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ABSTRACT -- 

A n u m e r i c a l  s t u d y  i s  made o f  t h e  ' t Hoof t -Polyakov 

monopole and i t s  s p h e r i c a l l y  symmetr ic  g e n e r a l i z a t i o n  t o  

an  SU(3) gauge t h e o r y .  A l s o ,  dyon s o l u t i o n s  a r e  i n v e s t i g a t e d  

f o r  an  SU(2) gauge t h e o r y .  The n o n l i n e a r  d i f f e r e n t i a l  

e q u a t i o n s  a r e  s o l v e d  by a  c o l l o c a t i o n  method. The masses 

(and e l e c t r i c  c h a r g e s  o f  t h e  dyons) a r e  p l o t t e d  a s  a  f u n c t i o n  

h 

O f  B= 2- and  i t  i s  found t h a t  t h e  masses  ( and e l e c t r i c  

c h a r g e s  ) approach  an  upper  ( lower  ) bound a s  B becomes 
a s y m p t o t i c a l l y  l a r g e .  We c a l l  t h i s  phenomena s a t u r a t i o n .  

An e x p l a n a t i o n  o f  t h i s  phcnomcna is proposed  w h i c h  i n  

p r i n c i p l e  s h o u l d  p r e d i c t  t h e  s a t u r a t e d  v a l u c s  o f  monopo l c  

( dyer, ) masses and e l c c t r i c  c h a r g e s .  We. o b t a i n  good 

agreement  f o r  t h e  S U ( 2 )  dyons. 
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Chapter 1 

Introduction 

Years ago, ~irac' introd.uced into the theory of electro- 

dynamics point particles with magnetic charge, the Dirac 

monopole. It was an uncomfortable fit. To make the Dirac 

monopole field part of a dynamical theory one must introduce 

non-electromagnetic dynamical degrees of freedom, the magnetic 

monopole, whose mass and spin are free parameters. Further, 

it is necessary to introduce into the vector potential a 

line of singularities extending from the monopole to infinity, 

the Dirac string. There has been extensive investigation 

extending the ideas of Dirac, but these unpleasant features 

To put things in perspective we shall take a short but 

important digression from the relatively narrow subject of 

monopoles. 

Recently there has been a great deal of interest in non- 

Abelian gauge theories of the Yang-Mills type as possible 

candidates for unifying the theories of strong, weak, and 

electromagnetic interactions3. These theories are not yet 

completely understood on a quantum level. However, the 

 h he original articles are by Dirac (1931, 1948). 

. 2 ~ o r  a nice review of the subject ilp to 1968 see Amaldi (1968). 

3See the articles of Abers and Lee (1973) or S. Weinberg 
( 1 9 7 4 ) .  



c l a s s i c a l  s o l u t i o n s  t o  t h e  e q u a t i o n s  o f  n o t i o n  have i m p o r t a n t  

i m p l i c a t i o n s  a b o u t  t h e  s t r u c t u r e  o f  t h e  f u l l  q u a n t a 1  t h e o r y 5 .  

Of p a r t i c u l a r  i n t e r e s t  a r e  s t a b l e ,  f i n i t e  e n e r g y ,  non- 

d i s s i p a t i v e  s o l u t i o n s  t o  t h e  c l a s s i c a l  f i e l d  e q u a t i o n s .  

I n  o t h e r  words ,  we a r e  i n t e r e s t e d  i n  a s t a b l e  lump of  f i n i t e  

f i e l d  e n e r g y  t h a t  does  n o t  d i f f u s e  i n t o  a  c o n s t a n t  z e r o - e n e r g y  

d e n s i t y  o v e r  a l l  s p a c e  . These o b j e c t s ,  c a l l e d  s o l i t o n s ,  a r e  

a r t i f a c t s  o f  n o n - l i n e a r  f i e l d  t h e o r i e s .  The s o l i t o n  may 

a c h i e v e  i t s  s t a b i l i t y 6  v i a  one o f  two mechanisms. Thus, 

s o l i t o n s  a r e  c l a s s i f i e d  a s  e i t h e r  t o p o l o g i c a l  o r  n o n - t o p o l o g i -  

c a l  s o l i t o n s .  N o n - t o p o l o g i c a l  s o l i t o n s  a c h i e v e  t h e i r  s t a -  - 

b i l i t y  dynamica l ly  v i a  t ime  v a r y i n g  f i e l d  a m p l i t u d e s  and 

conse rved  N o e t h e r , c u r r e n t s .  We w i l l  n o t  be  concerned  w i t h  

s u c h  o b j e c t s  i n  t h i s  t h e s i s .  The s t a b i l i t y  o f  t o p o l o g i c a l  

s o l i t o n s  i s  a  r e s u l t  o f  t h e  e x i s t e n c e  o f  a  n o n - t r i v i a l  

mapping from t h e  man i fo ld  o f  t h e  i n t e r n a l  f i e l d  s p a c e  o n t o  

t h e  m a n i f o l d  of t h e  r e a l  d - d i m e n s i o n a l  s p a c e  o f  t h e  t h e o r y .  

The s t u d y  o f  such  c o n t i n u o u s  mappings i s  c a l l e d  homotopy 

t h e o r y 7 .  I t  t u r n s  o u t  t h a t  each  map i s  a s s o c i a t e d  w i t h  an  

'I have s t o l e n  a  number o f  n i c e  p h r a s e s  from Marciano and 
P a g e l s  ( 1 9 7 8 ) .  

6The s o l i t o n  s o l u t i o n s  a r e  s o l u t i o n s  o f  t h e  Eu le r -Lagrange  
e q u a t i o n s  which f o l l o w s  from H a m i l t o n ' s  p r i n c i p l e ,  SS=O.  A 
s o l u t i o n  i s  s t a b l e  i f  i t  minimizes t h e  a c t i o n ,  6 S b  0 .  

7 ~ p p e n d i x  E c o n t a i n s  an i n t r o d u c t i o n  t o  homotopy t h e o r y  where 
t e rms  l i k e  " n o n - t r i v i a l  mapping" a r e  d e f i n e d .  
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i n t e g e r  which i s  i n  t u r n  a s s o c i a t e d  w i t h  a  t o p o l o g i c a l  

c h a r g e 8 .  T h i s  means t h a t  t h e  s o l i t o n  c a n n o t  d i f f u s e  i n t o  a  

vacuum w i t h  z e r o  t o p o l o g i c a l  c h a r g e .  The topo logy  o f  t h e  

f i e l d s  a c t s  a s  an  i n f i n i t e  p o t e n t i a l  b a r r i e r  making t h e  s t a t i c  

t o p o l o g i c a l  s o l i t o n  s t a b l e .  There  i s  s p e c u l a t i o n  t h a t  t h e  

o n l y  s t a t i c  and s t a b l e  lumps o f  f i e l d  ene rgy  a r e  t o p o l o g i c a l  

s o l i t o n s .  These c l a s s i c a l  s o l u t i o n s  p r o v i d e  t h e  f i r s t  

approx ima t ions  f o r  t h e  f u l l  quantum t h e o r y  from which one 

can  c a l c u l a t e  t h e  quantum f l u c t u a t i o n s .  T h i s  i s  i m p o r t a n t  

because  s o l i t o n  s o l u t i o n s  c a n n o t  b e  g e n e r a t e d  by s t a n d a r d  

p e r t u r b a t i o n  t h e o r y g .  Thus, we g a i n  a  new c l a s s  o f  quantum 

s o l u t i o n s  i n  o u r  t h e o r y .  An example o f  a  s o l i t o n  and a  

p o t e n t i a l l y  s p e c t a c u l a r  c o n f i r m a t i o n  o f  t h e s e  i d e a s  i s  t h e  

p o s s i b l e  e x i s t e n c e  o f  magne t i c  monopoles.  

' t  Hoof t  (1974) and Polyakov (1974) d i s c o v e r e d  

i n d e p e n d e n t l y  a  s t a t i c ,  i i n i t e - e n e r g y  and s t a b l e  c l a s s i c a l  

s o l u t i o n  i n  a  s p o n t a n e o u s l y  broken Yang-Mil ls  t h e o r y .  

S p e c i f i c a l l y ,  t h e i r  t h e o r y  c o n t a i n s  a  t r i p l e t  o f  s c a l a r  

f i e l d s  a l o n g  w i t h  a  t r i p l e t  o f  gauge f i e l d s  whose i n t e r a c t i o n s  

a r e  i n v a r i a n t  under  an SU(2)  symmetry lo. With an  a p p r o p r i a t e  

'For e a c h  s o l i t o n  s o l u t i o n  we can  d e f i n e  a  conse rved  c u r r e n t  
t h a t  i s  n o t  a  r e s u l t  o f  a  Lagrang ian  symmetry ( i . e .  

t h i s  i s  n o t  a  Noether  c u r r e n t ) .  The c o r r e s p o n d i n g  c h a r g e  i s  
t h e  t o p o l o g i c a l  c h a r g e .  

' s o l i t o n  a m p l i t u d e s  go a s  t h e  i n v e r s e  o f  t h e  c o u p l i n g  c o n s t a n t .  
- 

' ' ~ h i s  b a r r a g e  o f  nomenc la tu re  i s  e x p l a i n e d  i n  d e t a i l  i n  f o l -  
lowing c h a p t e r s .  
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i d e n t i f i c a t i o n  o f  t h e  e l e c t r o m a g n e t i c  f i e l d s ,  t h i s  s o l i t o n  

s o l u t i o n  can  b e  i n t e r p r e t e d  a s  h a v i n g  t h e  p r o p e r t i e s  o f  a  

magne t i c  monopole. 

I s h o u l d  emphasize a t  t h i s  p o i n t  t h a t  t h e  p a r t i c l e s  we 

s h a l l  c o n s i d e r  a r e  c o m p l e t e l y  d i f f e r e n t  from t h e  D i r a c  

monopole. The ' t  Hoof t -Polyakov monopoles a r e  b y - p r o d u c t s  

i n  t h e o r i e s  o f  non-Abe l i an  gauge f i e l d s  i n t e r a c t i n g  w i t h  

s c a l a r  f i e l d s .  Un l ike  t h e  D i r a c  monopole, t h e  f i e l d s  a r e  

n o n - s i n g u l a r  w i t h  f i n i t e  e n e r g y ,  t h e r e  a r e  no new dynamica l  

d e g r e e s  o f  f reedom, and a l l  t h e  p r o p e r t i e s  o f  t h e s e  monopoles 

a r e  de te rmined  by t h e  p a r a m e t e r s  o f  t h e  o r i g i n a l  t h e o r y  o f  

i n t e r a c t i n g  s c a l a r  f i e l d s  and gauge f i e l d s .  

J u l i a  and Zee (1974) g e n e r a l i z e d  t h e  ' t  Hoof t  and 

Polyakov monopole s o  t h a t  t h e  s o l u t i o n  c o u l d  be  i n t e r p r e t e d  

a s  h a v i n g  b o t h  magne t i c  and e l e c t r i c  c h a r g e s .  Such o b j e c t s  

a r e  c a l l e d  dyons ,  f o l l o w i n g  Schwinger  (1969) .  S i n c e  t h a t  

t ime  t h e r e  has  appea red  i n  t h e  l i t e r a t u r e  s e v e r a l  p a p e r s  t h a t  

g e n e r a l i z e  t h e  s o l u t i o n  o f  ' t  IIooft  and Polyakov i n  an Sll(2) 

t h e o r y  t o  l a r g e r  symmetry g roups .  The fundamenta l  i d e a  

b e h i n d  t h e s e  p a p e r s  i s  t h a t  t o  produce  a  s p h e r i c a l l y -  

symmetr ic  a n s a t z  f o r  t h e  f i e l d s  which r e d u c e s  t h e  E u l e r -  

Lagrange e q u a t i o n s  t o  a  s e t  o f  c o u p l e d  n o n l i n e a r  o r d i n a r y  

d i f f e r e n t i a l  e q u a t i o n s " .  There  seems t o  b e  no comple te  

a n a l y t i c  s o l u t i o n  t o  t h e s e  p rob lems ,  a l t h o u g h  P r a s a d  and 

' l ~ p h e r i c a l - s y m m e t ~  i s  d e f i n e d  and i t s  u s e  i s  e x p l a i n e d  i n  
Chap te r  3 .  
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Sommerfield (1975) and Czechowski (1977) have succeeded  i n  

o b t a i n i n g  a n a l y t i c  s o l u t i o n s  i n  s p e c i a l  c a s e s  o f  SU(2) and 

SU(3) t h e o r i e s  r e s p e c t i v e l y .  Any e x t e n s i v e  a n a l y s i s  o f  t h e s e  

problems r e q u i r e s  t h e  u s e  o f  numer ica l  t e c h n i q u e s .  

The e q u a t i o n s  t o  be  s o l v e d  a r e  boundary v a l u e d  problems,  

t h u s  numer ica l  s o l u t i o n s  canno t  be  o b t a i n e d  t r i v i a l l y .  

P r e v i o u s  numer ica l  s t u d i e s  on monopoles i n  an  SU(2) t h e o r y  

have been done by Ba i s  and Primack (1976) and C u t l e r  and 

Wyld (1976) 12. Bais  and Primack i n v e s t i g a t e d  s o l u t i o n s  f o r  

v a l u e s  of  t h e  pa ramete r  p= l3 r a n g i n g  from z e r o  t o  10 

w h i l e  C u t l e r  and Wyld ex tended  t h i s  r ange  from ze ro  t o  100 

( w h i l e  we have s o l v e d  t h e  c a s e  o f  t h e  SU(2) monopole f o r  

s up t o  10 1105) .  U n t i l  t h i s  t ime  t h e r e  h a s  been no 

p u b l i c a t i o n  of  numer ica l  r e s u l t s  i n v o l v i n g  monopoles i n  an  

SU(3) gauge t h e o r y .  

Chap te r  2 i s  devo ted  t o  a  b r i e f  r ev iew o f  non-Abel ian  

Yang-Mil ls  t h e o r i e s .  I n  c h a p t e r  3 t h e  c r u c i a l  concep t  o f  

spher i ca l - symmet ry  i s  d e f i n e d  and t h e n  used  t o  produce  s i m p l e  

a n s a t z  f o r  f i n d i n g  monopole s o l u t i o n s  i n  a  t h e o r y  w i t h  a 

g e n e r a l  compact semis iinp 1 e  gauge group (; . Using t h e s e  

p r i n c i p l e s  t h e  e q u a t i o n s  o f  nlotion f o r  a  dyon/monopole 

s o l u t i o n  i n  an  SU(2) gauge t h e o r y  a r e  d e r i v e d  i n  c h a p t e r  4 .  

' 2 ~ b r i e f  d e s c r i p t i o n  o f  t h e i r  methods i s  g i v e n  i n  c h a p t e r  6 .  

1 3 ~ h e s e  p a r a m e t e r s  a r e  e x p l a i n e d  i n  t h e  f o l l o w i n g  c h a p t e r s .  



An integral expression is given for the energy (mass) which is 

later calculated numerically. Further, we identify the 

electromagnetic fields and thereby show that the solution 

may be interpreted as having a point magnetic charge of 'ye . 
The electric charge appears to be "extended" and the total 

charge is obtained by an integral expression. The electric 

charge may vary depending upon the boundary conditions applied 

to the fields. The fifth chapter is devoted to monopole 

solutions in an SU(3) gauge theory. The process is more 

involved than the SU(2) case of chapter 4 because of the more 

complex nature of the SU(3) group. There are two types of 

monopoles corresponding to the two distinct embeddings of 

SU(2) as a subgroup of SU(3). Further, there are two 

distinct types of vacuum symmetries, SU(2)xU(1) and 

U(l)xU(l), that lead to corresponding identifications of the 

electromagnetic fields and their associated magnetic charges. 

Again, an integral expression is given for the masses of the 

various monopoles which is calculated numerically once the 

field equations are solved. Chapter 6 contains an explanation 

of the numerical method used in this thesis to solve the 

differential equations, collocation. A brief description of 

the methods of Bais and Primack and Cutler and Wyld is given: 

In practice the differential equations are solved on the 

interval [o,~) rather than [v) on which the problem is 

'originally cast. The corresponding mapping and its 

restrictions arc descril~ed. 'I'he results oS t h c  calculations 

arc! given in chapter 7. 'l'he fields of dyons in an S(J(2) 
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t h e o r y  a r e  c a l c u l a t e d  f o r  v a r i o u s  v a l u e s  o f  14 r and -7 
The cor respond ing  charges  and masses a r e  c a l c u l a t e d  from t h e s e  

s o l u t i o n s .  The f i e l d s  o f  t h e  SU(3) monopoles a r e  s o l v e d  f o r  

a  number of v a l u e s  of  . U n f o r t u n a t e l y ,  t h e  c a s e  o f  t h e  a 
S O ( 3 )  embedding c o u l d  be  s o l v e d  o n l y  f o r  t h e  c a s e  o f  r"'" - 
For t h e  monopole/dyon c a s e s  t h a t  were s o l v e d  t h e r e  appears  a n  

i n t e r e s t i n g  phenomena. The mass o f  monopole/dyon monoton ica l ly  

approaches  an  upper bound a s  f becomes a s y m p t o t i c a l l y  l a r g e .  

Th i s  upper  bound i s  d i f f e r e n t  f o r  each c a s e  c o n s i d e r e d .  

An e x p l a n a t i o n  o f  t h i s  " s a t u r a t i o n "  i s  g iven  f o r  t h e  SU(2) 

monopole/dyon by c o n s i d e r i n g  t h e  a n a l y t i c  b e h a v i o r  o f  t h e  

s o l u t i o n s  a s  goes t o  i n f i n i t y .  We f i n d  t h e r e  i s  a  good P 
agreement  between t h e  i n f i n i t e  ,6 model and t h e  l a r g e  p l i m i t  

o f  t h e  numer ica l  r e s u l t s .  U n f o r t u n a t e l y ,  a  s i m i l a r  e x p l a n a t i o n  

c o u l d  n o t  be  made f o r  t h e  o t h e r  c a s e s  of  mass " s a t u r a t i o n "  o f  

t h e  SU(3) monopole. This  p r e s e n t s  t h e  i n t r i g u i n g  i d e a  t h a t  a l l  

monopole s o l u t i o n s  may s a t u r a t e  i n  t h i s  manner. 

l 4  'I i s  a  pa ramete r  t h a t  d e t e r m i n e s  one o f  t h e  boundary 
c o n d i t i o n s  on t h e  f i e l d s .  I n c r e a s i n g  h a s  t h e  e f f e c t  o f  
i n c r e a s i n g  t h e  e l e c t r i c  cha rge  on t h c  Qyon. 



