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ABSTRACT 

The Haar i n t e g r a l  is  a  p o s i t i v e  i n t e g r a l  which i s  i n v a r i a n t  under  

a  group of t r ans fo rma t ions  on an i n t e g r a t i o n  space .  There a r e  s e v e r a l  

c l a s s i c a l  p roo f s  which show t h a t  a  d a a r  i n t e g r a l  e x i s t s  on eve ry  l o c a l l y  

compact group. E r r e t t  Bishop i n  Foundat ions of C o n s t r u c t i v e  Ana lys i s  

h a s  g iven  a  c o n s t r u c t i v e  proof  of t h i s  r e s u l t ,  based  on t h e  method of 

Henri  Car tan .  

I n  t h i s  paper  w e  f i r s t  d i s c u s s  t he  c o n s t r u c t i v i s t  view of a n a l y s i s  

and g ive  some examples of t h e  d i f f e r e n c e s  between c l a s s i c a l  and 

c o n s t r u c t i v e  mathematics.  I n  Chapter  2 we d i s c u s s  t h e  c o n s t r u c t i v e  

D a n i e l l  i n t e g r a l  and d e f i n e  a  s e t  measure from t h e  i n t e g r a l .  Chapter  3 

a p p l i e s  t h e  D a n i e l l  theory  t o  i n t e g r a t i o n  on l o c a l l y  compact s p a c e s .  

F i n a l l y ,  f o r  any l o c a l l y  compact group X,  w e  g i v e  a  method of c o n s t r u c t i n g  

t h e  . Jaar  i n t e g r a l  on C(X)--the se t  of cont inuous f u n c t i o n s  on X w i t h  

compact s u p p o r t .  Using the  D a n i e l l  t heo ry ,  w e  can then ex tend  t h e  

i n t e g r a l  t o  C1(X) , t h e  "completion" of C(X) . 
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INTRODUCTION 

B e f o r e  t h e  development  of n i n e t e e n t h  c e n t u r y  m a t h e m a t i c a l  a n a l y s i s ,  

t h e r e  was h a r d l y  any need  t o  p r e f i x  any m a t h e m a t i c a l  t h e o r y  w i t h  t h e  word 

1 1  c o n s t r u c t i v e  ." T h e r e  were  few examples of non-cons t r u c t i v e  theorems t o  

b e  found.  The p r o o f  of a  m a t h e m a t i c a l  c o n j e c t u r e  g e n e r a l l y  p r o c e e d e d  i n  

a  way a n a l o g o u s  t o  t h e  s t e p s  i n  a  s c i e n t i f i c  e x p e r i m e n t .  Tha t  i s ,  i t  was 

u n d e r s t o o d  t h a t  a t  e a c h  s t e p  i n  a  p r o o f ,  i n s t r u c t i o n s  s h o u l d  b e  s t a t e d  i n  

s u c h  a  way as t o  b e  c l e a r l y  humanly p e r f o r m a b l e ,  and a s s e r t i o n s  ought  t o  

b e  v e r i f i a b l e  by any r e a s o n a b l e  i n d e p e n d e n t  o b s e r v e r .  

However, w i t h  t h e  b i r t h  o f  r i g o r o u s  a n a l y s i s ,  c e r t a i n  u n d e r l y i n g  

a s s u m p t i o n s  o f  c l a s s i c a l  mathemat ics  became p r o b l e m a t i c .  I n  p a r t i c u l a r ,  

t h e r e  a r o s e  t h e  q u e s t i o n s  of w h e t h e r  m a t h e m a t i c a l  o b j e c t s  h a v e  an  

autonomous e x i s t e n c e ,  i n d e p e n d e n t  of human c o n s t r u c t i o n ,  and w h e t h e r  

I t  
s e l f - e v i d e n t w  axioms a b o u t  f i n i t e  s e t s  and p r o c e s s e s  are e q u a l l y  v a l i d  

when a p p l i e d  t o  i n f i n i t e  p r o c e s s e s .  I n  g e n e r a l ,  n i n e t e e n t h  c e n t u r y  

a n a l y s t s  answered t h e s e  q u e s t i o n s  a f f i r m a t i v e l y ,  and i n  So d o i n g ,  c r e a t e d  
0 

a t h e o r y  which was f a r  removed i n  s p i r i t  from t h e  f a m i l i a r  k i n d  o f  

f i n i t a r y  mathemat ics  t h a t  p receded  i t .  

To a c o n s t r u c t i v i s t ,  a d j o i n i n g  humanly p e r f o r m a b l e  p r o c e s s e s  and  



11 i d e a l l y  performable"  p roces se s  i n  a  s i n g l e  theory g ives  an ambiguous 

meaning t o  t h a t  t heo ry .  Thus, t o  a  l a r g e  e x t e n t ,  t h e  purpose of 

c o n s t r u c t i v i z i n g  c l a s s i c a l  a n a l y s i s  i s  t o  s e p a r a t e  t hose  o p e r a t i o n s  which 

I I  can be  humanly executed  ( e . g .  add 2 and 2") from those  i d e a l  o p e r a t i o n s  

hav ing  no known method of execu t ion  (e .g .  "wel l -order  t h e  r e a l  numbers") . 
Then, i n  most c a s e s ,  w e  can f i n d  c o n s t r u c t i v e  s u b s t i t u t e s  f o r  t h e  c l a s s i c a l  

theorems whose p roo f s  r e l y  on i d e a l  o p e r a t i o n s .  The sys tem which r e s u l t s  

a t  least has  t h e  v i r t u e  t h a t  every  a s s e r t i o n  i n  i t  i s  f i n i t e l y  v e r i f i a b l e  

( i n  p r i n c i p l e )  and t h e r e f o r e  t h a t  t h e  meaning of every  c l a i m  i s  unambiguous 

t o  f i n i t e  be ings  such a s  o u r s e l v e s .  

To say  t h a t  a s t a t e m e n t  i s  t r u e  o r  f a l s e  c o n s t r u c t i v e l y  does n o t  

mean t h a t  i t s  t ru th -va lue  is predetermined i n  some un ive r se  and needs 

on ly  t o  be  d i s cove red .  Rather ,  i t  means t h a t  i ts  v a l i d i t y  has  been 

e s t a b l i s h e d  o r  c o n t r a d i c t e d  by an argument which i s  t o t a l l y  convinc ing  

t o  any r ea sonab le  i n d i v i d u a l .  I n  p r a c t i c e ,  t h e  requi rement  t h a t  a  

p roof  be  convinc ing  c o n s t r u c t i v e l y  i s  e q u i v a l e n t  t o  a  requi rement  t h a t  

t h e r e  b e  a  f i n i t e  mechanical  r o u t i n e  ( f o r  i n s t a n c e  a  computer program) which, 

i f  performed,  i s  guaran teed  t o  v e r i f y  t h e  a s s e r t i o n  i n  q u e s t i o n .  

An i l l u s t r a t i o n  of t h i s  viewpoint  can be  found i n  t h e  c o n s t r u c t i v e  

i n t e r p r e t a t i o n  of  t h e  l o g i c a l  connec t ives  and q u a n t i f i e r s .  [ ~ n  t h e  

f o l l o w i n g  pa rag raphs ,  whenever we use  t h e  words "method" o r  "procedure" 

we w i l l  always mean a f i n i t e  rout ine--such a s  a  computer program.]  

The connec t ive  "and" i s  t r e a t e d  t h e  same way c o n s t r u c t i v e l y  a s  

c l a s s i c a l l y :  t h a t  i s ,  t o  prove "A and B" w e  must supply  a  method f o r  

P rov ing  - A and a  method f o r  p roving  B. 



There a r e  two ways of p roving  "A o r  B" : t h e  f i r s t  way i s  t o  p rov ide  

a  f i n i t e  r o u t i n e  which w i l l  v e r i f y  A ; t he  second is  t o  g i v e  a  f i n i t e  - 

r o u t i n e  f o r  v e r i f y i n g  B . Hence, i f  one a s s e r t s  "A o r  B" one ought  t o  - 

be  a b l e  t o  t e l l  which of A o r  B i s  v a l i d .  - - 

To prove  "A i m p l i e s  B" ( A  =, B) t h e r e  must be  a  method which w i l l  

produce from any proof  of - A , a  proof of - B . Of cou r se ,  i f  i t  i s  imposs ib l e  

t o  prove  - A , ( i  .e.  - A is  c o n t r a d i c t o r y ) ,  then "A i m p l i e s  B" w i l l  b e  v a l i d  

f o r  any B . 
The a s s e r t i o n  "not  A" ( .v A) w e  d e f i n e  t o  mean t n a t  - A is  c o n t r a d i c t o r y .  

I I  Not A" i s  e q u i v a l e n t  t o  t h e  s t a t e m e n t  "A i m p l i e s  0 = 1". 

Simply from t h e  meaning g iven  t o  t h e s e  f o u r  connec t ives ,  i t  i s  

c l e a r  t h a t  c e r t a i n  c l a s s i c a l  theorems a r e  n o t  c o n s t r u c t i v e l y  v a l i d .  To 

prove  t h e  law of  t h e  excluded middle  (A o r  - A) r e q u i r e s  t h a t  w e  have a  

f i n i t e ,  p u r e l y  r o u t i n e  method f o r  p roving  o r  d i s p r o v i n g  any a r b i t r a r y  

mathemat ica l  s t a t e m e n t  A. No one i s  o p t i m i s t i c  about  f i n d i n g  such  a  

method. To a s s e r t  (- -Y A => A) r e q u i r e s  t h a t  we b e  a b l e  t o  f i n d  a  method 

of p rov ing  - A whenever w e  a r e  g iven  a proof t h a t  i t  i s  imposs ib l e  t h a t  - A 

is c o n t r a d i c t o r y .  Again t h e r e  i s  l i t t l e  hope of f i n d i n g  t h i s  method. 

To prove  "Vx A(x)" w e  must have a  r o u t i n e  which w i l l  y i e l d  a  proof  

of A(C) f o r  each  c  i n  t h e  range of t h e  v a r i a b l e  2. TO be  a b l e  t o  a s s e r t  - 
"h A(x)" w e  r e q u i r e  a  method f o r  c o n s t r u c t i n g  a  mathemat ica l  o b j e c t  - c  

i n  t h e  r a n i e  of t he  v a r i a b l e  2, t o g e t h e r  w i t h  a  proof  of A(c).  

Many c l a s s i c a l  theorems which do n o t  h o l d  c o n s t r u c t i v e l y  c l a i m  t o  

show t h e  ( i d e a l )  e x i s t e n c e  of o b j e c t s .  One example i s  t h e  a s s e r t i o n  t h a t  

every  bounded monotone sequence of r e a l  numbers has  a  l i m i t .    he 



cons t r u c t i v e  i n t c r p r e  t a t i o n  of t h i s  s ta tement  is  t h a t ,  g iven  t h e  sequence 

of  numbers, w e  can begin  t o  compute t h e  decimal  expans ion  of i t s  l i m i t  i n  

a f i n i t e  number of s t e p s .  The c o n s i d e r a t i o n  of a few examples of bounded 

monotone sequences shou ld  demonstrate  t h e  i m p l a u s i b i l i t y  of t h i s  a s s e r t i o n .  

R e c a l l i n g  Goldbach's c o n j e c t u r e  t h a t  every  even i n t e g e r  i s  t h e  sum 

w 
of  two pr imes ,  w e  d e f i n e  t h e  "Goldbach sequence",  {ak}k=l , by 

0 i f  ~ o l d b a c h ' s  c o n j e c t u r e  ho lds  f o r  a l l  i n t e g e r s  between 4 and k .={ 
1 i f  ~ o l d b a c h ' s  c o n j e c t u r e  f a i l s  f o r  some number m 5 k 

Th i s  i s  c e r t a i n l y  a bounded monotone sequence.  The computation of i t s  

limit, however, depends on the  s o l u t i o n  of a problem, and w e  cannot  

gua ran t ee  t h a t  w e  w i l l  b e  a b l e  t o  s o l v e  t h e  problem i n  a f i n i t e  number 

of  s t e p s  . 
w 

The sequence {t?k}k=l d e f i n e d  by 

0 i f  t h e  sequence 0123456789 has  not occu r r ed  i n  t h e  dec imal  

expans ion  of T b e f o r e  t h e  k ' t h  p l a c e  i n  t h a t  expans ion  

1 i f  t h e  sequence has  appeared b e f o r e  t h e  k t  t h  p l a c e  

is a n o t h e r  bounded monotone sequence whose l i m i t  is  n o t  known--and 

h m c e  cannot  be a s s e r t e d  t o  e x i s t  c o n s t r u c t i v e l y .  

It i s  easy  t o  see t h a t  t h e r e  a r e  p l e n t y  of t h e s e  types  of sequences  

t o  b e  c o n s t r u c t e d .  Even i f  a l l  c u r r e n t  problems i n  number theory  were 

s o l v e d  w e  could  s t i l l  d e f i n e  non-convergent bounded monotone sequences  

based  on t h e  r e s u l t s  of  co in  f l i p s  o r  some o t h e r  random p r o c e s s .  



When we say  t h a t  a  c l a s s i c a l  theorem f a i l s  t o  ho ld  c o n s t r u c t i v e l y ,  

i t  i s  i n  t h e  s e n s e  a l l u d e d  t o  above -- namely t h a t  when t h e  s t a t e m e n t  of 

t h e  c l a s s i c a l  theorem i s  i n t e r p r e t e d  c o n s t r u c t i v e l y  , t h e  v a l i d i t y  of  

t h e  s t a t e m e n t  then h inges  on t h e  r e s o l u t i o n  of  an unsolved problem. If 

w e  wish t o  be  more formal ,  i n s t e a d  of producing c o n s t r u c t i v e  "counter-  

examples" ( such a s  t h e  Goldbach sequence above) t o  a  c l a s s i c a l  b u t  non- 

c o n s t r u c t i v e  theorem - A , we shou ld  be  a b l e  t o  prove t h a t  "A i m p l i e s  t h e  

law of t h e  excluded middle (E.M.)", o r  "A i m p l i e s  t h e  l i m i t e d  p r i n c i p l e  

of  omniscience (L.P .O.)I1. [The l i m i t e d  p r i n c i p l e  of  omniscience i n  i t s  

w 
s i m p l e s t  form s t a t e s  t h a t  f o r  any sequence {nkIkZl of ze ros  and ones ,  

e i t h e r  w e  can prove n  = 0 f o r  a l l  k ,  o r  w e  can f i n d  a  k  w i t h  n  = 1 . 1  
k  - - k 

However, s i n c e  t h e  p roduc t ion  of c o n s t r u c t i v e  "counterexamples" i s  

u s u a l l y  more amusing than g i v i n g  formal  p roo f s  of " A = E.M." o r  

"A - L.P.O.", w e  w i l l  u s u a l l y  do t h e  former,  w i t h  t h e  unde r s t and ing  t h a t  

such  formal  p roo f s  shou ld  be  a v a i l a b l e  (and u s u a l l y  w i l l  b e  obv ious ) .  

Much o f  t h e  r e s i s t a n c e  t o  c o n s t r u c t i v e  mathematics comes from 

t h e  mis taken  i d e a  t h a t  i t s  aims a r e  t o  e l i m i n a t e  non-ef f e c t i v e l y  

c o n s t r u c t e d  o b j e c t s  from mathematics a l t o g e t h e r ,  and t o  "mut i l a t e "  what 

remains by r e s t r i c t i n g  t h e  methods of o p e r a t i o n  a v a i l a b l e  t o  mathemat ic ians .  

On t h e  c o n t r a r y ,  t h e  purpose of cons t r u c t i v i z i n g  mathematics is  t o  

d e s c r i b e  p r e c i s e l y  how e f f e c t i v e l y  cons t r u c t a b l e  o b j e c t s  and non- 

e f f e c t i v e l y  c o n s t r u c t a b l e  o b j e c t s  (e .g .  s e t s )  can b e  d e f i n e d ,  and how 

they r e a l l y  behave when viewed i n  s t r i c t l y  c o n s t r u c t i v e  terms. Thus, 

f o r  i n s t a n c e ,  we must make a  d i s t i n c t i o n  between bounded monotone 

sequences  and convergent  sequences ; and between sets i n  g e n e r a l  and 



sets whose e l e m e n t s  have  been  c o n s t r u c t e d .  

T r a d i t i o n a l l y ,  mathemat ic ians  have  been  w i l l i n g  t o  i m p l i c i t l y  se t  

down a theorem - A depending on t h e  Axiom of  Choice  a s  "A. C. =) A". 

C o n s t r u c t i v i s t s  would a s k  t h a t  i f  they  wish  t o  s t a t e  theorems whose 

p r o o f s  r e l y  on Excluded Middle o r  L.P.O., they  a l s o  w r i t e  them as 

1 1  i m p l i c a t i o n s :  "E.M. =, A" o r  L.P.O. = A". Then p e r h a p s  i t  w i l l  become 

more n o t i c e a b l e  t h a t  a r e a s o n a b l e  g o a l  f o r  m a t h e m a t i c i a n s  i s  t o  d i s c o v e r  

what t y p e s  o f  theorems can b e  p roven  w i t h o u t  n o n - c o n s t r u c t i v e  a s s u m p t i o n s .  

The e f f e c t  of making t h e s e  d i s t i n c t i o n s  i s  n o t  t o  m u t i l a t e  m a t h e m a t i c s ,  

b u t  t o  deepen i t s  meaning and t o  g a i n  more i n s i g h t  i n t o  t h e  n a t u r e  o f  

m a t h e m a t i c a l  s y s  tems . 



CHAPTER I 

A CONSTRUCTIVE APPROACH TO REAL ANALYSIS 

1. S e t s  and f u n c t i o n s  

The u s u a l  c l a s s i c a l  n o t i o n  of a  s e t  is  t h a t  of a  c o l l e c t i o n  of  

o b j e c t s  from some pre-ex is  t en  t ( b u t  n o t  n e c e s s a r i l y  c o n s t r u c t e d )  u n i v e r s e .  

Th i s  is  c l e a r l y  n o t  compat ible  w i t h  t h e  c o n s t r u c t i v i s t  view t h a t  a  

mathematical  o b j e c t  e x i s t s  only i f  i t  has  been c o n s t r u c t e d ,  and t h a t  t h e  

p r o p e r t i e s  of t h a t  o b j e c t  a r e  determined by i t s  c o n s t r u c t i o n .  Hence, t o  

d e f i n e  a  s e t  c o n s t r u c t i v e l y ,  i t  is  necessary  t o  s t a t e  what must b e  done 

t o  c o n s t r u c t  an  element  of t h e  s e t ,  and what e l s e  must b e  done t o  show 

t h a t  two e lements  of t h e  set  a r e  e q u a l .  The e q u a l i t y  r e l a t i o n  on t h e  

Set is  r e q u i r e d  t o  be  an equ iva l ence  r e l a t i o n .  

