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ABSTRACT 

I n  t h i s  t h e s i s  we r e v i e w  a  number of t h e  most  

i m p o r t a n t  methods  o f  c o n t r o l l i n g  a parameter o f  a 

s e q u e n c e  of random v a r i a b l e s ,  w i t h  s p e c i a l  e m p h a s i s  on  

CUSUH c o n t r o l  p r o c e d u r e s .  Ve f o c u s  o u r  a t t e n t i o n  on 

t h e  problem of d e r i v i n g  or a p p r o x i m a t i n g  t h e  a v e r a g e  

r u n - l e n g t h  a n d  r u n - l e n g t h  d i s t r i b u t i o n  of a CUSUH 

s t a t i s t i c .  The Bagshau-Johnson (1  974 b, 1975a) 

approx ima  ti o n s  a r e  compared, from b o t h  a t h e o r e t i c a l  

a n d  p r a c t i c a l  p o i n t  of view, u i t h  t h e  a p p r o x i i a a t i o n s  o r  

e x a c t  e x p r e s s i o n s  o b t a i n e d  by o t h e r  a u t h o r s ;  i n  

p a r t i c u l a r ,  t h o s s  o f  Page  (1954) ,  Ewan and  Kemp (1960) 

a n d  Brook a n d  Evans (1972).  B e  a l s o  d i s c u s s  t h e  

c o m p u t a t i o n a l  a n d  n u m e r i c a l  p r o b l e m s  a s s o c i a t e d  w i t h  

t h e s e  a p p r o x i m a t i o n s  and e x a c t  e x p r e s s i o n s .  A Honte  

C a r l o  s i m u l a t i o n  s t u d y  i s  c a r r i e d  ou t  t o  e m p i r i c a l l y  

d e t e r m i n e  the g o o d n e s s - o f - f i t  of  t h e  Bagshaw-Johnson 

a p p r o x i m a t i o n s .  I n  a d d i t i o n ,  a f e u  of t h e  r e s u l t s  of 

Page ,  Ewan and  Kemp and  Brook and  Evans  are l i n k e d  

together, s e v e r a l  n e u  r e s u l t s  a r e  i n t r o d u c e d ,  and  a  new 

a p p r o x i m a t i o n  t o  t h e  r u n - l e n g t h  d i s t r i b u t i o n  o f  a CUSUN 

s t a t i s t i c  is d e r i v e d  f o r  t h e  c a s e  i n  which t h e  

o b s e r v a t i o a s  a r e  a u t o r e g r a s s i v e  a n d  t h e  p r o c e s s  i s  out 

of c o n t r o l .  
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CHAPTER 1 

INTRODUCTION TO SEQUENTIAL CONTROL PROCEDURES 

IITRODUCTION 

S e c t i o n  1 of t h i s  c h a p t e r  d e s c r i b e s  the g e n e r a l  

class of problems  which we are c o n c e r n e d  with i n  t h i s  

t h e s i s ,  and the  p a r t i c u l a r  member of t h i s  class which 

we f o c u s  o u r  a t t e n t i o n  on  ( the  SEQUENTIRL 

CHA NGE-POINT DETECTION PROBLEH) . The s e c o n d  s e c t i o n  

c o n t a i n s  a number o f  e x a m p l e s  of s e q u e n t i a l  

c h a n g e - p o i n t  d e t e c t i o n  problems, and i l l u s t r a t e s  t h e  

a p p l i c a t i o n  of s s g u e n t i a l  c o n t r o l  procedures  t o  t hesz 

problems. T h e  l a s t  s e c t i o n  reviews some of t h e  most 

i m p o r t a n t  t y p e s  of s e q u e n t i a l  c o n t r o l  procedures .  



SECTION 1.1:  T H E  SEQUENTIAL CHANGE-POINT DETECTION 

PROBLEM 

It is  well-known i n  t h e  f i e l d  of S t a t i s t i c s  t h a t  

t h e  problem of f i n d i n g  a p a r a m e t r i c  model fo r  a 

n o n - s t a t i o n a r y  s t o c h a s t i c  p r o c e s s  i s  q u i t e  d i f f i c u l t ,  

d u e  t o  t h e  c o m p l e x i t y  o f  t h e  r e l a t i o n s h i p s  which e x i s t  

be tween  d e p e n d e n t  random v a r i a b l e s .  A t  p r e s e n t  there 

is no u n i f i e d ,  c o m p r e h e n s i v e  c l a s s  of methods for  

d e a l i n g  w i t h  t h i s  problem, a l t h o u g h  t h e r e  a r e  methods 

a v a i l a b l e  f o r  h a n d l i n g  c e r t a i n  s p e c i a l  cases. 

One o f  the more i n t e r e s t i n g  a n d  i n n o v a t i v e  mathods  

t o  come t o  t h e  a t t e n t i o n  of  t h i s  a u t h o r  is b a s e d  on a 

s o - c a l l e d  'dynamic l i n e a r  model '  f o r  t h e  s t o c h a s t i c  

p r o c e s s .  T h i s  model, i n t r o d u c e d  by P.J.  H a r r i s o n  a n d  

C .  F. Stevens (1 W l , l V 6 ) ,  g e n s r a l i z e s  the ordinary 

l i n e a r  model  by  a l l o w i n g  the p a r a m e t e r s  of t h e  a o d e l  t o  

v a r y  s t o c h a s t i c a l l y .  T o  b e  s p e c i f i c ,  t h e  p a r a m e t e r  

v e c t o r  f o l l o v s  a  m u l t i - d i m e n s i o n a l  random walk .  T h e i s  

a p p r o a c h  i s  b a s e d  on t h e  p r i n c i p l e s  o f  Bayasian 

i n f e r e n c e ,  and their c h i e f  r e s u l t s  are m o d i f i c a t i o n s  of 

t h e  Kalman f i l t e r i n g  a l g o r i t h m  ( J a s u i o s k i ,  1970). 

I n  a  r e c e n t  p a p e r  ( L e d o l t e r ,  1979) , J. Ledolter 

employs a s i m i l a r  t e c h n i q u e ,  a l s o  b a s e d  o n  t h e  Kalman 

f i l t e r i n g  a l g o r i t h m ,  f o r  r s c u r s i v a l y  e s t i m a t i n g  the 

p a r a m e t e r s  of a n  A R I H A  time series model w i t h  

s t o c h a s t i c a l l y - v a r y i n g  c o e f f i c i e n t s .  



A f r equency -doma in  a p p r o a c h  t o  t h i s  problem h a s  

b e e n  a d o p t e d  by  n. Y. A u s s a i n  and  T. , Subba Rao (1976) , 
who h a v e  d e v e l o p e d  a method o f  o b t a i n i n g  p o i n t  

e s t i m a t e s  of t h e  p a r a m e t e r s  o f  an A R M A  stochastic 

p r o c e s s  with t i m e - d e p e n d e n t  c o e f f i c i e n t s .  T h e i r  method 

i s  based  on a r a t h e r  s o p h i s t i c a t e d  t e c h n i q u e  c a l l e d  

* e v o l u t i o n a r y  s p e c t r a l  a n a l y s i s ' .  A general 

d e s c r i p t i o n  o f  t h i s  a p p r o a c h  a n d  a nunbe r  of key 

r e f s r e n c e s  a r e  t o  be found  i n  t h e  d i s c u s s i o n  s e c t i o n  o f  

a p a p e r  by  R.L. Brown, J. Durb in  a n d  J.H. Evans  

( 1  975)  

F o r  a n  u p - t o - d a t e  r e v i e w  of recent  p r o g r e s s  i n  t h e  

f i e l d  o f  time series a n a l y s i s  ( i n c l u d i n g  ms thods  of 

m o d e l l i n g  n o n - s t a t i o n a r y  time series), t h e  r e a d e r  is 

r e f s r r e d  t o  t h e  e x p o s i t o r y  p a p e r  by S. X a k r i d a k i s  

( 1  978) . 
I n  c o n t r a s t  t o  t h e  n o n - s t a t i o n a r y  c a s e ,  t h e  t h e o r y  

and methodo logy  a s s o c i a t e d  with s t a t i o n a r y  time series 

m o d e l s  i s  well- d e v e l o p e d .  Numerous books  h a v e  been 

w r i t t e n  on t h e  t h e o r e t i c a l  and /o r  p r a c t i c a l  a s p e c t s  of 

m o d e l l i n g  s t a t i o n a r y  time series ( e . g .  Box a n d  

Jenkins, 1976; Jenkins a n d  W a t t s ,  1 9 6 8 ) .  I n  l i g h t  o f  

t h i s  f a c t ,  i t  would seem r e a s o n a b l e  t o  a t t e n p t  t o  model 

a  n o n - s t a t i o n a r y  time series by  applying t h e  t h e o r y  and 

methodo logy  which h a v e  been d e v e l o p e d  for s t a t i o n a r y  

time series. One way o f  a c h i e v i n g  t h i s  a im ,  of courso , ,  

would b e  t o  t r a n s f o r m  t h e  time series t o  s t a t i o n a r i t y .  



T h i s  is a  w e l l - e s t a b l i s h e d  p r o c e d u r e ,  and b o t h  o f  the 

above-ment ioned  b o o k s  d e s c r i b e  methods of d o i n g  t h i s .  

Another way of a c h i e v i n g  t h i s  a im would b e  t o  

a s sume  t h a t  t h e  i n d e x  set of t h e  time series c a n  be 

p a r t i t i o n e d  into a number of disjoint s u b s e t s  i n  s u c h  a 

way t h a t  t h e  time series c a n  b e  t r e a t e d  as If it were 

s t a t i o n a r y  o v e r  e a c h  s u b s e t  of t h e  p a r t i t i o n ,  b u t  n o t  

necessarily between subsets of the p a r t i t i o n  o r  c l o s e  

t o  t h e  b o u n d a r i e s  of t h e  s u b s e t s .  Re s h a l l  c a l l  a time 

series w i t h  t h i s  c h a r a c t e r i s t i c  a  PIECEWISE S T A T I O N A R Y  

TIaE SERIES. This d e f i n i t i o n  i s  a n a l a g o u s  t o  t h e  

d e f i n i t i o n  of a piecewise l i n e a r  o r  a p i e c e w i s e  

c o n t i n u o u s  f u n c t i o n  i n  real  a n a l y s i s .  

C o n s i d e r  now t h e  f o l l o w i n g  se t  of c o n d i t i o n s :  lat 

t h e  subsets o f  the p a r t i t i o n  referred t o  a b o v e  be 

d e f i n e d  by  



T ( n t l )  = It: t 1 (n) <= t < i n f i n i t y ) ,  

The p o i n t s  t' ( I ) ,  t' ( 2 ) ,  . . . , t1  (n) w i l l  be called 

CHANGE-POINTS.  Let ~ [ i ] ,  i E I, be a p i e c e v i s e  

s t a t i o n a r y  s t o c h a s t i c  p r o c e s s  a e f i n e d  on  t h e  set of 

integers,  I, and let ~(1). x ( 2 ) ,  . . ,, be a sequence of 
s a m p l e  v a l u e s  of X.  We a re  c o n c e r n e d  w i t h  the problem 

o f  ' u s i n g  t h i s  sequence of observations to detect a 

c h a n g e  from o n e  subset of t h e  p a r t i t i o n  t o  a n o t h e r .  B e  

s h a l l  call t h i s  t h e  GENERAL SEQUENTIAL CERMGE- POINT 

DETECTION PROBLEM, 

T h e  s p e c i a l  c a s e  of t h i s  problem which u e  shall 

f o c u s  our a t t e n t t o n  on is t h e  o n e  s u c h  t h a t :  

1. WITHIN e a c h  s u b s e t  of t h e  p a r t i t i o n ,  the 

random v a r i a b l e s ,  X [ i ' ) ,  i E I, are e i t h e r  

a.) i n d e p e n d e n t  a n d  i d e n t i c a l l y - d i s t r i  b u t e d ,  or  

b,) they f o l l o w  a n  a u t o r e g r e s s i v e - m o v i n g  a v e r a g e  

( A R M A )  model. 

2, BETSEEN e a c h  subset of t h e  p a r t i t i o n ,  t h e  

d i s t r i b u t i o n s  of t h e  random variables differ by a 

c h a n g e  i n  

a . )  t h e  mean of a d i s t r i b u t i o n  f u n c t i o n ,  which 

map or may n o t  be no rma l ,  or 

b.) o n e  o r  more o f  t h e  a u t o r e g r e s s i v e  or moving 

a v e r a g e  parameters of a n  A R n A  model. 



3, There  is  o n l y  one c h a n g e - p o i n t ,  s a y  tq, a n d  

t h i s  c h a n g e - p o i n t  is unknown, The p r o c e d u r e s  d i s c u s s e d  

may be r e - a p p l i e d  t o  d e t e c t  s u c c e s s i v e  change-  p o i n t s  i f  . 

they a r e  r e l a t i v e l y  f a r  a p a r t .  

4 ,  There i s  a f u l l y - s p e c i f i e d  m a t h e m a t i c a l  

a o a e l  f o r  t h e  s t o c h a s t i c  p r o c e s s ,  a n d  t h e  p u r p o s e  of 

m o n i t o r i n g  t h e  o b s e r v a t i o n s  is t o  d e t e c t  s i g n i f i c a n t  

d e v i a t i o n s  o f  the p r o c e s s  from t h i s  model. 

Prom now o n ,  whenever  we refer  t o  a  sequential 

change -po in  t d e t e c t  i o n  problem,  we s h a l l  b e  r e f e r r i n g  

t o  t h e  a b o v e - d e f i n e d  problem, Note t h a t  we are NOT 

c o n c e r n e d  with the problem of e s t i m a t i n g  t h e  

c h a n g e - p o i n t s ,  b u t  rather w i t h  d e t e c t i n g  a c h a n g e  

f rom o n s  s u b s e t  of t h e  p a r t i t i o n  t o  a n o t h e r ,  

Page  (1955) and Aink ley  (1971) a r e  two a u t h o r s  who 

h a v e  worked on t h e  c h a n g e - p o i n t  e s t i m a t i o n  problem. 

No te  a l s o  t h a t  we a r e  c o n c e r n e d  w i t h  s e q u e n t i a l  

pr o c s d u r e s  a n d  H O T  f i x e d - s a m p l e - s i z e  p r o c e d u r e s .  

Many authors h a v e  a d o p t e d  a  fixed-sample-size approach 

to this p r o b l ~ m ;  f o r  example,  Brown, Durbin a n d  

Evans  (1 975) a n d  Schweder  (1976) . I l l u s t r a t i v e  

e x a m p l e s  of c h a n g e - p o i n t  d e t e c t i o n  problems,  a n d  the 

a p p l i c a t i o n  of s e q u e n t i a l  c o n t r o l  p r o c e d u r e s  to th4se 

problems,  w i l l  b e  g i v e n  i n  t h e  next s e c t i o n ,  



SECTION 1 .2:  APPLICATIONS OF SEQUENTIAL CONTROL 

PB OC ED UB ES 

1. I n d u s t r i a l  Q u a l i t y  C o n t r o l  

P a r h a p s  t h e  mosk o b v i o u s  a p p l i c a t i o n  of sequential 

c o n t r o l  p r o c e d u r e s  is i n  t h e  f i e l d  of industrial 

q u a l i t y  c o n t r o l .  Suppose t h a t  a m a n u f a c t u r i n g  process 

p r o d u c e s  a s e q u e n c e  of b a t c h e s  of items (e. g. . 

handbags ,  chemical f e r t i l i ze r ,  bubblegum) , and  s u p p o s e  

f u r t h e r  t h a t  it i s  p o s s i b l e  t o  a s s i g n  to  e v e r y  item i n  

s v z r y  b a t c h  a number which can b e  u s e d  t o  a s s e s s  t h e  

q u a l i t y  of t h e  item according t o  a s p e c i f i e d  s e t  of 

c r i t e r i a .  A ' q u a l i t y  number* s u c h  a s  t h i s  may s i a p l y  

b e  some msasu red  o r  c o u n t e d  c h a r a c t e r i s t i c  of t h e  item 

(e.g, l a n g t h ,  we igh t ,  number o f  defects p e r  s q u a r e  

meter, etc.) , or it may b e  a n  a s s i g n e d  q u a n t i t y  

r e p r e s s n t i n g  the l e v e l  o f  q u a l i t y  o f  t h e  item on a 

nomina l  s c a l e  (e. g. good = 1, bad = 0 ,  etc.) . T h e  

chief task of i n d u s t r i a l  quality c o n t r o l  i s  t o  select a 

sequence of s a m p l e s  of items (one s a m p l e  from each 

b a t c h )  , compute a  c o r r e s p o n d i n g  s e q u e n c e  of s t a t i s t i c s ,  

x ( I ) ,  x (2 ) ,  . . . , a n d  b a s a d  o n  a n  a n a l y s i s  o f  t h i s  

i n f o r m a t i o n ,  determine i f  t h e  l e v e l  of q u a l i t y  o f  t h e  

b a t c h ? s  p roduced  by  t h e  p r o c e s s  h a s  changed  

s i g n i f i c a n t l y  from some TARGET VALUE. 

I f  t h e  p r o c e d u r e  i n d i c a t e s  t h a t  a  s i g n i f i c a n t  



c h a n g e  h a s  o c c u r r e d ,  t h e n  a c t i o n  is t a k e n  t o  d e t e r m i n e  

i f  t h e  c h a n g e  is  d u e  t o  random v a r i a t i o n  o r  a r e a l  

c h a n g e  i n  t h e  n a t u r e  of t h e  p r o d u c t i o n  p r o c e s s ,  I n  

t h e  former case t h e  s i g n a l  is s a i d  t o  b e  a FALSE ALABH 

a n d  t h e  c o n t r o l  p r o c e d u r e  is r e - s t a r t e d ,  w h i l e  i n  t h e  

l a t t e r  case t h e  p r o c e s s  is s a i d  t o  be OUT OF CONTROL 

and  m e a s u r e s  are i n i t i a t e d  t o  bring t h e  p r o c e s s  b a c k  

i n t o  c o n t r o l ,  a f te r  which t h e  c o n t r o l  p r o c e d u r e  is 

re-started. , I n  t h i s  s e n s e  t h e  p r o c e s s  is  s e q u e n t i a l l y  

' c o n t r o l l e d '  b y  t h e  s t a t i s t i c a l  p r o c e d u r e  ( h e n c e  the 

name SEQUENTIAL CONTROL PBOCEDUBE) , 

One way of  a t t a c k i n g  t h e  problem f a c e d  in 

i n d u s t r i a l  quality c o n t r o l  is t o  assume t h a t  t h a  

s e q u e n c e  of  o b s e r v a t i o n s ,  x ( I ) ,  x ( 2 ) ,  . . . a r e  sample 

v a l u e s  of a s e q u e n c e  o f  random v a r i a b l e s ,  Xf 1 1, X[ 21, 

..., a n d  t h a t  a c h a n g e  i n  t h e  l e v e l  of q u a l i t y  of the 

i n d u s t r i a l  p r o c e s s  is e q u i v a l e n t  t o  a c h a n g e  i n  t h e  

j o i n t  d i s t r i b u t i o n  of these random v a r i a b l e s .  f o r  

example ,  we c o u l d  assume t h a t ,  when the l e v e l  of 

q u a l i t y  o f  t h e  b a t c h e s  p roduced  by  t h e  process i s  

s a t i s f a c t o r y ,  t h e  X C i ] ,  i = 1,2, .,. form a s e q u e n c e  

of i n d e p e n d e n t ,  i d e n t i c a l l y - d i s t r i b u t e d  normal random 

v a r i a b l e s  w i t h  a knoun mean and s t a n d a r d  d e v i a t i o n .  

~ e p e n d i n g  on  the c i r c u m s t a n c e s ,  it m i g h t  b e  r e a s o n a b l e  

t o  assume t h a t  a c h a n g e  i n  t h e  l e v e l  of quality of the 

b a t c h e s  is d u e  t o  a c h a n g e  i n  t h e  mean, s t a n d a r d  

d e v i a t i o n ,  se r ia l  c o r r e l a t i o n  c o e f f i c i e n t ,  or some 



o t h e r  p a r a m e t e r  ( p o s s i b l y  v e c t o r - v a l u e d )  , a s s o c i a t e d  

w i t h  t h e i r  j o i n t  d i s t r i b u t i o n .  v a l u e  of t h i s  

p a r a m e t e r  which results i n  a n  a c c e p t a b l e  l e v e l  of 

q u a l i t y  u i l l  be c a l l e d  a n  ACCEPTABLE PARAHETER VALUE 

(APV), a n d  a v a l u e  which  r e s u l t s  i n  a  r e j e c t a b l e  l e v e l  

o f  q u a l i t y  w i l l  be c a l l e d  a REJECTABLE PABAMETER VALUE 

(BPV) .  The d i f f e r e n c e  be tween  t h e  t a r g e t  v a l u e  and t h e  

a c t u a l  l e v e l  of q u a l i t y  of a b a t c h  w i l l  b e  r e f e r r e d  t o  

a s  t h e  EBBOR or  DEVIATION of t h a t  b a t c h .  

~t t h i s  p o i n t  we s h o u l d  d i s t i n g u i s h  bstween the 

t y p e  of s t a t i s t i c a l  c o n t r o l  p r o c e d u r e  which i n i t i a t e s  

a c t i o n  after e a c h  o b s e r v a t i o n ,  and the t y p e  which 

i n i t i a t e s  a c t i o n  o n l y  after e v i d e n c e  of a p o s s i b l y  

s i g n i f i c a n t  d e p a r t u r e  f rom t h e  target v a l u e ,  The 

form3r type of c o n t r o l  p r o c e d u r e  is o f t e n  imp lemen ted  

on  a n  a u t o m a t i c  d e v i c e  which is d i r e c t l y  c o n n e c t e d  t o  

t h e  p r o d u c t i o n  mach ine ry ,  s u c h  a s  a c o m p u t e r - c o n t r o l l e d  

se rvo-mechanism,  and  f o r  t h i s  reason w i l l  be referred 

t o  a s  a  NO-DELAY CONTROL PROCEDURE, In c o n t r a s t ,  the 

l a t t e r  t y p e  of c o n t r o l  p r o c e d u r e  is t y p i c a l l y  

i m p l e m e n t e d  by a human, s u c h  as  a q u a l i t y  c o n t r o l  

i n s p e c t o r ,  o r  by a piece of a n x 5 l l a r y  equipment, such 

a s  a n  emergency  warn ing  d e v i c e ,  a n d  c o n s e q u e n t l y  uill 

b e  r e f e r r e d  t o  a s  a  DELAYED CONTROL PROCEDURE. 

No-delay c o n t r o l  p r o c e d u r e s  a r e  most p r o f i t a b l y  a p p l i e d  

t o  s i t u a t i o n s  i n  which t h e  p o s s i b l e  sources o f  errors, 

and t h e  c o r r e s p o n d i n g  a p p r o p r i a t e  c o r r e c t i v e  a c t i o n s ,  
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a r e  well-known, a n d  the cos t  of t a k i n g  t h e  c o r r e c t i v e  

a c t i o n s  is  r e l a t i v e l y  small. On the o t h e r  hand, 

d e l a y e d  c o n t r o l  p r o c e d u r e s  a r e  most p r o f i t a b l y  a p p l i e d  

when one or  more of t h e s e  c o n d i t i o n s  d o  n o t  h o l d ,  or  a s  . 

back-up  s y s t e m s  f o r  n o - d e l a y  c o n t r o l  p r o c e d u r e s .  The 

a d a p t i v e  f e e d b a c k  c o n t r o l  p r o c e d u r e s  d e s c r i b e d  i n  'the 

book by Box a n d  J e n k i n s ,  (1976, p a r t  4 ) ,  a r e  examples  

of no-delay c o n t r o l  p r o c e d u r e s ,  whereas t h e  c o n t r o l  

c h a r t  p r o c e d u r e s  d e s c r i b e d  i n  t h e  review p a p e r  by S. R. 

R o b e r t s  (1966)  are examples  of d e l a y e d  c o n t r o l  

p r o c e d n r e s .  I n  t h i s  t h e s i s  ue are main ly  c o n c e r n e d  

w i t h  d e l a y e d  s e q u a n t i a l  c o n t r o l  p r o c e d u r e s .  

2. Remote C o n t r o l  and  T r a c k i n g  of a o v i n g  O b j e c t s  

C o n s i d e r  now t h e  problear of c o n t r o l l i n g  the 

p o s i t i o n  of an  o b j e c t  i n  two d i m ~ n s i o n s .  The 

o b s e r v a t i o n s ,  x ( 1 1 ,  x (2). . . . , c o r r e s p o n d  t o  

' t r a c k i n g  s i g n a l s '  which m e a s u r e  t h e  d e v i a t i o n  o f  t h e  

o b j e c t  a b o v e  o r  belcw a t a r g e t  p a t h ,  say f (t) , where 

f (t) is  the preferrea p o s i t i o n  of the o b j e c t  a t  time t. 

T h s  p u r p o s e  of t h e  c c n t r c l  p r o c e d u r e  is t o  d e t e c t  

s i g n i f i c a n t  d e p a r t u r e s  from the t a r g e t  p a t h ,  s o  t h a t  

a c t i o n  c a n  b e  t a k e n  t o  c o r r e c t  t h e  t r a j e c t o r y  o f  the 

o b j e c t  by remote c o n t r o l .  

T h e  prob lem posed  i n  this a p p l i c a t i o n  d i f f a r s  in 

a t  l e a s t  two r e s p e c t s  from the prob lem posed  i n  t h 2  
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q u a l i t y  c o n t r o l  a p p l i c a t i o n .  The f i r s t  d i f f e r e n c e  is 

t h a t  i n  t h i s  a p p l i c a t i o n  t h e  i n d e x  s p a c e  of t h e  

u n d e r l y i n g  s t o c h a s t i c  p r o c e s s  is c o n t i n u o u s ,  s i n c e  t h e  

p o s i t i o n  o f  t h e  o b j e c t  a t  a n y  p o i n t  in time i s  

w e l l - d e f i n e d ,  w h e r e a s  i n  t h e  q u a l i t y  c o n t r o l  

a p p l i c a t i o n  t h e  i n d e x  set of t h e  u n d e r l y i n g  s t o c h a s t i c  

p r o c e s s  is d i s c r e t e ,  s i n c e  b a t c h e s  of items are 

discrete e n t i t i e s ,  Secondly, i n  t h i s  a p p l i c a t i o n  the 

tasgzt v a l u e  v a r i e s  as a  f u n c t i o n  of the i n d e x  

v a r i a b l e ,  w h e r e a s  i n  t h e  q u a l i t y  c o n t r o l  a p p l i c a t i o n  

t h e  t a r g e t  value is independent o f  t h e  i n d e x .  HoVeVer, 

these are n o t  m a j o r  d i f f e r e n c e s  f r o m  o u r  p o i n t  of  view, 

a s  t h e  random v a r i a b l e s ,  X[ I], Xf 2 1, . . ., c o r r e s p o n d i n g  

t o  the t r a c k i n g  s i g n a l s ,  x ( 1 ) ,  x ( 2 ) ,  .,,, d o  have a 

discrete i n d e x  s p a c e ,  a n d  are c e n t e r e d  a b o u t  a  c o n s t a n t  

value of zero when t h e  t r a j e c t o r y  oE t h e  object i s  

u n d e r  c o n t r o l .  

We r e a l i z e  t h a t  a no-de lay  c o n t r o l  p r o c e d u r e  is 

probably r e q u i r e d  t o  d i r e c t l y  c o n t r o l  the t r a j e c t o r y  of 

t h e  o b j e c t ,  b u t  a  delayed control p r o c e d u r e  may b e  

useful a s  a back-up system, 

3. ~ c o n o m i c  I m p a c t  S t u z i o s  

Another i n t e r e s t i n g  a p p l i c a t i o n  of s e q u e n t i a l  

c o n t r o l  p r o c e d u r e s  is  t o  economic  I m p a c t  s t u d i e s .  T h e  

major a i m s  of a n  economic  i m p a c t  s t u d y  a r e  t o  d e t s r m i n e  
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if a c e r t a i n  e v e n t  w i t h  economic  r a m i f i c a t i o n s  (e.g.. 

the i n t r o d u c t i o n  of a new t a x  measure ;  t h e  u n f o l d i n g  of 

a p o l i t i c a l  s c a n d a l ;  t h e  announcement  of a 

m u l t i - m i l l i o n  d o l l a r  t r a d e  a g r e e m e n t ;  etc). h a s  had ,  or 

i s  h a v i n g ,  a s i g n i f i c a n t  i m p a c t  on t h e  economy, a n d  i f  

s o ,  t h a  e x t e n t  and time of onset of t h e  i m p a c t .  The 

extent of t h e  i m p a c t  is u s u a l l y  measured  by c h a n g e s  i n  

o n e  o r  more economic  i n d i c a t o r s ,  s u c h  a s  t h e  consumer  

price i n d e x ,  or the g r o s s  n a t i o n a l  p r o d u c t .  He w i l l  

o n l y  c o n s i d e r  t h e  c a s e  of a s i n g l e  economic  i n d i c a t o r , ,  

It s h o u l d  be emphas i zed  t h a t  e v e n  t h o u g h  the time of 

t h e  economic  e v e n t  migh t  be  known, t h e  time o f  t h e  

o n s a t  of t h e  i m p a c t  might  still  be unknown, e x c e p t ,  of 

c o u r s e ,  t h a t  i f  t h e  impact d o e s  o c c u r ,  it must  

c a r t a i n l y  o c c u r  after t h e  economic  event. 

