t h e  B r i t i s h  

Columbia economy. Both models have been es t imated  by mul t ip l e  r e g r e s s i o n  

t echn iques .  Where non l i n e a r  f u n c t i o n a l  forms do not permit l i n e a r  t r a n s -  

formations a  r e c u r s i v e  technique  was employed. With t h e  except ion  of 

c a p i t a l  s tock ,  t h e  d a t a  used were obtained from t h e  Department of  Economics 

and S t a t i s t i c s  i n  V i c t o r i a  and t h e  Dominion Bureau of S t a t i s t t c s  i n  Ottawa. 

C a p i t a l  f i g u r e s  on p r o v i n c i a l  b a s i s  a r e  not  a v a i l a b l e ,  and t h e r e f o r e  an  

e x t e n t i o n  of t h e  Vintage Model was developed from which t h e  requi red  c a p i t a l  

f i g u r e s  were ob ta ined .  

During t h e  peri.od 1959 - 1969 it was found t h a t  aggregate  produc- 

t i o n  was more respons ive  t o  c a p i t a l  components t han  t o  l a b o r .  I n  each sub- 

per iod,  and t h e  t o t a l  per iod,  where t h e  e l a s t i c i t y  of s u b s t i t u t i o n  was 

empi r i ca l ly  determined i t s  va lue  was c o n s i s t e n t l y  l e s s  t han  un i ty ,  w i th  

magnitude around .36. The r e t u r n s  t o  s c a l e  component f o r  bo th  t h e  Cobb- 

4kuglas and Constant E l a s t i c i t y  of S u b s t i t u t i o n  was g r e a t e r  t h a n  u n i t y  sug- 

g e s t i n g  i n c r e a s i n g  r e t u r n s  over t h i s  pe r iod .  The cons t ra ined  model of t h e  

Cobb-Douglas proved t o  be s t a t i s t i c a l l y  i n f e r i o r  t o  i t s  unconstrained form. 

Technological  in f luences  were only s i g n i f i c a n t  w i t h i n  t h e  Constant E l a s t i c i t y  

of S u b s t i t u t i o n  model, and t h e s e  were of t h e  n e u t r a l  type ,  sugges t ing  no 

s i g n i f i c a n t  changes i n  input  p roduc t iv i ty  over  t h e  period had occurred .  
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CHAPTER I 

NEO-CLASSICkL PRODUCTION THEORY 

1.1 The Production Function 

The production funcJ~ion i s  an a b s t r s c t  formulat ion expressing a r e -  

l a t i o n s h i p  between a p a r t i c u l a r  l e v e l  of output and t h e  inputs  necessary t o  

generate t h i s  l e v e l  of output .  Moreover, t h e  r e l a t i o n  of t h e  production 

funct ion  not only suggests  causa l i ty  between inputs  and outputs ,  but a l s o  

- 3  i n p u i s  w i i h  i r l p u i s .  xne economist i n  u t i l i z i n g  t h e  produciion funct ion  a t -  

tempts t o  capture t h e  t e c h n i c a l  re la t i -on  between t h e  outputs  on t h e  one 

hand, and t h e  inpu t s  on t h e  o the r .  I n  so  doing, t h e  economist assumes, - a 

p r i o r i ,  t h a t  t h e r e  e x i s t s  a  p a r t i c u l a r  physica l  t ransformat ion  process which 

a b s t r a c t s  from t h e  p a r t i c u l a r  cons idera t ions  immediate t o  dzsigners o r  en- 

g inee r s .  A s  such, t h e  production funct ion  does not d i r e c t  i t s e l f  t o  any 

s p e c i f i c  t ransrormat ion  process, r a t h e r ,  it i s  concerned wi th  a spectrum of 

poss ib le  procedures of production. In  o ther  words, al though t h e  produc- 

t i o n  funct ion  i s  i m p l i c i t l y  r e l a t e d  t o  t h e  physica l  and t e c h n i c a l  concerns 

of production, (which a r e  not d i r e c t l y  measurable),  it i s  what one might 

consider a  " f a b r i c a t i o n  of t h e  marginal economists". 1 

One may r a t i o n a l i z e ,  t h a t  because of  i t s  a b s t r a c t i o n s  t h e  production 

function i s  of l i t t l e  use, nevertheles;, one may a l s o  argue it i s  t h i s  ab- 

s t r a c t n e s s  which renders i t s  source of va lue ,  I n  a  r e a l  sense, it i s  t h e  

a b s t r a c t i o n  inherent  i n  t h e  concept of a  production function,  t h a t  allows 

t h e  economist t o  examine a wide spectrum of problems, e .g. ,  growth f a c t o r s  



and r e l a t i v e  income shares .  Thus we a r r i v e  a t  our macro-economic production 

function,  lpso  fac to ,  incorpora t ing t h e  heterogeneous outputs and inputs  

through aggregate measures of na t iona l  product and f a c t o r  inputs  embodied 

i n  production. The obscureness from aggregation r e s u l t s  primari ly from t h e  

d e f i n i t i o n  of t h e  p a r t i c u l a r  aggregate components. A s  a consequence, we 

t a k e  a s  given t h e  t echn ica l  p o s s i b i l i t i e s  defined f o r  t h e  p a r t i c u l a r  pro- 

duction funct ion u t i l i z e d .  Hence, we a r e  summarizing t h e  various techno-- 

l o g i c a l  components which r e s t r i c t  economic beha.vior and thereby focus on 

t h e  main concern of production theory - a measure of t h e  degree t o  which 

t h e  various inputs  can be subs t i tu ted  f o r  each other  i n  t h e  production pro- 

cess .  Let us now move t o  a s p e c i f i c  s e t  of c r i t e r i a ,  imposed by t h e  Neo- 

C l a s s i c a l  economists, which i n  t u r n  suggest means 0:; measuring t h e  r e l a t i v e  

s u b s t i t u t a b i l i t y ,  inherent  i n  economic a n a l y s i s .  

1 . 2  The Neo-Classical Production Function 

The Neo-Classical type production function,  f o r  a given l e v e l  of 

technology, f inds  expression as :  

where Q and x ( i=1 ,2  ... n) ,  represent  measures of output and inputs  r e -  
i ' 

spec t ive ly .  The predominance of t h e  above production function has held 

i t s  r o l e  i n  economic theory by v i r t u e  of i t s  p l a u s i b i l i t y  and mathematical 

convenience. The above s t r u c t u r e  includes t h e  assum;3'i;.i_on of continuous 



f i r s t  and second order p a r t i a l  de r iva t ives  throughout t h e  region of d e f i n i -  

t i o n ,  namely: 

xi 3 0 f o r  a l l  i, (i=1,2, , ,n)  

The given l e v e l  of technology const ra ins  t h a t  t h e  r e a l i z a t i o n  of Q must 

be s i n g l e  valued : j.f however, f12r gtven Lcp~ts t h e  technclsgleal p e c s a a  

l eads  t o  a  mul t ip le  valued Q , then  t h e  underlying process must be m i s -  

spec i f i ed .  To avoid t h i s  occurrence another assumption i s  added; i d  e s t ,  

t h e  inputs  a r e  consolidated i n  such a  fashion t h a t  a  maximum l e v e l  of out-  

put w i l l  r e s u l t  from given input combinations. I n  s t a t u  quo, l i m i J ~ i n g  our- - 
se lves  wi th  an optimum l e v e l  of Q f o r  given input ,  we a r e  then i n t e r e s t e d  

i n  those  p a r t i c u l a r  values of i)Q/8xi such t h a t ;  

Namely, output i s  an increasing,  or  a t  l e a s t  non decreasing function of 

t h e  various x i '  It follows t h a t  r e l a t i o n s  (1.1) and (1.2) define t h e  

region of s u b s t i t u t i o n  a s  t h e  s e t  of e f f i c i e n t  l e v e l s  of Q ( for  given xi) 

belonging to t h e  production funct ion ( 1  . l )  . With t h ~ s  l e t  us nov d i r e c t  

our a t t e n t i o n  t o  t h e  bas ic  considerat ions of econonic theory .  

( a )  The Marginal Rate of s u b s t i t u t i o n :  

Without l o s s  of genera l i ty  l e t  us consider t h e  two inpxt s i tu-at ion,  

t h e  most c m o n  i n  aggregate a n a l y s i s .  As  such equation (1.1)  



now reads, 

Q = 9(x1,x2) 

Considering marginal va r ia t ions  a t  a r ea l i zed  value of Q , belonging t o  

P have: equation (1.2)  w-. 

providing, of course &./&xi 2 0 . Hence, dQ>O,  w i l l  occur only v i a  

t h e  use of l a r g e r  l e v e l s  of one input  and analogously, a decrease i n  t h e  

amount of an i n p t  (dxi ( 0 )  w i l l  be made up by us ing g rea te r  q u a n t i t i e s  

of another inpu t .  

Accordingly, i f  x i s  defined by x and x2 , we can demarcate a 
i 1 

production surface ,  throaghout which, combinations of (xl, x2) can be con- 

t inous ly  va r ied .  In f in i t e s imal  mo~ement~s along t h e  production surface  w i l l  

necessa r i ly  have t o  s a t i s f y .  . . . 

and a s  such p a r t i a l  v a r i a t i o n s  i n  x1 and x , with  Q remaining const- 
2 

an t ,  must y i e l d :  

aa/ax2 
dxl/dx2 = - ----- (1.5)  

a d a x ,  

which i s  negative,  s ince  dx and dx a r e  of opposite  s ign,  i n  t h e  r e -  
2 1 

levant  region of s u b s t i t u t i o n ,  i d  e s t  (1.3)  , ( 1 . )  . This value del imi t -  



i s  known as t h e  marginal  r a t e  of s u b s t i t u t i o n .  a t e d  by - -- 

( b )  E l a s t i c i t y  of S u b s t i t u t i o n  and Returns t o  Sca l e  

Consider t,he most comn-3n case  of t h ?  p r o d - x t i o n  fug - t ion  h~mogeneo7~s  
I 

of  degree one.  Let  W be  def ined  a s  a cons tan t  such t h a t  W 2 0, t h e r e -  

f o r ~  equa t ioa  (1 .1)  can be expressed a s ,  

Such a product ion  f u n c t i o n  i s  cha rac t e r i zed  by so -ca l l ed  cons tan t  r e t u r n s  

t o  s c a l e .  P ropor t iona l  changes i n  a l l  x ( i = l  . . . . n) , by W w i l l  r e s u l t  
i' 

i n  a  s i m i l a r  change i n  Q by WQ. The s i g n i f i c a n c e  of t h e  homogeneity 

proper ty  becomes apparent  when a  measure of t h e  s u b s t i t u t a b i l i t y  of t h e  

i n p u t s  i s  d e s i r e d .  This  i n  t u r n  i s  more conmonly r e f e r r e d  t o  a s  t h e  -- e l a s -  - 

t i c i t y  of s u 5 s t i t u t i o n .  Here wz a r e  i n t e r e s t e d  i n  t h e  r a t e  a t  which one - --- -.- --- - 
i n p t  n u s t  be substiiLCLe6 f o r  ano the r  i npu t ,  i n  o rde r  t o  l e a v e  t h e  l e v e l  of 

Q unchanged. Th i s  r e l a t i o n  was suggested i n  s ta tement  ( 1 . 5 ) .  Using t h e  

r e l a t i o n s h i p  developed i n  ( a ) ,  namely t h a t  equat ion  (1 .5)  dec l ined  a s  x, 
I 

was s u b s t i t u t e d  f o r  x we can n e r e l y  expand (1 .5)  t o  a t t a i n  a  measure of  
2 ' 

t h e  i n p a t - r a t i o  r e s u l t i n g  f r o 3  a  change i n  one of  t h e  i n p l ~ t s .  The e l a s t i c -  

i t y  of s u b s t i t u t i o n  i s  gene ra l ly  around u n i t y ,  b u t  'always p o s i t i v e  depending 

on t h e  e f f e c t s  induced by a change i n  t h e  margina l  r a t e  of s u b s t i t u t i o n  a s  

w e l l  a s  t h e  r e s u l t i n g  change i n  t h e  inpu t  r a t i o  i n  t h e  o p p x i t e  d i r e c t i o n .  

i n  o t h e r  words, t h e  e l a s t i c i t y  of  s u b s t i t u t i o n  Es i s  t h e  negat ive  s lope  



o f  t h e  r e l a t i o n s h i p  of  t h e  (xi/xj) , ( j f i )  ( i= l . .  . . .n ,  j= l . .  . . n ) )  

Q!+.- i . e  .) t o  - - 
aQJax 

i 
~ ( X J ~ . )  (&Q/&:~/&$X~) 

Es = -- -- U 
e * (1.7) 

d(acuaxj/acudx.) I (xi/xj) I 

The r e t u r n s  t o  s c a l e  component i m p l i c i t  i n  t h e  t e c h n i c a l  c h a r a c t e r i s -  

t i c s  of product ion,  cannot be r u l e d  oxt  by assumption. That is ,  f o r  given 

i n c r e a s e s  i n  f a c t o r  i npu t s ,  .does t h i s  re'su7-t i n  g r e a t e r ,  equal ,  o r  sma l l e r  

2 
p r o p o r t i o n a l  changes i n  Q ? The impact on output  , presented  by t h e  r e -  

t u r n s  t o  s c a l e ,  can be dichotonized i n t o ,  ---- e x t e r n a l  and ---- i n t e r n a l  sources .  

Ex te rna l  r e l a t e s  t o  gene ra l  i n d u s t r i a l  development and i n t e r n a l  r e s u l t s  b 

from changes w i t h  t h e  product ioa  concerned i . e . ,  changes dependent on t h e  I 

r e s x w c e s  of  t h e  i n d u s t r y .  I n  t h e  p re sen t  contex t  no s p e c i f i c  i d e n t i f i c a -  

t i o n  t o  e i t h e r  w i l l  be given s i n c e  aggrega te  a n a l y s i s  ds2es not permit t h i s  

dichotomy which i s  manifested i n  s i n g l e  i n d u s t r y  s t u d i e s .  With t h e  p r s s e n t  
I 

f rarne~ork  e s l 3 b l i s h e d  l e t  u s  now t u r n  t o  a s p e c i f i c  product ion f u n c t i o n  of 

t h e  Neo-Classical  t y p e  - t h e  Comtan t  E l a s t i c i t y  of  S u b s t i t u t i o n  . i 

1 . 3  - Constant E l a s t i c i t y  -- of S u b s t i t u t i o x :  --- A s p e c i f i c  form of t h e  Neo- 

C l a s s i c a l  p roduct ion  f u n c t i o n .  

The cons t an t  e l a s t i c i t y  of  s u b s t i t u t i o n  (c.E.S.) product ion func t ion  

Was pioneered by Arrow, Chenery, Munhas and solow3 e a r l y  i n  t h e  s i x t i e s .  

It i s  a s p e c i f i c  case  of equat ion  (1 .1)  where: 



( i )  t h e  production function must be l i n e a r l y  honogeneol~s. 