For  example, t h e  s e t  of i n t e g e r s ,  Z ,  can b e  d e f i n e d  as fo l lows :  

1. t o  c o n s t r u c t  an  element  of t h e  s e t ,  one must s p e c i f y ,  e i t h e r  

e x p l i c i t l y  o r  i m p l i c i t l y ,  a  f i n i t e  mechanical  p roces s  which w i l l  g i v e  

t h e  decimal  r e p r e s e n t a t i o n  f o r  an i n t e g e r .  

2 .  two e l e m e n t s  a r e  e q u a l  if t h e i r  decimal  r e p r e s e n t a t i o n s  a r e  

e q u a l  i n  t h e  u s u a l  s e n s e .  

[ Hopefu l ly  w e  can a g r e e  on what a  decimal  r e p r e s e n t a t i o n  of a n  i n t e g e r  

looks  l i k e .  The problem of  what an i n t e g e r  r e a l l y  - i s ,  i s  i r r e l e v a n t ,  



because  we work only  w i t h  i t s  r e p r e s e n t a t i o n .  With t h i s  i n  mind, we 

w i l l  use  t h e  terms " in t ege r "  and " r e p r e s e n t a t i o n  f o r  an i n t e g e r "  i n t e r -  

changeably . ] 
Thus, t h e  s p e c i f i c a t i o n  " t h e  s m a l l e s t  i n t e g e r  g r e a t e r  t han  3" d e f i n e s  

an  i n t e g e r ,  w h i l e  t h e  s p e c i f i c a t i o n  " t h e  s m a l l e s t  i n t e g e r  which i s  a  

counterexample t o  Goldbach's c o n j e c t u r e ,  o r  - 5 i f  no such  i n t e g e r  e x i s t s "  

does n o t ,  s i n c e  w e  cannot  gua ran t ee  a t  p r e s e n t  t h a t  t h e r e  i s  a  f i n i t e  

r o u t i n e  f o r  w r i t i n g  down t h i s  q u a n t i t y  . 
However, i t  is impor t an t  t o  n o t e  t h e  d i s t i n c t i o n  between c o n s t r u c t i n g  

a  mathemat ica l  o b j e c t  and d e f i n i n g  a  s e t .  To d e f i n e  a  s e t  i t  i s  neces sa ry  

t o  know what must be  done t o  c o n s t r u c t  i t s  e lements .  I t  is  n o t  neces sa ry  

t o  g i v e  a  f i n i t e  r o u t i n e  f o r  a c t u a l l y  c o n s t r u c t i n g  i ts  e lements  o r  f o r  

d e c i d i n g  e q u a l i t y .  For i n s t a n c e  w e  could d e f i n e  a  se t  - A by s t a t i n g :  

11 Prove Goldbachls c o n j e c t u r e  o r  f i n d  a  counterexample.  Then t o  c o n s t r u c t  

a n  e lement  of  A,  c o n s t r u c t  5 i f  Goldbach's c o n j e c t u r e  i s  t r u e ,  o r  - - 

c o n s t r u c t  t h e  counterexample i f  Goldbach 's c o n j e c t u r e  i s  f a l s e . "  So 

w h i l e  t he  second d e f i n i t i o n  i n  t h e  l a s t  paragraph  does n o t  d e f i n e  an 

i n t e g e r ,  i t  does i m p l i c i t l y  d e f i n e  a  se t .  

An o p e r a t i o n ,  9,  between two s e t s ,  i s  a  r u l e  which p rov ides  a  

f i n i t e  mechanical  p rocedure  f o r  c o n s t r u c t i n g  q ( a )  when p r e s e n t e d  w i t h  a  

r o u t i n e  f o r  c o n s t r u c t i n g  any & i n  t h e  domain of 0 .  A f u n c t i o n  i s  an 

o p e r a t i o n  which a s s i g n s  e q u a l  va lues  t o  e q u a l  arguments.  

Thus, f o r  example, a  ( c o n s t r u c t i v e l y  de f ined )  f u n c t i o n  - f  between t h e  

i n t e g e r s  w i l l  when p r e s e n t e d  w i t h  a  decimal  r e p r e s e n t a t i o n  o f  an i n t e g e r  



n  f u r n i s h  a f i n i t e  r o u t i n e  f o r  computing t h e  decimal  r e p r e s e n t a t i o n  of -9 

f ( d  

As u s u a l ,  any f u n c t i o n  w i t h  domain Z+ - the  se t  of p o s i t i v e  i n t e g e r s -  

is c a l l e d  a  sequence.  

A s u b s e t  (A,i)  of a  set  - B c o n s i s t s  of a  s e t  - A and a  f u n c t i o n  i : A  + B 

w i t h  t he  p r o p e r t y  t h a t  i ( a , )  = i ( a , )  i f  and only  i f  a l  = a 2 .  (No t i ce  t h a t  

t h e  s e t  - A c o n s i s t i n g  of  - 5 i f  ~ o l d b a c h ' s  c o n j e c t u r e  i s  t r u e  o r  t h e  s m a l l e s t  

counterexample t o  Goldbach's c o n j e c t u r e  i f  i t  is  f a l s e ,  i s  a  s u b s e t  of t h e  

i n t e g e r s  s i n c e  t h e  o rd ina ry  i n c l u s i o n  map i : A  -t Z w i l l  p rov ide  a  f i n i t e  

r o u t i n e  f o r  c o n s t r u c t i n g  i ( a )  when the  c o n s t r u c t i o n  of - a  is s p e c i f i e d . )  

Unless e x p l i c i t l y  s t a t e d  o the rwi se ,  w e  w i l l  w r i t e  A c B t o  mean (A, i )  c B ,  

i f  - i is t h e  o r d i n a r y  i n c l u s i o n  map from A t o  B. 

If (A, i  ) and (B, iB)  a r e  two s u b s e t s  of S ,  then t h e  s u b s e t s  (A U B , i )  
A 

and (A fl B, j) can  be  de f ined  i n  t h e  fo l l owing  way: 

(1) t o  c o n s t r u c t  an element  - c  of A U B ,  e i t h e r  c o n s t r u c t  an  element  

a  of  A and l e t  i ( c )  = i (a ) ,  o r  c o n s t r u c t  an e lement  b of  B and l e t  - A 

i ( c )  = i B ( b )  . To show t h a t  c l  = c 2  i n  A U B ,  show t h a t  i ( c l )  = i ( c 2 ) .  

( 2 )  t o  c o n s t r u c t  an element  - c  of A fI B ,  c o n s t r u c t  a n  element  - a  of A 

and an  e lement  - b o f  B and prove t h a t  i A ( a )  = i g ( b ) .  L e t  i ( c )  = i A ( a ) ,  and 

d e f i n e  c ,  = c, t o  mean t h a t  i ( c l )  = i ( c 2 )  

I 

C l a s s i c a l l y ,  t h e  e q u a l i t y  r e l a t i o n  is  supposed t o  f o r m a l i z e  t h e  n o t i o n  

of i d e n t i t y  of o b j e c t s  i n  t h e  un ive r se .  C o n s t r u c t i v e l y ,  of cou r se ,  

e q u a l i t y  is a convent ion  r e l a t e d  t o  t h e  c o n s t r u c t i o n  of o b j e c t s  which form 



a  p a r t i c u l a r  s e t .  Hence i t  is n o t  meaningful  t o  speak  of e q u a l i t y  between 

e lements  of two d i f f e r e n t  sets A and B o r  t o  per form s e t  o p e r a t i o n s  l i k e  

union o r  i n t e r s e c t i o n ,  excep t  when - A and - B a r e  r e a l i z e d  a s  s u b s e t s  of 

ano the r  set  S .  I n  p r a c t i c e  t h i s  r e s t r i c t i o n  does n o t  p r e s e n t  any r e a l  

d i f f i c u l t y  . 

2 .  The r e a l  number sys tem 

R a t i o n a l  numbers a r e  de f ined  a s  ordered  p a i r s  of i n t e g e r s ,  and 

manipula t ions  of r a t i o n a l s  a r e  done i n  t h e  t r a d i t i o n a l  manner. 

Once w e  have  t h e  se t  of r a t i o n a l s ,  we would l i k e  t o  complete t h e  

number l i n e .  We wish ,  t h e r e f o r e ,  t o  d e f i n e  a  se t  R of r e a l  numbers, 

hav ing  the  p r o p e r t y  t h a t  every  Cauchy sequence of r a t i o n a l  r e a l  numbers 

converges t o  some number i n  R.  Hence R i s  d e f i n e d  a s  fo l lows:  

(1) t o  c o n s t r u c t  a r e a l  number - x  w e  must 
w 

( i )  c o n s t r u c t  a  sequence of  r a t i o n a l  numbers { x ~ } ~ = ~  

w 

( i i )  c o n s t r u c t  a  sequence of p o s i t i v e  i n t e g e r s  {%} k= 1 

(iii) prove  t h a t ,  whenever i ,  j 1 mk, 

w 

[ I n  c a s e  ( i )  , (ii), and ( i i i )  a r e  s a t i s f i e d ,  w e  wr i te  x  = { x  } n  n = l  and 

c a l l  {xn} a  r e p r e s e n t i n g  sequence f o r  - x. I 

( 2 )  t o  show t h a t  two r e a l  numbers x  = {x  n 1 and y  = {yn} a r e  e q u a l ,  

c o n s t r u c t  a sequence  o f  p o s i t i v e  i n t e g e r s  ! ~ ~ } y = ~  and prove  t h a t  

1 
Ixn - YJ 5 - 5 

i f n 1 N  
j 

[ Not i ce  t h a t  a r a t i o n a l  r e a l  number has  a  r e p r e s e n t i n g  sequence of t h e  



form { E ,  E ,... 1,  where p,q C 2.1 
9 q ' q  

Most s imp le  o p e r a t i o n s  w i t h  r e a l  numbers i n v o l v e  s t r a i g h t f o r w a r d  

00 

manipula t ions  o f  t h e i r  r e p r e s e n t a t i o n s .  For i n s t a n c e ,  i f  x  = { x ~ } ~ = ~  

w 

and Y = { Y ~ } ~ = ~ ,  then  
03 

( a )  x  + Y = {xn + ynlnzl 
03 

(b)  - x  = {- xnJnsl 

w 
( 4  Xy = { x n ~ n l n = l  

03 

(d) max {x,y} = {max { X , , Y ~ } } ~ = ~  
m 

(e) 1x1 = {max {xn,- ~ ~ 1 1 ~ = ~  

[ P r o o f s  t h a t  t h e s e  q u a n t i t i e s  a r e  r e a l  numbers and t h a t  t h e  o p e r a t i o n s  

a r e  i n  f a c t  f u n c t i o n s  can be  found i n  Bishop [ l ]  . ]  

Order  r e l a t i o n s  i n  R a r e  

b = {b } b e  two r e a l  numbers. n  

two p o s i t i v e  i n t e g e r s  k and N 

n o t  s o  s t r a i g h t f o r w a r d .  L e t  a  = { a  } and 
n  

We d e f i n e  "a c b" t o  mean t h a t  w e  can f i n d  

< b n  -r such t h a t  a  - f o r  a l l  n  2 N ,  and n  
03 

1 I a I b" t o  mean t h a t  we can c o n s t r u c t  a  sequence (N  m m = l  of  p o s i t i v e  

1 
i n t e g e r s  w i t h  t h e  p rope r ty  t h a t  an 5 bn + ; whenever n  ' - Nm . Then 

"a # b" i s  d e f i n e d  a s  "a < b  o r  a  > b" (or ,  e q u i v a l e n t l y ,  t h a t  t h e r e  a r e  

1 
two p o s i t i v e  i n t e g e r s  k and N wi th  1 xn - Y,I E T; f o r  a l l  n  2 N). 

We d o n ' t  wish  t o  d e f i n e  "a 5 b" a s  "a c b  o r  a  = b". Th i s  i s  because 

w e  can d e f i n e  r e a l  numbers - r which, f o r  i n s t a n c e ,  a r e  c l e a r l y  non-negat ive 

i n  any r ea sonab le  s e n s e  of t h e  word, b u t  which Cannot be  a s s e r t e d  t o  have 

t h e  p r o p e r t y  ! I r  = 0 o r  r > 0". For example, r e c a l l  t h e  Goldbach sequence  

Q) 

of i n t e g e r s ,  {akJkPlY d e f i n e d  by 



% =  l 0 i f  ~ o l d b a c h ' s  c o n j e c t u r e  i s  t r u e  f o r  a l l  i n t e g e r s  between 4 and k 

11 i f  Goldbach's c o n j e c t u r e  i s  f a l s e  f o r  some i n t e g e r  m 5 k 

m ak 
and l e t  r = g - . I t  is  e a s i l y  s e e n  t h a t  r i s  a  r e a l  number, (and 

k-1 2k - 

ought  t o  be  c a l l e d  non-negat ive) ,  b u t  t o  show "r = 0 o r  r > 0" i t  i s  

neces sa ry  t o  dec ide  Goldbach's c o n j e c t u r e .  However, t h e  c o n s t r u c t i v e  

d e f i n i t i o n  of " 5 " g ives  - r t h e  p rope r ty  t h a t  0  5 r ,  s i n c e  

n  % {rnl = { - lm 1 is  a  r e p r e s e n t a t i o n  f o r  r, and 0  5 r + - f o r  
k-1 2k n = l  - n m 

every  p o s i t i v e  i n t e g e r  m. 

On t h e  o t h e r  hand,  t h e r e  seems t o  b e  no way t o  g i v e  a  c o n s t r u c t i v e  

proof  of t h e  c l a s s i c a l  law of t r ichotomy.  Consider  t h e  r e a l  number 

* 00 k a2k * * * 
r = 2 (-1) - . We cannot  c l a i m  t h a t  "r < 0 ,  r = 0 ,  o r  r > O", n o r  

1 & 
L * * 

can we c l a im  "r c 0 o r  r t 0". The c l a s s i c a l  theorem "a 2 b i m p l i e s  

a > b" a l s o  f a i l s  c o n s t r u c t i v e l y ,  because t h e  i m p o s s i b i l i t y  of p roducing  

1 
a sequence {N } with  an 5 bn + - f o r  n  2 Nm does n o t  gua ran t ee  t h e  

m m 
1 

e x i s t e n c e  of a  method t o  produce i n t e g e r s  m and N w i t h  bn 5 an -- m 

f o r  a l l  n  2 N .  [ See Heyt ing  [ 4 ] ,  S e c t i o n s  7 . 3  and 8.1.1 

N e v e r t h e l e s s ,  t h e r e  i s  a  c o n s t r u c t i v e  s u b s t i t u t e  f o r  t r i chotomy 

which may be  sugges t ed  by t h e  above examples. I t  is:  For  any r e a l  

numbers a ,  b ,  and E, w i t h  c > 0 ,  e i t h e r  a  c b o r  a > b - E .  The proof  of 

t h i s  a s s e r t i o n  i n v o l v e s  j u s t  computing s u f f i c i e n t l y  many tem3 of { a  } and n  

{bn} t o  dec ide  which r e l a t i o n  h o l d s .  A l so ,  "a d b i m p l i e s  a  2 b" i s  a  

1 
theorem, s i n c e  f o r  any m C 2, e i t h e r  an 5 bn - - 1 o r a  > b  - -  

m n  n  m ( t h e  

law of t r ichotomy i s  v a l i d  f o r  t h e  r a t i o n a l  numbers an and b,), and t h e  

former c a s e  can be r u l e d  o u t  f o r  a l l  s u f  f  i c i e n t l ~  l a r g e  2, ( s a y ,  n t Nm) , 



1 
thus  p rov ing  t h a t  bn < a + - f o r  a l l  n 2 N . 

n m m 

Sequences and s e r i e s  of  r e a l  numbers a r e  de f ined  i n  t h e  u s u a l  manner. 

a3 

A sequence of r e a l  numbers {xnlnzl converges i f  a r e a l  number x and a 
0 

co 
sequence of p o s i t i v e  i n t e g e r s  { N ~ } ~ = ~  can be  c o n s t r u c t e d  wi th  

f o r  a l l  n 2 Nk. This  means, of  course ,  t h a t  bo th  t h e  limit of t h e  sequence 

and t h e  r a t e  of convergence must be  known b e f o r e  w e  can s a y  a sequence 

converges.  Most of t he  f a m i l i a r  c l a s s i c a l  p r o p e r t i e s  of sequences and 

s e r i e s  a r e  v a l i d  c o n s t r u c t i v e l y .  I n  p a r t i c u l a r ,  a sequence of r e a l  

numbers converges i f  and only i f  i t  i s  a Cauchy sequence.  Hence, s u b s t i -  

t u t i n g  t h e  c o n s t r u c t i v e  form o f  t r ichotomy f o r  t h e  c l a s s i c a l  one,  w e  can 

s a y  t h a t  t h e  c o n s t r u c t i v e  r e a l  numbers form a complete o rde red  f i e l d .  

A s  w e  saw b e f o r e ,  one impor t an t  c l a s s i c a l  theorem which f a i l s  i s  t h e  

one c l a i m i n g  t h a t  a l l  bounded monotone sequences of r e a l  numbers converge.  

A ( c o n s t r u c t i v e )  counterexample t o  t h i s  i s  t h e  Goldbach sequence .  Here, 

a s  you would e x p e c t ,  t h e  problem l i e s  i n  t h e  f a c t  t h a t ,  c l a s s i c a l l y ,  t h e  

I I  r a t e  of convergence1' i s  n o t  known, and s o  c o n s t r u c t i v e l y ,  i t  h a s  n o t  been 

Proven t h a t  t h e  sequence converges.  

The s e t  of va lues  {a , ,  a 2 ,  a,, . . . I  of t h e  Goldbach sequence  a l s o  

p rov ides  a tcounterexample  t o  t h e  c l a s s i c a l  theorem t h a t  a l l  bounded s e t s  

i n  R have a l e a s t  upper bound, s i n c e  we cannot  s ay  whether  0 o r  1 i s  t h e  

l e a s t  upper  bound of t h i s  s e t .  



3 .  Funct ions  de f ined  on t h e  r e a l  numbers 

Le t  [ a , b ]  be  a  non-empty c lo sed  i n t e r v a l  i n  R. A f u n c t i o n  

f  : [ a  , b ]  -+ R is  a r u l e ,  which, when given a  r e p r e s e n t i n g  sequence {x ) 
n  

f o r  a  number - x i n  t h e  domain, w i l l  compute a  sequence {z  ) f o r  f  (x) ( R, n 

i n  such  a  way t h a t  x  = y  imp l i e s  f  (x)  = f  (y)  . A f u n c t i o n  f  : R + R i s  

d e f i n e d  s i m i l a r l y .  