T h e  problem of d e t e c t i n g  a  s i g n i f i c a n t  i m p a c t  may 

be d m l t  with by f i t t i n g  a time saries model t o  d a t a  

p r i o r  t o  the o c c u r r e n c e  o f  t h e  economic  e v e n t ,  a n d  t h e n  

m o n i t o r i n g  t h e  s e q u e n c e  of one - s t ep -ahead  f o r e c a s t  

e r r o r s  ( d e v i a t i o n s  f rom t h e  values of t h e  economic  

i n d i c a t o r  forecast b y  t h e  model)  i n  s e a r c h  of a n  

o t h e r v i s s  u n e x p l a i n a b l e  c h a n g e  i n  t h e i r  joint 

distribution. 

4. Drug Response S t u d i e s  

I t  u o u l d  n o t  be  v e r y  d i f f i c u l t  t o  re-word t h e  
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a b o v e  problem so t h a t  i t  r e f e r s  t o  the problem of 

s e q u e n t i a l l y  m o n i t o r i n g  v a l u e s  of  a p h y s i o l o g i c a l  index 

i n  o r d e r  t o  d e t e r m i n e  i f  a c e r t a i n  d rug  h a s  had, or  is 

h a v i n g ,  a s i g n i f i c a n t  i m p a c t  on t h e  health of a 

p a t i e n t .  T h u s ,  t h i s  t y p e  of problem may a l s o  be 

t r e a t e d  a s  a  s e q u e n t i a l  c h a n g e - p o i n t  d e t e c t i o n  problem.  

5 .  Emergency Warning Systems 

Suppose  that t h e  o c c u r r e n c e  of a certain e v e n t  i s  

c o n s i d e r e d  extremely u n d e s i r a b l e ,  a n d  t h a t  it is known 

t h a t  t h e  e v e n t  is u s u a l l y  p r e c e d e d  by changes i n  t h e  

s t r u c t u r e  of one  o r  more s t o c h a s t i c  p r o c e s s e s ,  Phether 

t h e  changes cause the o n s e t  of tha event o r  v i c e  versa 

Is i m m a t e r i a l ;  t h e  i m p o r t a n t  t h i n g  is t h a t  t h e  c h a n g e s  

u s u a l l y  p r e c e d e  t h e  event. In t h i s  s o r t  o f  s i t u a t i o n  

it n i g h t  be  u s e f u l  t o  c o n s t r u c t  a n  emergency warn ing  

s y s t e m  by m o n i t o r i n g  a sequence  of o b s e r v a t i o n s  

g e n e r a t e d  by t h e s e  s t o c h a s t i c  p r o c e s s e s  and i s s u i n g  a 

warning s i g n a l  whenever  there is  s u f f i c i e n t  evidence of 

one o r  more c h a n g e s  i n  t h e i r  s t r u c t u r e .  Some of t h e  

a r e a s  i n  which s u c h  a system might  b e  u s e f u l  a r e  

m e t s o r o l o g y ,  p o l l u t i o n  m o n i t o r i n g  and i n d u s t r i a l  

a c c i d e n t  p r e v e n t i o n .  

We c o u l d  s u p p l y  t h e  reader with many more 

examples ,  b u t  w e  hope  that t h e  above examples  a r e  
d 
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s u f f i c i e n t  t o  g i v e  t h e  r e a d e r  a n  i d e a  o f  t h e  s c o p e  of  

t h e  a p p l i c a t i o n s  o f  s e q u e n t i a l  c o n t r o l  p r o c e d u r e s .  It 

is p o s s i b l e  t h a t  some of the c o n t r o l  p r o c e d u r e s  t o  

be  d i s c u s s e d  i n  t h i s  thesis c o u l d  be a p p l i e d  t o  some of 

the above- mentioned a p p l i c a t i o n s ,  b u t  it 2s u n l i k e l y  

t h a t  a n y  of t h e  c o n t r o l  p r o c e d u r e s  c o u l d  be a p p l i e d  

s u c c e s s f u l l y  to all of the a p p l i c a t i o n s .  I n  g e n e r a l ,  

t h e  c o n t r o l  p r o c e d u r e  v h i c h  is a p p r o p r i a t e  f o r  a 

p a r t i c u l a r  a p p l i c a t i o n  w i l l  depena on t h e  u n i q u e  

characteristics of t h a t  application, I n  other words, 

t h e r e  is no s u c h  thing as a n  a l l - p u r p o s e  s e q u e n t i a l  

c o n t r o l  p r o c e d u r e ,  
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SECTION 1 3: SEQUENTIAL CONTROL PROCEDURES - AN 

OVERVIEW 

The v a s t  majority of t h e  work o n  t h e  d e v e l o p m e n t  

o f  s e q u e n t i a l  c o n t r o l  p r o c e d u r e s  h a s  been d o n e  in t h e  

f i e l d  of i n d u s t r i a l  q u a l i t y  c o n t r o l ,  a n d  s o  w e  have 

d e c i d e d  t o  d i s c u s s  t h e n  i n  this c o n t e x t ,  The s p e c i a l  

case of t h e  s e q u e n t i a l  c h a n g e - p o i n t  d e t e c t i o n  problem 

s t u d i e d  most f r e q u e n t l y  i n  t h i s  f i e l d  is that i n  which 

t h e  o b s e r v a t i o n s ,  which measu re  the l e v e l  of q u a l i t y  of 

t h e  b a t c h e s  of items produced  b y  t h e  p r o c e s s ,  are 

t r e a t e d  a s  v a l u e s  of i n d e p e n d e n t  random v a r i a b l e s .  

T y p i c a l l y ,  t h e  common d i s t r i b u t i o n  f u n c t i o n  of t h e  

random v a r i a b l e s  i s  f u l l y - s p e c i f i e d  when t h e  p r o c e s s  is . 
i n  control, a n d  only p a r t i a l l y - s p e c i f i e d  when t h e  

p r o c s s s  i s  o u t  of c o n t r o l .  An out of c o n t r o l  c o n d i t i o n  

is  as sumed  t o  be c a u s e d  by a change i n  t h e  v a l u e  of a 

p a r a m e t e r  o f  the d i s t r i b u t i o n  f u n c t i o n ,  u s u a l l y  the 

me a n  o r  s t s n d a r d  d e v i a t i o n .  The  distribution f u n c t i o n  

i t s e l f  is u s u a l l y  assumed t o  be of some s t a n d a r d  form, 

s u c h  a s  t h a t  g i v e n  by  t h e  normal  c u r v e .  We s h a l l  b e g i n  

o u r  d i s c u s s i m  i n  t h i s  s 2 c t i o n  b y  a  review o f  t h e  some 

o f  the methods  which h a v e  been d e v e l o p e d  f o r  t h i s  

s p e c i a l  c a s e .  

One of t h e  o l d e s t  and most w i d e l y - a p p l i e d  

s e q u e n t i a l  c o n t r o l  p r o c e d u r e s  was i n t r o d u c e d  by R. A ,  

S h e w h a r t  (1931) i n  t h e  U n i t e d  S t a t e s  and  B.P. Dudding 
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a n d  W,J Jennet (1942)  i n  G r e a t  B r i t a i n .  T h e  e s s 3 n t i a l  

f e a t u r e s  of t h e  original form o f  t h i s  p r o c e d u r e  a re  

o u t l i n e d  i n  t h e  following steps: given t h e  s e q u e n c e  of  

, batches of items p r o d u c e d  by  t h e  m a n u f a c t u r i n g  p r o c e s s ,  

a n d  a t a r g s t  v a l u e ,  m*, f o r  t h e  average a c c e p t a b l e  

q u a l i t y  level, 

1. Take a sample of N items f rom t h e  ith b a t c h ,  

for i = 1,2, ..,, a n d  compu te  t h e  q u a l i t y  l e v e l ,  

o f  e a c h  item i n  t h e  b a t c h .  

2. Compute t h e  mean q u a l i t y  l e v e l  of t h e  items in 

each b a t c h ,  

and p l o t  the p o i n t s  ( i , x ( i ) )  on a  g r a p h ,  f o r  i = 

3 .  I f  t h e  moan o f  t h e  i t h  sample f a l l s  more t h a n  

g s t a n d a r d  d e v i a t i o n s  (uhere g > O i s  a s p a c i f i e d  

number, u s u a l l y  3) above or  below t h e  t a r g e t  v a l u e ,  

s i g n a l  t h a t  t h e  p r o c e s s  i s  o u t  of control aod take 

a p p r o p r i a t e  a c t i o n ;  o t h s r w i s c  continue s a m p l i n g .  
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The graph of the p o i n t s  (i,x(i)) , i = 1.2 ,  . ,. 
together with the super- imposed  TARGET LINE (or c e n t e r  

l i n e ) ,  

and ACTION LINES (or g-sigma limits), 

x = m' + g, s* 

x = m' - gas*, 

is c a l l e d  an XBAR, or SHEWRART, COBTROL CHART, 

One d i s a d v a n t a g e  o f  this scheme which i s  

i m m e d i a t e l y  o b v i o u s  is t h a t  o n l y  t h e  c u r r e n t  mean, 

x (i) ,  is u s e d  a t  the ith stage of the procedure  t o  

d e c i d e  i f  the p r o c e s s  is i n  c o n t r o l  or o u t  of c o n t r o l .  

Bo u s e  i f  made o f  t h e  p r e v i o u s  means, x ( i -  j) , -j = 1,2,  

. . . , and i n  t h i s  sense the procedure  d o e s  n o t  have  a 

'msmory*. I n  f a c t ,  t h e  standard x b a r  c o n t r o l  chart is  

s q u i v a l e n t  to a s s q u a n c e  o f  i n d e p e n d e n t l y - a p p l i e d  

s t a n d a r d  normal tes ts  ( o f t e n  c a l l e d  z - tests ) .  Although 

t h i s  procedure i s  sensitive t o  r e l a t i v e l y  large changss 

in the a v e r a g e  q u a l i t y  l e v e l ,  (9,g. more than g 

s t a n d a r d  d e v i a t i o n s  from t h e  t a r g e t  v a l u e ) ,  i t  is  

l n s e n s i t i v s  t o  smaller changes.' 
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~ n d d i n g  and J e n n e t  ( l g Q 2 ) .  p r o p o s e d  t h a t  WARNING 

LINES, 

b e  p l a c e d  on o p p o s i t e  s i d e s  of t h e  t a r g e t  lfne a n d  

i n s i d e  of the a c t i o n  l i n e s ,  and t h a t  a s p e c i f i e d  number 

o f  p o i n t s  between the warning a n d  a c t i o n  lines, o r  a 

single p o i n t  o u t s i d e  of t h e  a c t i o n  l i n e s ,  s h o u l d  c a u s e  

an out of c o n t r o l  s i g n a l  t o  be issued. S s v e r a l  o t h e r  

a u t h o r s ,  (e. g. Weiler, 1953, Hoore,  1958, a s  r e p o r t e d  

i n  Page, 196 I ) ,  c o n s i d e r e d  s i ~ l l a r  s c h e m e s  i n v o l v i n g  

r u n s  of p o i n t s  w i t h i n  c e r t a i n  h o r i z o n t a l  regions of a 

c o n t r o l  c h a r t .  Schemes s u c h  a s  this are known a s  R U N  

TESTS. 

An i n t e r e s t i n g  v a r i a n t  o f  a r u n  test, c a l l e d  a  R U N  

SUPI TEST, was d i s c u s s e d  by R o b e r t s  ( 7  966) . T h e  c o n t r o l  

c h a r t  is p a r t i t i o n e d  i n t o  a  numbar of disjoint z o n e s ,  

s y m m e t r i c a l l y  s i t u a t e d  on e i t h e r  side of the c e n t e r  

l i n e ,  and a non-ze ro  i n t e g e r  score is  a s s i g n e d  t o  each 

of  t h e s e  zones. Zones above the center line a r e  
\ 

a s s i g n e d  a p o s i t i v e  s c o r e ;  t h o s e  be low t h e  c e n t e r  l i n e  

are a s s i g n e d  a n e g a t i v e  score; a n d  t h e  m a g n i t u d e s  of 

tha s c o r a s  i n c r e a s e  a s  a  f u n c t i o n  of t h e  d i s t a n c e  of 

the z o n e s  from the c e n t e r  l i n e ,  T h e  scores a r e  
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a c c n m u l a t ~ d  o n  p o s i t i v e  a n d  o n  n e g a t i v e  r u n s ,  a n d  when 

t h e  m a g n i t u d e  o f  t h e  c u m u l a t i v e  sum e x c e e d s  a s p e c i f i e d  

v a l u e ,  a n  o u t  of c o n t r o l  signal is  p roduced .  As ve 

s h a l l  see, t h i s  type of p r o c e d u r e  may be t r e a t e d  a s  a 

restricted f o r m  of a more  g e n e r a l  c u m u l a t i v e  s u n  

p r o c e d u r e .  

Two o t h e r  t e c h n i q u e s  which are d e s i g n e d  t o  make 

g r s a t e r  u s e  of the a v a i l a b l e  i n f o r m a t i o n  a re  b a s e d  o n  

t h e  c o n s t r u c t i o n  of moving a v e r a g e  a n d  g e o m e t r i c  inoving 

a v e r a g e  c h a r t s  ( R o b e r t s ,  1959, 1966).  A BOVING AVERAGE 

of o r d e r  p is siaply t h e  a r i t h m e t i c  mean o f  t h e  p most 

r e c e n t  s a m p l e  means, x (51, x ( i -  1) , . . , x ( i - p+  1) .  

i, e. 

The p o i n t s  (i, m ( i , p ) )  are  p l o t t e d  on  a g r a p h ,  as 

w i t h  the S h e w h a r t  c h a r t ,  a n d  a n  o u t  of con t ro l  

condition is s i g n a l l e d  i f  t h e  most r e c e n t  p o i n t  falls 

o u t s i d e  o f  a z o n e  d e t e r m i n e d  by t w o  h o r i z o n t a l  l i n e s  

s u p e r - i m p o s e d  on t h e  g r a p h .  A l t h o u g h  the moving 

average of o r d e r  p obviously u s e s  more  05 the a v a i l a b l e  

i n f o r m a t i o n  than t h e  s i m p l e  S h e v h a r t  c h a r t ,  it st i l l  

d o e s  n o t  u t i l i z e  a l l  o f  t h e  i n f o r m a t i o n  a v a i l a b l e .  

Moreover ,  t h e  number of terms t o  b e  u s e d  i n  a moving 

average is  a t h o r n y  p rob l em i n  practice, a s  t o o  feu 

terms maks the p r o c e d u r e  i n s e n s i t i v e  t o  small  c h a n g e s  
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i n  t h e  mean, w h e r e a s  t o o  many terms make the p r o c e d u r e  

i n s e n s i t i v e  t o  l a r g e  c h a n g e s .  I n d e e d ,  f o r  p = 1, a 

moving a v e r a g e  c h a r t  reduces t o  a n  ( u n m o d i f i e d )  

S h e w h a s t  c h a r t ,  a n d  as p  a p p r o a c h e s  i n f i n i t y ,  r e c e n t  

o b s e r v a t i o n s  r e c e i v e  i n c r e a s i n g l y  smaller weights. 

A GEONETRIC PIOVILJG AVERAGE ( a l s o  c a l l e d  a n  

EXPONENTIALLP- WEIGHTED MOVING AVERAGE) with w e i g h t  a ,  

0 < a < 1 is g i v e n  by the r e c u r s i v e  f o r m u l a ,  f o r  i = 

I ,  2, ... 
g f i )  = 1 - a ) g (  + a.x(i), g ( 0 )  = KI'. 

A g e o m e t r i c  moving a v e r a g e  c o n t r o l  c h a r t  is 

s imilar  i n  c o n s t r u c t i o n  t o  the o t h e r  c o n t r o l  c h a r t s  

m e n t i o n e d  p r e v i o u s l y .  Note t h a t  a l t h o u g h  a g e o m e t r i c  

moving a v e r a g e  u s e s  a l l  of t h e  available i n f o r m a t i o n  a t  

each s t a g e  of t h e  p r o c e d u r e ,  it p l a c e s  s u c c e s s f v s l y  

smaller w e i g h t s  o n  the i n f o r m a t i o n  c o n t a i n e d  i n  p a s t  

s a m p l e s .  T h i s  may or  may n o t  be a good f e a t u r e ,  

d e p e n d i n g  o n  t h e  i m p o r t a n c e  of t h e  i n f o r m a t i o n  

c o n t a i n e d  i n  t h e  p r e v i o u s  s a m p l e s .  Also, t h e  

performance of t h i s  method i s  q u i t e  s e n s i t i v e  to  t h e  

c h o i c e  o f  t h e  w e i g h t i n g  f ac to r ,  a ,  which  d e t e r m i n e s  the 

e x t e n t  to which  i n f o r m a t i o n  f rom t h e  p a s t  i s  

d i s c o u n t e d ,  a n d  it i s  n o t  a l w a y s  e a s y  t o  choose  a 

r e l i a b l e  v a l u e  of  t h i s  p a r a m e t e r .  

It  is  p o s s i b l e  t o  u s e  a SEQUENTIAL PROBABILITY 
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BAT10 TEST, or SPRT, a s  a s e q u e n t i a l  c o n t r o l  p r o c e d u r e ,  

a l t h ~ u g h  it was n o t  d e s i g n e d  f o r  t h i s  pu rpose ,  The  i t h  

SPRT s t a t i s t i c ,  w ( i ) ,  is t h e  sum of t h e  l o g a r i t h m s  of a 

s e q u e n c e  of p r o b a b i l i t y  r a t i o  s t a t i s t i c s ,  I f  the 

o b s e r v a t i o n s  a r e  i n d e p e n d e n t  and 

i d e n t i c a l l y - d i s t r i b u t e d  wi th  d e n s i t y  f (x;c) , and  if c = 

c ( 0 )  u n d e r  the nnll h y p o t h e s i s  a n d  c = c(1) u n d e r  t h e  

a l t e r n a t e  h y p o t h e s f s ,  t h e n  

Sampling c o n t i n u e s  a s  l o n g  a s  b < w ( i )  < a, with 

a c c e p t a n c s  o f  the nnll h y p o t h e s i s  i f  u (i) <= b and 

r e j e c t i o n  if w (i) >= a, We s h a l l  c a l l  any  t e s t  of t h i s  

s o r t  a BALD TEST, whether or not w(i) - w(i-1) is a 

p r o b a b i l i t y  r a t i o  s t a t i s t i c .  See t h e  book by Ghosh 

( 1  970) for a  c o m p r e h e n s i v e  a c c o u n t  of the t h e o r y  of 

s e q u s n t i a l  tests of  h y p o t h e s e s ,  

I n  t h i s  s i t u a t i o n ,  a n  o u t  of  c o n t r o l  s i g n a l  i s  

produced  i f  the n u l l  h y p o t h e s i s  is either a c c e p t e d  o r  

r e j e c t a d ,  T h a t  is, t h e  u n i o n  of the u s u a l  a c c e p t a n c e  

a n d  reject  i o n  r e g i o n s  c o n s t i t u t e s  t h e  o u t  of c c n t r o l  

region of  t h e  schsme, T h i s  p r o c e d u r e  u s e s  a l l  of the 

a v a i l a b l e  information,  and  i s  u n i f o r m l y  most e f f i c i e n t  

u n d e r  c s r t a i n  c o n d i t i o n s ,  Bagshav (1974)  d e v e l o p e d  

a  o n e - s i d e d  v e r s i o n  of t h i s  scheme and  obtained a 

Riener p r o c e s s  approximation t o  some of i ts  p r o p e r t i e s ,  
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Be showed, however,  t h a t  s e q u e n t i a l  c o n t r o l  p r o c e d u r e s  

b a s e d  on  S P R T ' s  may n o t  b e  a s  e f f i c i e n t  a s  CUSUn 

control p r o c e d u r e s  ( d i s c u s s e d  below) i n  d e t e c t i n g  a 

s m a l l  change  i n  t h e  mean of a process when t h e  

c h a n g e - p o i n t ,  t* ,  is unknown, which is  the case we 

are  i n t e r e s t e d  i n ,  

The c u m u l a t i v e  snm (CUSUM) p r o c e d u r e s  i n t r o d u c e d  

by E,S, P a g e  i n  1954 make u s e  of a l l  the a v a i l a b l e  

i n f o r i u a t i o n  a n d  a r e  r e a s o n a b l y  sensitive t o  b o t h  small 

a n d  l a r g e  c h a n g e s  i n  t h e  m a n ,  P a g e  d i s c u s s e d  a  number 

of  d i f f e r e n t  rules for c o n t r o l l i n g  a p r o c e s s  w i t h  a 

c u m u l a t i v e  s u n  p r o c e d u r e ,  a n d  we s h a l l  d i s c u s s  ~ o s t  of 

t h e s s  i n  t h e  n e x t  c h a p t e r ,  T h e  i t h  c u m u l a t i v e  sum i s  

u s u a l l y  computed u s i n g  a recursive f o r m n l a  o f  t h e  form: 

s ( i )  = s ti- 1) + (x (i) - k) , s ( 0 )  = 0 ,  

The  q u a n t i t y  k is c a l l e d  a REFERENCE BBLUE and  i s  

usually c h o s e n  t o  g i v e  t h e  g r a p h  o f  t h e  p o i n t s ,  

5 , s  i ) , 3. = 2 , , , a  downward d r i f t  when the 

qnality of the p r o d u c t s  b e i n g  p r o d u c e d  by t h e  p r o c e s s  

is s a t i s f a c t o r y ,  and a n  upward d r i f t  when t h e  q u a l i t y  

i s  u n s a t i f a c t c r y ,  One of t h e  r u l e s  s u g g e s t e d  b y  Page  

was t h a t  i f  t h e  g r a p h  o f  the p o i n t s  rises a c e r t a i n  

s p ~ c i f i e d  amount ,  say h (h  > 0 ) ,  a b o v e  i t s  p r e v i o u s  

minimum, t h e  p r o c e s s  s h o u l d  be  c o n s i d e r e d  t o  be  o u t  o f  

control, I n  o t h e r  words,  a n  o u t  of c c n t t o l  s i g n a l  
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s h o u l d  be  p r o d u c e d  whenever  

The q u a n t i t y  h i s  r e f e r r e d  t o  a s  t h e  DECISIOH 

INTERVAL o r  t h e  CRITICAL VALUE of t h e  scheme.  his 

type of cusun scheme is a p p r o p r i a t e  for  detecting a n  

i n c r e a s e  i n  t h e  mean o f  t h e  p r o c e s s ;  o t h e r ,  more 

g e n e r a l ,  t y p e s  c a n  e a s i l y  be  c o n s t r u c t e d . .  

I n  c o n t r a s t  t o  t h e  s t a n d a r d  S h e w h a r t  c h a r t ,  a 

c u m u l a t i v e  sum c h a r t  d e s c r i b e s  the c u m u l a t i v e  effect  'of 

all t h e  s a m p l e  means produced  by t h e  p r o c e s s  i n  t h e  

p a s t .  I n  t h i s  sense a c u ~ u l a t i v e  sum p r o c e d u r e  h a s  an 

infinite nemoxy, Thus,  if t h e  t r u e  mean of t h e  p r o c e s s  

h a s  i n c r e a s e d ,  t h i s  will be r e f l e c t e d  i n  t h e  c u n u l a t i v e  

s u n  chart by a p ronounced  upward d r i f t  i n  t h e  p l o t t e d  

p o i n t s .  A l so ,  i n  a  c u m u l a t i v e  s u m  c h a r t ,  a  rough  

estimate of t h e  time a t  which t h e  increase o c c u r r e d  is 

t h e  t i m e  of t h e  previous minimum of t h e  c u m u l a t i v e  sum. 

I n  fact, a s  men t ioned  by Page,  u n d e r  c e r t a i n  c o n d i t i o n s  

t h i s  t i m s  i s  t h e  maximum-l ike l ihood  e s t i m a t o r  of t h e  

c h a n g e - p o i n t .  

As might be e x p e c t e d ,  a f a i r  number of p a p e r s  h a v e  

been  written c o m p a r i n g  v a r i o u s  c o n t r o l  c h a r t  

p r o c ~ d u r e s .  Almost a l l  of t h e  references l i s t s d  a t  the 

e n d  o f  this t h e s i s  pertaining t o  CUSUH p r o c e d u r e s  

c o n t a i n  c o m p a r a t i v e  s t u d i e s .  We p a r t i c u l a r l y  'recommend 
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t h e  p a p e r s  by  lf. D. Ewan (1963)  and S.R. R o b e r t s  

( 1  966)  

The u s u a l  nay of compar ing  c o n t r o l  c h a r t  

p r o c e d u r e s  is i n  terms of t h e i r  a v e r a g e  r u n - l e n g t h  

c u r v e s .  I n  t h i s  c o n t e x t ,  the AVERAGE RUN-LENGTH of a 

p r o c e d u r e  is t h e  a v e r a g e  number of s a m p l e s  t a k e n  b e f o r e  

a& o u t  of c o n t r o l  s i g n a l  is produced ,  and  a n  AVERAGE 

RUB-LENGTH CURVE i s  a g r a p h  o f  t h e  a v e r a g e  r u n - l e n g t h  

of a p r o c e d u r e  a s  a function of t h e  t r u e  mean of the 

s a m p l e s ,  One r e a s o n  f o r  t h e  importance  of t h e  a v e r a g e  

r u n - l e n g t h  c u r v e  i n  p r a c t i c e  is t h a t  t h e  c o s t  of 

c o n t r o l l i n g  a m a n u f a c t u r i n g  p r o c e s s  i s  o f t -  =n a n  

i n c r e a s i n g  f u n c t i o n  of b o t h  the number o f  f a l s e  alarms 

when the p r o c e s s  is in c o n t f o l  a n d  the number of 

b a t c h e s  p r o d u c e d  after t h e  p r o c e s s  h a s  gone out  of 

c o n t r o l .  I f  the a v e r a g e  r u n - l e n g t h  i s  l o n g  when the 

p r o c s s s  is i n  c o n t r o l ,  t h e r e  w i l l  b e  v e r y  few f a l s e  

a l a r m s ,  a n d  i f  t h e  a v e r a g e  r u n - l e n g t h  i s  s h o r t  whon t h e  

p r o c e s s  i s  o u t  of c o n t r o l ,  there w i l l  be v e r y  few 

batches p r o d u c e d  a • ’  t e r  the p r o c e s s  h a s  gone o u t  o f  

c o n t r o l .  Thus ,  t h e  cost  of c o n t r o l l i n g  a  p r o c e s s  is 

o f t e n  a m o n o t o n i c  f u n c t i o n  o f  a  p a i r  of q u a n t i t i a s  

which are d i r e c t l y  r e l a t e d  t o  t h e  a v e r a g e  r u n - l e n g t h  

c u r v e *  

/ 
Anothe r  r e a s o n  f o r  t h e  p o p u l a r i t y  of t h e  a v s r a g e  

r u n - l e n g t h  c u r v e  a s  a  b a s i s  f o r  co!paring s t a t i s t i c a l  

c o n t r o l  p r o c e d u r e s  i s  t h a t  i t  a p p a r e n t l y  h a s  i n t u i t i v e  
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a p p e a l  t o  p e o p l e  work ing  i n  t h e  f i e l d .  P r o b a b l y  o n e  of 

t h e  most c o m p e l l i n g  r e a s o n s  t h a t  s t a t i s t i c i a n s  h a v e  

e l e c t e d  t o  d e a l  a l m o s t  e x c l n s i v e l p  with a v e r a g e  
/ 

r u n - l e n g t h  curves i s  t h a t  i n  most c a s e s  i t  a p p e a r s  t o  

be  v e r y  d i f f i c u l t  t o  deri/*e t h e  r u n - l e n g t h  

d i s t r i b u t i o n s  i n  an  e x p l i c i t  form. I n  c e r t a i n  c a s &  

t h e  run-length probabilities can  be computed 

r e c u r s i v e l y  (Ewan a n d  Kemp, l 96O) ,  b u t  t h e  r e q u i r e d  

c o m p u t e r  p r o c e d u r e  is c o i n p u t a t i o n a l l y  e x p e n s i v e  a n d  

n u m e r i c a l l y  t r o u b l e s o m e .  This is a n  u n f o r t u n a t e  

c i r c u m s t a n c e ,  a s  it h a s  long been appreciates (e.g. 

