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ABSTRACT 

The empi r i ca l  evidence i n d i c a t i n g  t h a t  t h e  i n t e r c e p t  on the  

s e c u r i t y  market l i n e  is  h ighe r  than the  r i s k l e s s  r a t e  of i n t e r e s t  

has  motivated s e v e r a l  ex t ens ions  of the  s imple  C a p i t a l  Asset P r i c i n g  

Model of Sharpe and L in tne r ,  i n  an  a t t empt  t o  i nco rpora t e  t h e  e f f e c t s  

of r e s t r i c t i o n s  on borrowing and lending .  Not a l l  of t h e s e  a t t empt s  

have been s a t i s f a c t o r y .  I n  p a r t i c u l a r ,  Black (1972) does no t  cons ider  

t h e  e f f e c t  of a budget c o n s t r a i n t  on t h e  i n d i v i d u a l ' s  behaviour ,  

d e s p i t e  t h e  f a c t  t h a t  he cannot borrow o r  l end ;  nor t h e  imp l i ca t ions  

of t hese  c o n s t r a i n t s  f o r  t h e  p r o p e r t i e s  of gene ra l  equ i l i b r ium.  I n  

t h i s  t h e s i s ,  an  equ i l i b r ium theory  of i n v e s t o r ' s  behaviour ,  which 

is g e n e r a l  enough t o  i n c l u d e  a wide v a r i e t y  of r e s t r i c t i o n s  on borrowing 

and lending  is  p resen ted .  Some t h e o r e t i c a l  consequences of t he  r e s t r i c -  

t i o n s  and e m p i r i c a l  i m p l i c a t i o n s  of t h e  theory  a r e  i n v e s t i g a t e d .  

A one pe r iod  model is developed. I n d i v i d u a l s  who b e l i e v e  t h a t  

f u t u r e  p r i c e s  a r e  Normally d i s t r i b u t e d  - t h e s e  b e l i e f s  a r e  o f t e n  c a l l e d  

Gaussian - maximize t h e  expected u t i l i t y  of end-of-the-period weal th 

s u b j e c t  t o  budget c o n s t r a i n t .  For each i n v e s t o r ,  an  i n t e r n a l  r a t e  of 

d i scoun t  can be de f ined ,  and h i s  demand f o r  r i s k y  a s s e t s  is  obta ined  

a s  an  e x p l i c i t  f u n c t i o n  of t h i s  r a t e .  By assuming homogeneous b e l i e f s ,  

t he  agg rega t ion  of i n d i v i d u a l s '  demands is  performed and the  express ions  

f o r  t h e  market c l e a r i n g  p r i c e s  of r i s k y  assets obta ined .  The i n t e r c e p t  

on t h e  s e c u r i t y  market l i n e  is a r i s k  t o l e r a n c e  weighted sum of indiv-  

i d u a l s '  i n t e r n a l  d i scoun t  r a t e s .  Oppor tun i t i e s  f o r  borrowing and lending  

a r e  i nco rpora t ed  i n t o  t h e  theory  i n  a  s t r a i g h t f o r w a r d  way , 

by observ ing  t h a t  i n d i v i d u a l s  can,  by borrowing,and lending ,  lower 

- iii - 



o r  r a i s e  t h e i r  i n t e r n a l  r a t e s  of d i scoun t  u n t i l  they a r e  equal 

t o  t h e  market r a t e s .  

It i s  shown t h a t  i n  t he  case  where t h e r e  i s  no borrowing o r  

l end ing ,  bu t  t h e r e  e x i s t s  a  f i x e d  supply of a  r i s k l e s s  a s s e t ,  t he  

equ i l i b r ium i s  i n  gene ra l  no t  p a r e t o  opt imal .  

Furthermore i n  equ i l i b r ium t h e r e  e x i s t s  a  s imple r e l a t i o n s h i p  

between t h e  p r i c e s  of r i s k y  a s s e t s  t h a t  i s  independent of t h e  

f inanc ing  o p p o r t u n i t i e s  a v a i l a b l e  t o  i n v e s t o r s ,  a r e s u l t  ob ta ined  

o r i g i n a l l y  by Cheng [1977]. It is po in t ed  ou t  t h a t  i n  p r i n c i p l e  

t h i s  r e l a t i o n s h i p  a l lows  f o r  t h e  t e s t i n g  of t h e  one pe r iod  model 

i n  a one pe r iod  con tex t .  While an e x p l i c i t  example of how t h i s  

t e s t  should be  c a r r i e d  out  i s  no t  given,  i t  is demonstrated how t h e  

model can be t e s t e d  using t h e  observed p r i c e s  from any t h r e e  per iods .  

F i n a l l y  we show t h a t  a  s imple n a t u r a l  g e n e r a l i z a t i o n  of t h e  equ i l i b r ium 

r e l a t i o n s h i p  between p r i c e s  ho lds  i n  a world where i n v e s t o r s  have 

sepa rab le  cub ic  u t i l i t y  f u n c t i o n s ,  thereby  e s t a b l i s h i n g  a  l i n k  between 

t h e  mean va r i ance  and l i n e a r  r i s k  t o l e r a n c e  approaches t o  a s s e t  p r i c i n g .  
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INTRODUCTION 

An i n d i v i d u a l  i n  dec id ing  whether o r  no t  t o  purchase an a s s e t  

w i l l ,  among o t h e r  t h i n g s ,  be  i n t e r e s t e d  i n  t h e  income he  can expect  

t o  r e c e i v e  from t h e  a s s e t ,  t h e  degree  of u n c e r t a i n t y  of t h e  income, 

and a t  what time o r  t imes i n  t h e  f u t u r e  he  can expect  t o  r e c e i v e  t h e  

income. The theory  of decision-making under u n c e r t a i n t y ,  based on t h e  

expected u t i l i t y  hypo thes i s ,  a l l ows  f o r  t h e  de te rmina t ion  of t h e  

amounts of v a r i o u s  r i s k y  a s s e t s  an  i n d i v i d u a l  would choose t o  purchase,  

given t h e i r  p r i c e s .  These demand r e l a t i o n s h i p s  a r e  of cons ide rab le  

i n t e r e s t  i n  themselves and a l low f o r  t h e  de te rmina t ion  of t h e  p r i c e s  

of r i s k y  assets i n  a market where t h e  t o t a l  supply of assets i s  f ixed .  

Under c e r t a i n  s imp l i fy ing  assumptions t h e  aggrega t ion  of i n d i v i d u a l  

i n v e s t o r s '  demands can be performed, l e a d i n g  t o  r e l a t i o n s h i p s  between 

t h e  p r i c e s  of a s s e t s  t h a t  must ho ld  i f  t h e  market i s  t o  be  i n  equi- 

l i b r ium.  

I n  t h e  case  where t h e  assumptions l e a d  t o  t h e  s imple c a p i t a l  

a s s e t  p r i c i n g  model of Sharpe 119641 and L i n t n e r  [1965],  t h e  s e c u r i t y  

market l i n e ,  perhaps t h e  most famous of t h e s e  r e l a t i o n s h i p s ,  i s  

obta ined .  The s e c u r i t y  market l i n e  i s  r a r e l y  e x p l i c i t l y  expressed 

as a r e l a t i o n s h i p  between p r i c e s .  I n s t e a d  it i s  w r i t t e n  i n  a form 

t h a t  r e l a t e s  t h e  expected r e t u r n  on an a s s e t  t o  t h e  expected market 

r i s k  of t h e  asset. I n  e q u i l i b r i u m  t h e  expected r e t u r n  on an a s s e t  

i s  l i n e a r l y  r e l a t e d  t o  i t s  market r i s k ,  where t h e  i n t e r c e p t  i s  t h e  

r i s k  f r e e  r a t e  of i n t e r e s t .  



The r e l a t i o n s h i p  has been sub jec t ed  t o  a  g r e a t  d e a l  of empi r i ca l  

t e s t i n g ,  a  review of which has  been g iven  by Jensen  [197:!]. A s  a 

r e s u l t  of t h e  t e s t s ,  t h e r e  seems t o  be  g e n e r a l  agreement t h a t  t h e r e  

e x i s t s  a  l i n e a r  r e l a t i o n s h i p  between r e t u r n  and r i s k .  A t  t h e  conclusion 

of t h e i r  e m p i r i c a l  s tudy  of r e t u r n s  on t h e  N.Y.S.E. [1935-681, Fama 

and Macbeth [I9721 w r i t e :  

Thus w e  cannot r e j e c t  t h e  hypo thes i s  t h a t  i n  making 
a p o r t f o l i o  dec i s ion ,  an i n v e s t o r  should assume 
t h a t  t h e  r e l a t i o n s h i p  between an assets p o r t f o l i o  
r i s k  and i t s  expected r e t u r n  is  l i n e a r .  

However, t h e r e  a l s o  appears  t o  be g e n e r a l  agreement t h a t  t h e  

e m p i r i c a l  evidence shows t h a t  low r i s k  s e c u r i t i e s  are underpriced 

and h igh  r i s k  ones overpr iced ,  from t h e  p o i n t  of view of t h e  theory .  

The e m p i r i c a l  s e c u r i t y  market l i n e  i s  f l a t t e r  than  t h e  t h e o r e t i c a l  

one, and c u t s  t h e  r e t u r n s  a x i s  a t  a h i g h e r  r e t u r n  than  t h e  r i s k l e s s  

r a t e .  

The e m p i r i c a l  evidence i n d i c a t i n g  t h a t  t h e  i n t e r c e p t  on t h e  

s e c u r i t y  market l i n e  i s  h i g h e r  than  t h e  r i s k l e s s  r a t e  of i n t e r e s t  

has  mot iva ted  s e v e r a l  ex t ens ions  of t h e  s imple  c a p i t a l  a s s e t  p r i c i n g  

model. I n  p a r t i c u l a r ,  Black 119721 cons idered  two cases  i n  which 

borrowing and l end ing  at  a r i s k l e s s  r a t e  of i n t e r e s t  a r e  p roh ib i t ed .  

