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ABSTRACT 

The problem of  a  t h i c k  p l a t e  con ta in ing  a  penny shaped crack 

l y i n g  i n  a  p l ane  p a r a l l e l  t o  t h e  su r f aces  of t h e  p l a t e  i s  considered.  

I t  i s  assumed t h a t  s h e a r  s t r e s s e s  and normal displacements  a r e  s p e c i f i e d  

on both s u r f a c e s .  Using Mankel t ransforms t h e  problem i s  r ep resen ted  a s  

a  s e t  o f  s imultaneous dual  i n t e g r a l  equat ions  and a  method cont ingent  on 

the  sma l l  va lue  o f  t h e  r a t i o  o f  t h e  crack r ad ius  t o  t h e  p l a t e  th ickness  

is  presented  t o  reduce t h e  problem t o  a  s e t  o f  s imultaneous Fredholm 

equa t ions .  The s p e c i a l  case o f  normally clamped s h e a r  f r e e  s u r f a c e s  and 

uniform p r e s s u r e  app l i ed  t o  t h e  crack s u r f a c e s  i s  considered and t h e  

Fredholm equat ions  a r e  so lved  approximately l ead ing  t o  t h e  eva lua t ion  o f  

t h e  s t r e s s  i n t e n s i t y  f a c t o r s  f o r  t h e  problem. The case  o f  a  uniform 

displacement o f  one o f  t h e  s u r f a c e s  is  a l s o  cons idered .  

( i i i )  
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•˜ 1 In t roduc t ion  

The problem of  determining,  w i th in  t h e  c l a s s i c a l  l i m i t s  o f  

t h e  theo ry  of  e l a s t i c i t y ,  t h e  s t r e s s  f i e l d  i n  t h e  v i c i n i t y  o f  a crack 

i n  an i n f i n i t e  medium was f i r s t  d i scussed  by Sneddon [6] .  This  problem 

has  a l s o  been d i scussec  by Green 1 1 2 1 ,  Payne [13] and Sack [14] b u t  

much of  t h e  l a t e r  s t u d i e s  o f  problems concerned w i t h  penny-shaped 

cracks  have been based on t h e  work of  Sneddon and of  methods due t o  

Lebedev and Uf l i a n d  [8] . 
An i n v e s t i g a t i o n  of  t h e  s t a t e  of  s t r e s s  i n  a p l a t e  conta in ing  

a penny-shaped crack  has  been conducted by Lowengrub [ l ]  based on 

Sneddonls o r i g i n a l  paper .  The crack was taken t o  l i e  i n  t h e  c e n t r a l  

p l ane  of  t h e  p l a t e  wi th  i t s  s u r f a c e s  p a r a l l e l  t o  t hose  o f  t h e  p l a t e .  

Furthermore, t h e  method of  s o l u t i o n  r equ i r ed  t h a t  t h e  th i ckness  of t h e  

p l a t e  be l a r g e  compared t o  t h e  r a d i u s  of  t h e  c rack .  

Lowengrub considered two s e t s  of  boundary cond i t i ons  

corresponding t o  t h e  case  of a small  uniform normal displacement o f  t h e  

s u r f a c e s  of  t h e  p l a t e  o r  of t h e  case  of an uniform t e n s i o n  app l i ed  t o  

both s u r f a c e s .  In  both cases  t h e  s u r f a c e s  o f  t h e  p l a t e  were s p e c i f i e d  

a s  being shea r  s t r e s s  f r e e  and t h e  s u r f a c e s  of  t h e  crack were s p e c i f i e d  

a s  being completely s t r e s s  f r e e .  

The symmetry o f  each problem was used t o  reduce  it  t o  t h a t  of  

an e l a s t i c  l a y e r  and t h e  r e s u l t i n g  problem u l t i m a t e l y  reduced t o  t h e  

s o l u t i o n  o f  a p a i r  o f  dual  i n t e g r a l  equat ions .  These i n t e g r a l  equat ions  

were i n  t u r n  reduced t o  Fredholm equat ions of t h e  second kind by t h e  

method of  Lebedev and Uf l iand  [8].  The Fredholm equat ions  were solved 



by s tandard  methods and t h e  paper  concluded by employing t h e  s o l u t i o n  

i n  t h e  de te rmina t ion  of  t h e  shape of t h e  crack a f t e r  deformation.  

The de termina t ion  of t h e  s t a t e  of s t r e s s  i n  t h e  v i c i n i t y  of  

a  crack i n  a  s e m i - i n f i n i t e  s o l i d  has  been d iscussed  by Kuz'min and 

Uf l iand  [IS]  and by S r i v a s t a v a  and Singh [2] . The Kuz'min-Ufliand 

paper  i s  mathematical ly  l e s s  p e r t i n e n t  t o  t h e  p re sen t  paper  and i s ,  i n  

t h e  view of S r ivas t ava  and Singh, i n  e r r o r  and w i l l  n o t  be  d iscussed  

he re .  

In  t h e i r  paper  S r ivas t ava  and Singh d i scussed  two problems 

with r e s p e c t  t o  t h e  ha l f space .  In  t h e  f i r s t  case  t h e  bounding p l ane  

was assumed t o  be s t r e s s  f r e e  and i n  t h e  second it was taken t o  be 

r i g i d l y  clamped. S t r e s s e s  were taken t o  be p re sc r ibed  on t h e  s u r f a c e s  

of t h e  crack f o r  bo th  problems. Another s e t  o f  boundary condi t ions  

was obta ined  by cons ider ing  t h e  medium t o  be  composed of  a  reg ion  

above t h e  p l ane  con ta in ing  t h e  crack and of a  r eg ion  below i t .  The 

problem was thus  made t o  resemble a  l a y e r  problem and a s  i s  s tandard  

wi th  such problems cond i t i ons  of c o n t i n u i t y  were imposed i n  t h e  reg ion  

of  t h e  p lane  unoccupied by t h e  crack.  

Hankel t ransforms were app l i ed  t o  t h e  f i e l d  equat ions and a l l  

t h e  q u a n t i t i e s  involved and u l t i m a t e l y  both  prob-lems were r ep re sen ted  

a s  s e t s  of  s imultaneous dua l  i n t e g r a l  equat ions .  With s l i g h t  

modi f ica t ion  a  method due l a r g e l y  t o  Sneddon [4] was used t o  reduce t h e  

dua l  i n t e g r a l  equat ions  t o  simultaneous Fredholm equat ions  o f  t h e  

second kind.  For t h e  case  i n  which t h e  d i s t a n c e  from t h e  crack t o  t h e  

bounding p l ane  i s  l a r g e  compared t o  t h e  r a d i u s  of  t h e  crack s o l u t i o n s  

t o  t h e  Fredholm equat ions  were obta ined  i n  power s e r i e s  form. From t h i s  



s o l u t i o n  were obta ined  r ep resen ta t ions  of  t h e  s t r e s s  i n t e n s i t y  f a c t o r s  

and t h e  energy r equ i r ed  t o  open out  t h e  crack and consequent ly t h e  

c r i t i c a l  s t r e s s  necessary  t o  cause t h e  crack t o  extend.  F i n a l l y ,  f o r  

t h e  case  i n  which t h e  d i s t a n c e  from t h e  crack t o  t h e  bounding p lane  

d i f f e r s  l i t t l e  from t h e  r a d i u s  of t h e  c rack ,  t h e  method of  Fox and 

Goodwin [ l l ]  was used t o  s o l v e  t h e  Fredholm equat ions  numerical ly .  

