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Abstract 

Tho Mean-Variance C a p i t a l  Asset P r i c i n g  node1 (CBPB) is 

probably  t h o  most widely-researched e q u i l i b r i u m  pricing model 

f o r  c a p i t a l  a s s e t s .  S y s t e n a t i c  risk (beta) p l a y s  a central r o l e  

in the theory, and much a t t e n t i o n  h a s  b e e n  f o c u s e d  on what 

constitutes the correct procedure for i ts e s t i m a t i c n .  Several 

a u t h o r s  h a v e  observed t h a t  b e t a  may n o t  r e m a i n  stationary 

t h r o u g h  time. They h a v e  f n r t  her indicated that e s t i m a t e s  of 

beta ,  d e r i v e d  i g n o r i n g  t h e  ef f a c t s  of n o n - s t a t i o n a r i t y ,  may b e  

of only l i m i t e d  v a l u e ,  from t h e  v i e w p o i n t  of b'oth t h e  p o r t f o l i o  

aanzger, a n d  t h s  academic researcher. 

T h i s  s t u d y  a p p l i e s  a  neu s t a t i s t i c a l  p r o c e d u r 2  t o  

investigat~ b e t a - n u n - s t a t i o n a r i t y ,  T h e  a n a l y s i s  conceptrates on 

a well-known empirical s t u d y  o f  t h e  C A P B ,  i n  w h i c h  a n  a s s u m p t i o n  

o f  b e t a - s t a t i o n a r i t y  a p p e a r e d  s x p l i c i t l y  . Tha evidence provided 

b y  t h i s  p a p e r  does  no t  s u p p o r t  the. a s s u m p t i o n .  
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A. Introduct ion 

The c a p i t a l  a s se t  p r i c i n g  model {CAPEI) o f  

S h a r p e - L i n t n e r - f l o s s i n  ( X I X ,  XIV a n d  X V )  p r o v i d e s  a l i n e a r  

r e l a t i o n s h i p  between t h ~  expscted r e t u r n  on an asset ,  and  that 

a s s s t ' s  systemat ic  r i s k  ( b e t a )  . A l t h o u g h  t h e  d 2 c i v a t i o n  of the 

CAPU r e q u i r e s  a number  o f  f a i r l y  strict a s s u m p t i o n s ,  i t  r e m a i n s  

t h e  most w i d e l y - r e s e a r c h e d  e q u . l i b r i u m  p r i c i n q  m o d e l  for  c a p i t a l  t 

assets.  I t  h a s  i n t u i t i v e  a p p e a l ,  a n d  i ts  s i m p l i c i t y  h o l d s  

c o n s i d e r a b l e  p r o m i s e  f o r  m a k i n g  i t  suitable f o r  p r a c t i c a l  

applications i n  a  v a r i e t y  o f  fields. 

T h e  model, constructsd w i t h i n  a .single-period f r a m e w o r k ,  

has been s u b j e c t e d  t o  a l a r g e  number o f  z m p i r i c a l  tes ts ,  

n e c e s s a r i l y  c c n s t r u c t e d  within a m u l t i -  p e r i o d  f rameuork. No 

a s s u m p t i o n s  a s  to  t h e  s t a t i o n a r i t  y of s y s t e m a t i c  r i s k  a p p e a r e d  

i n  t h e  d e r i v a t i o n  of t h e  CAPH. The t h s o r y  does i c d i c a t e ,  i n d e e d ,  

that a n  asset 's  s y s t e m a t i c  risk may a l t e r  t h r o u g h  t ime a s  a 

r e s u l t  of changas i n  c a p i t a l  s t r u c t u r e  and t h e  adopt ion  of 

projects from a d i f f e r e n t  r i s k  c l a s s  t h a n  that o f  c u r r e n t  

o p e r a t i o n s .  H o u z v e r ,  a n e c e s s a r y  c o n d i t i o n  f o r  t h e  econometric 

p r o c e d u r e s  employed i n  testing t h e  model, h a s  been that . 

s y s t e m a t i c  risk s h o u l d  r e m a i n  stationary o v e r  s m e  p e r i o d  of  

time. 



T h i s  paper examines i n  some detail t h e  v a l i d i t y  o f  t h i s  

assu~ption of be ta  s t a t i o n a r i t y ,  w i t h  p a r t i c u l a r  r a f e r e n c e  t o  

B l a c k ,  Jenssn and  Scholes' (BJS) tests of t h a  CAPH (11). It 

s h o u l d  be e m p h a s i s e d  t h a t  t h e  current a u t h o r  i s  a w a r e  of 

c r i t i c i s a s  of t h e s e  and othar tes ts ,  of  a mora fundamental 

nature, that have boec made b y  R o l l  ( X V I I ) .  H o w a v e r  t h i s  p a p e r  

i s  p r i m a r i l y  concerned with t h o  g e n e r a l  i m p l i c a t i o n s  of beta  

n o n - s t a t i o n a r i t y  f o r  e m p i r i c a l  research, f o r  w h i c h  the B J S  s t u d y  

p r o v i d e s  a suitable 3xample.  