Barna rd ,  1959) ,  t h a t  s i n c e  r u n - l e n g t h  d i s t r i b u t i o n s  

t e n d  t o  be highly r i g h t - s k e w e d ,  t h e  a v e r a g e  r u n - l e n g t h  

of a p r o c e d u r e  i s  n o t  n e c e s s a r i l y  a v e r y  i n f o r m a t i v e  

measu re  of t h e  p e r f o r m a n c e  of the p r o c e d u r e ,  

P r e d i c t a b l , ~ ,  CUSUfl  c o n t r o l  p r o c e d u r e s  h a v e  proven 

t o  b e  more s e n s i t i v e  t o  s m a l l  s h i f t s  i n  t h e  mean o f  a 

p r o c e s s  t h a n  s t a n d a r d  Sheuhart  c o n t r o l  c h a r t s ,  w i t h  t h e  

r e v e r s e  b e i n g  t r u e  f o r  l a r g e  s h i f t s  i n  t h e  mean (Evan, 

1'363; R o b e r t s ,  1966) . CUSUPI c o n t r o l  p r o c e d u r e s  a l s o  

a p p e a r  t o  be a s  good a s  or  b e t t e r  t h a n  most o t h e r  

c o n t r o l  p r o c e d u r e s  w i t h  r e s p e c t  t o  t h e  d e t e c t i o n  of 

s m a l l  s h i f t s  i n  t h e  mean of a p r o c e s s .  However, t h s  

remarks o f  b o t h  Ewan a n d  R o b e r t s  s u g g e s t  t h a t  the 

d i f f e r e n c e s  between the a v e r a g e  r u n - l e n g t h  curves of 

most o f  t h e  e s t a b l i s h e d  sequential. c o n t r o l  p r o c e d u r e s  

a r e  p r o b a b l y  o f  more i n t e r e s t  t o  m a t h e m a t i c i a n s  t h a n  t o  
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p e o p l e  work ing  i n  t h e  f i e l d  of q u a l i t y  c o n t r o l .  

I n d e e d ,  i n  some s i t u a t i o n s  i t  may be u n d e s i r a b l e  t o  u s e  

a c o n t r o l  p r o c e d u r e  which is  t o o  s e n s i t i v e  t o  small 

c h a n g e s  i n  t h e  mean of the p r o c e s s ,  e s p e c i a l l y  i f  a 

f a i r l y  b r o a d  range o f  means i s  c o n s i d e r e d  a c c e p t a b l e  o r  

t h e  c o s t  of t a k i n g  c o r r e c t i v e  a c t i o n  i s  q u i t e  h i g h ,  I f  

t h e s e  c o n d i t i o n s  p r e v a i l ,  t h e  s t a n d a r d  S h e w h a r t  chart 

is  p r o b a b l y  just a s  u s e f u l  as a n y  of t h e  more 

r e c e n t l y - d e v e l o p e d  p r o c e d u r e s .  

As m i g h t  be  i n f e r r e d  from t h e  above comments,  we 

d o  n o t  claim t h a t  CUSUM p r o c e d u r e s  are i n  a n y  way 

o p t i m a l ,  b u t  r a t h e r  t h a t  t h e y  a r e  c o m p e t i t i v e ,  i n  terms 

of t h e i r  a v e r a g e  r u n - l e n g t h  c u r v e s ,  w i t h  most  of t h e  

o t h s r  common c o n t r o l  c h a r t  p r o c e d u r e s ,  and  t h a t  a n y  

d i f f e r e n c e s  between a  we l l - chosen  CUSUi! p r o c e d u r e  a n d  a  

h y p o t h e t i c a l  o p t 5  ma1 p r o c e d u r e  are  likely t o  be 

u n i m p o r t a n t  f r o n  a p r a c t i c a l  p o i n t  of view, 
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CHAPTER 2 

RESULTS OF PAGE, E B A N  AAD KEXP - 
A N D  BROOK AND E V A N S  

I N T R O D U C T I O N  

I n  this c h a p t e r  ve r e v i e w  some wel l -known 

results c o n c e r n i n g  CUSUB s e q u e n t i a l  c o n t r o l  p r o c e d u r e s ,  

The r e s u l t s  of Page (19541, Ewan and Kemp (1960) and 

Brook and Evans (1972) are r e p r o d u c e d  in s e c t i o n s  1 ,  2 

s n d  3, respectively. O f  c o u r s e ,  many other a u t h o r s  

could have been  reviswed (e,g, Barnard, 1959; Bissel, 

1968;  etc.), b u t  we h a v e  decided t o  concentrate on t h e  

afors -ment ioned  a u t h o r s  b e c a u s e  t h e i r  r e s u l t s  are the  

most r e l t v a n t  t o  t h e  chief topic o f  o u r  t h e s i s  - t h e  

run-length d i s t r i b u t i o n  o f  a CUSUH s e q u e n t i a l  control 
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SECTION 2 . 1 2  RESULTS OF PAGE 

I n  1954  E . S .  Page i n t r o d u c e d  a c l a s s  of s e q u e n t i a l  

c o n t r o l  p r o c e d u r e s  which s i n c e  t h e n  have  come to be 

known as cumulative sum, or CUSUfl, schemes, Be d e f i n e d  

the schemes  by l i s t i n g  a number of rules, reproduced  

below, which d e s c r i b e d  how the schemes were to  b e  

a p p l i e d :  

RULE 1: 

Take s a m p l e s  of f i x e d  s i z e  N a t  r e g u l a r  i n t e r v a l s ;  

a s s i g n  a SCORE, x ( i )  , to  t h e  ith sample and plot the  

c u m u l a t i v e  sun 

on a chart. Take a c t i o n  i f  

s (n) - min[ s( i )  j >= h, 

where h > 0 and i <= n, 

The q u a n t i t y  h is currently referred t o  a s  the 

DECISION INTERVAL or t h e  CRITICAL VALUE o f  t h e  scheme,  

T h i s  p r o c e d u r e  was d e s i g n e d  t o  d e t e c t  c h a n g e s  i n  only 

one d i r e c t i o n  ( e . g .  an i n c r e a s e  i n  t h e  aean of t h e  
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p r o c e s s ) ,  and  is t h e r e f o r e  s o m e t i m e s  r e f e r r e d  to a s  a 

ONE-SIDED s e q u e n t i a l  c o n t r o l  scheme. Page s u g g e s t e d  

t h a t  t h e  s e q u e n c e  of s c o r e s ,  x ( 1 )  , x ( 2 ) .  . +, be so 

c h o s e n  t h a t  t h e  s a m p l e  p a t h  o f  t h e  c u m u l a t i v e  sums 

s l o p e s  downward when t h e  l e v e l  of q u a l i t y  of t h e  items 

produced  by t h e  process is a c c e p t a b l e ,  and  u p w a r a ' n h e n  

t h e  l e v e l  of q u a l i t y  is rejectabls. I n  t h e  c a s e  of 

c o n t r o l l i n g  t h e  mean of a p r o c e s s ,  i t  is now common 

p r a c t i c e  t o  p r o d u c e  this t y p e  of sample  p a t h  b y  

subtracting a c o n s t a n t ,  k, c a l l e d  a REPEBEBCE VALUE, 

f rom e a c h  s a m p l e  mean, It is also common p r a c t i c e  t o  

scale t h e  c u m u l a t i v e  sums by some m u l t i p l e  of t h e  

s t a n d a r d  d e v i a t i o n ,  which i s  assumed t o  be known. 

NOTE: I n  order t o  s i m p l i f y  o u r  n o t a t i o n ,  ue 

g e n e r a l l y  assume t h a t  k = 0,  and  most of t h e  f o r a u l a s  

i n  t h i s  and t h e  remaining c h a p t e r s  are  b a s e d  on  t h i s  

a s s u m p t i o n .  However, this does n o t  p r e s e n t  a n y  

t h e o r e t i c a l  o r  p r a c t i c a l  d i f f i c u l t i e s ,  a s  it i s  o n l y  

nscessary to make t h e  t r a n s f o r m a t i o n  X -> X - k i n  

o r d e r  t o  d e r i v e  t h e  a p p r o p r i a t e  f o r m u l a s  when Jkl > 0 .  

Page d e r i v e d  t h e  properties o f  t h i s  scheme a s  

special cases of t h e  p r o p e r t i e s  o f  t h e  schemes  

described i n  r u l e s  2 a n d  3, 

RULE 2: 

Def ins 
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The a b o v e  s t o p p i n g  rule i s  thsn  equ iva l en t  t o  t h e  

ru le :  t a k e  a c t i o n  i f  

The s c h e m e s  d e s c r i b e d  by rules  1 and 2 are 

e q u i v a l e n t  because the amount b y  which s w ( n )  e x c e e d s  0 

is a l w a y s  e q u a l  t o  the amount by which s(n) exceeds 

min[s ( i )  ] for i <= n, and  t h u s  s t ( n )  >= h iff 

s (n) - mint s (f) ] >= h. 

Page sta ted  t h a t  r u l e  2 (and hence  r u l e  1 )  i s  

e q u i v a l e n t  t o  a s e q u e n c e  of wald tests with common 

b o u n d a r i e s  a t  [O,h] a n d  common i n i t i a l  values of zero .  

Recall  from c h a p t e r  1 that a Wald test is a p r o c e d u r e  

i n  which  s a m p l i n g  c o n t i n u e s  a s  l o n g  a s  b < w(i) < a, 

where w(i) = w ( i - 1 )  + x ( i ) ,  u(0)  = w a ,  w i t h  t h e  n u l l  

hyp~thpsis b e i n g  a c c e p t e d  i f  v ( i )  <= b and  r e j e c t e d  if 

w (i) >= a .  I n  t h e  c a s e  of a COSUkl s cheme,  b = 0 and 

a = h .  I f  the f i r s t  test e n d s  on t h e  lower 

boundary ,  t h e  next test s t a r t s  a t  t h e  l o v e r  boundary ,  

a n d  i f  t h e  f i r s t  t a s t  ends on t h e  u p p o r  boundary ,  

a c t i o n  i s  t a k e n .  Similarly, i f  t h e  second test e n d s  o n  
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the lower bounda ry ,  the next test starts at the l o v e r  

boundary ,  a n d  i f  t h e  s e c o n d  test e n d s  on t h e  u p p e r  

boundary ,  a c t i o n  is t a k e n ,  etc , ,  

Using  t h i s  e q u i v a l e n c e  be tween  a CUSUfl scheme a n d  

a sequence of Bald t e s t s  (which we s h a l l  c a l l  t h e  WALD 

EQUIVALENCE) , Page  was a b l e  t o  o b t a i n  an e x p r e s s i o n  f o r  

t h e  a v e r a g e  run-length of a CUSUH scheme i n  terms of 

the a v e r a g e  r u n - l e n g t h  s f  a Vald test and t h e  

p r o b a b i l i t y  t h a t  a Wald test w i l l  end on t h e  lower 

boundary, 

Let N *  ( s )  b e  t h e  a v e r a g e  r u n - l e n g t h  of a  CDSUH 

p r o c s d u r e  starting from s ,  and l e t  N w 8 ( s ) ,  N u 1  ( s10 )  and 

Nwr ( s t h )  b e  t h e  a v e r a g e  run-length of a Bald  test 

s t a r t i n g  from s, u n c o n d i t i o n a l ,  c o n d 2 t i o n a l  upon the 

test ending on t h e  lower boundary ,  a n d  c o n d i t i o n a l  upon 

t h e  t3st e n d i n g  on t h e  u p p e r  boundary ,  r e s p e c t i v e l y .  

a l s o  let P w ( s l 0 )  b e  t h s  p r o b a b i l i t y  that t h e  test e n d s  

on the 1 o w e r  boundary.  Fcr n o t a t i o n a l  c o n v e n i e n c e  p u t  

M *  = N 1 ( 0 ) ,  M Y *  = B Y * ( O )  and PY = Pv(010) .  

Since the Wald tests ars a p p l i e d  i n d e p e n d e n t l y ,  

the p r o b a b i l i t y  t h a t  r a c c e p t a n c e  t e s t s  occur before 

the first rejection test is a  geometric random v a r i a b l e  

w i t h  p r o b a b i l i t y  mass f u n c t i o n  

P 
P[R = r ]  = Pm.(1 - Pw). 
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The e x p e c t e d  v a l u e  of R is thus 

R 1  = Pw/(l - Pw). 

It f o l l o w s  t h a t  t h e  average r u n - l e n g t h  of a CUSUM 

scheme is g i v e n  by 

I n  words,  N1 i s  e q u a l  t o  t h e  a v e r a g e  number of 

sccaptance tests before the first rejection t e s t ,  times 

the average r u n - l e n g t h  of a n  acceptance test, p l u s  t h e  

a v e r a g e  r u n - l e n g t h  of a r e j e c t i o n  test, U s i n g  the f a c t  

that 

t h e  a b o v e  z q u a t i o n  can be re-expressed as 

N' = NwI/(l - Pw). 

Thus N q  can b e  computed i f  N u 1  and Pn a r e  

o b t a i n a b l e .  I t  is known (see, f o r  example, v a n  Dobben 

d e  Bruyn, l968), t h a t  N w l  and Pw can be o b t a i n e d '  as 
4 

s o l u t i o n s  of a pair  o f  integral e q u a t i o n s .  L e t  F(x) be 

t h e  distribution f u n c t i o n  of the o b s e r v a t i o n s ,  which  

may b e  d i s c r e t e  or continuous. Then N w  ( s )  s a t i f  ies 
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t h e  i n t e g , r a l  equation 

and Pv (s) satisfies t h e  i n t e g r a l  equation 

where 0 <= s < h and the integral is a Stieltjes 

i n t e g r a l .  These e q u a t i o n s  can be d e r i v e d  by 

c o n d i t i o n i n g  on the first o b s e r v a t i o n .  

Page a l s o  o b t a i n e d  an approximat ion  t o  the 

r u n - l e n g t h  d i s t r i b u t i o n  of a CUSUH test when Pw is 

nearly 1 ( 5 .  when there is a  h i g h  p r o b a b i l i t y  t h a t  

t h e  component Hald tests  w i l l  end on t h e  l o v e r  

boundary) . f f Wfsj i s  t h e  random variable r e p r e s m t i n g  

t h e  r u n - l e n g t h  of a CUSUR schsme s t a r t i n g  from s (with  

lo = N f O j ) ,  and i f  G(n;s) = P [ N [ s ]  <= n] (with G(n) = 

P[H <= n I ) ,  t h m  Page showed t h a t  

as Pa -> 1, where 

Another result which Page s t a t e d  is t h a t  i f  two 
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i n d e p e n d e n t  CUSUH schemes  of t h i s  type are o p e r a t e d  

s i m n l t a n ~ o u s l y ,  then, u s i n g  the above' a p p r o x i m a t i o n  t o  

the r u n - l e n g t h  d i s t r i b u t i o n  of a CUsUM scheme, the 

r u n - l e n g t h  of the combined scheme is d i s t r i b u t e d  a s  the 

minimum of two i n d e p e n d e n t  random v a r i a b l e s . .  

Using t h i s  result, i t  c a n  b e  shown t h a t  t h e  f o l l o w i n g  

r e l a t i o n s h i p  must h o l d  between t h e  average r u n - l e n g t h  

o f  t h e  combined  scheme, say N*, a n d  t h e  a v e r a g e  

r u n - l e n g t h s  of  t h e  c o a p o n e n t  schemes ,  s a y  8 '  (1 )  a n d  

Page i n t r o d u c e d  t h e  f o l l o w i n g  r u l e  i n  order t o  

derive an a l t e r n a t i v e  i n t e g r a l  e q u a t i o n  f o r  t h e  average 

r u n - l e n g t h  of a CUSUM scheme. 

C o a p u t e  s(n) a s  i n  r u l e  1, e x c e p t  set s ( O )  = s ,  

where 0 <= s < h.  Take action if e i t h e r  

(a) s(n) >= h and s(i) > 0 ,  for i E [ l , n - 1 1 ,  

or  (b) s ( n )  - m i n [ s ( i )  ] >= h. 

An i n t e g r a l  e q u a t i o n  for t h i s  scheme, which 
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g e n e r a l i z e s  r u l e  1,  is  g i v e n  by 

1 

T h i s  i n t e g r a l  e q u a t i o n  c a n  a l s o  be d e r i v e d  by 

c o n d i t i o n i n g  o n  t h e  first o b s e r v a t i o n .  

The f o l l o w i n g  r u l e  is a TMO-SIDED CUSUH scheme; 
,/ 

t h a t  is, it can be u s e d  t o  d e t e c t  b o t h  a n  i n c r e a s e  a n d  

a d e c r e a s e  i n  t h e  parameter be ing  c o n t r o l l e d .  

RULE 4: 

D e f i n e  s(n) a s  i n  r u l e  1 and  t a k e  a c t i o n  if 

e i t h e r  

s j n )  - m i n [ s ( i )  3 >= h* 

Thus ,  t h e  t w o - s i d e d  scheme is composed o f  two 

o n e - s i d e d  schemes ,  and  an  o u t  of control s i g n a l  i s  

produced  i f  e i t h e r  the c u m u l a t i v e  sum rises above  its 

p r e v i o u s  minimula by an amount  h', o r  f a l l s  below its 

p r e v i o u s  maximum by a n  amcunt  h a w ,  

The p r o p e r t i e s  o f  this CUSUH s c h e m e  were not 

investigated by ~ a i j e ,  b u t  he  stated t h a t  it i s  p o s s i b l e  

t o  d e r i v e  i n t e g r a l  e q u a t i o n s  for the a v e r a g e  r u n - l a n g t h  
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B d r e c t l y  a n d  i n  terms of component  Wald tests, a s  i n  

t h e  c a s e  of a o n e - s i d e d  scheme, I n  t h i s  t h e s i s  we 

s h a l l  c o n c e n t r a t e  m a i n l y  o n  o n e - s i d e d  CUSUH schemes.  

An i n t e r e s t i n g  o b s e r v a t i o n  made by  P a g e  i s  t h a t  i f  . 
t h e  scores, x(1)  , x ( 2 ) ,  . . . are l o g - p r o b a b i l i t y  r a t i o  

s t a t i s t i c s ,  

a n d  i f  t h e  p a r a m e t e r  c i n c r e a s e s  from c = c ( 0 )  t o  

c = c(1) a t  t h o  p o i n t  t', t h e n  t h e  tinae c o r r e s p o n d i n g  

t o  t h e  minimum of t h e  c u m u l a t i v e  sum, s(n), is  t h e  

maximum-l ikel ihood e s t i m a t o r  of the c h a n g e - p o i n t  t*. 

I n  a d d i t i o n  t o  c h a r a c t e r i z i n g  a  CUSUH s c h e a s  a s  a  

s e q u e n c e  of v a l d  tests ,  Page a l s o  r e c o g n i z e d  t h a t  a 

CUSUB schsme can be trsated  a s  a  random walk betwssn an 

a b s o r b i n g  b a r r i e r  a t  h and a h o l d i n g  ( r e f l e c t i n g )  

b a r r i e r  a t  zero. T h i s  equiva lence  has proven  t o  be a  

u s e f u l  a n a l y t i c a l  t o o l ,  and  we s h a l l  refer t o  i t  a s  t h e  

B A N D O H  WALK EQUIVALENCE. 

Page a l s o  made a number of o t h e r  s i g n i f i c a n t  

contributions t o  b o t h  t h e  t h e o r y  a n d  p r a c t i c e  of 

cumulatfva sum tests (most of h i s  important p a p e r s  a r e  

l i s t a d  i n  t h e  b i b l i o g r a p h y ) ,  b u t  we d o  rot i n t e n d  t o  

f o c u s  on h i s  o t h e r  r e s u l t s  i n  t h i s  t h e s i s ,  
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SECTION 2.2: RESULTS OF EHAN AND KEUP 

I n  a series of p a p e r s  (Ewan a n d  Kemp, 1960; Ewan, 

1963; Kemp, l 9 6 l - l 9 7 l ) ,  U.D. Ewan and  K.U. K e m p  

e x t e n d e d  b o t h  t h e  t h e o r y  and  methodology  of CUSUH 

s e q u e n t i a l  c o n t r o l  p r o c e d u r e s .  The 1963 p a p e r  b y  ' ~ u a n  

is  recommended as an  i n t r o d u c t i o n  t o  t h e  methodology ,  

a n d  t h e  1971 paper  by Kemp is recommended a s  a 

r i g o r o u s  t r e a t m e n t  of t h e  t h e o r y .  Host of t h e  r e s u l t s  

which we r e v i e w  i n  t h i s  section a r e  c o n t a i n e d  i n  

t h e i r  j o i n t  1960 paper .  

S t a r t i n g  w i t h  t h e  f o l l o v i n g  recursive e q u a t i o n  for 

t h e  r u n - l e n g t h  p r o b a b i l i t i e s  

which was o b t a i n e d  b y  c o n d i t i o n i n g  on t h e  first 

observation, Ewan and  Kemp showed t h a t  t h e  moment 

g e n e r a t i n g  function, 8' (t;s), of t h e  randoia va r i ab l e  

?I[ s] satisfies the recursive e q u a t i o n  
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It i s  e a s y  t o  e s t a b l i s h  t h i s  r e s u l t  by n o t i n g  t h a t  

t h e  d e f i n i t i o n  of M e  (t; s) is 

If both s i d e s  of t h e  r e c u r s i v e  e q u a t i o n  f o r  ~ { n ; s j  

a r e  multiplied by exp[n.t] and then summed o v e r  n ,  t h e  

r e c u r s i v e  e q u a t i o n  for (t;s) is o b t a i n e d .  

BY r e p e a t e d l y  d i f f e r e n t i a t i n g  t h e  r e c u r s i v e  

e q u a t i o n  for Mi{t;s) wi th  r e s p e c t  t o  t and s e t t i n g  t = 

0, it is  p o s s i b l e  t o  d e r i v e  i n t e g r a l  e q u a t i o n s  which 

t h e  moments of N[s] m n s t  satisfy. For example, 

d i f f a r e n t i a t i n g  o n c e  a n d  s e t t i n g  t = 0 we get 

h 
N' (s) = I + W 1  (0) .P ( - s )  + / H i  (x) .dP (x-s) , 

which is  t h e  i n t e g r a l  e q u a t i o n  f o r  N 1  (s) o b t a i n e d  

by Paglj, S i m i l a r l y ,  i f  N 1 e  (s) is  t h e  second moment of 

N[ s], we must  h a v e  

+ f N *  (x) . dl? (x-s) . 
An i n t e r e s t i n g  o b s e r v a t i o n  made b y  Ewan and  Kemp 

i s  that if we are u s i c g  a CUSUM c o n t r o l  p r o c e d u r e  t o  

detsct an  increase i n  t h e  mean, m g ,  of t h e  
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o b s e r v a t i o n s ,  and  i f  t h e  mean does i n c r e a s e ,  a r o u g h  

a p p r o x i m a t i o n  t o  t h e  a v e r a g e  run-length of t h e  CDSUH 

scheme is  g i v e n  by 

N' = 9 + h/m@, ( a p p r o x i m a t e l y )  . 
They d i d  not a t t e m p t  t o  j u s t i f y  t h i s  a s s e r t i o n .  

By s o l v i n g  t h e  i n t e g r a l  equation f o r  N v  with a 

number of different p a r a m e t e r  v a l u e s ,  Euan and Kenp I 

c o n s t r u c t e d  a nornograin which c a n  be  u s e d  t o  d e t e r m i n e  

the  average run-length of a CUSUB scheme, g i v e n  t h e  

p a r a m e t e r  v a l u e s .  They assuiaed t h a t  t h e  o b s e r v a t i o n s  

are n o r m a l l y  d i s t r i b u t e d .  A t a b l e  of the a v e r a g e  

r u n - l e n g t h s  of CDSUB schemes for selected p a r a m e t e r  

v a l u e s  ( a s suming  normality and  a standard d e v i a t i o n  

of  1) is available i n  the book b y  van Dobben de Brupn 

( 1  968) 

Based o n  a n  a n a l y s i s  of t h e i r  nomogram, Euan and  

Kemp obssrved that i f  a reference v a l u e ,  k, is 

s u b t r a c t e d  from each o b s e r v a t i o n ,  a n d  i f  we want  the 

average r u n - l e n g t h  a t  m @  = a' (a) t o  be  f i x e d  a t  some 

v a l u e ,  s a y  C ,  t h e n  t h e  a v e r a g e  r u n - l e n g t h  at m s  = m e  (r) 

is minimized  by  choosing 

'In the above ,  m 1  (a) i s  a n  a c c e p t a b l e  p a r a m e t e r  
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v a l u e ,  m 1  (r) is  a r e j e c t a b l e  p a r a m e t e r  v a l u e ,  and  fo r  

c o n v s n i e n c e  we assume m 1  (r) > m e  (a) .  T h i s  o b s e r v a t i o n  

h a s  been t h e o r e t i c a l l y  j u s t i f i e d  by b o t h  R e y n o l d s  

(1 975) a n d  Bagshav a n d  J o h n s o n  ( 1 9 7 5 ~ )  , . 

It h a s  been p o i n t e d  o u t  by Bissel l  (1968) t h a t  

t h i s  v a l u e  of k is n o t  n e c e s s a r i l y  o p t i m a l  ( even  ' 

a p p r o x i m a t e l y )  ff the v a r i a n c e  of the o b s e r v a t i o n s  

c h a n g e s  when t h e  mean changes .  

It i s  also p o s s i b l e  t o  express H1 (t; 0 )  a s  a 

function of t h e  moment g e n e r a t i n g  function, #u* ( t ; O  10) 

o f  a Vald test  which, s t a r t i n g  f roa  zero, ends o n  t h e  

lower bounda ry ,  and t h e  moment g e n e r a t i n g  f u n c t i o n ,  

Mu*(t;OlH), of a Bald test which, starting from zero, 

e n d s  o n  t h e  u p p e r  boundary.  T h e  f u n c t i o n a l  

relationship is 

The most s t r a i g h t f o r w a r d  way of  o b t a i n i n g  t h e  

a b o v e  r e s u l t  is  t o  make u s e  of another fuoctional 

r e l a t i o n s h i p  which Ewan and  Kemp e s t a b l i s h e d .  L e t  

P w ( m ; O j O )  be  t h e  p r o b a b i l i t y  t h a t  a  simple Mald test 

starting from zero will end on t h e  lower b o u n d a r y  i n  a  

s t e p s ,  a n d  l e t  Pw (m;Ol h) be  t h e  c o r r e s p o n d i n g  

p r o b 3 b i l i t y  t h a t  it e n d s  o n  t h e  u p p e r  boundary  i n  m 

steps. Then by e n u m e r a t i n g  a l l  t h e  possible ou tcomes  

of the wald tests of which the coSUH c o n t r o l  
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p r o c e d u r e  is composed,  i t  follows t h a t  

That is0 t h e  event t h a t  t h e  CUSUR c o n t r o l  

p r o c e d u r e ,  s t a r t i n g  from zero, e n d s  on t h e  n p p s r  ' 

b o u n d a r y  in n steps is e q u i v a l e n t  t o  t h e  e v e n t  t h a t  a 

Wald t e s t  s t a r t i n g  from zero e n d s  o n  t h e  u p p e r  b o u n d a r y  

in n s t e p s ,  or i t  ends on t h e  lower b o u n d a r y  i n  pa s t e p s  

a n d  i s  f o l l o w e d  by a Wald test  which ends on t h e  upper  

b o u n d a r y  in n-m steps, for  some ta E [l,m-11. 

If ue multiply t h e  a b o v e  e q u a t i o n  by e x p [ n , t ]  a n d  

sum over n, we o b t a i n  the f u n c t i o n a l  r e l a t i o n s h i p  

between W '  ( t ; O ) ,  PIwl ( t ; 0 1 0 )  a n d  Hu* ( t ; O l h )  . Be n o t e  i n  

p a s s i n g  t h a t  i t  must  b e  p o s s i b l e  t o  derive the 

r e l a t i o n s h i p  between 8' a n d  N w r  obtained by Page  and  

mentioned i n  s e c t i o n  1 b y  d i f f e r e n t i a t i n g  H a  (t;O) with 

r e s p e c t  t o  t and s e t t i n g  t = 0. 

we sse from t h e  above r e s u l t  t h a t  o n e  way to f i n d  

P(n;O) is t o  f i rs t  f i n d  Pw(m;O]O) and Pw(m;Oih), a n d  

t h z n  t o  employ  t h e  r e l a t i o n s h i p  between these 

quantities, Ewan and Remp showed t h a t  Pu(m;O] 0) and  

Pv(m;Ofh)  s a t i s f y  a p a i r  o f  integral equations, which 

we s h a l l  r e p r o d u c e  below. L e t  
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where S[ 0 1  = s and a >= 1, 

By c o n d i t i o n i n g  on  the first o b s e r v a t i o n  a f t e r  

~ [ n - 1 1  (i.e. X[n]) , we f i n d  that the f o l l o w i n g  

r e c u r s i v e  e q u a t i o n  h o l d s  

G i v e n  t h i s  method of c o m p u t i n g  B(n,x;s)  

r e c u r s i v e l y ,  the q u a n t i t i e s  Pw(m;010) and  Pu(m;O/h) can 

b e  found  by means of the e q u a t i o n s  

Pw(m;O{O) = dH(m,u;O), a n d  I 

r e s p e c t i v e l y ,  The first e q u a t i o n  compu te s  a l l  

the p o s s i b l e  rays in which a Wald t es t ,  starting from 

0, c a n  r e a c h  the lower boundary i n  m s t e p s ,  w h i l e  the 

s e c o n d  e q u a t i o n  c o m p u t e s  a l l  t h s  p o s s i b l e  v a y s  i n  

which t h e  u p p e r  boundary can be reached  i n  m s t e p s .  