The concern o f  t h i s  t h e s i s  i s  t o  cons ider  t h e  more genera l  

problem of  t h e  p l a t e  conta in ing  a  crack,  i . e . ,  t h e  case  f o r  which t h e  

p l ane  conta in ing  t h e  crack i s  no t  t h e  c e n t r a l  one. The problem wherein 

t h e  normal component o f  t h e  s t r e s s  t e n s o r  and t h e  normal component of 

t h e  displacement v e c t o r  a r e  both p re sc r ibed  on t h e  su r f aces  of  t h e  p l a t e  

and t h e  s u r f a c e s  of  t h e  crack a r e  p re sc r ibed  t o  be s t r e s s  f r e e  i s  d i s -  

cussed and t h e  methods used and developed by S r ivas t ava  and Singh i n  

t h e i r  paper  on t h e  ha l f space  a r e  adapted and used throughout .  As i n  

t h e  Srivastava-Singh paper a  s e t  of simultaneous Fredholm i n t e g r a l  

equat ions  i s  obta ined  and t h e s e  a r e  solved approximately and used t o  

g ive  power s e r i e s  r e p r e s e n t a t i o n s  of t h e  two s t r e s s  i n t e n s i t y  f a c t o r s  

f o r  t h e  problem. The t h e s i s  concludes wi th  a  d i scuss ion  of o t h e r  poss i -  

b l e  boundary cond i t i ons  and proposes t h a t  t h e  one d iscussed  he re  i s  t h e  

only one t h a t  i s  mathematical ly  t r a c t i b l e  whi le  s t i l l  be ing  of phys i ca l  

i n t e r e s t .  



•˜ 2 Solu t ion  t o  t h e  Equil ibr ium Equations f o r  t h e  P l a t e  

A penny-shaped crack  i s  a disc-shaped d i s c o n t i n u i t y  i n  a 

medium and a convenient coord ina te  system i n  which t o  r e p r e s e n t  such a 

phenomenon i s  t h e  p o l a r  c y l i n d r i c a l  coord ina te  system ( z ) .  With 

t h e  c e n t r e  of t h e  crack taken  t o  be  t h e  o r i g i n  (Figure 1) t h e  crack i s  

seen  t o  l i e  i n  t h e  p l ane  de f ined  by t a k i n g  z = , O .  I f ,  fur thermore,  

t h e  medium i s  considered t o  be contained between t h e  p l anes  z = a 

and z = b (a  > 0 > b )  then  t h e  p l a t e  con ta in ing  a penny-shaped crack 

is  completely def ined  (Figure B) . 
- 

In genera l  t h e  deformation vec to r  u has  t h r e e  components 

u,v,w r e p r e s e n t i n g  deformations i n  t h e  r a d i a l  o r  r d i r e c t i o n ,  t h e  

angular  o r  8 d i r e c t i o n ,  and t h e  normal o r  z d i r e c t i o n  r e s p e c t i v e l y .  

Each component i s  a func t ion  of p o s i t i o n  i n  t h e  medium, i . e . ,  

Taking body f o r c e s  t o  be  zero t h e  equat ions  of equi l ibr ium 

i n  terms of t h e  components of  t h e  deformation v e c t o r  a r e  



where X and y a r e  t h e  ~am6 cons tants ,  and a  s u b s c r i p t  fol lowing a 

comma r e p r e s e n t s  a p a r t i a l  d e r i v a t i v e  



I f  t h e  boundaries  of  t h e  p l a t e  and crack a r e  i n i t i a l l y  

deformed o r  s t r e s s e d  i n  a manner independent of  t h e  0 coord ina t e ,  i . e . ,  

t h e  boundary cond i t i ons  a r e  a x i a l l y  symmetric, then  t h e  angular  

component v of t h e  deformation v e c t o r  w i l l  v an i sh ,  i . e . ,  

and fur thermore t h e  components u and w w i l l  b e  independent of  8, 

i . e . ,  

The equat ions  of equ i l i b r ium s i m p l i f y  i n  t h e  case  of a x i a l  symmetry t o  

become 

The Hankel t ransform of  o rde r  n is  de f ined  a s  

h j f ( r ) l  = I, Jn(5r )  r f ( r )  d r .  



Jn(c) is the Bessel function of the first kind of order n. As is 

standard when dealing with the type of problem under consideration the 

Hankel transform of order 

Hankel transform of order 

1 is applied to equation (2a) and the 

0 is applied to equation (2b) to get 

Solutions to equations (3) and (4) are of the type 

6 = H~Iu} = (A(() + zSC(6)) cosh 5z + (B(5) + zSD(S)) sinh Sz 

; = H~IW) = (E (5) + zSG (6)) sinh 5z + (F (S) + zEH(5)) cosh 5z. ( 6 )  

Substituting these solutions back into equations (3) and (4) we find 



Thus (5) and (6) become 

u = (A-zcG) cosh c z  + (B-zcH) s i n h  c z  

- X+3p 
w = (-A- - H+zEG) s i n h  Sz + (-B- - G+zSH) cosh <z.  

X+lJ X+v (9) 

For t h e  purpose of t h e  problem o f  a p l a t e  w i th  a penny-shaped co-planar 

c rack ,  t h e  s o l u t i o n  above t h e  crack is  w r i t t e n  

- 
u = (Aa- (z-.a)cGa) cosh <(z-a)  + (Ba- (z-a)SHa) s i n h  S(z-a) 

- 
w = -Aa s i n h  S(z-a)  - Ba cosh c (z-a)  

+ Ga[-  - X+3\osh c(z-a)  + (z-a)S s i n h  < (z -a ) ]  
X+?J 

+ Ha[-. -- " 3 ~  s i n h  <(=-a) + (z -a)S  cosh S (z -a ) ] .  
X+?J 

The s o l u t i o n  f o r  t h e  p o r t i o n  of t h e  medium below t h e  crack 

i s  w r i t t e n  s i m i l a r l y  wi th  t h e  s u b s c r i p t  a rep laced  by b .  The 

s o l u t i o n  f o r  t h e  e n t i r e  medium is  thus  expressed i n  terms of  t h e  e i g h t  

unknown func t ions  Aa, Ab, Ba, Bb, Ga ,  Gb, Ha, Hb. 

For t h e  case  of  a x i a l  symmetry t h e  components o Z Z ,  Orr  and 0 z r 

a r e  t h e  only  nonvanishing members of t h e  s t r e s s  t e n s o r .  The express ions  

r e l a t i n g  displacements  t o  t h e  s t r e s s e s  a r e  



azr = lJ (u, z + ~ , r )  . 
a i s  unimportant t o  t h e  s o l u t i o n  of t h e  problem. r r 

Applying t h e  Hankel t ransform of  o r d e r  0 t o  equat ion  (12a) 

and o rde r  1 t o  (12b) g ives  

Thus f o r  z > 0, 

- 
a,, = ~ V E ~ A ,  s i n h  <(z-a)  + Ba cosh E(z-a) 

- Ga[(z-a)( s i n h  5 (z-a) - - cosh ~ ( z - a )  ] A+u 

-. Ha [ (z-a) 5 cosh 5 (z-a) - - s i n h  5(z-a) ]}  
A+P 

(14) 



- 
ozz = - ZV({A, cosh ((z-a) + Ba s i n h  ((2-a) 

s i n h  C(z-a) - (2-a)C cosh ( (z -a ) ]  + G [- 
a X+p 

A+2p + H a [ - - - .  cosh E(z-a) - (2-a)E s inh  E(z-a)] 1 . (15) 
X+V 

And s i m i l a r l y  f o r  z < 0. 