A f u n c t i o n  f :  [ a , b ]  + R i s  cont inuous i f  f o r  every  E > 0 t h e r e  e x i s t s  

a 6 > 0 such t h a t  

I f ( x )  - f ( y ) l  5 E whenever ( x  - y l  5 6,  (a  5 x,y  5 b) 

[ Not ice  t h a t  t h i s  d e f i n i t i o n  means we must have an o p e r a t i o n  w: R -+ R 

which, when g iven  E > 0 w i l l  supply  a  number 6 > 0 i n  a  f i n i t e ,  mechanica l  

manner. ] A f u n c t i o n  f :  R -+ R is  cont inuous i f  i t  i s  cont inuous  on eve ry  

c l o s e d  i n t e r v a l  i n  R. 

A l i t t l e  r e f l e c t i o n  w i l l  show t h e  d i f f i c u l t y  of d e f i n i n g  d i scon t inuous  

f u n c t i o n s  between t h e  r e a l  numbers. For example, 

a r e  n o t  c o n s t r u c t i v e l y  de f ined  f u n c t i o n s  on t h e  whole r e a l  l i n e .  ~ f  



t h e r e  were a f i n i t e  mechanical  method of computing f  (x) o r  f  (x) f o r  
1 2  

every  x  C R ,  t h a t  method would a l s o  dec ide  whether  each  - x  was r a t i o n a l  o r  

i r r a t i o n a l ,  n e g a t i v e  o r  non-negative.  I n  f a c t  no such  method p r e s e n t l y  

e x i s t s ,  and s o  n e i t h e r  of t h e s e  c l a s s i c a l  f u n c t i o n s  a r e  d e f i n e d  cons t ruc -  

t i v e l y  on a l l  t h e  r e a l  numbers. 

S i n c e  we d o n ' t  wish t o  e l i m i n a t e  t h e  c l a s s i c a l  d i s con t inuous  f u n c t i o n s  

from c o n s t r u c t i v e  a n a l y s i s ,  we a r e  l e d  t o  e n l a r g e  t h e  c l a s s  of f u n c t i o n s  

- on R t o  i n c l u d e  p a r t i a l  mappings, whose domains may be  any s u b s e t  of t h e  

r e a l  numbers. Con t inu i ty  and d i s c o n t i n u i t y  a r e  d e f i n e d  i n  t h e  obvious 

manner. Then t h e  c l a s s i c a l  f u n c t i o n  f  de f ined  above i s  a  d i s con t inuous  1 

p a r t i a l  f u n c t i o n  from R t o  R whose domain i s  t h e  union of t h e  se t  of 

r a t i o n a l s  w i t h  t h e  s e t  of i r r a t i o n a l s ;  f 2  i s  a  d i s con t inuous  p a r t i a l  

f u n c t i o n  whose domain i s  (- w,0) U [ 0 , ~ ) .  [ Not i ce  t h a t  n e i t h e r  of  t h e s e  

s e t  unions is  e q u a l  t o  t h e  whole r e a l  l i n e .  For example, t h e  number r*, 

* 
d e f i n e d  i n  S e c t i o n  2 ,  i s  n o t  i n  (- w,O) U [O,W), s i n c e  p u t t i n g  r i n t o  one 

* * 
of (- m , ~ )  o r  [o,w) r e q u i r e s  a  proof  t h a t  r < 0  o r  a  proof  t h a t  r L 0.1 

We might n o t e  h e r e  t h a t  i f  f  is  a  cont inuous p a r t i a l  f u n c t i o n  whose 

domain i s  a  dense s u b s e t  of R, then f  ha s  a  unique cont inuous  e x t e n s i o n  t o  

a l l  of R. ~ h u s  we could have de f ined  t h e  a b s o l u t e  v a l u e  f u n c t i o n  a s  t h e  

unique cont inuous  e x t e n s i o n  of t h e  p a r t i a l  f u n c t i o n  

Of c o u r s e ,  no such  ex t ens ion  p r i n c i p l e  is  a v a i l a b l e  f o r  d i s con t inuous  

p a r t i a l  f u n c t i o n s .  



4 .  P a r t i a l  f u n c t i o n s  

A s  one might guess  from t h e  above c o n s i d e r a t i o n s ,  p a r t i a l  f u n c t i o n s  

a r e  more b a s i c  i n  c o n s t r u c t i v e  a n a l y s i s  than t o t a l  f u n c t i o n s .  The 

d e f i n i t i o n  of a  p a r t i a l  f u n c t i o n  can be  extended t o  sets o t h e r  t han  R. 

L e t  S be  any non-empty s e t .  We formal ly  d e f i n e  a  r ea l -va lued  p a r t i a l  

f u n c t i o n  on S as an o rde red  p a i r  ( f ,  ~ ( f ) ) ,  where D(f) c S and f  i s  a  

f u n c t i o n  mapping ~ ( f )  t o  R. (We w i l l  u s u a l l y  c a l l  t h e  f u n c t i o n  s imply f ,  

whenever i ts  domain ~ ( f )  is  understood.)  Two p a r t i a l  f u n c t i o n s  f  and g  

a r e  e q u a l  i f  ~ ( f )  = D ( ~ )  and f ( x )  = g(x)  f o r  a l l  x  F D ( f ) .  A f u n c t i o n  

f  i s  non-negat ive i f  f ( x )  2 0 f o r  a l l  x  € D(f ) .  

F u n c t i o n a l  o p e r a t i o n s  a r e  d e f i n e d  i n  t h e  fo l l owing  way: L e t  ( f ,  ~ ( f ) )  

and (g ,  D(g)) be  two p a r t i a l  f u n c t i o n s  on S .  Then ( f  + g, D(f + g) )  i s  

d e f i n e d  t o  b e  t h a t  f u n c t i o n  w i t h  ~ ( f  + g) = ~ ( f )  ~ ( g )  and ( f  + g) (x) = 

f (x)  + g(x) f o r  a l l  x  € D(f + g) . The p a r t i a l  f u n c t i o n  ( f g ,  D(fg) )  h a s  

D(fg) = D(f) fl ~ ( g )  and fg(x)  = f ( x ) g ( x )  f o r  a l l  x  C D(fg) .  Max { f , g }  

and min are d e f i n e d  i n  a  s i m i l a r  way. ( I f ] ,  D ( l f I ) )  is t h a t  p a r t i a l  

f u n c t i o n  w i t h  D ( J  f  1) = D(f) and 1 f  1 (x) = I f (x) 1 whenever x  D( 1 f 1) 

Max { • ’ , a } ,  min and a f  can be  de f ined  s i m i l a r l y ,  f o r  any g iven  a € R. 

5. Complemented sets 

The p r o p e r t i e s  of  t h e  o r d e r  r e l a t i o n s  i n  R ought  t o  i l l u s t r a t e  t h a t  
# 

t h e r e  i s  r a r e l y  any u s e f u l  purpose t o  b e  s e r v e d  by u s i n g  n e g a t i v e  

d e f i n i t i o n s .  For i n s t a n c e ,  w e  could  have de f ined  "a 5 b" t o  mean "a $ b", 

( i . e .  a > b  0 = 1) .  his proves  t o  be  e q u i v a l e n t  t o  t h e  d e f i n i t i o n  we 



d i d  g i v e ,  and y e t  does n o t  d e s c r i b e  a s  w e l l  t h e  p r o p e r t y  t h a t  we want two 

numbers a  and b  w i t h  a  5 b  t o  have: namely t h a t  t h e r e  is  a sequence - - 

{N r 1 
of p o s i t i v e  i n t e g e r s  w i t h  a  5 bn + - n  m f o r  n  2 Nm. To d e f i n e  m m = l  

I1 a < b" a s  "a  3 b" only i n v i t e s  confus ion ,  s i n c e  t h e r e  i s  no obvious 

g e n e r a l  method of  o b t a i n i n g  t h e  p r o p e r t y  w e  would c e r t a i n l y  l i k e  a  and b  - - 
+ 1 

t o  have ( i . e . ,  a  < b  i f f  3 k,N € Z w i t h  a  
5 bn - i; n  f o r  n 2 N) from 

a proof  of I t a  L b a 0  = 1". And us ing  t h e s e  two n e g a t i v e  d e f i n i t i o n s  s t i l l  

does n o t  r e t r i e v e  t h e  p rope r ty  "a = b  o r  a  # b". 

With t h i s  i n  mind, w e  d e f i n e  an i n e q u a l i t y  r e l a t i o n  on any se t  S ,  

n o t  a s  t h e  nega t ion  of e q u a l i t y ,  b u t  i n  t h e  fo l l owing  p o s i t i v e  s ense :  

Le t  I t  = t t  be  the  e q u a l i t y  r e l a t i o n  on S .  A r e l a t i o n  " # " is  an 

i n e q u a l i t y  r e l a t i o n  i f ,  f o r  a l l  x ,  y ,  z  S ,  

( i )  x = y  a n d x # y a O =  1 

(ii) x = y a n d y # z = x #  z  

( i i i )  x  # y  a y  # x  

( iv )  x # y =  x # z o r y # z  

Then a  complemented se t  i n  S  i s  an ordered  p a i r  (A,B) of s u b s e t s  of 

S  w i t h  t h e  p r o p e r t y  t h a t  f o r  any x C A and y  C B, x  # y .  I f  (A,B) is a 

complemented s e t  i n  S ,  w e  d e f i n e  i t s  complement - (A,B) t o  b e  (B,A), which 

is  a l s o  a complemented se t .  We w r i t e  x  C (A,B) i f  x € A, and x  C - (A,B) 

i f  x  C B. 

Not i ce  t h a t  complemented s e t s  have t h e  P rope r ty  t h a t  - - (A,B) = (A,B). 

Th i s  would n o t  be t he  c a s e  if we de f ined  complementation i n  terms of 

n e g a t i o n .  [ For i n s t a n c e ,  t h e  i n t e r v a l  [O,m) would b e  t h e  complement of 

(- w,O) i f  t h e  complement of (- w,O) were de f ined  t o  b e  {X R I  X d 01.  



We could n o t ,  however, prove t h a t  (- was t h e  complement of [0 , a )  i f  

t h a t  complement were de f ined  a s  {x  6 R I  x 2 01. ] I n  a d d i t i o n ,  t h e  g e n e r a l  

n o t i o n  of complementation given h e r e  i s  f l e x i b l e  enough t o  cover  s t r u c t u r e s  

such a s  m e t r i c  complements ( d i s c u s s e d  i n  Chapter  3 ) ,  which would n o t  be  

i nco rpo ra t ed  i n  t h e  u s u a l  n e g a t i v e  fo rmula t ion  of  complementation. 

I f  (A,B) i s  a complemented s e t  i n  S ,  then  i t s  c h a r a c t e r i s t i c  

f u n c t i o n  x is  a  p a r t i a l  f u n c t i o n  on S  wi th  domain A U B,  such  t h a t  
A 

We w i l l  b e  d e f i n i n g  a  measure on complemented s e t s  i n  terms of t h e i r  

c h a r a c t e r i s t i c  f u n c t i o n s .  Therefore  we d e f i n e  t h e  set  o p e r a t i o n s  on 

complemented sets t o  correspond t o  o p e r a t i o n s  on t h e i r  c h a r a c t e r i s t i c  

f u n c t i o n s .  I f  A = (A, ,A2) and B = (B1 ,B2) a r e  complemented sets i n  S ,  

then : 

(a) t h e i r  " i n t e r s e c t i o n " ,  A A 13, i s  

(A, n B ~ ,  (A, n B ~ )  u uP n B ~ )  u ( A ~  n B,)) 

(b) t h e i r  "union", A v B ,  i s  

((A,  n B J  u (A, n BJ u u2 n B J ,  n~ 2 

(c) A c B ("A is  a s u b s e t  of B") i f  Al  c B 1  and B2 C A2 

(d)  A - B = A A (- B) 



XAAB = min {X xgI = XAeXB . S i m i l a r l y ,  x 
A ' AvB = + 'B - X ~ a  

[Note:  I n  Bishop [l], t h e  un ion  o f  complemented s e t s  A = (A1,A2) and 

B  = (B1,B2) i s  d e f i n e d  a s  A U B = ( A  U B 1 , A 2  fl B 2 ) ,  and t h e i r  i n t e r s e c t i o n  
1 

as A  n B = (Al n B l  ,A2 U B 2 )  While t h e s e  d e f i n i t i o n s  a r e  s i m p l e r ,  t h e y  

p r e s e n t  a  problem i n  d e a l i n g  w i t h  c h a r a c t e r i s t i c  f u n c t i o n s .  S i n c e  t h e  

f u n c t i o n s ,  and n o t  t h e  s e t s ,  are b a s i c  t o  t h e  t y p e  o f  measure t h e o r y  t h a t  

w i l l  b e  done i n  t h i s  p a p e r ,  we have s i m p l i f i e d  t h e  " f u n c t i o n  t h e o r y "  a t  

t h e  expense  o f  t h e  s e t  t h e o r y . ]  



CHAPTER 11 

THE DANIELL INTEGRAL 

The theory  of i n t e g r a t i o n  p l a y s  a  c e n t r a l  r o l e  i n  mathemat ica l  

a n a l y s i s  and geometry. I t  is  Customary i n  a n a l y s i s  t o  s t u d y  f i r s t  t h e  

Riemann i n t e g r a l  and then i t s  g e n e r a l i z a t i o n  and e x t e n s i o n  t o  t h e  Lebesgue 

i n t e g r a l  v i a  t h e  theory  of measure.  A c o n s t r u c t i v e  t r ea tmen t  of t h i s  

s u b j e c t  can be  found i n  Bishop [ I ] .  The Dan ie l1  theory ,  on t h e  o t h e r  

hand, p rov ides  a  development of i n t e g r a t i o n  which focuses  d i r e c t l y  on 

func t ions  w i thou t  any p re l imina ry  d i s c u s s i o n  of measures on sets .  

1. I n t e g r a t i o n  spaces  

D e f i n i t i o n  2.1.  An i n t e g r a t i o n  space  i s  a  t r i p l e  (x,L,I)  , where X i s  a  

non-empty se t  w i t h  e q u a l i t y  and i n e q u a l i t y  r e l a t i o n s ,  L i s  a  s e t  of p a r t i a l  

f u n c t i o n s  from x t o  R,  and I is a  f u n c t i o n  from L  t o  R, w i t h  t h e  fo l l owing  

P r o p e r t i e s  : 

(1) I f  f  i s  i n  L, s o  a r e  I f ]  and min { f , l ) .  If f , g  L and a , $  C R, then  

a f  + f3g i s  i n  L  and I ( a f  + $g) = a I ( f )  + P I C d -  
w 

(2) I f  f  i s  i n  L  and {fn}n=l i s  a  sequence of non-negative f u n c t i o n s  i n  

a0 
w 

L such  t h a t  nzl I ( f  ) converges and Z I ( f , )  c I ( f ) ,  then  t h e r e  i s  a  n  1 
w w 

p o i n t  x  L ~ ( f , )  n ~ ( f )  where Z f n ( d  COnverWs, and 2 fn(x)  < f ( x ) .  
1 1 1 



(3)  There i s  a  f u n c t i o n  p  i n  L  w i t h  I (p) = 1. 

1 
( 4 )  For each f  C L, l i m  I (min { f , n } )  = I ( • ’ ) ,  and l i m  ~ ( m i n { l f l ,  -1) = 0 .  

n- n- n  

1 Not ice  t h a t  i f  f  C L, w e  may assume min f  ,n )  and min { 1 f  1 , -) a r e  a l s o  i n  
n  

1 1 1 
L, s i n c e  min { f , n l  = n-min {-*f , l )  and min f ,  -1 = -*mi* { n * ( f ( , l ) .  

n  n  n  

P r o p e r t i e s  (2 )  and (3)  ensu re  t h a t  a l l  f u n c t i o n s  i n  L  have non-empty domains: 

i f  f  C L, s o  i s  I f l ,  and I ( [ • ’ [ )  < + P I  = 1 ( l f [ )  + 1; hence t h e r e  must 

be  a  p o i n t  x i n  D(f)  n D(p) . 
P r o p o s i t i o n  2.2.  

( 1 )  I f  f  and g a r e  i n  L ,  s o  a r e  max { f , g )  and min { f , g ) .  

( i i )  f  C L i f  and only i f  f+ and f- a r e  i n  L. I ( • ’ )  = I(•’+) - I(•’-) f o r  

- max {-f,  -g) are a l s o  i n  L .  

( i i )  ff = max { f , O * f )  and f -  = max 1- f ,  0 . f ) .  C l e a r l y  f ,  f+, and 

f -  must have t h e  same domain, s o  f  = f+ - f -  and I ( • ’ )  = I(•’+) - I ( • ’ - ) ,  
+ 

( i i i )  Suppose f  2 0  and I ( f )  < 0 .  Then I ( f  ) c I(•’-) , hence  by 

+ 
P r o p e r t y  (2) ,  t h e r e  i s  an x C D(f) w i t h  f  (x) < f - (x ) .  But t hen  

f  (x) = f+(x) - f - (x)  < 0 ,  which i s  c o n t r a r y  t o  t h e  assumption.  Therefore  

P r o p o s i t i o n  2 . 3 .  Let  { f  ) be  any sequence of f u n c t i o n s  i n  L. Then 
n  

co 

n D(f 1 i s  non-empty . 
1 n  

Proof :  { f  - f lm - is  a  sequence of non-negat ive f u n c t i o n s  i n  L, and 
n  n n = l  



w 
2 I ( f n  - fn)  = 0  < I (P) = 1. Hence, by P rope r ty  (2)  , t h e r e  i s  a p o i n t  
n= 1 

x c Fi' ~ ( f  ) n D(P) c W D ( ~ , ) . o  
1 n  1 

The fo l lowing  d e f i n i t i o n  e n l a r g e s  t h e  s e t  L  t o  form a  s e t  L  of 1 ' 
I 1  

i n t e g r a b l e  f u n c t i o n s ,  which w i l l  be  i n  a  s ense  complete' '  w i t h  r e s p e c t  

t o  I .  

