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CHAPTER I .  INTRODUC,'TION 2 

a.tl~c!c:t~io~l t,o C:oriolis cfft?ct.s2. R is sm;~ll for ;~tnlosplicsic flows, alitl provitlcs tho t l i s t , i~~ct , io~~ 

of leatlil~g ortlcr R = 0 and first corrcc:tion, R << 1 a~~a.lysis. 

Tllc Ic t~ t l i~~g  ortlor cquat, io~~s i~~clut le  tllrcc typcs of solut io~~s - lil~car gravit,y illid R.oss1)y 

w~I.v(:s? il11~1 X O ~ O  fr(x111(:1icv l ) d i ~ i t : ~  solution. Gril.\:it,~l W ~ V C S  ~ ) r ( ~ l ; l . t ~  t , l i~  rSFV c q i u ~ t i o ~ ~ s  [4], 

i111tl their proscnc:c: is witlcsprcatl, from ripplcs OII a pond to siniilnr cffccts in tlle iltl~~o~l)ll(!r(: 

ovor i k  largor sc:a.lc. Ross1)y waves call IN o1)servetl as strictly westerly propa.gat,ing long 

wilvc~s i l l  tllc 11])1)(?r i~.t.lmsl)llc!rc, and wcrc tlisc:ovorotl W ~ I C I I  ROSSI)~ i~~tro( l l~cod the :/j-l)li~l~(> to 

c~)mpc:nstlto for t.11(\ c:11;111gc i l l  Coriolis ~)nr;u~ietcr with lat,it,utle [ I l l .  Lcatli~rg ortlw I)i~.lt\l~(:(:tl 

flow is rc:(l~~c:c:tl to t l ~ o  cl~~i~sigoost,rol)l~ic: (QG) nloclcl, first proposctl by C ~ I I I ~ I C Y  i l l  1948 [I] ,  

wit,l~ tllc l)sol)(:rt,y of ;~r(,;~-;~\f(:r;~gt>tl sy~~i~~lc:t,ry i l l  t.11~ p r i ~ ~ ~ i t ~ i v c  writd)Ios ( sw S(x:t,io~l :<.2.4). 

\rostic:it,y s~~11111iot~rv is rr%;lil~c'(l i l l  I I I I I I I O ~ ~ ( . ~ ~ ~  ~o l l i t ~ io~~s :  wit,li t,li(: sy~~~l~ l ( \ t , r i t :  ~ \ I I I ~ ~ ~ c I I ( : ( :  o f  

( ~ ) l i ~ : s c ~ ~ t ~  vort(x s t r ~ ~ ( ~ t ~ i r ( > s .  i l l  1)otIi 1 . 1 1 ~  cyclo~iit: ~ i ( l  ; u~ t i ( y lo~~ i ( :  (Iis(x~tio~is, fro111 t11r1)11h1t~ 

i ~ ~ i t i i l l  c :o~~(l i t , io~~s ['i]. Nlllli(>rit:al evolutio~i of t11c f111l rSW c'cluatio~is c!sliil)it,s n I)rc:tklowl~ 

O f  f I l ( ?  vortic:it,y ~~:111111(~tr)~ I ) ( ' ~ \ \ : ( Y I I  (.)f('IO~i(\s i l l i t I  illif,i(.)floli(:~: i l l  il I I i i l I I l I ( ? l '  01)1)osit(! to i l l ( ?  

at,~i~osl)l~(:sc [12]. 

111 tllis s t~l( ly  wcl ;~tltlrctss two c:ol~lplic~;ltiol~s tlint ark(> i l l  ;m;dysing sS\V l)c?yo~~tl lcatl- 

illg ostler. Tl~c: first is t,lic. i~ic.rcasctl oldor o f  ~wgligil)lc tcr~iis, fl-on~ 1)oth t,l~c i~(l(lit,iolli-ll 

t~~\\~o-tli11io1isi01ii\1 rost,ric:tiolls, i ~ 1 1 ( 1  f ~ ~ r t , l ~ c r  sil~il)lifitatiol~ of' tali(: ( : I I I . V ( X ~  Ei~l't,l~ witli C : i l ~ t ~ ~ i i ~ l i  

(:oortlilintc.s. Uotli arc: tlr;dt witli c:arc!h~lly i l l  tllic. tlvrivatioli i l l  Cl~iq)t,(:~. 2. Tlic fos l~~cr ,  

I ) v  (:iLl'l'~7illg i l I I  ll(!glifil)l(' ~(:ilI(!s 1)(1)f011(1 t110 tl .il(litiOll;ll  ~,yllO])ti(' il . l l(I  111(:~0~(:111C il~~llllll)tiOll~ 

t 111~o11gli t,Ii(! (1~ivi\.ti011~ ; ~ i ( l  ~ ~ I t , i ~ i i i ~ t ( > l j r  (Ivt,(w1ii11itig t,l~oir sc(i~~irc(l o r d c ~ .  'Th(! I;lt t ,(:~ (:xl)loits 

t11c r t~S(~c~~t : t :  i n ( I c ~ ~ c ~ ~ ( l c ~ ~ t ,  11;l.t~11rc of' tlw rS\,\: v;lriill)lcs! an(l a11 ol) l iq~~c coor(Ii11i1.t~ syst,cnl is 

(1~f i11~d t,o 111i11in1izt: rcsi(11d ter111s in t:11e flat, t>ilrt11 :l.])l)roxi~~~il.tio~i. 
r 7 I IN: sc:c:o~~tl is t l ~ c  ilitcm-clatiol~ l)et.wcx:l~ flow types, wlloro c-:vc!l~ S I I I ~ I I I  g r i ~ v i t ~ ~  WHVC ~011- 

t,sil)utio~ts (:oIII(I i~lviili(lat,(: a l)i~ltl.~~(:(:(l I I I ~ ( I ( > I  [Is]. S i~n i I ;~ r l~~ ,  ;W C X ~ ) ; L I I ~ ~ O I I  o f  t11c I ~ I I ( > ~ L S  IWVC 

t ~~~~~~~~v c:ollltl il~t:lmIc I I I I \ \ ~~ I I I~ ( : (~  I)alri~~c:ctl soll~tions. 111 t,his s t l ~ l y ,  w? c:ol~sitl(:r t8wo ~notlcls 

wllcw Iloiv I)cI~aviour renlni~~s clisti~~ct. A bnl;u~ccrl ~llotlol tlovoitl of gravit.y wave Ix:l~ilvionr 

is ol)t.i~il~t:(l ill ill)l)l\li~lg the gc~icrid QG f o r n ~ r ~ l a t i o ~ ~  of [!I] to rS\;\'. A grnvit~l i\wvc: n~otlcl 

tlovoitl of l)aliu~c:otl How nrisc-s ill thc c:;~sc of  mif form 1)otcntin.l vortic:ity [S]. Full tlcfinitions 

Of (!il(:Il l l l O ( l ( ~ ~  :lN: giW11 ill c!llil])t,(?r :$. 