Chap te r  2 - 
The Lagrang ian  D e n s i t y  1 

The fundamenta l  o b j e c t  o f  any f i e l d  t h e o r y  i s  t h e  

Lagrangian  d e n s i t y  f which i s  a  f u n c t i o n  o f  a l l  t h e  f i e l d s  

o f  t h e  t h e o r y  and t h e i r  d e r i v a t i v e s  4, . The Lagrang ian  %+ 
L i s  t h e  i n t e g r a l  o f  2 over  a l l  E u c l i d e a n  t h r e e - s p a c e .  

The e q u a t i o n s  of  motion f o l l o w  from Hami l ton ' s  p r i n c i p l e ,  

f o r  any t and t 2 ,  where t h e  v a r i a t i o n s  o f  t h e  f i e l d s  a r e  1 

assumed t o  v a n i s h  a t  t l  and t 2 .  The c o n d i t i o n  ( 2 . 2 )  i m p l i e s  

t h e  f i e l d s  o f  t h e  t h e o r y  s a t i s f y  t h e  Eu le r -Lagrange  e q u a t i o n s :  

I n  c l a s s i c a l  f i e l d  t h e o r y  2 must be r e a l  and Loren tz  

i n v a r i a n t ,  s o  t h a t  one o b t a i n s  c o v a r i a n t  e q u a t i o n s  o f  mot ion .  

These c o n d i t i o n s  a r e  g e n e r a l l y  obv ious  by t h e  way &! i s  

c o n s t r u c t e d .  

* l T h i s  c h a p t e r  i s  a  shameless  p l a g i a r i s m  o r  t h c  f i r s t  s e c t i o n  
o f  Abers and Lec (1 9 7 3 ) .  
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A v e r y  power fu l  o b s e r v a t i o n  i s  t h a t  t o  e v e r y  c o n t i n u o u s  

symmetry o f  2 t h e r e  c o r r e s p o n d s  a  conse rved  c u r r e n t .  I t  i s  

w e l l  known t h a t  i n  a  Loren tz  i n v a r i a n t  t h e o r y ,  t h e  e n e r g y ,  

momentum and a n g u l a r  momentum can  be d e f i n e d  and a r e  conse rved  

(Roman ( l 9 6 9 ) ,  Raru t  ( 1 9 6 4 ) ) .  Now we s h a l l  e x t e n d  t h i s  i d e a  

t o  n o n - c l a s s i c a l  s p a c e - t i m e  symmet r i e s ,  c a l l e d  i n t e r n a l  

symmet r i e s .  I n t e r n a l  symmetry t r a n s f o r m a t i o n s  c o n s i s t  o f  

l i n e a r  t r a n s f o r m a t i o n s  among t h e  f i e l d s  o f  t h e  t h e o r y ,  

a 
where +Q i s  a  column v e c t o r  and L i s  a  m a t r i x  r e p r e s e n t a -  

t i o n  of  t h e  g e n e r a t o r s  o f  a  group G .  We s a y  t h e  f i e l d s  come 

i n  m u l t i p l e t s  which form a  b a s i s  f o r  r e p r e s e n t a t i o n s  of  G .  

I f  t h e  t r a n s f o r m a t i o n  p a r a m e t e r s  oa a r e  independen t  o f  s p a c e -  

t i m e ,  ( 2 . 4 )  i s  c a l l e d  a  g l o b a l  gauge t r a n s f o r m a t i o n  o r  a  

gauge t r a n s f o r m a t i o n  o f  t h e  f i r s t  k i n d .  Under a  g l o b a l  

t r a n s f o r m a t i o n  t e rms  o f  t h e  form,  ' and a,,+?!$ , a r e  

i n v a r i a n t  and a  Lagrangian  d e n s i t y  can  be c o n s t r u c t e d  u s i n g  

t h e s e  b a s i c  u n i t s 2 .  

Assuming we s t a r t  w i t h  a  Lagrang ian  d e n s i t y  w i t h  a  g l o b a l  

symmetry, how do we c o n s t r u c t  a  t h e o r y  t h a t  i s  i n v a r i a n t  under  

a  l o c a l  gauge t r a n s f o r m a t i o n  where t h e  t r a n s f o r m a t i o n  
a 

p a r a m e t e r s  become f u n c t i o n s  o f  s p a c e  and t ime 8 7 ~ )  ? 

2 ~ t  w i l l  be  assumed f o r  s i m p l i c i t y  t h a t  t h c  S i c l d s  @ =  
a r e  L o r e n t z  s c a l a r s .  
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The answer i s  t h a t  we a r e  f o r c e d  t o  i n t r o d u c e  a  s e t  o f  

v e c t o r  f i e l d s  A? c a l l e d  gauge f i e l d s  t h a t  t r a n s f o r m  i n  

such  a  way a s  t o  keep f i n v a r i a n t  under  gauge t r a n s f o r m a t i o n s .  

Under a  l o c a l  gauge t r a n s f o r m a t i o n  

t h e  d e r i v a t i v e s  of  t h e  f i e l d s  t r a n s f o r m  a s ,  

t Consequen t ly ,  ++ remains  i n v a r i a n t  w h i l e  >?+dl+ does n o t .  

To r e s o l v e  t h i s  d i f f i c u l t y  we i n t r o d u c e  a c o v a r i a n t  d e r i v a t i v e  

D ~ ~ W  which t r a n s  forms 1 i k c  : 

1 t' Thus ,  t e rms  o f  t h e  form (?+) (D9) a r e  i n v a r i a n t  and s o  t h e y  

r e p l a c e  t h e  r o l e  had i n  t h e  g l o b a l  t h e o r y .  

The c o v a r i a n t  d e r i v a t i v e  Dr*cx) i s  d e f i n e d  by i n t r o d u c i n g  

a  v e c t o r  f i e l d 3  A? f o r  each  d imens ion  o f  t h e  L i e  a l g e b r a ,  

3 ~ e  s h a l l  u s e  t h e  te rms 
i n t e r c h a n g e a b l y .  

v e c t o r  f i e l d  and ga uge f i e l d  



where t h e  c o u p l i n g  c o n s t a n t  i s  a r b i t r a r y .  
a 

I n  o r d e r  t o  s a t i s f y  ( 2 . 7 )  A (W must t r a n s f o r m  i n  t h e  r 
f o l l o w i n g  manner:  

-C 4 

where 0 (t 

A y L Z A p  L (2 .10)  

Now we must add a  k i n e t i c  ene rgy  te rm $P. which c o n t a i n s  
a 

o n l y  t h e  f i e l d s  Ap and t h c i r  derivatives. Wc s h a l l  propose  
I a 

t h a t  xo h e  constructed o u t  o f  t e n s o r s  F a c c o r d i n g  t o  r " 

such  t h a t  i t  i s  gauge i n v a r i a n t .  We d e f i n e  

where C a r e  t h c  structure c o n s t a n t s  o f  t h c  L ie  group ( ; . "  abc  

 h he t r a n s f o r m a t i o n  r u l e  a p p e a r s  t o  depend upon t h e  p a r t i c u l a r  
r e p r e s e n t a t i o n  o f  G ,  b u t  i t  o n l y  depends upon t h e  commutators 
[ L~ ,Lb] whose form i s  independen t  o f  r e p r e s e n t a t i o n .  

b c 
5 ~ h e  g e n e r a t o r s  o f  G s a t i s f y  [ T ~ ,  T 1 = I($xr a s  do 

any r e p r e s e n t a t i o n  o f  t h e  g e n e r a t o r s ,  [ L  , L  1 = 1 Ca , L'. 
T h i s  s e t  o f  commutation r e l a t i o n s  d e f i n e s  t h e  L ie  a  g e b r a  
.of G .  

'3 



A convenient notation employs the regular representation 

matrices 

where we define 

a. a 
and F F r Y  T. rv 
Our y a n g - ~ i l l s ~  tensor can now be defined by, 

and transforms as, 

where UJ~) is the transformation matrix under the regular 

representation, 

6 ~ a n g  and Mills (1954) S i r s t  s t u d i c d  l o c a l  gauge. i n v a r i a n c c  
undcr  non- / \ l>c l  i a n  g r o u p s ,  f o r  t h c .  c;lsc o f  i s o t o p i c  s p i  1 1 ,  

S t J ( 2 ) .  
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Using t h i s  n o t a t i o n  we may e x p r e s s  de, b y ,  

Gauge i n v a r i a n c e  i s  now obvious  because  under  gauge 

t r a n s f o r m a t i o n s ,  

F FV- F' F;"= U(e) F F~"u&) rV t"' R r" 
and 

G a t h e r i n g  e v e r y t h i n g  t o g e t h e r ,  we may w r i t e  down t h e  form 

o f  t h e  Lagrang ian  d e n s i t y  f o r  a  Yang-Mil l s  t h e o r y  i n v a r i a n t  

under  a  gauge group G ,  

where ~ ( $ 1  i s  a  guage i n v a r i a n t  p o t e n t i a l  te rm.  

The form o f  t h e  p o t e n t i a l  chosen  i s  e x t r e m e l y  i m p o r t a n t  

because  i t  p a r t i a l l y  d e t e r m i n e s  t h e  c o n f i g u r a t i o n  o f  t h e  

f i e l d s  +OiX) i n  t h e  vacuum and p r o v i d e s  t h e  c a u s e  f o r  

7 ~ h i s  p r o p e r t y  i s  n o t  o b v i o u s ,  b u t  f o r  t h e  groups  we w i l l  
c o n s i d e r  i t  w i l l  be  t r u e .  For  t h o s e  i n t e r e s t e d  i n  t h e  gory  
d e t a i l s ,  s e e  Gilmore (1974) .  
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~ p o n t a n e o u s  symmetry b r e a k i n g  and t h e  Higgs mechanism8. 

8 ~ o r  t h o s e  u n f a m i l i a r  w i t h  t h e s e  phenomena, a  c r u d e  
e x p l a n a t i o n  i s  p r o v i d e d  i n  append ix  A .  



Chap te r  3  

Monopoles, S p h e r i c a l  Symmetry and P o i n t  Monopoles 

R e c e n t l y  t h e r e  has  been s e v e r a l  p a p e r s  t h a t  g e n e r a l i z e  t h e  

' t  Hoof t -Polyakov monopole s o l u t i o n  of  an SU(2) gauge t h e o r y  

( ' t  Hooft  (1974) ,  Polyakov (1974) t o  l a r g e r  gauge groups  

(Bais  and Primack (1977) ,  Michel and O I R a i g h f e a r t a i g h  (1977) 

Horvath and P a l l a  ( l 9 7 6 ) ,  Wi lk inson and  Goldhaber  (1977) ) . 
I w i l l  show a  c r u d e  method f o r  p roduc ing  an a n s a t z  t h a t  

g e n e r a t e s  s t a t i c ,  s p h e r i c a l l y - s y m m e t r i c  monopole s o l u t i o n s  

i n  a  t h e o r y  o f  a  g e n e r a l  compact semis imple1  gauge group G .  

The approach  u s e d  i s  b a s e d  on Ba i s  and Primack (1977) and 

Wilk inson and Goldhaber  (1977) because  t h c y  use  t h e  a ;>pca l ing  

i d e a  of  spherical symmctry. 

The o r i g i n a l  monopolc s o l u t i o n  of  ' t  l ioof t  and Polyakov 

h a s  t h e  d i s t i n c t i v e  p r o p c r t y  t h a t  t h e  f i e l d s  a r c  i n v a r i a n t  

under  combined s p a t i a l  and i s o s p i n  r o t a t i o n s ,  we s h a l l  c a l l  

t h i s  p r o p e r t y  s p h e r i c a l  symmetry. - T h i s  p r o p e r t y  a l l o w s  one 

t o  r educe  t h e  e q u a t i o n s  o f  motion t o  o r d i n a r y  d i f f e r e n t i a l  

e q u a t i o n s  i n  t h e  r a d i a l  v a r i a b l e .  By c o n s i d e r i n g  d i s t i n c t  

embeddings o f  SU(2) i n  a  compact semis imple  group G we can  

g e n e r a l i z e  t h i s  n o t i o n .  

To o b t a i n  a c o n c r e t e  d e f i n i t i o n  o f  s p h e r i c a l  symmetry 

c o n s i d e r  f i r s t  t h e  e f f e c t s  of  a  r o t a t i o n  i n  Euc l idean  

' ~ i l m o r e  (1974) p r o v i d e s  e x h a u s t i v e  d e f i n i t i o n s  o f  t h e s c  
t e r m s ,  however f o r  t h e  p u r p o s e s  o f  t h i s  t h e s i s  we may assume 
t h e s e  c o n d i t i o n s  t o  h o l d ,  s i n c e  we c o n s i d e r  o n l y  SU(2)  and 
su (3 )  . 
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three-space2. A position will transform as a vector, 

while a scalar field, such as the Higgs field will transform 

as, 

+'@') = +(&I , 

and the gauge field A (x )  will tran r 

Defining the change in a field by, 

( 3 . 2 )  

sform as a vector field, 

we obtain for an infintesimal rotation , 

2We will normally call such operations space rotations which 
are a subgroup of the Lorentz transformations whereas the iso 
spin rotations form an SU(2) subgroup of the gauge 
transformations. 
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In order to conform with the literature3 we shall use the 

rather loose notation, 

where I - - = 2 % (4v) - 
So we may write, 

i 

and &AJ(%)= -1 6&[2 > ~ ~ ( 2 5 l - J  + Ea.k J 60 Ah(%) (3.10) 

Now consider the generators of an SU(2) subgroup of 

i our general group G, which we will denote by { T  1 i = 1,2,3. 

An isospin rotation on the Higgs field can be written, 

'~ais and Primack (1977), Wilkinson and Golhaber (1977) and-  
many other authors have adopted this notation. 

"For notational simplicity we shall use the re ular 
I?-- representation of the Miggs field, defined y $ z + ~ T &  , 

a = 1,2, . . . ,  dirnG. It is not hard to show that under gauge 
transformations transforms as in (3.11) if one considers 
infintesimal transformations. 



where 

+ -  U(6) ' EXP [-~&TI . 

Under t h e  same t r a n s f o r m a t i o n  t h e  gauge f i e l d  becomes, 

1 -I 

A,--A r = U W A ~ U ( ~ )  - I (apis))uib). (3 .15 )  
9 

we w i l l  c o n s i d e r  o n l y  g l o b a l  t r a n s f o r m a t i o n s  s o  t h a t  t h e  

second t e rm i n  (3 .15)  v a n i s h e s .  Under an i n f i n t e s i m a l  i s o s p i n  

r o t a t i o n  we s e e ,  

Now we s h a l l  d e f i n e  f i e l d s  a s  s p h e r i c a l l y  symmetr ic  i f  

t h e y  a r e  i n v a r i a n t  under  a  corillbined s p a c e  and i s o s p i n  r o t a t i o n .  

By c o n s i d e r i n g  ( 3 . 9 ) ,  ( 3 . 1 0 ) ,  (3 .16)  and (3 .17)  we d e f i n e  

s p h e r i c a l l y  s y ~ n i e t r i c  f i e l d s  a s  t h o s e  t h a t  s a t i s f y ,  

To c o n s t r u c t  s p h e r i c a l l y  symmetr ic  monopole s o l u t i o n s ,  

one u s e s  t h e  most g e n e r a l  a n s a t z  s a t i s f y i n g  (3 .18)  and (3 .19)  



f o r  each  embedding o f  an SU(2)  subgroup i n  G .  The s p e c i f i c  

form o f  t h e s e  a n s a t z  must be such t h a t  t h e y  conform t o  t h e  

boundary c o n d i t i o n s  of  t h e  t h e o r y .  

A s  t h e  r a d i u s  becomes a s y m p t o t i c a l l y  l a r g e  t h e  Higgs 

f i e l d  s h o u l d  approach i t s  lowes t  p o s s i b l e  ene rgy  c o n f i g u r a t i o n ,  

t h e  vacuum. These c o n d i t i o n s  can  be  e x p r e s s e d  by ,  

A c o n f i g u r a t i o n  o f  f i e l d s  which s a t i s f i e s  t h e s e  c o n d i t i o n s  

everywhere i n  s p a c e  e x c e p t  a t  t h e  o r i g i n  i s  known a s  p o i n t  

monopole. Obvious ly ,  a knowledge o f  a l l  t h e  p o s s i b l e  p o i n t  

monopoles o f  a t h e o r y  would be u s e f u l  i n  d e t e r m i n i n g  t h e  

boundary c o n d i t i o n s  o f  o u r  f i e l d s .  I n  f a c t ,  Wilk inson and 

Goldhaber (1977) have shown a  method f o r  o b t a i n i n g  a l l  t h e  

p o i n t  monopoles o f  a  t h e o r y  u s i n g  group t h e o r y  t e c h n i q u e s .  

They u s e  t h e s e  p o i n t  monopoles as t h e  s t a r t i n g  p o i n t  f o r  

d e f i n i n g  t h e  a n s a t z  f o r  a  g e n e r a l  f i n i t e - e n e r g y ,  s t a t i c  and 

s p h e r i c a l l y  symmetric  monopole s o l u t i o n s .  

I n  t h i s  t h e s i s  we u s e  t h e  o p p o s i t e  approach;  where we 

s t a r t  w i t h  t h e  most g e n e r a l  s p h e r i c a l l y  symmetric  a n s a t z  and 

, t h e n  f o r c e  i t  t o  conf i rm t o  a  monopole s o l u t i o n  a s  t h e  r a d i u s  

goes  t o  i n f i n i t y .  



Chap te r  4  

Dyons i n  an  SU(2) Gauge Theory 

The dyon i s  a  p a r t i c l e  w i t h  b o t h  magne t i c  and e l e c t r i c  

c h a r g e  and h a s  been  d i s c u s s e d  p r e v i o u s l y  by Schwinger  (1969) 

and Zwanzinger (1968) .  J u l i a  and Zee (1974) have e x t e n d e d  

t h e  a rguments  o f  ' t  Hoof t  (1974) and Polyakov (1974) by 

showing t h e  p o s s i b i l i t y  o f  c o n s t r u c t i n g  c l a s s i c a l  s o l u t i o n s  

hav ing  b o t h  magne t i c  and e l e c t r i c  c h a r g e s .  

We s h a l l  s t a r t  w i t h  a  Yang-Mil l s  t h e o r y  (under  an SU(2) 

gauge group)  w i t h  symmetry b r e a k i n g .  Then, we choose  a 

s p h e r i c a l l y  symmetr ic  a n s a t z  f o r  o u r  f i e l d s  t h e r e b y  r e d u c i n g  

t h e  e q u a t i o n s  o  motion t o  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  i n  

t h e  r a d i a l  v a r i a b l e .  A s u i t a b l e  d e f i n i t i o n  o f  t h e  e l e c t r o -  

magne t i c  f i e l d  i s  g i v e n  s o  t h a t  t h e  e l e c t r i c  and magne t i c  

c h a r g e s  become c l e a r l y  d e f i n e d .  The t1  Hoof t -Polyakov mono- 

p o l e  may t h e n  b e  i d e n t i f i e d  a s  t h e  s p e c i a l  c a s e  o f  such  a  dyon 

w i t h  z e r o  e l e c t r i c  c h a r g e .  