•˜ 3 The Boundarv Condit ions 

A p h y s i c a l l y  i n t e r e s t i n g  problem, and t h e  one most o f t e n  

considered f o r  problems of t h i s  type ,  i s  t h e  one f o r  which t h e  appro- 

p r i a t e  components of t h e  s t r e s s  t e n s o r  a r e  completely p re sc r ibed  on t h e  

s u r f a c e  of t h e  crack.  For t h e  case  of  axisymmetric boundary condi t ions  

it i s  s u f f i c i e n t  t o  s p e c i f y  aZZ and aZr and consequent ly f o r  

r < rl,  only  t h e  s t r e s s  condi t ions  

w i l l  be considerec 
+ + 

i. azZ( r ,O  ) ,  aZr(r,O ) a r e  t h e  s t r e s s e s  on t h e  upper 

s u r f a c e  (z > 0) o f  t h e  c rack ,  and a ( r  0  , a ( r  0  a r e  t h e  

s t r e s s e s  on t h e  lower s u r f a c e  (z < 0) of t h e  crack.  

The cond i t i ons  on t h e  o u t e r  s u r f a c e s  of t h e  p l a t e  w i l l ,  f o r  

t h e  purposes of  t h i s  paper ,  be t h o s e  wherein t h e  normal deformation and 

t h e  s h e a r  s t r e s s  i s  p re sc r ibed  on each p l a t e  s u r f a c e .  That i s ,  



are assumed to be the known surface conditions. 

That (16) and (17) represent a well-defined problem; i.e., 

that the existence and uniqueness of the solution are guaranteed is 

well documented and will not be discussed here. 

Substituting the above equations into (lo), (ll), (14) and 

(15) we find 

where 

B.,, and Gb are determined similarly. Thus Ba, R,,, Ga, Gb are 

determined in terms of the known functions. 



•˜ 4 Development of  t h e  I n t e g r a l  Equations 

I t  has  been assumed, up t o  t h i s  p o i n t ,  t h a t  t h e  s o l u t i o n  t o  

t h e  problem i s  r ep re sen ted  d i f f e r e n t l y  above t h e  p l ane  conta in ing  t h e  

crack than  below it. However, o u t s i d e  t h e  r e g i o n  of  t h e  crack t h e  

p l ane  z = 0 i s  a  q u i t e  a r t i f i c i a l  boundary and it i s  t h e r e f o r e  

necessary. t h a t  a l l  t h e  q u a n t i t i e s  p e r t i n e n t  t o  t h e  s t a t e  of  s t r e s s  i n  

t h e  p l a t e  be r equ i r ed  t o  be continuous ac ros s  t h i s  boundary. For 

example, i n  t h e  case  o f  t h e  r a d i a l  deformation t h e  r e l a t i o n s h i p  

must ho ld .  I t  i s  u s e f u l  a t  t h i s  p o i n t  t o  i n t roduce  a  new func t ion  M(S) 

such t h a t  

M = Aa cosh Sa - Ab cosh Sb - a4 Ha s i n h  Sa + bS Hb s i n h  €JJ + U ,  

U = -Ba s i n h  5a + Bb s i n h  Sb + a6  Ga cosh Sa - b 5  Gb cosh @ . 

Then (19) can be  expressed as 

For t h e  normal deformation t h e  requirement  of  c o n t i n u i t y  i s  

expressed a s  



w(r,0+) = w(r,O-), r > rl .  

Here a  new func t ion  N(c) is introduced such t h a t  

X+3p N = Aa s i n h  ga - A s i n h  (b + H (- b  s i n h  Ea 
a  X+p 

X+3p 
- a t  cosh Ca) - Hb(- s i n h  Cb - bC cosh Cb) + W .  

h+lJ 

X+3p w = -Ba cosh < a  + Bb cosh F;b + Ga(- - cosh Sa 
X+lJ 

A+3p 
+ a 5  s i n h  Ca) - Gb(- - cosh & + bC s i n h  Sb) .  X+u 

Thus (22) becomes 

Note t h a t  U and W a r e  de f ined  i n  terms o f  t h e  known func t ions  

Re la t ionsh ips  s i m i l a r  t o  (19) and (22) e x i s t  f o r  t h e  s t r e s s e s  

a and o a l s o  i n  t h e  r eg ion  r > rl. However, due t o  t h e  na tu re  
z  z z r  

of  t h e  boundary cond i t i ons  on t h e  s u r f a c e  o f  t h e  c rack  r e l a t i o n s h i p s  

can be obta ined  f o r  t h e  e n t i r e  reg ion  r > 0 .  Define 



From (16) t h e  fol lowing can be seen t o  hold 

Further  l e t  



These q u a n t i t i e s  can a l t e r n a t i v e l y  be w r i t t e n  a s  

Z+ = A cosh < a  + H (- 
a cosh <a - a< s i n h  ca) + P . . . a  a A+p 

Z -  = A,, cosh Cb + H ~ ( %  cosh E,b - b5 s i n h  5b) + P . . .b 

R+ = -A s i n h  <a  - H (-a< cosh <a  + - 
a a A+P "inh <a )+  Q+ . . . c  

R - = -A,, s i n h  cb - Hb(-bc cosh <b + - s i n h  <b)+  Q- . . .d (27 )  A+v 

where 

P+ = -Ba s i n h  < a  + G ( -  - s i n h  < a  + <a cosh <a) . . . a  a A+p 

P = -Bb s i n h  <b + s i n h  5b + <b cosh cb) . . .b - %(-  

I-r cosh a<) Q = B cosh < a  - Ga(ac s i n h  a5 - - . . . c  + a A+' 

I-r cosh b<) Q- = Bb cosh cb - Gb(b< s i n h  b< - - . . .d (28) 
A+' 

Note t h a t  P+ ,  P , Q+,  Q- a r e  expressed i n  terms o f  known func t ions .  - 

Then 

2 
-2' j; z+(<) 5 J ~ ( s ~ ) ~ s  = p + ( r ) ,  I- < r 1 . . . a  



We s e e  t h a t  

where 

OD 

1 
dl* = - 1 d  ( r )  r Jo(Er)  d r  

2115 0 1 

Now s u b s t i t u t e  equat ion  ( 2 7 a ) i n t o  equat ion  (20) t o  e l imina te  

Aa, Ab t o  g e t  

'+' - - H cosh a t  + H~ cosh b< (M-M1) - a 

* 
M 1 = U - P + + P  - - d l  , 

and s u b s t i t u t e  equat ion  (27c ) in to  equat ion  (23)  t o  ge t  

'+' - H s i n h  a< - Hb s i n h  b< (N-N1) - a  

N1 = Q+ - Q- - d2* + W 

Solv ing  f o r  Ha  and Hb y i e l d s  



18 

H = X+!J 1 [(N-N1) cosh EJb + (M-M1) s i n h  (b] 
a (X+Zp) s i n h  ((a-b) (35) 

- X+1.1 - 1 
Hb (h+2p) s i n h  ((a-b) 

[(N-N1) cosh (a + (M-M1) s i n h  <a] . (36) 

S u b s t i t u t e  equat ions  (35) ,  (36) i n t o  equat ion  (20) t o  g e t  

(X+ld 5 
M(l + (X+Z!~)sinh ((a-b) 

(a-b) s i n h  EJa s i n h  (b) 

(X+!J> 5 
+ ' N  (X+Zp) s i n h  ((a-b) 

( -b  s i n h  (b cosh < a  

(X+lJ> 5 ' a sinh ca cash cb) - (X+Zp) s i l lh  ((a-b) 
(a-b) 

s i n h  (a s i n h  (b 

(X+lJ> 5 
- N1 (X+Zp)sinh <(a-b)  

(-b s i n h  (b cosh (a + a s i n h  < a  cosh (b) 

= Aa cosh (a - % cosh EJb + U . 