1.2 Thesis Overview 

Cliaptcr 2 c:oiars n tlcl'ivat,ioli of t,ho Rotatilig Sliallow \Vatcr (!(l~li~t,iolls f r o ~ i  tile priniitivc 

Navic.r-Stokcs (:(11li1t,iol1~. Tllc tloriwt,ion is ~ i l i i q ~ w  i l l  tllilt tlic (x l~ l i~ t io~ l s  ilre (Ies(:rilxxl using 

oI)li(111c s ~ ) l ~ w i c ~ ~ l  ~ :oc>r ( l i~ i i~ t ,~?~!  w11cx: thc: plalic of o r i g i ~ ~  is :I t,ilt,c(l c(p~at,or! a s  o p ~ ) o s ~ x l  to  

~ t . i ~ ~ i ( I i ~ r < l  coi)r(lil~a.tc~s \ \ l l i ~ r ~  t>llc p l t 1~1~  of or igi l~ is t . 1 ~  ( 3 ~ l ~ ~ i ~ t , o r .  This  i~i(:rt: i l~(>~ t.11~ order of 

xc.1lr;tc-y in t . 1 ~  flat cartali i t p p r o x i l l l i ~ t i ~ ,  Sect,ioll 2.3.3. iwtl minilnizcs t,lio cff(v:t of absolutc 

positioll 011 tlw rcxininisig sphcricnl variables; Sec:t.ioll 2.2. Tllc: 1iegligi1)le s cdcs  dcfining tlic: 

t,wo-tli~ric:~isiolid rSW solrlt.io11 sc:t. arc: c:arc~fi~lly carricxl tllro1111;li tlic ( I ~ r i v i ~ t i o ~ ~  i l l  Sc!c:tion 2.3: 

mid tllcir l i i i ~ ~ i l l i ~ l l ~ i  s(:i\lc! s i x  is (Ic!tc:rllli~lc~cl rc!li~tivc: t o  il ~ i ~ r i i ~ . l ) l ~  s y ~ t ~ ~ l l l  o~'(I(:r of iL(:(:liril(:\r. 

111 Cllwptcr 3 wct colisielcr tho rclnil.ining s<:;llcs a s  rcl;~t,ccl l o  tllc: R.ossl)y 11111111)(!r, R. Tlic 

full rS\,V c>clui~tiolls arc  givoll? nlltl arcs i ~ ~ t o g r a l  c:oiisvrvatiol~ 1)rol)c'rtic:s i1r(' e1osc:riI~c:tl. Tliis 

~)rovi t l (~s tlic! sl:r~ic:t~~lrc! for tlio toxt1)ook lcatlilip, ortlor iui(l (l(q)(:r first; (:osrv~:t,io11 illit~lysis. At 

lw(li11g o ~ l c r ,  lin(:ar gravit,y i ~ i ( 1  I<ossI)y ~ a v c s  ~ i ( l  liolililicx c ~ ~ ~ ~ ~ s i g ( ? o s t , r i ) ~ ) l ~ , ~  iLsc! rcw)vvrv(l. 

!it first c:orrc!c:t,iolis, gri1vil:y \\liIvc:S iIrO cwlisitlorotl for tllc. ~)rcq)osc:tl ~lliiforlli ~)ot,(\lltial vorticity 

fi)rlli~lilt,ioli, t ~ l l c l  trw.vollilig \iv~vc so l~~ t io l l s  arc: tlisc:~lsscltl. Tlic first corrcctioli QG ~iiotlcl is 

s ~ ) c ~ c ~ i f i c ~ t l ,  i ~ l i t l  t,lie isrcw ilitcgsd w1isvrvat,ioli ~)rop(>rt i (>s ill.<: rcvisitt:(I. 

Cliaptor 4 o11tlilic.s t , h ~  ~i~ll~l(:ri(:ill i l l l l ) l ( : l i i (~l i t . i l t , io l i  o f  tlio l ~ l l t ~ l i ( : ( ! ( l  1111(1 \\rilVc: I I I O ~ C I S  

1)rol)osctl i l l  tlic l)rcvio~ls cliapt,cr. Dctilils in tllc: alq)lic*i~.t,io~i of slwc:t,raI 111ct,1io(ls! il~t.(!gri~.ti~lg 

fi~cfor ~ ~ c f I i o ( I s  nncl t,l~ir(l or(lcr Atl;~~~is-BashfortII ;uid R~~l~l?;c-I<~lt , t t~.  ~~ ic t l i o t l s  arc  givc11. 

Nrl~ncx-ic:d ~t i lbi l i t~y m c l  spcc:t.rnl rcsolutioli a rc  c w s ~ ~ r c d  in c:hoosing ill1 i ~ l ) l ~ o l > r i ; ~ t c  time 

s tcp  a ~ i t l  art.ific:ial tliff~ision ~>nra l l~c tcr .  Convc:rgc~lc:c is wrificxl with osac:t solutiol~s wllorc: 

1)ossiI)lc. 

Cll;~ptcr 5 proviclcs details i1.11tl rcsults fro111 tllc rSW ()G ~~lirlic!ricd ox~)c r i~ l~c~ l t . s .  Q la l -  

it.w.t,ivc! ;~.~ii~lysis s l~ows  illc:rwsc!tl ~)otoliti;d vorticity i ~ ~ ~ t i c y d o n c  intollsity \\lit11 2, siliiilar t,o 

t l ~ ?  filltlillgs for vorticity ill [12]. F ~ ~ r t ~ l i c ~ r  cl~lalit,itat,ivo allalysis ri:vc:& ;I liliot~r t,rc~i(I l)ot\v(wi 

t , I iv i i i d i i ~ ~ i  pot,c:l~t,id vixticit,y i11id 'R,. 

CJli;~l)t.c'r ( j  ~)rovi(lcs a. s1llilninry of t,Iic o~ltc:ol~ios of' i his projcc:t,, illit1 s~lpgcst,s a . r ~ a s  for 

fllt,llr(~ \vor1<. 



Chapter 2 

From Navier-Stokes to  Rotating 

Shallow Water 

2.1 Navier-Stokes Equations 



ClHnPTER 2. FROAT 1VAVIER.-STOKES TO ROTATING SHALLOW WATER. 

2.1.1 Rotating Reference Frame 

Tllo id)ovc: for111 o f  th(: Nilvicr-Stokes c>cl~lilt,iolls clesc.ri1)c.s 111ot,io11 i11 a n  incrtial (non-rot,at,ing) 

rof'(?rc:lic:c: fri~,~llc>> wllilc ~ n c ~ i i s ~ l r c l n c l ~ t , ~  t,i~.k(!ll 011 E a r t h  arc? s~~l) joc: t  t,o t11c c\ff(:c,ts of tlic rotjat,ing 

pln~lck. Velocity ~ncnsurct l  wit11 rc!sl)c:ct t.o a rckrc:~lc:c: f ~ i ~ l n o  rota t ing wit11 n l ig~ l l t~ r  vo1oc:ity 

6 is r01atod t o  vclocit,y ~neasmcxl  within all iuer t i i~l  frilluc b y  adding the v~Io( : i ty  of the 

rc!forcl~c:c S~i~.ln(: itself [IO]: 





CHAPTER 2. FROM IVA VIER-STOKES T O  ROTATING SHALLOW W A T E R  7 



CHAPTER 2. FRWM NAVIER-STOKES T O  ROTATING SHALLOW WATER, 8 

Thilt is, rotate tile (:oorclini~.to svstcm so  tho rcgion o f  interest. (Vri~1~(:ouver, for cxnluplc) is 

lO(:i\,t(t!(I a t  tlic i n t c~scc t~ io~ i  o f  t11c c,., cr2 1 ) I a n ~  ((:oordinatc C ( ~ I I ~ I . ~ . O S )  i ~ n d  tjli(: ( l r ,  axis. - 
En.rt,li's ill1~11li~r velocity, ( 2 ,  11;~s nl)sulut,c tlirc>c:tioli a.lm11t. t,lic' po1n.r axis, ~ 1 c 1  is tlic-! only 

=p 'q-2 polar axis 22 



CHAPTER 2. FROM NAVIER-STOKES T O  ROT,4TING SHALLOW W4TER 9 

Tl~cr sl)l~clric:,rd tli\~crgcx~c.c, V., gratlicnt), V; atid hplac:ia~i v') 01)crators ;\I-(! (:o1isid~r(!(1 ill 

Appc~~tlix A. Si11c:e t11v ~l)licric:iil c:oortli~iiitc unit V ( ? C ~ O ~ S  (vd, ('A, (I,) ill.(' (1(!1)~11dclit 011 (f) a.ml 

A ,  thc: g r a ~ ~ i ( ~ ~ ~ t .  a11(1 La~)Iac:ia~i 01)c:ritt,o~s i\r(' apl)li(!(I to 1)0t,li t,11(! I I ~ ~ I ~ I I ~ ~ ~ I ( I c !  : L I K ~  (Iircxtio~i 

c:o~nl)ot~clit,s o f  (7. A (lis(:~~ssio~i o f  t ,l~c ( : L I ~ . v ~ ~ ~ I I ~ o  tc:n~is r(:s~dting fr0111 t , l ~ c >  cl~a~igc: i l l  clirc~ctio~~ 

is loft tso Appc~itlis A. 