S e c t i o n  B g i v e s  a reviaw of p r s v i o u s  work. S e c t i o n  C 

discusses aodsl s p e c i f i c a t i ~ n  and descr ibes  t h e  t e s t s  used i n  

the current p a p o r y . _ w h i c h  ars s o m e u h a t  novsl t o  t h e  field of 
+ -- 

P i r a n c e .  T h e  empirical results a p p e a r  i n  S e c t i o n  D ,  whilst 

f i  section E provides c o n c l u s i o n s ,  



One o f  the f i r s t  a t t e m p t s  t o  a d d r e s s  t h e  q u e s t 4 o n  o f  t h s  

p o s s i b l ?  n o n - s t a t i o n a r i t y  o f  .systematic r i s k  wss a s t u d y  by  

Bluree (111). Blume c o m p u t e d  r a n k  a n d  p r o d u c t  moment c o r r e l a t i o n  

c o e f f i c i e n t s  between betas, estimated o v s r  t w o  c o n s e c u t i v e  

s s v e n - p e a r  periods, for beta r a n k e d  p o r t f o l i o s  of v a r i o u s  sizes. 
a 

He c o n c l u d e 3  t h a t  w h i l s t  n a i v e l y  e x t r a p o l a t e d  assessaents of 

future r i s k  f o r  larger ~ortfolios were r e m a r k a b l y  a c c u r a t e ,  

t h e s e  for i n d i v i d u a l  s e c u r i t i e s  were of limited v a l u e  i n  

f o r e c a s t i n g  f u t u r e  risk. However h i s  s t u d y  d i d  n o t  c o n t a i n  

s t a t i s t i c a l  tes t?  o f  this p r o p o s i t i o n .  

Pabozzi and Francis (VIII) i n v e s t i g a t e d  the stability of = 

a, 
b e h s  o v e r  b u l l  a n d  b e a z  maiket c o n d i t i o n s .  Thsir s t u d y  e a p l o y e d  

d u m m i e s  t o  test whether t h e  mode l  a s  a whole r e m a i n e d  stable 

over t h e  two r e g i m e s ,  and  whether i f  it d i d ,  ' t h e  instability was 

d u e  t o  a shift i n  a l p h a  o r  a shift i n  b e t a .  B o u e v e r , - t h e y . f o u n d  . 
n o -  e v i d s n c e  t h a t  t h e  mode l  d i f f e r e d  s i  f ' c a n  tly- between t h e  W J  
t w o  market c o n d i t i o n s .  

In a later s t u d g ,  ~ a b & z i  a n d  Francis (IX) used a p r o c e d u r e  - 

s u g q e s t s d  b y  T h e i l  (XXI) f o r  a n a l p s i n g  t h e  r e s i d u a l s  from an OLS 

regression, i n  o r d e r  to- t e s t  for the s t a b i l i t y  of a mode l .  The ir  

results i n d i c a t e d  t h h t  beta was n o n - s t a t i o n a r y  f o r  a significant 

n h o r i t y  o f  t h h  s t o c k s  s t u d i e d ,  a n d  t h a t  %he degree of 



n o n - s t a t i o n a r i t y  was s u f f i c ' i e n t  t o  r e n d e r  beta, f o r  t h o s e  

p a r t i c u l a r  s e c u r i f i e s ,  u n s t a b l e  f r o n  t h e  v i e w p o i n t  of a 

p o r t f o l i o  m a n a g a r .  

B e c o q n i z i n q  t h e  possible n o n - s t a t i o n a r i t y  of s y s t e m a t i c  

risk, B a r - P o s e f  a n d  Brown (I)  r e e x a m i n e d  a n  e a r l i h r  s t u d y  of 

Pama, Fisher, J e n s e n  and Boll (FPJR) o f  s tock  splits. They used 

m o v i n q  regr2ss ions  o f  l e n g t h  6 0  months  t o  analyse the stability 
1 

o f  b e t a  i n  t h e  p e r i o d  54 months e r t h o r  s i d s  of t h e  stock s p l i t .  

Their f i n d i n g s  were t h a t  t h e  be ta s  est imated r o s e  up t o  ti13 time 

o f  the stock s p l i t ,  a n d  t h e n  t a i l e d  o i f  somewha t .  However  n o  

e v i d e n c s  as t o  t h s  s t a t i s t i c a l  significance o f  t h i s  c b s e r v a t i o n  

was p r o v i d e d .  They a r g u e d ,  PF J R 1 s  s t u d y  o v e r s t a t e d  the b e n e f i t s  

t o  the e x i s t i n g  s h a r e h o l d s r s ,  s i n c e  a t  l e a s t  p a r t  of t h e  

i n c r s a s e d  r + t u r n  o b s e r v e d ,  prior t o  t h ~  s p l i t  date, could b e  
1 

accountad for i n  t e r n s  of a n  i n c r e a s e  i n  risk. 

D r a w i n q  on Bubinsteinls work, B r e n n e r  a n d  Smid* ( V )  a r g u e d  

t h a t  whilst there were t h e o r e t i c a l  g r o u n d s  f o r  b e l i e v i n g  

s y s t s m a t i c  r i s k  t o  v a r y  t h r o u g h  time, the measure of a n s o l u t e  

riik m i g h t  remain f a i r l y  s t a t i o n a r y -  ~ h e p  d e f i n e d  t h e  f o l l o r i n q  

r e l a t i o n s h i p :  

B .  = B. /V 
I I j 

vhere B represents the absolute risk of the j t h  
j. 

a n d  v d e n o t e s  its value. 
j 

f 



.. '-.. 