S u b s t i t u t e  equat ions  (35) ,  (36) i n t o  equat ion  (23) t o  g e t  



v N(- - + (X+lJ> 5 (a-b)cosh <b cosh <a) 
X+2p (X+2p) s i n h  <(a-b) 

(X+v> 5 
+ " (h+2p) s i n h  <(a-b) 

(-b s i n h  <a  cosh <b + a s i n h  <b cosh <a) 

A+3p + (A+p) cosh <b cosh ca 
+ N1(-  (h+2p) 5 s i n h  <(a-b) ( a-b) 

(X+v) 5 
- M1 (X+2p) s i n h  <(a-b)  

( -b  s i n h  <a cosh <b + a s i n h  <b cosh 5a) 

A s i n h  < a  - Ab s i n h  <b + W . 
a 

(38) 

1s 

- - 

Solv ing  f o r  Aa y i e l d  

A = (X+u) 5 
2 

[(M-MI) ( a  s i n h  <b cosh <(a-b) - b s i n h  <a) 
a 

(X+2p)sinh <(a-b)  

+ (N-Nl)(a cosh <b cosh <(a-b)  - b cosh <a ) ]  

N1 cosh <b N cosh <b + - + [- M s i n h  <b - - A +  2p X+2u 

+ U s i n h  <b - W cosh <b] / s i n h  <(a-b)  . 

S i m i l a r l y  t h e  r e s u l t  f o r  Ab i s  



% = 
(A+Ld 5 

2 
[(M-hll)(a s i n h  <b - b s i n h  < a  cosh <(a-b) )  

(A+2p) s i n h  <(a-b) 

+ (N-Nl) ( a  cosh (b - b cosh <a  cosh <(a-b) )  ] 

A+3' N~ C O S ~  <a  ' N cosh <a + - + [- M s i n h  <a  - - 
A+2p A+2v 

+ U s i n h  < a  - W cosh <a ] / s inh  ((a-b) . (40) 

Henceforth only  r e s u l t s  v a l i d  f o r  z > 0 need be given.  S u b s t i t u t i o n  

of  equat ions  (35) and (39) i n t o  equat ion ( ~ 7 ~ )  r e s u l t s  i n  

z = (A+u) 5 
+ 2 [(M-Ml) ( a  s i n h  <b cosh <b 

(A+2p) s i n h  <(a-b) 

2 - b s i n h  <a cosh 5a) + (N-Nl) ( a  cosh2 <b - b cash t a l l  

cosh <a  s i n h  (b - M1 
s i n h  <(a-b)  

+ cash <a  cosh Sb 
(A+2') s i n h  <(a-b) [(A+u)N + W11 

+ U s i n h  Eb - W cosh <b cash 
+ P+ s i n h  <(a-b) 

Equations (35) and (39) i n t o  equat ion (27c) g ives  



( A+P) 5 2 
R+ = 2 

- [(M-hll) ( - a  s i n h 2  <b + b s i n h  <a) 
(X+2y) s i n h  <(a -b)  

+ (N-N ) ( - a  s i n h  <b cosh cb + b s i n h  5 a  cosh < a ) ]  
1 

s i n h  < a  s i n h  cb s i n h  5a cosh cb + - [(X+y)M + yM1] - N1 (A+2p) s i n h  <(a -b)  s i n h  <(a-b)  

U s i n h  cb - W cosh 5b sinh 
+ 9+ 

- 
s i n h  <(a -b)  

Let 

a ( 5 )  = -b cosh Sa s i n h  Sa + a cosh <b s i n h  <b 

2 2 
B1(5) = -b cosh < a  + a cosh <b 

2 
B2(5) = -b s i n h 2  c a  + a s i n h  <b 

cosh <a  cosh <b + -  cash (a s i n h  cb 
h+2y s i n h < ( a - b )  N 1 -  s i n h  <(a -b)  M1 

+ U s i n h  <b - W cosh <b cash . 
+ P+ s i n h  <(a-b)  

- 
F2(<) = H1{F2(r) 1 = 2 [-M1B2(<) - N1a(<) 1 

(X+2y) s i n h  <(a -b)  

y s i n h  Ea s i n h  5b c&h cb s i n h  < a  +- 
X+2y s i n h  <(a -b)  M1 - s i n h  <(a -b)  1 

U s i n h  <b - W cosh <b sinh 
+ Q+ - s i n h  <(a -b)  



Combining equat ions  (26) ,  (41) , ( 4 2 )  and (43) , we o b t a i n  

03 

- 21.I(X+l-d 
2 
s2 [ W S )  <a(<) + N ( S )  (SB1(S) 

("2') lo s i n h  <(a-b)  

u) 

2!J(h+1.I) / 
2 

E* IN<) (@,(<) 

("2p) 0 s i n h  <(a-b) 

- s i n h  <b s i n h  ca  s i n h  <(a-b) )  + N(<) < a ( < ) ]  J1(5r)  d< 

Thus equat ions  (21) , (24) , (44) and (45) r e p r e s e n t  a  p a i r  o f  simultaneous 

dual  i n t e g r a l  equa t ions .  I t  should be noted a t  t h i s  p o i n t  t h a t  were t h e  

express ions  f o r  t h e  func t ions  Z - and R- de r ived  express ions  i d e n t i c a l  

t o  (41) and (42) would have r e s u l t e d .  



•˜ 5 S ign i f i cance  o f  M(5) and N(5) 

The de termina t ion  o f  t h e  s o l u t i o n ,  o r i g i n a l l y  expressed i n  
I 

terms of e i g h t  unknown func t ions ,  has  now been reduced t o  t h e  problem 

of  f i n d i n g  two unknown func t ions  M(() and N(() . If M and N can 

be reso lved  a l l  q u a n t i t i e s  p e r t a i n i n g  t o  t h e  s o l u t i o n  above t h e  c rack ,  

i . e . ,  z > 0, can be determined from them and t h e  known func t ions  M I ,  

N1, Ba and G a  def ined  i n  (33) , (341, (18) . The s o l u t i o n  below t h e  

c rack ,  i . e . ,  z  < 0, i s  found i n  an i d e n t i c a l  f a sh ion  and w i l l  no t  be 

given.  For example, d e f i n i n g  t h e  component o f  A, t h a t  can be expressed 

i n  terms of  t h e  func t ions  M1 and N1 a s  

A+P $, = - -  5 [M1(-b s i n h  <a  + a  s i n h  (b cosh ((a-b))  
A+2P s i n h 2  < (a-b) 

+ N1(-b cosh (a + a  cosh (b cosh ( ( a - b ) ) ]  

A+31.1 + -  cash <b + U s inh  <b - W cosh <b 

A+2p N1 s i n h  ((a-b)  s i n h  €, (a-b) 

and t h e  component o f  Ha t h a t  can be def ined  i n  terms of M1 and N1 a s  

X+P q J = - -  1 [% cosh $D + M1 s i n h  cb] 
A+2p s i n h  <(a-b)  

and fur thermore,  d e f i n i n g  func t ions  

L1(<,z) = -b s i n h  €,a cosh <(z-a)  + a  s i n h  (b cosh <(z-a)  cosh ((a-b) 

- (2-a) s i n h  (b s i n h  €,(z-a) s i n h  €,(a-b) (48) 



L2(<,z) = -b cosh <a cosh <(z-a) + a cosh <b cosh <(z-a) cosh c(a-b) 

+ (-(z-a)  s i n h  <(z-a)  cosh <b 

1 
+ - cash <b cosh <(z-a) )  s i n h  <(a-b) . 