Tllo i"\Ti~.vic!r-St~k~~ cynnt,ioiis, (2.1) illid (2.2), i n  i k  rot.at.i~~g roScrciic:o Sri~~lit! (2.5), with 

l)r(llil~~it~ill'y i \ ~ ~ l ~ ~ i i l ) t , i o t i ~  fro111 %:c:t,io~i 2.1.2 ;111tl nic!ilsurc~tI i l l  ol)lic[~lc: ~])l~<:ri(.i>l <:oo~'tlilii~t.c.~. 
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T l l ~  OII IY  tlitfcwlicc b ~ t \ \ ~ ~ ~ i  t 1 1 ~  i~l)o\l(. ol)liquc (tcll~ittiol~~ i l~tro(l l~(wl 1 1 ( ~ 1 ~  a ~ i d  ~ t f i ~ ~ ( l a ~ ( l  

cyilatiol~h i l l  [lo] m t l  [4] is tlic tlctil~ition o f  (2,. f2,, al~tl  12, i l l  (2.15) - (2.17). T l ~ c  tlcfiiiitioii 

o f  tllc zolial ant1 111c~ridiolla1 dirc~ctioils (co iuiif cA) a l ~ d  t l ~ c  o1,licllic loiigit~itlc a ~ ~ t l  liltit~~tlc 

varial)l(~h ((1) i ~ l ~ ( l  A). I ~ o w ~ v ~ ~ r ,  ( I ( y ( ~ i ~ ( l  011 tlic orimtal ion of t11(% ol)li(11iv (oor(1inatv s p t ( ~ 1 1 .  

2.2 Scales in the  Atmosphere 
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2.2.1 Scaling Assumptions for Synoptic and Mesoscale Flow 

2.3 Rotating Shallow Water 
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2.3.1 Continuity and NIomerit unl Eqllatioris 



1 ,  I + I )  - ( 2 )  = - ( 1  + u / I ( c ~ ) [ .  A / ,  I ) )  + 2 

'P 
- -  1  - , (  = - (1 + f f I ~ ( h / ,  A,, t ) )  + 2 + C7 7,)- 'l3) ( 3 



'P j r 2  
u r n -  TU - 

Po R ' 

Dividing the horizontal pressurc cq~iat.ion 1)y a ,  

2.3.2 Divergence, Vorticity and Potential Vorticity 

A c :o~~i~) lc tc  sot o f  rSiV c!cl~i;\t,io~is is c:olit,i\ilicd wit,liill tlic r;SIY il.(o~nc~r~.t~;r, E q ~ ~ o ~ l i o n s  i l l l (1  

t110 r,S'I4f h / q u / h d  Co~/,Linui/,y E ~ Y M ~ ~ ~ o T I ~ ,  wli(~rc! ~)rcw~lrc:  is cIcfiliv(1 l)y (2.47): u i c l  wrtic:aI 

vc~loc-ity is tlc.filic~l 011 tlic' l)orilitl;\rics. F~irt,lior i\liillysis i~ic:lrltlcs t nki l~g  c~oliil)i~~n.t.iolis of' t.h(wo 

ocy~ntioiis t o  ol,t.iril~ irtltlitiol~al rc?l;~.t~ioi~s. w11ic:li (XII  citlwr I ) ( !  iisotl t o  ol)t;rill c!clr~i\wlcl~t. rS14: 
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(2. GO) 



CHAPTER 2. FROAjI NAVIER-STOI-CES TO ROTATING SHALLOIV W'ATER 17 

Thc sc:alc of 0: tlc~~ototl hy pi/ .v 0: is tl(:fi~~ctl as pa = ~l~n>c(Tt, n! /-I, ( 2 ) ,  and wc: tlcfi I I ~ :  q as 

t l ~ :  tlynal~~ic.a.lly active c:o~npomnt of tllc pot,cl~tiaI vort.icity7 wI~(:r(? (2 = l+p(lq. S~~Ix i t , i t~~ t , i~ ig  

i11t.o c c l ~ ~ a t i o ~ ~ s  (2.59) i111tl (2.60) r c s~~ l t s  i l l  all t~tl( l i t , io~~i~l Sactor of' pq 111111til)lying ( : w l ~  tosn~, 

~ I I I C I  ( l ividi~~g tllc (y11at.io11s hy v(7 is (+kxtiwIy scd~~cing t l ~ c \  or(1c:r o f  t ~ ( x ~ ~ r x y  of t1ie S ~ S ~ ~ C I I I .  

'Tl~r! ,/.SkIf .Poh~ . l%n l  lic)?tic~'ty El/wrrf.io~r I)rx:o~-nc:s: 

I I I ( . ~ I I ( ~ ~ I I ~  t,11(' I .S~I /  I ' ~ f ~ ' ~ l t , ' i d  Vortk.%l,;y E ~ C I . ~ % O I I  i l l  t , l ~ ( !  S ) ~ S ~ ~ C I I I  of rS\,V (xl~iatioi~s Ill(!illlS 

wscalii~g t lit! o r t l c~  of ilc:c:rlrac:y of t,llc. (:llt.irc s;ljst,~~ll I),v ill1 0 (pf,). Tliilt, is: SOY i1 S ) ~ S ~ ( : I I I  

a ( ~ ~ ~ r a t . o  lo 0 ((7); t,Ilc a(l(lit.io~~;~l sl)c!(:ifi(:i~.f,io~~s for this rS\V so lu t io~~ dtlss iIr(>: 
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Chapter 3 

Rot at ing Shallow Water - 
Textbook and Beyond 

3.1 Parameter Regimes 



CHAPTER, 3. ROTATlNG SHALLO'IV 'IVATER - TEXTBOOK AND BEYOND 2 1 

Charactci-istic latitude, An. 111 ( lc t in i~~g [j = (cot. I\(,: ~ I K I  sl)ccifyil~g < m c !  ;j: wc (Ictcr- 

11ii111: tlic (.li;~.rt~,(:t(!rist,i(. latit~i(I(:: 
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3.1.1 Horizontally Periodic Bountlary Cor~dit;ions 

S i ~ i w  t11(1 ( x l w r i ~ ~ ~ ( ~ ~ i t d  (.01111)olicl1t, of tliis st11cIy ~'OCIIS(Y 011 so l~ i t io~is  wliicli arc liorim~it.dly 

lwrio(li(. ovor t110 (Io111iti11 D = [-D,r, D,,.] x [-D!,. D,,,]; t11is (xsv will I)(: ( ~ o ~ ~ s i ( I ( ~ r o ( l  i l l  t,Ilc 

fol lowi~~g : \~ i i \ ly~is .  A ~xtr t , i ( ,~l lar  l i~~ii t t t t , io~i  of tlic ~ w r i o d i ( ~  C:IS(~ is t,11c rcstrict,ion of 1miitio11- 

( I C I ) ( ~ I I ( ~ ( ! I I ~  chriolis ~ C ~ I U S .  r r l~~)  f o l h v i ~ ~ g  ( ' I I ~ \ I I ~ ( ~  of variaId(>s ;tllo\\rs for ~ 1 1 1 i t I I  $ corrcct,ions. 