( i i )  t h e  e l a s t i c i t y  of s u b s t i t u t i o n  nust  be c o n s t a ~ t ,  although not 

necessa r i ly  un i ty .  

I n  i t s  most common form, and t h e  one adopted here, t h e  C.E.S.,is comprised 

of two f a c t o r  inputs ,  c a p i t a l  (K)  and l abor  (L) , and can be expressed a s :  

where: Z = s c a l e  parameter depic t ing e f f i c iency ,  which accaunts f o r  

changes i n  Q without changes i n  c a p i t a l  o r  l a b o r .  4 

A = a  c a p i t a l  i n t e n s i t y  parameter ( a  r e l a t i v e  measure). 

B = (1-A) t h z  respect ive  l abor  paramster . 

b = t h e  r e t u r n s  t o  s c a l e .  

a = a  para-ne-Ler f u ~ c t i o n a l l y  r e l a t e d  t o  E . 
S 

I n  t h e  previous sec t ions  c e r t a i n  c r i t e r i a  were es tabl ished f o r  a  Neo-Clas- 

s i c a l  production funct ion.  Therefore, l e t  us now consider each of these  

c r i t e r i a ,  f o r  t h ?  s p e c i f i c  'C.E,S. production. The bas ic  condit ions imposed 

i n  t h e  p r e v i o u , ~  sec t ions  were: 

( i )  That each of t h e  respect ive  inputs  d isplay  pos i t ive  marginal 

products - i n  t h e  present  context K and L . 
( i i )  Each of t h e  respect ive  inputs ,  over a p a r t i c u l a r  range of t h e  

production surface,  should have a  decreasing - y e t  pos i t ive  marginal 

product, t h a t  i s :  

i 3 2 ~ / ~ ~ 2  < 0 



( i i i )  The p a r t i c u l a r  r e tu rns  t o  s c a l e  should not be specifTed, 

a  p r i o r i .  Rather t h e  degree of r e t u r n s  should be empirical ly de te r -  

mined. 

( i v )  That t h e r e  e x i s t s  s3me upper boung on Q , given one input  a s  

va r iab le  while t h e  o ther  (s)  a r e  f ixed .  I n  t h e  context of t h e  C .E.S ., 
if L i s  constant,  and K i s  varied,  then t h e  l i m i t  of Q should 

5 b e  f i n i t e  . 

(a)  Pos i t ive  Marginal Products 

The marginal products of labor  and c a p i t a l  f i n d  expression, f o r  t h e  C.E.S., I 

1 
l e t  X = B ~ / A  

a/b 
then,  

-a-1 cM-a + B L - a j  -b/a-1 
and b d d ~  = bZAK 

11 -a/b 
l e t  X = AbZ then, 

From t h e  above de r iva t ives  we can r e a d i l y  a s c e r t a i n  t h a t  both (1.9)  and 



6 (1.10) a r e  p o s i t i v e  - providing t h a t  b, L , and K a r e  p o s i t i v e  . Hence, 

we can conclude t h a t  condit ion ( i )  i s  s a t i s f i e d  f o r  t h e  C.E.S. 

' (b) Decreasing Marginal Product 

I n  order  t o  i n v e s t i g a t e  t h e  p roper t i e s  of t h e  r e spec t ive  marginal products 

we r e s o r t  t o  t h e  two expressions derived i n  s e c t i o n  ( a ) .  F i r s t  considering 

t h e  marginal product of labor ,  us ing  r e l a t i o n  (1 .9)  we have: 

The marginal prodcct of c a p i t a l  can be considered from equation (1.10) a s :  

From t h e  above expressions we can recognize t h a t  f o r  pos i t ive  values of 

A and B , and wi th  t h e  a i d  of E u l e r ' s  theorem, t h e  numerator on both 

7 t h e  above expressions w i l l  be negative . Moreover, as long a s  t h i s  s t a t e  

2 
of na ture  e x i s t s  then both d2$j&~ and s2Q/b2 w i l l  be of opposi te  

s ign  t o  (I*), which has i~zpor tan t  impl ica t ions  t o  be considered. I n  

consequence f o r  p o s i t i v e  values of A and B. , and providing a ) -1, t h e  

marginal products of l abor  and c p a i t a l  a r e  p o s i t i v e  - but decreasing and 

t h u s  f u l f i l l  t h e  second Neo-Classical requirement. 

(c)  Returns t o  Scale 

Although t h e  above considerat ions have assumed a value of b=l ,  it can be 

seen from equa,ti on (1.8) t h a t  b was not i n i t i a l l y  spec i f i ed  - r a t h e r  it 

was undetermined and i t s  valu-e was l e f t  t o  empir ica l  es t imat ion .  A s  such 



t h i s  condit ion of empirical  determination can be s a t i s f i e d  f o r  t h e  Neo- 

Class ica l  framework. 

(d) Asymptotic Proper t ies  of t h e  C.E.S, 

The exis tence  of asymptotes i m p l i ~ i ~ l y  imposed i n  t h e  Neo-Classical frame- 

work,'does not lend i t s e l f  t o  easy examination. Although not y e t  consid- 

ered i n  t h e  context of t h e  C,E,S., t h e  asymptotic proper t ies  a r e  i m p l i c i t l y  

dependent on t h e  e l a s t i c i t y  of s u b s t i t u t i o n .  Accordingly l e t  us f i r s t  de- 

r i v e  an expression f o r  t h e  e l a s t i c i t y  of s u b s t i t u t i o n  f o r  t h e  p a r t i c u l a r  

case a t  hand - t h e  C.E.S. - and then us ing t h i s  derived r e l a t i o n  i d e n t i f y  

i t s  s ign i f i cance  wi th  respect  t o  t h e  asymptotic proper t ies  of t h e  C .E.S. 
1 

Using r e l a t i o n  (1.7)  derived previously,  and s u b s t i t u t i n g  (1.9)  and 

(1.10), we can express t h e  Es f o r  t h e  C.E.S. a s :  

f ixed 

Consider t h e  case i f  a ( 0, o r  t h a t  Es ) 1, then holding c a p i t a l  

and inc reas ing  l abor  without bound, the re fo re :  

Even without, us ing t h e  necessary binomj z l  e x p a n s i ~ n  it i s  apparent t h a t  

t h e  l i m i t i n g  value of output,  a s  t h e  l abor  input  i s  increased without bound, 

i s  undefined. For t h e  o ther  case, where 0 9 a Z 1  , we have, 



These r e s u l t s  seem somewhat tenuous a t  f i rs t  - a t  l e a s t  from a t h e o r e t i c a l  

po in t .  However, i f  we careful ly  examine t h e s e  two r e s u l t s  we can see  

t h a t  t h i s  i s  what we should a n t i c i p a t e  a p r i o r i .  Naae3Jr, a s  long a s  a <  0 

fo r  equation (1.13))  we see  t h a t  Es musi be g rea te r  than one. There- 

f o r e  i f  t h e  e l a s t i c i t y  of s u b s t i t u t i o n  i s  g rea te r  than one, it would suggest 
'. 

t h a t  t h e  inputs  a r e  s o  s imi la r  t o  each other ,  t h a t  output can be completely 

supported by one o r  t h e  o ther ,  and consequently, l e v e l s  of output would 

----..-.-J .L - 
L C ~ ~ J L L U  b~ l i i c i - e ~ ~ e s  i r l  vrle o r  i h e  inpu t s .  m t h e  second situation, when 

a > 0 t h e  two inputs  a r e  l e s s  subst l tu tabL$ f o r  each other - and thereby 

8 
impose upper l i m i t s  on Q , regardless  of input  l e v e l  . Therefore, pro- 

v id ing Es < 1 t h e  asymptotic p roper t i e s  imposed by t h e  Xeo-Classical 

framework, a r e  upheld. However, under condit ions where Es > 1 , we f i n d  I 

t h a t  t h e  C.E.S. does not conform t o  t h i s  f o u r t h  requirement. It should be I 

noted t h a t  if Es ? 1 then t h e  decreasing marginal product c r i t e r i a  i s  

9 similar_'iy v i o l a t e d  . 

A Limiting Case of t h e  C .E.S. - The Cobb-Douglas Production Function - 
Up u n t i l  t h e  a r r i v a l  of t h e  C ,E.S,, most empirical  production ana- 

l y s i s  wi th in  t h e  framework of t h e  Neo-Classical world, employed t h e  Cobb- 

Douglas ( C  .D.) production funct ion.  The C .D. production function has 

received much a t t e n t i o n  primari ly because of i t s  econometric, and mathe- 

mat ica l  proper t ies ,  which rendered great  useful lness  t o  t h e  empirical  

ecoaolnistlO. The major f ea tu res  of t h e  C.D., p e r t a i n  t o  Lhe homogeneous 



proper t i e s ,  and t o  t h e  e l a s t i c i t y  of s u b s t i t u t i o n  between t h e  inputs .  I n  

general,  constant  r e tu rns  t o  sca le  a r e  asswned, concornitant wi th  t h i s  a s -  

sumption, we f ind  t h a t  t h e  e l a s t i c i t y  of s u b s t i t u t i o n  of t h e  C.D.,  i s  uni ty ;  --- 
if t h e  e l a s t i c i t y  of s u b s t i t u t i o n  i s  o the r  than un i ty  , then  t h e  production 

funct ion would be of t h e  C.E.S, type .  I n  s p i t e  of t h i s ,  i f  t h e  r e t u r n s  t o  

s c a l e  a r e  o the r  than uni ty  we f i n d  t h a t  t h e  C.D. production i s  s t i l l  app l i c -  

a b l e  - it i s  however, a  more general  form of t h e  C .Do 

I n  t h e  fol iowing der ivat ion,  l e t  us assume a C.E.S., production func- 

t i o n ,  exh ib i t ing  both constant r e tu rns ,  and a constant e l . a s t i c i t y  of sub- 

s t i t u t i o n  of un i ty .  With t h i s  i n  mind l e t  us examine t h e  marginal r a t e  of 

' subs t i tu t ion f o r  t h e  C .E.S., 

Now t a k i n g  t h e  l i m i t  of d.K/d~ a s  a* 0 (which i s  t h e  same a s  Es+ 1 )  

The above expression i s  t h e  marginal r a t e  of s u b s t i t u t i o n  f o r  a  p a r t i c u l a r  

func t iona l  form with an  e l a s t i c i t y  of s u b s t i t u t i o n  equal t o  unity;  what 

we now wish t o  a s c e r t a i n  i s  whether o r  not t h i s  marginal r a t e  of s u b s t i t u -  

t i o n ,  r e s u l t s  f m m  an exact d i f f e r e n t i a l ,  and/or was derived from t h e  C.D. 

type production funct ion.  I n  order t o  demonstrate t h a t  (1.15) i s  an exact 

d i f f e r e n t i a l  consider t h e  following: 

S e t t i n g  d K / d ~  = dQ, we can see  t h a t :  



dg = bQ/@ dK +[&/h1(3dL , must hold by t h e  d e f i n i t i o n  of exact 

d i f f e r e n t i a l  equation::. Bamining ~ Q / C ~ L  , we can suggest t h a t  i t s  ex- 

press ion t akes  t h e  form of ( - )  from equation (1.15) . Similar ly  f o r  

a/?% , we can s u b s t i t u t e  from (1.15),  g iv ing A/K. Now rewr i t ing  dQ , 

above, i n  terms of t h e  r e s u l t s  y i e l d s :  

Di f fe ren t i a t ing  t h e  above expression, over K and L, separa te ly ,  gives: 

11 
QL = 0 and QK = 0 , s o  t h a t  (1.16) i s  an exact d i f f e r e n t i a l  . 

A s  such, l e t  q~ = A/K. In tegra t ing  gives ;  

where C(L) i s  t h e  ' constant '  of in tegra t ion ,  y e t  i m p l i c i t l y  r e l a t e d  t o  

t h e  l abor  component. Di f fe ren t i a t ing  q with respect  t o  L y ie lds ,  

q~ = c '(L) 

and t h i s  expression must equal bQ,/aL. Therefore 

c (L) = (LA)/L 

or C(L) = I - A  lnL -t. C1 

where C1 i s  a  constant  of in tegra t ion .  

Thus : Q(K,L) = A 1nK + 1-A 1nL + CI 



which i s  tautol.ogous t o :  

Q(K,L) = 
K4Ll -A -k C1 (1.18) 

where C=lnC1 , s ince  C1 i s  only t h e  constant of in tegrat ion which can 

assume any value, and therefore  suggests: 

which i s  i n  f a c t  t he  C.D,  production function with constant re turns  t o  

sca le  and uni tary  e l a s t i c i t y  subs t i tu t ion .  With t h i s  r e su l t  it should. be 

i n t u i t i v e l y  obvious t h a t  t he  proper t ies  of t h e  C.D., with respect  t o  Neo- 

Class ica l  c r i t e r i a  w i l l  a l s o  fol low.  As such, no attenJ~Lon w i l l  be d i rec ted  

t o  fulf i3lment of t h e  Meo-Classical c r i t e r i a ,  r a the r  it s h a l l  be s t a t ed  

that t he  c r i t e r i a  a r e  s a t i s f i ed ,  and i f  t he  reader wishes he can pursue 

t h i s  on h i s  own. 

1.5 Technolorn and the  Production Function 

I n  considering a production function a s  a r e l a t i on  between inputs  

on t h e  one hand, and output on t he  other, we a re  impl ic i t ly  assuming scme 

1 2  
under.lying techno1.ogy. Murray Brown suggests t h a t  the re  are  four char- 

a c t e r i s t i c s  of a production function which i n  t u r n  determine an abs t rac t  

technology. These charac te r i s t i cs  of technology a r e  re turns  t o  scale,  e f -  

f ic iency of technology, the  i n t ens i t y  of c ap i t a l  i n  technology, and the  ease 

a t  vhich input. a r e  subs t i tu ted  f o r  each other.  For th ree  of these  char- 



a c t e r i s t i c s  the  previous sections of t h i s  chapter lave d r e a d y  considered, 

however, f o r  t he  efficiency of technology no exp l i c i t  consideration has y e t  

been given. 

Technological progress, the  r e s u l t  of the  above charac te r i s t ics  can 

r.esu2.t i r l  two bas ic  impacts on the  l e v e l , ;  of output, The f i r s t  of these 

i s  neut ra l  change. Neutral change a f f ec t s  the  rea l iza t ion  of the  particu- 

l a r  l e v e l  of output, without a f fec t ing  the  input - input re la t ion ,  The 

changes i n  output resu l t ing  from neut ra l  changes a re  generally the  eff3.- 

ciency components of technology-, not directly. per t inent  t o  re turns  of in -  

puts ,  The other technological change i s  non-neutral change; here the  a l -  

t e r a t i on  of the  technology does a f f ec t  the  r a t e  a t  wkich one input can be 

subst i tuted f o r  t he  other, which i s  generally a t t r i bu t ed  t o  possible changes 

13 
i n  productivity of the  inputs; e.g,, education and t r a in ing  for  labor  . 

