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ABSTRACT 

The response of an iron whisker to longitudinal applied 

fields is studied theoretically and experimentally. Long- 

range magnetostatic interactions are found to play the dominant 

role in the magnetization process. The micromagnetic equations 

are solved for the transverse magnetization of the long domains 

in the Landau configuration and we find (i) the volume charge 

is always negligible for any crystalline anisotropy, (ii) the 

180•‹ wall charge depends on anisotropy and for iron never 

exceeds 2.3 percent of the total magnetic charge, (iii) most 

of the charge is on the surface and a close analogy exists 

between the whisker and a bar of infinite intrinsic magnetic 

susceptibility. This analogy is used to find the longitudinal 

magnetization of the whisker in an arbitrary applied magnetic 

field. Maxwell's equations are solved self-consistently over 

the length of the bar and the procedure is extended to finite 

intrinsic susceptibility. In addition, approximate calcula- 

tions of the demagnetizing energy are used to compute the 

susceptibility. 

In a series of experiments a whisker is used as a trans- 

former core with various d.c. bias fields. The magnetization 

in a cross-section at different positions along the whisker is 

determined for several length to width ratios. The results 

are in excellent agreement with theory. 

To our knowledge, this is the first time the micromagnetic 

equations have been solved for the magnetization in a 3-dimen- 

sional multidomain specimen in an applied field Ho. As a 



result of these studies, we have been able to construct a 

picture of the spatial variation of magnetization in an iron 

whisker during the magnetization process. 
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CHAPTER 1 

INTRODUCTION 

1.1 The Micromaqnetic Approach 

One can approach ferromagnetic materials from many 

different levels, from the most basic (quantum mechanical) 

problems of the interaction of neighboring atoms to produce 

alignment of adjacent magnetic moments, to studies of 

hysteresis curves and permeability. In micromagnetics an 
-F 

intermediate approach is taken. A spontaneous magnetization M, 

whose magnitude depends on temperature but not appreciably on 
I 

applied field, is assumed to exist by virtue of the quantum 

mechanical exchange forces. Fluctuations whose wavelength is 

comparable to the lattice spacing are averaged out. The mag- 

netization is taken to be continuous over the specimen and of 

magnitude Ms; only its direction varies. Domains may or may not 

be postulated, depending on the purity of approach and the 

questions being asked. 

There are contributions to the free energy of the specimen 

from the magnetic energy (dipole-dipole) of magnetization, 

interaction with the applied field, interaction of the magnetiza- 

tion with the lattice (anisotropy and magnetostriction), and 

exchange interaction (short-range forces tending to align 

neighboring atomic moments). The crystal symmetry and common 

sense are used to find the form of the significant terms, and 

the material constants are extracted from experiments rather than 

- 1 -  



c a l c u l a t e d  from f i r s t - p r i n c i p l e s .  The magne t i za t ion  i s  v a r i e d  

t o  minimize t h e  t o t a l  f r e e  energy.  

A p r i n c i p a l  g o a l  o f  t h i s  t h e s i s  i s  an approximate so lu-  

t i o n  o f t h e e q u a t i o n s  of  micromagnetics f o r  t h e  case of a f i n i t e  

fe r romagnet ic  body. The r e s u l t s  of t h e  c a l c u l a t i o n  a r e  com- 

pared  t o  expe r imen ta l  r e s u l t s  f o r  o r i e n t e d  s i n g l e  c r y s t a l s  

of  i r o n ,  commonly r e f e r r e d  t o  as wh i ske r s ,  

I n  t h i s  c h a p t e r  t h e  micromagnetic e q u a t i o n s  are summarized, 

t h e i r  p r e v i o u s  u ses  reviewed, and t h e i r  r e l a t i o n  t o  t h e  magne- 

t i z a t i o n  p r o c e s s e s  i n  i r o n  whiskers  i s  formulated.  

1.1.1 D e f i n i n s  Equa t ions  and F i e l d s  

From Maxwell's e q u a t i o n s  one s e e s  t h a t  t h e  magnet ic  induc- 

t i o n  i s  a s o l e n o i d a l  v e c t o r  

9.3 = 0, 

and t h a t  t h e  sou rces  o f  8 a r e  c u r r e n t  d e n s i t i e s  3: 

(1. l a )  

I n  m a g n e t o s t a t i c s  t h e r e  are two t y p e s  o f  c o n t r i b u t i o n  t o  

t h e  c u r r e n t .  One i s  from c u r r e n t s  i n  wires o r  e l e c t r o n s  i n  

motion,  and i s  c a l l e d  f r e e  c u r r e n t s ,  3•’. The o t h e r  t y p e  is  

f i c t i t i o u s  o r  Arnperian c u r r e n t s ,  3 a s s o c i a t e d  wi th  a magne- a '  

t i c  moment/unit volume i n  m a t e r i a l  bod ie s .  These c u r r e n t s  

a r e  expressed  i n  terms of  a new f i e l d  which i s  c a l l e d  t h e  



-+ 
magne t i za t ion  M: 

-+ 'a 
i f x M z - .  

C 

Maxwell's sou rce  equa t ions  can be  r e w r i t t e n  a s  

2 

which r e f l e c t s  t h e  source. c h a r a c t e r  of  $, o r  as 

which r e f l e c t s  t h e  f i e l d  c h a r a c t e r  o f  8 and pe rmi t s  t h e  d e f i n i -  

t i o n  of  a new f i e l d  3, where 

If one f u r t h e r  d e f i n e s  a f i c t i t i o u s  magnet ic  charge o r  "po le"  

d e n s i t y  

Maxwell 's e q u a t i o n s  o f  magne tos t a t i c s  become 

I n  t h e  absence o f  f r e e  c u r r e n t s  

and one can w r i t e  t h e  magnet ic  f i e i d  6 as t h e  g r a d i e n t  of 



a  s c a l a r  p o t e n t i a l .  Because s c a l a r  p o t e n t i a l s  are u s u a l l y  more 

t r a c t a b l e  t h a n  v e c t o r  p o t e n t i a l s ,  t h e r e  i s  o f t e n  a  p re fe rence  
-* 

f o r  d i s c u s s i n g  m a g n e t o s t a t i c s  i n  terms o f  H and p r a t h e r  than 
-% 6 and Ja. 

3 -t 
H i s  composed o f  two p a r t s ;  t h e  a p p l i e d  f i e l d  H ~ ( ? * H ~  = 0 

-% 

i n  t h e  r e g i o n  of  i n t e r e s t )  and t h e  f i e l d  from t h e  p o l e s ,  H I .  

S i m i l a r l y ,  6 i s  t h e  sum of  t h e  a p p l i e d  f i e l d  so = $ and t h e  
0 

f i e l d  $' from t h e  amperian c u r r e n t s .  The p o l e s  and c u r r e n t s  
-* -% 

g i v e  i d e n t i c a l  " f i e l d s "  o u t s i d e  t h e  m a t e r i a l  ( B '  = H I )  ; i n s i d e ,  

t h e  f i e l d s  d i f f e r  by 4 d i .  

-+ 
The l o c a l  f i e l d  Hloc a c t i n g  on an  atom ( o r  magnet ic  

d i p o l e )  w i t h i n  t h e  m a t e r i a l  i s  t h e  Loren tz  l o c a l  f i e l d  

(Brown, Magne tos t a t i c  P r i n c i p l e s  o f  Ferromagnetism, p. 38 ff): 

where g" i s  t h e  f i e l d  a c t i n g  on a  d i p o l e  a t  t h e  c e n t e r  o f  a  

smal l  sphe re  due t o  t h e  o t h e r  d i p o l e s  w i t h i n  it. For a c u b i c  

l a t t i c e  w i th  e q u a l  v e c t o r  p o i n t  magnet ic  d i p o l e  moments an 

3 
t h e  l a t t i c e  s i t e s ,  H" = 0.  

1.1.2 C o n t r i b u t i o n s  t o  t h e  F ree  Energy 

The f o u r  major c o n t r i b u t i o n s  t o  t h e  f r e e  energy i n c o r p o r a t e  

t h e  m a t e r i a l  c o n s t a n t s  of  i r o n .  The impor t an t  magnet ic  c o n s t a n t s  

a t  room tempera ture  are g iven  i n  Table  1.1. For o u r  purposes ,  



Table 1.1 

properties of Iron at Room Temperature 

Name or Defining Equation 

Saturation 'Magnetization 

Curie Temperature 

Lattice Constant 

Spin of Iron Atom (units of fi) 

Exchange Constant 

J = F M ~  
S 

Anisotropy Field 

Anisotropy Energy/unit volume 
K = MsHA/2 

180•‹ Wall Energy 

Symbol Value 

1700 gauss 

500 gauss 



a l l  thermal  f l u c t u a t i o n s  are unimportant  a t  T = 300•‹K. For  

example, M (T = 300•‹K) 4 . 9 9  Ms ( T  = 0 O K )  . Thus, w e  w i l l  
S 

e s s e n t i a l l y  s tudy  t h e  magnet ic  p r o p e r t i e s  o f  i r o n  a t  T = O•‹K. 

A. I n t e r n a l  Magnetic Energy (Demagnetizing Energy) .  

W e  c o n s i d e r  t h e  magnetic material a s  a c u b i c  l a t t i c e  o f  

p o i n t  d i p o l e s  w i t h  moments ; i' The i n t e r a c t i o n  energy o f  t h e  

d i p o l e s  is 

where 8' l oc ,  i s  t h e  l o c a l  f i e l d  a t  moment i due t o  a l l  t h e  
I 

o t h e r  d i p o l e s .  The f i e l d s  a r e  assumed t o  v a r y  o n l y  s l i g h t l y  

over  a  d i s t a n c e  l a r g e  compared t o  t h e  l a t t i c e  spac ing  b u t  s m a l l  

2 
compared t o  t h e  sample dimensiom The c o n s t a n t  t e r m  - $ n Ms i s  

independent  o f  t h e  d i r e c t i o n  of 2 ,  and can be  neg lec t ed  i n  

v a r i a t i o n a l  c a l c u l a t i o n s  where on ly  t h e  d i r e c t i o n  o f  

changes.  Then 

B. E x t e r n a l  Magnetic Energy (Magnetizing Energy) 

I n  an a p p l i e d  f i e l d  go t h e r e  i s  an a d d i t i o n a l  magnet ic  

energy 



C. Crystalline-Anisotropy and Magnetostrictive Energies 

By symmetry, the anisotropy energy/unit.volume to lowest 

order in a cubic crystal is 

where (a, B, y) are direction cosines of the magnetization, 

referred to the cubic axes: 

In an unstressed crystal there is a strain on the lattice 

due to the magnetization itself. This gives a term of the same 

form as the crystalline anisotropy and is included there. 

With the exception of the closure domains (Sec. 4.2) and 

diamond domains (Sec. 6.1.2), we need not be concerned with 

magnetostriction. 

D. Exchanse Enersv 

For a non-uniform magnetization the contribution to the 

energy/unit volume from atomic forces which align neighboring 

spins is 



1.1.3  The Micromagnetic Equat ions  

The t o t a l  energy is minimized w i t h  r e s p e c t  t o  v a r i a t i o n s  i n  

t h e  magnet iza t ion  (Brown, Micromagnetics, Ch. 4 )  and t h e  r e s u l t  

i s  t h a t  8 s a t i s f i e s  

everywhere w i t h i n  t h e  m a t e r i a l ,  where 

and 

The meaning o f  (1.15 ) i s  t h a t  
-+ 
M due t o  t h e  e f f e c t i v e  f i e l d  $, 2 

i f  t h e r e  i s  a t o r q u e  on 

w i l l  r o t a t e  ( u s u a l l y  

changing $ i n  t h e  p r o c e s s )  u n t i l  t h e  t o r q u e  i s  ze ro  everywhere 
-+ 

The " f i e l d "  BT i s  inde t e rmina t e  by a  v e c t o r  AM ( h  any 
-+ -+ 

c o n s t a n t ) ,  s i n c e  MxM = 0. This  i s  t h e  r ea son  t h e  Lorentz  l o c a l  

4 -+ 

f i e l d  c o r r e c t i o n  - I T M  causes  no problems,  and t h e  convenien t  3  
-+ -+ -+ + 

cho ice  of  H I  ( r a t h e r  t h a n  B' = H '  + 4nY)  i s  s u f f i c i e n t  f o r  t h e  

d ipo le -d ipo le  f i e l d s .  
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To s o l v e  (1.15) it i s  neces sa ry  t o  a t t a c k  t h e  p o t e n t i a l  

problem c o n t a i n e d  t h e r e i n :  

where U s a t i s f i e s  

i n s i d e  

1 o u t s i d e  ( l a r g e  r ,  U ( 1 . 1 6 )  

and on t h e  s u r f a c e  U i s  con t inuous  w i t h  a  d i s c o n t i n u i t y  i n  i t s  
h 

normal d e r i v a t i v e  e q u a l  t o  4 n G  n . And i n  t h i s  l i es  t h e  

b a s i c  d i f f i c u l t y .  



1.2 Previous Use of the Micromagnetic Equations 

The history of micromagnetics nrior to 1963 is covered in 

Brown's monograph (Micromagnetics, 1963) and in reviews by 

Shtrikman and Treves (Sh-63R) and Aharoni (Ah-62R). Advances 

in the last ten years are summarized in 3 review articles of 

Aharoni (Ah-66R, Ah-7laR, Ah-7lbR). Domain theory is 

reviewed by Kittel (Ki-49) and Kittel and Galt (Ki-56). I 

want to give here only a brief outline of previous applications 

of the micromagnetic equations. 

These equations were written down in 1940 by Brown (Br-40) 

and first applied in the linearized regime near saturation. 

Applications of micromagnetics have been to the properties of 

both fine-particle (single-domain) ferromagnets and of larger 

(bulk or thin film) specimens which are not necessarily single- 

domain. 

For fine particles, the basic problem is the establishment 

of existence conditions for single domains (Br-68, Br-69): for 

what sizes and internal parameters is a (nearly) uniform magnet- 

ization more stable than a highly non-uniform one. For very 

small particles the exchange and anisotropy energies associated 

with a highly non-uniform magnetization would be greater than 

the demagnetizing energy of a uniform magnetization, and the 

particle is single-domain (Br-60). Micromagnetics is used to 

determine the response of single-domain particles to applied 

fields. An attempt is made to explain both the mode of magneti- 



zation reversal and the resulting hysteresis curve (St-48, 

Ah-59). Hysteresis in those real materials composed of 

collections of fine particles is complicated due to magnetic 

(dipole-dipole) interactions between different particles, and 

only highly simplified models have been used (Ne-47, Ah-59). 

For a large enough particle the magnetostatic energy, 

which scales with the volume if the relative dimensions are 

unchanged, forces a non-uniform magnetization pattern which 

avoids surface and volume poles. This is generally called a 

curling pattern. With a finite crystalline anisotropy, the 

magnetization in any region tends to point along one of the 

easy directions i:i. the crystal. Regions of rather uniform 

magnetization ("domains!') result and the boundaries between 

them sharpen into thin "walls" (Br-59R). 

For large crystals micromagnetic calculations have keen 

used to describe the structure of the walls between domains 

and nucleation of deviations from uniform magnetization in the 

presence of a reversed internal magnetic field. These calcula- 

tions have all been essentially one or two dimensional. The 

existence of domains has not been shown rigorously from the 

micromagnetic equations, although plausibility arguments can 

be made (Br-70R). In wall calculations, the domains (or 

similar boundary conditions) are assumed to exist. The classic 

calculations for bulk crystals are one-dimensional (La-35), 



whereas the best calculations for thin films are'2-dimensional 

(La-69, Ah-67a, Ah-72, Hu-69, Hu-70). In the nucleation field 

applications, the specimen is either an ellipsoid of revolution, 

a cvlinder (Er-57, Fr-57) or prism (Br-62, Br-64) infinite 

in one dimension, or a thin plate (Br-61, Mu-67, Fo-68, Ah-68). 

It is initially uniformly magnetized in a high applied field 

which is then decreased. An instability develops and the 

initial mode of reversal can be studied. In the simplest cases 

(e.g. infinite cylinder) the uniform magnetization does not 

give rise to a demagnetizing field, and it is shown (Ah-58, 

Br-59) that only a uniform magnetization is stable. The 

magnetization reverses direction irreversibly without the 

formation of stable (multi-domain) states. In a finite 

specimen domains are presumably formed. However, this has 

never been shown micromagnetically because the equations are 

non-linear and the magnetization cannot be tracked beyond the 

initial instability. 
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1.3 Micromaanetics of Iron Whiskers 

The non-linear equations of micromagnetics admit many solu- 

tions. This makes possible the phenomenon of hysteresis. These 

equations are so complicated that there is no calculation, to 

daterfor a specimen of any geometry in which a domain structure 

is formed, without artificial constraints (e.g. St-69) and 

starting from either a random or uniform initial magnetization. 

Further, to our knowledge the micromagnetic equations have not 

been solved for the magnetization within a postulated domain for 
-+ * 

any 3-dimensional multi-domain specimen in an applied field Ho . 
This problem is solved here for the long domains in an iron 

whisker of square cross-section d2 in the Landau configuration 

(Fig.1.1). We consider long whiskers where d/L <<  1 and where (3 is 

much larger than the theoretical wall width (-- 10'~ cm.) . 
In the absence of an applied field, we assume for simplic- 

ity that the magnetization is in the Landau structure. Certainly 

the whisker will have a domain configuration similar to this. 

The closure domains are necessary to prevent a large magneto- 

static energy due to free poles. A simple calculation of wall 

and magnetostrictive energies predicts that one 180' wall will 

be lower in energy than two or more, for crystals of width 

* 
The magnetization is found trivially for the picture-frame 
specimen (Wi-49), which is essentially two-dimensional and 
has no demagnetizing energy. Without imperfections (and 
neglecting the change in length of the 180' walls), jt would 
have infinite measured susceptibility. Reversal of M would 
occur as in an infinite square ferromagnetic prism (Br-641, 
and no domains could exist. 
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d 700~. In fact, domain patterns observed on iron whiskers 

(Co-57, Co-58) all showed only one 180•‹ wall. 

We now apply a longitudinal field ~ ~ f .  The wall energy is 

negligible compared to anisotropy and magnetostatic energies, 

so the change in the wall energy, due to increase in length, can 

be easily ignored (Sec. 4.2.1) . We assume (Yo be verified 

later) the magnetization changes.slowly enough within the 

domains that the exchange energy can be neglected there, and we 
+ 

solve for M within the domains by micromagnetics. That is, we 

consider the anisotropy energy, magnetizing energy (interaction 

of the whisker magnetization with the external field), and the 
-+ -+ 

demagnetizing energy (self-energy of the poles) , and find M ( r )  

which minimizes the total energy. 

In the long domains we expect the magnetization to be 

nearly uniform, so a, B << 1. Then y 2' 1 - +(a2 + B2), because 
-+ -+ 
M O M =  Ms The anisotropy 

w S' K~ (a2 + K 

where the terms in a2B2 are 

2K 1 where HA = - . 
Ms 

energy is then 

8 

neglected. This leads to 

+ ~ $ 1  

The anisotropy energy can equivalently be written 

w = K l  (I-~ 2, , which leads to R 



-+ 
Thi s  d i f f e r s  from t h e  p rev ious  e x p r e s s i o n  (1.17) by AM, where 

H~ = - , s o  it e x e r t s  t h e  same to rque .  
Ms -b -+ 

For  a ,  B << 1, tixET = 0 i s  l i n e a r i z e d  t o  

+ 
Using (1 .18)  f o r  HKl 

Because a,@ << 1, t h e y  are n e a r l y  e q u a l  t o  t h e  r e s p e c t i v e  

a n g l e s  of  2 w i t h  t h e  z -ax is ,  and (1.19) can be  r e p r e s e n t e d  

v e c t o r i a l l y  : 



Using (1.17) f o r  HK, 

It  i s  c l e a r  t h a t  (1.19) and (1.20) are i d e n t i c a l .  

These equa t ions  w i l l  be  so lved  numer i ca l ly  i n  Chapter  4 

f o r  t h e  t r a n s v e r s e  magnet iza t ion  (g iven  by a,B) throughout  a 

c r o s s - s e c t i o n  o f  t h e  whisker .  I n  Chapter  6 they  w i l l  be  used 

t o  show t h a t  t h e  volume charge  i s  complete ly  n e g l i g i b l e .  



1 . 4  O u t l i n e  o f  t h e  Thes i s  

I n  Chapter  2 an exper iment  i s  d e s c r i b e d  t h a t  has  been 

performed t o  measure t h e  l o n g i t u d i n a l  magne t i za t ion  of  t h e  

whisker i n  response  t o  bo th  uniform and l o c a l i z e d  a . c .  magnetic 

f i e l d s ,  i n  t h e  presence  o f  a  uniform d.c. magnet ic  f i e l d .  A 

model i s  p r e s e n t e d  i n  Chapter  3 t o  account  f o r  t h e  observed 

magnet iza t ion  by t r e a t i n g  t h e  long-range d i p o l e  f i e l d s  l o c a l l y ,  

and i s  r e f i n e d  by a q u a n t i t a t i v e  t r e a t m e n t  o f  t h e  demagnetizing 

energy.  I n  Chapter  4 t h e  t r a n s v e r s e  magne t i za t ion  i n  t h e  

whisker  i s  found by e x p r e s s i n g  t h e  demagnet iz ing f i e l d s  i n  

i n t e g r a l  form and e v a l u a t i n g  t h e  self-consistencyconditions 

numer ica l ly  a s  a  s e t  of  s imul taneous l i n e a r  equa t ions .  I n  t h i s  

way, no i t e r a t i o n  i s  necessary .  The l o n g i t u d i n a l  magnet iza t ion  

i s  found numer ica l ly  i n  Chapter  5 f o r  d i f f e r e n t  a p p l i e d  f i e l d s  

by t r e a t i n g  t h e  whisker  a s  a  l i n e a r  medium o f  i n f i n i t e  s u s c e p t i -  

b i l i t y  and s o l v i n g  Maxwell 's e q u a t i o n s  f o r  t h e  c y l i n d r i c a l  

boundary c o n d i t i o n s .  For  purposes  of  g e n e r a l  i n t e r e s t  (such 

a s  above T ) s o l u t i o n s  f o r  f i n i t e  s u s c e p t i b i l i t y  are a l s o  
C 

given. We d i s c u s s  i r o n  s i n g l e  c r y s t a l s  more g e n e r a l l y  i n  

Chapter  6 ,  and Chapter  7 i s  a  s h o r t  summary of ou r  r e s u l t s .  



CHAPTER 2 

MEASUREMENT OF MAGNETIZATION 

Iron whiskers grown in the.[100] direction are ideal for 

interpreting the results of magnetic measurements. They are 

perfect single crystals (except for a dislocation line down 

the center) and can be grown with square cross-section and 

negligible taper. They can be cleaved transversely without 

damage, permitting experiments on portions of the same whisker 

with different length/width ratios. Good specimens are observed 

(Co-57, Co-58, Sc-57, De-58a,b) to have simple domain structures, 

such as the type predicted by Landau and Lifshitz (La-35). 

Some whiskers have been observed (Ha-70, Ar-71, He-72) 

to have a very simple magnetization curve. When the measured 

magnetization is an average in the cross-section at the center 

of the whisker, the M vs. H curve is linear until saturation is 

approached, when it flattens rapidly. When the sample is in 

the Landau configuration, the curve is linear and reversible. 

Hysteresis is only found near the transition from linear to 

saturated response. This transition was interpreted (He-72, 

Ar-71) as occurring at the departure field Hd, when the freely- 

bowing 180' wall touches the surface. 

In the experiments to be described here, the whisker was 

situated in a longitudinal d.c. bias field of variable strength. 

In addition, a small longitudinal low-frequency a.c. field 

was applied in two ways: either homogeneously or highly 



localized (- .5 mm) at the center of the whisker. By low 

frequency, we mean that the out-phase response (due to eddy 

current damping) is much less than the in-phase susceptibility. 

We used frequencies from 500 to 2500  Hz where the damping is 

negligible. The susceptibility measured was then essentially 

the d.c. response of the magnetization. All measurements were 

taken at room temperature. 



- 2 1  - 
2.1 Apparatus 

Two "boats"  of whiskers were obta ined  from M r .  G i l b e r t  

Lonzarich a t  t h e  Univers i ty  of B r i t i s h  Columbia. The whiskers 

a r e  grown by p lac ing  FeC12 c r y s t a l s  i n  a pure i r o n  trough and 

hea t ing  t o  720•‹C f o r  about 15  hours.  Hydrogen gas i s  passed 

through, reducing t h e  i r o n  t o  a FeO vapor which condenses i n t o  

long s i n g l e  c r y s t a l s  wi th  a screw d i s l o c a t i o n  down t h e  c e n t e r .  

S u i t a b l e  c r y s t a l s  must have a minimum of i m p u r i t i e s ,  be square 

i n  c ross - sec t ion ,  and have no t a p e r .  The whisker s e l e c t e d  w a s  

o r i g i n a l l y  14.68 mm x . 1 4  rnm x . 1 4  nun, with  a t a p e r  of less 

than . O 1  mm along i t s  l eng th .  From experiments on s i m i l a r  

whiskers,  Lonzarich concludes t h a t  t h e  r e s i d u a l  r e s i s t i v i t y  

r a t i o  was probably g r e a t e r  than 1000, which i n d i c a t e s  r a t h e r  

high p u r i t y .  