\\:l~ilo r(>titilli~lg il l)(\rio(li(: f ~ r ~ i i ~ ~ l i \ t i ~ l i  i l l  t11(> rSl/V I ' o t ~ : r ~ . f i d  V ~ ~ t i ( i t y  E V U O ~ ~ O T ~ :  
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3.1.2 Integral Constraints - Full rSW 
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( j = -  
172 Dlr 
-- 

1 + 17211 Dt ' 

3.2 Leading. Order Equations - Strictly Textbook 

3.2.1 Liiw~i-  Gravity Waves 

I !\(Itlit ionill nwvcs sol111.iorls ilr(' sr~pl)orl.c~l a1 Ica t l i~~g  ortll.r, sr1c41 as  I ho l ic lvi~i  wave* in ! I I V  p rcwnw o!' il 
1;1Ivr;11 I)or~~~il i l ry  i111(l topogri~plli~: t\fil\l(lS C . ~ I I I R < ~  by >I \ ; i ~ r y i ~ ~ g  lonw I)ou~~il;uv 121. 
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3.2.2 Linear R.ossby Waves 

TIIC atI(litio11i11 periodic r c s t r i c t i o ~ ~ s ,  (3.9)! limit < 5 72:. Si11w / j  is fix(?(l , wliilc < cil11 w r y 7  

t,l~c. c:l~irrnc:tc~rist~ic: l i ~ t , i ~ ~ ~ t l c  rcst r i c t io l~ ,  (i3.21, is 1 5 cot, I\,, 5 ' I f .  s p m ~ ~ i n g  s1ll)c!rl1l;\t,t>rii11 

t.o ~~~i t l l ; t . t i t .~ l t lcs .  T h i s  is the c:ilsc of ( ~ < ~ ~ ~ i t . t o r i ; t l  I<oss~?)' WibVCS. 

Tllc. l o i ~ t l i ~ ~ g  ort lcr  t.c:rl~~s vic!ltl n l i l~ci t r  s c t  of c c l ~ ~ n t i o ~ ~ s ~  i t l ~ ~ l  \vav(> so l i~ t io l i s  a r c  s011g11t. [2]: 



3.2.3 Quasigeostrophy 



Travelling Dipole Solut,ion 

3.2.4 Intcgral Co~istraints - Leading Order 
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rSW QG' Travel l~n~ D~pole Solul~on 
Potential Vorllc~ty 

I=O 5 rSW ~ ~ ' T r a v e l l h n ~  D~pole 
Potential Vorllcity 

x-axis 
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3.3 First Correction Equations - Beyond the Textbook 

3.3.1 Nonlinear Gravity Waves 

Travelling Wave Solution 

0 1 1 ~  (litiioi~sioi~td tr i l~oll i l~g \\'il~(> sol~it.ioi~s. c:oiisi(l~!r(:~I 11(~0' i l l  3. .  wo f o r i t l ( ~ l  I ) v  Ict,tiiig 
i i  - - i )  
- - I 0. Dctriils 01 t l l c  followilly arc loft t,o Al)i)ciidix I?. 0.r 

S ~ ~ I ) s t i t ~ ~ t i i i g  t , l io \\'il\'(! for111 i l l t o  tli(! i i ~ o i i ~ ( : i ~ t ~ i i i i  (xl~iat ioiis yicl(1s [HI: 
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for ;l c :o~~sla l~t  C'. il11(1 ~)(?sio(lic* s o l ~ ~ t , i o ~ ~ s  csist for I ( ,  - R.1~1 > 1. Tl~c, ~,lit~sc! l)O~t.~-ilit for (: = 2 

a ~ ~ t l  77. - 0.1 is s11ow11 i l l  Figure 3.2. 

C'o~uI)i~~ing tlw t , iw  wst.r i( t io~~s 0 1 1  ,11,: l)(:rio(lic: soI11tio11s ~ 1 . 1 1  oc:c11r for c > 0 WIKYI  R u  

(: - c : f  < (.- 1. or (: > 1. A si111ililr ilrglll~l(:l~t, for (: < 0 S~IOVL'S p(>rio(li(: sol11 t i o ~ ~ s  W ~ I ( Y I  ( *  < - 1, 

a11(1 RII, .> (,  - (,i. This rilugc of c is co~isist(wl wit11 t 1 1 ~  li~~t:i~rizo(l (as(!, l ( * l  I:., 1. 

3.3.2 Rossby Waves 

3.3.3 Quasigeostrophy 

Tho cl~~asigcwst rophy s(:ill(?s. fro~u Sclc:~ ion ri.2.3: a.ro c ~ . u l ~ ~ l t I ( : t I  to first, c:orrcc:t.ioll, [roll1 Sec:tioll 

3.1, l y  

C - R - ' ,  ' 7 2 ,  ' 7 2 .  F ~ - - ' R .  2 \ 1 1 ( 1  <--R. 



CHAPTER 3. ROTATIlArG SHALLOW FVATER - TEX T B 0 0 K  A!VD BEYOlVD 3 1 

Phase Portrait of Travelling Wave Solution 

i ~ t  Icading ortlcr. Swtio11 :5.2.3. tlw first corrc.c.tio11 cllli~sigcaostro~)l~y (\<ll l i~ti()~~s < . O I I ~ ~ I ~ I I  t l ~ r ( ~ >  
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All w \ ~ i i ~ I ) l w  as(> t1111s (l(:fili(d i l l  t.(>r111s of 11,) a11(1 t,l~vroror (1; \vI~i(h ( ! \ w l \ ~ s  i l l  t,i111c i\(:(:(-)~(li~lg 

t m o  t-lit rSM/ Poi,c,n.lin./ V'orticlty Eyrtrtiorr. (2.81), 

Tl~v rS1/V c)@' c.clr~ntio~~s a rc  co~ii l~riscd o r  (;$.(iS). (3.59). (3.61) ant1 (:I.(i2), w l ~ c w  (1 is 

(lc+i11(~1 in (:<.Xi). 
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3.3.4 Integral Constraints - First Correction 

Howcvcx-. c:o~~sc.rvi~.t.io~~ of l~cigl~t . ,  t1cfi11c:tl i l l  (3 .51))  docs not follow i l l  tho siIlll(! I I I ~ I I I I ( ~ ~ ,  sill(.(\ 

1)y i ~ ~ t , c g r d  i11g (3.59), 
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Conscrv;~tion of pot,cwtial vortic-ity follows from int.cgrntil1.g (3.63) (scc Appcntlix D). 



