
EMPIRICAL S T A T I S T I C A L  S f i I P L I N G  D I S T R I B U l I O N S  OF SOME I N D I C E S  

O F  THE NUIIBER O F  FACTORS TO CONSIDER I N  EXPLORATORY FACTOR 

ANALYSIS 

by 

PENELOPE JOHNSTON 

B. A , ,  U n i v e r s i t y  of B r i t i s h  C o l u m b i a ,  1 9 6 6  

A T H E S I S  SUBMITTED I N  PARTIAL FULFILLMENT 

OF THE REQUIREBE1iTS FOR THE DEGREE OF 

MASTER O F  ARTS 

i n  t h e  D e p a r t m e n t  

0 f 

PSY chology 

@ PENELOPE JOHNSTON 1 9 7 0  

SIMON FRASER UNIVERSITY 

A p r i l ,  1 9 7 0  



APPROVAL 

Name: Penelope Johnston 

Degree: Master of A r t s  

T i t l e  of  Thesis :  Empir ical  s t a t i s t i c a l  sampling d i s t r i b u t i o n s  
of some i n d i c e s  of t h e  number of f a c t o r s  t o  
cons ider  i n  exp lo ra to ry  f a c t o r  a n a l y s i s .  

Examining Commit tee : 

4 . - -  
' " - - ~ c " r ~ ~ ? o  r d ) 

- 

Senior  Superv isor  

-~ - 
(R.  E. ~ ~ l e )  

Examining Committee 

- 
--'- (A,- H. ~ l l i o t i )  - 

Exte rna l  Examiner 
A s s i s t a n t  P ro fe s so r  

Simon F r a s e r  Univers i ty  
Burnaby, E, C. 

( i i  ) 



Abst rac t  

Empir ical  s t a t i s t i c a l  sampling d i s t r i b u t i o n s  of t h e  e s t i m a t e s  of 

s i x  number-of-factor i n d i c e s  were genera ted  by FIonte Car lo  procedures  

and were inspec ted  f o r  d e v i a t i o n  from a known popula t ion  number of 

f a c t o r s .  The d i s t r i b u t i o n s  were based on 100 samples ( a t  each of  3 

sample s i z e s )  from C a t t e l l  and S u l l i v a n ' s  Cups of Coffee Problem - 
Sample A (which has  psychometric e r r o r  comparable t o  t h a t  found i n  

t h e  t y p i c a l  psychologica l  s tudy  using f a c t o r  a n a l y t i c  t echniques) .  

C a t t e l l ' s  s c r e e  test and Linn ' s  mean square  r a t i o  test were 

implemented too  un re l i ab ly  t o  be inc luded  i n  the  a n a l y s i s  of sampling 

d i s t r i b u t i o n s .  ~ l o r n ' s  index (fol lowing smc and image ana lyses)  and 

Crawford's index f a i l e d  t o  i n d i c a t e  any number of f a c t o r s  f o r  some 

samples p r i o r  t o  mod i f i ca t i ons  made f o r  t h e  purpose of  inc lud ing  them 

i n  t h e  a n a l y s i s  of sampling d i s t r i b u t i o n s .  Sequen t i a l  ana lyses  of  

va r i ance  i n d i c a t e d  t h a t  Guttman's S t ronger  Lower Bound c o n s i s t e n t l y  

overes t imated  the  popula t ion  number of f a c t o r s  and t h a t  ~ u t t m a n ' s  

Weaker Lower Bound and t h e  modif ied ve r s ion  of Crawford's index gave 

the  most a c c u r a t e  e s t i m a t e s  of t h e  popula t ion  number of  f a c t o r s .  
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In t roduct ion  

The Number of Factors  Problem 

Factor  a n a l y t i c  procedures a r e  designed t o  s e l e c t  a  small  number of 

i n t e r p r e t a b l e  parameters which b e s t  descr ibe  a s e t  of var iables .  Data 

a r e  co l l ec ted  on a s e t  of observed va r i ab les  which a r e  thought t o  r e l a t e  

t o  the  conceptual domain under considerat ion and then a r e  subjected t o  

procedures which r e s u l t  i n  the  expression of the va r i ab les  a s  l i n e a r  

combinations of a  smaller  s e t  of new hypothet ica l  va r i ab les  o r  common 

fac to r s .  These f a c t o r s  represent  the  aspects  of each v a r i a b l e  which a r e  

common t o  o thers  i n  the  set and, thus ,  g ive  a more concise desc r ip t ion  

of the  na ture  of the  domain of i n t e r e s t  a s  represented by the  va r i ab les  

i n i t i a l l y  se lec ted .  

Generally, the number of common f a c t o r s  influencing a s e t  of va r i ab les  

exceeds the  number of va r i ab les  included i n  the  analys is .  In  p r a c t i c e ,  

however* i t  i s  impossible t o  e x t r a c t  more common f a c t o r s  than there  are 

var i ab les  without placing a r b i t r a r y  r e s t r i c t i o n s  on the  f a c t o r  matr ix  

( ~ g r e s k o ~ ,  1969). Thus, many f a c t o r  ana lys t s  have expanded the  concept of 

common f a c t o r s  t o  include the  following two types: (a)  major common fac- 

t o r s  (which a r e  separable from error-dominated f a c t o r s  i n  any p a r t i c u l a r  

f a c t o r  a n a l y s i s ) ,  and (b) minor common f a c t o r s  (which a r e  not  d is t inguish-  

able  from error-dominated f a c t o r s  i n  any p a r t i c u l a r  f a c t o r  ana lys i s ) .  

The experimenter must s e l e c t  the  f a c t o r s  which b e s t  descr ibe  h i s  d a t a  

(v iz ,  the  major common f a c t o r s )  while minimizing the  inc lus ion  of e r r o r  

variance which is concentrated i n  the  minor common fac to r s .  

The s e l e c t i o n  of the  most appropriate f a c t o r s  should be made when 

the f a c t o r s  a r e  i n  t h e i r  most i n t e r p r e t a b l e  pos i t ions .  A f a c t o r  s o l u t i o n  

following ex t rac t ion  is only one of an i n f i n i t e  number of mathematically 
i r 



equivalent  so lu t ions .  Some of these  so lu t ions  a r e  more psychological ly 

meaningful than o the r s ,  and very seldom is i t  the  case t h a t  the i n i t i a l  

s o l u t i o n  is  the  most in te rp re tab le .  The most meaningful s o l u t i o n  can be 

found by r o t a t i n g  the  f a c t o r s  t o  a  new pos i t ion .  The most widely 

accepted c r i t e r i a  f o r  such so lu t ions  (Harman, 1960) a r e  based on 

Thurstone's (1947) condit ions of simple s t r u c t u r e .  I f  a  simple s t ruc -  

t u r e  so lu t ion  e x i s t s  f o r  a  set of da ta ,  the  expectat ion of f a c t o r  s t a b i l -  

i t y  is a l s o  maximized (Horst, 1965). However, most r o t a t i o n  procedures 

r equ i re  a  p r i o r ,  independent es t imate  of the  number of f a c t o r s  t o  be 

ro ta ted  s i n c e  the  ro ta ted  f a c t o r  loadings a r e  dependent on the  number of 

f a c t o r s  ro ta ted  (Cl i f f  and Hamburger, 1967). The inc lus ion of too  few 

f a c t o r s  i n  the r o t a t i o n  r e s u l t s  i n  a  l o s s  of p o t e n t i a l l y  i n t e r p r e t a b l e  

f ac to r s .  The inc lus ion of too many f a c t o r s  i n  oblique r o t a t i o n s  o f t e n  

causes a  col lapse  i n  the f a c t o r  space; whereas inc lus ion of too many fac- 

t o r s  i n  orthogonal r o t a t i o n s  has t h e  e f f e c t  of s p l i t t i n g  f a c t o r s ,  r e su l t -  

ing i n  pseudospecif ic  f a c t o r s  ( C a t t e l l ,  1966b). 

Several  genera l  procedures have been developed t o  es t imate  the  

number of f a c t o r s  on the  b a s i s  of some c r i t e r i o n  which is independent of 

the  psychological meaningfulness of the  fac tors .  Depending on the  type 

of ex t rac t ion  employed, d i f f e r e n t  ind ices  have been appl ied  t o  t h e  

unrotated f a c t o r  matr ix  t o  exclude from the  r o t a t i o n  f a c t o r s  which, on 

the  b a s i s  of e i t h e r  t h e i r  psychometric o r  t h e i r  s t a t i s t i c a l  p roper t i e s ,  

a r e  considered l i k e l y  t o  be e r r o r  f ac to r s .  

s t a t i s  t i c a l  and Psychometric Approaches t o  the  Problem 

The s t a t i s t i c a l  and psychometric approaches t o  the  number-of-factors 

problem each emphasize a d i f f e r e n t  source of e r r o r  variance a s  the  de ter -  

minant of f a c t o r  i n s t a b i l i t y .  The s t a t i s t i c a l  approach involves the  

L 



problem of f a u l t y  es t imat ion  of f a c t o r s  due t o  the  e r r o r s  a r i s i n g  from 

the random s e l e c t i o n  of a Certain sample of persons from a t o t a l  pop- 

u la t ion .  Factors  derived from a populat ion of va r i ab les  should be 

rep l i cab le  when another sample from the  same population of people i s  

used t o  obta in  measures on the  va r i ab les .  S t a t i s t i c a l  ind ices  of the  

number of f a c t o r s  (k) ac tua l ly  test the  equa l i ty  of the  l a s t  (n - k) 

roots  of an (n x n)  covariance (o r  c o r r e l a t i o n )  matr ix  on the  assump- 

t ions:  <a> ihai  ii i i ~ e  roois are very close to equaiicy chey may come 

from a population i n  which the  roo t s  a r e  equal;  and (b) t h a t  i f  ch is  i s  

the case,  then the re  is no p o i n t  i n  attempting maximization of v a r i a t i o n  

i n  any p a r t i c u l a r  d i r e c t i o n ,  and k ,  then, represents  a s u f f i c i e n t  number 

of fac tors .  S t a t i s t i c a l  ind ices  of the  number of f a c t o r s  have been 

developed by Lawley (1940) , Rao (1955), ~ 6 r e s k o ~  (1963, 1969), and others .  

The psychometric approach involves the  problem of e r r o r  i n  the  

est imation of f a c t o r s  a r i s i n g  from the  s e l e c t i o n  of only some va r i ab les  

from the  t o t a l  domain of va r i ab les  defined by a set of f ac to r s .  Thurstone 

(1947) describes t h i s  type of invar iance  as  the  invariance of the  fac- 

t o r i a l  desc r ip t ion  of a va r i ab le  when i t  i s  moved from one b a t t e r y  of 

var iables  t o  another which involves the  same common fac to r s .  The condi- 

t ions  of simple s t r u c t u r e  a r e  associa ted  with t h i s  type of invariance.  

Many indices  have been devised t o  i n d i c a t e  the  number of f a c t o r s  which 

w i l l  most l i k e l y  s a t i s f y  some c r i t e r i o n  of t h i s  type of inva r i a rce ,  e.g., 

Guttman (1954), and Kaiser (1960, Kaiser and Caffrey, 1965). These 

indices  assume, however, t h a t  the  d a t a  a r e  based on a populat ion of 

people. 