The Lagrang ian  d e n s i t y  f o r  an  SU(2) gauge t h e o r y  w i t h  

a  t r i p l e t  o f  s c a l a r  f i e l d s  i s  g i v e n  by ,  

where 



and 

a = \>2,3. 

3 
The matrices T', T', T are the 2x2 Pauli spin matrices so 

that the representation matrices T~ have the following 

properties : 

(i.e. they form a representation of the generators of SU(2)) 

and 

Further, one may show that the covariant derivative (2.8) may 

be expressed as 

From the discussion of appendix A we choose a symmetr; 

breaking potential of the form ( 1 4 \ = ~  minimizes V ) ,  
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A t  t h i s  p o i n t  we p r o p o s e  a  s p h e r i c a l l y  symmetr ic  a n s a t z  

f o r  t h e  Higgs f i e l d  9 and t h e  gauge f i e l d  A r ; 

0 

Under r o t a t i o n  A h a s  t h e  same Loren tz  t r a n s f o r m a t i o n  

p r o p e r t i e s  a s  3 s o ,  

I t  i s  a  s t r a i g h t f o r w a r d  computa t ion  t o  show t h a t  Ai(z) 
s a t i s f i e s  ( 3 . 1 8 )  w h i l e  @,x) and A&&) s a t i s f y  ( 3 . 1 9 ) ,  meaning 

t h a t  t h e  f i e l d s  a r e  i n d e e d  s p h e r i c a l l y  symmetr ic .  I n  f a c t ,  

Weinberg and Guth (1976) p rove  t h a t  t h i s  i s  t h e  o n l y  f i n i t e  

e n e r g y  and s p h e r i c a l l y  symmetr ic  a n s a t z  i n  an  SU(2) gauge 

t h e o r y .  

I t  s h o u l d  b e  n o t e d  t h a t  i n  (4 .  l o ) ,  (4 .11)  and ( 4 . 1 2 )  

t h e  a n g u l a r  dependence o f  t h e  f i e l d s  i s  d i s p l a y e d  e x p l i c i t l y  

w h i l e  t h e  unknowns a r e  f u n c t i o n s  o f  t h e  r a d i u s  o n l y .  

A d d i t i o n a l l y  t h e r e  i s  no t ime  dependence because  we a r e  

assuming s t a t i c  s o l u t i o n s .  

S u b s t i t u t i n g  (4 .  l o ) ,  (4 .11)  and (4 .12)  i n t o  (4 .  I ) ,  t h e n  

i n t e g r a t i n g  o v e r  a l l  s p a c e ,  we o b t a i n  f o r  t h e  Lagrang ian  



where 1 i- I 1-1 n 133 
OLE ea , J- - 

The e q u a t i o n s  o f  motion r e s u l t  from e x t r e m i z i n g  t h i s  i n t e g r a l .  

However i t  i s  advantageous  t o  c o n v e r t  t o  d i m e n s i o n l e s s  

v a r i a b l e s  f i r s t .  L e t ,  

s o  t h a t  

where 

2 
and 

' k i s  t h e  mass o f  t h e  v e c t o r  boson o b t a i n e d  by way o f  t h e  
I i iggs mcchanisrn. For a c r u d c  cxp l t lna t ion  scc  a p p e n c l i x  A .  

[ i s  a p a r a m e t e r  t h a t  d e t e r m i n e s  t h e  a s y n p t o t i c  b e h a v i o r  o f  
J ( r ) .  See append ix  l3 f o r  d e t a i l s .  



1 d f  
where f ' "& . 
Ext remiz ing  1 by u s e  o f  t h e  Eu le r -Lagrange  e q u a t i o n s  g i v e s  

t h e  f o l l o w i n g  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  i n  z ,  

The boundary c o n d i t i o n s  on I I , J  and F a r e  d i s c u s s e d  i n  d e t a i l  

i n  append ix  B.  The c r i t e r i a  we u s e  f o r  d e c i d i n g  t h e s e  

c o n d i t i o n s  a r e  t h a t  t h e  ene rgy  be  f i n i t e  and t h a t  t h e  f i e l d s  

approach  t h e  p o i n t  monopole s o l u t i o n s  i n  t h e  a s y m p t o t i c  l i m i t .  

I s h a l l  s imply  s t a t e  t h e  r e s u l t  h e r e :  

Hto' ,= 1 , H W =  0 ,  

The gauge i n v a r i a n t  Hamil toniar i  d e n s i t y  i s  g i v e n  by ,  

3 T h i s  fo rmula  i s  n o t  obv ious  h u t  i t  docs  r cducc  t o  o u r  normal 
d e f i n i t i o n  i n  t h e  casc  oS an  A b c l i a n  t h e o r y .  ]:or f u r t h c r  
d e t a i l s  s c c  J u l i a  and Zcc (1!)74), I'rasatl and So~nmcrSicld 
( 1 9 7 5 )  o r  Coleman ( 1 9 7 5 ) .  



S i n c e  a l l  t ime  d e r i v a t i v e s  v a n i s h ,  t h e  t o t a l  ene rgy  i s  

i n t e r p r e t e d  a s  t h e  mass 

s u b s t i t u t i o n s  we o b t a i n  

o f  t h e  dyon. Making t h e  a p p r o p r i a t e  

where 
00 

Having s o l v e d  ( 4 . 1 9 ) ,  (4 .20)  and (4 .21)  t h i s  can  be c a l c u l a t e d .  

I n  o r d e r  t o  d e t e r m i n e  t h e  e l e c t r i c  and magne t i c  c h a r g e  

o f  t h e  o b j e c t  we have c o n s t r u c t e d ,  we must i d e n t i f y  t h e  

e l e c t r o m a g n e t i c  f i e l d s  ~(11 :  Any c h o i c e  o f  r f rYmust  s a t i s f y  t h e  

f o l l o w i n g  c o n d i t i o n s :  

1. 3pv t r a n s f o r m s  a s  a  2 - c o n t r a v a r i a n t  t e n s o r .  

2 .  s?* must b e  gauge i n v a r i a n t .  

3 .  I f  we make a  gauge t r a n s f o r m a t i o n  on t h e  Higgs f i e l d  $ , 

i n  some r e g i o n ,  s u c h  t h a t  i t  p o i n t s  o n l y  i n  one d i r e c t i o n  

3 i n  i s o s p i n  s p a c e ,  T s a y ,  t h e  f i e l d s  s h o u l d  r educe  t o  t h e  

u s u a l  d e f i n i t i o n ,  

The l a s t  c o n d i t i o n  r c q u i r c s  an  explanation. Ord ina ry  

e l e c t r o d y n a m i c s  i s  a gauge t h e o r y ,  a s p e c i a l  c a s e  o f  t h e  



general formalism presented in the second chapter. The 

symmetry group of electrodynamics is G=U(l). Under the U(1) 

group, a complex field will transform as, 

while a real (Hermitian) field is invariant, 

The corresponding transforn~ation of the single gauge field 

is given by, 

which should look familiar to those acquainted with the co- 

variant formulation of electromagnetism. Since all U(1) 

transformation commute (i.e. U(1) is an Abelian group) the 

structure constants Cijk vanish and thus the Yang-Mills tensor 

(2.12) becomes the ordinary gauge invariant definition of the 

electromagnetic field tensor, 

In this light, the third criterion for the generalized 

definition of 3vshould make more sense. The gauge transfor- t' 
mation in some region will pictorially do something like this: 



_- - -  - - 
0 

/ 
\ 

T r ', 
I \ :;tTd l'r l ; 
\ 
L .r// trans formation _ _ /  .--- 

to a new gauge the scalar field is in 
the  d direction everywhere 
within the region 

e-- 

0 

spherically-symmetric 
gauge 

F i g . 4 . 1  A gauge transformation to a U(1) symmetry 

In this new gauge the scalar S i c l d s  may be e x p r e s s e d  a s 7  

and are invariant under the U(l) subgroup of trans forma ti-ons, 

If we consider only these transformations the gauge  f i e l d  
3 

A (I.) has the same transformation properties as A09 d i d  r r 



i n  ( 4 . 2 9 ) ,  and we have t h e  c o r r e s p o n d i n g  gauge i n v a r i a n t  

t e n s o r  

F i n a l l y ,  t h e  vacuum of t h i s  t h e o r y  h a s  a  U ( l )  symmetry4. Thus 

t h e  Higgs mechanism l e a v e s  one v e c t o r  f i e l d  m a s s l e s s  which 

we i d e n t i f y  a s  t h e  e l e c t r o m a g n e t i c  f i e l d 5 .  The gauge t r a n s -  

f o r m a t i o n  shown i n  F i g .  4 . 1  makes t h e  U(1) symmetry and t h e  

3 c o r r e s p o n d i n g  m a s s l e s s  f i e l d  obv ious  ( T ~  and A ) , t h u s  w e  

demand t h e  t h i r d  c r i t e r i o n .  

The e l e c t r o m a g n e t i c  f i e l d  t e n s o r  s u g g e s t e d  by ' t  Hooft 

(1974) i s ,  

where 

o r  i n  m a t r i x  l a n g u a g e ,  

31" = ~ V + F ~ ~ )  + ST(+[?+, e am]). (4 .36)  

4 ~ h i s  U(l) symmetry i s  made obv ious  i n  Chap te r  5 .  

'This  Higgs mechanism i s  d i s c u s s e d  i n  append ix  A .  



T h i s  d e f i n i t i o n  indeed  s a t i s f i e s  t h e  t h r e e  c r i t e r i a .  Upon 

s u b s t i t u t i n g  t h e  a n s a t z  ( 4 . 1 0 ) ,  (4.11)  and (4.12)  i n t o  (4 .34)  

we o b t a i n  

The c o r r e s p o n d i n g  e l e c t r i c  and magne t i c  f i e l d s  a r e  g i v e n  b y ,  

I t  a p p e a r s  we have a  p o i n t  monopole o f  s t r e n g t h  (+  $ ) whereas 

t h e  e l e c t r i c  cha rge  i s  ex tended .  The magne t i c  and e l e c t r i c  

c h a r g e s  a r e  o b t a i n e d  u s i n g  Gaussf  law: 

' f r o m  e q u a t i o n  (4 .20)  and i n t e g r a t i n g  by p a r t s  we o b t a i n ,  



where 

The r e s u l t  o f  t h i s  t h e s i s  i s  t h e  s o l u t i o n  F , J  and H and t h e  

c a l c u l a t i o n  o f  and ~ ( P T  . 
The magne t i c  monopole o f  ' t  Hoof t  and Polyakov c o r r e s p o n d  

t o  a  s p e c i a l  c a s e  o f  t h e  dyon where Ao(x) = 0, which 

c o r r e s p o n d s  t o  Y=O . 
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Chap te r  5 

Magnet ic  Monopoles i n  an SU(3) Gauge Theory 

I n  t h i s  c h a p t e r  we s h a l l  d e a l  o n l y  w i t h  t h e  e s s e n t i a l  

i d e a s  needed t o  o b t a i n  t h e  d i f f e r e n t i a l  e q u a t i o n s  o f  t h e  

f i e l d s .  For  f u r t h e r  d e t a i l s  I s u g g e s t  t h e  r e a d e r  t o  c o n s u l t  

S i n h a  (1976) o r  C o r r i g a n ,  O l i v e ,  F a i r l i e  and Nuyts (1976) l  

whose p a p e r s  p r o v i d e  t h e  b a s i s  f o r  t h i s  c h a p t e r .  

There  a r e  two fundamenta l  d i f f e r e n c e s  between SU(2) and 

SU(3) w i t h  r e s p e c t  t o  t h e  c l a s s i f i c a t i o n  o f  monopole s o l u t i o n s .  

F i r s t ,  o c t e t  v e c t o r s  o f  e q u a l  l e n g t h  c a n n o t ,  i n  g e n e r a l ,  be 

Sli(3) r o t a t e d  i n t o  each  o t h e r  whereas t r i p l e t  v e c t o r s  o f  e q u a l  

l e n g t h  can  always be  SU(2) r o t a t e d  i n t o  each  o t h e r .  Second,  

t h e r e  a r e  two d i s t i n c t  ways o f  embedding S U ( 2 )  i n  SU(3) .  

Weinberg and Gut,h (1976) p roved  t h a t  t h e  I t  Hoof t -Polyakov 

a n s a t z  i s  t h e  o n l y  s p h e r i c a l l y  symmetr ic  monopole o f  f i n i t e  

e n e r g y  i n  an  SU(2) gauge t h e o r y ,  s o  t h e  c l a s s i f i c a t i o n  o f  

t h e s e  monopoles i s  a  t r i v i a l  m a t t e r .  However, SU(3) i s  a  more 

c o m p l i c a t e d  animal  hav ing  more t h a n  one t y p e  o f  monopole 

s o l u t i o n .  

We s h a l l  r e p r e s e n t  o u r  f i e l d s  by 3x3 t r a c e l e s s  I I e rmi t i an  

m a t r i c e s  : 

' ~ e r e a f t e r  we s h a l l  u s e  t h e  a b b r e v i a t i o n  C o r r i g a n  e t  a l .  



a  = 1 , 2 ,  ..., 8 .  

The h - m a t r i c e s  form a c o n v e n i e n t  r e p r e s e n t a t i o n  o f  t h e  

g e n e r a t o r s  o f  SU(3 ) .  Fo l lowing  t h e  c o n v e n t i o n  o f   ell-~ann~ 

t h e s e  m a t r i c e s  have  t h e  f o l l o w i n g  p r o p e r t i e s :  

( a n t i c o m m u t a t o r )  
where t h e  s t r u c t u r e  c o n s t a n t s  f abc  a r e  r e a l  and t o t a l l y  a n t i -  

symmetr ic  w h i l e  dab= a r e  r e a l  and  t o t a l l y  symmet r i c .  

An SU(3) r o t a t i o n  i s  a  u n i t a r y  t r a n s f o r m a t i o n ,  

and s o  t h e  e i g e n v a l u e s  o f  9 a r e  i n v a r i a n t .  Thus ,  9 ' s  w i t h  

d i f f e r e n t  c i g c n v a l u e s  c a n n o t  hc SU(3) r o t a t e d  i n t o  cach o t h e r ,  

 h he e i g h t  m a t r i c e s  and  t h e i r  p r o p e r t i e s  a r e  l i s t e d  i n  a p p e n d i x  
D .  The s o u r c e  u s e d  was Gell-Mann and  Ne' eman ( 1 9 6 4 ) .  
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t h e y  l i e  on d i s t i n c t  SU(3) o r b i t s .  IIence, one c l a s s i f i c a t i o n  

scheme o f  monopole s o l u t i o n s  would be  t o  d i s t i n g u i s h  t h e  e i g e n -  

v a l u e s  o f  t h e  Higgs f i e l d  & i n  t h e  vacuum. F u r t h e r ,  t h e s e  

e i g e n v a l u e s  i d e n t i f y  t h e  symmetry H o f  t h e  vacuum. 

I t  i s  t h e  s c a l a r  p o t e n t i a l  V ( $ )  t h a t  d e t e r m i n e s  t h e  

e i g e n v a l u e s  o f  ?J i n  t h e  vacuum. Cons ide r  t h e  most g e n e r a l  

r e n o r m a l i z a b l e  gauge i n v a r i a n t  p o t e n t i a l  ( h a v i n g  a t  most a  

q u a r t i c  t e r m  i n  ) ,  

S i n c e  ig i s  a  t r a c e l e s s  H e r m i t i a n  m a t r i x ,  i t  can  be 

d i a g o n a l i z e d  by a  u n i t a r y  t r a n s f o r m a t i o n  such  t h a t  

E l ,  E Z  a r e  r e a l ,  

and we o b t a i n  

and 

S u b s t i t u t i n g  (5 .11)  and (5 .12)  i n t o  t h c  p o t e n t i a l  ( 5 . 9 )  we 

' o b t a i n ,  



The vacuum ( o r  p o i n t  monopole v a l u e s  o f  t h e  e i g e n v a l u e s  a r e  

such  t h a t  V i s  minimized,  

which y i e l d s ,  

These e q u a t i o n s  have s e v e r a l  s o l u t i o n s ,  b u t  many a r e  r edundan t  

because  t h e y  c o r r e s p o n d  t o  pe rmut ing  e i g e n v a l u e s  a l o n g  t h e  

d i a g o n a l  i n  ( 5 .  l o ) ,  o n l y  one o f  t h e  p e r m u t a t i o n s  need  be  

c o n s i d e r e d .  Suppose,  

2€,+€,= 0, 

t h e n  from ( 5 . 1 6 ) ,  



which has  t h e  s o l u t i o n s ,  

where we choose  t h e  s i g n  t h a t  minimizes V .  So t h e  vacuum 

v a l u e  o f  t h e  Higgs f i e l d  h a s  t h e  d i a g o n a l  form, 

which i s  a  m u l t i p l e  o f  t h e  e i g h t h  Gell-FIann m a t r i x ,  

I n  t h e  l i m i t  o f  t h e  c u b i c  t e rm v a n i s h i n g  ( d,* 0 ) , 

(We s h a l l  c o n v e n t i o n a l l y  choose  t h e  p l u s  s i g n . )  Using t h e  

g e n e r a l  p o t e n t i a l  ( 5 . 9 )  we o b t a i n  a  vacuum v a l u e  o f  t h e  I I iggs  



f i e l d  t h a t  i s  c a l l e d  h 8 - l i k e ,  f o r  obv ious  r e a s o n s .  We may 
- 

now d e t e r m i n e  t h e  symmetry o f  such  a  vacuum. From append ix  D 

we s e e  t h a t  A, commutes o n l y  w i t h  hl, h2,  h3 and h8. Thus 

9 i s  i n v a r i a n t  under  t r a n s f o r m a t i o n s  i n v o l v i n g  an 

e x p o n e n t i a t i o n  o f  t h e s e  f o u r  m a t r i c e s .  From t h e  commutation 

r e l a t i o n s ,  

i , j , k  = 1 , 2 , 3  

g e n e r a t e s  a  U ( l )  subgroup o f  SU(3) w h i l e  one c o n c l u d e s  

(" / IJ~"/~~'Y~)  g e n e r a t e s  an SU(2) subgroup .  We s a y  t h a t  t h e  

unbroken symmetry group o r  t h e  l i t t l e  group o f  9 i s  

SU(2)XUfl) ( i . e ,  i somorph ic  w i t h  U ( 2 ) ) ,  

C o r r i g a n  e t  a l .  u s e  t h e  g e n e r a l  p o t e n t i a l  ( 5 . 9 )  and t h u s  

t h e  vacuum i n  t h e i r  t h e o r y  h a s  a  U(2) symmetry. However, S inha  
3 

c h o s e  a  l e s s  g e n e r a l  p o t e n t i a l  o f  t h e  form 

3Thi s  i s  a  s p e c i a l  c a s e  o f  t h e  g e n e r a l  p o t e n t i a l  ( 5 . 9 )  where 
t h e  c u b i c  t e r m  i s  removed, i . e .  d3  = 0 .  



