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Abst rac t  

This  t h e s i s  con ta ins  a d e t a i l e d  account of sequence spaces  

which fo l lows  t h e  works of s e v e r a l  au tho r s .  We examine t h e  s i g n i f i c a n c e  

of f r o n t ,  cesgro ,  and uncondi t iona l  s e c t i o n s  and a r r i v e  a t  f a c t o r i z a t i o n  

theorems t h a t  c h a r a c t e r i z e  some topo log ica l  p r o p e r t i e s  o f  t h e  space. 

Some a p p l i c a t i o n s  t o  Four i e r  s e r i e s  a r e  made us ing  t h e  r e s u l t s  on Cessro 

s e c t i o n s .  I t  i s  shown t h a t  fo r .  a sequence x i n  an FK-space E, t h e  

k 
series Cxk6 i s  s u b s e r i e s  convergent i f  and only  i f  x can be expressed 

as t h e  coordinatewise product  of  a convergent n u l l  sequence and a sequence 

w i t h  uncondi t iona l ly  bounded s e c t i o n s  i n  E. F i n a l l y  a s t rong  mean 

va lue  p rope r ty  f o r  a conserva t ive  mat r ix  A is  de f ined ,  and a necessary 

and s u f f i c i e n t  cond i t i on  f o r  a sequence t o  have uncond i t i ona l ly  bounded 

s e c t i o n s  i n  t h e  convergence f i e l d  of A is  obta ined .  

i i i  
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Chapter 1 - Preliminaries 

51. A Brief History 

Topological sumability theory probably has its roots in 

S. Mazur's 1929 article, [14]. He observed that if A is a triangle 

(a summation matrix with a = 0 when k > n; a # 0) and B is 
nk nn 

a stronger matrix (cg 3 cA; see Chapter 4 ,  84) then limg(x) = ~ ~ ( B J C ) ~  

is a continuous linear functional on c 
A *  

The next step along these lines 

was taken independently by Mazur-Orlicz [I51 and by Zeller [291. They 

extended these ideas to non-triangular matrices by attempting to give 

c a topology making each caordinate functional continuous and also 
A 

such that applications to functional analysis could be made; for example 

to deduce the continuity of limg as above. From this work comes the 

result that every convergence field is an FK-space. (see 5 2 ) .  

One of the most exhaustive studies of convergence fields can 

be found in [251 where certain "distinguished subsets" of the convergence 

field are studied and investigated for their invariance, i.e. if 

C = c  
A B f  

are their corresponding subsets under consideration the same? 

One way of proving invariance for a subset of c is to show that it is 
A 

characterized by a property of its FK-topology, as the most fundamental 

and singly most important aspect of any FK-space is its uniqueness of 

topology. This observation led to the formulation of many distinguished 

subsets in terms of topology in such generalized spaces as K-spaces. 

(see 52). For example, a conservative matrix A is said to be conull 



i f  l i m  C ank - I: l i m  a = 0. In  1965 A.K. Snyder proved A i s  conull 
n k  k n nk 

i f  and only i f  P *e -* e weakly i n  c [24]. ( see  32). I t  then follows 
n A 

n a t u r a l l y  t o  c a l l  any FK-space conul l  i f  P *e + e weakly. 
n 

One of the  methods developed t o  study sequence spaces is 

i l l u s t r a t e d  i n  D.J.H. Gar l ing ' s  work [9] of which Chapter 2 is based. 

P r i o r  t o  t h i s  most emphasis had been placed on d u a l i t y  theory. Instead 

Garling focussed h i s  a t t e n t i o n  on f r o n t  sec t ions  and m u l t i p l i e r  spaces. 

Equally adaptable t o  t h e  same method of a n a l y s i s  a r e  the  Ces2ro sec t ions  

and unconditional s e c t i o n s ,  introduced respec t ive ly  by M. Buntinas [41 

and J.J. Sember [231.  Chapter 3 follows Buntinas'  work and Chapter 4,  

Sember ' s . 
Although b a s i c a l l y  the  same, the  techniques employed i n  t h i s  

t h e s i s  i n  studying a sequence space w i l l  vary s l i g h t l y  depending upon 

which kind of sec t ion  is used a s  a t o o l .  For example, the  Cessro sec t ion  

opera tors  do n o t  form a semi-group of l i n e a r  opera to r s ,  s o  they a r e  not  

suscep t ib le  t o  t h e  technique of l o c a l  invariance developed i n  Chapter 2. 

However t h i s  does no t  r e a l l y  make t h e i r  theory any less r i c h  than t h e  

o t h e r  two. We w i l l  s e e  how each type of sec t ion  opera tor  determines an 

associa ted  BK-space; it is from t h i s  space t h a t  many topological  

p r o p e r t i e s  can be s e t t l e d  upon coordinatewise mul t ip l i ca t ion  of the  space 

i n  quest ion by the  associa ted  BK-space. 

52. Notation and Terminology 

In  t h i s  sec t ion  some no ta t ion  and terminology i s  introduced 



which w i l l  be used throughout t h i s  t h e s i s .  A l o c a l l y  convex topological  

vector  space V is a topologica l  vector  space with a neighborhood base 

a t  0 cons i s t ing  of  convex subsets  o f  V. For t h e  standard d e f i n i t i o n s  

and r e s u l t s  concerning topological  vector  spaces t h e  reader  is re fe r red  

t o  A.P.  and W. Robertson's book [19] and t o  G. ~ o t h e ' s  book [ I l l .  We 

l e t  w denote t h e  l i n e a r  space of a l l  r e a l  o r  complex sequences. A 

l i n e a r  subspace of o is  c a l l e d  a sequence space. Let  6k be t h e  

sequence with a 1 i n  the  k-th pos i t ion  and 0 ' s  elsewhere, l e t  e 

be t h e  sequence with a 1 i n  each pos i t ion ,  and l e t  be t h e  sequence 

+ 
space spanned by the  s e t  16k : k C Z } where Z+ i s  t h e  s e t  of p o s i t i v e  

in tege r s .  

A K-space is a l o d a l l y  convex topological  vector  space such 

t h a t  t h e  vector  space is a sequence space f o r  which t h e  p ro jec t ion  

funct ional  n 
k ' defined by ?lk ( X I  = xk , is continuous f o r  each k 

+ 
i n  Z . An FK-space i s  a Frgchet K-space, i . e .  a complete metrizable 

K-space, and a BK-space is  a Banach K-space. A very good in t roduct ion  

t o  FK-spaces can be found i n  chapters  11.3 and 12.4 i n  A .  Wilansky's 

book [261. 

I f  S and A a r e  subsets  of w we w r i t e  [{A) f o r  t h e  
- 

convex h u l l  of A; A f o r  t h e  c losure  of A ,  when it  is c l e a r  from 

the  context  which K-space A is  a subset  o f ;  and 

where x-y i s  t h e  coordinatewise product (Xkyk) k CZ+ ' Should A be 

a sequence space and C-A = A ,  where C i s  t h e  closed u n i t  b a l l  of  



bounded sequences ( see  • ˜ 3 ) ,  then A is  c a l l e d  s o l i d .  

We de f ine  t h e  following important sets of  "sec t ion  operators" 

on w: 

+ n 
P = {pn : n F Z ) where P = E 6k , n k=l 

n n + -1 k-1 )&k 
0 = {on : n C Z where on = n L P = kgl (1 - - 

k=l  k n I 

- H = {hF - kgF 6k : F i s  a f i n i t e  subse t  of 2') . 
n 

For a given x i n  w, P ox ( respec t ive ly  a *x,  x F = s o x )  is  c a l l e d  
n 

t h e  n-th ( f r o n t )  sec t ion  ( re spec t ive ly  n-th ces$ro sec t ion ,  F-th 

unconditional sec t ion)  of x. Thus the  s e t  of sec t ions  ( r e spec t ive ly  

c e s i r o  sec t ions ,  unconditional sec t ions )  of  x i s  Pox ( respec t ive ly  

Uex, Hex). 

L e t  E be a K-space. I f  x i s  i n  w and Pox ( respec t ive ly  

0-x ,  Hex) i s  a bounded subset  of E ,  x i s  s a i d  t o  have t h e  property 

sec t ion  boundedness (AB) ( r e spec t ive ly  ~ e s g r o  s e c t i o n  boundedness 

( o B ) ,  unconditional sec t ion  boundedness ( U A B ) ) .  We w i l l  o f t e n  use the  

following nota t ion  : 

E~~ 
= {x € w : x has t h e  property AB), 

E~~ 
= {x C o : x has the  property OBI ,  

E~~~ 
= {x € w : x has t h e  property UAB). 

Here it should be noted t h a t  E 
AB ' E~~ 

and E need no t  be contained 
UAB 

i n  E. Also, t h e  p r o p e r t i e s  have not been l i s t e d  according t o  s t r e n g t h  

but  by chronological  development. The reader i s  r e f e r r e d  t o  Chapter 2 ,  



5 2  f o r  t h e  relative s t r e n g t h s  of  a l l  t h e  p r o p e r t i e s  de f ined  i n  t h i s  

s ec t ion .  I f  f o r  each  f i n  E l ,  where E' i s  t h e  topo log ica l  dua l  

k o f  E l  t h e  series kgl xk f (6 ) converges ( equ iva l en t ly  (Pn0%) is 

Cauchy i n  U(E,E1), t h e  weakest topology on E which makes every 

f € E' cont inuous) ,  then  x is  s a i d  t o  have t h e  p rope r ty  func t iona l  

s e c t i o n  convergence (FAK). We w r i t e  

E~~~ 
= {x € U : x has t h e  p rope r ty  FAK) 

and 

SAK 
= ( x  C E : x has t h e  p rope r ty  SAKI, 

where x is s a i d  t o  have t h e  proper ty  weak s e c t i o n  convergence (SAKI 

i f  (Pnox) converges i n  a ( E , E g ) .  

Le t  denote t h e  set of  a l l  f i n i t e  s u b s e t s  o f  t h e  i n t e g e r s  

d i r e c t e d  by s e t - t h e o r e t i c  i nc lus ion .  We d e f i n e  t h e  p r o p e r t i e s  uncondit ional  

func t iona l  s e c t i o n  convergence (UFAK), uncondi t iona l  weak s e c t i o n  

convergence (USAK), and uncondi t iona l  s e c t i o n  convergence (UAK).  

E~~~~ 
= {x C w : x has t h e  proper ty  UFAK) where t h e  p rope r ty  

UFAK is Cauchiness of  t h e  n e t  ( % - x ) ~ c @  i n  G(E,Eg) , 

E~~~~ 
= {x C E : x has  t h e  proper ty  USAK) where t h e  proper ty  

USAK is  convergence of  t h e  n e t  
(%*X)FC@ 

i n  0 ( E 1 E 1 ) ,  

and 

EUAK = { X  C E : x has t h e  proper ty  UAK} where t h e  proper ty  

UAK i s  convergence o f  t h e  n e t  
( h ~ * X ) ~ ~ @  

i n  E.  

The only  o t h e r  k inds  of  "sec t ion"  convergence considered i n  

t h i s  t h e s i s  a r e  s e c t i o n  convergence (AK) and ~ e s s r o  s e c t i o n  convergence 



( O K ) .  The sequence x i n  E i s  s a i d  t o  have t h e  p rope r ty  AK ( r e s -  

p e c t i v e l y  OK) i f  t h e  sequence (Pn-X) ( r e s p e c t i v e l y  ( 2 . x )  ) converges 

in E. We adhere t o  t h e  previous  n o t a t i o n  and w r i t e  

E~~ 
= {x C E : x has t h e  proper ty  AK) 

and 

Em = {X C E : x has  t h e  proper ty  OK}. 

