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ABSTRACT 

In  the  f i r s t  p a r t  of this presentation,  the  theory governing 

in f in i tes imal  deformations superposed on f i n i t e  deformations of a 

compressible, homogeneous, i so t rop ic ,  e l a s t i c  d i e l e c t r i c  is  developed. 

The l a t t e r  p a r t  of t h i s  paper concerns f inding a l l  possible  in f in i tes imal  

deformations t h a t  can be superposed on any f i n i t e  homogeneous deformations 

with a prescribed e l e c t r i c  f i e l d  such that the  combined deformation and 

f i e l d  can be supported without the  body force and d i s t r i bu t ed  charge i n  

every homogeneous, i so t rop ic ,  compressible e l a s t i c  d i e l ec t r i c .  

t i i i l  
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1. INTRODUCTION 

I n  f i n i t e  e l a s t i c i t y  theory, there  a re  ce r t a in  s t a t i c  deformations 

t h a t  a re  ca l led  universal  solut ions .  The deformation i s  prescribed,  and 

then it is shown t h a t  such a deformation can be supported without the  

body forces i n  every homogeneous, i so t rop ic ,  e l a s t i c  s o l i d  [ l ]  . While 

there  i s  a large c l a s s  of such solut ions  when the e l a s t i c  s o l i d  i s  

incompressible [2 ] ,  [ 3 ] ,  Ericksen [4]  has shown t h a t  only homogeneous 

deformations can be and are  universal  f o r  compressible e l a s t i c  so l i d s .  

The theory governing f i n i t e  deformations of continuous e l a s t i c  

d i e l e c t r i c s  subjected t o  the  simultaneous appl icat ion of mechanical forces 

and an e l e c t r i c  f i e l d  has been derived i n  recent  years by Toupin [5] ,  and 

Singh and Pipkin [6] .  I n  the  l a t t e r  paper, the  authors define a l s o  what 

i s  ca l led  a control lable  s t a t e .  I n  such a s t a t e ,  t he  deformation and the  

e l e c t r i c  f i e l d  a r e  both spec i f ied  t o  begin with and then the f i e l d  

equations a r e  shown t o  be s a t i s f i e d  without the  d i s t r i bu t ed  charge o r  

body forces i r respec t ive  of the form of the  s to red  energy function. The 

usefulness of such a control lable  s t a t e  l i e s  i n  the  determination of 

e l a s t i c  response functions by the  comparison of t heo re t i ca l  r e s u l t s  with 

those observed experimentally. Whereas t h i s  important feature  of control- 

l ab l e  deformations has been extensively u t i l i z e d  i n  f i n i t e  e l a s t i c i t y  

theory [7], the  experimentation of s imi l a r  nature has not been attempted 

f o r  e l a s t i c  d i e l e c t r i c s  s o  f a r .  Singh and Pipkin [ 6 ]  f ind a complete 

c lass  of control lable  s t a t e s  f o r  homogeneous, i so t rop ic ,  incompressible 

e l a s t i c  d i e l ec t r i c s .  Furthermore, Singh 181 has proved t h a t  when the  

d i e l e c t r i c  is  compressible, only homogeneous deformations with uniform 



e l e c t r i c  f i e l d s  a r e  controllable.  

The theory of in f in i tes imal  deformations superposed on f i n i t e  

deformations was developed by Shield and Green 191 i n  which the authors 

consider the in f in i tes imal  t w i s t  superposed on f i n i t e  extension of a 

r i g h t  c i rcu la r  cylinder.  The same problem has been solved fo r  an incom- 

press ib le  e l a s t i c  d i e l e c t r i c  by Verma and Chaudhry [ l o ] .  I n  t h i s  paper, 

the  authors take it fo r  granted t h a t  the e l e c t r i c  f i e l d  of the basic s t a t e  

is not affected by the superposed addit ional deformation. 

Recently, Currie 1111 has attempted t o  f ind a l l  possible inf ini tes imal  

deformations t h a t  can be superposed on any f i n i t e  homogeneous deformation 

without the body forces and without the knowledge of the form of the 

e l a s t i c  response coeff ic ients .  

I n  t h i s  presentation,  we follow the procedure l a i d  out by Currie I l l 1  

t o  develop the  cons t i tu t ive  equations fo r  an in f in i tes imal  deformation 

superposed on a f i n i t e  homogeneous deformation of a compressible e l a s t i c  

d i e l e c t r i c  with the e l e c t r i c  f i e l d  which is i n i t i a l l y  uniform remaining 

unchanged during the superposed deformation. Section 2 is  devoted t o  such 

a development. Then we seek a l l  such solutions t h a t  are  possible i n  every 

homogeneous, i so t rop ic ,  compressible, e l a s t i c  d i e l e c t r i c  without the  body 

forces and d is t r ibu ted  charge. The necessary and su f f i c i en t  conditions 

governing these control lable  s t a t e s  a re  derived i n  Section 3. The next 

three sect ions  a r e  devoted t o  finding a l l  possible controllable s t a t e s .  

Expl ic i t  solut ions  a r e  obtained f o r  the case when the pr incipal  s t re tches  

of the i n i t i a l  large s t a t i c  homogeneous deformation a re  not a l l  equal. 

However, when the  pr inc ipa l  s t re tches  of the basic  deformation are  a l l  

equal, it is shown tha t  an i n f i n i t e  number of controllable s t a t e s  are 

permissible. 



I t  is instruct ive as well as interest ing t o  compare the resul t s  i n  

t h i s  presentation with those of Currie ill]. Since our equations reduce 

t o  those of Currie when the e l ec t r i c  f i e l d  i s  s e t  equal t o  zero, it is 

obvious tha t  we cannot expect more controllable deformations than those 

l i s t e d  in  Currie's paper. However, because of the presence of the elec- 

t r i c  f i e ld  i n  the constitutive equations and additional f i e l d  equations, 

the number of e l a s t i c  response coefficients i s  eight rather  than three.  . 

Consequently, the relat ions which govern the control labi l i ty  of s t a t e s  

are much more r e s t r i c t ive  here. These additional constraints allow u s  t o  

determine solutions expl ic i t ly  when the two principal s t retches of the 

basic  homogeneous deformation are equal, and somewhat more information 

about the solutions when a l l  the pr incipal  s t retches are equal. 