Any p a r t i c u l a r  f a c t o r  ana lys i s  includes both psychometric and s t a t i s -  

t i c a l  e r r o r .  Neither  the  s t a t i s t i c a l  nor the  psychometric tests, however, 

L 
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the ana lys i s  includes a population of va r i ab les ,  and t e s t  f o r  e r r o r s  

r e su l t ing  from the  sampling of sub jec t s  from a t o t a l  populat ion of sub- 

j e c t s  (v iz ,  s t a t i s t i c a l  ind ices ) ;  o r  (b) assume t h a t  the  analys is  is 

based on a population of people, and t e s t  f o r  e r r o r  r e s u l t i n g  from the  

sampling of va r i ab les  from a t o t a l  domain of var iables  ( v i z ,  psycho- 

me t r i c  indices) .  Thus, i t  is  of i n t e r e s t  t o  anyone using one type of 

test t o  know how i t  w i l l  behave under condit ions i n  which its assumptions 

a r e  not  met. 

It has been found t h a t  when the  psychometric assumption is  met, 

s t a t i s t i c a l  indices  tend t o  improve t h e i r  est imation of the  number of 

major common f a c t o r s  a s  s t a t i s t i c a l  e r r o r  is  reduced; b u t  t h a t  when the  

psychometric assumption is n o t  m e t ,  they a r e  a p t  t o  i n d i c a t e  increas ing 

numbers of f a c t o r s  (up t o  n - 1, where n is  the  number of va r i ab les  

included i n  the  ana lys i s )  a s  s t a t i s t i c a l  e r r o r  is reduced (Browne, 1969).  

This tendency ind ica tes  t h a t  s t a t i s t i c a l  t e s t s  a r e  a p t  t o  take advantage 

of psychometric sampling e r r o r  when i t  i s  present  i n  the  data.  

When the re  is no s t a t i s t i c a l  e r r o r  i n  the  da ta ,  psychometric tests 

tend t o  i n d i c a t e  an appropriate number of f ac to r s .  However, i n  the pres- 

ence of s t a t i s t i c a l  sampling e r r o r ,  the  e f f e c t  of sample s i z e  on the  

s t a t i s t i c a l  sampling d i s t r i b u t i o n  of psychometric ind ices  i s  not  c l ea r .  

Besides the  purely s t a t i s t i c a l  and purely psychometric ind ices  of 

the number of f a c t o r s ,  seve ra l  o thers  have been developed which es t imate  

the  number of f a c t o r s  on the b a s i s  of some c r i t e r i o n  of i d e n t i f i a b i l i t y  

of major common a s  opposed t o  minor common f a c t o r s .  These t e s t s ,  which 

w i l l  be termed composite tests, do not  include e x p l i c i t  assumptions about 

the psychometric o r  s t a t i s t i c a l  p roper t i e s  of the  data.  

The procedures of seve ra l  of these  composite t e s t s  a r e  s i m i l a r  t o  



the s t a t i s t i c a l  tests' procedure of r e j e c t i n g  f a c t o r s  on the  b a s i s  of 

the  equa l i ty  of t h e i r  roots .  C a t t e l l ' s  (1966a) s c r e e  test and Linn's 

(1964, 1968) mean square r a t i o  t e s t  a r e  of t h i s  type. They depar t  from 

the  s t a t i s t i c a l  tests i n  t h e i r  l ack  of imposition of a s t a t i s t i c a l  test 

of equa l i ty  on the  l a t e n t  roo t s  of the  minor common f a c t o r s .  Ins tead ,  

they implement a v i s u a l  t e s t  on the  p l o t  of some index of f a c t o r  s i z e  

which d iscr iminates  between the  major and minor common fac to r s .  The 

sc ree  test assumes (a) t h a t  the  e r r o r  f a c t o r s  should have an eigenvalue 

p l o t  which can be described by a s t r a i g h t  l i n e ,  even i f  t h i s  l i n e  has  

a non-zero s lope;  and (b) t h a t  the  eigenvalues of the  major common f a c t o r s  

should n o t  l i e  on t h i s  s t r a i g h t  l i n e .  The Linn t e s t ,  described i n  d e t a i l  

l a t e r ,  involves a p l o t  i n  which the  mean square r a t i o s  ( indices  of f a c t o r  

s i z e )  of the  minor common f a c t o r s  a r e  assumed t o  be described by a curve 

which does not  descr ibe  s i m i l a r  ind ices  of the  major common fac to r s .  

This d i f f e r e n t i a l  desc r ip t ion  is manifest  i n  a break i n  the mean square 

r a t i o  p l o t  between the  major and minor conunon fac to r s .  Thus, these  tests 

a r e  l i k e  s t a t i s t i c a l  t e s t s  i n  t h e i r  assumption of s i m i l a r i t y  between e r r o r  

f a c t o r s ,  but  a r e  unlike the  s t a t i s t i c a l  tests i n  t h a t  they a r e  not  based 

on the  sampling d i s t r i b u t i o n  of the  hypothet ica l  e r r o r  f ac to r s .  

Another s e m i - s t a t i s t i c a l  t e s t ,  Horn's (1965) t e s t ,  a l s o  involves 

p l o t s  of eigenvalues. In  t h i s  test, however, the  eigenvalues of the  

observed c o r r e l a t i o n  matr ix  a r e  compared with those of a c o r r e l a t i o n  

matrix based on an equal  amount of random normal data. The eigenvalues 

of each matr ix  a r e  sequenced i n  descending order  and equivalent ly  posi- 

t ioned eigenvalues a r e  compared. Minor common f a c t o r s  a r e  considered t o  

be those fac to r s  i n  the  observed da ta  whose eigenvalues a r e  smaller  than 

corresponding eigenvalues of f a c t o r s  i n  the  random matrix. 
L 
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of a psychometrically o r i en ted  composite t e s t .  This t e s t ,  which 

is appl ied  a f t e r  r o t a t i o n ,  es t imates  t h e  number of major common f a c t o r s  

t o  be t h a t  number which b e s t  s a t i s f i e s  an a n a l y t i c  c r i t e r i o n  of simple 

s t ruc tu re .  This t e s t  is  a psychometric t e s t  only insofa r  a s  (a) the  

c r i t e r i o n  used is a complete index of Thurstone' s (1947) requirements 

of simple s t r u c t u r e ,  and (b) simple s t r u c t u r e  provides psychometric in- 

variance. 

A s  with the  pure psychometric t e s t s ,  t he  behaviour of these  composite 

tests under condit ions where d i f f e r e n t  amounts of s t a t i s t i c a l  e r r o r  a r e  

present  is not  c l ea r .  Their  behaviour under condit ions where varying 

amounts of psychometric e r r o r  is present  is l ikewise  unclear  and is, a t  

l e a s t ,  of equal i n t e r e s t .  However, due t o  problems i n  r e a l i s t i c a l l y  

sampling degrees of psychometric e r r o r ,  the  present  s tudy is l imi ted  t o  

an examination of the  empir ica l  s t a t i s t i c a l  sampling d i s t r i b u t i o n s  of some 

purely psychometric ind ices  and some of the  composite ind ices  of t h e  

number of f ac to r s .  

The Scope of the  Study 

The main purpose of the  present  study is t o  examine empirical  s t a -  

t i s t i c a l  sampling d i s t r i b u t i o n s  of s e v e r a l  commonly used and recen t ly  

developed n o n - s t a t i s t i c a l  ind ices  of t h e  number of f ac to r s .  These tests 

w i l l  be observed a s  they a r e  applied t o  3 s e t s  of 100 random samples of 

sub jec t s  (as  generated by standard Monte Carlo procedures) from a given 

population cor re la t ion  matr ix  f o r  which the  number of major common 

fac to r s  is  known. The study w i l l  examine t h e  behaviour of these  ind ices  

under simulated t y p i c a l  r a t h e r  than i d e a l  sampling condit ions;  e.g., the  

three sets of samples w i l l  d i f f e r  i n  sample s i z e  and the  sample s i z e s  

w i l l  be typ ica l  r a t h e r  than i d e a l ,  and the  population matr ix  w i l l  include 

P 



a reasonable  amount of  psychometr ic  e r r o r .  (Since t he  s t a t i s t i c a l  

s a w l i n g  d i s t r i b u t i o n s  of f a c t o r  m a t r i c e s  which inc lude  psychometr ic  

e r r o r  a r e  n o t  r e a d i l y  c a l c u l a b l e ,  t h e  Monte Car lo  procedures  were used 

to gene ra t e  e m p i r i c a l  s t a t i s  t i c a l  sampling d i s t r i b u t i o n s .  1 The s tudy  

"ill emphasize a s p e c t s  impor tan t  t o  t h e  a p p l i c a t i o n  of  t h e s e  i n d i c e s  by 

most p sycho log i s t s  engaging i n  e x p l o r a t o r y  f a c t o r  a n a l y s i s .  

The sampling d i s t r i b u t i o n s  o f  t he  i n d i c e s  w i l l  be  cons idered  wi th  

n w -  r e s p e c t  t o  t h e i r  d e v i a t i o n  from t h e  popuiacion nuniver oi Z ~ L ~ U C ~ .  L L L ~  

e x t e n t  t o  which t h e  i n d i c e s  d e v i a t e  from t h i s  popu la t i on  va lue  p rov ides  

evidence on t h e i r  u se fu lnes s  whenever s t a t i s t i c a l  i n f e r e n c e  i s  inc luded  

e x p l i c i t l y  o r  i m p l i c i t l y  i n  t h e  a n a l y s i s .  

A secondary purpose,  which developed from t h e  main purpose,  i s  an 

examinat ion of t h e  i n t e r - r a t e r  r e l i a b i l i , t y  of  t h e  two v i s u a l  tests,  t h e  

s c r e e  test  and t h e  mean squa re  r a t i o  test ,  mentioned above. I n  o r d e r  t o  

f i n d  t y p i c a l  r e s u l t s  of  t h e s e  tests f o r  each sample,  they w i l l  b e  imple- 

mented by f i v e  r a t e r s .  I n t e r - r a t e r  r e l i a b i l i t i e s  w i l l  be  found and i f  

t h e  i n d i c e s  prove t o  be  s i g n i f i c a n t l y  u n r e l i a b l e ,  t h e i r  sampling d i s -  

t r i b u t i o n s  w i l l  n o t  be  ana lysed  s i n c e  r e l i a b l e  measures of c e n t r a l  

tendency would h e  r e q u i r e d  f o r  t h e  examinat ion of t h e  s t a t i s t i c a l  sam- 

p l i n g  d i s t r i b u t i o n s  of t h e s e  two i n d i c e s .  R e s u l t s  o f  u n r e l i a b i l i t y  provide  

evidence on t h e  u t i l i t y  of t h e s e  t e s t s  t o  t h e  r e l a t i v e l y  u n s o p h i s t i c a t e d  

p sycho log i s t  who uses  f a c t o r  a n a l y t i c  techniques.  



