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Abstract

In this thesis, we calculate the Galois groups of extensions generated by torsion points
of low order on elliptic curves and Drinfeld modules through their corresponding divi-
sion polynomials. We investigate division polynomials of degree up to and including
four, which correspond to 2-torsion and 3-torsion points on elliptic curves and (T'+a)-
torsion and (T2 + aT + b)-torsion points on Drinfeld modules of rank 1.and 2. These
calculations depend on the invariants that classify elliptic curves and Drinfe:d modules

up to an isomorphism.
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Chapter 1
Introduction

The primary motivation of this thesis is to calculate the Galois groups of extensions
generated by torsion points of low order on elliptic curves and Drinfeld modules. In
particular, we calculate the Galois groups of splitting fields of division polynomials of
low degree on elliptic curves and Drinfeld modules. The determination of these Galois
groups depend on the invariants that classify the elliptic curves or Drinfeld modules

up to isomorphism.

The field extensions generated by torsion points on elliptic curves and on Drinfeld
modules have recently played an important role in the study of the arithmetic of
number fields and function fields. They play a central role for instance in the proof
of the Modularity Conjecture for elliptic curves over Q [BCDTO01] and Fermat’s Last
Theorem [Wil95].

The study of torsion points on elliptic curves or Drinfeld modules is equivalent to
the study of rational points on modular curves and on Drinfeld modular curves. In
essence, we are giving parametrizations of these modular curves for torsion points of
low order by directly using field theory. Such parametrizations have been determined

in the literature, by primarily using complex function theory (cf. [Bir72] for instance).

This introductory chapter contains background information that is used through-
out this thesis. This includes methods for determining the Galois groups of cubic and

quartic polynomials, and an introduction to elliptic curves and Drinfeld modules; their
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structure and isomorphism classes. Following this background information, Chapter 3
gives pertinent information on torsion points on elliptic curves and on Drinfeld mod-
ules, and gives methods used to determine their respective Galois groups. Chapter 4
studies the Galois groups of cubic and quartic division polynomials of elliptic curves,
while Chapter 5 studies the Galois groups of division polynomials both of rank 1 and

2 Drinfeld modules that give rise to cubic and quartic division polynomials.

1.1 Usage of Magma and Maple

We use Magma [BCP97] and Maple [GGC81] throughout this thesis for simple al-
gebraic calculations. Magma is used to determine the factorization of a polynomial
over a given field. Maple is used to aid the process of solving a system of equations
by substitution and is used to calculate the discriminant of a polynomial cver a field
of characteristic p # 2. We also use Maple to find Mébius transformations of one
variable so that a given expression is of a particular form, which is illustrated by the

following example.

Example 1.1 Let k be a field and consider u € k given by

t2
YT Rtr D+ 1) (1.1)

for some t € k. Suppose we would like u to be of the form

82

U= —- 1.2
s+ 1 (1.2)
for some s € k. Then we proceed as follows. Using Maple, substitute t = (as +

b)/(cs +d), where a,b,c,d € k, into (1.1) to get

- (as +b)? (1.3)

(cs+d)?(2s+1)(s+1)
By equating (1.2) with (1.8) and using Maple to cross multiply and collect terms, we

get

(a+¢)(2a+c)s* + (—a® + (b+d)(2a + ¢) + (a + ¢)(2b + d))s®
+(—a(2b+a) + (b+ d)(2b + d))s* — b(b + 2a)s — b* = 0.
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Setting the coefficient of s equal to 0 gives the solution

a=d, b=0, c= —d, and d=d.

To recapitulate, in example 1.1, we use Maple for substitution, cross multiplication,
and collecting like terms. Throughout this thesis, we assume that Magma cr Maple is
being used when factoring, substituting, and finding a Mobius transformation to get

a an expression in a particular form.



Chapter 2
Background

This chapter contains background information on Galois theory, elliptic curves, and

Drinfeld modules.

2.1 Field theory

Let k be a field and consider a polynomial f € k[z]. We say that f splits over k if f
has only linear factors over k. Let K be a field such that k is a subfield of K. Then
we say K is a field extension of k, denoted by K|k. If f does not split over k, we can

then construct such an extension K of k so that f splits over K.

Definition 2.1 Let f be a polynomial over a field k. The extension K|k is called a
splitting field extension for f over k if f splits over K and there is no proper subfield
L of K containing k such that f splits over L.

Any two splitting field extensions for a given polynomial f over &k are isomorphic. We
say f has distinct roots if the roots of f are distinct in a splitting field extension of k,
which is indeed independent of the splitting field. We would like to have criteria to
determine whether the irreducible factors of f over k£ have repeated roots in a splitting
field extension for f. It turns out if char £ = 0 then the irreducible factors of any

polynomial over k£ have distinct roots.
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Definition 2.2 Let f be an irreducible polynomial of degree n over a field k and let
K be a splitting field extension for f over k. We say that f is separable over k if
f has n distinct roots in K. A polynomial f over a field k is separable if all of its

wrreducible factors are separable over k.

Lemma 2.3 ([Gar86], p.86) Let f be an irreducible polynomial over a field k. Then
f 1is not separable if and only if char k = p > 0 and f has the form

f=ao+a17° + asz® + - - - + a,z™, for some a; € k.

Let K|k be an extension of fields, then the set of automorphisms of K which fix
k is

I'(K|k)={c € Aut K| o(g) = g for all g € k}.

The group ['(K|k) is a subgroup of Aut K called the Galois group of K over k. If
K|k is a splitting field extension for f € k[z], then ['(K|k) is called the Galois group
of f over k.

Theorem 2.4 ([Gar86], p.95) Let f be a polynomial over a field k and suppose that
K|k is a splitting field extension for f over k. Let S denote the set of roots of f in
K. Then each o € ['(K|k) defines a permutation of S, so that we have ¢ mapping,
denoted by ®, from T'(K|k) to the group L5 of permutations of S. Moreover, ® is a

group monomorphism.

Proof: ([Gar86], p.95) Let G = I'(K|k). An element of G acts on f by acting on

each of its coefficients. Hence, o(f) = f as f has its coefficients in k. For & € S,

hence ¢ maps S into S. Since ¢ is injective and S is finite, o|s is a permutation.
Therefore we have a mapping, denoted by @, from G into the group ¥s of permuta-
tions of S. If o, 7 € G then by definition (o7)(a) = o(7(a)) whence ® is a group
homomorphism. Furthermore, if () = 7(a) for all @ € S, then 77!

all @ € S. Tt follows that 7710 fixes K, giving 7 = 0. Consequently ® is a group

o(a) = a for

monomorphism.
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Lemma 2.5 ([Gar86], p.66) Suppose f € k[z| is irreducible and that K|k is a splitting
field extension for f. If a and B are roots of f in K, then there is an automorphism

o: K — K such that o(a) = 0 and o fizes k.

Let f be a polynomial over k of degree n with distinct roots and with Galois group
G and let S, denote the group of permutations of {1,2,...,n}. From Theorem 2.4,
G is isomorphic to a subgroup of S,. Furthermore, if f is an irreducible polynomial

over k, then G is transitive.

2.2 Projective Varieties

Let k be a field with algebraic closure & and let the projective n-space over k be
denoted by P*(k) (or simply P*). If f is a homogeneous polynomial in S = k[zo, ..., Zn),
then the zeros of f are given by Z(f) = {P € P*: f(P) = 0}. Furthermore, if T is a

set of homogeneous polynomials in S. we define the zero set of T' to be
Z(T)={PeP": f(P)=0forall feT}.

A subset V' of P" is called a projective algebraic set if there exists a set 7" of homo-
geneous elements of S such that Z(T') = V. Furthermore, the ideal of V', denoted by
I(V), is the ideal in S generated by

{f € S: f is homogeneous and f(P) =0 for allP € V'}.

We can now define the Zariski topology on P™ by taking open sets to be the
compliments of projective algebraic sets. A nonempty subset Y of a topological space
is irreducible if it cannot be expressed as the union of two proper subsets, each one
of which is closed in Y ([Har77], p.3). A projective variety is then an irreducible
algebraic set in P™ ([Har77], p.10). A projective variety defined over k is an irreducible
projective algebraic set V such that there exists a set 7' of homogeneous polynomials

in k[zo,...,zs) and Z(T) = V.
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The function field of P" is the subfield of k(Xy,. .., X,) consisting of all rational
functions F(X) = f(X)/g(X) for which f and g have the same degree. Then the
function field of a projective variety V, denoted by k(V), is the field of rational
functions F(X) = f(X)/g(X) € k(Xo, ..., X,) such that:

(i) f and g are homogeneous of the same degree;
(ii) g ¢ I(V);

(ili) two functions f/g and f’/¢" are identified (or equal) if f¢'— f'g € I(V) ([Sil86],
p-15).

The function field £(V) is then the field of rational functions F(X) € k(Xo,..., Xn)

satisfying (i), (i7), and (é¢) given above.

Definition 2.6 ([Sil86], p.15) Let k be a field with algebraic closure k. Suppose V),
Va C P™ are projective varieties. A rational map 0 : Vi — V, is a map of the form
0 = [fo, ..., fn), where fo,..., fn € k(V1) have the property that for every point P € V,
at which fo,..., fn are all defined,

0(P) = [fo(P), ..., fa(P)] € V2.

Furthermore, we say that 0 is defined over k if there is some A € k* so that Mfo, ..., \f, €
k(V7).

Definition 2.7 ([Sil86], p.16) Let k be a field with algebraic closure k. Suppose Vi,

Vo C P™ are projective varieties. A rational map
6 = {fO?"ﬂf‘ﬂ] : ‘/1 - V.Z

is called regular (or defined) at P € Vi if there is a function g € k(V}) such that
9fos---,9fn are all reqular at P, and (g9f;)(P) # 0 for some i. A ratioral map 1s

called a morphism if it is reqular for every P € Vi(k).

Example 2.8 Let k be a field of characteristic p # 2 and let V' be a projective variety
in P? given by
V. X2+Yi=2%
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Consider the map 6, given by
91 V= Pl

6([X,Y,Z]) —» [-Y/(X + 2Z) : 1].
Then 8, is regular at every point in V (k). This is clear, except possibly ct the point
P =[1,0,-1]. Let f = -Y/(X + Z). We must then find a g € k(V) such that gf
and g are regular at P and one of g(P)f(P) or g(P) is nonzero. Let g =Y /(X — Z),
then g(P)f(P) = 1 and g(P) = 0 are regular at P = [1,0,—1]. Hence, 0, is in fact

regular at every point of V. Therefore, 8, is a morphism defined over k.

One can define the notion of the dimension of a projective variety ([Har77], p.10).
A curve is then a projective variety of dimension 1. Another invariant is the genus of
a curve ([Har77], p.294). Curves of genus 0 defined over k£ with a k-rationel point are
isomorphic to P!, whereas curves of genus 1 with a k-rational point are isomorphic to

an elliptic curve.

2.2.1 Curves of Genus 0

Theorem 2.9 ([HS91], p.75) Let C be a smooth projective curve of genus O defined
over a field k. Then the curve C is ismorphic over k to P! if and only if it has a

k-rational point.

Proof: The outline of this proof is as follows. Using the Riemann-Roch theorem, C
can be embedded into P? as a smooth conic X defined over k. Suppose X does not
posses a k-rational point, then clearly X is not parametrizable. Conversely, suppose
X possesses a k-rational point P,. Then use the identification of P! with the space of
lines in P? that go through P, to define the following two rational maps;
line through P and By if P # P,

91 . X — ]P’l, P —
tangent line to X at P, if P = F.
6,: P! — X, L — the point P such that LN X = {P, Py}.

The composition of these maps is the identity. Furthermore, a rational map from
a smooth curve to a projective variety extends to a morphism defined on the whole

curve ([HS91}, p.69). Therefore, 6, and 6, are isomorphisms.
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Example 2.10 Let k, V, and 6, be as given in Example 2.8. Then V is a smooth
projective curve of genus 0 and possesses the k-rational point [—1,0, 1]. From Theorem
2.9, V 1is isomorphic to P1. We use this example to illustrate the proof of Theorem
2.9. Let Py =[-1,0,1]. Since a line in P? is given by sX +tY +7rZ =0, it is clear
that the set of all lines passing through Py is given by

sX +tY +sZ=0. (2.1)

Furthermore, we identify the point [s,t] € P! with the line in P? given by (2.1). Now
consider a point P = [a,b,c] # Py on V. Then the line passing through Fy and P is
given by

b
X+Y —-
a+tc a+t+c

which is identified with the point [-b/(a + c),1] on P'. Therefore,

Z =0,

61(P) = [-b/(c + ¢), 1].
Furthermore, the line tangent to 'V at Py is given by
X+Z=0,

which is identified with the point [1,0] on P! and 6,(P,) = [1,0]. Conversely, let
s,t] € PL. The point [s,t] is identified with the line

L:sX+tY+s2=0
through Py. Then LNV = {Py, P} where P = [t? — 52, —2st, s* + t*]. Therefore,
05([s,1]) = [t* — s?, —2st, s + 7).