I n  one case  on ly  r i s k y  a s s e t s  a r e  t r aded ,  wh i l e  i n  t h e  second case ,  

i n v e s t o r s  can i n  a d d i t i o n  t r a d e  a r i s k l e s s  asset whose t o t a l  supply 

i s  f i x e d ,  b u t  cannot se l l  i t  s h o r t .  Brennan [I9711 considered t h e  

case  where t h e  r i s k l e s s  borrowing and l end ing  r a t e s  a r e  n o t  equal .  

The e f f e c t s  of r e s t r i c t i o n s  on borrowing and l end ing  on market 



equ i l i b r ium a r e  of cons ide rab le  t h e o r e t i c a l  importance. For example, 

a s  shown i n  Chapter IV, i n  t h e  case  considered by Black, t h e  p r i c e s  

of a s s e t s  depend on the  i n i t i a l  d i s t r i b u t i o n  of bonds among i n v e s t o r s ,  

and one d i s t r i b u t i o n  may be p r e f e r a b l e  t o  another .  

I n  t h i s  t h e s i s  emphasis i s  placed on the  p r i c e s  of a s s e t s ,  and 

t h e  r e l a t i o n s h i p  between p r i c e s  i n  equ i l i b r ium,  r a t h e r  than  on market 

r e l a t i o n s h i p s  between i n v e s t o r s '  expec ta t ions .  From the  t h e o r e t i c a l  

p o i n t  of view p r i c e s  a r e  t h e  b a s i c  unknowns t h a t  a r e  t o  be determined,  

and from t h e  empi r i ca l  p o i n t  of view can be observed. 
(1) 

I n  Chapter 111 a one-period model f o r  t h e  p r i c i n g  of r i s k y  a s s e t s  

i s  presented .  I n v e s t o r s  a r e  assumed t o  have homogeneous Gaussian 

b e l i e f s  and a r e  l i m i t e d  i n  t h e i r  purchasing of a s s e t s  by a  budget 

c o n s t r a i n t .  The e q u i l i b r i u m  p r i c e s  a r e  shown t o  depend upon the  

i n v e s t o r s '  budget c o n s t r a i n t s .  

I t  t u r n s  out  t h a t  i t  i s  p o s s i b l e  t o  i d e n t i f y  an i n t e r n a l  r a t e  of  

d i scoun t  f o r  each i n v e s t o r  t h a t  depends on h i s  budget c o n s t r a i n t .  In  

Chapter I V ,  borrowing and lending  o p p o r t u n i t i e s  a r e  thus  e a s i l y  

incorpora ted  i n t o  t h e  theo ry ,  a s  i n v e s t o r s ,  depending on t h e i r  

i n i t i a l  weal th  and ave r s ion  towards r i s k ,  w i l l  equa te  t h e i r  i n t e r n a l  

d i scount  rates t o  t h e  market borrowing and l end ing  r a t e s ,  provided 

t h e i r  i n t e r n a l  rates do n o t  l i e  between t h e  market r a t e s .  

I n  Chapter V i t  is  shown t h a t  i n  equ i l i b r ium t h e r e  e x i s t s  a 

s imple r e l a t i o n s h i p  between t h e  p r i c e s  of  r i s k y  a s s e t s  t h a t  is  

completely independent of t h e  i n v e s t o r s '  budget c o n s t r a i n t s  and 

ave r s ion  towards r i s k .  



This  r e l a t i o n s h i p ,  i n  a  somewhat d i f f e r e n t  form, was o r i g i n a l l y  

obta ined  by Cheng [1977],  who showed t h a t ,  u n l i k e  t h e  s e c u r i t y  market 

l i n e ,  i t  i s  independent of t h e  f i n a : ~ c i a l  environment. Some empi r i ca l  

imp l i ca t ions  of t h i s  r e l a t i o n s h i p  are d iscussed .  

It i s  a l s o  shown i n  Chapter V,  t h a t  t h e  s imp les t  p o s s i b l e  

g e n e r a l i z a t i o n  of t h i s  r e l a t i o n s h i p  would hold  i n  a  market,  where 

i n v e s t o r s  w i t h  t h e  same b e l i e f s  have s e p a r a b l e  cub ic  u t i l i t y  func t ions .  

Chapter I g i v e s  a b r i e f  review of t h e  concepts  employed i n  t h e  

one pe r iod  model, wh i l e  i n  Chapter 11, some p e r t i n e n t  r e s u l t s  of t h e  

Markowitz approach t o  t h e  p o r t f o l i o  s e l e c t i o n  problem a r e  presented .  



CHAPTER I: Investment Decis ion Making Under Unce r t a in ty :  An Overview 

The s e c u r i t y  market l i n e  i s  obta ined  from a  two parameter ,  one 

pe r iod  model such a s  t h a t  presented  i n  Chapter 111. I n  tha t 'mode l ,  

t h e  i n v e s t o r s '  d e c i s i o n  concerns t h e  a l l o c a t i o n  of a given amount of 

i n i t i a l  r e sou rces ,  among v a r i o u s  r i s k y  assets t h a t  y i e l d  an u n c e r t a i n  

amount of weal th  a t  t h e  end of one per iod .  However t h e  motive f o r  

t r a n s f e r r i n g  weal th  from t h e  p r e s e n t  t o  t h e  f u t u r e  i s  t h e  d e s i r e  t o  

s u b s t i t u t e  f u t u r e  f o r  p r e s e n t  consumption. The t i m e  hor izon  r e l e v a n t  

f o r  t h e  i n d i v i d u a l  making such a d e c i s i o n  i s ,  i n  gene ra l ,  h i s  l i f e t i m e .  

It has  been shown by Fama [1970] t h a t  a l though an i n d i v i d u a l  

f a c e s  a many-period d e c i s i o n  problem, i f  h i s  u t i l i t y  func t ion  over  

p re sen t  and f u t u r e  consumption i s  s t r i c t l y  concave, h i s  observed 

behaviour  i n  t h e  market w i l l  be  i n d i s t i n g u i s h a b l e  from t h a t  of a r i s k -  

ave r se  person wi th  one-period hor izon .  The r e s u l t  depends on t h e  

assumption t h a t  t h e  i n v e s t o r  i s  f a r - s igh ted  enough t o  have a l r eady  

planned h i s  op t imal  s t r a t e g i e s  t o  cover  a l l  p o s s i b l e  con t ingenc ie s  i n  

t h e  f u t u r e .  I f  i t  i s  assumed f u r t h e r  t h a t  t h e  i n d i v i d u a l ' s  u t i l i t y  

func t ion  over  p r e s e n t  and f u t u r e  consumption i s  independent of f u t u r e  

s t a t e s  of t h e  world, t h a t  is ,  depends only  on consumption bundles  

a v a i l a b l e  a t  f u t u r e  d a t e s ,  and n o t  on o t h e r  c ircumstances,  then h i s  

investment behavior  i s  i n d i s t i n g u i s h a b l e  from t h a t  of an i n d i v i d u a l  

who maximizes t h e  expected u t i l i t y  of end-of-the-period weal th.  (2) 

Basic  assumptions: 

Each i n v e s t o r  i s  assumed t o  have a u t i l i t y  f u n c t i o n  i n  end-of-the- 



per iod  weal th ,  W1, w i th  t h e  usua l  p r o p e r t i e s ,  U' (Id1) > 0,  U " ( W  ) .. 0 .  
1 

The cond i t i on  U1(W1) > 0 i s  t h e  usua l  "more i s  p r e f e r r e d  t o  l e s s "  

assumption, wh i l e  t h e  cond i t i on  U"(W ) < 0 can be  i n t e r p r e t e d  a s  1 

r e p r e s e n t i n g  an ave r s ion  toward r i s k  (Arrow [1965], P r a t t  [1964])  on 

t h e  p a r t  of t h e  i n v e s t o r ,  given t h a t  he p r e f e r s  more t o  l e s s .  

The i n v e s t o r  cannot simply maximize t h e  u t i l i t y  of f i n a l  wealth 

s i n c e  he  does n o t  know what h i s  f i n a l  weal th  w i l l  be. H e  i s  assumed 

t o  have a s u b j e c t i v e  i d e a  of t h e  p r o b a b i l i t y  of occurrence of any 

g iven  l e v e l  of f i n a l  weal th ,  and t o  maximize a weighted sum of t h e  

u t i l i t i e s  f o r  each p o s s i b l e  va lue  of f i n a l  weal th;  t h e  weights  i n  t h e  

sum be ing  t h e  s u b j e c t i v e  p r o b a b i l i t i e s  of  t h a t  va lue  of f i n a l  weal th 

occurr ing .  I n  o t h e r  words, t h e  i n d i v i d u a l  maximizes t h e  expected 

u t i l i t y  of f i n a l  weal th.  

Besides be ing  a s imple  i n t u i t i v e  g e n e r a l i z a t i o n  of  t h e  concept of 

u t i l i t y  t o  t h e  case  of u n c e r t a i n t y ,  more impor tan t ly  i t  can be shown 

t h a t  t h e  expected u t i l i t y  hypothes is  provides  a  p re fe rence  o rde r ing  

among r i s k y  a l t e r n a t i v e s  ( s ee  f o r  example Mossin [1973]) and i s  

c o n s i s t e n t  w i t h  t h e  investment  behavior  of t h e  l i f e t i m e  dec is ion-  

maker desc r ibed  above. 

Risk and t h e  Relevant  Time Pe r iod  

An a s s e t  i s  de f ined  t o  be r i s k y  i f  i t s  end-of-the pe r iod  p r i c e  

i s  not  known wi th  c e r t a i n t y .  By t h i s  d e f i n i t i o n  money and, i n  t h e  

manner desc r ibed  below, t r e a s u r y  b i l l s  o r  government bonds q u a l i f y  

a s  r i s k l e s s  a s s e t s .  However money a s  a  s t o r e  of weal th  i s  i n f e r i o r  

t o  a  government bond which pays a r a t e  of r e t u r n ,  and thus  money p l a y s  

no r o l e  i n  t h e  theory  wi th  a r i s k l e s s  a s s e t .  