Chapter 4 

Numerical Methods 

4.1 Spectral Mcthods 

1 w 

( k  b I.) = -- 
-In2 J I ,  .f (:,;; ;y. I,) 0- - i (kx+'~J)d:ul; , j :  
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I )  Lilllitillg t,ll(: W i 1 ~ 1 ~ 1 1 1 1 1 1 1 ~ ~ ~ ~  ~Orn?sj)ol l ( l~ to t,Il(l ~ 1 ) i l t i i i l  clis(T~timlt,i~ll ,  a:,: = 2 a l ~ ( l  All = 
N ,  

1141. For simplic.if-y, wc lct A<,. = Nu = AT ant1 D,. = LIP = D! iultl t,l~c: cliscrctc Follricr 
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4.1.1 Initial Coi~dit~ioils - Freely Decaying Turbulence 



4.2 1nteg.ating Factor Method 
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[I' ! ] I)y the, i11)ovc. (4.20). which 1i;w tliv siliilc\ ( I ~ s i r ~ c I  i ~ l t ( y p t i n g  fartor  for^^^ RS 



4.4 Stability arid Spectral Resolution 

11isttd)ilit~y i l l  s1)cx.tr.d ii~ot,hods (:a11 rcwdt mhci~  c:it,hctr the f inic: s t q )  At or  tllc nrtific:i;d hypor- 

tlifl'~~sioil ~)i>ril~llct(:r 11. arc  insiitIicicnt,ly slllnll. Tlic forll~c?r is strongly i~ lq) i~rcnt ,  ant1 (:illlS('S 

sol~ltioll g rowt l~  I)cyolitl ~ ~ ~ c a s r ~ r w b l o  sim. Tlio lattcr.  11111ikc ill s i l i~ i l i~r  1iio(lcls. ( 1 ~ ) ~ s  110t i l th : t  

tlio st,al)ilit,y of t,lic\ rS\V ~iloclols co~isitlorc.tl 1 1 ( ~ ~ .  Sct,t ilig / r  = 0 yidtls l i~~~ l l< ' r i~ : i l l l , ~  ~ t i ~ l ) l ( !  

sol ,~t iol is~ as sliowi~ i l l  F i g ~ ~ r e  4.1 for t,li(! rS'W Q G t 1  11io(kl. 111 o r ( l ( ~  t,o c ~ ~ s ~ i r c  t . 1 1 ~  i i~ )~ ) ro -  

priat.c sl)c\c:t.r;d rcwolrlt,iol~? 11, is sc:1wt1cxl ql~alit.at,ivc~lv tlo o~isrm: ~~~iclcr-rc\solvc~tI ~~:il .~r(xl~i~lil)crs 

d o  llot ( : i l~( :~(lC illt.0 t,llC I.CSO~VC(~ ~1)(Y:t.l.lllll. 

1\11 ;11)1)roprit1t,c: tinic, st,c:l) is c~st,i~i~;ltctl I,?; tho rolatioii 



rSW OG" I=IM) R=O. 10MU=O.Ot?+OO 
Pc4enllal Vorticily Speclrurn 

\vl~(!r(~ ~L,, , , , ,  is t.l~(' l i ~ a x i l ~ ~ ~ l l l l  \doci ty.  111 c:lloosil~g sc:;ll i~~g l)aril~~lc>tc'rs ill Sc:c:t.ioli 2.2, \doc~it ic~s 

nrc ilss11111ot1 to  I)(: 0 (1) ill t.i~nc?, r111t1 so  thc! l)o~rr~cl J i r l  < 10 should h a srlffic:ic:~~t ~ n n x i ~ l l u ~ n .  

For 3; = 256 il.11~1 D = 28ii, t 1 ~ .  s tcp  is rostxictcxl t,o At 5 0.03, n ~ ~ t l  t,hc st,c:l) sin. of At = 0.02 

is ~lsotl. 

As n rcwllt of' tho intc!grati~lg factor, ;~rtific:i;d cliffusion is i~lclr~cctl a t  <!i~(:ll time s t q )  in - 
t,llc I X I . ~ ~ I I N ! ~ ( : ~  ~,plrl'l"". Tho  c-foltling p;muiic~tcXr, ci,f(lX.I), t11011 r q ) r ~ s ( m t s  thv I I I I I I I ~ ) C I .  of' 

t,inio s t c ~ ~ s  r(~(l~l i rc( l  t,o (liH'11sc ~ I I C  (vcflicic~it, at, tlic 1, kt"  111o(Ic l)y ii f'actor of' P ;  

+ 

Tl~c,  h s t  i~ l> l ) rox i r r~ i~ t io~~  o f  / L  conics ~ I - O I I I  rc\\tl ic-ting 10 5 (2 f ( lk l )  5 20 a t  t h  I~ighcst rc~solvc(1 

~~loclcs .  Tli~ls i\ first i l l , l>roxi~~li~t ion is x 1(1-'. 

1;or rSI/V (26'' i~n( I  rSIV QG'+l, ;I lC~rgcr  W I I I ~ ( ~  01 i~ = 10po ~ ) r o ( l ~ l ( ( ~ s  ~ i io lv  ( p l l i t a t i w ~ l v  

c~l~ilr;lc.tc~ri.;ti(~ 1)otcwtial vorticitp spc.ctrunl, s11ow1 in Figrlrc. 4.2a. whik  fig~~rc.s 4.21) a ~ ~ t l  -1.2~ 

s]Io\\~ tlic. f(\nt~lrc\s of' all O I T I Y ~ ; ~ I I ~ ~ ) ~ Y ~  ( / I  = I()-') i l l I ( I  i l l1 I I ~ I ( ~ ( ~ I Y ~ I ~ ~ I ) ( ' ( ~  (11 = lop7) SI)C( '~I . IIIII .  

I?)r IS[\ /  I I I / ( l i ) ( .  tll(\ ~ l l l i l I I ( ' l .  11 = 2 X yi(>lds t l l ~  (I(5ircYl \rclo(.ity ~1)(V.t1'11111. ilh hllO\\.ll 111 

-1.3. 111 ;dl (.;IWS, tlw s p c \ c t r ~ ~ ~ ~ l  nws c.o~isitlcrcd o n w  i1 l i ~ l ~ i t i n g  spwtr11111 l 1 i ~ 1  1 ~ ~ 1 1  ~.('il(.l~('(l 

a t  t = 100 



ISW OG" 1=100R=O.IOMU=I.Oc-06 
Paenlid Vorticily Spearum 

rSW OG" 1=100R=O.10 MU=l.(k~05 
Potential Vorlicily Spearum 

r S W ~ ~ " 1 = 1 0 O R = O . 1 0 M U = 1 . ~ 0 7  
Polential Vaticil y Spectrum 

Figl~rc: 4.2: Potc.~it,inl vorticity, (1, sl)c(:t,r;~ for v a r i o ~ ~ s  artificial tlifY1lsio11 ])n.ra~i~ctc:rs, 11 . .  for 
N = 2 N ,  D = 2X7r: i u ~ t l  wnvcw111i1)crs X: a~itl 1 tlcfi~icttl ill (4.:1). Tlirr tl;lslicd liiict inelic:nt,c~s t h !  
c~lgc' of (,II(: rcx)lvotl spv(:t,r11111 at l X 7 (  - 4 L K (N - 1) z 0.8. (a) S(.lcc:t,ivc:ly ( I ~ I I I I ~ ) ( : ( I  S ~ ) C C ~ . ~ I L I I I ,  

7 I L  = 1 0 ~ ' ' .  ( I ) )  Ovc!rtln~nl)t'tl ~1)c:c:t,rli111, 11. = 10-.'. ((:) U~~( l ( ' r ( l i l~ l i l ) (d  S I ) ~ : ( : ~ . ~ I I I I I ,  p = 10- . 



rSW Wave 1-100 KO.  10 MU=2.0e-07 
Velodly SpeUrum 

0,  . I I 

4.5 Convergcncc 

4.5.1 rS W Wave Convergence 
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iii 11. 

Tlic liilcarizctl t,rnvolliiig wave s o l ~ ~ t i o i ~ ,  rc\st,atctl fro111 (4.30) i~iitl (3.:<1), provitlt>s ail 

ail it,cmlt,ivc: c:al(:~~littioi~ o f  t,llc. i~oiilii~cwr wa.vcsl)(ul rc'cl~~ircvl for s o l ~ ~ t , i o ~ l s  l)csriotlic: ill : I :  = X. 