The vacuum v a l u e  o f  t h e  Higgs  f i e l d  has  t h e  d i a g o n a l  form,  
/ 

p l u s  p e r m u t a t i o n s  a l o n g  t h e  d i a g o n a l .  A n e a t  way o f  e x p r e s s i n g  

(5 .29 )  i s ,  

where  a2+ bl.= 1 . 

For  most  c h o i c e s  o f  a  and  b ,  Qvac o f  ( 5 . 3 0 )  w i l l  commute o n l y  

w i t h  and  hg and  t h u s  t h e  unbroken  symmetry g roup  i s  3 

g e n e r a l l y 4 ,  

I t  i s  o f  i n t e r e s t  t o  n o t e  t h a t  f o r  SU(2) t h e  vacuum h a s  

t h e  fo rm,  

4 T h e r e  a r e  c h o i c e s  o f  a  and  h t h a t  make Gyac - l i k e  and 
H = U ( 2 ) ;  e g .  ( a y b )  = ( 0 1 )  (ES/Z,-b), b u t  t e s e  a r c  
e x c e p t i o n s  t o  t h e  r u l e .  

f! 
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which commutes on ly  w i t h  t h e  s i n g l e  SU(2) g e n e r a t o r  

s o  t h e  vacuum o f  an  SU(2) t h e o r y  has  a  U( l )  symmetry. 

The main o b j e c t i v e  o f  t h i s  t h e s i s  i s  t o  compute and 

compare t h e  monopole s o l u t i o n s  o f  SU(2) and SU(3).  I n  o r d e r  

t o  do t h i s  we must use  an  e q u i v a l e n t  Higgs p o t e n t i a l  i n  a l l  

c a s e s ,  namely 

(SU(2) :  a  = 1 , 2 , 3 :  SU(3):  a = 1 , 2  ,..., 8 ) .  

As we have shown, t h i s  p o t e n t i a l  i s  c o n s i s t e n t  w i t h  two 

t y p e s  o f  vacuum symmetries  i n  SU(3).  Consequent ly ,  we must 

be  c l e a r  i n  eve ry  c a s e  a s  t o  t h e  p r o p e r t i e s  o f  t h e  vacuum 

because  i t  is  i m p o r t a n t  i n  t h e  i d e n t i f i c a t i o n  o f  t h e  e l e c t r o -  

magnet ic  f i e l d .  

I t  h a s  been shown by Ba i s  and Primack (1977) t h a t  t h e r e  

a r e  two d i s t i n c t  ways o f  embedding an  SU(2) subgroup i n  SU(3).  

The g e n e r a t o r s  f o r  each o f  t h e s e  embeddings a r e  g i v e n  by: 

A s  t h e  l a b e l  i n d i c a t e s ,  t h e  second c a s e  i s  r e a l l y  a n  SO(3) 



embedding i n  SU(3) '. However, no harm i s  done ,  b e c a u s e  

t h e  g e n e r a t o r s  obey t h e  commutation r u l e s  f o r  SU(2) .  

A t  t h i s  s t a g e  we a r e  r eady  t o  c o n s t r u c t  a  s p h e r i c a l l y  

symmetr ic  a n s a t z  f o r  t h e  s c a l a r  f i e l d s  . There  a r e  e i g h t  
a 

i ndependen t  s c a l a r  f i e l d s  @ which t r a n s f o r m  a s  an  o c t e t  

r e p r e s e n t a t i o n  o f  SU(3).  The q u e s t i o n  we must answer i s  how 

do t h e s e  f i e l d s  t r a n s f o r m  under  t h e  embedded  subgroup^?^ 

The fundamenta l  r e p r e s e n t a t i o n  o f  SU(3) i s  a  t h r e e - b y - t h r e e  

m a t r i x  a c t i n g  on a  t h r e e  d i m e n s i o n a l  v e c t o r  s p a c e ,  

The a c t i o n  o f  one o f  t h e  subgroups  on s u c h  a  v e c t o r  s p a c e  can  

b e  w r i t t e n  

5 ~ r o p e r l y  s p e a k i n g  SO(3) i s  a  2 -* 1 homomorphic image o f  mSU(2) 
(Gilmore ( 1 9 7 4 ) ) .  

6The argument  p r e s e n t e d  h e r e  i s  my "hand-wavy" v e r s i o n  o f  
C o r r i g a n  e t  a l .  (1976) .  More s o p h i s t i c a t e d  group t h e o r e t i c a l  
approaches  a r e  p r e s e n t e d  i n  Uais and Prirnack (1977) and 
Wi lk inson  and Goldhaber  (1977) . 



3 

For t h e  SU(2) embedding t h e  t r a n s f o r m a t i o n  t a k e s  t h e  form, 

where (;:) t r a n s f o r m s  a s  a  two c o n p o n e n t i s o s p i n o r  under  t h i s  

SU(2) r o t a t i o n  w h i l e  ( I 3 )  i s  u n a f f e c t e d .  The t h r e e  component 

1 v e c t o r  may be  r e g a r d e d  a s  t h e  sum o f  an i s o s p i n - -  2 and 

i s o s p i n - 0  s t a t e ,  s y m b o l i c a l l y  

The s t a n d a r d  method o f  c o n s t r u c t i n g  an o c t e t  r e p r e s e n t a t i o n  

o f  SU(3) i s  w c l l  knowns t o  bc t h e  d i r c c t  p r o d u c t  oS t h e  

fundamenta l  r e p r e s e n t a t i o n  w i t h  t h c  c o n t r a g r a d i e n t  r c p r c s e n t a -  

t i o n ,  

Bu t ,  i f  we r e s t r i c t  o u r s e l v e s  t o  t h e  SU(2) subgroup o f  

t r a n s f o r m a t i o n s ,  (5 .40)  becomes o u r  f a m i l i a r  Clebsch-Gordan 

7 See t h e  form o f  X I ,  h2 ,  h 3  i n  append ix  D .  

 or t h o s e  a s  i g n o r a n t  a s  I was,  s e e  Fonda and G h i r a r d i  (1970) 
f o r  d e t a i l s .  



d i r e c t  p r o d u c t q .  Now we have ,  

s o  we may w r i t e  f o r  t h e  SU(2) embedding, 

Which means t h a t  we may c o n s t r u c t  t h e  Higgs f i e l d  Q w i t h  

components t h a t  t r a n s f o r m  under  t h e  SU(2) subgroup a s  

, and i s o s p i n - 0  s t a t e s  r e s p e c t i v e l y .  A l l  o f  i s o s p i n - 1 ,  7 

t h e s e  components c a n n o t  be  used  b e c a u s e  we must r e q u i r e  

t o  s a t i s f y  t h e  s p h e r i c a l  symmetry c r i t e r i a .  

I n  t h e  fundamenta l  r e p r e s e n t a t i o n  t h e  SO(3) subgroup 

t r a n s f o r m s  t h e  t h r e e - d i m e n s i o n a l  v e c t o r  a s  

1 ' where ( q,, s ,  6 )  t r a n s f o r m s  a s  an  i s o v e c t o r  ( i s o s p i n - 1  s t a t e )  

gSee  G o t t f r i e d  (1966) .  



The c o r r e s p o n d i n g  decompos i t ion  f o r  t h e  o c t e t  o f  f i e l d s  i s ,  

p r o v i d i n g  a  c l u e  a s  t o  t h e  form o f  t h e  a n s a t z  f o r  . 
C o r r i g a n  e t  a l .  u s e  t h e  f o l l o w i n g  a n s a t z  f o r  t h e  IIiggs 

f i e l d :  
S U ( 2 )  Embedding: lo 

and 

where f ( r )  and g ( r )  a r e  r e a l  f u n c t i o n s  o f  t h e  

r a d i u s  w h i l e  a  and b  a r e  r e a l  c o n s t a n t s  chosen 

such  t h a t ,  

"There  i s  no t ime  dependence because  w e  a r e  assuming s t a t i c  
s o l u t i o n s .  



SO (3)  Embedding: 

m ( 9  = Am$, + Bqb,, 

where 

i , j , k  = 1 , 2 , 3 .  

One may check  t h a t  s a t i s f i e s  t h e  s p h e r i c a l  symmetry r e q u i r e -  

men t , 

i where i t  i s  u n d e r s t o o d  t h a t  T a r e  t h e  a p p r o p r i a t e  g e n e r a t o r s  

o f  t h e  SU(2) o r  SO(3) subgroups  o f  SU(3). 

We must now choose  an a n s a t z  f o r  t h e  gauge f i e l d s "  Ar(%) 

which s a t i s f y  t h e  c o r r e s p o n d i n g  s p h e r i c a l  symmetry r e q u i r e m e n t ,  

l1 C o r r i g a n  e t  a l .  show t h a t  t h e s e  a r e  t h e  most g e n e r a l  
a n s a t z  f o r  t h e  gauge f i e l d s .  



I s h a l l  a t t emp t  t o  p rov ide  a  mo t iva t i on  f o r  t h e  

cho i ce  o f  t h e  v a r i o u s  a n s a t z  used f o r  t h e  s c a l a r  and gauge 

f i e l d s .  The b a s i c  guide  i s  t h a t  t h e  t r a n s f o r m a t i o n  p r o p e r t i e s  

under s imul taneous  gauge and space  r o t a t i o n s ,  where t h e  s c a l a r  

f i e l d s  shou ld  be i n v a r i a n t  wh i l e  t h e  gauge f i e l d  t r a n s f o r m  

a s  a  v e c t o r .  The S U ( 2 )  embedding i s  ve ry  s imple  because  t h e  

s c a l a r  f i e l d  has  components of t h e  form (5.48) and (5 .49)  

which a r e  obv ious ly  i n v a r i a n t .  The gauge f i e l d  (5 .56)  has  t h e  

form 

which w i l l  t r an s fo rm  i n  t h e  p rope r  manner. 

For t h e  S O ( 3 )  embedding t h e  g e n e r a t o r s  hl, J3, hq, h6, h8 
o r  more a p p r o p r i a t e l y  some l i n e a r  combination t r an s fo rms  a s  a  

quadrupo le  moment t e n s o r  under t h e  SO(3) subgroup of  SU(3). 

To make an i n v a r i a n t  q u a n t i t y  under s imul taneous  r o t a t i o n  we 

s imply  c o n s t r a c t  i t  w i t h  a  r e a l  space  quadrupole  moment t e n s o r ,  
* -+ 

t hus  ( 5 . 51 ) .  The form (5 .52)  i s  s imply 6.1  where h'(AZ,h,,h,) 
which i s  i n v a r i a n t .  The gauge f i e l d s  (5 .57)  a r e  combinat ions  of 

c o n t r a c t i o n s  and d e r i v a t i v e s  t o  g i v e  a  q u a n t i t y  which t r an s fo rms  

a s  a  v e c t o r  under  s imul taneous  r o t a t i o n s .  



3 
where z rii > 

i = r  

( Eyij i s  t h e  u s u a l  E symbol f o r  = 1 , 2 , 3  and EO9 = 0 )  ; r 
SO (3)  Embedding : 

e A + ~ )  = E (1 

With some a l g e b r a i c  m a n i p u l a t i o n  one may show t h a t  t h e s e  

a n s a t z  f o r  t h e  gauge f i e l d s  do i n d e e d  s a t i s f y  t h e  c r i t e r i o n  

o f  s p h e r i c a l  symmetry. 

The c o v a r i a n t  d e r i v a t i v e  o f  t h e  Higgs f i e l d  ( 5 . 4 )  t a k e s  

t h e  form 12, 

S U ( 2 )  Embedding: 

SO C 31 Ilmbeddine : 

o f  t h e  a l g e b r a i c  m a n i p u l a t i o n s  i n v o l v e d  i n  p r o d u c i n g  
t h e s e  t e rms  a r e  v e r y  t e d i o u s .  For  t h o s e  i n t e r e s t e d  i n  t h e  
d e t a i l s  s e e  C o r r i g a n  e t  a l .  (1976) .  
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The Higgs potential (5.35) takes the form: 

S U ( 2 )  Embedding: 
2 

2 2 v(G,= -$- ( d f ~  + b 8t0- uz): 
SO (31 Embedding: 

We shall assume all time derivatives vanish and that the 

gauge is such that A. = 0 1 3 .  In this case the Hamiltonian 

density is simply the negative of the Lagrangian density, 

and the equations of motion follow from minimizing the total I 

energy. Applying the variousansatze to the Lagrangian density, I 

we obtain: 

SU(2) Embedding: 

l3 It is always possible to choose such a gauge; see Coleman 
(1975). 



The t o t a l  ene rgy  o r  mass o f  t h e  monopole i s  t h e n ,  

The mass i n t e g r a l s  a r e  s i m p l i f i e d  by t h e  f o l l o w i n g  

s u b s t i t u t i o n s :  

t= eur, 

S U ( 2 )  Embedding: 

f'--vF, % r v G ,  ha  H, ( 5 . 6 8 )  

SO ( 3 )  Embedding: 

0,s -e\, , 2.. Q,, A - = u ~ ,  B-123, ( 5 . 6 9 )  

t o g e t h e r  w i t h  t h e  c o n v e n t i o n  t h a t  a  pr ime i n d i c a t e s  a 

d e r i v a t i v e  w i t h  r e s p e c t  t o  z we o b t a i n :  

SU ( 2 )  Embedding : 



Cy, (I-#,"+ 2 ~ 7 4 ~  dt H - t -  a,.= [ 
22' 

SO (3) Embedding: 

2 
where M,=ev, &=A e=$. 

lt'rr ' 

The equations o f  motion follow from minimizing the C ' s  

by way of the Euler-Lagrange equations. 

SU(2) Embedding: 

,=HI'= H ( H ~ +  ~ z z z ~ 2 - ~ )  j 



The boundary c o n d i t i o n s  t h a t  we use  f o r  t h e s e  f u n c t i o n s  

The e x p l a n a t i o n  of  t h e s e  boundary c o n d i t i o n s  i s  g iven  i n  

appendix C.  The c r i t e r i a  used f o r  dec id ing  t h e s e  boundary 

' c o n d i t i o n s  were t h a t :  

1. The mass i n t e g r a l s  must be f i n i t e .  

2 .  The r a d i a l  f u n c t i o n s  F ( z ) ,  G ( z ) ,  . . . e t c .  must be bounded 



everywhere including z=0. 

3. The scalar field 3 must approach a form such that its 
eigenvalues are the same as (5.30), 

The fields will approach point monopole solutions as a result 

of the criteria above. 

One of the results of this thesis is the numerical 

solution of the differential equations and the computation 

of the corresponding mass integral. 

Identifying the electromagnetic field is a more compli- 

cated matter in SU(3) than it was in SU(2). The vacuum of 

SU(2) has a U(1) symmetry and so the IIiggs mechanism permits 

only one massless vector field which is identified with the 

electromagnetic field. However, we have shown that an SU(3) 

theory may have either a U(2) or U(l)xU(l) vacuum symmetry, 

depending on the form of the Higgs potential. 
3 

For U(l)xU(l) there are two massless vector fields A 
S 

r 
and Ap. Thus Sinha l4 (1976) identified two corresponding 

electromagnetic fields. 

As in SU(2), 3 must be gauge invariant and reduce to r 3 3 3 

the usual definitions (i. e. to a A, ->,,At, and b A, -&A; r r 1 

when the scalar field is transformed to point in one direction 
fia ( 3  say, i . e .  + = S, ) in some region. 'I'he electromagnetic 

14~he identification of the electromagnetic fields are taken 
from Sinha's paper. 
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f i e l d s  a r e  i d e n t i f i e d  by S i n h a  a s :  

where 4' = +L/~-$qF . 
The o n l y  c a s e s  w e  s h a l l  c o n s i d e r  lS w i t h  a I J ( l )x l J ( l )  vacuum a r e  I 

I 

from t h e  SU(2) embedding ( 5 . 4 6 ) ,  I 

f o r  t h e  c a s e s  ( a , b )  = ( 1 , 0 ) ,  ( &  ,q) . S u b s t i t u t i n g  i n  t h e  

a n s a t z  f o r  ( a , b )  = (1,O) i n t o  (5 .84 )  and (5 .85 )  we o b t a i n ,  

and  

15This t h e s i s  was s e t  up t o  c a l c u l a t e  t h e  monopole s o l u t i o n s  
p roposed  by  S i n h a  and  C o r r i g a n  e t  a l . .  C o r r i g a n  e t  a l .  
s t a r t e d  w i t h  t h e  g e n e r a l  p o t e n t i a l  ( 5 . 9 )  and s o  t h e i r  vacuum 
symmetry i s  U(2) .  On t h e  o t h e r  hand  S i n h a  u s e d  a  symmetr ic  
p o t e n t i a l  (5 .28 )  a l l o w i n g  b o t h  U(2) and U(1) xU(1) vacuum 
s y m m e t r i e s .  S i n h a  c o n s i d e r e d  o n l y  t h e  SU(2) embedding (5 .46)  
f o r  t h e  c a s e s  ( a , b )  = ( l , O ) ,  ( &, E/2), (3j2, -\/2) ; t h e  l a t t e r  
r e p r e s e n t s  U(2) which was a l s o  p roduced  by C o r r i g a n  e t  a l .  
w h i l e  t h e  f o r m e r  two c o r r e s p o n d  t o  U ( l ) x U ( l )  vacuum. 



where f i s  t h e  u sua l  E symbol f o r  pv, k = 1 , 2 , 3 ,  and ry 
zero  f o r  V,V = 0. Thus we have a  "point"  magnetic monopole 

cs) 
w i t h  magnetic charges  "/e and 4, = 0  . For t h e  

c a s e  (a,b)= (b ,sh)  we have,  

and 

2 2 2 2 where Q(r)  = ( a  f ( r )  + b g  ( r ) )  The f i e l d s ,  i n  t h i s  c a s e ,  

correspond t o  an "extended" sphe r i ca l l y - symmet r i c  magnetic 

charge d e n s i t y .  The t o t a l  magnetic charges  a r e  ob t a ined  from 

t h e  asymptot ic  va lues  of t h e  magnetic f i e l d s  a long wi th  Gauss' 
c33 

(B) 4 2  law. Ye f i n d  Q,= $(F) and Q, = 2 ( e b  
When t h e  symmetry of  t h e  vacuum i s  U ( 2 )  (genera ted  by 

XI ,  h2, h3 and h8) t h e r e  a r e  f o u r  mass less  v e c t o r  f i e l d s .  I t  

i s  assumed t h a t  t h e  U(1) subgroup genera ted  by h, corresponds  

t o  t h e  gauge group of  t h e  e l ec t romagne t i c  f i e l d s  whi le  t h e  

SU(2) subgroup corresponds  t o  a  t r i p l e t  of  SU(2) Yang-Mills 

f i e l d s  16. The gauge i n v a r i a n t  e l ec t romagne t i c  f i e l d s  a r e  

16Sinha d e f i n e s  t h e  corresponding Yang-Mills t e n s o r  and non- 
Abelian magnetic charges .  We s h a l l  n o t  dea l  wi th  t h e s e  
o b j e c t s  i n  t h i s  t h e s i s .  



defined such that the 'y reduce to the usual definition 
69 ia +A, -&,Ay in some region when the scalar field 

is transformed to v = S a S  in that region. The electromagnetic 

fields are then given by, 

t"' 3e 

with the usual definition of electric and magnetic charge. 