F i n a l l y ,  x i n  E is  s a i d  t o  have t h e  p rope r ty  s e c t i o n  d e n s i t y  (AD) 

i f  x belongs t o  t h e  c l o s u r e  i n  E of  . I f  T s t a n d s  f o r  an above 

mentioned proper ty ,  a K-space E i s  s a i d  t o  be a T-space whenever each 

x i n  E has  t h e  proper ty  T. For t h e  d e f i n i t i o n  o f  symbols regard ing  

s p e c i f i c  sequence spaces  used i n  t h e  sequel  and some o f  t h e i r  p r o p e r t i e s  

t h e  reader  is r e f e r r e d  t o  t h e  next  s ec t ion .  

W e  conclude t h i s  s e c t i o n  by mentioning some of  t h e  func t iona l -  

a n a l y t i c  theorems used i n  subsequent chap te r s .  

I. Banach-Steinhaus Theorem. Le t  E be a b a r r e l l e d  topo log ica l  vec to r  

space and F a l o c a l l y  convex Hausdorff t opo log ica l  v e c t o r  space. I f  

(T ) is a sequence of  cont inuous l i n e a r  mappings o f  E i n t o  F which 
n 

i s  poin twise  convergent t o  TI then  T is  a cont inuous l i n e a r  mapping 

[19, p.691. 

11. Closed Graph Theorem. A l i n e a r  mapping T from a ~ r g c h e t  space 

E i n t o  a ~ r g c h e t  space  F is  cont inuous i f  and only  i f  whenever 

x -t x i n  E and T(xn) + yo i n  F then  T(xo) = yo [ll, p.1681. 
n o 

111. Mackey's Theorem. The bounded and weakly bounded s u b s e t s  of  a 

l o c a l l y  convex topo log ica l  vec to r  space a r e  t h e  same [ll, p.2541. 



I V .  O r l i c z ,  P e t t i s ,  Grothendieck Theorem. I n  a l o c a l l y  convex Hausdorff 

space,  i f  a s e r i e s  o f  e lements  has  t h e  p rope r ty  t h a t  every  s u b s e r i e s  is  

weakly convergent,  t hen  t h e  s e r i e s  is uncondi t iona l ly  convergent  ( f o r  

t h e  i n i t i a l  topology on t h e  space)  [18, p.1531. 

53. Sequence Spaces: Subse ts  and P r o p e r t i e s  

(i) bv = (x € w : k z l  lxk-xk+l I < - sequences o f  bounded v a r i a t i o n .  

A BK, --space b u t  n o t  an AD-space wi th  norm I I X I I ~ ,  = Es I \ -X 1 + l imlxkI k= 1 k+l  
k 

[ c f .  91. 

B = (x  C bv : \IxIIbv C 11. 

(ii) bvo = ( x  C bv : l i m  x = 0) - n u l l  sequences o f  bounded v a r i a t i o n .  
k k 

A BK, AK-space wi th  norm 11 I t b v  . 

( i v )  am = t x  C W : sup Ixk I < "j - bounded sequences. A BK, UAB-space 
k 

b u t  n o t  an AD-space wi th  norm Ilxll, = sup 1 xk 1 . 
k 

(v) c = t x  C w : l i m  x e x i s t s )  - convergent sequences.  A EX, UAB- 
k k 
.- 

space b u t  n o t  an AD-space wi th  norm 11 *II,, 

( v i )  c = t x  c c : l i m  x = 01 - convergent n u l l  sequences. A BK, UAK- 
0 k 

k 



space with norm 11 *I/, . 
-= 11. Co = {x € c :* ~~xi~w - 

0 

C' = {X C rp : 0 C xk 5: 1, k = 1.2 . . . . I .  
rp 

C = {X 6 rp : Ixk1 5 1. k = 1.2, ... 1 .  
cP 

n n 
(vii) ob = t x  € w : sup I Z (0 OX) k l  < -1. A BK-space [29. Satz 4.101 

n k 1 
n n 

and a UB-space 141 with norm ilxllOb = sup1 (0 
n k= 1 

n 
n (viii) Us = {x € CIb : lim 1 (0 exists}. A BK-space [29] and a 

n- k=l 

OK-space 113. Satz 21 with norm 11 ]lob . 

(ix) q = {x C f . k-1 E) klb2xkl < where Axk = xk - x k+l and 

2 A Xk = Axk - Axkkl . The space of quasi-convex sequences is a BK. 08- 

03 2 
space with norm Ilxllq = kLl k % 1 + SUP 1 xk 1 [cf. 41. If x f q  

k 

and 

Q = {X c q : llxll r 11. 
9 

2 
m2 = {x C real w : A xk? 0. k = 1.2, ...I -set of 

convex sequences. 

2 
m2 = {x C m : lim x = 01 - (positive) convex null 
0 

k 
k 

sequences. 

2 
n2 = {x C real w : A xk 5 0, k = 1.2 .... 1 - set of concave 

sequences. 



Every bounded convex sequence i s  an element of q [ l , v . l ,  p.51, and every 

r e a l  valued sequence i n  q is  the  difference of two pos i t ive  convex 

bounded sequences [16]. I t  follows t h a t  q (even in  the  complex case) 

is  the  l i nea r  span of the  posi t ive  bounded convex sequences. 

(XI  qo q ho - quasi-convex nu l l  sequences. A BK, OK-space with norm 

(1 [ I q  [cf .  41. qo is the l i nea r  span of 2 
mo 

Qo = {X C qo : I1x(lq 5 1). 



Chapter 2 - Front  Sections and Invariance 

5 1. Introduction 

The mate r i a l  i n  t h i s  chapter  is  e s s e n t i a l l y  contained i n  

D.J.H. Garl ing ' s  paper [9] with t h e  exception of Theorem 1 which i s  a 

modificat ion of Theorem 6 i n  [S]. Also i n  52 the re  is  a diagram 

i l l u s t r a t i n g  t h e  r e l a t ionsh ips  amng t h e  s e t s  ET , f o r  var ious  

p r o p e r t i e s  T, where E is  a K-space. In 53 t h e  s ign i f i cance  i n  

a K-space o f  t h e  sets B and C a r e  examined. The l a s t  sec t ion  con- 

t inues  with t h e  work of  53 a f t e r  imposing severa l  r e s t r i c t i o n s  on t h e  

topology of the  K-space. The r e s u l t  EAK = bv 
0 

is obtained 

f o r  an FK-space E and se rves  a s  a model f o r  t h e  corresponding sec t ion  

opera tors  0 and H. 

52. Genera l i t i e s  

The following diagram i l l u s t r a t e s  t h e  general  se t - theore t i c  

r e l a t i o n s h i p s  of  t h e  subsets  
E~ 

f o r  an a r b i t r a r y  K-space E. The 

arrow represents  inc lus ion  with t h e  s e t  r e s t i n g  a t  t h e  head of t h e  arrow 

t h e  l a r g e r  one. The do t t ed  l i n e s  enclose those subsets  ET which a r e  

always contained i n  E. 



\ \ \\ Eum = E 
\ UFAK 

- 
'USAK - 'SAK "urn 

The diagram fo l lows  immediately from t h e  d e f i n i t i o n s  o f  t h e  

s u b s e t s  except  f o r  - - and - 
E~~~ E~~~~ 'USAK - 'SAK "UAB which a r e  

proved i n  52, Chapter 4 ,  and f o r  Ern c EffB and EAK C EuK which a r e  

shown now. L e t  x € EAB and p be  a cont inuous semi-norm on E. 
- n 

Since  on = n 
-1 

kH1 Pk ' 
n - n 

P(O. 0x1 = n l p (  E P c max p ( ~  ex) .  
IF1 k 

1-Ckln 
k 



+ 
Taking t h e  supremum over  n C Z shows x is i n  EoB . I f  x is  i n  

*AK 
and p i s  a cont inuous semi-norm on E, then  

n n n - 1 
p ( o  OX-X) = p(n-l ( C P O X  - n x ) )  5 n k& p(Pkex-x) .  

k-1 k 
+ 

Given E > 0, choose M C Z s o  t h a t  n > M imp l i e s  p ( P  OX-x) < €/2 n 
+ 

and then  K C Z s o  t h a t  M[syp p (P *x-x) 1 (M+K) -' < ~ / 2 .  Then f o r  
I j 

n > M + K  

p (d)*x-x) < M I  sup  p ( P  OX-x) 1 (M+K)-' + n-' (n-M) *s/2 < E. 
E j W  j 

Before g e t t i n g  i n t o  t h e  main theme o f  t h i s  chap te r  it is 

advantageous t o  prove some r e s u l t s  on making new K-space from o l d  ones. 

La te r  we w i l l  apply Theorem 1 t o  ou r  t h r e e  s e t s  o f  s e c t i o n  o p e r a t o r s  

to  deduce the f a c t o r i z a t i o n  o f  t h e  corresponding " sec t ion  convergence 

space" i n  an FK-space. For example, t h e  corresponding P - fac to r i za t ion  

Theorem 1. Le t  (E,T)  be a K-space whose topology is  generated by 

+ t h e  s e t  P o f  semi-norms p.  Le t  F c such t h a t  f o r  each n € Z , 

f o r  each p i n  PI .  Then EFB with  topology genera ted  by t h e  s e t  

PF = tpF: p C PI of  semi-norms is  a s e q u e n t i a l l y  complete K-space. 

Proof.  EFB is a K-space s i n c e ,  f o r  t h e  semi-norm p (x )  = I x k I  * 

a Cauchy sequence i n  EFB wi th  coordinatewise l i m i t  x.  For each  

+ 
continuous semi-norm p on E and each t C F,  t h e r e  e x i s t s  m C Z 

such t h a t  



(m) p(t*x - t0x ) 5 1, 

as x (m) converges coordinatewise to x and t C p .  Then 

(m) (m) 
p(t0x) 5 p(tox - tmx ) + p(tex 1 I 1 + p (x(m) F 1 .  

It follows 

(m) 
pF(x) 5 1 + sup pF(x ) < m, and so x C EFB . 

m 

+ (n) 
POT each E > 0. there exists N C Z such that pF(x - x(~) ) < E/Z 

whenever n.m > N. Also for each t C F, there exists m > N such 

that p(tox - t*x(*)) < €/2. Hence, for all n > N. 

p(t0x - tax(")) 5 p(t0x - t"X(m)) P(~*x (m) - t.x(n)) < E 

Thus, for all n > N, pF(x-x ) < E .  Hence (x(~) converges to x 

in EFB. 

Corollary. If E is a metrizable K-space, then E is an FK-space. F B 
Proof. A K-space is metrizable if and only if its topology 

is generated by a countable number of semi-norms. An FK-space is a 

sequentially complete metrizable K-space. 

Let X and Y be subsets of w. X is called Y-invariant 

if YoX = X. A K-space E is called locally Y-invariant if Y is 

an equicontinuous set of linear operators from E into itself. 

Notice if e belongs to Y, locally Y-invariant implies 

Y-invariant. If Y' c Y and E is locally Y-invariant, then E is 

locally Y'-invariant. Usually the set Y will be a semi-group of linear 

operators on E which is a subset of a BK-space. For each of the 

three sets of section operators we will develop the following association 



of BK-spaces: 

P t+ bv, 0 - q t  H t* C. 

Under t h e  r i g h t  c ircumstances each o f  t h e  above l i s t e d  spaces  w i l l  be  

very informat ive  w i t h  regard  t o  t h e  corresponding s e c t i o n  o p e r a t o r s  

a c t i o n  on a K-space. W e  should a l s o  remark t h a t  l o c a l l y  P- invar ian t  

and l o c a l l y  H-invariant  spaces  a r e  AB- and UAB-spaces r e spec t ive ly .  

As prev ious ly  mentioned w e  w i l l  b e  c h i e f l y  concerned w i t h  a semi-group 

of  l i n e a r  o p e r a t o r s  on a K-space E; when cons ider ing  l o c a l  i nva r i ance  

t h i s  w i l l  always be  t h e  case.  The terminology is  expla ined  by t h e  next  

theorem. 