The  whisker was placed i n  a ( f i n e )  q u a r t z  c a p i l l a r y  tube 

(0.d. - . 3  m m ) ,  which was epoxy cemented t o  a l u c i t e  cube 

(-5 mm on a s i d e )  mounted on a t h i n  l u c i t e  p l a t e .  D i f f e r e n t  

specimen holders  were used f o r  each type  of d r i v i n g .  For 

homogeneous d r i v i n g  (by an e lec t romagnet ) ,  a 10-turn pick-up 

c o i l  was wound around t h e  tube  and t h e  l e a d s  were twis t ed  and 

cemented t o  t h e  p l a t e  before  being a t t ached  t o  a BNC connector 

one cm. away. For l o c a l  d r i v i n g  an a d d i t i o n a l  2-turn d r i v i n g  

c o i l  was placed around t h e  c e n t e r  of t h e  whisker.  The l e a d s  

were connected t o  another  BNC, a l s o  mounted on t h e  p l a t e ,  and 

an 11-turn pick-up c o i l  was used. 

The p l a t e  was mounted wi th  nylon screws on t h e  f l a t t e n e d  

end of a l u c i t e  rod. The o t h e r  end of t h e  rod was p u t  i n  a 



clamp mounted on a two-way micrometer t r a v e r s e ,  p l a c i n g  t h e  

whisker  between t h e  po le - faces  of  an  e l ec t romagne t  w i t h  i t s  

a x i s  pe rpend icu la r  t o  them. The po le - faces  were 1 0  cm. i n  

d iameter  and t h e  gap w a s  3 . 6  cm., p rov id ing  a q u i t e  

homogeneous f i e l d .  The specimen was i l l u m i n a t e d  from below 

and observed from above through a Wild b i n o c u l a r  microscope.  

Using c r o s s - h a i r s  i n  one eyep iece  and t h e  s c a l e  on t h e  

micrometer,  t h e  p o s i t i o n  of t h e  pick-up c o i l  a long  the whisker  

could  be  measured t o  w i t h i n  . O 1  mm. 

A Kepco b i p o l a r  power supply  was used t o  f a c i l i t a t e  

cont inuous  f i e l d  r e v e r s a l s .  For  homogeneous d r i v i n g ,  an a . c .  

f i e l d  was a l s o  produced i n  t h e  e lec t romagnet  by a m p l i f i c a t i o n  

through t h e  power supply  of t h e  s i g n a l  from a Hewlett-Packard 

200CD s i g n a l  g e n e r a t o r .  The a .c .  s i g n a l  from t h e  pick-up c o i l  

was a m p l i f i e d  by a PAR Model 124 lock- in  a m p l i f i e r  w i t h  d i g i t a l  

r eadou t .  For  l o c a l  d r i v i n g  t h e  a .c .  f i e l d  w a s  produced 

d i r e c t l y  by t h e  s i g n a l  g e n e r a t o r ,  w i t h  a 1200 !d r e s i s t o r  i n  

s e r i e s  w i t h  t h e  2- turn d r i v i n q  c o i l  (see F ig .  2 .1 ) .  

There w a s  always a background s i g n a l  from t h e  d i r e c t  

l i n k a g e  o f  t h e  pick-up c o i l  by t h e  a p p l i e d  a . c .  f i e l d .  This  

background w a s  found by n e a r l y  s a t u r a t i n g  t h e  whisker  w i t h  a 

l a r g e  d . c .  b i a s  f i e l d  (-- 500 g a u s s ) .  The phase  was a d j u s t e d  a t  

t h e  same t i m e ,  because t h e  background s i g n a l  was i n  phase  

w i t h  t h e  a p p l i e d  f i e l d .  
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2 .2  I n t e r p r e t a t i o n  o f  t h e  Neasured Vol tages  

W e  app ly  an a r b i t r a r i l y  sma l l  s p a t i a l l y  homogeneous 

a .c .  d r i v i n g  f i e l d  h0 e iwt ( smal l  l e t t e r s  w i l l  b e  used t o  

denote  d i f f e r e n t i a l  q u a n t i t i e s ) .  Our "measured" f l u x  w i l l  be 

t h e  d i f f e r e n c e  i n  pick-up c o i l  v o l t a g e  when t h e  sample i s  

p r e s e n t  ( l a r g e  s u s c e p t i b i l i t y )  and a b s e n t  ( ze ro  s u s c e p t i b i l i t y )  . 
The l a t t e r  (background f l u x )  i s  conven ien t ly  measured by 

s a t u r a t i n g  t h e  whisker .  W e  a sk  how t h e  measured f l u x  i s  

r e l a t e d  t o  t h e  average  magnet iza t ion  i n  t h e  c r o s s - s e c t i o n  o f  

whisker  a t  t h e  pick-up c o i l .  

L e t  t h e  area o f  a ve ry  s h o r t  N t u r n  pick-up c o i l  be  A 
P P 

and t h e  whisker  c r o s s - s e c t i o n  b e  AS = d 2 .  Bracke ts  < > w i l l  

b e  used th roughout  t o  denote  an average  o v e r  

c r o s s - s e c t i o n .  The ampl i tude  o f  t h e  measured 

I l a r g e  - ' c "m a t  Laturatecl 
s u s c e p t i b l i t y  

t h e  whisker  

in-phase v o l t a g e  

The on ly  impor t an t  f i e l d  components h e r e  a r e  l o n g i t u d i n a l ,  

p a r a l l e l  t o  t h e  long  a x i s  o f  t h e  whisker .  Here hi i s  t h e  

i n t e r n a l  f i e l d ,  h i s  t h e  f i e l d  o u t s i d e  t h e  whisker  (hi = ho 
0 

a t  t h e  s u r f a c e ) ,  <m> i s  t h e  change i n  magne t i za t ion  (due t o  

motion o f  t h e  w a l l s )  averaged over  t h e  c r o s s - s e c t i o n ,  and t h e  

i n t e g r a l  i s  o v e r  t h e  a r e a  i n s i d e  t h e  pick-up c o i l  b u t  ou t -  

s i d e  t h e  whisker .  The magnitude of  t h e  demagnetizing 



field h' is defined from 

0 h. 1 - h 4- h', h' < 0, (2.2) 

where h' is nearly uniform within the whisker cross-section 

and near the whisker (out to a distance still much less than 

L, the whisker length). h' is taken as positive in the 

direction from positive to negative poles. We define the 

intrinsic and measured susceptibilities, x and x', by 

and the position-dependent demagnetizing factor D by 

~quations (2.2), (2.3), and (2.4) give the useful relation 

We will show in Chapter 5 that x >> X' when the walls are 

highly mobile (far from saturation), and only the whisker 

shape determines the response: 

ry 

Then hi = 0, and 

For a close-wound pick-up coil, ho = hi = 0 within the winding. 



Then (2.1) becones 

Neglect  o f  t h e  second term i s  j u s t i f i e d  i f  

I n  t h i s  exper iment  it g i v e s  an e r r o r  o f  abou t  1 t o  3 p e r c e n t ,  

depending on t h e  whisker  l e n g t h ,  and w e  i g n o r e  it. 

I n  summary, we f i n d  t h a t  f o r  s u f f i c i e n t l y  h igh  i n t r i n s i c  

s u s c e p t i b i l i t y  and f o r  a long  whisker  w i t h  a t ightly-wound 

pick-up c o i l ,  h t  c a n c e l s  h0 w i t h i n  t h e  c o i l ,  and no s u b t r a c t i o n  

o f  background should  be  made. I n  t h e  exper iment ,  w e  had an  

a d d i t i o n a l ,  l a r g e r  component of t h e  background from f l u x  

l i n k i n g  t h e  pick-up c o i l  l e a d s  where t hey  a t t a c h e d  t o  t h e  BNC, and 

s u b t r a c t i o n  o f  t h i s  w a s  necessary .  I n  p r i n c i p l e  t h e  background flux 

could  have been measured by r e v e r s i n g  t h e  d i r e c t i o n  o f  t h e  

c o i l  w i t h  r e s p e c t  t o  t h e  l e a d  w i r e s .  A s  t h i s  was inconvenien t  

and t h e  e r r o r  was sma l l  t h i s  w a s  no t  done. 

For  homogeneous d r i v i n g ,  an a b s o l u t e  c a l i b r a t i o n  o f  t h e  

s i g n a l  was made. The s i g n a l  from an Nc ( = 5 0 ) t u r n ,  2.2 mm 

diameter  c a l i b r a t i n g  c o i l  p l aced  i n  a f i e l d  h0 e i w t  is 



where Ac = 3 . 8  mm2 i s  t h e  a r e a  o f  t h e  c a l i b r a t i n g  c o i l .  From 

(2.4 ,  2 . 7 ,  2 . 8 ) ,  t h e  s i g n a l  from t h e  whisker  i s  

and t h e  measured s u s c e p t i b i l i t y  i s  

I t  i s  n o t  neces sa ry  t o  know e i t h e r  t h e  f requency o r  t h e  magni- 

t ude  o f  t h e  s m a l l  a.c. f i e l d .  For t h e  low f r e q u e n c i e s  used,  

t h e  magnet iza t ion  i s  i n  phase  w i t h  hO. 

The l a r g e s t  exper imenta l  u n c e r t a i n t y  i n  t h i s  s u s c e p t i b i l i t y  

comes from t h e  measurement o f  d ,  which is known w i t h i n  about  

5 pe rcen t .  However, t h e  q u a n t i t y  x ' d 2  can be  determined much 

more a c c u r a t e l y  from exper iment  ( 2 . 1 1 )  and t h i s  is  t h e  

q u a n t i t y  c a l c u l a t e d  from t h e o r i e s  o f  Chapte rs  3 and 5. W e  w i l l  

f i n d  it more convenien t  t o  compare t h e  d imens ion less  q u a n t i t i e s  

d  X '  and x V E  , b u t  it should be k e p t  i n  mind t h a t  t h e  u n c e r t a i n t y  

i n  d w i l l  n o t  a p p r e c i a b l y  a f f e c t  t h e s e  comparisons.  



2.3 Exper imental  R e s u l t s  

2.3.1 Homogeneous Dr iv ing  

The whisker  w a s  c u t  s u c c e s s i v e l y  from t h e  same end t o  

f i v e  d i f f e r e n t  l e n g t h s  and t h e  fo l lowing  q u a n t i t i e s  w e r e  

measured f o r  each l e n g t h :  

i) The d e p a r t u r e  f i e l d  Hd 

ii) The magnitude o f  X' a t  t h e  c e n t e r  

iii) The magnet iza t ion  p roces s :  r e l a t i v e  v a l u e s  o f  

X' (Ho) and X" (Ho)  , t h e  out-phase component 

iv) x ' ( z )  , o r  e q u i v a l e n t l y  M(z) . 
F i g s .  2.2a and 2.2b show t y p i c a l  cu rves  f o r  X' and X" 

vs. Ho,  when t h e  pick-up c o i l  i s  a t  z  = 0 ( c e n t e r  o f  t h e  

whisker )  and a t  z  = .3 (k) r e s p e c t i v e l y .  s imi la r  curves  f o r  a 

more p e r f e c t  whisker  a r e  d i s c u s s e d  i n  (Ar-71, He-72). X" 

depends on thenumber ,  s i z e ,  and p o s i t i o n  o f  t h e  moving w a l l s .  

I n  g e n e r a l ,  t h e  eddy c u r r e n t  damping i s  reduced when t h e  w a l l s  

are l a r g e  i n  area and n e a r  t h e  s u r f a c e s .  

The magnet iza t ion  p roces s  can be  fol lowed by cons ide r ing  

X" i n  F ig .  2.2a. S t a r t  a t  (1) w i t h  t h e  whisker  n e a r l y  

s a t u r a t e d  i n  a r e v e r s e d  f i e l d .  Between (2)  and (3)  it i s  

p o s s i b l e  t h a t  n u c l e a t i o n  occu r s  of  a  Coleman-type s t r u c t u r e  

(Co-58) w i t h  perhaps  two p a r a l l e l  (110) w a l l s .  A s  t h e  f i e l d  

i s  increased. through zero  t o  ( 4 ) ,  t h e  w a l l s  become l a r g e r  

and move toward each o t h e r ,  dec reas ing  x". A t  ( 4 )  t h e r e  i s  

an a b r u p t  change t o  t h e  Landau s t r u c t u r e ,  which 







i s  s t a b l e  i n  f i e l d s  1 ~ ~ 1  < Hd (e.g.  5 The Landau 

s t r u c t u r e  d e p a r t s  (be fo re  s a t u r a t i o n )  a t  Hd ( 6 )  t o  a more 

complicated domain s t r u c t u r e ,  and t h e  magne t i za t ion  s a t u r a t e s  

qu ick ly  ( 7 )  a t  t h e  c e n t e r  of t h e ' w h i s k e r .  However, when 

measurements are made away from t h e  c e n t e r  (Fig .  2 .2b) ,  w e  see 

a  long  t a i l  i n  x ' ,  showing t h e  s lower  approach t o  s a t u r a t i o n  

t h e r e .  

The most impor t an t  conc lus ion  i s  t h a t  X '  i s  q u i t e  c o n s t a n t  

f o r  Ho < Hd,  and does n o t  depend on t h e  domain s t r u c t u r e .  (The 

s l i g h t  d e v i a t i o n  from constancy i s  due t o  damping. I t  d i s a p p e a r s  

<m> - a<Y> a s  w -t 0 . )  Because X' = - -  - i s  c o n s t a n t  w i t h  a p p l i e d  
h0 aHo 

f i e l d  i n  t h i s  r e g i o n ,  

where <M(z) > i s  t h e  average  magne t i za t ion  i n  t h e  c ros s - sec t ion .  

By p l a c i n g  t h e  pick-up c o i l  a t  d i f f e r e n t  p o s i t i o n s ,  
<M ( z ) >  

Ho 
can be  measured. For  a whisker  i n  t h e  Landau c o n f i g u r a t i o n ,  

<M(z) > t r a c k s  t h e  shape of  t h e  180•‹ w a l l .  

I n  F i g s .  2.3a,  b ,  c ,  d ,  e t h e  measured <M(z)> i s  p l o t t e d  

f o r  t h e  f i v e  d i f f e r e n t  l e n g t h s ,  a long  w i t h  t h e  t h e o r e t i c a l  

curve  f o r  i n f i n i t e  s u s c e p t i b i l i t y  and t h e  leas t  squa re  

q u a d r a t i c  f i t  t o  t h e  r e s u l t s  of  t h e  t heo ry  (Chapter  5 ) .  The 

w a l l  bows n e a r l y  q u a d r a t i c a l l y  i n  agreement w i t h  t h e  p r e d i c t i o n  

o f  t h e  l o c a l  model o f  Chapter  3.  I n  F ig .  2.3a (which i s  t h e  

most a c c u r a t e  because t h e  whisker  i s  l o n g e s t ) ,  t h e  d e v i a t i o n  

of  t h e  exper imenta l  p o i n t s  from a q u a d r a t i c  shape i s  seen  t o  
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fo l low t h e  t h e o r e t i c a l  curve  w e l l .  

A t  t h e  d e p a r t u r e  f i e l d  Hd one e x p e c t s  t h a t  < M ( O ) > ,  

t h e  average  v a l u e  i n  t h e  c r o s s - s e c t i o n  a t  t h e  c e n t e r ,  w i l l  be  

e q u a l  t o  Ms. Then t h e  s u s c e p t i b i l i t y  can a l s o  be  found from 

d I n  Fig .  2.4 t h e  q u a n t i t y  x ' ~  i s  p l o t t e d  f o r  t h e  f i v e  

d i f f e r e n t  whisker  l e n g t h s .  It i s  expe r imen ta l ly  determined 

bo th  from t h e  d e p a r t u r e  f i e l d  by (2.13) and from t h e  c a l i b r a t e d  

s u s c e p t i b i l i t y  by (2 .11) .  Three sets o f  t h e o r e t i c a l  va lues  a r e  

given f o r  t h e  i n f i n i t e  s u s c e p t i b i l i t y  model (Chapter  5 ) .  

There  are no a d j u s t a b l e  parameters  and r e s u l t s  base6  on 

t h e  c a l i b r a t i o n  a g r e e  w i th  t h e  t heo ry  w i t h i n  t h e  expec ted  

exper imenta l  accuracy.  The d e p a r t u r e  f i e l d  va lues  are s i g n i f i -  

c a n t l y  l a r g e r .  This  i s  i n t e r p r e t e d  t o  mean t h e  d e p a r t u r e  f i e l d  

(measured when t h e  c o i l  i s  a t  z = 0) i s  o c c u r r i n g  b e f o r e  t h e  

w a l l  touches  t h e  s u r f a c e .  

2.3.2 Local  Dr iv inq  

A 2-turn d r i v i n g  c o i l  w a s  p l aced  a t  t h e  c e n t e r  of  t h e  

whisker  f o r  3  d i f f e r e n t  l e n g t h s .  The magnet iza t ion  curve  X' (Ho)  

w a s  measured a t  v a r i o u s  p l a c e s  and w a s  s imilar  t o  t h e  curves  f o r  

homogeneous d r i v i n g  (F ig .  2 .2)  excep t  no t a i l  was observed 

f o r  Ho > Hd. Th i s  i s  r ea sonab le  because when t h e  magnet iza t ion  

i s  s a t u r a t e d  a t  t h e  d r i v i n g  c o i l ,  t h e r e  should  b e  l i t t l e  

response  t o  t h e  d r i v i n g  f i e l d  anywhere i n  t h e  whisker .  
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~ ' ( 2 )  was also measured for H = 0 and is plotted in 
0 

Figs. 2.5a, b, c. Also shown is the curve calculated for 

infinite susceptibility (Chapter 5), where the driving coil 

radius was set approximately equal to d. The displacement of 

the wall is nearly linear, in agreement with the prediction of 

the local model (Chapter 3). In Fig. 2,5c two different driving 

frequencies were used, No appreciable frequency dependence was 

observed. 
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CHAPTER 3 

DEMAGNETIZING ENERGY AND SUSCEPTIBILITY 

In this chapter we assume the Landau domain structure 

exists, and find approximations for the magnetostatic energy of 

a whisker in both homogeneous and local driving fields. The 

approximations will be of two types. In Sec. 3.2 we attempt to 

use a demagnetizing field calculated only from the local 

magnetization to find the energy. The usefulness of this local 

model is only in its predictive abilities (the long 180' wall 

behaves like a membrane with surface tension), and in the fact 

that more accurate calculations are difficult for high-frequency 

(damped) response. 

In Sec. 3.3 we calculate accurate values for the demagnet- 

izing energy, using experimentally observed wall shapes. These 

are non-local calculations, where the energy arises from the 

interaction of - all the charges. We neglect anisotropy energy 

and find approximate expressions for the measured susceptibility. 



- 4 4  - 

3.1 Preliminary Considerations 

3.1.1 Different Expressions for Demaqnetizinq Enerqy 

In the pole formalism the magnetization is replaced by 

poles of density 

-% -t 
p = - V  * I ?  

which act as the source for the demagnetizing field: 

This field is irrotational ( d  x 5' = 0) , and can thus be 

derived from a scalar potential U 

which in turn satisfies the Poisson equation 

with the solution 

The demagnetizing energy is the interaction self-energy of 

these charges and can be written 



Using (3.4) and i n t e g r a t i n g  by p a r t s ,  

The second t e r m  i s  conver ted  t o  a  s u r f a c e  i n t e g r a l  which 

van i shes  a s  l / r  a t  i n f i n i t y ,  l e a v i n g  

a l l  space  

From ( 3 . 6 )  it i s  clear t h a t  Ed L 0. The energy assumes i t s  

lowes t  p o s s i b l e  va lue  (Ed = 0 )  o n l y  i n  a c u r l i n g  p a t t e r n ,  where 

t h e r e  a r e  no po le s .  S t a r t i n g  a g a i n  w i t h  ( 3 . 5 ) ,  u s ing  ( 3 . 1 ) ,  and 

i n t e g r a t i n g  by p a r t s ,  

The second t e r m  i s  a g a i n  conver ted  t o  a  s u r f a c e  i n t e g r a l  and 

van i shes  when e v a l u a t e d  o u t s i d e  t h e  r eg ion  o f  magne t i za t ion ,  

l e a v i n g  

Equat ions  (3 .6)  and (3.7) a r e  impor t an t  r e s u l t s .  They a r e  

connected by t h e  fo l lowing  theorem (Brown, Magnetos ta t ic  

P r i n c i p l e s  i n  Ferromagnetism, p. 44-45) : L e t  ; and ; b e  



1 functions which fall off at least as fast as - for large r, r2 
-+ 3 

and let u be irrotational (? x u = 0) and 2 be solenoidal 
-+ (? v = 0 )  everywhere. Then 

J 
all space 

+ + - +  -+ -+ 
We let u = H ' ,  v = H' + 4~rM = R'. Then 

-+ 
H1 di = - 6' . M d' 

all space all space 

follows directly from the theorem. 

3.1.2 Distribution of Magnetic Charge Along the Whisker Axis 

Fig. 3.1 shows a section of the whisker with two 

different magnetization configurations. In (a) the magnetiza- 

tion is parallel to the sides of the whisker, putting the poles 

on the wall. In (b) the nagnetization is parallel to the wall, 

putting the poles on the surface. The slope of the wall is 8 .  

In both cases it is seen from Gauss' theorem that the charge/ 

unit length is 

As long as the magnetization makes small angles with the z-axis, 

the net flux of 3 into the region (and hence the charge) will be 

proportional to 8. 



Fig. 3.1. Possible magnetization in a short segment of whisker 
with resulting pole distributions. The angle 8 of the EJloch . 

wall with the surface+is exaggerated for clarity. (a) M paral- 
lel to surface; (b) M parallel to wall. 



3.2 The Local Model: A Simple Treatment of Demagnetizing 

3.2.1 Homoqeneous Drivina 

The Landau domain configuration is shown in Fig. 3.2~1. 

Under the influence of a longitudinal fie16 % = H ~ B  the 180' 

wall bows and the pinning points move to increase the 

magnetization in the +; direction (Fig. 3.2b) . The wall shape 

is described by an unknown function x(z). 

The local model assumes that the demagnetizing field at any 

point can be found from the charge density there. A magnetiza- 

tion parallel to the surface results in a charge density of 

poles on the wall 

This gives the demagnetizing field a component in the z-direction 

at the wall of magnitude 

For simplicity this field is taken to be uniform throughout the 

cross-section of the whisker. (This would seem to be an over- 

estimate of the longitudinal field, but we will see in 

Chapter 5 that because of the non-local nature of the field, 

this is still an underestimate.) From ( 3 . 7 ) ,  the demagnetizing 

energy is 

L/2 
Ed = -?/" ." dT = 2v~,~df/ ($$ dz, 

-L/2 



F i g .  3 .2 .  ( a )  Landau C o n f i g u r a t i o n .  i n  Zero  A p p l i e d  F i e l d ,  
( b )  S c h e m a t i c  M a g n e t i z a t i o n  i n  A p p l i e d  F i e l d  (See  F i q .  7 .1  
f o r  more a c c u r a t e  r e p r e s e n t a t i o n )  . 



The magnetizina enerqv is 
L/2 

Variation of x(z) to minimize E = E d + Em (with pinning of the 

end points) yields the "force" equation 

where a = 4nMs2d2 is the tension in the wall due to the 

demagnetizing field. Using the boundary conditions 

dx - (0) = 0 and dz x(i 4) = 0. 

the solution to (3.12) is 

HaL 2 

where x~ = lGnMsd is the displacement at the center of the wall. 