Two cases with a U(2) vacuum are investigated in this thesis 

(corresponding to the ansatz presented by Corrigan et al.). 

SU(2) Embedding: From (5.46) 

where co,b,=[q,-k) . The electromagnetic fields are then 

given by : 

2 2 2 2 3 
where Q = (a f (r) + b g (r)) . 
SO (3) Embedding: 

From (5.50 the scalar field is given by, 

The corresponding electromagnetic fields are given by, 



where 

Both (5.90) and (5.91) represent extended spherically- 

symmetric magnetic charge densities. The total magnetic 

charges are given by: 

SU(2) Embedding: 

Q 2 ( z ) ,  
and 

SO (3) Embedding: 
qm= * -5 

where the sign is a function of what boundary condition we 

choose. 



C h a p t e r  6 

Numer ica l  Method - C o l l o c a t i o n  

I c a n n o t  t a k e  any c r e d i t  f o r  what f o l l o w s  i n  t h i s  s e c t i o n .  

I s h a l l  p r e s e n t  a  v e r y  s imp le -minded  e x p l a n a t i o n  o f  t h e  i d e a  

b e h i n d  c o l l o c a t i o n .  For  t h o s e  i n t e r e s t e d  i n  a  more d e t a i l e d  

e x p l a n a t i o n ,  I s u g g e s t  t h e y  s t u d y  t h e  p a p e r s  o f  U .  Asche r ,  

J .  C h r i s t i a n s e n  a n d  R . D .  R u s s e l l  (1977,  1978)  who g r a c i o u s l y  

a l l o w e d  me t o  u s e  t h e i r  program. 

C o n s i d e r  t h e  s i n g l e  s econd  o r d e r  l i n e a r  d i f f e r c n t i a l  

e q u a t i o n  on t h e  i n t e r v a l  a  ,( x  ,< b ,  

1 
where L i s  a  s e c o n d  o r d e r  l i n e a r  d i f f e r e n t i a l  o p e r a t o r  , 

and 

w i t h  t h e  boundary  c o n d i t i o n s ,  

' X o l l o c a t i o n  c a n  s o l v e  s y s t c m s  o f  n o n - l i n c a r  e q u a t i o n s  of  
mixed o r d e r s ,  b u t  we need  n o t  go i n t o  t h c  go ry  d e t a i l  i n  
o r d e r  t o  o b t a i n  a n  i n t u i t  i v c  Sccl or h o w  ( - 0 1  l o c . : ~ ~  io11 works. 



Assuming a  w e l l  behaved2 s o l u t i o n  we have  something  t h a t  

might  l o o k  l i k e  t h i s  

%=a x=b 
F i g .  6 . 1  A t y p i c a l  s o l u t i o n  

Cons ide r  a  polynomial  

which s a t i s f i e s  t h e  d i f f e r n t i a l e q u a t i o n  a t  k i n t e r i o r  p o i n t s ,  

( x .  1 k 
J j = ~  , a  < x < b ,  and has  t h e  same boundary c o n d i t i o n s  

j 
a s  y .  E x p l i c i t l y ,  

2 " ~ e l l - b e h a v e d "  i s  t o  be i n t e r p r e t e d  a s  p i e c e w i s e  c o n t i n u o u s  
and  i n f i n i t e l y  d i f f e r e n t i a b l e  on t h e  p i e c e s .  T t  seems t h a t  
f u n c t i o n s  s e e n  i n  p h y s i c s  t e n d  t o  f a l l  i n  t h i s  c a t e g o r y .  



T h i s  w i l l  y i e l d  a  sys tem of  l i n e a r  e q u a t i o n s  i n  t h e  (k+Z) 

unknown c o n s t a n t s  4, dl, a2 . . . , D(k+l  which can  be  s o l v e d ,  

i n  p r i n c i p l e .  The polynomial  s h o u l d ,  i n  some s e n s e ,  " look 

l i k e "  t h e  t r u e  s o l u t i o n  y ( x ) .  

F i g .  6 . 2  

A polynomial  f i t  o f  t h e  t r u e  s o l u t i o n .  

I f  t h e  s o l u t i o n  y ( x )  has  " i n t e r e s t i n g "  b e h a v i o r ,  a  l a r g e  

v a l u e  o f  k  would b e  r e q u i r e d  t o  make p ( x )  a  good approx ima t ion  

t o  t h e  s o l t u i o n ,  t h e r e b y  f o r c i n g  one t o  s o l v e  v e r y  l a r g e  and 

d i f f i c u l t  sys t ems  of  l i n e a r  e q u a t i o n s  ( ( 6 . 6 ) ,  ( 6 . 7 ) ) .  T h i s  

method would become c o m p u t a t i o n a l l y  e x p e n s i v e  and prone  t o  

roundof f  e r r o r .  A b e t t e r  approach  i s  t o  u s e  more t h a n  one 

polynomial  by b r e a k i n g  up o u r  i n t e r v a l  i n t o  s u b i n t e r v a l s .  



D i v i d i n g  o f  t h e  i n t e r v a l  [ a , b ]  i n t o  
s u b i n t e r v a l s .  

Cons ide r  N po lynomia l s  p l ( x ) ,  p 2 ( x ) ,  . . . , p N ( x )  d e f i n e d  on 

t h e  (N+l)  p o i n t s  d i v i d i n g  t h e  s u b i n t e r v a l s  Z, ,  C,, Cu+, 
c a l l e d  t h e  mesh p o i n t s .  A s  can be s e e n  from F ig .  6 . 3 ,  t h e  

mesh p o i n t s  a r e  choscn such t h a t ,  

Each po lynomia l  i s  ( k + l j s t  degree  s o  we n e e d  t o  s o l v e  f o r  

N (k+2) unknown polynomial  c o e f f i c i e n t s .  Consequen t ly ,  we must 

i.mpose an e q u a l  number o f  independen t  c o n d i t i o n s .  



I .  The f u n c t i o n  t h a t  we p roduce  s h o u l d  b e  c o n t i n u o u s  i n  i t s  

z e r o t h  and f i r s t  d e r i v a t i v e s .  

111. The 5 s h o u l d  s a t i s f y  t h e  d i f f e r e n t i a l  e q u a t i o n  a t  

k p o i n t s  w i t h i n  t h e i r  r e s p e c t i v e  s u b i n t e r v a l s .  

These  c o n d i t i o n s  y i e l d  N ( k + 2 )  l i n e a r  e q u a t i o n s  i n  a s  many 

unknowns. For  comparahlc  a c c l l r a c y ,  t11 i s  ~ n c t h o d  y  i c l d s  a s c t  

o f  e q u a t i o n s  t h a t  a r e  s o l v e d  w i t h  l c s s  t r o u h l c  t h a n  t h o s c  o f  

t h e  f i r s t  method p r e s c n t c d .  

F o r  t e c h n i c a l  r e a s o n s  t h e  k p o i n t s  i n  e a c h  s u b i n t e r v a l  

a re  chosen  t o  b e  t h e  p o i n t s  c o r r e s p o n d i n g  t o  t h e  r o o t s  o f  t h e  

kth Legendre  p o l y n o m i a l .  E x p l i c i t l y ,  



-60- 

- + I  , t h e s e  a r e  c a l l e d  t h e  Gauss p o i n t s .  Then one 

maps t h e s e  p o i n t s  l i n e a r l y  from 1 - l , l ]  t o  t h e  m t h  s u b i n t e r v a l ,  

[gmJ gm+,l. I t  h a s  been shown by U .  Asche r ,  J .  C h r i s t i a n s e n  

and R . D .  R u s s e l l  (1977) t h a t  t h i s  method g i v e s  a  maximum 

6 e r r o r  on t h e  ith s u b i n t e r v a l  o f  o r d e r  h i ,  where hi  i s  t h e  

l e n g t h  o f  t h e  ith s u b i n t e r v a l .  C o l l o c a t i o n  h a s  v e r y  n i c e  

convergence  p r o p e r t i e s .  

For  t h e  g e n e r a l  c a s e  of N n o n - l i n e a r  o r d i n a r y  d i f f e r e n t i a l  

e q u a t i o n s  i n  N unknowns, t h e  c o e f f i c i e n t s  o f  t h e  N p o l y -  

n o m i a l s  a r e  d e t e r m i n e d  by t h e  s o l u t i o n  o f  a  s e t  o f  n o n - l i n e a r  

a l g e b r a i c  e q u a t i o n s  u s i n g  a  g e n e r a l i z e d  Newton's method. 

Now we w i l l  d i s c u s s  some o f  t h e  a s p e c t s  of  t h e  numer ica l  

c a l c u l a t i o n  a s  a p p l i e d  t o  t h e  s o l u t i o n  o f  t h e  d i f f e r e n t i a l  

e q u a t i o n  deve loped  i n  c h a p t e r s  4 and 5 .  

The d i f f e r e n t i a l  e q u a t i o n s  a r e  d e f i n e d  on t h e  i n t . e r v a 1  

o&;t<O , h u t  c o l l o c a t i o n  r cqu i r c s  a f i n i t c  i n t e r v a l .  '1'0 

r e s o l v e  t h i s  d i f f i c u l t y  wc ]nap Cqm) o n t o  LO,\) by 1nca11soUI' 

t h e  t r a n s f o r m a t i o n  

A t  t h e  same t ime  t h e  d i f f e r e n t i a l  e q u a t i o n s  and i n t e g r a l s  must 

b e  m o d i f i e d  i n  t h e  a p p r o p r i a t e  manner s o  t h a t  t h e y  a r e  



e x p r e s s e d  i n  t e r m s 3  o f  x .  T h i s  t r a n s f o r m a t i o n  i s  n o t  

g e n e r a l l y  a p p l i c a b l e  t o  a l l  p roblems.  I f  t h e  s o l u t i o n s  on 

[ o , ~ )  a r e  n o t  "ex t remely  smooth", t h e  problem becomes i m p o s s i b l e  

on Co,l) . For example ,  c o n s i d e r  a  f u n c t i o n  on ro,m) t h a t  

l o o k s  l i k e  t h e  f i g u r e  below, 

1;ig.  0 . 4  

Osc i l l a t o r y  b c h a v i o u r  on [ O  ,-) . 

a f t e r  mapping o n t o  J-51') o u r  f u n c t i o n  would have t h e  form, 

F i g .  6 . 5  

Corresponding  o s c i l l a t o r y  behavi  o u r  on [ O ,  1 ) .  

3 
I f  you do t h e  c o n v e r s i o n  t o  t h e  to,\) i n t e r v a l ,  you w i l l  f i n d  
t h a t  s i n g u l a r i t i e s  a r e  i n t r o d u c e d  a t  x = l .  F o r t u n a t e l y ,  
c o l l o c a t i o n  i s  a d a p t a b l e  t o  t h i s  t y p e  o f  s i n g u l a r i t y  on t h e  
b o u n d a r i e s  s o  t h e  e q u a t i o n s  c o u l d  b e  s o l v e d .  



which would be  i m p o s s i b l e  t o  s o l v e  n u m e r i c a l l y .  F o r t u n a t e l y ,  

t h e  f u n c t i o n s  t h a t  c h a r a c t e r i z e  monopoles have v e r y  smooth 

b e h a v i o r  i n  t h e  a s y m p t o t i c  l i m i t  o f  -m and t h i s  mapping 

p r o c e d u r e  i s  v a l i d .  The computer  s o l u t i o n s  a r e  p l o t t e d  on 

t h i s  L0,l) domain s o  one must be c a u t i o u s  a s  t o  what t h e  

f u n c t i o n  l o o k s  l i k e  a s  a  f u n c t i o n  of  t h e  r a d i u s  because  o f  t h e  

d i s t o r t i o n  due t o  t h e  mapping. 

F i g .  6 . 6  

D i s t o r t i o n  e f f e c t s  o f  mapping 10, ) o n t o  
Y o , l > .  

T h i s  f i g u r e  shows t h e  d i s t o r t i n g  e f f e c t  which becomes v e r y  

s e v e r e  towards  x = 1 ( r n  ) D e s p i t e  t h i s  d i s t o r t i o n  t h i s  

mapping h a s  t h e  advan tage  of  c l e a r l y  d i s p l a y i n g  t h e  e s s e n t i a l  

b e h a v i o r  of  t h e  f i e l d s ,  i . e .  ex t rema and l i m i t i n g  b e h a v i o r .  

For  t h e  S U ( 2 )  monopole i t  was s e e n  t h a t  two of  t h e  f i e l d s  

become a s y m p t o t i c a l l y  l a r g e  3s . Specifically, 



and 

To keep t h e  f i e l d s  f i n i t e  ( i n  o r d e r  t o  do n u m e r i c a l  c a l c u l a -  

t i o n s )  we d e f i n e  G and N such  t h a t ,  

w i t h  boundary c o n d i t i o n s  g i v e n  b y ,  

The f u n c t i o n s  p l o t t e d  w i l l  be  G(x) , N(x) and M(x).  

A s  p romised ,  we s h a l l  p r e s e n t  a  b r i e f  d e s c r i p t i o n  o f  t h e  

n u m e r i c a l  methods o f  B a i s  and Primack (1975) and C u t l e r  and Wyld 

(1976) .  I t  i s  d i f f i c u l t  t o  compare t h e  m e r i t s  o f  v a r i o u s  

n u m e r i c a l  methods w i t h o u t  a  d e t a i l e d  i n v e s t i g a t i o n  on t h e  

programs.  S i n c e  we a r e  n o t  i n  p o s s e s s i o n  o f  a l l  t h e  programs,  

i t  would b e  improper  t o  s a y  t h a t  c o l l o c a t i a n  i s  s u p e r i o r .  

However, w i t h  c o l l o c a t i o n  a much w i d e r  r a n g e  o f  s o l u t i o n s  i s  

i n v e s t i g a t e d  t h a n  b e f o r e  ( C u t l e r  and Wyld have s o l u t i o n s  f o r  

Ale=< \ o ~  whereas  we hnvc s o l u t i o n s  f o r  X/ez G ) Also ,  

i n  t h e  s p e c i a l  c a s e s  where a n a l y t i c  s o l u t i o n s  e x i s t ,  t h e r e  i s  



very good agreement with out numerical results. 

Bais and Primack converted their system of differential 

equations to a set of integral equations by separating the 

linear and nonlinear terms in the equations, 

LiYi = -fi(xy~Y~') (no summation on i). 

Where yi are the various fields, the fi are the nonlinear terms 

in the ith equation, and the Li are the linear differential 

operators. They then solve the linear homogeneous equations 

with homogeneous boundary conditions 

From these solutions they construct the Greens functions where 

LiGi(x,xl) = -&(x-XI). 

Then choosing solutions to the equations of the form, 

where the ai are arbitrary but satisfy the inhomogeneous 

boundary conditions of the problem. The ai can be chosen to 

be anything although in practice it should be an approximation 

of the exact solution y i .  The differential equation is now 

in terms of zi which satisfies homogeneous boundary conditions, 



where Pi = L.a .  which i s  known. The i n t e g r a l  equa t ion  becomes, 
1 1  

which i s  so lved  by i t e r a t i n g  t h i s  i n t e g r a l  equa t ion .  

C u t l e r  and Wyld use  an approach developed by Henyey e t  

a l .  (1959)  f o r  a s t r o p h y s i c a l  problems c a l l e d  r e l a x a t i o n .  

Consider a  system of M d i f f e r e n t i a l  equa t ions ,  

w i th  ,boundary cond i t i ons  

where Q(x) , $(XI, A ,  B ,  h (x ,  4 ) a r e  column v e c t o r s  and f and 

g  a r e  MxM m a t r i c e s .  Now be d i s c r e t i z i n g  t h e  domain we 

o b t a i n  a  s e t  of  d i f f e r e n c e  equa t ions ,  

= f * .  4.1 9 1 , ') dxz x 
j 

now approximating t h e  d e r i v a t i v e s ,  



with 

Substituting these approximations into the expression for 

Q. = 0 we obtain MxN nonlinear equations for $(xj) which can 
J 

be solved by a generalized Newton's method. This method does 

not converge when the differential equation becomes singular 

at the origin, whcre one is Sorccd to constrain t h c  Cirst 

+ d 
several points to vary 1 ikc (x) x . 



Chap te r  7 

R e s u l t s  - 

The SU(2) dyon and SU(3) monopole s o l u t i o n s  a r e  c a l c u l a t e d  

o v e r  a  wide r a n g e  o f  t h e  p a r a m e t e r  and ( s e e  c h a p t e r s  4 and 5 ) .  
f= '1 

When t h e  f i e l d s  a l o n g  w i t h  t h e i r  a s s o c i a t e d  masses (and e l e c t r i c  

c h a r g e s  f o r  t h e  dyon) a r e  p l o t t e d  f o r  v a r i o u s  , we f i n d  

t h a t  a s  f3 becomes l a r g e  t h e  changes become s m a l l .  I n  o t h e r  

words ,  t h e  monopole/dyon f i e l d s  approach  an  a s y m p t o t i c  con- 

f i g u r a t i o n  a s  +@ and t h e i r  c o r r e s p o n d i n g  mass (and e l e c t r i c  B 
c h a r g e )  approach  an  a s y m p t o t i c  v a l u e .  T h i s  p r o c c s s ,  which we 

s h a l l  c a l l  s a t u r a t i o n ,  i s  e x p l a i n e d  f o r  t h e  SU(2) dyon/monopole. 

We o b t a i n  t h e  a s y m p t o t i c  f i e l d  c o n f i g u r a t i o n s ,  masses and 

e l e c t r i c  c h a r g e s  f o r  i n f i n i t e  f3 by r e q u i r i n g  t h e  ene rgy  

(mass) f i n i t e .  T h i s  assumpt ion  means t h a t  t h e  s c a l a r  f i e l d s  

must be  a t  t h e i r  vacuum v a l u e  everywhere ( e x c e p t  pe rhaps  t h e  

o r i g i n ) .  The agreement  between t h i s  method and t h e  n u m e r i c a l l y  

o b t a i n e d  a s y m p t o t i c  v a l u e s  i s  v e r y  good. S a t u r a t i o n  i s  

o b s e r v e d  f o r  t h e  SU(3) monopole (SU(2) embedding) b u t  t h e  

a s y m p t o t i c  v a l u e s  c o u l d  n o t  be o b t a i n e d  f o r  i n f i n i t e  P 
b e c a u s e  t h e  e q u a t i o n s  r c s i s t e d  s o l u t i o n .  I lnfor tunr t te ly  t h c  

SU(3) monopole (SO(3) embedding) c o u l d  b c  s o l v e d  on ly  f o r  

v a l u e s  o f  v e r y  c l o s c  t o  z e r o .  T h i s  was t h e  most massivc o f  P 
a l l  t h e  monopoles i n v e s t i g a t e d .  