I t  i s  n o t  t h e  government b i l l  i t s e l f  which is r i s k l e s s ,  but  t he  

b i l l  i n  combination wi th  t h e  r e l e v a n t  t ime pe r iod .  An i n d i v i d u a l  

wi th  a  t i m e  hor izon  of t e n  days,  who buys a  t r e a s u r y  b i l l  t e n  days 

from m a t u r i t y  has  acqu i r ed  a  r i s k l e s s  a s s e t .  The same i n d i v i d u a l  

purchas ing  a  newly-issued s i x t y  day t r e a s u r y  b i l l  ha s  acqu i r ed  a  

r i s k y  a s s e t .  Theory does n o t  p rov ide  u s  w i t h  a  measure of t h e  l eng th  

of t h e  pe r iod  r e l e v a n t  f o r  t h e  i n d i v i d u a l s '  immediate investment  

dec i s ion .  Thus i n  t h e  one-period model, t h e  d u r a t i o n  of t h e  pe r iod  

i s  n o t  def ined .  

Desp i t e  t h i s ,  what is  c l e a r l y  i n t ended  i s  t h a t  t h e  pe r iod  i s  

some i n t e r v a l  ove r  which i n d i v i d u a l s '  t a s t e s  and b e l i e f s  can be 

cons idered  a s  s t a b l e .  I t  i s  assumed t h a t  t h i s  pe r iod  i s  t h e  same f o r  

a l l  i n d i v i d u a l s .  

Market Equi l ib r ium 

It i s  u s u a l  t o  assume t h a t  assets can be  t r aded  i n  a r b i t r a r i l y  

s m a l l  amounts. I n  accordance w i t h  t h e  above d e s c r i p t i o n  of 

i n v e s t o r s '  behaviour ,  f a c i n g  any set 'of p r i c e s  f o r  a s s e t s  i n  t h e  

market,  each i n v e s t o r  chooses t o  ho ld  t h e  amount of  a s s e t s  of every 

type  t h a t  maximizes t h e  expected u t i l i t y  of f i n a l  wea l th ,  where h i s  

f i n a l  wea l th  is c o n s t r a i n e d  by h i s  deb t  o b l i g a t i o n s  and h i s  i n i t i a l  

wea l th .  The a c t u a l  p r i c e s  a t  which a l l  i n d i v i d u a l s  t r a d e  a r e  de t e r -  

mined by t h e  requirement  t h a t  t h e  a c t u a l  amount of  assets of each 

type  t h a t  a l l  i n d i v i d u a l s  wish t o  ho ld  must equa l  t h e  t o t a l  amount of  

ou t s t and ing  a s s e t s  of t h a t  type .  



The term amount i n  t h e  preceding  paragraph r e f e r s  t o  t h e  phys i ca l  

amount of ou t s t and ing  a s s e t s  (e.8.  t l ~ e  number of G.f.1. s t o c k s  out- 

s t and ing )  and not t o  t he  v a l u e  of t he se  a s s e t s .  The i n v e s t o r  has  

i n i t i a l l y  an endowment of  a c e r t a i n  number of a s s e t s  of each type;  

t h e  v a l u e  of t h i s  endowment i s  unknown b e f o r e  t h e  market c l e a r i n g  

p r i c e s  a r e  e s t a b l i s h e d .  T h i s  p o i n t  i s  r a r e l y  mentioned i n  t h e  l i t e r a t u r e  

and i t  seems worthwile  t o  r e p e a t  t h a t  i n  e q u i l i b r i u m  t h e  i n v e s t o r s '  

i n i t i a l  wea l th  i s  n o t  a g iven  e x t e r n a l  parameter ,  bu t  i s  determined by 

t h e  theory .  

T a s t e s  and Beliefs 

I n  fo l lowing  t h e  p r e s c r i p t i o n  above f o r  determining t h e  p r i c e s  

of r i s k y  a s s e t s ,  we w i l l  n o t  g e t  very  f a r  u n l e s s  we a r e  prepared e i t h e r  

t o  r e s t r i c t  f u r t h e r  t h e  form of  t he  i n v e s t o r s '  u t i l i t y  f u n c t i o n  o r  

a l t e r n a t i v e l y  t o  s p e c i f y  t h e  n a t u r e  of  h i s  b e l i e f s  about  t h e  p o s s i b l e  

outcomes of v a r i o u s  investment  d e c i s i o n s .  I n  what fo l l ows  w e  have 

chosen t o  l e a v e  unspec i f i ed  t h e  form of t h e  i n v e s t o r s '  u t i l i t y  f u n c t i o n s ,  

o t h e r  than t h a t  t hey  are r i s k  ave r se ,  and t o  assume t h a t  every  i n v e s t o r  

has  t h e  same Gaussian b e l i e f s  ( t h e  p r e c i s e  meaning of t h i s  assumption 

i s  given i n  Chapter  111). 
(3 )  

A l t e r n a t i v e l y  we could have l e f t  t h e  form of t h e  i n v e s t o r s '  

b e l i e f s  unspec i f i ed ,  and r e s t r i c t e d  t h e i r  u t i l i t y  f u n c t i o n s  t o  be 

one of  a broad c l a s s  of  u t i l i t y  f u n c t i o n s  known a s  l i n e a r  i n  r i s k  

t o l e r a n c e  (Rubenstein [1974]).  E i t h e r  approach makes t h e  problem of  

t h e  de t e rmina t ion  o f  t he  marke t -c lear ing  p r i c e s  of r i s k y  a s s e t s  

t r a c t a b l e .  



I t  is  u s u a l  f o r  economists  t o  pu t  a s  few r e s t r i c t i o n s  on t h e  

u t i l i t y  f u n c t i o n  a s  p o s s i b l e ,  bu t  t h i s  does no t  p rovide  a case  f o r  

t h e  s u p e r i o r i t y  of t he  f i r s t  approach over  t h e  second. Both approaches 

a r e  mot iva ted  by a d e s i r e  f o r  t r a c t a b i l i t y  of t h e  mathematical  problem 

and a r e  complementary. 
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CHAPTER 11: Markowitz Problem 

I n  t h i s  chap te r  we review 

s e l e c t i o n  problem. Markowitz 

complete mathematical  s o l u t i o n  

t h e  Markowitz approach t o  t h e  p o r t f o l i o  

19521 d i d  n o t  a t tempt  t o  provide the  

of t h e  problem which w a s  given l a t e r  

by Merton [1970]. It t u r n s  out  t h a t  many of t h e  concepts  and r e s u l t s  

a r i s i n g  i n  t h e  s o l u t i o n  of t h e  Markowitz problem, occur  a l s o  i n  t h e  

more g e n e r a l  case  where i n d i v i d u a l s  a r e  expected u t i l i t y  maximizers 

w i t h  Gaussian b e l i e f s .  Here we concen t r a t e  on those  p e r t i n e n t  r e s u l t s .  

Markowitz assumed t h a t  an i n d i v i d u a l  h a s  p r o b a b i l i t y  b e l i e f s  about  

t h e  r e t u r n s  and covar iances  between r e t u r n s  of marketable  s e c u r i t i e s .  

He f u r t h e r  assumed t h a t  of a l l  p o s s i b l e  p o r t f o l i o s  the  i n v e s t o r  w i l l  

s e l e c t  t h e  one,  which f o r  a  given r a t e  of r e t u r n  has  t h e  s m a l l e s t  

va r i ance .  These p o r t f o l i o s  a r e  c a l l e d  e f f i c i e n t .  

'I, % 
Let R .  be  1+ r a t e  of r e t u r n  on a  s e c u r i t y  j .  R .  i s  a  random 

J J 

v a r i a b l e .  From a l l  r i s k y  s e c u r i t i e s  form a  p o r t f o l i o ,  k,  and denote 

i t s  r e t u r n  by 

where 

The wk j  
are t h e  weights  of t h e  v a r i o u s  s e c u r i t i e s  i n  p o r t f o l i o  k.  

The problem i s  t o  minimize t h e  va r i ance  of t h e  p o r t f o l i o  k ,  f o r  a  

given expected r e t u r n  by a p p r o p r i a t e l y  choosing t h e  weights  of t h e  

va r ious  s e c u r i t i e s  i n  t h e  p o r t f o l i o .  



~ h u s  minimize 

where the  expected r e t u r n  on p o r t f o l i o  k i s  

and 

The weights  t h a t  minimize equat ion  (1) s u b j e c t  t o  t h e  c o n s t r a i n t s  

(2) and (3) d e f i n e  t h e  e f f i c i e n t  p o r t f o l i o s  f o r  i n v e s t o r  k. We simply 

s t a t e  t h e  s o l u t i o n  t o  t h e  problem he re .  

Given t h e  kth i n v e s t o r s t  p r o b a b i l i t y  b e l i e f s ,  t h e r e  e x i s t  two 

w e l l  def ined  e f f i c i e n t  p o r t f o l i o s  which we c a l l ,  us ing  t h e  n o t a t i o n  

of Black [1972],  p and q. For i n v e s t o r  k ,  every e f f i c i e n t  p o r t f o l i o  

can be r ep re sen ted  a s  a  l i n e a r  combination of t h e  p o r t f o l i o s  p  and q .  