Besides demonstrating several  v a y s  i n  which t h e  

e x a c t  r u n - l e n g t h  d i s t r i b u t i o n  o f  N c a n  be o b t a i n e d ,  

Enan and Kemp a l s o  d e r i v e d  an  a s y m p t o t i c  a p p r o x i m a t i o n  

t o  t h e  d i s t r i b u t i o n .  By repeatedly d i f f e r e n t i a t i n g  t h e  

momen t -gene ra t i ng  f u n c t i o n  of N ' ,  M 8 ( t ; O ) ,  t h e y  were 

a b l e  t o  show t h a t  if N 1  i s  l a r g e ,  the v a r i a n c e  o f  N is 

a p p r o x i m a t e l y  t h e  s q u a r e  of N@, s o  t h a t  it is 
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s e a s o n a b l e  to  a n t i c i p a t e  t h a t ,  except for s m a l l  v a l u e s  

of n ,  

Gin) = 1 - exp (- (n - l ) /Nc )  (approximate ly)  . 
An important i m p l i c a t i o n  o f  t h i s  result, which 

Evan and Kenp p o i n t e d  out, is  t h a t  when W e  is  l a r g e ,  

t h e  distribution of l4 is completely determined by I*., 

T h i s  fact r e - i n f o r c e s ,  and justifies, in an a s y m p t o t i c  

s e n s e ,  t h e  stateaent made i n  the p r e v i o u s  c h a p t e r  that 

the average  rnn- length is a very important q u a n t i t y  i n  

the s t u d y  of s e q u e n t i a l  control procedures .  

I n  his 1961 paper ,  Kemp e s t a b l i s h e d  that a  useful 

r e l a t i o n s h i p  e x i s t s  between a * ,  B 8  (1 )  and 1' ( 2 ) ,  where 

It is the average run- l ength  of Page's two- s ided  CUSlx4 

procedure ,  a n d  N' ( I )  and Ng (2) are t h e  average 

run-lengths o f  the  two one-sided procedures  of which i t  

is composed, Recall that Page's  two-sided procedure 

signals a t  t h e  first n s u c h  t h a t  either 

s ( n )  - mint s(i) ] >= h f  

o r  m a x [ s ( i ) ] - s ( n )  >= h". 

Kemp showed  t h a t  if h' = h m  = h, t h e n  
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 his r e s u l t  was later proved by Reynolas (1975). . 
The f o l l o w i n g  a l t e r n a t i v e  methods of computing 

P(n;O),  Pw and E' were prov ided  by Kemp i n  his 1971 
r n\ 

paper: ( H, = H ( A , + ~ )  

00 
Pw = ~ H ( ~ , O ; O ) ,  and 

i= l 

The first two e q u a t i o n s  are e s t a b l i s h e d  by enumeration 

a n d  t h e  last e q u a t i o n  follows from t h e  fact  t h a t  

N' = NaS/ ( l  - Pw), 

and from t h e  d e f i n i t e o n  of Nu*. 

Ewan and Kemp a l s o  made a number of other 

c o n t r i b u t i o n s  t o  t h e  theory and p r a c t i c e  of  CUSUH 

c o n t r o l  procedures ,  but  we s h a l l  not d i s c u s s  these 

r e s u l t s  i n  t h i s  t h e s i s  a s  they are no t  p e r t i n e n t  t o  our  

main t o p i c .  
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SECTION 2 .3:  RESULTS OF BROOK AND EVANS 

D, Brook and D . B .  Evans (1972) e x p l o i t e d  t h e  

ranilorn walk, e q u i v a l e n c e  t o  d e v e l o p  methods o f  o b t a i n i n g  

the moments a n d  r u n - l e n g t h  d i s t r i b u t i o n  of a CUSUM 

s c h e a e ,  T h e i r  method is t h e o r e t i c a l l y  a p p l f c a b l e ' t o  

a n y  s e q u e n c e  of cumulative sums of i . 5 . d .  d i s c r e t e  

random v a r i a b l e s ,  and a s  an  a p p r o x i m a t i o n  t o  i,i.a. 
I 

c o n t i n n o a s  random variables as well. They treated t h e  

d i f f e r e n t  p o s s i b l e  values o f  the, c u r n u l a t i  ve sums as 

s t a t e s  o f  a Harkov chain, w i t h  b being a n  absorbing 

state and zero being a r e f l e c t i n g  state, They d e r i v e d  

t h e  t r a n s i t i o n  p r o b a b i l i t y  matrix of t h e  c h a i n ,  a n d  

based o n  t h i s  they determined t h e  moments and  

r u n - l e n g t h  d i s t r i b u t i o n  of the  CUsU8 scheme. They a l s o  

o b t a i n e d  a n  a s y m p t o t i c  a p p r o x i m a t i o n  t o  t h e  run-length 

distribution. 

where 0 < w < h/m, r (mtl) = r ( h )  by d e f i n i t i o n ,  and 

r (0). . . , s 1 )  form a p a r t i t i o n  of t h e  r e a l  line. 
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The t r a n s i t i o n  probabilities may be d e f i n e d  in the 

where i,j = 0, I ,  .,,, m + 1  and P ( h , j )  = P ( m + l , j ) , '  

P ( i 8 h )  = P (i,in+l) by d e f i n i t i o n ,  Thus, the transition 

p r o b a b i l i t y  m a t r i x ,  A ,  is  g i v e n  by 

P ( h f i )  = 0 (i = 0,1, ..., m), 
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Using  t h e  midpoint  o f  the i n t e r v a l  ( ( i - 1 )  .w,i.w] 

a s  a token  p o i n t  for t h e  i n t e r v a l ,  we find that the 

rewain ing  t r a n s i t i o n  probabi l i t ies  a r e  approximated by 

i = 1.2, ..., irt and j = 0,1, ..., m+1. 

He s h a l l  now d i s c u s s  some of t h e  r e s u l t s  of Brook 

and Evans. Let  if be the r u n - l e n g t h  of S[n] starting 

from state i, l e t  N' (i) b e  the a v e r a g e  run-length, and 

l e t  N (k; i )  ! b e  t h e  kth f a c t o r i a l  moment o f  N[ i]; t h a t  

is ,  

In p a r t i c u l a r ,  N (1 ;i) J = Nc ( 3 . ) .  

I f  B is the matr ix  o b t a i n e d  b y  d e l e t i n g  the l a s t  

row and l a s t  column of A ,  and if g is an (m+ 1 x 1 )  

column sector with components (0) , 8' (1) , . . . , f J t  (m) , 
t h e n  Brook and Evans showed that a matrix e q u a t i o n  for 

is given by 

where I is an (m+l x m + l )  identity matrix and J,is 
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a n  (m+l x 1) column v e c t o r  of o n e s .  . . 

Note  t h e  s i m i l a r i t y  be tween  t h i s  f o r m u l a  a n d  t h e  

formula f o r  t h e  mean of a g e o m e t r i c  d i s t r i b u t i o n .  I f  

we o b s e r v e  a s e q u e n c e  of i n d e p e n d e n t  t r i a l s  w i t h  a 

f i r e d  p r o b a b i l i t y ,  p, of s u c c e s s  on e a c h  t r i a l ,  t h e n  

t h e  p r o b a b i l i t y  t h a t  t h e  first f a i l u r e  o c c u r s  on t r i a l  

t is g i v e n  by 

t-4 
P I T  = t] p~ (1-p).  

The mean of T,  say T*, is g i v e n  by 

The s i m i l a r i t y  referred t o  a b o v e  s h o u l d  now be 

o b v i o n s ,  Be s h a l l  see t h a t  t h e r e  are more s imi lar i t ies  

between t h e  p r o p e r t i e s  of the r u n - l e n g t h  d i s t r i b u t i o n  

of a  C U s U B  scheme a n d  t h e  g e o m e t r i c  d i s t r i b u t i o n .  

NOTE: The v a r i a b l e s  R a n d  T a r e  bo th  g e o m e t r i c  

random v a r i a b l e s ,  b u t  they have different means because 

t h e y  h a v e  been d e f i n e d  d i f f e r e n t l y .  P[R=r ] i s  ths 

p r o b a b i l i t y  of o b t a i n i n g  t h e  f i rst  f a i l u r e  on  t h e  

(r+l)st t r i a l ,  and  P I T = t ]  i s  t h e  p r o b a b i l i t y  o f  

o b t a i n i n g  t h e  first f a i l u r e  on trial t. Thus ,  
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If  we define &(k) ! t o  b e  t h e  (a+(  x 1) c o l u m n  

v e c t o r  w i t h  c o m p o n e n t s  N(k;O)!,  N ( k ; l ) l ,  ..., N-(k;m)!, 

t h e n  Brook and E v a n s  showed t h a t  

Once a g a i n ,  there is a striking s i m i l a r i t y  between 

t h i s  recursive r e l a t i o n s h i p  and the o n e  t h a t  holds 

between t h e  f a c t o r i a l  moments of  a geometric r a n d a n  

v a r i a b l e .  If T( lr ) !  is  t h e  k t h  f a c t o r i a l  inonrent of a 

geomstric random v a r i a b l e ,  

( I -p )  .T (k) ! = k , p , T  (k-1) !. 

which is  o b v i o u s l y  of  the  same form a s  the 

precsdfng  matrix e q u a t i o n .  , 

By s u c c e s s i v e  s u b s t i t u t i o n  we o b t a i n  the f o l l o w i n g  

explicit form for t h e  k t h  f a c t o r i a l  moment of k, where 

J, = [ N E O j ,  ..., EJCm]]: 

1 A-r 
(1-3) .N (k) ! = k! * B * k  

CY 

T h i s  e q u a t i o n  is  a n a l a g o u s  t o  the f o l l o w i n g  

equation w h i c h  holds f o r  the k t h  f a c t o r i a l  moment of a 

geometric random v a r i a b l e :  

A 44 
(1-p)  .T (k )  ! = k! .p .  
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L e t  g,(n) be t h e  @ + I  x 1 )  column v e c t o r  w i t h  

components P (n;O), P ( n ; l )  , .. ., P(n;m). Then Brook and 

Evans  showed t h a t  a r e c u r s i v e  e q u a t i o n  for g ( n )  i s  

g i v e n  by 

f o r  n  = 2, 3, ... By s u c c e s s i v e  s u b s t i t u t i o n s  we 

discover t h a t  

T h i s  i s  o b v i o u s l y  of t h e  same form as the 

p r o b a b i l i t y  f u n c t i o n  for the geoaetric  random v a r i a b l e ,  

T (see a b o v e ) .  

If we define Ji(n) to be the ( m + l  x 1 )  column 

vector with components G (n;O) , G (n; I ) ,  . . . , G (n;m) , 
t h e n  Brook and Evans s t a t e  t h a t  &(n) s a t i s f i e s  t h e  

f o l l o w i n g  matrix equation: 

h 
GJn) = ( I -  %).An= 1, 2,  ... 

The geometric random v a r i a b l a  T satrsfies a 

u n i v a r i a t e  analogue of t h e  above e q u a t i o n .  
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Brook and Evans  used t h e  f o l l o w i n g  argument  to 

e s t a b l i s h  their  asymptotic r e s u l t s :  

By t h e  P e r r o n - P r o b e n i u s  Theorem (Cox a n d  ~ i l l e r ,  

1965,  p 1 2 0 ) ,  i f  B i s  i r r e d u c i b l e  and  p r i m i t i v e ,  t h e n  . 
B has  a unique naximum eigenvalue q > 0 ,  and 

c o r r s s p o n d i n g  t o  q t h e r e  e x i s t s  two p o s i t i v e  

e i g e n v e c t o r s  , X] and K2, such t h a t  

If VA and J& are n o r m a l i z e d  s u c h  t h a t  Vx. VA = 1 , 
then (Cox and h i l l er ,  1965, p a g e  123) 

n B/P-> V1.V2* 
f i -  

(n -> i n f i n i t y ) .  

L e t  v l ( i ) ,  712(1), i = 0,  1, . .m be the 

components  of V J  a n d  V2, respectively, and l e t  

c = fz v2 (i) ].J,Je . * i s 0  

Then by making use  of t h e  a b o v e  f a c t s ,  i t  can be 

shown t h a t  the above matrix e q u a t i o n s  for x, #Ik) !, 
&(n) and an) converge to 
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CHAPTER 3 

RESULTS OF B A G S H A U  A N D  J O H l S O I  

I n  s e c t i o n  1 o f  t h i s  c h a p t e r  we r e v i e w  some t o p i c s  

f rom time series a n a l y s i s  which serve a s  background  

material for t h e  subjects c o v e r e d  i n  the f o l l o w i n g  two 

s e c t i o n s .  S p e c i f i c a l l y ,  we l o o k  a t  the s o - c a l l e d  

Box-Jenkins method of m o d e l l i n g  B R I R A  time series,  a 

number of p r o p e r t i e s  of #iener p r o c e s s e s ,  a n d  a  

f u n c t i o n a l  c e n t r a l  l i m i t  theorem. I n  t h e  n e x t  s e c t i o n  

we review ths work of Bagshaw and  Johnson  on  the 

problem of d e t e c t i n g  an  i n c r e a s e  i n  t h e  mean of an A R H A  

p r o c s s s .  T h e  l a s t  s e c t i o n  d e a l s  w i t h  t h e  c o m p l i m s n t a r y  

problem of d e t e c t i n g  a c h a n g e  i n  an a u t o r e g r e s s i v e  or 

moving a v e r a g e  p a r a m e t e r .  The work of some o t h e r  

a u t h o r s  o n  relatea p r o b l e m s  is a l s o  d i s c u s s e d .  



page  5 4  

S E C T I O N  3 . 1  : REVIEW OP SOME T O P I C S  PROH 

TIRE S E R I E S  A N A L Y S I S  

PBRT 1: The Box- Jenk ins  Bethod 

Much of t h e  r e c e n t  work of Bagshaw and  J o h n s o n  

(3.g. 1975a, 19771, is based on t h e  a s s u m p t i o n  t h a t  

t h e  s t o c h a s t i c  p r o c e s s  being c o n t r o l l e d  f o l l o w s  a n  A R a A  

n o d s l .  S i n c e  we intend t o  review t h e i r  work l a t e r  on - 

i n  this c h a p t e r ,  i t  is  a p p r o p r i a t e  t h a t  we first 

d i s c u s s  t h e  c l a s s  of A R M 4  time series models,  The inost 

p o p u l a r  n e t h o d  of fitting A R H A  models t o  t ime series 

da t a  i s  u n d o u b t e d l y  the s o - c a l l e d  Box-Jenkins  msthod,  

s o  we h a v e  d e c i d e d  t o  present o u r  discussion of A R H A  

m o d e l s  i n  t h e  context o f  t h i s  method, 

Box and Jenkins ( 1 9 7 6 )  have d e v e l o p e d  a method o f  

forecasting time series which  t h e o r e t i c a l l y  p r o d u c e s  

u n c o r r e l a t e a  one - s t ep -ahead  f o r e c a s t  errors. I n  this 

s e c t i o n  we s h a l l  o n l y  describe those a s p e c t s  of t h e  

Box-JenkLns method which are r e l e v a n t  t o  t h e  e n s u i n g  

d i s c u s s f o n .  

Glven a  time series, XICt], t = 1, 2, ..,, t h e  

B o x - J e n k i n s  method consists e s s e n t i a l l y  o f  t r a n s f o r m i n g  

t h i s  ssries i n t o  a  s t a t i o n a r y  tine series, X( t 3 ,  t = 1 ,  

2, .,,, fitting a n  AeHA model  t o  t h e  t r a n s f o r m e d  

series, c h e c k i n g  t o  determine i f  t h e  data fits t h e  

model a d e q u a t e l y ,  a n d  either u s i n g  t h e  model t o  p r o d u c e  
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f o r e c a s t s  or choosing another n o d e l  and repeating the 

above s t e p s ,  depending  on  whether the f i t  i s  a d e q u a t e  

or n o t ,  , 

Box and J e n k i n s  s u g g e s t  d i f f e r e n c i n g  t h e  time 

series a s u f f i c i e n t  number of times to i n s u r e  

s t a t i o n a r i t y .  T h a t  is, set t h e  Xf t j series e q u a l  'to 

tho d t h  d i f f e r e n c e  of t h e  X l f  t] series, 

X f t ]  = q d J : x I f t ] . .  

Dfd]: is the DIFFERENCE OPERATOB and c a n  b e  

d e f i n e d  r e c u r s i v e l y  i n  t h e  f o l l o u i n g  manner: 

D[ 1 3 : X l [ t ]  = X l I t ]  - X 1 [ t - I ] ,  

D [ 2 ] : X l [ t ]  = Df 1 I : X l f  t3 - D[ 1  ]:Xl[t-l 1, 

Repeatea differences can also sometimes be used  t o  

s l iminate  a s e a s o n a l  effect, a l t h o u g h  i n  t h i s  c a s e  t h e  

p e r i o d i c i t y  of t h e  time series must be taken into 

account .  The number of differences, d ,  i s  u s u a l l y  

c h o s e n  by repeatedly d i f f e r e n c i n g  the X l [ t f  time seriss 

u n t i l  the a u t o - c o r r e l a t i o n s  g e n e r a t e d  by t h e  X [ t  J tima 
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Lf Ap]:, = 1 - a(l).T[l]: ... - a(p).T[g]:, 

and . 

Tf a]: Xf t] = X[ t - m ]  is the BACKSHIFT OPERATOR. 

If the Xf t J -time series fo l lows  an ARHBf p,q ,  Ap,Bgt] 

model, and  i f  i t  was obtained from the XI[tj  time 

series by d i f f e r e n c i n g  t h e  latter time series d times, 

then t h e  X f f t ]  time series is said t o  •’0116~ an 

AUTOREGRESSIVE-INTEGRATED-MOVING AVERAGE, 

A R I M A l  p ,d ,q ,  Ap,Bq], aodel. 

Box and Jenkins (1976) show that if the roots of 

the operator equation, 

(treating Tf at]: a s  the mth power of a continuous 

v a r i a b l e ,  T ) ,  a l l  l i e  outside of the unit circle,  the 

ARHA procsss LS STATIONARY and may be represented by 

t h e  GENERAL L I N E A R  PBOCESS ( G L P ) ,  . 
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In t h e  above equation,  

and the sequence of constants, C = [c(l), c ( 2 )  , . .. J 

can be found by expanding R[BqI:/L[ Bp]: i n  

a s c e n d i n g  v a l u e s  o f  TCm]:, la = 1, 2, .. and equating 

c o r r e s p o n d i n g  terms in 

S i m i l a r l y ,  i f  t h e  roots of the o p e r a t o r  equation, 

a l l  lie o u t s i d e  of t h e  u n i t  circle,  t h e  ARBA p r o c e s s  

i s  said t o  be INVERTIBLE and may b e  r e p r e s e n t e d  by the 

GENERAL RUTOREGBESSIVE PROCESS (GAP) , 

where 
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a n d  t h e  s e q u e n c e  of c o n s t a n t s ,  D = [ d ( l ) ,  d ( 2 ) .  . . . ] 
c a n  be f o u n d  by e q u a t i n g  c o r r e s p o n d i n g  terms i n  

GAPlD]: = L[Ag]:/RIBq]:s. 

Box a n d  J e n k i n s  generally as sume  that t h e  ARHA 

t sods l  for t h e  time series, X[ t], is both s t a t i o n a r y  a n d  

i n v e r t i b l e .  

The o r d e r  of t h e  A B M A  model can be c h o s e n  by 

e x a m i n i n g  t h e  a u t o - c o r r e l a t i o n  a n d  p a r t i a l  

a u t o - c o r r e l a t i o n  f u n c t i o n s  of t h e  t i n e  series,  a s  

s u g g e s t e d  by Box and Jenkins ( c h a p t e r  6), o r  by some 

o t h e r  method (see t h e  p a p e r s  by Ozak i ,  1977; #cClave ,  

1975; Gray,  K e l l e p  a n d  H c I n t i r e ,  1978) , Box and  

~ e n k i n s  ( c h a p t e r  7) d i s c u s s  a n u a b e r  03 e s t i m a t i o n  

methods,  i n c l u d i n g  a ~ a y e s i a n  a n d  a n  a p p r o x i m a t e  

maximum l i k e l i h o o d  a p p r o a c h .  A n s l e y  (1979) h a s  worked 

o u t  t h e  d e t a i l s  of a n  exact maximum l i k e l i h o o d  

a p p r o a c h ,  and Ans l ey  e t  a l ,  (1977) , have d e v e l o p e d  a n  

a l g ~ r i t h m  which c a n  b e  u s e d  t o  s i m u l t a n e o u s l y  find a 

s u i t a b l e  Box-Cox t r a o s f o ~ m a t i o n  of t h e  d a t a  a n d  t o  

e s t i m a t e  t h e  p a r a ~ e t e r s  o f  t h e  model. 

L e t  X ' [ t ; t O ]  and  Ee[t;tO] be t h e  c o n d i t i o n a l  

t x p e c t a t i o n s  o f  X[ t J a n d  E[ t], r e s p e c t i v e l y ,  g i v e n  

i n f o r m a t i o n  u p  t o  time to. Then Box and  Jenkins show 

i n  c h a p t e r  5 t h a t  the minimum mean-square e r r o r  

f o r e c a s t ,  X f [ t ; t O ' ] ,  of X [ t )  a t  time t o  is  g i v e n  by 
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where for t-to > 0 ,  

and 

I [ ' [ t ; t O ]  = X [ t ] ,  t-to <= 0 ,  

E q [ t ; t O ]  = X [ t ]  - Xf[t;t-11, t - t o  <= 0 ,  

E ' [ t ; t O ]  = 0. t - t o  > 0 *  

The above recursion s e l a  tioaships are usually 

initiated by s u b s t i t u t i n g  zero for unknown v a l u e s  of 

X * [ t ; t O ]  and E'f t ; t O ] .  The effect of t h e s e  

a p p r o x i m a t i o n s  on t h e  forecasts i s  negligible for 

s u f f i c i s n t l y  l ong  time series. 

T h s  a u t h o r s  a l s o  show that the corresponding 

foracast error, E f [ t ; t O ] ,  is given by 
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where t' = to + 1, I n  p a r t i c u l a r ;  t h e  o n e - s t e p - a h e a d  

f o r e c a s t  error is s i n p l y  

a n d  s i n c e  Ef 3.1, E[ j], are i n d e p e n d e n t  f o r  i not equal 

t o  j, t h e  one - s t ep -ahead  f o r e c a s t  errors a r e  

u n c o r r e l a t e d ,  

The above  r e s u l t s  c o n c e r n i n g  t h e  f o r e c a s t  errors 

are based o n  t h e  a s s n m p t i o n  t h a t  t h e  model u s e d  t o  

f o r e c a s t  t h e  time series i s  t h e  same a s  t h e  model used 

t o  g s n e r a t e  the time ssries. I n  p r a c t i c e ,  t h i s  w i l l  

s e ldom i f  ever be  the c a s e ,  A more g e n e r a l  

r e l a t i o n s h i p  between t h e  o n e - s t e p - a h e a d  f o r e c a s t  errors 

a n d  t h e  white-noise s e q u e n c e ,  when t h e  f o r e c a s t i n g  a n d  

g e n e r a t i n g  models are n o t  t h e  same, was g i v e n  by 

Bagshaw a n d  Johnson (1977) a n d  i s  r e p r o d u c e d  below. 

Suppose  t h a t  a s tochas t ic  p r o c e s s ,  X[ t], is 

g e n e r a t e d  by t h e  s t a t i o n a r y  and i n v e r t i b l e  

ARklA[ p,q,  Ap,Bq] a o d e l  

Suppose  f u r t h e r  that t h e  f o l l o w i n g  s t a t i o n a r y  and 

i n v e r t i b l e  ARflA[p(l) , q  ( I ) ,  Bp(1) , B q  ( 1) ] model, w h i c h  we 

s h a l l  c a l l  l3ODEL 1, i s  f i t t e d  t o  t h e  d a t a :  
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where 

and 3 1 C t )  is t h e  sequence of one-step-ahead forecast 

errors g e n e r a t e d  by t h i s  model. Then by a 

s t r a i g h t f o r w a r d  substitution, 

-. Defining 

and 
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= I - b q l )  .T[l 'j:  - . * ,  - bB(q ' ) .T [q ' ] : ,  

where p' <= p + q ( l )  a n d  q B  <= q + p ( l ) ,  we see t h a t  

the E l [  t] and  EC t] s e q u e n c e s  are r e l a t e d  by t h e  

ARMA[pB,q*,Apl,Bq*] model, 

If the fit is e x a c t ;  that is, i f  model 1 is 
\ 

i d e n t i c a l  to the true model,  then L[ Apl: = L[ Ap (1)  1: 

a n d  Rf Bq]: = Rf B q  (1 )  I:, so that 

Thus, t h e  one - s t ep -ahead  f o r e c a s t  errors f o r  t h e  

fitted model  will b e  u n c o r r e l a t e a  i f  and  only i f  t h e  
I 

fit is e x a c t ;  otherwise t h e y  will f o l l o w  an RRHs model. 

PART 2: P r o p e r t i e s  o f  niener Processes and  a 

F u n c t i o n a l  C e n t r a l  L i m i t  Theorem 

Host o f  the results p r e s e n t e d  i n  t h e  r e m a i n d e r  of 

t h i s  chapter a r e  based on  t h e  f a c t  t h a t  u n d e r  a f a i r l y  

b r o a d  sst of c o n d i t i o n s  a  n o r m a l i z e d  s e q u e n c e  of 

p a r t i a l  s u n s  of random v a r i a b l e s  c o n v e r g e s  t o  a Wiener 

p r o c e s s ,  C o n s e q u e n t l y ,  i n  t h i s  p a r t  o f  s e c t i o n  1 we 



page 64 

b r i e f l y  review some u s e f u l  background m a t e r i a l  

concerning Uiener processes and discuss a f u n c t i o n a l  

central l i m i t  theorem, 

L e t  a[ t3, t E [ 0 ,  i n f i n i t y ) .  b e  a WIENEB PROCESS 

wi th  H E A N  PARAMETER V 9 ,  VARIANCE PARAHETER E l v *  and 

I N I T I A L  VALUE w ( i f  U 9  = 0 ,  U 9 @  = I ,  t h i s  is  c a l l & d  a 

STANDARD WIENER PROCESS). Then U[ t J has t h e  following 
\ 

p r o p e r t i e s  (see, for example, Cox and Biller, 1965): 

The increments 81 t (1)  J - V[t (2) 1, W[ t (3) 1 - 
W[ t ( 4 )  ] are independent  i f  t h e  intervals (t ( 1 )  ,t ( 2 )  ) , 
(t (3) , t ( 4 )  ) do n o t  overlap.  
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Por f i x e d  t, lW[ t j is normally d i s t r i b u t e d ,  and t h e  

j o i n t  d P s t r i b u t i o n  of li[ t (1) 1, . . . , U[ t (n) j, where 

t ( I ) ,  . . . , t (n) are f i x e d  numbers i n  (0, i n f i n i t y ) ,  is 

mult ivar iate  normal. 

The t r a n s i t i o n  p r o b a b i l i t y  d e n s i t y  of W[ t 1, 

T (V[ t ] ;u)  , satisfies t h e  p a r t i a l  differential 

e q n a t i o n ,  

If W [ t ]  h a s  an absorbing barr ier  at h and a 

re f l e c t in g  barrier at zero, T ( W [  t ];n) is s u b j e c t  to 

t h e  c o n s t r a i n t s  
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under  t h e  above-stated c o n d i t i o n s ,  the probability 

d e n s i t y  of t h e  first p a s s a g e  tine (PPT) of P[t f t o  t h e  

a b s o r b i n g  barrier h is g i v e n  by 

The Laplace transform, L (x;w) , of t h e  first 

passage time distribution s a t i s f i e s  t h e  differential 

e q u a t i o n  

(W1'/2). d'C + 88 .  d4 =..,, 
dw' dw 

nher t?  x is the dnmay variable. The boundary 

conditions a r e  
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Before we i n t r o d u c e  t h e  c e n t r a l  l i m i t  t heo rem,  i t  

is first n e c e s s a r y  t o  d e f i n e  a few terms. B s t o c h a s t i c  

p r o c e s s  is s a i d  t o  be STRICTLY STATIONARY i f  f o r  any  

f i x e d  numbers, t (1) .  t ( 2 ) ,  . . ., t (n) , i n  t h e  domain of 

X[ t], the j o i n t  d i s t r i b u t i o n  of X[ t (1) 3, X[ t ( 2 )  1, . . . , 
X[t(n)  ] d e p e n d s  o n l y  on t h e  d i f f e r e n c e s ,  t ( i )  - t ( j ) ,  

i , j  E [ l , n ] .  I n  o t h e r  words,  i f  a l l  t h e  f i n i t e  j o i n t  

p r o b a b i l i  t y  d i s t r i b u t i o n s  of X[t ] are  i n d e p e n d e n t  of 

t h e  time origin, t h e n  X f t ]  i s  s t r i c t l y  s t a t i o n a r y ,  

L e t  X[ t f be a s t r i c t l y  s t a t i o n a r y  s t o c h a s t i c  

p r o c e s s ,  and s u p p o s e  t h a t  t h e r e  e x i s t s  a s e q u e n c e  of 

c o n s t a n t s ,  p y ( 0 ) ,  p l ( l ) ,  ..., c o n v e r g i n g  t o  zero, s u c h  

that 

is bonnded by p y  (n) , w h e r e  r (i) a n d  r ( j)  a r e  

a r b i t r a r y  non-empty s u b s e t s  i n  t h e  r a n g e  of XI t]. Then 

X[ t ]  i s  s a i d  t o  be a P H I - H I X I W G  s t o c h a s t i c  p r o c e s s .  