Giv011 X a i ~ t l  c;, , 76(X,  c,,) i~ll(l  ?)(A, (.,,) i1rC ol)t,aiilcd risil~g fourt.11 ortlcr R~i i igc-Ki i t t ;~  wit,I~ 

12XN stc:l)s (nil~orc> 11: = 256). Tlic S(x:aiit i11ct 110d is t , l ~ c i ~  I I S ( X I  to ( lc t ( \ i~ i i~ i i~c  t lic i l ~ x t  

4.5.2 rS W QGO and rS W QGf Convergence 
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R=O 10 c=3.64 Travelling Wave Solution 
RK3 Veloclly RMS Error 

R=O 10 c=3 64 Travelling Wave Solul~on 
Velccity RMS Error 

' - 2 4  -22 2 -18 -16 1 4  
log,,, IA tl 
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\vhcr(> t RhlS c v o r  is t1cfinc.t l in (4.33). Thc npprosilnatc~ csolivc~rgcnctp ortlw is g iwn  in 

'r,1l)Io 4.5.2, alitl iv11ic.11 tcntls t owmls  3 wit11 tl(>c.rclnsil~g A / .  

TaI)I(~ 4.1 : Col~vcrgcwcc rntcls for rSW C)@ wit11 trnvcdling tlipolc initial conclitioll. 



Chapter 5 

Numerical Experiment and Results 

5.1 Experiment O~xtline and Qualitative Analysis 

TIIC S I I I W ~  \vas (:o1111)risc(l of 20 r111is for c a c l ~  'E = 0.05! U.13 0.15 a11(1 0.20 fro111 t,I~v 

TSW QC'' 111o(l(!1: i~ . l l<I  20 ~ I I I I S  fro111 t 1 1 ~  TSW ()Q' 111o<I(:l wit11 72 = 0.  Nt1111(:ri(:i11 <:o(Ic \WS 

i~~ i l ) l (~ l~~c \ l~ t , c~ t I  i l l  h.IATLAB, i111tl 1.1111 011 il 3.5 C;Hz Po\v(!I.R'I~I(: (2:). T11~ fiSW OCIO s i l l l ~ ~ l i i t i ~ ~ l s  

ran for 10 I ~ o r ~ r s  to rc:i~c:l~ t = 1500, wl~ilc  tlic 75'14' ()G+' s i ~ ~ ~ ~ l l i ~ t , i o ~ i s  ria11 for 18 11011rs to  

r(:i~(:Il L = 1500. TI I~~)I I ICII~ .  i~~it, i t l l  ( :o~l(- l i t io~~s w:rc sp(~cifiw1, a s  il l  Swt.ion 4.1 . l ,  wl~(:r(l cac.11 

rllll Ili l(I  ( I i ~ ~ i l l ( : t  ~ ~ 1 1 1 ( ~ 0 1 1 1  ])lliW(> V?dll(:~. \vit,ll il ~))?It,iiIl (~olllilill Of' 2 8 ~  X 2 8 ~  ?l l l ( l  ~1)ilt~itlI 

r c d r ~ t i o ~ l  of 25(j x 25(i. Pot<wt,ial vortici1.y. (1, w i ~ s  c:ollcc:t,c~l at. t. = 1500 t l i ~ i ~ c ~ ~ i s i o ~ ~ l c s s  ti111(: 
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5.2 Descriptive Statistics 

Wliilo t11c 111(:ai1 ~)ot,(>llt,id vorticit,y i x ~ n a i i ~ s  mro,  a s  s1iow11 t~1d>7t~i (~ i \ . l l~  i l l  Sc(:t,ioi~ 3.3.4, 

tJlo I)ii\s il l  t . 1 1 ~  ~)ot.(:i~tiid vortic:it,y ficltl i~itlicatcs it skc\votl clistril)l~t,io~~. A s  n (ll~i~i~tit;lt.i\:(: 

al)l)ro~~cli:  IIT coiisi(1w t11c 1)roI):ll)ilit;y 111ass f1111ctioi1 ( P M F ) ;  1v11erc 1)otci1t,iid vorticit.y is 

sort,c!tl iiilo I)i~ls of' witltl~ ~~ / : (2=25f j~ / ;3 ' 2 ,  as  s l iow~ il l  F ig~ i r c  5.2. A10~1, 1 \0 t i \ l ) l ( !  is t-l~(: 

lo(:i\t,ioii o f  l~igl iwt  c.oilc:c!i~tri~tio~~, or l > ~ > i \ I < ,  pot ,c~~ti td vort,icit,ji, w11ic:h nl)I)cilrs 1lcvl.r zcro wlic~l 

'R. = 0. il.lI(I is sllift.(xl ~ , O ~ V ~ I . T ( ~ S  ('vc:loili(: V ~ I I ~ ~ C S  with ill(:r(?asii~g R, ii~dicatiiig il. I)i~(:kgr~lilI(I 

c:yclo~iic How. T l ~ c  rwlgc o f  c:yc:loi~ic: \ d r ~ o s  also appcws  1.0 clcc:rc:asc: with R., c.liarac:torixii~g 

t llc grcmt-cr i ~ ~ t o ~ i s i t ~ y  of i~~~tic:yc:lo~iic: vortic:os. 

Tl~is a s y i ~ ~ ~ i i c ~ t ~ r y  is ( l ~ ~ a ~ ~ t i f i c ( l  IIV t-wo osl . i i~~ators  - ~)<!i\k a i~ t l  111(\(1iiu1 potciit,ial vorti(-it,,y. 

Tllc:  ilk, ilkill t,o t,llc: itlotlc. is c:llosci~ a s  i1 dear cp~illit,ntivo clistii~ct,ioli I)c!t,weci~ tho PhIF 

for viuiolis R viducw. Tllc: peak is ~id(:~~likt(!tl a s  t . 1 ~  ~ ~ ~ a s i n ~ u i ~ ~  of t,lw c:~~l)ic: I~cs t  fit to  tl~c: 

1iI)1)c:r Xi%: of t,llc. l)ot~c:i~t,ial vorticity P M F ,  w s  s l ~ o w i ~  i l l  F ig~~rc :  5 . 3 .  T l ~ c  ~ l \ ( ) ( l i i ~ i ~  is c:i~lcwlt~.tctl 

i\s n d l ,  siiicx. i t 's  i \  I<ilonri~ 11111)iiwotl ost,ii~~;lt,or. 

A t i ~ i ~ ( l  l ) ( ~ t w c ~ > i ~  1 ) ~ k  or  i i ~ ( > ( l i i l , ~ ~  l)ot(!i~tii~l vort,icit,v wit11 R is i~~(li(:ilt(:(l fro111 Fig111v 

5.4, sliowii~g i~ot.c:l~ctl I)OX plots of pc!al< il.11(1 111(:(liil11 l)~ti:llt,iill vorticity for t.11~ five (lifkr(:i~t. 

w l ~ i c s  of 77.. T h a t  tht: 95% coi~fitlmca i~~t ,c?rva ls~  ii~tlici~tcvl I).v thc iiot,c:lits. (lo 11ot overlap 

i i ~ ( l i w t , c > s  ?I r ( : l i~ t , io~~ I ) ( ~ ~ \ V W I ~  l ) ~ > i ~ k  O Y  111(:(1ii\il i111(1 'R,. IVc: : \ s s I ~ ~ I I ( !  t , l ~ i ~ i ,  tllis r(>li\I i o i ~  I I ~ I S  t l i ( ,  

s:\111(: ] ) ( \ ~ t ~ ~ r l ) i \ t , i c ) ~ ~  (~x]~t~i ls iol l  ?IS tall(> \ri\rii\l)l(% i l l  t11(\ r,sIf\/ i~i()il(;l. tl11(1 is il1)])r()~i11it\t(;(l 

l)>l fitf-illg tll(! ~ C t \ ~ ~ ~ - ~ ( ] l l i l ~ ( ~ ~  ( ~ l l i \ ( l ~ ? l ~ i ( '  1 0  t,ll(! ( l i \ t : l !  