5 (49) 

L3(<,z) = -b s i n h  <a s i n h  <(z-a) + a s i n h  <b cosh <(a-b) s i n h  <(z-a) 

- ((2-a) s i n h  <b cosh c(z-a) 

1 + - s i n h  <b s i n h  <(z-a))  s i n h  <(a-b) . 
5 (50) 

L4(<,z) = -b cosh <a  s i n h  <(z-a) + a cosh <b cosh <(a-b) s i n h  <(z-a) 

- (z-a) cosh <b cosh <(z-a) s i n h  c(a-b) . (51) 

L5(5,z) = -b s i n h  (a cosh <(z-a) + a s i n h  <b cosh ((z-a) cosh <(a-b) 

- ( (z-a)  s i n h  cb s i n h  <(z-a) 

L6(C,z) = -b cosh (a cosh <(z-a)  + a cosh <b cosh <(a-a)  cosh <(a-b) 

- ( (z-a)  s i n h  <(z-a) cosh <b 

+ cosh <b cosh <(z-a))  s i n h  <(a-b) . (53 j 
A+].! % 



L7(<,z) = b s i n h  <a  s i n h  <(a-a) - a s i n h  <b s i n h  <(z-a) cosh <(a-b) 

+ ((z-a) s i n h  <b cosh <(z-a) 

- s i n h  <b s i n h  <(z-a))  s i n h  <(a-b) . 
A+v 5 ( 54 )  

L8(5,z) = b cosh <a s i n h  <(z-a) - a cosh f b  s i n h  <(z-a) cosh <(a-b) 

+ ((z-a) cosh <(z-a) cosh <b 

- - -  I cosh <b s i n h  c(z-a)) s i n h  <(a-b) . 
A+v 5 (55) 

The express ion  r e p r e s e n t i n g  t h e  normal s t r e s s  i s  

A+IJ a ( r , ~ )  = - 2p H {- z z 2 
5 

[ML1 + N L 2 1  
O A+2p s i n h  <(a-b) 

+ < [$  cosh <(z-a) + B a  s i n h  <(z-a) 

s i n h  <(z-a) - (z-a)< cosh <(z-a))  
+ G a ( h r l l  

+ $(% cosh <(z-a) - (z-a)< s i n h  < (z -a ) ) ]  1 A+v ( 5 6 )  

and t h e  express ion  f o r  t h e  s h e a r  component i s  

X+lJ  ' z r  ( r , ~ )  = 2p H {- 2 
6 [HL3 + N L q ]  

s i n h  <(a-b) 

+ <[$ s i n h  <(z-a) + B a  cosh <(z-a) 

'.' cosll <( z-a) ) - Ga((z-a)< s i n h  <(z-a) - - A+v 
IJ - $( (z-a)< cosh <(z-a) - - s i n h  <(z-a) ) ]  1 .  A+v (57) 



The express ion  f o r  t h e  normal component of  t h e  displacement v e c t o r  i s  

1 
w(r ,z )  = 11 {- 5 

0 ?l+21~. 2 [ML7 + NL81 s i n h  ((a-b) 

- @ s i n h  <(z-a)  - B cosh c (z-a)  
a 

A+3p 
+ Ga(-  cosh ((z-a)  + (z -a)S  s i n h  ( (z -a) )  

A+ 3~ + I$(- - s i n h  E(z-a) + ( z - a ) (  cosh ( ( z -a ) )  
A+ 1-1 (5  8) 

and t h a t  f o r  t h e  r a d i a l  component i s  

+ @ cosh <(z-a)  + B s i n h  ((z-a)  a 

- (z -a) (  I$sinh <(z-a)  - (z-a)E Ga cosh <(z-a)  ) . (5  9) 

For t h e  case of a cons t an t  p re s su re  opening t h e  c rack ,  an express ion  

f o r  t h e  energy, T, r equ i r ed  t o  open o u t  t h e  crack can be determined 

from 

where, without  l o s s  of  g e n e r a l i t y  r1 has been s e t  t o  1. Since 

ozz ( r ,O)  = -PO, r < 1 we have 





5 6 A Method of So lu t ion  of t h e  I n t e p r a l  Equations 

Equations (44) and (45),  while  s u c c e s s f u l l y  r e p r e s e n t i n g  t h e  

problem a s  a  s e t  of i n t e g r a l  equa t ions ,  do n o t  appear  t o  lend them- 

s e l v e s  t o  easy s o l u t i o n .  Most equat ions  of t h i s  type  a r e  reduced by 

some v a r i a t i o n  of Sneddon's method f o r  equat ions  wi th  a  weight func t ion  

t o  equat ions  of Fredholm type  of t h e  second kind.  The p a r t i c u l a r  

v a r i a t i o n  which w i l l  be  employed he re  i s  t h e  one developed by S r ivas t ava  

and Singh. 

However, i n  o r d e r  t o  proceed it w i l l  be  h e l p f u l  t o  in t roduce  

t h r e e  new parameters:  h ,  p ,  q .  The p l a t e  t h i ckness  w i l l  be  represented  

by h  and t h e  p o s i t i o n  o f  t h e  p lane  con ta in ing  t h e  crack w i l l  b e  

i nd ica t ed  by p and q a s  fo l lows:  

h = (a-b) 

and of  course i t  au toma t i ca l ly  holds  t h a t  

I t  i s  now p o s s i b l e  t o  i n d i c a t e  t h e  p o s i t i o n  o f  t h e  crack p l ane  wi th in  

t h e  p l a t e  without  r e f e r e n c e  t o  t h e  coord ina te  system. 



The next  s t e p  i n  accomplishing t h e  r educ t ion  of  equat ions  

(44) and (45) t o  Fredholm equat ions  i s  t h e  modi f ica t ion  o f  t h e  form of 

t h e  c o e f f i c i e n t  of  N i n  equat ion  (44) and M i n  equat ion  (45).  