A c o a p a r i s o n - w a s  m3de o f  the two models: 

No s i q a i f i c a n t  difference uas  f o u n d  a s  t o  t h e  f i t  each 

m o d e l  p r o v i d e d ,  a n d  when t h e  s t a b i l i t y  of e a c h  p a r a m e t e r .  B~ a n d  

B 
j uas tested using a n  a n a l y s i s  o f  

c o v a r i a n c e ,  both a p p e a r e d  t o  s x h i b i t  significant 

n o n - s t a t i o n a r i t y .  

T r a n s i t i o n  matrices were employed b y  b o t h  Sharpe and C o o p e r  

( X X )  and R o a n f e l d t ,  G r i e p e n t r o q  and Pflaum (RGP) ( X V I )  to 

invf s t i g a t e  t h e  s t a b i l i t y .  of betas between t w o  time periods. BGP 

t h e n  performed C h i - s q u a r e  t e s t s  o n  t h e  d a t a ,  and on the b a s i s  of 

these tests c o n c l u d e d  t h a t  no s i g n i f i c a n t  n o n - s t a t i o n a r i t y  
I* 

e x i s t e d .  

I n  a r e c s n t  s t u d y ,  Kon a n d  L a u  (XIII) u s e d  a maximum 

l i k l l i h o o d  e s t i m a t i o n  p r o c e d u r e .  U h i l s t  they p l a c e d  restrictions 

on the number of seperate r e g i m e s  ( t h e y  a l l o w e d  f o r  two a n d  

t h r e p ,  seperate regimes), t h e y  p l a c e d  no r e s t r i c t i o n s  a s  to t h e  

ordering of t h e  d a t a , ?  They found t h a t  s i g n i f i c a n t  

n a n - s t a t i o n a r i t y  s r i s t e d  i n  t h e  model, and t h a t  ~ u c h  of thf s 

cou ld  be attributed to n o n - s t a t i o n a r i t i e s  i n  beta, 

S i n c e  ue are a t  l e a s t  p a r t i a l l y  i n t e r e s t e d  i n  t h e  s t a b i l i t y  

of s y s t e m a t i c  risk fron a practical p o i n t  of v i e u ,  i t  i s  



'5 PA . 
w 

w o r t h w h i l e  nmg that several authors have sugqested that, f a  a 

Bayesian c o n t e x t ,  OLS estimates o f  beta  will bl- b i a s e d .  Vasicek 
il ' 

( X I I )  shows that given ti13 prior k n o w l e d g e  t h a t  b e t a s  are  

distributed w i t h  mean one, and t h a t  their p r o b a b i l i t y  d e n s i t y  

functi?n(is of a bell-shaped fora, OLS o s t i a a t e s  o f  b e t a  t h a t  
1 

d 

d u 
are less (greater) t h a n  one, will b e  b i a s e d  downwagds (upwards). 

An intuitive e x p l a n a t i o n  of t h i s  i s  t h a t ,  g i v 2 n  t h e  b e t a s  are 

d i s t r i b u t e d  in the way described, an estimate of b e t a  less 

(greater) t h a n  one has  a h i g h e r  probability of h a v i n g  a negative 

( p c s i t i v e )  srror a s s o c i a t 9 d  w i t h  i t  -than a positive ( n e g a t i v e )  

error, due t o  the shape o f  t h e  density f u n c t i o n  of the  

p o p u l a t i o n  of  b o t a s ,  B l n n e  (IV) i n  a l a t e r  study adjusted his 

beta s s t i ~ a t e s  t o  t a k e  account  o f  t h i s  b i a s ,  b u t  c o n c l u d e d  t h a t  

t h e  b i a s  uas  r s l a t i v e l y  s a a l l ,  an3 t h a t ,  h o u e v s r ,  there existed 
\ 

r e a l  n o n - s t a t i o n a r i  ties ' i n  the b e t a s ,  a n d  that thsse  

n o n - s t a t i o n l r i t i e s  t o o k  the fora of a pronounctd  tendency f o r  

b e t a s  to regress towards t h p i r  Rean (one) over tiae. 



f f  the c a p i t a l  ~ a r k e t  is  i n  e q u i l i b r i u m  a t  time t - 1, thon 

the CAPM will b d  g i v e n  by: - 

where E ( R ,  ) is_ the e x p e c t e d  r e t u r n  on t h e  jth s e c u r i t y  or 
I t  

p o r t f o l i o  i n  psrio3 t; R is t h a  risk-free r a t e  of in teres t ;  
f t  

is t h e  e x p e c t e d  rate of r e t u r n  on the market 

/ p o r t f o l i o ;  and 3 =!cov(R , R  )}/{var(Rmt)} 
j t jt mt 

is t h e  measure o f .  
/ v -  P 

s y s t ? a a t i c  r i s k  for  security 'or p o r t f o l i o  j. 

.-- - - 
Tho market model is g i v e n  by: 

A 
' t h i s  mag alternatively b e  e x p 4  

where = R - R ; r = 
mt Rmt - R f t  

; a n d  h g  denotes the 
jt j t  ft j 

aeaz of t h e  ' j t  
aver ths testing p e r i o d .  lfn OLS es t iwate  - 

derikod from ( 3 )  r i l l  he 'an unbiased estimate of , but in' 
I.< 

qensral it uifl not be an u n b i a s e d  sstimator of the 
- . - t r u e  

Bjt 
in s n y  one p e r i o d .  