The bowing of the long wall is qua.dratic. We introduce a more 

concise notation and use (3.10) and (3.11) to write the demagnet- 

izing and magnetizing energies in terms of XI: 

2 Ed = % klx, r 

where 
~~~d~ 

k1 Y 6 4 1 ~  . 
L 

and y = 



*m 
= -A 1 1  

where 

The energy E = Ed + Em is a minimum when (as before) 

XI = A and E = -Ed . (3.16) kl 

In fact, the tie points at the end of this wall are not 

pinned; they act as if joined to the z-axis by springs. The 

demagnetizing energy which results from displacing these 

points a distance x2 can be written (see Sec. 3.3.1) 

where k2 = "s 2d (q is a dimensionless number). This displace- 

ment gives a magnetizing energy 

Minimizing E' = E '  + E; gives 
d 

! and 
X2 = Zk2 El = -EA . 

These "springs" (long wall and tie points) are not 

coupled in this model, and the total energy is 



The total displacement of the wall is 

at the center this reduces to 

- - -  . 4 (LL +: .%) 

3Ms dy 2n 
. 

0 

3.2.2 Predictions for Homogeneous Driving 

A. Shape of the Wall 

The first prediction of the local model is that in a 

homogeneous field Ho the wall is bowed quadratically, leading 

to a parabolic longitudinal magnetization with a maximum in the 

center. The actual magnetization is close to quadratic 

(see Fig. 2.3). 

B. Departure Field 

As Ho increases, the tie points are displaced and the 

wall bows until, inaperfect crystal, it touches the surface 

at Ho = Hd, the departure field. The wall then breaks and the 

whisker approaches saturation with a much reduced susceptibility. 

The departure field occurs when 



See Tab l e s  3.2a 

2-spr ing model. 

and 3.2b (p.66-67) f o r  v a l u e s  p r e d i c t e d  by t h i s  

- 64.rr from (The v a l u e  of  y used t h e r e  i s  n o t  - 3 

t h e  l o c a l  mode l ) .  

C. D i f f e r e n t i a l  S u s c e p t i b i l i t y :  Independent  of  H A ,  M -  

The magne t ic  moment of  t h e  whisker  i s  

The bu lk  d i f f e r e n t i a l  s u s c e p t i b i l i t y  i s  from (3 .20)  

which i s  independen t  of  Ms and depends o n l y  on t h e  d imensions  

o f  t h e  whisker .  The bu lk  s u s c e p t i b i l t y  can be  measured w i t h  a  

pick-up c o i l  much l o n g e r  t h a n  t h e  whisker .  

I n  t h e  exper iment  a  s m a l l  pick-up c o i l  of  N t u r n s  
P  

( N ~  
= 10)  is  used ,  which measures  i n s t e a d  t h e  l o n g i t u d i n a l  f l u x  

-t 
of  M a t  o n l y  one p o i n t  a long  t h e  whisker .  The i n t e r n a l  magnet ic  

i n d u c t i o n  i s  

where d i s  t h e  demagne t iz ing  f i e l d .  For  t y p i c a l  wh i ske r s  

(L/d 'l. SO), 4n<M(z=O)> = 22.000 gauss  when Ho = Hd 'l. 20 gaus s .  
-t + -+ 

Also.  a s  w i l l  b e  shown i n  Sec.  4.3.2, Hi = H + H '  r 0 below 
0 



s a t u r a t i o n ,  s o  

i s  an e x c e l l e n t  approximat ion.  , 

A s  i n  Chapter  2, w e  c o n s i d e r  t h e  d i f f e r e n t i a l  f i e l d s , -  

magnet iza t ion  changes,  and f l u x e s  produced by a  s m a l l  super-  

imposed a .c .  f i e l d  h0 eiwt. For t h e  geometry used,  t h e  s i g n a l  

o b t a i n e d  a t  z  = 0  a f t e r  s u b t r a c t i n g  t h e  background (when t h e  

sample i s  sa tu ra - t ed )  i s  from (2.10) 

E = - - - -  W 
P c a t  c 

m dS = 8nN - Msd A x ,  (0)  , 
P  c 

where xT(0 )  i s  t h e  d i f f e r e n t i a l  d i sp lacement  of  t h e  w a l l  a t  

z = 0,  g i v i n g  rise t o  a d i f f e r e n t i a l  change i n  n e t  magnetiza- 
-b 

t i o n  m. A t e r m  from t h e  demagnet iz ing f i e l d  o f  t h e  whisker  of 

r e l a t i v e  s i z e  

A P A  
4nXld2 100 f o r  = 50 d  

has  been neg lec t ed .  AxT i s  due t o  t h e  a r b i t r a r i l y  s m a l l  

f i e l d  hO. Using (3 .20at  3 .23a) ,  

Note t h a t  t h e  s i g n a l  t o  a f i r s t  approximat ion ( n e g l e c t i n g  

t h e  e f f e c t  o f  t h e  end s p r i n g )  i s  independent  o f  d .  Two whiskers  

o f  t h e  same l e n g t h  g i v e  approximately  t h e  same s i g n a l .  A super-  



imposed d.c.  f i e l d  Ho does n o t  change t h e  s i g n a l  a s  long  a s  

t h e  w a l l  i s  a b l e  t o  move f r e e l y .  This  s i g n a l  i s  a g a i n  

independent  o f  Ms (and hence t e m p e r a t u r e ) .  No d e v i a t i o n s  

from l i n e a r  s u s c e p t i b i l i t y  a r e  observed expe r imen ta l ly  a t  low 

frequency (v 5 l o 3  Hz) f o r  a p p l i e d  f i e l d s  s m a l l e r  than  Hd where 

t h e  w a l l  can bow f r e e l y .  

The s u s c e p t i b i l i t y  a t  t h e  c e n t e r  i s  found from (2.9 ,  2 . 1 0 ,  

3.23b) t o  be 

When t h e  pick-up c o i l  i s  n o t  a t  t h e  c e n t e r  t h i s  i s  e a s i l y  

g e n e r a l i z e d  t o  

Note t h e  equiva lence :  

For i r o n  whiskers  on ly  t h e  z-component c o n t r i b u t e s  t o  t h e  

average.  

D.  D e f l e c t i o n  o f  t h e  T i e  p o i n t s  

From (3.20a) t h e  f r a c t i o n  o f  t h e  s i g n a l  a t  z = L/2 t o  t h e  

s i g n a l  a t  t h e  c e n t e r  i s  



- 56 - 
Table 3 . 3  g i v e s  t h e o r e t i c a l  v a l u e s  f o r  t h e  r a t i o  o f  d i s p l a c e -  

ment a t  t h e  end,  x,, t o  t h a t  a t  t h e  c e n t e r ,  X I  + x2. 

3 . 2 . 3  Local Driving 

I n s t e a d  o f  u s ing  homogeneous d .c .  and d r i v i n g  f i e l d s ,  

one can use  a f i n e  c o i l  a t  z  = 0 t o  d r i v e  t h e  magne t i za t ion  

a s m a l l  pick-up c o i l  a s  b e f o r e  t o  sample t h e  response  a t  

and 

d i f f e r e n t  v a l u e s  o f  z .  W e  a g a i n  u se  t h e  l o c a l  model f o r  t h e  

demagnet iz ing f i e l d .  The magnet iz ing energy h e r e  i s  

The a x i a l  a p p l i e d  f i e l d  a d i s t a n c e  z from a one- turn c o i l  o f  

r a d i u s  r,, c u r r e n t  I ,  i s  

where Ho = 

i n t e g r a t e d  

- 2T1 i s  t h e  f i e l d  a t  t h e  c e n t e r  o f  t h e  c o i l .  The 
cr- 

G 

s t r e n g t h  of t h i s  f i e l d  i s  

For s i m p l i c i t y  w e  w i l l  t a k e  t h e  d r i v i n g  f i e l d  t o  b e  R B ( z - 0 ) .  

Then 



V a r i a t i o n  o f  x as b e f o r e  t o  minimize E g i v e s  

I n t e g r a t i o n  from - A  t o  A g i v e s  

Using t h e  boundary c o n d i t i o n  x (4) = 0 1  

The l o c a l  model p r e d i c t s  t h e  w a l l  w i l l  b e  t r i a n g u l a r ,  

w i t h  i t s  apex a t  t h e  d r i v i n g  c o i l .  The w a l l  i s  p u l l e d  upward 

by t h e  d r i v i n g  f i e l d  and behaves l i k e  a n  e l a s t i c  membrane w i t h  

a  t e n s i o n  determined by t h e  demagnetizing f i e l d s .  I f  w e  pe rmi t  

t h e  d r i v i n g  f i e l d  t o  be  smeared o u t  (as it a c t u a l l y  i s )  t h e  t o p  

o f  t h e  t r i a n g l e  becomes rounded, w i t h  t h e  c u r v a t u r e  s t i l l  

determined by t h e  s t r e n g t h  of  t h e  d r i v i n g  f i e l d .  

Again us ing  (3.11) and. (3.10) t h e  e n e r g i e s  can be w r i t t e n  

and 

where 
L M .*d2 
k = y  L s , yL = 1 6 n .  

L 



L Note t h a t  y < y. The demagnetizing energy i s  less f o r  t h e  

l i n e a r  w a l l  t han  t h e  q u a d r a t i c  because t h e  + and - charges  

are less sepa ra t ed .  

The magnet iz ing energy due t o  t h e  end s p r i n g s  is 

: and t h e  demagnet iz ing energy i s  .again 

Minimization o f  t h e  t o t a l  energy w i t h  r e s p e c t  t o  x and x 
1 2 

g i v e s  a t  z = 0 

The f r a c t i o n  o f  t h e  s i g n a l  a t  t h e  end t o  t h a t  i n  t h e  c e n t e r  i s  

T h i s  f r a c t i o n  i s  < .1 f o r  t y p i c a l  whiskers .  The l o c a l  model 

p r e d i c t s  t h e  r e l a t i v e  end-spring d e f l e c t i o n  i n  homogeneous 

d r i v i n g  t o  be  about  tw ice  t h a t  i n  l o c a l  d r i v i n g :  

Experiment t e n d s  t o  b e a r  t h i s  o u t ,  t h e  w a l l  be ing  d i sp l aced  

a t  t h e  end about  5-6 p e r c e n t  o f  t h e  c e n t e r  d e f l e c t i o n .  

(Compare w i t h  Table  3.3 f o r  homogeneous d r i v i n g . )  



3.3 Non-local Calculations of Energy 

As we saw in Sec. 3.1, the demagnetizing energy can be 

found from the self-energy of the poles: 

The problem is that we'must 
-* -+ 
M (r) in order to find p (g) . 

+ 
is to find the transverse M 

know the micromagnetic solution 

The approach taken in Chapter 4 

and p in any cross-section of 

the whisker self-consistently. The result is then used in 

Chapter 5 to find the longitudinal self-consistently. In 

this section we will use the longitudinal $ found from 

experiments and calculate the demagnetizing energy for 

different configurations of the transverse 3. We will also 

give a more accurate description of the magnetostatic energy 

than the local model (Sec. 3.2) . 

3.3.1 Homogeneous Driving Field 

A. Long Wall 

From both experiment and a self-consistent calculation of 

the longitudinal magnetization (Chapter 5), we know that in a 

homogeneous field ito the long wall bows nearly quadratically. 

A quadratic bowing gives rise to a charge/unit length of 



a long  t h e  whisker .  Here w e  c o n s i d e r  t h e  demagnetizing energy 

f o r  t h e  c a s e s :  

( i )  t h e  charge  is  on t h e  w a l l  

(ii) The charge  i s  on two s u r f a c e s  ( s ay ,  p a r a l l e l  

t o  t h e  w a l l )  

( i i i )  t h e  charge  i s  e q u a l l y  on a l l  f o u r  s u r f a c e s  

( i v )  t h e  charge  i s  on t h e  s u r f a c e  o f  a c y l i n d e r  

w i t h  c r o s s - s e c t i o n a l  area e q u a l  t o  d 2 ,  

w i t h  t h e  above l i n e a r  v a r i a t i o n  o f  charge  d e n s i t y .  

We f i r s t  f i n d  t h e  i n t e r a c t i o n  energy between two s t r i p s  

o f  charge  d e n s i t y  

0 ( z )  = & 

(where a. = 8MsX1 ) , of  wid th  dy and d y t  , and s e p a r a t e d  by L 

s = l y - y t  1 .  T h i s  energy i s  

- 2L 2L 2 

- i- ( i n  - ;) o0dydy1 
Y Y 

(see Appendix 1 A ) .  

I n  Appendix 1 B  t h e  demagnetizing energy i s  found f o r  t h e  

f o u r  above c a s e s ,  i n  t h e  form 



where 

The y from t h e  l o c a l  f i e l d  model o f  Sec. 3.2 i s  

S u s c e p t i b i l i t i e s  from t h e s e  charge d i s t r i b u t i o n s  a r e  compared 

i n  Table  3.1,  where (3.24, 3.38) a r e  used and w e  s e t  q = 

B. End Spr inq  and I n t e r a c t i o n  Enerqy 

By Gauss'  law, we know t h a t  t h e  t o t a l  charge a t  each end 

due t o  d i sp lacement  o f  t h e  t i e  p o i n t s  is  (F ig .  3.3a) 

Le t  t h i s  charge be  sp read  ove r  t h e  end and t h e  f o u r  s i d e s  wi th-  

i n  a d i s t a n c e  d/2 from t h e  end ( t o t a l  a r e a  3 d 2 ) .  We f i n d  t h e  

s e l f - ene rgy  of  t h i s  charge when it i s  d i s t r i b u t e d  on a sphere  

of a r e a  3d2, which then  has  a r a d i u s  r = d .  The s e l f -  

energy of  bo th  ends  i s  





(b 

Fig .  3 . 3 .  (a )  Gaussian s u r f a c e  f o r  f i n d i n g  charge  on t h e  end 
s p r i n g  due t o  d i sp lacement  x, of t i e  p o i n t .  (b) Diagram f o r  
approximat ing end s p r i n g  energy and i n t e r a c t i o n  energy of  end 
s p r i n g  wi th  long  w a l l .  



where n : 16. I t  w i l l  be convenien t  t o  r e w r i t e  t h i s  a s  

There i s  a l s o  an i n t e r a c t i o n  energy E"  between t h e  d  

charges  on t h e  end and t h o s e  due t o  bowing o f  t h e  long w a l l .  

To f i n d  t h i s  c r u d e l y ,  w e  c e n t e r  t h e  sphe re  o f  charge  a t  t h e  end 

o f  t h e  whisker  and p u t  t h e  bowing charges  on a  l i n e  down t h e  

c e n t e r  o f  t h e  whisker  which ends a t  t h e  p inn ing  p o i n t ,  a  

d d i s t a n c e  - from t h e  e f f e c t i v e  end charges  (Fig .  3.3b) . For 2  16Msdx zdz 
t h e  bowing cha rges ,  l d ~ ~  1 = 1 

L2 
and 

d  

- 3 2 ~ ~ ~ d ~  
- 

L x 1 2  x  2-' - 1-z zdz 

~~~d~ 
where k - - y 3  L , 3 

= 32 I n  - 
3 ( 2 ; - 2 ) .  

With t h e  assumption t h a t  t h e  charges  a r e  on t h e  f o u r  

s u r f a c e s ,  t h e  demagnetizing energy can b e  w r i t t e n  

Ms 2.d2 
where k = yqs L . The magnet iz ing energy i s  aga in  

1 



Minimization o f  t h e  t o t a l  energy w i t h  r e s p e c t  t o  x and x 
1 2 

g i v e s  

3 k. - .z k 
2 and x = = k k -k2 . 
1 2  3 

2 k k -k2 
1 2  3 

- Then A t  Ho = Hd f XT(0) = X 1  + X 2  - 2 .  

W e  compare t h i s  w i t h  (3 .21 ) ,  which i s  t h e  l i m i t  o f  (3.44) where 

3 
-t 0 (no i n t e r a c t i o n )  : 

and w i t h  t h e  one-spr ing model where bo th  y 2  + w and y + 0: 

These va lues  a r e  compared i n  Tables  3.2a,  b w i t h  t h e  r e s u l t s  

o f  Chapter  5 ,  which a r e  w r i t t e n  a s  c M ( o ) '  and w i t h  t h e  
Ho E 

cor responding  exper imenta l  v a l u e  Ep NCAC 

EzGaE 
C P 

from (2.11) . W e  used y ,  = yqs. Com?arison o f  experiment 

w i th  t h e  t heo ry  of  Chapter  5 w a s  g iven  i n  F ig .  2.4. 

The r e l a t i v e  magnitudes o f  t h e s e  " s u s c e p t i b i l i t i e s "  can 

be  e a s i l y  unders tood.  The one-spr ing model should have t h e  
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least susceptibility, and the two-spring non-interacting one 

should have the largest value, because it permits deflection 

at the ends as well. The model with an interaction energy 

added should have an intermediate value. From Table 3.2a, we 

see that the interaction energy is relatively large, the 

susceptibility being only slightly greater than for the 

pinned-end model. 

We conclude that the 1-spring model gives a good 

approximation to the demagnetizing energy and hence to X'. A 

large interaction term must be included when the end springs 

are added. This interaction energy drives the susceptibility 

back to near the 1-spring value. Hence Table 3.1 was 

constructed using the simple case of y = and y = 0. 
2 3 

The actual X' (a l/y) is an upper bound for the 

susceptibilities of any set of postulated charge distributions 

(assuming the demagnetizing energies are accurately found). 

Thus of these possibilities, reference to Table 3.1 shows that 

a real whisker is most closely approximated by putting the 

charge equally on the four surfaces. (The local model result 

has a greater susceptibility than the non-local values due to 

neglect of non-local demagnetizing fields.) 

In summary, the susceptibility can be accurately 

calculated using the 1-spring model and assuming the charge 

is on all four surfaces. 

Table 3.3 gives the displacement of the tie points as a 

r fraction of the displacement at the center of the wall, as 



X l f  x2' 

Non-interacting Interacting 

auadratic Fit 

Table 3.3. Relative magnetization (homogeneous driving) 

at the end of the whisker to that at the center, for non- 

interacting springs (from (3.43) with K3=0), interacting 

springs (from (3.43) with K 3  given in (3.40)), and best 

quadratic fit to theory of Chapter 5. 



predicted by the two models here. Also shown for comparison 

are the values found from the best quadratic fit to the 

magnetization calculated in Chapter 5. 

The 2-spring models attempt to treat the actual departure 

from linearity of the charge density along the whisker as 

being concentrated entirely at the end, giving rise to the 

second spring and interaction energies. The results of 

Chapter 5 indicate that for a self-consistent solution, the 

extra charge on the end must be spread along more of the 

whisker. 

The most impressive thing about these models is that 

there are no adjustable parameters. Susceptibilities are 

found which agree with experiment within 5 percent, based on 

the assumption of a parabolic magnetization. An assumed 

magnetization which is not too far from micromagnetic 

equilibrium can give good results for the energy, because at 

equilibrium the variation of the energy is of second order 

when the variation of $ is of first order. We have assumed 

various magnetization configurations, giving different charge 

distributions. Thoseconfigurations which are "close" to 

equilibrium give excellent results for the energies (and hence 

susceptibility). However, comparison of the energies does not 
-b 

give much information about the true 11. To find we must 

minimize (to zero) the torques on the atomic moments. 



3.3.2 Local  Dr iv ing  

W e  found i n  Sec. 3.2 t h a t  t h e  l o c a l  model p r e d i c t e d  a 

t r i angu la r - shaped  w a l l  f o r  l o c a l  d r i v i n g ,  w i t h  yL = 16 . 
From exper iment ,  t h e  w a l l  i s  n e a r l y  t h i s  shape.  I n  Appendix 

l C ,  t h e  a c t u a l  demagnet iz ing energy (non-Local) f o r  a 

t r i a n g u l a r  w a l l  i s  c a l c u l a t e d  f o r  t h e  case of  cha rges  on t h e  

s u r f a c e  of  a c y l i n d e r .  We f i n d  

where = 32[1n - 1 + ;*I 
By comparing y: w i t h  yc ( f o r  t h e  homogeneous d r i v i n g )  , 

we f i n d  

L t o  w i t h i n  one p e r c e n t ,  f o r  a 2 30. Th i s  would be  expec ted  i f  

t h e  s u s c e p t i b i l i t y  i n  homogeneous d r i v i n g  f o r  bo th  t r i a n g u l a r  

and q u a d r a t i c  w a l l s  i s  n e a r l y  e q u a l ,  because t h e  r a t i o  of  

a r e a s ,  and hence magnet iz ing energy ,  i s  a l s o  4 / 3 .  O n  energy 

c o n s i d e r a t i o n s  a l o n e ,  i n  homogeneous d r i v i n g  a  t r i a n g u l a r  

response  o f  t h e  magnet iza t ion  should  be  a s  f a v o r a b l e  a s  t h e  

a c t u a l  q u a d r a t i c  bowing o f  t h e  w a l l .  This  emphasizes t h e  

p o i n t  made i n  t h e  l a s t  s e c t i o n  t h a t  d i f f e r e n t  magnet iza t ions  

which a r e  n o t  " t o o  f a r "  from micromagnetic e q u i l i b r i u m  have 

n e a r l y  i d e n t i c a l  s u s c e p t i b i l i t i e s .  



I t  i s  i n t e r e s t i n g  t h a t  t h e  l o c a l  model a l s o  p r e d i c t s  

64 
Y -  T - 4 - - - -  
yL 

1 6 1 ~  3 ' 

The magnitude o f  each o f  t h e s e  q u a n t i t i e s  i s  i n c o r r e c t  (by a  

f a c t o r  o f  about  2 )  b u t  t h e  r e l a t i v e  s i z e s  seem t o  be  

a c c u r a t e  f o r  d i f f e r e n t  w a l l  shapes .  

I n  l o c a l  d r i v i n g ,  on ly  t h e . d e f l e c t i o n  a t  t h e  c e n t e r  

de te rmines  t h e  magnet iz ing energy.  The w a l l  shape j u s t  

minimizes t h e  demagnetizing energy f o r  a g iven  c e n t e r  

d e f l e c t i o n .  The t r i a n g u l a r  w a l l  ha s  o n l y  3/4 t h e  demagnetiz- 

i n g  energy o f  t h e  q u a d r a t i c  w a l l  f o r  t h e  same c e n t e r  d e f l e c -  

t i o n ,  s o  t h e  former w i l l  c l e a r l y  be  favored .  The a c t u a l  shape 

o f  t h e  w a l l  i s  found,  from t h e  s e l f - c o n s i s t e n t  f i e l d  approach 

of Chapter  5 ,  t o  be  very  s e n s i t i v e  t o  t h e  r a d i u s  o f  t h e  

d r i v i n g  c o i l  (F ig .  5.6)  . 
Although w e  c a n ' t  d i s t i n g u i s h  w e l l  between d i f f e r e n t  w a l l  

shapes  from t h e s e  energy c a l c u l a t i o n s ,  w e  have seen  t h a t  

minimizat ion o f  magne tos t a t i c  energy r e q u i r e s  t h e  charge  t o  

be  a t  t h e  s u r f a c e .  That  t h e  charge  i s  i n  f a c t  a t  t h e  s u r f a c e  -- 
(because o f  t h e  low c r y s t a l l i n e - a n i s o t r o p y  of  i r o n )  w i l l  b e  

shown i n  t h e  n e x t  c h a p t e r ) .  



CHAPTER 4 

THE TRANSVERSE MAGNETIZATION 

In this chapter it is shown that in a long whisker the 

transverse and longitudinal magnetization can be solved for 

separately. In Sec. 4.1.1 a simple functional form for the 

transverse magnetization is assumed and the parameters in the 

expression are evaluated. In Sec. 4.1.2 the micromagnetic 

equations are reduced to a set of coupled linear algebraic 

equations and solved numerically. Most of the magnetic charge 

is found to be on the whisker surface, with very little on the 

180' wall and virtually none within the domain volume. In 

Sec. 4.1.3 it is assumed that the volume charge is zero and 

a more accurate calculation of the surface charge distribution 

is presented. 

Contributions to the magnetic energy of the entire whisker 

are calculated in Sec. 4.2. Neglect of wall energy and exchange 

energy within the long domains is justified, and it is shown 

that the anisotropy energy within the long domains lowers the 

whisker susceptibility about a percent below the magnetostatic 

result found in Sec. 3.3. 

The similarity of the iron whisker to a medium of infinite 

magnetic susceptibility is established in Sec. 4.3, and the 

result is used in Chapter 5 to calculate the longitudinal 

magnetization (i.e., the shape of the long 180' wall). 



4.1 Micromagnetic Theory: The Torque Equation 

It was shown in Chapter 1 that the distribution of 

magnetization can be found in two equivalent ways: (i) varying 
+ $i to minimize the 'energy", or (ii) varying M until the "field" 

is parallel to everywhere. In this section, we adopt the 

latter method. We first discuss self-consistent fields and a 

simple analytical model for the whisker. The micromagnetic 

equations are then set up in integral form and solved 

numerically. 

4.1.1 Self-consistent Fields 

We will find the transverse magnetization in a long 

whisker (L >> d) when a longitudinal field ~~s is applied. 
We start by assuming the existence of the 180' wall and the 

closure domains in zero applied field (H = 0). In this con- 
0 

figuration there is no demagnetizing field 8' and the torque 

equation 3 x ST = 0 (where gT = 8 + 3 '  + Sk + 8 ) is satisfied o ex 

by the competition between the anisotropy field Sk and the 
exchange field sex within the domain walls. This competition 

is unaffected by the displacement of the wall in an applied 

field. We need consider only the effects of 8 , A ' ,  and fik 
0 

within the domains themselves. The magnetization within a 

domain varies slowly enough that 8 is negligible there. ex 



The s i m p l e s t  magnet iza t ion  d i s t r i b u t i o n  which approximates 

t h e  whisker  i s  shown i n  F ig .  4 . 1 .  The o r i g i n  o f  t h e  c o o r d i n a t e  

system i s  a t  t h e  c e n t e r  of  t h e  whisker .  The a n g l e s  a r e  g r e a t l y  

exaggera ted  f o r  c l a r i t y .  Throughout t h i s  s e c t i o n  t h e  w a l l  i s  

assumed t o  be  i n  t h e  c e n t e r  ( x  = 0) t o  s i m p l i f y  t h e  c a l c u l a t i o n .  

(The w a l l  i s  n e a r  t h e  c e n t e r  on ly  f o r  t h e  i n i t i a l  magnet iza t ion  

(Ho << Hd) t b u t  o u r  conc lus ions  w i l l  be  v a l i d  f o r  a l l  Ho < H d ) .  

The magnet iza t ion  i s  assumed t o  r o t a t e  uniformly from t h e  c e n t e r  

t o  t h e  s i d e s ,  g i v i n g  rise t o  + and - c o n t r i b u t i o n s  t o  t h e  

uniform volume charge  from t h e  d e r i v a t i v e s  of  x  and y a n g l e s ,  

r e s p e c t i v e l y .  I t  w i l l  be  seen t h a t  t h i s  i s  a  f a i r l y  good 

approximat i on .  

The magnetic charge  f o r  t h i s  approximate s o l u t i o n  i s  

found from 

which g i v e s  f o r  sma l l  'angles ( 4 ,  4, < < 8  << 1) t h e  

volume charge d e n s i t i e s  

and' 

( 4 .  l a )  



Fig. 4.1. Charge densities ( ow to2 ,0  3 t p , r p 2 ) ,  magnetization 
angles (+,,+,,+,), and wall angle 8 In approximate configuration 
for long domains separated by 180' wall. Volume charge is 
assumed to be uniform; actual volume charge is p  = p ,  + p,. 
Dotted arrows in y-z projection indicate magnetization on far 
side of Bloch wall. 



and the surface charge 

G = 2Ms(e - 
W 

U 2  = 14s$2f 

0 = MS03 . 
3 
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densities 

and 

( 4 .  le) 

The transverse demagnetizing fields are found from these 

charge distributions. 