Theorem 2.  Suppose t h a t  E i s  a t opo log ica l  v e c t o r  space and t h a t  D 

is a semi-group o f  l i n e a r  o p e r a t o r s  from E i n t o  i t s e l f .  D is  equi- 

cont inuous i f  and only  i f  t h e r e  is a base U of  neighborhoods wi th  t h e  

p rope r ty  t h a t  d(U) c U f o r  each d i n  D and U i n  U. I f  f u r t h e r  

E is l o c a l l y  convex, D is equicont inuous i f  and only i f  t h e  topology 

o f  E is  de f ined  by a c o l l e c t i o n  P of  semi-norms wi th  t h e  proper ty  

t h a t  p ( x )  1 p ( d ( x ) )  f o r  each p i n  P, d i n  D, and x i n  E. 

Proof.  The cond i t i on  is c e r t a i n l y  s u f f i c i e n t .  Suppose t h a t  

D is  equicont inuous.  Le t  b' be a base of  neighborhoods o f  0. For 

-1 
each V i n  V l e t  U = ll d (V) n V. S ince  D i s  equicont inuous,  

d€D 

U i s  a neighborhood o f  0. I f  x € U then  x C V and d ( x )  € V f o r  

each d i n  D. Since D is  a semi-group, d ( x )  € U ,  s o  t h a t  

d(U) c U. The c o l l e c t i o n  U o f  a l l  such neighborhoods is c l e a r l y  a 

base o f  neighborhoods s o  t h a t  t h e  cond i t i on  is  necessary .  I f  E is 



l o c a l l y  convex, U can be taken to  be a c o l l e c t i o n  of  closed absolute ly  

convex neighborhoods of 0 simply by s t a r t i n g  with V a s  such. The 

cha rac te r i za t ion  i n  terms of  semi-norms i s  obtained by s e t t i n g  

P = {pu : P~ i s  t h e  gauge of u i n  U ) .  

c o r o l l a r y  1. I f  (E,T)  is a K-space t h e  following a r e  equivalent:  

(i) E is l o c a l l y  P-invariant;  

(ii) E has a base U o f  (c losed)  absolute ly  convex neighbor- 

hoods of  0 with  t h e  proper ty  t h a t  P(U) c U ,  f o r  each U i n  U ;  

(iii) T is  defined by a c o l l e c t i o n  P of semi-norms with 

+ 
t h e  property t h a t  p ( x )  I p(P  0x1 f o r  each p i n  P, n i n  Z , and 

n 

x i n  E. 

Coro l l a r i e s  2 ,  3,  and 4. Locally H-invariant,  l o c a l l y  B-invariant,  

and l o c a l l y  s o l i d  K-spaces can be charac ter ized  i n  an analogous way. 

The ~ e s $ r o  s e c t i o n  opera tors  do not  form a semi-group of l i n e a r  

opera tors ,  s o  an analogous statement about l o c a l l y  a- invar iant  does no t  

follow. 

Proposi t ion 1. Suppose t h a t  E i s  a l o c a l l y  P-invariant  ( r e spec t ive ly  

l o c a l l y  H-invariant) space. An element x of E has t h e  property AK 

( r e spec t ive ly  UAK) i f  and only i f  it has t h e  property AD. 

Proof. W e  prove only the  case where E is l o c a l l y  P-invariant.  

The o t h e r  case  is s i m i l a r .  Clear ly  i f  x has t h e  property AK it has 

t h e  property AD. Suppose x has the  property AD and U is  a bas ic  

absolute ly  convex neighborhood of 0 f o r  which P ( U )  c U. There e x i s t s  

y C q such t h a t  x - y C 4 ~ .  There e x i s t s  an in tege r  n such t h a t  
0 

Pnay = y f o r  n 2 no. Then i f  n 1 n 
0 



x - P - X  = x - y a P (y-x) C 31U + *U = UI n n 

so t h a t  x has t h e  property AK. 

53. Invariance of K-spaces 

W e  set as ide  t h e  opera tors  u and H temporari ly,  a f t e r  f i r s t  

not ing  that i n  a K-space t h e  members of  t h e  sets o f  opera tors  PI 0, 

and H a r e  continuous; being the  f i n i t e  sum of products  of s c a l a r  mul t ip les  

of  p ro jec t ions  and 6k sequences. 

Proposi t ion 2. Suppose t h a t  E i s  a K-space, and t h a t  x is i n  E. 

Consider t h e  four following statements:  

( a )  Cox c E 
AK ; . 

(b) C-x i s  a bounded subset  of E; 

( c )  B o x c E A K ;  
0 

(d) Box is a bounded subset  of E.  

We have t h e  following implicat ions:  

Proof. Suppose t h a t  Cox c E 
AK ' 

Let G = span(Cox) , with 

t h e  subspace topology. G is  an AK-space, so i f  f  is a continuous 

i 
l i n e a r  funct ional  on G ,  f  can be wr i t t en  i n  the  form f (y)  = i=l ~ ~ f ( 6  1. 

Y i 
In  p a r t i c u l a r  i f  c C C, f  (cox) = i=l cixi f  ( 6  ) ; a s  t h i s  is t r u e  f o r  

each c € C ,  =rl 1xif (6i) I is  convergent, and 1 f ( c O x ) l  5 1x.f(bi)  I 1 1 

Thus Cox is weakly bounded i n  G hence weakly bounded i n  E. 

By Mackey's theorem Cox i s  bounded i n  E. Thus ( a )  = ( b ) .  Since 

C 3 B w e  have (b) = ( d ) .  Suppose t h a t  Box is  a bounded subse t  of E. 

I n  p a r t i c u l a r  Boex is a bounded subset  of E. I f  b € bvo , l e t  



T(b)  = box .  T is a l i n e a r  map from bvo i n t o  E,  which is cont inuous 

i s i n c e  T(Bo) is bounded [20, p. 231. Then Pn (box)  = T ( P ~ * ~ )  + T ( b )  = b o x  

s i n c e  'n 
*b + b i n  ho . Hence (d) =, ( c ) .  W e  now show (c) (d l .  

L e t  R = span(Boox) wi th  t h e  subspace topology. A s  be fo re ,  any cont inuous 

l i n e a r  func t iona l  on R can be w r i t t e n  i n  t h e  form 

For A C Bo , 

Therefore 

n i 
NOW suppose sup)  E xi•’(& ) I = . Then t h e r e  e x i s t s  an  inc reas ing  

n i=1 

sequence ( n . )  o f  p o s i t i v e  i n t e g e r s  such t h a t  
1 

-i 
Le t  z = x  f o r  j 5 n  and z = 2  x f o r  n  < j C n  

j j 1 j j i i + l  * 

i = 1 2 . .  . Then z € B *x,  and 
0 



 his c o n t r a d i c t s  (2 .1)  so we conc lude  from (2.2) t h a t  B - x  is weakly 
0 

bounded i n  R, and  it f o l l o w s  t h a t  Bo-x, and  so Box is bounded i n  E 

The f o l l o w i n g  examples show t h e r e  are no f u r t h e r  i m p l i c a t i o n s :  

(b) # ( a ) .  L e t  E = tw w i t h  t h e  supremum norm topo logy .  C 0 e  is a 

bounded s u b s e t  o f  kw, b u t  ( l , O , l , O  e = ( 1 0 1 0 . . . )  d o e s  n o t  

have t h e  p r o p e r t y  AK. 

(d)  71 (b) . L e t  E = bv w i t h  norm 11 l l b v  . Then Bee i s  a bounded 

s u b s e t  o f  bv,  b u t  l , O , l , O  ) e  is n o t  even a  member o f  bv.  

W e  immediate ly  o b t a i n  t h e  f o l l o w i n g  c o r o l l a r i e s  which stress 

t h e  power o f  P r o p o s i t i o n  2  i n  t h e  p r e s e n c e  o f  an  AK-space. 

C o r o l l a r y  1. I f  E  i s  a  s o l i d  ( r e s p e c t i v e l y  B- invar ian t )  AK-space, 

C*x ( r e s p e c t i v e l y  Box) i s  bounded f o r  e a c h  x i n  E. 

C o r o l l a r y  2. I f  E  i s  a  B  - i n v a r i a n t  K-space, E  i s  an AK-space 
0 

i f  and o n l y  i f  Box i s  bounded f o r  e a c h  x i n  E. 

P r o p o s i t i o n r .  Suppose E  i s  a  B- invar ian t  l o c a l l y  P - i n v a r i a n t  K- 

space .  E  i s  l o c a l l y  B- invar ian t  i f  and o n l y  i f  Box is bounded f o r  

e a c h  x  i n  E. 

P roof .  The c o n d i t i o n  i s  c e r t a i n l y  n e c e s s a r y .  Suppose t h a t  

i t  is  s a t i s f i e d ,  and l e t  P b e  a  d e f i n i n g  c o l l e c t i o n  o f  semi-norms 

s a t i s f y i n g  t h e  c o n d i t i o n s  o f  C o r o l l a r y  1, Theorem 2.  Suppose t h a t  

p C P, x  C E, and  0  C B. W e  can w r i t e  0 = h o e  + $, where $ C Bo 

and I x I  + 11$ /1  5 1. Thus we have p (0 .x )  5 I ~ l ~ ( x )  + p ( $ * x ) .  NOW $ex 

h a s  t h e  p r o p e r t y  AK ( P r o p o s t i o n  2)  s o  tha t  



= sup p (  C (lUi-$i+l)Pi-x + 1U P * X I  
n n n i=l 

Hence p (8 -x )  5 p(x)  and E is  l o c a l l y  B-invariant (Corollary 3, 

Theorem 2 )  . 
Corollary.  I f  E is  a B-invariant AK-space, E is l o c a l l y  P-invariant 

i f  and only i f  E is  l o c a l l y  B-invariant.  

Proof. Apply Corollary 1, Proposi t ion 2. 

Proposi t ion 3 and i t s  coro l l a ry  do no t  extend t o  s o l i d  spaces 

however, For example, l e t  T . be a topology on kw defined by the  semi- 

norms { ~ ~ ~ ~ ~ ~ l  , where 

n - - 

px(y)  = sup 1 z X i Y i l .  
n i=l 

m 
( 2  ,TI is a l o c a l l y  P-invariant  s o l i d  AK-space, and C-x is bounded 

w 
f o r  each x i n  krn (Corollary 1, Theorem 2 )  . (11 ,T) is  not  l o c a l l y  

s o l i d  (Corollary 4 ,  Theorem 2 )  . 
As f a r  a s  replacing B by CA and P by H i n  Proposi t ion 3, 

it seems l i k e l y  to go through considering the  as soc ia t ion  P - bv and 

H ++ c ,  although I have been unable t o  prove it. 

54.  Further  Tbpological Conditions 

In 53 w e  saw, i n  genera l ,  t h a t  B-invariant and AK a r e  two 

p r o p e r t i e s  t h a t  a r e  e spec ia l ly  s t rong together  i n  a K-space. Here w e  



examine the situation when E satisfies one or more of the following 

conditions : 

(a) E is sequentially complete; 

(b) E is barrelled; 

(c) E is a E'rgchet space. 

Spaces of the above type are extremely nice as they will often reduce 

otherwise unrelated properties to a single one. For example when E 

is a sequentially complete K-space, an AB-space is B-invariant 

(Corollary 2, Proposition 6) ; so a sequentially complete AK-space 

is a priori B-invariant. Conditions (a) and (b) will be useful when 

E is an AB-space. (c) allows use of the closed graph theorem, producing 

correspondingly more powerful results. 