The e q u a t i o n s  and d e f i n i t i o n s  o f  t h e  f i e l d s  a s s o c i a t e d  

w i t h  t h e  S U ( 2 )  dyon a r e  p r e s e n t e d  i n  d e t a i l  i n  c h a p t e r  4 ( w i t h  

some m o d i f i c a t i o n s  made i n  c h a p t e r  6 ) .  The SU(2) monopole 



( a  dyon w i t h  z e r o  e l e c t r i c  c h a r g e )  may be  c o n s i d e r e d  a s  a  

s p e c i a l  c a s e  o f  t h e  f a m i l y  o f  SU(3) monopoles,  s o  we w i l l  

p r e s e n t  i t s  r e s u l t s  a s  p a r t  o f  t h e  d i s c u s s i o n  o f  SU(3) .  

We p l o t  t h e  f i e l d s  H ( x ) ,  N(x) and G(x) on t h e  i n t e r v a l  

o C x ~ , \  . Where% i s  d e f i n e d  by 

where 

s o  X S o  c o r r e s p o n d s  t o  t h e  o r i g i n  and = 1 c o r r e s p o n d s  t o  

r + m  . I t  i s  h e l p f u l  t o  remember t h a t  H governs  t h e  

b e h a v i o u r  o f  t h e  s p a t i a l  components o f  t h e  gauge f i e l d s .  N 

gove rns  t h e  t i m e  component o f  t h e  gauge f i e l d s  and i s  c l o s e l y  

a s s o c i a t e d  w i t h  t h e  e l e c t r i c  c h a r g e  o f  t h e  dyon. F i n a l l y ,  G 

c o n t r o l s  t h e  s c a l a r  f i e l d s .  These f u n c t i o n s  a r e  smooth and 

bounded w i t h  boundary v a l u e s :  

where 7 i s  a  f r e e  p a r a m e t e r  which governs  t h e  b e h a v i o u r  o f  

t h e  t i m e  components o f  t h e  gauge f i e l d s  i n  t h e  a s y m p t o t i c  l i m i t .  



Q u a l i t a t i v e l y ,  t h e  h ighe r  t h e  va lue  o f  1 9 t h e  g r e a t e r  t h e  dyon 
charge ( t h e  0 case  corresponds  t o  t h e  zero  e l e c t r i c  charge I= 
monopole) . 

FIG. 7 . 1 ,  FIG. 7 . 2  and FIG. 7 . 3  show t h e  f i e l d s  f o r  

f3 = 1 . 0  and va r ious  va lues  o f  1 ranging from 0 . 1  t o  0.99. 

I t  i s  of i n t e r e s t  t o  n o t e  t h a t  t h e  s c a l a r  f i e l d s  $a, a s  

governed by G ,  i s  i n s e n s i t i v e  t o  changes i n  1 . The q u a l i t a -  

t i v e  behaviour o f  t h e  f i e l d s  f o r  va r ious  1 i s  s i m i l a r  i f  

he ld  a t  a  d i f f e r e n t  f i x e d  va lue .  
B 



%- 

F i g .  7 . 1  SU(2)  dyon gauge f i e l d s  ( H  ) f o r  v a r i o u s  '1 



F i g . 7 . 2  S U ( 2 )  dyon gauge f i e l d s  (N ) f o r  v a r i o u s  1 



F i g . 7 . 3  S U ( 2 )  dyon s c a l a r  f i e l d s  ( 6 )  f o r  v a r i o u s  7. 



An e x t r e m e l y  i n t e r e s t i n g  phenomena i s  s e e n  i n  f i g u r e s  

7 . 4 ,  7 . 5  and 7 . 6  where we p l o t  t h e  f i e l d s  f o r  q = 0 . 9  and 

5 
s e v e r a l  P 1 s  r a n g i n g  from z e r o  up t o  10 . A s  f3 becomes l a r g e ,  

t h e  f i e l d s  approach  a  c o n s t a n t  c o n f i g u r a t i o n .  I n  t e rms  o f  

t h e  s c a l a r  f i e l d  G seems t o  approach  t h e  f u n c t i o n  

w h i l e  H and N do n o t  have an  obvious  a n a l y t i c  form i n  t h e  

p-58 l i m i t .  S i m i l a r  r e s u l t s  a r e  o b t a i n e d  f o r  v a l u e s  o f  

o t h e r  t h a n  0 . 9 .  

Using t h e  d e f i n i t i o n  o f  t h e  e l e c t r i c  f i e l d  (4 .40 )  a l o n g  

w i t h  Gauss1 law we o b t a i n  t h e  e l e c t r i c  c h a r g e  d e n s i t y  P@ . 

I F i g u r e  7 . 7  shows t h e  e l e c t r i c  c h a r g e  d e n s i t y  t o  behave a s  

n e a r  t h e  o r i g i n  and v a n i s h  a s  t h e  r a d i u s  becomes l a r g e .  The 

e l e c t r i c  c h a r g e  i s  e x t e n d e d  b u t  f i n i t e .  The c u r v e s  shown a r e  

r e p n e s e n t a t i v e  o f  a l l  . 



Ill 

F i g . 7 . 4  SU(2)  dyon gauge f i e l d s  ( H  ) f o r  v a r i o u s  B 



Fig.7.5 SU(2)  dyon gauge fields (N ) for various P 
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F i g .  7 . 6  S U ( 2 )  dyon s c a l a r  f i e l d s  (6 ) f o r  v a r i o u s  B 

Ill 
Ill 

I 

ill! 
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F i g .  7 . 7  E l e c t r i c  c h a r g e  d e n s i t y  o f  
t h e  S U ( 2 )  dyon.  



The mass and charge of  t h e  dyon s o l u t i o n s  a r e  c a l c u l a t e d  

from t h e  va lues  of  t h e  f i e l d s .  Reca l l ,  

where C( i s  given by equa t ion  ( 4 . 2 5 ) ,  and 

where i s  given by equa t ion  ( 4 . 4 3 ) .  F igures  7 .  8 and 

7 .  9  p l o t  $( ~,'p and c ( r  .I ) f o r  va r ious  va lues  of  

The r e s u l t s  a r e  n e a r l y  i n  agreement w i th  those  

by Bais  and Primack (1975).  



F i g .  7 . 8  S U ( 2 )  dyon e l e c t r i c  c h a r g e  ( '$ ) f o r  v a r i o u s  



Fig.7.9 SU(2)  d y o n m a s s  (C) f o r  v a r i o u s  



As ? becomes l a r g e  t h e  mass and  c h a r g e  o f  t h e  dyon 

" s a t u r a t e s "  a t  f i n i t e  v a l u e s .  C o n s i d e r i n g  t h e  be l l av iou r  o f  

t h e  f i e l d s  f o r  l a r g e  , t h i s  r e s u l t  s h o u l d  n o t  b e  u n e x p e c t e d .  P 
I I e r e t l f t c r  t h i s  phcnonlena s h a l l  be  r e f e r r e d  t o  a s  s a t u r a t i o n .  

We s a y  a s  f3 bccon~cs  l a r g e  t h e  dyon f i e l d s  a l o n g  w i t h  t h e i r  

a s s o c i a t e d  masses  and c h a r g e s  s a t u r a t e .  To e x p l a i n  t h i s  e f f e c t  

w e  must  go back  t o  o u r  e x p r e s s i o n  f o r  t h e  a c t i o n ,  e q u a t i o n  

( 4 . 1 8 ) .  

C o n s i d e r  t h e  l i m i t  a s  p-'m . I n  o r d e r  t o  min imize  t h e  a c t i o n ,  

o r  even  keep  i t  f i n i t e ,  t h e  f u n c t i o n  F ( z )  must  a p p r o a c h  t h e  

form,  

r 3 l h i s  Incans t h a t  (; t a k e s  t h c  fo rm,  

T h i s  p r o c e s s  i s  d i s p l a y e d  b e a u t i f u l l y  i n  1:IC 7 . 6 .  Now c o n s i d e r  



t h e  l i m i t i n g  form of  t h e  a c t i o n ,  

which y i e l d s  t h e  f o l l o w i n g  d i f f e r e n t i a l  e q u a t i o n s ,  

These e q u a t i o n s  were s o l v e d  n u m e r i c a l l y  and t h e  c o r r e s p o n d i n g  

mass and c h a r g e  were c a l c u l a t e d .  The v a l u e s  o b t a i n e d  c o r r e s p o n d  

e x t r e m e l y  w e l l  w i t h  t h e  l i m i t i n g  v a l u e s  f o r  l a r g e  ? consider 
t h e  f o l l o w i n g  v a l u e s  o b t a i n e d  f o r  t h e  mass o f  t h e  S U ( 2 )  dyon: 

Tab le  7 . 1  SU(2) dyon mass i n  t h e  l a r g e  and i n f i n i t e  B - 
l i m i t  f o r  v a r i o u s  1 

S i m i l a r l y ,  t h e  v a l u e s  o f  t h e  c h a r g e  show good ag reemen t :  



Table 7 . 2  SU(2) dyon charge i n  t h e  l a r g e  and i n f i n i t e  

p l i m i t  f o r  va r ious  1 

Chapter 5 d e r i v e s  and e x p l a i n s  t h e  equa t ions  of  t h e  

monopole s o l u t i o n s  i n  an SU(3) gauge theory .  There a r e  two 

d i s t i n c t  embeddings of t h e  subgroup SU(2) w i t h i n  t he  symmetry 

group of t h e  Lagrangian d e n s i t y ,  SU(3). Corresponding t o  

each of t h e  embeddings t h e r e  a r e  d i f f e r e n t  a n s a t z e  f o r  t h e  

f i e l d s  of  t h e  theory  ( f o r  d e t a i l s  s e e  chap te r  5 ) .  A crude 

summary of t h e  va r ious  f i e l d s  i s  given i n  t h e  fo l lowing  t a b l e :  
- - - - 

Embedding F i e l d  Cont ro l s  Boundary Condi t ions  

s c a l a r  f i e l d s  FLO)= o , Fcm)= I 
+', 43 

s c a l a r  f i e l d  G'CO,= 0, G@)= I 
4je 

gauge f i e l d s  
A;, A;, A; 

s c a l a r  f i e l d s  3to)=o , ' ~ c m ) = f i / q  
4 

s c a l a r  f i e l d s  b c o , =  o , Beep)= &/q - 

gauge f i e l d s  U p , ) =  0 ,  f-\p)= -'k 

Table 7 . 3  SU(3) f i e l d s  and t h e i r  boundary cond i t i ons  



The e q u a t i o n s  o f  mot ion  a r e  o b t a i n e d  by min imiz ing  t h e  

mass i n t e g r a l s  (5 .71)  and ( 5 . 7 3 ) .  The SU(2) embedding i s  

i n v e s t i g a t e d  f o r  t h e  t h r e e  c a s e s  o b t a i n e d  by S i n h a  (1976) :  

The mass f o r  t h e  SU(2) embedding i s  g i v e n  by t h e  e x p r e s s i o n ,  

The f i r s t  c a s e  (where a  = 1 and b  = 0) h a s  t h e  same mass and 

f i e l d s  ( t o  w i t h i n  a  f a c t o r  o f  z) a s  t h e  SU(2) monopole ' .  We 

 h he SU(2) monopole i s  a  s p e c i a l  c a s e  o f  t h e  SU(2) dyon and ,  
s t r i c t l y  s p e a k i n g ,  has  l i t t l e  t o  do w i t h  t h e  monopole 
c o r r e s p o n d i n g  t o  t h e  SU(2) embedding i n  t h e  gauge group 
SU(3) .  



have 

From c h a p t e r  4,  t h e  SU(2) monopole i s  o b t a i n e d  by s e t t i n g  

J ( z )  = 0 everywhere and t h e  e q u a t i o n s  o f  motion now may be 

o b t a i n e d  by minimizing t h e  mass i n t e g r a l  ( 4 . 2 5 ) ,  

Now making t h e  s u b s t i t u t i o n ,  

t h e  two e x p r e s s i o n s  f o r  t h e  mass become i d e n t i c a l 2 ,  

 h he e x p r e s s i o n s  a r e  i d e n t i c a l  because  t h e  boundary c o n d i t i o n s  
f o r  F(z) (F(O)=O,  E:,ymz), t r a n s f o r m s  t o  F(0)  = 0  and F(oo) = 1 
which a r e  t h e  p r o p e r  c o n d i t i o n s  f o r  t h e  SU(3) f i e l d s .  



Thus i n  v iewing t h e  r e s u l t s  of t h e  a = l ,  b=O c a s e  one may im- 

m e d i a t e l y  a p p l y  t h e s e  r e s u l t s  t o  t h e  SU(2) monopole. 

I t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  e x a c t  s o l u t i o n s  have been 

d i s c o v e r e d  f o r  t h e  SU(2) embedding f o r  t h e  s p e c i a l  c a s e  o f  

? =  O -  
The mass i s  g i v e n  by, 

which y i e l d s  t h e  f o l l o w i n g  e q u a t i o n s  o f  mot ion ,  

2.2, ZH"= H (H=+ F - \ )  j 

Using t h e  boundary c o n d i t i o n s  from t a b l e  7 . 3  t h i s  s e t  

o f , e q u a t i o n s  h a s  t h e  a n a l y t i c  s o l u t i o n :  
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= azi 
- 7  

h sin cXZ 

This s o l u t i o n  was d i scovered  by Prasad and Sommerfield (1975) 

f o r  t h e  SU(2) monopole ( a = l ,  b=O) and l a t e r  Czechowski (1976). 

extended t h e  s o l u t i o n  t o  t h e  SU(2) embedding ca se  (a=s>b=-4) .  
2 

S u b s t i t u t i n g  (7.23) i n t o  t h e  mass i n t e g r a l  (7.14) we o b t a i n ,  

Th is  s o l u t i o n  prov ides  a  n i c e  check f o r  t h e  numer ica l ly  ca l cu -  

l a t e d  r e s u l t s .  

The f i e l d s  of  t h e  SU(2) embedding i n  SU(3) a r e  p l o t t e d  f o r  

va r ious  (3 on f i g u r e s  7.10 t o  7 . 1 7 .  Not ice  i n  p a r t i c u l a r  t h e  

s a t u r a t i o n  of t h e  f i e l d s  f o r  l a r g e  B 



F i g .  7. 1 0  SU(3)/SU(2) monopole gauge fields ( t . (  ) f o r  v a r i o u s  

(SU(2)  embedding:  a=, b = o ) 
B 

> 



F i g . 7 . 1 1  SU(3)/SU(2) monopole s c a l a r  f i e l d s  (F  ) f o r  

various k ( S U ( 2 )  embedding: a=\> b= o ) 



F i g .  7 . 1 2  SU(3) monopole gauge f i e l d s  ( H  ) f o r  

various r ( SU(2) embedding: a=$ 



F i g . 7 . 1 3  SU(3) monopole s c a l a r  f i e l d s  ( F )  f o r  
1 

various B ( SU(2) ealbedding: a=& . b= ZL ) 



Fig.7 .14 SU(3) monopole s c a l a r  f i e l d s  ( G )  f o r  

various r ( SU(2) embedding: a=% , b=g ) 





Fig.7.16 SU(3) monopole s c a l a r  f i e l d s  ( F  ) f o r  

various r ( SU ( 2 )  embedding : a= b~ -l 
2 ' 2 1 



Fig. 7.17 SU(3) monopole s c a l a r  f i e l d s  ( G )  f o r  



The va r ious  masses of  t h e  monopole s o l u t i o n  a r e  d i sp l ayed  

on F ig .  7.18. Because of  t h e  l o g a r i t h m i c  n a t u r e  of  t h e  p l o t ,  

t h e  masses f o r  f3 = O  a r e  no t  p l o t t e d .  I t  t u r n s  o u t  t h a t  t h e  

numer ica l ly  c a l c u l a t e d  mass confirms t h e  a n a l y t i c a l l y  p r e d i c t e d  

6 va lue  (equa t ion  (7 .18))  t o  one p a r t  i n  10 i n  each ca se .  This 

i s  a  n i c e  endorsement of  c o l l o c a t i o n  a s  an i n t e g r a t i o n  scheme. 

One may s e e  t h a t  t h e  mass s a t u r a t e s  i n  each ca se .  

The mass o f  t h e  SU(2)  monopole ( a = l ,  b=O) a s  p l o t t e d  i n  

Fig .  7.18 corresponds  extremely w e l l  w i th  t h e  r e s u l t s  g iven by 

C u t l e r  and Wyld (1974) f o r  t h e  range 0 .1  < \< 100. B 



F i g .  7.18 SU(3)  monopole mass ( C  ) f o r  v a r i o u s  

( S U ( 2 )  embeddings ) 
B 



The exp lana t ion  of t h e  s a t u r a t i o n  fo l lows  t h e  same 

argument a s  p r e sen t ed  f o r  t h e  SU(2) dyon. Reca l l  t h e  i n t e g r a l  

exp re s s ion  f o r  t h e  mass ( 7 .  l o ) ,  

I n  t h e  l i m i t  a s  P-' t h e  f i e l d s  must consp i r e  t o  e l i m i n a t e  

t h e  l a s t  term i n  ' the i n t e g r a l  ( i n  f a c t  i t  was found numer ica l ly  

t h a t  t h i s  term becomes smal l  a s  B becomes l a r g e ) .  This  imp l i e s  

t h a t  F and G a r e  no longer  independent and they must be such 

t h a t ,  

A t  t h i s  p o i n t  we express  G,in terms of F, , s u b s t i t u t e  back 

i n t o  C and then  s o l v e  t h e  corresponding Euler-Lagrange 

equa t ions .  Unfor tuna te ly  we could  n o t  o b t a i n  a  s o l u t i o n  f o r  - 

t h e  equa t ions .  But, I  f e e l  t h i s  approach i s  c o r r e c t  and t h e  

t e c h n i c a l  d i f f i c u l t i e s  a s s o c i a t e d  wi th  o b t a i n i n g  a  s o l u t i o n  

w i , l l  be overcome i n  t h e  f u t u r e .  However, t h e  ca se  of  t he  S U ( 2 )  

monopole ( a = l ,  b=O) i s  exp la ined .  The mass i n t e g r a l  ( 7 .11 ) ,  



has  t h e  corresponding Euler-Lagrange equa t ions ,  

/ 

I n  o r d e r  t o  keep t h e  mass f i n i t e  a s  , t h e  l a s t  term i n  

t h e  i n t e g r a l  must be supressed .  The s o l u t i o n  

i s  n o t  accep t ab l e  because i t  v i o l a t e s  t h e  boundary cond i t i on  

F ( 0 )  = 0.  So we propose a  s o l u t i o n  of t h e  form, 

S u b s t i t u t i n g  t h i s  form i n t o  t h e  d i f f e r e n t i a l  equa t ion  f o r  F 

we g e t ,  



Assuming H = 0 (  " )  we f i n d  t h a t  f o r  oy>\ w e  must have,  B 

This f u n c t i o n  becomes very sharp  a s  B'" 

Fig .  7.19 Large /3 form of  SU(3)/SU(2) monopole 

s c a l a r  f i e l d s  ( f  ) 

( SU(2) embedding: a=\ 3 b = o  ) 



From F ig .  7 . 1 1  t h i s  seems t o  be an a p p r o p r i a t e  d e s c r i p t i o n  f o r  

t h e  behav iour  o f  F  f o r  l a r g e  . S u b s t i t u t i n g  t h e  form (7.21) B 
i n  t h e  mass i n t e g r a l  and t a k i n g  t h e  l i m i t  a s  Prn we find 
a l l  terms i n v o l v i n g  F van i sh .  The l i m i t i n g  mass i n t e g r a l  i s  

g iven  by,  

To e x p l a i n  s a t u r a t i o n  p h y s i c a l l y  c o n s i d e r  t h e  form of  t h e  

s c a l a r  p o t e n t i a l  a s  becomes l a r g e .  R e c a l l  t h a t  t h e  

symmetry .b reak ing  p o t e n t i a l  t a k e s  t h e  form, 

where 

and e ,  t h e  coup l i ng  c o n s t a n t  a r e  cons ide r ed  f i x e d  c o n s t a n t s .  