The i m p l i c a t i o n  of t h i s  d e f i n i t i o n  i s  t h a t ,  f o r  

s u f f i c i e n t l y  l a r g e  n, the ' p r e s e n t 9  e v e n t ,  X[tj E r (i), 

is e f f e c t i v e l y  i n d e p e n d e n t  o f  t h e  ( p a s t y  event,  X[t-n] 

E r ( j )  . 
The f o l l o w i n g  theorem may b e  found  i n  B i l l i n g s l e y  

(1968,  p a g e s  182-190). 
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oa 4 
E(pl(i)) < infinity, 
&O 

0 < W t l  < infinity, 

00 k Z(E[ ( Y [ O ] - Y U O ,  j 1) 1) < i n f i n i t y .  

Then as n -> I n f i n i t y ,  ~ ' [ t  J converges i n  

d i s t r i b n t i o n  t o  a standard Wiener process, W[ t j. 



p a g e  70 

SECTION 3.2: CONTROLLIIG THE MEAN OF AN ARBA PBOCESS 

B common a s s u m p t i o n  of mos t  s e q u e n t i a l  c o n t r o l  

p r o c e d u r e s  is t h a t  t h e  random variables  generated by  

the s t o c h a s t i c  p r o c e s s  which is  b e i n g  c o n t r o l l e d  a r e  

i n d e p e n d e n t  a n d  i d e n t i c a l l y - d i s t r i b u t e d .  T h i s  i s ' n o t  

a l w a y s  a r e a s o n a b l e  a s s u m p t i o n .  T h e  s t o c h a s t i c  

p r o c e s s e s  i n  which we are u s u a l l y  i n t e r e s t e d  are  

m a t h e m a t i c a l  mode l s  for o b s e r v e d  phenomena ( e . g ,  

i n d u s t r i a l  p r o c e s s e s  o r  d i f f u s i o n  p r o c e s s e s  or  economic  

p r o c e s s e s ,  etc,) and a s  s u c h  s h o u l d  b e h a v e  i n  a manner  

u h i c h  c o i n c i d e s  w i t h  o u r  o b s e r v a t i o n s ,  a t  l e a s t  i n  a n  

a p p r o x i m a t e  s e n s e ,  Since many r e a l - w o r l d  phenomena, by 

t h e i r  v e r y  n a t u r e ,  or  b y  some a r t i f a c t  i n t r o d u c e d  by 

t h e  o b s e r v e r ,  g e n e r a t e  a u t o - c o r r e l a t e d  o b s e r v a t i o n s ,  i t  

would t h e r e f o r e  seem u n r e a s o n a b l e  t o  model these 

phenomena a s  white-noise p r o c e s s e s ,  

I n  a series o f  p u b l i c a t i o n s  between 1974 a n d  1977, 

n. Bagshaw a n d  R.A .  J o h n s o n  o b t a i n e d  a number of 

r e s u l t s  which may p r o v e  t o  be  u s e f u l  i n  the a n a l y s i s  of 

CUSUB s ch2mes  w i t h  d e p e n d e n t  random v a r i a b l e s ,  Hare 

s p e c i f i c a l l y ,  t h e x  assumed  t h a t  t h e  random v a r i a b l e s  

being a c c u m u l a t e d  f o l l o w  a  s p e c i f i e d  A R M A  time s e r i e s  

model, and  b a s e d  o n  t h i s  a s s u m p t i o n  a n d  t h e  work o f  

B i l l i n g s l s y  ( l 9 6 8 ) ,  D a r l i n g  a n d  S i ~ g e r t  (1953) a n d  

Sweet  and  Harden (1970 ) ,  t h e y  showed t h a t  t h e  s e q u m c e  

of c u m u l a t i v e  sums converges t o  a Wiener p r o c e s s ,  a n d  
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t h e y  o b t a i n e d  a s y m p t o t i c  a p p r o x i m a t i o n s  t o  t h e  

r u n - l e n g t h  d i s t r i b u t i o n  and t h e  average r u n - l e n g t h ,  

I n  t h i s  s e c t i o n  we c o n s i d e r  t h e  problem of 

d e t e c t i n g  an increase i n  t h e  mean, a 8 ,  of a s e q u e n c e  of . 

random v a r i a b l e s  which f o l l o w s  the ARI IAC p,q, Ap,Bq 1 

model,  

T h e  p a r a m e t e r  m *  (1)  i s  t h e  target value of a ' ,  

T h s  o p e r a t o r s  L[ Ap]: and R[ Bq J: are d e f i n e d  a s  i n  

s e c t i o n  1; that is, 

whare T[m]:X[t] = X[ t - m ]  is t h e  b a c k s h i f t  o p e r a t o r  

a n d  Bp = [ a l l ) .  ..., a ( p )  1, B q  = [ b ( l ) ,  ..., b i q )  j a r e  

two vec to rs  o f  c o n s t a n t s .  EL t ]  fs a  sequence of i.i.d 

random v a r i a b l e s  w i t h  a mean o f  zero a n d  a  v a r i a n c e  of 

E' '. 
S u p p o s e  t h a t  we a p p l y  P a g e ' s  one-sided CUSUPl 

p r o c e d u r e  t o  c o o t r o l  the mean of t h i s  p r o c e s s .  Recall 

that t h i s  p r o c e d u r e  s i g n a l s  t h a t  t h e  p r o c e s s  i s  out  of 

control a t  t h e  first n such t h a t  
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where n >= 1, i <= n, h > 0 and S[n] is given by 

s[O] = 0 by d e f i n i t i o n ,  

Note t h a t  we a r e  s u b t r a c t i n g  m' (1) from e a c h  

o b s e r v a t i o n ,  and we are assuming that t h e  r e f e r e n c e  

v a l u e ,  k ,  is  equal to zero, which i s p l i e s  t h a t  t h e  

e x p e c t e d  va lue  of S I R ]  w i l l  be z e r o ,  We c o n s i d e r  

the Dore general (and u s e f u l )  c a s e  when k > 0 

s u b s e q u e n t l y ,  

One possible way o f  obtaining an a s y m p t o t i c  

approx imat ion  to  t h e  run- length  d i s t r i b u t i o n  o f  t h i s  

CUSU!! procedure  is t o  f i r s t  o b t a i n  an a s y m p t o t i c  

approximat ion  to S[n], say S 1 [ f  1, and then to  f i n d  t h e  

e x a c t  r u n - l e n g t h  distribution of s'[$ 1. T h i s  is  i n  

fact t h e  way t h a t  Bagshaw and Johnson o b t a i n e d  t h e i r  

a s y m p t o t i c  approximat ion .  I n  Appendix 2 of  their 1974h 

paper,  t h e y  showed t h a t  i f  we d e f i n e  n1 t o  be t h e  

l a r g e s t  I n t e g e r  innt ,  where 0 <= t <=: I , and 
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t h e n  a s  n -> f n f i n i t y ,  s * [ *  ] c o n v e r g e s  t o  a 

Wiener p r o c e s s ,  #[ t], with  a mean parameter of zero and 

and a v a r i a n c e  p a r a n e t s r  of U*'. 

I n  o r d e r  t o  p r o v e  t h i s  result t h e y  showed t h a t  

S'[ n' ] s a t i s f i e s  t h e  c o n d i t i o n s  of B i l l i n g s l e y  's 

f u n c t i o n a l  c e n t r a l  limit t h e o r e n  (1 968,page 182-190). 

T h e i r  r e s u l t  h o l d s  true for a general w h i t e - n o i s e  

p r o c e s s  ( n o t  n e c e s s a r i l y  n o r n a l ) ,  Note t h a t  a l t h o u g h  

s[ n3 i s  d e f i n e d  o n l y  on the non-negat ive  integers, the 

L i m i t i n g  sliener process, ki[tJ, is defined for all real 

0s esr.  
Having o b t a i n e d  an asymptot - ic  approximat ion  to 

S[n], t h e y  t h e n  considered t h e  problem of o b t a i n i n g  t h e  

e x a c t  run- l ength  d i s t r i b u t i o n  and average  run- l ength  of 

t h i s  approximat ion ,  As a  f irst  s t e p  i n  t h i s  

d i r e c t i o n ,  t h e y  n o t e d  t h a t  when t h e  mean of  t h e  Wiener 

process is z e r o ,  
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have  t h e  same d i s t r i b u t i o n ,    his r e s u l t  can  b e  found 

i n  K a r l i n  (1966, page 281). Thus, t h e  r u n - l e n g t h  

(first p a s s a g e  time) d i s t r i b u t i o n  of U C t ]  - 
inffmuml q s ] ]  to h, which we s h a l l  c a l l  u ( t ; O )  , is 
equal to  the d i s t r i b u t i o n  of t h e  f i r s t  time t h a t  IW[ t ] l  

crosses h .  

D a r l i n g  and S i e g e r t  (1953) o b t a i n e d  t h e  Laplace  

t r a n s f o r m  of u( t ;O)  and i n v e r t e d  t h i s  transform to 

o b t a i n  u(t;O). The t rans form,  L(x;O,h),  (x is t h e  

aummy v a r i a b l e )  with i n i t i a l  value z e r o  i s  given by 

and the first p a s s a g e  time d i s t r i b u t i o n  is  g i v e n  

w h s r e  

no (i) = (w* I )  9 hr (i e v e n ) ,  

t 
= - (Y 1 ) 4 h 0  (i odd), 

By differentiating the n e g a t i v e  of t h i s  t r a n s f o r a  
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and s e t t i n g  x = 0, Bagshaw and Johnson  f o u n d  t h a t  t h e  

e x p e c t e d  f i r s t  p a s s a g e  time of l n [ t ] l  t o  h, s a y  U*, is 

equal  t o  

Of course, t h e  h 2 g h e r  o r d e r  moments of u ( t ; O )  

c o u l d  also b e  found i n  a s i ~ i l a r  manner. 

C o n s i d e r  now the problem i n  which  Sin] i s  

r e - d e f i n e d  as 

where k > 0 .  If re set  s * [ * ]  = S[n*] / (n  $ t h a n  

t h e  f l i e n e r  p r o c e s s  a p p r o x i m a t i o n  still h o l d s ,  except 

t h a t  the p r o c e s s  now has a v a r i a n c e  p a r a m e t e r  of a * *  . 
and a mean parameter of 

when t h e  process i s  i n  c o n t r o l ,  and 

8' = m *  - k 

when t h e  process i s  o u t  of c o n t r o l .  

I n  t h i s  c a s e  i t  is  n o  l o n g e r  trne t h a t  W[ t] - 
infimum[H[s]  ] and ]WE t ] i  h a v e  the same d i s t r i b u t i o n ,  so  
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t h a t  a  new a p p r o a c h  'is n e c e s s a r y .  S i n c e ,  a s  p o i n t e d  

o u t  by  P a g e  (1954) ,  a CUSUM p r o c e d u r e  is e q u i v a l e n t  t o  

a random walk  be tween  a r e f l e c t i n g  b a r r i e r  a t  z e r o  a n d  . 
an  a b s o r b i n g  b a r r i e r  a t  h, it is  n o t  u n r e a s o n a b l e  t o  

e x p e c t  t h a t  t h e  c o r r e s p o n d i n g  p r o c e d u r e  i n v o l v i n g  a 

wiener p r o c e s s  i s  e q u i v a l e n t  t o  a c o n t i n u o u s  random 

walk (i.e. d i f f u s i o n  p r o c e s s )  between t h e  same 

b a r r i e r s .  Bagshaw a n d  Johnson  p r o v e d  that t h i s  i s  i n  

f a c t  true i n  Appendix 1 of t h e i r  197Sa pape r .  So they 

r e a u c e d  t h e  problem of f i n d i n g  t h e  first p a s s a g e  time 

d i s t r i b u t i o n  of W [ t ]  - in f imuw[e[s ] ]  t o  h  when k > 0 

t o  t h e  p rob lem of f i n d i n g  t h e  first p a s s a g e  time 

d i s t r i b u t i o n  of a V i e n e r  process between  a r e f l e c t i n g  

b a r r i e r  a t  z e r o  and an  a b s o r b i n g  b a r r i e r  a t  h, 

T h i s  l a t t e r  problem h a s  been  s o l v e d  by Sweet a n d  

Harden (1970) ,  although, a s  p o i n t e d  o u t  b y  Bagshaw and  

Johnson ,  t h e r e  is  an i n c o r r e c t  c o n s t a n t  i n  t h e i r  

e x p r s s s i o n .  T h e  c o r r e c t  e q u a t i o n ,  t a k e n  from Bagshaw 

and J o h n s o n  ( 1 9 7 5 a ) ,  is g i v e n  by 

where 

2 
QO [t) = ( 5 1 '  ' /h) .exp[ (Wc/Ur * )  . h - (we) .t/(2.~**) ]# 
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Z 
432 (t) = 1 + (We/ (ha U *  * )  ) I s i n h  (q' ah) /9*) 8 

and q ( 1 )  < q(2)  < . . .  are t h e  s o l u t i o n s  of t a n ( q . h )  = 

-q.W1*/U* and q* is the s o l u t i o n  of tanhfq'h) = 

-qv.R(*/V*. 

A s  m e n t i o n e d  i n  s e c t i o n  1 ,  t h e  moment generating 

f u n c t i o n  of t h e  Wiener process can be o b t a i n e d  a s  the 

solution of a d i f f e r e n t i a l  equation wi th  appropr ia te  

boundary c o n d i t i o n s .  Bagshav and J o h n s o n  (1975a0 

Appendix 2) s o l v e d  t h i s  d i f f e r e n t i a l  e q u a t i o n ,  

fo l lowing  t h e  treatment ia Cox (1968) .  The s o l u t i o n  

{with i n i t i a l  v a l u e  zero) is 

where 
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L 1 (x)  = L3 (x) - L4 (x) , 

L2(x) = L3(x) .exp[ h.b4 (x) ] - L 4  (x) .exp[h. L3(x) 1, 

The e x p e c t e d  first p a s s a g e  time of V[tf c a n  b e  

o b t a i n e d  from t h i s  tranform, and Bagshaw and Johnson 

found t h a t  it  is 

U' = h/5it. ( l / c ) , f e x p [ - c ]  - 1 + c], 

where 

This l a t t e r  r e s u l t  was o b t a i n e d  i n d e p e n d e n t l y  by 

Reyno lds  ( l 9 7 5 ) ,  although h e  assumed t h a t  t h e  

o b s e r v a t i o n s  are independent  and h e n c e  d i d  n o t  obtain 

t h e  same v a l u e  of w *  8 ,  

Baghsaw and Johnson ( 1 9 7 5 ~ )  u s e d  t h e  above  

expression for t h e  expected first p a s s a g e  time of W[t] 

t o  s h o ~  t h a t  i f  h and k a r e  c h o s e n , s u c h  t h a t  U *  i s  

e q u a l  t o  a p r e s c r i b e d  constant, s a y  A *, when m' = 
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m 1  ( I ) ,  t h e n  t h e  v a l n e  of U 9  c o r r e s p o n d i n g  t o  a n y  o t h e r  

v a l u e  of n' > m e  (1) , s a y  m' (2 ) ,  is minimized by t a k i n g  

k = ( m r  (1) + m'(2) ) /2 ,  

a n d  c h o o s i n g  h such t h a t  U '  = 8' a t  t h i s  v a l u e  o f '  

k .  R e y n o l d s  (1375) showed t h a t  a  s imi la r  r e s u l t  h o l d s  

a p p r o x i m a t e l y  f o r  a two-s ided  CUSUfl scheme. Both of 

these resolts were o b t a i n e d  by c o n s t r a i n e d  m i n i n i z a t i o n  

of  t h e  e x p r e s s i o n  for  U'. R e c a l l  from chapter 2 t h a t  

Ewan and  Kemp (1960) o b t a i n e d  t h e  same r e s u l t  by a n  

a n a l y s i s  of t h e i r  nomogram for  t h e  a v e r a g e  r u n - l e n g t h  

of a CUSUM scheme with  i n d e p e n d e n t  normal  random 

v a r i a b l e s .  

Bagshaw a n d  J o h n s o n  (197%) also s t u d i e d  t h e  

effect of  e s t i m a t i n g  t h e  s t a n d a r d  d e v i a t i o n  on t h e  

a v e r a g e  r u n - l e n g t h  of a  CUSUM scheme. Their a n a l y s i s  

showed t h a t  t h e  a v e r a g o  r u n - l e n g t h  i s  s e n s i t i v e  t o  

minor  v a r i a t i o n s  i n  t h e  v a l u e  o f  t h e  s t a n d a r d  d e v i a t i o n  

a n d  that t h i s  s s n s i t i v i t y  is g r e a t e r  whan k > 0 than 

when k = 0 ,  However, b y  a v e r a g i n g  U' o v e r  t h e  

d i s t r i b u t i o n  o f  t h e  e s t i m a t e s  (assum5ng i . i , d ,  no rma l  

o b s e r v a t i o n s ) ,  they d i s c o v e r e d  t h a t  e v e n  t h o u g h  t h e  

v a l u e s  o f  U 1  o p t a i n e d  b y  u s i n g  estimates of the 

s t a n d a r d  d e v i a t i o n  d i f f e r e d  s i g n i f i c a n t l y  from t h e  true 

v a l u s s  of U8, when k > 0 t h e s e  d i f f e r e n c e s  a p p e a r e d  t o  

be i n  t h e  ' r i g h t  d i r e c t i o n 1 .  For s m a l l  v a l u e s  o f  m e  - 
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m e  (1) ,  t h e  e s t i m a t e d  v a l u e s  o f  U '  t e n d e d  t o  

o v e r - e s t i m a t e  t h e  t r u e  v a l u e s ,  w i t h  t h e  r e v e r s e  case 

b e i n g  t r u e  fo r  large v a l u e s  of m g  - m g  (1) . I n  q u a l i t y  

c o n t r o l  a p p l i c a t i o n s ,  it is g e n e r a l l y  d e s i r a b l e  t o  have . 

large a v e r a g e  r u n - l e n g t h s  when t h e  p r o c e s s  is i n  

c o n t r o l ,  and small average run-  lengths when t h e  p r o c e s s  

is o u t  of c o n t r o l ,  so t h a t  from this p o i n t  of view the 

d i f f e r e n c e s  are i n  the ' r i g h t  d i r e c t i o n g .  

B e f o r e  c o n c l u d i n g  t h i s  s e c t i o n  we s h o u l d  men t ion  

t h a t  N a d l e r  and  Robbins  (1971) o b t a i n e d  a s y m p t o t i c  

U i e n s r  process a p p r o x i m a t i o n s  t o  t h e  r u n - l e n g t h  

d i s t r i b u t i o n  and t h e  a v e r a g e  r u n - l e n g t h  of Page ' s  

two-s ided  CUSUM p r o c e d u r e ,  They  assumed t h a t  t h e  

o b s e r v a t i o n s  are i n d e p e n d e n t ,  a n d  t h a t  the scheme is 

symmetr ic ;  t h a t  is, h g  = h l *  = h. Under these 

c o n d i t i o n s ,  they proved t h a t  Page1  s t vo-s ided  p r o c e d u r e  

is  e q u i v a l e n t  t o  t h e  p r o c e d u r e  which signals a t  the 

first  n s u c h  t h a t  

F o l l o w i n g  the same line of reasoning a s  Bagshaw 

a n d  Johnson, t h e y  a p p r o x i n a t e d  S t  n] w i t h  a  w i e n e r  

process, a n d  t h e n  obta iaed  t h e  t r a n s i t i o n  p r o b a b i l i t y  

dansity of t h e  r a n g e  of a Hienet p r o c e s s ,  from whence 

t h s y  o b t a i n e d  the first  passage time d i s t r i b u t i o n .  

They a l s o  derived t h e  moment g e n e r a t i n g  f u n c t i o n  o f  t h e  
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first p a s s a g e  t i m e  d i s t r i b u t i o n ,  a n d  from t h i s  t h e y  

d e d u c e d  t h e  e x p e c t e d  first p a s s a g e  time. 
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SECTION 3,3: CONTROLLING AN AUTOREGRESSIVE OR H O V I N G  

A V E R A G E  P A R A R E T E B  O F  AN A R M E  PROCESS 

I n  t h i s  s h o r t  s e c t i o n  we s h a l l  c o n s i d e r  t h e  

problem o f  s e q u e n t i a l l y  c o n t r o l l i n g  a n  a u t o r e g r e s s i v e  

o r  moving a v e r a g e  p a r a m e t e r  of an A R H A  p r o c e s s .  V e r y  

l i t t l e  l i t e r a t u r e  exists o n  me thods  of h a n d l i n g  this 

problem,  P h a t a r f o d  (1971) d e v e l o p e d  a n  SPRT for 

t e s t i n g  t h e  a u t o r e g r e s s i v e  p a r a m e t e r  of a first o r d e r  

a u t o r e g r e s s i v e ,  AR ( I )  , p r o c e s s ,  a n d  h e  derived 

a s y a p t o t i c  e x p r e s s i o n s  f o r  its noment g e n e r a t i n g  

f u n c t i o n  a n d  o p e r a t i n g  c h a r a c t e r i s t i c  cu rve .  As 

p o i n t e d  o u t  i n  c h a p t e r  1, a n  SPRT c a n  be u s e d  a s  a 

two-s ided  s e q u e n t i a l  c o n t r o l  p r o c e d u r e ,  so P h a t a r  f o d ' s  

SPRT c a n  be a p p l i e d  t o  c o n t r o l  t h e  a u t o r e g r e s s i v e  

parameter of a n  A R  (1) p r o c e s s ,  I n  a n  n n p n b l f s h e d  

p a p e r ,  Box and  Jenkins (1966) (a l so  see c h a p t e r  4 of 

Bagshau, 1974a)  d e s c r i b e d  a n  a p p r o x i m a t e  SPRT f o r  

testing t h e  moving a v e r a g e  p a r a m e t e r  of a first o r d e r  

i n t e g r a t e d  moving a v e r a g e ,  HA ( I ,  1) , p r o c e s s .  The  

method d e s c r i b e d  be low a p p l i e s  t o  b o t h  of these c a s e s ,  

and i n  a d d i t i o n  t o  many c a s e s  i n  which t h e y  d o  n o t  

a p p l y .  Bagshaw a n d  J o h n s o n  (1977) i n t r o d u c e d  a CUSUPI 

p r o c e d u r a  which can ( t h e o r e t i c a l l y ,  a t  leas t )  be  u s e d  

t o  c o n t r o l  a n  a u t o r e g r e s s i v e  o r  moving a v e r a g e  

p a r a m e t e r  o f  a s t a t i o n a r y  a n d  i n v e r t i b l e  A R H A  p r o c e s s .  

A c t u a l l y ,  their method a p p l i e s  t o  a n  a r b i t r a r y  ARIHA 



page 83 

p r o c e s s  a s  w e l l ,  a l t h o u g h  i t  is necessary t o  make 

c e r t a i n  r e s t r i c t i v e  a s sumpt ions  i n  t h i s  case. 

Suppose that a time series, X[t], f o l l o w s  t h e  

s t a t i o n a r y  and invertible A R I 8 A  (p,d,q,Ap,Bq) model 

where L[ Ap]: and R[ Bq]: a r e  t h e  o p e r a t o r s  

d e s c r i b e d  i n  t h e  p r e v i o u s  section, E[t] is  a sequence 

o f  i . i . d ,  random v a r i a b l e s  wi th  a mean of zero and a 

v a r i a n c e  of Eql, and Y[ t ]  is  t h e  d t h  d i f f e r e n c e  of 

X[tI; t h a t  is 

Suppose f u r t h e r  t h a t  two alternative s t a t i o n a r y  

and i n v e r t i b l e  ARIHB models  for t h e  p r o c e s s ,  

where f o r  5 = 1 ,  2 ,  
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and 

and El[t] and E 2 [ t  J are t h e  one-s tep-ahead 
I 

forecast errors generated by the models. Note t h a t  it 

is assuned that the degree of d i f f e r e n c i n g ,  d ,  is t h e  

same in all three inodels, Now d e f i n e  

L I A p '  J: = L I : A p 3 : R [ B q ( l )  J:, 

. R [ B q * ] :  = l ; [Ap(l)  ]:R[Bq]:, 

Rf  B q l *  1: = Lf Ap (2) ]:R[BqJ:,  

Ap8 = [ a *  ( I ) ,  .... a * ( p 8 )  1, 



page 85 

+ q, q" = p ( 2 )  + q,  and t h e  e l e m e n t s  of Ap', Apq ', 
Bq' , Bq" are deternined by equating coef f i c i e n t s  ' i n  

t h e  above d e f i n i t i o n s .  

S u b s t i t u t i n g  for Y[ t ]  i n  moaels 1 and 2 ,  it is  not 

diff i c n l t  t o  show t h a t  t h e  f o l l o w i n g  r e l a t i o n s h i p s  must 

e x i s t  between E[t ] ,  E 1 [ t ]  and E q t ] :  

T h a t  is ,  E11t3 and E 2 [ t 3  a r e  b o t h  A a t l A  p r o c e s s e s  

r e l a t e d  t o  t h e  same w h i t e - n o i s e  p r o c e s s ,  b u t  w i th  

d i f f e r e n t  o p e r a t o r s .  Moreover, since the Y[ t ] time 

s e r i ~ s  is s t a t i o n a r y  and i n v e r t i b l e ,  the  EICt] and 

E 2 [ t ]  tine series w i l l  a l so  be s t a t i o n a r y  and 

i n v e r t i b l e .  T h i s  i n  t u r n  i m p l i e s  (Box and J e n k i n s ,  

1976,  c h a p t e r  1 )  t h a t  E 1 [ t ]  and E2[ t ]  have  t h e  g e n s r a l  

linear p r o c e s s  r e p r e s e n t a t i o n s :  
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where 

and 

The slemsnts of C' and c" are obtained 

by e q u a t i n g  c o e f f i c i e n t s  in GLP[ C '  1: = R[ B q '  ]:/LC Apt 1: 

a n d  GLP[c" 1: = R[ B q * '  ]:/El Apt* I:, respectively, 

Box and Jenkins (1976, page 131)) show that the elements 

of C' can b e  d e t e r m i n e d  recursively i n  t h e  following 

way: 

c' {j)  = a' ( I )  .c* ( j - 1 )  *.. .+ a' (p)  .c* ( j -p )  - bt (j) , 

where c t  (j) = 0 ,  j < 0 ,  c n  (0) = 1 and b l ( j )  = 0, 

1 > j > q .  The e l e m e n t s  of C" can b e  determined i n  

t h e  same way, 

Note that if L[Ap( l )  1: = L[Ap]: and R [ B q ( l )  1: = 

R[ B q f : ,  t h e n  El [  t] = El t], for all t, with a s i m i l a r  
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r e s u l t  holding for E2[ t 1, Other wise, both  s e q u e n c e s  

w i l l  b e  a u t o c o r r e l a t e d  and c r o s s c o r r e l a t e d .  

Let 81 be t h e  h y p o t h e s i s  t h a t  Ap = Ap(1) , Bq = 

B q ( l ) ,  and l e t  H 2  be  t h e  h y p o t h e s i s  t h a t  Ap = Ap(2) , B q  . 

= Bq (2). D e f i n e  t h e  cumulative sun ,  SzCn], a s  

where 

2 2 
Z [ t ]  = E l f t ]  - E2Ct]m 

Bagshav and Johnson s u g g e s t e d  that i f  it is 

d e s i r e d  t o  s e q u e n t i a l l y  d e t e c t  a change i n  t h e  

parameter v e c t o r  (Ap,Bq) away from (Ap ( I ) ,  Bq (1) ) and 

towards {Ap (2)  ,Bq(2) ) , then P a g e ' s  r u l e  1 CUSUfl 

c o n t r o l  procedure  s h o u l d  be  a p p l i e d  to Sz[n], 

I n  o r d e r  to  approximate  the  r u n - l e n g t h  

d i s t r i b u t i o n  o f  t h i s  CUSUrl scheme, Bagshan and Johnson 

o b t a i n e d  a Viener p r o c e s s  approx imat ion  t o  Sz[n], and 

then a p p l i e d  the results described i n  t h e  p r e v i o u s  

s e c t i o n ,  Specifically, i n  the Appendix o f  their 1977 

paper  t h e y  showed t h a t  i f  n' is  t h e  l a r g e s t  integer i n  

0 3 0  <= t <=,I. . and 
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t h e n  S Z * [  t ] converges in distribution to a ~riener 

process, Uz[t], with a mean parameter of Uzl and a 

variance parameter of Vz* I. 