P ( R )  = -0.0040 + :$.4X50R - 4 . 6 4 8 4 ' ~ ~ .  P(:a k, (5.1) 

111 ( R )  = 0.0014 + :3.0;357'R - 3 . 9 0 3 2 ~ ~ .  k I i ~ 1  i i ~  1 I ,  (5.2) 
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as  s l ~ o w ~  i l l  Figilrv 5.;).  TIIC i~(:t:~ira.(:y o f  t l ~ :  i l ~ ) ~ ) ~ . o ~ i l l l ~ t i O n s  is vcrific:tl, s i ~ ~ c r  t11c: c : o ~ ~ s t a ~ ~ t  

t c : r ~ ~ ~ s  arc. ;11)1)roxin1atc:ly zc!ro, i ~ ~ ~ t l  ( : o ~ ~ s i s t ~ ' n t  wit11 t,l~(: I ( l i~ ( l i~~g  or(1c1. (R, = 0) S ~ I I I I I I C ~ , ~ ~ .  

T l ~ c  i l l ) l ) rox i~~~a t , i o~~s  ill.(: i1sy111l)tutic:ally c:o~lsist,cmt, so l o~ ig  ils tlie last two tc r l i~s  rc111ai11 

i~sy~i~l)tot,ic:;~lly ortlcrctl: w l ~ i d i  occurs for 'lZ < 0.75 ill t,llo p n . k  (I iuitl 'I;' < 0.78 in t l ~ c  

111(!(lii111 (1 a1)1)roxinii1tion. Tliis i1111)li(\s a11 i~l) l )r~xi~i l i~t , ( ! ly linci:~~' ~ . ( : l i~ t io~i~l i i l )  I)(:t\v~(w pcak 

o r  ~iiotliw~i 1)otcntial vortki ty i111tl R ill tJllc sniall R l i~ni t ,  wl~i( : l~ is withi11 tllc TilllgC of 

iq)l)Ii(Aility of t l ~ c  rS1V QGi-' l ) ( ! r t .~~ r l~> l t~ io~~  11io(1(*1. 

Tl~c: rosi~lts fi)l111(1 11(:rc arc! c:o~isistcwt, witll tl~osc. in [I%],  i l l  t,liat, t,lic! c : j ~ c * l o ~ ~ o / w ~ ~ t i ( . ~ i ( : I o ~ i ( ~  

~ ~ S ~ I ~ I I I I C (  ry; (lcvclol)i~ig fro111 t,lic t~11rl)111~1it initial (w~~( l i t , i o~ i s  spwifi(:(l in S(\ctio11 4.1.1, lias a 

s t , r o ~ ~ g  ( I ~ ) ( ~ I I ( I ( ~ I ~ ( T  011 3(-- R in t,liis st , i~(ly).  OIIC of t , l~c  1)ossil)Ic WIISCS for t l ~ i s  ~ ~ S ~ I I I I ~ I ( \ ~ , ~ J . .  

c:ol~sitl(:rotl i l l  1121. is tlic i~itcriwtion I)cttwoc:~~ gravity ~vwvcs il.11(1 l)alil~ic:ctl vortic:c!s i l l  t l ~ :  f ' i ~ l l  

rS\Y (~ ( l i~ i l t . i o~ l~ .  T11at t . 1 1 ~  ~ I S J ~ I I I I I ~ ( ! ~ I . Y  is ~.(!l.ili~~~:(l ill tlic I,nlnnc:ctl r;SW C)@' 11io(1(~1 i~~tlic:i~t,cs 

tIli1.1 gravity waves intcri~c:l.io~l is not tlic sol(: c:a.ilsc:. 
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(111arliI(>, ~ i o t ( ~ l i ( ~ s  i ~ ~ ( l i ( , a t i ~ ~ g  t l i ~  95'k 111v(lia11 ( ~ ) I I I ~ ( I ( ~ I I ( ~  i ~ i t ( > r ~ i ~ I ~ ,  ~ I I ( I  ivl~ihl<(w i ~ ~ ( I i c a t i ~ ~ g  
t 1 1 ~  (I:ltit rilllg(\. wit 11 ol~tlivrs S I I O ~ V I ~  \ V I L P ~ ( \  I I ( Y Y S S ; I ~ ~ .  (;I) l'(\>ll< pot(~11tia1 vorlicitv >lt t=1500. 
( I ) )  Al( '( l i i l11 l ) o to~~ t i a l  vortic.itv a t  tr=1500. 
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Peak Potentla1 vonlclty vs. ~ossay Number Medlan Potentla1 vonlctty vs. Rossby Number 
0.5? P 

flossby Number 

(I)) A [ ( v l i C ~ r ~  p o t c ~ ~ t i t ~ l  vort i ( , i ly  \ v i t h  77, 



Chapter 6 

Summary and Future Work 



I . .  
I l l ( ,  only c~..;cq,t.ion is t.hc = 'sin /lo nncl ,'-I = , C c o t ~ l ~  t c w ~ s ,  which scitlr 1 1 1 ~  (hriolis clkct.. '1'11;1t 

t l ~ ( ~ v  ~ ( T I I I S  wr11i1i11 s1naI1 is cl1ar:1~4cristic of' gvostro1)hic flow. cw~~s i ( l (w( l  ~ I I  Src.1io11 2.2, :III(I I I O ~ ,  i~ rcw~lt of 
cw)rtli~~;il (, S , W ~ ( ~ I I I .  
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Appendix A 

Spherical Operators and Curvature 

Terms 

c.oor(lil~ilt (' i~~ t lq ) (~ l~ t lc l i t  vc~,tor Navi(~l.-Stokw c'(ll~iltio~ls, (2.1) t111~1 (2.2), to t . 1 ~ :  ol)liclilc sl)Iwr- 

i ( x l  ila\+r-Stok(\s (y:ilt.io~~s in (2.21) - (2.24). First, the s~d~orical  qwri~iors  a w  (l(4nul. 

; I I I ( I  i l i ( ~ i  t11v c ~ l r v ; ~ t ~ ~ r ( >  t ( l r ~ ~ i s  arv ( l (~ t (mi~i~ i (~( l ,  wlii(-l~ rc\su\t f'1.0111 t l ic>  spli(>rical o l ) (~a tors  
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APPENDIX A. SPHERICAL OPERATORS AND C'lJRVATURE TERAIS 5!) 

(A .  19) 



Appendix B 

Friction Force Defined and Scaled 

B.l Dcfinition of Friction Force 



APPENDIX l3. FRICTION FORCE DEFINED A1VD SCALED 

l lw i) 11 
V", = -- +c.osX-- - s i n X -  

dy5 ihb 1 

B.2 Scaled Friction Force in Oblique Spherical Coordinates 



APPENDIX I3. FR ICTIOiV FORCE DEFINED '4 11'0 Y C!A LED 62 

Vortic:;d wloc:if.y Ilns on(: sc:nlc for 1)otli t a l~gci~t ia l  i u~ t l  vertical wriations, i d  it,s ( l ~ r i v i ~ t i v ~ s  

, ,ySl: .L W @,tl: <I%: M f  &,: M f 
- - N .I. - - - - - -  

(I L2 (7X&.' <)(ST. - Q- H2 (I3 .25) 
()& ' <I,\? ' &j{)X L H &' 

Wc IIOW siil)slit.ritc~ cd~nr;~c:tcl-istic: f'rll~c:t,iol~ ;uld olwrnt,or scdos i~it,o t,lw clcIil~it,io~is of' 

F,, FX ;111(1 F,.. \~Ii(:r(! t,l~c' ~.('lilt,i\l(! size of (:tl~Ii ~ ( ' I . I I I  is f011li(l I ) J I  ~.c!(.i~lli~~g t11(: s,vliopti(: i l ~ ~ ( l  

~i~(!sosc.;ll(~ i l I I ( I  Ilori%olital i l ss l l l~~l ) ( io l l~  fro111 S('(.li011 2.2.1. 