The s c a l a r  p o t e n t i a l  looks  something l i k e  t h i s ,  



F i g . 7 .  20 
Large B form o f  t h e  s c a l a r  p o t e n t i a l  V 

As 
t h e  s c a l a r  f i e l d  becomes r e s t r i c t e d  t o  i t s  vacuum 

v a l u e  by a  huge p o t e n t i a l  b a r r i e r .  I f  t h e  boundary c o n d i t i o n  

on t h e  f i e l d  a t  t h e  o r i g i n  i s  n o t  t h e  vacuum v a l u e  t h e n  t h e  

f i e l d  w i l l  decay ve ry  q u i c k l y  ( i n s t a n t a n e o u s l y  a s  4 0 0  ) t o  ? 
t h e  vacuum v a l u e .  I t  seems we o b t a i n  a  f i n i t e  energy v e r s i o n  o f  

t h e  p o i n t  monopole. So, a s  ,c3 becomes l a r g e  t h e  s c a l a r  f i e l d  

becomes more r e s t r i c t e d  and t h e  change i n  t h e  f i e l d  s h o u l d  

become s m a l l e r .  Th i s  i s  e x a c t l y  what i s  observed.  There a r e  

s e v e r a l  q u e s t i o n s  one may a s k  a b o u t  s a t u r a t i o n .  I s  t h i s  

phenomena r e s t r i c t e d  t o  monopole s o l u t i o n s  a l o n e ?  What a r e  

t h e  i m p l i c a t i o n s  t o  a  f u l l  quantum t h e o r y ?  I s  t h e r e  any 

p h y s i c a l  s i g n i f i c a n c e ?  These q u e s t i o n s  a r e  n o t  answered h e r e .  

The SU(3) (SO(3) embedding) i s  s o l v e d  o n l y  f o r  v a l u e s  o f  ^ 

n e a r  z e r o .  The cor respond ing  f i e l d s  a r e  shown i n  f i g u r e s  

7 . 2 1 ,  7 .22 ,  7 . 2 5 a n d  7.24. The second gauge f i e l d  fl, 

has  an extremum a t  a  p o i n t  o t h e r  t h a n  t h e  b o u n d a r i e s .  Th i s  

i s  unique  among a l l  t h e  f i e l d s  we have p l o t t e d .  Th i s  phenomena 

i s  n o t  e x p l a i n e d  a s  y e t .  The mass i s  c a l c u l a t e d  from e q u a t i o n  



( 5 . 7 3 )  and we f i n d ,  

This  monopole i s  c e r t a i n l y  t h e  most massive of  any i n v e s t i g a t e d .  

We f e e l  t h a t  s o l u t i o n s  t o  t h e  S O ( 3 )  embedding can be so lved  f o r  

l a r g e r  (3 w i t h  some mod i f i ca t i ons  o f  t h e  numerical  method. 

I am s u r e  t h a t  we w i l l  aga in  encounter  s a t u r a t i o n .  



F i g .  7 .  2 1  SU(3) monopole gauge f i e l d s  ( e\\ ) f o r  

( SO(3) embedding ) 
P = O  



F i g .  7 .  2 2  SU(3)  m o n o ~ o l e  gauge f i e l d s  ( e ( 2 )  f o r  

( SO(3 )  embedding ) 
B=" 



Fig .7 .  2 3  SU(3) monopole s c a l a r  f i e l d s  (3 ) f o r  

( SO(3) embedding ) 
B'" 



Fig.7.24 SU(3) monopole s c a l a r  f i e l d s  (a ) f o r  

( SO(3) embedding ) 
k=" 



Chapter 8 

Conclusions 

I n  t h i s  t h e s i s  we have determined a l l  t h e  s p h e r i c a l l y -  

symmetric SU(2)-dyon and SU(3) monopole s o l u t i o n s  us ing  a  

numerical  method known a s  c o l l o c a t i o n .  The va r ious  s o l u t i o n s  

and t h e i r  p r o p e r t i e s  (masses and e l e c t r i c  charges)  a r e  

X determined f o r  a  wide range of  r = p  (where .& i s  t h e  coe f -  
Lt 

f i c i e n t  of t h e  q u a r t i c  term i n  t h e  s c a l a r  p o t e n t i a l  and e  i s  

t h e  gauge coupl ing  cons t an t )  . Prev ious ly ,  only  SU(2) monopole 

and dyon s o l u t i o n s  have been i n v e s t i g a t e d  numer ica l ly .  Bais 

and Primack (1975) cons idered  SU(2) dyon s o l u t i o n s  f o r  

0 C P C  10,  whi le  C u t l e r  and Wyld (1976) cons idered  SU(2) 

monopole s o l u t i o n s  f o r  0  Q S 1 0 0 .  I n  t h e s e  ranges  of  B B O u r  

r e s u l t s  a r e  i n  s u b s t a n t i a l  agreement w i th  t h e s e  computations.  

However, we have extended t h e  range of  f o r  t h e  SU(2) 

monopole and dyon t o  0  G $ 4 l o l l .  '. To our  knowledge t h i s  

t h e s i s  r e p r e s e n t s  t h e  only  numerical  i n v e s t i g a t i o n  of  SU(3) 

monopole s o l u t i o n s  s o  f a r .  

A l l  p h y s i c a l  r e s u l t s  depend on t h e  va lue  o f  t h e  mass o f  

t h e  i n t e r m e d i a t e  v e c t o r  boson, \. This p a r t i c l e  has n o t  

I been observed.  ' t  Hooft (1974) p o i n t s  o u t  t h a t  i n  models by 

Geogi and Glashow 5 53GeV. Assuming t h a t  t h i s  i s  a  

reasonable  e s t i m a t e  we now have a  mass and l e n g t h  s c a l e  f o r  

our  s o l u t i o n s .  The mass i s  expressed  a s ,  
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where d = 1 / 1 3 7 .  From o u r  r e s u l t s  we f i n d  t h a t ,  

0.5 $ c 6 4, 

i e  f i n d  t h a t  t h e  monopoles co luld have a mass o f  t h e  o r d e r  
4 o f  1 0  GeV which c o u l d  soon be  w i t h i n  e x p e r i m e n t a l  r each .  The 

l e n g t h  s c a l e  f o r  o u r  s o l u t i o n s  a r e  e x p r e s s e d  i n  terms o f  z 

( l a t e r  mapped t o  x) where,  

t =_ eu r  5 M w r ,  

s o  z = 1  cor responds  t o  a  r a d i u s  o f  

Thus, o u r  s c a l e  o f  l e n g t h  f o r  t h e  monopole i s  much s m a l l e r  t h a n  

t h e  n u c l e a r  r a d i u s .  

The SU(2) dyon i s  a  p o i n t  magnet ic  p o l e  w i t h  magnet ic  

7 2  I charge  e . The e l e c t r i c  cha rge  d e n s i t y  behaves a s  7 n e a r  

t h e  o r i g i n  and decays  t o  ze ro  a s  t h e  r a d i u s  becomes l a r g e .  

The t o t a l  e l e c t r i c  cha rge  i s  f i n i t e  and we f i n d  a  continuum - 

o f  v a l u e s  f o r  each v a l u e  o f  . B 
There a r e  v a r i o u s  t y p e s  o f  SU(3) magnet ic  monopoles which 

a r e  d i s t i n g u i s h e d  by: 1. which o f  two d i s t i n c t  embeddings 

o f  t h e  SU(2) subgroup o f  SU(3) t h e y  cor respond  t o ;  2 .  t h e  

symmetry o f  t h e  vacuum. The two embeddings a r e  r e f e r r e d  t o  
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a s  SU(3) and S O ( 3 )  w h i l e  t h e r e  a r e  two p o s s i b l e  vacua,  

U( l )xG( l )  and SU(Z)xU(l).  We c o n s i d e r  t h e  SU(2) embedding f o r  

b o t h  t h e  U( l )xU( l )  and SU(Z)xU(l) vacua f o r  0 4 $ 6 l o b .  

The SO(3) embedding i s  so lved  f o r  t h e  SU(Z)xU(l) vacuum on ly  

f o r  B = O  
. The d i s t i n c t i o n s  between t h e  v a r i o u s  monopoles a r e  

d i s c u s s e d  i n  d e t a i l  by Corr igan e t  a l .  (1976) and S inha  (1976).  

We use  t h e i r  a n s a t z e  a s  a  b a s i s  f o r  o u r  c a l c u l a t i o n s .  

We f i n d  t h a t  a s  becomes l a r g e ,  t h e  s o l u t i o n s  a long  P 
w i t h  t h e i r  co r responding  masses (and e l e c t r i c  charge)  change 

very  l i t t l e .  We c a l l  t h i s  e f f e c t  s a t u r a t i o n  and it i s  observed 

f o r  bo th  SU(2) monopole/dyon and SU(3) monopole s o l u t i o n s .  A 

p h y s i c a l  e x p l a n a t i o n  o f  s a t u r a t i o n  i s  g iven .  From t h e  

e x p l a n a t i o n  we o b t a i n  a  s e t  of  equa t i ons  t h a t  a r e  independent  

o f  which, i n  p r i n c i p l e ,  can be s o l v e d  t o  o b t a i n  t h e  i n f i n i t e  

monopole/dyon s o l u t i o n s .  These e q u a t i o n s  a r e  so lved  f o r  

t h e  SU(2) monopole and dyon and g i v e  an  ex t remely  good ag ree -  

ment t o  t h e  cor responding  l a r g e  ? 
S a t u r a t i o n  a l lows  us  t o  g i v e  lower and upper bounds t o  

monopole and dyon masses and e l e c t r i c  charges .  For example, 

t h e  SU(2) momopole mass i s  found t o  l i e  i n  t h e  range,  

The SU(2) embeddings of  SU(3) have t h e  mass spect rums,  

(U(1) xU(1) vacuum) , 



and 
M - 

0.834 (SU(2) xU(1) vacuum) . 

The mopopole corresponding t o  t h e  SO(3) embedding has a  mass 

f o r  fj = O  of  

We have shown t h a t  t h e  mass o f  a  monopole i s  a  good 

i n d i c a t i o n  of  t h e  symmetry group t o  which i t  corresponds .  

The exper imenta l  obse rva t ion  of  magnetic monopoles would 

c e r t a i n l y  conf i rm a t  l e a s t  t h e  q u a l i t a t i v e  c o r r e c t n e s s  of  

t h e s e  spontaneously  broken t h e o r i e s .  
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Appendix A 

Symmetry Breaking and t h e  Higgs Mechanism1 

Consider t h e  s imple  example o f  a Lagrangian d e n s i t y  o f  t h e  

form, 

where, 

Under l o c a l  gauge t r ans fo rma t ions :  

) 1 % )  = E U P [ - ~ @ C Z > ~  9 ~ x 1 ,  

whi le  2 i s  i n v a r i a n t  under t h i s  U(l )  symmetry. 
= *  

I f  we had w r i t t e n  +% 44 i n  f i n s t e a d ,  t h e  Higgs 

p o t e n t i a l  would have had a p o t e n t i a l  term ~ ( 4 )  of  t h e  form, 

 h his whole appendix borrows h e a v i l y  from Abers and Lee (1973).  



which would be r e p r e s e n t e d  b y ,  

F i g .  A . l  

A non-symmetry-breaking s c a l a r  p o t e n t i a l .  

and t h e  vacuum e x p e c t a t i o n  v a l u e  o f  would be z e r o .  

Th i s  i s  t h e  Lagrangian  d e n s i t y  f o r  cha rged  s c a l a r  e l e c t r o -  

dynamics.  However t h e  p o t e n t i a l  i n  (A . l )  h a s  t h e  form, 



where 

F ig .  A . 2  

A symmetry-breaking s c a l a r  p o t e n t i a l .  

The vacuum e x p e c t a t i o n  va lue  of I+\ would be IJ . We cou ld  

choose t h e  vacuum i n  some r eg ion  t o  b e ,  

Consider  sma l l  p e r t u r b a t i o n s  about  t h i s  vacuum v a l u e ,  



The exponen t i a l  i n  ( A . 9 )  corresponds t o  a  guage t ransforma-  

t i o n  of t he  vacuum va lue  of t h e  s c a l a r  f i e l d  4, .2 The va c  
vacuum i s  n o t  i n v a r i a n t  under t h e  U ( l )  symmetry of  t h e  

Lagrangian d e n s i t y  and we say  t h a t  we have a  spontaneously  

broken U ( 1 )  symmetry. 2 can now be w r i t t e n ,  

2 r  rd eka A Ar - ev A $g + hi+ o er + -  
r terms. 

(A.  10)  

The E f i e l d  has mass3 h , b u t  t h e  f i e l d s  A and 5 r r 
have been mixed up,  making i n t e r p r e t a t i o n  d i f f i c u l t .  To 

c l e a r  t h i s  up,  cons ide r  t he  fo l lowing  gauge t r ans fo rma t ion :  

f i s  i n v a r i a n t  under t he se  t rans format ions  so  we may w r i t e ,  

'we w i l l  o f t e n  use t he  word vacuum i n  p l ace  of t he  vacuum va lue  
of t h e  s c a l a r  f i e l d .  

3The Lagrangian d e n s i t y  producing a  Klein-Gordon equa t ion  f o r  
a  r e a l  s c a l a r  p a r t i c l e  o f  mass m i s  

2 - t ( $,a - m'epi) 

which g i v e s  (n+makf 10. 



I 
I n  t h i s  gauge t h e r e  a r e  no coup l ing  terms of  t h e  form A~ by€ 

s o  t h e  masses may be r e a d  o f f  t h e  q u a d r a t i c  te rms.  There i s  

a  s c a l a r  E-meson, w i t h  mass -FF , a  mass ive  v e c t o r  meson r 
w i t h  mass M,=~v , and no p a r t i c l e  co r respond ing  t o  8 

% 
which has  been gauged away. From e q u a t i o n  (A.12) we s e e  

has  d i s a p p e a r e d  i n t o  t h e  l o n g i t u d i n a l  component of t h e  v e c t o r  

f i e l d  i n  t h e  new gauge.  

In  t h i s  example, we s t a r t e d  w i t h  a  Lagrangian d e n s i t y  

i n v a r i a n t  under  a  U ( l )  group of  symmetry t r a n s f o r m a t i o n s  w i t h  

a  co r respond ing  s i n g l e  gauge f i e l d .  In  t h e  vacuum t h e  

symmetry was comple te ly  broken and t h e  v e c t o r  f i e l d  a c q u i r e d  

mass ev . 
Now we s h a l l  look a t  t h e  g e n e r a l  f e a t u r e s  of  a  s p o n t a n e -  

ous ly -b roken  gauge model. Consider  a Lagrangian d e n s i t y  

i n v a r i a n t  under  l o c a l  gauge t r a n s f o r m a t i o n s  of  some group 

G o f  dimension N .  There a r e  n  s c a l a r  f i e l d s  which t r a n s f o r m  

under  a n  n -d imens iona l  r e p r e s e n t a t i o n ,  a long  w i t h  N gauge 

f i e l d s 4 .  Suppose t h e  symmetry b r e a k i n g  l e a v e s  t h e  vacuum 

i n v a r i a n t  under  a n  M d imensional  subgroup H of  G .  Thus,  

4~ s h a l l  g i v e  o n l y  t h e  f e a t u r e s  of  t h e  Higgs mechanism. For 
t h o s e  i n t e r e s t e d  i n  a  g e n e r a l  p roof  s e e  Abers and Lee (1973) .  



t h e r e  a r e  M gene ra to r s  s a t i s f y i n g  0 . Under t h e  

Higgs mechanism we w i l l  then have M massless  vec to r  f i e l d s ,  

(N-M) massive v e c t o r  f i e l d s  and (n- (N-M)) s c a l a r  mesons 

( t h e s e  o b j e c t s  do n o t  i nc lude  t h e  monopole). 

I n  t h e  p rev ious  example we have N = l ,  M = O ,  n=2 g iv ing  

t h e  p roper  r e s u l t s .  

I n  c h a p t e r s  4 and 5 we use t h i s  genera l  r e s u l t  t o  d e t e r -  

mine t he  number of massless  v e c t o r  f i e l d s  t o  be expected i n  

t he  v a r i o u s  vacuua. 