D e f i n i t i o n  2.4.  Le t  (X,L,I) be  an i n t e g r a t i o n  space,. An i n t e g r a b l e  
03 

f u n c t i o n  i s  an ordered  p a i r  ( f ,  {fn}n=l), where f  i s  a  p a r t i a l  f u n c t i o n  
w 

on X and {f } i s  a  sequence of func t ions  i n  L  such t h a t  I ( l  f n l )  e x i s t s  
n  n 1 

w w 
and C f  (x) = f  (x) whenever C 1 f  (x) ( converges.  The i n t e g r a l  of f  

n = l  n  1 n  
03 

i s  d e f i n e d  t o  be  I ( • ’ )  = Z I(•’ ,) .  Two i n t e g r a b l e  f u n c t i o n s  ( f ,  {f }) 
1 n  

and (g,  t gn ) )  a r e  e q u a l  i f  f  = g  a s  p a r t i a l  f u n c t i o n s *  

I f  f  € L ,  then ( f ,  { f ,  0 - f ,  0 - • ’ , . . . I )  i s  i n  L s o  L  i s  a s u b s e t  1 ' 

of  L under  t h e  i n c l u s i o n  mapping f  -+ ( f ,  I f ,  O'f ,  O*f ,  . .}). We w i l l  
1 

u s u a l l y  denote  a  f u n c t i o n  ( f ,  { fn ) )  i n  L by i t s  f i r s t  element  f ,  and c a l l  
1 

( f  a  r e p r e s e n t i n g  sequence ( o r  r e p r e s e n t a t i o n )  f o r  f .  I t  w i l l  b e  s e e n  
n 

l a t e r  t h a t  (X,L , I )  i s  i n  f a c t  an i n t e g r a t i o n  space ,  and consequent ly  t h a t  
1 

every  f u n c t i o n  i n  L1 h a s  a  non-emp t y  domain. 

Opera t ions  on i n t e g r a b l e  func t ions  a r e  de f ined  i n  t h e  fo l l owing  way: 



(d) min { f , l l  = (min { f , l } ,  {$  1) C L1, where = {min { f l , l l ,  n  

f,, - f,, min { f l  + f2 ,1}  - min f 1  f 2 ,  - f 2  ,... 1 .  

I n  ( c )  , t h e  terms f l ,  - f l ,  . . . , f n ,  - fn , . . .  a r e  i n c l u d e d  i n  t h e  r e p r e s e n t a t i o n  

{qn} i n  o r d e r  t o  ensu re  t h a t  E l a  (x) I does n o t  converge o u t s i d e  of t h e  n  

domain of f  . ( I f  i t  d i d ,  then obviously w e  could  n o t  s ay  I f  1 (x) = E q  (x) 
n  

whenever Zlqn(x)I  converges.)  I f  w e  de f ined  {qn} = { I f l ] ,  

f  + f  - f 1 , ,  Elq (x ) I  might converge when E l f n ( x ) I  d i d  not-- n  

f o r  i n s t a n c e ,  cons ide r  f l  # 0 and fn+l = - 2 ( f l  + ... + f n ) .  The same 

c o n s i d e r a t i o n  a p p l i e s  i n  (d) . 

To show (X L I )  i s  an i n t e g r a t i o n  space ,  i t  i s  necessary  f i r s t  t o  ' 1' 

e s t a b l i s h  t h a t  I i s  a  f u n c t i o n  on L This  can b e  done fo l l owing  a  1 ' 

d i s c u s s i o n  of t h e  p r o p e r t i e s  of I on L 1 ' 

Lemma 2.5. Suppose (f , {f  1) C L1 and fl x) 2 0 whenever ?I f n  (x) 1 n  1 

converges.  Then I ( f )  ? 0. 

00 

Proof:  Le t  A = {x C X: f I fn(x)  I converges) . The two series 00 + and T. 'n 
+ & f -  a l s o  converge on A and f (x )  = Efn(x) - ~ f i ( ~ )  f o r  a l l  x  c A.  

1 n 
00 + 
C I ( f n )  and I (f,) both converge, s i n c e  t h e  sum ? I( 1 f n l )  e x i s t s  . 
1 1 1 + w + N  03 
L e t  N C Z and suppose Z I ( f n )  <,zll(f-) .  S ince  Z ~ ( f - )  converges t h e r e  

1 n  1 n  
+ 

i s  an M € Z with 

Then by P rope r ty  ( 2 ) ,  t h e r e  must be  an x  C A with  



O 0 +  
which imp l i e s  t h a t  fn(x)  < ED f,(x). But t h i s  i s  imposs ib le  because 

1 
w  + N + f  2 0 on A and s o  we must have E I f  2 1 f o r  every N C Z , 
1 

w  
and hence E I(•’:) t ? I(•’;). Then I ( • ’ )  = Z I ( f n )  = Z I(•’+) - E I(•’,) 2 0.0 

1 1 n  

[ I n  p a r t i c u l a r ,  we might n o t e  h e r e  t h a t  [ I ( • ’ )  1 5 I ( [  f  1) f o r  each f  C L1.] 

D e f i n i t i o n  2.6.  A s u b s e t  of X which con ta ins  a  countable  i n t e r s e c t i o n  of 

domains of i n t e g r a b l e  func t ions  is  c a l l e d  a  f u l l  s e t .  

Lemma 2 . 7  Every f u l l  s e t  con ta ins  t he  domain of some i n t e g r a b l e  func t ion .  

w  
Proof :  Le t  {f } be  a  sequence of func t ions  i n  L1 w i t h  n ~ ( f ~ )  contained 

n  n= 1 
03 

i n  t h e  f u l l  s e t  A. Each f  has  a  r e p r e s e n t i n g  sequence {f } 
n  nk k = l  0 f  

w  
func t ions  i n  L. Le t  6n = 1 + kgl I ( l f n k l ) ,  and l e t  

'nk lm of  t h e  double sequence { - i n t o  a  s i n g l e  
2"6, 

k , n = l  
CQ + @ = '  
Z I ( l  f n k l )  converges f o r  each n  C Z , Z I ( I I P m ] )  

k= 1 m= 1 

c p  be  a  rearrangement m 

sequence. S ince  

converges.  Hence 

t h e r e  is a  func t ion  f  C L1 whose domain, D(f) = {x C X : E Icpm(x) Iconverges}, 

and whose va lue  a t  each x  C D(f) is  Z cp ( x ) .  C l e a r l y  D(f) c W D(•’  ) c A.o m 1 n  

P r o p o s i t i o n  2 .8 .  I f  f  and g  a r e  i n  L1 and f ( x )  5 g(x)  f o r  a l l  x  i n  some 

f u l l  s e t  A ,  then  I ( f )  5 I (g) . 
Proof:  There i s  a func t ion  h  C L  with ~ ( h )  c A .  Then F = f  + h  - h 1 

and G = g  + h  - h  a r e  both i n  L  and D(F) = D(G) = D(h) c A .  Therefore  
1 ' 

~ ( x )  5 G(x) on D(F) = D(G), and s o  I (F) 5 I (G) by Lemma 2.5. Any 

r e p r e s e n t i n g  sequence { F ~ }  f o r  F  w i l l  a l s o  be a  r e p r e s e n t i n g  sequence f o r  

f ,  hence I ( F )  = I ( • ’ ) ,  and s i m i l a r l y ,  I(G) = I ( g ) .  Thus I ( • ’ )  5 I ( g )  .o 

Coro l l a ry  2 . 9 .  I i s  a  func t ion  on L  
1 ' 

Proof :  We need only show t h a t  f  = g  imp l i e s  I ( • ’ )  = I ( g )  f o r  f , g  C L1. 

But i f  f , g  € L1, D(f) and D(g) a r e  f u l l  s e t s ,  and s o  f  = g  on a  f u l l  s e t .  



Hence by P r o p o s i t i o n  2.8, I ( f )  = I ( g )  .o 

More g e n e r a l l y ,  i f  f  = g  on any f u l l  se t ,  then  I ( • ’ )  = I ( g ) .  

Consequently w e  can d e f i n e  f  = g almost  everywhere [ a . e .  ] t o  mean t h a t  

f  = g  on a  f u l l  se t .  S i m i l a r l y ,  f  5 g  [a .e . ]  w i l l  mean f  5 g  on a f u l l  

se t .  

The fo l l owing  c o r o l l a r y  w i l l  b e  used later i n  our  d i s c u s s i o n  of 

i n t e g r a b l e  sets. 

Coro l l a ry  2.10. Le t  f  be  a  p a r t i a l  f u n c t i o n  on X and g  a  f u n c t i o n  i n  L  
1 ' 

I f  f  = g  [ a . e . ]  then f  i s  a l s o  i n  L and I ( f )  = I ( g )  . 1 ' 
Proof :  f  = g  on some f u l l  s e t  A. By Lemma 2.7, t h e r e  i s  a  f u n c t i o n  

h  C L1 w i t h  D(h) c A. Then F  = g  + 11 - h  is i n  L and i s  e q u a l  t o  f  on 
1 

D(F) = D(h) . I f  {i~,} i s  any r e p r e s e n t a t i o n  of  F, i t  must a l s o  be  a  

00 

r e p r e s e n t a t i o n  of  f ,  hence f  C L1, and I ( f )  = C I ( q  ) = I ( P )  = I ( g ) . o  
1 n  

We can now s t a t e  t h e  completeness theorem f o r  L  The theorem 
1 

a s s e r t s  t h a t  i f  we r e d e f i n e  e q u a l i t y  on L a s  e q u a l i t y  a lmos t  everywhere,  
1 

and apply t h e  l i m i t  p roces se s  i n  D e f i n i t i o n  2.4 t o  L  we do n o t  o b t a i n  a  1' 

l a r g e r  c l a s s  o f  i n t e g r a b l e  f u n c t i o n s .  The proof  of  t h i s  a s s e r t i o n  can b e  

found i n  Bishop and Cheng [ 2 ] .  

Theorem 2.11. [Completeness Theorem] Suppose {f ) i s  a  sequence of n  
w 

f u n c t i o n s  i n  L and E I (  1 f n l )  converges.  Then t h e r e  i s  a  f u l l  set  A and 1 ' 1 
w 00 

a  f u n c t i o n  f  f L1 such  t h a t  E l fn (x )  I converges on A ,  f ( x )  = 2 fn (x )  
1 1 

w 
f o r  a l l  x C A, and I ( • ’ )  = Z I ( f n )  .o 

1 

W e  need two more lemmas b e f o r e  we can prove t h a t  (X,L I) is  an 
1' 

i n t e g r a t i o n  space .  



Lemma 2.12. I f  f i s  a  non-negative func t ion  i n  L  then  f o r  each E r 0 ,  
1 ' 

f  has  a  r e p r e s e n t i n g  sequence {f 1 wi th  
n  

5? l ( l f n l )  < I ( f )  + E 
1 

Proof :  Let  E > 0 be  given,  and l e t  {qnl be  any r e p r e s e n t a t i o n  of f .  

00 00 + 
Since  E 1(IIPn1) converges and E I ( q  ) = I ( • ’ )  2 0 ,  we can f i n d  a  k C Z 

1 1 n  
E k  E k  

q n  < and I (  Ingl vnI )  5 I ( f )  + - . [ l i m  q n l )  = With n=k+l 2  
k- 

Lemma 2.13. I f  f  C L1 and {fn} i s  any r e p r e s e n t i n g  sequence f o r  f ,  then 
- 

N 
l i m  ~ ( l f  - f  1) = 0 .  
N- n-1 n  

Proof :  Le t  A = {x C X : 21fn(x)  I < 00). A i s  a  f u l l  set s i n c e  we can 

d e f i n e  a  func t ion  F  C L1 w i t h  domain A such t h a t  I ( F )  = E I ( f  ) and n 

F(x) = Z f,(x) f o r  a l l  x C A .  Since  Z I ( l f n l )  converges,  t h e r e  e x i s t s ,  

+ 00 
f o r  any given E > 0 ,  an N f Z w i th  I ( l f n l )  < E .  

N 00 

Now IF(x) - T. fn(x)  1 5 1fn(x)  I on t h e  f u l l  s e t  A ,  and hence 
N 00 

I ( I F  - z f n l )  c l ( J f n l )  c E. 
1 

N N 
But F  - Z f  = f - Z f  on A,  and s o  

1 n 1 n  

N 
and l i m  I ( [ • ’  - n& f n l )  = 0.0 

N- 

Theorem 2.14. (X,L ,I) i s  an i n t e g r a t i o n  space .  1 

Proof:  We must show t h a t  p r o p e r t i e s  (1) t o  (4) of D e f i n i t i o n  2 .1  a r e  

v a l i d  f o r  (X,L1,I). 



(1) has  a l r eady  been shown. 

(2 )  Suppose f  € L and {f 1 is a sequence of non-negative f u n c t i o n s  1 n  

i n  L1 wi th  ? I ( f  ) < I ( f ) .  Then t h e r e  is  an E > 0 w i t h  t h e  proper ty :  
I n  

and 

(a)  t h e r e  
03 

i s  a  r e p r e s e n t i n g  sequence {fnk}k=l f o r  each f n ,  

[Lemma 2.121 1 )  < I ( f n )  + - 
2" 

1 is  any r e p r e s e n t a t i o n  of  f ,  t h e r e  e x i s t s  an N € Z 
+ 

k  
N 

w i t h  I ( f )  5 I (qk )  + & and kZN+1 I ( ( I P ~ ~ )  4 E. 

Since  P rope r ty  ( 2 )  is  v a l i d  f o r  f u n c t i o n s  i n  L, w e  have 

f o r  some x  C X. Then 

(3) I f  p  c L  and I ( p )  = 1, then (p,  {p, 0 - p ,  O=p ,... 1) C L1 and 

I (p) = 1 i n  LL. 

( 4 )  By Lemma 2.13, if f C L  and (9 1 i s  any r e p r e s e n t a t i o n  of f ,  1 n  
k  

t hen ,  f o r  any E > 0 ,  t h e r e  is  a  f u n c t i o n  f  € L  w i t h  f k  = 
k n z l  'n 

and 

E 
I((•’ - f k l )  < q . Since  p rope r ty  ( 4 )  ho lds  f o r  f u n c t i o n s  i n  L, t h e r e  



+ E 
e x i s t s  an N C Z w i th  I ( f k )  - I(min {fk,N}) c 3 . Then 

Therefore ,  I ( f )  - I(min { f , ~ ) )  

and s o  l i m  I (min 
n- 

S i m i l a r l y ,  i f  f  C Ll, f o r  any E > 0 t h e r e  i s  an  f  f L  and N C Z 
+ 

k 
E 1 E 

w i t h  I ( /  If1 - I f k /  1) < 2 and I(min { l f k l ,  -1) N 7- Then 

2. I n t e g r a b l e  s e t s  

D e f i n i t i o n  2.15. A complemented s e t  A = (A,B) i s  i n t e g r a b l e  i f  i t s  

c h a r a c t e r i s t i c  func t ion  X i s  i n  L1. The measure of A i s  de f ined  t o  be  A 

IJ (A) = 1 (xA) 

P r o p o s i t i o n  2.16. ( i )  I f  A and B a r e  i n t e g r a b l e  s e t s ,  then  A A B and 

A v B a r e  a l s o  i n t e g r a b l e ,  and p(A) + p(B) = p(A v B) + V(A A B ) .  

( i i )  I f  A and A A B a r e  i n t e g r a b l e ,  s o  i s  A - B ,  and p(A - B) 

= p(A) - p(A A B ) .  

Proof :  ( i )  We saw i n  Sec t ion  5 of t he  f i r s t  chap te r  t h a t  x = 
AAB 



min {xA, Hence by P r o p o s i t i o n  2.2 and Theorem 2.14, A A B i s  

i n t e g r a b l e  w i t h  measure p(A A B) = I (min {xA, ~ ~ 1 ) .  Consequently,  

- 
XAVB - XA + XB - XMB i s  a l s o  i n t e g r a b l e ,  and y(A v B) 

= y(A) + u(B) - y(A A B) 

( i i )  x ~ - ~  = min {xA, 1 - xB) = xA( l  - xB) = XA - XA,,g -0 

P r o p o s i t i o n  2.17. ( i )  I f  A = (A,B) i s  i n t e g r a b l e ,  then A U B i s  a f u l l  

set .  

( i i )  I f  A = (A,&) i s  i n t e g r a b l e ,  then p(A) = 0 i f  and only i f  B i s  

a f u l l  se t .  

Proof :  ( i )  A U B i s  t h e  domain of t h e  i n t e g r a b l e  f u n c t i o n  x 
A .  

( i i )  I f  B i s  f u l l ,  then xA = 0 on a f u l l  se t ,  and hence by 

Coro l l a ry  2.10, p(A) = I(O*xA) = O*I(xA) = 0 .  

I f  y(A) = I (xA)  = 0 ,  then I ( n - x  ) = n * I ( x  ) = 0 f o r  every A A 
+ 

n C Z . Thus l ( I n e x A l )  converges,  and s o  t h e r e  i s  a f u n c t i o n  f € L1 

w w 
w i t h  f  (x)  = 2 n0xA(x) f o r  every x C D(f) = {x  C X : ; IneXA(x) I converges) .  

1 

Now x C D(f)  imp l i e s  x € D(xA) and xA(x) = 0 ,  S O  x must be  i n  B .  

Therefore  D(f) c: B and s o  B i s  a f u l l  s e t . o  

Coro l l a ry  2.18. I f  A = (Al, A2) and B = (B1, B2) a r e  i n t e g r a b l e  sets w i t h  

A < B ,  then  y(A) 5 y(B). 

Roof :  A c B means that.  A l  B1 and B 2  c A2.  Both xA and x a r e  de f ined  
B 

on (Al  U A2) ll (B1 U B2), and i f  x (x) = 1 f o r  any x i n  t h i s  s e t ,  then 
A - 

c l e a r l y  xB(x) = 1 a l s o .  It fo l lows  t h a t  xA _E xB on (Al U A2) fl (Bl U B2) .  