Hence, 6, is a morphism defined over k that maps the point [s,t] (identified with the
line sX +tY +sZ = 0 onP?) to the point P € P? such that the line sX +tY +sZ =0
intersects V' at [-1,0,1] and P.
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2.2.2 Elliptic Curves

An elliptic curve defined over £ is a pair (E, Og), where E'is a curve of genus 1 defined

over k with a rational point Og € E(k), called the basepoint of E.

Lemma 2.11 ([Sil86], p.63) Let E be an elliptic curve defined over k. Then E is

isomorphic over k to a curve in P? given by a Weierstrass equation
ZY 4+ a1 XYZ +a3YZ? = X? + 0o X?Z + 0, X Z* + as Z°

with coefficients ay, ..., ag € k, and such that Og gets mapped to [0, 1,0]. Furthermore,

any two Weierstrass equations for E are related by a linear change of variables of the

form
X =uX"+rZ

Y =Y +usX +t7
Z=27
with u,r,s,t € k, u # 0.
We call the change of variables given in Lemma 2.11 an admissible change of
variables, because this is the only change of variables that will preserve the Weierstrass

model. Let E be an elliptic curve given by a Weierstrass equation and consider E in

affine space by making the substitutions y = Y/Z and z = X/Z. Then FE is given by
Y2+ a1zy + azy = T° + aeT’ + ayT + ae (2.2)

with an additional point [0, 1,0] at infinity. If char k£ # 2 we can simplify (2.2) by
completing the square and replacing y with y + (a,z + a3)/2, yielding

b b b
2 _ 83,22, 4,6
Y T+ 1 T+ 5 T+ 1
bg = af + 4(12, b4 = 2(14 + ajas, bs = ag + 4(16, | 4b8 = bgbe — bz
Also, define the quantities
A(E) = —bibg — 8b3 — 27b3 + 9bybybs,

J(E) = (b3~ 24bs)°/A.
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The quantity A(E) given above is called the discriminant of the Weierstrass equa-
tion and j(E) is called the j-invariant of the elliptic curve. It is noted that the change

of variables given in Lemma 2.11 leave the j-invariant invariant (hence its name).

If char k # 2,3 then we can eliminate the z? term by completing the cube and

replacing z with z — by/12 yielding

where
cq4 = b2 — 24by and cg = —b3 + 36byby — 216bs.

Lemma 2.12 ([Sil86], p.50) A curve E given by a Weierstrass equation is non-
singular if and only if A(E) # 0.

We can simplify the Weierstrass equation of an elliptic curve depending on its

j-invariant and on the characteristic of k.

Lemma 2.13 ([Sil86], p.324) Let E be an elliptic curve in P? given by a Weierstrass

equation. Then in each of the following cases, there is a substitution of the form
z=u’z +r and y = vy +usz’ ~t, with u,r,s,t €k, andu #0

such that E has a simplified Weierstrass form.
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(I) char k # 2,3
. s (13
y? = 2% + a4 + as, A(E) = —-16(4a3 + 27a3), jF(E)= 17‘3853%@,

(II) chark=3 and j(E)#0
y? = 1% + ay7? + ag, A(E) = —ad3a, J(E) = —a3/as,

(III) chark =3 and j(E)=0
y? = 23 + a4 + ag, A(E) = —aj,

(IV) char k=2 and j(E) #0
v +ay =13+ ax? +as, A(E) = ag, J(E) =1/cs,

(V) chark=2 and j(E)=0
v+ a3y =22+ a4 +as, A(E)=al.

Proof: The approach is to consider a general Weierstrass equation
2 _ .3 2
Y  + a1y +a3 =T + QX° + a4x + ag

and use an admissible change of variables as given in Lemma 2.11 to transform the
general equation into the desired form. We refer the reader to ([Sil86], p.324) for

more details.

An elliptic curve E is isomorphic over k to a simplified curve as given in Lemma

2.13. We call this simplified curve the short Weierstrass form of E.

A natural progression to our study of elliptic curves is to determine their iso-
morphism classes. Let E and E’ be elliptic curves with base points Op and Og

respectively. An isomorphism over k from E into E’ is precisely a change of variables

of the form

r =ux +r,



CHAPTER 2. BACKGROUND 13

y = udy +ulsz’ +t,

where u # 0, 1, s, t € k, precisely as in Lemma 2.13.

Lemma 2.14 ([Sil86], p.50) Let k be a field with algebraic closure k.

(a) Two elliptic curves defined over k are isomorphic over k if and only if they have

the same j-invariant.

(b) Letu € k. Then there erists an elliptic curve defined over k(u) with j-invariant

equal to u.

Proof:

(a) If two elliptic curves are isomorphic, then the isomorphism is given by an ad-
missible change of variables, which leave the j-invariant fixed. The converse is
shown by considering two elliptic curves in Weierstrass form having the same
j-invariant, and finding an explicit isomorphism between the two curves of the
desired form. We refer the reader to (/Sil86], p.50) for the details of this proof.

(b) Let u € k and let E be the elliptic curve defined over k with Weiertrass equation

Yy +y=13 if u=0,
E=< y?=123+1 if u = 1728,
Y+ oy = 2° — Pmr - o ifue b\ {0,1728].
Then j(E) = u.

Let E and E’ be elliptic curves given in short Weierstrass form. If E = E’ over k,

then the isomorphism from E to E’ is given in the following list.

o Case char k£ # 2,3. Let E and E’ be given by

E:y*=r+Az+B and E': (¥)=E)P +A7+5,
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for some A, A, B, B € k. An isomorphism from E to E’ is of the form

(z,y) = (v?z’,v3y’) where u € k is given by

(B/B): if j(E) =0,
u=1< (A/A)% if j(E) = 1728,
(AJA"Ys = (B/B')% if j(E) +#0,1728.

o Case char k = 2. If j(F) # 0, then let F and E’ be given by
E:y*+ry=2+ar’+as and E': () +72Y = (2')® +a5(2")* +af.
An isomorphism from F to E’ is of the form (z,y) = (2/,y’ + sz’) where
s*+s+as+a;y=0.
If j(E) =0 then FE and E’ are of the form
y? + asy = 23 + aqz + as.

An isomorphism from E to E’ is of the form (z,y) = (u?z’ + s%, v®y + vz’ +1),

where u, s, t € k satisfy the equations
u® = ay/as, s* +azs+ay —uta =0,
t2 + ast + s° + a45° + ag — ulaf = 0.
o Case char k= 3. If j(E) # 0, then E and E’ are of the form

y? = 2% + az? + ag.

An isomorphism from E to E' is of the form (z,y) = (u?z’,u3y’), where u € k

satisfies the equation u? = ay/ab.

If j(E) =0 then F and E’ are of the form
y® = 2% 4 a4z + as.

An isomorphism from E to E' is of the form (z,y) = (u®z’ + r,u®y’), where

u, € k satisfy the equations

u' = a}/ay and %+ a4 +ag —ulaj = 0.
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The set of all points in P" on an elliptic curve form an abelian group under the
composition law, with identity element Og. Furthermore, there is an algorithm that

calculates the negation and addition of points on E.

Composition Law 2.15 ([Sil86], p.55) Let E be an elliptic curve defined over a field
k with basepoint Og. Let P and Q be points on E, L be the straight line connecting
P and Q (tangent line to E if P = Q), and R be the third point of intersection of
L with E. Let L' be the straight line connecting R and Og. Then the third point of
intersection of L' with E is defined to be P + Q).

Addition Law 2.16 ([Sil86], p.58) Let k be a field with algebraic closure k and let E
be an elliptic curve defined over k with basepoint Og given by a Weierstrass equation

E:y’ +ai1zy + azy = 2° + ap2’ + a4z + a6

If P = (z,9) € E(k) then =P = (z,—y — a1z — a3). " Let Py = P, + P, with P, =
(zi,9:) € E(k).

If z) = x4 and y; + y2 + @122 + a3 = 0, then

P1 + P2 = OE.
Otherwise, let
A=22 v = WIRE if T1 # To;
(= Emmmn, - AT o=
Then P; = (z3,y3) is given by
23 = M +ad—ay— 1] — Ty,
y3 = —(A+a1)z3—v—as.

2.3 Drinfeld modules

We begin with the motivation behind the definition of a Drinfeld module. Let k be a
field and suppose f(z) € k[z]. The polynomial f is additive if f(z +y) = f(z) + f(y)
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inside the polynomial ring of two variables k[z,y]. The following proposition gives

the form of additive polynomials depending on the characteristic of k.

Proposition 2.17 ([Ros02], p.197) Let k be a field and f(z) € k[z] be an additive
polynomial. If char k = 0, then f(z) = azx for some a € k. If char k = > 0, then

f(z) = apx + a12P + ... + a.x? for some ag,...,a, € k.

For the remainder of this section we assume k is a field extension of [7,, a finite
field with ¢ = p" elements where p is a prime. Let A(k) denote the set of additive
polynomials in k[z]. Then A(k) is a ring with the standard addition of polynomials
and multiplication given by composition. Note that the identity element of A(k)
is z. Let 7(z) = zP and let k(r) be a non-commutative ring with addition and
multiplication as in a polynomial ring except when multiplying an element of k by a

power of 7, we follow the rule
Ta = aP7. (2.3)

Then the identity element of k{(r) is 7° = 1. By construction of k(7), there is a ring
isomorphism 6 : A(k) — k{7) defined by

8(aoz + ar2P + - +a,2” ) = ae7’ + a7+ - +a, 7"

Therefore, the endomorphism ring of the additive group of k£ over IF, can be considered
either as the non-commutative polynomial ring k(7) with the relation ra = a7, or as
the ring of additive polynomials over k£ with multiplication being given by composition

([Ros02], p.199).

We want the F,-algebra structure to be preserved by the endomorphism ring A(k).
So we assume k is a field extension of F, and only consider additive polynomials which
commute with the elements of F,. That is, if f = La;7"* we require that o = a for
every a € [F, where a; # 0. This condition holds if and only if n|i for all ¢ such that
a; # 0. In other words, f € (™). Therefore, we will replace the rule given in (2.3) by

for every a € k£ ([Ros02], p.200).
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Definition 2.18 ([Ros02], p.220) Let A = F [T] and k a field extension of F,. A
Drinfeld A-module over k consists of an F,-algebra homomorphism & from A to k,
together with an F-algebra homomorphism p: A — k(r) such that D(p,) = 6(a) for
all a € A, where p, denotes p(a) and D : k{(T) — k is given by

D (EC-,;Ti) = (p.

Moreover, we require that k does not contain the image of p. We denote by Drina(k)

the set of all Drinfeld A-modules over k, the structural map & being assumed fized.

Consider a k-algebra Q2 and an F,-algebra homomorphism § from A to k. The

homomorphism § makes 2 into an A-module with the relation
a-u=4(a)u, forallae A ju €,

referred to as the standard action of 4 on . The idea of a Drinfeld module is that

it makes (2 into an A-module in a new way, namely,

a ¥ u = pg(u), foralla € A,u € .

We denote this new A-module structure on €2 by ,. The condition that & does
not contain the image of p implies that p,(u) # é(a)u for at least one a € A. This
condition guarantees that the action of A on 2 is in fact different from the standard
action of A on Q ([Ros02], 220).

Often ¢ is taken to be a algebra homomorphism into a field &, however, one can
also consider reduction modulo a prime ideal. For example, if A = Fy[T| then we
could take k = F5(T") and ¢ to be the inclusion map from A into k, or take k = A/(f)
where f = T? + T + 1, with (f) being a prime ideal in A, and & the reduction map

modulo f.

Definition 2.19 The Carlitz module the a Drinfeld A-module given by

Cr=T+r.
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Consider the Carlitz module under the two possibilities for k. We have

o TP+ T+ T2+ THr+ (T + T2+ T)r2 + 73 if k=Ty(T),
3 =

g 14+ (T +1)72 + 72 if k= A/(f).
Unless otherwise stated, ¢ is taken to be the map into the field k.

Definition 2.20 ([Ros02], p.200) The rank of a Drinfeld A-module p over k is defined
to be the unique positive integer r such that deg,(p,) = r degr (a) for alla € A, where

deg. B is the highest occurring exponent of z in B.

We continue with the definition of a morphism between two Drinfeld modules and

give criteria so that these modules are in fact isomorphic.

Definition 2.21 ([Ros02], p.226) Let p,p’ € Dring(k). A morphism over k from p
to p' is an element f of k() with the property that fp, = p,f for alla € A. The set

of all such morphisms is denoted by Homy(p, p').

Proposition 2.22 ([Ros02], p.227) Let p,p' € Dring(k). Then p and p' are iso-
morphic over k if and only if there is a nonzero ¢ € k such that cp, = pyc for all

a€A.

Proof: Suppose that f is a morphism between p and p'. By definition, f € Homy/(p, ¢')
is an isomorphism if and only if gf = 7% = fg for some g € Homy,(p, ¢'). In k() this

can only happen if f = ¢r® and g = ¢7!7° for some nonzero element ¢ € k.