It may be pointed out tha t  our analysis i s  confined t o  the s i tuat ion 

when the e l e c t r i c  f i e l d  prescribed for the basic deformation remains 

unchanged during the superposed infinitesimal deformation. The analyt ical  

convenience of th i s  assumption is  motivated by the f ac t  tha t  the e l e c t r i c  

f i e l d  is  uniform for  controllable deformations of a compressible e l a s t i c  

d ie l ec t r i c  [81, and also for  an infinitesimal controllable s t a t e  [121. 

The technique developed i n  t h i s  presentation can now be employed t o  

find a l l  possible infinitesimal deformations superposed on f i n i t e  control- 

lable s t a t e s  of incompressible e l a s t i c  d ie lec t r ics .  



2 .  CONTINUUM EXCTRGELASTGSTATICS 

I ELECTROSTATICS 

Consider a deformable e l a s t i c  d i e l ec t r i c  continuum occupying a region 

D and bounded by the surface aD. Let the body be deformed and polarized 

by applied mechanical forces and applied e l e c t r i c  f i e l d .  Referred t o  a 

+ 
fixed Cartesian system, l e t  the pa r t i c l e  a t  the point X i n  the undeformed 

-b 
s t a t e  occupy the posit ion x i n  the deformed s t a t e .  

W e  a s s m e  t h a t  the i n e r t i a l  forces a r e  negligible i . e .  the deformation 

takes place so slowly tha t  a t  any ins tan t  of time, the external forces a re  

i n  equilibrium with the mechanical and e l e c t r i c a l  forces inside the medium. 

According t o  Maxwell-Faraday e l ec t ros t a t i c  theory of d ie lec t r ics ,  

there e x i s t  

macroscopic 

two vector f i e lds  i n  space: the macroscopic e l e c t r i c  field 

2 ,  3) with the dimensions of the force per  uni t  charge and a 

f i e l d  of flux or  d i e l ec t r i c  displacement D (i = 1, 2,  31 
i 

with the dimensions of charge per uni t  area.  These f i e lds  sa t i s fy  the 

following in tegra l  equations: 

and 

where C is  an arb i t ra ry  closed space curve, S the boundary of an 

arb i t ra ry  regular region R of D, Q the t o t a l  f ree charge contained 



inside R and n the uni t  outward normal t o  S. 
i 

Let  Vk denote the  regions enclosed by the charge bearing surfaces 

Bk and V denote the remainder of the space D occupied by the 
0 

die lec t r ic .  We assume tha t  the e l e c t r i c  f i e ld  E and the displacement 
i 

Di 
are  continuously different iable  functions of posit ion i n  each of the 

regions D, Vk and Vo. Then applying Stokes' theorem t o  (2.1)  and 

noting tha t  C i s  arb i t ra ry ,  we obtain 

where ( denotes the p a r t i a l  d i f fe rent ia t ion  of 1 w. r. t. 

coordinate x . 
i 

From (2 .1)  it a lso  follows t h a t  across the surface aD of the 

d ie l ec t r i c ,  the tangential  component of E is  continuous: 
i 

+ - 
e (E - R \ n  = O  
i j k  j - j '  k 

where n is  the un i t  outward normal t o  the surface aD , E* and E- 
i j j 

respectively denote the values of the e l e c t r i c  f i e l d  outside and inside 

the d ie l ec t r i c  surface , and e i s  the usual permutation symbol. 
i j k  

W e  r e s t r i c t  o w  considerations t o  the case i n  which the d ie lec t r ic  

body and i t s  surface are  free of e l e c t r i c  charge. With t h i s  r e s t r i c t ion ,  

applying Gauss' divergence theorem to  (2 .2)  and noting tha t  S i s  

arbi t rary , we get 

Furthermore, applying (2.2)  t o  a cyl indrical  " p i l l  box" t h a t  contains 

the boundary of the d ie lec t r ic ,  we can show tha t  the normal component of 

Di 
i s  continuous across the surface a~ of the d ie lec t r ic :  



+ 
where as before 

Di 
and D; denote respectively the values of D 

i 

outside and inside the d ie l ec t r i c  surface. 

I1 MECHANICAL EQUILIBRIUM 

We further assume tha t  

the origin 
Gi 

(excluding 

the resul tant  

gravi tat ional  

force 
Fi 

and the moment about 

o r  i n e r t i a l  forces and moments) 

exerted on any arb i t ra ry  volume V of the d ie lec t r ic ,  can ent i re ly  be 

expressed i n  terms of the s t r e s s  vector Ti act ing on the surface S of 

V. That is  

and 

The s t r e s s  vector T accounts f o r  a l l  electro-mechanical forces 
i 

except gravi tat ional  and i n e r t i a l  forces which we have excluded. 

We a lso  assume tha t  there a re  no surface couples o r  body couples. 

If V is an arbi t rary volume of the d i e l ec t r i c  bounded by the 

surface S, then for  equilibrium we have 

and 

x 5 ds + j p eijk Xj F~ d v i  0 
i j k  j 

S v 



where p denotes the mass density of the body and 
Fi 

represents the 

body force per unit mass. 

By applying the f i r s t  of (2.8) t o  a tetrahedron, it is easy to  show 

that  the s t ress  vector 
Ti 

on a surface with outward unit normal n is  
i 

completely determined by 

where t represents the s t r e s s  matrix. Using (2.9) i n  12.8), 
i j 

applying the divergence theorem and noting tha t  the region V is arbi t rary,  

we obtain 

and 

I f  mechanical surface t ract ions T per uni t  area of the deformed 
i 

body are applied t o  the surface of the d ie l ec t r i c ,  it also follows from 

( 2 . 8 )  t ha t ;  

a t  the boundary, where our conventions on the superscripts are as i n  

(2.,4) and (2.6) . 
In the s i tuat ion where e l e c t r i c a l  e f fec ts  are absent, the s t r e s s  

-+ 
ti j 

i n  the medium surrounding the d ie l ec t r i c  is  taken t o  be zero. I n  

t h i s  paper, due t o  the e l e c t r i c a l  f i e l d  outside the d ie lec t r ic ,  there is  

+ 
a t i j  

cal led the Maxwell s t r e s s  (denoted by M .  ) present 
1 3  

outside the d ie lec t r ic .  



111 C O N S T I T U T I V E  EQUATIONS 

The Maxwell equations (2.3) through (2.5) and the equilibrium 

equations (2.10) and 2 1 , alone are  insuf f ic ien t  t o  determine the 

behaviour of the medium. For a determinate system, apart  from these 

equations, we a lso  need the const i tut ive equations which r e l a t e  the 

material response with the forces applied t o  the medium. 