I n  t he  previous sections, C and Z , were explicit2y included a s  

parameters, These var iables  a re  advanced only a s  measures of the  neutral  

technological element. Nevertheless, other changes i n  the  l e v e l  of output 

can ensue from a l t e r a t ions  i n  the  other production parameters such as  the  

in tens i ty  parameters, I n  l a t e r  sect ions  we s h a l l  tu rn  our discussion t o  

spec i f ic  forms of econometric techniques, offer ing some a i d  i n  deciphering 

technological influences. 
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CHAPTER 2 

CAPITAL THEORY 
8.: 

MEASUREMENTS OF CAPITAL STOCK 

I n t r o d ~ l c t  ion  - 
Over t h e  l a s t  two decades c a p i t a l  theory  and/or t h e  theory of capi-  

t a l  accumulation has received much a t t e n t i o n  among economists. Perhaps, 

t h e  f i r s t  formal presenta t ion  of c a p i t a l  theory  can be i d e n t i f i e d  a s  ea r ly  - -- 

a t i o n  of ~ S b n  Bawerk. However, Wicksel l ' s  attempt t o  formalize a theory  

of c a p i t a l  was not pursuzd by h i s  contemporaries. Rather, c a p i t a l  theory  

a s  such was noi  t o  be enter ta ined i n  economic theory  u n t i l  t h e  f i e l d  of 

economic development and growth ana lys i s  be came vogue. This resul-ted 

from t h e  f a c t  t h a t  economists concerned v ~ i t h  analyzing and developing 

t h e o r i e s  of  growth r e a l i z e d  t h a t  an e x p l i c i t  incorpora t ion  of capitadl  and 

it's determinants was of prime importance t o  s tudy t h e  f a c t o r s  re levant  t o  

economic growth. Consequently, over t h e  l a s t  two decades a multitu.de of 

t h e o r e t i c a l  and empir ica l  s t u d i e s  on c a p i t a l  and it ' s r e l a t e d  components, 

have appeared i n  journals  and t e x t s  of economics. Hence, t h e  choice of 

what i s  re levan t  and what1 s not i s  some--what sub jec t ive ,  and t h e r e f o r e  i s  

a mat ter  cf i n t e r p r e t a t i o n  of what i s  requi red ,  and most re lavant  f o r  t h e  

p a r t i c u l a r  problem a t  hand. Correspondingly, t h e  fol lowing sec t ions  of 

t h i s  chapter  w i l l  o u t l i n e  b r i e f l y ,  some of t h e  more " i n ~ a r t a n t "  s t u d i e s  

of  c a p i t a l ,  w i th  p a r t i c u l a r  emphasis on those  t h e o r i e s  which a r e  re levant  



t o  present  a n a l y s i s .  

2 .2 Theories of Capi ta l :  An Overview - 
A s  mentioned, t h e  determination of a p a r t i c u l a r  l e v e l  of c a p i t a l  

s tock,  determinants of t h l s  stock, and t h e r e f o r e  a theory of investment 

a r e  major a reas  of research i n  economics. The most outstanding t h e o r i e s  

of t h e  demand f o r  c a p i t a l  goods and accordingly t h e i r  services  - p a r t i c d -  

a r l y  f o r  t h e  present  study a r e  : t h e  Neo-Classical Theory, T I ~ ~ s ~ n h ~ r r $ r ' s  

Model, and Solow's Vintage Model. These t h e o r i e s  have not been received 

without severe  cri t iciscn,  and many contemporary w r i t e r s  argue t h a t  none 

of t h e  above t h e o r i e s  provide an adequate explanation of t h e  determinants 
I 

of c a p i t a l ,  i d  e s t ,  investment behavior. This opinion has developed a s  

a r e s u l t  of t h e  f a c t  t h a t  many object ives  of businessmen a r e  not only dio-  

met r i ca l ly  opposed, but more important, a r e  not known. A c l a s s i c  s t a t e -  

ment of t h i s  f a c t  was emphasized by Lutz, when he sa id ,  "it i s  one of 

t h e  s u r p r i s i n g  th ings  abou': c a p i t a l  theory  t h a t  no agreement seems t o  
2 

have been reached a,s t o  what entrepreneurs should maximize". With t h i s  

i n  mind l e t  us  now t u r n  t o  an e x p l i c i t  considerat ion of t h e  above t h e o r i e s .  

2.3 The Neo-Classical Theory of Capit& Accumulation ----- 
(a) General Considerat ions 

The b a s i s  of t h e  Neo-Classical theory of c a p i t a l  xcumulation i s  

centered on t h e  behavior of t h e  entrepreneur,  who i s  assumed t o  maximize 



some measure of p r o f i t .  The a r e a s  of  primary o b j e c t i o n  t o  such a c r i t e r i a  

a r e  : f i rs t ,  a cons iderable  amount of non-empirical a n a l y s i s  has  been 

devoted t o  t h e  determinants  of businessmens'  mot iva t ion ,  and t h i s  has a r -  

r i v e d  a t  a conclus ion  t h a t  b a s i c  marginal  cons ide ra t ions  a r e  l a r g e l y  i r -  

r e l e v a n t  i n  t h e  deci-sion processes ;  t h e  second o b j e c t i o n  t o  t h e  Neo-Clas- 

s i c a l  c r i t e r i a ,  i s  t h a t  t h e  Neo-Classics have f a i l e d  t o  proper ly  formulize 

a t h e o r y  of  investment complimenting t h e  b a s i c  Neo-Classical c r i t e r i a ;  

t h e  las t  and most fundamental ob jec t ion ,  r a i s e d  by Haavelmo, i s  t h a t  t h e r e  

i s  no a p r i o r i  j u s t i f i c a t i o n  f o r  any continuous demand f o r  investment by 

an  en t repreneur ,  Haavelmo goes on t h e  say:  

11 

"What we should r e j e c t  i s  t h e  naive reasoning  t h a t  t h e r e  i s  a 
demand schedule f o r  investment which could be derived from a 
c l a s s i c a l  scheme of producers '  behavior  i n  maximizing p r o f i t .  
The demand f o r  investment cannot simply be derived from t h e  
demand f o r  c a p i t a l .  Demand f o r  a f i n i t e  a d d i t i o n  t o  t h e  cap- 
i t a l  can l e a d  t o  any r a t e  of investment,  from almost zero t o  
t h e  i n f i n i t y ,  depending on t h e  a d d i t i o n a l  hypothesis  we i n -  
t roduce  r ega rd ing  t h e  sgeed of r e a c t i o n  of c a p i t a l  u s e r s .  I 
t h i n k  t h e  sooner t h i s  naive, and unfounded, theory  of t h e  
"demand-for-investment'schedule" i s  abandoned, t h e  sooner we 
s h a l l  have a chance of making some r e a l  progress  i n  construc-  
t i n g  more powerful t h e o r i e s  t o  d e a l  w i t h  t h e  cap r i c ious  s h o r t  
run  v a r i a t i o n s  i n  t h e  r a t e  of p r i v a t e  investment .  " 3  

The f i r s t  o b j e c t i o n  has been s e v e r e l y  c r i t i c i z e d  by White who a f t e r  

c r i t i c a l l y  examining t h e  a v a i l a b k  evidence, concludes, t h a t  a s  a r e s u l t  of 

t h e  d e f e c t i v e  d a t a  ( d e f e c t i v e  on non econometric s t anda rds ) ,  t h e r e  does 

k 
not  e x i s t  any support  o f  t h e  "non m a r g i n a l i s t  " dec i s ion  process  . Jorgen- 

5 
son r e j e c t s  t h e  second ob jec t ion  t o  t h e  Neo-Classical  framework; Jorgen-  



son argxes t h a t  none of t h e  t e s t s  reported i n  e a r l y  1 5  t e r a t u r e  a r e  based 

on a r igorous  statement of theory .  Moreover, t h e  corresponding assumptions 

wi th  r e spec t  t o  t h e  l a g s  between the  derived demand f o r  c a p i t a l  se rv ices  

and a c t u a l  investment a r e  much t o o  r e s t r i c t i v e .  Jorgenson suggests  t h a t  

t h e  statement of theory,  accompanying e a r l i e r  s tud ies ,  paid l i t t l e  o r  no 

a t t e n t i o n  t o  t h e  r o l e  t h e  p r i c e  of c a p i t a l  goods, t h e  r a t e  of i n t e r e s t  

and var ious  t axes ,  would play i n  t h e  determination of t h e  stock of c a p i t a l .  

These components a r e  of utmost importance i n  t h e  determination of t h e  

u s e r  cost  of c a p i t a l ,  r e fe r red  t o  by Jorgenson, which he argues should be 

e x p l i c i t l y  accounted f o r  i n  determination of t h e  demand f o r  c a p i t a l  goods 

i n  t h e  Neo-Classical framework. 
6 

The l a s t  object ion,  r a i sed  by Haavelmo i s  b a s i c a l l y  t h e  r e s u l t  of 

confusion. Namely, Haavelmo confuses t h e  concept of a demand f o r  inves t -  

ment schedul? of a correc t  Neo-Classical type,  wi th  an a b s t r a c t  notion of 

investment occurr ing  over time but without any sys temat ic i ty .  The theory 

of investment purported by t h e  Meo-Classical economists advance how changes 

i n  investment demand,in t u r n ,  l ead  t o  changes i n  c a p i t a l  stock over time, 

and can the re fo re ,  q u i t e  reasonabkr suggest an investment funct ion  explain-  

ed by t h e  l e v e l  of ,  o r  change in ,  aggregate demand. 

Another way of looking a t  t h e  Neo-Classical theory,  i s  t h a t  t h e  

optimim l e v e l  of c a p i t a l  accumulation can be achieved i f  t h e  f i r m  at tempts 

t o  maximize t h e  u t i l i t y  associa ted  wi th  a consumption stream over time 

subjec t  t o  t h e  cons t ra in t  of t h e  production process, and an asswfiption 



and net inves t rmi t .  More s p e c i f i c a l l y  investment i s  not an end i n  i t s e l f ,  

but  r a t h e r  a means of d i s t r i b u t i n g  consumption over t ime.  Also, i n  con- 

nection t o  t h e  maximizing of t h e  u t i l i t y  from consumption, Jorgenson 

proposes t h a t  under various condit ions t h i s  approach i s  tautologous t o  

t h e  maximization of t h e  f irms net  wealth. Consequei-itly, t h e  problem then 

becomes a simple mathematical exercise,  r e s u l t i n g  i n  a so lu t ion  f o r  t h e  

demnd  $f services  f r ~ m  t h e  C G ~ ~ S S F G L ~ ~ ~ I ~ ~  sei, of c a p i t a l  goods. 

The c e n t r a l  f e a t u r e  of t h i s  theory  i s  t h e  dependence of t h e  demand 

f o r  c a p i t a l  goods on t h e  r e l a t i v e  f a c t o r  p r i c e s .  m e n  a l e v e l  of c a p i t a l  
14 

stock, deemed optimal, i s  found we can then move t o  a formal iza t ion of an , 

investment theory .  Thus, t h e  demand f o r  c a p i t a l  should not be mistaken 

7 
a s  a demand f o r  investment. In  addi t ion ,  t h e  shor t  run determinati-on of , 

investment behavior depends on t h e  l a g  e f f e c t s ,  i n  responding t o  changes 
8 

i n  demand f o r  c a p i t a l  goods. As such, with a change i n  t h e  desired stock 

of c a p i t a l  some investment projec t  w i l l  be i n i t i a t e d ,  however, before 

a c t u a l  investment occurs, severa l  s tages  have t o  be passed. I n i t i a t i o n  

of t h e  contrac t ,  i s s u i n g  of orders, appropr ia t ion  of funds, various l e v e l s  

of work must be completed, and perhaps o ther  s t eps ,  and then t h e  a c t u a l  

investment occurs . 

(b )  Optimal Cap i ta l  Accumulation: A Formal Theory 

Let us a s s m e t h a t  t h e  demand f o r  c a p i t a l  i s  determined i n  such a 

way t h a t  t h e  net worth of t h e  f i rm i s  maximized, where net worth i s  de- 



f ined a s  t h e  present  value of a l l  f u t u r e  streams of net  revenue of t h e  

f i rm.  P r i ces ,  i n t e r e s t  r a t e s ,  and wages a r e  assumed f ixed,  but f o r  t h e  

moment, l e t  us assume, t h a t  t h e  e f f e c t  of t axes  on t h i s  stream of ne t  r e -  

venue i s  n e g l i g i b l e .  Defining a  p a r t i c u l a r  r e a l i z a t i o n  of a  s i n g l e  ouput 

by Q* , t h e  corresponding l abor  requi red  f o r  Q* a s  L* , and t h e  r e -  

quired investment i n  c a p i t a l  s tock by I* , a s  we l l  a s  p  , w , r , t h e i r  

r e spec t ive  p r i c e s ,  t h e  net  revenue of t h e  f i r m  can be defined as:  

and t h e  present  value of ne t  worth i s  

F i r s t ,  t h e  r a t e  of change i n  t h e  flow of c a p i t a l  serv ices  i s  pro- 

p o r t i o n a l  t o  t h e  flow of net  investment. Net investment, on t h e  o ther  

hand, i s  t o t a l  investment l e s s  replacement investment, furthermore, r e -  

placement investment i s  assumed t o  be propor t ional  t o  t h e  l e v e l  of capi-  

t a l  s tock K . Therefore, t h e  cons t ra in t  can be expressed as :  

dK = I* - CK 

where C i s  t h e  constant of p ropor t iona l i ty .  

The second cons t ra in t  i s  t h e  r e l a t i o n s h i p  between t h e  l e v e l  of out -  

put and t h e  l e v e l  of inputs ,  i . e . ,  c a p i t a l  and l abor  services ,  namely a 

production func t ion  : 



Ehploying t h e  technique  of Lagrangian m u l t i p l i e r s ,  we can de r ive  

t h e  fo l lowing  r e l a t i o n s h i p s  ..... 

. . . . wnich a r e  t h e  f a m i l i a r  marginal  p r o d u c t i v i t y  cond i t i ons .  The expres-  

s i o n  ( r (v+c)  -dq) r e p r e s m t s  t,he shadow p r i c e  of  i m p l i c i t  r e n t a l  of one 

9 u n i t  of c a p i t a l  s e r v i c e  pe r  per iod  of t ime,  a l s o  c a l l e d  t h e  u s e r  cos t  of 

c a p i t a l  mentioned e a r l i e r .  Assuming q  ( t h e  c a p i t a l  ga in  o r  l o s s )  a s  

be ing  t r a n s i t o r y ,  i . e . ,  a t t a c h i n g  an  expected va lue  of zero  t o  it, and 

l a b e l l i n g  t h e  u s e r  cos t  of cap i%a l  by C, we have: 

where C = q( r+c )  From t h i s  l a s t  express ion ,  t h e  demand f o r  c a p i t a l  

s tock  can be obta ined .  