Let A = F,[T] and k a field extension of Fy(T). There is only one isomorphism
class of rank 1 Drinfeld A-modules over k. To see this, we will show that a Drinfeld

module p of rank 1 over k£ given in the most general form

pr =T + ur,

where u € k, is isomorphic over k to the Carlitz module Cr = T + 7. An isomorphism
exists if and only if there is a ¢ € k such that cpr = Crc. But cpr = Cre if and only

if w=c?"1. Since c € k, pr = Cr.
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Definition 2.23 Let k be a field extension of Fy(T). Let p € Drina(k) te a rank 2
Drinfeld A-module given by

pr =T+ 1T + 72,

where ¢y, ¢y € k. Define the j-invariant of pr to be
' cg1+1
iler) = —l—
Co
Proposition 2.24 ([Dor91], 239) Let k be a field extension of Fy(T'). Let p and p be
rank 2 Drinfeld A-modules given by

pr =T + 17 + co7? and pr =T +dy7+ dy?

with ¢1,¢y,dy. dy € k. Then p and p are isomorphic over k if and only if

g+1 g+1
a _da
Co dg

Proof: By Proposition 2.22, p and p are isomorphic over k if and only if bp = ub for

some b € k. But this occurs if and only if
bey = d b7 and be, = dgqu,

whence upon solving for b9*-1 in each equation yields

+1
! Co

0

As in the elliptic curves case, two Drinfeld modules of rank 2 are isomorphic if
and only if they have the same j-invariant. Furthermore, given a u € k\ {0} there is

a Drinfeld module with j-invariant equal to w.

Proposition 2.25 Let k be a field extension of Fo(T) and let u € k \ {0}. A rank 2
Drinfeld module with j-invariant u is isomorphic to pr = T + ur + w972 € Driny (k)

over k.

It is noted that the definition for the j-invariant of a rank 2 Drinfeld module can

be generalized to a Drinfeld module of rank r [Ham03].



Chapter 3

Torsion submodules and their

Galois groups

This chapter contains information on torsion points and division polynornials of el-
liptic curves and Drinfeld modules. In particular, we will give the structure of field

extensions generated by torsion points on elliptic curves and Drinfeld modules.

3.1 Elliptic Curves

Let k be a field with algebraic closure k. Let E be an elliptic curve over a field k with

basepoint Og. For each m € Z and P € E(k), let
[m]: E—~FE

be the multiplication by m homomorphism given by

P+P+---+P (mterms)ifm>0,
m|(P)=4q —P~P—---— P (mterms) if m <0,
OE 1fm=0,

We say that a point P € E(k) is an m-torsion point if [m](P) = Og. The the set of
m-torsion points on E is precisely the kernel of [m], and hence forms a subgroup of

E(k), denoted by E[m)|.

20
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Now suppose that & has characteristic p. If p = 0 or if ged(p, m) = 1 then
E[m] = (Z/mZ) x (Z/mZ).
For m = p®, e € Z>,, one has
E]p®]l = {Og} foralle=1,2,3,...;0r

Epfl=Z/p°Z  foralle=1,2,3,... ([Sil86], p.89)

Hence, if m is prime to p then Aut(E[m]) = GLy(Z/mZ) with respect to a chosen basis
for E[m]. It is also noted that if gcd(m,n) = 1 then using the fundamental theorem of

finitely generated abelian groups and p-primary decomposition, E[mn] = E[m]x E|n].

Let E be an elliptic curve over a field & with a Weierstrass model over £ and let

kE,m = k({:r,y ‘ (‘T*y) 75: OE € E[m](/_f)})

be the field extension generated by the z,y-coordinates of the nontrivial m-torsion
points in E(k) and denote its Galois group over k by Gg,,. It is noted that kg
and Gg ,, are invariant under isomorphisms over k (hence, invariant when choosing a

Weierstrass model). Then Gg ., acts on an m-torsion point P = (z,y) € E(k) by the

rule

P=(z ).
Furthermore, Gg ,, acts linearly on E[m)] since (P + Q) = P +? @. This follows as
the coeflicients in the formulae for P + @ are in k as E is defined over k. Therefore,

if P € E(k) is an m-torsion point then

[m](°P) = °([m](P)) = °Of = Ok,
and o is indeed an automorphism of E[m]. Thus, the action of Gg ., on E[m] gives
rise to a homomorphism

YeEm: Gem — Auw(E[m])
o — (Pw—?P).

Consider a nontrivial automorphism ¢ € Gg,. Since ¢ acts nontrivially cn at least

one coordinate of an m-torsion point in F(k), it must be the case that ¢g (o) acts
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nontrivially on at least one m-torsion point in E(k). Therefore, the kernel of vg ,, is
trivial and @g ,, is injective. We conclude that ¢g , identifies Gg ,» with a subgroup
of GLy(Z/mZ) for m prime to char k.

We can now make precise the notion of the Galois group of the field generated by

the z-coordinates of torsion points on an elliptic curve.

Definition 3.1 Let E be an elliptic curve over a field k. Then we define

Kpm = k({z | (z,y) € E[m](k)})

to be the field extension generated by the x-coordinates of the nontrivial m-torsion

points of E and we denote its Galois group over k by G ,.

We have seen that for m prime to char k, Gg, is isomorphic to a subgroup of

GLy(Z/mZ). Using this information, we can give the structure of G ,.

Lemma 3.2 Let E be an elliptic curve over a field k. Then, z(P) = z(S) if and only

if P= =S for every P, S € E(k).

Proof: Let E be given by the Weierstrass equation
2 _ .3 2
Y+ a7y + azy = 2”7 + a2x” + a4 + as,

and suppose that P,S € E(k) and z(P) = z(S) = a. Suppose that P = (a,b) and
S = (a,c), then

b + ayab + ash = a® + aza” + asa + as and (3.1)

¢ + ajac + asc = a® + asa’ + aqa + ag. (3.2)

Subtracting (3.2) from (3.1) gives
(b—c)(b+c+ae+a3)=0.

Hence, b=cor b= —c— aja — a3 and P = £5 by Lemma 2.16.
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Lemma 3.3 Let E be an elliptic curve over a field k with characteristic p. If m
is prime to p, then the homomorphism ¢gm : Gepm — GLy(Z/MZ) factors to a

homomorphism

Spm : Ggm — GL2(Z/mZ)/ {£1}.
In particular, ¢p m identifies G, with a subgroup of GLy(Z/mZ)/{+£1}.

Proof: Suppose that ¢ € Gg., and ¢g.,(g) = %1, then g(P) = £P for all P €

E[m](k). From Lemma 3.2, g(P) = £ P if and only if 2(P) = z(g(P)). Hence g fixes

Em- Lherefore, ¢p,(g) = 1 if and only if g fixes kip,,. The result then follows

from the first isomorphism theorem.

Suppose that char k£ # 2,3 and consider an elliptic curve E over k. From Lemma

2.13, F has a short Weierstrass form given by

E:y’=1*+ Az + B,
where A, B € k. Define division polynomials ¢, € k[z,y] of F inductively as follows:

Y =1, Yo = 2y,
Y3 = 3z + 642% + 12Br — A%,
Yg = 4y(z® + 5Az* + 20Bx® — 5A%% — 4ABz — 8B? — A43),
Voms1 = Ums2¥y, — Ym—1¥5,4 1 (m > 2),
2ytom = Vm (Um0 — Umoa¥iy) (M 23).

Further define polynomials ¢,, and w,, by

Om = iE?/ern = Ym+1¥m-1

YYwm = Pry2¥p_1 = Ym-2¥msr.
Then ¢y, (for m odd) and (2y) !¢, (for m even) are polynomials in k[z]. Furthermore,

_ Pm(P)  wm(P)
miP = <wm<P>2’ wm<P>3)
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for every point P € E(k) ([Sil86], p.105). Therefore, the m-torsion points in E(k)
are precisely the roots of the division polynomial 9,(z). We then get that G, is
equal to the Galois group of 9., over k. Since we are interested in cubic and quartic
polynomials, we must check for which values of m does 1), have a cubic or quartic

factor over k.

If n,m € Z and n divides m then it must be the case that ¢, divides ¥,, since
n-torsion points are also m-torsion points. For this reason, we introduce the concept

of new torsion points.

Definition 3.4 Let E be an elliptic curve defined over k and let m € Z. Then denote
the set of points of order exactly m by E[m]*.

Lemma 3.5 Let E be an elliptic curve defined over a field k, and let m € Zwq, with

m prime to char k, have prime factorization pi' - - - p¢r. Then
T
x 2(ei—1
|Efm]"| = [ p2“ " p? - 1).
i=1

Proof: Let f : Z — Z be a function defined by
f(m) = |E[m]"|.
We prove the result by considering three cases.

(i) Let m = p", where p is prime. The only proper divisors of p" are p"~%,...,p, .
Futhermore, E[p'] C E[p"!] for all 7 < r. Therefore,

_1\2
f(m) — p2r__ (pr 1)
= PV - 1),
which completes this case.

ii) Let m = p; --- p,, where py, ..., p, are distinct primes. Then using the inclusion-
p p

exclusion principle, we have

fm) = (o= 3 (aepn) e (CDTT Y PR (1)

1<ii<<ir—1<r
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which completes this case.

(iii) Let m = pf*---pgr, where py,...,p, are distinct primes. We note that if m =

p"s, where p is a prime such that p{ s, then

f@'s) = (ps)?— (@18 + (@) = (p)
— p2(r—1)((p8)12 _ 82 _p2 + 1)
p*"Y f(ps)

Therefore, we have

flm) =pXe V. p2e=Vf(p - p,).

The result then follows from the previous case.

Suppose m > 3, then by Lemma 3.5 there are at least 12 new points of order m.
Therefore, there are at least 6 new z-coordinates that correspond to the new points
of order m. This implies that upon dividing %, by ¥,, for all n dividing m, we are
left with a polynomial of degree at least 6. Since we are investigating polynomials of

degree at most 4, we restrict the torsion points of interest to be of order 2 and 3.

We would like to limit our study to isomorphism classes of elliptic curves. However,
to do so, we must check that the field extension generated by the z-coordinates of
the m-torsion points on an elliptic curve is invariant under isomorphisms. In the case

where the j-invariant is not 0 or 1728, we can say more.

Corollary 3.6 Let k be a field with algebraic closure k and let Ey, E, be two elliptic
curves over k given in short Weierstrass form with j-invariants not equal to O or
1728. Suppose ¢ : Ey — E, is an isomorphism over k. Then z(¢(P)) = az(P) for

all P € E\(k), where a € k\ {0}.
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Proof: If char k£ = 2,3 then the result follows directly from the proof of Lemma
2.14(a). Suppose char k # 2,3. Then using the same notation as in the proof of

Lemma 2.14(a), E) and E; are given by
Ei:y¥*=2+A4z+B and FE;: (¢)2= )+ A2 +F

for some A, A", B, B’ € k. An isomorphism from F to E’ that preserves the short
Weierstrass form is given by (z,v) = (u%2’,uy’) where u € k satisfies u® = B/B’ and

ut= A/A’. Clearly u? € k, which completes the proof.

By Corollary 3.6, if two elliptic curves E and E’ are isomorphic over k with j-invariants
not equal to 0 or 1728, then G%,, & G ,, as desired. We refer the reader to the

appendix for the cases where the j-invariant is 0 or 1728.

Let E be an elliptic curve over k with j-invariant u. Then the z-coordinates of

the non-trivial 2 and 3-torsion points on F are precisely the respective roots of

144 4
/ =4 3 2 _ d
Ualz) = 4% 427 — o eer — o an
216 12 u — 432

J =34 3 _ &~ _ _ i
Va(z) = 32"+ 2" — T~ T8 T e 17287

3.2 Drinfeld modules

Let A = Fy[T] and let k be an extension of F,. If p € Driny(k), then we say that a
point A € k is an a-torsion point of p if po(\) = 0, where a € A. The set of torsion

points of p is a A-submodule of l_cp given by
A, = {) € k| pa()) = 0 for some nonzero a € A}.
By fixing an a € A, we define the submodule A,[a] of A, to be
Asla) = (€ k| pa(N) = 0}.

The field extension of k generated by the points in A,[a] is denoted by k,, and its
Galois group over £k is denoted by G, ,.
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Proposition 3.7 ([Ros02], p.221) Let p € Dring(k) be a Drinfeld A-module of rank

r over k. Then
Ap[a] = (A/aA)

for all a & ker 6.

The action of G,, on A,[a] gives rise to a homomorphism

Opa: Gpa — Na]
o — (A7)

Consider a nontrivial automorphism ¢ € G,,. Since ¢ acts nontrivially on at least
one a-torsion point in A,[a], it must be the case that ¢, (o) acts nontrivially on at
least one a-torsion point in A,[a]. Therefore, the kernel of ¢,, is trivial and ¢,, is
injective. We conclude that ¢,, identifies G,, with a subgroup of GL,(A/aA) for
a ¢ kerd.

In the elliptic curve case, we considered the field extensions generated by the z-
coordinates of torsion points. For Drinfeld modules, the analogue to z-coordinates

are the ¢ — 1 power of torsion points.

Definition 3.8 Let p € Dring(k) and denote the algebraic closure of k by k. Define
the set A,la)’ to be
Ayla) = {XT1 € k| po(X) = 0}

We call the points in Aya]’ z-coordinates of A,lal.