We assume tha t  i n  free space surrounding the d ie l ec t r i c ,  the flux 
Di 

is  d i rec t ly  proportional t o  the e l e c t r i c  f i e l d  strength E: : 

where E i s  

We a l so  

s t r e s s  M 
i j  

a d i e l ec t r i c  constant. 

assume tha t  i n  free space, the s t r e s s  
ti j 

is  the  axw well 

defined by 

Clearly the Maxwell s t r e s s  tensor M s a t i s f i e s  the equilibrium 
ij 

equations ( 2  . lo)  and (2.11) ident ical ly  when the body forces are not 

present. 

We describe the deformation of the d i e l ec t r i c  media by the mapping 

referred t o  a s ingle  fixed Cartesian coordinate system. The deformation 

gradients 
ax 

then provide a measure for  deformation. 
j 

I f  we assume tha t  the displacement f i e l d  
Di 

and the s t r e s s  tensor 

are  functions of the deformation gradients 
ax. 

ti j 
and the e l ec t r i c  

j 
f i e l d  Ei , then f o r  an i so tmpic ,  homogeneous e l a s t i c  d i e l ec t r i c  body, 



the constitutive equations as derived by Singh and Pipkin [ 6 ]  are: 

D. = (0, 6 i j  
1 + O1Bij + o2 B i k B k j )  E j  

and 

where B denotes the Finger Strain tensor 
Pq 

and where $O , $1 , $2 ; NO I N1 , ..., N5 are the response functions 

which depend upon the invariants 

From (2.12) and (2 .14) ,  it follows tha t  the surface t ract ions Ti , 

per uni t  area of the deformed body, required t o  maintain the deformation are 

where 
ti j 

is the s t r e s s  tensor given by (2.17) ; Mi is  the Maxwell 

s t r e s s  tensor given by (2.14) and n the unit exter ior  normal t o  the 
i 

surface of the d ie l ec t r i c  body. 

An infinitesimal deformation in  electro-elastostat lcs ,  cal led the 

uncoupled theory of e lec t ros t r ic t ion ,  i s  defined as the one in  which the 
aui 

displacement gradients - c< 1 and the e l e c t r i c  f i e l d  E i s  
ax, i 



a ui 
s u f f i c i e n t l y  weak s o  that only terms l i n e a r  i n  - and q u a d r a t i c  i n  

a x4 
J 

i 
may be  r e t a i n e d  i n  t h e  c o n s t i t u t i v e  equat ions .  Furthermore, i n  the 

a U1 
1 

uncoupled theory ,  t he  terms invo lv ing  t h e  p roduc t s  of  i 
and - a r e  a xi 

J 

a l s o  neglec ted .  Equat ions (2.16) and ( 2  . l 7 )  t hen  reduce t o  [13 ]  : 

and 

where E i s  t h e  d i e l e c t r i c  cons t an t ;  A ,  p a r e  Lame's c o n s t a n t s ;  
0 

a, b a r e  t h e  s c a l a r  c o n s t a n t s  which c h a r a c t e r i z e  t h e  d i e l e c t r i c  proper-  

t i e s  o f  t h e  m a t e r i a l ,  and e is t h e  s t r a i n  t e n s o r  o f  i n f i n i t e s i m a l  
i j  

theory  : 



3 .  CONTROLLABLE INFINITESIMAL DEFORMATIONS I N  HOMOGENEOUSLY 

DEFORMED COMPRESSIBLE DIELECTRICS 

A controllable s t a t i c  deformation i s  a deformation which may be 

maintained i n  a l l  materials of a given class without the body forces o r  

the dis tr ibuted charge. 

In the present problem, we are interested i n  finding a l l  possible 

controllable infinitesimal deformations which can be superposed on a l l  

possible controllable f i n i t e  deformations i n  homogeneous, isotropic,  

compressible, e l a s t i c  d ie lec t r ics .  Singh [ 8 ] has proved tha t  the only 

f i n i t e  controllable deformations in  compressible isotropic dielectr ics  

are  homogeneous ones, i n  which the s t r a in  tensor is constant and the 

e l e c t r i c  f i e ld  is  uniform. 

Before we proceed with our problem, we summarize below the s e t  of 

equations from the previous sections. 

For a f i n i t e  deformation of the d ie lec t r ic ,  the d ie lec t r ic  displace- 

ment f i e l d  D and the s t r e s s  tensor tij are given by 
i 

and 

where Bij i s  the Finger-strain tensor given by 



The coefficients 40, glI G2 ; NO. N I I  . . ., N5 a r e  functions of the 

following invariants : 

I n  the assumed absence of dis t r ibuted charge, the f lux Di .is 

solenoidal: 

The equations of equilibrium i n  the absence of body forces and any volume 

charge dis t r ibut ion are 

The surface t ract ions 
Ti 

required t o  maintain the deformation are given 

by 

where 

is  the Maxwell s t r e s s  tensor; n i s  the uni t  outward normal t o  the i 

surface of the deformed body. 

If we choose the coordinate axes along the pr incipal  directions of 

the s t r a i n  tensor Bij t then every homogeneous deformation can be 



described by the mapping: 

where A l l  A 2 ,  A 3  are the pr incipal  s t retches.  

For a homogeneous deformation (3.9) , the s t r a i n  tensor (3 .3)  is  

given by 

Corresponding t o  this deformation f i e l d  C3.9) , the s t r e s s  f i e l d  

given by (3.2)'  which we s h a l l  denote by to and the d ie l ec t r i c  i j 
0 

displacement f i e l d  given by 3 1 which we s h a l l  denote by Di , are: 

-% + 
Consider now an inf ini tesimal  deformation uCx) superposed on the 



basic homogeneous deformation. 

The d ie l ec t r i c  displacement and the s t r e s s  matrix are functions of 

the s t r a i n  matrix B and the e l e c t r i c  f i e l d  E : 
i j  i 

tij = t .  .(B , Ep) 
1 3  P9 

+ - + +  
where E are  constants and B are now functions of y = x + u. 