Le t  Di j  be t h e  elements  of t h e  i n v e r s e  of t he  ma t r ix  w i th  

'L 'L 
elements  Cov(Ri, R j ) .  Then t h e  weights  on t h e  p o r t f o l i o s  p  and q  a r e  

def ined  t o  be: 

and 

= J W - 
q i  C C D  

i j 
i j  

Le t  E and E be  t h e  expected r e t u r n s  on t h e  p o r t f o l i o s  p and q ;  
P  9  

2  
and l e t  Q and o2  be  t h e i r  va r i ances .  Then from t h e  d e f i n i t i o n s  (4)  

P  4 

and (5) : 



and 

% 2, where in t h e  n o t a t i o n  of Merton [I9721 a 1 D . E ( R . ) ;  b  z .E (R i )E(Rj ) ;  
i j  J 3 

i j 
i J  

While i t  i s  t r u e  t h a t  any e f f i c i e n t  p o r t f o l i o  can be represented  

a s  a  l i n e a r  combination of any two o t h e r  e f f i c i e n t  p o r t f o l i o s ,  t h e  

p o r t f o l i o s  p  and q have s p e c i a l  p r o p e r t i e s .  Thus p o r t f o l i o  q has  a  

cons t an t  covar iance  wi th  any s e c u r i t y  i 

and the expected r e t u r n  on any s e c u r i t y  i i s  p r o p o r t i o n a l  t o  i t s  co- 

va r i ance  wi th  p o r t f o l i o  p .  

It a l s o  fo l lows  t h a t  f o r  any e f f i c i e n t  p o r t f o l i o  k 

In ck, a space  (8) i s  an  hyperbola.  Equation (8) i s  sketched 
k 

i n  f i g u r e  I. We draw a t t e n t i o n  t o  t h e  fo l lowing  p o i n t s  t h a t  fo l low 

from (8) : 



(1)  q i s  t h e  a b s o l u t e  minimum v a r i a n c e  p o r t f o l i o .  

(2) p  i s  t h e  p o r t f o l i o  l o c a t e d  where t h e  tangent  t o  t h e  e f f i c i e n t  

f r o n t i e r  ( a s  t h e  upper h a l f  of t h e  hyperbola  is  c a l l e d )  drawn from t h e  

o r i g i n  touches t h e  f r o n t i e r .  

(3)  No l i n e  can be  drawn tangent  t o  t h e  e f f i c i e n t  f r o n t i e r  from 

a p o i n t  E on t h e  E axis when E > E . k q 

( 4 )  A l i n e  drawn t angen t  t o  t h e  e f f i c i e n t  f r o n t i e r  a t  po in t  t ,  

* 
f o r  example, i n t e r s e c t s  t h e  E axis a t  a h e i g h t  E where 

k t 

* 
and f o r  any s e c u r i t y  o r  p o r t f o l i o  i Cov(i,  t )  = 0 when E ( i )  = 

t:t* 

(5) For  a l l  p o i n t s  t on t h e  e f f i c i e n t  f r o n t i e r  
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FIGURE I 

The Markowitz F r o n t i e r  defined by 



CHAPTER 111: R e l a t i v e  P r i c e s  of Risky S e c u r i t i e s  i n  General Equil ibr ium 

We would cons ide r  a  world i n  which i n d i v i d u a l s  have an i n i t i a l  

endowment of s e c u r i t i e s ,  t h e r e  be ing  S d i f f e r e n t  types  of s e c u r i t i e s .  

I n i t i a l l y  t r a d i n g  of  s e c u r i t i e s  is  permi t ted  among t h e  i n d i v i d u a l s  who 

a r e  aware of a dead l ine  a f t e r  which a l l  t r a d i n g  must cease  f o r  a  per iod  

of time. 

The s e c u r i t i e s  a r e  r i s k y  because a t  t h e  end of t h e  pe r iod ,  t h e  

world may be i n  any one of a number of s t a t e s  (denoted by 0  1, e 2 9  = - - )  

and t h e  p r i c e s  of t h e  s e c u r i t i e s  a t  t h a t  t ime w i l l  depend upon which 

s t a t e  t h e  world i s  i n .  I f  t h e  world is  i n  t h e  s t a t e  8 a t  t h e  end of 

t h e  pe r iod  we denote t h e  p r i c e s  a t  t h a t  t ime by p  I (0) , P2(0)  -Ps ( 8 ) .  

The problem i s  t o  determine the  p r i c e s  of t h e  s e c u r i t i e s  i p  1- .PSI 

and t h e  amount of each s e c u r i t y  he ld  by any i n d i v i d u a l k I N  kl...N 1 a t  ks 

t h e  t r a d i n g  dead l ine .  

I n  o r d e r  t o  o b t a i n  a s o l u t i o n  t o  t h i s  problem we make t h e  fo l lowing  

assumptions: 

(1) Each i n d i v i d u a l ,  k,  has  a  u t i l i t y  f u n c t i o n  Uk(Wlk) i n  end 

of t h e  pe r iod  weal th  where 

The end of t h e  pe r iod  weal th  can be w r i t t e n  
s 

where i f  t h e r e  a r e  borrowing and l end ing  o p p o r t u n i t i e s ,  Ck depends 

upon a  d e c i s i o n  v a r i a b l e ,  i .e. i f  k  dec ides  t o  borrow Bk d o l l a r s  a t  



r a t e  b ,  Ck = -bBk. If t h e r e  a r e  no such o p p o r t u n i t i e s  Ck = 0. 

( 2 )  Each i n d i v i d u a l  a s s i g n s  a p r o b a b i l i t y  IT (9) t o  t h e  occur- 
k  

ance of each f u t u r e  s t a t e  of t h e  world 8. 

(3) Each i n d i v i d u a l  f a c e s  a  c o n s t r a i n t  on h i s  purchase of 

s e c u r i t i e s  which we w r i t e  as 

Thus, f o r  example i f  k dec ides  t o  borrow Bk, 

where NO is t h e  endowment of s e c u r i t y  j t o  i n d i v i d u a l  k .  ( 4 )  
k j 

(4 )  Each i n d i v i d u a l  maximizes t h e  expected u t i l i t y  of h i s  end 

of t h e  pe r iod  weal th  s u b j e c t  t o  t h e  c o n s t r a i n t  (3). 

T 
(5) The t o t a l  number of s e c u r i t i e s  of any type N ( i  = l . . . s )  

i 
T - 0 

is f i x e d  N = CNki - ENki 
i k  k  

Given t h e s e  assumptions a  s u c c i n c t  s ta tement  of t he  s o l u t i o n  of 

t h e  problem is: f a c i n g  any set of p r i c e s  p  t he  kth i n d i v i d u a l  chooses 
j ' 

t h e  number of s e c u r i t i e s  Nki t h a t  maximizes 

S ince  t h e  Nki t h a t  s a t i s f y  (I), must i n  equ i l i b r ium s a t i s f y  



t h e  s equa t ions  (2) may be used t o  determine the  s p r i c e s ,  provided 

these  equa t ions  a r e  independent.  That t h e s e  equa t ions  may no t  be 

independent fo l lows  from t h e  f a c t  t h a t  t h e  N appearing i n  (2) a r e  
k i 

the  opt imal  choices  of i n d i v i d u a l s  and t h e r e f o r e  a r e  c o n s t r a i n t e d  t o  

obey the  equat ion  

f o r  any p r i c e s  whatsoever.  Thus, i n  t h e  case  where t h e  i n d i v i d u a l s '  

i n i t i a l  weal th  i s  he ld  i n  t h e  form of r i s k y  a s s e t s ,  and t h e r e  a r e  no 

borrowing and l end ing  o p p o r t u n i t i e s  a v a i l a b l e ,  equat ion  ( 3 )  becomes 

for any s e t  of p r i c e s  p whatsoever; and s o  only  s-1 of t h e  market i 

c l e a r i n g  cond i t i ons  (2)  a r e  independent.  

I f  t h e r e  a r e  borrowing and l end ing  o p p o r t u n i t i e s  a v a i l a b l e  then 

t h e r e  is  an e x t r a  d e c i s i o n  t h a t  every i n d i v i d u a l  must make i n  so lv ing  

h i s  op t imiza t ion  problem. I n  t h i s  ca se  equat ion  (3) becomes 

where Bk and Lk a r e  t h e  amounts borrowed and l e n t  by i n d i v i d u a l  k,  

which w i l l  vary  depending on t h e  p r i c e s  pi. Now t h e  s equat ions  ( 2 )  

a r e  independent and imply ( v i a  equat ion  ( 3 ) )  t h a t  i n  equ i l i b r ium 



Gaussian B e l i e f s  

The p r o b a b i l i t i e s  ass igned  t o  f u t u r e  s t a t e s  of t he  world c-an b e  

viewed a s  p r o b a b i l i t i e s  ass igned  t o  f u t u r e  p r i c e s .  We w i l l  be 

i n t e r e s t e d  i n  t h e  s p e c i a l  ca se  where each i n d i v i d u a l  a s s i g n s  t h e  

same j o i n t  normal d i s t r i b u t i o n  t o  f u t u r e  p r i c e s .  Th i s  does not  

p rec lude  t h e  p o s s i b i l i t y  t h a t  t h i s  d i s t r i b u t i o n  is  cont ingent  on 

p re sen t  p r i c e s  ( s ee  below). I n  t h i s  c a s e  equat ion  (1) can be 

w r i t t e n  a s  

where 
S 

'L % 'b 

E(p . )  is  t h e  expected f u t u r e  p r i c e  of s e c u r i t y  i, and Cov(pi, p . )  i s  
1 J 

t he  covar iance  among f u t u r e  p r i c e s  i and j ,  ass igned  by i n d i v i d u a l s .  