A. Separation of the Problem 

At any point z along the whisker, the wall makes an-angle 

0 (z) which results in a total charge/unit length p Q a  a ( 2 )  

(Sec. 3.1). This angle is slowly 

the z direction) comparable to d. 

1 1  fields fall off rapidly as ; , 

varying over distances (in 

Because the transverse 

they can be equivalently 

calculated from an infinitely long bar with the same charge 

distribution in cross-section, but uniform charge/unit length 

in the z direction given by p g  above. This equivalence is 

further aided by the fact that first order deviations in 

O(z) on each side of the point in question give transverse 

fields which tend to cancel, being positive from one side and 

negative from the other. 

In a whisker cross-section at any point z, the demagneti- 

zing fields, and hence transverse magnetization, vary linearly 

with O(z), but do not otherwise depend on z. Thus, the total 



amount of charge in the x-y cross-section scales linearly with 

and the distribution of this charge, which is determined 

by the demagnetizing fields (and the crystalline anisotropy) , 
is independent of z. Note, however, that very near the ends 

of the long domain wall the approximations made here are of 

limited validity. 

The three-dimensional problem thus separates into a two- 

dimensional (x-y) and a one-dimensional (z) problem. As the 

separation is valid everywhere except near the ends, it is a 

good approximation for long whiskers. The longitudinal problem 

is to find x(z), the shape of the wall, and is studied in 

Chapter 5. 

E. Self-consistency at the Wall 

At the wall, the angle of with the z-axis, $ 1 ,  can be 

immediately found. By symmetry, the only demagnetizing field 

acting on these spins is due to the charge on the wall itself. 

Fig. 4.2 shows the fields. $ points in the direction of the 

sum of anisotropy 

and using (4.lc), 

Defining 

and demagnetizing fields. For small angles 

and 



(a) 

Fig. 4.2. (a) Magnetization and charge at the wall--definition 
of magnetization and wall angles. (b) Self-consistency 
condition at the wall. 



we find 

and the fractional charge on the wall is 

Only 2.3% of the charge is on the wall. 

This result also applies when the wall is not in the 

center of the whisker, where there is an added transverse 

demagnetizing field. In the small angle approximation, this 

extra field rotates the spins on one side into the wall, and 

on the other side an equal amount away from the wall. The 

net flux of into the wall (and hence the charge on the wall) 

does not change. 

C. Simple Model 

As a first attempt to find the transverse magnetization 

(and distribution of magnetic charge), we assume a solution 

to (1.15) of the form (Fig. 4.1) 



wnere is known from (4.2) and and are the constants 

to be determined. This magnetization creates uniform volume 
8~ a M  

charge densities due to both +nd 3. In Appendix 2 the 
fields perpendicular to the surface from the volume, wall, and 

surface charges are evaluated at two points: (x,y) 

d 
2 

( 6 ) .  ' 6 is any non-zero distance less than - In the small 

angle approximation, the self-consistency condition (1.11) 

is equivalent to setting the transverse demagnetizing fields 

at these two points proportional to the x-angle (4,) and 

y-angle (4 ,) , respectively. These two equations are solved 

in Appendix 2 for the unknown angles $, and $,, and the 

results are given in Table 4-1, 

d,  in order to The y-field is evaluated at (x = 6, y = 

avoid the logarithmic singularity in the y-field at the wall 

(x = 0) due to the wall charge. (The field tangential to a 

charged plate is infinite at the edge of the plate.) The 

solutions are thus finite and fairly independent of 6 

 able 4.1) . 
HA which can be In the limit of vanishing R = - 4T% 

observed experimentally at high tenperatures, the transverse 

demagnetizing fields must also vanish. The solution for the 
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Tab le  4 . 1  

Charge D i s t r i b u t i o n  Within  The Whisker 

Exac t  S o l u t i o r  

Approximate 
S o l u t i o n  

6 = .1 

Approximate 
S o l u t i o n  

Accu ra t e  
Numerical  
S o l u t i o n  

from 
Sec.  4 .1 .3*  

F r a c t i o n  o f  Charge 

Volume Wall S u r f  a c e  S u r f a c e  

* Volume cha rge  assumed t o  b e  ze ro .  



t r a n s v e r s e  cha rge  d i s t r i b u t i o n  becomes id . en t i ca1  t o  t h e  two- 

dimensional  s o l u t i o n  f o r  t h e  charge on an  i n f i n i t e l y  long  

meta l  b a r  w i t h  

p Q  = cha rge /un i t  l e n g t h  = 2Ms9 . 

I n  a  meta l  b a r ,  t h e  charges  a r r ange  themselves  on t h e  s u r f a c e  

t o  g i v e  ze ro  e l e c t r i c  f i e l d  everywhere i n s i d e .  This  analogy 

o f  e l e c t r i c  charges  on a  meta l  b a r  w i l l  prove u s e f u l  f o r  a l l  

a s p e c t s  o f  t h e  i r o n  whisker i n  a magnetic f i e l d .  

I n  t h e  l i m i t  a s  R + 0 ,  t h e  e x a c t  s o l u t i o n  would have a l l  

charge on t h e  s u r f a c e .  Our s imple  c a l c u l a t i o n  g i v e s  about  

92 p e r c e n t  on t h e  s u r f a c e  and 8 p e r c e n t  i n  t h e  volume. I t  i s  

t h e  d i f f e r e n c e  between t h e  charge d i s t r i b u t i o n s  c a l c u l a t e d  

f o r  R = 0 and R =.023 which i s  meaningful  ( s e e  a l s o  Sec. 4.1.3 

and e n t r y  a t  bottom o f  Table 4 . 1 ) .  Th is  d i f f e r e n c e  i s  2.3% 

on t h e  w a l l  and less than a  p e r c e n t  (of n e g a t i v e  charge! )  i n  

t h e  volume. Thus, we can conclude even from t h i s  s imple  model 

t h a t  about  9 8 %  o f  t h e  charge i s  on t h e  s u r f a c e  f o r  t h e s e  i r o n  

whiskers  a t  room tempera ture .  

4.1.2 The Two-dimensional S o l u t i o n  

For  a  more r i g o r o u s  c a l c u l a t i o n  o f  t h e  t r a n s v e r s e  magnet- 

i z a t i o n ,  b u t  s t i l l  under t h e  approximat ion t h a t  t h e  charge  

p e r  u n i t  l e n g t h  i s  c o n s t a n t  a long  t h e  wh i ske r ,  one g e n e r a l i z e s  

t h e  f r a c t i o n a l  a n g l e s  a,,  @, and 0 ,  t o  cont inuous  v a r i a b l e s  



Qx (x ,y )  and @ (x ,y )  . One n e g l e c t s  d i f f e r e n c e  between 0  (x ,y)  
Y 

and s i n  0 ( x , y )  t o  l i n e a r i z e  t h e  s e l f - c o n s i s t e n c y  equa t ions  

(1 .20) .  Neglec t ing  t h e  t e r m s  on t h e  LHS and w r i t i n g  t h e  

t r a n s v e r s e  demagnet iz ing f i e l d s  i n  i n t e g r a l  form, one g e t s  

t w o  coupled i n t e g r a l  d i f f e r e n t i a l  equa t ions :  

and a  s i m i l a r  equa t ion  (4.4b) f o r  ~ T R @  ( x , y ) ,  where on t h e  RHS Y 

on ly  t h e  Kx a r e  r e p l a c e d  by K . Y 

Kx(x-x' ,y-y ')  i s  t h e  Green f u n c t i o n  f o r  t h e  x-component 

o f  t h e  f i e l d  a t  ( x , y )  due t o  an i n f i n i t e  l i n e  charge a t  

=J w (x-x ' . 

Kx(x-x' ,y -y ' )  -- IZ."+ (x-x'.) l+ (y-y'.) 'I 3/2 

- - 2 (x-x' ) 

(x-x') '+(y-y ')  ' 

S i m i l a r l y ,  



For example, t h e  demagnetizing f i e l d  i n  t h e  x - d i r e c t i o n  a t  

(x ,y )  due t o  a  r e c t a n g u l a r  b a r  a t  (x' , y l )  , i n f i n i t e  i n  t h e  

z - d i r e c t i o n  and of  c r o s s  s e c t i o n  d x ' d y ' ,  which c o n t a i n s  a  

a 4, uniform charge d e n s i t y  p ( x '  , y ' )  = -Ms ( x '  , y ' ) ,  i s  given by 

( x '  , y ' ) d x ' d y t  
X 

D iv i s ion  by M 8  g i v e s  t h e  i n t e g r a n d  o f  t h e  f i r s t  t e r m  o f  
S 

(4 .4a)  above. Likewise ,  a  segment o f  s u r f a c e  charge a t  y  
0' 

i n f i n i t e  i n  t h e  z - d i r e c t i o n  and of  wid th  d x ' ,  w i t h  s u r f a c e  

charge d e n s i t y  

u (x '  ,yo) = Ms8@ ( x '  ,yo) , Y 

g i v e s  a  f i e l d  i n  t h e  x - d i r e c t i o n  a t  (x ,y )  of 

I n  ( 4 . 4 )  w e  have taken  t h e  w a l l  t o  be  i n  t h e  c e n t e r  

(x  = 0 )  f o r  two r easons .  F i r s t ,  it g i v e s  t h e  b a s i c  charge 

d i s t r i b u t i o n  f o r  s m a l l  f i e l d s .  S i n c e  t h e  w a l l  has only  about  

2% of  t h e  cha rge ,  w e  expec t  t h e  d i s t r i b u t i o n  t o  be  n e a r l y  

unchanged even f o r  a  l a r g e  bowing o f  t h e  w a l l .  (The expe r i -  

mental  ev idence  f o r  t h i s  i s  given i n  Sec. 4.3.) Second, it 

g i v e s  t h e  charge  d i s t r i b u t i o n  t h e  symmetry o f  two pe rpend icu la r  

m i r r o r  p l a n e s  i n t e r s e c t i n g  a long  t h e  z -ax is ,  which s i m p l i f i e s  

t h e  c a l c u l a t i o n .  



Because (4 .4a ,b)  a r e  v a l i d  a t  every p o i n t  (x ,y )  , each 

one c o n s t i t u t e s  a  two-fold i n f i n i t e  s e t  o f  s imul taneous  

equa t ions .  An e x a c t  a n a l y t i c  s o l u t i o n  o f  t h e s e  equa t ions  i s ,  

t o  o u r  knowledge, imposs ib le .  

An approximate s o l u t i o n ,  whose accuracy  i s  l i m i t e d  on ly  by 

t h e  s i z e  of  an a v a i l a b l e  computer, is  found by r e p l a c i n g  t h e s e  

i n t e g r a l  equa t ions  by a  set  o f  s imul taneous l i n e a r  equa t ions .  

A quadran t  o f  t h e  whisker  i s  broken up i n t o  an  m x m g r i d .  The 

volume charge i n  each g r i d  i s  approximated by a  l i n e  charge  a t  

t h e  c e n t e r ,  and t h e  s u r f a c e  and w a l l  charges  are approximated 

by a  l i n e  charge  a t  t h e  c e n t e r  o f  t h e  a p p r o p r i a t e  g r i d  l i n e .  

Both t h e  x  and y  f i e l d s  from t h e s e  charges  a r e  e v a l u a t e d  

(u s ing  t h e  above Green f u n c t i o n s )  a t  t h e  ( m + l )  i n t e r s e c t i o n s  

o f  g r i d  l i n e s ,  and 2 ( m + 1 1 2  equa t ions  a r e  formed by s e t t i n g  

t h e s e  f i e l d s  p r o p o r t i o n a l  t o  t h e  r e s p e c t i v e  x and y a n g l e s  a t  

t h e s e  ( r n + l )  p o i n t s .  D e t a i l s  o f  t h e  r e d u c t i o n  o f  ( 4 . 4 )  t o  

a l g e b r a i c  equa t ions  a r e  g iven  i n  Appendix 3 .  

The r e s u l t i n g  t r a n s v e r s e  magnet iza t ion  f o r  m = 10 i s  

given i n  F i g s .  4.3a, b ,  c,  d ,  f o r  f o u r  d i f f e r e n t  v a l u e s  of  R.  

The most impor t an t  conc lus ion  i s  t h a t  t h e  volume charge  i s  ve ry  

nea r  ze ro  (< .5%, which 

program) and t h i s  ho lds  

and t r a p s  a s i g n i f i c a n t  

s t i l l  i s  no s i g n i f i c a n t  

i s  w i t h i n  t h e  expected e r r o r  o f  t h e  

f o r  a l l  v a l u e s  o f  R . When R i s  l a r g e  

p a r t  o f  t h e  charge on t h e  w a l l ,  t h e r e  

charge  d i s t r i b u t e d  i n  t h e  volume. The 



Fig. 4.3a. Transverse magnetization in one quadrant of the 
whisker, calculated from (4.4) for m = 10 (242 self-consistency 
conditions). Bloch wall is horizontal line at bottom. 
R = HA/4nMs = .023, Qw = $,/o = .977.  



Fig. 4.3b. Transverse Magnetization. R = .23, Ow = .813. 



Fig. 4 . 3 ~ .  Transverse Magnetization. R = 2.3, Qw = . 3 0 3 .  



Fig. 4.3d. Transverse Magnetization. R = 23.0, Ow = .042. 
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charge  d e n s i t y  on t h e  s u r f a c e s  has  l o g a r i t h m i c  s i n g u l a r i t i e s  a t  

t h e  c o r n e r s  and a t  t h e  i n t e r s e c t i o n  o f  t h e  charged w a l l .  (The 

t r u e  charge  d e n s i t y  can o f  cou r se  never  be  l a r g e r  t han  Ms. The 

i n f i n i t y  r e s u l t s  from t h e  sma l l  a n g l e  approximat ion.)  

F igs .  4.4a,  b ,  c ,  d  show i so-angle  contours  f o r  t h e  x and 

y  ang le s  of  t h e  magnet iza t ion .  The r o t a t i o n  o f  t h e  x s p i n s  

away from t h e  w a l l  and t h e  y  s p i n s  away from t h e  x-z p l a n e  

q u i c k l y  d e v i a t e s  from t h e  u n i f o r n  r o t a t i o n  assumed i n  t h e  

s imple  model above. Peaking o f  t h e  charge  d e n s i t y  a t  t h e  

c o r n e r  (for i r o n )  and t h e  ends  o f  t h e  w a l l  (h igh  a n i s o t r o p y )  is  

ev iden t .  For  HA = 0 ( n o t  shown) t h e  magnet iza t ion  i s  n e a r l y  

i d e n t i c a l  t o  t h a t  f o r  R = = .023 ( i r o n  a t  room t empera tu re ) .  

4.1.3 More Accura te  C a l c u l a t i o n  o f  t h e  Su r face  Charge 

Within t h e  approximat ion ( i f  any)  o f  no volume cha rge ,  w e  

can c a r r y  o u t  a  more d e t a i l e d  i n v e s t i g a t i o n  o f  t h e  s u r f a c e  

charge .  The charge  d e n s i t y  on t h e  w a l l ,  a s  a  f r a c t i o n  of  t h e  

w a l l  a n g l e ,  i s  aga in  

I n  d imens ion less  v a r i a b l e s ,  t h e  t o r q u e  equa t ions  a t  t h e  



surfaces and perpendicular to them are 

and 

for the surfaces parallel and perpendicular to the wall, 

respectively. 

These coupled equations must be solved, along with the 



F i g .  4 . 5 .  G r i d s  used t o  s o l v e  ( 4 . 7 ) ,  shown h e r e  f o r  m = 10 .  
F i e l d s  a r e  e v a l u a t e d  on t h e  g r i d  l i n e s  i n  t h e  upper  r i g h t  
q u a d r a n t ,  e x c e p t  a t  t h e  p o i n t  # where t h e  s e l f - c o n s i s t e n c y  
c o n d i t i o n  i s  r e p l a c e d  by ( 4 . 7 ~ )  . 

Ow 
i s  un i fo rm and depends 

o n l y  on R.  



c o n s t r a i n t  o f  u n i t  charge / length  on w a l l  and s u r f a c e s :  

I n  conve r t i ng  t o  l i n e a r  e q u a t i o n s ,  we d i v i d e  each s u r f a c e  i n  a  

quad ran t  i n t o  m segments,  w i t h  n  = m + 1 a n g l e s  needed as 

b e f o r e  t o  exp res s  t h e  m charge  d e n s i t i e s  (F ig ,  4 .5 ) .  The w a l l  

charge  i s  a l s o  segmented, and w e  a r r i v e  a t  2n + 1 equa t ions  and 

2n unknown a n g l e s .  One of t h e  s e l f - c o n s i s t e n c y  c o n d i t i o n s  must 

be ignored  ( w e  choose t h e  one f o r  m x ( 0 ) ,  because t o  f i r s t  

o r d e r  Qx d o e s n ' t  va ry  t h e r e ) ,  and t h e  remaining 2n equa t ions  

a r e  so lved .  (The program i s  i n  Appendix 4 ) .  The charge  

d e n s i t i e s  a r e  p l o t t e d  i n  F i g s .  4 .6at  b ,  c ,  d ,  e f o r  m = 100. 

These charge  d e n s i t i e s  a r e  normalized i n  t h e  s e n s e  o f  ( 4 . 7 ~ ) .  

The cu rve  f o r  i r o n  a t  room tempera ture  (F ig .  4.6b) i s  almost  

i d e n t i c a l  t o  t h a t  f o r  HA = 0  (Fig .  4 .6a ) .  The l o g a r i t h m i c  

s i n g u l a r i t y  a t  t h e  i n t e r s e c t i o n  of  w a l l  and s u r f a c e ,  i s  most 

e v i d e n t  a t  h igh  a n i s o t r o p y ,  when t h e  w a l l  charge  i s  cons ide rab le .  

Both t h e  a p p l i e d  f i e l d  H 2 and t h e  l o n q i t u d i n a l  demagnetizing 
0 

f i e l d  H ' ;  e x e r t  t o r q u e  on t h e  t r a n s v e r s e  magnet iza t ion ,  and 
z 

-+ 
should be  i nc luded  i n  HT. A s  we w i l l  see i n  Chapter  5 ,  t h e s e  

two f i e l d s  a r e  n e a r l y  equa l  i n  magnitude and o p p o s i t e  i n  

d i r e c t i o n .  Even i f  t h e  c a n c e l l a t i o n  w e r e  n o t  good (which it 

i s ! ) ,  t h e  a p p l i e d  f i e l d  i s  always much less than  HA. I n  s h o r t  - 25 t h e  d e p a r t u r e  f i e l d  i s  , 50 gauss ,  and hence whiskers  a 
would g i v e  a  sma l l  c o r r e c t i o n  t o  R and a  n e g l i g i b l e  c o r r e c t i o n  
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t o  t h e  charge d i s t r i b u t i o n  (which as w e  have seen depends on 



4.2 Minimization of the Energy 

Consider an infinite ferromagnetic bar of square cross- 

section with a 180' wall in the center. If the sum of magneto- 

static (demagnetizing) and anisotropy energies is minimized 

wit.h the constraint of constant magnetic charge/unit length 

HA and a fraction - of that charge on the wall, one arrives 
4 T ~ M ~  

at the torque equations (4.4) solved previously. The energy/ 

unit length of this model bar becomes infinite logarithmically 

as the length of the bar becomes infinite. 

In this section we compare the energies (wall, exchange, 

magnetostrictive, anisotropy, and magnetostatic) of a finite 

whisker in a homogeneous field H with an assumed quadratic 
0 

wall bowing. Only magnetostatics and anisotropy are important 

at room temperature, and an approximate expression is found 

for the increase in stiffness due to the anisotropy (over the 

stiffness due to magnetostatics alone). 

' '4.2.1 Wall Energy 

We are interested in the wall energy difference between 

the magnetized and unmagnetized whisker in the Landau configura- 

tion. We consider only the long wall and assume the wall 

energy/unit length is not changed by the applied field. This 

assumption is valid if the longitudinal internal field Hi is 
Z 

very small (so that the wall is symmetric about the plane through 

its center) and if the change in wall structure due to the 

charge on it is not significant. 



The w a l l  energy then  changes du r ing  magne t i za t ion  only 

due t o  an i n c r e a s e  i n  l e n g t h .  Using (3.13) f o r  t h e  w a l l  

d i sp lacement  i n  a sma l l  a p p l i e d  f i e l d ,  t h e  change i n  w a l l  

a r e a  due t o  t h e  bowing i s  
L/2 

AA = d [. d v ) 2 d z  -.I 
where 

Thus 

and t h e  change i n  w a l l  energy i s  

where (Ki-56R, 5 1 0 )  

f o r  i r o n .  W e  rewrite (4 .8)  as 

L 

where f o r  d  = . O 1  c m ,  

Th is  energy i s  3 o r d e r s  of  magnitude l e s s  t h a n  t h e  an iso topy  

energy i n  t h e  domain(4.13) and of  t h e  same form; it can the re -  



f o r e  be  neg lec ted .  The w a l l  i t s e l f  a c t s  l i k e  an e l a s t i c  membrane 

wi th  n e g l i g i b l e  r e s t o r i n g  f o r c e .  

4 . 2 . 2  Exchanqe Energy w i t h i n  t h e  Domain 

This  energy i s  complete ly  i n s i g n i f i c a n t .  For s i m p l i c i t y  

we c o n s i d e r  on ly  (3) and t a k e  t h e  exchange energy between 

two a d j a c e n t  atoms t o  be  

where $x is  t h e  ang le  d i f f e r e n c e  i n  t h e  x -d i r ec t ion  and a  i s  

t h e  l a t t i c e  spac ing .  The number of t h e s e  a toms/uni t  l e n g t h  

of  t h e  whisker  i s  d 2 / a 3 ,  s o  t h e  exchange energy i s  roughly 

where f o r  d  = . O 1  cm, 

4 . 2 . 3  Maqne tos t r i c t i ve  Enerqy 

Magne tos t r i c t i on  i s  on ly  impor tan t  i n  t h e  c l o s u r e  domains, 

f a v o r i n g  



ove r  t h e  Landau s t r u c t u r e .  However, t h e  Landau c o n f i g u r a t i o n  

has  less w a l l  energy ,  and a  s imple  c a l c u l a t i o n ( a n a l o g o u s  t o  

Chikazumi, Phys i c s  o f  Magnetism, p. 230) shows it i s  favored 

i n . i r o n  when d  5 740 p. 

D i f f e r e n t i a t i o n  between t h e  two s t r u c t u r e s  i s  n o t  p o s s i b l e  

u s ing  on ly  t h e  in-phase  s u s c e p t i b i l i t y  ( s e e  Chapter  5). Both 

c o n f i g u r a t i o n s  should  have t h e  same d e p a r t u r e  f i e l d  ( a t  

L << M >) % - Ms) , b u t  t h e  two-walled s t r u c t u r e  i s  expected 
3 

t o  have reduced eddy c u r r e n t  l o s s e s ,  and hence a  s m a l l e r  

out-phase s u s c e p t i b i l i t y  (He-72). The double  b r a c k e t s  << >> 
i n d i c a t e  a volume average  ove r  t h e  e n t i r e  whisker .  

4.2.4 Anisotropy Energy 

A A 

I f  a l l  magnet iza t ion  were a long  z o r  -z ,  t h e  charges  

would be  e n t i r e l y  on t h e  w a l l  and t h e  a n i s o t r o p y  energy would 

be  ze ro .  W e  compare t h i s  w i th  t h e  energy f o r  a uniform 

r o t a t i o n  o f  magne t i za t ion  d i s c u s s e d  i n  Sec. 4 . 1 ,  where f o r  



Angles are a(x,z) 

Fig. 4.7. 
whisker. 
uniformly 

Angles are B (y,z) 

Approximate magnetization in a segment of the 
The wall is in the center and all charge is put 
on the four surfaces. 



simplicity all charge is distributed uniformly on the four 

sides and the wall is in the center (Fig. 4 . 7 ) .  For small 

deviations from the z-direction the magnetization is 

where for a quadratic bowing of the long wall the approximate 

micromagnetic solution is (xlyl z >O) 

To second order in small angles from (1.8) 

- 32 where CK - - K 
9 1 

M H  and K = - 
1 2  s A. 

For iron K = 4 . 2  x 10' erg 3 I and 
1 

4 . 2 . 5  Magnetostatic Energy 

In Ch. 3 the demagnetizing energy was found for various 

distributions of the poles. The reduction in demagnetizing 



energy when t h e  p o l e s  a r e  moved from t h e  w a l l  t o  t h e  f o u r  

s u r f a c e s  i s  

where u s i n g  (3 .38)  , 

- M: (n i41n2)  = 5 .9  x 1 0 '  e r g  . (4.14b) Cd - - 
cm3 

Because t h e  a n g l e s  a r e  s m a l l ,  t h e  magnet iz ing energy 

- [%*8 dr is  n o t  s e n s i t i v e  t o  t h e  a c t u a l  t r a n s v e r s e  magneti- 
0 

J 
z a t i o n .  Here 

For t y p i c a l  whiskers  d << L ,  H << HA i n  t h e  l i n e a r  s u s c e p t i b i -  
0 

l i t y  r e g i o n ,  and t h i s  t e r m  can be ignored .  

These e n e r g i e s  show t h a t  magne tos t a t i c s  s t r o n g l y  f a v o r s  

p u t t i n g  t h e  charge on t h e  s u r f a c e s  and an i so t ropy  weakly f a v o r s  

p u t t i n g  t h e  charge on t h e  w a l l .  Energy minimizat ion w i l l  c l e a r l y  

l i e  w i t h  most o f  t h e  charge  on t h e  s u r f a c e .  