P Pq 

It has been claimed 1101 t h a t  when an infinitesimal deformation is  

superposed on a f i n i t e  homogeneous deformation, then the e l ec t r i c  f i e l d  

i f  uniform during the basic deformation remains unchanged during the 

superposed inf ini tesimal  deformation. Singh[l2] has a l so  shown t h a t  i f  

an inf ini tesimal  deformation is  controllable, then the f i e l d  must be 

uniform. In  view of these resu l t s ,  the e l ec t r i c  f i e l d  E t ha t  we take 
i 

during the superposed infinitesimal deformation is  ident ical  t o  the 

constant f i e l d  E!') of the basic homogeneous deformation. 
1 

With the help of Taylor's Theorem, we can then write 

where ( ) denotes the quantity ( 1 i n  the homogeneously deformed 
10 

s t a t e .  Now 



second o rde r  terms i n  u 
Plq 

where A i ~ q  = 2(> BrJ . 
P r  0 

S imi la r ly ,  

where C 
i jpq 

Using these  r e s u l t s ,  (3.13) f i n a l l y  takes  the form 

where 



I n  view of 4 ,  3 . 1 5  equations (3.5) and (3.6) imply 

and 

In the remainder o f  the anaZysis w i t 2  denote the tensor hawing the 

value given by (3.10).  

Now, from (3.16) 

where 

fo r  a = 0 ,  1, 2. 

Also , 



+ HO 6 + H ~ B  + B. B ,F12 + 2E.E.H 3 
p q i j  p q i j  l t t l p q  1 I ~9 

+ (E.B. +E B ) E H4 + (E B B +E B B ) E H 
5 

1 ]t j it t pq i j t  ts j it ts s p q  ' 

where 

f o r  a = 0, 1, 2, . .., 5. 

These expressions f o r  A and C a r e  evaluated i n  the  homo- 
i p q  i jpq 

geneously f i n i t e  deformed s t a t e  described by (3.9) . 
Since w e  want t o  f i n d  a l l  con t ro l l ab le  i n f i n i t e s i m a l  deformations 

-t -h 
t h a t  can be superposed, we the re fo re  in tend t o  seek the so lu t ions  u(x) 

of (3.17) and (3.18) which hold  i r r e s p e c t i v e  of the response functions 

4 ,  4 ,  @ ; N o t  N1, . . . , N5. I f  such a s o l u t i o n  is t o  e x i s t ,  it is 

necessary and s u f f i c i e n t  t h a t  i n  (3.17) and (3.18) the c o e f f i c i e n t  

o f  each response funct ion  and i ts  de r iva t ive  be zero .  

S u b s t i t u t i n g  (3.19) i n t o  (3.17) and equat ing  t o  zero t h e  

c o e f f i c i e n t s  of each response function and t h e i r  de r iva t ives ,  we have the  



+ 
the  following s e t  of equations t o  be s a t i s f i e d  by u : 

= Ei(E E B + E  E  B Bq Uptqi 
p k k r  k r k p  

(3.21) 
= E. B + E  B u 

J j qUp tpq  P i q  p t q i  

Substi tuting (3.20) i n t o  (3.18) and equating t o  zero the coeffi-  

c ients  of each response functions and t h e i r  derivatives;  and on removing 

-b 
the  redundancies, w e  f ind t h a t  u must a l so  s a t i s f y  the following s e t  of 

equations : 

-F 
Thus u has t o  s a t i s f y  (3.21) and (3.22) i f  (3.17) and (3.18) 

hold i r respect ive of the response functions. We show now tha t  the s e t  

of equations (3.21) are  iden t ica l ly  s a t i s f i e d  i n  view of (3.22) and 

a re  thus redundant. 



- 
E .  u = 0 i n  view of  (3.22 
1 P , P ~  

- 
E. B u = 0 i n  view of  (3.22) ( i i )  
1 Pq p , q i  

- 
E . B  B u = 0 i n  view o f  (3.22) ( i v )  
1 pr r q  p , q i  

- 
E. E E r B  u = 0 i n  view of  (3.22) ( v i )  
1 P rq p t q i  

+ E  E B B Ei(Ep Ek Bkr  Brq Up,qi k r kp r q  Up,qi ) E 0 i n  view o f  (3.22) ( v i i )  

E B + E  B 
j j q U p , p q  P i q U p 4  

5 0 i n  view o f  (3.22) ( i )  and C i i i )  

E . B  B u + E  B B u + E .  B B B u Z 0 
I jr r q  P , P ~  P i r  r q  p , q i  is j p  U ~ t q i  * E j  B i p  j q  p , q i  

on using 3 . 2 2  1 ,  1 ,  i and (ii) i n  t h e  f i r s t ,  second, t h i r d  

and four th  terms r e s p e c t i v e l y .  

+ +- 
Hence condi t ions  (3.221 a r e  necessa-y and s u f f i c i e n t  t h a t  u(x)  

genera tes  a c o n t r o l l a b l e  superposed i n f i n i t e s i m a l  deformation. 

Three cases  a r i s e  now depending upon whether the p r i n c i p a l  s t r e t c h e s  

are equa l  o r  unequal. W e  d i scuss  these  cases  i n  t h e  nex t  s e c t i o n s .  
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4. GENERAL CASE - WHEN NO TWO PRINCIPAL STRETCHES ARE: EQUAL 

Here we discuss the  most general case when hl # A2 # A3 # A1. We 

use (3.10) t o  simplify (3.22) . 
The equations u - - - 

p ,p i  - O f  Bpq Uplqi O f  Bpr Brq Up,qi 
= 0 become 

2 2 2  2 2 
Since the  determinant of coef f ic ien ts  (Al - h2) (A2 - A3) (h i  - All  # 0, 

the re f  ore 

Again the equations B u = O , B  B u = 0 y i e ld  
P9 i ,Pq P r  rq i I P ~  

Also the  remaining equations i n  (3.22) , w i t h  the use of (3.10) , (4.1) 

and (4.2) simplify to :  

and 



We now consider t h e  following th ree  subcases of  t h i s  case.  

(A) Let the eZectric f i e l d  vector be paraltet t o  one of the coordinate 

planes, say x2x3 -ppLme ( E ~  = o , E~ # o , e3 # o) . 

Then i n  t h i s  case ,  the  equations ( 4 . 1 )  ( 4 . 2 )  (4.3) f u r t h e r  

s impl i fy  t o  

-t 
The genera l  s o l u t i o n  u s a t i s f y i n g  

u1 = c1 x2 x3 + d x + e l  x2 + f x + const .  
1 1  1 3  

u = c 2 x 3 x 1 + d  x + e 2 x 2 + f  x + c o n s t .  
2 2 1 2 3 

u = C3 X1 X2 3 
+ d x + e3 x2 + f x + const .  