Procedure 

Ind i ce s  Considered i n  t h e  S t u d 1  

One hundred samples a t  each of t h r e e  sample-s ize  l e v e l s  were gen- 

erated by Monte Car lo  procedures  (which a r e  d e s c r i b e d  i n  d e t a i l  l a t e r )  

and t h e  number of f a c t o r s  e s t ima ted  by each i n d e x  f o r  each sample was 

recorded a s  t h e  b a s i s  f o r  t h e  i n d i c e s '  sampling d i s t r i b u t i o n s .  The 

i n d i c e s  cons idered  and t h e  s p e c i f i c  e s t i m a t e  of t h e  number of 

~ u t t m a n ' s  S t ronge r  Lower Round 

Guttman (1954) shows t h a t  t h e  minimum number o f  common f a c t o r s  which 

can e x a c t l y  account  f o r  t h e  of f -d iagonal  e l emen t s  of  a  popu la t i on  c o r r e l a -  

t i o n  ma t r ix ,  R,  equa l s  t h e  minimum rank  of  a reduced  Gramian c o r r e l a t i o n  

mat r ix ,  

2  where U i s  a d i agona l  m a t r i x  w i th  0 5 u: 2 1; ( j  = 1 ,2 , .  . . , n ;  where n  i s  t h e  

number of v a r i a b l e s ) .  EIe goes on t o  show t h a t  i f  squared  m u l t i p l e  

c o r r e l a t i o n s  (smc's) a r e  used a s  e s t i m a t e s  o f  t h e  communalit ies i n  t h e  

a n a l y s i s ,  s i n c e  each smc, r2, i s  t h e  lower bound f o r  t h e  communality of i t s  

corresponding v a r i a b l e ,  i. e . , 

then a  c r i t e r i o n  f o r  t h e  minimum rank of t h e  c o r r e l a t i o n  m a t r i x  i s  t h e  

n m b e r  of f a c t o r s  whose e igenvalues  a r e  g r e a t e r  t han  zero.  

gut tman's  Weaker Lower Round 

X f  v a r i a b l e s  a r e  s t anda rd i zed  and a  f a c t o r  a n a l y s i s  i s  implemented 



with  u n i t i e s  i n  t h e  d iagonal  of t h e  c o r r e l a t i o n  ma t r ix  ( i . e . ,  a p r i n c i p a l  

component a n a l y s i s ) ,  s i n c e  un i ty  is  an upper bound e s t ima te  of t he  
R 

I communalities, Guttman (1954) shows t h a t  the lower bound f o r  t h e  rank of 
r 

a reduced Gramian c o r r e l a t i o n  ma t r ix ,  

where 

and 

2 
0 5 u j  5 1 ; ( j  = 1.2 ,..., n ) ,  ( 5 )  

is t h e  number of e igenvalues of R which a r e  g r e a t e r  than uni ty .  Kaiser  

(1960; Kaiser  and Caffrey,  1965) proved t h a t  any f a c t o r  whose e igenvalue  

is 1256 thsii G i i e  ( f0:ki~ ing a principal COiTrpoiients extraction) has negat ive  

Kuder-Richardson-20 i n t e r n a l  cons is tency  (o r  a lpha  r e l i a b i l i t y )  and argued 

t h a t  i t  should,  t h e r e f o r e ,  b e  e l imina ted  from the  ana lys i s .  He a l s o  

noted t h a t  i n  a g r e a t  many cases ,  t h i s  c r i t e r i o n  s p e c i f i e s  t h e  same number 

of f a c t o r s  a s  experimenters have found t o  be i n t e r p r e t a b l e .  

Cattell's Scree Test  -- 
This test ( C a t t e l l ,  1966a) fol lows t h e  f a c t o r i n g  of a c o r r e l a t i o n  

ma t r ix  w i th  u n i t i e s  i n  t he  d iagonal  and involves  t h e  e x t r a c t i o n  of as many 

f a c t o r s  a s  t h e r e  are va r i ab l e s .  Rejec t ion  s f  f a c t o r s  is based on t h e  

assumption t h a t  any f a c t o r s  wi th  p ropor t iona l ly  small  e igenvalues a r e  e r r o r  

f a c t o r s  and account only fox t r i v i a l  var iance .  E r ro r  f a c t o r s  with l a r g e  

eigenvalues be fo re  r o t a t i o n ,  which t h i s  t e s t  would no t  exclude from the  
t. 



r o t a t i o n  procedures ,  a r e  assumed t o  become apparent  a f t e r  the  r o t a t i o n  

s i n c e  the  e r r o r  var iance  may be sepa ra t ed  from the  non-error va r i ance  by 

the  r o t a t i o n  procedure. P l o t s  of t h e  eigenvalues of p r i n c i p a l  components 

t y p i c a l l y  show an i n i t i a l  curva ture  and a l a t e r  l i n e a r i t y  of s lope .  

C a t t e l l  (1966a, 1966b) no te s  t h a t  when the  r a t i o  of t h e  number of people 

t o  t he  number of v a r i a b l e s  is small, t h e  l a t t e r  p a r t  of t h e  s l o p e  may be  

reso lved  i n t o  two o r  t h r e e  s t r a i g h t  l i n e s ,  none of which desc r ibes  t h e  

eigenvaiues of t he  i n i t i a l  f a c t o r s .  l ne  s c r e e  t e s t  r e j e c t s  those  f a c t o r s  

which l i e  on the s c r e e ,  o r  l i n e a r  p a r t  ( o r  p a r t s ,  i n  t h e  cases  of double o r  

t r i p l e  s c r e e s )  of t h e  s lope .  

A s  t h e  de te rmina t ion  of t h e  s c r e e  is  a s u b j e c t i v e  ope ra t ion ,  f i v e  

r a t e r s  (two undergraduate and t h r e e  graduate  s t u d e n t s )  who had no knowledge 

of t h e  number of f a c t o r s  i n  t he  popula t ion ,  inspec ted  the  sample p l o t s  of 

t he  p r i n c i p a l  component e igenvalues  f o r  t he  sc ree .  Following a t e s t  of 

i n t e r - r a t e r  r e l i a b i l i t y ,  i f  t h e  r e s u l t s  proved t o  be s i g n i f i c a n t l y  r e l i a b l e ,  

t h e  modal number of f a c t o r s  f o r  each sample was taken t o  be t h e  t y p i c a l  

e s t ima te  of t h e  number of f a c t o r s  using the  s c r e e  test. I f  t h e  curve was 

bimodal, t h e  s m a l l e r  number of  f a c t o r s  was t o  be taken under t he  assump- 

t i o n  t h a t  i t  represented  t h e  top of a double s c r e e  missed by t h e  r a t e r s  

who gave the  l a r g e r  es t imate .  I n  cases  where a l l  f i v e  r a t e r s  responded 

d i f f e r e n t l y ,  t he  index was considered t o  have f a i l e d  t o  i n d i c a t e  t h e  

n m b e r  of f a c t o r s .  

Horn's Tes t  

Horn (1965) proposes comparing the  eigenvalues of an observed co r re l a -  

t i o n  ma t r ix  t o  t h e  averaged e igenvalues  of a l a r g e  number of random 

c o r r e l a t i o n  ma t r i ce s .  The random c o r r e l a t i o n  ma t r i ce s  a r e  der ived  from 

random normal d a t a  ma t r i ce s  of t h e  same sample s i z e  a s  t h e  observed d a t a  



matr ix  and a r e  of the  same order  a s  the  observed c o r r e l a t i o n  matrix. 

The point  a t  which the  p l o t s  of the  two s e t s  of eigenvalues cross is 

taken t o  be the  cu t t ing  point  f o r  the  number of fac tors .  Horn (1965) 

used t h i s  procedure following a complete component ana lys i s  but  used only 

a s i n g l e  random c o r r e l a t i o n  matrix.  Humphreys and I lgen (1969) empir ica l ly  

showed t h a t  t h i s  t e s t  tends t o  i n d i c a t e  too few f a c t o r s  following p r i n c i p a l  

components ex t rac t ion ;  but  t h a t  r e s u l t s  c l o s e r  t o  the  maximum l ike l ihood 

es t imates  may be obtained following p r i n c i p a l  a x i s  e x t r a c t i o n  with smc's 

r a t h e r  than u n i t i e s ,  a s  communality es t imates .  

Comparison with one random sample. For each sample generated,  a 

sample corresponding i n  sample s i z e  but  from an i d e n t i t y  population matr ix  

was a l s o  generated. Each p a i r  of c o r r e l a t i o n  matrices was subjected t o  

p r i n c i p a l  components, smc, image covariance (Harr is ,  1962 ; Kaiser,  1963) , 
and Harr is  (Harris ,  1962) ex t rac t ions ;  and each of the  p l o t s  of the  four  

sets of eigenvalue-pairs was inspected f o r  crosses .  The number of eigen- 

values preceding the  f i r s t  c ross  of each p l o t  was considered t o  equal the  

number of  f a c t o r s  indica ted  f o r  t h a t  p a r t i c u l a r  ex t rac t ion  method f o r  t h a t  

sample. In  cases where the  p l o t s  did n o t  cross ,  the  index was considered 

t o  i n d i c a t e  the  number of f a c t o r s  t o  equal  t h e  number of var iables .  

Comparison with 100 random samples. Corresponding eigenvalues f o r  

the  100 samples from the  i d e n t i t y  matr ix  f o r  each e x t r a c t i o n  procedure and 

sample s i z e  were averaged. The eigenvalues of t h e  100 samples from the  

s t r u c t u r e d  populat ion mat r ix  (whose s e l e c t i o n  i s  described i n  d e t a i l  l a t e r )  

of the  same sample s i z e  and type of ex t rac t ion  were compared with the  

averaged eigenvalues f o r  crosses.  As above, t h e  f i r s t  c ross  was taken t o  

i n d i c a t e  t h e  number of f a c t o r s  f o r  t h a t  p a r t i c u l a r  e x t r a c t i o n  method f o r  

t h a t  sample; and where the  p l o t s  d id  no t  c ross ,  the  index was considered t o  

i n d i c a t e  the  number of f a c t o r s  t o  be equal  t o  the  number of var iables .  



Linn's T e s t  

To o b t a i n  an e s t ima te  of t h e  amount of e r r o r  i n  an observed co r r e l a -  

t i o n  m a t r i x ,  t h i s  test  (Linn, 1964, 1968) uses  a c o r r e l a t i o n  mat r ix  based 

on a  random normal d a t a  m a t r i x  of t he  same sample s i z e  a s  t h e  observed d a t a  

mat r ix .  I n  t h i s  t es t ,  however, t h e  random m a t r i x  i s  used t o  augment t h e  

observed m a t r i x  be fo re  f a c t o r i n g  . The augmented ma t r ix  i nc ludes  t h e  

observed i n t e r c o r r e l a t i o n s ,  t he  appended i n t e r c o r r e l a t i o n s ,  and t h e  cross-  

_-- - -  q - - _ . - - -  1 - L  -, 
LUL ~ r ~ a L ~ u l l s  u t r ~ w e e t r  t k  u b s e r  veci dud apptxded variabies, lrle exrenc ro  

which t h e  appended m a t r i x  d e v i a t e s  from an i d e n t i t v  m a t r i x  provides  an 

e s t ima te  of the  e r r o r  va r i ance  i n  t h e  f a c t o r  loading mat r ix .  Linn (1968) 

d i d  p r i n c i p a l  a x i s  f ac to r ing  of ( a )  t he  augmented c o r r e l a t i o n  ma t r ix ,  

R , with  u n i t i e s  i n  t he  d i agona l ,  (b)  t h e  augmented c o r r e l a t i o n  m a t r i x ,  
a% 

-1 -1 
'aug 

wi th  smc's i n  t h e  d iagonal ,  and ( c )  B - T, where H = S R S  , where 

- 
s2 = (diag(R '))-I;  i.e., Har r i s  (1962) r e sca l ed  f a c t o r i n g .  He then 

a w  

computed a  mean square  r a t i o  f o r  each f a c t o r  i n  t h e  f a c t o r  loading ma t r ix ,  

A , such t h a t  f o r  each f a c t o r ,  t h e  
auf? 