4 . 2 . 6  Decrease i n  S u s c e p t i b i l i t y  due t o  Anisotropy 

We ask  f o r  t h e  r e l a t i v e  change i n  s t i f f n e s s  when H i s  
A 

i n c r e a s e d  from 0 ( n e a r  T ) t o  -- 500  gauss  ( t h e  r.oom tempera ture  
C 

v a l u e ) .  L e t  t h e  energy be E when HA = 0. This  energy i s  
0 

p u r e l y  magne tos t a t i c  and depends on ly  on t h e  app l i ed  f i e l d  

and t h e  shape of t h e  specimen. W e  a r e  n e g l e c t i n g  exchange 



energy.  For HA - 0 ,  t h e  90•‹ w a l l s  do n o t  e x i s t .  I n s t e a d ,  t h e  

magnet iza t ion  fo l lows  a  c u r l i n g  p a t t e r n  resembling t h e  Landau 

s t r u c t u r e  ( Chapter 6) . W e  t a k e  from ( 3 . 3 8 ~ )  

- - - x2 d2 
Eoz E 4 s  3  s - ( 2 )  L e r g s .  ( 4 . 1 6 )  

Now i n c r e a s e  HA t o  500 gauss ,  a  v a l u e  much l e s s  t h a n  4rM,. 

Th is  r e s u l t s  i n  an i n c r e a s e  i n  energy and hence a  d e c r e a s e  i n  

s u s c e p t i b i l i t y .  The i n c r e a s e  i n  a n i s o t r o p y  energy i s  s l i g h t l y  

compensated because about  2.3 p e r c e n t  o f  t h e  charge  goes t o  t h e  

w a l l ,  bo th  d e c r e a s i n g  t h e  a n i s o t r o p y  energy and i n c r e a s i n g  t h e  

demagnet iz ing energy.  But it w i l l  b e  s een  t h a t  t h e s e  l a t t e r  

e f f e c t s  a r e  q u i t e  sma l l .  For sma l l  a n g l e s  ( M x , M  <<MS) t h e  
Y 

a n i s o t r o p y  energy v a r i e s  as t h e  squa re  o f  t h e  charge OK t h e  

s u r f a c e .  Then t h e  change i n  a n i s o t r o p y  energy i s  from (4.13) 

X 2  d2 and p i s  t h e  f r a c t i o n  o f  charge where Ea = 1 . 5  x  l o 6  1 
L 

l e f t  on t h e  s u r f a c e  when charge q=l-p moves t o  t h e  w a l l .  

The i n c r e a s e  i n  demagnet iz ing energy i s  

where from (3.38a) 

i s  t h e  demagnet iz ing energy when a l l  p o l e s  a r e  on t h e  w a l l ,  and 

E i n t  i s  t h e  energy o f  i n t e r a c t i o n  between p o l e s  on t h e  w a l l  



and s u r f a c e s .  

E i n t  could be  found by doing t h e  i n t e g r a t i o n ,  assuming 

uniform charge d i s t r i b u t i o n  on t h e  s u r f a c e s .  However t h e  

charge i s  n o t  uniform and another  approach i s  neces sa ry .  

The t o t a l  change i n  energy i s  

W e  va ry  p t o  minimize AE and s o l v e  f o r  Eint: 

Expanding Eint i n  a power s e r i e s  i n  q ,  r e t a i n i n g  t e r m s  t o  

o r d e r  q and u s l n g  E << E , a o 

Now Eint must be  l a r g e r  t han  2E . Otherwise ,  t h e  minimum 
0 

energy s t a t e  i n  t h e  absence of  a n i s o t r o p y  would have some 

charge on t h e  w a l l .  Then (4.22) becomes 

Th i s  i s  s a t i s f i e d  f o r  t h e  q u a n t i t i e s  c a l c u l a t e d  h e r e .  

From micromagnetics w e  know p = . 977 .  The va lue  of  Ea (4.13) 

is probably a c c u r a t e  w i t h i n  1 0  p e r c e n t .  Using t h e s e  i n  (4.20) 

and (4 .21)  , w e  c o n s t r u c t  Table  4.2. E Z 2.001 E o ,  on ly  
i n t  

very s l i g h t l y  g r e a t e r  t han  2. The i n c r e a s e  i n  s t i f f n e s s  

( d e c r e a s e  i n  s u s c e p t i b i l i t y )  from t h e  presence  of H i s  A 





a r i s i n g  a lmost  e n t i r e l y  from t u r n i n g  on t h e  a n i s o t r o p y  energy.  

The r e l a x a t i o n  e f f e c t s  which i n  magnitude e q u a l  AE a r e  b u t  
ma9 

2 p e r c e n t  o f  AE. AE f a l l s  i n  t h e  range 

f o r  t h e  whiskers  s t u d i e d .  Th i s  i s  t h e  

s u s c e p t i b i l i t y  when t h e  tempera ture  i s  

f r a c t i o n a l  dec rease  i n  

lowered from \ t o  room 

tempera ture .  
- 
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4 . 3  The Po le s  a r e  on t h e  Su r face  

4 .3 .1  Experimental  V e r i f i c a t i o n  

There a r e  t h r e e  exper imenta l  r e s u l t s  which a r e  s e n s i t i v e  

t o  t h e  l o c a t i o n  o f  t h e  p o l e s :  

i) X I  (Ho) i s  a c o n s t a n t  f o r  H < Hd,  
0 

ii) X '  i s  independent  o f  Ms and HA and 
I 

iii) the magnitude o f  X' a g r e e s  w i t h  t heo ry  when t h e  

p o l e s  a r e  on t h e  s u r f a c e .  

The d i f f e r e n t i a l  s u s c e p t i b i l i t y  i s  independent  of  t h e  

w a l l  p o s i t i o n .  I f  t h e r e  a r e  bo th  a p p r e c i a b l e  w a l l  and s u r f a c e  

charges  one would expec t  t h e  magne tos t a t i c  energy o f  t h e s e  

charges  t o  change a s  t h e  w a l l  approaches one s u r f a c e .  I t  i s  

u n l i k e l y  t h a t  a  charge  r e d i s t r i b u t i o n  w i l l  keep X i  c o n s t a n t  

as the a p p l i e d  f i e l d  is v a r i e d .  

Both t h e  magnet iza t ion  and HA a r e  monotonical ly  dec reas ing  

f u n c t i o n s  of  t empera ture ,  b u t  HA van i shes  much more r a p i d l y  

(approximately  a s  M ' O )  a s  T i n c r e a s e s  (Chikazumi, Phys i c s  o f  

Magnetism, p .  1 5 1 ) .  When HA = 0 t h e  energy i s  e n t i r e l y  

magne tos t a t i c  and t h e  p o l e s  a r e  on t h e  s u r f a c e .  I f  t h e  p o l e s  

w e r e  on t h e  w a l l  a t  room t empera tu re ,  w e  would expec t  

t o  i n c r e a s e  about  35 p e r c e n t  a s  t h e  tempera ture  i s  r a i s e d  t o  

Tc . The s u s c e p t i b i l i t y  has  been found ( Ar-72a) t o  be  indepen- 

d e n t  o f  T ove r  t h e  range 6 5 0 ' ~ ~  T < . Tc. From t h e  c a l c u l a t i o n  



of Sec.  4 . 2  w e  expec t  X' t o  change by less t h a n  h a l f  a  p e r c e n t  

i n  t h i s  t empera tu re  r ange ,  i n  agreement w i t h  exper iment .  (The 

s l i g h t  t empe ra tu r e  dependence observed  t h e r e  r e s u l t s  mos t ly  

from a  change i n  eddyLcur r en t  damping due t o  t h e  t empe ra tu r e  

dependence o f  t h e  c o n d u c t i v i t y . )  

F i n a l l y ,  a s  shown i n  Sec. 3.3, t h e  measured s u s c e p t i b i l i t y  

i s  found t o  a g r e e  ve ry  w e l l  w i t h  t h e  s u s c e p t i b i l i t y  c a l c u l a t e d  

f o r  charge  on t h e  s u r f a c e .  From Table  3 .2a ,  t h e  expe r imen ta l  

d e v i a t i o n  i s  n o t  more t h a n  5 p e r c e n t  from t h e  energy c a l c u l a t i o n  

(one-spr ing model) and 3 p e r c e n t  from t h e  f i e l d  c a l c u l a t i o n  

o f  Chapte r  5. I f  a l l  cha rge  were on t h e  w a l l ,  t h e  measured 

s u s c e p t i b i l i t y  would b e  26 p e r c e n t  less t h a n  c a l c u l a t e d .  

4 . 3 . 2  Analoqy t o  I n f i n i t e  S u s c e p t i b i l i t y  Medium 

W e  c o n s i d e r  t h e  whisker  i n  t h e  l i m i t  H -+ 0, which can A 

be  o b t a i n e d  i n  p r a c t i c e  a t  t empe ra tu r e s  n e a r  b u t  below Tc. 

The s e l f - c o n s i s t e n c y  c o n d i t i o n s  (1.20) i n  t h i s  l i m i t  g i v e  



Because t h e r e  i s  no volume charge d e n s i t y  w e  a l s o  have 

$ - $ I  = 0 i n s i d e ,  (4.26) 

and t h e  s o l u t i o n  

c l e a r l y  s a t i s f i e s  (4.25) and (4 .26 ) .  

We now argue  t h a t  (4.27) i s  t h e  unique s o l u t i o n  i n  t h i s  

l i m i t .  The an i so t ropy  energy van i shes  a s  H -t 0. To t h e  A 

e x t e n t  t o  which t h e  exchange energy of  t h e  c u r l i n g  p a t t e r n  

can be neg lec t ed  (Sec. 4.2.2) , t h e  whisker  energy is  e n t i r e l y  

magne tos t a t i c  and t h e  analogy of  a p e r f e c t  conductor  i n  an 

e l e c t r i c  f i e l d  i s  e x a c t .  There ,  min imiza t ion  o f  t h e  e l e c t r o -  

s t a t i c  energy r e q u i r e s  = 0 i n s i d e  t h e  conduc tor ,  s i n c e  i 

e l e c t r i c  charge can move i n  t h e  presence  o f  a  f i e l d .  The 

analogous c o n d i t i o n  f o r  t h e  whisker  i s  ( 4 . 2 7 ) ,  t h a t  t h e  

i n t e r n a l  magnet ic  f i e l d  i s  ze ro  everywhere. ~ l l  charge 

is  on t h e  s u r f a c e  and th6  m a g n e t o s t a t i c  energy i s  a minimum. 

W e  can d e s c r i b e  t h e  whisker  when HA = 0 as a medium o f  

i n f i n i t e  i n t r i n s i c  n a g n e t i c  s u s c e p t i b i l i t y ,  s i n c e  a f i n i t e  



-h 
magnet iza t ion  r e s u l t s  when Hi = 0. The demagnetizing f i e l d  
-f -+ 
H '  e x a c t l y c a n c e l s  Ho everywhere i n s i d e ,  and t h e  measured 

s u s c e p t i b i l i t y  i s  determined e n t i r e l y  by t h e  shape of t h e  

whisker .  (The p e r f e c t  conductor  l i k e w i s e  h a s  i n f i n i t e  e l e c t r i c  

s u s c e p t i b i l i t y ,  w i t h  a  f i n i t e  p o l a r i z a t i o n  when 8 = 0. The 
i 

d e p o l a r i z a t i o n  f i e l d  from t h e  s u r f a c e  charge  e x a c t l y  c a n c e l s  

t h e  a p p l i e d  e l e c t r i c  f i e l d  i n s i d e  t h e  conduc to r ) .  

For  a  room tempera ture  whisker  ( ~ ~ / 4 n M  = .023) t h e r e  
S 

are sma l l  components o f  t h e  t r a n s v e r s e  and l o n g i t u d i n a l  

demagnet iz ing f i e l d s ,  and about  2.3 p e r c e n t  o f  t h e  charge i s  

on t h e  w a l l .  But  compared t o  t h e  ze ro  a n i s o t r o p y  c a s e ,  t h i s  

i s  on ly  a s m a l l  rearrangement  of  c h a r g e ' i n  t h e  c ros s - sec t ion .  

The l o n g i t u d i n a l  charge d i s t r i b u t i o n  s t i l l  e s s e n t i a l l y  mini- 

mizes m a g n e t o s t a t i c  energy ,  and would n o t  be  app rec i ab ly  

d i f f e r e n t  from t h e  ze ro  a n i s o t r o p y  case .  Thus f o r  a  room 

tempera ture  specimen, 

Then from ( 1 . 2 0 ) ,  t h e  t r a n s v e r s e  demagnetizing f i e l d s  are 

The t r a n s v e r s e  i n t e r n a l  f i e l d s  a r e  always much smaller than  

H ~ '  and t h e  l o n g i t u d i n a l  i n t e r n a l  f i e l d s  a r e  always much 

s m a l l e r  t h a n  Ho ( f o r  Ho < Hd) . 



W e  c a l l  t h e  i n f i n i t e  s u s c e p t i b i l i t y  model t h e  "ba r "  t o  

d i s t i n g u i s h  it from t h e  Fhisker. '  The magne t i za t ion  is  

continuous i n  t h e  b a r  and has  a v a r i a b l e  magnitude. 

-b 

The whisker is c o n s t r a i n e d  by exchange f o r c e s  t o  have  IM I =  
c o n s t a n t ,  and f o r  HA = 0 the magne t i za t ion  would be i n  a c u r l i n g  

p a t t e r n  t o  avo id  po les  a t  t h e  ends.  The magne t i za t ion  i n  t h e  

b a r  is v a r i a b l e  and decreases  nea r  t h e  ends t o  avoid  l a r g e  

demagnet iz ing f i e l d s  t h e r e .  The b a r  resembles t h e  whisker 

i n  hav ing  an i d e n t i c a l  p o l e  d i s t r i b u t i o n  on the s u r f a c e .  

I n  the n e x t  c h a p t e r  w e  s o l v e  Maxwell's equa t ions  f o r  the 

magne t i za t ion  i n s i d e  a long  c y l i n d r i c a l  b a r  i n  a  l o n g i t u d i n a l  

magnet ic  f i e l d ,  when t h e  medium is l i n e a r  (X n o t  a f u n c t i o n  of H . ) ,  
1 

W e  w i l l  b e  most i n t e r e s t e d  i n  t h e  s p e c i a l  cases of  X = " 

and E, (2) = c o n s t a n t  , b u t  the method is a p p l i c a b l e  t o  any 

s u s c e p t i b i l i t y  and t o  any a p p l i e d  f i e l d .  



CHAPTER 5 

MAGNETOSTATICS OF LINEAR MEDIA: 

THE LONGITUDINAL MAGNET1 ZATION 

In this chapter we derive approximate solutions to Maxwell's 

equations in media characterized by the linear relation 8 = xHi. 
For simplicity we replace the bar of square cross-section 

(Sec. 4.3) by a cylindrical rod of equal length (L) and equal 

cross-sectional area, and solve for the internal fields and 
h 

magnetization when a longitudinal field H (z)z is applied. 
0 

The experimental connection of the bar with the whisker 

is that in applied fields Ho < Hd the average longitudinal 

magnetization in a cross-section should be nearly the same for 

both an infinite susceptibility bar and an iron whisker. For 

in such applied field, the 180' wall bows away from the center 

of the whisker. Correspondingly, the bar assumes a magnetiza- 

tion whose magnitude varies along the long axis in the same 

way as the 180' wall bends. 

There is a long history of experimental and theoretical 

work on the magnetization of iron rods. Magnetization measure- 

ments were made on iron rods as early as 1899 (La-1899). 

Approximate calculations for the magnetization of a finite 

rod having arbitrary x in a uniform axial field were made 
in Germany between 1924 and 1939 (Wa-36, Wa-37, Wa-39). The 

longitudinal magnetization was expressed in a series of even 



powers of z and. carried out only to order z 2 ,  although 

corrections to the fields from the quartic term were incluaed. 

In the most elaborate calculation (St-35) a weighting factor 

was used to make the solution less dependent on the magnetiza- 

tion near the end, which was most inaccurate. Warmuth (Wa-39) 

tabulated various calculations for the rod, along with some 

interpolation formulas he devised for short and long rods. 

The results were reviewed by Bozorth and Chapin (Bo-42). 

More recently, Okoshi (Ok-65) has determined ballistic 

demagnetizing factors for x = rods by analog measurements in 

an electrolytic tank. There have been several calculations 

(Jo-65, Jo-66) of rods with x = 0 (uniform magnetization), but 

this special case is not useful for soft ferromagnets except 

near saturation. Copeland (Co-72) did a one-dimensional 

iterative calculation of the magnetization in thin rectangular 

slabs of permalloy, and the results are similar to ours. For 

two- and three-dimensional magnetostatic problems, the 

differential equations can be solved iteratively by finite 

differences (KO-70, Si-70). These methods are sufficiently 

general to allow for arbitrary material characteristics (B-H 

curve) and sample shape. 



5.1  F i e l d s .  P o l e s .  and Demaanetizina F a c t o r s  
- - - - -- - - 

The i n t e r n a l  magnetic f i e l d  i s  composed o f  bo th  a p p l i e d  

and demagnetizing f i e l d s :  

W e  d e f i n e  t h e  l o c a l  i n t r i n s i c  and measured s u s c e p t i b i l i t i e s ,  

r e s p e c t i v e l y ,  by 

( S i m i l a r  exp res s ions  i n  (2 .3)  were f o r  d i f f e r e n t i a l  s u s c e p t i -  

b i l i t y  and can be de f ined  f o r  any_ magnetic m a t e r i a l ,  a l though  

t h e  i n t e r p r a w t i o n  of X as a l o c a l  i n t r i n s i c  p r o p e r t y  of  a  

r e a l  ferromagnet  makes s e n s e  on ly  f o r  X = . Otherwise X 

i s  a t  b e s t  a  microscopic  average. )  W e  c o n s i d e r  l i n e a r  media, 

where X i s  independent of Hi. It was shown i n  Sec. 4.3.2 

t h a t  when X = GO , t h e  f i e l d s  i n  t h i s  f i c t i t i o u s  magnetic 

medium a r e  s i m i l a r  t o  t h o s e  i n  a whisker.  

Using ( l o l a ) ,  (1.31, (5.21,  

s o  f o r  a  ferromagnet  

and i t  fo l lows  t h a t  
-+ 

b M = O  i n s i d e ,  



(This holds even for a perfect diamagnet (superconductor) since 

nothing discontinuous can happen as x -+ - 1 
E) For any suscept- 

ibility, all charge is on the surface. Because is defined 
-+ -+ 

to be an axial field (Vx Hi = O), 

-+ 
and M can be written as the gradient of a potential Urn , which 

satisfies the Laplace equation 

inside . 

The demagnetizing field from a uniform magnetization is 

uniform only in ellipsoidal specimens. For any other shape the 

demagnetizing field is non-uniform. The equilibrium magnetiza- 

tion is then non-uniform (when x # 0) and scales linearly with 
-+ 

Hi. 
(In real ferromagnets 1111 = M and the magnetization does s 

approach saturation (uniformity) as II -+ m) . 
0 

ff 

For an ellipsoidal specimen the demagnetizing factor D 

defined by 

is a tensor and depends only on the sample dimensions. For 

non-ellipsc.i.da1 specimens it depends on position and intrinsic 

susceptibility as well as shape. Two useful average demagnetiz- 

ing factors are the ballistic (Db) and magnetometric (Dm), 

defined as 



< H I  ( z )  > =-4aDb (2) <)lZ ( z )  > 
z 

and 

where t h e  average  i n  (5.6a) i s  a s  u s u a l  o v e r  t h e  c r o s s - s e c t i o n  

a t  z  and i n  (5.6b) t h e  e n t i r e  sample i s  averaged.  FJe a r e  

cons ide r ing  long  rods  i n  a  l o n g i t u d i n a l  f i e l d ,  s o  on ly  t h e  D Z z  

component i s  important .  Db i s  u s e f u l  when t h e  pick-up c o i l  i s  

much s h o r t e r  t han  t h e  sample. W e  w i l l  o n l y  be i n t e r e s t e d  i n  

D (0) g D t h e  v a l u e  a t  t h e  c e n t e r .  From ( 5 . 1 ) ,  (5.2), (5.6a,  b  b  

b) I 

where 

For i n f i n i t e  i n s t r i n s i c  s u s c e p t i b i l i t y  t h e  measured s u s c e p t i -  

b i l i t i e s  a r e  given by t h e s e  demagnetizing f a c t o r s  a l o n e .  When 

1 D >> - , t h e  demagnetizing f a c t o r  dominates t h e  response  o f  
47Tx 

t h e  sample, which then  can be t r e a t e d  w i t h  l i t t l e  e r r o r  a s  a  

medium of  i n f i n i t e  s u s c e p t i b i l i t y .  



5.2 Solution for the Long Cylinder 

In cylindrical coordinates (5.3) becomes 

The magnetization satisfies 

-b -f 
M =  x(Ho + G ' )  

everywhere inside the rod. 3 
A 

' is related to 3 by 

surface 

-b n n 

where a = M n and n is the outward unit normal to the 

surface. 
d 

For long cylinders ( P  = - << 1) we can neglect the L 
aMZ r-dependence of and (5.8) can be integrated to 

Integrating again along the z-axis and using 

we find 

M~(Z) = 0 end (0) +.:If o(z')dzl . 



A I n  t h e  p r e s e n c e  o f  an  a p p l i e d  f i e l d  H z ,  t h e  demagne t iz ing  
0 

f i e l d  a l o n g  t h e  z - ax i s  i s  

-+ 
L/2 

= ?I- o ( z ' ) d z t  Z-Z  ' Z+Z ' 

0 

+ 6' ( z )  , 
end 

where w e  used a ( z )  = -a (-2)  3 0. Taking a t o  b e  uni form 
end 

and p u t t i n g  (5.11) and (5.12) i n t o  t h e  s e l f - c o n s i s t e n c y  c o n d i t i o n  

(5.91, w e  g e t  

-H = zap/ o ( z l ) ~ ( z , z f ) d z t  - 2ao ~ ( z )  o end 

where 

and 

Note t h a t  t h e  v a r i a b l e s  a r e  now d imens ion l e s s .  

Th i s  i n t e g r a l  e q u a t i o n  (5.13) has  p and x a s  pa r ame te r s .  

The a p p l i e d  f i e l d  on t h e  LHS i s  un i fo rm ( t h i s  c a s e  i s  t r e a t e d  i n  

Sec.  5 . 2 . 1 ) ,  b u t  i n  g e n e r a l  it can b e  any f u n c t i o n  o f  z  ( a  non- 

un i fo rm f i e l d  i s  t r e a t e d  i n  Sec. 5 . 2 . 2 ) .  The e q u a t i o n  i s  v a l i d  

a t  a l l  p o i n t s  on t h e  z -ax i s  f o r  z  < 1. I t  c o n s t i t u t e s  zn 



infinite number of simultaneous linear equations in the 

unknowns a(z) and a end , and can be solved to arbitrary 

accuracy by dividing the cylinder into 21-11 discs with uniform 

charge on the surface of each disc. We let the source points 

be in a ring centered on the surface of each disc and 

evaluate (5.13) on the axis at 

These m + 1 equations are solved for the m charge densities on 

the side and the charge on the end of the cylinder. 

5.2.1 Homoqeneous Drivins Results 

In Fig. 5.1 we plot <M(z) >/<!:((I) > for various x for a long 
2r - .OX) homogeneousl-y driven. The magnetization is rod ( p  = T- 

normalized to the value at the center. The x = a curve fits the 

measured susceptibility (Figs. 2.3). The magnetization is 

nearly quadratic for x > >  --- I and in the limit x + 0 it 4nDb 

approaches uniformity where all the poles are on the ends. 

Ho <M(O)> is a maximum (<M(O)> = 471Db ) for x = and 

decreases to xHo as x + 0. Fig. 5.2 shows X' (z) = < M ( z ) '  , 
Ho 

susceptibility of the rod (as measured with a short pick-up 

the shape of the coil), plotted for various X. For x >> - 4nDb 

rod determines x', and the energy is mostly magnetostatic. For 

x1  < <  - the susceptibility is proportional to Ho , and the 4nDb 

energy is mostly in the intrinsic magnetization process (Brown, 
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Magnetostatic Principles of - Ferromagnetism, p. 56): 

In Fig. 5.3 the susceptibility is plotted as a function of 

z for infinite susceptibility and various values of P. By 

inspection <M(O)> - - -  'I varies roughly as p - 2 .  This is to be 
Ho 4 .rr Db 

expected from the results of Chapter 3 and the demagnetizing 

factor of an "equivalent" ellipsoid. 

We develop formulas for the ballistic demagnetizing factor 

of a rectangular bar of infinite susceptibility. From (3.24) 

or (3.46) and (5.7a) the susceptibility for the 1-spring model 

is (all demagnetizing factors are ballistic) 

We let w = d/L for the bar and use Yqs in (5.15): 

Using yc from the equivalent cylinder ( 4 w 2  = = a 2 )  , 
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These values agree within 1 percent. As we interpret from 

Tables 3.1 and 3.2, D4' and agree with the numerical 

calculation of this chapter to 3 percent. 

The demagnetizing factor of an ellipsoid of rotation with 

axis ratio b-- is (0s-45) a 

Defining "equivalent" in the same way as for the cylinder 

d2 - 7Tb2 (d2 = n b 2 ,  2a = L ,  and w2 = = -  = ) ,  

differs from DC by 15-25 percent. 