3 1 3 3 

where c drt e f ( r  = 1, 2, 3) are a r b i t r a r y  cons tants .  r ' r r 



-t 
I f  u has a l s o  t o  s a t i s f y  the  o t h e r  t h r e e  equations i n  (4.4) then,  

using (4 .5) ,  we have 

2 
Since the  determinant 2 h ( A  - h # 0 , t he re fo re  

Hence it follows t h a t  the  genera l  s o l u t i o n  of (4.41 i s  a l i n e a r  d isplace-  

ment f i e l d  s o  t h a t  i n  t h i s  case the  only c o n t r o l l a b l e  i n f i n i t e s i m a l  

deformations which can be superposed a r e  t h e  homogeneous ones. 

(B) Let the eZectric fie Zd be along one of  the coordinate axes - say 

along the x - d s  ( E ~  # 0 , E~ = E~ = 0) . 

I n  t h i s  case ,  a l l  t he  equations i n  (4.3) a r e  s a t i s f i e d  i d e n t i c a l l y  

i n  view of (4.1) and (4 .2 ) ,  and t h e  only equations l e f t  t o  be s a t i s f i e d  

+ 
by u a re :  

u = u = u = 0 
1, li 2,2i  3 ,3 i  

u = u = u = o .  
i,ll i , 2 2  i, 33 

Apart from homogeneous deformations, the  genera l  s o l u t i o n  o f  (4.61 is 

u = k  x x 
1 

u = k  x x 
1 2  3 '  2 

u = k  x x 
2 1 3 '  3 3 1 2  

(4.7) 



where kll  k2, k3 a r e  a r b i t r a r y  constants .  This deformation can be given 

a phys ica l  i n t e r p r e t a t i o n .  The displacement u r ep resen t s  a shear  i n  
1 

t h e  x -d i rec t ion ,  t h e  magnitude of  the  shear  varying l i n e a r l y  w i t h  x3. 2 

Thus t he  t o t a l  deformation (4.7) represents  the  superpos i t ion  of three  

such shea r  displacements. 

I f  kl + k2 + k3 = 0 , t h e  deformation may be thought of a s  a pure 

t o r s i o n a l  deformation about  two of  the  axes, say a twist 
k3 

about the  

x -axis  and a t w i s t  -k about  t h e  x -axis .  
1 1 3 

Calcula t ing  the  s t r e s s e s  produced by the  f i n i t e  homogeneous deformation 

(3.9) together  wi th  i n f i n i t e s i m a l  deformation (4.7) , w e  have, on using 

3 . 1  , ( 3 . 1 5  and (3 .2 ) ,  

Suppose t h a t  i n  its i n i t i a l  homogeneously deformed s t a t e ,  the  ma te r i a l  i s  

i n  t h e  form of a r ec tangu la r  block with faces x = + a . The i n f i n i t e s i m a l  
i i 

deformation (4.7)  deforms the  p o i n t  (al, x2, x3) on the  plane x = a 
1 1  

i n t o  t h e  p o i n t  (yl, y2 , y3) where 



Eliminating x x from these  equations,  we g e t  
2 '  3 

2 2 
2 

- 
f (y l ,  y2 ,  y3) = ( 1  - k 2 3 1  k a y l  - a l ( l  - k2 k3  all 

2 2 2 
- k  a y ) ( l - k 2 k 3 a l ) + k  k a ( y  - k  a y ) = O  - k l ( y 2  ='3 2 1 3 1 3 1 2  2 1 3  

which is  the  equation of  the  su r face  t o  which t h e  p lane  x 1 1  = a 
deforms 

a f t e r  i n f i n i t e s i m a l  deformation. The normal t o  t h i s  su r face  i n  t h e  

deformed s t a t e  is  propor t ional  t o  

Thus i n  t h e  f i n a l  deformed s t a t e ,  the  normal t o  t h e  bounding su r face  which 

was o r i g i n a l l y  i n  the  homogeneous deformed s t a t e  a s  x 1 1  = a 
i s  p a r a l l e l  

Thus, by (3.7) , t h e  components of su r face  t r a c t i o n  T ~ ,  T ~ ,  T~ on t h i s  

face  necessary t o  maintain the  deformation a r e  given by 

where 
ti j 

is given by (4.8) , Mi by 

Mij = Ei 
E E ~  , 

j - ' / 2  k k i j  



S u b s t i t u t i n g  ( 4 . 8 ,  ( 4 . 1 1  and (4.9) i n t o  (4.10), and l inea r -  

i z i n g  with r e spec t  t o  kl , k2, k3 , we f i n d  t h a t  t o  t h e  f i r s t  order  i n  

the  i n f i n i t e s i m a l  displacements, the  su r face  t r a c t i o n s  on the  face  x = a 
1 1 '  

requ i red  t o  maintain t h i s  deformation, a re :  

The su r face  t r a c t i o n s ,  req.&red or, t h e  a t h e r  faces  t c  maintain t h e  

deformation t o  t h e  f i r s t  order  of i n f i n i t e s i m a l  displacements can be 

c a l c u l a t e d  i n  a s i m i l a r  manner. 

(c) Let the e l e c t r i c  f i e l d  be a general one t i  .e. E~ # 0 , E~ # 0 , 

E3 # 0 ) .  

using (4.1) and (4 .2 ) ,  t h e  f i r s t  equation i n  (4.3) y i e l d s  
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2 2 2  
Since the  determinant of c o e f f i c i e n t s  2A1 X2 A 3  f 0 , t he re fo re  

I n  view of t h i s ,  (4.1) and (4.2) , the remaining equations i n  (4.3) 

a r e  i d e n t i c a l l y  s a t i s f i e d .  

-h 
Hence i n  t h i s  case ,  the  equations t o  be s a t i s f i e d  by u  reduce t o  

-+ 
Apart from a  homogeneous deformation, the  general  s o l u t i o n  u of 

u = k  x x u = k  x x 
1 1 2 3 l  2  

U = ~ X X  
2  1 3 '  3  3 1 2  

C4.14) 

This s o l u t i o n  has a l s o  t o  s a t i s f y  the  equations 

u  = u = u 
1,23 2,13 3,12 

= 0 

which gives k l = k 2 = k  = O .  
3  

Hence t h i s  case a l s o  does not  furnish  any non-homogeneous con t ro l l ab le  

i n f i n i t e s i m a l  deformation t h a t  can be superposed. 



5. B I A X I A L  CASE - WHEN TWO P R I N C I P A L  STRETCHES ARE EQUAL 

Here we discuss the case, when the basic homogeneous deformation 

has two equal principal s t retches,  say h = h1 = X2 # h3 . 
Then using (3.10), the equations (3.22) reduce t o  

CI 

Once again, the following subcases may be considered. 