This  gene ra l i zed  s o l u t i o n  can be expanded f o r  more complex s i t u a t i o n s ,  

where e x p l i c i t  r ecogn i t i on  of t h e  u s e r  cos t ,  C , being  a f f e c t e d  by t axes ,  

t a x  r a t e s ,  t a x  i n c e n t i v e s ,  and dep rec i a t ion  p o l i c y s  of  governments, e t c . ,  

can be inco rpora t ed .  The f i r s t  p a r t  o f  t h e  above equat ion,  i - e . ,  t h e  

marginal  p r o d u c t i v i t y  t heo ry  cond i t i on  p re se rves  i t s  form C/P , only 

C t a k e s  new va lues  accord ing  t o  new s i t u a t i o n s .  For a d e t a i l e d  a n a l y s i s ,  



10 
Jorgenson (1963) can be consulted . 

2.4 Vintage Model 

Consider t he  normal Cobb-Douglas and constant E l a s t i c i t y  of Substl- 

t u t i o n  (c,E.s,) production functions outl ined i n  chapter 1: 

vt 
The term e denoted the  pace of t echn ica l  progress, t h a t  i s ,  i f  

L and K a r e  kept constant, we s t i l l  expect t he  production function t o  

s h i f t  upward over time. This r e s u l t s  from changes i n  t he  productivity of 

t he  fac tor  inputs  a s  well  a s  t echn ica l  changes not a t t r i bu t ab l e  t o  e i t h e r  

inputs .  Even i f  we ignore, f o r  t h e  moment, t h e  econometric and est imation 

problems which a r i se  i n  the  use of above functions,  we do not know, more- 

over, we cannot exp l i c i t l y  i n t e rp re t  t he  process OX' t echn ica l  change. Many 

attempts have been made t o  i d e n t i 0  the  so-called res idua l  e ~ .  In  these  

undertakings t he  majori ty of work has centered upon using data on education 

a s  an add i t iona l  var iable ,  t o  see if the  r e l a t i v e  magnitude of evt can 

be reduced. However, a s  Solow has correct ly  noted i n  one of h i s  e a r l i e r  

a r t i c l e s  regarding t h e  res idua l  : 



"It i s  t r u e  t h a t  t h e  notion of t ime shdLfY; i n  t h e  
funct ion  i s  a  confession of our ignorance r a t h e r  than a  claim 
t o  knowledge; they ( i . e . ,  t h e  s h i f t s )  ought t o  be analyzed 
f u r t h e r  i n t o  such components a s  improvements i-n t h e  s k i l l  and 
q u a l i t y  of l abor  fo rce ,  r e tu rns  t o  investment i n  research  and 
education, improvements i n  techniques within i n d u s t r i e s ,  . . .  e t c .  r ,  11 

Both of  t h e  above equations t r e a t  t e c h n i c a l  progress a s  something 

l i k e  time and motion study - some way of organiza t ional  improvement. 

But t h e  most s t r i k i n g  assumption isYqat ALL c a p i t a l  equipment, old and - 
new, p a r t i c i p a t e  equally i n  t h e  t e c h n i c a l  progress .  This i s  t o  say t h a t  

new improvements, inventions,  and innovations apply equally t o  old and new 

c a p i t a l .  Here i s  t h e  flaw i n  t h e  argument. A simple o b s e r v a t i m  of most 

of innovations shows t h a t  they need t o  be implemented i n  t h e  new kinds of 

c a p i t a l  equipkent, i . e . ,  t e c h n i c a l  change i s  embodied i n  t h e  l a t e s t  model 

of c a p i t a l  equipment . I 

b p i r i c a l l y  speaking, i n  1957, Solow used a  production funct ion  of 

Cobb-Douglas type  and came up wi th  t h e  r e s u l t s  t h a t  t h e  t e c h n i c a l  progress 

1 2  
has contr ibuted more than  anything e l s e  t o  growth i n  output (about 85%). 

He b a s i c a l l y  assumed a  disembodied process of  t e c h n i c a l  progress,  one t h a t  

drops from t h e  sky. Many c r i t i c i s m s  followed t h e s e  r e s u l t s  u n t i l  Jorgen- 

13 
son and G r i l l i c h e s  i n  1967 formally demonstrated t h a t  t e c h n i c a l  change 

and improvements a r e  almost completely embodied (non n e u t r a l  t e c h n i c a l  

change) i n  c a p i t a l  and l abor ,  wi th  disembodied t e c h n i c a l  progress account- 

i n g  f o r  only 3.3% of t h e  growth of output (while growth of inputs  t o -  

gether  wi th  t h e i r  r e l a t i v e  improvement, expla in  t h e  r e s t )  . 



This was t h e  b a s i s  of d e v e l o p ~ ~ e n t  of v in tage  models, i . e . ,  models 

i n  which c a p i t a l  equipc-ents of d i f f e r e n t  age a r e  t r e a t e d  d i f f e r e n t l y .  

Denoting gross investment a t  t ime v  by Kv , meaning t h e  t o t a l  ou-t- 

put  of c a p i t a l  goods a t  t h a t  time period,  it i s  a l s o  equal  t o  37) , i n -  

vestment i n  per iad  v  . Using a  simple assumption wi th  respect  t o  depre- 

t I \-& c i a t i o n  and obsolescence, namely t h a t  t h e  c a p i t a l  equipments a r e  exposed 

t o  a  constant m o r t a l i t y  r a t e  a ( i . e . ,  avarage l i f e  ex2ectancy i s  113 ), 

t hen  we can wr i t e :  

The above equation gives t h e  value of  c a p i t a l  s tock of vintage v  

i n  period t (say, c a p i t a l  s tock of v in tage  1945 i n  period 1970 ) i n  

terms of o r i g i n a l  value of c a p i t a l  (i. e . ,  i n  time period v  ') discounted 

t o  present  period by t h e  mor ta l i ty  r a t e  3 . 
Prom t h e  above equation, t h e  o v e r a l l  l e v e l  of c a p i t a l  s tock a t  a  

c e r t a i n  point  i n  time, say t , can be found t o  be t h e  summation of pre-  

s e n t  value of c a p i t a l  s tocks  of a l l  v in tages ,  i . e . ,  
rt 

Considering t h e  Pact '&.at t h e  da ta  f o r  c a p i t a l  s tock i s  genera l ly  

r a r e  and unavailable,  it i s  poss ib le  t o  use t h e  l a s t  equation t o  develop 

a technique f o r  es t imat ion  of (2 .8 )  and then  use a  recurs ive  system t o  

es t imate  t h e  l e v e l  of  c a p i t a l  s tock a t  any time per iod .  



The other  s t r i k i n g  r e s u l t s  of v in tage  models i s  i n  regard t o  growth. 

14  1 5  
Solow and Phelps , both show t h a t  : 

(a )  t h e  average l i f e  of c a p i t a l  stock 1 depends only on t h e  r a t e  of 

growth and r a t e  of deprecia t ion and not on t h e  investment r a t i o ,  I/Y , 
and 

(b)  t h e  asymptotic r a t e  of growth i s  independent of t h e  investment r a t i o .  

For t h e  present  a n a l y s i s  t h e  theory of t h e  vintage model beyond t h i s  point  

does not contr ibute  t o  t h e  problem a t  hand. However, both Solow and Phelps 

i n  t h e  previously mentioned a r t i c l e s  do discuss  i n  d e t a i l ,  f u r t h e r  exten- 

t i o n s  i f  t h e  reader d e s i r e s ,  A s  such, l e t  us now pursue t h e  approach of 

t h e  v in tage  model i n  t h e  p a r t i c u l a r  study a t  hand. 

2.5 Estimation of t h e  Level of Capi ta l  Stock For B.C. Using t h e  ------ Vintage 

Model. 
i i  

I n  t h e  previous sec t ion  (2.4) we a r r ived  a t  t h e  equation: 

A t  t h i s  time it was suggested t h a t  t h i s  equation could be used f o r  estim- 

a t i o n  of ?I , t h e  average mor ta l i ty  r a t e ,  and l a t e r  f o r  t h e  est imation of 

provincia l  c a p i t a l  s tock.  This has been done by t h e  following procedure: 

( a )  Assume t h a t  t h e  average mor ta l i ty  r a t e  of t h e  c a p i t a l  stock of Canada 

i s  t h e  S ~ L O  a s  t h a t  of B r i t i s h  Columbia. This assumption means t h a t  aver- 

age l i f e t i m e  of c a p i t a l  stock f o r  t h e  nation and t h e  province i s  t h e  same. 



(b)  Expand equation (2.1" t o  obtain:  

Mult iplying t h e  equation (2.12) by e" , we get ,  

S u b k a c t i n g  equation (2.11) from equation (2.1 3) , we get 

.(\"' 
Since t h e  data  f o r  t h e  c a p i t a l  s tock of Canada i s  a v a i l a b l e  f o r  years  pre- 

ceding 1957, t h e  above equation can be used t o  est imate t h e  average m0r.t- 

a l i t y  r a t e  of Canadian c a p i t a l  s tock.  From equation (2.14) we can wri te :  

Using t h e  a v a i l a b l e  data,  f o r  t h e  eleven years  (1947 - 1957) : on c a p i t a l  

s tock est imates f o r  Canada, an average measure of 3 , ?W- , can be estim- 

a ted .  The values of 8 generated over t h i s  period were a s  follaws: 



The average a* i s  0.0683 , suggest ing t h a t  t h e  average l i f e  of Canadian -- 

. c a p i t a l  - s tock i s  1/0.0683 o r  approximately 15  yea r s .  ---- 

( c )  Now expanding equation (2.14) f o r  t h e  yea r  1969, r e s u l t s  i n ;  

Since it was found t h a t  t h e  average l i f e  of a t y p i c a l  piece of c a p i t a l  i s  

approximately 1 5  years ,  a reasonable approximation of ~ ( 1 9 6 9 )  f o r  B .C . 
can be obtained i f  we s t a r t  t h e  above s e r i e s  from 1949 , i .e . ,  a twenty- 

yea r  period and use  t h e  values of investment i n  B.C. .?ran 1(1949) t o  

If a s e t  of da ta  f o r  investment i n  R.C.  were ava i l ab le  ( a t  l e a s t  

from 1930 t o  1969) , one could use t h e  same method t o  approximate t h e  l e v e l  

of c a p i t a l  s tock,  but unfo r tu r~a te ly  t h e  a v a i l a b l ~  data ends i n  1&3, con- 
I 

sequently t h e  present  a n a l y s i s  i s  forced t o  use a weaker approximation. 

( ~ a m e l y  1949.) With t h e s e  est imates of c a p i t a l  da ta  and from ",e published 

s t a t i s t i c s  f i g u r e s  1, 2, 3, and 4 were generated.  'In f i g u r e  1, t h e  r e -  

l a t i o n s h i p  between c a p i t a l  and p rov inc ia l  product i s  p l o t t e d .  This graph 

i s  t h e  most important,  a s  a l l  f i g u r e s  of c a p i t a l  s tock a r e  produced by 

t h e  above v in tage  model. Figure 2, a l s o  us ing t h e  derived c a p i t a l  f igures ,  

demonstrates t h e  dependence of various l e v e l s  of ca ,p i ta l  s tock and inves t -  

ment over t h e  period (1959 - 1969) . The remaining graphs a r e  included 



f o r  gene ra l  i n t e r e s t ,  ass t o  t h e  t r e n d  of investment over t h e  per iod  under 

cons ide ra t ion  and t h e  r e l a t i v e  a f f e c t  upon t h e  ad jus t ed  l a b o r  f o r c e .  
17 

As 

a n a t u r a l  choice,  w i t h  t h e  e s t a b l i s h e d  framework on c a p i t a l  and gene ra l  

product ion theo ry  l e t  us  now move t o  t h e  ' i ,heoret ical  p o s s i b i l i t i e s  of e s -  

t ima t ion ,  employed i n  t h e  aggregate  a n a l y s i s .  



F I G U R E  I 



32 

F I G U R E  2 

1 

- 

1 I I I 7--"-----1 
120.00 160.00 200.00 240.00 280.00 320.00 360 

INVESTMENT w l O 1  



F I G U R E  ? 



F I G U R E  4 



35 

N O T E S  

Chapter 2 

Wickwell, K . , (1896), p  .53. 

L U ~ Z  ( 1 9 6 ~ ) ~  p . 6  

Haaveimo ( 1 9 6 0 ) ~  p. 170 

White (1956), pp.565-587, t h e  da ta  r e f e r r e d  t o  was a  r e s u l t  of a  
ques t ionnai re  of over 1,000 English f i rms,  and l a t e r  a  s imi la r  s tudy 
of  l 3 , O O O  American f i rms.  

Jorgenson (lyG;'fj,  pp.131-132 

This concept of user  cost  was f i rs t  introduced by Keynes i n  h i s  
General Theory . . . . . . . . ,  and discussed a t  len&h i n  t h e  appendix of 
chapter 6, of t h e  same. Also, see  Abba Leiner f o r  some elucidatLng 
comments (194 3) ,  pp, 131-132 

H i r s h l e i f e r  ( ~ 9 5 8 ) ~  p. 205 

Jorgenson (1963), p. 248 

I b i d . ,  p.249 - 
Lot. c i t  . 
Solow (1959) p.159 

Soj-ow (1957) 

Jorgenson and Gr i l l i ches  (1967), pp. 249-283 

Loc. (:it. 

Swnmary of Economic Ac t iv i ty  i n  B r i t i s h  Columbia, (1958-1969). 
P lus  a d d i t i o n a l  information wi th  r e spec t  t o  investment was obtained 
from Mr. Knight a s s i s t a n t  d i r e c t o r  of t h e  Department of Economics 
and S t a t i s t i c s ,  Vic tor ia ,  B.C. 

See chapter  4, for  e x p l i c i t  cons idera t ions  of t h e  fashion i n  which 
a l l  graphs should be i n t e r p r e t e d .  



ESTIMATION TECHNIQrnS 
f o r  

AGGREGATE PRODUCTIOB FUNCTIONS 

3.1 I n t r o d u c t i o n  

Before one can confront t heo ry  wi th  d a t a  t h e r e  e x i s t s  c e r t a i n  i s s u e s  

which must b e  s e t t l e d .  I n  t h e  case of  empi r i ca l  product ion a n a l y s i s ,  we 

must i d ~ i z t l f j -  ceyt&rl pruceciures whereby e s t ima te s  of t h e  parameters under 

examination can r e a d i l y  be secured .  A s  such, t h e  foil-owing chapter  w i l l  

focus on two important  econometric problems. The f i r s t  of t h e s e  problems 

p e r t a i n s  t o  e s t ima t ion  of t h e  parameters  such a s ;  t h e  i n t e n s i t y  parameters,  

t h e  r e t u r n s  t o  s c a l e ,  and t h e  e l a s t i c i t y  of subs t i tw t i tm  ( a t  l e a s t  i n  t h e  

/ * 

case  of  t h e  C.E.S.). The second problem t o  be i n v e s t i g a t e d  r e l a t e s  t o  t h e  

measurement of t h e  t echno log ica l  components of t h e  r e s p e c t i v e  product ion 

f u n c t i o n s  under cons ide ra t ion .  I n  order  t o  do j u s t i c e  t o  t h e s e  problems, 

t h e  f i r s t  two s e c t i o n s  of t h i s  chapter  w i l l  be devoted t o  t h e  methods of 

e s t ima t ing  t h e  parameters  of  t h e  C .D. and C .E.S. product ion func t ions ,  

r e s p e c t i v e l y .  The t h i r d  s ec t ion ,  w i l l  d e a l  w i t h  t h e  t echno log ica l  compon- 

e n t s  i n  a manner which w i l l  be u s e f u l  f o r  t h e  empi r i ca l  r e s u l t s  - a t  l e a s t  

from t h e  p rospec t ive  o f  i n t e r p r e t a t i o n .  