In order to o b t a i n  their expressions for Bzl and 

Hz", Bagshav and Johnson made use of the following 

p r o p e r t i e s  of t h e  moments of E l [  t ] and E2[ t 1: 

00 
E[El[t].EZ[t]] = E u .  [c8 (i) . c * * ( i )  3 ,  

i z o  
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( 5 )  If t h e  E[t] sequence is normal, 

4 2 Z 
Ef E l C t l l  = 3, ( E C E 1 l : t f  I), 

( 6 )  If t h e  E C t ]  sequence is normal, 

(7) If t h e  E[t j sequence is normal, 
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The first p r o p e r t y  is a r e s u l t  of tbe f a c t  that 

the E [ t ]  s e q u e n c e  h a s  a mean of z e r o ,  and tRe second ,  

t h i r d  and f o u r t h  p r o p e r t i e s  h o l d  b e c a u s e  t h e  E[ t] are 

i . i . d ,  w i t h  a v a r i a n c e  of El* (which i m p l i e s  t h a t  

E [ E ( t ] . E [ t - i ] ]  = 0 f o r  i not e q u a l  t o  O ) . .  The f i f t h ,  

sixth and  s e v e n t h  p r o p e r t i e s  are uel l -known p r o p e r t i e s  

o f  b i v a r i a t e  normal random v a r i a b l e s  (see, for  exaniple,  

K e n d a l l  and Stuart, Volume 1, page 8 3 ) ,  a n d  i f  t h e  E[ t ] 

s e q u e n c e  is  n o r m l ,  t h e n  f o r  fixed t, El[ t] and E 2 [ t ]  

a r s  b i v a r i a t e  n o r m a l  random variables. 

F o r  n o t a t i o n a l  c o n v e n i e n c e  i n  t h e  f o l l o w i n g  

p r e s e n t a t i o n ,  define, f o r  i, 3 = 1, 2 ,  

h 
Hi (a) = E[ E i [  t 1 1, 

Thus,  f o r  example, 
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u i t h  these conventions, the f o r m u l a s  for nzf  and 

a z 8 @  derived by Bagshaw and Johnson (assuming 

n o r m a l i t y )  are g i v e n  by 

In t h e  s p e c i a l  case that woael 1 is correct ( i . e .  

C* = 0 ) ,  t h e s e  e q u a t i o n s  reduce t o  

If model 2 is correct, t h e  c o r r e s p o n d i n g  e q u a t i o n s  

are 

Since I51 (2) >= E g l  and H2(2) >= Et*, it i s  cLaar 

from the above equations that Wzl will be negative when 

model 1 is correct and positive when model 2 is 
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c o r r e c t .  It is a l s o  c l e a r  from t h e  above  equations 

that uz" d e p e n d s  on Uz*. In t h e  degenerate case when 

b o t h  model 1 a n d  model 2 a r e  correct, t h e n  o b v i o u s l y  

Pz' = Wz" = 0 .  

B e f o r e  c o n c l u d i n g  t h i s  s e c t i o n ,  w e  s h o u l d  point 

o u t  t h a t  t h e  aiener  p r o c e s s  a p p r o x i m a t i o n  o b t a i n e d  b y  

Bagshaw a n d  J o h n s o n  h o l d s  for any w h i t e - n o i s e  s e q u e n c e  

El t] w i t h  a finite f o u r t h  moment a n d  E' = 0 ,  E c c  > 0. 

Also, i t  may be p ~ s s i b l e  t o  improve  t h e  p e r f o r m a n c e  of 

the scheiee by subtracting a r e f e r e n c e  v a l u e  from Szf n]. 

However, s i n c e  the v a r i a n c e  p a r a a e t e r  of t h e  process 

c h a n g e s  when t h e  aean p a r a m e t e r  changes, t h e  o p t i m a l  

r e f e r e n c e  value is n o t  n e c e s s a r i l y  

k = (wzr (1) + azr  (2) 1 1 2 ,  
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ANALYSIS OF RESULTS 

IBTBODUCTIOE 

S e c t i o n  1 of t h i s  c h a p t e r  c o n t a i n s  an a n a l y s i s  of 

some of t h e  r e s u l t s  of Bagshaw a n d  Johnson ,  Pe show 

how t h e  a p p r o a c h  which t h e y  a d o p t e d  i n  t h e i r  3977 p a p e r  

c a n  be a p p l i e d  t o  t h e  problem of d e t e c t i n g  a n  i n c r e a s e .  

i n  the mean of a n  A f U A  p r o c e s s ,  and ue e s t a b l i s h  a 

number of t h e o r e t i c a l  p r o p e r t i e s  of t h e  first p a s s a g e  

tima d i s t r i b u t i o n  of a V i e n e r  p r o c e s s ,  I n  t h e  next 

s e c t i o n  we l o o k  a t  t h e  work of Page,  Brook and  Evans,  

a n d  Ewan and  Keap, The s imilari t ies be tween  t h e i r  

a p p a r e n t l y  dif f e r a n t  a p p r o a c h e s  are  p o i n t e d  o u t ,  and we 

d e m o n s t r a t e  how t h e i r  a s y a p t o t i c  a p p r o x i m a t i o n s  t o  t h e  

r u n - l e n g t h  d i s t r i b u t i o n  of a  CUSUB scheme are 

i n t e r - r e l a t e d ,  A new a p p r o x i m a t i o n  is d e r i v e d  f o r  t h e  

r u n - l e n g t h  d i s t r i b u t i o n  of a CUsUl i  scheme fo r  t h e  c a s e  

i n  which t h e  o b s e r v a t i o n s  are  a n t o r e g r e s s i v e  and  t h e  

p r o c e s s  i s  out of  c o n t r o l ,  I n  t h e  last s e c t i o n  we 

d i s c u s s  some c o m p u t a t i o n a l  a n d  n u m e r i c a l  p r o b l e m s  

and t h e  r e s u l t s  of a Monte Carlo g o o d n e s s - o f - f i t  

study o f  t h e  B i e n e r  p r o c e s s  a p p r o x i m a t i o n .  
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SECTION 4.1 : ANALYSIS OF BAGSHAV-JOBHSOI RESULTS 

In t h i s  sec t ion  we a n a l y z e  some of the:. 

r e s u l t s  e s t a b l i s h e d  by Bagshaw a n d  J o h n s o q  .l% t h e i r ,  

1975a and  1977 papers.  ~ The a n a l y s i s  is r e l a t i v e l y  

s i m p l e  a n d  s t r a i g h t f o r w a r d ,  and Bay be u s e f u l  t o  

someone who w i s h e s  t o  a p p l y  t h e  methods or s t u d y  them 

, theoretically., . 

Part I :  Bn E g u i v a l e n t  CUSUS Scheme f o r  D e t e c t i n g  

a Change i n  t h e  gean of a n  BBBA P r o c e s s  

It is p o s s i b l e  t o  modify the method d e s c r i b e d  i n  

Bagshaw and J o h n s o n  (1977) t o  d e v e l o p  a n  CUSUM scheme , 

for d e t e c t i n g  a c h a n g e  i n  t h e  man of a n  ABBA p r o c e s s  

which is e q u i v a l e n t  t o  t h e  scheme which they advanced  

i n  t h e i r  1975a pape r .  The aeihod proposed b y  Bagshaw . 

a n d  J o h n s o n  i n  t h e i r  197% paper is t o  a p p l y  Page's 

r u l e  1 CUSUB p r o c e d u r e  and t o  approximate its 

r a n - l e n g t h  d k s t r i b u t i o n  and average r u n - l e n g t h  with t h e  

c o r r e s p o n d i n g  first p a s s a g e  time d i s t r i b u t i o n  and  

e x p e c t e d  first p a s s a g e  time of a Viener p r o c e s s  

a p p r o x i m a t i o n  t o  t h e  c u m u l a t i v e  sua 

S[a]  = (XI11 - k) + ... + (X[n] - k), 

On t h e  o t h e r  h a n d ,  i n  their 1977 paper, in which 



page  95 

t h e y  s t u d i e d  t h e  problem of d s t e o t i n g  a c h a n g e  in an 

a u t o r e g r e s s i v e  or  a o v i n g  a v e r a g e  p a r a m e t e r  o f  an  ARHA 

p r o c e s s ,  they proposed  t h a t  Page" r u l e  1 CUSUH 

p r o c e d u r e  s h o u l d  be a p p l i e d  t o  

where 

a n d  E l l  t], E2[ t] a re  the one- s t ep -ahead  f o r e c a s t  

errors fro: models  1 a n d  2, r e s p e c t i v e l y ,  , It is 

na tura l  t o  wonder, t h e r e f o r e ,  whether  the a p p r o a c h  

a d o p t e d  i n  t h e  1977 p a p e r  can be a p p l i e d  t o  t h e  problem 

a t t a c k e d  i n  t h e  1975a paper .  g e  s h a l l  show t h a t  this 

c a n  b e  done, and  t h a t  i n  f a c t  t h e  r e s u l t i n g  schemes  a r e  

e q u i v a l e n t ,  

If w e  are c o n c e r n e d  w i t h  d e t e c t i n g  a n  i n c r e a s e  i n  

the mean of a n  ABHA p r o c e s s ,  a n d  i f  m r  ( I )  a n d  mc (2) 

are t h e  assumed v a l u e s  of . a *  u n d e r  m o d e l s  1 a n d  2 ,  

r e s p e c t i v e l y  (air(2) > 1 )  t h e  * (1) and  ~ ' ( 2 )  are  

two s i m p l e  one - s t ep -ahead  f o r e c a s t s  o f  X [ t ]  fo r  a l l  t, 

if nt = oa '  (2), t h e  f o r e c a s t s  are u n b i a s e d  i f  t h e  

c o r r e s p o n d i n g  models  a r e  correct., The a s s o c i a t e d  

one-s  t ep -ahead  f o r e c a s t  e r r o r s  a t  time t are X i  t ) - a *  (1) 
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and X[t]-m8(2) .  This s u g g e s t s  t h a t  a s i n p l e  method of 

d e t e c t i n g  an inc-rease i n  t h e  mean of an ARNh process, is 
I 

to  app ly  Page's r u l e  1 .CCJSUU procedure .to t h e ,  

c u m u l a t i v e  SUP , , . 

If we d e f i n e  . 

t h e n  SSD[n) can be r e - e x p r e s s e d  a s  

Thus, SSDCn] i s  j u s t  t h e  difference between the 

sum-of -squares  under  models 1 and 2, r e s p g c t i v e l y  

(hence SS1, SS2 and SSD) , and c o n s e q u e n t l y  S S D I n j  is 

p r o p o r t i o n a l  t o  t h e  difference between t h e  

c o r r e s p o n d i n g  sample  v a r i a n c e s .  T h i s  is  an i n t u i t i v e l y  

a p p e a l i n g  r e s u l t ,  a s  i t  is normal ly  c o n s i d e r e d  



d e s i r a b l e  t o  choose t h e  model which produces t h e  

slaalPest  saraple variance,  noreover, i f  model, 1 i s  the :  

c o r r e c t  model, El S D i t ]  3 < 0, and if model 2 is c o r r e c t ,  

E [ S D [ t ] ]  ,> 0, so t h a t  the sample path of SSD[n] w i l l  

, behave i n  t h e  manner suggested b y  Page. ,. 

It i s  f a i r l y  easy t o  shou t h a t  S S D [ ~ ~  converges t o  

a aiener process,  a n d  t o  determine t h e  mean and 

variance parameters, of t h i s  approximation, If ue 

expand SD[ t ] and c o l l e c t  powers of XI t], the squared 

terms drop out and  we g e t  

where 

and 

Since S H  t ]  is a l i n e a r  function of X [ t ] ,  and 

Bagshaw and Johnson shoved t h a t  ~ [ n ]  converges t o  a 

n i e n e r  process ,  thsrefore SSD[ n] must a l s o  converge t3  

a ~ i e n e r  process. The aean parameter of t h e  Wiener 
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1 '  

p r o c e s s  approximation is  

Hg (SD) = E[SD[t]] 

and t h e  v a r i a n c e  parameter is 

00 
U**(SD) = Var[SDCt]l+ 

2 
= (2.a).u8' 

where P* and # 9 a r e  the mean and v a r i a n c e  parameters  

of t h e  Riener process  approximation t o  S[n], Thus, 

e x c e p t  far a s c a l e  f a c t o r ,  t h e  SSDCn] procedure is 

identical t o  the  Sf n] procedure wi th  k = kg. 

If model 1 is  correct, 

and i f  model 2 i s  c o r r e c t ,  

I t  f o l l o w s  from the above two f a c t s ,  and the 

r e s u l t '  o f  Bagshav and Johnson ( 1 9 7 5 ~ ) .  t h a t  t h e  

a s y m p i ' o t i c a l l y  optimum reference v a l u e  for this C U S U l  

scheme is 
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\ 

I n  o t h e r  words, f o r  a n y  c h o i c e ,  of tag (11 and m g  ( 2 )  r 

this scheme is a s y m p t o t i c a l l y  o p t i m a l ,  i n  t h e  . s e n s e  of 

m i n i m i z i n g  t h e  expected first p a s s a g e  time u n d e r  t h e  
2 

, h y p o t h e s i s  R *  (SD) = d s u b j e c t  t o  a fixed expected 
Z first p a s s a g e  time u n d e r  t h e  hypothesis II ' (SD1 = -dr J 

We see, t h e r e f  ore, t h a t  t h e ,  Bagshaw-Johnson CUSUS 

. s ta t i s t ic ,  StnJ, is o p t i m a l  iff it is e q u i v a l e n t  t o  

SSD[n]. . 

P a r t  2: The  A s y m p t o t i c  Average  Bun- l eng th  of a CUSUB 

scheme  and  Bounds f o g  t h e  Expected first  

P a s s a g e  Tine of a Piener Process 

A s  s t a t e d  i n  chapter 2, Evan and Kemp (1960) 

found t h a t  i f  8' > 0, a rough  a p p r o x i a a t i o n  t o  t h e  

average r u n - l e n g t h  of a CtiSUB scheme is g i v e n  by 

They  d i d  n o t  a t t e m p t  t o  justify this a s s e r t i o n ,  b u t  

i t  is n o t  difficult t o  do so in a h e u r i s t i c  manner.. 

If each observation h a d  the v a l u e  m*, then t h e  COSUII 

scheme would  s i g n a l  a t  t h e  f irst  integer n  s u c h  t h a t  

n.m' >= h ,  a n d  t h e  a v e r a g e  r u n - l e n g t h  o f  t h e  

p r o c e d u r e  i n  t h i s  case would b e  B g  = n, .Now 
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n >= h/a@, since (h/m'). rn' = h, and n < I t h /a8 ,  

s ince  (n-1) .me < h implies n < 1 t h/m9, Thus, we must 

h a v e  t h a t  

S t  t h e r e f o r e  makes sense t h a t  as t h e  s t a n d a r d  d e v i a t i o n  

of t h e  o b s e r v a t i o n s  d e c r e a s e s  relative t o  a, 

1' s h o u l d  converge to a point somewhere i n  t h e  

interval [h/mg , I+ h/ra' 1, Also, since 8 >= 1 and 

r u n - l e n g t h  d i s t r i b u t i o n s  are o f t e n  h i g h l y  r igh t - skewed ,  

it is no t  s u r p r i s i n g  t h a t  Ewan a n d  Kenp found  that N' 

is closely approximated by l+h/ml,  especially for small 

v a l u e s  of h. R e  h a v e  found  t h a t  when h is fairly large 

and the run-length d i s i r i b a t i o a  is n o t  h i g h l y  

right-skewet3, h/n* is often a better a p p r o x i m a t i o n  t o  

P* t h a n  l+h/m*,  

Note t h a t  i f  I were a c o n t i n u o u s  random v a r i a b l e  

r a t h e r  t h a n  a discrete random v a r i a b l e ,  the r e s t r i c t i o n  

(n-1) .a*  < h would n o  l o n g e r  be v a l i d ,  a n d  we uou ld  

t h e r e f o r e  expect N *  t o  c o n v e r g e  t o  a  p o i n t  in t h e  

We now show t h a t  the expected first p a s s a g e  time 

of a Wiener process converges t o  h/Y' a s  W 1 *  -> 0,  

u h i c h  is i n  a c c o r d  w i t h  the a b o v e  heuristic argument .  

Recall t h a t  t h e  expected first p a s s a g e  time, 
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q' , satisfies t h e  e q u a t i o n  

U' = h/V8 , (1/c) . [exp[-c] - 1 + c ] ,  

where 

If c > 0,  then as c -> i n f i n i t y ,  

If' -> h/W'*, 

.-The result follows directly, 

An a l t e r n a t i v e  way of proving this result i s  t o  
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t a k e  t h e  l i m i t  as -> 0 i n  the e x p r e s s i o n  g i v e n  i n  

c h a p t e r  3 f o r  the L a p l a c a  t r a n s f o r m  of t h e  first . 

p a s s a g e  time d f s t r i b u t i o n ,  .. I f  t h i s % .  is d o n e  (it is 

, n e c e s s a r y  t o  a p p l y  ~ ~ H o s p i t a l ~ s  rule here -. 1, t h e  

transf~rn c o n v e r g e s  t o  expt-h,x/Yg 1.. T h e  i n v e r s e  of 

t h i s  t r a n s f o r r a  is h/lig, which e s t a b l i s h e s  t h e  r e s u l t .  r 

ge now p r o c e e d  t o  d e m o n s t r a t e  how s i m p l e  u p p e r  a n d  

lower bounds  for t h e  e x p e c t e d  first passage time of t h e  

S i e n e r  p r o c e s s  a p p r o x i m a t i o n  t o  t h e  s e q u e n c e  of 

c u m u l a t i v e  sums can be c o n s t r u c t e d .  I n  t h e  a b o v e .  

e x p r e s s i o n  for  u 8 ,  note t h a t  -1 + c a r e  t h e  first two , 

terms i n  t h e  T a y l o r ' s  series e x p a n s i o n  of expf-c]. , 

T h e r e f o r e ,  u s i n g  L a g r a n g e e s  form for t h e  r e m a i n d e r ,  wz 

f i n d  for  c < 0, 

But t h i s  i m p l i e s  that 

Also, s u b s t i t u t i n g  c' = 0 i n  t h e  a b o v e  T a y l o r  

series we o b t a i n  
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which implies 

combining t h e s e  r e s u l t s  we obtain 

The t e r ~  (h7$i11) is  the e x p e c t e d  first p a s s a g e  

time vhen H e  = 0 ,  so the above inequalities show that 
Z 

as -> 0 ,  U 1  -> ( h / f U )  at least as f a s t  a s  e x p r - c )  

an aaalagous argument can be used t o  show that 

when c > 0 ,  

These  bounds can i n  t u r n  be used  to bound t h e  

r a t i o  o f  t h e  e x p e c t e d  first p a s s a g e  tine, U e  4 2 ) ,  when 

t h e  p r o c e s s  is out of c o n t r o l  to t h e  expected f irs t  

p a s s a g e  tine, U' ( I ) ,  when i t  i s  i n  c o n t r o l ,  L e t  

Idt (2) be t h e  maan parameters  of t h e  p r o c e s s  vhen 

i n  c o n t r o l  and out o f  c o n t r o l ,  r e s p e c t i v e l y ,  and 

u *  * (1) and i d '  * (2) be the c o r r e s p o n d i n g  variance 
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p a r a m e t e r s ,  D e f i n e  c(3)  and c ( 2 )  in the o b v i o u s  

manner. Then, since U '(1) < 0 and H1 (2) > 0, 

I 

from which it follows that 

BY s i m i l a r  reasoning 

s o  t h a t  

Taken together these r e s u l t s  l e a d  t o  the f o l l o w i n g  

i n e q u a l i t i e s  for U1 (2) /U1 (1): 

where ' 
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P u t t i n g  b 

a t  (1,2) = a * ( 2 ) . U 1 *  [ I )  - V @  ( 1 )  .!I1' (2) and 

n " ~ t , 2 )  = U"(l).iJ"(2). 

we can re-vrite c(1,2) as  
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SECTION 4.2: A N A L Y S I S  OF RESULTS OF PAGE, E W A N  AID 

KEEP, A I D  BRQOK AID EVANS 

The  p u r p o s e  o f  this s e c t i o n  is t o  p o i n t  out t h e  

s imilar i t ies  in t h e  work of Page  (1954), Ewan a n d  Kemp 

(1960) and Brook a n d  Evans (1972). . Ue also  show t h a t  

it is p o s s i b l e  t o  extend some of t h e f  r r e s u l t s , ,  

S p e c i f i c a l l y ,  we d e r i v e  r e c u r s i v e  a p p r o x i m a t i o n s  t o  t h e  , 

r u a - l e n g t h  d i s t r i b u t i o n ,  a v e r a g e  r u n - l e n g t h  and a o a e n t  

g e n e r a t i n g  f u n c t i o n  of a CUSUa scheme f o r  an 

a u t o r e g r e s s i v e  p r o c e s s  which is o u t  of c o n t r o l ,  , 

F u r t h e r ,  we d i s c u s s  some of t h e  a a t h e m a t i c a l  p r o b l e m s  

i n v o l v e d  i n  o b t a i n i n g  a n  a p p r o x i m a t i o n  f o r  t h e  case i n  

which t h e  p r o c e s s  is i n  control,, 

P a r t  1: C o n n e c t i o n  be tween t h e  Brook-Evans flatrix 

E q u a t i o n s  a n d  t h e  I n t e g r a l  E q u a t i o n s  of 

Page, Evan a n d  Kemp 

Al though  ths a p p r o a c h e s  a d o p t e d  by Page and Euan 

a n d  Kemp, o n  the o n e  hand, a n d  Brook and Evans,  o n  the  

other, are a p p a r e n t l y  d i s s i m i l a r ,  we now demons t ra te  

t h a t  t h e y  are i n  f a c t  v e r y  similar. To begin w i t h ,  

cons ide r  t h e  Brook-Evans matrix e q u a t i o n  for t h e  

average r u n - l e n g t h  of a CUSUM scheme: 
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I f  ue write. down t h e  it& 

r e - a r r a o g e  terms, we obtain 

row of t h i s  e q n a t i  on and 

T h f s  i s  obvfons ly  of the same form a s  t h e  

Page-Ewan-Keap e q u a t i o n .  Letting t h e  nuaber of 

p a r t i t i o n s ,  in -> infinity, a n d  t h e  p a r t i t i o n  width,  

w -> 0 ,  w h i l e  mew -> h ,  t h e  c o n t i n u o u s  fora of Ihs 

Page-Ewan- Reap equat ion  is o b t a i n e d ,  

The Brook-Evans a a t r i x  e q u a t i o n s  for t h e  

r u n - l e n g t h  d f s t r i b u t i o n  and f a c t o r i a l  moments o f  a .  

CUS5H scheme  can a l s o  be re-written a s  i n t e g r a l  

e g u a t i o n s ,  The l a t t e r  i n t e g r a l  e q u a t i o n  was n o t  

o b t a i n e d  by either P a g e  or Evan a n d  Kerap, The i n t e g r a l  

e q u a t i o n  for t h e  k t h  f a c t o r i a l  enoaeat of a CUSU!! scheme 

w i t h  i n i t i a l  value s i s  g i v e n  by 

Note t h a t ,  due  t o  t h e  well-known r e l a t i o n s h i p s  

between t h e  factorial moments and moments a b o u t  zero of  

a d i s t r i b u t i o n  ( e . g .  J o h n s o n  and  Kotz ,  1969, page l g ) ,  

t h e  above e q u a t i o n  can b e  u s e d  t o  p roduce  an  in tagra l  
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e q u a t i o n  f o r  t h e  moments a b o u t  t h e  o r i g i n  of t h e  

r u n - l e n g t h  d i s t r i b u t i o n , .  F o r  example, i f  I1(i;s) is 

t h e  i t h  moment a b o u t  z e r o ,  fo r  i = 1, 2, ..., ue have:  

Thus, it i s  p o s s i b l e  t o  obtain t h e  aoments  a b o u t  

zero (and i r o n  t h e s e  t h e  moments about the mean, 

kurtosis, e t c , )  of  t h e  r u n - l e n g t h  d i s t r i b u t i o n  without 

repeated1 y d i f f e r e n t i a t i n g  t h e  e x p r e s s i o n  g i v e n  b y  Evan 

and Kemp f o r  t h e  aaoment g e n e r a t i n g  f u n c t i o n , .  

~ l t h o u g h  the i n t e g r a l  e q u a t i o n  a p p r o a c h  is more 

g e n e r a l  t h a n  t h e  m a t r i x  e q u a t i o n  approach ,  w e  b e l i e v e  

t h a t  b o t h  a p p r o a c h e s  are useful and s h o u l d  b e  used i n  

con j u n c t i o n  with one  a n o t h e r ,  The c o n n e c t i o n  between 

t h e  run-length d i s t r i b u t i o n  o f  a  CUSUM scheme and the 

g e o m e t r i c  d i s t r i b u t i o n  is o b v i o u s  i n  t h e  m a t r i x  

e q u a t i o n  f o r m u l a t i o n ,  b u t  it is n o t  s o  a p p a r e n t  i n  the 

i n t e g r a l  equation f o r m u l a t i o n .  Moreover, the 

t e c h n i q u e s  of t h e o r e t i c a l  and n u m e r i c a l  l i n e a r  a l g e b r a  
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c a n  b e  a p p l i e d  t o  t h e  problem of a n a l y z i n g  t h e  

p r o p e r t i e s  of a CUsul  s c h e ~ e  u s i n g  tde m a t r i x  e g u a t i o n  

app roach ,  whereas  the more s o p h i s t i c a t e d  t e c h n i q u e s  of 

t h e  t h e o r e t i c a l  a n d  n u m e r i c a l  a n a l y s i s  of integral 

e q u a t i o n s  must  ba u s e d  i n  t h e  , l a t t a r  a p p r o a c h , ,  S i n c e  . 

s t a t i s t i c i a n s  ( a t  l e a s t  t h i s  would-be s t a t i s t i c i a n )  a re .  

, g e n e r a l l y  more f a ~ l i l i a r  w i t h .  t h e  g e o i e e t r i c  d i s t r i b u t i o n  

a n d  l i n e a r  a l g e b r a  t h a n  t h e y  are with r u n - l e n g t h  

d i s t r i b u t i o n s  a n d  i n t e g r a l  e g u a t i o n s ,  t h e s e  two f ac t s  

a l o n e  would seem t o  j u s t i f y  t h e  a a t r i x  e q u a t i o n  

app roach . .  

Part 2: C o n n e c t i o n  betvesn t h e  A s y m p t o t i c  B e s u l t s  of 

Page ,  Brook a n d  Evans,  a n d  Enan a n d  K e ~ p  

It is  a l s o  p o s s i b l e  t o  e s t a b l i s h  a  c o n n e c t i o n  

between th9 a s y m p t o t i c  r e s u l t s  of Page,  Brook and  

Evans,  a n d  Ewan a n d  Reinp, Again, t h e  d i s s i m i l a r i t y  

between these r e s u l t s  is more a p p a r e n t  t h a n  real.,  

I n  1961 Page  s h o v e d  t h a t  h i s  a s y ~ p t o t i c  e x p r e s s i o n  

f o r  t h e  r u n - l e n g t h  d i s t r i b u t i o n  f u n c t i o n  of a Cff SUB 

scheme c o n v e r g e s  t o  t h e  c o r r e s p o n d i n g  e x p r e s s i o n  g iven  

by Ewan a n d  Kemp ( e x c e p t  f o r  a term which  is 

a s y m p t o t i c a l l y  n e g l i g i b l e )  . , Re o b t a i n e d  h i s  a s p a  p t o t i c  

a p p r o x i m a t i o n  by r e p e a t e d l y  d i f f e r e n t i a t i n g  t h e  

c h a r a c t e r i s t i c  f u n c t i o n  of t h e  t o t a l  number of 

o b s e r v a t i o n s  i n  t h e  B a l d  a c c e p t a n c e  tes ts  a n d  l e t t i n g  
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t h e  p r o b a b i l i t y  of an  a c c e p t a n c e  test, Pw, approach 1.. 

we now d e r i v e  a s l i g h t l y  modif ied  v e r s i o n  of Page's 

a p p r o x i m a t i o n  i n  a c o m p l e t e l y  different manner, and 

p r o v e  t h a t  i t  c o n v e r g e s  exactly t o  t h e  Ewan-Kemp 

a p p r o x i m a t i o n .  , 

Let N w i  (010) be t h e  run- length of the ith 

a c c e p t a n c e  test i n  a cusun schema. Then by t h e  Uald 

e q u i v a l e n c e  ue know t h a t  

As Pw -> 1, iJwi(010) -> 1 and Mw(0lh) -> 1 in 

p r o b a b i l i t y ,  so that' 

From this it  fol lows that 
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Since.8 is a  geometric randoa variable, t h i s  

p r o b a b i l i t y  i s  easy to  conpnte and we get 

n-I 
PCB <= n - 1 1  = Pu.(1 - Pw), 

rr-l 
= I - P u  (Pw -> 1). . 