Proposition 4. (i) If E is a barrelled K-space, E is locally 

P-invariant (respectively locally H-invariant) if and only if E is 

an AB(respective1y UABI-space. 

(ii) If E is a barrelled B-invariant K-space, E is 

locally B-invariant if and only if Box is bounded for each x in E. 

Proof. The first result follows since any pointwise bounded 

set of continuous linear maps from a barrelled space into a locally 

convex space is equicontinuous. For (ii) just apply Proposition 3 and 

Proposition 4, (i) . 
Corollary 1. Suppose that E is a barrelled K-space with E c EAB . 
Then the following are equivalent: 

(i) x € EAK ; 

(ii) x € E 
SAK ' 

(iii) x has the property AD. 



Proof.  P ropos i t i on  4,  (i) t o g e t h e r  w i t h  P ropos i t i on  1 show 

t h a t  (i) is  equ iva l en t  t o  (iii) . (i) impl i e s  (ii) i n  any K-space, 

so we are le f t  t o  prove (ii) implies (i) . x i n  
E~~~ 

impl ies  x 

belongs t o  t h e  weak c l o s u r e  o f  {P 0x1 and hence t o  t h e  weak c l o s u r e  
n 

of t h e  convex h u l l  o f  {P -XI,  r{pnox}. A s  [{P 0x1 c i p ,  and s i n c e  
n n 

t h e  c l o s u r e  i n  t h e  o r i g i n a l  topology and t h e  weak c l o s u r e  of  convex sets 

ag ree  i n  a l o c a l l y  convex space,  x has  t h e  p rope r ty  AD, hence belongs 

Corol la ry  2. A b a r r e l l e d  B-invariant  AK-space i s  l o c a l l y  B-invariant .  

Proof. See Corol la ry  1, Propos i t ion  2 .  

Propos i t ion  5. A b a r r e l l e d  s o l i d  AK-space E i s  l o c a l l y  solid. 

+ 
Proof.  Le t  c € C. Define f o r  m € Z , 

m 

Since E is a n  AK-space f m ( x )  -+ c o x .  By t h e  Banach-Steinhaus theorem 

f ( x )  = c o x  is  a cont inuous l i n e a r  mapping from E i n t o  E.  The r e s u l t  

now fo l lows  from Coro l l a ry  1, Propos i t ion  2 and t h e  d e f i n i t i o n s .  

The n e x t  r e s u l t  guarantees  we can "complete" t h e  set P t o  
Bo 

i n  a s e q u e n t i a l l y  complete space i n  t h e  sense  t h a t  Pox  being bounded 

i n s u r e s  B O X  i s  a l s o  bounded. 
0 

P ropos i t i on  6. Suppose t h a t  E i s  a s e q u e n t i a l l y  complete K-space. 

L e t  x i n  EAB . Then Bo*x is  bounded and Bo0x C E 
AK ' 

Proof.  Suppose x has bounded s e c t i o n s .  Let  z = X*x w i t h  

X € Bo , and l e t  p be a cont inuous semi-norm on E. S ince  P = z  = 
n 

n-1 
C (A.-hi+l)Pi-x + h P O X ,  we have 

1 n n 
i=l 



for m < n. It follows that (pi-z) is a Cauchy sequence in E; as 

E is a K-space (Pi0z) must converge to z € E, thus B *x c EAK . 
0 

The result follows fromthe proof of (c) = (dl of Proposition 2. 

Corollary 1. If E is a sequentially complete K-space and x is in 

E, Pox is bounded if and only if B*x is bounded. 

Corollary 2. If E is a sequentially complete AB-space, E is B- 

invariant and Box is bounded for each x in E. 

Corollary 3. If E is a sequentially complete locally P-invariant space, 

E is locally B-invariant. 

Proof. Apply Proposition 3. 

Notice here, with the additional hypothesis of sequential 

completeness, we did not have to assume E was B-invariant and Box 

was bounded for each x in E as in Proposition 3. 

Corollary 4 .  If E is a sequentially complete B -invariant K-space, 
0 

E is an AK-space if and only if E is an AB-space. 

Proof. E c EAB implies E = B *E c E 
0 AK ' 

Corollary 5. If E is a barrelled sequentially complete K-space, E 

is an AB-space if and only if E is locally B-invariant. 

For the remainder of this chapter we treat exclusively FK-spaces. 

Lemma 1. If E is an FK-space, E~~ C Bo *E . 



Proof. Suppose x C EAK . Let  (pi) be an increas ing sequence 

of def in ing semi-norms f o r  t h e  topology of E. There e x i s t s  an increas ing 

sequence ( n . )  of p o s i t i v e  i n t e g e r s  such t h a t  
3 

p .  (x-Pn'x) < 4 - I  f o r  n 1 n . 
I j 

Let z  = x  f o r  1 5 i 5 n  i i 1 

and l e t  j z = 2 x i  f o r  n < i 5 nj+l . 
i j  

1f n < r <  s, where n < r 5 n  and n < s 5 n  
1 j j + l  k k+l ' 

Hence ( p  'z) is  a Cauchy sequence i n  E which converges t o  z ,  s ince  
n 

E is  an FK-space. Thus z C E; s ince  x C Bo0z, x C B o 'E. 

Theorem 3. Suppose t h a t  E is  an FK-space. The following a r e  equivalent:  

(i) E i s  B-invariant; 

(ii) E i s  l o c a l l y  B-invariant; 

(iii) E i s  an  AB-space; 

( i v )  BooE i s  a c losed l i n e a r  subspace of  E; 

(v) BO0E = E~~ . 
Proof. The equivalency of (ii) and (iii) follows from Corollary 2 ,  



proposi t ion  6. Suppose E is B-invari a n t  and x C E. Define 

Tx : bv * E  by Tx(y) = xoy.  

Tx 
is c l e a r l y  l i n e a r ,  and, s ince  E is a K-space has a closed graph. 

By the  c losed graph theorem Tx is  continuous, and so,  Tx(B) = Box 

is bounded i n  E. As E is  b a r r e l l e d  it i s  l o c a l l y  B-invariant 

(Proposi t ion 4 ,  (ii)). The converse i s  t r i v i a l ,  hence w e  can now conclude 

t h e  equivalence of  ( i) ,  (ii), and (iii). By Lemma 1 EAK c Bo0E. I f  

E is l o c a l l y  B-invariant Bo0E c E by Proposi t ion 2, s o  t h a t  (ii) 
AK 

implies ( v ) .  I f  E i s  l o c a l l y  B-invariant,  Bo0E = = closure  (9) 

by (ii) implies (v)  and Proposi t ion 1; so BoeE is a closed l i n e a r  sub- 

space of  E. Fina l ly  (i) i s  implied by e i t h e r  ( i v )  o r  (v)  . 
Corollary 1. Suppose E i s  an FK-space. The following statements 

a r e  equivalent:  

Corollary 2. Suppose E i s  a s o l i d  FK-space. E i s  l o c a l l y  s o l i d ,  

and Em = CowE . 
Proof. Let Tx : J?? -+ E be defined by Tx(y) = x0y,  where 

x C E. A s  i n  the  proof of  Theorem 3, 
Tx 

i s  a continuous l i n e a r  map 

and so  Tx(C) = Cox is  a bounded subset  of  E. The map Sx 
: E + E  

defined by Sx(y) = xoy  i s  l i n e a r  f o r  each x i n  C. I t  is  a l s o  con- 

t inuous by the  closed graph theorem. This shows E is  l o c a l l y  s o l i d ,  

and Co0E = BooE = E ~ . K  
s ince  E i s  s o l i d .  



It fo l lows  from Theorem 3 t h a t  i f  E is  a B-invariant  FK- 

space,  EAK i s  a c losed  l i n e a r  subspace of E. That  t h e  converse i s  

f a l s e  is i l l u s t r a t e d  by t h e  fol lowing.  

Example: co is a n  FK-space w i t h  t h e  proper ty  AK i f  endowed wi th  t h e  

i 
norm I / * / ( ,  . Let  z = ( 2  ) and let  E = co@ s p a n ( z ) ;  i f  x = y + )lz f E, 

l e t  p ( x )  = llyllm and q ( x )  = I x I . Then E is  an  FK-space under t h e  

- i 
semi-no- {p,ql .  E is n o t  B-invariant ( ( z - ~ )  f B and (2 ) * z  = e )  . 
whi le  EAK = c which is  c l o s e d  i n  E. 

0 

termna 2. Le t  E be a s e q u e n t i a l l y  complete K-space. Then 

(EAe,Pp)l\K E (EpB,Pp)RK = EAK . (For t h e  n o t a t i o n  s e e  Theorem 1). 

Proof. Let x f EM and l e t  p C P. There e x i s t s  K C Z* 

such t h a t  i f  n,k 2 K, p(Pk*x-Pn0x) < E; where E > 0 is a p re sc r ibed  

cons tan t  given i n  advance. Then 

p (P 'X-X) = sup p(Pn ' (Pkex-x) )  = SUP p(Pk'x-P ex) < E 
P k  n n n>k 

i f  k 2 K. Thus EAK c (E 1 AB AK ' 
Let  x C (Em)= l e t  p f PI and l e t  

+ 
E > 0 be given. I f  k , j  Z K where K € Z i s  chosen so t h a t  

pp(Pkex-P ex) < E whenever k , j  ? K,  then  
j 

p(Pk'x-P 0x1 5 sup p ( P  (Pk'x-P ' X I )  = p (P 'X-P 'XI < E . 
j m j P X  j m 

Thus (Pkex) is  a Cauchy sequence i n  E; s i n c e  E i s  a s e q u e n t i a l l y  

complete K-space (Pk0x) converges t o  x i n  E. 

We now prove t h e  f a c t o r i z a t i o n  theorem r e l a t i n g  t h e  sequences 

wi th  convergent s e c t i o n s  t o  t h e  sequences wi th  bounded s e c t i o n s  v i a  t h e  

BK-space a s s o c i a t e d  wi th  PI bv. Although t h i s  theorem i s  a t t r i b u t e d  t o  

Garl ing because o f  [91, t h i s  is ,  s o  f a r  a s  I know, t h e  f i r s t  t ime an  



e x p l i c i t  proof appears  i n  p r i n t .  

Theorem 4.  If E is  a n  FK-space , then  EAK = bvo0EAB . 
? ) is a n  FK-space. Le t  x C EAB Proof .  By Theorem 1 (Ern, 

and l e t  p C P. W e  have 

sup p (P 'x) = sup sup p(Pmm ( P n e x ) )  = SUP SUP ~ ( P * * ( p ~ * x ) )  P n 
n n m n m5n 

= sup  p(P;x) < a, 
n 

showing Em C (E P P and us ing  AB' P AB ' 
Applying Theorem 3 t o  (EAB, 

- Lemma 2 ,  we o b t a i n  BooEAB - 
- 
- E~~ . 



Chapter 3 - ~ e s s r o  Sec t ions  

1 In t roduc t ion  

Here we  t r e a t  ~ e s s r o  s e c t i o n  boundedness o f  a sequence and 

o b t a i n  analogous f a c t o r i z a t i o n s  f o r  FK-spaces to those  de r ived  i n  Chapter 

2. I n  each ins tance  a s u i t a b l e  subse t  of t h e  quasi-convex sequences q 

is  used i n  p l ace  of t h e  corresponding subse t  of  bv. I t  is  shown i n  a n  

FK-space t h a t  those  sequences with ~ e s s r o  s e c t i o n  convergence a r e  

e x a c t l y  t h e  product  of  sequences i n  qo 
wi th  sequences having ~ e s s r o  

s e c t i o n  boundedness. In  54 t h e  main r e s u l t s  (53) a r e  a p p l i e d  t o  o b t a i n  

theorems on m u l t i p l i e r  spaces;  55 c o n t a i n s  more a p p l i c a t i o n s  o f  53, 

t h i s  t i m e  extending some r e s u l t s  of  Li t t lewood and Paley, and Salem 

concerning c e r t a i n  f a c t o r i z a t i o n s  under convolut ion.  