APPENDIX B. FRICTION FORCE DEFINED AlND SCALED 

i )  U  + AU L l J + A U  L AU IV 117 
- (V . i i )  - + -  , +-- +- + -  
i h  r .O I, 1.0 "6 r.oroH roil 17" 

N 

U + N  L nu cv + -- 
,-(I T,) H + 5 (B.32) 

7." L 

AU CJ I 1  + AU I/\/ U + ACJ \ I 7  
F,i,FA - - +,+ . + +  L' +-  

H W ,  ' 'd T() L LH 



Appendix C 

Scaled, Dimensionless rS W 

Equations 

C.l Scales, Dimensionless Parameters and Operators 



APPENDIX C. SCALED, DIAdElVSIONLESS RSW EQUATIONS 

= f [- cos :(j)l sin + ; (nos <AI  , 
2 i I 

C.l.l Taylor Expansion 

ratlius. ro, I)y c:olisitlc>l.i~~g t l l ~  Taylor cxpallsion in s l l ~ d l  sr,<z. 



APPENDIX C. SCALED. DIA/lENSIOiVLESS X S W  EC) IJATIONS Mi 

C.1.2 Scaled Operators 

(C. 16) 

(C. 19) 



APPENDIX C. SCALED, DIAIENSIOAJLESS RSW EQUATIOAJS 7 

C.2 Scaling and Nondimensioiializing; the 

Navier-Stokes Equations 



APPENDIX C. SCALED, DIJVEIVSIONLESS RS 147 EC) UATIONS (i 8 

C.2.1 Dirrlerlsiorlless Continuity Equation 

+ -- [to t a l l  /\ + C3 (?[a,,[. a{/), ? I , ( ] ) ]  
L 



APPENDIX C SC4LED: DIMENSIOAJLESS RSW EQUATIONS 

"'"I [ %  i'"' 

( [ b])] 
-+ - -- 

L E l , i h  
+ c7 7,) 1 , 

C.2.2 Dirmmsior~lcss Vertical Monlentlim Ecpatior~ 

-+ --- "">> ( E l l  [ I ,  C, 21) 
L = I ,  
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C.2.3 Dimensionless Zonal Momentum Equ a t' ion 



A P P E N D I X  C'. Y C 4 L E  D. D I M E N S I O N  LESS RS IY E I )  U A T I O N S  



APPENDIX C. SG4 LE D. DI~WEIVSION LESS RS\V EL) UATIOiVS 

C.2.4 Dirnensioriless Mericlional Nlomentum Equation 

f'r0111 ( 2 .X ) ,  t,11o vcrfical li.ic:tio~~ for(:(: sc:;Ll(~s as FA -- -- :/!I + 5 + g. Si~lc:c! tlw l lor izo~~ta l  

I ~ I O I H ( ~ I ~ ~ ~ I I I ~ ~  ( Y l l l i l t ~ i O l l ~  i l l  bot11 s i111c1 31  ill^ i l l  il sil~iililr Illi\llll(\r! 011131 t,li(: Cjoriolis t ,(:s~~is as(! 

c:onsitlorcd lic!rc:, wliilo tllc ortlcr o f  t.11~ r c in i~ i~ i i~ ig  t,c:sliis is i~~il)li(:(l fso~ii t 1i(: i11)ovo a~inlysis 

OS t 1 1 ~  Z O I ~ ~ I I  I I I O I I I C Y I ~ I I I I I  (:(pl.t.io~ls. 

St-cp 3 is iq)l)li(;tl I)y s ~ ~ n i ~ n i n g  tllc nl)ove tornls, a ~ ~ t l  (livicli~~g 1)y tho c :hwrwct i s t i  scidc: 

/ I , ,  JU .  Not,(: t,llilt q2. & = R.. 



APPENDIX C. SCALED, DIil/IEiVSION L ESS RSIV EQ IJATIONS 

Tlio ( l i ~ l ~ c ~ l s i o ~ i l ~ s s  rn(~ri(li~)nal 1110111(~1t11111 (>(ll~tltio~l is ol)tain(>(l 1)' a l) l) lyi~~g St(11) 4 a11~1 (I(,- 

tcr111ini11g tlw or(l(>r of' 11vgIigil)lv t(~111s. 



Appendix D 

Integral Constraints 

D. 1 Useful Identities 

Identity 1 

Identity 2 



APPENDIX D. INTEGRAL COi\~STTXA INTS 

Identity 4 

D.2 Area Integrals 



APPENDIX D. INTEGXAL CONSTRAINTS 

- - aH()  2 
-- (V  l ) H o  = at. 



Appendix E 

Exact Solution to rSW QGO 



APPENDIX 17. EXACT SOLUTION T O  RSW QGo 

(E. 10) 

(E. 11) 



APPEAJDIX E. .EXACT SOLUTION TO RSW QGO 

w (Jl  ( r  Ja-l) - ru) 
H~illn ( T ' ?  6 )  = sin 8.  

a - 1 I ( 1  (1 
(E. 15) 

I<, ( r )  
1 0 )  = -(1(.- ,{, (,,) " 11 0. 

0 o I lil ( ( 1 )  
- ( I  ('---- s i l l  (S = s i l l  0 .  (E.20) 

Iil ( ( I )  .Jl ( (1  d a )  (1  

i l t  1' = ( I .  [ l l l l ) l i (~ i t t io l lh  i l l  l lh i l lg  this ( ' ~ i l ( ' t  h ~ l l l t i o l l  i l S  i l  t (5 t  f01. l l l l l l l ( ' l~i(~al  (~)lI \~C~Tg( ' l l (~( '  ill.(' 

c w i i s i t l c r c ~ t l  i l l  Sect i o i ~  4.5.2. 

T I i ( ~  C Y ) I I I I ) I P ( ( ~  t r a w l l i ~ ~ g  dipolv so111t io l i .  wit11 s i u l i r ~ s  r = (L. is of t 1 1 ~  for111 



Appendix F 

Exact Solution to rS W Wave 

111tqrati11g. an(] ilgtli11 s ~ ~ l ) s t i t ~ ~ t i ~ i g  (F.4) rcw~als  tlic first i~ i t vg rd  wl :~ t io~l .  for ( o ~ i s t a ~ i t  C:  



Appendix G 

Third-Order Runge-Kutta and 

Adams-Bashfort h 

This app~lltlix fills in tlw (1i:tails ill i\l)l)lyi~~g t . 1 ~  thin1 ortlcr Aclnlns B;~shfort.l~ (AB3) m(1 

tl~irtl ortlcr It,~l~gc~-I<uttn. (R.K3) nlctl~otls t o  tlw i~itcgritt.i~~g f i t ~ t o ~  for~nulat io~~ o f  rSl/V ()<$) 

; u ~ l  r.Sl.l/ C)Gfl. 

For a gc?~lc!rnl pirt,ial tlifi'orcmt.i;d ccluat,ion, 

( 
AS ] s , ~  = n t j  t,, + nt. Q,, - - + 2 s 2  
2 ) 
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(G. 13) 
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