We denote the field extensions of k generated by the points in Aj[a]’ by £ ,.
Furthermore, we denote the Galois group of k,, over k by G,,. What then is the

structure of G, 7

Lemma 3.9 Let p be a Drinfeld A-module of rank r over k and let a € A. Then the
homomorphism ¢4 : Gpo — GL.(A/aA) factors to a homomorphism ¢, , : G, , —
GL.(A/aA)/pg-1 = PGL,(A/aA), where pq_, is the group of ¢ — 1 roots of unity in
A. In particular, ¢, . identifies G, , with a subgroup of PGL.(A/aA).



CHAPTER 3. TORSION SUBMODULES AND THEIR GALOIS GROUPS 28

Proof: Suppose that g € G,, and ¢,4(9) = B € pg-1, then g(b) = Fb for all
b € Ay[a]. However, g(b) = 8b if and only if g(69!) = b%~!. Hence g fixes £, .
Therefore, ¢,.(g) = G if and only if g fixes &, ,. The result then follows from the first

isomorphism theorem.

Definition 3.10 Let a € A and p € Drina(k) be given by

Do = CrT" +ep ™" 4T 4a

where ¢y, ...,c, € k. Define the a-division polynomial of p to be
n c P n— c a
Yo(z) =29 4 Bl el
CTL CTL CTL

Remark 3.11 Since p is an F,-algebra homomorphism taking 1 to °, we have p, =
at® for all a € F,. Also, paa = Papa = ap, for all a € F, and a € A so that
Aylaa]l = Aylal. Therefore, Ayla] is invariant when a is replaced by non-zero scalar

multiples of itself.

Since ¢—1 divides every exponent of z in v,, we can consider 1, as a polynomial in
197!, We denote 1, considered as a polynomial in 97! by +/,. Using Definition 2.20,

¥, has degree q" 997 (@) — 1 and 9/ has degree q" 97 (=1 4 grdesr (0)-2 4 ... 4 g 4 0.

Given p € Dring(k) and a € A, we are interested in calculating G,, and G,
using the division polynomials 1, and ¢, respectively. As we are equipped to deal
with cubic and quartic polynomials, we will investigate Drinfeld modules p € Dring(k)
and elements a € A that give rise to cubic and quartic division polynomials. That is,

we consider all values for ¢, r, and degr (a) such that
g @ —1<4, or
qr degr (a)-1 + qrdegT (a)-2 et g+ q0 < 4.

Suppose ¢" %97 (¢) 1 < 4. If ¢ = 2 then the possible values for r are 1 and 2. If r =1

then the value of degr(a) can be 1 or 2, otherwise the value of degr(a) rnust be 1.
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If ¢ = 3,5 then r = degr(a) = 1. If ¢ > 5 then the inequality does not hold. Now

suppose
qrdegT (a)-1 + qrdegT (a)-2 + - +q+ qo < 4.

First note that if 7 = degr(a) = 1 then the inequality holds for any value of g.
Suppose rdegr(a) > 1. If ¢ = 2 then the possible values of r are 1 and 2. If r = 1
then the value of degr(a) must be 2. If r = 2 then degr(a) = 1. If g=3 then r =1
and degr(a) = 2, or r = 2 and degr(a) = 1. If ¢ > 4, the inequality does not hold.
In addition to studying division polynomials of degree less than 5, we can study the
(T + a)-division polynomial for a rank 1 Drinfeld module due to its special form,
namely, ¢r,q = 2971+ (T + @) /u, where pr o = ur + T + a. The values for ¢, r, and

degr(a) given above are shown in Table 3.1.

Table 3.1: Drinfeld modules that give rise to polynomials of degree at most four

Rank of the |q | a€ A=TF,[T|

Drinfeld module a, a0 €F, flx) |degf
1 q T+ (8 g—1
1 q T+ o (8 1
1 2| T2+ ayT+as | Y, =0, | 3
1 3| T?*+anT + VA 4
2 2 T+ oo Yo=%a| 3
2 3 T+ o (VA 4

As seen in the proof of Proposition 3.7, a Drinfeld module p € Drins(k) acting on

a € A is of the form

Po=CnT " +Cr™" T+ -+ aT+a



CHAPTER 3. TORSION SUBMODULES AND THEIR GALOIS GROUPS 30

where ¢;,...,¢, € k and deg-(p,) = n. Applying p, to z gives the following polyno-

mial in k[z]

pa(z) = azT + ooz’ 4o+ 2% + az

n Cp— n— C a
= cpT (:rq _1+n_1:rq 1—1+...+_lxq—1+a)

Cn Cn

= Cnﬁba(ﬂ?)

Therefore, Ayfa] = {)\ € k| ,()) = 0} U{0} and G, is equal to the Galcis group of
Yo(z) over k. Similarly, Ay[a)’ = {A? € k|1,(A) =0} U{0} and G, , is equal to the
Galois group of ¥ over k.

We would like to limit our study to isomorphism classes of Drinfeld modules. As
seen in Table 3.1, we are only studying G/, ,. However, to do so, we must check that
the field extension generated by the z-coordinates of the a-torsion points on a Drinfeld

module is invariant under isomorphisms.

Lemma 3.12 Let k be a field with an algebraic closure k and let p, 6 be two Drinfeld

A-modules over k. Suppose p = 0 over k. Then k,, =k} ,.

Proof: Let p, = o™ +Cr 17"+ -+c;7+a and b, = d, 7" +dp_ 17 4+ - -+diT+a.
Since p & 6, there exists a b € k such that bp = 6b. Equating the coefficients of 7, we
get
¢ = d;b7 ! for 1 <i<n.

Let f(z) be the a-division polynomial for p and g(z) be the a-division polynomial for
6. Then it is easily checked that g(z) = b7 ~! f(z/b). Therefore, if A\97! € A [a]’ then
f(A) =0and g(bA) = 0. So 6971\ € Ayla)’. It remains to show that 77! € k. But
this is clear, since ¢; = d1597! and ¢;,d; € k. Since the elements of A,[a]’ and Agla)’

differ by scalar multiples in k, we have &k, , = kg ,.

We now compute the division polynomials of rank 1 and 2 Drinfeld modules using
the values listed in Table 3.1. First, let p be a rank 1 Drinfeld A-module over k.

From Lemma 3.12. G’ is invariant under isomorphism classes. Since there is onl
’ Pa
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one isomorphism class of rank 1 Drinfeld A-modules, it suffices to only consider the
Carlitz module given by pr = T + 7. If degr(a) = 1 then a = T + ¢, and p, and ¢/,

are given by
po=a+7 and Y (z)=z+ (T + o).

If a has degree 2in T, then a = T? + o, T + o, and
po=a+(ay+T +TY7 + 7%,
=2+ (TT+ T+ )z +a.

Next, let p be a rank 2 Drinfeld module with j-invariant u. Then p gives rise to a
cubic or quartic division polynomial precisely when p acts on T + «;, where o) € F,

and q is 2 or 3, yielding

1 T+«
¢§"+a1=xq_l+——ﬂsq'l+ * l).

3.3 Galois groups

This section is concerned with finding criteria to determine the Galois group of a
polynomial. Let f be a polynomial of degree n over a field k with distinct roots and
with Galois group G over k. As seen in the previous section, G is isomorphic to a

subgroup of S, and if f is irreducible then G is transitive.

The discriminant of f is used to determine if G is isomorphic to a subgroup of
A, (the group of even permutations). The general definition of a discriminant is used
for fields of characteristic not equal to two, whereas in fields of characteristic 2 the

Berlekamp discriminant is used.

Definition 3.13 ([Gar86], p.111) Let f be a polynomial of degree n over a field k. Let
o1, ..., Qp be the roots of f in a splitting field extension of k. Then the discriminant

of f, denoted A, is defined as 8% where
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The discriminant of a quadratic polynomial f(z) = azx?+bzr +c over a field k with
char k # 2 is b? — 4ac. To ease the computation of cubic and quartic polynomials, we
first make a linear transformation to eliminate the trace term of the polynomial. The
general form of a monic cubic polynomial over a field % is 2% + a,z? + a, = + ao, where

ag, a1, a9 € k. If char k # 3 then replacing z with z — ay/3 yields 23 + pz + g where

1 2 1
p=a — §a§ and qg=ag+ ﬁag - gagal.

Similarly, the general form of a monic quartic polynomial over a field & is % + azz3 +
asr? + a;x + ag, where ag, a1, as, a3 € k. If char k # 2 then replacing z with z — a,/4

yields 4 + pz? + gz + r where

— 3.2
p—a2_§a’3a

— 1 1.3
q= "502&3 + §a3 + a,,

N Laoagl — 244
T = —201a3 + Qo + 750203 — 3z50A3-

Lemma 3.14 ([Gar86), p.113) Let k be a field with char k # 2 and let f(z) = z° +
px + q be a polynomial in k[z]. Then the discriminant of f is

A = —4p® — 27¢°.

Lemma 3.15 ([Gar86], p.113) Let k be a field with char k # 2 and let f(z) = z* +

px? + qz + 7 be a polynomial in k[z]. Then the discriminant of f is

A = —4p%¢® — 27¢% + 16p*r — 128p%r? + 144prq® + 25673,
Lemma 3.16 ([Gar86], p.111) Let k be a field of characteristic not 2 with algebraic
closure k. Suppose that f € k[z] is separable with n distinct roots in k. Then the

Galois group of f over k is isomorphic to a subgroup of A, if and only if 6 € k.

Proof: Recall that
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If t is a transposition of S,, then ¢ reverses the order of exactly one of the terms in
the above product and t(§) = —4. Therefore, if ¢ € S, then

o@)= ][] (o(ey) —o(en)) = &8,

1<i<j<n

where €, = 1 if ¢ is an even permutation and ¢, = —1 if ¢ is an odd permutation.
Let G be the Galois group of f over k and ® an injective map from G into S,. If
®(G) C A, then g(8) = ¢ for all g € ®(G) so that ¢ is in the fixed field of G and
d € k. Suppose that é € k, then g(d) = ¢ for all g € ®(G) so that $(g) raust be an
even permutation and ®(G) C A,.

In a field of characteristic 2, the Berlekamp discriminant is used to test if the Galois

group of a polynomial is isomorphic to a subgroup of the group of even permutations.

Definition 3.17 ([Ber76], p.315) Let f be a monic polynomial of degree n over a field
k with n distinct roots ai, aa, ..., an in a splitting field extension of k. Define the

Berlekamp discriminant to be
&;

=l

In a field of characteristic 2, the Berlekamp discriminant of a polynomial f is
increased by one whenever any adjacent pair of roots of f is transposed. To see this,
upon labeling the roots of f, consider two consecutive root indices a and b and write
0 as a sum of five summands:

o Q; Qy Q;
f)) — a + 1 + ) + )
: Qg + Z Q; +Q; Z Q; +Qp o+ oy

i<j<a i<a

Qg p oy
+3 < + ) + 3 :
= ag+a; apt+aj bind a; + o

Let o be the transposition of the roots o, and ap. Then it is clear that 7 + 8 = 1,
hence 37 = B+ 1. We conclude that 3 is invariant under the alternating group acting
on the set of roots of f when k is a field of characteristic 2, but it is not invariant

under the symmetric group.
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Lemma 3.18 ([Ber76], p.315) Let f(z) be a monic polynomial of degree n over a field
k of characteristic 2 with n distinct roots a1, Qo, ..., apn in a splitting field extension
of k. Let G be the Galois group of f over k, and ® be a monomorphism from G into
Sn. Define

QG

bz)=2*+z+C, where C= Z
i<j

Then b(z) € klz]. Furthermore ®(G) C An if and only if b(x) has a root in k.

24 2
a; +aj

Proof: Since C is a symmetric function, C' € k and b(z) € k[z]. Then b(3) = 0 where
B is the Berlekamp discriminant of f. Therefore, b(x) has a root in & if and only if
B € k. From the above discussion, 8 € k if and only if ®(G) C A,.

Lemma 3.19 Let k be a field of characteristic 2 and f € k[z]. Using Magma
[BCPI7], we compute C when f is a quadratic, cubic, and quartic polynomial.

flz) = ®+az+b,
C = b/a®
flz) = *+az’+bz+c,
o - adc+abc+ b + ¢
B a?b? + c? ’
f(z) = z'+az® +br’ +cx +d,

a*d® + albed + a3 + a?b3d + abc® + b3 + ¢
atd? + a?b2c? + ¢4 )

A result given in [Sch91] shows that a cubic polynomial over the rational numbers
has 3 linear factors over Q if and only if it has a rational root and its discriminant is
a square. This result can be generalized to all fields of all characteristics using Galois

theory.

Theorem 3.20 Let f be a polynomial of degree n over a field k with n distinct roots

in k. Then f splits over k if and only if its discriminant is a square in k and f has
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n — 2 roots in k. If char k = 2, use the Berlekamp discriminant, otherwise use the

standard discriminant.

Proof: Let G be the Galois group of f over k. Then f splits over k if and only if
G = {e}, or equivalently, G is isomorphic to a subgroup of 4, N Cs. By Proposition
3.16, G is isomorphic to a subgroup of A, if and only if the discriminant of f is a
square. Furthermore, G is isomorphic to a subgroup of C, if and only if f has n — 2

roots in k.