3.2 Est imat ion  of  t h e  Cobb-Douglas Product i on  Funct ion 

Up t o  t h i s  po in t ,  a l l  d i s cuss ion  has focused on t h e  economic model, 

where a l l  problems of measurement have been ignored .  What we now wish t o  



e s t a b l i s h  i s  a  s t a t i s t i c a l  o r  econometric model. I n  order  t o  transform 

t h e  economic model t o  an econometric model n e c e s s i t a t e s  t h e  inc lus ion  of 

a l a t e n t  v a r i a b l e  u  . The l a t e n t  va r i ab le  r ep resen t s  t e c h n i c a l  f a c t o r s  

unique t o  a  p a r t i c u l a r  observation, i . e . ,  u  i s  unique t o  t h e  i t h  ob-- 

se rva t ion  on Q , L , and K . Conseqaently, t h e  previous economic model 

now becomes : 

The above model i s  now an econometric model, v i a  t h e  incorpora t ion  of u  , 
t h e  l a t e n t  v a r i a b l e .  The j u s t i f i c a t i o n  f o r  u e n t e r i n g  m u l t i p l i c a t i v e l y  

r e s u l t s  from convenience, wi th  respect  t o  s t a t i s t i c a l  es t imat ion .  

The l a t e n t  v a r i a b l e  i s  a  device whereby recogni t ibn  i s  given t o  t h e  

f a c t  t h a t  we cannot expect est imates A , B and t o  exact ly  determine 

t h e  l e v e l  of &t , given values of Kt and Lt xi; t ime t . Rather, we 

would expect t h a t  o the r  f a c t o r s  - random i n  nature  - w i l l  cause t h e  eqQa- 

l i t y  between Q and K , L , t o  be v i o l a t e d .  However, s ince  t h e s e  i n -  

f luences  a r e  random over time, we expect t h a t  on t h e  average, u  should 

have a  value of zero, suggest ing t h a t  i t s  inf luence  on Q over time i s  

n e g l i g i b l e .  

A s  suggested i n  t h e  f i r s t  chapter ,  t h e  C!D. s p e c i f i c a t i o n  combines 

s impl ic i ty  wi th  c e r t a i n  a t t r a c t i v e  t h e o r e t i c a l  p roper t i e s .  That is ,  due 

t o  t h e  l i m i t a t i o n  imposed by est imation techniques,  both t h e o r e t i c a l  and 

computational, d i r e c t  es t imat ion  f o r  t h e  above econometric model i s  not 



poss ib le .  Rather, a  t ransformation i s  applied,  which i n  t u r n  converts 

t h i s  equation t o  a  l i n e a r  funct ion - which has ava i l ab le  a  host of poss ib le  

est imation procedures. The most common estimable f o m  of t h e  C.D. is ,  

1nQ -- 1nZ + A  1nK -t B InL + l n u  (3 .2 )  

A s  can be seen est imation of t h e  above equation produces est imates of both 

t h e  technological  and input  parame+:.ers . However, a  problem which o f t  en 

occurs from u t i l i z a t i o n  of t h e  above equation i s  t h a t  1nK and 1nL a r e  

highly cor re la ted ,  which i n  t u r n  a f f e c t s  t h e  l e v e l  of r e a l i b i l i t y  t h a t  can 

be placed on t h e  s t a t i s t i c a l  est imates of A and B . I n  order t o  avoid 

t h i s  problem an a l t e r n a t i v e  formu-lation of (3 .2 )  can be u t i l i z e d ,  which 

r e s u l t s  i n  a  value of A , while simultaneously reducing t h e  co l l inea r  
I 

problems of 1nK and 1nL , t h a t  is, 

The ah\-e re la t ionsh ip ,  although a l l e v i a t i n g  t h e  c o l l i n e a r i t y  problem, 

o f fe r s  a  se r ious  const ra in t ;  t h a t  is ,  es t imat ion of A , and the re fo re  

B , where B = 1 - A  , requ i res  constant r e t u r n s  t o  s c a l e  a r e  e x p l i c i t l y  

incorporated i n  t h e  est imation procedure. 

A 

The i n t e r p r e t a t i o n  of $ and B , t h e  s t a t i s t i c a l  est imates of A 

and B , i n  t h e  C.D. model, a r e  merely e l a s t i c i t i e s  of output,  with r e -  

spect  t o  c a p i t a l  and l abor .  The sum of these  e l a s t i c i t i e s ,  a s  suggested 

i n  chapter I, determine t h e  re tu rns  t o  s c a l e  implied by t h e  observations 



fi  A h 
used t o  genera te  A and B . With r e s p e c t  t o  t h e  e s t ima te  of '6 , f j :  , 
i t s  i n t e r p r e t a t i o n  w i l l  be considered i n  a l a t e r  s e c t i o n  i n  conjunct ion  

w i t h  3 of t h e  C.E.S. 

L i t t l e  more need be s a i d  of t h e  C.D. ,  w i t h i n  t h e  context, of estirlia- 

t i o n .  It should be apparent  why i t s  use has been s o  frequent  among econo- 

m i s t s  i n  empi r i ca l  r e sea rch .  I n t e r p r e t a t i o n  and e s t ima t ion  of each of t h e  

e l a s t i c i t i e s  a r e  r e a d i l y  obtained,  procedures  t o  e l imina te  problems of 

m u l t i c o l l i n e a r ~ - L y  a r e  aLs.2 r e a d i l y  a p p l i c a b l e .  Both of' t h e s e  func t ions  

a r e  es t imated  w i t h  a comparison of t h e  parameter r e s u l t s  i n  t h e  fo l lowing  

chap te r .  A s  such, l e t  u s  now pursue a more i n t e r e s t i n g  problem - est ima- 

t i o n  of t h e  parameters  of t h e  C.E.S. product ion  func t ion .  

3.3 Es t iwat ion  of t h e  C .E.S. Product ion Funct ion 

Consider t h e  case where a d i r e c t  l oga r i t hmic  t ransformat ion ,  a s  was 

undertaken i n  t h e  previous  s e c t i o n ,  i s  app l i ed  t o  t h e  C.E.S. product ion  

func t ion  : 

Refe r r ing  t o  chapter  1, it w i l l  be  remeixbered t h a t  t h e  e s t ima te s  which 

were des i r ed  were; a ,  b , 3 , A , and B , f o r  given da t a  of  Q , 
L , and K r e s p e c t i v e l y .  Nonetheless,  upon c l o s e  examination of t h e  above 

equat ion,  and i t s  o r g i n a l  f u n c t i o n a l  form, we can r e a d i l y  s ee  t h a t  d i r e c t  

e s t ima t ion  i s  not  p o s s i b l e .  Namely, even w i t h  t h e  loga r i thmic  t ransform- 



a t i o n  we f i n d  t h a t  (AK-& + B L - ~ )  does not permit a  d i r e c t  procedure f o r  

est imation,  s ince  t h r e e  unknown parameters, A , B , and a  , a r e  included 

i n  t h i s  express ion.  Accordingly, we must naw employ a d d i t i o n a l  func t iona l  

spec i f i ca t ions  i n  ordez t o  f j n e s s e  t h e  des i red  parameter es t imates .  

Various procedures have been developed by economists, y e t  many of 

t h e s e  techniques do not a l l m  a  d i r e c t  es t imat ion  of t h e  r e tu rns  t o  s c a l e  

f ac to r ,  b  . One poss ib le  procedure would be t o  est imate b , v i a  t h e  

n n 
b .  u. iude i ,  where ( A + B ~  a r e  not constrained,  then us5 rlg t h e s e  e s t h a t e s  

one could apply t h e  r e t u r n s  t o  s c a l e  f a c t o r  of  t h e  C.D.,  t o  t h e  C.E.S. 

This procedure was considered a s  a  p o s s i b i l i t y ,  but a f t e r  contemplation 

it was recognized t h a t  any production func t ion  has c e r t a i n  unique proper- 

t i e s ,  t h e  most important of course i s  t h e  determination of t h e  i n t e r a c t i o n  

of t h e  inpu t s .  Moreover, t h i s  i n t e r a c t i o n  of t h e  inputs  i m p l i c i t l y  a f f e c t s  

t h e  r e t u r n s  t o  s c a l e ,  s ince  we r e a l i z e  t h e t  t h e  C.D. and t h e  C.E.S. a r e  

func t iona l ly  r e l a t e d  only under very s p e c i a l  circumstances ( see  s e c t i o n  1 .4)$  

it should be i n t u i t i v e l y  obvious t h a t  u t i l i z a t i o n  of t h e  parameter fo r  r e -  

'curns t o  s c a l e  of t h e  C.D.  w i l l  not - and has not - any t h e o r e t i c a l  or  

empirical  v a l i d i t y .  However t h r e e  procedures a r e  genera l ly  adopteg, t h e  

C.E.S. wi th  a d d i t i o n a l  functions,  from which es t imat ion  of t h e  o rg ina l  para- 

meters of the model can b e  accomplished. Let us  now look a t  each of t h e s e  

i n  t u r n ,  and cns ider  t h e i r  p l a u s i b i l i t y ,  from both a  t h e o r e t i c a l  a s  wel l  a s  

an empir iac l  s tand po in t .  

F i r s t  l e t  us  impose t h e  assumption, providing t h e  re levant  production 



func t ion  i s  i n  f a c t  a  C.E.S., t h a t  a l l  business concerns contr ibut ing t o  

t h e  aggregate values of Q , and the re fo re  t h e i r  derived demands f o r  cap- 

i t a l  and labor ,  a r e  done i n  such a  fashion a s  t o  minimize costs ,  then we 

can redef ine  our marginal r e l a t i o n s  of chapter 1, as:  

We can r e l a x  t h e  s t rong 

(3.5) 

assumption of cost  minimization of a l l  pro- 

ductive concerns by incorporat ing our s t o c h a s t i c  component which s p e c i f i c -  

a l l y  accounts f o r  incomplete cost  minimization, thus  equation (3.5) now 

becomes: 

S u b s t i t u t i n g  from (1 . l 4 )  f o r  (3.6)  y ie lds :  

Therefore, t o  

a logar i thmic  

transform equation (3 .7)  i n t o  a  form which can be estimated 
2 

transformation i s  applied,  r e s u l t i n g  in :  

I-A K 1n(rBt/wLt) = ( - ) ( a )  A h u t  (3.8) 
t 

3. -A To compute es t imates  of ( ) and ( l i a ) ,  r equ i res  only, t h e  wage r a t e ,  

p r i c e  of c a p i t a l ,  and data  on t h e i r  corresponding aggregates K and L . 
1 -A 

The est imates of ( - ) and ( l + a )  , allow us t o  transform equation (3.5)  
A 

so  t h a t  es t imates  of a , b , and v  can be e a s i l y  obtained That i s ,  



.Subst i tu t ing t h e  est imates generated from equation (3.8) y i e l d s  t h e  f o l -  

lowing ..... 

... from which we can obtain est imates of 2, , v , and b . This proce- 

dure has d e f i n i t e  econometric appeal  s ince  t h e  co l l inea r  re la t ionship ,  

3 mentioned e a r l i e r ,  between capi ta l  and l abor  has been avoided. Conseq- 

uent ly  t h e  degree of r e l i a b i l t t y  which can be placed i n  these  est imates - 
a t  l e a s t  from a s t a t i s t i c a l  point  of view - i s  des i rab le .  

Another procedure t h a t  can be adopted, i n  es t imat ing t h e  C.E.S. para- 

meters, employs a d i r e c t  estima-Lion technique, on equation (3 .4))  without 

extraneous fucn t iona l  r e l a t i o n s .  Moreover, t h e  following technique has a 

t h e o r e t i c a l  advantage over t h e  previous method. That is ,  assumptions r e -  

garding cost  mini.mization behavior, i n  addi t ion  z-L t h e  assumption regard- 

ing  t h e  acceptance of t h e  production function, e x p l i c i t l y  incorporated can 

This procedure, general ly re fe r red  t o  as t h e  Gauss -Newton m e t h ~ d ,  

come under a host  of 

does not r equ i re  t h e  

accept t h e  exis teace  

cost  considerat  ions .  

may p roh ib i t  i t s  use 

t h e o r e t i c a l  arguments. The procedure t o  

former of t h e  two assumptions, r a t h e r  we 

of t h e  production funct ion and disregard 

There do e x i s t  c e r t a i n  o ther  proper t ies  

- mainly problems of computat ion .  

be out l ined 

must only 

any poss ib le  

however, which 

LC 

u t i l i z e s  l e a s t  square techniques.  The norrnal equations used i n  t h e  estima- 



t i o n  procedure a r e  derived from t h e  o r i g i n a l  function,  which has been l i n -  

ear ized by a  Taylor s e r i e s  expansion. The use of a Taylor s e r i e s  t echn i -  

que r e s u l t s  from f-ntui t ive  "guesses1' bjr t h e  researcher,  wlth respect  t o  

t h e  parameters under considerat ion.  The garbetex-  values a r e  then revised 

by an i t e r a t i o n  procedure, u n t i l  convergence i s  s a t i s f i e d .  It should be 

noted t h a t  convergence may requ i re  a  l a r g e  number of i t e r a t i o n s  i n  order 

f o r  convergence, a s  such t h i s  may d e t e r  one from adopting it a s  a  s u i t a b l e  

es t imat ion technique.  I n  t h e  case .of our C,E.S ., i t s  f i rs t  order Taylor 

s e r i e s  approximation can be w r i t t e n  as :  5 

where s = b/a , now l e t  Q-X- = (A1KWaa + (1-A) L - ~ ~ )  , where t h e  indicated  

1 ' s  , represent  i n i t i a l  values assigned, rewrit ing equation (3 .lo) with t h e  

above s u b s t i t u t i o n s  y i e l d :  

- (1+s1) 
-sZ Q* ( A , K - ~ ~  1nK + (1-A) l a )  (a-a ) 

1 

Now values of Q denote p red ic t ions  determined, based on t h e  l inea r ized  

model, wi th  Ql being an eva1ua;l;ion of Q , f o r  i n t i a l  values of t h e  para- 

meters; a s  such we can derive an expression, of t h e  r e l a t i o n s h i p  between 



t h e  p red ic t ions  and a c t u a l  values of Q , say 8 , a s  

where values of ( z - z ~ ) .  . . . . . (s-sl) can be determined v i a  minimizing 

with respect  t o  each s- component (z-z~) , on e t c .  