'I, 'L 
The numbers Cov(pi, p j ) ,  form a  symmetric ma t r ix ,  which we c a l l  C and 

k 
denote i t s  elements  by Ci j .  The f u n c t i o n  f have the  p r o p e r t i e s  

From (4) w e  o b t a i n  t h e  Nki t h a t  maximize t h e  i n d i v i d u a l ' s  

expected u t i l i t y :  



1 -1 ?J 

13 J 
" ~ L . c ! ~  = - cc. .E(p.) - - - 

Nki a 
k j  

a k i j j  
k fl j 

-1 where C are the elements of the inverse of the variance covariance 
i j 

matrix C, and 

Since the Nki that satisfy (5) must satisfy (2) in equilibrium, we 

obtain from (5) expressions for the market clearing prices: 

-1 - 1 where y = C- 
kak 

Individual's Internal Rate of Discount 

In order to obtain some insight into the meaning of equation ( 7 ) ,  

let us rewrite equation (5), which describes the kth individual's 

optimizing behaviour, in a form which is reminiscent of equation(7): 

k Note that in equation (8) fl is a function of the decision variables 

Nkj 
Let the individual k be holding an arbitrary bundle of assets 

denoted by Nkj. Then we can interpret equation (8) as telling us 

what the prices of these securities would have to be in order that the 



i n d i v i d u a l  would be  w i l l i n g  t o  hold them. Consider an i n d i v i d u a l ,  

conten t  wi th  h i s  ho ld ings  of  r i s k y  s e c u r i t i e s ,  who i n h e r i t s  a  s e c u r i t y  

t h a t  wi th  c e r t a i n t y  i s  worth one d o l l a r  a t  t h e  end of t h e  per iod .  Then 

i f  one d o l l a r  i s  an i n s i g n i f i c a n t  f r a c t i o n  of h i s  t o t a l  weal th ,  

equat ion  (8) t e l l s  u s  what t h e  p r i c e  of t h i s  s e c u r i t y  would have t o  

be  i n  o r d e r  t h a t  t h e  i n d i v i d u a l  would be  i n d i f f e r e n t  between holding 

i t ,  and s e l l i n g  i t .  According t o  equa t ion  (8) t h i s  p r i c e  is  ':/\. In  
k 

o t h e r  words, f o r  t h e  kth i n d i v i d u a l  i n  equ i l i b r ium ' k / • ’ l  i s  t h e  r a t e  a t  

which he  d i scoun t s  an  e x t r a  d o l l a r  of c e r t a i n  f u t u r e  income. I n  

equ i l i b r ium a t  t h e  margin a l l  c e r t a i n  f u t u r e  d o l l a r s  w i l l  b e  discounted 

a t  t h e  same r a t e .  Thus t h e  numerator of equa t ion  (8) i s  t h e  c e r t a i n t y  

'L 
equ iva l en t  f o r  i n d i v i d u a l  k ,  of an u n c e r t a i n  f u t u r e  income of va lue  p  i ' 

and t h e  denominator i n  h i s  i n t e r n a l  r a t e  of  d i scount  of one d o l l a r  t o  

be  r ece ived  w i t h  c e r t a i n t y  a t  t h e  end o f  t h e  per iod .  

I f  t h e  kth i n d i v i d u a l  i s  f r e e  t o  borrow and l end  a t  a  r i s k l e s s  

r a t e  of i n t e r e s t  r f ,  then he w i l l  borrow o r  l end  and r e a d j u s t  h i s  

ho ld ings  of r i s k y  a s s e t s  u n t i l  i n  equ i l i b r ium h i s  i n t e r n a l  r a t e  of 
k 

d i scoun t  i s  equa l  t o  t h e  market r a t e ,  i . e .  u n t i l  ' k l f l  = r f .  
( 5 )  

From equa t ion  (7), t h e  market v a l u e  of a n  a s s e t ,  i s  equa l  t o  

t h e  expected va lue  of t h e  asset, c o r r e c t e d  f o r  r i s k  and d iscounted  

a t  a  rate which is t h e  same f o r  a l l  a s s e t s .  The market d i scount  r a t e  

r i s  an average (a  r i s k  t o l e r a n c e  weighted average)  of i n d i v i d u a l s '  z 

i n t e r n a l  d i scount  r a t e s .  

X 1 l h k  r r yL. (- k / 2 f 3  = - L - ( k / f l )  
Z k  k a k  

ak 



When i n d i v i d u a l s  can equate  t h e i r  i n t e r n a l  r a t e s  t o  t he  market 

r a t e  r = r f .  z 

However i f  i n d i v i d u a l s  cannot equate  t h e i r  r a t e s  of d i scount  t o  

a s i n g l e  market r a t e ,  a s  f o r  example when borrowing and l end ing  r a t e s  

a r e  unequal,  then  t h e s e  d i scoun t  r a t e s  w i l l  depend on t h e i r  ave r s ion  

towards r i s k  and t h e i r  i n i t i a l  weal th .  I n  t h i s  ca se  equat ion  ( 7 )  is  

an i m p l i c i t  express ion  f o r  t h e  p r i c e s  of r i s k y  a s s e t s ,  s i n c e  t h e  r i g h t  

hand s i d e  depends on i n v e s t o r s '  i n i t i a l  weal th  and thus  on p r i c e s .  

P r i c e s  of Risky Assets when B e l i e f s  a r e  Contingent  on P resen t  P r i c e s  

I n  t h e  previous  s e c t i o n  i t  w a s  assumed t h a t  i n d i v i d u a l s  form t h e i r  

expec ta t ions  about f u t u r e  p r i c e s  independent ly of p re sen t  p r i c e s .  But 

q u i t e  o f t e n  i n  t h e  f i n a n c i a l  l i t e r a t u r e  i t  i s  assumed t h a t  r a t e s  of 

r e t u r n  a r e  a s se s sed  independent ly of p r e s e n t  p r i c e s .  For example i n  

empi r i ca l  work t h e  assumption i s  o f t e n  made t h a t  the expected r a t e s  

2, 'L 'L 
of r e t u r n ,  E(Ri), and t h e  covar iances  of t h e s e  r a t e s ,  Cov(Ri, R . )  a re  

J 

s t a t i o n a r y  over  time. Le t  u s  d i v i d e  equa t ion  (8) by pi t o  o b t a i n  

2, 'b 
where Ri pi/pI 

I n  Chapter 11 we in t roduced  the  m a t r i x  D which i s  t h e  inve r se  
i j 

C\r 'b 
of t h e  m a t r i x  Cov(Ri, R . ) .  I n  terms of t h i s  ma t r ix  we have from (9)  

J 



where w and w a r e  t h e  weights  on t h e  p o r t f o l i o s  p and q  def ined  
P j q  j 

i n  Chapter 11. Imposing t h e  market c l e a r i n g  c o n d i t i o n s  on equat ions  

(10) we o b t a i n  t h e  equ i l i b r ium p r i c e s  

We s e e  from equa t ion  (9) t h a t  f a c i n g  any set of p r i c e s ,  t h e  

i n d i v i d u a l  w i l l  choose t o  hold t h e  number of s e c u r i t i e s  N t h a t  
k  j 

equa te s  

X k  
t o  k/fl f o r  a l l  s e c u r i t i e s  i; and t h a t  i f  t h e r e  e x i s t s  a  r i s k l e s s  

s e c u r i t y ,  t hen  i f  i t  i s  p o s s i b l e  t h e  kth i n d i v i d u a l  w i l l  equa te  

We can r e w r i t e  equa t ion  (11) i n  i t s  more f a m i l i a r  form. Dividing 

equat ion  (7)  by pl and r e a r r a n g i n g  we g e t  

'L P 
where Rm i s  t h e  r e t u r n  on t h e  market p o r t f o l i o  w i t h  weights  - where 

rn v~ 
1 

V : Cp N From (12) we o b t a i n  
T . i i '  

and thus  

'L % % % 2 
= r + E(Rm - rz)Cov(Ri, Rm)/om E(Ri) 

Equat ion (13) is  t h e  f a m i l i a r  s e c u r i t y  market l i n e .  I f  people 

a r e  f r e e  t o  borrow and l end  a t  a r i s k l e s s  r a t e  of i n t e r e s t  then  

r = rf. More g e n e r a l l y  rZ i s  t h e  expected r e t u r n  on a p o r t f o l i o  
z 



t h a t  i s  uncor re l a t ed  wi t / )  tile market p o r t f o l i o .  

Summary 

We summarize the  r e s u l t s  of t l~ i s  chap te r  he re  and usc  t h e  o p p o r t l ~ u i  t y  

t o  i n t roduce  a somewhat more compact n o t a t i o n .  Let p9 be t-he vec to r  of 

beginning of t h e  per iod  p r i c e s  and yl t h e  expected end of t h e  period 

p r i c e s ,  and l e t  nk b e  t h e  f r a c t i o n  of each f i rm  t h a t  t h e  kth i n d i v i d u a l  

chooses t o  hold.  Then when end of t h e  per iod  p r i c e s  a r e  assessed  

independent ly of c u r r e n t  p r i c e s  

where b r C I  and I is  t h e  column v e c t o r  of ones. 

Let  w and w be t h e  v e c t o r s  of weights  of t he  p o r t f o l i o s  p and 
P q 

q and l e t  P be a  d iagonal  ma t r ix  of t h e  beginning of per iod p r i c c > s .  
0 

Then when r a t e s  of r e t u r n  a r e  a s se s sed  independent ly of c u r r e n t  p r i c e s  

1 -1 - -  Xk k  
nk - ak Po [aw - I f l  Cwql  

P  

E 
where a a q /u2  and C - 1 / u 2  which i s  t h e  n o t a t i o n  of Merton [19 1 .  

4 4 

We make two obse rva t ions  on t h e s e  equa t ions .  Equat ions (14) and 

(16) f o r  t h e  opt imal  number of s e c u r i t i e s  he ld  by an i n d i v i d u a l  f ac ing  

a  given s e t  of p r i c e s  a r e  i d e n t i c a l .  Th i s  must be t h e  case ,  f o r  given 

any s e t  of c u r r e n t  p r i c e s ,  and e x p e c t a t i o n s  about f u t u r e  p r i c e s ,  

expected r e t u r n s  a r e  determined. 



However equa t ions  (15) and (17) a r e  no t  i d e n t i c a l .  I n  t h i s  

ca se  p r e s e n t  p r i c e s  a r e  no t  given but  a r e  determined by t h e  c~qua t ions .  

For example, accord ing  t o  equa t ion  (15) t h e  r a t i o  of any two p r i c e s  

i s  independent of r whi le  t h i s  i s  c e r t a i n l y  no t  t r u e  of t h e  p r i c e s  
z ' 

determined by (17). 