To further determine the Galois group of a polynomial, we express the polynomial
as a product of irreducible factors. The first step in this process is to test if the poly-
nomial in question has a linear factor. In the cubic case, one method of determining

if the polynomial has a linear factor is to use the formulas for its roots.

Theorem 3.21 ([Gar86], p.115) Let k be a field with char k # 2,3. Suppose f(z) =
z3 + pz + q € k[z] has discriminant A, and that a1, as, and as are the roots of f in

some splitting field extension K|k. Then

oy = 3(wW?B +wy),

(wB + w?y),

Wi

Qg =

Q3 = %(6 +/7)1

where

=27 3 —27 3
= etV m3ha’ = 5ma-5v3A,

and w s a third root of unity.

Essentially, one tries to solve f by radicals using radical extensions. Consider the
extension k(4), where 62 = A. Since [K|k(d)] = 3, we have that T(Kk(5)) = As.
This implies that our next extension should be generated by a cube root of an element

from k or k(). The proof proceeds by choosing an appropriate 8 € K(w), where w is
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a third root of unity, such that k(3%)|k is a quadratic extension and the three roots

of f can be expressed in terms of 5.

Given a cubic polynomial f over k, we can use its discriminant and the formulas for
its roots to determine its Galois group over k. If the cubic polynomial does not have a
linear factor then the Galois group is isomorphic to Asz if and only if its discriminant is
a square, otherwise it is isomorphic to Ss. If the cubic polynomial does have a linear
factor, then we use the result given in Proposition 3.20 to determine if the Galois

group is trivial or isomorphic to a conjugate of {(12)).

We continue with determining the Galois groups of quartic polynomials. By
Lemma 2.5 and Theorem 2.4, the Galois group of an irreducible separable polynomial
of degree m over a field k is isomorphic to a transitive subgroup of S,. The transi-
tive subgroups of S, are known for n < 31 [Coh93]. For the investigation of quartic

polynomials, we begin by listing the transitive subgroups of S;.

Lemma 3.22 ([Esc97], p.264) The transitive subgroups of Sy are comprised of Sy,
Ay, three conjugate subgroups isomorphic to Dy, one subgroup isomorphic to Vy (the

Klein Viergruppe of order 4), and three conjugate subgroups isomorphic to Cjy.

Let S be a set of four distinct elements and S, the permutation group acting on
S. Suppose that H is a transitive subgroup of S;. The order of H is a raultiple of
4. Hence, the possible orders of H are 4, 8, 12, and 24. If the order of H is 24 then
H = 5, and if the order of H is 12 then H = A,. If the order of H is 8 then H is one
of the three Sylow 2-subgroups of S, isomorphic to D4. These three groups are

H: = {e, (12),(34), (12)(34), (13)(24), (14)(23), (1324), (1423)},

Hy = {e, (13), (24), (12)(34), (13)(24), (14)(23), (1234), (1432)},
Hs = {e, (14), (23), (12)(34), (13)(24), (14)(23), (1243), (1342)}.

If the order of H is 4 then H must be a subgroup of Hy, H,, or H3. The subgroups
of Hy, Hy, and H; of order 4 are isomorphic to the Klein Viergruppe

Vi = {e, (12)(34), (13)(24), (14)(23) },
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and the three mutually conjugate subgroups of Sy isomorphic to Cy are
J = {e, (1324), (12)(34), (1423)},

Jo = {e, (1234), (13)(24), (1432)},
Ty = {e. (1243), (14)(23), (1342)}.

Remark 3.23 If f is a quartic polynomial over a field k, then either f is irreducible
and the Galois group of f over k is isomorphic to a transitive subgroup of Sy, or f is
reducible and the Galois group of f either trivial, or isomorphic to a subgroup of Ss
or a conjugate of ((12)) x ((34)).

~/

The following two lemmas are used to test if ®(G) C H; = Dy and if $(G) C J; =
Cy respectively. The Galois group of an irreducible quartic can then be determined

from the results of these tests.

Lemma 3.24 ([Esc97], p.267) Let k be a field with algebraic closure k. Suppose

f(z) = 2% + a32® + apx® + a1z + ap € k[z] has distinct roots in k and set
R(z) = (z — (102 + azay) ){x — (103 + ao0y) ) (x — (104 + @2023)).

Let G be the Galois group of f over k and ® be a monomorphism from G into Sy.
Then

®(G) C H, if and only if ajo + azag € K,
®(G) C H; if and only if 103 + cog € k,
®(G) C H; if and only if cyay + a3 € k.

Proof: First we note that R(x) has distinct roots in k. This can be seen by supposing
the contrary, that is aja + azay = ajas+asay. Factoring then yields (o) — o) (a2 —

a3) = 0 and we get the contradiction that either a; = o4 or ay = as.

Without loss of generality, we will prove the result for the first case, that is (G) C
H, if and only if ayop + aza € k. Tt is noted that for every g € ®(G), g(aicn +azay)
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is either ajas + azou, 103 + anay, or ayay + asas. Furthermore, the fixed group
of oo + a3y as a polynomial is precisely H;. Suppose that ®(G) C. H,, then
glonag + 0304) = @100 + a3y for every g € ®(G) and ajas + azay € k as desired.
Conversely, suppose that ®(G) € H;. Then there exists some g € ®(G) such that
g & H,. Since g € Hi, g(000+a30u) # ar10p + azag and g(ajas + azay) is one of the
other two roots of R. Since the roots of R are distinct, g does not fix a;as + as0y.

Consequently, ayas + azay € k.

Remark 3.25 The polynomial R(x) as given in Lemma 3.24 is in k[z], since expand-

ing and simplifying R gives

R(z) = 2° — a2* + (aza; — 4ao)z + 4aoay — a? — agas.

Lemma 3.26 ([Esc97], p.268) Let k,k, f and G be as in Lemma 3.24. Suppose that
(D(G) - H] = D4 and set

Clz) = (z — (a1a§ + agag + agai + a4af))(:1: — (a2a§ + a3af + alai + a4ag)).

Suppose C(z) has distinct roots. Then ®(G) C J, = Cy if and only if 103 + o303 +

@02 + aga? € k.

Proof: Let a = o103 + @303 + 2003 + as0? and b = 0202 + az0? + 103 + agad. It
is noted that for every g € ®(G) C Hy, g(a) is either a or b. Furthermore, the fixed
group of a as a polynomial is precisely J;. Suppose ®(G) C J;, then g(a) = a for
every g € ®(G). Therefore, a € k as desired. Conversely, suppose that ®(G) € J;.
Then there exists some g € ®(G) such that g ¢ J,. Since g(a) is a conjugate of a and
g € Ji, g(a) = b. Since the roots of C' are distinct, g(a) # a and therefore a ¢ k.

Remark 3.27 Let t denote the root of R(x) in k from Lemma 3.24 and C(z) be as
gwen in Lemma 3.26. Then C(z) € k[z| and is given by
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C(z) = 2? + (—taz + azaz — 2a;)z — 2t%ay + 2ta a3 — 4tag — aga? + a,a + a3

—5ayasa3 + t2a3 + 4a? + 4agay — tasal + tal.

3.4 The structure of PGLy(Z/mZ)
Proposition 3.28 PGLy(Z/27) = S;.

Proof: Let G = GLy(Z/2Z)/{x1} = GLs(Z/2Z). The order of G is 6. Suppose
G contains an element of order 6. Then G is cyclic, hence abelian which gives a
contradiction. Furthermore, G has one cyclic subgroup of order 3 and three cyclic
subgroups of order 2. Let H =< ¢ > be the cyclic subgroup of G of order 3and 7 € G
be an element of order 2. Then G = H Il 7H, where H contains all elements of order
dividing 3 and 7H is the set of all elements in G of order 2. Then (ro%)(r0*) = ¢
and we have 7o't = ¢~%. In particular, 7-lo7 = ¢~!. Hence, G = D3 = S; which

completes the proof.

Proposition 3.29 PGL,(Z/37Z) = S,.

Proof: Let G = PGLy(Z/3Z). Consider the map 6 given by the action of G on
F =PYZ/3Z) = {[1,0],]1,-1],[1,1],[0,1]}. Then 6 : G — Zp = Sy is injective,
since if g € G fixes every element of F' then g must be the identity. In addition, 8 is

an isomorphism since |G| = |S;| = 24. Therefore, G = S, as desired.

Theorem 3.30 ([Lan76], p.185) Let F' be a field of characteristic l. Let G be a finite
subgroup of GLo(F), of order prime to l. Let H be the image of G in PGLy(F). Then

we have the following cases.

(i) H is cyclic.
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(i1) H is dihedral.

(iii) H is isomorphic to Ay, Sy, or As.

Theorem 3.31 ([Lan76), p.183) Let F' be a field of characteristic l. Let G be a finite
subgroup of GLo(F), of order divisible by . Then either G is contained in a Borel

subgroup (the group of upper triangular matrices), or G contains SLo(F').

Using Theorem’s 3.30 and 3.31, we can give the correspondence between subgroups
of Sy and PGLo(Z/3Z). Let H be a subgroup of PGLy(Z/3Z). If |H| is prime to 3
then H is either cyclic or dihedral. If H is cyclic, then H is isomorphic to C; or Cyg,
which in turn is isomorphic to a conjugate of {(12)) or {(1324)). If H is dihedral,
then H is isomorphic to D4 or D, which in turn is isomorphic to a conjugate of H;

or V, as given in Lemma 3.22, or {(12)) x ((34)).

Let B a Borel subgroup of G Ly(Z/3Z) and consider B as a subgroup GL-(Z/3Z)/{%1},
denoted by B. Then |B| = 6 and B is isomorphic to Ss. Let S = SLy(Z/3Z)/{%1}.
Then |S| = 12 and S is isomorphic to Ay. Therefore, if H is a subgroup of G of order
divisible by 3, then H is isomorphic to either a subgroup of Ss, or a group containing

Ay



Chapter 4
Elliptic curves

In this chapter, we calculate the Galois groups of fields generated by the z-coordinates
of torsion points on an elliptic curve. We refer the reader to Section 3.1 for background
information on torsion points on elliptic curves relevant to this section. Let k be a
field of characteristic p and let E be an elliptic curve over k£ with j-invariant u,. From
Lemma 3.3, for m prime to p, G ,,, is isomorphic to a subgroup of GLy(Z/mZ)/{£1}.
We wish to find necessary and sufficient algebraic conditions on u, that determine the

containment of G’z ,, in subgroups of GLy(Z/mZ)/{+£1}.

In what follows, we categorize G, for m = 2, 3 based on algebraic conditions on
u,. In several cases, we parametrize curves of genus 0 with a k-rational point in order
to get algebraic conditions on u,. These parametrizations are guaranteed to exist by

Theorem 2.9.

4.1 Galois group of 2-torsion submodule

Let F be an elliptic curve over a field k. Suppose char & is O or prime to 2. From
Proposition 3.3, G'g , is isomorphic to a subgroup of G = GLo(Z/2Z)/{+1} and from
Proposition 3.28, G =& S3. Hence, G, is isomorphic to a subgroup of S:. In what
follows, we determine the structure of Gz, by considering two cases; char k = 2,

and char k£ # 2. In the case that char ¥ = 2, we will see that if £ is perfect then

41



CHAPTER 4. ELLIPTIC CURVES 42

!
GE,2 = GE,Q'

Remark 4.1 Suppose E is an elliptic curve over a field k of characteristic 2 with

j-invariant equal to u, € k\ {0}. Then up to isomorphism over k, E is of the form
. 1
y2 +zy = - —

(o]

with 2-torsion division polynomial
wg(l') = .272.
The Galois group of ¥y over k is trivial and the y-coordinate corresponding to r = 0 is

1/+/=u,, hence G , is trivial and Gg 5 is isomorphic to Z.)2Z if \/—u, & k, otherwise
it is trwvial. Furthermore, if k is a perfect field, then G, = Ggo and E is ordinary.

Theorem 4.2 Let k be a field with char k # 2 and let E be an elliptic curve over k
with j-invariant u, € k \ {0,1728}. Then

(i) G’y is trivial if and only if *

v = 28(¢2 —t,+1)3
T 2t —1)2

for some t, € k;
(i) G, 1s isomorphic to a subgroup of Cs if and only if 2

(to + 256)3
2

Up =
for some t, € k;
(iii) G, is isomorphic to a subgroup of As if and only if

Uy, = 12+ 1728

for some t, € k;

1 This is the Legendre family of elliptic curves with j-invariant u, ([Sil86], p.54).
2 The expression u, = (t,+256)3/t2 relates to the complex analytic parametrization of the modular
curve Xo(2) [Bir72].
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(i) otherwise, G’z , = Ss.

Proof of Theorem 4.2

From Lemma 2.14, E is isomorphic over k to an elliptic curve E’ with Weierstrass

equation
36 1

Uy — 1728 up— 1728'
Then from Corollary 3.6, G%,, & G’ ,,. Therefore, it suffices to only consider the

family of elliptic curves given by E’. Let f(x) € k[z] be the division polynomial of

v’ +zy=12°—

the 2-torsion points in E’(k). Then f is given by
144 . 4
Up — 1728 u, — 1728’

flz) =1y =42° + 2* - (4.1)

and the z-coordinates of the 2-torsion points in E’(k) are precisely the roots of f.
Furthermore, G, is equal to the Galois group of f over k, denoted by G. The
discriminant of f is

16u?