(A) When the e l ec t r i c  f ie ld i s  parallel t o  one of the coordinate planes. 

i )  Let d be parallel t o  x2x, -plane, i . e .  E~ = o , E~ # 0 , 



+ 
Then from 5 . 1 )  , u s a t i s f i e s  the following s e t  of equations:  

These equations can be f u r t h e r  s i m p l i f i e d  t o  

and 

which is  the  same set of equations as (4.13). Thus i n  t h i s  case a l s o ,  

a p a r t  from homogeneous deformations, t h e r e  i s  no o t h e r  i n f i n i t e s i m a l  

deformation which can be superposed. 

This r e s u l t  is  a l s o  t r u e  when t h e  e l e c t r i c  f i e l d  i s  p a r a l l e l  t o  t h e  

X3 XI p lane ,  i . e .  E2 = 0 , E3 # 0 , El # 0 . 

(iil Let be paraZZe2 t o  the x1x2 -pZme, i .e. E~ = 0 E~ # 0 . 
E 2 # 0  

Here two subcases a r i s e ,  according a s  El = E o r  El # E2. 
2 

(a) Let  El = E2' 

Then t h e  equations (5.1) s i m p l i f y  t o  



Apart from homogeneous deformations, the  genera l  s o l u t i o n  of (a) i s  

where 9 ,  x a r e  functions of x and x2 only, and 
1 

2 $1 + = 0 , v1 JI = const .  = c (say) , V: X = o . (5.5) 

Equation (5.3) (b) implies 

u + u  = c o n s t .  = 2 K  (say) 
1 ,2  2 , l  

which on using (5.4) and (5.5) y i e l d s  

2 2 
o r  4(x1, x2) = A  (x - x2) + B 

1 1  1 X1 X2 
+ C x + D x + const .  

1 1  1 2  

and 



Using (5.4) - (5.6) i n t o  (5.3 ( c )  1 , x and JI have the  forms: 

2 2 
x(xl, x2) = p(xl - x2) + q x1 + r x 2 + const. , 

and (5.7) 

c 2 2 
$(xl, x2) = -(x + x2) + B x x 

4 1 
2 1 2  + C2 X1 + D 2 x 2 + const. 

In  view of (5.6) and (5.71, the equations (5.4) y i e l d  

and 

2 2 
u = x = p(xl - x2) +,q x + r x + const. 

3 1 2 

Thus apa r t  from homogeneous deformation, the  general solut ion of 

~ (5.3) is: 

where A, B, p a r e  a rb i t ra ry  constants. 

For in f in i tes imal  deformation (5.81 the s t r e s s  f i e l d  can be 

obtained from (3.15) : 



If  i n  t h e  i n i t i a l l y  homogeneously deformed s t a t e ,  the  body is  i n  t h e  

shape of a rec tangular  block bounded by s u r f a c e s  x = 5 a t then the  
i i 

i n f i n i t e s i m a l  deformation (5.8) deforms the  p o i n t  (a l l  x2, x3) on t h e  

p lane  x = a i n t o  t h e  p o i n t  
1 1  

I n  the f i n a l  deformed s t a t e  the  normal t o  t h e  boundary su r face  which was 

o r i g i n a l l y  i n  the  homogeneous s t a t e  x = a is p a r a l l e l  t o  
1 1 



3 2 

Hence, by (3.71, the components of surface  t r a c t i o n s  T1, T2, T~ on 

t h i s  face necessary t o  maintain the  deformation a r e  given by 

n 
Ti 

= (tij - M . . )  j/ la (5.11) 
13 

+ 
where 

ti j 
i s  given by (5.9).  Mij by (3.8) and n by (5.10).  

s u b s t i t u t i n g  (5.91, (3.81, (5.10) 

E2 = El # 0 , and l i n e a r i z i n g  with 

we f i n d  t h a t ,  to  t h e  f i r s t  order  i n  

i n t o  (5.11) not ing  t h a t  E 3 = 0 ,  

respect  t o  the  cons tants  A ,  B ,  p , 

displacements , 

2 4 + A N 4  + N5) (1 - A x3) 

2 2 2 
2E (N + 2X N 5 ) ]  - E R E  x 

1 4  1 3  

4 2 4 
N5) - E ]  + A(NO + 1 N + h N2)  x 

1 3 I 

(6) Now l e t  E 3 = 0 ,  E 1 # E 2 # 0 .  

I n  this case,  t h e  equations (5.1) s implify t o  



Apart from homogeneous deformations, the  genera l  s o l u t i o n  of 

(5.13 (a)  is 

act u = -  aa U = - -  
2 1 U3 = xCX1, 1 ax2 ax, X2) 

These may a l s o  be w r i t t e n  as 

u 
= $,, + x3 $,2 1 

u2 = -$,I - x3 $,I ' u3 = X 1 

where 4, , a r e  functions of x,, X, only, and 
I L. 

Now (5.13 (b) implies 

2 2 
(El - E2) u + E E (u + u ) = const .  = K (say) 

1,l 1 2 112 2 , l  

which, on using (5.14) and (5.151, gives 

and 

2 2 
@I  - E2) 0,1 + 2E 1 2  E $,2 = K x2 + f ( x  1 ) 

where f is  an a r b i t r a r y  function. The equation (5.13 (c) ) i s  



i d e n t i c a l l y  s a t i s f i e d  i n  view of (5.14) - (5 16) 6 

Using (5.14) - (5.16) i n t o  (5.13 (dl and so lv ing  the  r e s u l t i n g  

p a r t i a l  d i f f e r e n t i a l  equations i n  $I and $ by Langrangian ~ e t h o d ,  we 

f i n d  t h a t  $ and a r e  of  the forms 

where AII ..., F~ and A2, ..., F2 a r e  a r b i t r a r y  cons tants  such t h a t  

and 

2  2  ( E l - E 2 )  C + d B  E E  = c E  E  
1 1 1 2  1 2  

using (5.14) and (5.15) i n t o  (5.13 (el , and so lv ing  the  r e s u l t i n g  

p a r t i a l  d i f f e r e n t i a l  equation for  x , we f ind  t h a t  x assumes the  form 

2  2  
X = A  x + B  x + C  x x + D  x + F  x + c o n s t .  