Mean Square Rat io  = 
k 

n ----. 
n+m ,. 

where n  is t h e  number of observed v a r i a b l e s ,  m i s  the  number of appended 

v a r i a b l e s ,  and a  is  t h e  p r i n c i p a l  a x i s  f a c t o r  loading of t h e  ith v a r i a b l e  i k  

of t he  augmented c o r r e l a t f o n  m a t r i x  of o rde r  (n + m) on t h e  kth f a c t o r .  The 

mean square  r a t i o s  a r e  then p l o t t e d  and r e j e c t i o n  of f a c t o r s  i s  made on the  

b a s i s  of  a  break i n  t he  curve of t h e  p l o t .  Linn (1964) found t h a t  t h e  b e s t  

choice f o r  m was n/2 s i n c e  (a )  t h e  i n c l u s i o n  of t o o  many appended v a r i a b l e s  



obscures  t he  break i n  t he  mean square  r a t i o  p l o t ;  and (b) t he  inc lus ion  of 

too few appended v a r i a b l e s  tends t o  g ive  uns tab le  r e s u l t s .  

The mean square  r a t i o s  were found f o r  each of four  e x t r a c t i o n s  

( p r i n c i p a l  components, smc, image covariance,  and Har r i s )  of each of t he  

one hundred samples from the  t h r e e  sample s i z e s .  Since t h i s  index, l i k e  the  

s c r e e  t e s t ,  r equ i r e s  s u b j e c t i v e  ope ra t ions ,  f i v e  new r a t e r s  (two undergraduate 

and t h r e e  graduate  s t u d e n t s ) ,  without  knowledge of t h e  popula t ion  va lue  of t he  

number of f a c t o r s ,  inspec ted  p l o t s  of t he  mean square r a t i o s  f o r  breaks.  

They had the  a i d  of p l o t s  of t h e  f i r s t  o rde r  d i f f e r ences  between the  mean 

square  r a t i o s  of success ive  f a c t o r s  t o  a s s i s t  i n  making t h e i r  dec is ions .  

Before p l o t t i n g  the  r a t i o s ,  t he  f a c t o r s  were reordered according t o  the  

numerators of the  r a t i o s .  The number of f a c t o r s  was ind ica t ed  by t h e  number 

of mean square r a t i o s  before  the  break. A s  wi th  t he  s c r e e  t e s t ,  fol lowing 

a  t e s t  of i n t e r - r a t e r  r e l i a b i l i t y ,  i f  t h e  r e s u l t s  proved t o  be s i g n i f i c a n t l y  

r e l i a b l e ,  the  modal number of f a c t o r s  was considered t o  be t h e  t y p i c a l  number 

indicated by t h i s  index. I f  t he  curve was bimodal, t he  l a r g e r  number was 

considered t o  be the  more conserva t ive  e s t ima te  ( s ince  t h e  e f f e c t s  of under- 

f a c t o r i n g  a r e  gene ra l ly  considered worse than those of ove r f ac to r ing )  and 

thus ,  w a s  taken t o  be the  number of f a c t o r s  ind ica ted .  I n  cases  where a l l  

f i v e  raters responded d i f f e r e n t l y ,  t h e  index was deemed t o  have f a i l e d  t o  

i n d i c a t e  t h e  number of f a c t o r s .  

 rawf ford's Tes t  - 
This t e s t  has  been devised (Crawford, 1966) t o  provide an index of t he  

i n t e r p r e t a b i l i t y  of f a c t o r s  r a t h e r  than of t h e i r  s i g n i f i c a n c e ,  I t  i s  appl ied  

t o  the  row-normalized f a c t o r  loading ma t r ix  follow in^ any adequate method of 

or thogonal  r o t a t i o n  and provides an index of combined t e s t  and f a c t o r  parsimony 

(or  s i m p l i c i t y  of s t r u c t u r e ) .  I f  



n m m  2 2 
T(m) = (n - 1 )  C C I: a i  a 

i p q  p i q  

and 

m n n  2 2 F(m) - (m - 1 )  l: C C aipajp 
P i j  

where p and q r e f e r  t o  f a c t o r s ,  i and j r e f e r  t o  va r i ab les ,  and a is  a 

f a c t o r  loading, then when the  sequence of sums 

reaches a d e f i n i t e  minimma, maximum parsimony and i n t e r p r e t a b i l i t y  a r e  

reached, 

Crawford's index of i n t e r p r e t a b i l i t y  function was found following 

quartimax (Carrol l ,  1953), varimax (Kaiser,  1958), and equamax (Saunders, 
I! 

1962) r o t a t i o n s  of each of 2 t o  n/2 smc fac tors .  The r o t a t i o n  procedure 
if 

w e d  required t h a t  a t  l e a s t  2 f a c t o r s  be r o t a t e d  and s i n c e  t h e r e  a r e  seldom 

more than n 12 i n t e r p r e t a b l e  common f a c t o r s  f o r  any s e t  of n v a r i a b l e s ,  

t h a t  p a r t i c u l a r  range was s e l e c t e d  f o r  the  r o t a t i o n s  t o  the  th ree  c r i t e r i a ,  

For each sample, the  th ree  s e t s  of (n/2 - 1) ind ices  were inspected f o r  

minima. The number of f a c t o r s  ro ta ted  t o  genera te  the  minimum value of the  

index f o r  each type of r o t a t i o n  was considered t o  be the  number of f a c t o r s  

indica ted  by t h i s  index f o r  each r o t a t i o n  of each sample. 

Table 1 ind ica tes  the  types of e x t r a c t i o n  and r o t a t i o n  which preceded 

the  app l i ca t ion  of the  number-of-factor indices  under considerat ion.  



Monte Car l o  Methods 

Procedures a r e  ava i l ab le  by which c o r r e l a t i o n  matrices can be  

generated from a population matrix. These procedures e l iminate  the  

necess i ty  of generat ing random normal sample da ta  matrices which a r e  

then cor re la t ed ,  thereby reducing computation time t o  a small  f r a c t i o n  

of t h a t  required by the  longer procedure. 

The bas ic  equation i n  f a c t o r  ana lys i s ,  

z = AP, 

can be converted t o  

where Z is the standardized score  matr ix ,  A i s  the  common f a c t o r  loading 

matrix,  P is the  common f a c t o r  score  matrix,  R is  the  co r re la t ion  matrix,  

N i s  the  number of people, and ' denotes a matr ix  transpose. Since, f o r  

1 
orthogonal f a c t o r s ,  the  expected value of -PPt i s  an i d e n t i t y  matrix,  N 

the  l a t t e r  equation can be reduced t o  i t s  more fami l i a r  form 

When each sample c o r r e l a t i o n  matrix,  R*, is generated,  devia t ions  from 

t h i s  i d e n t i t y  provide sampling devia t ions  i n  t h e  sample c o r r e l a t i o n  and 

f a c t o r  matr ices such t h a t  

where F is the  sample f a c t o r  covariance matr ix  and D is the  diagonal matrix 

used t o  s tandardize  the  var iances  of the  sample var iables .  



TABLE 1 

Application of the  Indices  t o  Their  Respective Types of 

Extrac t ion  and Rotation* 

TYPE OF TYPE OF 
EXTRACTION ROTATION INDEX 

P r i n c i p a l  Components none C a t t e l l  

none Horn 

none Linn 

SMC Analysis none Guttman's S.  L. B. 

none Horn 

none Linn 

Quar timax 

Varimax 

Eq uamsx 

Crawford 

Crawf ord 

Crawford 

Image ~ n a l y s i s  none Horn 

none Linn 

Harr is  Analysis none 

none 

Horn 

Linn 

* This procedure was followed f o r  each of the  100 samples a t  each of 
the  3 sample s i z e  l eve l s .  



Such sampling procedures have been used by Hamburger (1965), 

Browne (1968), C l i f f  and Pennell  (1967), Linn (1968), and o the r s  i n  

s tudying such sampling problems a s  r o t a t i o n a l  s t a b i l i t y  and appropriate-  

ness ,  c r i t e r i a  f o r  the  nunber of f a c t o r s ,  methods of f a c t o r  e x t r a c t i o n ,  

s t a b i l i t y  of f a c t o r  loadings,  e tc .  

~ rowne ' s  (1968) method of generat ing sample c o r r e l a t i o n  matr ices  

was used i n  the  present  study. The procedure involves the  square r o o t  

fac tor ing  of the  populat ion c o r r e l a t i o n  matrix,  R ,  i n t o  AA' where A 

is lower t r i angu la r .  A random matrix,  T, is generated where 

t = random elements d i s t r i b u t e d  a s  N (0 , I ) ,  i > j ; 
ij 

tii 
= random elements d i s t r i b u t e d  a s  Chi with (N - i )  

degrees of freedom; and 

The sample covariance matrix,  C, is then produced such t h a t  

R* = (diag c)-%(diag c)-*. 

I n  the  p resen t  s tudy t h i s  method was a l s o  employed t o  genera te  the  random 

matrices needed f o r  Horn's and  inn's indices.  

The required normal and Chi elements of the  T matr ix  were obtained 

a s  follows. Uniform random numbers on the  i n t e r v a l  0 < u < 1 were gener- 

a ted  by means of t h e  Tausworthe pseudorandom number genera tor  which 

Whittlesey (1968) has shown t o  be appropriate f o r  the  IBM 360 computer 

used i n  t h i s  study. Each uniform random number was then normalized by the  

function,  



which is  approximately d i s t r i b u t e d  N(0, l ) .  The square r o o t  of squares  

of k such random normal elements was then used t o  genera te  t h e  Chi 

elements wi th  k degrees of freedom. 

Se lec t ion  of a  Popula t ion  Cor re l a t ion  Matrix ---- -.-- ---- 

The popula t ion  c o r r e l a t i o n  ma t r ix  s e l e c t e d  f o r  the  p re sen t  s tudy  is  

t h a t  from C a t t e l l  and S u l l i v a n ' s  (1962) Cups of Coffee Problem - Sample 

A (N = 80, n = 15) .  The c o r r e l a t i o n  ma t r ix  i s  presented  i n  Table 2. I n  

s e l e c t i n g  a  popula t ion  c o r r e l a t i o n  ma t r ix  f o r  t he  p re sen t  s tudy ,  it was 

necessary t o  choose one f o r  which t h e  number of major common f a c t o r s  was 

known and i n  which t h e r e  was psychometric e r r o r  comparable wi th  t h a t  found 

i n  t y p i c a l  explora tory  ? s g c h o l o ~ i c a l  factnr a n a l y s ~ s -  The -Investigatnrs ii 

i n  the  above s tudy hypothesized a f a c t o r  ma t r ix  and s e l e c t e d  v a r i a b l e s  with 1 

hypothesized f a c t o r  loadings on the  f a c t o r  mat r ix .  The r e s u l t i n g  f a c t o r  

loading ma t r ix  (based on 80 measures of each of 15  v a r i a b l e s )  c l o s e l y  

approximated t h e  hypothesized ma t r ix  bu t  d i sp layed  e r r o r  comparable t o  t h a t  

found i n  f a c t o r  ana lvses  of psychologica l  da t a .  This ma t r ix  is  w e l l  s u i t e d  

t o  or thogonal  t ransformat ions  (which i s  of importance i n  the  s tudy of 

Crawford's index)  and has a  r a t h e r  l a r g e  r a t i o  of  t he  number of major 

comon f a c t o r s  (5) t o  the  number of  v a r i a b l e s  (15) (which provides a wider 

oppor tuni ty  f o r  a  l a r g e  number of f a c t o r  com~ar i sons  wi th  a minimum of 

computation time).  