It should be apparent,  t h a t  values of t h e  parameters, determined i n  

t h i s  fashion a r e  est imates of t h e  o r g i n a l  non l i n e a r  form of (3.5) , t h i s  

follows i f  t h e  correc t ion f a c t o r s  (z-z ) . . . . . e t c . ,  vanish a t  convergence. 
1 

The bas ic  problem of t h i s  method i s  t h a t  convergence may wel l  never occur, 

simply because t h e  i n i t i a l  guesses were "too f a r "  from t h e  t r u e  values .  

However, i f  one had t h e  proper'  cai~putat ion  f a c i l i t i e s ,  evaluation of t h i s  

I 

s e r i e s  could be undertaken without t o o  much d i f f i c u l t y .  I n  addi t ion ,  t h e  
' t  

est imates derived i n  t h i s  fashion a r e  "true" parameter est imates f o r  t h e  - ! 

func t iona l  r e l a t i o n s h i p  (3.6) and the re fo re  t h i s  procedure should be t h e  

adopted method of parameter estimation, but because of i n s u f f i c i e n t  com- 

pu ta t iona l  devices ava i l ab le ,  t h e  proceeding chapter w i l l  u t i l i z e  t h e  f i r s t  

met hod. 

6 7 
Other procedures have been adopted by Hi lhors t '  and Dhrymes, based 

on Solow's e a r l i e r  inves t iga t ions .  These procedures a r e  s imi la r  t o  t h a t  

out l ined a t  f i rs t ,  i n  t h a t  a l l  use extraneous functions,  i n  an attempt t o  

f inesse  t h e  parameter est imates of t h e  C.E.S.  ?:onetheless, it should be 

noted t h a t  these  procedures u t i l i z i n g  extraneous func t iona l  r e l a t i o n s  have 

s t a t i s t i c a l  aggregation problems, i n  t h a t  a s  more funct ions  a r e  u t i l i z e d  



i n  es t imat ing t h e  parameters, we f i n d  t h e  e r r o r s  a r i s i n g  wi th  each func- 

t i o n  est imated.  

3.4 Measurement of Technological Factors  i n  t h e  C .E.S. and C .D. Production 

Functions 

I n  s e c t i o n  (1 .5)  , of chapter 1, we considered c e r t a i n  types of tech-  

8 
nological  change. These technological  changes had d i s t i n c t i v e  a f f e c t s  on 

output, where t h e  input  r e l a t i o n  was a f fec ted  i n  only one of t h e  two pos- 

s i b l e  technological  changes. n e u t r a l  technological  change, was t h a t  type 

of t e c h n i c a l  change where no change i n  t h e  input  r e l a t i o n  occurred, r a t h e r  
$ 4  I 

/ / 

t h e  volume of output change, without changes i n  t h e  volume of t h e  inputs ,  I I 

I 
I I 

and a s  such t h e  marginal r a t e  of s u b s t i t u t i o n  was unaffected.  The other  I I 

j I 
I 

change, non neu t ra l ,  d i r e c t l y  a f fec ted  t h e  product iv i ty  necess t t a t es ,  under ,,I 

our cost  minimfzation assumption, t h a t  t h e  input  composition w i l l  change, 

t o  more o r  l e s s  c a p i t a l  using.  Measurement of e i t h e r  of these  technologi- 

c a l  changes i s  one of t h e  more d i f f i c u l t  problems i n  empirical  production 

a n a l y s i s .  

The C .D. production funct ion can be estimated i n  e i t h e r  of t h e  two 

forms suggested i n  t h e  previous chapters, i . e . ,  

( i )  

( i i )  

I n  case ( i )  , we have attempted t o  capture technological  components by two 



var iab les ,  Z' and vt . Changes i n  t h e  parameter Z denote n e u t r a l  

change s ince  t h e  r a t e  of s u b s t i t u t i o n  of c a p i t a l  f o r  l abor  i s  not a f f e c t e d .  

The parameter v  , a  t r end  component, i s  a s se r t ed  t o  be a  measure of e-?- 

f ic iency,  but y i e l d i n g  only another opera t iona l  means of quantifying n e u t r a l  

changes i n  technology. I n  order t o  u t i l i z e  t h i s  parameter t o  account f o r  

s t r u c t u r a l  changes i n  production , which can be deemed as n e u t r a l  changes 

i s  t o  attempt t o  d iv ide  t h e  est imation per iod.  That i s ,  r a t h e r  than con- 

s ide r ing  a  time span of T periods, we should break t h e  time span i n t o  

sub-periods, which i n  t o t a l  a r e  t h e  T per iods .  Hence we can est imate f o r  

k time i n t e r v a l s  (k( T) ,  and then f o r  K1-1 t o  K1-n , where K+n< T , 
I 

so  t h a t  a  comparison of t h e  parameters generated during t h e  f i rs t  k per-  
I 

iods,  and those  generated during t h e  (K-tn) periods can be compared s t a -  
IT 

I (  

t i s t i c a l l y .  I n  order t o  provide conclusive evidence t h a t  a  s t r u c t u r a l  I 
.1 

change has occurred we can incorporate t h e  use of a  variance t e s t  on each 

of t h e  d i s t r i b u t i o n s  f o r  t h e  l a t e n t  va r iab les ,  of each time span; pro- 

v id ing  t h e  variance t e s t  does not suggest t h a t  d i f f e r e n t  s t r u c t u r e s  have 

generated t h e  l a t e n t  var iables ,  we can suggest t h a t  no change has occurred 

a t  l e a s t  f o r  t h e  n e u t r a l  components. However i f  we discover t h a t  t h e  s t r u c -  

t u r e s  a r e  s t a t i s t i c a l l y  i n s i g n i f i c a n t ,  y e t  t h e  parameter values of L and 

K , a r e  s i g n i f i c a n t l y  d i f f e r e n t  f o r  t h e  two time i n t e r v a l s  then t h e r e  i s  

reason t o  bel ieve  t h a t  an embodied change, such a s  q u a l i t y  changes i n  one 

o r  both  of t h e  inputs ,  has occurred. However, t o  dist ' inguish whether it 

i s  c a p i t a l  oj: l a b o r  inc l ined can only be suggested by changes i n  t h e  mag- 



ni tude  of t h e  respec t ive  parameters, which has obvious problems of i n t e r -  

p r e t a t i o n .  For t h e  following e m ~ i r i c a l  work, est imates of both C.D. forms 

w i l l  be undertaken, however, due t o  i n s u f f i c i e n t  data,  t h e  changes i n  t h e  

est imation span w i l l  be f o r  k=5 , kt-1.. . . . .k+b , s o  t h a t  l a r g e  s t r u c t u r a l  

changes w i l l  not be expected a  p r i o r i .  

The technological  components of t h e  C.E.S . a r e  s imi la r  t o  those  sug- 

gested i n  r e l a t i o n s  ( i )  and ( i i )  . The i d e n t i f i c a t i o n  of t h e  non n e u t r a l  

nnr7 ~h,. nn.,~-m-i A ^ - ? -  ---I 
C y r l U  I I L u C I I a ~  L C L I I I I U I U ~ ~ C ~ ~  changes a r e  somewhat more obvious. That is, 

if we use t h e  r e l a t i o n  eft of output per  l abor  u n i t  a s . a  funct ion of t h e  

marginal product of labor ,  p lus  a  time s h i f t  cmponent (eVL) , then a s  

long a s  v i s  s i g n i f i c a n t ,  we can suggest t h a t  changes occurring have 

been of t h e  n e u t r a l  type .  Another p laus ib le  approach i s  t o  estimake a t rend 

component i n  equation (3.8)  , and then use i t s  es t imates  i n  equation (3.9) 

i . e . ,  

A 

where es t imates  of f , f , a r e  then  s u b s t i t u t e d  i n t o  equation (3.9) 

a s  fol lows.  

This new component r e f l e c t s  changes occurring because of changes i n  t 5 e  

r e l a t i v e  f a c t o r  p r i c e s  over t ime.  A s  such, t h e  inc lus ion of t h e  second 

t rend  component w i l l  account f o r  obsolescence s ince  a l l  c a p i t a l  da ta  have 



been derived by t h e  vintage approaxh, which y3.elds net stock f i g u r e s .  Con- 

Ssequently, s ince  a  net  s tock nieasure i s  employed, it i s  poss ib le  f o r  us t o  

capture measures of obsolescence which a r e  pa r t  of t h e  deprecia t ion compon- 

e n t .  Now i f  t h e  degree of obsolescence i s  neg l ig ib le  then we i.~ould expect 

4 4 
measures of f t o  be i n s i g n i f i c a n t ,  however f o r  values of f which a r e  

& 
s t a t i s t i c a l l y  s i g n i f i c a n t  we can r e a d i l y  r e a l i z e  t h a t  f must account f o r  

some measure of technological  change, s p e c i f i c a l l y  non n e u t r a l  change s ince  

it would suggest t h a t  t h e r e  e x i s t s  an. i n f l u e n t i a l  component of time, which 

does have considerable impact on t h e  p r i c e  r a t i o  of t h e  inputs  over t ime.  

That is,  s ince  we a r e  not regress ing output on these  var iables ,  then we I 

cannot expect a  n e u t r a l  component t o  have had a ~ y  effec t  on t h e  r e l a t i v e  , 
I 

pr ices ,  however a  non n e u t r a l  change would most d e f i n i t e l y  have an influence 
I 

'I 1 

on t h e  r e l a t i v e  p r i c e s .  A s  such, when e q ~ a t i o n  (3.12) i s  f i t t e d ,  we have I 

A 
al ready e x p l i c i t l y  accounted f o r  non n e u t r a l  changes v i a  f , and the re fg re  

t h e  measwe V% , should produce a  reasonzblc ind ica to r  of t h e  neu t ra l  

technological  change which may have occurred over t h e  period under consid- 

e r a t i o n .  

The es t imat ion procedure f o r  t h e  C.E.S. w i l l  a l s o  be attempted f o r  

various sub periods,  s ince  although measures of' v  and f  may provide 

measures of technological  components over time, we cannot determine t h e  - 
points  i n  time where these  components ( i f  any) have become i n f l u e n t i a l ,  

i .e ., a t  irhat --.-.-) point  i f  any, has any s i g n i f i c a n t  technological  a f f e c t  

occurred, during t h e  i n t e r v a l  under considerat ion,  t h i s  i n  t u r n  i s  captured 



by t h e  Z component. 

I n  summary, we can scc  t h a t  t h e  C.E.S. model seems t o  provide more 

recognizable  measures of t h e  t e c h n o l o g i c a l  components t h a n  does t h e  C .D. 

model. That i s ,  t h e  C .E.S . can measure t h o s e  t echno log ica l  cha rac t e r -  

i s t i c s  inc luded  i n  the C .D. p l u s  -the obsolescence component which r ende r s  

estima.tes o f  v which have been determined "free" of t h e  non n e u t r a l  

components . With t h i s  framework a t  hand, l e t  u s  n m  proceed t o  t h e  em- 

. . p l r l c a l  a n a l y s i s  of aetj;r~ga.t.e p-r0r7~r!!inn in Sr f t l sh  C s 2 ~ r b l a  ~ i t k i i i  t l ~ t :  

context  of t h e  C.D. and C.E.S. models. 
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C W T E R  4 

AN ~ I H I C A L  OBSEHVATION OF AGGREGATE 

PRODUCTIOB FOR B R I T I S H  COLUMBIA ------ 
4 . 1  I n t r o d u c t i o n  - 

Up t o  t h i s  po in t  our primary concern has been focused on t h e  theo -  

r e t i c a l  a s p e c t s  of product ion and e s t ima t ion .  With t h e  t h e o r e t i c a l  frame- 

work e s t a b l i s h e d  we can now t u r n  t o  t h e  empi r i ca l  r e s u l t s  f o r  t h e  B.C. 

economy. A s  such, t h e  fo l lowing  chapter  i s  o r i e n t a t e d  t o  g ive  a compre- 

hensive review of t h e  observed r e s u l t s  of  t h e  t h e o r e t i c a l  c o n s t r u c t s  of  

prev ious  chap te r s .  The f i rs t  of t h e  proceeding s e c t i o n s  p e r t a i n s  t o  t h e  

dec i s ion  c r i t e r i a  and d a t a  composition, employed i n  t h e  s t a t i s t i c a l  s ec t ions ,  

w i t h  emphasis on t h e  e f f e c t s  of c e r t a i n  e s t i m a t i o n  problems. I n  t h e  r e -  

maining s e c t i o n s  we s h a l l  examine t h e  mathematical  func t ions ,  i n  l i g h t  of  

t h e  observed d a t a ,  from bo th  s t a t i s t i c a l  and economic pe r spec t ives ,  i n  ad-  

d i t i o n ,  p a r t i c u l a r  emphasis i s  given t h e  e l a s t i c i t y  en? r e t u r n s  t o  s c a l e  

components . The concluding s e c t i o n  a t tempts  t o  conso l ida t e  t h e  t h e o r e t i c a l  

imp l i ca t ions  of t h e  observed r e s u l t s  i n  ana lyz ing  aggrega te  product i on  i n  

B r i t i s h  Columbia. 

4.2 Decision C r i t e r i a  and t h e  Data 

Various e s t ima t ion  runs  were completed on bo th  t h e  C . E . S ,  and C.D.  

product i on  models.  C e r t a i n  circumstances,  p a r t i c u l a r l y  t h e  (&/I,) func- 

t i o n  of t h e  C .D. t ype ,  proved t o  be s t a t i s t i c a l l y  i n s i g n i f i c a n t  but  was 

inc luded  f o r  purposes of comparison.. The c r i t e r i a  which was used t o  eva l -  



u a t e  t h e  "usefulness" of t h e  parameter es t imates  i s  a s  follows: 

( a )  I n  each of t h e  functions estimated, t h e r e  must be a t  l e a s t  two para- 

meters %rhich a r e  s t a t i s t i c a l l y  s i g n i f i c a n t ,  from zero. This c r i t e r i a  was 

used i n  a l l  functions, i . e . , both production and extraneous funct ions .  (see 

chapter 3) . 

(b)  The standard e r r o r  of each paradmeter estimated must be small enough 

t o  al low a minimum value of 1.860 f o r  t h e  s tudents  t . 
2 

( c )  Depending upon (a)  and (b) , measures of goodness of f i t  (R ), 

adjusted f o r  degrees of freedom, Durban Watson, and simple cor re la t ion  co- 

e f f i c i e n t s  of t h e  regressors ,  were then employed. I n  t h e  s t a t i s t i c a l  t e s t s  
Ill 

of t h e  underlying s t ruc tu res ,  f o r  s t r u c t u r a l  changes, a  variance t e s t  on I f Y 
/ 1 

I1 

each of t h e  respec t ive  d i s t r i b u t i o n s  of t h e  l a t e n t  va r iab les  was used. I I 
I nlul 

1 //I 
This t e s t  employed t h e  assumption t h a t  t h e  d i s t r i b u t i o n  of t h e  disturbance I 

I I 
terms were normal, and the re fo re  a r a t i o  of t h e i r  respect ive  variances 

came within t h e  framework of an F- tes t  with t h e  appropriate number oC de- 

grees of freedom (depending on t h e  number of parameters es t imated) .  