Tvct approaches aay be identified i n  i n v e s t i g a t i n g  possible 
7 -- 

n o o - s t a t i o n a r i t i e s ,  Ong a p p r o a c h  is t c  p lace  a r e ~ t r i c t ~ i o n  on 





from a r e g r e s s i o n  i n v c l v i n g  o n l y  t h e  f i r s t  r-1 o b s e r v a t i o n s ;  

X 
r is t h e  2 by 1 v e c t o r  of o b s e r v a t i o n s  f o r  t h e  r t h  p e r i o d ;  

and X,-l is the r-1 b y  2 matrix of o b s e r v a t i o n s  for t h e  f i r s t  

r-7 p e r i o d s .  Thns t h e  recursive residual may be t h c a g h t  of as an 

a p p r o p r i a t e l y - t r a n s f o r m e d  prediction strcr .  On t h e  nnll 

h y p o t h e s i s :  n o  s w i t c h  of r e g i a a s ,  the w (r) w i l l  be ' n o r m a l l y  a n d  

i n d e p e n d e n t l y  d i s t r i b u t e d ,  w i t h  a x p e c t a t i o n  zero a n d  c o n s t a n t  

' I 
v a r i a n c e .  F u r t h e r  t h e  Cnstm i s  defined as: 

where s denotes the mean s q u a r e  r s s i d n a l  o v e r  t h e  entire 

period. Under t h e  n n l l  h y p o t h e s i s ,  B ( k + l )  ,...I4 (T) %ill be a 

sequence of a p p r o x i m a t e l y  normal v a r i a b l e s  s u c h  t h a t :  
A 

, Thns t h e  Uir) w i l l ,  &on the n u l l  h y p o t h e s i s  of s t a t i o n a r i t p ,  

f o l l o w  a Brownian a o t i c n  s t a r t i n g  a t  time = t a m  The Cusnm t e s t  

i n v o l v e s  i n v e s t i g a t i n g  whether t h e  U (r) d e p a r t  s i g n i f i c a n t l y  

------------------ 
lNote t h a t  recursive r e g r e s s i o n s  mag be run  iorvards through 
ti8e o r  backwards t h r o n g b  time, T h u s  two sets of Cnsms can be  
derived, looking a t  b o t h  sets yields a d d i t i o n a l  i n s i g h t s  a s  t o  
possible i n s t a b i l i t y  i n  t h e  regression rcdel. 



from t h i s  p r o c e s s .  T I H V A R  p r o d u c e s  p l o t s  of t h e  Cusur series 

a g a i n s t  tiae. Examples  o f  s u c h  p l o t s  appear i n  figures 1 through 

t o  4 (the results of t h e s e  are d i s c u s s e d  i n  greater detail i n  

the  following section). The procedure adcpted  for  t e s t i n g  

a o n - s t a t i o n a r i t y  i n  t h e  regression model is to  d2asi bounds 

t h r o u g h  the p o i , n t s  (k, Fa J(T-L) ) , (T, f l a  j ( ~ - k )  ) , where a will be: 

1 .143  for 1% s i g n i f i c a n c e  

0 .948  for 5% s i g n i f i c a n c e  

0 .850 for  10% significance 

Plots of Cusums t b a t  crpss these b o u n d a r i e s  i n d i c a t e  

non-s ta t ionar i ty  i n g  the r e g r e s s i o n  model, a t  t h e  g i v e n  l e v e l  of 

. - s i g n i f i c a n c e ,  t h e  switch of regimes o c c n r i n g  a t  t h a t  p o i n t  where 

- the boundary i s  crossed. This will o c c u r ' u h e n  s u c c e s s i v e  

recursive r e s i d u a l s  take on t h e  same sign, thus i n d i c a t i n g  t h a t  

the mode l  e s t i m a t e d  u s i n g  data l a r g e l y  from e a r l i e r  p e r i o d s  (or 

l a t e r  p e r i o d s ,  i f  the recurs ive  regressions are b e i n g  done 

- backwards) y i e l d s  biased forecasts, suggesting a switch of  

f 8 g i . e ~  has taken place. I t  c a n  be  shown t h a t  when t h e  Cusua 
l - 6  

series crosses one of these b o u n d a r i e s ,  t h e  f&owing test 

s t a t i s t i c  w i l l  exceed a ,  for the g i v e n  level  of s i g n i f i c a n c e :  



, 'TIFIVAR prints the maximua of t h e s a  for aach series of 

r e c u r s i v e  r s g r e s s i o n s ,  and  these f i g u r e s  a p p e a r  i n  Tables 5 and 

6. 

The Cusnm of S q u a r e s  Test 

The Cusum of s q u a r e s  is d e f i n e d  a s :  

. An a p p r o p r i a t e  transformation sf the C u s u m  sf squares 

yields {on  the n u l l  hypothesis of s t a t i o n a r l t y )  Pyke's modified 

Rolmoqoror-Smirnov s t a t i s t i c  C + .  TIHVAR p r o d u c e s  plots of t h e  