To test t h e  e f f e c t s  of sample size on the  s t a t i s t i c a l  sampling d i s -  
- - 
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t r i b u t i o n s  of the  s i x  indices  under considerat ion,  sample s i z e s  of 2n, 

4n, and 8n (n = 15) were chosen t o  genera te  sample matr ices  by means of 

Browne's (1968) procedure. These sample s i z e s  were chosen because they 

approximate those used i n  most f a c t o r  analyses of psychological data.  

They represent  t y p i c a l ,  r a t h e r  than i d e a l ,  sampling conditions. Most 

experimenters have used very l a rge  sample s i z e s  t o  inves t iga te  the  psycho- 

me t r i c  s t a b l i i t y  of number o t  t a c t o r s  lndices  ie .g. ,  Humphreys, 1 ~ 6 ~ ;  Linn 

1964, 1968). ~ r o w n e ' s  (1968) study of the  s t a t i s t i c a l  sampling d i s t r ibu-  

t i o n s  of seve ra l  ind ices  of the  number of f ac to r s  a l s o  used l a rge  sample 

s i z e s  ( v i z ,  6n, 12.5n, and 12511). The sample s i z e s  i n  these  s tud ies  a r e  

c l o s e r  t o  t h e  i d e a l  than the  t y p i c a l  f a c t o r  analys is  conditions. 

A s  s t a t i s t i c a l  e r r o r  variance is propor t ional  t o  the  rec iprocal  of 

sample s i z e ,  the  s e l e c t i o n  of 2n, 4n, and 8n allows a l i n e a r  comparison of 

expected e r r o r  variances;  i . e . ,  the  expected e r r o r  variance of the  2n group 

i s  twice t h a t  of the  4n and four times t h a t  of the  8n groups, e t c .  Use of 

a sample s i z e  of 2n presents  severe problems f o r  r e p l i c a t i o n ,  while use of 

8n g ives  reasonably s t a b l e  r e s u l t s  , i n  the  r e p l i c a t i o n  s i t u a t i o n .  



Data Analysis  and Resu l t s  

R e l i a b i l i t y  of t he  Scree  Tes t  and Mean Square Rat io  Tes t  
- I - - -  --- ----- -- 

As both t h e  s c r e e  test and mean square  r a t i o  t e s t  involve  some degree 

of s u b j e c t i v e  i n t e r p r e t a t i o n  of p l o t s ,  t he se  i n d i c e s  were checked f o r  t h e i r  

i n t e r - r a t e r  r e l i a b i l i t y  p r i o r  t o  i n s p e c t i o n  of t h e i r  sampling d i s t r i b u t i o n s  

on t h e  assumption t h a t  i f  t he se  r e s u l t s  were s i g n i f i c a n t l y  u n r e l i a b l e ,  

t he re  was no j u s t i f i c a t i o n  f o r  choosing the modal v 1 1 ~ n  f c r  ~ z e h  s&nple 

above any o t h e r  value.  I n t e r - r a t e r  r e l i a b i l i t v  can be descr ibed  by e i t h e r  

the  s p e c i f i c  o r  g e n e r i c  r e l i a b i l i t y  s t a t i s t i c  (Lord and Novick, Chapter 9 ) .  

When t h e  r a t e r s  a r e  only nominally,  r a t h e r  than s t r i c t l y ,  p a r a l l e l ,  however, 

t h e  g e n e r i c  r e l i a b i l i t y  s t a t i s t i c  is more appropr ia te .  I n  t he  p r e s e n t  case ,  

strict  p a r a l l e l i s m  impl ies  t h a t  i n  t h e  s t a t i s t i c a l  popula t ion  being r a t e d  

(of which the  s e t s  of 100 samples a r e ,  themselves,  samples) ,  each r a t e r  would 

g i v e  t h e  same average e s t ima te  of t h e  number of f a c t o r s ;  whereas nominal 

p a r a l l e l i s m  impl ies  that i n  the popula t ion  being t e s t e d  each r a t e r  may g ive  

a  d i f f e r e n t  average es t imate .  Both types of p a r a l l e l i s m  a l s o  imply t h a t  

t h e  w i th in - r a t e r  var iances  and i n t e r - r a t e r  covariances  a r e  equal .  A s  i n  most 

i n t e r - r a t e r  r e l i a b i l i t v  s i t u a t i o n s  which appear  i n  the  psychologica l  

l i t e r a t u r e ,  t he  r a t e r s  i n  t h e  p r e s e n t  s tudv  could be considered only nom- 

i n a l l y  p a r a l l e l .  

The gene r i c  r e i i a b i l i t i e s  f o r  t h e  t h r e e  cases  of C a t t e l l ' s  s c r e e  t e s t  

and twelve cases  of Linn 's  mean square  r a t i o  t e s t  a r e  presen ted  i n  Table  3. 

I n  a l l  cases  the  g e n e r i c  r e l i a b i l i t i e s  a r e  extremely low. 



TABLE 3 

Generic R e l i a b i l i t i e s  of t h e  Scree Test  and Mean 

Square Rat io  Tes t  

LINN : 
P r i n c i p a l  

Components .087 . I 1 3  .I67 

SMC 

Image 

Harris 

CATTELL .071 .054 .054 

Since s i g n i f i c a n c e  tests of g e n e r i c  r e l i a b i l i t y  are n o t  r e a d i l y  ava i l -  
d 

z b l e ,  t h e  s ig?r i f icance  test ,  cf s p e c i f i c  r a l 3 = , h . t l + + r *  ---"--- -J  (Gul l iksen ,  1950, Ch.14) R 

w a s  made. The s i g n i f i c a n c e  test of g e n e r i c  r e l i a b i l i t y  would be more s 

s t r i n g e n t  than t h a t  of s p e c i f i c  r e l i a b i l i t y .  Thus, a  f ind ing  of s i g n i f i c a n t  

s p e c i f i c  u n r e l i a b i l i t y  guarantees  s i g n i f i c a n t  g e n e r i c  u n r e l i a b i l i t y ,  b u t  a  

f i nd ing  of s i g n i f i c a n t  s p e c i f i c  r e l i a b i l i t y  does no t  guarantee  s i g n i f i c a n t  

g e n e r i c  r e l i a b i l i t y .  I n  a l l  15  cases  of t h e s e  s u b j e c t i v e  methods of se lec-  

t i n g  a number of f a c t o r s ,  t h e  s p e c i f i c  r e l i a b i l i t y  hypothes is  was r e j e c t e d  

a t  the  .05 l e v e l .  Thus, on t h e  b a s i s  of t h e i r  u n r e l i a b i l i t y ,  t h e  r e s u l t s  

of t he  s c r e e  t e s t  and mean square  r a t i o  t e s t  were n o t  included i n  t he  inves- 

t i g a t i o n  of sampling d i s t r i b u t i o n s .  



The Sampling Dis t r ibu t ions  

Frequency Dis t r ibu t ions  of the  Raw Data 

Table 4 (a-i)  gives the  frequency d i s t r i b u t i o n s  of the  number of 

f a c t o r s  indica ted  by each case of the  indices  a t  the  three  sample-size 

l eve l s .  It should be noted a t  t h i s  po in t  t h a t  modificat ions were made t o  

two of the  ind ices  f o r  purposes of analys is .  The a n a l y t i c  procedures used 

i n  the  study would not  admit missing d a r n .  

Thus, ~ o r n ' s  test ,  which relies on crosses i n  the  p l o t s  of eigenvalue- 

p a i r s  t o  g ive  r e s u l t s ,  was modified t o  i n d i c a t e  15 f a c t o r s  when t h i s  c ross  

d id  n o t  occur. A s  is  indica ted  i n  p a r t s  (b) and (c) of Table 4, t h i s  

happened i n  severa l  samples of the  smc and image analyses. Although some 

of the  frequency d i s t r i b u t i o n s  took on a pecu l i a r  shape due t o  t h i s  modifi- 

ca t ion  ( p a r t i c u l a r l y  i n  the  smc d i s t r i b u t i o n s ) ,  and although, i n  the  l a t e r  

analyses,  the  devia t ion  from the  populat ion of the  number of f a c t o r s  (or 

the b i a s )  sf the sampling d i s t r i b u t i o n s  was increased (as  i s  i i i u s t r a t e d  i n  

Figure l ) ,  i t  was thought t h a t  t h i s  b i a s  might be an appropr ia te  quan t i f i -  

ca t ion  of the  tendency of the  t e s t  t o  f a i l  t o  i n d i c a t e  any number of f ac to r s  

a t  a l l .  

A s  is  i l l u s t r a t e d  i n  Figure 2 ,  the  tendency t o  f a i l  increased a s  sample 

s i z e  increased. For the  smc ex t rac t ion ,  t h i s  tendency a l s o  increased a s  

the  number of random eigenvalues used i n  the  comparison with the  observed 

eigenvalues increased,  but  f o r  the  image e x t r a c t i o n ,  t h i s  tendency was 

reversed. 

The o the r  index modified f o r  the  same reason was ~ r a w f  ord ' s  index. 

Theore t ica l ly ,  t h i s  index may f a i l  i f  simple s t r u c t u r e  is  n o t  evidenced i n  

the  f a c t o r  matrix. I n  such cases ,  t h e  Crawford index may no t  reach a 

d e f i n i t e  minimum but  show s e v e r a l  l o c a l  minima. A s  is shown i n  Figure 3, 



TABLE 4(a)  

Frequency Dis t r ibut ions  of the  Number of Factors  Indica ted  by 

Horn's T e s t  on P r i n c i p a l  Components 

SINGLE RANDOM EIGENVALUES AVERAGE RANDOM EIGENVALUES 
Number of Sample Size  Sample Size  
Factors  30 60 120 30 60 120 

TABLE 4 (b) 

F ~ ~ ~ u ~ R c Y  Dis t r ibu t ions  of the  Number of Factors  Indica ted  by 

Horn's Test on SMC Factors  

SINGLE RANDOM EIGENVALUES AVERAGE RANDOM EIGENVALUES 
Number of Sample Size Sample Size  
Factors  30 60 120 30 6 0 120 

1 0 0 0 0 0 0 
2 0 0 0 0 0 0 
3 4 0 0 3 0 0 
4 36 1 0 32 0 0 
5 2 7 8 0 31 3 0 
6 19 24 2 24 2 4 1 
7 10 12 5 8 14 1 
8 1 5 3 0 6 0 
9 1 1 2 0 0 0 
10 0 0 0 0 0 0 
11 0 0 0 0 0 0 
12 0 0 0 0 0 0 
13 0 0 0 0 0 0 
14 0 0 0 0 0 0 
15 2 49 8 8 2 5 3 98 ................................................................ 
Tota l  100 100 100 100 100 100 

-- - - 



TABLE 4(c) 

Frequency Distributions of the Number of Factors Indicated by 

Horn's Test on Image Factors 

SINGLE RANDOM EIGENVALUES AVERAGE RANDOM EIGENVALnS 
Number of Sample Size Sample Size 
Factors 30 60 120 30 60 120 ................................................................. 
1 0 0 0 0 0 0 
2 0 0 0 0 0 0 
3 2 0 0 0 0 0 
4 18 0 0 2 1 0 0 
5 34 2 0 32 0 ,. 0 
6 2 7 i u 33 u 6 
7 8 8 .  0 8 6 0 
8 4 19 0 5 15 0 
9 5 17 1 1 14 0 
10 1 11 3 0 2 0 0 
11 0 9 5 0 12 1 
12 1 10 7 0 10 3 
13 0 2 11 0 7 15 
14 0 7 28 0 9 4 5 
15 0 14 45 0 7 36 ................................................................. 
Total 100 100 100 100 100 100 

TABLE 4(d) 

Frequency Distributions of the Number of Factors Indicated by 

Horn's Test on Harris Factors 

SINGLE RANDOM EIGENVALUES AVERAGE RANDOM EIGENVALUES 
Number of Sample Size Sample Size 
Factors 30 60 120 30 6 0 120 -------------------*--------------------------------------------- 

1 0 0 0 0 0 0 
2 0 0 0 0 0 0 
3 0 0 0 0 0 0 
4 0 0 0 0 0 0 
5 0 0 0 0 0 0 
6 0 0 0 2 0 0 
7 1 0 0 1 0 0 
8 6 1 0 7 0 0 
9 12 18 37 18 19 36 
10 26 5 3 54 25 5 3 5 6 
11 3 3 2 6 9 22 2 3 8 
12 14 1 0 16 4 0 
13 7 1 0 6 1 0 
14 1 0 0 3 0 0 
15 0 0 0 0 0 0 ................................................................. 