52. Basic  Fac t s  

When dea l ing  wi th  ~ e s s r o  s e c t i o n s  we w i l l  have need t o  cons ider  

t h e  p rope r t i e s '  o f  t h e  quasi-convex sequences q ( s ee  Chapter 1, 531, 

a s  they  a r e  t h e  a s s o c i a t e d  BK-space of  t h e  s e t  0 .  The f i r s t  two lemmas 

a r e  s t a t e d  without  proof s i n c e  t h e i r  v e r i f i c a t i o n  involves  only  simple 

computations. 

Lemma 1. L e t  (mk) be any s t r i c t l y  i nc reas ing  sequence o f  p o s i t i v e  

r e a l  numbers and l e t  (Nk)  be a s t r i c t l y  i nc reas ing  sequence o f  i n t e g e r s  

f o r  which N1 = 1 and f o r  a l l  k F {2.3, ... 1 .  

> N (m Nk+l (mk-"'k-l) - k k+l-mk-l) - Nk-l (mk+l-mk) ' 



between Nk and N 
k+l  ' Then y is  concave and t h e  sequence A given 

-1 by An = yn is  a convex n u l l  sequence. 

Lemma 2 .  For a l l  A C w, 

The f i r s t  p r o p o s i t i o n  i n d i c a t e s  t h e  c o m p a t i b i l i t y  o f  q wi th  

t h e  ~ e s s r o  s e c t i o n s  0. Coro l la ry  3 then i l l u s t r a t e s  t h e  r o l e  o f  q i n  

a s p e c i a l i z e d  s i t u a t i o n  a s  t h e  a s s o c i a t e d  BK-space f o r  t h e  ~ e s s r o  s e c t i o n s  

P ropos i t i on  1. For any semi-norm p on a sequence space E con ta in ing  

n n 
pa(x)  e sup p ( u  0x1 = sup p,(o 0x1 = sup p,(h-X) . 

n n AcQ 
n m n Proof .  p, ( x )  = sup p (a 0x1 = sup l i m  p (a *a ex) 

n n P 

n m 
For t h e  r e v e r s e  i n e q u a l i t y ,  l e t  h = U *a . Then by Lemma 2 (3.2) 

m-1 n m 2 k  
sup p u ( o  0x1 = sup p ( ~ n o ~  *x)  = sup p (  C kA A = X I  + d m ( 9 * x ) )  
n m5n m5n k = l  

2 2 k 
= s u p ( 1  - - + - ) s u p  p (ok*x)  = sup p ( 0  *x )  = pJx) . 

m41 m mn 
k k 



n 
Thus pa (x) = sup p,(U *x) . 

n 

where Lemma 2 (3.1) was used and the  f a c t  t h a t  i f  x € q then 

Axn = k=n EP A2xk . Taking the  supremum over n y i e l d s  sup pU(Aox) 5 pa ( X I  , 
A CQ 

while the  converse inequa l i ty  follows a s  e C Q. 

- Corollary 1. For any K-space E ,  EuB - (*UB)UB 

Although t h e  corresponding r e s u l t  was not  s t a t e d  f o r  P, it 

does hold, and its proof is  r a t h e r  simple. 

Corollary 2. For any K-space E ,  E u ~  is a UB-space. 

Corollary 3. For any K-space E ,  EuB = qeEUB . 
The next  r e s u l t  i s  the  stepping s tone  t o  t h e  corresponding r e s u l t  

achieved i n  Lemma 2, Chapter 2.  

proposi t ion 2. For any K-space E, EuK C (E  1 .  
UB GK 

Proof. Using Lemma 2 (3.2) and the  following f a c t s :  

2 n m n  * f o r  1 5 k 5 n-1 ; ( a )  i f  n 5 m then A (a *U -0 ) k  = - mn 

(b) i f  n > m then 

2 n m n  2 
A (a *U -0 ) k  = - f o r  1 5 k 5 m-1, 

mn 

2 n m n  n-m+l A (0 -0 -0 ) k  = - f o r  k = m, 
mn 



it is n o t  d i f f i c u l t  t o  show that 

Suppose p is  a cont inuous semi-norm on E, and p ( d * x - x )  + 0. For 

E > 0,  l e t  N be chosen such t h a t ,  f o r  all k 2 N ,  

and l e t  M > N be chosen such t h a t  

N - sup p(uk*x-x) < €/Z  . 
k5N 

Suppose m > M. We cons ide r  t h r e e  cases :  i f  n 5 N then  us ing  (3.3) 

k 
2(n-1) sup p(U OX-X)  < t ; 5 -  m 

k 5n 

if N < n 5 m then  

n-1 N (n-l) sup  p(ok-x-x) < E; + - p.(on*x-x) 5 - sup p ( 0  m m kPN k >N 

i f  m < n then  

N 
5 - sup  p(ok*x-x)  + 2 sup p(uk*x-x) < E .  m 

kZN k >N 



m 
~ h u s ,  whenever m > M, pa (u *x-X) < E. 

It is n o t  always t r u e  t h a t  (EuBIuK = EuK 
o r ,  f o r  t h a t  matter, 

t h a t  (Em)AK = EM as t h e  fol lowing cons t ruc t ion  i n d i c a t e s .  L e t  E be 

any K-space wi th  t h e  p rope r ty  OK ( r e s p e c t i v e l y  AK) p rope r ly  conta in ing  

cp and l e t  x € E -- cp .  By Zorn's Lemma t h e r e  e x i s t s  a maximal subspace 

F 3 cp such t h a t  x f F. C lea r ly ,  i f  F i s  given t h e  subspace topology, 

- 
(FUBIUK - 3 E 2 F = FLTK 

( r e s p e c t i v e l y  (Fm)AK = (Ern) 2 E F = FAK) . 
Propos i t ion  3. I f  E is a s e q u e n t i a l l y  complete K-space then  

Em = (EUBIGK ' 

Proof.  Cons ider ing .Propos i t ion  2 ,  it s u f f i c e s  t o  show t h a t  i f  

( 2 - x )  is a Cauchy sequence of  
E~~ 

then it is a Cauchy sequence of E. 

But t h i s  is c l e a r  s i n c e  f o r  every cont inuous semi-norm p ,  

Propos i t ion  4. Le t  E be  a K-space. A sequence x is  i n  ( E U ~ )  i f  

and only  i f  x has t h e  proper ty  AD w i t h  r e s p e c t  t o  t h e  topology o f  Em 
Proof.  L e t  p be a continuous semi-norm on E. I f  x has  t h e  

p rope r ty  AD w i t h  r e s p e c t  t o  Em then t h e r e  e x i s t s  a y i n  such 

Since  cp c (E 1 
UB UK 

t h e r e  e x i s t s  an N € Z+ such t h a t  

pu(y-on*y) < €/3 f o r  every n > N.  

W e  have by Propos i t ion  1, 



n 
p J x 4  'XI 

f o r  every n > N. The converse is  inmediate.  

Corol la ry .  If E is an FK-space then  EoK is an  FK-space under t h e  

topology o f  
E~~ ' 

Proof.  I t  fo l lows  from the c o r o l l a r y  t o  Theorem 1, Chapter 2 

t h a t  EuB is a n  FK-space. By Propos i t ion  3 - 
E~~ - ( E U ~ ) r J K  which is 

c losed  i n  EuB by Propos i t i on  4. 

53.  Main Resu l t s  

Theorem 1 expresses  t h e  proper ty  UB i n  terms o f  t h e  a s soc i a t ed  

space  q .  Again s i m i l a r  r e s u l t s  can be found i n  Chapter 2 f o r  t h e  proper ty  

AB and bv. 

Theorem 1. Let  E be an FK-space. The fol lowing s ta tements  a r e  equiva l -  

e n t :  

(i) x C EuB ; 

(ii) f o r  each cont inuous l i n e a r  func t iona l  f on E, t h e  

sequence y def ined  by yk = f (xedk) is an  element o f  Clb; 

(iii) qo*x C E 
aK ' 

( i v )  qo0x C E; 

(v )  Q0*x is a bounded s u b s e t  o f  E; 

( v i )  Q*x is  a bounded s u b s e t  o f  EuB . 
Proof. ( i v )  (iii): Let  T :  

90 
+ E be g iven  by T ( X )  = X-x. 

S ince  E is a K-space T has a c losed  graph and hence is  cont inuous by 

t h e  c losed  graph theorem. Since qo 
is  a OK-space, 



o n * ~ * x  = T(# -A)  -+ ~ ( h )  = A*x f o r  every  A f qo . 

( i i  v is clear. 

( i v )  = (v) : T(Qo) = Q0*x is bounded s i n c e  T is continuous. 

( v ) = ( i )  fol lows as a c 24 . 
0 

(i) - ( v i )  fol lows f r o m  P ropos i t i on  1. 

(i) * (ii): By Mackey's theorem, (i) is equ iva l en t  t o  t h e  cond i t i on  Uex 

r 
i s  a weakly bounded s u b s e t  of  E. That is, f o r  each cont inuous l i n e a r  

func t iona l  f  on E, 

n 
k- 1 k sup  l f ( o n * x ) I  = sup1 L (1 - y- ) f ( x - 6  ) I  = Ilylla < 

n n k=l  

(i) = (iii) : I f  x f EuB , then  by Propos i t ion  1, Corol la ry  3 q *x  C Em . 
0 

Thus, by ( i v )  4 (iii) (EaB i s  an FK-space by Corol la ry  t o  Theorem 1, 

Chapter 2)  and Propost ion 3, qo8x C (E UB'UK = E u ~  

Corol la ry .  I f  x C E then  t h e  fol lowing s ta tements  may be added t o  t h e  

l ist  in Theorem 1: 

( v i i i )  Q*x i s  a bounded subse t  o f  E. 

Proof. ( i v )  ( v i i )  and ( v i i i )  = ( v )  a r e  immediate. That 

Q*x c p2 ({x) U Q ~ * x )  y i e l d s  (v)  * ( v i i i )  . 
Next w e  examine t h e  space E a s  a whole. 

Theorem 2. Le t  E be an FK-space. The fol lowing s ta tements  a r e  

equiva len t :  



Proof.  The equivalence of  (i) , (ii) , and (iii) fol lows  from 
- 

k 
t h e  c o r o l l a r y  t o  Theorem 1. Suppose cond i t i on  (iii) holds.  To conclude 

-- 
t h a t  cond i t i on  (v )  holds it i s  s u f f i c i e n t  t o  show t h a t  f o r  any FK-space 

2 
E, EOK C moeEOK , a s  EOK C E . By t h e  c o r o l l a r y  t o  P ropos i t i on  4 

and Propost ion 1, 
E O ~  

is  an  FK-space w i t h  a s e t  o f  d e f i n i n g  semi- 

+ 
norms P = {pm : m C Z such t h a t  

n 
pm(x)  = sup  P,(O 0x1 

n 
and 

p ( X I  5 P m + l ( ~ )  m 

+ 
where m C Z and x C E 

OK . 
Le t  x C E  a n d s e t  

k (5) = ( 2  ) .  For each p o s i t i v e  i n t e g e r  k choose 
OK 

Nk such t h a t  

( a )  a l l  Nk a r e  i n t e g e r s  

S 
(d)  p j  (Orox-O ex) < 4-j  whenever r ,s 3 N . 

j 

Under t h e s e  cond i t i ons  c o n s t r u c t  sequences y and A as i n  Lemma 1. 