Cusum of S q u a r e s  series. Examples of s u c h  plots appear  i n  figure 

5. Tha procedura adopted is to draw a  p a i r  of l i n e s :  

with Co: 
Ci 

0.1579 for  1% s i g n i f i c a n c e  

0,1306 for 5% s i g n i f i c a n c e  

0 . 1 1 6 6  for 10% s i g n i f i c a n c e  

These f igures  w i l l  u n d e r s t a t e  the s i g n i f i c a n c e  o f  o u r  

resu l t s ,  because u n f o r t u n a t e l y  t h e  correct f igures  for our 

particular sample s i z e  were not a v a i l a b l e  a t  the tins of 



writ ing.  C u s u m  of Squares series that cross t h e s e  toundaries 

indicate n o n - s t a t i o n a r i t g  i n  t h e  r e g r a s s i o n  model, at the q i v e n  

level of s i g n i t i c a n c e .  When t h i s  occurs t h e  f o l l o w i n q  s t a t i s t i c  

w i l l  exceed Co: 

T I H V A R  prints the maxiaum of t h e s e  values for each set of 

recursive reqrassions, and these f i g u r e s  appear in Tables 5 and 

-ii- 6 e 

 he ~ o m o g l n e i t y  Test 

The homogeneity s t a t i s t i c  is calculated from th* moving 

reqressions, a n d  r e p r e s e n t s  a s t a n d a r d  analysis of covariance 

approach. The test s t a t i s t i c  is g i v e n  by: 

where SSEIR) repr,esents the error sum of squares  of the 

reqression over the whole period; SSE(U) is the sum of t h e  error 

suns of s q u a r e s  of the s e p e r a t e  reqressions ovsr sach of the 

s u b - p e r i o d s ;  k is the number of excgenous variables {including 

t h e  constant); T i s  the lsnqth of the whole p e r i o d  u n d e r  



c o n s i d e r a t i o n ;  n i s  t h e  l e n g t h  o f  e a c h  movinq  regression; a n d  p 

i s  the number  o f  s u b p e r i o d s .  

On the null b y p o t h s s i s :  no s w i t c h  o f  regimes, thz test 

statistic r i l l  be F d i s t r i b u t e d  w i t h  [ k p  - k ] a n d  [T - k p )  

degrees of f r e e d o m .  

Q u a n a t  's L o g - L i k e l i h o o d  S t a t i s t i c  

Q u a n d t s s  l o g - l i k e l i h o o d  s t a t i s t i c  i s  g i v e n  by: 

Q = I n  [LC Bo]/L[Hl ] f  ( 13) 

that is, t h e  l o g  of the r a t i o  

o f  t h e  l i k e l i h o o d  f u n c t i c n  under t h e  n u l l  h y p o t h e s i s  

( s t a t i o n a r i t g )  t o  t h e  likelihood u n d e r  t h e  a l t e r n a t i v e  

h y p o t h e s i s  ( t w o  regimes). I n  order t o  l o c a t e  t h e  b r e a k  p o i n t ,  

t h e  minimun o f  this s t a t i s t i c  is t a k e n  ( t h e  l e n g t h  of t h e  two 

s u b - p e r i o d s  b e i n g  a l l o w e d  t o  v a r y ) .  U n d e r  the a s s u m p t i o n  o f  

n o r m a l i t y  t h i s  is e q u i v a l e n t  t o  c h o o s i n g  t h a t  b r e a k - p o i n t  ( a n d  

t h e  sub-periods a s s o c i a t e d  with i t)  t h a t  m i n i m i s e s  t h e  SSE ( U )  pf 

the t e s t  s t a t i s t i c  g i v e n  i n  ( 1 2 ) .  U n f o r t u n a t e l y  t h e  
* 

d i s t r i b u t i o n a l  p r o p e r t i e s  of t h i s  e s t i m a t o r  of t h e  b r s a k - p o i n t  

a r e  n o t  known, thus i n  i n t e r p r e t i n g  t h s  r e s u l t s  t h i s  must b e  

b o r n e  i n  m ind .  

T h e  above tests are a l l  designed t o  test for t h e  s t a b i l i t y  

of a r e g r e s s i o n  model, This p a p e r  is p a r t i c u l a r l y  interested in 



t h e  stability o f  one of t h e  p a r a i a e t e t s  o f  a model, be ta ,  T o  test 

for t h e  s t a t i o n a r i t y  of b e t a  i n d i v i d u a l l y ,  a regression model  of  

t h e  f o l l o w i n g  f o r a  uas employed:  

+ ... + 6 
(P-1) 1 

.DUM(p-1) + 6(p-l)2.DUM(p-l) .rmt + ejt (14 ) 

w h e r e  Dunk takes on t h e  value 1 i n  t h e  k t h  s u b - p e r i o d  and 0 

i n  a l l  o t h e r  s u b - p e r i o d s ;  p i s  t h e  number of s u b - p e r i o d s ;  a n d  

a11 o t h e r  t e r s  are a s  p r e v i o u s l y  d e f i n e d .  T h e  p t h  s u b - p e r i o d  

provides t h e  reference p e r i o d .  The choice  cf s u b - p e r i o d s  was 

d e s i g n e d  t o  match those u s e d  i n  t h e  c a l c u l a t i o n  of t h e  

h o m o g e n e i t y  t s s t  s t a t i s t i c ,  T h e  test s t a t i s t i c  c a l c u l a t e d  from a 

j o i n t  test o f  t h e  s i g n i f i c a n c e  of all t h e  dummy paraiseter 

c o e f f i c i e n t s  i n  t h e  a b o v ~  modal would  b e  i d e n t i c a l  ta the 

homoqene i ty  s t a t i s t i c .  