I l l u s t r a t i o n  

A s  an  i l l u s t r a t i o n  cons ide r  t h e  c a s e  where every  i n v e s t o r  has 

a  q u a d r a t i c  u t i l i t y  func t ion .  Then 

and 

thus  i n  g e n e r a l  a depends upon t h e  i n v e s t o r s '  op t imal  ho ld ing  of 
k  

s e c u r i t i e s .  When t h e  market i s  i n  e q u i l i b r i u m  

- 1 
S u b s t i t u t i n g  f o r  y i n t o  equa t ion  (15) w e  o b t a i n  

However i n  t h e  ca se  where expected r e t u r n s  a r e  a s se s sed  independ- 

-I 
e n t l y  of c u r r e n t  p r i c e s ,  y depends on po. From equa t ion  (18) 

where u is  t h e  v e c t o r  of expected r e t u r n s .  S u b s t i t u t i n g  (19) i n t o  



(17) w e  o b t a i n  

Solv ing  f o r  p1p0 

b - r a  

- 1 
where b : p l D  LI 

Thus 

Thus t h e  same u t i l i t y  f u n c t i o n  g i v e s  q u i t e  d i f f e r e n t  v a l u a t i o n  

formula f o r  t h e  r i s k y  a s s e t s .  For example, wh i l e  a  r ise i n  r causes  
z 

a l l  p r i c e s  t o  f a l l  accord ing  t o  (15a) ,  accord ing  t o  (17a) some w i l l  

rise. 

I n  t h e  example we t r e a t e d  r a s  i f  i t  was independent of p r i c e s .  
Z 

This  w i l l  i n  g e n e r a l  on ly  be t h e  ca se  i f  i n d i v i d u a l s  a r e  f r e e  t o  

borrow and l end  at an exogeneously g iven  r a t e  of i n t e r e s t .  I n  t h e  

n e x t  chap te r  w e  cons ide r  c e r t a i n  r e s t r i c t i o n s  on borrowing and lending .  



CHAPTER LV:  Market Equ i l i b r ium With Various R i s k l e s s  Assets 

I n  t h e  last  chap te r  we noted t h a t  a,, which is a measure of t h e  

i n d i v i d u a l ' s  a v e r s i o n  towards r i s k ,  was i n  g e n e r a l  a  f u n c t i o n  of t h e  

f i n a l  ho ld ing  of s e c u r i t i e s .  When e x p e c t a t i o n s  a r e  a s se s sed  independ- 

e n t l y  of c u r r e n t  p r i c e s ,  t h i s  means t h a t  t h e  ak a r e  themselves  a  func t ion  

of  t h e  i n i t i a l  p r i c e s  of r i s k y  a s s e t s .  I n  o r d e r  t o  keep t h i n g s  manage- 

a b l e  we now assume t h a t  t h e  ak  a r e  independent  of f i n a l  wea l th  and i t s  

va r i ance .  T h i s  is  e q u i v a l e n t  t o  assuming an exponent ia l  u t i l i t y  

f u n c t i o n  f o r  each i n v e s t o r .  

I n d i v i d u a l s '  Budget C o n s t r a i n t  

Consider  an  i n d i v i d u a l  who is p r o h i b i t e d  from borrowing or l end ing  

a t  r i s k l e s s  r a t e s .  The op t ima l  holding of a s s e t s  f o r  t h i s  i nd iv idua l  

i s  from equa t ion  I I ( 1 6 )  

If n i s  t h e  v e c t o r  of h i s  endowment of r i s k y  a s s e t s ,  then h i s  
Ok 

budget c o n s t r a i n t  may be  w r i t t e n  a s  

Le t  u s  use  a s u b s c r i p t ,  0 ,  t o  denote t h e  i n d i v i d u a l s '  i n t e r n a l  

rate of d i s coun t  when he cannot borrow o r  lend .  Then (1) and ( 2 )  

imply t h a t  t h i s  rate i s  



B o r r m  and Lending - 

Lf we now a l low i n d i v i d u a l s  t o  borrow a t  t h e  r i s k l c s s  r a t e  r  m d  
h 

l end  cjt t h c  r i s k l e s s  r a t e  r R ,  they  w i l l  i f  p o s s i b l e  borrow o r  lcnd u n t i l  

t h e i l  i n t e r n a l  r a t e s  of d i s coun t  a r e  e q u a l  t o  t h e  market r a t e .  Thus i f  

t h e  i n d i v i d u a l  w i l l  borrow lower ing  h i s  i n t e r n a l  r a t e  of d i s coun t  u n t i l  

Denote an  i n d i v i d u a l  who borrows by t h e  s u b s c r i p t ,  b .  S u b s t i t u t i n g  

(5) i n t o  (I) we o b t a i n  t h e  t o t a l  v a l u e  of r i s k y  a s s e t s  he ld  by b .  

According t o  equa t i on  ( 4 ) ,  f o r  borrowers  

a  - c r  
b  

ab 
' '0b 

Thus, from (6) and ( 7 )  

which i s  j u s t  ano the r  way of rower. s t a t i n g  what i s  meant by t h e  term bor  

The t o t a l  v a l u e  of r i s k y  a s s e t s  h e l d  by borrowers  i s  

-1 
C n 'p  = yg [ a  - r b c ]  
b  b 0 



where 

- 1 1 
= C -  

Y~ b  ab 

t h e  summation be ing  over  a l l  members of t h e  borrowing group. 

S i m i l a r l y  an i n d i v i d u a l ,  R ,  w i l l  be  a  l e n d e r  i f  

The t o t a l  v a l u e  of r i s k y  a s s e t s  h e l d  by t h e  l end ing  group is 

where 

I n d i v i d u a l s  Who S p e c i a l i z e  i n  Risky Assets 

I f  rb > r then  t h e r e  may w e l l  be i n d i v i d u a l s  who n e i t h e r  wish t o  
R 

borrow o r  lend .  For t h e s e  i n d i v i d u a l s ,  denoted by s ,  i t  fo l l ows  from 

( 7 )  and (9)  t h a t  

S ince  they n e i t h e r  borrow o r  l end  



and t h e i r  p o r t f o l i o s  of r i s k y  a s s e t s  a r e  given by 

The t o t a l  va lue  of t h e s e  s e c u r i t i e s  is  

Equi l ibr ium 

When t h e  r i s k l e s s  borrowing and l end ing  r a t e s  a r e  no t  equa l  

i n v e s t o r s ,  depending on t h e i r  i n i t i a l  weal th  and a t t i t u d e  towards 

r i s k  f a l l  i n t o  one of t h r e e  groups,  borrowers,  l e n d e r s ,  o r  s p e c i a l i ~ ~ r s  

i n  r i s k l e s s  a s s e t s .  Equi l ibr ium i n  t h i s  case  has been considered by 

Brennan [1971] and i n  more d e t a i l  by Cheng [1977],  who a l s o  considered 

t h e  case  of endogenous borrowing r a t e s .  Black [1972] considered t h e  

case of equ i l i b r ium wi th  no r i s k l e s s  a s s e t s .  However, Cheng [I9771 

has shown t h a t  i n  t h i s  ca se  t h e  e q u i l i b r i u m  p r i c e s  of r i s k y  a s s e t s  

cannot be  determined. The e s s e n t i a l  reason f o r  t h i s  as mentioned i n  

t h e  d i s c u s s i o n  i n  Chapter 11, i s  t h a t  t h e  s market c l e a r i n g  cond i t i ons  

a r e  not  independent ,  because of t h e  o v e r a l l  budget c o n s t r a i n t .  Black 

a l s o  d i scussed  equ i l i b r ium i n  t h e  case  when t h e r e  i s  a  r i s k l e s s  a s s e t  

i n  f i x e d  supply ,  which cannot be s o l d  s h o r t .  We cons ide r  t h i s  case  i n  

more d e t a i l  here .  Black assumed t h a t  e x p e c t a t i o n s  a r e  a s se s sed  inde- 

pendent ly of c u r r e n t  p r i c e s  and we make t h a t  assumption he re .  

I t  i s  worth mentioning one important  p o i n t  about  t h e  p r i c i n g  

equa t ions  we have obta ined .  We have obta ined  e x p l i c i t  exp res s ions  f o r  



t he  p r i c e s  of s e c u r i t i e s  where r = rf and i n v e s t o r s '  u t i l i t y  func t ions  
z 

a r e  e i t h e r  exponen t i a l  o r  quadra t i c .  On t h e  b a s i s  of t h e s e  equa t ions  

[e.g.  I I ( 1 7 a ) l  we cannot conclude t h a t  one d i s t r i b u t i o n  of s e c u r i t i e s  

among i n d i v i d u a l s  is p r e f e r a b l e  t o  another .  In  t he  t e c h n i c a l  ja rgon  

t h e  equ i l i b r ium is p a r e t o  opt imal .  However t h i s  is n o t  t h e  c a s e  i f  

t h e r e  i s  a n  outs tanding  supply of r i s k l e s s  a s s e t s  and no borrowing 

a s  we s h a l l  show. 

Let  bOk be t h e  f r a c t i o n  of bonds ou t s t and ing ,  t h a t  a r e  i n i t i a l l y  

he ld  by t h e  kth i n d i v i d u a l ,  and l e t  b  be  h i s  op t imal  hold ing .  We 
k  

cannot determine the  s p r i c e s  of t h e  r i s k y  a s s e t s  and t h e  p r i c e  of  

t h e  bonds s i n c e  t h e  s+l market c l e a r i n g  cond i t i ons  a r e  no t  independent.  