I Totah 100 100 100 100 100 100 





TABLE 4 (h) 

Frequency Distributions of the Number of Factors Indicated by 

Gut b a n P  s Weaker Lower Bound 

SAMPLE SIZE 
Number of 
Factors 30 6 0 120 

1 0 0 0 
2 0 0 0 
3 0 0 0 
4 0 0 0 
5 0 0 0 
6 0 0 0 
7 0 0 0 
8 0 0 0 
9 14 35 6 6 
10 62 6 2 34 
11 2 0 3 0 
12 4 0 0 
13 0 0 0 
14 0 0 0 
15 0 0 0 ................................................................ 
Total 100 100 100 



0 SMC Factors (s ingle  random eigenvalue) 
e SMC Factors (average random eigenvalue) 

Image Factors (s ingle  random eigenvalue) 
Image Factors (average random eigenvalue) 

SAMPLE SIZE 

1 I 1 

30 6 0 120 

SAMPLE SIZE 

(b 

Fig. 1 .  Mean number of factors indicated by Horn's test followinn - 
two methods of ex traction and two number-of -random-einenvalues l e v e l s  
(a) before and (b) af ter  modification. 



SMC Factors (averaged random eigenvalues) 
SMC Factors (s ingle  random eigenvalues) 
Image Factors (s ingle  random eigenvalues) 
Image Factors (average random eigenvalues) 

SAMPLE SIZE 

Fig. 2. Number of  fa i lures  of ~ o r n ' s  t e s t  before modifi- 
cation.  



t h e  tendency t o  f a i l  decreased a s  sample s i z e  increased .  The t e s t  was 

modif ied such t h a t  t h e  number of f a c t o r s  considered t o  be  i nd i ca t ed  was 

t h e  number of f a c t o r s  which genera ted  t h e  s m a l l e s t  of t h e  l o c a l  minima when 

they occurred. A comnarison of t h e  r e s u l t s  of t h e  o r i g i n a l  and modif ied 

procedures ,  a s  i l l u s t r a t e d  i n  F igure  4 ,  i n d i c a t e d  t h a t  a l though t h e r e  w a s  

n o t  a l a r g e  e f f e c t  on t h e  frequency d i s t r i b u t i o n s ,  i f  any e x i s t e d  t h e  

modif ied ve r s ion  wcwld show more b i a s  i n  the  l a t e r  ana lyses .  

Analvsis of Variance Designs - - - - - - - - . .  - ---- I- -- . 

To a s s e s s  t he  s i g n i f i c a n c e  of t he  e f f e c t s  of (a) sample s i z e ,  (b) 

type  of index,  and ( c )  t h e  s e v e r a l  cases  w i th in  Ilorn's and  rawf ford's Ind i ce s ,  

two s e t s  nf ana lyses  of va r i ance  were c a r r i e d  ou t  on the  dn ta .  One s e t  of 

ana lyses  was made on the  raw d a t a  r e s u l t s  of t h e  number-of-factors i nd i ce s .  

This se t  of ana lyses  allowed f o r  examination of t h e  d i r e c t i o n  of t h e  b i a s  

of t he  i n d i c e s ,  i . e . ,  f o r  t he  examination of whe t l~e r  they tended t o  i n d i c a t e  

fewer o r  more f a c t o r s  than t h e  popula t ion  value. The second s e t  of ana lyses  

involved a t ransformat ion  of the  raw dn ta  t o  abso lu t e  dev ia t i ons  from the  

popula t ion  va lue  s f  t he  number of f a c t o r s  i n  o r d e r  t o  ana lvse  d i f f e r e n c e s  i n  

t he  i n d i c e s '  mapnitude of b i a s .  

Each s e t  of ana lyses  was conwnsed of foul s e p a r a t e  ana lyses ,  t h e  l a s t  

of which depended on the  r e s u l t s  o f  the f i r s t  t h r ee .  The designs were a s  

fol lows . 
Horn ana lys i s .  This was a three-way a n a l y s i s  wi th  two w i t h i  ----- ,-- 

between-samples v a r i a b l e s .  The samples were nes t ed  w i th in  t h r ee  sample-size 

l e v e l s  and crossed with t he  f o u r  t 3 - r c s  of e x t r a c t i o n  (o r  types of communality 

e s t i m a t e ) ,  and wi th  t he  two l e v e l s  of number of random e igenvalues  used i n  

the  average-comparison e igenvalues  . 
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Fig. 4. Mean number of factors indicated by crawford's t e s t  following 
three rotation methods (a) before and (b )  af ter  modification..  
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Crawford analys is .  This was a two-way ana lys i s  with samples nested 

wi th in  the  th ree  sample-size l e v e l s  and crossed with t h e  three  types of 

ro ta t ion .  

Guttman analys is .  This a l s o  was a two-way analys is .  Samples were 

nested wi th in  sample-size l e v e l s  and crossed with the  two types of index 

(v iz ,  ~ u t t m a n ' s  Weaker Lower Bound and ~ u t t m a n ' s  Stronger Lower Bound). 

Overal l  analys is .  This was a two-way ana lys i s  i n  which the  ind ices  

which showed the  smal les t  magnitude of e r r o r  i n  the above three  analyses 

were se lec ted  f o r  comparison with each other .  Samples were nested wi th in  

the  th ree  sample-size l e v e l s  and crossed with the  three  types of number of 

f a c t o r s  index. 

Information was gathered regarding the  r e l a t i v e  magnitudes of the  

d i f f e r e n t  types of e f f e c t s  i n  the  e i g h t  analyses of variance. For any 

s i g n i f i c a n t  e f f e c t ,  E ,  

where MS represents  the  mean square f o r  the E-effect,  MSe is  the  mean 
E 

square f o r  the  e r r o r  term, and N is the  number of observations a t  each 

-2 l e v e l  of E. BE represents  an es t imate  of the  magnitude of the  e f f e c t  of 

E on the  da ta  and is comparable t o  the  o the r  ii2's (of s i g n i f i c a n t  e f f e c t s )  

i n  the  analyses. 

Following the  analyses of variance,  severa l  a p o s t e r i o r i  comparisons 

of means were made using the  Scheff; procedure presented by Ferguson (1959, 

p. 296). These comparisons were made t o  determine whether ( i n  the  magni- 

tude-of-bias analyses)  the re  was a s i g n i f i c a n t  d i f f e rence  between the  most 

accura te  and the  second most accurate indices  when averaged over sample- 

s i z e  l eve l s .  



suits of the  Analyses of Variance - 
Horn analyses. As is indica ted  i n  Table 5,  the  type of e x t r a c t i o n  

f o r  the  Horn test had a s i g n i f i c a n t  and l a rge  e f f e c t .  Table 6 ind ica tes  

t h a t  the  Horn t e s t  most accura te ly  approximates the  population number of 

f a c t o r s  a f t e r  a  p r i n c i p a l  components ex t rac t ion  and most inaccura te ly  

approximates the  population number of f a c t o r s  a f t e r  ex t rac t ion  with smc's. 

Table 5 a l s o  shows a s i g n i f i c a n t  and l a r g e  sample-size e f f e c t ,  t he  

a i r e c t l o n  o r  which is indica ted  i n  Table 7. Increasing sample s i z e  tends 

t o  inc rease  the b i a s  of the  Horn indices .  However, the re  is  a very l a r g e  

i n t e r a c t i o n  e f f e c t  between sample s i z e  and type of ex t rac t ion  indica ted  

i n  Table 5 which is i l l u s t r a t e d  i n  Figure 5. Whereas increasing the  

sample s i z e  tends t o  decrease the  raw-score and absolute devia t ions  of the 

Horn test following Harr is  and p r i n c i p a l  components analyses,  i t  tends 

t o  increase  both types of b i a s  following smc and image analys is .  Table 6 

and Figure 5 a l s o  i n d i c a t e  t h a t  t h i s  index tends t o  underestimate the 

populat ion number of f a c t o r s  following p r i n c i p a l  components ex t rac t ion  and 

tends  t o  overest imate the  populat ion number of f a c t o r s  following the  o the r  

types of e x t r a c t i o n  . 
The e f f e c t  of using averaged eigenvalues r a t h e r  than single-sample 

eigenvalues from the  random d a t a  matrices i n  the  comparison wi th  t h e  eigen- 

va lues  from the  observed sample matr ices  was no t  s i g n i f i c a n t .  

To select the  b e s t  case of the  Horn t e s t  f o r  the  o v e r a l l  a n l y s i s ,  the  

means of t h e  p r i n c i p a l  components and Harr is  ex t rac t ions  ( i n  the  absolute- 

d e v i a t i o n  ana lys i s )  were chosen a s  showing the  l e a s t  magnitude of e r r o r  

and were compared with each o the r  using the  ~ c h e f f g  method f o r  a p o s t e r i o r i  

comparisons. It was found t h a t  the  p r i n c i p a l  components r e s u l t s  were 

s i g n i f i c a n t l y  b e t t e r  than those following the  Harr is  ex t rac t ion  a t  p 5 ,010 





TABLE 6Ca) 

Means of Ex t r ac t i on  Groups f o r  t h e  Horn Analyses 

TYPES OF EXTRACTIOX 

PRINCIPAL 
ANALYSES COMPONENT SMC IMAGE HARRIS 

Raw Scores  4.15 10.15 10.02 10.12 
Absolute Deviat ion .86 5.43 5.17 5.12 

TABLE 6 (b )  

Means of Rota t ion  Groups f o r  t h e  Crawford Analyses 

TYPES OF ROTATION 

ANALYSES QUARTIMAX VARIFlAX EQUAMAX 

Raw Score 5.27 5.31 5.16 
Absolute Deviat ion .71  .72 .63 -- - 

TABLE 6 ( c )  

Means of t h e  Tes t  Type Groups f o r  t h e  Guthnan Analyses 

ANALYSES 

-- - -- 

TYPES OF TEST 
GUTTMAN'S WEAKER GUTTMAN'S STRONGER 

LOWER ROUND LOWER BOUND 

Raw Scores  4.96 9.72 
Absolute Deviat ion .26 4.72 

TABLE 6(d)  

Means of t h e  Tes t  Type Groups f o r  t h e  Overa l l  Analyses 

- - --.-, -" ---- . -- 
TYPES OF TFS 1 

ANALYSES HORN-PC-100 CRAWFORD . E  G.W.L.B. 
-I----------------------- .................... 