Appendix B 

Boundary Condi t ions  on t h e  SU(2 ) F i e l d s  

This  s e c t i o n  i s  devoted t o  an exp lana t ion  of  t h e  boundary 

cond i t i ons  (4 .22) .  A u s e f u l  approach i s  t o  demand t h a t  t h e  

mass be f i n i t e .  Reca l l  equa t ion  (4 .25) ,  

s i n c e  each term i n  t h e  i n t eg rand  should  g ive  a  f i n i t e  c o n t r i -  

b u t i o n  a s  z goes t o  ze ro ,  t h e  second and t h i r d  term i n  t h e  

i n t eg rand  imp l i e s :  

(we s h a l l  use  +1) and 

A t  l a r g e  r a d i i  t h e  s o l u t i o n s  must s a t i s f y  t h e  p o i n t  monopole 

c o n d i t i o n s  (3.20) and (3 .21) .  The s c a l a r  f i e l d  must be such 

' t h a t  t h e  p o t e n t i a l  i s  a  minimum s o  ( 4 . 9 )  imp l i e s ,  

r+(n Z 

4 O  +o.-u 3 



s u b s t i t u t i n g  i n  (4 .11)  g i v e s ,  

(we s h a l l  u s e  + z )  . 
The t h i r d  term i n  C t h e n  i m p l i e s  t h a t ,  

The d i f f e r e n t i a l  e q u a t i o n  f o r  J (4 .20)  i n  t h e  l i m i t  o f  t-ra 

has  t h e  form, 

where i s  a  c o n s t a n t .  Now we s e e  t h a t  (4.19)  has  t h e  form, 

i n  o r d e r  f o r  H t o  decay t o  ze ro  we must have f ' < l  

t h e  f i n a l  boundary c o n d i t i o n  i s  g iven  by ,  

. Thus, 

(we s h a l l  choose 1 7 1 0  ) . 
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Appendix C 

Boundary C o n d i t i o n s  on SU(3) F i e l d s  

F i r s t  c o n s i d e r  t h e  SU(2) embedding w i t h  mass i n t e g r a l  

(5 .711,  

The second term i n  t h e  i n t e g r a n d  i m p l i e s ,  

where we s h a l l  choose  t h e  p o s i t i v e  v a l u e .  The l a s t  t e rm i n  

(C. 1 )  i m p l i e s ,  

t o g e t h e r  w i t h  ( 5 . 4 7 )  

dz+ bas \ 1 

g i v e s  Fc@ = + _ I ,  ( C .  3 )  

and G L a )  = -t 1, (C.4) 

where we s h a l l  u s e  + l  i n  b o t h  c a s e s .  Now t h e  t h i r d  term i n  



(C. 1) requires, 

Assuming our solutions are regular at the origin we may 

expand them in a power series: 

Substituting in the differential equations (5.75), (5.76) and 

(5.77) we find to second order in z, 

)So we obtain our final boundary conditions 

G ' C O ~  = 0. (C.9) 

The S O ( 3 )  embedding requires a more extensive investigation. 
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From (5.50) and (5.69) we see  t h a t  t h e  s c a l a r  f i e l d  has  t h e  

form 

I 3[nt2- +) 3dna+ tn8 

3 n 1 n a - i ~ r ?  3($*-f) (c .  1 0 )  $=  v 

3*ln3 + i bna 3rZrL D r J  

with  e igenva lues ,  

From the  d i s c u s s i o n  i n  c h a p t e r  5 we demand t h a t  t h e s e  approach,  

i n  t h e  asymptot ic  l i m i t ,  t h e  same e igenva lues  a s  44X0 , 
'LT i e  2 L  -, 
E . Which i m p l i e s ,  

25'23%' 

(C. 11) 

We w i l l  have t o  d i s t i n g u i s h  between t h e s e  cases  l a t e r .  

The mass i n t e g r a l  t h a t  we wish t o  minimize (and be f i n i t e )  

i s  ( 5 . 7 3 ) ,  



-. 

To minimize  C ,  t h e  t e r m  

(C. 1 4 )  

must  app roach  i t s  minimum v a l u e  a s  z-ta . The ex t r ema  o f  f/ 

a r e  g i v e n  by 

T a b l e  C . l  
P o s s i b l e  a s y m p t o t i c  v a l u e s  f o r  t h e  SU(3) gauge 
f i e l d s  (SO(3) embedding) and  t h e i r  c o n t r i b u t i o n  t o  
t h e  monopole mass .  



Ye r e j e c t  t h e  = I c a s e  bccause  i t  does  n o t  minimize  C .  

A l so  we r e j e c t  t h e  = 0 c a s e  because  we r e q u i r e d  

(C. 1 5 )  

(C. 1 6 )  

These c o n d i t i o n s  canno t  b e  s a t i s f i e d  f o r  ( C . l l )  o r  (C.12) 
I5 

under  t h e  = 0 c o n d i t i o n s .  For  H = W t h e  o n l y  a c c e p t a b l e  

s e t  o f  c o n d i t i o n s  i s  (C .11) ,  

and 

where we w i l l  choose  t h e  p l u s  s i g n .  

A s  t.40 we must h a v e ,  

and 

(C. 1 8 )  

(C. 1 9 )  

which h a s  t h e  s o l u t i o n s :  



Tab le  C . 2  

P o s s i b l e  boundary c o n d i t i o n s  f o r  t h e  SU(3) gauge 
f i e l d s  (SO(3) embedding) a t  t h e  o r i g i n .  

Not a l l  o f  t h e s e  a r e  compatable  w i t h  (C.17) .  Cons ide r  

t h e  f o l l o w i n g  "hand-wavy" argument .  

I t  i s  r e a s o n a b l e  t h a t  t o  minimize C ,  t h e  f u n c t i o n s  

Q\,c%> and NJZ) s h o u l d  approach  t h e i r  r e s p e c t i v e  a s y m p t o t i c  

v a l u e s  a s  c l o s e  t o  t h e  o r i g i n , a s  p o s s i b l e .  T h i s  p r i n c i p l e  

w i l l  f a v o u r  some boundary c o n d i t i o n s  o v e r  o t h e r s .  Cons ide r  

t h e  f o l l o w i n g  two s i t u a t i o n s :  

( i )  U,CO)  = I 3 ~ p n  = + h  , 

which a r e  d e p i c t e d  on t h e  f i g u r e  be low,  

1:ig. C . 1  I Two p o s s i b l c  c o u h i n a t i o n s  o f  boundary 
c o n d i t i o n s  f o r  t h e  SU(3) gauge f i e l d s  
(SO(3) embedding) . 



I t  may be a rgued  t h a t  ( i )  w i l l  be o f  lower energy t h a n  ( i i )  

because  : 

1. A s o l u t i o n  l i k e  ( i )  w i l l  be  c l o s e r  t o  i t s  a s y m p t o t i c  

l i m i t ,  on a v e r a g e ,  t h a n  ( i i ) .  

2 .  The d e r i v a t i v e  c o n t r i b u t i o n  t o  C w i l l  t e n d  t o  be l a r g e r  

f o r  ( i i )  t h a n  ( i ) .  

On t h e  b a s i s  of  t h e s e  arguments  we r e j e c t  boundary c o n d i t i o n s  

o f  t y p e  ( i i )  . We choose 

( C .  20) 

Expanding ' the  f u n c t i o n s  n e a r  t h e  o r i g i n  i n  f o u r  power 

s e r i e s  we f i n d  from t h e  d i f f e r e n t i a l  e q u a t i o n s  t h a t :  



and s o  we r e q u i r e  

3co>= &o>= 0 ( C .  21) 

There  a r e  many o t h e r  boundary c o n d i t i o n s  t h a t  would y i e l d  t h e  

same e n e r g y  due t o  t h e  f a c t  t h a t  C i s  i n v a r i a n t  under  a  number 

of  t r a n s f o r m a t i o n s ,  e g .  

e t c .  ... 



Appendix D 

The GeP1-Mann Matrices (see Gell-Mann (1964)) 

(Lie Product) 

{ Xi , h j ]  = sL  1 + 2di.L hL (Anticommutator) 

J J 



ijk 

Table D. 1 

SU(3)  structure constants f i j  and anticommutator 
coefficients di jk .  



Appendix E 

Hom~topy  Theory 

T h i s  e n t i r e  s e c t i o n  i s  a  summary o f  a  ve ry  n i c e  review 

by Marciano and Page l s  (1978).  We s h a l l  p r e s e n t  a  v e r y  t e r s e  

and incomple te  i n t r o d u c t i o n  t o  t h i s  s u b j e c t .  

Suppose we have two mani fo lds  X and Y w i t h  a  s e t  o f  

c o n t i n u o u s  maps from X i n t o  Y ,  

4 
Two mappings a r e  c a l l e d  komotopic i f  t h e y  can be  c o n t i n u -  

o u s l y  d i s t o r t e d  i n t o  each o t h e r .  I n  o t h e r  words, t h e r e  e x i s t s  

a  s e t  o f  maps F ( x , t )  ( p a r a m e t e r i z e d  by t ,  0 4 t d 1 )  c a l l e d  

a  homotopy which i s  con t inuous  i n  b o t h  x and t ,  such t h a t  

We s a y  f o  i s  homotopic t o  f l  which we s h a l l  deno te  by,  

I t  i s  t r i v i a l  t o  show - i s  an  e q u i v a l e n c e  r e l a t i o n ,  i . e .  if 

f ; ~  f l  and f l -  f  2 t h e n  f o -  f 2 .  Homotopical ly e q u i v a l e n t  

maps form a  c l a s s  denoted  by t f  I .  

Suppose X i s  t h e  c l o s e d  i n t e r v a l  I  = [ 0 , 1 ]  w i t h  t h e  



endpoin t s  i d e n t i f i e d .  T h i s  space i s  t o p o l o g i c a l l y  e q u i v a l e n t  

1 t o  a  c i r c l e  S wi th  a  r e f e r ence  p o i n t  xo i d e n t i f i e d  w i t h  0 and 

1. Consider cont inuous  maps where f ( 0 )  = f  (1) = yo ( a  f i x e d  

p o i n t  i n  Y), then  t h e  equ iva lence  c l a s s e s  o f  maps i f ) ,  { g l ,  ... 
1 from S --tY form a  group. The i d e n t i t y  ( e l  i s  t h e  c l a s s  o f  maps 

homotopic t o  t h e  c o n s t a n t  map C ,  

The i n v e r s e  o f  I i s  f ,  where 
A 

Group m u l t i p l i c a t i o n  i s  de f ined  by, 

We c a l l  t h i s  t h e  f i r s t  homotopy group of Y denoted by 

+ A s  an example, cons ide r  t h e  space 



( t h e  r e a l  p lane  wi th  a  ho le  i n  i t ) .  

looks l i k e ,  

A group m u l t i p l i c a t i o n  

Fig .  E . l  

Homotopy group m u l t i p l i c a t i o n .  

Loops t h a t  do n o t  enc lose  (0,O) can be shrunk con t inuous ly  t o  

t h e  p o i n t  yo. These maps belong t o  t h e  c l a s s  o f  t h e  i d e n t i t y  

{ e l  - (01,  whi le  loops t h a t  e n c i r c l e  (0,O) n  t imes  clockwise 

belong t o  a  s e p a r a t e  c l a s s  denoted by {n)  (counterc lockwise  

loops belong t o  ( -11 ,  ( - 2 1 ,  ...). So we have,  

( t h e  s e t  o f  i n t e g e r s )  

w i th  a d d i t i o n  r e p r e s e n t i n g  t h e  group p roduc t .  The i n t e g e r  n  

(from (n3 i s  c a l l e d  t h e  winding number. 

We may g e n e r a l i z e  t h e  mapping t o  X=S" ( t h e  n-dimensional  

sphere )  s o  t h e  c l a s s e s  o f  mappings wi th  one f i x e d  p o i n t  



f b 0 )  = Yo form t h e  nth homotopy proup denoted by T(Y). 
Mathematicians have s t u d i e d  t h i s  s u b j e c t  f o r  some t ime.  

Two well-known r e s u l t s  important  t o  t h e  theory  of monopoles 

a r e  : 

a l s o ,  i f  G i s  a  simply connected compact Lie  group and H i s  a  

subgroup of  G ,  t hen  

( E .  9) 

where G/H i s  t h e  space  of  c o s e t s .  Coleman (1975) has 

shown t h a t  equa t ion  ( E . 9 )  i s  u s e f u l  i n  dec id ing  whether o r  n o t  
* 

a  p a r t i c u l a r  non-abe l ian  gauge theory  may c o n t a i n  t o p o l o g i c a l l y  

s t a b l e  s o l i t o n  s o l u t i o n s  (magnetic monopoles). That i s ,  i f  

n 2 ( ~ / ~ )  i s  n o n - t r i v i a l  then t h e  theory  has  t h e  p o s s i b i l i t y  

(bu t  no guaran tee)  t h a t  a  t o p o l o g i c a l l y  s t a b l e  s o l i t o n  e x i s t s .  

However, i f  n Z ( ~ / h )  i s  t r i v i a l  then  no s o l i t o n  w i l l  e x i s t .  

Consider t h e  fo l lowing  examples used i n  t h i s  t h e s i s :  

( E .  10) 

( E . l l )  . 

which means t h e r e  i s  t h e  p o s s i b i l i t y  of an i n f i n i t e  v a r i e t y  o f  



monopoles (only  one has been found).  

and G = SU(3), H = U( l )xU( l ) ,  ( E .  14) 

then T2(G/h)  = Z+ Z, (E. 15) 

which imp l i e s  SU(3) con ta in s  two d i f f e r e n t  monopoles c o r r e s -  
1 

ponding t o  t h e  d i f f e r e n t  vacua. 



Appendix F 

Notation Conventions 

Throughout the text we shall 

defined by 

The dimensions of the fundamental 

[El = [MI = [L]-' = [TI-' = (unit 

(electric and magnetic charge are 

be using natural units 

quantities become, 

energy) and [Q] = 1, 

dimensionless). Also, we 
1 

shall use the natural system of electromagnetic units where 

Maxwell's equations take the form, 

An important result of these conventions is that the fine 

structure constant takes the form, 

Space-time points of Minkowski space will be represented by 

the contravariant coordinates, 

where 

2. 3 
xO=t ,  x '=x,  =y, X =  t. 
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The m e t r i c  t e n s o r  w i l l  be taken t o  b e ,  

A s  a  gene ra l  r u l e  Greek i n d i c e s  r,  v , , . . . run from zero t o  

t h r e e ,  whi le  t h e  L a t i n  i n d i c e s  i , j , k ,  ... run from one t o  

t h r e e .  Any r epea t ed  index w i l l  be summed over  i t s  range 

u n l e s s  s t a t e d  o therwise .  

Vectors  i n  Euclidean th r ee - space  s h a l l  be denoted by a  

"squ igg le" ,& . The d i r e c t i o n a l  cos ines  a r e  w r i t t e n ,  

We may have v e c t o r s  i n  ano the r  v e c t o r  space  a  " co lo r -  

space". The components of  t h i s  space  s h a l l  be denoted by t h e  

i n d i c e s  a , b , c ,  ... e t c .  A v e c t o r  i n  t h i s  space  i s  denoted by 

an arrow on t o y ,  

Sometimes a ma t r ix  n o t a t i o n  i s  s imp le r .  We conver t  t o  

ma t r ix  n o t a t i o n  by summing t h e  components of  a  c o l o r - v e c t o r  

w i th  t h e  ma t r i ce s  of  a  r e p r e s e n t a t i o n  of a  group G whose 

dimension i s  equa l  t o  t h e  dimension of  t h e  co lo r - space .  



where a= \, ---,n n= dim G, 
a 

and L are finite dimensional matrices. 



BIBLIOGRAPHY 

E.S. Abers and B.W. Lee, Phys. Rep. - 9c ,  1 (1973).  

E .  Amaldi, "On t h e  Di rac  Magnetic Poles, ' l  i n  Old and New 
Problems i n  Elementary P a r t i c l e s ,  e d . ,  G .  Puppi ,  Academic 
P r e s s ,  New York (1968).  

J .  Arafune,  P.G.O. Freund and C . J .  Goebel, J. Math Phys. - 1 6 ,  
(1975) 433. 

U.  Ascher,  J.  C h r i s t i a n s e n  and R.D.  Russel ,  Simon F r a s e r  
U n i v e r s i t y  Technica l  Report 77-13 (1977) ;  and "A Col loca-  
t i o n  So lve r  f o r  Mixed Order Systems o f  Boundary-Value 
Problems," t o  appear  i n  Ch i ld s ,  S.B. ,  J . W .  Danie l ,  E .  
Denman and P .  Nelson (eds .  ) (1978) , Proceedings  o f  t h e  
Conference on Boundary-value Problems f o r  ODES, t o  appear  i n  
Lec ture  Notes i n  Computer Sc ience ,  Sp r inge r -Ver l ag .  

F.A. Bais  and J . R .  Primack, Phys. Rev. - D13, 819 (1976) ;  Nucl. 
Phys. - B123 (1977), 253. 

S.  Coleman, Lec tures  a t  t h e  1975 I n t e r n a t i o n a l  School o f  Sub- 
1 n u c l e a r  Phys ics  l lE t t o r e  Maj orana",  Har'vard r e p o r t ,  1975 

(unpubl i shed) .  

R. Cor r igan ,  D . I .  O l ive ,  D . B .  F a i r l i e  and J. Nuyts, Nucl. Phys. 
B106, 475 (1976).  

A.  Czechowski, Cern Repor t ,  Ref. TH. 2282-CERN (1977) (unpublished).  

P.A.M. Di rac ,  Proc .  R. Soc. A133, 60 (1931) ;  Phys. Rev. - 74, 
817 (1948).  

L .  Fonda and G.C.  C h i r a r d i ,  Symmetry P r i n c i p l e s  i n  Quantum 
Phys i c s ,  Marcel Dekker, I nc . ,  New York (1970).  

M. Gell-Mann, The E i g h t f o l d  Way, Benjamin, New York (1964).  

R.  Gilmore, L ie  Groups, Lie  Algebras and Some o f  The i r  
A p p l i c a t i o n s ,  Wiley I n t e r s c i e n c e ,  Toronto (1974). 

K .  G o t t f r i e d ,  Quantum Mechanics, Benjamin, Don Mills, On ta r io  
(1966). 

L . G .  Henyey, L .  W i l e t s ,  K . H .  BBhm, R. L e l e v i e r  and R . D .  Levee, 
Astrophys.  J .  - 129, 628 (1959).  

G .  t 9 H o o f t ,  Nucl. Phys. - B79, 276 (1974).  

R .  Jackiw, Rev. Mod. Phys. - 49 (1977) 681. 

B.  J u l i a  and A. Zee, Phys. Rev. D l 1  (1974) 2 2 2 7 .  



W. Marciano and H. Pagels, Phys. Re?. - 36C (1978) 137. 

L. Michel, L. O'Raifeartaigh and K. Wali, Phys. Rev. Dl5 (1977) 
3641. 

- 

A.M. Polyakov, Zh. Eksp. Teor. Fiz. Pisfma Red. - 20, 430 (1974) 
[JETP Lett. - 20, 194 (1974)l. 

M.K. Prasad and C.M. Sommerfield, Phys. Rev. Letters - 35 (1975) 
760. 

A. Sinha, Phys. Rev. - Dl4 (1976) 2016. 

E.J. Weinberg and A.H. Guth, Phys. Rev. - Dl4 (1976) 3360. 

S ,  Weinberg, Rev. Mod. Phys. - 46, 255 (1974). 

D. Wilkinson and A.S. Goldhaber, Phys. Rev. - Dl6 (1977) 1121. 

H.W. Wyld and R.T. Cutler, Phys. Rev. - Dl4 (1976) 1648. 

; C.N. Yang and R. Mills, Phys. Rev. - 96, 191 (1954). 

D. Zwanzinger, Phys. Rev. - 176, 1480 (1968); 176 (1968) 1489. 