We can compare our demagnetizing factors for cylindrical 

rods with those of Warmuth (Wa-37), who approximated the 

complicated expression of Stablein and Schlechtweg (St-35) by 

1 1 This agrees with Stablein's calculation at - = 10 and - = 500, 
P P 

but is nearly 4 percent too low for = 50. Writing (5.17) in 
P 

terms of p , 



T a b 1 e 5.1. 

Comparison of Calculated Demagnetizing Factors of 

Infinite Susceptibility Rods. 

D D D D~ D* 
(m=2 5 ) (m=50) (m=lOO) Warmuth 

* Values in parenthesis are those calculated by 

Sta aein and ~chlechtwe~. 



I n  Tab le  5 .1  w e  g i v e  t h e  demagne t iz ing  f a c t o r s  c a l c u l a t e d  

numer i ca l l y  and by (5 .19)  and (5 .20 ) .  F i g u r e s  i n  p a r e n t h e s i s  

a r e  from t h e  c a l c u l a t i o n  o f  S t a b l e i n  and Schlechtweg,  and t h e  

numer ica l  c a l c u l a t i o n  v a l u e s  remarkably  converge  toward them 

a s  t h e  g r i d  is  made f i n e r .  Above 1. = 20 agreement  between (5 .19)  
P 

and (5 .20)  i s  w i t h i n  1 p e r c e n t .  Th i s  i s  i n t e r e s t i n g  because  

o f  t h e  r e l a t i v e l y  l a r g e  d i sagreement  o f  (5 .19)  w i t h  s t a b l e i n ' s  

c a l c u l a t i o n .  W e  s u s p e c t  t h e  " t r u e "  v a l u e  t o  l i e  above (5 .19)  

and p robab ly  between (5.20) and t h e  numer i ca l  c a l c u l a t i o n  v a l u e  

f o r  m = 100. 

I n  F ig .  5.4 t h e  s u s c e p t i b i l i t i e s  from t h e  numer ica l  

c a l c u l a t i o n  ( f o r  m = 25, 50,  100) are compared w i t h  t h e  

e x p e r i m e n t a l l y  measured v a l u e s .  Th i s  i s  r e l a t e d  t o  F i g .  2.4 

where t h e  s u s c e p t i b i l i t y  i s  m u l t i p l i e d  by d/L. The e q u i v a l e n t  

c y l i n d e r  i s  d e f i n e d  i n  t h e  u s u a l  way. The s u s c e p t i b i l i t y  i s  

s e e n  t o  converge  f a i r l y  r a p i 6 l y  a s  m i n c r e a s e s ,  convergence  . 

b e i n g  s l o w e s t  f o r  l o n q  c y l i n d e r s .  The t r u e  s u s c e p t i b i l i t y  i s  

p robab ly  l a r g e r  t h a n  t h a t  c a l c u l a t e d  f o r  m = 100. 

Combininq t h e  M Z  ( z )  c a l c u l a t e d  from t h e  cha rge  d e n s i t y  

w i t h  Mr ( z )  c a l c u l a t e d  from MZ ( z )  u s i n g  (5 .10)  p e r m i t s  u s  t o  

g i v e  t h e  s chema t i c  r e p r e s e n t a t i o n  of t h e  m a g n e t i z a t i o n  o f  t h e  

c y l i n d r i c a l  rod  shown i n  F i g .  5.5a.  Comparison w i t h  F ig .  7 .1  

shows a  resemblance  t o  t h e  magne t i z a t i on  i n  t h e  y-z p l a n e  o f  t h e  

a c t u a l  whisker  when viewed from t h e  bo t tom (bu t  n o t  t h e  t o p ! ) .  

The s e l f - c o n s i s t e n c y  c o n d i t i o n  can b e  v i s u a l i z e d  s c h e m a t i c a l l y  
-+ 

i n  F i g .  5.5b. The c o r r e c t  M a r i s i n g  from a f i e l d  B i s  such  
0 

-+ 
t h a t  t h e  f i e l d  6' (coming from t h e  p o l e s  due  t o  M ) ,  when added 



C  
0 
-4 

tn 4J 
C rd 
c,k 
m a  
C  -4 
a, rl 

I+ rd 
U 

4J 
C  a, 
a, 4J 
k 3 
a, 4 

'4-4 0 
't! crro 
-4 A a rd 
a, E 
3 0 
-4 k 
't! w 
k a, 
O k  
't! a 
k m 
a, 4J 

24 C  
m -4 
-4 0 
C a *  

3 r l  l: 
arda, 
C + J 4  
4 J C U  

a, E 
' t ! E a  
0 - 4  k 

k a 
& @ a  
a, a 
4J X Q) 
C  0 4  : ..% 

c, 
0 8  tn 
C 3 
+J II -n a 
+ J x a  
a 

0 
h k  C  
4 0 
-4 w a, 
r l k  
4 a, a 
A k 
-4 a a, 
C , k  
a m  a, 
a 4 J s  
U C D  
m .d 
1 0  
w a g  

tn 
4 c, 
a C  

* U a ,  
w - 4  E 

4 J  a, 
m o k  

& 7 '  
* o m  

tna, a 
-4 s a, 
b.4 E-I E 



Fig .  5 .5 .  ( a )  Magnet izat ion and p o l e s  of i n f i n i t e  s u s c e p t i -  
Q i l i t y  b a r  i n  homo egeous f i e l d .  Both l e n g t h  and d i r e c t i o n  of f M change t o  make - M  = 0 everywhere i n s i d e .  ( b )  Schematic 
i l l u s t r a $ i o n  of s e l f - c o n s i s t e n c y  f o r  f i n i t e  X . Rela t ion  
Qetweeq M and H '  depends on b a r  shape and X; r e l a t i o n  between 
M and Hi  depends on ly  on X. 



-f -+ 
t o  fro , g ives  an ri which i s  i d e n t i c a l  t o  NIX. For  x = i 
-t -+ 
H '  simply c a n c e l s  Ho everywhere. 

5 . 2 . 2  Local Dr iv ina  R e s u l t s  

The f i e l d  

i s  a p p l i e d  by a  d r i v i n g  c o i l  of r a d i u s  rc a t  z  = 0 ,  where ~~s 
i s  t h e  f i e l d  a t  t h e  c e n t e r  o f  t h e  c o i l .  The r e s u l t i n g  magneti- 

z a t i o n  f o r  x = i s  given i n  F ig .  5.6 f o r  d i f f e r e n t  c o i l  r a d i i  

and p = .01. [For a 

be  q u i t e  independent  

s i n c e  f o r  rc < 3 r  (r  

g iven  r t h e  M ( z )  /M (0 )  curve i s  found t o  
C 

o f  p .  I Th is  response  i s  s e n s i t i v e  t o  r c "  

i s  t h e  c y l i n d e r  r a d i u s )  t h e  magnet iza t ion  

i s  concave upward n e a r  t h e  c e n t e r .  For  rc = 3r  t h e  magnetiza- 

t i o n  i s  l i n e a r  o v e r  n e a r l y  t h e  whole b a r ,  and as rc -+ - t h e  

magnet iza t ion  goes t o  t h e  homogeneous d r i v i n g  r e s u l t .  

The expe r imen ta l ly  determined magnet iza t ion  was s l i g h t l y  

concave (F ig .  2.5) and t h e  cho ice  of  rc = 2 r  , a  r ea sonab le  

approximation t o  t h e  exper imenta l  ar rangement ,  f i t s  f a i r l y  

w e l l .  Note from (3.12) t h a t  a  l o c a l  f i e l d  model cou ld  on ly  g i v e  

a  concave upward c u r v a t u r e  where t h e  a p p l i e d  f i e l d  w a s  l o c a l l y  

r eve r sed .  





CHAPTER 6 

DISCUSSION 

In this chapter we discuss and extend some of our previous 

results. Sec. 6.1 gives a more general discussion of the 

charge distribution in single crystals, which leads to a 

criterion for the use of demagnetizing factors in ferromagnetic 

samples. In Sec. 6.2 a rough treatment is presented of the 

magnetization curling pattern which results from competition 

between magnetostatic and exchange energies in the absence of 

anisotropy. The pattern is expected to be relatively tempera- 

ture independent up to Tc. Sec. 6.3 compares the local model 

with the correct micromagnetic theory and extends the former 

to finite intrinsic susceptibility. Finally, Sec. 6.4 gives 

three broad areas into which our results should be extended. 

6.1 Charge Distribution in Iron Single Crystals 

We first show that the fraction of volume charge in a 

long whisker is of order @)* or less, and then discuss 

more general domain configuration for single crystals. A 

criterion is established for the use of demagnetizing factors 

based on the intrinsic susceptibility, and a connection is 

made between X and HA for perfect single crystals. 



6 .1 .1  Volume Charge i n  Long C r y s t a l s  

The micromagnet ic  e q u a t i o n s  can  b e  used i n  d i f f e r e n t i a l  

form t o  show t h a t  t o  good approx imat ion  t h e r e  i s  no volume 

c h a r g e  i n  t h e  w h i s k e r .  Equa t ions  ( 1 . 1 9 )  c a n  b e  w r i t t e n  

au MX - - + (HA + Ho + H ' )  - - 
ax Ms 

D i f f e r e n t i a t i n g  and u s i n g  t h e  f a c t  t h a t  

where R = H /4aMs . 
A 

For l o n g  w h i s k e r s  (and,  i n  g e n e r a l ,  specimens  w i t h  t h e  

z-dimension much l a r g e r  t h a n  t h e  o t h e r  t w o ) ,  



and 

a H i  a H k  a H '  - << - 2: 
a z  ax ay 

Eqn. ( 6 . 3 )  f o l l ows  from 8 being  i r r o t a t i o n a l :  

whence 

c -  ax 

Because MZ d i f f e r s  from Ks t o  o r d e r  a2 

d  When a EJ t h e  whisker  i s  s a t u r a t e d  a t  t h e  c e n t e r ,  s o  

i n  g e n e r a l  



d S ince  9 - ( )Z, 

and (6 .5)  fo l lows:  

W e  f i r s t  cons ide r  t h e  i n i t i a l  magnet iza t ion  ( t h e  l i m i t  

of  a r b i t r a r i l y  smal l  a ) . Adding eqns (6.2) and t h e n  

us ing  (6 .3 ,  6.4, 6.5) t o  e l i m i n a t e  q u a n t i t i e s  h i g h e r  than 

o r d e r  a on t h e  RHS,  

-f -b v2u = - 4 T R  V*M + a 2 u 2  + 4lTR (6 .6a)  
T i -  T E  

(6 .6 ) .  However, 

( o r  w i t h  aMx + 
ax 

, one is  tempted t o  i gno re  t h i s  term i n  

w e  are r e a l l y  comparing w i t h  
aH; 

aM az ax 
y ) , and a s  w e  saw i n  Chapter  4 ,  

a H; aH I - -2 . Thus, t h i s  t e r m  must be  cons idered .  Comparing - N 

ax a Y 

(6.6b) w i t h  (1.16), 



-% -+ 
If V * M  =0, t h e n  Hi = c o n s t a n t  ( =-A ) a s  e x p e c t e d  from 

0 

t h e  i n f i n i t e  s u s c e p t i b i l i t y  ana logy  (Sec .  4.3.2) of t h e  e l e c t r i c  

f i e l d  i n  a n  i d e a l  c o n d u c t o r .  From ( 6 . 7 )  w e  c a l c u l a t e  t h e  

volume c h a r g e  Q, and  compare it t o  t h e  t o t a l  c h a r g e  QT i n  a 

r e g i o n  o f  l e n g t h  A .  I n  terms o f  t h e  s l o p e  o f  t h e  w a l l  0, 

and 

A d i m e n s i o n a l  a rqument  i s  a d e q u a t e .  1 I - < I+, w i t h  t h e  

e q u a l i t y  h o l d i n g  o n l y  f o r  i n f i n i t e  s u s c e p t i b i l i t y .  But 

L HI can  v a r y  a t  most f rom z e r o  t o  Ho i n  a  d i s t a n c e  - . I n  a 
2 2 

t y p i c a l  p a r t  o f  t h e  w h i s k e r ,  w e  t h e n  e x p e c t  

and from ( 6 . 8 a 1 b )  

The r e s t r i c t i o n  t o  i n i t i a l  m a g n e t i z a t i o n  i s  n o t  n e c e s s a r y .  

R e t u r n i n g  t o  (6 .6a )  and c o n s i d e r i n g  a f i n i t e  bowing a n g l e  0 , 

w e  f i n d  ( o m i t t i n g  n u m e r i c a l  f a c t o r s )  



L d  Now because 0 - -  L  

f o r  any w a l l  d i sp lacement  i n  t h e  l i n e a r  X' r eg ion .  

6.1.2 Wall and S u r f a c e  Charge 

W e  can i n d i c a t e  t h e  g e n e r a l i t y  of  t h e  p rev ious  r e s u l t s  

f o r  w a l l  and s u r f a c e  charge  by c o n s i d e r i n g  two s imple  v a r i a t i o n s  

on t h e  Landau c o n f i g u r a t i o n .  The f i r s t  v a r i a t i o n  i s  a long 

t h i c k  i r o n  c r y s t a l  w i t h  N p a r a l l e l  180•‹ w a l l s  of  width  d  

running a long  i t s  l eng th .  I n  t h e  absence o f  an a p p l i e d  f i e l d  

we expec t  no n e t  magnet iza t ion .  When a  f i e l d  i s  a p p l i e d  we 

expec t  t h a t  t h e  w a l l s  w i l l  bow and t h e  t i e  p o i n t s  w i l l  be  

d i sp l aced .  For an a r b i t r a r y  segment of  t h e  whisker  t h e  N 

w a l l s  make ang le s  ei w i t h  t h e  long  a x i s .  Th i s  segment of  

t h e  c r y s t a l  w i l l  have t h e  same n e t  charge  p e r  u n i t  l e n g t h ,  

as an e q u i v a l e n t  one i n  t h e  Landau c o n f i g u r a t i o n  wi th  w a l l  

a n g l e  

N 



- 146 - 
by the argument of Fig. 3.1. 

Micromagnetic self-consistency at the Sh wall requires 

"2R M 0.d. It the charge/unit length on the wall to be 
+ 

R follows that 1- (=2.3 percent at room temperature) of the 

total charge is on the 180' walls, independent of N or the 

spacing between walls. 

Another variation on the Landau structure is the diamond 

domain (Fig. 6. la) which has been observed in whiskers (Sc-57, 

Co-58, De-58b, Fo-61, Ha-70) and platelets (Ge-66). In a 

magnetic field this configuration appears as in Fig. 6.lb. 

The slope of the 180•‹ walls (which are curved, as in the mag- 

netized Landau structure) is small. If the 90' walls of the 

diamond domain make 45' angles with the whisker axis and the 

magnetization is along the easy axis everywhere, there will 

be no poles on the 90' walls.This is the zeroth order approxima- 

tion to the magnetization (in the same sense that a uniform 

magnetization within the domains in the magnetized Landau 

structure is zeroth order). It is a simple exercise to see 

that in this approximation the existence of the diamond has 

no effect on the average magnetization in the cross-section. 

If we now let the zeroth order magnetization relax under 

the influence of the demagnetizing fields which arise from the 

charge on sloping 180' walls, in addition to the charge 

mainly going to the surfaces we expect the 90' walls to become 

slightly charged (-2 percent again). These walls should 

bend slightly to increase the volume of the domains parallel 



Fig. 6.1. Diamond domain in (a) unmagnetized and (b) 
magnetized whisker. Magnetization is shown in zeroth 
order approximation (uniform within the domains). 



t o  H and d e c r e a s c  t h e  a n t i p a r a l l e l  domains. The volume charge  of 
0 

t h e  diamond domain should s t i l l  be n e g l i g i b l e .  I n  t h i s  c a s e ,  

t h e  is  c a n c e l l e d  by t h e  - *'z o f  t h e  l a r g e  t r a n s v e r s e  
7 az 

magnet iza t ion .  ( I n  t h e  Landau c o n f i g u r a t i o n  it was c a n c e l l e d  

by t h e  - aMx o f  t h e  l o n g i t u d i n a l  m a g n e t i z a t i o n ) .  
ax 

I n  g e n e r a l  w e  expec t  t h e  e x i s t e n c e  o f  diamonds ( o r  any 

o t h e r  domain s t r u c t u r e )  should  n o t  a f f e c t  t h e  measured s u s c e p t i b i -  

l i t y  i n  any a p p r e c i a b l e  way. The demagnetizing e n e r g i e s  should 

be  independent  of t h e  domain s t r u c t u r e  and t h e  p o l e  d i s t r i b u t i o n  

should  n o t  be  s i g n i f i c a n t l y  d i f f e r e n t  from t h a t  of  t h e  magnet- 

i z e d  Landau c o n f i g u r a t i o n ,  a s  long a s  s a t u r a t i o n  i s  n o t  reached 

anywhere a long  t h e  l e n g t h .  

6.1.3 U s e  of t h e  Demagnetizing F a c t o r  

Tha t  most o f  t h e  charge w i l l  be on t h e  s u r f a c e  o f  

magnetized i r o n  s i n g l e  c r y s t a l s  i s  a p p a r e n t l y  n o t  g e n e r a l l y  

a p p r e c i a t e d .  Gemperle e t  a 1  (Ge-69) s t a t e  t h a t  t h e  p o l e s  i n  

s i n g l e - c r y s t a l  p l a t e l e t s  a r e  on t h e  domain w a l l s .  Most a u t h o r s  

on ly  draw arrows p a r a l l e l  t o  t h e  ea sy  a x e s ,  i n d i c a t i n g  uniform 
/ 

magnet iza t ion  w i t h i n  domains. Rut Nee1 (Ne-44a,b) long  ago 

a p p r e c i a t e d  t h e  t r u e  s i t u a t i o n .  

Because t h e  p o l e s  a r e  on t h e  s u r f a c e ,  t h e  demagnetizing 

f i e l d s  can be  found from t h e  model of  Chapter  5 w i t h  l a r g e  X .  

For gcod s i n g l e  c r y s t a l s  (wi th  t h e  excep t ion  of  t h e  p i c t u r e  

frame) x is much g r e a t e r  than  f o r  t h e  dimensions G-5 



which have been grown. I n  ou r  exper imentsx  = w  w i t h i n  e x p e r i -  

mental accuracy.  

T h e o r e t i c a l l y ,  w e  can c o n v e r t  a  non-zero H t o  a f i n i t e  A 

i n t r i n s i c  s u s c e p t i b i l i t y  X ( H A )  t h r o u g h  

X '  t he0  i s t h e  expec ted  measured s u s c e p t i b i l i t y  when t h e  i n c r e a s e  

i n  s t i f f n e s s  due t o  a n i s o t r o p y  i s  cons ide red ,  and i s  found from 

(4.24) : 

Then 

which i s  s t r o n g l y  shape ( l e n g t h )  dependent.  To measure t h i s  it 

would be  neces sa ry  t o  have a b s o l u t e  X I  measurements t o  b e t t e r  

t han  1 p e r c e n t .  Besides  a n i s o t r o p y ,  any i n p e r f e c t i o n s  and 

inhomogenei t ies  would cause  x t o  dec rease .  I n  good whiskers  

t h e  major c o n t r i b u t i o n  t o  t h i s  " i n t r i n s i c "  s u s c e p t i b i l i t y  i s  

probably from an i so t ropy .  Will iams e t  a 1  (Wi-49) measured t h e  

i n t r i n s i c  s u s c e p t i b i l i t y  of Fe ( . 0 3 ~ i )  p i c t u r e  frame c r y s t a l s  

t o  be - l o 6 ,  which i s  expected from t h e  i n c r e a s e  i n  w a l l  

energy a lone .  The whiskers  should be a t  l e a s t  a s  good as 



alloy crystals. 

For soft polycrystalline ferromagnets the demagnetizing 

factor has the sane use, but one must be careful to use the 

1 infinite X model only for specimens with x >>- 4lT D ' Without 

any assumptions about the M vs. Hi curve for such samples, we 

know that for large enough D most of the poles will be on the 

surface, because for those shapes the sample is responding as 

if X = . The energy is entirely magnetostatic. In the 

low susceptibility x <<- I- limit the demagnetizing energy 4 .rr D 

from the external surface charge is small, and the response 

of the sample is determined by the internal magnetization 

processes. 



6 . 2  C u r l i n g  P a t t t 2 s n  f o r  H, = 0;  E s t i m a t e  o f  Wall T h i c k n e s s  

A t  t e m p e r a t u r e s  n e a r  b u t  below T t h e  a n i s o t r o p y  i s  
C 

s m a l l .  The ground s t a t e  o f  a  w h i s k e r  a t  t h e s e  t e m p e r a t u r e s  

i s  p robab ly  a  c u r l i n g  p a t t e r n  w i t h  a  180' w a l l  s e p a r a t i n g  two 

r e g i o n s  o f  o p p o s i t e  m a g n e t i z a t i o n .  The t h i c k n e s s  o f  t h i s  

w a l l  i s  d e t e r m i n e d  from t h e  c o m p e t i t i o n  between exchange (which 

f a v o r s  a t h i c k  w a l l )  and m a g n e t o s t a t i c  e n e r g y  (which f a v o r s  a 

t h i n  w a l l  b e c a u s e  o f  t h e  p o l e s  a t  t h e  s u r f a c e ) .  W e  w i l l  s e e  

t h a t  t h i s  c o m p e t i t i o n  r e s u l t s  i n  a  w a l l  o f  t h i c k n e s s  t -- l n G 3  

which is  t w i c e  t h e  room t e m p e r a t u r e  Bloch w a l l  t h i c k n e s s  i n  

t h e  u s u a l  c a l c u l a t i o n  (Chikazumi, P h y s i c s  o f  Magnetism, p.  1 8 8 ) .  

W e  e x p e c t  a  Bloch- type  w a l l  everywhere  e x c e p t  n e a r  i t s  

i n t e r s e c t i o n  w i t h  t h e  s u r f a c e ,  where t h e  w a l l  shoulc3 be ~ 6 e l -  

t y p e  t o  a v o i d  l a r g e  demagne t i z ing  f i e l d s .  La B o n t e ' s  r e s u l t  

(La-69) f o r  t h e  180' w a l l  i n  t h i n  f i l m s  ( b u t  w i t h  u n i a x i a l  

a n i s o t r o p y  i n  t h e  p l a n e  o f  t h e  f i l m )  was o f  t h i s  form. The 

w a l l  s h o u l d  t h i c k e n  somewhat away from t h e  c r y s t a l  s u r f a c e .  

A rough v a l u e  f o r  t h e  w a l l  t h i c k n e s s  t n e a r  t h e  s u r f a c e  

i s  found by assuming t h a t  t h e  w a l l  i s  Bloch- type  even a t  t h e  

s u r f a c e ,  and  t h a t  t h e  r e s u l t i n g  c h a r g e  d e n s i t y  a t  t h e  s u r f a c e  

i s  M f o r  t h e  e n t i r e  w a l l  t h i c k n e s s .  T h i s  w i l l  l e a d  t o  an  
S 

o v e r e s t i m a t e  o f  t h e  demagne t i z ing  energy .  The m a g n e t o s t a t i c  

ene rgy  o f  two p a r a l l e l  s t r i p s  o f  c h a r g e  d e n s i t y  M w i d t h  t ,  
5' 

and l e n g t h  L ,  a d i s t a n c e  d  a p a r t  i s  



where we assume 

<<  1 and a c <<  1. 

The l a t t e r  assumption w j l l  be v e r i f i e d  (6.17) and means t h e  

i n t e r a c t i o n  energy between t h e  two charge  s t r i p s  i s  neg lec t ed  

compared t o  t h e  s e l f - e n e r g y  of each s t r i p .  

The exchange energy a t  t empera ture  T i s  

where 

i s  t h e  number of atoms i n  t h e  w a l l  and 

i s  t h e  a n g l e  between a d j a c e n t  s p i n s .  The term i n  b r a c k e t s  i n  

(6.15) accounts  f o r  t h e  d e c r e a s e  w i th  r i s i n g  tempera ture  i n  

t h e  e x p e c t a t i o n  va lue  o f  t h e  Heisenberg Hamiltonian 
-+ -% 

( S  < S ) . This  dec rease  i s  due t o  thermal  f l u c t u a t i o n s  of 
7 

t h e  magnet iza t ion .  Then 

and v a r i a t i o n  o f  t t o  minimize Ud + Vex g i v e s  



where F = J, M ( 0 )  i s  g iven  i n  Table  1.1. Note t h a t  s i n c e  bo th  
S 

t h e  demagnet iz ing and exchange e n e r g i e s  have t h e  same tempera- 

t u r e  dependence ( M s 2 ( ~ ) ) ,  t h e  w a l l  t h i c k n e s s  i s  independent of 

temperature .  The w a l l  t h i c k n e s s  i s  v i r t u a l l y  independent  of 

L and only weakly dependent on d .  For t h e  whiskers  s t u d i e d ,  
0 

t r v l O O O  A << d ,  which i s  an unde re s t ima te  of  t because w e  

ove re s t ima ted  t h e  magne tos t a t i c  energy.  This  va lue  i s  tempera- - 
t u r e  independent ,  s o  t h e  180' w a l l  e x i s t s  r i g h t  up t o  T . 