(o — 1728)%
which is never equal to 0 since u, # 0. Therefore, the roots of f are distinct. Let ® be
a choice of monomorphism G < S; after labeling the roots of f. Then it suffices to
categorize ®(G) based on algebraic conditions on u,. We begin by giving constraints

on u, that determine the factorization of f over k.

Proposition 4.3 Let k be a field with char k # 2 and u, € k\ {0,1728}, and let f
be as given in (4.1). Then f has a linear factor over k if and only if

(t, + 256)*

o 2
£

for some t, € k.

Proof: If u, = (¢, + 256)3/t2 for some t, € k then f factors as

tp o o o128 at,
to — 512 to— 5127 (t, +64)(t, —512) )

Conversely, suppose f has a linear factor over k. Then

144 4
o — =
u, — 1728 u, — 1728

0

40° +a? -
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44
for some « € k. Solving for u, in terms of a gives
w = A2a+ 1)°
T a?(4a+1)]
Then there is a Mébius transformation, namely ¢, = 2048a/(4a + 1), such that
Uy = (to + 256)3 .
2
n

Proposition 4.4 Let k be a field with char k # 2 and u, € k \ {0,1728}, and let f
be as given in (4.1). Then f has three linear factors over k if and only if

28(t2 —t, +1)°
u =
° t2(t, — 1)2

for some t, € k.

Proof: If

B(t2 —t,+1)°

Yo = Ty 1)

for some t, € k, then f factors as

(‘“ T (2%, - 1t>o<to = 2>> ( i 4<totf10>?z:j)- 2)) < Ty e ) ‘

to+ 1)(2ty — 1)

Conversely, suppose f has three linear factors over k. By Proposition 4.3, there
exists some s, € k such that

o + 256)°
Uo == (S 2 _"_) (42)
80
and the quadratic term of f in terms of s, is
128 4s,
g(z) =" - -

5y — 512" (5,4 64)(s, — 512)
Then the discriminant of g over k, namely

16(s, + 256)?
(50— 512)2(s, + 64)’
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is a square in k. Therefore, there exists some n, € k such that

n? = s, + 64, and

(n2 +192)3

o 6
L

Furthermore, there is a Mobius transformation, namely ¢, = (n, — 8)/(n, + 8), such

that
_ 28(¢2 —t,+1)3

U, =
° 2(t, — 1)2

Let us now return to the proof of Theorem 4.2. Clearly, ®(G) = {e} if and only
if f has three linear factors over k. Part (i) then follows from Proposition 4.4. ®(G)
is contained in a conjugate of ((12)) if and only if f has a linear factor over k. Part
(47) then follows from Proposition 4.3. The discriminant of f, namely

1612

(uo — 1728)3%’
is a square in k if and only if u, = t2 + 1728 for some ¢, € k. Part (¢ii) then follows
directly from Lemma 3.16. Part (iv) is clear since the only proper nontrivial subgroups

of S are Az and conjugates of {(12)).

4.2 Galois group of 3-torsion submodule

Let E be an elliptic curve over a field k. Suppose char £ is 0 or prime to 3. From
Proposition 3.3, G5 is isomorphic to a subgroup of G = GLo(Z/3Z)/{£1l} =
PGLy(Z/3Z) and from Proposition 3.29, G = S;. Hence, G ; is isomorphic to a
subgroup of Sy. As we have seen in Section 3.4, the subgroups of PGL4(Z/3Z) are
isomorphic to Cs, Cy, Ds, Dy, S, A4, S4, or a Borel subgroup. In what follows, we

determine G’ ; by considering two cases; char k = 3, and char k # 3.

Remark 4.5 Suppose E is an elliptic curve over a field k of characteristic 8 with
j-invariant equal to u, € k\ {0}. Then up to isomorphism over k, E is of the form
1

V¥ t+ry=1"— —

Uo
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with 3-torsion division polynomial

Y3 = 7’ - —.

Uo
The Galois group of ¥z over k is trivial. Suppose k is a perfect field, then the 3-torsion
points on E are (1/u,,0), (1/uo,2/u,), and Og. Therefore, E[3] = Z/3Z and E is

ordinary.

Theorem 4.6 Let k be a field with char k # 3 and let E be an elliptic curve over k
with j-invariant u, € k\ {0,1728}. Then

i) G'z 4 is trivial if and only if G’z , is isomorphic to a subgroup of Co and z?+z+1
EJ3 E3
has a root in k;
(i) G'g 3 is isomorphic to a subgroup of Cs if and only if

27(2 — 2t, + 4)33(t, + 2)3

(to—1)3(t2 +t, +1)3 (Co]

uo=

for some t, € k;

i1i) G 5 1s isomorphic to a subgroup of As if and only if x> + x4+ 1 has ¢ root in k
EJ3 ‘

and
_2Tt(t, +8)°

Up = 1) [C B]

for some t, € k;
(iv) G 3 is isomorphic to a subgroup of S if and only if

_ 2Tt(t, + 8)°
Up = _-——(to — 1)3— [B]

for some t, € k;
(v) G'g 5 1s isomorphic to a subgroup of Z/2Z x Z/2Z if and only if

_ (to + 9)3(t0 - 3)3 [Dg]

Uo -
3
tO

for some t, € k;
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(vi) G 3 is isomorphic to a subgroup of Cy if and only if char k =2 and

1
Tt 1 2

for some t, € k, or char k # 2 and u, = t3 for some t, € k and there ezists

some v, € k such that —3(v? + 12v, + 144) is a square in k;

(vit) G 5 is isomorphic to a subgroup of Vy if and only if u, = t3 for scme t, € k
and 2 + = + 1 has a root in k;

[D:]
(viii) G'g 3 is isomorphic to a subgroup of Dy if and only if u, =t for some to € k;
(ix) G 3 is isomorphic to a subgroup of A4 if and only if 22 +x + 1 has a root in k;

(z) otherwise, G = S.

Proof of Theorem 4.6

From Lemma 2.14, F is isomorphic over k to an elliptic curve E’ with Weierstrass

equation
36 1

U — 17287 wy— 1728°
Then from Corollary 3.6, G%,, & G .- Therefore, it suffices to only consider the

v 4oy =21° ~

family of elliptic curves given by E’. Let f(z) € k[z] be the division polynomial of

the 3-torsion points in E’(k). Then f is given by

216 12 U, — 432

- - 4.
e 1R vl v o PR )

flz) =5 =3c" +2° -

and the z-coordinates of the 3-torsion points in E’(k) are precisely the roots of f.
Furthermore, G ; is equal to the Galois group of f over k, denoted by G. If char
k # 2 then the discriminant of f is

27ul

" (uo — 1728)8°

which is not equal to zero since u, # 0. If char &k = 2 then the discriminans of f is a

root of 2 +x + 1, which clearly cannot be zero. Therefore, the roots of f are distinct.
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Let ® be a choice of monomorphism G < S; after labeling the roots of f. Then it
suffices to categorize ®(G) based on algebraic conditions on u,. We begin by giving

constraints on u, that determine the factorization of f over k.

Proposition 4.7 Let k be a field with char k # 3 and u, € k\ {0,1728}, and let f
be as given in (4.3). Then f has a linear factor over k if and only if

27t,(t, + 8)3

AR
for some t, € k.
Proof: If
27to(t, + 8)°
Uy =
(to - 1)3

for some t, € k, then f factors as

(to=1)(to+2)
<3$+ t2-20,—8 )

’:1:3 — _Tot2 2 _ (to‘l)(t3_32to+4)$ (t3+6t2+228t,+8) (t,—1)?
t2—20t,—8 3(t2-20t,—8)2 27(t2~20t,—-8)3

Conversely, suppose f(a) = 0 for some & € k. Then making the substitution
Tz = « in f, clearing denominators, and regarding the result as a polynomial in u,,

yields
9(uo) = &*(3a + 1)u2 — (120 + 1)(864a> + 21602 + 1)u, + 432(120 + 1) = 0. (4.4)

If the characteristic of &k is 2 then

_ 1
T ot +ad

Uo

and there is a Mobius transformation, namely ¢, = 1/(a + 1), such that
ta

U,
° (to+1)3

as desired. Suppose that the characteristic of £ is not 2. Then the discriminant of g

regarded as a polynomial in u, is (12a + 1)%(432a2 + 1). Since u, € k, there exists
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some v, € k such that 4320% + 1 = v2. By parametrizing the conic 4322% +1—y? = 0
with the line y = sz + 1, we have

—2s
s2 — 432"

Therefore

_280
2 45
T e (45)

for some s, € k. Using equations (4.4) and (4.5) to solve for u, in terms of s, gives

— (8, — 36)(s, + 12)3

’ 4.6
o 8(s, + 18) or (4.6)
432(s, — 36)3(s, + 12

s 3 ) E\SO )' (4.7)
SO(SO - ‘24)
Then there are Mobius transformations, namely
:Ojg if (4.6) occurs,
ty =
i;:ngm if (4.7) occurs.
such that
27to(to 3
’LLO = __‘_-é_(_t_—tél_ and
(to — 1)3
o _(to_].)(to—}—Q)
3(¢2 — 20t, — 8)
as desired.
]

Proposition 4.8 Let k be a field with char k # 3 and u, € k\ {0,1728}, and let f
be as given in (4.3). Then f has a quadratic factor over k if and only f

(:to + 9)3‘(to - 3)3
'LLO = — 3
12

for some t, € k.
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Proof: If (
(to + 9)3(to - 3)3

3
to

Uy = —

for some t, € k, then f factors as

2 | to(te+3) t2(t3+9t2+27t,—81)
(3$ T o Tt Ehsa @iy

72— (to—g)x + to(t3+9t2—81t,+243)
t2+27 (t2+18t,—27)(t24+27)2 | -

Conversely, suppose f has a quadratic factor over k. Then there exist a,b,c,d € k

such that

flz) = (32 +az+b)(z®+cz +d)
= 3z' + (a+3c)2® + (b+ ac + 3d)z® + (bc + ad)z + bd.

Equating the coefficients of the above polynomial with the coefficients of f gives

a+3c = 1,
—216
b ] = ———
+ ac + 3¢ w1758
—-12
b d = ———
cta %o — 1728’
bl — _432 — U,

(o — 1728)2°
Leta=1—-3c, b=10b/(u—1728) and d = d’'/(u — 1728). Then

b — c(3c—1)(u, — 1728) +3d' = —216, (4.8)
be—3de+d = -12, (4.9)
bd = 432 — u,. (4.10)

Ifc=0thena=1,d = -12, b = —180, and ~12b" = 432 — u, yielding u, = —1728.
In this case, there exists some %,, namely t, = —3, such that

(to + 9)3(th - 3)3
t2 '

(4
C

Suppose ¢ # 0. Using equations (4.8) and (4.9) in succession to solve for &’ and d’ in
terms of ¢ and substituting these values in equation (4.10) gives

(6 — L)2(c3 (3¢ — 132 — (726> — 24¢ — 1)(6c — 1)*uy + 1728(6¢ — 1)6) = 0.
C
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There are two cases to consider; char k = 2 and char k # 2.

51

Suppose char k = 2. If 6—1/c = 0 then we get the contradiction 1 = 0. Therefore,

e —1)%u2 +u, = 0.

Since u, # 0, we have ¢ # 0,1 and
_ 1
to = Ale+1)%

Then there is a Mobius transformation, namely ¢, = ¢/(c + 1), such that

(o +1)°

2
t;

0 =

Now suppose char k& # 2. If 6 — 1/c = 0 then we get the contradiction u, = 0.

Therefore,

h(z) = (3¢ — 1)%z% — (72¢* ~ 24c — 1)(6¢ — 1)*z + 1728(6c — 1

must have a root in k, namely u,. The discriminant of A is

(1 + 36¢— 108¢?)(6c — 1)8,

which has a square root in k since u, € k is a zero of h. Hence, 1 + 36¢ — 108¢* = vy

2

for some v, € k. By parametrizing the curve 1+ 36z — 10822 — y? = 0 with the line

y = sz + 1 we have
_ 36—2s

T s24+ 108

Therefore,
_ 362,

C =
524108
for some s, € k. Furthermore, u, in terms of s, is given by

3¢ _R)3
v = — (8o + 18)°(s, — 6) 7 or
8s3
_ 1728(s, + 18)%(so — 6)°
(S0 +6)3(s, — 18)3

Then there are Mobius transformations, namely

% if (4.11) occurs,

——3257‘:618—) if (4.12) occurs.

(4.11)

(4.12)
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such that ‘
(o +9°(t, = 3)°

U =
+3
t3

as desired.

Proposition 4.9 Let k be a field with char k # 3 and u, € k\ {0,1728}, and let f

be as given in (4.3). Then f has two linear factors over k if and only if

27(t2 — 2t, + 4)%t3(t, + 2)3
(to — 1)3(t2 +t, +1)3

Up =

for some t, € k.