Thus l e t  r be t h e  exogenously g iven  r e t u r n  on t h e  bonds, and l e t  B 

be  t h e  t o t a l  va lue  of t h e  bonds, a l s o  given exogenously. The k 
t h  

i n d i v i d u a l ' s  budget c o n s t r a i n t  i s  

where b  > 0. 
k  - 

Le t  us  c a l l  i n d i v i d u a l s  who choose t o  hold a  p o s i t i v e  number of 

bonds l ende r s .  For  t h e s e  i n d i v i d u a l s  t h e  c o n s t r a i n t  bk 2 0 i s  no t  

b inding  and t h u s  f o r  l e n d e r s  

For t hose  i n d i v i d u a l  who do n o t  choose t o  hold bonds, i . e . ,  

bk = 0 ,  we have from t h e  budget c o n s t r a i n t  (15) 



where WOs = n '  O s P O  + b ~ k B  ( 1 7 )  

Thus a l e n d e r ' s  p o r t f o l i o  of r i s k y  s e c u r i t i e s  i s  given by  (1)  wi th  

'k/f: = r and those  who do no t  choose t o  ho ld  bonds have a p o r t f o l i o  

given by (13). Thus summing t h e s e  equa t ions  over  a l l  i n v e s t o r s  and 

apply t h e  market c l e a r i n g  c o n d i t i o n s  Cn + C ns = 2,  w e  o b t a i n :  
R s 

- 1 -1 -1 pO = y  [awp - y(ays + r cy  CW ) w  1 
L 0 s  q  (18) 

S 

where CWOs = En' p  + Lb B = ~ n '  p  
0 s  0  

OS s 
0 s  0  

S S 
+ B O s  

C o l l e c t i n g  terms i n  p  on t h e  l e f t  hand s i d e  0  

where 

Mul t i p ly ing  (19) by n& and summing ove r  s w e  o b t a i n  

S u b s t i t u t i n g  (21) back i n t o  (19) w e  o b t a i n  t h e  e q u i l i b r i u m  p r i c e s  

where 

It i s  c l e a r  t h a t  rz and hence t h e  p r i c e s  depend upon t h e  group 

membership and t h e  i n i t i a l  d i s t r i b u t i o n  of bonds between t h e  two groups ,  



s i n c e  by equat ion  (20) r depends upon the  va lue  of t he  bunds i n i t i a l l y  

he ld  by i n d i v i d u a l s  i n  group s. 

D i s t r i b u t i o n  E f f e c t s  

Keeping t h e  s e t  membership unchanged, increment t he  i n i t i a l  bond 

hold ings  of t h e  non-lending group by a s m a l l  amount 6B . By 
0s  

equat ion  (23) ,  t h e r e  w i l l  be  a  change i n  t h e  r given by 
z 

us ing  equat ion  (20) .  The change i n  rZ induces  a  change i n  t h e  

equ i l i b r ium p r i c e s ,  through equat ion  (22) ,  which a r e  increased  by 

an amount 

The r e s u l t  of i n c r e a s i n g  t h e  non l ende r  s hold ing  of bonds is 

t o  i n c r e a s e  t h e  t o t a l  weal th of t h a t  group by an  amount 

We can cons ider  t h e  i n c r e a s e  i n  bond hold ings  of t he  non lending  

group t o  have been t r a n s f e r r e d  t o  them from t h e  lending  group. The 

lending  group is  then  poorer  by an  amount &BOSS bu t  because equ i l i b r ium 

p r i c e s  have r i s e n  by an amount given by (24) ,  t h e  i n i t i a l  va lue  of 

t h e i r  r i s k y  endowment has  i nc reased  by an  amount 



~ n '  6p = 
1 

09, 0 1 - Cn' w 6BOs 'L n '  o = 6BOs 9, 0s  q R OR q 
S 

Thus t h e  t o t a l  market va lue  of t he  l end ing  group's  endowment has 

not  changed. The r e s u l t  of t h e  t r a n s f e r  of bonds, has  been t o  

i n c r e a s e  t h e  market va lue  of t h e  endowment of one group, and l eave  

the  market va lue  of t h e  endowment of t h e  o t h e r  group unchanged. The 

i n i t i a l  d i s t r i b u t i o n  w a s  n o t  pareto-opt imal .  

The argument above assumed t h a t  t h e  s e t  membership was l e f t  

unchanged. If however because of weal th  e f f e c t s  t h e  group membership 

changes, t h e  mathematical  a n a l y s i s  becomes ve ry  complicated.  But 

t h e r e  is  no need t o  go through a mathematical  a n a l y s i s  t o  show that 

t h e  opt imal  d i s t r i b u t i o n  of bonds i s  t h e  one where i n i t i a l l y  they 

a r e  a l l  h e l d  by members of t h e  non l end ing  group. 

Notice t h a t  i t  is  only t h e  va lue  of t h e  bonds i n i t i a l l y  he ld  

by t h e  non-lenders t h a t  has  any e f f e c t  on p r i c e s .  The t o t a l  va lue  

of t he  ou t s t and ing  bonds is  n o t  d i r e c t l y  r e l e v a n t  f o r  t h e  de te rmina t ion  

of p r i c e s ,  ( i t  ha s  i n d i r e c t  re levance  i n  e s t a b l i s h i n g  t h e  group member- 

s h i p ) .  From t h e  formal  p o i n t  of view, t h e  bonds of va lue  Bas, e n t e r i n g  

equat ion  (20) could j u s t  a s  w e l l  be  thought of a s  having been i ssued  

by t h e  members of t h e  non-lending group. The oppor tun i ty  t o  i s s u e  

bonds i s  most a p p r e c i a t e d  by i n d i v i d u a l s  w i t h  h igh  i n t e r n a l  r a t e s  of 

d i scoun t ,  and i t  i s  those  i n d i v i d u a l s  w i th  t h e  very  h ighes t  r a t e s  

who end up be ing  members of t h e  non-lending group. The opt imal  

d i s t r i b u t i o n  of bonds is  t h e  one which l e a d s  t o  an equ i l i b r ium i n  

which t h e  members of t h e  non-lending group i n i t i a l l y  he ld  a l l  of t h e  

bonds. 



The f a c t  t h a t  we can i f  we wish look upon B i n  equat ion  ( 2 0 )  
0  s 

a s  having been i ssued  by t h e  members of t h e  non-lending group, 

means i n  e f f e c t  t h a t  we can look upon them a s  having been given t h e  

p r i v i l e g e  of borrowing. If we a l low i n d i v i d u a l s  t o  i s s u e  a  r e s t r i c t e d  

number of bonds, then t h e  r e s u l t i n g  equ i l i b r ium w i l l  b e  pareto-opt imal ,  

s i n c e  i t  w i l l  on ly  be those  wi th  t h e  very  h i g h e s t  r a t e s  of d i scount  

who w i l l  i s s u e  them. 

However i n  g e n e r a l  w i th  a f i x e d  number of ou t s t and ing  r i s k l e s s  

bonds, t h e  compet i t ive  equ i l i b r ium p r i c e s  depend upon t h e i r  d i s t r i b u t i o n  

among i n v e s t o r s ,  and t h e r e  appears  t o  b e  no reason  t h a t  B should be  0s  

equal  t o  t h e  t o t a l  ou t s t and ing  number of  bonds ( see  equat ion  ( 2 8 )  

below). 

The t o t a l  va lue  of t h e  l e n d e r ' s  endowment of r i s k y  s e c u r i t i e s  

is from equat ion  (22) 

-I 
~ n '  p  = y [ a  h b Q w y  - c r  Ln' w ] 

O R  0  z Q 0 Q q  (25) 
Q G 

Since: 

~ n '  w + Cn' w = ~ ' w  = 1 
s 0 s  q  Q OQ q  4  

s u b s t i t u t i n g  f o r  rZ,  a s  given by (23) ,  i n  (25) 

-1 - 
I n '  p = y [ a  znbQwp + a ~ n '  w - c r ]  
Q 
011 0  R s 0 s  P  

-1 - 
= y [ a  - c r ]  



On t h e  o t h e r  hand t h e  t o t a l  va lue  of r i s k y  a s s e t s  he ld  by t h e  

l e n d e r s  i n  equ i l i b r ium i s  g iven  h y  t h e  equa t ion  ( l o ) ,  

- 1 
Cn'p = yL [ a  - r c ]  
a Q 0 

The d i f f e r e n c e  between (26) and (27) i s  t h e  v a l u e  of t h e  bonds 

i n i t i a l l y  h e l d  by members of t h e  group s. 

-1 - - 1 
* *  

BOs = Y [ a  - crl  - yL [ a  - r c ]  

b u r  from equa t ion  (11) 

-1 
Cn;)s~O + BOs 2. Ys  [ a  - r c ]  
s 

S u b s t i t u t i n g  (28) i n t o  (29)  

However 



CHAPTER - V: S t r u c t u r e  of Market P r i c e s  i n  Equ i l i b r i um 

I n  t h i s  c h a p t e r  we w i l l  l ook  a t  t h e  r e l a t i o n s h i p s  between prices 

impl ied  by t h e  v a l u a t i o n  e q u a t i o n s  (15) and (17)  of Chapter  111. 

These r e l a t i o n s h i p s  a r e  of i n t e r e s t  from b o t h  t h e  t h e o r e t i c a l  and 

e m p i r i c a l  p o i n t  of view. Consider  f i r s t  equa t i on  (15) of Chapter  T L ,  

which h o l d s  when f u t u r e  p r i c e s  are a s s e s s e d  independent ly  of p r e sen t  

p r i c e s  

- 
According t o  equa t i on  ( I ) ,  i n  e q u i l i b r i u m  t h e  v e c t o r s ,  Poy  P~ 

and b  a r e  l i n e a r l y  dependent.  Consider  t h e  m a t r i x ,  PI, whose rows 

- 
a r e  t h e  v e c t o r s  po, pl and b  

S ince ,  i n  e q u i l i b r i u m ,  t h e  rows of M a r e  l i n e a r l y  dependent ,  

M i s  a t  most of rank  2 ,  ( i n  g e n e r a l  i t  is of rank 2 ) .  Therefore  t h e  

de te rminant  of any 3 x 3 submat r ix  of M i s  e q u a l  t o  ze ro .  That i s ,  

f o r  any i ,  j and k 

d e t  



If we d e f i n e  

t h e n  e q u a t i o n  ( 3 )  can be w r i t t e n  

f o r  a l l  i ,  j, k. 