C 
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6.3 Local  Model R e v i s i t e d  

6.3.1 C r i t i q u e  

The demagnet iz ing f i e l d s  i n  t h e  l o c a l  model a r e  f a r  from 

c o r r e c t .  W e  have a l r e a d y  seen  t h a t  f o r  a  t y p i c a l  whisker  

L/d - 50) t h e  l o n g i t u d i n a l  demagnet iz ing f i e l d  from t h e  l o c a l  

model i s  on ly  about  one-half  t h e  t r u e  demagnetizing f i e l d ,  and 

p o i n t s  i n  d i f f e r e n t  d i r e c t i o n s  on each s i d e  of  t h e  w a l l .  I n  

r e a l i t y ,  t h e  l o n g i t u d i n a l  f i e l d  a r i s i n g  from charge on t h e  

w a l l  i s  smal l .  Most o f  t h e  demagnetizing f i e l d  a c t u a l l y  comes 

from charge  on t h e  s u r f a c e .  The i n t e r n a l  f i e l d  i s  very s m a l l  

f o r  a  whisker  o f  h igh  s u s c e p t i b i l i t y  (X>> ) because t h e  
4 ITD 

demagnet iz ing f i e l d  c a n c e l s  H everywhere t o  good approximation.  
0 

The demagnet iz ing energy (3 .10)  can a l s o  be  seen t o  be  
* 

i n c o r r e c t .  I f  t h e  c r y s t a l  t h i c k n e s s  i n  t h e  d i r e c t i o n  perpendic-  

u l a r  t o  t h e  w a l l  w e r e  d l ,  t hen  

n 

Because t h e  s u r f a c e s  a r e  i n  f a c t  uncharged,  d '  can on ly  a f f e c t  

t h e  s e l f - ene rgy  of t h e  end charge  and t h e  i n t e r a c t i o n  energy 

o f  t h e  end and w a l l  charge .  The former i s  a  c o n s t a n t  and t h e  

l a t t e r  depends on ly  l i n e a r l y  on ow. Hence (3 .10)  i s  c l e a r l y  

wrong. I n  view of  a l l  t h e  i n c o r r e c t  assumptions of  t h e  l o c a l  

model, how can it p r e d i c t  any th ing  c o r r e c t l y ?  

* 
W . F .  Brown, Jr., p r i v a t e  communication. 



Consider t h e  demagnetizing energy i n  t h e  l o c a l  model: 

-f -+ 3.8' = - M I H t  I on ly  depends on H I ,  and Ms can be taken  o u t  
S 

of  t h e  i n t e g r a l :  

The dependence o f  Ed on H comes on ly  from H i ,  s i n c e  
0 

where upon v a r i a t i o n  o f  t h e  w a l l  t o  minimize t h e  t o t a l  energy ,  

it i s  found t h a t  

x1 i s  t h e  d e f l e c t i o n  a t  t h e  c e n t e r  o f  t h e  w a l l .  The r e s u l t  

i s  t h a t  

2 
Ed oC H o  , ( independent o f  Ms)  (6.22) 

and i n  a d d i t i o n  t h e  w a l l  shape i s  a c c u r a t e l y  p r e d i c t e d .  

The t r u e  s i t u a t i o n  ( f o r  x = ~  ) i s  t h a t  H '  = H o  can be  

taken  o u t  of  t h e  i n t e g r a l  and 

- - 
Ed - & * s f  d r  = % H ~ *  - I 3 d~  = - %  E . ( 6 .23 )  m 



If t h e  w a l l  shape i s  independent  o f  H o  , then 

To show t h e  measured s u s c e p t i b i l i t y  i s  l i n e a r  ( x1 d H o )  , 

use  t h e  model o f  Chapter  5. Vhen X = 

where D is independent  o f  M and KO . Then 

and aga in  E a 4 ~ : .  

Thus a l though  t h e  l o c a l  model r e s u l t s  f o r  bo th  t h e  

demagnetizing f i e l d  (6.20) and t h e  dependence of  t h e  demagnet- 

i z i n g  energy i n  t e r m s  of  t h i s  f i e l d  (6.19) a r e  i n c o r r e c t ,  t h e  

e r r o r s  cance l .  The expe r imen ta l ly  v e r i f i a b l e  p r e d i c t i o n s  

t h a t  t h e  demagnet iz ing energy should vary  a s  H * ( o r  as x  2 ,  
0 1 

and should be  independent  of  Ms a r e  c o r r e c t .  

I n  h i s  r i p p l e  theory  Eoffmann approximated t h e  non- local  

demagnet iz ing f i e l d  by a l o c a l  f i e l d  p r o p o r t i o n a l  t o  t h e  

second d e r i v a t i v e  o f  t h e  magnet iza t ion  (Ho- 68aI  b ) .  This  

i n t r o d u c e s  e r r o r s  ( ~ r - 7 0 )  b u t  i s  presumably a  f a i r  approximation 

when t h e  v a r i a t i o n s  i n  t h e  magnet iza t ion  a r e  r a p i d  enough. 



The approximat ion i n  t h e  l o c a l  model i s  o f  t h e  same form, b u t  

no such j u s t i f i c a t i o n  can be made. I n  f a c t ,  t h e  on ly  j u s t i f i -  

c a t i o n  f o r  developinq and us ing  t h i s  model is  t h a t  it a l s o  g i v e s  

reasonably  a c c u r a t e  d e s c r i p t i o n s  of  complicated phenomena 

such a s  t h e  s u s c e p t i b i l i t y  a t  h igh f requency,  when bo th  t h e  

demagnetizing f i e l d  and t h e  f i e l d  from eddy-currents  a r e  

non- local  (He-72) . 

6.3.2 Extens ion  t o  F i n i t e  S u s c e ~ t i b i l i t v  

The l o c a l  model can be extended t o  i nc lude  t h e  e f f e c t s  

of f i n i t e  i n t r i n s i c  s u s c e p t i b i l i t y .  We cons ide r  a long  

whisker and use  t h e  equiva lence  

where x i s  t h e  d i sp lacement  of  t h e  wa l l .  Then 

and (3.12) can be  w r i t t e n  

where 



The n u m e r i c a l  c o n s t a n t  i n  (6.27b) is  wrong. Using ( 3 . 3 8 ~ )  w e  

can c o r r e c t  it t o  

where 

T h i s  i s  a  v e r y  good approx imat ion  t o  t h e  demagne t i z ing  f i e l d  

when H o  i s  uni form.  

Now c o n s i d e r  Etn " e q u i v a l e n t "  b a r  (o f  s o u a r e  o r  c i r c u l a r  

c r o s s - s e c t i o n )  w i t h  a n  i n t r i n s i c  s u s c e p t i b i l i t y  X. Using 

(5 .9 )  and ( 6 . 2 8 a ) ,  w e  g e t  t h e  m a g n e t i z a t i o n  e q u a t i o n  

The 

(i 

(ii) 

(iii) 

f o l l o w i n g  s p e c i a l  c a s e s  a r e  o f  i n t e r e s t :  

H unif0rm.X + . The s o l u t i o n  i s  t h e  q u a d r a t i c  
0 

w a l l .  

H o  uni form.  X -+ C . H' + 0 f a s t e r  t h a n  < - Mz' , which 
X 

t h e n  e q u a l s  H o  . (un i fo rm m a g n e t i z a t i o n ) .  

K, = 0. Then 



where X = d r i s  a characteristic lenoth of the material. 

The numerical value of P in (6.28b) may not be correct for 

non-uniform Ho . For a non-linear material with X (MI , 

The general solution for B, uniform and X constant is 

This magnetization is similar to that found numerically in 

Chapter 5 (Fig. 5.2) . 
Pquation 6.29 must be considered phenomenological at 

this time. It can be used to predict effects of stray fields 

(e.g. from magnetic tape heads) on magnetic materials, and 

because of its simplicity might be useful near Tc where the 

susceptibility is finite. 



6 . 4  Extensions  of t h e  Thes i s  

There a r e  t h r e e  obvious e x t e n s i o n s  o f  t h i s  work. The 

f i r s t  i s  t o  t h e  a . c .  response  o f  i r o n  whiskers .  The non-local  

equa t ions  f o r  bo th  t h e  demagnetizing f i e l d s  and t h e  f i e l d s  

o f  t h e  eddy-cur ren ts  have n o t  y e t  been worked o u t .  Once t h i s  

i s  done, a c c u r a t e  numerical  c a l c u l a t i o n s  should be  p o s s i b l e .  

Second, t h e  work should  be extended t o  h igh  tempera ture .  

Of most i n t e r e s t  i s  t h e  behavior  around T . Experiments on 
C 

i r o n  whiskers  n e a r  T are i n  p rog res s  ( ~ r - 7 2 a ) ,  b u t  t h e  r o l e  
C 

o f  d i p o l e  f i e l d s  (from f l u c t u a t i o n s  i n  t h e  magne t i za t ion )  i n  

t h e  fe r romagnet ic  phase  t r a n s i t i o n  h a s  n o t  been q u a n t i t a t i v e l y  

worked o u t  (Ar-72b, Ar-72c). Although t h e  micromagnetic 

equa t ions  have been g e n e r a l i z e d  t o  v a r i a b l e  M (Mi-70), t o  
S 

d a t e  t h e r e  i s  no s imple  t heo ry  of  t h e  behavior  n e a r  Tc which 

i n c o r p o r a t e s  an  equa t ion  of s t a t e .  

T h i r d ,  t h e  concepts  developed f o r  t h e  magnet iza t ion  of  

s i n g l e  c r y s t a l s  should h e l p  i n  t h e  unders tanding  of  t e c h n i c a l  

magnet iza t ion  i n  p o l y c r y s t a l l i n e  ferromagnets  of  l a r g e  g r a i n  

s i z e .  



CHAPTER 7 

The micromagnetic equa t ions  have been so lved  i n  d i f f e r e n -  

t i a l  form t o  show t h a t  t h e  volume charge i n  a  long  fe r romagnet ic  

s i n g l e  c r y s t a l  i s  n e g l i g i b l e ,  even f o r  l a r g e  a n i s o t r o p y .  These 

equa t ions  have been used i n  i n t e g r a l  form t o  f i n d  t h e  magneti- 

z a t i o n  i n  t h e  long domains o f  an i r o n  whisker  i n  t h e  Landau 

c o n f i g u r a t i o n .  The whisker  i s  i l l u s t r a t e d  g r e a t l y  fo re sho r t ened  

i n  F ig .  6 . 2 .  The impor tan t  f e a t u r e s  a r e  

(i) t h e  180•‹ w a l l  bows n e a r l y  q u a d r a t i c a l l y ,  

(ii) t h e  t i e  p o i n t s  a r e  d e f l e c t e d  t o  i n c r e a s e  t h e  

magne t i za t ion ,  

(iii) t h e  magnet iza t ion  i s  non-uniform i n  t h e  domains, 

be ing  n e a r l y  p a r a l l e l  t o  t h e  w a l l  a t  t h e  w a l l ,  and 

l e s s  curved a t  t h e  s u r f a c e ,  and 

( i v )  t h e  magnet iza t ion  changes w i t h i n  t h e  domain s o  a s  

t o  c r e a t e  v i r t u a l l y  no volume charge  and p u t  a l l  

b u t  2 . 3  p e r c e n t  of  t h e  charge  on t h e  s u r f a c e s .  

F a c t s  (i) and (ii) were i n  essence  known from photographs 

showing t h e  response  t o  an a p p l i e d  f i e l d  of 180' w a l l s  i n  

t h i n  i r o n  p l a t e l e t s .  This t h e s i s  g i v e s  a t h e o r e t i c a l  b a s i s  
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f o r  ( i ) .  The f e a t u r e s  of  t h e  m a g n e t i z a t i o n  d i s t r i b u t i o n  i n  

t h e  l o n g  domains,  (iii) and (iv) , w e r e  n o t  p r e v i o u s l y  under-  

s t o o d .  W e  have  a l s o  shown t h a t  ( i v )  i s  a  g e n e r a l  r e s u l t ,  

i ndependen t  o f  t h e  a c t u a l  domain s t r u c t u r e ,  f o r  i r o n  s i n g l e  

c r y s t a l s .  



APPENDIX 1 

EVALUATION OF D E f l A G N E T I Z I N G  ENERGIES 

A .  I n t e r a c t i o n  e n e r g y  o f  l i n e s  o f  c h a r g e  r e p r e s e n t i n g  

q u a d r a t i c  m a q n e t i z a t i o n  

The i n t e g r a l  w e  need  i s  

L  2 IJ/2 

I(.) =/ z ~ $ ~ z ' ~ z '  
1 2 7  

-L/2 [ ( Z - Z ' > ~ + ~  I 

L - L  - L - L e t  z  = - z ,  z '  = 2 z ' ,  a n d  s = 7 s ,  a n d  remove t h e  b a r s  f rom 2 

t h e  v a r i a b l e s  o f  i n t e g r a t i o n .  Then 

With a  change  o f  v a r i a b l e s  t h e  z '  i n t e g r a l  becomes . 

where  z+ = z + l  a n d  z  - = 2-1.  We g e t  

1 =l zdz  [z In (z+ 



It is easy to see that I 3  = Iq, and a change of variables qives 

- 
For long whiskers, s < < 1, and 

With similar changes of variables, 

and 

Using Dwight (625., 625.1, 625.2) and equivalent integrals 

12-2 for -z, and setting r = z +s , we find 



Again f o r  s < < 1 ,  

4 4 
1 1  + 1 2  2 7 [In 

- i] 
and f i n a l l y ,  

( A l .  1) 

B. Energy f o r  c h a r g e s  i n  w h i s k e r  and on a n  e q u i v a l e n t  c y l i n d e r  

Case (i) : Charges  on t h e  w a l l .  

From ( 3 . 3 7 ) ,  t h e  demagne t i z inq  e n e r g y  i s  

- 2L o 2  ' d d d y ~ d d y l  (In 2L - i) . 
Ew-3 0 2  Y Y 

To a v o i d  i n f i n i t i e s ,  i n t e g r a t e  r e q u i r i n g  y  2 y ' :  

u s i n g  

Then 
2 

1 

where 

C a s e  (ii): Charges  on two p a r a l l e l  s u r f a c e s .  



W e  p u t  h a l f  t h e  c h a r g e  on each  s u r f a c e .  

Then 

where 
d d 

E l  
- - - 2L 3 tF)2)i/ dy/ d y l  [ln 2L - 4. 

0 0 J ( y - v ' )  2 + d 2  

Using Dwight (623,  623.1, 525) , 

0 0 

y  1 n ( y 2 + d 2 )  - 2y+2d  t an - '  51 

Thus 

and 
E w i n t  I, 2 

Es = -7 + E,  
2L 5  d 2 k n T - - - T I  

= 3 6 4 

where 

Case (iii): Charges on a l l  f o u r  s u r f a c e s -  

P u t  one q u a r t e r  o f  t h e  c h a r g e  on e a c h  s u r f a c e .  



where 

jddxjddy l n  ( x 2 t y 2 )  i n  ( r 2 + d 2 )  - 2d+2x tan- '  x 

0 0 0 

I 
The f i r s t  two terms give 

The t h i r d  becomes , l e t t i n g  u = 2 and us ing  Dwight (526.3) , 
X 

W e  g e t  

and 

where 



Case ( i v ) :  Charge on t h e  s u r f a c e  o f  a  c y l i n d e r .  

W e  d i s t r i b u t e  t h e  c h a r g e  on t h e  s u r f a c e  o f  a  c y l i n d e r  o f  

a r e a  n r 2  = d 2 .  The c h a r g e / u n i t  l e n g t h  i s  

T h i s  g i v e s  

c z u ( z )  = u O L / 2 '  

where 

The demagne t i z ing  s e l f - e n e r g y  ( F i g .  A l .  1) i s  

Because o f  c y l i n d r i c a l  symmetry t h e  @ I  i n t e g r a t i o n  i s  independ- 

e n t  o f  +; w e  t a k e  @ = 0. Then 

2 n r 2 ~  . L  - 
Ec - 3 c y z n P n (  o r s i n  - 

0 

From Dwight (630.1)  I 

Thus,  
2 

2L !? 2 d 2  
- 4 n 2 ~ r 2 6  . [ln - - 7 1  S 

Ec - 3 r x  = + Y ,  L X 1  1 



Fig. Al.l Definition of integration variables for 

potential of cylindrical charge distribution. 



where 

C. Interaction and Self-Energy for Linear Magnetization 

We first find the interaction energy of two s t r i ~ s  of 

charge of width dy and dy', of charge density 

and separated a distance s: 

Rewrite this as 

d * ~  = ~ o ~ d ~ d y ' ( 1 ,  + I,), 

where 



and 

I, ccnes from repulsion of charges on the same side of z = 0; 

I, comes from attraction of charges on opposite sides of z = 0. 

This is indicated schematically below: 

+ + + + + +  - - - - - - 

I 
I 

+ + + + + +  - - - - - - 
Ey inspection, I1,I > I1,I. so d2I3 > 0. (For a general 

longitudinal magnetization, the I, type integral causes like 

charges to spread out, and the I, integral attempts to bring 

opposite charges together at z = 0 .  The actual magnetization 

is a compromise which minimizes I, + I, + Em, where Em is the 

magnetizing energy 

To first order in s, 



and 

A s  i n  Appendix lB, p u t  t h e  charge on t h e  s u r f a c e  of a 

cy l inde r  o f  a r e a  v r 2  = d 2 .  The cha rge /un i t  l e n g t h  i s  t o  be 

t h e  same. By t h e  cor responding  argument of ( 3 . 3 6 )  , 

A s  i n  Fig .  A l . 1 ,  s = 2 r l s i n  $/21 and 

where 
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APPENDIX 2 

TWO PARAMETER ANALYTICAL SOLUTION TO 

THE TRANSVERSE MAGNETIZATION 

The charges  and f i e l d s  of  i n t e r e s t  a r e  i n d i c a t e d  i n  t h i s  

t r a n s v e r s e  view: 

Define  t h e  f i e l d s  a t  a  p o i n t  (x,y) due t o  an i n f i n i t e  

s t r i p  of wid th  d  wi th  charge d e n s i t y  a a s  shown: 



Then 

Redefining in terms of dimensionless variables 

- X x = -  - Y 
d and y = a 

I 

Also, 

~ e f i n e  the field at (x,y) due to an infinite square bar 

of side d with charge density p as H (x,y) : lP 



d ={I d x y o  dyym d z '  P ( Y  - Y 1 )  

-00 2 3/ 2 [ z I 2  + ( y  - y 1 ) 2  + ( x  - x') ] 

- - 
X - t a n - '  5) - - 2 (y-1) (tan- '  - - t a n  -' a) 1. (A2.3) 

Y j;-1 i;-1 

With t h e s e  d e f i n i t i o n s ,  

(3 (A2.4) 
W e  take? H W ( 1 , 6 )  because  of  t h e  l o g a r i t h m i c  d ive rgence  a s  I I 
6 -t 0. From (A2.1, A2.2, A2 .3) ,  



"I" (+,1) = 4 a t an - '  + 

Hc (+,+) = 4 a t an- '  1 = a n  

The s e l f - c o n s i s t e n c y  c o n d i t i o n s  a r e  

u s ing  

a ,  = 1 , R = HA and @ = - H ( sma l l  a n g l e s ) .  
8 4rMs 

H~ 

Then u s i n g  ( 4 . 1 )  (A2.4) , (A2.5) and t h e  d e f i n i t i o n s  

A l  = 21~ 

A2 = 2  I n  5 

A 3  = 4 t a n - '  4 
- 

A 1 + = 2 l n 5 + 8 t a n  

A5 = 4 I n  6 ,  
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e q u a t i o n s  ( A 2 . 6 )  b e c o m e  

. 
4TrRQ2 = -A1@2 + A 2 0 3  + A 3 @ 2  + A 4 ( Q 1 - @ * - @ 3 )  + A l ( l - 0 1 )  

T h e s e  t w o  equat ions  are solved f o r  @ 2  and Q 3  

( Q 1  i s  g iven  by ( 4 . 2 ) ) ,  and t h e  r e s u l t s  are i n  T a b l e  4 . 1 .  



APPENDIX 3 

SOLUTION O F  THE TRANSVERSE MICROMAGNETIC PROBLEM 

The whisker  has  r e f l e c t i o n  symmetry abou t  bo th  t h e  xz and 

yz p l anes  when t h e  w a l l  i s  a t  x = 0,  s o  t h e  charge d e n s i t i e s  a t  

t h e  fou r  p o i n t s  shown below a r e  e q u a l :  

We use  t h i s  t o  r e w r i t e  t h e  f i r s t  term i n  (4 .3a)  f o r  t h e  x-de- 

magnet iz ing f i e l d  a t  ( x , y )  due t o  volume charges  throughout  t h e  

whisker  a s  

L/2 L(2 
H ; ( ~ , Y )  =/ d x l j  Cyl [Xx(x-x ' ,  y -y ' )  + ~ ~ ( x - x l ,  !!+Y') 

Mils 

+ Kx(x+xl ,  y -y ' )  + Kx(x+xl ,  Y + ~ ' ) ]  

W e  d i v i d e  a l l  v a r i a b l e s  by L /2  t o  make them d imens ion less .  

This  changes on ly  t h e  l i m i t s  of  i n t e g r a t i o n  because equa t ions  

( 4 . 3 )  a r e  a l r e a d y  d imens ion less .  



An m x m g r i d  i s  s e t  up f o r  numerical  e v a l u a t i o n  of t h i s  

f i e l d ,  a s  desc r ibed  i n  t h e  t e x t :  

The f i e l d  i s  eva lua t ed  a t  g r i d  i n t e r s e c t i o n s  

volume 
charge  

w a l l  
w charge  

J 
\ *y L 

(1 ,5 )  

The volume charge  i s  p laced  a t  t h e  c e n t e r  o f  each g r i d  



s q u a r e ,  a t  

It  i s  c a l c u l a t e d  by a  l i n e a r  i n t e r p o l a t i o n :  

and 

h i e n  t h e  d i m e n s i o n l e s s  i n t e g r a l s  a r e  c o n v e r t e d  t o  sums, a l l  

f a c t o r s  o f  m must  c a n c e l .  The RHS o f  t h e  (1,J) - t h  e q u a t i o n  

o f  (A3.1) becomes f i n a l l y  

m M 
-C C [2(x(I-K-.5, J-L-'.5) + Kx(T-K-.Sf J+L-1.5) 
K = l  L=l  

- m x ( K ,  L) + @ ( K + l ,  ~ + 1 )  + @ ( K ,  L+1) 
Y  Y 

- @ ( K + l ,  L) - m y  ( K t  L)] 
Y 
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A s  b e f o r e ,  for any numbers Ax and AyI 

2Ax 
K x ( A x t  'Y) = ( A X )  2 + ( n y )  2 

and 

There a r e  n 2  o f  t h e s e  x - f i e l d s  ( a t  g r i d  i n t e r s e c t i o n s )  

and n 2  s i m i l a r  e q u a t i o n s  f o r  t h e  y - f i e l d s  where Kx i s  r e p l a c e d  

by Ky.  

The second t e r m  i n  (4 .3a )  g i v e s  t h e  x - f i e l d  a t  ( x , y )  due 

t o  c h a r g e s  on t h e  w a l l ;  w e  rewrite it a s  

L-.5 where t h e  c h a r g e s  a r e  p u t  a t  ( x '  , y ' ) = (0,  7 . The magni- 

t u d e  o f  t h e  w a l l  o r  s u r f a c e  c h a r g e  d e n s i t y  i n  t h e  c e n t e r  o f  a  

g r i d  l i n e  i s  t a k e n  t o  b e  t h e  a v e r a g e  o f  t h e  v a l u e s  a t  t h e  ends  

o f  t h a t  l i n e .  

S i m i l a r l y ,  t h e  x-fie1d.s due  t o  c h a r g e  on s u r f a c e s  

p a r a l l e l  and p e r p e n d i c u l a r  t o  t h e  w a l l  a r e ,  r e s p e c t i v e l y ,  



and 

This  p rocedure  g i v e s  a  good approximat ion t o  t h e  f i e l d s  

a t  a l l  p o i n t s  excep t  f o r  t h e  pe rpend icu la r  f i e l d  a t  t h e  w a l l  

o r  s u r f a c e  due t o  charges  on t h a t  s u r f a c e .  The charges  a r e  

concen t r a t ed  i n  l i n e s  on t h i s  s u r f a c e  and g i v e  no pe rpend icu la r  

f i e l d s  a t  t h e  f i e l d  p o i n t s  on t h e  same s u r f a c e .  So a t  t h e  

w a l l ,  we add t o  t h e  x - f i e l d  

Sirr . i lar  a d d i t i o n s  a r e  made f o r  t h e  s u r f a c e  f i e l d s .  

The 2n2 unknown ang le s  a r e  t aken  t o  b e  a  v e c t o r  2 where 

Equat ions  ( 4 . 3 )  a r e  r ep l aced  by 

~ I T R I ~  = - C@ - P 
N 

N 

where I i s  t h e  i d - e n t i t y  m a t r i x ,  C i s  a 2n2 x 2n2 m a t r i x ,  and 2 
N N N N 

i s  a  v e c t o r .  I n  C ( A , B ) ,  t h e  v a r i a b l e  A indexes  t h e  equa t ion  

( f i e l d  p o i n t )  and B indexes  t h e  source .  



i s  t h e  demagne t i z ing  f i e l d  a t  A due t o  s o u r c e s  ( b o t h  volume and 

s u r f a c e )  n e a r  B and  p r o p o r t i o n a l  t o  0 ( B )  . The e q u a t i o n s  a r e  

inhomogeneous, and t h e  v e c t o r  P ( A )  e s s e n t i a l l y  a i v e s  t h e  

f i e l d  a t  A due t o  t h e  t e r m  i n  t h e  w a l l  c h a r q e  p r o r o r t i o n a l  t o  8 .  