Proof: If
27(t2 — 2t, + 433 (¢, + 2)3

(to — 1)3(t2+t, + 1)3

Uy =

for some ¢, € k, then f factors as

T — (t3461,+2)(t2+1,+1) T+ (to=1)(t3+2) (£24+t,+1)
3(t2—2t,—2)(t3+2t3+6t2—4t,+4) 3(t2—2t,—2)(t3+2t3+6t2—4t,+4)

372 + (t2+4t0—-2)(to—1) I+ (tjﬂ-toﬂ)(t{g—6tg+4t§+3_6t§—12to+4)(to—1)2
(t2—2t,—2)(t3+2t3+6t2—4t,+4) 3(t2—2to—2)? (t3+23+6t3—4to+4)?
Conversely, suppose f has two linear factors over k. Then f has a linear and a
quadratic factor and by Propositions 4.7 and 4.8,

(mo + 9)3(m, — 3)3

27n,(n, + 8)3
_ =

YT T, — 13

and Uy = —

for some m,, n, € k. Equating the above values for u, gives

- (o)

Hence, there exists some t, € k such that n, = 3 and u, in terms of ¢, is

27(¢2 — 2t, + 4)3t3(¢, + 2)°
(to — 1)3(t2 +t, +1)3

Uy =

as desired.
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Let us now return to the proof of Theorem 4.6.

(ix)

(viii)

(vii)

(vi)

If char k # 2, then the discriminant of f is

27u

(u, — 1728)8’

which is a square in & if and only if —3 is a square in k. If char k = 2 then the
Berlekamp discriminant of f is in k if and only if 22 + £ + 1 has a root in k.

The result then follows from Lemmas 3.16 and 3.18.

The D, resolvent of f is

2 .. 1728 u? + 373248
u, — 1728 (uo — 1728)27 * 27(u, — 1728)3°

R(z) = 3+

If char k = 2, then R(z) has a root in k if and only if u, is a cube in k. Suppose
char k # 2 and let ¢, ¢o, and c; denote the roots of g(z) = 23 —u? € k[z] in a

splitting field extension of k. Then

R(z) = (m + _ﬂ_lz__> (m + c_2+7_2__> (m + _fﬁ_fz__>
3(u, — 1728) 3(u, — 1728) 3(u, — 1728)
by Theorem 3.21, and R has aroot in & if and only if ¢; € k for some ¢ € {1, 2, 3}.
We will show that ¢; € k for some i € {1, 2,3} if and only if u, is a cube in k.
Suppose u, is a cube in k and let u, = a®, for some a € k. Then g(a?) = 0 and
R(z) has a root in k. Conversely, suppose ¢; € k for some ¢ € {1,2,3}. Then
¢ = u? yielding u, = u3/c?, and u, is a cube in k. The result then follows from

Lemma 3.24.

The result follows from parts (iz) and (viii) since Vj is a subgroup of A4 and
D,.

Suppose ®(G) is isomorphic to a subgroup of D,. Then there exists some v, € k
such that u, = v2 and R has a linear factor over k, namely

v+ T2
3(v, — 12)(v2 + 120, + 144)

T+
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Then the Cy resolvant of f is

C(z) = z°+ vy — 72 T
(v, — 12)(v2 + 12v, + 144)

+v§ + 3us — 43203 - 3888v2 + 15552v, + 186624
81 (v — 12)%(v2 + 12v, + 144)3 '

Suppose char k = 2. Then

1 1
C(x)=12+-—x+vo-§ .
Vo U3

Making the substitution z = z/v, gives

o+ 1
Ci(z) = Clz/v,) = 22+ 7 + “—:—

Suppose C;(z) has a linear factor over k, namely z—t,. Then t2+t,+(v,+1)/v, =

0 and v, in terms of u, is
1

v, =
T Rt +1
as desired. Conversely, suppose v, = 1/(t2+t, + 1) for some ¢, € k. Then

Ci(z) = (z+t,)(z+t,+ 1).

Therefore, C)(z) (consequently C(z)) has a linear factor over k if and only if

1
24t +1

U

for some £, € k, which completes the case when char k = 2.

Suppose char k # 2. Then the discriminant of C'(z) is
_ vy
27(v, — 12)2(v2 + 120, + 144)3°
which has a square root in k if and only —3(v2 + 12v, + 144) is a square in k.
Hence, by Lemma 3.26, ®(G) C J = C, if and only if char £ = 2 and

_ 1

Yo T A, + 1)

for some t, € k, or char k # 2 and there exists some v, € k such that u, = v3

and —3(v? + 12v, + 144) has a square root in k.
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(v)

(i)

(1)

(%)

The subgroup ®(G) is contained in a conjugate of ((12)) x ((34)) if and only if
f has two quadratic factors over k. Part (vi) follows directly from Proposition

4.8.

The subgroup ®(G) is contained in a conjugate of Stabg,(4) if and only if f has

a linear factor over k and part (iv) follows directly from Proposition 4.7.

Suppose ®(G) is contained in a conjugate of Stabs,(4). Then f has a cubic

factor over k. From Proposition 4.7,

27t,(t, + 8)3
Yy = ———————

(to - 1)3
for some t, € k, and the cubic factor of f in terms of t, is
Tto+2 t3 — 33t2 + 36t, — 4

Q) = =~ 505, 8% ~ 5[ — 401 + 3542 + 3204, 7 54)°

5+ 4td + 21783 — 4422 + 212t, + 8
27(t8 — 603 + 1176t4 - 70403 ~ 9408t2 — 3840t, — 512)

Furthermore, if char k£ # 2, then the discriminant of Q(z) is

1 (tofte = 1)(te + 8\
3\ 3(t2 — 20t, — 8)3 )

which has a square root in & if and only if —3 is a square in k. Similarly, if
char k = 2, then the Berlekamp discriminant is a root of z2 + z + 1. Hence, by
Lemmas 3.16 and 3.18, ®(G) is contained in a conjugate of ((12 3)) if and only

if z2+ z + 1 has a root in k.

The subgroup ®(G) is contained in a conjugate of ((12)) if and only if f has

two linear factors over k. Part (i¢) then follows directly from Proposition 4.9.

From Theorem 3.20, ®(G) = {e} if and only if &(G) is contained in a conjugate
of ((12)) and A;. The result then follows from Parts (i7) and (iz).

The nontrivial subgroups of S, are the transitive subgroups listed in Lemma

3.22 and conjugates of Stabg,(4), ((123)), ((12)), and ((12)) x ((34)). Since
®(G) is a subgroup of Sy, if cases (i) ~ (iz) do not occur then ®(G) = Sj.
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4.3 Example

Consider the elliptic curve given by E : z° + ¢ + z° = 3Azyz over a field ¥ where
A € k. Let H be the Hessian of F then
6z —3xz —3\y
H=| -3\z 6y -3\z
—3Ay —-3\xr 6z

with determinant |H| = 216zyz — 54\%2% — 54)22% — 54\3zy2z — 54A%y3. Taking the

intersection of E and |H| gives the following rational points
[0,-1,1],[-1,0,1],[-1,1,0],
which are the flex points of E. The following transformations are made to put F in
canonical normal form. Note that in each step the transformation is given followed
by the resulting equation representing the elliptic curve E.
1. Move the flex point [-1,1,0] to [0, 1,0].
z=72+y,y=2 -y, z=2
E: 223 +6xy® + 2% - 3x2%2 + 322 =0

2. Interchange z and z.
/

_ E_ — . —
T = 6 ) y y ’ z z
E:(z=-3\z)y*=2°— i/\a:z2 - —1—23
’ : 12 108

3. Consider z as the coefficient term of y2.

z=1,y=9,2=2" -3\

32 A 1
E:uls=(1—\)g3— 20 2, 22 3
vz = )z TP 5% T 1ag
4. Make a transformation so that £ is monic in z.
— x/ _ 7 _ /
-’17—(1_/\3)1/3ay'—y,2—2
2 3 3\? 2 A 2 1 5

E:yz=zx —4(1_/\3)2/3:1:,2—6(1_/\3)1/3:172 ~ 1057
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5. Set z = 1.

32 0 A 1
x° - T— =
4(1 — A3)2/3 6(1 — A3)1/37 108

E:y2=x3—

Now that E is in the canonical normal form, the j-invariant can be computed. Let
¢ be the j-invariant of £. Then

C2T3(A+2P(A2 — 20+ 4)°

¢ (A=13(A2+ A1 +1)3

Since A € k, by Theorem 4.6, if 22 + 2 + 1 has a root in k then G 5 trivial. otherwise



Chapter 5

Drinfeld Modules

In this chapter, we calculate the Galois groups of fields generated by torsion points
on a Drinfeld module. We refer the reader to Section 3.2 for background information
on torsion points on Drinfeld modules relevant to this section. Let A = F,[T] and
let p be a rank 2 Drinfeld A-module over k& with j-invariant u,. For a € A, we wish
to determine necessary and sufficient algebraic conditions on u, that determine the

containment of G, , in subgroups of GL,(A/a)/pq-1-

In what follows, we categorize G5, , for the cases when p has rank 1 and « is a linear
or quadratic polynomial in A and when p has rank 2 and a is a linear polynomial
in A. We also categorize G,, when p is a rank 1 Drinfeld module and a is linear in
T. The values for r,q and a are summarized in Table 5.1. In several instances, we
parametrize curves of genus zero with a rational point in £ to get algebraic conditions

on u,. These parametrizations are guaranteed to exist by Theorem 2.9.

5.1 Rank 1 Drinfeld modules

5.1.1 Galois group of (T + a)-torsion submodule

It has been shown that for £ = Fy(T") there are only finitely many rank orne Drinfeld

modules (up to isomorphism over k) that have nonzero torsion in k. In particular,

o8
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Table 5.1: Drinfeld modules that give rise to polynomials of degree at most four

Rank of the | q | a€ A=T,[T]

Drinfeld module a,az €F, flz) |degf
1 q T+ o (I g—1
1 q T+ (7 1
1 2| T+ T+a | Y, =%, | 3
1 3| T?+ anT + ay Y 4
9 9 T+ U=t | 3
2 3] T+a W, 4

if ¢ = 2 then p is isomorphic to the Carlitz module over k& and {A € k|p,(\) =
0 for some nonzero a € A} = F,[T]/(T? + T) as an F,[T]-module. Suppose ¢ > 2.
If p is isomorphic over k to ¢y = T — (T + c)7 for some ¢ € F, then the torsion
submodule

{\ € klpa(A) = 0 for some nonzero a € A}
equals IF, and is isomorphic to Fy[T]/(T+c) as an Fy[T]-module. If p is not isomorphic

to such a Drinfeld module, then the torsion submodule
{\ € k|p,(A) = 0 for some nonzero a € A}

equals {0} ([Po097], p.582). For the purpose of this thesis, we take k to be ar. extension

of F,(T) and we study torsion submodules of k, rather than in k,.

Theorem 5.1 Let p be a Drinfeld A-module of rank 1 over a field extension k of
Fo(T) given by pr = T + uoT, where u, € k\ {0}. Ifa =T+ a € A and v, = 1/u,
then G, is contained in a cyclic group of order d dividing ¢ — 1 if and only if

Savd
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for some z, € k.
Corollary 5.2 Ifu, =1 and k = Fy(T) then G,, is isomorphic to (Fy)*.}

Remark 5.3 First we note that a Drinfeld A-module pr = T + u,T is isomorphic to

Yvr =T — (T + ¢)7 over k if and only if

qg-—1
2

(T +¢)

Vo = —

where ¢ € Fy and 2, € k. From Theorem 5.1, G,, is trivial, where a = T. This
implies that the set of torsion points of p, is contained in k. From Poonen’s result,

we also have that Ay[a] C F,.

Proof of Theorem 5.1

Let u, € k and let p be a Drinfeld A-module of rank 1 over a field extension k of
Fy(T) given by
or = u,T + T.
Leta=T+ o € A, v, =1/u,, and let f(z) € k[z] be the a-division polynomial of p.
Then f is given by
fl@) =21+ (T + on)v,

and G,, is equal to the Galois group of f over k.

The ideas presented in this proof are taken from (/Lan02], p.289). let 3 € k
be a root of f. Since k contains all of the ¢ — 1 roots of unity, f splits over k(3).
Furthermore, all the roots of f are distinct. Let G be the Galois group of k(3) over
k.

If 0 € G then 0(8) = w, 0, where w, is a ¢ — 1 root of unity. The map o — w, is
clearly a homomorphism of G into the group of ¢ — 1 roots of unity. Since a subgroup

of a cyclic group is cyclic, G is cyclic.

Suppose that

zéq—l)/d

Vo= ————

T+

! This result corresponds with Proposition 12.7 in [Ros02] with P =T + a; and e = 1.
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for some d|(q — 1) and 2, € k. Then
(=(T + ar)vo)? = 227
But we also have that
'—(T + al)vo = ,Bq_l,
so that
(ﬁd)q—l — Zg—l’
and (3¢ € k. Let o be a generator of G. Since 3¢ is fixed under G,
o (8% = (08)? = (weB)* = B°
and w, is a primitive d root of unity. Therefore, G is contained in a cyclic group of
order d dividing ¢ — 1.

Conversely, suppose that G is contained in a cyclic group of order d dividing ¢ — 1.