Now is ua ~ a k e  use of t h e  f ac ts  that 

I' = I w ' / ( l  - Pu) -> 1/(1 - Pub {Pw -> 1) 

and 

( p u t  x = PU - I ) ,  ue f i n d  t h a t  

which is exact ly  the expression o b t a i n e d  by Ewan and 

Kemp. Page found t h a t  

G(n) = 1 - exp[-n/l'] (approximately). 

This difference i s  u n i m p o r t a n t ,  however,  since a s  

Pu -> 1 ,  8' -> i n f i n i t y  so t h a t  I / # '  -> 0,  and t h e  
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r e s u l t s  a r e  t h e r e f o r e  a s y m p t o t i c a l l y  e q u i v a l e n t , ,  

So we h a v e  e s t a b l i s h e d  a c o n n e c t i o n  between Page's 

a s y m p t o t i c  a p p r o x i m a t i o n  t o  t h e  r u n - l e n g t h  d i s t r i b u t i o n  

of a CUSUN scheme a n d  t h a t  o f  Evan a n d  Kemp., It 

r e m a i n s  t o  t i e  i n  t h e  a s y m p t o t i c  a p p r o x i i a a t i o n  of 

Brook and Evans.  . 

Recall t h a t  b rook and Evans s t a t e d  t h a t  for 

l a r g e  n 

where G (n} = G (n; 0 )  , . , , , G jn;m} ] is t h e  v e c t o r  
N 

o f  c u m u l a t i v e  r u n - l e n g t h  p r o b a b i l i t i e s  c o r r e s p o n d i n g  t o  

t h e  i n i t i a l  s t a t e s  0, 1. . . . , a, is t h e  a s s o c i a t e d  

v e c t o r  o f  a v e r a g e  r u n - l e n g t h s ,  q is the l a r g e s t  

e i g e n v a l u e  of B, a n d  

$J and  PA a r e  the p o s i . t i v e  r i g h t  a n d  l e f t - h a n d  

e i g e n v e c t o r  s c o r r e s p o n d i n g  t o  q ( n o r a a l i z e d  so 
m 

b v > l { i ) . v 2 ( i )  = 1 ) .  

t h a t  

;=e 
T h e  matrix B i s  o b t a i n e d  frorn t h e  t r a n s i t i o n  

p r o b a b i l i t y  m a t r i x ,  A, o f  t he  COSUH s c h e m  b y  deleting 

t h e  l a s t  row and  l a s t  column of A, S i n c e  A is  a 
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t r a n s i t i o n  p r o b a b i l i t y  m a t r i x ,  the r o w s  of A add  t o  

one ,  which i n p l i e s  t h a t  s a t i s f i e s  t h e  m a t r i x  e q u a t i o n  

Thus, t h e  v e c t o r  A is a n  e i g e n v e c t o r  of A 

belonging t o   the e i g e n v a l u e  1, . t •÷o reove r ,  1 is t h e  

maxi mu^ e i g e n v a l u e  of A, s i n c e  t h e  max-nora of & is t h e  

maximnm row-sun of A, which i s  e q u a l  t o  3, and  no 

e i g e n v a l u e  of a ~ a t r i x  c a n  be g r e a t e r  i n  modulus t h a n  

any norm of a a a t r i x  (Conte  a n d  de Boor, 1972, p a g e  

172). , 

A s  t h e  p r o b a b i l i t i e s  i n  t h e  l a s t  column sf A 

a p p r o a c h  zero, t h e  row-sums of B mus t  a p p r o a c h  1, s i n c e  

A i s  a s t o c h a s t i c  m a t r i x .  T h i s  inplies t h a t  B mus t  

a p p r o a c h  a s t o c h a s t i c  ma t r ix ,  which i n  t u r n  implies 

t h a t  t h e  maximum e i g e n v a l u e  of B, which is q, aust 

a p p r o a c h  1, a n d  C must a p p r o a c h  1, Using t h e s e  f a c t s ,  
N 

and  t h e  f a c t  t h a t  

( p u t  x = q - 11 we f i n d  t h a t ,  for i = 1, 2, ., ., a, 

w h i c h  is a s y m p t o t i c a l l y  e q u i v a l e n t  t o  t h e  results 



page 114 

sf Page a n d  Evan and Kemp. , 

P a r t  3: B e c u r s i v e  Approx ima t ions  t o  t h e  ~ u n - l e n g t h  

D i s t r i b u t i o n ,  Average Bun- length  and  8 0 n e n t  

G e n e r a t i n g  ~ n n c t i o n  of a n  ~ u t o r e g r e s s i v e  

P r o c e s s  which is Out  of C o n t r o l  

The Brook-Evans m a t s i x  e q u a t i o n s  a n d  t h e  Page- 

Euan-Keap i n t e g r a l  e q u a t i o n s  are b a s e d  on t h e  

a s s u m p t i o n  t h a t  t h e  s t o c h a s t i c  p r o c e s s  b e i n g  c o n t r o l l a d  

is a w h i t e - n o i s e  p r o c e s s ,  The Bagshau-Johnson 

a p p r o x i m a t i o n s ,  on the o t h e r  hand, are  less r e s t r i c t i v e  

i n  t h e  s e n s e  t h a t  t h e  p r o c e s s  c a n  f o l l o w  a n  a r b i t r a r y  

s t a t i o n a r y  a n d  i n v e r t i b l e  A R H A  model, p r o v i d e d  t h a t  t h e  

sequence of c u m u l a t i v e  s m s  c o n v e r g e s  t o  a giener 

p r o c e s s .  The  q u e s t i o n  which u s  have a s k e d  O U ~ S ~ ~ V ~ S  

is: Is it p o s s i b l e  t o  d e r i v e  i n t e g r a l  e q u a t i o n  

a p p r o x i m a t i o n s  f o r  a n  ARHA p r o c e s s ?  The answer  is a 

q u a l i f i e d  y e s ,  If  t h e  A R H A  p r o c e s s  is p u r e l y  

a u t o g r e s s i v e ,  and  i f  t h e  p r o c e s s  is o u t  o f  c o n t r o l ,  

t h e n  it i s  p o s s i b l e  t o  d e r i v e  s u c h  a p p r o x i a a t i o n s ~  

Be now p r o c e e d  t o  j u s t i f y  t h i s  a s s e r t i o n ,  

Be b e g i n  o u r  a n a l y s i s  by d e r i v i n g  t h e  r u n - l e n g t h  

d i s t r i b u t i o n  of  a C U S U N  scheme w i t h  p o s i t i v e  

f i r s t - o r d e r  a u t o r e g r e s s i v e  o b s e r v a t i o n s .  L e t  
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where, 0 C a < 1,  and the E[ i are independent  and 

i d e n t i c a l l y - d i s t r i b u t e d  p o s i t i v e  random variables  with 

d i s t r i b u t i o n  function P (e) . , Also, let 

and 

P f I  = nf = P[S[nj >= h and SCnl < h ,  m < n],,. 

F i n a l l y ,  l e t  

B(0) = ( - i n f i n i t y , O j ,  

R (rn+1) = [h, + i n f i n i t y ) ,  

where 0 C w < h/m and R(r). r = 0 ,  1, ... , a + l  

fora a p a r t i t i o n  of t h e  real line, 

How for any events A and B, and any set of 

mutually exclusive and exhausive events C ( r )  , r = 0 ,  1, 
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Let s (0) and s (-1) be two nvmbers i n  the interval 

(O,h) . ,  T h e n s i n c e  S [ l ] B B ( r ) ,  r = 0 ,  l0 me1 

forn a s e t  of mutually exclusive and exhausive events, 

for a l l  n  >= 1,. our task now is to express the 

terms on the r ight -hand-s ide  of t h e  above equat ion  i n  a 

 for^ which a l l o w s  the run-length p r o b a b i l i t i e s  %o be 

computed r e c u r s i v e l y ,  

It follows froin t h e  assumption t h a t  E [ i ]  > O that 

~ l s o ,  s i n c e  st 1 ] E 'B (m+l) implies S[ 1 ] >= h0 

Before r e  can proceed any further we need t o  

establish the  following fact: 
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for a l l  m '< n, ,,This f a c t  is e a s i l g  ,es tabl ighed by 

i n d u c t i o n , ,  For a = n - 1 we know that,, 

and that , . 

which is of t h e  r e q u i r e d  form, Suppose now that  

it is true for a = m 8 ;  that  is, 

If we s u b s t i t u t e  S[m*-11 + a, [S[a9-I] - S[mt-23) + 

E l m 8 ]  for ~ [ m r ]  in the above e x p r a s s i o n  and re-arrange  

terms, collecting p o u e r s  of a ,  t h e  r e s u l t  i s  obta ined.  

The i m p o r t a n t  t h i n g  to n o t i c e  a b o u t  t h e  above 
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e x p a n s i o n  for S[n] is  t h a t ,  if S[ m] and S[m-1] are 
4 

given, t h e n  t h e  d i s t r i b u t i o n  of s[n] 'is d e t e r m i n e d  b y  

t h e  i n d e p e n d e n t  random variables E[ m + l )  + .. , + a n ] ,  

and  d o e s  MOT dependent  o n  ~ [ i ]  f o r  i < m + l r  In other 

words, the sequence of c u ~ u l a t i v e  s u n s  i s  Harkovian . ,  

ye can now c a l c u l a t e  some p r o b a b i l i t i e s ,  I ? i  rstly, 

where s = s (0) + a s 0 - s - I)  ) , Secondly  * 

Our n e x t  s t e p  is to  show that 
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ay d e f i n i t i o n ,  I = n  implies that 

7 

~ p p l y i n g  t h e  r e c u r s i o n  r e l a t i o n s h i p  between the 

c u m u l a t i v e  sums t o  S[ n] and S[m], we o b t a i n  

By the same r e a s o n i n g ,  81 = n-1 - i m p l i e s  that 

and ( u s i n g  j* i n s t e a d  of j a s  a dummy v a r i a b l e )  

s[m-lI = SCo] + 12 a?. (SJO] - s[-I]) 

L e t  x be  an a r b i t r a r y  e l e m e n t .  of R (r) . In t h e  

expressions for S[n]  and  S[m], s u b s t i t a t e  S[ I ]  = x, 
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St 0 J = s ( 0 )  , a n d  i n  the e x p r e s s i o n s  for S t  n- 1 J and 

S[n-11 s u b s t i t u t e  S I O ]  = x ,  S t - 1 1  = s(O), and p u t  j = 

jm + Is T h e  r e s u l t i n g  expressions a r e  

we see t h a t  the expressions for SCn) and Sfm j, 

n < n, g i v e n  S [ 1 ]  = x, Sf03 = s ( O ) ,  S f - 1 1  = s t - l ) ,  are 

identical to the e x p r e s s i o n s  for S[ n-1 ] and Sf B- 1 3, a- 1 

< n-1, given Sf01 = x ,  SC-13  = s(0J .  since t h i s  is  

t r u e  f o r  each f i x e d  x E B ( r ) ,  t h e  events must be 

e q u i v a l e n t ,  and t h e  c o r r e s p o n d i n g  probabilities must 

therefore b e  equal .  

combining the above  r e s u l t s  ue f i n d  t h a t  

for  n = 1 and 
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for n > I ,  where  s = s ( 0 )  + a. Is(0).  - s ( - I ) ) . . L e t t i n g  

u -> 0, a -> , i n f f n i t y  and  m a w  -> h, we f i n d  that, 

f o r  n = I . a n d  

for n > 1. .  

Ue have  t h e r e f  ore derived a  r e c u r s i o n  r e l a t i o n s h i p  

which c a n  be  u s e d  t o  compu te  t h e  r u n - l e n g t h  

d i s t r i b u t i o n  o f  a CUSUH scheme w i t h  p o s i t i v e  

first-order a u t o r e g r e s s i v e  o b s e r v a t i o n s ,  Rote that it 

is of t h e  same form a s  t h e  Page-Evan-Kenp r e c u r s i o n  

r e l a t i o n s h i p  for t h e  r u n - l e n g t h  d i s t r i b u t i o n  of a CUSUM 

scheme u i t h  i n d e p e n d e n t  sandom variables, e x c e p t  t h a t  

our p r o b a b i l i t i e s  a re  c o n d i t i o n e d  on t h e  e v e n t s  SIO) = 

s ( 0 )  , S[ - 1 J = s(-1) , while t h e i r  p r o b a b i l i t i e s  a r e  

conditioned on t h e  event S[ 0 ] = s (0). Also, t h e  term 

c o r r e s p o n d i n g  to  t h e  s t a t e  B(0) is t a i s s i n g  i n  o u r  

equat ion,  since w 9  h a v e  assumed EL i] > 0 ,  I t  is c l e a r  

t h a t  we could p r o c e e d  i n  t h i s  manner t o  o b t a i n  a 

r e c u r s i o n  r e l a t i o n s h i p  f o r  a n  a r b i t r a r y  p o s i t i v e  
p. 
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a u t o r e g r e s s i v e  p r o c e s s , .  Poq example,  f o r  a 

s e c o n d - o r d e r  posf t i v e  a u t o r e g r e s s i ~ e  p r o c e s s  we would 

c o n d i t i o n  on t h e  e v e n t s  Sf 0 ]  = s ( 0 )  , S t - 1  3 = st-1); 

S[ -21 = s (-2) *,, ,r * 

0 

Having o b t a i n e d  a n  i n t e g r a l  e q u a t i o n  f o r  t h e :  

r u n - l e n g t h  d i s t r i b u t i o n ,  it is now p o s s i b l e  t o  obtain 

an i n t e g r a l  e q u a t i o n  for  t h e  a o n e n t  g e n e r a t i n g  

f u n c t i o n ,  8' ( t ; s ( O ) , s ( - I ) ) .  and t h e  a v e r a g e  rum-length,  

t J 1  (s (0) .s (- 1) ) , of t h e  schenre, .. I f  

~p-11) s[O]=s ( 0 )  ,s[- 1]=s{-1) J is m u l t i p l i e d  by expla ,  t] 

and  summed o v e r  n, t h e  f o l l o w i n g  i n t e g r a l  e q u a t i o n  for  

a1 (t; s (0) ,s (-1) ) is o b t a i n e d :  

If  t h i s  i n t e g r a l  e q u a t i o n  is d i f f e r e n t i a t e d  w i t h  

r e s p e c t  t o  t and t is set aqnal to zero, we f i n d  t h a t  

H e  0  s ( - 3 )  ) s a t i s f i e s  t h e  integral. e g u a t i o n  

He now c o n s i d e r  some o f  t h e  a s s u ~ p t i o n s  i n  t h e  

above  a n a l y s i s ,  I n  g e n e r a l ,  when the p r o c e s s  i s  i n  

c o n t r o l ,  t h e  o b s e r v a t i o n s  w i l l  n o t  be  s t r i c t l y  p o s i t i v e  

a n d  t h e  above-de r ived  r e c u r s i o n  r e l a t i o n s h i p  c a n n o t  be 

e x p e c t e d  t o  h o l d ,  e v e n  a p p r o x i m a t e l y .  O n  t h e  o t h e r  
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hand, when t h e  p r o c e s s  , h a s  g o n e  o u t ,  of c o n t r o l ,  t h e .  

mean of t h e  p r o c e s s  w i l l  be p o s i t i v e  and hence there- 

w i l l  be a r e l a t i v e l y  h i g h  p r o b a b i l i t y ,  t h a t  t h e  

o b s e r v a t i o n s  w i l l  be p g ~ i t f v e ,  so in t h i s  c a s e  i t  i s  

r e a s o n a b l e  t o  expect t h a t  the r e c u r s i ~ p  r e l a t i o n s h i p  

w i l l  g e n e r a t e  p r o b a b i l i t i e s  which are close t o  * t h e  t r u e  

v a l u e s , ,  A c t u a l l y ,  as  l o n g  a s  t h e  sequence of 

c u ~ u l a t i v e  sums r e m a i n s  p o s i t i v e  (i,e,, does no t  h i t  

the r e f l e c t i n g  b a r r i e r  at z e r o )  we e x p e c t  t h a t  the 

above a p p r o x i m a t i o n  will be fairly good, 

The r e a s o n  t h a t  we e x c l u d e d  t h e  r e g i o n  B f O )  from 

t h e  r a n g e  o f  t h e  c u m u l a t i v e  s u m  is t h a t ,  w i t h o u t  t h i s  

restrict%on, ue f o u n d  t h a t  we c o u l d  n o t  uniquely 

r e c o v e r  t h e  X-values, g i v e n  the S - v a l u e s ,  There are in 

g e n e r a l  a n  i n f i n i t e  number of v a l u e s  of X[n] which map 

S[n] i n t o  zero ( e , g .  a n y  x[n] s u c h  that Sfn-11 + xEn3 

<= 0) so  t h a t  even  if we were given the e n t i r e  s a m p l e  

p a t h  of t h e  c u m u l a t i v e  s u a s ,  we c o u l d  n o t  u n i q u e l y  

d e t e r m i n e  Xfn]  i f  S[n]  = 0 ,  S i n c e  t h e  crux of t h e  

above  d e r i v a t i o n  is t h e  r e l a t i o n s h i p  between S[n 1' S[m 2 

a n d  S[m-1 1, a n d  s i n c e  S[m] a n d  Sfm-l]  c a n n o t  be u s e d  t o  

d e t e r m i n e  Xgn] i f  S C n * ]  = 0 f o r  some n >= n' >= m, we* 

t h e r e f o r e  were f o r c e d  t o  e x c l u d e  t h e  p o s s i b i l i t y  t h a t  

S l  n'] E R (0) f o r  a l l  n * ,  We r e s t r i c t e d  o u r  

c o n s i d e r a t i o n s  t o  p u r e l y  a u t o r e g r e s s i v e  p r o c e s s e s ,  

r a t  h e r  t h a n  moving a v e r a g e  o r  ABMA p r o c e s s e s ,  because ,  

w i t h  o r  w i t h o u t  t h e  r e s t r i c t i o n  t h a t  S [ n ]  > 0, t h e  
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cumulat ive  sums of t h e  l a t t e r  p r o c e s s e s  are n o t  

aarkovian,  and hence we cannot  expec*  t o  obtain a 

s i m p l e  r e c u r s i o n  r e l a t i o n s h i p  between t h e  run- l e n g t h  

p r o b a b i l i t i e s  (a t ,  l e a s t  n o t  i n  t h e  above manner) ; ,, 
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SECTION 4.3: SOHE PRACTICAL PROBLERS ASSOCIATED PITH 

THE COBPUTATIOB OF THE 'RUTS-LEHGTE 

D I S T R I B U T I O I  O F  A CUSUM SCHEME 

So f a r  i n  t h i s  t h e s i s  we have  c o n s i d e r e d  t h e  

problem of d e t e r m i n i n g  the r u n - l e n g t h  d i s t r i b u t i o h  of 

a CUsun c o n t r o l  p r o c e d u r e  from a parely  theoretical 

po in t  of view. . Pe now c o n s i d e r  some of t h e  p r a c t i c a l  

p rob lems  which ar ise  i n  t h i s  c o n t e x t ,  , s p e c i f i c a l l y ,  we 

look a t  the numerical and c o a p u t a t i o n a l  d i f f i c u l t i e s  

which are associated w i t h  t h e  t e c h n i q u e s  we have 

discussed, a n d  we p e r f o r a  a t lon te  Carlo study t o  gauge  

the g o o d n e s s - o f - f i t  of t h e  Bagshav-Johnson 

a p p r o x i m a t i o n ,  

P a r t  1: Numerical a n d  C o m p u t a t i o n a l  D i f f i c u l t i e s  

We h a v e  d i s c o v e r e d  (the h a r d  way) t h a t  t h e r e  are 

some r a the r  severe n u m e r i c a l  a n d  c o m p u t a t i o n a l  

d i f f i c u l t i e s  a s s o c i a t e d  with a l l  t h e  a p p r o x i m a t i o n  

t e c h n i q u e s  d i s c u s s e d  i n  t h i s  t h e s i s ,  Al though some of 

these d i f f i c u l t i e s  are obvious, o t h e r s  are more subtle 

a n d  ,so we f e e l  t h a t  it would be u s e f u l  t o  p r a c t i t i o n e r s  

i f  we d i s c u s s e d  them, 

He begin o u r  d i s c u s s i o n  b y  a n a l y z i n g  t h e  f o r m u l a  

f o r  t h e  wiener p r o c e s s  a p p r o x i m a t i o n  t o  t h e  r u n - l e n g t h  

d i s t r i b u t i o n  g i v e n  by Bagshaw and Johnson ( l 9 7 S a ) .  It 
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is u n n e c e s s a r y  for o u r  p u r p o s e s  t o  r e p r o d u c e  t h e  

f o r m u l a  h e r e ;  r a t h e r ,  we s i m p l y  p o i n t  o u t  t h a t  i t  is of 

t h e  f o r a :  

where c = 2.Uc,h/Uce a n d  the - v a l u e s  o f  t h e  

f u n c t i o n  f (.) are o b t a i n e d  by e v a l u a t i n g  a n  infinite 

series. The . c o e f f i c i e n t s  of t h e  i n f i  n i t 8  series, q (1) , 
( 2  , , , are the - p o s i t i v e  s o l u t i o n s  of 

It c a n  be s e e n  f r o n  t h e  a b o v e  e q u a t i o n s  t h a t  i f  

We > 0 a n d  fiq/f" i n c r e a s e s ,  expfc/2]  i n c r e a s e s  a s  a n  

e x p o n e n t i a l  f u n c t i o n  of c, and s i n c e  u(t ;O) < I ,  f (.) 

must  a l s o  d e c r e a s s  a s  a n  e x p o n e n t i a l  f u n c t i o n  of c, 

T h i s  is a n  u n f o r t u n a t e  c i r c u m s t a n c e ,  a s  it l e a d s  t o  

n u m e r i c a l  i n s t a b i l i t y ,  as we s h a l l  now show, 

If we n a k e  t h e  s u b s t i t u t i o n  x = q.h, t h e  

n o n - l i n e a r  e q u a t i o n  for q r e d u c e s  t o  

and t h e  roots of t h i s  e q u a t i o n  a r e  t h e  

i n t e r s e c t i o n s  of the s t r a i g h t  line y = -x/c w i t h  t h e  

c u r v e s  y  = t a n  (x) .  By i n s p e c t i n g  t h e  g r a p h  of the se t  
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of r o o t s  t o  t h i s  e q u a t i o n  i t  b e c o n e s  clear t h a t  

p o i n t s  o f  t a n  (x) . ~ l s o ,  a small c h a n g e  i a  t h e  v a l u e  of 

c r e s u l t s  i n  a l a r g e  c h a n g e  i n  t h e  s o l u t i o n  set . ,  I n  

other words, t h e  s o l u t i o n s  of the n o n - l i n e a r  e q u a t i o n  
I 

t a n  (x). = -x/c a r e  u n s t a b l e , ,  T h i s  i m p l i e s  that i t ' i s  

n o t  easy t o  e v a l u a t e  the i n f i n i t e  series a c c u r a t e l y ,  

even w i t h  a high p r e c i s i o n  c o m p u t a t i o n a l  r o u t i n e . , "  

So now s u p p o s e  t h a t ,  i n s t e a d  of compu t ing  f (,), we 

compute f (.) + s, vhers e is a n  error which is  not 

n e c e s s a r i l y  small, Then i n s t e a d  of c o m p u t i n g  u  (t ;O) , 
we a c t u a l l y  compute 

If c i s  l a r g e  ( i  M ?  > 0 a n d  R 1 / E I c c  l a r g e )  t h e n  

e v e n  i f  e is s m a l l ,  t h e  p r o d u c t  e x p f c / 2 ] , e  is  n o t  

n e c e s s a r i l y  s m a l l .  I n  f a c t ,  s u p p o s e  t h a t  V' = .5, Y" 

= .25 and h  = 15 (we a c t u a l l y  had t o  compute  u  ( t ; O )  

w i t h  t h e s e  p a r a m e t e r  v a l u e s ) ,  Then c = 60 and exp[c /2j  
13 

is on t h a  o r d e r  of 10, s o  t h a t  in o r d e r  t o  h a v e  

u*  (t;O) < 1 i t  is n e c e s s a r y  f o r  e t o  bs on  t h e  o r d e r  o f  
4 9 

10, which i s  close t o  t h e  maximum a t t a i n a b l e  

p r e c i s i o n  i n  d o u b l e - p r e c i s i o n  i n  F o r t r a n ,  N e e d l e s s  t o  

s a y ,  w i t h  v a l u e s  o f  U '  > .5 a n d  the same v a l u e s  o f  UH 

and h t h e  s i t u a t i o n  r a p i d l y  d e t e r i o r a t e s ,  , 

An a d d e d  d i f f i c u l t y  is t h a t  t h e  r u n - l e n g t h  
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d i s t r f  b u t i o n s  produced by t h e  Wiener p r o c e s s  

approxima t i o n  (and, i n c i d e n t a l l y ,  t h e  o t h e r  

a p p r o x i m a t i o n s  as well) have  h i g h - o r d e r  c o n t a c t  a t  

ze ro ,  which i m p l i e s  t h a t  e v e n  f o r  modera t e  v a l u e s  of c + 

t h e  error  c a u s e d  b y  t h e  e x t r a  term exp[c/2 1.e c a n  be 

a p p r e c i a b l e ,  . 

S i n c e  t h e  c o e f f i c i e n t s  of t h e  i n f i n i t e  series must  

be c o a p u t e d  a c c u r a t e l y  by an i t e r a t i v e  t e c h n i q u e ,  a n d  

s i n c e  i n  many cases t h e  i n f i n i t e  series c o n v e r g e s  

s l o w l y  ( a s  p o i n t e d  o u t  b y  Sweet a n d  Harden, 1970).  t h e  

e v a l u a t i o n  of t h e  r u n - l e n g t h  d i s t r i b u t i o n  c a n  become 

c o m p u t a t i o n a l 1  y q u i t e  e x p e n s i v e .  Bagshav a n d  Johnson  

(1977) f o u n d  it n e c e s s a r y  t o  r e s o r t  t o  an e x t e n d e d  

Newton-Rapbson method i n  o r d e r  t o  e v a l u a t e * t h e  Goats of 

t h e  n o n - l i n e a r  e q u a t i o n ,  a s  e v e n  50 i t e r a t i o n s  of the 

unex tended  Mewton-Raphson method d i d  n o t  y i e l d  enough 

a c c u r a c y .  . EOe found  t h a t  a s i m p l e  f i x e d - p o i n t  i t e r a t i o n  

method o b t a i n e d  r e a s o n a b l e  a c c u r a c y  w i t h o u t  too much 

c o n t p u t a t i o n a l  e f f o r t ,  b u t  t h a t  it was inef f i c i e n t  i n  

o b t a i n i n g  h i g h - o r d e  r a c c u r a c y .  

U n f o r t u n a t e l y ,  t h e  Brook- Evans m a t r i x  e q u a t i o n  and  

t h e  Page-Ewan-Kemp i n t e g r a l  e q u a t i o n  (and  e v e n  more 

u n f o r t u n a t e l y ,  o u r  i n t e g r a l  e q u a t i o n )  i n v o l v e  

s imilar  n u m e r i c a l  a n d  c o m p u t a t i o n a l  p roblsms .  

C o n s i d e r  first t h e  Brook-Evans m a t r i x  e q u a t i o n .  

I n  o r d e r  t o  a p p r o x f  mate  t h e  p r o b a b i l i t y  

P[H[i] = n] i t  is n e c e s s a r y  t o  m u l t i p l y  a n  (m+1 x m+l) 
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m a t r i x .  n  times, u h e r a  n is t h e  number of s u b - i n t e r v a l s  

i n t o  which  t h e  i n t e r v a l  (O,h) is  p a r t i t i o n e d .  . Each  
'. 3 

m a t r i x  a u l t i p l i c a t i o n  takes o n  t h e  o r d e r  of (a+l)  . 

a r i t h m e t i c  o p e r a t i o n s ,  so  t h a t  the c o m p u t a t i o n  of 
3 

P [ N [ ~  j = n ]  t a k e s  o n  t h e  order of n. (m+ 1) o p e r a t i o n s . ,  

I f  t h e  s t a t e - s p a c e  of t h e  o b s e r v a t i o n s  is 

c o n t i n u o u s ,  t h e n  a w i l l  have t o  be f a i r l y  l a r g e  i n  

o r d e r  t o  a p p r o x i m a t e  t h e  r u n - l e n g t h  p r o b a b i l i t i e s  w i t h  

s u f f i c i e n t  a c c u r a c y ,  As t h e  number of a r i t h m e t i c  

o p e r a t i o n s  r e q u i r e d  t o  compute t h e  p r o b a b i l i t i e s  

i n c r e a s e s  a s  a c u b i c  f u n c t i o n  of 5 ,  i t  is  t h e r e f o r e  

c o ~ t l p n t a t i o n a l l  y e x p e n s i v e  t o  a c h i e v e  h i g h - o r d e r  

accu racy .  But i f  h i g h - o r d e r  a c c u r a c y  is n o t  a c h i e v e d  

and  m a i n t a i n e d ,  t h e n  t h e  round-o f f  e r r o r s  g e n e r a t e d  by 

t h e  c o m p u t a t i o n s  w i l l  q u i c k l y  b u i l d  u p  a s  n  i n c r e a s e s  

a n d  l o v e r  the p r e c i s i o n  of t h e  u p p e r - t a i l  

p r o b a b i l i t i e s .  Moreover ,  s i n c e  t h e  i n i t i a l  

p r o b a b i l i t i e s  are u s u a l l y  v e r y  s m a l l  (due  t o  h i g h - o r d e r  

c o n t a c t  a t  z e r o ) ,  a n d  s i n c e  i n  mos t  cases t h e  o r d e r  of 

magni tude  of t h e  p r o b a b i l i t i e s  c h a n g e s  v e r y  r a p i d l y  

n e a r  t h e  mode, s m a l l  errors i n  the i n i t i a l  

p r o b a b i l i t i e s  can l e a d  t o  very l a r g e  errors i n  

s u b s e q u e n t  p r o b a b i l i t i e s .  Thus ,  t h e  c o m p u t a t i o n  of t h e  

p r o b a b i l i t i e s  i s  n u m e r i c a l l y  u n s t a b l e  a s  well a s  

c o m p u t a t i o n a l l y  e x p a n s i v e .  