But t h i s  i s  a f u l l  s e t ,  and hence by P r o p o s i t i o n  2.8,  y(A) 5 y(B) .o 

Now t h a t  w e  have e s t a b l i s h e d  t h e s e  f a c t s  about  i n t e g r a b l e  sets, i t  



i s  n a t u r a l  t o  ask whether we can f i n d  many i n t e g r a b l e  s e t s  i n  an 

i n t e g r a t i o n  space  (X,L1,I) . Bishop and Cheng [ 2 ]  have proved t h a t  i f  - f  

i s  any func t ion  i n  L then f o r  a l l  b u t  a  countable  number of t € R, t h e  1 ' 
complemented s e t s  A = ({x € X : f  (x) 1 t ) ,  {x € X : f  (x) < t}) and 

t 

B t  = ({x € X : f ( x )  > t} ,  {X C X : f ( x )  5 t ) )  a r e  i n t e g r a b l e  and have the  

same measure. The proof of t h i s  theorem i s  r a t h e r  long ,  and s o  we s h a l l  

n o t  r e p e a t  i t  h e r e .  I t  should  be noted ,  though, t h a t  i n  the  p roo f ,  a  

00 

sequence of r e a l  numbers {an}n=l i s  cons t ruc t ed ,  w i t h  t h e  p rope r ty  t h a t  

+ whenever t # a f o r  any n  6 Z , A and Bt  a r e  i n t e g r a b l e .  The f a c t  t h a t  
n  t 

we can f i n d  such a  - t i n  any non-empty i n t e r v a l  i n  R i s  a  consequence of 

t he  uncoun tab i l i t y  of the  r e a l  numbers. This  can b e  formal ized  a s  fo l lows:  

00 

P r o p o s i t i o n  2.19. Le t  be  a  sequence of r e a l  numbers and l e t  (a ,b)  

be  any non-empty open i n t e r v a l  i n  R. Then t h e r e  e x i s t s  a  number x  i n  

+ 
[ a , b ]  w i t h  x  # a f o r  any n  C Z . 

n  
03 

Proof:  We c o n s t r u c t  two sequences of r a t i o n a l  numbers {x and 
n  n=O 

00 

{yn}n=O by induc t ion .  They w i l l  have the  p r o p e r t i e s  : 

( i )  a 5 x  _ C x n < y n I y m C b  f o r n t m 1 1  
m 

( i i )  xn > u o r  yn < a f o r  each n  L 1 
n  n  

f o r a l l n ~ l  ( i i i )  yn - xn c n 
Le t  xo = a ,  yo = b ,  and f o r  k  2 1, suppose x  O 9 - 3 Xk-l and Y o s - - - $  Yk-l 

have been cons t ruc t ed .  S ince  Xk-1 < Yk-1' we can prove t h a t  9' ' Xk-1 

o r  % < yk-l. Cons t ruc t  xk and y i n  one of t h e  fo l lowing  ways : k 

(1) I f  % > x ~ - ~ ,  le t  \ be any r a t i o n a l  number w i t h  

Xk < min and l e t  y  be any r a t i o n a l  w i t h  k  
1 

X k <  Y k <  min {%, Yk-1,  \ + k } *  



(2) If < Yk-l, l e t  y be  any r a t i o n a l  number wi th  
k 

max {T, x ~ - ~ )  < Yk < Y k - y  and l e t  xk be  any r a t i o n a l  w i th  

1 
max Yk - < 5 < Yk 

I t  i s  easy t o  s e e  t h a t  ( i )  , ( i i )  , and ( i i i )  a r e  s a t i s f i e d .  

1 Then f o r  any n t m 2 1, ixm - x I = x - x c ym - x c - and 
n n m m m 

1 03 03 IY, - Y,/ = Y, - y, < ym - x m < - m . Hence {xnlnzO and {Y,),=~ a r e  t h e  

r e p r e s e n t i n g  Cauchy sequences f o r  two r e a l  numbers x and y . Since  

1 I Y n  - x ( <; f o r  each n t 1, x = y .  Also a < x o r  y c a f o r  each n n n n n 
+ n ,  and s i n c e  x 5 x and x 5 y we have x # a f o r  any n € Z .n n n ' n 

Therefore ,  i t  fo l lows  from Bishop and Cheng's theorem i n  [ 2 ]  t h a t  

t he  s e t  { t  € R : A and B a r e  i n t e g r a b l e ) ,  i s  dense i n  R ,  and t h a t  we can t t 

e f f e c t i v e l y  c o n s t r u c t  an element of t h i s  s e t  i n  any non-empty open 

i n t e r v a l  i n  R. 



CHAPTER 111 

INTEGRATION ON LOCALLY COMPACT SPACES 

1. Met r i c  spaces  

A m e t r i c  space  (X,p) c o n s i s t s  of a  se t  X and a  t o t a l  f u n c t i o n  

p: X x X -t R wi th  t h e  p r o p e r t i e s :  

(a) p(x,y) 2 0 f o r  a l l  x ,y  € X 

(b) p(x,y) = 0 i f  and only i f  x  = y 

(4 p(x,y) = p(p,x) f o r  a l l  x,y € X 

(4 p ( x , 4  5 p(x,y) + p(y ,z )  f o r  a l l  x , y , z  € X 

Also ,  i f  x  and y a r e  two elements  of (X, p) , then x # y i f  and only i f  

P(X,Y) > 0.  

Funct ions ,  uniform c o n t i n u i t y ,  sequences,  and converges of sequences 

i n  m e t r i c  spaces  a r e  de f ined  i n  t h e  u s u a l  manner. [An impor t an t  example 

of a uniformly cont inuous f u n c t i o n  i s  f  (x) = p(x,xo) , which maps (X, p) t o  

R (with t h e  Eucl idean  m e t r i c ) .  This  i s  cont inuous  f o r  any f i x e d  x € X 
0 

s i n c e ,  i f  p(x,y)  5 E,  then l f ( x )  - f ( y )  I = Ip(x,x0) - p(y,xO) I 
5 IP(x,Y) + p(y,x0) - P ( Y , x ~ ) I  = P(X,Y) C E , . ]  

A s u b s e t  Y of a  m e t r i c  space  (X,p) i s  a l s o  a  m e t r i c  space  when 

g iven  the  m e t r i c  p  - t he  r e s t r i c t i o n  of p  t o  Y .  We w i l l  u s u a l l y  denote  Y 

an induced m e t r i c  space  of t h i s  type  s imply a s  (Y,p). 



A s u b s e t  Y of a m e t r i c  space  (X,p) is  c lo sed  i f  every Cauchy 

sequence i n  Y converges t o  a p o i n t  i n  Y .  

A m e t r i c  space  (X,p) i s  bounded i f  t h e r e  e x i s t s  a c o n s t a n t  C € R 

w i t h  p(x,y) 5 C f o r  every x and y i n  X. I f  (X,p) i s  bounded by C, w e  

s ay  t h a t  t h e  d iameter  of X i s  a t  most C. 

A non-empty s u b s e t  Y of ( ~ , p )  i s  l o c a t e d  i f  p(x,Y) = 

i n • ’  {p ( x , ~ )  : y € Y )  e x i s t s  f o r  every x € X. I f  Y is  l o c a t e d ,  then i t s  

m e t r i c  complement i s  de f ined  t o  be  t h e  se t  -Y = ( x  € X : p(x,Y) > 0 ) .  

[Note: A s u b s e t  X of  R has  a l e a s t  upper bound o r  supremum ( r e s p e c t i v e l y ,  

g r e a t e s t  lower bound o r  infimum) i f  t h e r e  e x i s t s  a number c € R such t h a t  

x 5 c ( r e s p .  c 5 x) f o r  a l l  x € X, and f o r  each E > 0 t h e r e  e x i s t s  an 

x € X w i t h  c - x <  E ( resp .  x -  c <  E ) . ]  

2. Loca l ly  compact m e t r i c  spaces  

A se t  - A i s  an i n i t i a l  segment of Z+ i f  A = $ o r  A = 1 , .  . , n )  f o r  

+ 
some n € Z . A se t  X i s  f i n i t e  i f  t h e r e  i s  a one-to-one f u n c t i o n  mapping 

+ 
X on to  an i n i t i a l .  segment of Z . X i s  c a l l e d  s u b f i n i t e  i f  t h e r e  i s  an 

+ 
o p e r a t i o n  cp mapping X on to  an i n i t i a l  segment A of Z and a f u n c t i o n  f 

from A t o  X such t h a t  f (cp (x) )  = x f o r  every x € X. I n t u i t i v e l y ,  a se t  

is  f i n i t e  i f  i t  has  e x a c t l y  n e lements ,  and s u b f i n i t e  i f  i t  has  a t  most 

n e lements ,  f o r  some non-negative i n t e g e r  n .  [Not a l l  sub f i n i t e  sets can - - 
be  proven t o  be  f i n i t e .  For example, t h e  se t  c o n s i s t i n g  of ze ro  and t h e  

Uk 
Goldbach number r = - (where 1%) is  t h e  Goldbach sequence) has  a t  

2k 
most two e lements ,  b u t  w e  do n o t  know e x a c t l y  how many elements  i t  h a s . ]  



D e f i n i t i o n  3.1.  A s u b s e t  - A of a m e t r i c  space  (X,p)  i s  t o t a l l y  bounded 

i f ,  f o r  each E > 0 ,  t h e r e  e x i s t s  an N C z0+ and a f i n i t e  s u b s e t  

x , .  . . , of A w i t h  t h e  p rope r ty  t h a t  i f  a C A, then a t  l e a s t  one of 

t h e  numbers p(x a ) ,  p ( x 2 , a ) ,  . . . , p(%,a)  i s  l e s s  than E .  The s e t  1' 

{x l , . . . ,  $1 i s  c a l l e d  an E approximation t o  A. 

I t  i s  sometimes e a s i e r  t o  f i n d  s u b f i n i t e  E approximations t o  sets.  

The fo l l owing  p r o p o s i t i o n  i n d i c a t e s  t h a t  a s e t  i s  t o t a l l y  bounded i f ,  f o r  

every  E > 0 ,  i t  has  a s u b f i n i t e  E approximation.  

P r o p o s i t i o n  3.2.  I f  a m e t r i c  space  (A,p) has  a s u b f i n i t e  E approximation 

f o r  every  E > 0 ,  then i t  a l s o  has  a f i n i t e  E approximation f o r  every  

E > 0. 

E Proof :  L e t  E > 0 be given,  and l e t  X = {xl,. . . , x 1 b e  a s u b f i n i t e  7 n 
E approximation ' to  A. For 1 5  i c k C n, e i t h e r  p(xi,\) 2 - o r  4 

E E 
p(xi, \)  < T . I f  p(xl,\) c I f o r  any k > 1, d i s c a r d  \ from X. I f  x2 

E has  n o t  been d i sca rded  and p(x2,%) < - f o r  any k > 2 ,  d i s c a r d  
2 % from 

t h e  set .  Continue t h i s  p roces s  f o r  s u c c e s s i v e  i t s  u n t i l  x i s  reached.  
n 

The s e t  Y = {xl,. . . , X  which remains is  f i n i t e  s i n c e  i # j i m p l i e s  m 

x # x f o r  any x and x i n  Y .  I f  a C A e i t h e r  p(a,%) E 
i j i j < 2 f o r  some 

xk 
Y o r  else t h e r e  e x i s t  e lements  x C X and \ C Y such t h a t  

i 
E E 

p(a,xi) c 7 and p(xi,\) < . I n  e i t h e r  c a s e  p(a,%) c E .  Hence Y i s  

an E approximation t o  A.o 

D e f i n i t i o n  3.3.  A s u b s e t  of a m e t r i c  space  i s  compact i f  i t  i s  c lo sed  

and t o t a l l y  bounded. 



D e f i n i t i o n  3.4. A m e t r i c  space  (X,p) is  l o c a l l y  compact i s  every  bounded 

s u b s e t  of X i s  conta ined  i n  a  compact s e t .  A ( t o t a l )  f u n c t i o n  on a  

l o c a l l y  compact space  (X,p) i s  cont inuous i f  i t  is  uniformly cont inuous  

on every compact s u b s e t  ( e q u i v a l e n t l y ,  every bounded s u b s e t )  of X. 

We n e x t  e s t a b l i s h  some p r o p e r t i e s  of compact and l o c a l l y  compact 

spaces  which w i l l  be  u s e f u l  l a t e r .  

P r o p o s i t i o n  3 . 5 .  L e t  - f  b e  a  cont inuous f u n c t i o n  from a l o c a l l y  compact 

space  (X,p) t o  a  m e t r i c  space  (Y,p*). I f  - A i s  a  t o t a l l y  bounded s u b s e t  

of  X, then i t s  image, •’(A), i s  a l s o  t o t a l l y  bounded. 

Proof :  I f  A i s  t o t a l l y  bounded, then i t  i s  bounded and hence conta ined  

i n  a  compact s e t  K .  f  i s  uniformly cont inuous on K .  For any g iven  - 

e > 0 ,  l e t  6 > 0 be  such t h a t  p*( f (x) ,  f ( y ) )  < E whenever p(x,y)  < 6 and 

x ,y  f K .  Le t  {xl, ..., xn} be  a  6 approximation t o  A. Then f o r  any 

* 
• ’ (a )  i n  •’(A), t h e r e  i s  an xi w i t h  p(a,xi)  c 6 and p ( f ( a ) ,  •’(xi)) c E. 

Thus { f (x l ) ,  ..., f ( x  ) }  i s  an E approximation t o  •’(A) .o n 

Coro l l a ry  3 . 6 .  L e t  f b e  a  cont inuous f u n c t i o n  from a l o c a l l y  compact 

space  X t o  a  l o c a l l y  compact space  Y .  I f  - A i s  a bounded se t  i n  X ,  then 

f (A) is  bounded i n  Y [and hence conta ined  i n  a  compact s e t ] .  

Proof :  I f  - A i s  bounded, i t  i s  conta ined  i n  a  compact set  K ,  f(K) is  

t o t a l l y  bounded, by P r o p o s i t i o n  3 . 5 .  Therefore  •’(A) is  conta ined  i n  t h e  

bounded set  f(K) , which i s  conta ined  i n  a  compact s e t  i n  Y .o 



P r o p o s i t i o n  3.7. L e t  f  : (X,p) + R be  cont inuous on t h e  l o c a l l y  compact 

space  X. I f  K is  any non-empty compact s u b s e t  of X, then  sup {E(x) : x € K} 

and i n • ’  { f  (x) : x € K} e x i s t .  

Proof :  By P r o p o s i t i o n  3.5,  f  (K) i s  t o t a l l y  bounded i n  R. For each k € Z 
+ 

1 
choose a - approximation {x 

k 1'"" xnl  t o  f  (K) . For some m, 1 5 m E n,  w e  

1 have  x 5 max {xl, .. . , x 1 - i; . Write c = x . 
m n k m 

+ 2 2 03 
For any j , k  € Z , lck - c .1  5 :  + , t h e r e f o r e  { c ~ } ~ = ~  i s  a Cauchy 

J J 

sequence. Write c = E m  c . Then f o r  any x € f (K) ,  x - c 5 l i m  (x  - 
n 

n- n- 
'n) 

Z 
I l i m  - =  0 .  Therefore  x 5 c f o r  each x € f (K).  S ince  c = l i m  c and 

n 
n- n 

n- 

each c € f(K) , c i s  t h e  l e a s t  upper bound of f(K) . n 

A s i m i l a r  proof  shows t h a t  i n f  {f (x) : x € K )  e x i s t s  .o 

P r o p o s i t i o n  3.8.  ( i )  A non-empty compact s u b s e t  of an a r b i t r a r y  m e t r i c  

space  (X,p) i s  c lo sed  and l o c a t e d .  

( i i )  A c losed  and l o c a t e d  s u b s e t  of a compact space  (X,p) i s  compact. 

Proof :  (i) I f  K is a compact s u b s e t  of (X,p) i t  is  c losed .  L e t  xo be  

any p o i n t  i n  X. Then f ( x )  = p (x,x ) i s  uniformly cont inuous on X,  and 
0 

hence on K. By P r o p o s i t i o n  3.7, i n • ’  { f (x )  : x € K} e x i s t s ,  s o  

p(xO,K) = i n • ’  {p(x,xo) : x € K} e x i s t s  f o r  each p o i n t  x € X. 0 

( i i )  Let Y be  a c lo sed  l o c a t e d  s u b s e t  of t h e  compact space  (X,p). 

E 
F i x  E > 0 and l e t  {xl,. x 1 be  an - approximation t o  X.  For each i ,  n 3 

E 
1 5 i 5 n,  w e  can choose a y C Y w i t h  p(xi,yi) < p(xi,Y) + 7 . i 

E 
For any y € Y ,  t h e r e  i s  an x w i t h  p(xi ,y) < . i We chose  y w i t h  

i 
E E E  

p(xi,yi) < p(xiYY) + - 3 3 3  < - + - Thus p(yi,y) 5 p(yi,xi) + p(xi.y) 

E E E  < - + - + - =  
3 3 3 

E ,  and t h e  s u b f i n i t e  s e t  {Y1,. . ., yn} i s  an E approximation 



t o  Y .  S ince  E was any a r b i t r a r y  p o s i t i v e  number, i t  fo l lows  t h a t  Y i s  

t o t a l l y  bounded and hence c0mpact.o 

P r o p o s i t i o n  3 . 8  ( i i )  i s  one s u b s t i t u t e  f o r  t h e  c l a s s i c a l  r e s u l t  t h a t  

a c lo sed  s u b s e t  of a  compact space  i s  compact. Of course ,  c l a s s i c a l l y ,  

every  s u b s e t  of a  m e t r i c  space  i s  "located" s i n c e  t h e  g r e a t e s t  lower 

bound of a  bounded s e t  of numbers i s  n o t  r e q u i r e d  t o  b e  e f f e c t i v e l y  

computable. It i s  easy  t o  f i n d  an example of a  c lo sed  s u b s e t  of a  compact 

space  which i s  n o t  provably compact ( c o n s t r u c t i v e l y ) .  L e t  f :  [ 0 , 1 ]  -+ [0 ,1]  

b e  t h e  unique cont inuous ex t ens ion  of t h e  p a r t i a l  f u n c t i o n  9, de f ined  by 

where r = and { i s  t h e  Goldbach sequence. Then % 
1 

{X C [O , I ]  : f  (x) 5 - i s  c e r t a i n l y  c l o s e d ,  b u t  i t  i s  n o t  l o c a t e d  s i n c e  2 
1 we do n o t  know whether  t h i s  se t  i s  e q u a l  t o  [0, ?] o r  [ 0 , 1 ] .  

Theorem 3.10 provides  ano the r  se t  of s u f f i c i e n t  cond i t i ons  f o r  a  

c lo sed  s u b s e t  of a  compact space  t o  be  compact. 

Lemma 3.9. Le t  (X,p) be  a  compact m e t r i c  space .  Then f o r  every  E > 0 ,  

t h e r e  e x i s t  a  f i n i t e  number of compact s u b s e t s  of X whose d i ame te r s  a r e  

ar  most E ,  and whose union is X. 

E 
P roo f :  L e t  { X  l,...,%} be  an - approximation t o  X. We d e f i n e  by 

9  
i m  i w  

i n d u c t i o n  N sequences { x ~ } ~ = ~ ,  . . . , {%}i=l of s u b f i n i t e  s u b s e t s  of X 

such  t h a t :  



( i )  X? c X: C ... f o r  j = , ,  PI 
J 

i E i+l 
( i i )  p(x,  X,) < - i f x c x  , l r j s N  

3i j 
i+l E i E 

( i i i )  ~ ( x ,  X j  < 7 i f  p(x,  x . )  < - l 5 j 5 N  
J 3i+1 ' 

1 1 1 
Le t  X = {xl}, X2 = {x2},.  . ., % = {xN}, and suppose 1 X ,  . have 

E been de f ined  f o r  i 2 1. Let  {Y1,..., y 1 be  an - approximation t o  X.  m 3i+2 

i E Then f o r  each j and k ,  1 5  j 5 N ,  1 P k P m, e i t h e r  p(y X.) < - 
k'  J 3i 

i E ( i )  and ( i i )  a r e  c l e a r l y  s a t i s f i e d .  Suppose p(x,  X.) < - 
J 3i+1 ' 

There i s  

and consequent ly  a yk i n  y ,  . ym} wi th  p(yk,x)  < - 3i+2 ' 
i i E E +-<-  p(yk, x j )  5 p(yk, X) + P(X,  x j )  < ji+2 31+1 and y C xi+'. 