D. Empirical Results 

Tht empirical  u o r k  in this s tudy  centres on the p o s s i b l e  

n o n - s t a t i o n a r i e y  of t h e  b e t a s  of the t h e  por t fo l ios  u s e d  b y  BJS d 

i r !  their t e s t s  of ?,ha C A M ,  83% a r g u e d  t h a t  tha method b y  which 

their port fo l ios  were formed assured the s t a t i o a a r i t y  of thair  

betas t h r ~ u g h  t i e .  c h s c k  of t h i s  a s s u m p t i o n  was made by BJS, 

The aodel, g i v ~ n  b y  [5), was e s t i m a t e d  over f ~ ~ i  n o n - o v e r l a p p i n g  

s u b - p e r i o d s ,  and the regress ion  re su l t s  were t a b u l a t e d .  From a 

visual i n s p e c t i o n  (they undertook no f orma1 tssts) beta was 

judged to B e  @fairly s t a t i o n a r g V o r  t h e  m j o s i t y  of the 

port fo l ios ,  Givaa this conclusion, t h e  best p o s s i b l e  e s t imate  of 

a b e t a ,  was thought t o  b e  p r o v i d e d  by  a regression over t h e  

w h o l e  p e r i o d .  These eskittrates were t h e n  u s e d  i n  t h e  s e c o n d  p a s s  

regressions (of the s u b - p e r i o d s ,  as  s e l l  as of  the f u l l  p e r i o d ) .  

BJS d i d  indicate that t h e  alphas d i d  not appear t o  remain 

s t a t i o n a r y  over t i m ' e ,  a n d  they argued that this reflected the 

presenc? of a zero-beta factor,  a n d  t h a t  t h e  

Sharpe-Eintnes-flossin CA PE4 m i g h t  b e  m i s s p e c i f i e d .  

The study of BJS, in coenon w i t h  other t e s t s  of ths ChPH, 



used p o r t f o l i o  d a t a  2,  i n  a n  e f f o r t  t o  r e d u c e  t h e  s t a n d a r d  e r r o r  

of t h e  a s t i m a t e s  of  t h e  b e t a s ,  and t h u s  m i n i m i s e  the a s y m p t o t i c  

b i a s e s  a s s o c i a t e d  v i t h  the s e c o n d  p a s s  r s g r e s s i o n s ,  i n  w h i c h  the 

estimat& betas appear as r e g r e s s o r s .  Since f o r m a t i o n  o f  t h e s e  

portfolios involved use o f  a grea t  d e a l  of c o i n p u t e r  time, a n d  

hence  expense, it was decided t o  use a  s e t  of portfolios that 

wers a l r e a d y  a v a i l a b l e ,  and h a d  been fornled i n  a somewhat 

s imilar  manner. T h e  p o r t f o l i o s  were t h o s e  e m p l o y e d  i n  a study by 

G r a u e r  ( X I ) .  I n s t e a d  of the t e n  portfolios used b y  8.35 , our 
data set consisted of twenty b e t a - r a n k e d  p o r t f o l i o s .  

I n  i n v e s t i g a t i n g  t h e  s t a t i o n a r i t y  assumption of  BJS, five 

p o r t f o l i o s  were e n p l o y e d ,  p o r t f o l i o s  1,5,90,15 and 2 0  ( h i q h  beta 

t o  l o w  beta), The i n i t i a l  O L S  r e g r e s s i o n  r e s u l t s  owes t h e ,  f u l l  

467 m o n t h  period, J a n u a r y  1 9 3 4  t h r o u g h  t o  A u g u s t  1 9 7 2 ,  are g i v e n  
4 

in t a b l e s  I and 2, BJS 9 m p l o y e d  an  e q u a l l y  w e i g h t e d  index a s  

t h e i r  ~ a r k e t  p r o x y ,  hence w e  shall be priaasily c o n c e r n e d  with 

the results  using this index, a l t h o u g h  5t proves i n k e r e s t i n q  t o  

note  what d i f f a r e n c e ,  i f  any, it makes  i n  u s i n g  a value weighted 

index. 

As observed i n  previous e m p i r i c a l  s t u d i e s ,  the hiqh b e t a  

p o r t f o l i o s  h a d  negative i n t e r c e p t s  associated vith t h e a ,  and the 

low beta p o r t f o l i o s  h a d  p o s i t i v a  i n t e r c e p t s  a s s o c i a t e d  v i t h  

t h e n ,  the t h e o r e t i c a l  v a l u e  of t h e  i n t e r c e p t  b e i n g ,  under t h e  
---1011----------- 

ZIf t h e  r e t u r n s  on t h e  s e c u r i t i e s  forming a p o r t f o l i o  a re  not 
perfectly c o r r e l a t e d ,  then t h e  s t a n d a r d  error of t h e  estimate of 
t h e  be t a  of t h a t  p o r t f o l i o  will b e  g r e a t l y  r e d u c e d .  



S h a r p e - ~ i n t n e r - U o s s i n  h y p o t h e s i s ,  z e r o .  