2 
Then x = X e  ( yex )  where A C mo , and it remains t o  show y e x  C E . 

OK 

Consider t h e  semi-norm p . I f  Nk+l Z s ? r 2 N > N k -  i ' N m  
then  by 

m 

Lemma 2 (3.1) , 



Thus, for  s > r Z N i > N m ,  - 

Hence y e x  € E since 
E U ~  

i s  an FK-space. (v) implies ( i v )  since the 
UK 

2 
l inear  span cf  m is  qo ; while ( i v )  implies (iii) is immediate. 

0 

Corollary 1. I f  E i s  an FK-space then EUK = q0'EaB - 
Proof. is an FK-space with - 

E~~ E a ~  - ( E a ~ ) a ~  and 

EUK = - Thus E = (.Em)aK = qo0E 
OK UB . 

Corollary 1 i s  the expected counterpart t o  Theorem 4, Chapter 2. 

Corollary 2. I f  E i s  an FK-space the following statements are  equivalent: 

(i) E i s a  OK-space; 

( i v )  E i s  an AD-space and a UB-space; 

(v) E i s  an AD-space and q *E c E. 
0 

Proof. Evidently (i) , (ii) , and (iii) are equivalent while 

(i) implies ( i v )  and ( i v )  implies ( v ) .  I f  (v) holds then qeE = E 

and so E is an AD-space and a UB-space. Proposition 3 and Proposition 

4 together with the topology of EUB res t r ic ted  t o  E being weaker than 

the FK-topology of E gives E = EUK . 



- #.- 

v-. 

C 
considerat ion of spaces n a t u r a l l y  c a l l e d  m u l t i p l i e r  spaces. For every 

E , F c w, where F is  a sequence space, we denote by (E -+ F) the  s e t  
". 

{x € w : xeE c F) .  That F i s  a sequence space insures  (E  -+ F) is  

a sequence space. The following m u l t i p l i e r  r e s u l t s  a r e  simple consequences 

of the  theorems i n  the  previous sec t ion .  

Propostion 5. Suppose E,F,  (E -+ F) a r e  FK-spaces. I f  F i s  a UB- 

space then (E + F) is a OB-space. I f ,  f u r t h e r ,  F = FuB then (E -+ F) 

= (E + F)OB . 
Proof. I f  F i s  a .  UB-space, q0F  = F. Thus q*(E  + F) c 

(E -+ q*F) = (E -+ F ) .  By Theorem 2 (E + F) i s  a UB-space. I f ,  f u r t h e r ,  

F = FOB 
then, by Theorem 2 ,  qo*(E -+ F ) ~ * E  = ( E  -+ FIuK * E  c F. Applying 

Theorem 1 t o  qoBx € F where x € (E -+ F)uB*E y i e l d s  (E -+ F)m*E C FOB = F. 

Proposi t ion 6. Suppose EeF = G ,  where E, F, G a r e  FK-spaces. I f  

e i t h e r  E o r  F i s  a OK-space ( re spec t ive ly  UB-space) then G i s  a 

OK-space ( re spec t ive ly  OB-space) . 
Proof. I f  E i s  a UK-space then qo*G = qo8 (E-F) = *E) *F = 'go 

E*F = G. The proofs a r e  s i m i l a r  f o r  the  o the r  cases.  

Proposi t ion 7. Suppose E and F a r e  FK-spaces. I f  both  E and F 

a r e  UB-spaces then (E + F) c (EaK + FuK). 

Proof. I f  xmE c F then x*EuK = x*qoeE C qo*F = FuK . 
Corollary. Suppose E and F a r e  FK-spaces. I f  E is  a OK-space 

and F is a UB-space then (E -t F) = (E + FuK) = ( E  -t FOB) . 



Proof. I f  F 3 qo then x • ‹F  c E implies x0qo C E. Thus, 

by Theorem 1, x € EaB . 
Although these  a r e  a l l  the  r e s u l t s  we give on m u l t i p l i e r s ,  t he re  

a r e  more ava i l ab le  f o r  " f ree" .  Simply a d j u s t  the  s ta tements  of those 

r e s u l t s  obtained above t o  be compatible with another  type of sec t ion .  

55. Some Applicat ions t o  Fourier  Se r i e s  

w 
Let C denote t h e  space of 2-n-periodic complex valued functions 

+ 
on R which have de r iva t ives  of a l l  orders .  For each k € 2 , we def ine  

t h e  semi-norm 

p k ( f )  = SUP sup 1D1f(x) I 
0 5 j 2  05x527~ 

j where D f denotes t h e  j-th de r iva t ive  of f. Under t h i s  co l l ec t ion  

w 
of semi-norms, C is a ~ r g c h e t  space. A d i s t r i b u t i o n  is a continuous 

03 

l i n e a r  funct ional  on C . The l i n e a r  space of a l l  d i s t r i b u t i o n s  w i l l  be 

denoted by 0. 

I f  F is a d i s t r i b u t i o n  and s a t i s f i e s  an inequa l i ty  of  t h e  

a2 

form I F ( u )  1 5 K ( I u / I ,  where u € C , K is a cons tant ,  and 11 * I [ ,  i s  

the  uniform norm, then F i s  termed a Radon measure and can be expressed 

a s  an i n t e g r a l  wi th  r e spec t  t o  some uniquely determined regu la r  Bore1 

2 -n 
measure m, v iz .  F(u) = lo u(x)dm(x) [ l o ,  p.1771. The space of Radon 

measures w i l l  be denoted by M. It should be noted t h a t  every f € L1(0 ,2~)  

1 2n 
can be i d e n t i f i e d  wi th  an element of  M by F (u )  = - j f (x)  *u(x )  dx 

h 
2-n 0 

1 
s ince  1- ~ * " f  ( X I  * U  (XI dx I 5 l / f ( [  IIuIl, . By 0 we s h a l l  denote the  s e t  

2n o 



A n 

of sequences o f  Four i e r  c o e f f i c i e n t s  F o f  d i s t h b u t i o n s  F. Here, F (n )  , 
I 

-inx 
t h e  n-th Four i e r  c o e f f i c i e n t  o f  F, is  given by F ( e  ) It can be 

A 

shown 0 is t h e  set o f  tempered sequences {x * kCZ+ : f o r  some n ,  

L e t  E b e  a l o c a l l y  convex ~ a u s d o r f  d space of  d i s t r i b u t i o n s  
A A 

def ined  by a c o l l e c t i o n  P of semi-norms such t h a t  E = {F : F C €1 is 
A 

a "K-space" de f ined  by t h e  semi-norms p (F )  = p(F)  , p C ?. A couple of  

remarks are i n  o r d e r  be fo re  proceeding f u r t h e r .  F i r s t ,  K-space r e f e r s  

t o  t h e  analogue o f  o u r  e a r l i e r  d e f i n i t i o n  wi th  sequences def ined  on Z 

+ 
r a t h e r  than  on Z . With t h i s  understanding t h e  concepts  o f  AB, AK, OK, 

n 

e t c .  can be  modified s o  a s  t o  apply t o  E. For example, he re  

'n I k l 5  
),ak . - Z 6k and O n =  ( l - n + l  

l k l r n  
A 

Second, t h a t  t h e  semi-norms on E a r e  wel l-defined.  I t  i s  shown i n  [ 7 ,  p.651 

t h a t  t h e  d i s t r i b u t i o n s  F and G a r e  t h e  same whenever F (n )  = G(n) (n  € 2). 

Let  E o K =  IF c E : F c E ~ ~ I  and EOB = {F c V : F c %*I. W e  say E is 

a OK-space i f  E = and E i s  a OB-space i f  E c EOB . We denote 

2 
by 2 ( r e s p e c t i v e l y  9. Mo) t h e  s e t  o f  Four i e r  s e r i e s  Z ~~e~~~ where 

n CZ 

h = h (n  C Z) and where i s  an element o f  q ( r e s p e c t i v e l y  q 
n -n o 

For t h e  convolut ion F*G of  two d i s t r i b u t i o n s  w e  have F*G = 
A n 

FOG ( 7 ,  p.731. Thus t h e  main r e s u l t s ,  when r e s t r i c t e d  t o  tempered 

sequences,  can e a s i l y  b e  t r a n s l a t e d  t o  spaces  o f  d i s t r i b u t i o n s  by r ep lac ing  

t h e  ope ra t ion  o f  coordinatewise m u l t i p l i c a t i o n  w i t h  convolut ion.  For 
A 

example i f  E is an FK-space then: 



and 

In  1937 Littlewood and Paley [12] proved t h e  f a c t o r i z a t i o n  

LI*L' (1 < p <a). Since < c l1 130, v.1, p.1831. and OK = 

p < m, t h i s  f a c t o r i z a t i o n  statement is  contained i n  (3.4) .  

In 1945 Salem [21] proved t h a t  i f  f  € C, t h e  space of 

1 
inuous 27T-periodic functions,  ( r e spec t ive ly  ) then t h e r e  e x i s t s  

a  sequence y such t h a t  yn = y-n (n  € Z) and (ynIncZ+ i s  p o s i t i v e ,  
h h 

concave, and increas ing t o  i n f i n i t y  such t h a t  f e y  C C ( r e spec t ive ly  

il) . 1 
Since C = CuK and f, = l1 these  r e s u l t s  a r e  contained i n  (3.4) 

OK 
- 1 

using the  f a c t  t h a t  i f  (in) C , then ( ) is  p o s i t i v e ,  concave. 
n 

and increas ing t o  i n f i n i t y  . 



Chapter 4 - Unconditional Sec t ions  

1 Int roduct ion  

This  chap te r  draws i t s  substance from John J. Sember's paper  

[23] w i th  t h e  except ion  o f  those  r e s u l t s  l i s t e d  i n  [17] ,  done j o i n t l y  

by t h e  p rev ious ly  mentioned au thor  and myself.  General f a c t s  concerning 

uncondi t iona l ly  bounded s e c t i o n s  a r e  e s t a b l i s h e d  i n  52. I n  93 w e  s e e  

t h a t  t h e  space of convergent sequences c i s  t h e  BK-space corresponding 

t o  bv and q o f  t h e  preceeding two chap te r s .  A s  wi th  t h e  o t h e r  kinds 

of  s e c t i o n  convergence, we o b t a i n  t h e  r e s u l t  t h a t  f o r  any FK-space E l  

= C *E 
E~~~ o UAB 

The f i n a l  s e c t i o n  conta ins  some miscel laneous examples 

and a c r i t e r i o n  a s  t o  when a sequence has uncondi t iona l ly  bounded s e c t i o n s  

i n  a convergence f i e l d .  

52. Unconditional Sec t ion  Boundedness 

We begin by plugging one of  t h e  two gaps remaining i n  t h e  diagram 

i n  Chapter 2,  92. 

Theorem 1. I f  E i s  a K-space, then 

k 
E~~~ 

= {X E w : z I x k f ( 6  ) I  < f o r  every f C E ' )  = E~~~~ . 

Proof.  By Mackey's theorem, Hex is  bounded i f  and only i f  

it i s  weakly bounded. Thus x C E 
UAB 

i f  and only  i f ,  f o r  each f € E ' ,  

k 
{ xkf (6 : F C 4) is  a bounded s e t  of complex numbers. This last  
kCF 

cond i t i on  is  equ iva l en t  t o  t h e  abso lu t e  convergence of z\f (gk) .  
k 

Cer t a in ly  t h e  abso lu t e  convergence of Cxkf(6 ) , f o r  f E E' , 

impl ies  Hex i s  weakly uncondi t iona l ly  Cauchy. Conversely, 
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i f  Hex is weakly uncondi t iona l ly  Cauchy and U is any weak neighborhood 

o f  0 ,  t hen  t h e r e  is  a s e t  F E @ such t h a t  xF = h *x  C U whenever 
0 F 

F ~ F ~ = $  and P C ) .  lat A =  {xG : G c F ~ }  ; then  A is f i n i t e  and, 

Thus t h e  set o f  a l l  xF is  weakly precompact which is equ iva l en t  t o  

bounded in a l o c a l l y  convex Hausdorff space.  