F i r s t  n o t e  t h a t  

i s  a uniformly convergent s e r i e s  i f  5 > 0. Next make t h e  s u b s t i t u t i o n s  

(62),  (63) and expand t h e  c o e f f i c i e n t  of  N i n  (44) a s  

s i n h  Sh 
B1(5) + cosh 5hp cosh Chq 

5 

2 2 = qh cosh phS + ph cosh qhS 

Mult iply through by c2 /s inh2  hS: 



2 2 s i n h  E,h 5 / s i n h  <h(B1(E) + cosh 5hp cosh (hq 5 1 

Consider t he  l a s t  two terms i n  t h e  above express ion:  

Let k = n + 1 i n  t h e  f i r s t  sum, k = n - 1 i n  t h e  second, s o  t h a t  t h e  

above i s  



Thus 

where 

Further, note the relationship (uniformly convergent for 5 > 0) 



Consequently,  ko(5)  can a l s o  be  expressed a s  

1 1 2  
ko(S) = (2SBl(S) + - s i n h  2phS + - s i n h  2qh<)/s inh Sh 2  2  

-2Sh 
+ 2e 

1 ' -  e  -2Sh 

S i m i l a r l y ,  

where 

1 1 2 2e-2Sh 
kl(S1 = (2SB2(S) - s i n h  2phS - - 2  s i n h  2qh<)/s inh hS + 

1 - e  -2511 



Also 

00 

a(5) = Z hk[-p(e -2h5 (k-q) - e -2hE (k+q) 1 
s i n h 2 h 5  k = l  

Thus t h e  s e t  of simultaneous dua l  i n t e g r a l  equat ions  (21) ,  

(24) ,  (44) and (45)  may be w r i t t e n  

I t  i s  convenient now t o  p o i n t  out  t h a t  so  long a s  t h e  r a t i o  of  t h e  p l a t e  



t h i ckness ,  h ,  t o  t h e  crack r a d i u s ,  r l ,  i s  known it i s  unnecessary 

t o  leave  r unspec i f i ed .  That is ,  no l o s s  of g e n e r a l i t y  occurs  i f  
1 

t h e  problem i s  normalized by l e t t i n g  r = 1. Now t h e  fo l lowing  
1 

s u b s t i t u t i o n s  f o r  M(S) and N(S) can be  made: 

1 2 1 
= -($ 5 

[-m(1) s i n  5 + 1 $ $(t1I2m(t)) s i n  S t d t ]  , (75) 
0 8 

1 
~ N ( S )  = 1 n ( t )  s i n  S t d t  

0 

d  = - cos 5 + 1/5 1 - n ( t )  cos S t d t  , 
5 0 dt 

Observe t h a t  (Bateman [ lo ]  ) 

1 s i n  t S  J1(Sr) dS = 
0 



the  l a s t  two equat ions  o f  (74) become (61)  

1 
+ 25(10 n ( t )  s i n  S t d t )  ~ ~ ( 5 ~ )  d i  

s i n h  65 

Now employ Abel 's  i n t e g r a l  equat ion ,  i . e . ,  if 



then  
2 d  

f ( t )  = - - r g ( r )  d r  
T rd t  ,, ?, . , 1 / 2 '  

and two r e s u l t s  ob ta inab le  from Bateman [ l o ]  

t SrJo(Sr) d r  
I = s i n  t< , 

0 2  2  
( t  -r 1 

t o  g e t  t h e  s e t  o f  s imultaneous Fredholm equat ions  o f  t h e  second kind:  

1 03 

J ( < t )  s i n  ~ u  + 2 t  I n(u) 1 5 3/2 a(S)  d<du = ~ ~ ( t )  
0 0 s i n h  hE, (82) 2  

1 m 4 
n ( t )  + ; m(u) J 3 , 2 ( < ~ )  s i n  S t  

0 
d<du 2  

s i n h  hc 

1 00 
2 

+ - I n(u) I s i n  E,t s i n  E,u kg(<) dcdu = E l ( t )  , 
0  0 

where 



The a n a l y s i s  which fol lows is based on t h a t  used i n  t h e  

Lowengrub and Srivastava-Singh papers  and demands t h a t  t h e  p l a t e  t h i ck -  

ness  be l a r g e  compared t o  t h e  r a d i u s  o f  t h e  c r ack .  In  t h e  case  of  both 

t h e  p l a t e  and t h e  h a l f  space when t h e  crack i s  i n  t h e  v i c i n i t y  of one 

of  t h e  s u r f a c e s  t h e  method f a i l s  due l a r g e l y  t o  t h e  f a c t  t h a t  t h e  

d e f i n i t i o n  o f  t h e  problem becomes ambiguous. The method i s  s t r a i g h t -  

forward, however, and f o r  t h e  purposes of  t h i s  t h e s i s  i n s t r u c t i v e ,  and 

w i l l  b e  employed h e r e  wi th  t h e  r e s t r i c t i o n  t h a t  t h e  crack p lane  remain 

c l o s e  t o  t h e  c e n t r a l  p l ane .  This  r e s t r i c t i o n  i s  c o n s i s t e n t  wi th  t h e  

r e s t r i c t i o n  imposed i n  t h e  Srivastava-Singh paper  inasmuch a s ,  wi th  

r e s p e c t  t o  t h a t  paper ,  it is  a  r e s u l t  of t h e  r e s t r i c t i o n  t h a t  t h e  d i s -  

tance  from t1.e crack t o  t h e  s i n g l e  bounding p l ane  be  l a r g e .  

Expand a l l  known q u a n t i t i e s  i n  s e r i e s  form t o  g e t  



2 1 2 2  2 4  2 2 4 6  s i n  5t  s i n  5u = u t ( 5  - -(u +t ) c4 + -(3u +lOu t +3t ) 5 -. . .) . 
3!  6 ! 

(85) 

Thus, i n t e g r a t i n g  term by term,  

w 
3/2 -4 a(5) d< = t u  (a4h 51/2 J ~ / ~ ( s u )  s i n  ~t 2 

0 s i n h  hS 

-- 
- 3 2 2 I s i n  S t  s i n  Su k0(5) d< = ut(kO36 + k (u +t  ) h-5 

0 05 



Where kl 
and a(5 )  a r e  d e f i n e d  i n  e q u a t i o n s  ( 6 8 ) ,  ( 7 1 ) ,  and (73) , 

and 

k  - ) - 5.  1 ( +  kq +A+ A)) 
0 - q )  @-PI (k+p) (k+q) (k -q) 



2 1 
w 

k  k  k  k  
a4 = ( 1  - 3 e [q(  ,I + P(----- - ,) I , 

2 k = l  (ktp)  (k-p)  (k-q)  (k+q)  

2 1  
00 

a , = ( $  - z [q(  
k  k  k  k  

4 7) + p(- - 
2 k = l  (k tp )  (k-p)  ( k - 4  (k+q)  711 , 

2 1  
w 

a,=(;;) - [q (  
k  k  k  k  

5 ,) + P (  ,) I , 
2 k = l  (ktp)'  (k-p)  (k-q19 (k+q)  

The r e s u l t  i s  



Graphs I through V I  i l l u s t r a t e  t h e  behaviour  o f  
k03' k05' 

k07' a4, a 6 9  '8 
with  r e s p e c t  t o  t h e  p o s i t i o n  o f  t h e  p l ane  con ta in ing  

t h e  crack t o  the  p l a t e  s u r f a c e s .  I t  can be seen  t h a t  t h e s e  q u a n t i t i e s  

a r e  meaningful only i f  t h e  crack p lane  i s  r e s t r i c t e d  t o  l i e  n o t  too 

f a r  from the  cen t r e  o f  t h e  p l a t e .  



5 7 The Case of Constant Normal Pressure  on t h e  Surfaces  of t h e  Crack 

I f  t h e  ke rne l s  of  equat ions  ( 8 8  ) and ( 8 9 )  a r e  t runca ted  a t  

terms of o rde r  h-8 they  w i l l  r ep re sen t  t h e  approximation of equat ions 

(88 ) and (89  ) by equat ions  wi th  a  so -ca l l ed  degenerate  ke rne l  ( c . f .  

Tricomi [ 9 ] ) .  I f ,  f u r t h e r ,  t h e  assumption i s  made t h a t  each of  m(t) 

and n ( t )  can be expressed a s  a  Taylor s e r i e s  i n  h t hen  equat ions  

(88  ) and ( 8 9  ) can be so lved  e a s i l y  simply by s u b s t i t u t i n g  t h e  s e r i e s  

r ep re sen ta t ions  and comparing c o e f f i c i e n t s .  