The same s t a t e m e n t  is t r u e  o f  t h e  r e c u r s i v e  

i n t e g r a l  e q u a t i o n  o f  Page-Euan-Kemp a n d  o u r  own 
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e g u a t i  on. S i n c e  a p p r o x i m a t i o n s  t o  t h e  s o l u t i o n s  

of t h e  i n t e g r a l  e q u a t i o n s  c a n  be o h t d i n e d  by c o n v e r t i n g  

t h e n  t o  m a t r i x  e q u a t i o n s ,  many of the c o m p u t a t i o n a l  a n d  

n u m e r i c a l  d i f f i c u l t i e s  i n v o l v e d  with t h e  s o l u t i o n  of 

t h e  m a t r i x  e q u a t i o n s  are a l s o  i n v o l v e d  w i t h  t h e  

s o l u t i o n  of t h e  i n t e g r a l  e q u a t i o n s .  I n  p a r t i c u l a r ,  t h e  

p r o b l e ~ s  posed  by  the c o m p u t a t i o n a l  e x p e n s e  of 

a c h i e v i n g  h i g h - o r d e r  a c c u r a c y ,  t h e  b u i l d - u p  of 

r o u n d - o f f  errors a n d  t h e  n u m e r i c a l  i n s t a b i l i t y  of the 

s o l u t i o n s  a r e  a l l  p r e s e n t . ,  

One n i g h t  e x p e c t  t h a t  e f f i c i e n t  n u m e r i c a l  

i n t e g r a t i o n  methods  c o u l d  be u s e d  t o  r e l i e v e  some <of 

t h e  c o m p u t a t i o n a l  e f f o r t ,  a n d  a l t h o u g h  t h i s  is p r o b a b l y  

t r u e  i n  many c a s e s ,  i t  is n o t  n e c e s s a r i l y  t r u e  i n  a l l  

cases. I n  o n e  c a s e  , f o r  example ,  we f o u n d  t h a t  the 

t r a p e z o i d a l  rn le  o u t - p e r f o r m e d  s i m p s o n ' s  rnle, which is 

u s u a l l y  more e f f i c i e n t ,  b e c a u s e  a l a r g e  p o r t i o n  of t h e  

a r e a  u n d e r  the c u r v e s  was c o n c e n t r a t e d  n e a r  t h e  

e n d - p o i n t s  of (0,h) , a n d  t h e  t r a p e z o i d a l  r u l e  a s s i g n s  

more w e i g h t  t o  t h e  e n d - p o i n t s  t h a n  d o e s  S impson ' s  r u l e . ,  

I n  l i g h t  of t h e  a b o v e  a n a l y s i s  i t  might seem t h a t  

t - h e  b e s t  way t o  approximat@. t h e  r u n - l e n g t h  

d i s t r i b u t i o n  o f  a  CUSUM scheme is  by  a o n t e  Carlo 

s i m u l a t i o n .  c his i s  i n  f a c t  true i n  many cases, b u t  it 

is f a l s e  i n  many o t h e r s .  A s  we s h a l l  see i n  t h e  n e x t  

s e c t i o n ,  t h e  r u n - l e n g t h  d i s t r i b u t i o n s  of CUSUH c o n t r o l  

p r o c e d u r e s  o f t e n  h a v e  long ,  heavy  r i g h t - h a n d  t a i l s ,  and 
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it is c o m p u t a t i o n a l l y  e x p e n s i v e  t o  a p p r o x i m a t e  

r u n - l e n g t h  d i s t r i b u t i o n s  o f  t h i s  type u s i n g  Monte C a r l o .  

methods , ,  Suppose, f o r  e x a a p l e ,  t h a t  t h e r e  is  a 

p r o b a b i l i t y  of p p e r c e n t  t h a t  a r u n - l e n g t h  w i l l  exceed  

t h e  p o s i t i v e  i n t e g e r  n, A t  least a o b s e r v a t i o n s  aust 

b e  s i m u l a t e d  i n  o r d e r  t o  g e n e r a t e  j u s t  o n e  r u n - l e n g t h  

which is g r e a t e r  t h a n  n, a n d  this p r o c e s s  must be - 

r e p e a t e d  a f a i r l y  l a r g e  number of times t o  a c c u r a t e l y  

estimate t h e  upper- t a i l  p s o b a b i l f  t ies,  , L e t  u s  assume 

t h a t ,  i n  o r d e r  t o  a c h i e v e  t h e  d e s i r e d  level o f  
I 

a c c u r a c y ,  we need  t o  g e n e r a t e  a t  l e a s t  a r u n - l e n g t h s  

which exceed  n,  Then we r e q u i r e  HOB3 T H A I  m,a 

o b s e r v a t i o n s  t o  a p p r o x i m a t e  t h e  u p p e r - t a i l  

p r o b a b i l i t i e s ,  and  t h i s  number will b e  o n l y  p  p e r c e n t  

of t h e  t o t a l  number o f  o b s e r v a t i o n s  r e q u i r e d  t o  

a p p r o x i m a t e  t h e  r u n - l e n g t h  d i s t r i b u t i o n .  F o r  

s u n - l e n g t h  d i s t r i b u t i o n s  v i t h  l o n g ,  h e a v y  t a i l s ,  p and a 

w i l l  b e  l a r g e  even for f a i r l y  large v a l u e s  of n, and a 

c o n s i d e r a b l e  c o m p u t a t i o n a l  effort  will t h e r e f o r e  b e  

r e q u i r e d  t o  a d e q u a t e l y  a p p r o x i m a t e  t h e  d i s t r i b u t i o n .  

P a r t  2: Goodness-of -Fi t  of t h e  Bagshan-Johnson -. 

R i e n e r  P r o c e s s  Approx ima t ion  

One m a j o r  problem wi th  t h e  w i e n e r  p r o c e s s  

a p p r o x i m a t i o n  is that t h e  first p a s s a g e  time 

d i s t r i b u t i o n  of t h e  w i e n e r  p r o c e s s  is o f t e n  
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s t o c h a s t i c a l l y  l a r g e r  t h a n  t h e  r u n - l e n g t h  d i s t r i b u t i o n  

of t h e  CUSUn scheme, The r e a s o n  f o r  t h i s  is  t h a t  a 

wiener p r o c e s s  is  a c o n t i n u o u s  p r o c e s s ,  a n d  it w i l l  

t h e r e f o r e  t e n d  to  s i g n a l  a t  t h e  same time o r  before a 

d i s c r e t e  p r o c e s s  w i t h  t h e  same mean, v a r i a n c e  a n d  

a b s o r b i n g  a n d  r e f l e c t i n g  b a r r i e r s ,  Bagshaw a n d  J o h n s o n  

(1977) s u g g e s t e d  t h a t  t h e  c r i t i c a l  v a l u e ,  h, s h o u l d  be 

' i n c r e a s e d  somewhat 8 t o  i n p r o v e  t h e  a p p r o x i i n a t i o n ,  b u t  

t h e y  d i d  n o t  s u g g e s t  a  method of d e t e r m i n i n g  how much h 

s h o u l d  be i n c r e a s e d .  H e  have  n o t  been ab le  t o  
I 

I f i n d  a g e n e r a l  e e t h o a  of d e t e r m i n i n g  a n  

a p p r o p r i a t e  v a l u e  of h e  I n  fact ,  we h a v e  f o u n d  t h a t  

u n d e r  c e r t a i n  c i r c u m s t a n c e s  t h e  first p a s s a g e  time 

d i s t r i b u t i o n  w i l l  b e  s t o c h a s t i c a l l y  smaller t h a n  t h e  

c o r r e s p o n d i n g  r u n - l e n g t h  d i s t r i b u t i o n ,  so  t h a t  a n  

i n c r e a s e  i n  t h e  v a l u e  of h  would make t h e  a p p r o x i m a t i o n  

worse,  n o t  better, 

The f a c t  t h a t  t h e  v a r i a n c e  of  t h e  w i e n e r  p r o c e s s  

a p p r o x i m a t i o n  t o  Sz[n)  c h a n g e s  when t h e  mean c h a n g e s  

also p r e s e n t s  a p r a c t i c a l  problem, Due t o  a 

s i m u l t a n e o u s  c h a n g e  i n  b o t h  t h e  mean a n d  v a r i a n c e  of 

t h e  Yiener process, it c a n  o c c u r  t h a t  the e x p e c t e d  

f irst  p a s s a g e  time a c t u a l l y  i n c r e a s e s  r a t h e r  t h a n  

d e c r e a s e s  when t h e  p r o c e s s  g o e s  o u t  of c o n t r o l  (i .e. , 

s w i t c h e s  fr cm model 1 t o  model 2) . 
T h i s  is c e r t a i n l y  a n  u n a p p e a l i n g  r e s u l t ,  

s i n c e  we t h e r e f o r e  h a v e  t h e  anomaly  t h a t  i t  t a k e s  
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l o n g e r ,  o n  a v e r a g e ,  f o r  t h e  p r o c e s s  t o  signal when it 

h a s  gone  o u t  of c o n t r o l  t h a t  when it h a s  r e m a i n e d  i n  

c o n t r o l ,  A l though  t h i s  r e s u l t  i s  u n a p p e a l i n g ,  it 

s h o u l d  n o t  be too s n r p r i s i n g ,  a s  t h e  upper-bound that 

we d e r i v e d  for U 8  (2)/U8 (1) was o f  the form U *  (1) / H e  ( 2 ) ,  

s o  t h a t  i f  V 9  (1) /V8 (2) > 1, t h e n  t h e r e  is a non-zero  

p r o b a b i l i t y  t h a t  U8(2 )  > ( 1  U n f o r t u n a t e l y ,  we d o  

n o t  see how this prob lem c a n  be  a v o i d e d ,  a s  the- 

v a r i a n c e  of an ABNA p r o c e s s  n e c e s s a r i l y  c h a n g e s  i f  o n e  

o f  t h e  a u t o r e g r e s s i v e  or moving a v e r a g e  . p a r a m e t e r s  
I 

change,  a s  i t  is a f u n c t i o n  of these p a r a n e t e r s . .  

Bagshaw a n d  J o h n s o n  (1977) s u g g e s t e d  t h a t  it might b e  

p o s s i b l e  t o  e x p l o i t  t h e  dependence  of t h e  v a r i a n c e  of 

an  ARHA process on t h e  a u t o r e g r e s s i v e  a n d  moving 

a v e r a g e  p a r a n i e t e r s  by d e v e l o p i n g  a scheme which s i g n a l s  

whenevar t h e r e  is a s i g n i f i c a n t  i n c r e a s e  o r  decrease i n  

t h e  v a r i a n c e  of t h e  p r o c e s s ,  T h i s  seems l i k e  an  

e x c e l l e n t  i d e a ,  b u t  we h a v e  n o t  had a c h a n c e  t o  

i n v e s t i g a t e  it t h o r o u g h 1  y. 

We w i l l  now d i s c u s s  t h e  r e s u l t s  of o u r  Honte  C a r l o  

g o o d n e s s - o f - f i t  s t u d y ,  F o r  t h e  s a k e  of c o n t i n u i t y  we 

s t a r t e d  with many o f  t h e  same p a r a m e t e r  v a l u e s  a s  used 

by Bagshaw a n d  J o h n s o n ,  and  t h e n  we changed some of 

t h e m  t o  s t u d y  t h e  effect o f  t h e  c h a n g e s ,  Be 

c o n c e n t r a t e d  o u r  e f f o r t s  on t h e  CUSUM schemes  

c o r r e s p o n d i n g  t o  t h e  s t a t i s t i c  SEn.],, Since t h e  Wiener 

p r o c e s s  a p p r o x i m a t i o n s  t o  S[n] a n d  ~ z [ n ]  d i f f e r  by  o n l y  
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a change  i n  t h e  mean a n d  v a r i a n c e  p a r a m e t e r s ,  we e x p e c t  

t h a t  t h e  c o n c l u s i o a s  which we make c o n c e r n i n g  t h e  St  n) . 

cUSUH schemes  will h o l d  fo r  the sz[n]  CUSUH schemes. 

F i g u r e s  4.3.1 ,- 4.3.5 are g r a p h s  of t h e  

c u r n u l a t i  ve . r u n - l e a g  t h  d i s t r i b u t i o n s  a n d  g i e n e r  p r o c e s s  

a p p r o x i m a t i o n s  of f i v e  CUSUH s c h e m e s  w i t h  f i r s t - o r d e r  

, a u t o r e g r e s s i v e  o b s e r v a t i o n s ,  The s c h e ~ e s  h a v e  

common au t o r e g r e s s i v e  p a r a m e t e r s ,  v a r i a n c e  p a r a m e t e r s  

a n d  cr i t ical  v a l u e s  of a = 0 . 5 ,  Y ? '  = 4,O and 

h = 17.32, r e s p e c t i v e l y .  The mean p a r a m e t e r s  r a n g e  

f rom 0.7 t o  -0.1 by i n c r e m e n t s  of 0.2. The  

cumulative r u n - l e n g t h  distributions generated by 

n o n t e  C a r l o  s i n r u l a t i o n  are  d e n o t e d  by HCI <= n], and 

p l o t t e d  with t h e  symbo l  ', , , and t h e  Wiener p r o c e s s  

a p p r o x i m a t i o n s  are d e n o t e d  by  PC Fl <= n ]  and p l o t t e d  

with t h e  symbo l  ' x ' .  The l e t t e r s  ' A A R L '  s t a n d  f o r  

A s y m p t o t i c  Average Run-Length fi, e. e x p e c t e d  first 

p a s s a g e  time), and  t h e  l e t t e r s  'ABL9 s t a n d  f o r  

Average  Run-Length, Baghsaw a n d  J o h n s o n  ( 1  975a, 

f i g u r e  S ) ,  c o n s i d e r e d  t h e  c a s e  c o r r e s p o n d i n g  t o  

f i g u r e  4,3;2. 

It i s  clear t h a t  t h e  iiiener p r o c e s s  a p p r o x i m a t i o n s  

a r e  s t o c h a s t i c a l l y  l a r g e r  t h a n  t h e  s i i n u l a t e d  r u n - l e n g t h  

d i s t r i b u t i o n s .  It is  a l s o  clear t h a t  the 

a p p r o x i m a t i o n s  become p r o g r e s s i v e l y  w o r s e  a s  Y e  

d e c r e a s e s ,  i n  t h e  s e n s e  t h a t  t h e  a b s o l u t e  errors 

i n c u r r e d  by u s i n g  t h e  p e r c e n t a g e  p o i n t s  of t h e  first 
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p a s s a g e  time d i s t r i b u t i o n s  t o  a p p r o x i m a t e  t h e  

c o r r e s p o n d i n g  p e r c e n t a g e  p o i n t s  of t h e  r u n - l e n g t h  

d i s t r i b u t i o n s  i n c r e a s e  marked ly  a s  U8 d e c r e a s e s , ,  For 

example,  w i t h  U *  = 0.7, t h e  d i f f e r e n c e  be tween  t h e  t r u e  

a n d  e s t i m a t e d  medians  i s  less t h a n  25 - 17 = 8, b u t  

w i t h  W' = -0.1, t h e  d i f f e r e n c e  is g r e a t e r  t h a n  135 - 76 

= 59.. Also, w i t h  i t 8  = 0.7 t h e  d i f f e r e n c e  be tween  t h e  

t r u e  a n d  e s t i m a t e d  a v e r a g e  r u n - l e n g t h s  i s  o n l y  26.19 - 
20.67 = 5.52, b u t  w i t h  P* = - 0.1, t h e  ififfererice is 

181,85 - 102.28 = 79.57, He h a v e  found  a s imi l a r  

r e l a t i o n s h i p  be tween  t h e  v a l u e  of Y *  a n d  t h e  f i t  of 

t h e  a p p r o x i m a t i o n s  i n  a l l  of o u r  s i a n l a t i o n s ,  , 

One r e a s o n  f o r  t h i s  r e l a t i o n s h i p  be tween  t h e  v a l u e  

o f  We and  t h e  g o o d n e s s - o f - f i t  of the a p p r o x i m a t i o n s  i s  

t h a t  a s  3 '  i n c r e a s e s ,  t h e  f irst  p a s s a g e  time 

d i s t r i b u t i o n s  a n d  t h e  r u n - l e n g t h  d i s t r i b u t i o n s  c o n v e r g e  

t o  peaked,  s h o r t - t a i l e d  d i s t r i b u t i o n s  w i t h  s i m i l a r  

mean and  v a r i a n c e  p a r a m e t e r s  i n  t h e  i n t e r v a l  [ O r  l 1, so 

t h a t  t h e  a b s o l u t e  d i f f e r e n c e s  i n  t h e i r  p e r c e n t a g e  

p o i n t s  n e c e s s a r i l y  d e c r e a s e .  Another r e a s o n  is  t h a t  a s  

H' d e c r e a s e s ,  t h e  t a i l s  of t h e  r u n - l e n g t h  d i s t r i b u t i o n s  

become much h e a v i e r  t h a n  t h e  t a i l s  of t h e  f irst  p a s s a g e  

time d i s t r i b u t i o n s ,  which t e n d s  t o  i n f l a t e  t h e  v a l u e s  

of t h e  average r u n - l e n g t h s  r e l a t i v e  t o  t h e  e x p e c t e d  

f i r s t  p a s s a g e  times. 

S i n c e  S[n J c o n v e r g e s  t o  a u i e n e r  p r o c e s s  a s  

n i n c r e a s e s ,  a n d  s i n c e  t h 3  a v e r a g e  r u n - l e n g t h  o f  a 
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CUSUH scheme i n c r e a s e s  a s  W 1  d e c r e a s e s ,  t h e  

r u n - l e n g t h  d i s t r i b u t i o n s  must c o n v e r g e  t o  t h e  

first p a s s a g e  time d i s t r i b u t i o n s  a s  

U1 -> - i n f i n i t y .  However, t h e  ra te  of c o n v e r g e n c e  

a p p e a r s  t o  be v e r y  s low,.  

Pe n e x t  c o n s i d e r e d  t h e  effect of t h e  v a l u e  of t h e  

c r i t ica l  v a l u e  on t h e  g o o d n e s s - o f - f i t  of t h e  

a p p r o r i a a t i o n ,  F i g u r e s  4.3,G - 4.3.8 h a v e  t h e  same 

I v a l u e s  of a, W e  a n d  a * *  a s  f i g u r e  4.3.2 ( t h e  c a s e  
I 

c o n s i d e r e d  by Bagshav and  J o h n s o n ) ,  b u t  t h e i r  
I 

1 < 

' cr i t ica l  v a l u e s  a r e  29, 54 a n d  156, r e s p e c t i v e l y .  

Note  t h a t  t h e  w i e n e r  p r o c e s s  a p p r o x i m a t i o n  becomes 

a p p r e c i a b l y  b e t t e r ,  i n  t h e  s e n s e  d e f i n e d  above ,  a s  

h  i n c r e a s e s .  O f  c o u r s e  this is t o  be  e x p e c t e d ,  a s  

t h e  a p p r o x i n a t i o n  s h o u l d  improve  a s  t h e  a v e r a g e  

r u n - l e n g t h  i n c r e a s e s ,  a n d  t h e  a v e r a g e  r u n - l e n g t h  

i n c r e a s e s  a s  h i n c r e a s e s ,  T h e  r e s u l t s  of all o u r  

s i a u l a t i o n s  s u p p o r t  t h e  c o n c l u s i o n  t h a t  t h e  

g o o d n e s s - o f - f i t  of t h e  ~ i e n e r  p r o c e s s  a p p r o x i m a t i o n  

i m p r o v e s  a s  h i n -  a e a s e s ,  

It is i n t e r e s t i n g  t o  n o t e  t h a t  t h e r e  a p p e a r s  t o  b e  

a  f i x e d  b i a s  of a b o u t  - 8.0 i n  the a s y m p t o t i c  a v e r a g e  

r u n - l e n g t h s  of f i g u r e s  4.3,2, U.3.6 a n d  4.3,7 ( t h e  b i a s  

i n  f i g u r e  4.3.8 is s l i g h t l y  less, which is 

u n d e r s t a n d a b l e ,  a s  t h e  b i a s  must a p p r o a c h  z e r o  a s  h -> 

i n f i n i t y ) .  Even more i n t e r e s t i n g  i s  t h e  f a c t  t h a t  t h e  

f o r m u l a  f o r  t h e  a s y m p t o t i c  a v e r a g e  r u n - l e n g t h  of t h e  
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g i e n e r  p r o c e s s  a p p r o x i m a t i o n  i s  o f  t h e  fors  

a 
U v  = [ H v Q / ( 2 , Y Q )  ].Cexp[-c] - 1 + c], 

and  w i t h  P @  , =  0.5 a n d  U" = 4 we h a v e  

Thus,  i f  we i g n o r e  t h e  term '-1 '  i n  t h e  e q u a t i o n  for 

U v ,  we o b t a i n  a l n o s t  a n  e x a c t  fit b e t w e e n  t h e  

BBRLIs a n d  the ARLVs i n  f i g u r e s  4.3.2, 4,3,6 and 

4.347, 

F i g u r e  4.3,9 i l l u s t r a t e s  t h e  effect  of a c h a n g e  

i n  t h e  v a r i a n c e  p a r a m e t e r  o n  t h e  g o o d n e s s - o f - f i t  of 

t h e  a p p r o x i m a t i o n .  The values of 9 '  a n d  h v  a re  t h e  

same i n  f i g u r e s  4.3.2 and 4.3.9, b u t  t h e  value of 

a is 0.5 i n  the former f i g u r e  and  -0.5 i n  t h e  la t te r  

f i g u r e ,  which c h a n g e s  t h e  c o r r e s p o n d i n g  v a r i a n c e  

p a r a m e t e r  from 4,0 t o  0.4444, ,, ~ b v i o u s l y ,  the 

d e c r e a s e  i n  t h e  v a r i a n c e  p a r a m e t e r  f rom 4.0 t o  

0,QQQQ.. . . i m p r o v e s  t h e  goodness -of - • ’  it of t h e  

a p p r o x i m s t i o n  d r a m a t i c a l l y .  When Q' is  g r e a t e r  t h a n  

zero and is f a i r l y  l a r g e  ( s a y  >= 0.5) ue h a v e  f o u n d  

t h a t  t h i s  is a l w a y s  the c a s e ,  

l?e s u s p e c t  t h a t  the reason t h a t  t h i s  is t r u e  is 

t h a t  a s  i f g  -> infinity and  Y u  -> 0, b o t h  the first 

p a s s a g e  time d i s t r i b u t i o n s  a n d  t h e  r u n - l e n g t h  
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d i s t r i b u t i o n s  r a p i d l y  c o n v e r g e  t o  peaked ,  

s h o r t - t a i l e d  d i s t r i b u t i o n s  w i t h  s imi la r  Bean a n d  

v a r i a n c e  p a r a m e t e r s  i n  t h e  i n t e r v a l  [h/U8, l+h/Y8 J 8  + 

The e m p i r i c a l  f o r m u l a  

which was s u g g e s t e d  b y  Evan a n d  Kemp (1960) ,  seems 

t o  s u p p o r t  t h i s  argument .  Also, ou r  h e u r i s t i c  

j u s t i f i c a t i o n  of t h e  Ewan-Kemp f o r m u l a ,  g i v e n  i n  
I 

section 1 of this d h a p t e r ,  a n d  o u r  p r o o f  t h a t  t h e  

e x p e c t e d  first p a s s a g e  time of a H i e n e r  p r o c e s s  

c o n v e r g e s  t o  h/W9, seems t o  l e n d  f u r t h e r  s u p p o r t  to 

t h i s  a rgument .  I n  a d d i t i o n ,  t h e  i n t e r v a l  h/ge ,  lt.h/ri8 1 

c o n v e r g e s  t o  t h e  i n t e r v a l  [ O ,  1  '] a s  V *  -> i n f i n i t y ,  and ,  

a s  s t a t e d  a b o v e ,  t h e  first p a s s a g e  time 

d i s t r i b u t i o n s  and  r u n - l e n g t h  d i s t r i b u t i o n s  c o n v e r g e  to 

peaked ,  s h o r t -  t a i l e d  d i s t r i b u t i o n s  w i t h  t h e  s i m i l a r  

mean and  v a r i a n c e  p a r a m e t e r s  i n  t h i s  l a t t e r  i n t e r v a l  a s  

id8 -> i n f i n i t y ,  

As a  f i n a l  p o i n t ,  we p r e s e n t  t h e  

f o l l o w i n g  s h o r t  list o f  AARL8s a n d  ARL8s, w i t h  t h e  

c o r r e s p o n d i n g  v a l u e s  of h/Hr and 1 + h/W8 (the 

v a l u e s  of a, W * *  a n d  h a r e  -0.5, O,4444,.. and 

17.32, r e s p e c t i v e l y )  : 
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Re f ee l  t h a t  t h f s  e v i d e n c e ,  taken t o g e t h e r ,  
I 

s t r o n g l y  s u p p o r t s  o u r  argument;  

T h e  p u r p o s e  o f  f i g u r e  4,3,10 is s i m p l y  t o  show 
1 

t h a t  u n d e r  c e r t a i n  c i r c u a s t a n c e s  r u n - l e n g t h  

d i s t r i b u t i o n s  can b e  s t o c h a s t i c a l l y  l a r g e r  t h a n  f irst  

p a s s a g e  time d i s t r i b u t i o n s .  . 

Xf ve c o n s i d e r  t h e  r e s u l t s  of t h e  a b o v e  

s i m u l a t i o n s  as a whole ,  ue coae t o  % h e  c o n c l u s i o n  

that t h e  goodness-of - f  it of t h e  5 t i ene r  p r o c e s s  

a p p r o x i m a t i o n s  improve  as 

c -> i n f i n i t y  

and c -> - i n f i n i t y ,  

where 

Note  t h a t  c is t h a  c o n s t a n t  t h a t  a p p a a r s  i n  I/. 
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CONCLUSIONS: 

Based on  o u r  a n a l y s i s  we c o n c l u d e  

1,l There is n o  such t h i n g  a s  a n  a l l - p u r p o s e  

s e q u e n t i a l  c o n t r o l  p r o c e d u r e . .  The s e q u e n t i a l  c o n t r o l  

p r o c e d u r e  which is a p p r o p r i a t e  for  a p a r t i c u l a r  

a p p l i c a t i o n  w i l l  d e p e n d  on t h e .  unique c h a r a c t e r i s t i c s  

a s s o c i a t e d  w i t h  t h a t  a p p l i c a t i o n  a n d  may have  t o  b e  

s p e c i a l l y  designed. 

2.) A t  p r e s e n t  there is n o  s i n g l e  n e t h o d  of 

g e n e r a t i n g  or a p p r o x i m a t i n g  t h e  r u n - l e n g t h  d i s t r i b u t i o n  

of a CUSUM s t a t i s t i c  w h i c h  is s u p e r i o r  to a l l  other 

methods  i n  a l l  c a s e s .  

3.) The B i e n e r  p r o c e s s  a p p r o x i m a t i o n  o b t a i n e d  b y  

Bagshaw a n d  J o h n s o n  w o r k s  well i n  some c a s e s  (e.g. a s  

c -> i n f i n i t y  and  f o r  l a r g e  a v e r a g e  r u n - l e n g t h )  b u t  it 

can be q u i t e  n i s l e a d i n g  in many o t h e r  cases a n d  s h o u l d  

be used  w i t h  c a u t i o n ,  

4 . )  More research i s  r e q u i r e d  t o  f i n d  methods  o f  

improv ing  t h e  R i e n e r  process a p p r o x i m a t i o n ,  a n d  t o  f i n d  

raethods of  efficiently s o l v i n g  t h e  m a t r i x  and i n t e g r a l  

equations. 
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