I n  those  circumstances where m u l t i c o l l i n e a r i t y  and/or aut  ocorrela-  

t i o n  were present ,  parameter est imates were accepted providing t h e i r  t 

s t a t i s t i c s  were greaher than t h a t  spec i f i ed  i n  ( a ) .  That i s ,  both of these  

problems imply t h a t  t h e  standard e r r o r s  of t h e  parameter est imates w i l l  be 

l a r g e r  than otherwise, y e t  n o - b i a s  w i l l  be present ,  i d  e s t :  

Let Y = XB .I- u 

where Y = TX1 vector  of observations on t h e  regressand 

X = T X ( ~ + K )  matrix of observations on t h e  regressors . 



B = (l-tk) X 1  vector of coef f i c ien t s  - t o  be estimated 

u = TXL vector of l a t e n t  va r iab les  

' Where est imates of t h e  B  vector a r e  generated by l e a s t  squares methods 

we know t h a t  a  consis tent  est imator of t h e  B vector,  B* , i s  

BX = ( S X )  -I X ~ Y  

Now i f  we subs t i t u t e  f o r  Y, we have: 

I f  t he  problem of mul t i co l l inear i ly  i s  present  then we can read i ly  see 

t h a t  t he  values of (X?X)-l w i l l  be l a rge ,  s ince  t h e  co l l inear  r e l a t i on -  
I I ~llllIl!lM 

sh ip  r e s u l t s  i n  a  small  value of /X'X\ , and so, a s  X ~ X  4 0 , i .e . , , I ~ l l l l ~ l l ~  
I UllllI 
1 V I l 1  

I '11 

t h e  l i n e a r  r e l a t i onsh ip  approaches an exact form, then t h e  elements of Kllr 

1 1 ,  
t h e  adjoint  of (X X) when divided by \ X  X) , a s  19x1 -I, 0 , suggests 

these  values w i l l  be l a rge ,  hoj~ever a s  can be demonstrated, i f  we t ake  

t he  p robab i l i ty  l i m i t  of B* , even when mu l t i co l l i nea r i t y  ex i s t ,  t h e r e  

e x i s t s  no b ias  i n  B* , t h a t  i s  : 

plim B* = B + plim T'l (9~) u 
T-3 OCJ T-4  0Q 

= B + plim T-I (x'x) plim T - ~  u  
T-> 0 T-3 0 

where plim T-' u  = 0 , by assumption, ind ica t ing  t h a t  B* i s  a  cons- 
T+ a0 

tank est imator of B . However, i f  we examine t h e  variance covariance 

matrix, of B* , we f ind:  



S u b s t i t u t i n g  our o rg ina l  est imate of B* we f i n d  expression f o r  t h e  var- 

iance  covariance matr ix  of B as :  

V.C., = ( x l x ) - l  2 uul x ( x ~ x ) - ~  

Since uu = a2 I , of t h e  homosbedasticity assumption of C.L.R.M. 

we have by d e f i n i t i o n  : 

The above r e l a t i o n s h i p  dep ic t s  t h e  influence of m u l t i c o l l i n e a r i t y  upon t h e  

C.L.R.M. Because we use  t h e  variance of t h e  r e s i d u a l s  a s  an est imate of 

1 a2, we see  t h a t  a s  (X  x)-I. increases  a s  resu1.t of m u l t i c o l l i n e a r i t y  t h e  

r e spec t ive  var iances  ( t h e  diagonal elements of a2(X1X) -I), increase  and 

i n  consequence reduce t h e  proba,bility of t h e  parameter e s t ima tes ,  B*, $ ? s t -  

i n g  s t a t i s t i c a l l y  s i g n i f i c a n t .  The problem of au tocor re la t ion  has s i m i l a r  

e f f e c t s ,  no b i a s ,  but t h e  a2 1 , r e l a t i o n  w i l l  not hold, s ince  t h e r e  

2 e x i s t s  a covariance of t h e  l a t e n t  va r i ab les  implying C , where C i s  

a matr ix  wi th  1 ' s  down t h e  diagonal,  but not1 zero values on thz  of f  ai- 

agonal  elements, and as above t h e  influence of t h i s  problem e f f e c t s  only 

t h e  variance covariance matr ix  of B* , and not t h e  point  es t imates .  

Since ne i the r  of t h e s e  problems a f f e c t  t h e  point  es t imates ,  t h e i r  impact 

i s  not s p e c i f i c a l l y  considered. Nevertheless, i f  a parameter es t imate  i s  



"almost" s t a t i s t i c a l l y  s i g n i f i c a n t ,  a t t e n t i o n  i s  t h e n  d i r e c t e d  t o  t h e  de- 

gree  of m u l t i c o l l i n e a r i t y  o r  a u t o c o r r e l a t i o n .  

A  f i n a l  no te  on t h e  goodness of f i t  c r i t e r i a .  This  component of 

t h e  dec i s ion  process  was considered only  a s  minimal i n  importance. This  

fo l lows  from t h e  f a c t  t h a t  i f  m u l t i c o l l i n e a r i t y  i s  p r e s m t  it i s  p o s s i b l e  

t o  genera te  l a r g e  va lues  of R' without  having  any parameters st  a t  i s t i  c a l l y  

s i g n i f i c a n t  from zero .  I n  t hose  cases  where R2 i s  suggested a s  a r e a -  
,, 

sonable measure it always means a n  ad jus t ed  R ~ ,  f o r  degrees of  freedom, 

and t h a t  parameter  t e s t s  were s t a t i s t i c a l l y  s i g n i f i c a n t .  

I n  t h e  fo l lowing  empi r i ca l  s e c t i o n ,  d a t a  has  been obta ined  from bo th  

t h e  Dominion Bureau of  S t a t i s t i c s ,  and t h e  Department of Economics and 

S t a t i s t i c s  i n  V i c t o r i a .  For  a l l  d o l l a r  va lues ,  t h e s e  have been d e f l a t e d  

w i t h  1961 be ing  t h e  base peyiod. However, due t o  t h e  u n a v a i l a b i l i t y  of  

p r o v i n c i a l  f i g u r e s  on employment, a t  l e a s t  on a n  aggrega te  p r o v i n c i a l  l e v e l ,  

a l l  l a b o r  d a t a  was ad jus t ed  by t h e  n a t i o n a l  unemployment r a t e s .  Also, a l l  

a g r i c u l t u r a l  components of  output  and l a b o r  have been ne t t ed  out  of t h e  

aggrega te  measures of output  and l a b o r  used i n  t h e  r e g r e s s i o n s .  I n  t h e  

fo l lowing  empi r i ca l  s e c t i o n  t h e  d a t a  used is :  

Q2 - Gross p r o v i n c i a l  product i n  m i l l i o n s  of d o l l a r s ,  d e f l a t e d  a t  

1961 p r i c e s ,  n e t  of a g r i c u l t u r a l  ou tpu t .  

Kt - Estimated ne t  c a p i t a l  s tock  f i g u r e s ,  d e f l a t e d  a t  1961 p r i c e s .  

Lt - Adjusted l a b o r  f i g u r e s ,  i n  hours pe r  week, where 'che va lues  

have been ad jus t ed  f o r  employment percentages .  
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rwt - Srime i n t e r e s t  r a t e ,  of Canadian chartered banks. 

WLt - Weighted average of weekly earnings,  f o r  t h e  adjusted l abor  

f i g u r e s .  

These va r iab les  have been transformed and appear i n  graphs throughout t h e  

fol lowing pages. However, caution must be taken when examining t h e  com- 

puter  graphs s ince  t h e  procedure used t o  order t h e  data  vectors  does s o  

i n  such a fashion a s  t o  provide equal  proport ions,  f o r  each of t h e  t w o  

s c a l e s .  Also i n  t h e  cases where aggregate f i g u r e s  a r e  used, most points  

on t h e  a x i s  a r e  ra i sed  t o  various powers, and should be noted f o r  correc t  

i n t e r p r e t a t i o n .  IIIIIIIIIIIUI 

ll l l~l l~l l l~ 
tllYY 

11 111 

IIIIII j 
4.3 Dnpirical  Results  of t h e  Unconstrained Cobb-Douglas -- ---- 

ill 
$1 / 

Table 1, represents  t h e  outcome of t h e  v a r i o m  regress ions  performed 

on t h e  C.D. model. The main point  of importance f o r  t h i s  type of produc- 

t i o n  model i s  t h a t  t h ~  retwrils t o  sca le ,  implied by t h e  data,  can be e a s i l y  

determined. With t h e  exception of InT and v , a l l  parameter es t imates  

a r e  s i g n i f i c a n t  under t h e  es tabl ished c r i t e r i a .  Examining t h e  est imates of 

t h e  c a p i t a l  and l abor  parameters we can see t h a t  t h e  absolute  importance 

of c a p i t a l  i s  predoninant i n  a l l  per iods .  Nevertheless, i n  ca re fu l ly  

examing t h e  es t imates  of A and B , we can see t h a t  i n  t h e  l a t e r  periods 

(1966 - 1969), t h e  magnitude of t h e  l abor  parameter appears t o  be l a r g e r ,  

a t  l e a s t  when con-Lra.s'ced t o  t h e  ea r ly  period (1959 - 1963). Futhermore, 

another interes-Ling point  t o  note i s  t h e  decl ine  i n  t h e  c a p i t a l  parameter 
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f o r  l a t e r  p e r i o d s .  Now, a l though t h e s e  changes a r e  not s t a t i s t i c a l l y  s i g -  

n i f i c a n t ,  we should not  pu t  a s i d e  p o s s i b l e  imp l i ca t ion  of t h i s  occurrence.  

That i s ,  if we examine t h e  es t imate ,  (A+B) , t h e  r e t u r n s  t o  s c a l e  component, 

we can s e e  t h a t  it main ta ins  a  cons is tency  around 1 . 3  , even w i t h  t h e  

parameters  of l a b o r  and c a p i t a l  changing over  t ime,  which o f f e r s  support  

f o r  t h e  homogenuity assumgtion of t h e  product  ion  f u n c t i o n .  

The parameters  included f o r  t h e  t e c h n o l o g i c a l  elements,  were i n s i g -  

n i f i c a n t  f o r  a l l  p e r i o d s .  From a s t a t i s t i c a l  pe r spec t ive ,  t h e  re levance  

of 1nT and vs a r e  p r imar i ly  a i d s  i n  f i t t i n g  t h e  d a t a .  rJamel.y, vt 

w i l l  gene ra l ly  a i d  i n  reducing  a u t o c o r r e l a t i o n  i n  t h e  r e s i d u a l s ,  whi le  
I1 l~llll'l 

1nT , gene ra l ly  assists i n  reducing v a r i a t i o n  about  t h e  observed and c a l -  1/1IlU 
YI 11 
I I 
Il l  

cu la t ed  va lues  of  t h e  regressand .  From a n  economic p o i n t  of view, t h e s e  
I 

parameters  a r e  incorpora ted  t o  capture  technology and i t s  in f luence  ( i f  
I 

any) on t h e  p a r t i c u l a r  s t r u c t u r e  under examination. The only i n t e r p r e t a -  

t i o n  which seems t o  be  somewhat# t e n a b l e  i s  t h a t  n e u t r a l  changes were of 

no s i g n i f i c a n t  importance, y e t  because we observe a change i n  t h e  r e l a t i v e  

s i z e  of t h e  l a b o r  and c a p i t a l  parameters  we might purpor t  t h a t  t h e  t e c h -  

n o l o g i c a l  change was of t h e  non n e u t r a l  type ,  somewhat b i a s  t o  l a b o r .  If 

t h i s  i s  what has been occu r r ing  - where changes i n  t h e  l e v e l  of output  a r e  

g radua l ly  becoming l a b o r  or i .entated - t h e n  we might argue t h a t  va r ious  

components, e  .g . ,  educat ion,  t r a i n i n g ,  e t c . ,  a r e  be ing  embodied i n  t h e  

l a b o r  u n i t ,  and t h e r e f o r e  t echno log ica l  changes may w e l l  have been occur- 

r i n g  but  na t  of t h e  non n e u t r a l  t y p e .  Moreover, t h e r e  i s  some evidence 
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t o  support  t h i s ,  i n  t h a t  t h e  s t a t i s t i c a l  t e s t s  on t h e  var iances  of t h e  

l a t e n t  v a r i a b l e s  provided no evidence of s t r u c t u r a l  changes. 

Both m u l t i c o l l i n e a r i t y  and a u t  o c o r r e l a t i o n  were p r e s e n t .  C o r r e l a t i o n  

of c a p i t a l  and l a b o r  v a r i a b l e s  was extremely h igh  ( .94) f o r  a l l  per3ods. 

However, a s  can be seen i n  t a b l e  I, t h i s  d id  not p r e c i p i t a t e  i n s i g n i f i c a n c e  

i n  t h e  para,meter e s t i m a t e s .  Correspondingly, it would appear t h a t  t h e  

unconstrained C.D. i s  a most reasonable  candida te  f o r  a n  aggregate  produc- 

t i o n  model of B.C., however before  concluding t h i s  l e t  u s  f i r s t  examine 

t h e  remaining aggrega te  a l t e r n a t i v e s .  

I I l l 1  

4.4 A Constrained Cobb-Douglas Model I I t ~ ~  
( I  I , I l l  

1/11 
Another s e t  o f  r eg re s s ions  was performed f o r  t h e  same per iods ,  where 

I 

c o n s t r a i n t  A+B=l , was imposed on t h e  previous  C.D. model, t h e  r e s u l t s  

appear i n  t a b l e  11. A s  we can r e a d i l y  note ,  a l l  parameter e s t ima te s  have 

changes not  only i n  magnitude, but a l s o  w i t h  r e s p e c t  t o  s t a t i s t i c a l  s i g -  

n i f i c a n c e .  For  t h e  n e u t r a l  t e c h n o l o g i c a l  components it i s  now implied 

t h a t  t h e r e  were s i g n i f i c a n t  i n f luences  a t t r i b u t a b l e  t o  exogenous sources ,  

not  d i r e c t l y  r e l a t e d  t o  t h e  i n p u t s .  This  change i n  i t s e l f  i s  not t h a t  

s t r i k i n g ,  y e t  when cons ide ra t ion  i s  given t o  t h e  remaining es t imates ,  we 

f i n d  t h a t  o t h e r  changes which have occurred make t h e s e  empi r i ca l  r e s u l t s  

somewhat unacceptable .  Parameter e s t ima te s  of  c a p i t a l ,  a l though p l aus ib l e ,  

have been reduced i n  magnitude, a t  l e a s t  w i th  r e s p e c t  t o  t h e  unconstrained 

model. The only exp lana t ion  f o r  t h e  l a r g e  change i n  t h e  s t a t i s t i c a l  r e s u l t s  
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i s  t h a t  i n  t h e  determination of t h e  c a p i t a l  parameter we excluded one r e -  

gressor,  namely l a b o r .  I n  doing s o  we have reduced t h e  amount of v a r i a -  

- t i o n  explained, i n  output .  Consequently t h i s  explanation has been s h i f t e d  

t o  t h e  o ther  r e g r e s s o r s . -  t h e  technological  components. From a  s t a t i s t i c -  

a l  viewpbint, when considerat ion i s  given t o  t h e  changes occurring i n  t h e  

s t a t i s t i c a l  es t imates ,  we may suggest t h a t  t h i s  p a r t i c u l a r  model i s  of 

l i t t l e  empirical  or  economic s ign i f i cance ,  

Although, t h i s  unique formulation of t h e  C.D. was offered a s  a  

"computat iona l ly"  b e t t e r  procedure, by a l l e v i a t i n g  problems of mul t i -  

c o l l i n e a r i t y  it would appear t h a t  t h e  advantages, a t  l e a s t  i n  t h e  present  

context,  were a t  t h e  expense of r e l a t i v e l y  good est imates under t h e  adopted 

c r i t e r i a .  Consequently, f u r t h e r  discussion w i l l  exclude t h i s  p a r t i c u l a r  

formulation of t h e  C.D. model. 