Second p a s s  r e g r e s s i o n s  of  t h e  t y p e  p e r f o r m e d  b y  BJS, were 

repeated fo r  o u r  d a t a  using a l l  twenty estimates of  p o r t f o l i o  

betas. T h a t  is, t h e  f o l l o w i n q  regression was r u n :  

- 
where r i s  the mean e x c e s s  re tum of t h e  j t h  p o r t f o l i o  

j 

o v e r  t h e  risk-free r a t e  f o r  t h e  testing p e r i o d .  Prom ( 3 ) ,  ths 

hypothesised v a l u e  o f  y is  zero, a n d  t h e  h y p o t h e s i s e d  va lue  of 
0 

- 
Y1 

is r , t h e  mean excess r e t u r n  of the market p c r t f o l i o  
m 

o v e r  t h e  r i sk-f ree  r a t e ,  for the t s s t i n g  p e r i o d .  T h e  r e s u l t s  are 

due t o  G r a u e r  (XI%), a n d  a p p e a r  i n  t a b l e s  3 and 4. T h e  b e t a s  

used- for t h e  s u b - p a r i o d s  were estimt 2d i n  those  s u b - p e r i o d s .  

T h e  - s i m i l a r i t y  of t h a s e  results t o  those o b t a i n e d  by  B J S  would 

appear  t o  c o n f i r m  the validity of u s i n g  the p o r t f o l i o s  formed b y  

Grauer a s  p r o x i s s  f o r  the B J S  p o r t f o l i o s .  

T a b l e s  5 a n d  6 g i v e  t h e  r e s u l t s 5  p r o d u c e d  b y  T I P I V A R .  U s i n g  

an e q u a l l y  weighted p r o x y  f o r  t h e  market p o r t f o l i o ,  two of t h e  

C u s u n  statistics exceeded the critical v a l u a  a t  the 5% l e v e l ,  

w h i l s t  a l l  of the ~ u s u m  of S q u a r e s  s t a t i s t i c s  a x c e e d e d  t h e  

c r i t i c a l  v a l u e  a t  the 1% l e v e l .  T h e  h o m o g e n e i t y  s t a t i s t i c s  

produced  a d d i t i o n a l  e v i d 2 n c e  of non-s ta t ioear i ty ,  with f o u r  of 

these e x c e e d i n g  t h e  c r i t i c a l  v a l u e  f o r  sub-periods of l e n g t h  60,  

and  t h r e e  exceeding t h e  c r i t i c a l  v a l u e  for  s u b - p e r i o d s  of length 



g i t h  a value w e i g h t e d  p r o x y  f o r  t h e  m a r k a t  port fo l io ,  a far 

q r e a t e r  d e g r e e  of n o n - s t a t i o n a r i t p  selrns t o  e x i s t .  T h r e e  of t h e  

Cusum s t a t i s t i c s  e x c e e d e d  t h e  c r i t i c a l  v a l u e  a t  t h e  5% l e v e l .  

A g a i n  all of the Cusun of S q u a r e s  s t a t i s t i c s  exceeded the \ 
critical value a t  t h e  1% level. The h o m o q o n e i t y  s t a t i s t i c s  a l l  

exceeded the critical value at the 1% l e v e l  b a r r i n g  o n e ,  v h i c h  

was howover  s i g n i f i c a n t  a t  the 5% l a v e l .  

Evans (VII) s u q g e s t s  t h a t  the Cusum of S q u a r e s  test may n o t  

always y i e l d  i d e n t i c a l  results t o  the C u s u ~  test. Re argues t h a t  " 

l a r g e  c o n s s c u t i v e  recursive rssiduals of o p p o s i t e  sign #ill show 

up i n  t h e  Cusum of Squares series, b u t  n o t  i n  t h e  Cusum series. 

F u r t h e r  t h e  d r a w i n g  of t h e  b o u n d s  i n v o l v e d  i n  t h e  C u s u a  t e s t  i s  

-&n a p p r o x i m a t i o n ,  the f o r m u l a e  for t h e  t r u s  b o u n d s  b e i n g  

mathenat i ca f ly  i n t r a c t a b l e ,  The  b o u n d s  u s e d  i n  t h e  Cusum t e s t  

will tand t o  u n d e r s t a t e  the s i g n i f i c a n c ~  of t h e  r e s u l t s .  The - 

formulation of t h e  Cusua of Squares t e s t  a l s o  involves an 

a p p r o x i m a t i o n ,  a n d  this approximation map lead t o  an  

o v e r s t a f e m e n t  of t h e  s i g n i f i c a n c e  of t h e  r e s u l t s ,  T h e s e  f a c t s  

aight e x p l a i n  t h e  r a t h e r  d i f f e r e n t  r e s u l t s  y i e l d e d  b y  t h e  Cusum 

a n d  Cusnm of Squares tes ts  t h a t  vers  f o u n d -  i n  t h f s  s t u d y .  

An i n t e r e s t i n g  finding was t h a t  Quandtf i s  log- l ike l ihood 

r a t i o  r e a c h e d  a ainimun, i n  v i r t u a l l y  avery i n s t a n c e ,  d u r i n g  

9 o r l d  Mar 11. It is d i f f i c u l t  t o  know w h a t  i n t e r p r e t a t i c n  t o  p u t  

on  rhis r e s u l t .  I b  is n o t  clear f r o m  t h e  d a t a  w h s t h e r  a 

f u n d a m e n t a l  s h i f t  i n  t h +  s t r u c t u r e  of the market came about as a 



r e s u l t  of t h e  war, or u h s t h e r  betas s h i f t e d  c o n s i d a x a b l y  both 

before a n d  after the'War, and t h a t  t h i s  f i n d i n g  i s  merely  a 

r e s u l t  of the c o n s t r a i n t  imposed b y  t h e  use of  t h i s  s t a t i s t i c  

v i s - a - v i s  t h e  existence of o n l y  two regimes. 