The cond i t i ona l  c a s e  f o r  a K-space E is i n  gene ra l  r e l a t e d  

by EFAK C EAB , and t h e  i n c l u s i o n  is proper  a s  is i l l u s t r a t e d  by example 

5,  94. 

Corol la ry .  Let x be  any sequence w i t h  uncondi t iona l ly  bounded s e c t i o n s  

in a K-space E. Then x has t h e  p rope r ty  FAK. 

Completing t h e  p rev ious ly  mentioned diagram, w e  next  observe 

t h a t  i f  a sequence w i t h  uncondi t iona l ly  bounded s e c t i o n s  has s e c t i o n  

convergence i n  t h e  weak topology, then  t h i s  convergence is uncondit ional .  

Theorem 2. I f  E is a K-space, then  - 
'UAB "SAK - 'USAK ' 

Proof.  I f  Hex is bounded and ~~6~ converges weakly to x, 

t hen  f o r  E > 0 and f € E '  we can choose N € Z+ s u f f i c i e n t l y  l a r g e  
N k 

s o  t h a t  ? l ~ ~ f ( 6 ~ )  I < 9/2 and 1 f  (x)  - L xkf (6 ) 1 < E/2. Then 
k=N+ 1 k= 1 

i f  F i s  any f i n i t e  subse t  of  t h e  p o s i t i v e  i n t e g e r s  conta in ing  {112,.. . ,N ] ,  

we have 



is immediate us ing  Theorem 1. 

+ 
Lemma 1. The convex h u l l  o f  Hex, where x is  any sequence ,  is  C *x. Q, 

k 

Proof.  I f  y  E ~ { H * x }  then  y = L U . h ( j ) . x  where p .  2 0 
j=l 3 3 

k 
f o r  each  j  = 1 , 2 , . . . , k  and Z pj = 1. L e t t i n g  F = F U F2 ... U F~ , 

1 
j-1 k 

where F = i n  : ( 1  = 1 ,  and = 
j hn 

Z { p j  : n CF.}, w e  can w r i t e  
n  

j=1 3 

+ 
y = e x 6", where 0 5 A 5 1 f o r  each n. Thus y E C Ox. 

n  EF n n n Q 

Conversely i f  y = 1 A x  €in w i t h  0 5 A 5 1 and F is  f i n i t e ,  then  
n€F " n 

t h e  An can be arranged s o  t h a t  0 5 An ( l )  zkAn ( 2 )  - c . . . C An (k) 5 1 
k & n ( i )  + 

) E x  
6n( i )  + 

and we can w r i t e  C x 
= 'n(1) i=l n ( i )  ( A n (  j-1) i = j  j=2 n ( i )  

l - n k O  which is  i n  t h e  convex h u l l  o f  Hex. 

Propos i t ion  1. I f  E is a K-space and x i s  any sequence, t h e  follow- 

i n g  are equiva len t :  

(i) x has uncondi t iona l ly  bounded s e c t i o n s  i n  E; 

+ 
(ii) C@*x is bounded i n  E; 

(iii) C * x  is bounded i n  E. cp 

Proof.  In  view o f  Lemma 1 it s u f f i c e s  t o  show (ii) = (iii). A s  

+ + + + 
C *x  c C,*x - C,*x + i C  * x  - iC,*x we a r e  done; s i n c e  i n  a  l o c a l l y  convex 

4 Q, 

space  s c a l a r  m u l t i p l e s  and f i n i t e  sums o f  bounded sets a r e  bounded. 

The nex t  r e s u l t  is t h e  analogue i n  t h e  uncondi t iona l  s e t t i n g  

o f  Corol la ry  1, Propos i t i on  4 ,  Chapter 2. 

Propos i t ion  2. Suppose E i s  a l o c a l l y  H-invariant  K-space. Then t h e  

fo l lowing  a r e  equ iva l en t :  



(i) x EUAK ; 

(ii) x € ESAK ; 

(iii) x has  t h e  proper ty  AD. 

Proof.  (i) (iii) fol lows from Propos i t i on  1, Chapter 2. I f  

x € E  
SAK 

then  x belongs t o  t h e  weak c losu re  o f  {pn*x}; hence t o  t h e  

+ 
weak c l o s u r e  o f  ~ { H * x )  = C l * x  Since t h e  c losu re  i n  t h e  o r i g i n a l  

topology and t h e  weak c l o s u r e  of  convex sets ag ree  i n  a l o c a l l y  convex 

space,  x has  t h e  proper ty  AD and s o  belongs t o  EUAK . (i) = (ii) 

is c l e a r .  

Corol la ry .  Le t  E be an FK-space such t h a t  E c EUAB . Then 

EM = E 
UAK ' 

That t h e  converse o f  t h e  above c o r o l l a r y  i s  f a l s e  is i l l u s t r a t e d  

by t h e  example fol lowing Corol la ry  2,  Theorem 3, Chapter 2. 

53. Sequent ia l  Completeness 

W e  have j u s t  seen  t h a t  under o rd ina ry  circumstances Hmx 

+ 
bounded imp l i e s  Caox is bounded. I f  E i s  s e q u e n t i a l l y  complete much 

more can be s a i d ,  as t h e  fo l lowing  r e s u l t  p a r a l l e l i n g  P ropos i t i on  6, 

Chapter 2 guarantees .  

Theorem 3. Let  E be a s e q u e n t i a l l y  complete K-space and l e t  x 

belong to EUAB . Then C * x  is  bounded i n  E and Coox C E o UAK . 
Proof.  Suppose Hex is bounded i n  E. Le t  0 C Co and 

p a cont inuous semi-norm on E. By P ropos i t i on  1 C@*x is  bounded, 

s o  t h e r e  e x i s t s  M > 0 such t h a t  p ( t 0 x )  < M f o r  each t € C@ . 



where rl' C C . Therefore 

and, s i n c e  rl C Co , it fo l lows  t h a t  (Pn ( Q * x ) )  is  a Cauchy sequence 

i n  E. A s  E is  a s e q u e n t i a l l y  complete K-space P n * x  must 

converge t o  q*x. Thus every element of  C * x  is  conta ined  i n  t h e  c losu re  
0 

o f  t h e  bounded s e t  C OX. Since  E i s  l o c a l l y  convex it fo l lows  t h a t  @ 

Coax is bounded. Now l e t  E > 0 be given.  Since P,(q0x) + q * x  w e  

+ 
can f i n d  N C Z such t h a t ,  f o r  n F N ,  

and 

Then i f  F i s  any f i n i t e  s u b s e t  of  p o s i t i v e  i n t e g e r s  c o n t a i n i r ~ g  

{ 1 , 2 , . . , ~ ,  we have 

and t h e r e f o r e  q m x  C EUAK . 
Corol la ry  1. Let  E be a s e q u e n t i a l l y  complete K-space. I f  

~ l f ( 6 ~ ) l  < m  f o r e a c h  f C E ' ,  then c O C E .  



Proof.  The cond i t i on  11 f (6k) ( < ' is c l e a r l y  t h e  same, from - 
Theorem 1, as Hee is bounded i n  E. 

Corol la ry  2. An PK-space E con ta ins  c i f  and only  i f  2 1 f (6k) I < 
0 

f o r  each  f € E'.  

Proof.  The s u f f i c i e n c y  o f  t h e  cond i t i on  is  g iven  by Corol la ry  1. - 
The neces s i ty  fol lows from t h e  f a c t  t h a t  t h e  r e l a t i v e  topology o f  E on 

c is weaker than  t h e  usua l  supremum norm topology on c [26, Cor.1, 
0 0 

p.2031 and Hee being bounded i n  c w i t h  t h e  usua l  topology. 
0 

Corol la ry  3. Suppose E is an FK-space. E is a conserva t ive  conu l l  

space i f  and only i f  ' E~~~~ ' 

Proof.  By d e f i n i t i o n ,  E i s  conu l l  i f  e € ESAK . I f  c c E 

then  Corol la ry  2 imp l i e s  e € E The n e c e s s i t y  now fol lows from Theorem 
UAB . 

2. Conversely, E~~~ 
y i e l d s  E i s  a conserva t ive  conu l l  space ,  

by appeal  t o  Corol la ry  1 and t h e  d e f i n i t i o n  of  conu l l .  

Theorem 3 a s s e r t s  t h a t  ComE c E i n  a s e q u e n t i a l l y  complete 
UAK 

K-space i n  which every element has uncondi t iona l ly  bounded s e c t i o n s .  I f  

E i s  an FK-space , we have 

P ropos i t i on  3. Let  E be an FK-space i n  which every element has uncon- 

d i t i o n a l l y  bounded s e c t i o n s .  Then Co0E = EUAK . 
Proof.  The i n c l u s i o n  Co0E c E fo l lows  from Theorem 3. 

UAK 

Lenm 1, Chapter 2 s a y s  EAK c Bo0E. Since we always have E~~~ E~~ 

and Bo8E c CoeE, t h e  r e s u l t  fol lows.  

P ropos i t i on  4. Let  E be a s e q u e n t i a l l y  complete K-space and l e t  

x C E ll E~~ . Then c - X  c E fl E~~~ . X 

Proof .  I f  T t C A I  we can w r i t e  r = L e e  + 11, where I L I  5 1 

and 11 C Co . Thus T - x  = Lx + 11-x. But Tl*x t EUAK by Theorem 3 and 



' E~~~ 
by hypothes is ,  and t h e  r e s u l t  fol lows.  

Since it is always t r u e  t h a t  E c CXoE, we then  have 

Corol la ry .  I f  E is a s e q u e n t i a l l y  complete K-space i n  which every 

element has  uncondi t iona l ly  bounded s e c t i o n s ,  then  E = cE. 

The nex t  theorem shows t h e  converse of t h e  above c o r o l l a r y  

ho lds  i n  an FK-space. Thus we w i l l  have e s t a b l i s h e d  t h a t  c is t h e  

a s s o c i a t e d  BK-space f o r  t h e  s e c t i o n  o p e r a t o r s  H i n  t h e  same sense  

t h a t  bv corresponded t o  P i n  Chapter 2 and t h a t  q  corresponded t o  

u i n  Chapter 3. 

Theorem 4. Let E be an FK-space. The fo l lowing  a r e  equiva len t :  

(i) E i s  l o c a l l y  C - i nva r i an t ;  X 

(ii) E = c*E; 

(iii) ~ l x ~ f ( 6 ~ ) l  < w  f o r  every x F E ,  f  CE'; 

( i v )  E c EUAB ; 

(v)  Hex is bounded f o r  every x C E. 

Proof. The equivalence of (iii), ( i v ) ,  and (v)  fol lows from 

Theorem 1, and t h e  c o r o l l a r y  t o  Propos i t ion  3 shows t h a t  ( i v )  (ii). 

I f  E = c m E ,  then  f o r  each x i n  E t h e  l i n e a r  mapping Tx 
: c + E  

def ined  by Tx(T) = T0x i n  cont inuous by t h e  c losed  graph theorem. 

Consequently it maps bounded s e t s  on to  bounded s e t s ,  s o  t h a t  Tx(H) = Hex 

is  bounded i n  E f o r  every x i n  E. Thus (ii) ( i v )  . A s  (i) = (ii) 

is c l e a r ,  it remains to show t h a t  (ii) = (i) . For each T in CX 

t h e  l i n e a r  mapping ST : E + E def ined  by ST(x)  = T - x  i s  continuous 

by t h e  c losed  graph theorem. The proof of  (ii) = ( i v )  shows t h a t  

CA*x = Tx(CX) is  a bounded s u b s e t  of E f o r  each x i n  E. S ince  any 
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pointwise bounded c o l l e c t i o n  of  continuous l i n e a r  mappings from a 

b a r r e l l e d  space i n t o  a l o c a l l y  convex space i s  equicontinuous, E i s  

l o c a l l y  C inva r i an t .  X - 
Corollary 1. Every sequence i n  a s o l i d  FK-space has t h e  property UFAK. 