4.5 Tkie Factor  P r i c e  Equation of t h e  C,E.S. Model 

I n  chapter 3, it was proposed t h a t  a  f e a s i b l e  so lu t ion  t o  es t imat ing 

t h e  parameters of t h e  nonlinear C .E.S, model was t o  incorporate t h e  use 

of an extraneous equation.  Although other  procedures were advanced a t  

t h i s  time, t h e  choice of t h e  f a c t o r  p r i c e  r e l a t i o n  was t h e  r e s u l t  of com- 

pu ta t iona l  l i m i t a t i o n s .  Using t h e  data  out l ined i n  sec t ion  4 .2  , on cap- 

i t a l  and labor  p r i c e s  and t h e  assumption of p a r t i a l  cost  minimization equa- 

t i o n  (3.8)  was estimated; t h e  r e s u l t s  of which a r e  l i s t e d  i n  t a b l e  111. 

A s  can be seen, wi th  t h e  exception of f , a l l  parameter est imates 
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a r e  s i g n i f i c a n t  a t  t h e  es tabl ished accept ance l e v e l .  From t h e  es'zirnates 

1-A of In- , i n  t h e  
A .  

in'c e n s i t y  parameter 

i n  t h e  neighborhood 

f i r s t  column, t h e  approximate magnitude of t h e  c a p i t a l  

A 
can be derived. For a l l  periods t h e  value of A i s  

1 - A  
of .697 (based on absolute  values of In- ), sug- 

A 

ges t ing  a s  i n  t h e  C.D. model, t h a t  c a p i t a l  plczys t h e  major pa r t ,  with r e s -  

pect  t o  t h e  two inputs,  i n  determining t h e  l e v e l  of output .  Nevertheless, 

as should be noted t h i s  conclusion i n  t h e  present  context i s  considerably 

d i f fe ren t ,  than t h a t  of t h e  previous model. That i s ,  upon examining t h e  

est imated values f o r  t h e  e l a s t i c i t y  of s u b s t i t u t i o n  it i s  observed t h a t  

t h e r e  occurs a consistency around .34 markedly d i f f e r e n t  from t h e  impli-  

c i t  un i t a ry  value inherent  t o  t h e  C .D. model. Measures of f ( l n  e f t ) ,  

t h e  non t leutral  technological  parameters, appeared ins ign i f i can t  f o r  a l l  

1 
periods,  s i m i l a r  t o  those  suggestions of t h e  C.D. model. Likewise, a s  

i n  t h e  previous est imates,  t h e r e  does not appear t o  be any s t r u c t u r a l  cha- 

nge occuring, f o r  t h e  periods under observation.  

Before moving t o  our prime object ive ,  v i s  a v i s  t h e  f a c t o r  p r i ce  

equation - t h e  C.E.S. - it should be noted t h a t  t h e  use of t h i s  r e l a t i o n  

i s ,  manifested i n  many of t h e  important parameter est imates t o  which t h i s  

study i s  devoted. That is ,  not only a r e  we a b l e  t o  derive an es t imate  of 

t h e  C .E.S. s t r u c t u r e  i n  t h e  context of production ana lys i s ,  but it i s  a 

means whereby es t imat ion of o ther  parameters - such a s  t h e  non neu t ra l  

element - can be r e a d i l y  obtained.  Let us now t u r n  t o  t h e  derived e s t i -  

A A mate of t h e  s t r u c t u r a l  C.E.S., u t i l i z i n g  A , a , excluding ? , f o r  t h e  
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above mentioned reason.  

4.6 The S t r u c t u r a l  C.E.S.: A &rived Estimate 

Incorporat ing t h e  above information, equation (3.9) was estimated, 

t h e  outcome of which can be examined i n  t a b l e  2-Y. The f irst  and perhaps 

most notable change, with respect  t o  t h e  previous equations, i s  t h e  l e v e l  

of s ign i f i cance  f o r  each of t h e  technological  components. The re tu rns  t o  

s c a l e  fac to r ,  a l thou& a derived measure, y i e l d s  an est imate very much 

consis tent  with t h e  previous C.D. model. That i s ,  i n  a l l  periods t h e r e  

was a d e f i n i t e  t r e n d  around 1.38, although higher, approximately i n  t h e  
lllll/II 

11 11 
neighborhood of t h e  C .D. es t imates .  111 

Upon c lose  inspect ion t h e r e  does appear one major occurrence, not 

consis tent  wi th  previous es t imates .  Namely, t h e  variance t e s t  on t h e  l a t -  

ent v a r i a b l e s .  Although not s t a t i s t i c a l l y  s i g n i f i c a n t  i t s  proximity t o  

t h e  acceptance l e v e l  was s o  c lose?  t h a t  one may suggest thak t h e r e  was a 

reasonable degree of d i f ference  i n  t h e  variance of t h e  l a t e n t  va r iab le  f o r  

each period, t h i s  may have resu l t ed  i n  t h e  l a r g e  degree of s igni f icance  

with respect  t o  ' h e  technological  components. Another reason f o r  t h e  l a r g e  

values on t h e  variance t e s t s ,  may be  a r e s u l t  of t h e  use of t h e  derived 

est imates of t h e  f a c t o r  p r i c e  eqmt ion ,  i n  t h e  sense of compounding e r r o r s  
2 

of es t imat ion.  I n  a l l  periods, au tocor re la t ion  was present ,  which f o r  

previously suggested reasons, may a l s o  have had some influence on these  

r a t i o s .  I n  a l l ,  t h e  es t imates  generated i n  t h e  C.E.S. were good, at  l e a s t  



i n  a s t a t i s t i c a l  contex t ,  a s  f o r  t h e  economic i n t e r p r e t a t i o n ,  l e t  .us draw 

upon t h e  previous  r e s u l t s  t o  e s t a b l i s h  a b a s i s  of  i n t e r p r e t a t i o n .  

4.7 Summary and Conclusions ...-- 

Throughout t h e  preceding s e c t i o n s  a l l  d i s cuss ion  has been focused .on  

r e l a t i n g  t h e o r e t i c a l  cons ide ra t ions  t o  an  .abserved occurrence.  I n  chap te r s  

one and two, a t t e n t i o n  was d i r e c t e d  a t  t h e  primary components of product ion  

and c a p i t a l  t h e o r y .  Chapter one o u t l i n e d  t h e  framework, of t h e  Neo-Clas- 

s ica l .  school ,  w i t h  r e s p e c t  t o  product ion .  I n  p a r t i c u l a r ,  t h e  Cobb-Douglas 

and Constant E l a s t i c i t y  models were examined i n  l i e u  of c e r t a i n  c r i t e r i a  

imposed by t h e  Neo-Classics.  A t  t h i s  t ime it was suggested t h a t  one o f  

t h e  ~riajor  a s p e c t s  of product ion theo ry  was t o  suggest  how i n p u t s  could be 

s u b s t i t u t e d  f o r  each  o t h e r  concommitant w i t h  t h e  r e t u r n s  t o  s c a l e ,  suggested 

by empi r i ca l  a n a l y s i s .  I n  chapter  two, a  b r i e f  o u t l i n e  of t h e  Neo-Classical 

considerzitions w i t h  r e s p e c t  t o  c a p i t a l  was given, as w e l l  a s  o t h e r  t h e o r i e s  

a l s o  r e l e v a n t  t o  c a p i t a l  accumulation. Moreover, it was a l s o  noted t h a t  a t  

p re sen t ,  t h e r e  e x i s t e d  no c a p i t a l  d a t a  and a s  a  consequence t h e  v in t age  

model was u t i l i z e d  t o  a l l e v i a t e  t h i s  problem. Hence wikh t h e  theo ry  of 

product ion  and c a p i t a l  w e l l  formulated a t t e n t i o n  was tLen d i r e c t e d  t o  eco- 

nometr ic  procedures ,  whereby t h e  previous cons ide ra t ions  could be i n t e g r a t e d  

and t e s t e d  e m p i r i c a l l y .  With t h i s  e s t a b l i s h e d ,  concent ra t ion  was t h e n  f o c u s  

ed on t h e  aggrega te  case  a t  hand: B r i t i s h  Columbia product ion .  

Here, i n  t h e  p re sen t  chapter  t h e  previous  s e c t i o n s  have been concerned 



with  repor t ing  t h e  empirical  f indings,  of t h e  re levant  t h e o r e t i c a l  con- 

, 
s t r u c t s  e s tab l i shed  i n  e a r l i e r  chapters .  I n  each observation on t h e  par- 

t i c u l a r  production model, close examination was given t o  t h e  parameter es-  

t imates  f r o x  both a s t a t i s t i c a l  and economic point  of view. However, from 

each of these  a decision of which production model seems t o  be t h e  "most" 

applicable, t h e o r e t i c a l l y  and empirical ly,  does not appear poss ib le .  

That is ,  i n  t h e  f i r s t  est imate of t h e  Cobb-Douglas it was found t h a t  

both c a p i t a l  and l abor  va r iab les  were s t a t  i s t i  call-y s i g n i f i c a n t ,  under t h e  

es tab l i shed  c r i t e r i a .  As f o r  t h e  es t imates  of t h e  Constant E l a s t i c i t y  

formulation s i m i l a r  r e s u l t s  were suggested. Moreover, t h e  r e l a t i v e  mag- 
~ / / ~ /  

nitude of each of t h e  input  parameters, were a l s o  s imi la r ,  i n  t h a t  t h e  Cobb- 111 

Douglas model advanced t h a t  t h e  c a p i t a l  input  was of g rea te r  r e l a t i v e  

importance i n  a f f e c t i n g  t h e  p a r t i c u l a r  value of output .  Similarly,  t h e  

l a t t e r  case a l s o  proposed t h e  r e l a t i v e  predo~ninance of c a p i t a l  i n  t h e  pro- 

duction process.  Another f ea tu re  of s t r i k i n g  similari ty. .was t h e  respec- 

t i v e  e ~ t i m a t ~ e s  of t h e  re tu rns  t o  s c a l e  parameter. I n  both models an i n -  

creasing r e t u r n s  value was implied by t h e i r  empirical  r e s u l t s .  

It was a l s o  noted t h a t  c e r t a i n  d i f fe rences  arose,  and ye t  t h e  above 

s i m i l a r i t i e s  ex i s t ed .  Famely, i n  t h e  Cobb-Douglas formulation a s  was sug- 

gested i n  chapter  one, i m p l i c i t l y  incorporates an assumption t h a t  t h e  e l a s -  

t i c i t y "  of s u b s t i t u t i o n  f o r  t h e  f a c t o r s  i s  uni ty ,  throughout t ime.  On t h e  

&her hand, al though assumed constant,  t h e  Constant E l a s t i c i t y  model allows 

us t o  est imate a value of t h e  e l a s t i c i t y  of s u b s t i t u t i o n ,  which need not 
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be un i ty .  Neverthel.ess, when these  two models a r e  estimated t h e  l a t t e r  

y i e l d s  an es t imate  of t h e  e l a s t i c i t y .  I n  t h e  case a t  hand it was found 

t h a t  empir ica l ly  it was considerablz- l e s s  than un i ty  (.36) f o r  a l l  per iods .  

Other s t r ik ing  di f ferences  arose  a s  well,  t h e  f i r s t  of these  was t h e  s t a -  

t i s t i c a l  s igni f icance  of t h e  technological  components of t h e  Constant Elas- 

t i c i t y  formulation, where s imi la r  elements t e s t e d  i n s i g n i f i c a n t  i n  t h e  Cobb- 

Douglas funct ion.  The l a s t  discrepancy between t h e  two models was t h e  

suggestive change i n  t h e  s t r u c t u r e s  i n  one case (almost) whereas t h e r e  was 

d e f i n i t e l y  no change i n  t h e  other,  a t  l e a s t  under t h e  F- tes t  adopted. 

I n  conclusion it would seem t h a t  those  empirical  r e s u l t s  which can 

be concluded a re :  t h a t  during t h e  period under examination (1959-1969) 

t h e  aggregate production was more responsive t o  t h e  c a p i t a l  element tha,n 

labor ,  and : during t h e  period considered, aggregate production d e f i n i t e l y  

enjoyed inc reas ing  r e t u r n s  t o  s c a l e .  These r e s u l t s  may not appear t o o  

important, y e t  when these  and t h e  above r e s u l t s  ( e l a s t i c i t y  of s u b s t i t u t i o n )  

a r e  compared t o  o ther  empirical  s tud ies  we f i n d  t h e r e  e x i s t s  a d e f i n i t e  

s i m i l a r i t y .  That is,  Fergeson, Dhrymes, e t c . ,  a l l  found r e l a t i v e l y  low 

e l a s t i c i t i e s  of s u b s t i t u t i o n .  As f o r  t h e  measures on t h e  re tu rns  t o  sca le ,  

these  r e s u l t s  a r e  a l s o  consis tent  with o ther  empirical  production s t u d i e s .  

I n  consequence, it can be purported t h a t  t h e  present  ana lys i s  has success- 

f u l l y  served t o  lnd ica te  how t h e  niajor components of Neo-Classical pro- 

duction theory occur i n  t h e  present  context .  It a l s o  provides two models 

from which a f o r e c a s t i n g  procedure can be adopted which may provide a de- 



f i n i t e  means whereby decisions regarding t h e  a p p l i c a b i l i t y  of these  models 

could more obviously be ascer ta ined.  



N O T E S  

Chapter 4 

1. I n  our previous discussion of t h e  C.D. ,  it was mentioned t h a t  a l -  
though no  s t a t i s t i c a l  difference was suggested, t h e r e  was a  d e f i n i t e  
change i n  t h e  magnitude of A and B from period t o  period.  

2. Theil ,  H. ,  Economic Forecasts  and Publ ic  Policy,  c~msterdam 1964), 
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