Now cons ider  t h e  circumstance wherein t h e  p o i n t s  on t h e  

su r f aces  of  t h e  p l a t e  a r e  f i x e d  s o  t h a t  t hey  cannot move i n  a  d i r e c t i o n  

perpendicular  t o  t h e  s u r f a c e s ,  i . e . ,  t h e  d i r e c t i o n  of t h e  z - ax i s ,  bu t  

a r e  allowed freedom t o  move r a d i a l l y ,  i . e . ,  a long an r - a x i s .  Angular 

displacement w i l l  n o t  occur  because t h e  i n i t i a l  d i s tu rbance  of  t h e  p l a t e  

w i l l  be  symmetric ( 9  2 ) .  Thus it i s  r equ i r ed  t h a t  t h e  normal component 

of  t h e  displacement v e c t o r  be zero on t h e  s u r f a c e s ,  o r  

and t h a t  t h e r e  i s  no r e s t r i c t i n g  shear  s t r e s s  t o  i n h i b i t  movement i n  

t h e  r a d i a l  d i r e c t i o n ,  o r  

Fur ther ,  suppose t h a t  some subs tance  of t h e  n a t u r e  of  a  f l u i d  o r  a  gas 

i s  p re sen t  between t h e  s u r f a c e s  of  t h e  c rack .  Such a  phenomenon would 

incu r  almost no shear ing  s t r e s s e s  on t h e  crack s u r f a c e s  and s o ,  r e f e r r i n g  



t o  equat ion ( 1 6 ) ,  we s e t  

Since t h e  deformations a r e  cons t ra ined  t o  be  small  t h e  p re s su re ,  -po, 

exer ted  by t h e  gas a c t s  approximately normally t o  the,  crack s u r f a c e s  

and thus ,  u s ing  equat ions  ( 1 6 ) ,  we s e t  

P+(') = p- ('1 = Po 

The known func t ions  M1, N1, Ga,  Ba, P + ,  Q+ def ined  i n  

equat ions  ( 33 ) ,  ( 34 ), ( 18 ) ,  ( 28 ) a r e  e a s i l y  shown t o  

be i d e n t i c a l l y  zero i n  t h i s  case  and consequent ly,  from equat ion  ( 4 3 )  

Thus from equat ion  ( 84 ) 

2 X+2p 
E 1 ( t )  = - 

n p ( ~ + p )  

Now make t h e  r e p r e s e n t a t i o n  



S u b s t i t u t i n g  t h e  above i n t o  equa t i ons  (88) and (89) y i e l d s  

n l ( t )  = n 2 ( t )  = 0 , 

4 X+2p 
n 3 ( t )  = - - 

3Tr 
2  ,,(A+,.,) k03 ' 

4 X+21.1 m ( t )  = - - t 5/2 
4  IT p(h+p) '4 , 

a6' t5 /2( t2+1)  , m6(t)  = - 
,,(A+,.,) 

n  ( t )  = 0 4 

4 X+2,, t 
2  

n 5 ( t )  = - - 2  ,.,(A+,,) Po k05 t (1 /5+ 7) , 
Tr 



4 X+2p n  ( t )  = - - 2 4  
7 2 p(h+p) k07 t ( 3 + 1 4 t  + 7 t  ) , 

7lr 

4 X+2y m ( t )  = - - 2 
8 5n p(X+p) "8 t5 '2(s t4+14t  +5) , 

The s t r e s s  i n t e n s i t y  f a c t o r s ,  a s  de f ined  i n  Sneddon [5] , a r e  

where K and K r z  a r e  t h e  f a c t o r s  a s s o c i a t e d  wi th  t h e  normal s t r e s s  
z z 

and the  s h e a r  s t r e s s  r e s p e c t i v e l y  a t  t h e  t i p  o f  t he  c rack .  

We have 

I t  i s  no t  d i f f i c u l t  t o  show t h a t  t he  term 



i s  bounded nea r  r = 1. Employing equat ion  (76) t o  express  N(5) i n  

terms of  n(.t) y i e l d s  

m 
d 

= lo <(-"(I) cost + I - n ( t )  cos S t d t )  J 0 ( 5 r )  dS . 
0 d t  

(100) 

The l a s t  term can a l s o  be shown t o  be bounded nea r  r = 1 and s o  

I I 

S i m i l a r l y ,  



For t h e  problem of an i n f i n i t e  medium t h e  s t r e s s  i n t e n s i t y  

f a c t o r  i s  (Sneddon [6]) 

Due t o  t h e  f i n i t e  d i s t a n c e  o f  t h e  crack from the  normally 

clamped boundaries  t h e r e  i s  a  decrease i n  s t r e s s  i n t e n s i t y  a t  t he  t i p  

o f  t h e  crack compared t o  t he  case  i n  which t h e  medium i s  unbounded. 

The percent  decrease  with r e spec t  t o  t h e  i n f i n i t e  medium o f  t h e  normal 

s t r e s s  i n t e n s i t y  f a c t o r  can be expressed a s  

The va lue  of K when t h e  crack i s  loca t ed  a  d i s t a n c e  of .4h 

from the  upper p l a t e  su r f ace ;  i . e . ,  a = .4h, 



The v a l u e  of  t h e  s h e e r  s t r e s s  i n t e n s i t y  a t  t h i s  p o i n t  i s  

K r z = - . 5 7 2 1 4 0 h - ~  + 1 0 . 7 0 9 7 h - ~  + 2 . 3 0 9 1 0 h - ~  - 72.4282h-8 

+ ~ ( h - ~ )  . 



5 8 The Case of  an Uniform Surface  D i s ~ l a c e m e n t  

Suppose t h a t  t h e  problem of Sec t ion  7 i s  v a r i e d  s o  t h a t  t h e  

upper s u r f a c e  o f  t h e  p l a t e  i s  no longer  f i x e d  but  r a t h e r  is given an 

uniform displacement i n  t h e  p o s i t i v e  d i r e c t i o n  a long  t h e  z -ax is .  That 

i s ,  t h e  normal component of t h e  displacement  v e c t o r  i s  non-zero on t h e  

s u r f a c e  z = a ,  s o  t h a t  from equat ion  (17) ,  . 

Let ,  however, t h e  remain ing 'condi t ions  of Sec t ion  7 be  unchanged. That 

is ,  

w(r ,b)  = g ( r )  = 0 
b 

= kb ( r )  = 0 . 

Modify t h e  problem f u r t h e r  s o  t h a t  t h e  crack s u r f a c e s  a r e  no longer  

s t r e s s e d .  That i s  



+ 
ozr(r,O ) = q+ ( r )  = 0 

I t  i s  assumed here  t h a t  E i s  s u f f i c i e n t l y  small t h a t  the  

r e s u l t a n t  warping, due t o  t h e  presence of t h e  crack,  of t h e  plane 

containing the  crack,  w i l l  be seve ra l  orders  of magnitude smaller  than 

E. In o the r  words t h e  crack-plane w i l l  remain approximately p lane .  

From equation (18) we have 

F-r B = -  
x+v E: B(S)/S , 

G a = G b = O ,  

and from equations (20), (23), (28), (33),  (34) 



E u = - -- '(') ( p  s i n h  <a + (h+p) a< cosh  <a) , 
A + &  5 

p+ = E 60- ( s i n h  <a + a< cosh Sa) , 
5 X+Q 

"b s i n h  <a , Q+ = E &(<I  

M = - c -  
1 

&(') s i n h  <a , 
5 



6(5) cosh <a  , N 1 = E -  
5 

where 6(5) i s  Di rac ' s  d e l t a  func t ion .  