Raw Scores  4.13 5.16 4.96 
Absolute Deviat ion .87 "63  "26 -- 



TABLE 7 

Means of Sample Size Groups i n  the Analyses 

of Variance 

SAMPLE SIZES 

ANALYSES 30 60 120 

HORN : 

Raw Scores 6.27 8.91 10.65 

Absolute Deviation 2.19 4.30 5.94 

CRAWFORD : 

Raw Scores 5.52 5.23 4.99 

Absolute Deviation 1.07 .67 .32 

GUTTMAN : 

Raw Scores 7.50 7.38 

Absolute Deviation 2.73 2.47 2.19 ................................................................. 

OVERALL : 

Raw Scores 4.67 4.82 

Absolute Deviation .82 .57 .38 



o Principal Components 
SMC Factors 
Image Factors 
Harris Factors 

SAMPLE SIZE 

Fig. 5 .  Mean number of factors indicated by Horn's t e s t  
following four methods of extraction. 



Since t h e r e  w a s  no s i g n i f i c a n t  d i f f e r e n c e  between the  s ing le -  and 

averaged-eigenvalue cases ,  and s i n c e  the  averaged-eigenvalue case  is 

expected t o  be more accu ra t e  on t h e o r e t i c a l  grounds, t h e  Horn t e s t  

fol lowing p r i n c i p a l  components a n a l y s i s  wi th  averaged-random eigen- 

va lues  was s e l e c t e d  f o r  t h e  o v e r a l l  ana lys i s .  

Crawford a n a l ~ e s .  Table 5 i n d i c a t e s  t h a t  t h e  sample-size e f f e c t ,  - -- -- 

t h e  tyy -o f -ro ta t ion  e f f e c t .  and the  i n t e r a c t i o n  between these  e f f e c t s  

were s i g n i f i c a n t  i n  both of t h e  Crawford ana lyses .  The magnitude of 

t h e  sample-size e f f e c t  is  g r e a t e r  than t h e  o t h e r  two e f f e c t s .  A s  is  

ind ica t ed  i n  Table 7 ,  i nc reas ing  sample s i z e  decreases  t h e  b i a s  i n  the  

Crawford index i n  both analyses .  The type-of-rotat ion e f f e c t ,  a s  is 

shown i n  Table 6 ,  i n d i c a t e s  t h a t  t h e  Crawford index b e s t  approximated 

t h e  popula t ion  number of f a c t o r s  following t h e  equamax r o t a t i o n  and was 

most b iased  following the  varimax r o t a t i o n .  The s i g n i f i c a n t  b u t  smal l  

i n t e r a c t i o n  between sample s i z e  aiid type  of r o t a t i c n  ir! the r w - s c m e  

a n a l y s i s  is i l l u s t r a t e d  i n  Figure 4b. This  i l l u s t r a t i o n  i n d i c a t e s  a  

tendency f o r  crawford 's  index t o  underest imate t he  popula t ion  number of 

f a c t o r s  following the  equamax r o t a t i o n  i n  t h e  l a r g e  sample-size group. 

For t h e  purpose of s e l e c t i n g  t h e  r o t a t i o n  which gave t h e  most accu ra t e  

r e s u l t s ,  the  means of t he  quartimax and equamax r o t a t i o n s  from t h e  

absolu te-devia t ion  a n a l p s i s  were compared. I t  was found t h a t  t he  r e s u l t s  

fol lowing the  equamax r o t a t i o n  were s i g n i f i c a n t l y  more accura te  than the  

quartimax r e s u l t s  a t  p  I .01. 

Guttman analyses .  I n  both ana lyses  of t h e  Guttman t e s t s ,  a s  i s  

shown i n  Table 5 ,  t h e  sample-size,  type-of-index, and i n t e r a c t i o n  e f f e c t s  

were a l l  s i g n i f i c a n t .  The l a r g e s t  e f f e c t  was due t o  t he  type of t e s t .  

The sample-size e f f e c t  was sma l l e r  than the  i n t e r a c t i o n  e f f e c t .  A s  i s  



i l l u s t r a t e d  i n  Figure 6 ,  although inc reas ing  sample s i z e  tends t o  

produce l e s s  b i a s  i n  Guttman's S t ronger  Lower Round, i t  has  no 

c o n s i s t e n t  e f f e c t  on ~ u t t m a n ' s  Weaker Lower Bound. Table 7 and Figure  

6 bo th  i n d i c a t e  t h a t  ~ u t t m a n ' s  S t ronger  Lower Bound tends t o  over- 

e s t i m a t e  the  populat ion number of f a c t o r s  and Guttman's Weaker Lower 

Round tends t o  underest imate t he  number of f a c t o r s .  

The means of t he  abso lu t e  dev ia t ions  f o r  the t w o  t e s t s  w e r e  cnm- 

pared f o r  s e l e c t i o n  t o  the  f i n a l  ana lyses ,  and i t  was found t h a t  

Guttman's Weaker Lower Bound showed s i g n i f i c a n t l y  l e s s  b i a s  than 

~ u t t m a n ' s  S t ronger  Lower Round a t  p  2 .01, and thus ,  t h e  former was 

inc luded  i n  t he  o v e r a l l  analyses .  
dm 

'IWhM 

The o v e r a l l  analyses .  The i n d i c e s  included i n  the  f i n a l  ana lyses  - 11 I ill 
llllll 
ll l l f l l  

( a )  ~ o r n ' s  t e s t  wi th  averaged eigenvalues following p r i n c i p a l  components I IH~ I / /  

11 
a n a l y s i s  (Horn - PC - l o o ) ,  (b)  rawf ford's index following t h e  equaiiax m IM~/ 

I# -- r ~ ~ ~ t f o n  C .. ( C r m f o r d  - E j  , and ( c j  Guttman's Weaker Lower Bound (G.W.i.B.j - 
l l l ! l ~ l ~ ~  

H!l 

had a s i g n i f i c a n t  e f f e c t  i n  both of t h e  o v e r a l l  ana lyses  a s  is ind ica t ed  IIIIUQI 
l l l I l11 

i n  Table 5. From t h e  same t a b l e  i t  can be seen  t h a t  t h e r e  were a l s o  

sma l l  b u t  s i g n i f i c a n t  sample-size- and i n t e r a c t i o n  e f f e c t s .  As i s  indi-  

ca t ed  i n  Table 7 ,  i n  t he  absolute-deviat ion a n a l y s i s ,  i nc reas ing  sample 

s i z e  produces decreasing magnitude of b i a s ;  b u t  i n  t h e  raw-score a n a l y s i s ,  

t h e  i n t e r a c t i o n  e f f e c t ,  i l l u s t r a t e d  i n  Figure 7 ,  i n d i c a t e s  t h a t  increas-  

i ng  sample s i z e  improves t h e  r e s u l t s  of t he  Crawford and Horn i n d i c e s  

(and has no apparent  e f f e c t  on Guttman's Weaker Lower Bound), bu t  t h a t  

a t  small sample s i z e s ,  whereas t he  Crawford t e s t  tends t o  overes t imate  

t h e  number of f a c t o r s ,  t h e  Horn index tends t o  underest imate t he  number 

o f  f a c t o r s .  

From Table 6 i t  can be seen  t h a t  i n  bath ana lyses ,  Guttman's Weaker 



0 ~ut tman' s  Stronger Lower Bound 

~ u t t m a n ' s  Weaker Lower Bound 

Fig .  6 .  Mean number o f  factors  indicated by the Guttman 
t e s t s .  
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Fig.  7 .  Mean number of factors  indicated by the t e s t s  
included i n  the o v e r a l l  ana lys i s .  



Lower Bound is  t h e  l e a s t  b i a sed  and the  Horn index,  t h e  most biased.  

A comparison was made on the  means of t h e  Crawford index and Guttman's 

Weaker Lower Bound from the  absolu te-devia t ion  a n a l y s i s ,  and i t  was 

found t h a t  Guttman's Weaker Lower Bound is s i g n i f i c a n t l y  b e t t e r  a t  

approximating the  popula t ion  number of f a c t o r s  than the  Crawford index  

(fol lowing the  equamax r o t a t i o n )  at the  p s . O 1  l e v e l .  



Discussion 

R e l i a b i l i t y  

The s c r e e  t e s t  was devised a s  an a i d  i n  determining t h e  number of 

f a c t o r s  t o  cons ider  f o r  people who have had a  r e l a t i v e l y  l a r g e  amount 

of p r a c t i c a l  experience working wi th  f a c t o r  a n a l y t i c  techniques ( C a t t e l l ,  

1966a). Apparently,  t he  mean squa re  r a t i o  t e s t  was developed f o r  a 

s i m i l a r  popula t ion  of f a c t o r  a n a l y s t s .  Thus, i t  might be argued t h a t  

t he  r e l a t i v e l y  na ive  r a t e r s  i n  t he  p r e s e n t  s tudy  should show less 

r e l i a b i l i t y  than  those f o r  whom t h e  i n d i c e s  were designed. However, 

both tests are h ighly  s u s c e p t i b l e  t o  being b i a sed  toward any hypothes is  

the  u s e r  has  regarding t h e  number of major common f a c t o r s  i n  a  s e t  of 

data .  A u s e r  wi th  a  hypothes is  regard ing  t h e  number of f a c t o r s  would 

probably i n t e r p r e t  t he  s c r e e  o r  r o o t  break t o  be c l o s e r  t o  t he  hypoth- 

e s i z e d  number of f a c t o r s  whenever s u b j e c t i v e  e s t ima t ion  of where the  

s c r e e  begins o r  roo t  break occurs  e n t e r s  i n t o  the  implementation of 

t hese  ind ices .  Thus, t hese  i n d i c e s  should he used with extreme caut ion  

( a )  by naive f a c t o r  analvst5,and (b)  when the  ana lys t  has  some i m p l i c i t  

o r  e x p l i c i t  hypothes is  of the  number of f a c t o r s  t o  cons ider .  

Modif icat ions .- . . . .. 

Horn's Index 

The modi f ica t ions  t o  t he  Horn t e s t  r e s u l t e d  from f a i l u r e s  of t he  

t e s t  t o  i n d i c a t e  t h e  number of f a c t o r s  using ~umphreys '  (Humphreys and 

I lgen ,  1969) expansion of ?lorn's (1965) o r i g i n a l  procedure. The 

s u r p r i s i n g  f a i l u r e s  of t he  eigenvalues t o  c ros s  i n  the  smc and image 

ana lyses  i n d i c a t e s  t h a t  although t h e  eigenvalues from t h e  f a c t o r i n g  of 

two d i f f e r e n t  c o r r e l a t i o n  ma t r i ce s  of t he  same o rde r  and sample s i z e  may 



e fol lowing p r i  . nc ipa l  components a n a l y s i s ,  they a r e  n o t  a r a b l  e comp 

n e c e s s a r i l y  comparable fol lowing smc o r  image e x t r a c t i o n s .  I n  t h e  

p r i n c i p a l  components case ,  t h e  sums of t h e  eigenvalues of t h e  

comparable c o r r e l a t i o n  ma t r i ce s  descr ibed  above a r e  equal  t o  n ,  t h e  

number of va r i ab l e s .  Thus, t h e  eigenvalues must e i t h e r  be i d e n t i c a l  

o r  show a c ros s  i n  t h e i r  p l o t .  S i m i l a r l y ,  i n  t he  Har r i s  case ,  t h e  sums 

of the  r e c i p r o c a l s  of t he  two s e t s  of e igenvalues a r e  equal  t o  n and 

the  p l o t s  of both t h e  r e c i p r o c a l s  and the  eigenvalues show crosses .  I n  

o t h e r  e x t r a c t i o n s ,  however, no s i m i l a r  r e s t r i c t i o n  is  placed on the  sum 

of t h e  e igenvalues ,  and t h e i r  p l o t s  need no t  n e c e s s a r i l y  c ross .  Thus, 

the  Horn t e s t  need no t  n e c e s s a r i l y  g ive  an e s t ima te  of t h e  number of 

f a c t o r s  following f a c t o r  e x t r a c t i o n s  which do n o t  p l ace  appropr i a t e  

r e s t r i c t i o n s  on the  sum of  t h e  eigenvalues.  