P i q u r e s  1 t h r o u g h  to 4 show the p l o t s  of those ~ u s u m '  series 

t h a t  i n d i c a t e d  i n s t a b i l i t y  i n  t h e  regression modal. S i m i l a r l y  

P i q u r e  5 shows a sample of the p l o t s  of t h o s e  Cusum of Squares 

series t h a t  i n d i c a t e d  i n s t a b i l i t y  in t h e  regression model .  The 

evfdehce t h a t  t h s s e  p r e s e n t  does n o t  seam to p o i n t  t o  a s w i t c h  

of reqines d u r i n g  t h e  Mar years.  
1 - 7  

L' 
T o  test whether  t h e  i n s t a b i l i t y  observed i n  t h e  regression 

model arose t h r o u g h  shifts i n  a l p h a  or  s h i f t s  i n  b e t a ,  a 

regression of t h e  form: ( 1 2 )  was run. The r e s n i t s  cf these 

appear i n  T a b l s  7 .  B o t h  a l p h a  and b e t a  appaared t o  move between 

sob-periods. T h s  b e t a s  o f  the low risk p o r t f o l i o s  appeared  to 

have s h i f t e d  c o n s i d e r a b l y  through time. 
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Figure  2 C u s u m  S e r i e s  - Forwards Recursive Regressions 

Based on a n  Equal ly  Weighted Proxy 
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Figure 4 Cusurn Ser ies  - 
Forwards ~ e c u r s i v e  Regressions 

Based on a Value Weighted- Proxy 

for  the Market Por t fol io  



Figure 5 
P 

Plots of Cusum of Squares Series 
, - 

Based on an Equally Weighted Proxy for the Market Portfolio 

(Fisher ' s Arithmetic Index) 

5 7 

Portfolio 15 (backwards) 

portfolio 20 (forwards) 



g, Conclasions 

O u r  results i n d i c a t e  t h a t  t h e  betas of the p o r t f o l i o s  
B B 

studied do net a p p e a r  to b e  s t a t i o n a r y  t h r o u g h  time. T h a  

i m p l i c a t i o n  of t h i s  finding i s  t h a t  the time p e r i o d  o v e r  which 

a n  e s t ima te  of beta i s  t o  b s  used will dictate the time p e r i o d  

o v e r  v h i c h  t h a t  s s t i m a t e  should b e  c a l c u l a t e d .  The shorter t h e  

time p e r i o d  over which the mods1 is judged t o  bs stationary, t h e  

less i n f o r m a t i o n  w i l l  one h a v e  w i t h  w h i c h  to c a l c u l a t e  an  

estimat2 o f  bet&. T h i s  i s  a n  unfortunate fac t .  Thus a t 3 a n y  p o i n t  

i n  time we may c h o o s e  bstueedn a n  e s t i a a t e  of b e t a  d e r i v e d  f r o m  s 
\\ 

r e g r e s s i o n  o v e r  a n  a p p r o p r i a t e  s u b - p e r i o d ,  t h a t w w i l l  be  

unbiased, but Bay h a v e  3 l a r g e  standard e r r o r ,  due to small 

sample s i z e ,  o r  a n  estimate of be ta  d e r i v e d  from a r e g r e s s i o n  

o v e r  t h e  whole p e r i o d ,  that w i l l  i n  q e n a r a l  be  b i a s e d  but m a y  .=a 

h a v e  a smaller s t a n d a r d  o r r o - r  a s s o c i a t e d  w i t h  i t 3  

----------------_- 
3Prom q u a t i o n  (5) the v a r i a n c e  of  the r e s i d u a l :  

- 
z = f ( B j t -  B.1.r + e  1 
j t 3 mt j t  

will bo q i v a n  by: 

var(z.) = var(B.) .var(r ) + var(e.) 
3 3 m 3 

w ere  it i s  assnaed t h a t :  fi- 



Ignoring the nun-stationarity o f  beta  w i l l  i n  general lead t o  

b i a s  i n  t h e  second p a s s  regressions i n  t e s t s  of  the CAP!!. Taking 

into accoont n o n - s t a t i o n a r i t i e s  in the  be tas  will l e a d  to 

;stirnates of the  b e t a s ,  t h a t  w h i l s t  nobfased, map hare larger 

s tandard  errors assoc ia ted  w i t h  them. This increment i n  the 

standardz errors of t h e  b e t a s  m y  increase t h e  asyumptot ic  b i a s  

p r s s e n t  in t h e  second pass  regressions. 

The findings o f  this paper d o  not appear to  o f f e r  comfort 

t o  t h e  e a p i r i c a l  researcher. However it  is as vell that t h e  

researcher b e  aware of p o t e n t i a l  deficiencies i n  h i s  data .  

3(c0nt*d) thus the v a r i a n c e  of an e s t i u a t e  of 3 ,  der ived  from a - 
regrsssion using T o b s e r v a t i o n s  w i l l ,  b e  g i v e n  dy:  

a l t h o u g h  varl5 . )  Rap be significantly greater than  zero, 
i m p l y i n g  t h e  existenke of b e t a  n o n - s t a t i u n a r i t y ,  t h e  denasinator 
w i l l  i e c r e a q  w i t h  h c r e a s i n g  s a m ~ l e  size, and t h i s  w i l l  t e n d  t o  
r ldnce  -rar(Bi) . 
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