Thus 

w 
A+v [s inh  (a a ( ( )  - cosh La B1(5)1 F l ( r )  = 2 v ~  1 5 

0 2 
s i n h  <h 

- -  s i n h  <a  - .m(- '*' - s i n h  <a + < a  cosh (a) 
A+2p A+' 

+ $(sinh Eb s i n h  <a  cosh < a  - cosh2 <a cosh (b) / s inh  <h 

+ a5 cosh 5 J o ( ( r )  d5 . 1 
I t  i s  n o t  d i f f i c u l t  t o  show t h a t  t h e  above reduces t o  

S i m i l a r l y  we have 

Equations (44) and (45) become 



52 [M(6)5 a(<) + N(5) ( 5  B1(5) + cash Sa cash 5b s i n h  @I 
I 0  2 s i n h  ch 

The s t r e s s  i n t e n s i t y  f a c t o r s  f o r  t h i s  problem can be obta ined  

from t h e  problem of a  cons t an t  p re s su re  exe r t ed  on t h e  c rack  s u r f a c e s  by 

t ak ing  , 

1 



•˜ 9 Some Other Boundary Condit ions 

The fo l lowing  r e s u l t s  can be obta ined  by fo l lowing  t h e  

procedure of Sec t ion  4 .  The f i r s t  s e t  o f  equat ions ,  (118) and (119),  

ob ta ins  i f  t h e  o u t e r  s u r f a c e s  of t h e  p l a t e  a r e  s p e c i f i e d  t o  be normal 

s t r e s s  f r e e ,  i . e . ,  t h e r e  i s  no t ens ion  app l i ed  along t h e  z -ax i s ,  and 

i f  t h e  p o i n t s  o f  t h e  s u r f a c e  a r e  f i x e d  with r e s p e c t  t o  t h e  z - ax i s ,  

i . e . ,  t h e  r a d i a l  component of  t h e  displacement  v e c t o r  i s  zero.  The 

second s e t  of equat ions ,  (121) and (122),  i s  t h e  r e s u l t  of applying t h e  

above condi t ions  t o  one s u r f a c e  o f  t h e  p l a t e  and t h e  cond i t i ons  o f  

Sec t ion  3 t o  t h e  o t h e r .  In both  cases  t h e  s u r f a c e s  of  t h e  crack a r e  

assumed t o  have a  cons tan t  p re s su re ,  -po, appl ied  t o  them. 

Thus i f  t h e  s u r f a c e  condi t ions  a r e  

Then equat ions  (44) and (45) t a k e  t h e  form 

- s i n h  <a  s i n h  @ s i n h  <h) ]  J o ( S r )  dS 



And i f  t h e  s u r f a c e  cond i t i ons  a r e  such t h a t  

w(r ,a )  = 0 

then  equat ions  (44) and (45) become 

* 

+ s i n h  Sb cosh Sa cosh Sh)] J O ( < r )  1 ' 5  



2v(X+!J) 5 I [ M M ( 5 )  (5  B2(5) - cosh <b s i n h  ga cosh ch) 
'+'!J 0 cosh2 ~h 

Although t h e  above s u r f a c e  condi t ions  seem u n l i k e l y  t o  occur 

n a t u r a l l y  a  method of  s o l u t i o n  s i m i l a r  t o  t h a t  employed i n  Sec t ion  6 can 

be used t o '  reduce t h e  problems descr ibed  by condi t ions  (117) and (120) 

t o  Fredholm equat ions .  Only t h e  express ions  on t h e  r i g h t  o f  t h e  equa- 

t i o n s  ( l l s ) ,  (119) and (121),  (122) change i f  t h e  s u r f a c e  condi t ions  a r e  

non- zero.  

The express ions  analogous t o  (44) and (45) f o r  t h e  boundary 

condi t ions  r e p r e s e n t i n g  t h e  p l a t e  t h a t  is  clamped on both s i d e s  and t h e  

p l a t e  t h a t  i s  s t r e s s  f r e e  both s i d e s  a r e  q u i t e  complicated. Consider 

t h e  s u r f a c e  cond i t i ons  f o r  t h e  clamped p l a t e :  



57 

with cons tan t  p r e s s u r e  p re sc r ibed  on t h e  crack s u r f a c e .  Furthermore, 

cons ider  t h e  s u r f a c e  cond i t i ons  f o r  t h e  s t r e s s  f r e e  p l a t e :  

with cons tan t  p re s su re  pres-cr ibed on t h e  crack s u r f a c e .  

Define t h e  ma t r i ce s  



where 

sl'(z) = sinh z - z cosh z 

+ 
S1 (z) = sinh z + z cosh z 



- ' s i n h  z - z cosh z s2 (z) = - 
X+IJ 

+ 
2 

' s i n h  z + z cosh z s (2) = - 
X+11 

- 
3 

s i n h  z' - z cosh z s (z) = - 
A + Y  

+ 
A+3p s i n h  z + z cosh z s, (z) = - 

A+lJ 

cosh z - z s i n h  z c2'(z) = - 
X+?J 

+ 
A+2' cosh z + z s i n h  z c2 (2) = - 

A+ 1-l 

Furthermore, de f ine  Aij t o  be t h e  determinant  o f  t h e  matrix 

obta ined  by d e l e t i n g  t h e  i t h  row and t n e  j t h  column of  A, and B i j  t o  

be t h e  determinant  of  t he  mat r ix  obta ined  i n  t h e  same way from B .  

Then f o r  t he  clamped p l a t e  t h e  expressions analogous t o  (44) and (45) 

a r e  

211(A+1-l) j c2 + - 

X+2lJ 0 d e t  A 
[hlil' (S2  (Sa)  Al l  + C2 (5a) A13) 



For the  s t r e s s - f r e e  p l a t e  t h e  express ions  (44) and (45) become 

2u(h+ll) 1 
X+2p 0 d e t  S 2  B [ ~ l l ~ ( s ~ - ( a < )  B~~ - ac  s i n h  < a  B ~ ~ )  

- N1lll(sl-(at)  BZ1 - a t  s i n h  <a  B23)] J o ( < r )  d< 

Zli(h+P) j + t 2  [MI1"(ta s i n h  <a  B l l  + S1 ( a t )  B13) 
X+2p O d e t B  

+ - Ntlft(ca s i n h  < a  BZ1 + S1 ( a t )  BZ3)] J1 ( t r )  d t  

= o .  



GRAPH I 

The v a r i a t i o n  of  k wi th  t h e  value o f  p; i . e . ,  t h e  p o s i t i o n  of  t he  
crack with r e s p e c t  03to t h e  p l a t e  s u r f a c e s .  



GRAPH I I 
.4 . S . 6  

The v a r i a t i o n  o f  k with t h e  p o s i t i o n  of t h e  c rack .  
05 



GRAPH I11 

The v a r i a t i o n  o f  k with t h e  p o s i t i o n  of  t h e  c rack .  0 7 



GRAPII I V  

The v a r i a t i o n  of a with  t h e  p o s i t i o n  o f  t h e  c rack .  
4 



Tne v a r i a t i o n  of a with  the  p o s i t i o n  o f  t h e  c rack .  6 



The v a r i a t i o n  of a with  the  p o s i t i o n  o f  t h e  crack. 
8 



FIGURE A 

- -  

FIGURE B 
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