Crawford's Index 

The f ind ings  ( a )  t h a t  t h e  modi f ica t ions  t o  the  Crawford index had 

l i t t l e  e f f e c t  on the  sampling d i s t r i b u t i o n s ,  (b)  t h a t  t h e  f a i l u r e  r a t e  

decreased a s  sample s i z e  increased  i n  t he  unmodified ve r s ion ,  and ( c )  

t h a t  t h e r e  was l i t t l e  e f f e c t  of t h e  type of r o t a t i o n  on the  sampling 

d i s t r i b u t i o n s ,  sugges t  t h a t  t h i s  index probably e s t ima te s  t he  number of 

f a c t o r s  w e l l  even when the  c o r r e l a t i o n  ma t r ix  does n o t  conta in ,  and t h e  

f a c t o r  ma t r ix  does n o t  e x h i b i t ,  t h e  condi t ions  of s imple s t r u c t u r e .  

The Sampling D i s t r i b u t i o n s  

Increas ing  sample s i z e  (a )  had no e f f e c t  on Guttman's Weaker Lower 

Bound; (b)  improved the  e s t ima te s  of the  number of f a c t o r s  i n  a l l  cases  

of Crawford's index ,  Horn's index following p r i n c i p a l  components a n a l y s i s  

and t h e  Har r i s  e x t r a c t i o n ,  and Guttman's S t ronger  Lower Bound; and ( c )  



impaired the es t imates  of Horn's index following smc and image analyses, 

This l a s t  tendency ind ica tes  t h a t  the  t h e o r e t i c a l  b a s i s  f o r  the  Horn 

test i s  weak, and t h a t  ou t s ide  the  p r i n c i p a l  components model, there  

may be a  tendency f o r  the  test t o  f a i l  e n t i r e l y .  I f  one considers  the  

f a c t o r  a n a l y t i c  model t o  include three  sources of e r r o r  variance - 
(a)  psychometric, (b) s t a t i s t i c a l ,  and (c)  an i n t e r a c t i o n  between the  

psychometric and s t a t i s t i c a l  sources - the  improvement of the  non-purely 

s t a t i s t i c a l  test with increasing sample s i z e  (or  decreasing amounts of 

s t a t i s t i c a l  e r r o r )  is t o  be expected. It is  i n t e r e s t i n g ,  however, t h a t  

Guttman's Weaker Lower Bound appears t o  be robust with respect  t o  

va r i a t ions  i n  s t a t i s t i c a l  sampling e r r o r .  This apparent robustness,  

however, may be pecu l i a r  t o  the  population matrix used i n  the study s ince  

f o r  t h i s  matr ix,  Guttman's Weaker Lower Bound gave good r e s u l t s  even a t  

the  smal les t  sample s i z e .  

The tendency of Guttman's Weaker Lower Bound, ~ o r n ' s  index (follow- 

ing p r i n c i p a l  component, smc, and image e x t r a c t i o n s ) ,  and crawford's 

index t o  speci fy  too few f a c t o r s  i n  some samples (as is shown i n  Table 4 )  

must be noted. I n  genera l ,  the  underestimation of the  number of f a c t o r s  

is considered worse than i ts  overestimation. Usually the  i n v e s t i g a t o r  

would r a t h e r  r i s k  ove r in te rp re ta t ion  of h i s  da ta  than n o t  i d e n t i f y  a  

possibly i n t e r p r e t a b l e  f a c t o r  which was re j ec ted  by one of the  number-of- 

f a c t o r  indices .  However, the  indices  which cons i s t en t ly  overestimated 

the  number of f a c t o r s  i n  the  present  study overestimated i t  t o  such an 

ex ten t  t h a t  any r o t a t i o n  of the  number of f a c t o r s  ind ica ted  by these  

t e s t s  would have been badly d i s t o r t e d .  The r o t a t i o n  would have taken 

advantage of too much information s p e c i f i c  t o  the  p a r t i c u l a r  sample f o r  

the  analys is  t o  be useful .  



Concluding Comments 

It must be remembered t h a t  only one popula t ion  ma t r ix  was included 

i n  t he  s tudy.  This  impl ies  t h a t  only one l e v e l  of psychometric e r r o r  

w a s  p r e s e n t  i n  a l l  of t h e  samples. Such a r e s t r i c t i o n  prec ludes  t h e  

examination of t h e  e f f e c t s  on the  number-of-factors i n d i c e s  ( a )  of 

i n t e r a c t i o n s  between d i f f e r e n t  l e v e l s  of s t a t i s t i c a l  and psychometric 

e r r o r ;  (b)  of t h e  number of  v a r i a b l e s  (e.g., C a t t e l l  (1966b) n o t e s  t h a t  

Guttman's Weaker Lower Bound tends t o  underest imate t h e  number of f a c t o r s  

when the  number of v a r i a b l e s ,  n ,  i s  l e s s  than  20 and t o  overes t imate  t he  

number of f a c t o r s  when n is  g r e a t e r  than 50); and (c )  of t he  r a t i o  of 

t h e  number of major common f a c t o r s  t o  the  number of v a r i a b l e s  (e.g., 

Kaiser (1960) d i scusses  t h e  tendency of Guttman's S t ronger  Lower Bound 

t o  i n d i c a t e  more than n/2 f a c t o r s .  I f  t h e  t r u e  number of major common 

f a c t o r s  i s  c l o s e  t o  n /2 ,  Guttman's S t ronger  Lower Bound would probably 

g ive  b e t t e r  e s t ima te s  of t h e  number of f a c t o r s  than many of the o t h e r  

i nd ices . )  The e f f e c t s  of a l l  t h e s e  parameters  on the  sampling d i s t r i -  

bu t ions  of t he  number- of - f ac to r s  i n d i c e s  a r e  probably of even g r e a t e r  

i n t e r e s t  t o  the  psychologis t  using f a c t o r  a n a l y t i c  techniques than  is 

knowledge of t h e i r  s t a t i s t i c a l  sampling d i s t r i b u t i o n s  alone. Given 

t h i s  warning, however, i n  t h e  p re sen t  s tudy ,  Guttman's Weaker Lower 

Bound and crawford 's  index (on equamax f a c t o r s )  appeared t o  g ive  b e t t e r  

e s t ima te s  of t he  popula t ion  number of f a c t o r s  than d i d t h e  o t h e r  i n d i c e s  

considered. 

Given t h a t ,  i n  p r a c t i c e ,  f a c t o r  a n a l y t i c  procedures  i nc lude  both 

psychometric and s t a t i s t i c a l  e r r o r ,  i t  seems t h a t  t h e  t r a d i t i o n a l  i n d i c e s  

of t h e  number of  f a c t o r s ,  which assume the  observed e r r o r  t o  be t o t a l l y  

psychometric o r  t o t a l l y  s t a t i s t i c a l ,  a r e  n o t  r e a l l y  app ropr i a t e .  An 



o b j e c t i v e  test which ope ra t e s  on some c r i t e r i o n  of t he  i d e n t i f i a b i l i t y  

of  t h e  f a c t o r s ,  b u t  which ope ra t e s  independent ly of the  s t a t i s t i c a l  o r  

psychometric models of f a c t o r  a n a l y s i s ,  such a s  t h e  Horn index ( a f t e r  

p r i n c i p a l  components and Har r i s  ana lyses )  and t h e  Crawford index,  may 

be more appropr i a t e  i n  most p r a c t i c a l  s i t u a t i o n s .  

I f e e l  I must conclude t h i s  d i scuss ion  wi th  a c o m e n t  which has  

appeared i n  every s tudy  of t h i s  type:  "None of  t he  i n d i c e s  considered 

i n  t h e  s tudv appears  t o  be a completely adequate e s t i m a t o r  of t he  

number of f a c t o r s  t o  cons ider  i n  explora tory  f a c t o r  ana lys is" .  



Summary 

For t he  purpose of examining the  behaviour of  n o n - s t a t i s t i c a l  

i n d i c e s  of t he  number of f a c t o r s  under condi t ions  i n  which va r ious  

degrees of s t a t i s t i c a l  sampling e r r o r  were p r e s e n t ,  empi r i ca l  s t a t i s -  

t i c a l  sampling d i s t r i b u t i o n s  of t he  e s t ima te s  of s i x  number-of-•’ a c t o r s  

i n d i c e s  were generated by Monte Car lo  procedures  and inspec ted  f o r  

dev ia t ion  from a known popula t ion  number of f a c t o r s .  The d i s t r i b u t i o n s  

were based on 100 samples ( a t  each of 3 sample s i z e s )  from C a t t e l l  and 

S u l l i v a n ' s  Cups of Coffee Problem - Sample A (which has  a f a i r l y  w e l l  

def ined  number of f a c t o r s  bu t  inc ludes  psychometric e r r o r  comparable 

t o  t h a t  found i n  t y p i c a l  a p p l i c a t i o n s  of f a c t o r  a n a l y t i c  techniques 

t o  psychological  d a t a ) .  

C a t t e l l ' s  s c r e e  t e s t  and L inn ' s  mean square  r a t i o  t e s t ,  which r e q u i r e  

s u b j e c t i v e  ope ra t ions ,  were implemented too un re l i ab ly  by f i v e  r a t e r s  t o  

be included i n  t he  a n a l y s i s  of sampling d i s t r i b u t i o n s .  ~ o r n ' s  index  

(fol lowing smc and image ana lyses)  and Crawford's index  f a i l e d  t o  i nd i -  

c a t e  any number of  f a c t o r s  f o r  some samples. I n  o r d e r  t o  inc lude  them 

i n  t h e  a n a l y s i s  of  sampling d i s t r i b u t i o n s ,  modi f ica t ions  were made which 

( a )  had l i t t l e  e f f e c t  on t h e  mean e s t i m a t e  of t he  number of f a c t o r s  of 

t he  Crawford t e s t ,  and (b)  b i a sed  the  e s t ima te s  of t h e  Horn test t o  an 

e x t e n t  i n d i c a t i n g  the  number of f a i l u r e s .  For the  p a r t i c u l a r  popula t ion  
I 

matr ix  used i n  t he  s tudy ,  s e q u e n t i a l  ana lyses  of va r i ance  i n d i c a t e d  t h a t  

~ u t t m a n ' s  S t ronger  Lower Bound c o n s i s t e n t l y  overest imated the  popula- 

t i o n  number of f a c t o r s  whereas Guttman's Weaker Lower Bound and t h e  

modified vers ion  of Crawford's index gave t h e  most accu ra t e  e s t ima te s  of 

t he  popula t ion  number of f a c t o r s .  
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