Proof. S o l i d  implies c- invariant .  

Corollary 2 .  I f  E is a s o l i d  FK-space, then EUAK = C 'E. 
0 

Proof. This follows from Proposi t ion 3 and Theorem 4. 

Corollary 3. In  a c- invar iant  FK-space, t h e  s e r i e s  lxksk converges 

weakly i f  and only i f  it converges uncondit ionally.  

Proof. Theorem 4 implies E is  l o c a l l y  H-invariant. Proposi t ion 

2 now gives  t h e  r e s u l t .  

Lenmda 2 .  L e t  (E,T) be a K-space. I f  x has unconditional sec t ion  

convergence i n  E I then x has unconditional sec t ion  convergence i n  

mHB.PH) E P ) .  (Notation is made c l e a r  by Theorem 1, Chapter 2 ) .  
(E"* ' H 

Proof. Let  x € EUAK I p € P I  and E > 0. There e x i s t s  

Fo C @ such t h a t  i f  F € 4 and F 7 Fo , then p(hFex-x) < &/4. 

If  G € (3 and G fl Fo = 0, then 

= p(%,-xF where F'  3 Fo 
0 



2 sup p ( h l * x )  < 2 * ~ / 2  = E . 
h'€H 

hn-0,kCF k- 
0 

Thus EUAK C (E 1 
UAB UAK ' 

W e  are now ready t o  prove t h e  unconditional r e s u l t  analagous t o  

Theorem 4 ,  Chapter 2 and Corollary 1, Theorem 2, Chapter 3. 

Theorem 5. Let E be an FK-space. Then 

k 
{x C E : EX& is subser ies  ccnvergent) = c *E 

0 UAB ' 

Proof. I f  x C EUAB , then 

Sup pg(ha  0x1 = sup sup p ( h * h ' * x )  = sup p ( h l * x )  < w,  
h ' €H h'€H h€H h '  CH 

and s o  EUAB i s  an FK-space (corol lary  of Theorem 1, Chapter 2) wi th  

t h e  property UAB. Applying Proposit ion 3 to  EUAB , Lemma 2 t o  

(EVAB)UAK * and Theorem 3 t o  E 
UAB ' w e  obta in  

- - 
'0 O E u m  

X E  3 C 0 0 E U A B .  
(EUAB)UAK UAK 

I n  a sequen t ia l ly  complete K-space Ex 6k i s  unconditionally convergent 
k 

i f  and only i f  it i s  subse r ies  convergent rcf.7, p.781; whence t h e  r e s u l t  

follows. 

Corollary. If E is  an FK-space then EmK is s o l i d .  

F ina l ly  w e  observe t h a t  i n  a weakly sequent ia l ly  complete K-space 

t h e  property of having unconditionally bounded sec t ions  is espec ia l ly  



Theorem 6. L e t  E be a weakly sequent ia l ly  complete K-space and l e t  

x be any sequence. Then x has uncondit ionally bounded sec t ions  in 

k 
E i f  and only i f  Exk6 converges t o  x uncondit ionally 

- 
Eum - E ~ ~ ~ )  ' 

Proof. I f  Hox is  bounded then Hox is weakly 

i n  E ( i . e . ,  

Cauchy, from 

Theorem 1. It follows Pox is weakly Cauchy, hence weakly convergent 

t o  x. By Theorem 2 z\dk = x weakly uncondit ionally and, s ince  E 

i s  weakly sequen t i a l ly  complete, zxksk is weakly subse r i e s  convergent 

[cf .7,  p.781. By t h e  Or l i cz ,  P e t t i s ,  Grothendieck theorem xxkdk is 

subse r i e s  convergent, hence uncondit ionally convergent, t o  x i n  t h e  

o r i g i n a l  topology. 

94. Examples and Applicat ions i n  Convergence F ie lds  

Given an i n f i n i t e  matr ix A = ( a  ) with complex e n t r i e s  it 
nk 

is poss ib le  t o  make 

i n t o  an FK-space by l e t t i n g  t h e  following semi-norms generate i t s  

topology : 

(ii) g ( x )  = sup I 1 a I 
r f ~ +  k=l  nk k 

c is  c a l l e d  t h e  convergence f i e l d  of  A and has been widely s tudied .  
A 



Of s p e c i a l  i n t e r e s t  a r e  t hose  ma t r i ce s  w i t h  t h e  "mean value 

property".  A conserva t ive  mat r ix  A i s  s a i d  t o  have t h e  mean va lue  

p rope r ty  (MVP) i n  ca se  

r 
B - {X C cA : sup  + I z ankxkI < "1 

n,rCZ k = l  

f i l ls  up cA . Bennet t  [2] and Sember [22]  showed independent ly t h a t  

B = {x € cA : x has bounded s e c t i o n s  i n  cA). Thus A has  t h e  MVP 

i f  and only i f  cA c ( c ~ ) ~ ~  . 
The above cons ide ra t ions  l e a d  t o  a "s t rong  mean value property".  

The conserva t ive  ma t r ix  A is  s a i d  t o  have t h e  s t r o n g  mean va lue  proper ty  

(SMVP) i f  

u = {x  c c . sup  I L adxkl < a )  
A ' FCQ kCF 

n ~ z +  

f i l l s  up CA . 
Propos i t i on  5. ( cA) UAB = { x C w : s u p I C  a x I < m ) .  

FC@+ kCF nk k 

n CZ 

Proof. Le t  x f w. Then - 
a 

(4.1) SUP I z ankZ(  ' SUP sup+ I a n k ( h * x ) k )  
FCQ ~ C F  ~ C H  nCZ k = l  

and t h e  r i g h t  hand s i d e  of  (4.1) is f i n i t e  i f  and only  i f  A{H-X) is  

bounded i n  c .  Thus it i s  s u f f i c i e n t  t o  show t h a t  A{H*X) be ing  bounded 

i n  c is equ iva l en t  t o  Hex being bounded i n  c 
A 

As any mat r ix  map 

between FK-spaces is continuous a s  wel l  a s  l i n e a r  126, Cor.5, p.2641, 

it fol lows t h a t  t h e  boundedness o f  Hex i n s u r e s  A{H*X) is bounded. 

Suppose A{H*X) is  a bounded s u b s e t  of  c .  We must show t h e  semi-norms 



of types  (i) , (ii) , and (iii) a r e  bounded w i t h  Hex i n  t h e i r  arguments 

t o  conclude t h e  proof .  That A ( H ~ X )  is bounded i n  c i s  p r e c i s e l y  t h e  

same as sup p ( h e x )  < m, and lxnl s e r v e s  as a bound f o r  t h e  lnnl of 
h CH 

type  (i) . Since 
- 

(4.2) sup % ( h e x )  = sup  sup+ 1 a* ( h e x )  1 = sup I f a* (box) 1 , 
h CH hCH r C Z  k = l  hCH k= l  

and (4.1) is  a s s u m d  t o  be  f i n i t e ;  (4.2) is  c e r t a i n l y  f i n i t e .  

Corol la ry .  The conserva t ive  mat r ix  A has  t h e  SMVP i f  and only  i f  every 

element of  c has  the prope r ty  UAB. 
A 

Examples : 

1. Le t  A b e  t h e  ma t r ix  wi th  a l l  z e ro  e n t r i e s .  Then c = ~AI and A 
A 

has  t h e  SMVP. 

2. Le t  A = I ,  t h e  i d e n t i t y  matr ix.  Then c = c and A has  t h e  SMVP 
A 

3. I t  is  we l l  known t h e  (C,1)-matrix 

has  t h e  MVP [ c f .  25, p.3461. However t h e  fol lowing cons t ruc t ion  due t o  

Al len  R. Freedman shows a " la rge"  p o r t i o n  o f  c = ~ e s s r o  s u m a b l e  
A 

sequences has t h e  p rope r ty  UAB, while A does n o t  have t h e  SMVP. 

m 
Le t  t € c  and a C R  n c A .  C lea r ly  t e a  C $. I f  tn + L 

then  (tn-L) € co and ( tn-L)*a  C c . Thus t e a  = (t  -L) *a + La 
o n 

OD OD OD 

i s i n  c + c  c c  
0 A A -  

This  shows c - ( R  n c ) = R f l  c A  . Since R n c A  
A 

m 
is an  FK-space, Theorem 4 shows 11 n c A  is a UAB-space. A s  t h e  



w w 
topology o f  cA r e s t r i c t e d  t o  L fl c A  is weaker than R n c A 1 s  

w 
F K - ~ o ~ o ~ o ~ ~ ,  R n c A = ( C ~ ) ,  

. To c o n s t r u c t  a ~ e s s r o  sununable sequence 

b wi thout  uncondi t iona l ly  bounded s e c t i o n s r  l e t  a be  a nondecreasing 
a 

n p o s i t i v e  sequence converging to  i n f i n i t y  w i t h  - converging t o  0. 
n 

Le t  b = (bn) where b = (-1) n+l  a f o r  n =  1 , 2 , .  .. . Noting t h a t  
n n n 

lbnl an 
n I: bkl c -- - - + 0 it is apparent  t h a t  b C cA , i . e .  is  ~ e s i r o  

k = l  
n n 

n+l  -3 s h n a b l e .  Define d = (dn) by d = (-1) a f o r  n = 1,2  ,... . 
n n 

Then dn + 0 bu t  d e b  = (Gn) cannot  be i n  c s i n c e  any monotone 
A 

~ e s i r o  summable sequence i s  convergent.  

4. Le t  

- 
c has Schauder b a s i s  { ~ , 6 l , 6 ~  , . . . I  where u = (n)  . c = c @ u and 

A A 0  - 
= c [25, ex. 3, p. 3441. C lea r ly  A has t h e  SMVP, t h e r e f o r e  c 

( C ~ ) ~ ~ ~  0 A 

has t h e  proper ty  UAB; hence c i s  l o c a l l y  H-invariant.  W e  deduce, 
A 

by Propos i t ion  2, t h a t  - 
( 'A) UAK - ('A'SAK . 

5. Le t  



Since  A is  conse rva t ive  F = B n I where F = 

B =  c f l  ( cAIAB,  and I = {x t c A :  C x a  e x i s t s ;  a k =  l i n a  1 
A k k  nk 

n 
[26, Lemma 4.3, p.331).  I t  is e a s i l y  checked t h a t  f o r  x = (1, -1, 2, 

2 4 4 8 - 8  ) ,  x C B-I. Thus (cAIFAK C + (c,), [28, p.271. 

6. A sequence i n  
( c ~ ) ~ ~  

bu t  n o t  i n  
( c ~ )  UAB 

. Note t h a t  x t (cA)= 

i f  and only  i f  A(Pn0x) -t Ax i n  c [ 3 ,  Thm.1, p.1071. Thus f o r  

and x = (1, -2,  3.  -4, ...) w e  have x C (cAIAK . Since  A{H*X} i s  

7. There are many BK-spaces having t h e  p rope r ty  o f  uncondi t iona l  

s e c t i o n  boundedness, i.e. c - inva r i an t ,  t h a t  a r e  n o t  s o l i d  [91. For 
- n 

example. lol 1 = {X C w : t h e r e  e x i s t s  L 

n - 1 
is such a space  w i t h  llxll = s u p n  C 

1'11 n k= 1 

such t h a t  n-' E 1 X*-L I -t 01 
k= 1 

I xk 1 . I is c l e a r l y  a 

UAB-space and ( l , O , l , O ,  .. . I  = ~ l , O , l , O , . .  . ) *e is  n o t  i n  lol 1 s o  

lull i s  n o t  s o l i d .  
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