The c o n t r i b u t i o n  t o  C ( A , B )  f rom volume c h a r g e s  i s  found 

i n  (A3.2) , from w a l l  c h a r g e s  i n  (A3.3) , and  from s u r f a c e  

c h a r g e s  i n  (A3.4) . The x - f i e l d s  a r e  found f o r  A = 1, . . . n 2  ; 

t h e  y - f i e l d s  f o r  A = n 2  + 1, ... 2 n 2 ,  where  a g a i n  Kx i s  

r e p l a c e d  by K . The F o r t r a n  G program f o l l o w s .  242 s i m u l t a n -  
Y 

eous  e q u a t i o n s  were s o l v e d  (m = 1 0 )  f o r  t h e  t r a n s v e r s e  

m a g n e t i z a t i o n .  



I M P L I C I T  REAL*8 (A-H,O-Z) 

DIMZNSION SIGW ( 1 0 )  , S I G T  ( 1 0 )  , S I G S  ( 1 0 )  
2 2 0  FORMAT ( ' 0 ' , ( 1 O F 1 2 . 7 )  ) 
2 3 0  F O R M A T ( ' O ' , ( l l F 1 1 . 6 ) )  

M=10 
R = 5 .  D 2 / 1 . 7 D 3  
W R I T E ( G ( 1 5 ) R  

1 5  FORMAT ( 1 , 1~~~~~~~~~~ FIELD/MAGNETIZATION=~ ~ 2 0 . 6 )  
RM= M 
N=M+ 1 
NS=N*N 
N S l = N S + l  
NST=2 *N*N 
ZERO=O . DO 
HALF=. 5DO 
ONE=1 .DO 
T H A L F = l .  5D0  
TWO=2. DO 
FOUR=4.  DO 
P I = 3 . 1 4 1 5 9 2 6 5 3 5 D O  
m ~ o P I = T W o * P I  
FOURPI=FOUR*PI  
DO 6 I = l , N S T  
DO 5 J = l , N S T  
C ( I ,  J) =ZERO 

5 CONTINUE 
6 CONTINUE 

DO 1 1 0  I = l , N  
DO 1 0 0  J = l , N  
IA=N* ( 1 - 1 )  +J 
DO 2 0  K = l , M  
DO 1 0  L = l , M  
DA=I-K-HALF 
DAS=DA*DA 
DB=J-L-HALF 
DBS=DB*DB 
DC=I+K-THALF 
DCS=DCkDC 
DD=J+L-THALF 
DDS=DD*DD 
F=DA/ ( DAS+DBS) +DA/ (DAS+DDS) +DC/ (DCS+DBS) +DC/ (DCS+DDS) 
FA=DB/ (DAS+DBS) +DD/ (DAS+DDS) +DB/ (DCS+DBS) +DD/ (DCS+DDS) 
IBA=K*N+L+l  
IBB=K*N+L 
I B C =  (K-1 )  * N + L + l  
IBD= (K-1 )  *N+L 
C ( I A ,  I B A )  =C ( I A ,  I B A )  -F 
C ( I A ,  I B B ) = C  ( I A ,  I B B )  -F 
C ( I A ,  I B C )  =C ( I A ,  I B C )  4-F 
C ( I A , I B D ) = C ( I A , I B D ) + F  



C (IA,NS+IBA) =C (IA,NS+IBA) -F 
C (IA,NS+IBB) =C (IA,NS+IBB) +F 
C(IA,NS+IBC) =C (IA,NS+IBC) -F 
C (IA,NS+IBD) =C (IA,NS+IBD) +F 
C (NS+IA, IBA) =C (NS+IA,IBA) -FA 
C (NS+IA,IBB) =C (NS+IA,IBB) -FA 
C (NS+IA, IBC) =C (NS+IA, IBC) +FA 
C (NS+IA, IBD) =C (NS+IA ,IBD) +FA 
c (NS+IA,NS+IBA) =C (NS+IA,NS+IBA) -FA 
C(NS+IA,NS+IBB)=C(NS+IA~NS+IEB)+FA 
c (NS+IA,NS+IBC) =C (NS+IA,NS+IBC) -FA 
C (NS+IA,NS+IBD) =C (NS+IA,NS+IBD) +FA 

10 CONTINUE 
20  CONTINUE 

PHI (IA) =ZERO 
PHI (NS+IA) =ZERO 
DO 3 0  L=l,M 
DA=I-1 
DAS=DA*DA 
DB=J-L-HALF 
DBS=DB*DB 
DC=J+L-THALF 
DCS=DC*DC 
F=DA/ (DAS+DBS) +DA/ (DAS+CCS) 
PHI (IA) =PHI (IA) -FOUR*F 
C(IA,L+l)=C (IA,L+l) -TWO*F 
C(IA,L)=C(IA,L) -TWO*F 
FA=DB/ ( DAS+DBS) +DC/ (DAS+DCS) 
PHI (NS+IA) =PHI (NS+IA) -FOUR*FA 
C (NS+IA,L+l) =C (NS+IA,L+.l) -TWO*FA 
c (NS+IA,L) =C (NS+IA,L) -TWO*FA 

30 CONTINUE 
DO 40 L=l,M 
DA=I-1-M 
DAS=DA*DA 
DB=J-L-HALF 
DBS=DB*DB 
DC=I-1+M 
DCS=DC*DC 
DD=J+L-THALF 
DDS=DD*DD 
F=DA/ (DAS+DBS) +DA/ (DAS+DDS) +DC/ (DCS+DBS) +DC/ (DCS+DDS) 
IBA=N *M+L+ 1 
IBB=N *M+L 
C (IA, IBA) =C (IA, IBA) +F 
C(IA,IBB)=C(IA,IBB)+F 
FA=DB/ (DAS+DBS) +DD/ (DAS+DDS) +DB/ (DCS+DBS) +DD/ (DCS+DDS) 
C (NS+IA, IBA) =C (NS+IA,IBA) +FA 
C (NS+IA,IBB) =C (NS+IA,IBB) +FA 

40 CONTINUE 
DO 50 K=l,M 
DA=I-K-HALF 



DAS=DAkDA 
DB=J-1-M 
DBS=DB *DB 
DC=I+K-THALF 
DCS=DC*DC 
DD= J- 1+11 
DDS=DD*DD 
F=DA/ (DAS+DBS) +DC/ (DCS+DBS) +DA/ (DAS+DDS) +DC/ (DCS+DDS) 
IBA=NS+K*N+N 
IBB=NS+ (K-1) *N+N 
C ( I A , I B A ) = C  ( I A , I B A ) + F  
C(IA,IBB)=C(IA,IBB)+F 
FA=DB/ (DAS+DBS) +DB/ (DCS+DBS) +DD/ (DAS+DDS) +DD/ (DCS+DDS) 
c (NS+IA, IBA) =C (NS+IA, IBA)  +FA 
C ( N S + I A , I B B )  =C ( N S + I A , I B B )  +FA 
CONTINUE 
CONTINUE 
CONTINUE 
DO 1 2 0  L = l , M  
P H I  ( L )  = P H I  ( L )  -FOURPI 
C ( L , L ) = C ( L , L )  -FOURPI 
CONTINUE 
P H I  (N)  = P H I  (N)  -FOURPI  
C (N ,N)  =C (N ,N)  -FOURPI 
DO 1 3 0  L = l , M  
IA=N*M+L 
C ( I A ,  I A ) = C  ( I A ,  I A )  -TWOPI 
CONTINUE 
C (NS , N S )  =C (NS  ,NS)  -TWOPI 
DO 1 4 0  K = l , M  
IA=NS+K*N 
C ( I A ,  I A ) = C  ( I A ,  I A )  -TWOPI 
CONTINUE 
C (NST , N S T )  =C (NST , N S T )  -TWOPI 
DO 1 5 0  I = l , N S T  
C ( I , I ) = C ( I  , I ) - R  
CALL D S I M E Q ( N S T , C , P H I , N S T )  
W R I T E ( 6 , 3 5 )  
F O R M A T ( ' 0 '  , 1OX,  ' X  AND Y ANGLES' )  
WRITE ( 6 , 2 3 0 )  ( P H I  ( I )  , I = l , N S )  
W R I T E ( 6 , 2 3 0 )  ( P H I ( I )  , I = N S l , N S T )  
RHOAV=ZERO 
DO 1 7 0  K = l , M  
DO 1 6 0  L = l , M  
IBA=K*N+L+I  
IBB=K*N+L 
I B C =  (K-1 )  *N+L+l  
IBD= (K-1)  *N+L 
RHOX(K,L)=-.(RM/TWO) * ( P H I  ( I B A )  + P H I  ( I B B )  - P H I  ( I B C )  - P H I  ( I B D )  ) 
RHOY ( K t  L )  =- (RN/TWO) * ( P H I  (NS+IBA)  + P H I  (NS+IBC)  

1 - P H I  ( N S + I B B )  - P H I  (NS+IBD)  ) 
RHO(K,L)  =RHOX ( K , L )  +RFIOY ( K , L )  



RHOAV=RHOAV+RHO (Kt L) 
160 CONTINUE 
170 CONTINUE 

RHOAV=RHOAV/ ( RPI*RM) 
WRITE (6,36) 

36 FORMAT(///lOXtlVOLUfiE CHARGE DENSITIES: X,Y,TOTALf) 
WRITE (6,220) ( (RHOX(K,L) ,L=l,M) ,K=l,M) 
WRITE(6,220) ((RHOY(K,L) ,L=l,M) ,K=l,M) 
WRITE (6,220) ( (RHO(K,L) ,L=l,M) ,K=l,M) 
WRITE (6,25) RHOAV 

25 FORMAT('O','AVERAGE VOLUME DENSITY=',F16.8) 
SIGWAV=ZERO 
DO 180 L=l,M 
SIGW (L) =ONE-HALF* (PHI (L+IJ +PHI (L) ) 
SIGWAV=SIGWAV+SIGW (L) /RM 

180 CONTINUE 
SIGTAV=ZERO 
DO 190 L=l,M 
IBA=NkM+L+l 
IBB=N*M+L 
SIGT (L) =HALF* (PHI (IBA) +PHI (IBB) ) 
SIGTAV=SIGTAV+SIGT (L) /RM 

190 CONTINUE 
SIGSAV=ZERO 
DO 200 K=l,M 
IBA=NS+ (K+1) *N 
IBB=NS+K*N 
SIGS (K) =HALF* (PHI (IBA) +PHI (IBB) ) 
SIGSAV=SIGSAV+SIGS ( K )  /RM 

200 CONTINUE 
WRITE (6,220) SIGW 
WRITE (6,26)SIGWAV 

26 FORMAT(lXtlAVERAGE WALL CHARGE=',F16.8) 
WRITE (6,220) SIGT 
WRITE (6,27) SIGTAV 

27 FORMAT(lX,'AVERAGE TOP SURFACE CHARGE=',F16.8) 
WRITE (6,220) SIGS 
WRITE (6,28) SIGSAV 

28 FORPIAT(lX,'AVERAGE SIDE SURFACE CHARGE=' ,F16.8) 
END 



. A P P E N D I X  4 

CALCULATION O F  SURFACE CHARGE A S S U M I N G  ? * G  = 0 

I M P L I C I T  m A L * 8  (A-H , O - Z )  
D I N E N S I O N  P H I  ( 2 0 2 )  , C ( 2 0 2 , 2 0 2 )  , S I G T ( 1 0 0 )  , S I G S  ( 1 0 0 )  

3 1 0  FORMAT ( /  ( 1 O F 1 2 . 7 )  ) 
3 2 0  FORMAT ( /  ( 1 0 F 1 2 . 7 )  ) 

M = 1 0 0  
DO 4 0 0  I R = 1 , 5  
R I R = I R  
R = 5 .  D 2 / 1 . 7 D 3  
R = R * ( l . D l * * ( R I R - 3 . D O ) )  
N=M+1 
N 1=N+ 1 
NT=2*N 
N T M I = N T - 1  
RM=M 
MMI= M-1 
ZERO=O .DO 
O N E = l .  DO 
T H A L F = l .  5 D 0  
HALF=.  5 D 0  
TWO=2. DO 
P I = 3 . 1 4 1 5 9 2 6 5 3 5 D O  
TWOPI=TWO*PI 
FOUR=4.  DO 
FOURP I = F O U R * P  I 
PHIW=ONE/ (ONE+R/FOURPI 
SIGW=TWO* (ONE-PHIW) 
W R I T E  ( 6 , 5 )  R 

5 FORMAT ( ' 1' , ' A N I S O T R O P Y  F I E L D / Y ? . G N E T I Z A T I O N = '  a . 8 )  
DO 1 0  I = l , N T  
P H I  ( I )  =ZERO 
DO 1 0  J = l , N T  

1 0  C ( I ,  J) =ZERO 
DO 1 0 0  J = l , N  
DO 30 L = l , M  
DA=M 
DAS=DA*DA 
DB=J-L-HALF 
DBS=DB*DB 
DC=J+L-THALF 
DCS=DC*DC 
F='IWO*DA/ (DAS+DBS)  +TWO*DA/ ( D A S f  DCS ) 
P H I  ( J )  = P H I  ( J )  -S IGW*F 

3 0  CONTINUE 
DO 4 0  L = l , M  
DA=TWO"RM 
DAS=DA*DA 
DB=J-L-HALF 
DBS=DB *DB 



- 190 - 
DC=J+L-THALF 
DCS=DC*DC 
F=DA/ (DAS+DBS ! +DA/ (DAS+DCS) 
C(J,L+l)=C(J,L+l)+F 
C(J,L) = C(J,L)+F 

40 CONTINUE 
DO 50 K=l,M 
DA=M-K+HALF 
DAS=DA*DA 
DB=J-1-bl 
DBS=DB*DB 
DC=M+K-HALF 
DCS=DC*DC 
DD=J-l+M 
DDS=DD*DD 
F=DA/ (DAS+DBS +DC/ (DCS+DBS) +DA/ (DAS+DDS) +DC/ (DCS+DDS 
C(J,N+K+l) =C (J,N+K+l) +F 
C (J ,N+K) =C (J ,N+K) +F 

50 CONTINUE 
100 CONTINUE 

DO 200 I=l,N 
DO 110 L=l,M 
DA=I-1 
DAS=DA*DA 
DB=M-L+HALF 
DBS=DB*DB 
DC=M+L-HALF 
DCS=DC*DC 
F=TWO*DB/ (DAS+DBS) +TWO*DC/ (DAS+DCS) 
PHI (N+I) =PHI (N+I) -SIGW*F 

110 CONTINUE 
DO 120 L=l,M 
DA=I-1-M 
DAS=DAkDA 
DB=M-L+HALF 
DBS=DB*DB 
DC=I-l+M 
DCS=DChDC 
DD=M+L-HALF 
DDS=DD*DD 
F=DB/ (DAS+DBS) +DD/ (DAS+DDS) +DB/ (DCS+DBS) +DD/ (DCS+DDS) 
C (N+I ,L+1) =C (N+I , ~ + 1 )  +F 
C (N+I ,L) =C (N+I ,L) +F 

120 CONTINUE 
DO 130 K=l,M 
DA=I-K-HALF 
DAS =DA*DA 
DB=TWO*RM 
DBS=DBeDB 
DC=I+K-THALF 
DCS=DC*X 
F=DB/ (DAS+DBS) +DB/ (DCS+DBS) 
c (N+I ,N+K+~) =C (N+I ,N+K+l) +F 
c (N+I ,N+K) =C (N+I ,N+K) +F . 



130 CONTINUE 
200 CONTINUE 

DO 210 I=l,NT 
210 C (I, I) =C (I ,I) -TWOPI 

DO 217 I=l,NT 
217 C(I,I)=C(I,I)-R 

NEQ=l 
WRITE (6,45)NEQ 

45 FORMAT('O','EQUATION REPLACED IS1,I1O) 
PHI (NEQ) =RM*PHIW 
C (NEQ ,1) =HALF 
C (NEQ , N) =HALF 
C (NEQ , N+1) =HALF 
C (NEQ , NT) =HALF 
DO 15 I=l,MMI 
C (NEQ, I+1) =ONE 
C (NEQ ,N+I+l) =ONE 

15 CONTINUE 
CALL DSIMJ3Q (NT ,C ,PHI ,NT) 
WRITE (6,310) (PHI (I) , I=l,N) 
WRITE (6,310) (PHI (I) ,I=N1 ,NT) 
SIGTAV=ZERO 
SIGSAV=ZERO 
DO 220 I=l,M 
SIGT (I)=HALF* (PHI (I+l)+PHI (I) ) 
SIGTAV=SIGTAV+SIGT (I) /RM 
SIGS (I) =HALF* (PHI (Nf I+1) +PHI (N+I) ) 
SIGSAV=SIGSAV+SIGS (I) /RM 

220 CONTINUE 
SIGT(l)=SIGT(2) 
WRITE (6,320) SIGT 
WRITE (6 ,l7) SIGTAV 

17 FORMAT(1XI1FRACTION OF CHARGE ON TOP=',F~O.~) 
WRITE (6,320) SIGS 
WRITE (6,18EIGSAV 

18 FORMAT(lX,'FRACTION OF CHARGE ON SIDE=',F20.7) 
SIGW=HALF*SIGW 
WRITE (6 ,l9) SIGW 

19 FORMAT('O','FRACTION OF CHARGE ON WALL=',F20.7) 
400 CONTINUE 

STOP 
END 



APPENDIX 5 

CALCULATION OF LONGITUDINAL MAGNETIZATION 

M=100 
L=M/10 
DO 400 K=1,5 
READ(5,450) R 

450 FORMAT (F6.5) 
FOURPI=4.DO*3.1415926535DO 
CHI=l.D20 
W=2. DO 
H=1. DO 

C CHI IS INTRINSIC SUSCEPTIBILITY 
C W IS RATIO OF COIL TO CYLINDER RADIUS 
C H IS APPLIED FIELD 

LP=L+l 
ML=M-L 
LMI=L-1 
Y?I=M- 1 
MTWO= 2 * 1.1 
RM=M 
RW=R*W 
N=M+ 1 
RN=N 
ZERO=O .DO 
TWO=2. DO 
TWOPI=TWO*3.1415926535DO 
CHIME=TWO/ (R*RM*CHI) 
WRITE (6,17) R,CHI 

17 FORMAT('ll,' RHO=',F9.5,5Xl'CHI=',D12.3) 
C FIND FIELDS FROM END CHARGES 

DO 100 I=l,N 
AIM=I-1 
A1 M=AI M/RM 
SIGMA (I) =-H 
Il=M-I+1 
I2=M+I-1 
Rl=Il 
R2=12 
R3= (Rl*Rl+RF*RM*R*R) **  .5DO 
R4= (R2*R2+m.*RM*R*R) **. 5DO 
ADEM(I ,N) =-TWOPI* ( T W O - R ~ / R ~ )  
A(I,N) =ADEM(I,N) -LDO/CHI 
B (I ,N) =A (I ,N) 

100 CONTINUE 



C FIND FIELDS FROM SIDE CHARGES 
DO 110 I=l,NTWO 
Rl=I-M-. 5DO 
R2=I-. 5D0 
R3= (Rl*Rl+RF*RN*R*R) * *l.5DO 
R4= (R2*R2+M*RM*R*R) **I. 5D0 
AK (I) =PJT*Rl/R3 
AL (I) =-P.MkR2/R4 

110 CONTINUE 
DO 120 I=l,N 
DO 130 J=l,M 
MP=I- J+M 
MQ=I+J-1 
ADEM(1, J) =TWOPI*R* (AK ( M P )  +AL (MQ) ) 
A(I,J)=ADEM(I,J) 
B(I,J)=A(I,J) 

130 CONTINUE 
120 CONTINUE 

DO 105 I=l,M 
DO 107 J=l,M 
A(1, J)=ADEM(I, J) -CHIME 
B(I,J)=A(I,J) 

107 CONTINUE 
105 CONTINUE 

CALL DSIMEQ (N ,A,SIGI??,N) 
WRITE (6,70) 

70 FORI\IAT('O',' Z SIGMA(Z) SIG. SLOPE DEV 
1IATIGN ' ) 
AZ=. 5DO/RM 
WRITE (6,75)AZ ,SIGMA(l) 

75 FORMAT (F6.3 ,Fl4.7) 
C FIND SECOND DERIVATIVE OF MAG. AND DEVIATION FROM CONSTANCY 

ENDLPR=ZERO 
DO 170 I=2,M 
AZ=I- .5DO 
AZ=AZ/RM 
SI=SIGB?A (2) -SIGMA(l) 
SLOPE=(SIGM.?i(I) -SIGMA(I-1) ) /SI 
ALIN=RM*AZ*SI 
DEVAB=SIGVA (I) -ALIN 
DEV=DEVAB/ALIN 
ENDSPR=ENDSPR+DEVAB 
WRITE(6,76)AZfSIGMA(I) ,SLOPE,DEV 

76 FORMAT(F6.3,F15.7,2D16.7) 
170 CONTINUE 

WRITE (6,85)SIGMA(N) 
85 FORMAT(' SIGMA(END)=' , F l u )  

C FIND MAGNETIZATION AND DEMAGNETIZING FACTORS 
AMAG (N) =SIGMA (N) 
DO 225 I=l,M 
AMAG(N-I) =AMAG (N+I-I) + (TWO/ (R*RM) ) *SIGMA (N-I) 

225 CONTINUE 



DTWO= ZERO 
DO 2 2 7  I = l , N  
AMAGN ( I )  =AMAG(I)  /AMAG(l)  
DTWO=DTWO+A!IAG ( I  ) 

2 2 7  CONTINUE 
C DO LEAST SQUARE F I T  O F  PARABOLA TO MAGNETIZATION 

S l = Z E R O  
S2=ZERO 
S3=ZERO 
S4=ZERO 
S5=ZERO 

C OMIT LAST M/10 P O I N T S  FROM F I T  
NFUDG=LP 
NREDcN-NFUDG 
RNRED=NRED 
DO 3 0 0  I = l , N R E D  
z ( I )  =I-1 
z ( I )  =z ( I )  /HI 
ZSQ ( I )  =Z ( I )  *Z ( I )  
S 1=S l+AMAGN ( I ) 
S 2 = S 2 + Z S Q  ( I )  
S 3 = S 3 + Z S Q  ( I )  *ZSQ ( I )  
S 4 = S 4 + Z S Q  ( I )  *AblAGN ( I )  

3 0 0  CONTINUE 
COB= (S4-S l*SZ/RNRED)  / ( S ~ * S ~ / R N R E D - ~ 3 )  
COA= ( S l + C O B * S 2 )  /RNRED 
DO 3 0 5  I = l , N R E D  
CMAGN ( I )=COA-COB*ZSa( I )  
ERROR ( I ) =AMAGN ( I ) -CMAGN ( I ) 
SS=SS+ERROR ( I )  * E R R O R ( I )  

305 CONTINUE 
NR=NRED+l 
DO 310 I = N R , N  
z ( I )  =I-1 
z ( I )  =z (I) /RM 
ZSQ ( I )  =Z ( I )  *Z ( I )  
CMAGN ( I )  =COA-COB*ZSQ ( I )  
E R R O R ( 1 )  =AMAGN ( I )  -CMAGN ( I )  

3 1 0  CONTINUE 
W E D =  (S5/RNRED) **. 5D0  
WRITE ( 6 , 2 2 4 )  

2 2 4  FOR14AT( '01  , ' Z '  , lox ,  ' M ( Z )  ' , 1 6 X t 1 M ( Z ) / M ( 0 )  ' , 1 1 X ,  
~ ' C A L C . I ~ ( Z ) / M ( O )  ' , 6 X I  'ERROR' )  

DO 3 2 0  I = l , N  
WRITE ( 6 , 2 2 8 )  Z ( I )  ,AMAG ( I )  ,AMAGN ( I )  ,CP4AGN ( I )  , E R R O R ( I )  

2 2 8  F O R M A T ( F 7 . 3 , 4 F 2 0 . l 2 )  
3 2 0  CONTINUE 

WRITE ( 6 , 2 3 0 )  COA,COB 
2 3 0  FO~T(10','NORM.MAG(Z)=',F16.121'-',F16.12,'Z*Z') 

WRITE ( 6 , 2 3 2 )  RMSD,NRED 



232 FORMAT('O1,'RMS DEVIATION=',D12.5,20X,'NO. OF PTS USED=',I3) 
DONE= (H/AMAG(~) -LDO/CHI) /FOURPI 
DTWO= ( (IJ*RN) /DTWO-LDO/CHI) /FOURPI 
WRITE (6,25)DONE 

25 FORMAT('O1,'BALLISTIC DEMAGNETIZING FACTOR=',D16.8) 
WRITE (6,26)DTWO 

26 FORMAT ( ' 0' , 'MAGNETOMETRIC DEMAGNETIZING FACTOR=' ,DIG. 8 )  
XYZ=AMAG (1) *R/l. l3DO 
WRITE (6,620)XYZ 

620 FORMAT('O', '~(0) *RHO/H(APPLIED)=' m8.8) 
C CHECK SELF-CONSISTENCY: FIND INTERNAL AND DEWG. FIELDS 

WRITE (6,60) 
60 FORMAT('O','Z',15X,'H(END) ',15xt'H(SIDES) ',14X,'H(TOTAL) ' 
2,14X,'H(INT) ' ,15x,'M(Z) ' )  
DO 200 I=l,N 
AZ=I-1 
AZ=AZ/RM 
F (I) =ZERO 
G(I)=ADEM(I ,N) *SIGMA(N) 
DO 210 J=l,M 
F(I)=F(I)+ADEM(I, J) *SIGMA(J) 

210 CONTINUE 
HDEM(I) =F (I) +G (I) 
HINT (I) =H+HDEM (I) 
BNAG (I) =CHI*HINT (I) 
WRITE (6,65)AZ,G(I) ,F(I) ,HDEM(I) ,HINT(I) W G ( 1 )  

65 FOPNAT (F7.4,5F20.13) 
200 CONTINUE 
400 CONTINUE 

END 
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