3 1  3 2  3 1 2  3 1  3 2  

where 

and 

Thus, with  the  e x p l i c i t  forms of 4, JI and X, when used i n  C5.141, w e  

g e t  



u = A x 2 x 3 + ~ x  x + C x  + D x  + F x  + c o n s t .  
1 1 3  1 2 3 

u = - B x  x + ( A - c ) x 1 x 3 + D x  - C X  + G x  + c o n s t .  2 2 3 1 2 3 

2 2 
u = p ( x l  - x2) + q x1 x2 + r x 

3 
+ s x2 + const .  

where we have p u t  

2 B 1 = A t C  1 = B , C 2 = C t  2 B 2 = D I  F 1 = F  , 2 A 1 = c - 2 B 1 = c - A  

and (5.20) 

A 3 = p , C 3 = q r D 3 = r , F 3 = s .  

Hence a p a r t  from homogeneous deformations, t h e  s o l u t i o n  of C5.13) is: 

u = A x  x + B X  
1 2 3 1 X3 

u = - B X  x + ( A -  
2 2 3 

C) X1 x3 

2 2 
u = p(xl  - x2) + q x1 x2 1 3 

where i n  view of (5.18) , (5.19) , and (5.20) , 

2 
B(E: - E2) + 2A E E = c El E2 1 2  

2 
p(E2 - E2) + q El E2 = 0 . (5.22) 

1 

Calculat ing the s t r e s s e s  produced by the  homogeneous deformation 

combined with the  i n f i n i t e s i m a l  deformation (5.21) , we f ind ,  on using 

(3.101, (3.15) and (3.20), t h a t  



where t h e  cons t an t s  B, A, c ,  p ,  q a r e  s u b j e c t  t o  cond i t i ons  (5.22) .  

The i n f i n i t e s i m a l  deformation (5.21) deforms t h e  p o i n t  (al ,  x2, x3) 

on t h e  p l ane  x = a i n  t he  i n i t i a l l y  homogeneously deformed s t a t e  i n t o  
1 1 

t h e  p o i n t  



-b 
The normal t o  t h i s  bounding surface  i s  p a r a l l e l  t o  the  vector  n , where 

+ 2 2 
n = [l-13x3 - Bp(al-x2) - Bqa x - Ax - ~ ~ ( a ~ - x ~ )  - Aqa x 

1 2 '  3 1 2  1 2 ,  

The components of surface  tractllon T on t h i s  su r face  necessary t o  
ll 

maintain t h i s  deformation a r e  given by 5 . 1 1  where now 
ti j 

a r e  

(5.231, M i j  
+ 

given by by (3.8) and n by (5.24).  

S u b s t i t u t i n g  (5.23),  (3.8) and (5.24) i n t o  1 no t ing  t h a t  

E3 = 0 , and l i n e a r i z i n g  w. r. t. A, B, p, q r  A' = A - c , w e  have t o  

t h e  f i r s t  order  of displacements: 

where 
0 

tij 
a r e  g i v e n b y  (5.23) and tij by (3.9) [with A l = A 2 = r \ ,  

(B) When the e l e c t r i c  f ie ld i s  parallel t o  one o f  the coordinate axes. 

li) Let i be paralZeZ t o  xl -axis, i . e .  E~ # 0,  E~ = E = 0 . 3 

I n  t h i s  case t h e  equations (5.1) s impl i fy  t o  



The g e n e r a l  s o l u t i o n  of  (5.26) , a p a r t  from homogeneous deformations,  is 

which is  t h e  same as (4.7) . 
Thus the  s t r e s s e s  

tij 
i n  t h e  f i n a l  deformed s t a t e  and the  su r f ace  

t r a c t i o n s  Ti r e q u i r e d  on t h e  f ace  x = a t o  maintain t h e  deformations 
1 1 

(5.26) , t o  t h e  f i r s t  o r d e r  o f  displacements  a r e  given by changing 

A = X2 = i n  (4.8)  and (4.12) r e spec t ive ly .  
1 

The case  when E2 # 0 , E3 = El = 0 a l s o  y i e l d s  the deformation 

(5.27) and hence g ives  a similar r e s u l t  a s  above. 

- (iil Let H be p a ~ a l l e l  t o  x3 -axis, i . e .  E~ # 0 , E~ - -2 = O .  

Then t h e  equa t ions  (5.1) reduce t o  

u 
1 ,  + u 2 , ~ i  

= u = u + u = u = o .  
3 ,3 i  i,ll i , 2 2  i , 3 3  

C5.281 

Apart  from homogeneous deformations,  t h e  gene ra l  s o l u t i o n  of  (5.28) is  

where $, $, x a r e  func t ions  of X1' X2 
only and 

2 2 V1 4 = V1 x = 0 , V: $ = cons t .  = c ( s a y ) ,  and where 



S u b s t i t u t i n g  C5,291, (3.10) and C3.111 i n t o  C3.151, t h e  s t r e s s e s  

i n  t h e  f i n a l  deformed s t a t e  a r e :  

W e  cons ider  a p a r t i c u l a r  case  of the  general  i n f i n i t e s i m a l  deformation 

(5.291, when $ = x = 0. This may be thought  of a s  t h e  i n d e n t a t i o n  o f  

t h e  s i d e s  o f  the r e c t a n g u l a r  b lock .  I n  t he  homogeneously deformed s t a t e ,  

t h e  block is  assumed t o  be  contained wi th in  the  p lanes  x = + a . 
i i 

Then a superposed deformation (5.29) wi th  4 = X = 0 imp l i e s  t h a t  

t h e r e  i s  no displacement  i n  t h e  x -d i rec t ion .  I n  t h i s  p a r t i c u l a r  case ,  
3 

(5.29) and (5.31) reduce t o  

where 

and 



The i n f i n i t e s i m a l  deformation (5.32) deforms t h e  p o i n t  (alt x2, x3) 

on the plane  x = a i n  t h e  homogeneous s t a t e  i n t o  t h e  p o i n t  
1 1 

Denoting t h i s  new p o i n t  by (y , , y2, y3) , we s e e  t h a t  

= al  + x3 g k 2 1  say  
x 1 1  =a ) 

= X 2 - X  3 f (x2) say 

The equation of  the  bounding surface,  which was the  p lane  x = a i n  
1 1 

t h e  i n i t i a l l y  homogeneously deformed s t a t e  is  : 

Y l - a l  
where z = - . 

Y3 



The normal t o  t h i s  bounding surface is  p a r a l l e l  t o  the vector 

-+ 

(k , , ?&) or is  p a r a l l e l  t o  the vector n , where 

The components of surface t rac t ions  
Ti 

on t h i s  bounding surface 

(5 34) , which s h a l l  maintain the in f in i tes imal  deformation (5.32) , are  

given by 5 1 , where 
'=ij 

t o  be used are  furnished by (5.33). Mij 

-+ 
by ( 3 . 8 ) r  and n by (5.35). 