2 3i ' k j 

i+l Therefore  p(x,  X ) < p(x, yk) < - 
j 

, and ( i i i )  i s  s a t i s f i e d .  
.i+2 
J 
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Now l e t  Y = U xi f o r  j = 1,. . . , N .  I f  y € Y then 
j i=l j j 

W E  E + 
P(Y,  $) P kzi = f o r  every  i C Z . I t  fo l lows  t h a t  f o r  any 

2. 3i-1 
+ i+2 

i C Z we can choose an element x i n  t h e  s u b f i n i t e  s u b s e t  X of  Y 
j j ' 

E 
w i t h  p(x, y)  < - . Therefore  Y i s  t o t a l l y  bounded. 

2 0 3 ~  j 

L e t  X .  be  t h e  c l o s u r e  of Y Then X i s  compact, and by ( i i )  , i t  
J j ' j 

0 3 E  
has  d iameter  a t  most 2 Z - = E .  

i=l 3i 

Suppose x C X. S ince  {x E 
xN} was an - approximation t o  X, 

9 
1 E 

t h e r e  is  an x w i t h  p(x,  x . )  = p(x,  X ) < 9 . Then by ( i i i )  we have 
i 

J J 
E 

j + N f o r  every i € Z . Therefore  x € X and U X = X.o 
j j=1 j 



Theorem 3.10. Le t  (X,P) be  a  compact space  and f :  X -+ R a uniformly 

cont inuous func t ion  on X. Then f o r  a l l  excep t  countably many a E R, 

t h e  se t  Xa = {X C X : f (x )  5 a} i s  compact. [ S i m i l a r l y ,  f o r  a l l  excep t  

* 
countably many a € R, t h e  s e t  X = {x € X : f ( x )  2 a) i s  compact.] a 

Proof :  I f  X i s  empty, t h e  theorem i s  t r i v i a l .  

+ 
I f  X i s  non-empty, then f o r  each k E Z w e  can f i n d  non-empty compact 

sets X k  k  Nf,k) k  k  
%(k) such t h a t  

i=l 
Xi = X and t h e  d iameter  of each X. 1 i s  

1 k 
less t h a n - .  Le t  c = i n • ’  { f (x)  : x € X , 1 5  j z ~ ( k ) )  

k  j k j BY 

P r o p o s i t i o n  2.19, we can f i n d  a  number a i n  any non-empty open i n t e r v a l  i n  

+ R wi th  a # c f o r  every j ,  1 5 j 5 N(k), and every k € Z . For each 
j k  + 1 

such a, and each k € Z , we can c o n s t r u c t  a  - approximation t o  X i n  t h e  
k a ' 

fo l l owingway :  I f  c  c a,  ( 1  5 j 5 N ( k ) ) ,  p i c k  a  p o i n t  x  C xk . L e t  
j k j j 

\ b e  t h e  s e t  con ta in ing  a l l  such x 's. (Note t h a t  Ak i s  s u b f i n i t e . )  
j 

k 
Now i f  x  E X then x E X .  f o r  some j ,  and then c 5 f ( x )  5 a .  But a' J j k 

# a f o r  a l l  j and k ,  hence c  < a, and s o  x 
1 

Cj k j k j 
E \ and p (x ,  x . )  i i; . 

J 
1 

Thus q i s  a  - approximation t o  X X i s  c lo sed  s i n c e  f  i s  a  uniformly 
k a*  a 

* 
cont inuous f u n c t i o n .  Therefore  X i s  compact. The proof  t h a t  X i s  a a 

compact is  s i m i 1 a r . o  

Coro l l a ry  3.11. Le t  (X,p) be  a  l o c a l l y  compact space  and l e t  K b e  a 

compact subspace of X. Then f o r  a l l  excep t  countably many a E R, t h e  

set K = {X E x : p(x,  K) 5 a) is  compact. 
C1 

+ Proof :  We s h a l l  show t h a t  f o r  any n € Z , t h e  sets K a r e  compact f o r  
a 

a l l  excep t  countably many a i n  (- 00, n) . 
+ 

L e t  n  € Z be  given.  The f u n c t i o n  f  (x)  = p(x,  K) i s  uniformly 

cont inuous on X s i n c e  K is  l o c a t e d .  K = {x E x : P ( ~ ,  K) 5 n)  is  n 



* bounded, and hence i s  conta ined  i n  a compact se t  K . Now f ( x )  = p(x,  K) 

* 
is  uniformly cont inuous on t h e  compact space  (K ,p ) ,  and t h e r e f o r e  f o r  a l l  

* 
excep t  countably many a € (- c ~ ,  n ) ,  t h e  set K = {x € K : p(x,  K) 5 a} 

a 

i s  c0mpact.o 

3. P o s i t i v e  I n t e g r a l s  

D e f i n i t i o n  3.12. Le t  f :  X -t R be  a cont inuous f u n c t i o n  on t h e  l o c a l l y  

compact space  (X,p).  A compact se t  K c X i s  a s u p p o r t  f o r  f  i f  f ( x )  = 0 

f o r  a l l  x € - K ( t h e  m e t r i c  complement of K). The s e t  of a l l  cont inuous 

func t ions  on X w i t h  compact suppor t  is  denoted C(X) . 

P r o p o s i t i o n  3.13. Every f u n c t i o n  i n  C(X) i s  uniformly cont inuous .  

Proof :  L e t  K be  a compact s u p p o r t  f o r  f  € C(X), and choose any a > 

i s  uniformly cont inuous on t h e  bounded set  K = {x € X : p(x,K) 5 a a 

Therefore  f o r  every E > 0 t h e r e  i s  a 6 ,  0 < 6 < a , s o  t h a t  f o r  a l l  
2 

x,y € K,, I f  (x) - f  (y) I E E whenever p(x,y) 5 6 .  Now l e t  x and y b e  i n  

X w i th  p(x,y) 5 6.  E i t h e r  p(x,K) : a - 6 o r  p(x,K) > 6 .  I n  t h e  f i r s t  

c a se ,  bo th  x and y a r e  i n  K and s o  I f ( x )  - f ( y )  1 5 E .  I n  t h e  second a ' 
case ,  bo th  x and y a r e  i n  - K ,  s o  I f (x )  - f ( y ) l  = 10 - 01 5 E. Hence f 

i s  uniformly cont inuous on X. 

~ e f i n i t i o n  3.14. A p o s i t i v e  i n t e g r a l ,  I, on a l o c a l l y  compact space  (X,p) 

i s  a l i n e a r  rea l -va lued  f u n c t i o n a l  on C(X) such t h a t  

(a )  i f  f  € C(X) and f 2 0 ,  then I ( f )  1 0  

(b) t h e r e  i s  a f u n c t i o n  f € C(X) w i t h  I ( f )  # 0 .  



Theorem 3.15. I f  (X,p) is  a  l o c a l l y  compact space  and I i s  a  p o s i t i v e  

i n t e g r a l  on X ,  then (X, C(X), I) i s  an i n t e g r a t i o n  space .  

Proof :  We must check P r o p e r t i e s  (1) through (4)  of D e f i n i t i o n  2.1: 

(1) I f  f  has  compact suppor t ,  s o  do If 1 and min { f , l ) .  I f  f  and 

g  have compact suppor t ,  then s o  does a f  + Bg and,  by the  l i n e a r i t y  of I,  

I ( a f  + Bg) = a I ( f )  + 8I (g )  f o r  every a,B € R. [Note: i f  f , g  C C(X), s o  i s  f g . ]  

(2) The proof t h a t  (X, C(X), I )  s a t i s f i e s  (2) r e q u i r e s  s e v e r a l  

t e c h n i c a l  lemmas which we w i l l  no t  p r e s e n t  he re .  They may be  found i n  

Bishop and Cheng [ 2 ] ,  p .  6 7  - 7 4 .  The i d e a  of t h e  proof  is  t h a t ,  given 
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g  C C(X) and t h e  sequence I fn}  i n  C(X) w i t h  ? I(•’,) < I ( g )  , we can 
1 

CO 

c o n s t r u c t  a  Cauchy sequence {x j1 of p o i n t s  of X, i n  such a  way t h a t  
n  

(a) t h e r e  is a  sequence {A } of func t ions  i n  C(X) w i t h  A ( x  ) > 0 ,  
n  n  n  

1 
b u t  An(y) = 0  whenever p (xn,y) > -? ; 

n  
CO 

(b) t h e r e  i s  a  s t r i c t l y  i n c r e a s i n g  sequence {M ) of p o s i t i v e  n  n = l  

i n t e g e r s  ; 

1 (c)  t h e r e  i s  a  sequence of r e a l  numbers (6 ), wi th  8  r - ; n  n  
+ 2" 

and f o r  a l l  n  C Z and some E > 0 ,  

I f  x = l i m  x  then ,  a f t e r  some work, we can conclude t h a t  
n- n  ' 

n- 1 00 

and s i n c e  [ ( I  - 6,) kIIl tik] 5 1, i t  fo l lows  t h a t  Z f  (x) < g(x) . n= 1 n = l  n  

The d e t a i l s  of a l l  t he se  c o n s t r u c t i o n s  can be found i n  Bishop and Cheng [ 2 ] ,  

p .  70 - 7 4 .  



(3) By assumption t h e r e  i s  an f  € C(X) w i t h  I ( • ’ )  # 0 .  Then the  

f  
€ C(X) a n d I ( -  f u n c t i o n  - 

1 ( f )  I ( f )  ) = 

(4) Le t  K be  a  compact s u p p o r t  f o r  f  € C(X). Then sup { f ( x )  : x  € X) 

= sup  {f (x) : x  € K ) ,  and, by P r o p o s i t i o n  3.7, t h i s  q u a n t i t y  e x i s t s  and 

+ 
i s  f i n i t e .  P i ck  N E Z w i t h  sup { f (x )  : x  € X) 5 N .  Then 

l i m  I (min  { f , n ) )  = l i m  I (min  { f , n ) )  = I ( • ’ )  
n- n 3  

I f  K s u p p o r t s  f ,  then t h e  cont inuous f u n c t i o n  g(x) = [ l  - p(x,K)] 
+ 

i s  suppor ted  by any compact s e t  con ta in ing  t h e  bounded se t  

K1 = {X € X : p(x,K) 5 1 ) .  L e t  M = sup { 1 f  (x) I : x  € K )  + 1. Then f o r  

+ 
every  x  € X and every n  € Z , 

1 
hence l i m  I (min { I f l ,  - )) = 0.o 

n  
n m  

The l o c a l l y  compact i n t e g r a t i o n  space  (X, C(X), I )  can be  en l a rged ,  

u s i n g  D e f i n i t i o n  2.4,  t o  form ano the r  i n t e g r a t i o n  space ,  (X, C1 (X) , I )  . 
[We can a l s o  modify D e f i n i t i o n  3.14 i n  t h e  obvious way t o  d e f i n e  a  

p o s i t i v e  i ? t e g r a l  on C1(X) . I C (X) w i l l  inc lude*  i n t e g r a b l e  p a r t i a l  1 

f u n c t i o n s .  I n  p a r t i c u l a r ,  t h e r e  w i l l  b e  many i n t e g r a b l e  compact s u b s e t s  

of X i n  (X, C1(X), I ) .  [Note: A complemented se t  i n  X is  compact i f  

i t s  f i r s t  e lement  i s  compact a s  a  s u b s e t  of X.] This  i s  because ,  i f  X 



i s  l o c a l l y  compact and f  C C1(X), t he  set 

i s  compact and i n t e g r a b l e  f o r  a l l  except  countably many t C R. For 

+ 
example, i f  N C Z and K i s  any compact s u b s e t  of t h e  l o c a l l y  compact 

+ 
space  X ,  then the  func t ion  [N - p(x,K) 1 i s  i n  C(X) ; hence 

5 -  = ({x € X : p(x,K) 5 t ) ,  {x C X : p(x,K) > t ) )  i s  compact and 

i n t e g r a b l e  f o r  a l l  except  countably many - t i n  (- 00, N] . 
C l a s s i c a l l y ,  of course ,  every compact s e t  K i n  a  l o c a l l y  compact 

space  i s  i n t e g r a b l e .  This  fo l lows  from t h e  f a c t  t h a t  each f u n c t i o n  

+ fn(x)  = [ l  - np(x,K) 1 , (n C z') , i s  i n t e g r a b l e ,  and {f ) converges 
n  

monotonical ly  (poin twise)  t o  xK. Thus { l ( f n )  1 i s  a  monotone dec reas ing  

sequence converging t o  I ( x K ) .  However, c o n s t r u c t i v e l y ,  we r e q u i r e  t he  

00 

s e r i e s  E I ( 1 fn+l - f n  1 ) t o  be convergent (with a  known r a t e  of convergence) 
1 

be fo re  we can say  t h a t  K i s  i n t e g r a b l e  and p(K) = l i m  I ( • ’  ) .  This  may 
n  n- 

be  r e s t a t e d  i n  t h e  fo l lowing  way. 

P r o p o s i t i o n  3.16. A compact s e t  K = (K, - K) i n  a  l o c a l l y  compact 

i n t e g r a t i o n  space  i s  i n t e g r a b l e  i f  t h e r e  e x i s t s  a  c o n s t a n t  c  € R, such 

t h a t  f o r  a l l  E > 0 t h e r e  i s  a  6 > 0 wi th  I I ( • ’)  - cl < E ,  whenever 

f  € C ( X ) ,  0 5 f 5 1, and f ( x )  = 1 on K ,  f ( x )  = 0 i f  p ( x , ~ )  > 8 .  

Proof:  By assumption we can f i n d  a  sequence { f  ) of func t ions  i n  C(X) 
n  

1 w i t h  l i m  f n  = xK and ] I ( • ’  ) - cl < - n  f o r  some c o n s t a n t  c .  Then 
n- 2" 

00 

l ( l f l l )  + Z I ( ]  fn+l - f n l )  must converge, and hence K i s  i n t e g r a b l e  
1 

00 

and V(K) = I ( f l )  + 2 - f  ) = c . o  
1 n  



An impor tan t  example of a  l o c a l l y  compact i n t e g r a t i o n  space  i s  

(R, C )  , I .  I f  f  € C(R), then I ( f )  i s  def ined  t o  be t h e  o rd ina ry  
b  

Riemann i n t e g r a l  la f(x)dx ,  where [ a ,b ]  i s  any compact i n t e r v a l  

suppor t ing  f. The Lebesgue i n t e g r a l  on C (R) i s  then  de f ined  a s  i n  
1 

D e f i n i t i o n  2 .4 .  

As an i l l u s t r a t i o n  of t h e  method i n  P r o p o s i t i o n  3.16, we can show 

t h a t  t he  s e t  of r a t i o n a l s  (Q, Q ' )  i s  Lebesgue i n t e g r a b l e .  

enumeration of Q.  Then each s i n g l e t o n  s e t  {qm} i s  compact and x {qm} 
m o o  

can be  approximated by a  sequence {f .) 
J j=l 

of func t ions  i n  C(R) w i t h  

l i m  f m  - 
j - 1 . Therefore  x and 11(f;) 1 c - i s  i n t e g r a b l e ,  and 

3- m 2 j  
{qml 

03 

p(iqm}) = 0. Then by the  Completeness Theorem, XQ n g l  X{q,} 
i s  a l s o  

i n t e g r a b l e ,  and hence Q a l s o  has measure zero .  



CHAPTER I V  

THE HAAR IlITEGlUL 

I n  t h i s  chap te r  we prove t h a t  every  l o c a l l y  compact group G admits 

a  l e f t - i n v a r i a n t  p o s i t i v e  i n t e g r a l  and t h a t  t h i s  i n t e g r a l  i s  unique up t o  

a  c o n s t a n t  of p r o p o r t i o n a l i t y .  [The proof  can be  e a s i l y  modif ied t o  show 

t h a t  a  r i g h t - i n v a r i a n t  i n t e g r a l  a l s o  e x i s t s  on G . ]  The c o n s t r u c t i o n  of 

t h e  Haar i n t e g r a l  i s  b a s i c  t o  t h e  s tudy  of c e r t a i n  p r o p e r t i e s  of l o c a l l y  

compact Abel ian groups. A c o n s t r u c t i v e  t rea tment  of some of t h e  

a p p l i c a t i o n s  of t h e  Haar i n t e g r a l  can be  found i n  Bishop [ I ] ,  Chapter  10.  

1. Loca l ly  compact groups 

D e f i n i t i o n  4 .1 .  A l o c a l l y  compact m e t r i c  space  G i s  a  l o c a l l y  compact 

- 
group  i f  G i s  a  group and t h e  mapping (x,y) + x ly from G x G t o  G i s  

cont inuous .  

[ I f  p denotes  t he  m e t r i c  on G, then t h e  product  m e t r i c  p* on G x G i s  

t 

The i d e n t i t y  e lement  of G w i l l  be  denoted by e.  - 



P r o p o s i t i o n  4 .2 .  Le t  G be  a l o c a l l y  compact group, and l e t  x,y be  

elements  of G. Then 

-1 
( i )  t h e  o p e r a t i o n  x -+ x i s  cont inuous 

( i i )  t h e  o p e r a t i o n  (x,y) * xy i s  cont inuous 

( i i i )  f o r  each a € G ,  t h e  t r ans fo rma t ions  x * ax  and x -+ xa  a r e  

cont inuous 

( i v )  i f  H and K a r e  bounded s u b s e t s  of G, then  t h e  s e t s  HK, H-'K 

and H K - ~  a r e  a l s o  bounded. S i m i l a r l y ,  HK, H-% and H K - ~  a r e  t o t a l l y  

bounded i f  H and K a r e  t o t a l l y  bounded s u b s e t s  of G.  

-1 -1 Proof :  ( i )  The composite f u n c t i o n  x -+ (x,e) -+ x e = x i s  cont inuous .  

- 1 -1 -1 -1 ( i i )  S ince  x -+ x i s  cont inuous ,  s o  is  (x ,y)  + (x  ,y) + (x  y 

= xy. 

( i i i )  x + xa  is  e q u i v a l e n t  t o  t h e  composite mapping 

-1 -1 
x + ( a )  -+ (x  ) a = xa ,  which i s  cont inuous f o r  any f i x e d  a f G. 

-1 -1 -1 S i m i l a r l y ,  x -+ ( a  ,x) -+ ( a  ) x = ax  i s  cont inuous f o r  f i x e d  a € G.  