Equa t ion  ( 5 )  i s  independen t  of y and r . It  i s  t h e r e f o r e  
z 

independen t  of t h e  i n v e s t o r s '  a t t i t u d e s  towards  r i s k  and t h e i r  budget 

c o n s t r a i n t s .  I n  a market o f  r i s k  a v e r s e  i n d i v i d u a l s  w i t h  homogeneous 

Gauss ian  b e l i e f s  a b o u t  f u t u r e  p r i c e s ,  e q u a t i o n  (5)  a lways h o l d s  i n  

e q u i l i b r i u m ,  i n d e p e n d e n t l y  of t h e  f i n a n c i a l  environment .  For t h i s  

r eason  e q u a t i o n  (5) h a s  been c a l l e d  t h e  i n v a r i a n c e  l a w  o f  p r i c e s  by 

Cheng [ 1 9 7 7 ] .  

I n  e q u a t i o n  (5), one cou ld  s u b s t i t u t e  f o r  p i n  terms of two 
0 j 

o t h e r  p r i c e s ,  p m  
and p  f o r  example,  t h e r e b y  o b t a i n i n g  a n  

OR * 

e q u i l i b r i u m  r e l a t i o n s h i p  between 4 p r i c e s .  T h i s  p r o c e s s  cou ld  be 

c o n t i n u e d ,  u n t i l  a l i n e a r  r e l a t i o n s h i p  i s  o b t a i n e d  between a l l  p r i c e s .  

Equa t ion  ( 5 )  is  t h e  smallest p o s s i b l e  such  r e l a t i o n s h i p  between 

p r i c e s .  T h i s  m o t i v a t e s  t h e  f o l l o w i n g  q u e s t i o n :  what t h e o r y  of 

human b e h a v i o u r  d e n i e s  e q u a t i o n  (5) and i n s t e a d  p r e d i c t s  t h a t  t h e  

s m a l l e s t  p o s s i b l e  l i n e a r  r e l a t i o n s h i p  between p r i c e s  is bf  t h e  form 



Kubenstein [I9731 has  shown t h a t  i n  a  market w i t h  homogeneous 

but  unspec i f i ed  b e l i e f s ,  where ind i -v idua ls  have u t i l i t y  f u n c t i o n s  

which a r e  cubic  and l i n e a r  i n  r i s k  t o l e r a n c e  

where Cos i s  t h e  coskewness ope ra to r .  Mul t i p ly ing  ( 7 )  by p and 
0 j 

r ea r r ang ing  we o b t a i n  

where C; i s  a  v e c t o r  w i t h  elements  

and, yl and y a r e  market parameters  independent  of t he  equ i l i b r ium 
2 

p r i c e s ,  when b e l i e f s  a r e  a s se s sed  independent ly  of p r e sen t  p r i c e s .  

- 
According t o  equa t ion  (8 ) ,  i n  equ i l i b r ium,  t h e  v e c t o r s  p  O ,  PI, b and 

6 a r e  l i n e a r l y  dependent ,  t h u s  f o r  any i, j ,  k and E 

Equat ion (9) i m p l i e s  equa t ion  (6) where 



Empir ica l  Imp l i ca t i ons  

The model p r e sen t ed  i n  t h i s  t h e s i s  is  a  one pe r iod  model. I t  

would be  p r e f e r a b l e  i n  t e s t i n g  such a  model, t o  test i t  i n  a  one 

pe r iod ,  r a t h e r  than w i t h i n  a  mu l t i pe r iod  con tex t .  I n  p r i n c i p l e  

equa t ion  (5) a l lows  f o r  such a t e s t .  Equat ion (5) s a y s  t h a t  f o r  

any t h r e e  p r i c e s  observed i n  t h e  market ,  pi, p j ,  pk, i t  i s  p o s s i b l e  

t o  f i n d  t h r e e  numbers m m and m w i t h  a form given by 
i j '  j k  k i  ' 

equa t ion  (4) such t h a t  

f o r  a l l  i, j and k. Th i s  is  no t  an empty s t a t emen t ,  because,  f o r  

example, i f  i n d i v i d u a l  have s e p a r a b l e  cubic  u t i l i t y  f u n c t i o n s  then 

accord ing  t o  equa t ion  (6)  i t  w i l l  n o t  be p o s s i b l e  t o  f i n d  such 

numbers. The problem of c a r r y i n g  out  t h i s  test i s  one of e f f i c i e n c y  

r a t h e r  than  p r i n c i p l e ,  and hope fu l ly  t h i s  can be overcome. 

The c a p i t a l  a s s e t  p r i c i n g  model can be  t e s t e d  over  t ime by 

assuming s t a t i o n a r y  expected r e t u r n s  and covar iances .  I n  t h i s  c a s e  

equa t ion  (17) of Chapter  I1 is  t h e  a p p r o p r i a t e  p r i c i n g  equa t ion ,  

According t o  equa t ion  (10) i n  equ i l i b r ium,  t h e  v e c t o r s  po,  w 
P  

and w a r e  l i n e a r l y  dependent ,  and thus  f o r  any i, j and k 
9  

d e t .  



By d e f i n i n g  

a j k  W p j W q k  - WpkiUqj  

be w r i t  t e n  Equat ion (9) can 

'ijPOk 

Cheng [ I977  1 has  sugges ted  t e s t i n g  (13)  by r e g r e s s i n g  one p r i c e  

on two o r  more p r i c e s  over  t i m e  and looking  f o r  a  ze ro  i n t e r c e p t .  A 

d i f f e r e n t  type  of t es t ,  which c o n c e n t r a t e s  on us ing  a s  few t i m e  

pe r iods  a s  p o s s i b l e  can be  devised .  

Le t  Px, 
P~ 

and p denote  t h e  p r i c e s  of  s e c u r i t i e s  on t h r e e  
z 

d i f f e r e n t  da t e s .  Then s i n c e  by assumption t h e  R.. a r e  s t a t i o n a r y  
1 J 

equa t ion  (13) imp l i e s  

S ince  t h e r e  i s  no reason  t o  expec t  t h a t  t h e  !L a r e  ze ro ,  
i j 

equa t ion  (14) imp l i e s  t h a t  f o r  any t h r e e  p r i c e s  on any t h r e e  d a t e s  

d e t .  1:: 1:; 1:j = O 

Anyone can convince himself  t h a t  (15) does no t  hold by looking 

i n  t h e  newspaper. But t h i s  i s  n o t  t h e  i s s u e .  The i s s u e  is ,  by 



I ~ o w  m u c l i  are we p r e p a r e d  t o  l e t  t h e  1 e f t  I i a ~ t d  s ide  o f  ( 1 '> )  d i  f 1 t.1- 

f r o m  zc.ro b e f o r e  w e  r e j e c t  t h e  s i m p l e  c a p i t a l  a s s e t  p r j c i n g  n ~ o t l r  I ,  

o r  the c o n c e p t  of s t a t i o n a r y  b e l i e f s  a s  a d e q u a t e  d e s c r  i p l  i 011s o f  

i n v e s t o r s  ' b e h a v i o u r .  



NOTES 

1. The s e c u r i t y  market l i n e  involves  i n v e s t o r s '  expec ta t ions .  However, 

i f  b e l i e f s  a r e  s t a b l e  over  time t h e r e  e x i s t s  r e l a t i o n s h i p s  between 

market c l e a r n i n g  p r i c e s  t h a t  a r e  independent of i n v e s t o r s '  b e l i e f s  

( s ee  chap te r  V ) .  

2.  There a r e  i n  a d d i t i o n  more s u b t l e  requirements ,  a s  has  been 

poin ted  out  by Ziemba [ 7 4 ,  771. For  example, i t  i s  necessary  t h a t  

t h e  r e t u r n  d i s t r i b u t i o n s  of t he  v a r i o u s  a s s e t s  be l i n e a r l y  inde- 

pendent,  Ziemba [77].  

3.  For  t h i s  approach t o  be v a l i d ,  i t  i s  necessary  t h a t  t h e  u t i l i t y  

func t ion  be de f ined  over  t h e  complete range of t he  r e t u r n  d i s t r i -  

bu t ion ,  and t h a t  i t  can be i n t e g r a t e d  wi th  the  normal d i s t r i b u t i o n .  

A d i scuss ion  of t hese  p o i n t s  has  been given by K a r l  Borch i n  

The Economics of Uncer ta in ty  (Pr ince ton  Un ive r s i t y  P r e s s ,  1968).  

4. This  form of t h e  budget c o n s t r a i n t  may cause some confusion. The 

B should be thought of a s  some l e v e l  of borrowing, n o t  n e c e s s a r i l y  k 

t h e  opt imal  l e v e l .  The c o n s t r a i n t  on t h e  i n v e s t o r s '  purchases 

e s t a b l i s h e s  f o r  him an i n t e r n a l  r a t e  of d i scount .  The opt imal  

l e v e l  of borrowing is  t h a t  which equa te s  t h e  i n v e s t o r s '  i n t e r n a l  

r a t e  of d i scoun t  t o  t h e  market borrowing rate. It should be noted 

t h a t  one could i n c l u d e  i n  Qk t h e  t r a n s a c t i o n s  c o s t s  i ncu r red  by 

an i n v e s t o r  p a r t i c i p a t i n g  i n  t h e  market.  

5. A s  w i l l  be  seen  i n  Chapter 111, equat ion  ( 7 ) ,  an i n d i v i d u a l  wi th  

a  r e l a t i v e l y  smal l  amount of  i n i t i a l  weal th  w i l l  always be a  

borrower ( s i n c e  we must have a / c  E E > r f o r  an equ i l i b r ium t o  
q b 



e x i s t ,  according to the  comments on f i g u r e  1 ,  c t ~ a p t r r  1 1 ) .  

L e n d e r s  on t h e  o t h e r  hand a r e  r e l a t i v e l y  r ic l l ,  and t h e y  w i l l  

never wish t o  l oan  o u t  more thau  the i r  i n i t i a l  w e a l t h  when 

r < E .  
R 4 
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