Subst i tut ing (5.33) , (3.8) , (5.35) i n t o  (5.11) and noting tha t  

E3 # 0 , El = E = 0 and fur ther  l inear iz ing  with respect t o  the 
2 

derivatives of @ , t o  the  f i r s t  order i n  displacements, we have 

(c) When the e l e c t r i c  f i e ld  is a genera2 one (El # 0, E2 # O t  E 3  # 01 

Two subcases a r i s e  according as  El  = E2 or  El # E2.  



L i l  L e t  El # E ~ .  

+ 
I n  t h i s  case t h e  s e t  o f  equations (5.1) , t o  be s a t i s f i e d  by u I 

s impl i fy  t o  

A s  before t h e  genera l  s o l u t i o n  of (a)  , a p a r t  from homogeneous deformations, 

i s  

Il 1 = 4,2 + X3 $,2 1 u2 = -4,1 - x3 $#I  I u3 = x 

where 4, JI, x a r e  functions o f  x x only and 
1' 2 

2 2 2 2 a 2  a 2  
V l $ = V 1 x = V I J I - c = O  , V l = -  + -  2 ,  c = const .  

;at ax, 

using this, (g) i n p l i e s  V: = 0 o r  c = 0. Again, using (5.38) i n  

( f ) ,  so lv ing  the  r e s u l t i n g  P. D. E .  by Lagrangian Method and using the  

2 
f a c t  t h a t  V1 x = 0 , we f i n d  t h a t  x is  o f  the  form 



2 2 
x(xlt x2) = p ( x  - x2) + q x1 x2 + r x1 + s x + const. 1 2 

where p,  q ,  r ,  s a r e  a rb i t r a ry  constants. Using (5.38) i n  (5.37 (b) 1 

2 
and solving the r e su l t i ng  P. D. E .  f o r  I) with V1 I) = 0 , we obtain 

2 2 
$(xlt x2) = A (X 1 1  - x2) + C1 x1 x2 + D  x + F  x + c o n s t .  

1 1  1 2  
(5.39) 

and 

2 
(E: - E2) $,21 + 2E1 E2 $ t 2 2  = const. 

where All Clt  . .., F1 are  a rb i t r a ry  constants such t h a t  

I n  view of (5.38) - (5.40) , equation (5.37 Ce) y ie lds  

where A2,  . . . , F2 are  

Using (5.38) and 

two equations (5.37 (c)  

2 - x2) + C2 x1 x2 + D2 x1 + F2 x2 f const. 

a rb i t r a ry  constants.  

the expressions fo r  $ I), x i n  the  remaining 

, (dl , we obtain fur ther  r e s t r i c t i o n s  on the 

constants involved i n  $, I), x : 

and 

These equations f o r  51 C1t P I  q y ie ld  



A 1 = C 1 = p = q = O .  

Thus, f i n a l l y ,  we have 

$(xl, x2) = D x + F x + const .  I 
2 1  2 2  

$(xl, x2) = D x + F x + const .  , 
1 1  1 2  

and 

X(xlt x2) = r x + s x + const .  
1 2 

Upon s u b s t i t u t i o n  i n  (5.38) , we conclude t h a t  the i n f i n i t e s i m a l  

deformations u obtained a r e  a l s o  homogeneous ones only. 
i 

l i i )  L e t  E~ = E ~ .  

I n  t h i s  case t h e  equations (5.37) o r  (5.1) s implify t o  

Solving the equations a s  i n  subcase (C) (i) above, we again f ind  t h a t  ui 



are l i n e a r  i n  x x and x 3 ; 
s o  t h a t  the only Con t ro l l ab l e  

1' 2 

deformation furn ished  is  a  homogeneous one. 



6. EQUAL PFUNCIPAL STRETCHES 

Finally we consider the case, when in  the basic homogeneous 

deformation, the three principal stretches are equal: 

Since the material is  isotropic,  the basic homogeneous s t a t e  is  one 

of hydrostatic pressure. The d ie l ec t r i c  body w i l l  have the same shape 

a s  i n  i ts  reference s t a t e ,  e i the r  uniformly expanded or  uniformly compressed. 

I n  t h i s  case (3.10) implies 

Also i n  t h i s  case, every direction i s  a  principal direct ion of . 
Thus, without loss of generality, we can choose our coordinate system i n  

such a  way tha t  our X-axis is  pa ra l l e l  t o  the e l ec t r i c  f i e l d  vector, so 

tha t  

The equations (3.22) i n  t h i s  case reduce t o  

which may be rewritten as 



= c o n s t . = A  (say) 
1.1 

+ = const. = B (say) 
2,2 3 , 3  

where A, B a r e  a r b i t r a r y .  

The genera l  so lu t ion  of C6.l LC) l is 

where fi  and g  a r e  twice d i f ferent iable  a r b i t r a r y  functions x2 
i 

and x 
3' 

Using (6.2) i n  (6 .l (a) ) 1 we have 

and 

functions 
This means t h a t  f i and gi (i = it 2, 3) are  harmonic 

of x and x 2 3  

Using (6.2) i n  ( 6 . l ( b )  1 ,  we have 

and 



The so lu t ions  t o  (6.3) and (6.4) a r e  i n f i n i t e .  I n  f a c t ,  i f  we 

choose 

Re. F(X + ix3)  
2  

gZ = Re. G(x + i x  ) + B x  and g3 2 3 2 
= -1m. G(x + i x3 )  

2 

o r  g2 = Re. G(x + ix3)  and g3 = - Im.  G(x2 + i x  ) + B x  
2 3 3 

where F and G a r e  any two a n a l y t i c  functions of x  + i x  2  3 '  
then 

equations (6.3) f o r  i = 2, 3 and (6.4) a r e  i d e n t i c a l l y  s a t i s f i e d .  

Again i n  view of ( 6 . 3 ) ,  gl (x2, x3) is any harmonic function of x x 
2' 3-  

Thus the so lu t ions  u  given by (6.2) a r e  i n f i n i t e .  Once we know 
i 

the  e x p l i c i t  form of a  s o l u t i o n  (6.2) , then a s  before  w e  can c a l c u l a t e  

the su r face  t r a c t i o n s  requi red  t o  maintain t h i s  deformation. , 
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