- 1 -1 -1) + ( i v )  The f u n c t i o n s  (x,y) -+ xy, (x,y) * x y ,  and (x,y) * (x  , y  

-1 
-+ xy from G x G t o  G a r e  cont inuous mappings from one l o c a l l y  compact 

space  t o  ano the r .  Hence, by P r o p o s i t i o n  3.5 and Coro l l a ry  3 . 6 ,  they t ake  

bounded sets i n t o  bounded sets and t o t a l l y  bounded sets i n t o  t o t a l l y  

bounded sets .o 

P r o p o s i t i o n  4 . 3 .  L e t  G b e  a l o c a l l y  compact group. I f  H i s  any bounded 

s u b s e t  of G ,  then  

( i )  f o r  each  E > 0 t h e r e  is  a 6 > 0 such  t h a t  p(x-ly,e) 5 E 

whenever x,y € H and p(x,y) 5 6 .  
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( i i )  f o r  each  E > 0 t h e r e  e x i s t s  a 6 > 0 such  t h a t  p(x,y) 5 E 

whenever x ,y  C H and p(x-ly , e )  5 6 .  

Proof :  R e c a l l  t h a t  a func t ion  on a l o c a l l y  compact space  G i s  cont inuous 

i f  and only i f  i t  i s  uniformly cont inuous on every  bounded s u b s e t  of G. 

-1 -1 
( i )  The composite f u n c t i o n  (x,y)  -+ x y -+ (x  y , e )  i s  cont inuous on 

G x G, and hence uniformly cont inuous on H x H. 

( i i )  From P r o p o s i t i o n  4.2 ( i i )  and 4.2 ( i v )  , w e  know t h a t  t h e  

mapping (x,y) + xy i s  uniformly cont inuous on H x H-$. Therefore ,  f o r  

a l l  E > 0 ,  t h e r e  i s  a 6 > 0 such t h a t  i f  (xl,yl) and ( x ~ , ~ ~ )  a r e  i n  

-1 
then  p(xlyl, x y ) 5 E .  S u b s t i t u t i n g  x f o r  xl and x2, e f o r  y , and x y 2 2 1 

f o r  y2, w e  have p(x,  x(x-ly)) = p (x,y) 5 E whenever x and y a r e  i n  H and 

- 1 
p(e ,  x y) 5 6.0 

Coro l l a ry  4.4. L e t  G be  a l o c a l l y  compact group. A s u b s e t  K of G i s  
t 

t o t a l l y  bounded i f  and only i f  f o r  each E > 0 t h e r e  e x i s t  x 
1'"" 

X n 

i n  K such t h a t  f o r  any x i n  K a t  l e a s t  one of t h e  numbers p (e ,x i l x ) ,  . .. 
- . . . , p (e ,xnlx) i s  l e s s  than E .  

P roof :  I f  K i s  t o t a l l y  bounded, then i t  i s  bounded. Then by P r o p o s i t i o n  

4.3 (i), we can choose a 6 approximation t o  K w i t h  t h e  p rope r ty  d e s i r e d .  

Conversely,  l e t  E > 0 and suppose x 
1'"" x exist s o  t h a t  f o r  each n 

-1 
x C K ,  t h e r e  i s  an x w i t h  p(e ,  x .  x) < E .  The set  i 1 

- 1 
{xilx C G : p(e, xi X) c E )  i s  bounded, and t h e  map z + x.  z i s  cont inuous 

1 

-1 f o r  each f i x e d  x . .  Hence {x C G : p(e ,  xi x) c E} is  a l s o  bounded, s i n c e  
1 

cont inuous f u n c t i o n s  t ake  bounded sets i n t o  boundzd sets. S ince  

n - 1 K c i,U1 {X C G : p(e ,  xi X) c E},  K i s  a bounded set .  We can then apply 



P r o p o s i t i o n  4 .3  ( i i )  t o  o b t a i n  a A approximation t o  K f o r  any given 

Lemma 4.5. Le t  f C c(G)'+-- t h e  set  of a l l  non-negative f u n c t i o n s  i n  C(G) . 
Then f o r  every E > 0 t h e r e  e x i s t s  a 6  > 0 such t h a t  I f (x) - f (y) 1 5 E 

Proof :  S ince  z -+ z-' is  cont inuous,  we can choose f o r  any A > 0 a v > 0 

-1 
wi th  p ( e ,  z ) 5 A whenever p(e ,z )  5 V. Le t  E b e  any compact s e t  con ta in ing  

{z  E G : p(e,z)  5 A )  and l e t  K be  a compact s u p p o r t  f o r  f .  Write 

(EK)l = {x C G : pJx ,  EK) 

cont inuous on E x (EK) 
1 '  

any E > 0 we can choose a 

* 
P ( ( z , y ) ,  ( e , y ) )  = p(z ,e )  

5 1 .  The f u n c t i o n  (x,y) + xy i s  uniformly 

and f i s  uniformly cont inuous on G. Hence, f o r  

y > 0 and 6  w i th  0 < 6 c V, such t h a t  

5 6 imp l i e s  p(zy, y )  5 y and I f  (zy) - f ( y )  1 5 E 

f o r  a l l  z E E and y E (EK) 

Now w e  c la im t h a t  f o r  a l l  z i n  {z E G : p(e ,z )  5 6 )  and every  y E G, 

I f (zy)  - f ( y )  l 5 E: 

(1) I f  y C (EK)l, then i f ( z y )  - f ( y ) 1  5 E by d e f i n i t i o n  of 6 .  

(2) I f  y C -(EK), then s i n c e  e C E, y E - K and hence f ( y )  = 0 .  I f  

f ( zy )  > 0 ,  y C K and y C z - k .  But s i n c e  6  < V ,  p ( e ,  z-I) 5 A ,  

and s o  y € EK, which c o n t r a d i c t s  ou r  assumption. Hence f ( z y )  = 0 a l s o .  

-1 Now w r i t e  x = zy, and z = xy . Then w e  have f o r  each E > 0 a 6  > 0 

-1 such t h a t  I f ( x )  - f ( y ) l  5 E i f  p ( e ,  xy ) 5 6 .0  



2 .  Cons t ruc t ion  of t he  Haar I n t e g r a l  

D e f i n i t i o n  4 .6 .  Le t  G be  a  l o c a l l y  compact group, For each func t ion  

f :  G + R and each s € G ,  we d e f i n e  the  l e f t  t r a n s l a t e  of f  by s ,  foTs, by 

foTs(x) = f  (sx) 

f o r  a l l  x  C G. The r i g h t  t r a n s l a t e  i s  def ined  s i m i l a r l y .  

D e f i n i t i o n  4.7.  Le t  G be  a  l o c a l l y  compact group and (G,L,I) an i n t e g r a t i o n  

space .  The i n t e g r a l  I i s  s a i d  t o  be  l e f t - i n v a r i a n t ,  o r  i n v a r i a n t  under 

l e f t  t r a n s l a t i o n s  i f  f  C L imp l i e s  foTs C L, and I ( • ’ )  = I ( f0Ts )  f o r  every 

f  € L and s C G. The d e f i n i t i o n  of r i g h t  i n v a r i a n c e  i s  s i m i l a r .  A 

l e f t - i n v a r i a n t  p o s i t i v e  i n t e g r a l  on G i s  c a l l e d  a  l e f t  Haar i n t e g r a l .  

We begin  t h e  c o n s t r u c t i o n  of t he  Haar i n t e g r a l  by d e f i n i n g  the  Haar 

cover ing  func t ion ,  (f:cp), which i s  a  rough measure of t he  "s ize"  of 

t he  func t ion  f ,  compared t o  ano the r  func t ion  q .  

Let c(G)'+ denote t he  s e t  of a l l  non-negative func t ions  i n  C(G), 

+ 
and l e t  C(G) b e  the  s e t  of a l l  non-zero elements  of c(G)'+. Then f o r  

each f  C c (GI" and q  C c(G)+ t h e r e  e x i s t s  a  s e t  S, c o n s i s t i n g  of a l l  

f unc t ions  5 w i t h  

n  + 
( i )  5 = Ci qOTsi f o r  some n  € Z , where c  > 0 and s C G, i - i 

(1 5 i 5 n ) ,  

and ( i i )  ~ f  5 5 . 
We d e f i n e  

(f:q) = i n f  { Z ci : 5 = Z (ci q0Tsi) i s  i n  S }  

whenever t h i s  infimum e x i s t s .  



Lemma 4.8. L e t  f  C ~ ( 6 ) "  and 9 C c(G)+. Then t h e r e  i s  a  compact sex K 

n  
such  t h a t  i f  f  5 . E  ci qoTsi , then f  5 2 

1- 1 i C A  'i (POTS , where 
i 

A i {I , .  . . , n} and Isi : i C A} c K .  

Proof :  Le t  H and J be  compact suppor t s  f o r  f  and q ,  r e s p e c t i v e l y .  By 

P r o p o s i t i o n  4.2 ( i v ) ,  JH-I i s  t o t a l l y  bounded; hence i t s  c l o s u r e  i s  compact. 

Choose a > 0 s o  t h a t  

is  compact. [The d i s t a n c e  from a  p o i n t  - x  t o  a  se t  A i s  t h e  same a s  t h e  - 
d i s t a n c e  from - x  t o  t h e  c l o s u r e  of - A, i f  e i t h e r  of t h e s e  q u a n t i t i e s  e x i s t s . ]  

n  
Suppose f  5 Z ci qoTsi . - 1 For each s e i t h e r  p ( s  JH ) 5 a o r  

i= 1 i ' i ' 
- 1 -1 

p(si  , JH ) > 0.  L e t  A = { i  : p(s i ,  JH ) 5 a,  1 5 i 5 n}. 

I f  f ( x )  > i$A ci qoTsi(x) f o r  any x  C 6, then x  C H ,  and 

r. kfA ck p T s k  (x) > 0 ( 1  5 k  5 n) . But f o r  each x  C H and k  f A ,  (1  5 k  5 n) , 
-1 

p( sk ,  JH ) > 0. Hence P(S x,  J) > 0  and q(skx)  = qoTsk(x) = 0 ,  s i n c e  J k  

s u p p o r t s  q .  Therefore  f  5 iCA ci qoTsi .o 

We can now show t h a t  f o r  any f  C ~(6)' '  and q  C c(G)+, t h e  se t  

S = { c  : 5 = Z ci qoTs and 5 5 f }  i s  non-empty. 
i ' 

L e t  H be  a  compact s u p p o r t  f o r  f  and choose K a s  i n  t h e  proof  of 

t h e  l a s t  lemma. There ex is t s  a  t C G and y > 0  w i t h  q  ( t )  > y. S ince  

y + t y  i s  cont inuous ,  we can choose 6 > 0  s o  t h a t  q ( t y )  > y whenever 

- 1 -1 
p(e ,y )  c 6 .  P i ck  sl ,..., s i n  K such t h a t  f o r  each x  t K ,  we have N 

p(e, s .x) c 6 f o r  some j ( 1  5 j 5 N) [ P r o p o s i t i o n  4 . 3  ( i )  J .  Then 
J 



q ( t s . x )  > y and 
J 

f o r  every x € H .  Let  Mf = sup { f (x )  : x € H). Then 

1 N 
f  (x) 5 - M E qoTtsi(x) y f  i-1 

N *f 
f o r  a l l  x  C  G ,  and hence 5 = Z - @qoTts i s  i n  S .  

i=l y i 

C l a s s i c a l l y ,  then,  the  number ( f : q )  must e x i s t  because i t  i s  the  

infimum of a  non-empty bounded s e t  of numbers. However, f o r  t h e  c o n s t r u c t i v e  

proof of t he  e x i s t e n c e  of ( f : q ) ,  we r e q u i r e  more informat ion  about  the  

set { Z c i  : Z c .  poTt C S } .  
1 i 

Lemma 4.9. The q u a n t i t y  (f:q) e x i s t s  f o r  

Proof:  Given f and 9 ,  l e t  K be  chosen a s  

every f  C  c(G)'+ and q  € c(G)+. 

i n  Lemma 4.7, and l e t  

Mf qoTtsi be  a s  above. Wri te  6 = ,=, y 
A = {$  : $ = Z ci qoTti C  S  and 

ti 
€ K f o r  each i )  

- 

NM 
and Ac = { Cci : Z c qoTti C A and Z ci C > } 

i Y 

Then t o  show t h a t  ( f :q)  = i n • ’  { Zci : Z ci qoTti C  S ]  e x i s t s ,  we need 

only show t h a t  i n f  { Zc : Zc. € A ~ }  e x i s t s .  
i 1 

To do t h i s ,  we provide  a  method of c o n s t r u c t i n g ,  f o r  any E > 0, a  

s u b f i n i t e  s e t  BE c { Xci : Z c .  qoTti € S} such t h a t ,  i f  Zc is  i n  Ac,  
1 k 

then t h e r e  i s  a  Zbi i n  BE with  Zb Zck + E. From t h i s  c o n s t r u c t i o n ,  i - 

w e  can f i n d  ( f : q )  by a  procedure s i m i l a r  t o  t h a t  i n  t he  proof of 

P ropos i t i on  3.7. 



Let  E > 0 be  given,  and l e t  H be  a compact suppor t  f o r  f .  Wri te  

E 

6 =  2 . To c o n s t r u c t  B : 
N M f + Y N +  2 E  

Y 
(1) Choose elements  x 1'"" 

x i n  K such t h a t ,  f o r  any x € K ,  
J 

t h e r e  i s  an x ( 1  5 j 5 J )  w i th  q(xy) 5 q ( x . y )  + 6 f o r  every y € H .  
j J 

[Since q i s  uniformly continuous [P ropos i t i on  3.131, t h e r e  is  a h > 0 

same method a s  i n  t h e  proof of P ropos i t i on  4.3 ( i i )  , we can f i n d  xl,. . . , X  J 

i n  K such t h a t  f o r  each x € K t h e r e  i s  an x w i t h  p(xy, x .y )  5 A f o r  every 
j J 

(2) P i ck  n € Z+ w i t h  JNMf f n.  

(3) Le t  B b e  the  s u b f i n i t e  set c o n s i s t i n g  of a l l  f unc t ions  of t he  

form 

where k= (kl, .  . . , k ) and 0 9 ki C n f o r  each i = 1,. . . ,J. 
J 

( 4 )  Divide B i n t o  two s e t s  B 1  and B" i n  such a way t h a t  

( i )  f 5 5 f o r  any 5 € B 1  m m 

( i i )  f o r  each 5 € B", t h e r e  i s  a y € H w i t h  
m 

f01) > cm(y) - 6 

[S ince  H i s  t o t a l l y  bounded, t h e r e  is  a f i n i t e  method of a s s i g n i n g  
I 

each element of B t o  a t  l e a s t  one of B '  and B".] 

Then l e t  BE = {2bi : 5, = Z bi qoTti € B ' } .  

Now suppose $ = 2 $c O0Tuk i s  i n  A and Ec i s  i n  Ac. From t h e  k 



d e f i n i t i o n  of A ,  we know t h a t  each \ i s  i n  K .  We picked x 
1'"" 

X s o  
J 

t h a t  f o r  any \ € K t h e r e  i s  an x .  w i th  q [ y y )  C q ( x  .y) + 6 f o r  a l l  y C H .  
J J 

This  imp l i e s  t h a t  c qoT\(y) E c poTx.(y) + c 6 f o r  every y C H.  Hence 
k k J k 

we can f i n d  non-negative i n t e g e r s  a 1'"" a (which a r e  l i n e a r  combinations 
J 

J 
of t he  ck1s )  such t h a t  izl ai = Zck, and 

1 s i n c e  Cc C A and 1 5- Z pOTts i (y)  [Y H I ,  
k c y i=l 

NM f o r  a l l y  C H. Now f o r  1 5  j C J, a C Zc f " 6 ,  by our  choice  of 
j k - -  J Y 

n.  Hence t h e r e  is  an m = (ml '..., m )  wi th  0 5 m .  5 n (1  C j 5 J )  and - J J 

J 6 6 ( N"f - +  1)  . Z  N cp0~ts i (y)  Then f (y) + 6 igl j ( m i  + 2) poTxi(y) + y  
I= 1 

= sm(y) [Y c H I  

and s o  5 € B'. 
m 

We then have a Zbi C B such t h a t  



+ 
For f € c(G)'+ and p € C(G) , t he  func t ion  ( f  :p) has  the  fo l lowing  

p r o p e r t i e s  : 

+ 
(1) I f  f C C(G) , then ( f  :p) > 0 .  [ I f  f (x) 3 Z ci poTs. (x) f o r  a l l  

1 

x € G,  then f ( x )  - sup p(y) f o r  a l l  x € G, and 
< ' 'i ycG 

;YE f (Y) 3 sup p (y) *Zci . Thus 0 c 3 Zci , and i t  fol lows t h a t  
Y (G SUP (4' 

0 < 9L.L 5 (f :q)  . I  
SUP (4' 

(2)  I f  a 1 0, (a•’ :q) = a ( f :p )  . 
(3)  ( f 0 ~ s : q )  = (f :p)  f o r  every s C G. [ I f  f ( x )  5 Z ci qoTsi(x) f o r  

every x C G, then  foTs(x) 5 Z ci poTsis(x) f o r  a l l  x C G. Conversely, 

i f  foTs(x) 5 Z di qoTt .  (x) f o r  a l l  x C G, then,  f o r  each y C G t h e r e  i s  
1 

-1 an x w i t h  y = s x ,  and f ( y )  5 Z di p0Tt . s  ( y ) . ]  
1 

(4) I f  f l  and f 2  a r e  i n  C(G) O+, then 

e x i s t  non-negative i n t e g e r s  cl, . . . , cn, dl, . . . , %, and elements  of G 

sl, .  . . ,sn,tl , .  . .,ti, such t h a t  

E 
f l  5 Z ci qoTsi and Zci c (f l :p)  + - 

2 
E f 2  5 Z d j  qoTt  and Zd. c (f2:p) + - 

j J 2 

Then ( f  + f :q) - 
1 2  

Zci + Zd < ( f l : d  + (f2:p)  + E ,  and s i n c e  t h i s  ho lds  
j 

f o r  any E > 0 ,  i t  fo l lows  t h a t  ( f  + f2:p)  -E (f :p) + (f  :q) . ]  1 1 2 
+ 

(b) (fl:q) - (f2:p) 5 ( ( f l  - f2 )  : q ) .  [ For each E > 0 t h e r e  

are ely* k,f  l,. . . f n  i n  z0+ and sl, . . . ,sk, tl, . . . ,t, i n  G such t h a t  

+ 
( f l  - f2)  5 Z ei pol'si and Zei c ( ( f  - f 2) + :p) + - E 

2 

E 
f 2  9 Z f ooTt  and Z f .  c (f2:q) + 

j j J 



consequent ly ,  i f  f 

e x i s t  non-negative 

sl , .  . . ,Sk,  tl,. . . t n 

i n t e g e r s  c l , .  . . ,ck,dl, .  . . and elements  of G 

such t h a t  

f C Z ci cploTs and i c i  < (f:ql) + E 
i 

q1 5 E d j  cp20Ttj and Ed. c (cp1:cp2) + E 
J 

Then f o r  i = 1,. . . ,k, 

f o r  a l l  x C G, hence 

f o r  a l l  x C G. Therefore  ( f  :q ) 5 Zc. (Zd.) c [ ( f  :ql) + €1 [(v1:q2) + €1 ,  2 1 J  

and s i n c e  E can be  a r b i t r a r i l y  s m a l l ,  t h e  r e s u l t  fo l lows .  ] 

Now f i x  ( f o r  t h e  rest of t h i s  s e c t i o n )  a  p a r t i c u l a r . f u n c t i o n  f  i n  0 
f o+ + 

C(G) and, f o r  each  f  i n  C(G) and cp i n  C(G) , w r i t e  

The f u n c t i o n a l  I has  t h e  fo l l owing  
cP 

(1) I f  f C c(G)+ then I ( f )  > 
cP 

( f  :cp) 
(fo:cp) . 

p r o p e r t i e s  : 

0. 



(2) I f  a 2 0 ,  I ( a f )  = a1 ( f ) .  
cP cP 

(3) I ( f  + f2 )  5 IcP(fl) + I (f ) .  
cP 1 cP 2 

(4) I (foTs) = I ( f )  f o r  each s C G. [ I (foTs) = (f oTs : c p )  - - 
cP cP cP (fo:cP) 

(5) I f  f C c(G)+, then < I  ( f )  5 ( f : fo ) .  [For a l l  f C C(G) O+ , 
(fo:f)  - cP 

( f : ~ )  5 (f:f  ) ( f  :q ) ,  hence I ( f )  5 ( f : f  ). I f  f C c(G)+, then 0 0 cP 0 

(fO:q) E ( f o : f )  (f:lp), and s o  - I ( f ) . ]  
( f o : f )  - cP 

Lemma 4.10. Let  E and M be  any p o s i t i v e  numbers, and l e t  f l ,  ..., f n  be  

func t ions  i n  c (G)". Then t h e r e  e x i s t s  a 6 > 0 such t h a t  

f o r  any r e a l  numbers a ..., a wi th  0 5 ai 5 M (1 9 i 5 n ) ,  and any 1' n 
+ 

cp C C(G) such t h a t  cp (x) = 0 whenever p (e ,x)  1 6 .  

Proof :  I t  i s  s u f f i c i e n t  t o  show t h a t  f o r  every E > 0 t h e r e  i s  a 6 > 0 

such t h a t  

+ n 
f o r  every q C C(G) with q(x)  = 0 whenever p(e ,x)  t 6 .  [ I (2 aifi)  

n n cP 1 

- < I,($ Mfi) , s o  the  f u n c t i o n a l s  I (Z a . f . )  a r e  bounded independent ly of 
cp1  1 1  

t h e  choice of al,. . . ,a .] 
n 

Suppose E > 0,  M, and f ..., f have been given.  Le t  K be a compact 1' n 
+ suppor t  f o r  a l l  of the  func t ions  f l ,  . . . , f  , and l e t  g f C(G) be  any n 

func t ion  w i t h  g(x) = 1 f o r  a l l  x C K. 
F 

E 
L 

Write  A= and h = 
(g: fo)  n 

. By Lemma 4.5, we can 
j E a . f + X g  i-1 1 i 



1 n n  
5 -l~(f.(u)g(v)-f.(v)g(u))+ f . (u )ZM(f . (v) - f i (u) )+  fMfi(u) ( f i (u) - f i (v) ) I  1 

x2 J J l l  

+ 
Now l e t  cp € C(G) be  such t h a t  cp(x) = 0  f o r  a l l  x  w i t h  p(e ,x)  1 6 .  By 

Lemma 4.9 ,  t h e r e  e x i s t  cl ,..., c  € RO+ and s1 ,..., s € G w i t h  
m m 

-1 E 
choose 6  > 0  s o  t h a t  l h . ( s  ) - h . ( x ) l  3; ,  f o r  1 5  j 5 n ,  whenever 

J  J  

p ( e , sx )  c 26. [The choice  of 6 i s  independent  of t h e  va lues  of al, ..., an 
f . ( u )  

Without l o s s  of g e n e r a l i t y ,  w e  may assume p ( s  . x,e)  < 26 f o r  i = 1, . . . ,m 
1 

because lh . (u)  - h j (v )  1 = 

and a l l  x  C K. [ I f  p(six,e) > 6 ,  then cp(six) = 0.1 Then 

-1 E 
h  (x) 5 h . ( s i  ) + -  ( 1  j 3 n, 1 i 5 .  This  g ives  
j J  n  

------b---- - f j ( 4  

-1 E 
m -1 E Ci (h .b i  ) + ; 

Thus ( f . :v )  5 .Z  ( h . ( s i  ) +; )c i  , and I ( f )  5 Z 
J 1=1 J v i=l (fo W )  

J Zaifi(u) + Xg(d  Eaifi(v) + Xg(v) 

Summing, w e  have 



m 
Z c n 

NOW i=1 i may be  chosen t o  be  a r b i t r a r i l y  c l o s e  t o  I ( Z (a  f ) + Xg) cp i=l i i 
( fo  :(PI 

Hence 

< I ( . a f . )  + ~ ( g : f ~ ) l ( l  + E) - cp 1=1 i 1 

[Proper ty  (4) of I 1 
n 

cP 

= ( I  ( .Z a . f . >  + ~ ) ( 1  + €1.0 
cp 1=1 1 1  

Lemma 4.11. Suppose E > 0 and f C c(G)'+. Choose 6 > 0 s o  t h a t  

+ 1 f (x) - f (y) I 5 E whenever p (x-'y .el 5 6 .  I f  g C C (G) has  t he  p rope r ty  

6 
t h a t  g(x) = 0 whenever p(x,e) > - and i f  a i s  any c o n s t a n t  g r e a t e r  than 2 . 
E ,  then  t h e r e  e x i s t  cl . . . . . c i n  RO+ and s 

k I' -.Sk i n  G such t h a t  

f o r  a l l  x C G. 

Proof:  For a l l x  and s i n  G ,  - - 

v s o  t h a t  (g (x )  - g(y) 1 5 T-, 

Suppose K is  a compact 

i n  K such  t h a t ,  f o r  any x C 

+ - 1 
Define g* C C(G) by g*(x) = g(x  ), and write q = a - E  

2(f:g") Choose 

- 1 whenever p(x y,e)  5 v.  

-1 - 1 s u p p o r t  f o r  f .  Then t h e r e  e x i s t  sl , . . . ,s 
k 

- 1 K ,  t h e r e  is  an s € K (1 5 i 5 k ) ,  w i t h  
i 



v + 
P(six,e) < - 2 .  Choose h  . . . ,hk i n  C (G) wi th  1 ' 

k  
(a) izl hi(x) = 1 f o r  every x  C K 

(b) hi(x) = O  i f  p ( s .x , e )  t v .  
1 

i- Cv - p  (six,e) I 
[E.g. hi(x) = + 1 Then f o r  each h .  and each s C G ,  

5 [V - p( s .x , e )  I 1 

j=l J 

-1 I g(six) - g ( s  X) 1 9 TI. I f  h i ( s )  = 0, then ( 2 )  is  c l e a r l y  v a l i d .  Hence 

by c o n t i n u i t y ,  (2) ho lds  f o r  each s C G.] 

From (1) and (2) we have 

Now f i x  x  € G and cons ider  a l l  t he  func t ions  i n  (3) a s  func t ions  of s .  - 
* L e t  p ( c (G)'. Then s i n c e  g(s-lx) = g*(x-ls) and 1p ( g * ~ ~ x - l )  = I9 (g ) 

# 

f o r  each f i x e d  - x ,  we have 



I(,,(f) 
Div id ing  by I (g*) , and n o t i n g  t h a t  - - ( f  :cp) a  - E 

cp 
5 (f:g*) = - 

I(,, (g*) (gX:cp) 211 ' 
w e  o b t a i n  

k  
a +  I(+)( i.l g(six)hif)  

f ( x )  - - ' a + E  
2 - 

5 f  (x) + --- 
I(,, (gX) 2 

+ 1 a - E  
Le t  f i  = h . f  ( 1  5 i 5 k ) ,  and choose an m C Z s o  t h a t  - < - 

1 m 2 
* 

and m l g ( s .  x) ( f  :g ) f o r  every x  € G and i = 1,. . . ,k .  Write 
1 0 

(f : 0) 
Then 0 9 gi(x) = g ( s . x ) *  c * 

1 (g*:cp) 
- g(six)(fo:g ) 5 m. Hence, by Lemma 4.10, 

we can r e s t r i c t  9 s o  t h a t  

I ( f . )  
Then l e t  ci = , ( 1  5 i 5 k) , and cons ide r  any x  C G. 

I g ( g  ) 

[Proper ty  (3)  of I ] 
cP 

Together  w i t h  (4) , t h i s  g ives  



and s o  

f o r  every x € G.o 

Now t o  c o n s t r u c t  t he  Haar i n t e g r a l ,  we cons ider  a  sequence of 

+ f u n c t i o n a l s  {I lrn , where cp € C(G) has t he  p rope r ty  t h a t  cp,(x) = 0 'Pn n = l  n  
1 + i f  p (e ,x)  2 - . I t  w i l l  be  shown t h a t ,  f o r  each f  C C(G) , {I'Pn(f))z=l 
n  

i s  a  Cauchy sequence, converging t o  a  number I ( f ) .  The f u n c t i o n a l  I ,  s o  

de f ined ,  i s  p o s i t i v e  and l e f t - i n v a r i a n t .  I t  can b e  extended t o  C(G) by 

+ 
de f in ing ,  f o r  each f  C C(G), I ( f )  = I ( • ’  + c p )  - ~ ( f -  + cp) f o r  some 

q C c(G)+. 

Theorem 4.12. Le t  G be  a  l o c a l l y  compact group. Then 

( i )  t h e r e  e x i s t s  a  p o s i t i v e  l e f  t - i n v a r i a n t  i n t e g r a l  I on C(G) , w i t h  

t h e  p rope r ty  t h a t  I ( f )  > 0 i f  f  > 0. 

( i i )  i f  J i s  any p o s i t i v e  l e f t - i n v a r i a n t  i n t e g r a l  on C(G), then 

+ 
J = c I  f o r  some cons t an t  c  € R . 

+ 
Proof:  ( i )  L e t  f  C C(G) and l e t  {cp lrn be  a s  above. To show t h a t  

n  n = l  

{I ( f )  lrn converges,  i t  i s  s u f f i c i e n t  t o  show t h a t  f o r  any E > 0, t h e r e  
on 1 + e x i s t s  an N C Z such t h a t  

I Ipn(f)  - 1 ( f )  I 5 E 
'Pk 

i f  n ,k )_ N. 

- 1 Suppose 0 < E < 1. Choose X > 0 s o  t h a t  p(x , s  ) 5 E whenever 



P(sx,e)  5 A. [Since (x,y) + xy i s  cont inuous ,  t h e r e  e x i s t s  a A > 0 

- 1 -1 -1 
such  t h a t  p*((s , s x ) ,  ( s  , e ) )  = p(sx ,e )  5 A imp l i e s  p(x , s  ) 5 E . ]  

L e t K b e a c o r n p a c t s u p p o r t  f o r f  a n d K  b e a c o m p a c t s u p p o r t  f o r  f  Then 
0 0 ' 

+ 
(K U = { X  6 G : ~ ( x ,  K U KO) 5 1 ) .  L e t  w be  any f u n c t i o n  i n  C(G) 

w i t h  w(x) = 1 f o r  a l l  x i n  (K U K ) 0 1' 
E 

Wri t e  y = 4 [ 1  + (w : fo ) ] [ l  + ( f : f o ) ]  and p i c k  6 6 R s o  t h a t  

O < d < X a n d  

6 Choose g 6 c(G)+ s o  t h a t  g(x) = 0 on {x 6 G : p(x,e)  2 7 }. 
o+ -1 - 1 

By Lemma 4.11, t h e r e  e x i s t  cl, ..., c i n  R and tl ,..., t i n  K m m 

such t h a t  

We then have 

[ I f  i f (x )  - Z cig( t ix)  1, yw(x) f o r  some x c G, then w(x) < 1 and 

f ( x )  = 0 .  I f  2 c . g ( t . x )  > 0 then g ( t . x )  > 0 f o r  s o m e l ,  which imp l i e s  
1 1  J 

- 1 t h a t  p ( t  x , e )  _C 6 .  But then,  s i n c e  6 c A ,  p ( x , t j  ) _c E < 1, and s o  
j 

x C (K U K ) and w(x) = 1.1  
0 1 



and 

I Iq ( f )  - I (C cigoTti) 1 5 YI (w) = 
cP 'P 

1 (h . f )  
From t h e  proof  of Lemma 4.11, w e  know t h a t  c = @ 

1 I,(g*) 
f o r  j = 1,. . .,m. 

Now h . f  5 f ,  hence 
J 

We can now apply Lemma 4.10 t o  o b t a i n  an N f Z+ such  t h a t  

and hence 

f o r  every cpk w i t h  k 1 N .  

Combining (1) and (2), we have 

m 
where c = c > 0 and k L N .  i-1 i 

We can s u b s t i t u t e  f f o r  f i n  a l l  of t h e  above i n e q u a l i t i e s ,  and, s i n c e  0 

I (f ) = 1, w e  o b t a i n  
'Pk 0 



f o r  some d  > 0 ,  o r ,  equ iva l en t ly ,  

C C la - c 1  'Pk ( g ) (  5 , ~ [ l  + (w:f0)1 

From (3) and ( 4 ) ,  we conclude 

C 
l ~ ~ ~ ( f )  - ;r 1 5 y [ l  + ( w : f o ) l ( l  +; ) 

f o r  every k  1 N .  Then 

C - ( 1  - y [ l +  (o : fo ) l )  s I ( f )  + y [ l +  (w:fo)l  d  'Pk 

and s o  

s i n c e  0  < E < 1. Combined wi th  (5) , t h i s  g ives  

f o r  every k  1 N.  Hence i f  k ,n  1 N ,  

I I f  - I 'Pn ( f )  I _E E 

+ and s o  l i m  I ( f )  = I ( f )  e x i s t s  f o r  each f  € C(G) . 
n-~x)  qn 

I ( f )  has  t he  fo l lowing  p r o p e r t i e s :  

( a )  I f  f > 0,  I ( f )  > 0 ,  because 0  < 1 f 
5 1 ( f )  f o r  each n  € Z . 

( fo : f )  (41 

(b) I ( a f  + g) = a I ( f )  + I ( g ) .  [By Lemma 4.10, f o r  each E > 0  

+ 
t h e r e  is an N C Z such t h a t  a1 ( f )  + I (g) 5 IBk(af  + g) + E f o r  every  

'Pk 'Pk 



k 2 N. Hence a I ( f )  + I ( g )  5 I ( a f  + g) .  I ( a f  + g) 5 a ( • ’ )  + I ( g )  by 

P r o p e r t i e s  (2) and (3) of Iq. 

(c) I (foTs) = I ( • ’ )  f o r  every s C G. 

+ o+ Now i f  f  C C(G) , then f  and f -  a r e  i n  C (G) . Therefore we can 

choose any ip C c(G)+, and have f  = (f' + ip) - ( f -  + ip) . Define 

I ( • ’ )  = I ( • ’+  + ip) - I(•’-  + q ) .  [ I f  we a l s o  have f  = f  - f 2 ,  ( f l , f 2  C c(G)+),  1 
+ then f + f -  + ip = f 2  + f  + ip, and s o  I ( f l )  + I(•’-  + ip) 1 

+ 
= I ( f  2) + I (f  + q )  . Hence I ( f )  does no t  depend on the  p a r t i c u l a r  

choice  of f  and f  2 .  ] Clea r ly  (a) , (b) , and (c )  ho ld  f o r  t he  extended 1 

f u n c t i o n a l  I. 

( i i )  L e t  J b e  a  l e f t - i n v a r i a n t  p o s i t i v e  i n t e g r a l  on C(G) . I f  

+ o+ 
f € C(G) and J ( f l )  > 0 ,  then t h e r e  e x i s t  dl, . . . dn i n  R and tl, . . . , t n 
i n  G wi th  

and 

n + where Zdi z 0 .  Consequently,  J ( f )  > 0 whenever f  C C(G) . 
1 

1- Now l e t  f l  and cp be  i n  C(G) wi th  . 
n 



Then 

and i t  fo l lows  t h a t  , 

f o r  every f 
1, 'n c c(G)+. 

+ + 
Let  f € C(G) and l e t  u C C(G) be  def ined  a s  i n  p a r t  (i) . For each 

+ 
E > 0 t h e r e  i s  an N € Z such t h a t  f o r  a l l  n 2 N ,  [and qn (x) = 0 f o r  a l l  

1 o+ 
x i n  {x € G: p(e,x) > - 11, t h e r e  e x i s t  cl, . . . , c  i n  R and sl, .  . . ,S i n  n m m 

G w i t h  

and 

From t h i s  we can conclude t h a t  

and 

Hence 



f o r  each n 2 N. 

4- Now l e t  f  b e  any f i x e d  func t ion  i n  C(G) . From (6) we have 
1 

f o r  every n 2 N.  Therefore 

and s i n c e  t h i s  ho lds  f o r  each E > 0 ,  

+ f o r  every f  € C(G) . Holding f  f i x e d ,  we can r e p e a t  t h e  above argument 
1 

w i t h  f  and f  in te rchanged and ob ta in  
1 

+ J ( f l )  f o r  any given f  € C(G) . Hence ~ ( f )  = - + I ( • ’ )  f o r  every f  € C(G) , 

I and consequent ly,  ~ ( f )  = - 
U f l )  

I ( • ’ )  f o r  every  f  € C(G).n 

Me can now use  t h e  Danie l1  ex t ens ion  method of D e f i n i t i o n  2.4 

t o  extend I t o  C1(G). 



Coro l l a ry  4.13. Le t  G be  a  l o c a l l y  compact group. Then t h e r e  e x i s t s  a  

l e f t  Haar i n t e g r a l  on C (G). 
1 

Proof :  Let I be a l e f t - i n v a r i a n t  p o s i t i v e  i n t e g r a l  on C(G). C lea r ly  

I is  a l s o  a  p o s i t i v e  i n t e g r a l  on C (G). Suppose g C C1(G) and { f n } b l  1 

is  a r e p r e s e n t a t i o n  f o r  g. Then 

g O ~ s ( x )  = g(sx)  = f  ( sx)  = ? fnoTs(x) n-1 n  1 

m 
whenever Z ) f n o ~ s ( x )  I converges,  and 

1 

s i n c e  {f ) i s  a  r e p r e s e n t a t i o n  f o r  g. Hence goTs is  i n t e g r a b l e ,  and 
n 
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