If o is a generator for G, then w, is a primitive d root of unity and we get.
o(8%) = (08)? = (w.B)* = %
Hence, (3¢ is fixed under G and (3¢ € k. Furthermore, we have

(gd)(q—l)/d
T + (031

o bl

and the theorem is proved.
Proof of Corollary 5.2

If u=1, then v, = 1 and there exists a z, € k, namely —(7 + ), such that

2o
T 4+ (03] .

Vo =

By Theorem 5.1, GG is contained in a cyclic group of order ¢ — 1. Suppose there exists
a d < q — 1 such that d divides ¢ — 1 and

z(()q—-l)/d

T+ o

for some 2, € k. Then the degree in T of the denominator is strictly smaller than the

(e

degree in T of the numerator, yielding a contradiction. Therefore G is a cyclic group
of order g — 1, hence G = (F,)*.
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5.1.2 Galois group of (T? + ;T + ay)-torsion submodule
Theorem 5.4 Let p be a rank 1 Drinfeld A-module over a field extension k of Fo(T).

(a) Ifa=T?*+T then G,, is trivial;

(b) If a =T? + a, then G, is trivial if and only if

?+z+ o
has a root in k, otherwise G, = ((12));
(¢) Ifa=T?+T+1, then G,, is trwial if and only if
?+(T*+T+ Dz + (T*+T+1)
has a root in k, otherwise G,, = As.

Theorem 5.5 Let p be a Drinfeld A-module of rank 1 over a field extension k of
F3(T) and let a = T? + o, T + oy € A.

(i) If (a1, a9) € {(1,0),(~1,0),(0. 1)}, then G, is trivial if and only if (T —
(1 + )T ~ a1 +1) is a square in k, otherwise G, , = Cs.
(1) If (a1, 0) € {(0,0),(1,1),(=1,1)}, then G, , is trivial if and only if
2~ (T+a)* + (T +a)’z2+ (T +ay)
has a root in k, otherwise G, , = Ajs.
(1i) If (1, a2) € {(0,1),(=1,-1),(1,~1)}, then G, , is trivial if and only if

'+ (TP +T+ o)+ (T + onT + o)

has a root in k, otherwise G, , = Cj.
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Proof of Theorem 5.4

Let p be a Drinfeld A-module of rank 1 over a field extension & of Fy(T). From
Lemma 3.12, G/

p.a
only consider the rank 1 Drinfeld A-module given by

is invariant under isomorphisms over k. Therefore, it suffices to

pr=1+T.

Let a = T? + 4T + a3 € A and let f(z) € k[z] be the a-division polynomial of p.
Then f is given by

flx) =2+ (T*+ T+ )z + (T? + o, T + ),

where f has distinct roots in k. To see this, suppose f has a double root for a
contradiction. If f has a double root then f(z) = (z + a)?(z + b), for some a,b € k.
This implies that f(z) = z® + bz? + a%z + a?b, yielding b = 0. But clearly, 0 is
not a root of f(z), giving a contradiction. Let G be the Galois group of f over k,
and & be a choice of monomorphism G — S; after labeling the roots of f. Then
G, =G, = 0(G).

(a) If oy =1and a; = Othen f factors as (z+1)(z+T)(z+(T+1)) and ®(G) = {e}.

(b) If a; = 0 then f factors as (z + (T + a2))(z* + (T + @2)z + (T + 23)). The

Berlekamp discriminant of the quadratic factor of f is a root of

(5.1)

2
" +x+ .
T+ as

By Lemma 3.18, f has three linear factors (equivalently, ®(G) = {e}) if and
only if (5.1) has a root in k. Otherwise, (G) is a conjugate of ((12)).

(c) If @y = a3 = 1, then the Berlekamp discriminant of f is in & if and oaly if
b(z) =2’ +x+T*+T
has a root in k. Since b(T) = 0, $(G) C As. If a € k is a root of f then
flz)=(z+a)(z+ala+T))(z+ala+ (T +1))).

Therefore, ®(G) = {e} if and only if f has a root in k, otherwise ®(G) = As.
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Proof of Theorem 5.5
Let p be a Drinfeld A-module of rank 1 over a field extension k of F3(T). From

Lemma 3.12, G , is invariant under isomorphisms over k. Therefore, it suffices to

only consider the rank 1 Drinfeld A-module given by
pr =1+ T.

Let a = T?+ T + s € A and let f(z) € k[z] be the a-division polynomial of the
z-coordinates of p. Then f is given by
flo)=2"+ (T*+T+oa))z+ (T? + 0, T + o).
The discriminant of f is (T2 + ;T + a3)® # 0, therefore f has distinct roots in k.
Let G be the Galois group of f over k, and ® be a choice of monomorphism G «— S,
after labeling the roots of f. Then G| , = &(G).
(i) Suppose (o, a2) € {(1,0),(—1,0),(0,—1)}. Then f factors as
fl@)=(z+ (T + )z + (T + ay + a))(z? + (T + 201)z + 1),

and ®(G) is contained in a conjugate of ((12)). The discriminant of the quadratic

factor is
(T — (o + )T - o1 +1),

which is a square in & if and only if (T'— (a; +1))(T — a1 + 1) is a square in k.
The result then follows.
(ii) Suppose (a1, a2) € {(0,0),(1,1),(2,1)}. Then f factors as
@+ (T+a))(@® — (T+a)2? +(T+a)’s + T + o),

and ®(G) is contained in a conjugate of Stabs,(4). Furthermore, ®(G) is con-
tained in a conjugate of ((1 2 3)) since the discriminant of the cubic factor,

namely
(T + al)47

is a square in k. Furthermore, f has two linear factors over & when
= (T+a)2’+ (T +01)’z+ (T +a))

has a root in k. The result then follows from Theorem 3.20.
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(iii) Suppose (o, a2) € {(0,1),(2,2),(1,2)}. The D, resolvant of f(z) given by
Rz)=2*- (T*+aT+a)z— (T*+T+a)?,
which factors over k as
(- (T*+ T+ a))(z?+ (T* + T + a)r + (T — a))(T? + o T + aw)).
Hence, ®(G) C H = Dy4. The C4 resolvant of f(z) is given by
Clx)=2+(T*+T + )z + (T +ay00 — )T + aro + D)(T? + oy T + ay)?
and has a linear factor over k since its discriminant,
(T? + T + ap)?,

is a square in k. Therefore, ®(G) C J = Cy. Using Magma [BCP97], if f has
one linear factor over £, then f has four linear factors. Therefore, if ®(G) = {e}

if and only if f has a linear factor over k, otherwise ®(G) = Cj.

5.2 Rank 2 Drinfeld modules

5.2.1 Galois group of (T + a)-torsion submodule

Theorem 5.6 Let p be a Drinfeld A-module of rank 2 over a field extension k of
Fo(T) with j-invariant u, € k\ {0}. Ifa=T +a € A and v, = 1/u,, then

(i) Gpa is trivial if and only if

22(2, + 1)°
(T + a)?(22+ 2z, + 1)3

Vo =

for some z, € k;
(1) Gpa is isomorphic to a subgroup of Co if and only if
vo = 22(2,(T + ) + 1)

for some z, € k;
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(111) G4 is isomorphic to a subgroup of As if and only if

2
Zo

(T+a)?(224+2,+ 1)

Vo =
for some z, € k;

() otherwise, G,, = Sj.
Theorem 5.7 Let p be a Drinfeld A-module of rank 2 over a field extension k of
F3(T') with j-invariant u, € k\ {0}. Ifa=T +a € A and v, = 1/u,, then

(i) G, 1s trivial if and only if 22° + (T + a)v3z® + v} has a root in k and
vo = (T + )22
for some z, € k;

(i) G, is isomorphic to a subgroup of Cy if and only if v, = 223(2,(T + a) + 1) for
some z, € k and

22° + (T + o)vz? + vl
has a root in k;
(iii) G, is isomorphic to a subgroup of As if and only if

Y = 22(T + )
T (222(T + )2 + 2)4

for some z, € k;

(iv) G, is isomorphic to a subgroup of Ss if and only if v, = 223(2o(T + @) +1) for

some z, € k,

(v) G, is isomorphic to a subgroup of Z/2Z X Z./2Z if and only if

pa

for some z, € k;
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(vi) G, , is isomorphic to a subgroup of Vy if and only if

. (T +a)?
°T 2(22+ (T + a)?)?

for some z, € k;

(vii) G, , is isomorphic to a subgroup of Cy if and only if

1
2222+ 1)(T + o)’

for some z, € k;

(viit) G, , is isomorphic to a subgroup of Dy if and only if

1
Vo =
T 2(THa+2)

for some z, € k;

(iz) G, is isomorphic to a subgroup of A4 if and only if v, = (T + )2} for some
Z, € k;

(z) otherwise, G, , & Sy.

Proof of Theorem 5.6

Let p be a Drinfeld A-module of rank 2 over a field extension k of [Fo(T") with
j-invariant u, € k given by

pr = wWit? +u,T + T.

Leta=T+a €A, v,=1/u,, and let f(z) € k[z] be the a-division polynomial of p.
Then f is given by
f(@) =22+ voz + (T + ay)v2,

where f has distinct roots in k. To see this, suppose f has a double root for a
contradiction. If f has a double root then f(z) = (z + a)?(z + b), for some a,b € k.
This implies that f(z) = z* + bz? + a?z + a?b, yielding b = 0. But clearly, 0 is not a
root of f(z), giving a contradiction. Let G be the Galois group of f over k, and ® be
a choice of monomorphism G < Sj after labeling the roots of f. Then G,, = ®(G).
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(i)

By parametrizing the cubic D(z,y) = z3 +yz +y*(T + 1) with the line y = 2z

we have
z=z2(2(T+ o)+ 1), and y=22(2(T+a;) +1).

Then f has a linear factor over k if and only if there exists a 2z, € k such that
D(z,,v,) = 0. Therefore, f has a linear factor over k¥ and ®(G) is contained in

a conjugate of ((12)) if and only if
vo = 25 (2(T + 1) + 1)

for some z, € k. Furthermore, writing v, in terms of z, in f(z) and factoring

gives

f(z) = (z+zo(20(THan)+1)) (22 +20(20(T+a1 )+ 1D)z+22(T+a) ) (zo(T+a1)+1)).

Using the results from the previous case, ®(G) = {e} if and only if v, =

m2(mo(T + a1) + 1) for some m, € k and the quadratic
2%+ mo(mo(T + ay) + Dz + m3(T + a))(mo(T + ;) + 1) (5.2)

has a linear factor over k. Using the Berlekamp discriminant, (5.2) has a linear

factor over k if and only if

mo(T + 1)
mo(T+ al) +1

bz) =2+ + (5.3)

has a root in k. Let m; = my,(T + 1) + 1 € k be nonzero. Then b(z) has a root

in k if and only if

m;
has a root in k. Suppose b;(2,) = 0 for some z, € k. Then writing m, in terms

of z, gives )

24 2,+ 1

my

Conversely, suppose m; = 1/(z2 + 2, + 1) for some z, € k. Then b;(z) =
(z + 2,)(z + 2, + 1). Therefore, b;(z) (hence b(z)) has a root in % if and only if
my = 1/(22 + 2, + 1) for some z, € k.
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The result then follows upon writing m, in terms of z,, namely

25(20 + 1)
(T +ay)(22+ 2, + 1)

my =

and writing v, in terms of z,, yielding

22(zo+1)2
(T + 01)2(22 + 2, + 1)3

U0=

(iii) From Lemma 3.18, ®(G) C As if and only if

1+ (T + a1)2v0

(T + a1)?v, (5:4)

bz) =2+ 1+

has a root in k. However, substituting m; = (T + a1)?v, in b(z) yie.ds

. m; +1
bi(z) =2’ + 1+ — .
m

Using the same method as given in case (i) above, b(x) has a root in & if and

only if
2

(T+)?(22+ 2, + 1)

Up =
for some z, € k.

(iv) The nontrivial subgroups of S; are A3 and conjugates of ((12)). Since ®(G) is

a subgroup of Ss, if cases (i) to (i2) do not occur, ®(G) = Ss.

Proof of Theorem 5.7

Let p be a Drinfeld A-module of rank 2 over a field extension k of F3(T) with
j-invariant u, € k given by
or = ugT2 +u,T7+T.
Leta=T+a€ A, v, =1/u, and let f(z) € k[z] be the a-division polynomial of
the z-coordinates of p. Then f is given by

flz) = z* + 2z + (T + on)v3.

The discriminant of f is v3(T + a;1)3 # 0, therefore f has distinct roots in k. Let G
be the Galois group of f over k, and ® be a choice of monomorphism G < S, after
labeling the roots of f. Then G/, , = ®(G).
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Proposition 5.8 Let k be a field extension of F3(T') and v, € k. Let a € A and f be

as gwen in Theorem 5.7. Then f has a linear factor over k if and only if
Vo = 223(T2 + 020 + 1)
for some z, € k.

Proof: If
Vo = 223(Tz + 012, + 1)

for some z, € k, then f factors as

(4 22(2o(T + 1) + 1))

(2 + 223 (2o(T + 1) + 1)2° + 25(26(T + 1) + 1)% + 22 (T + 1) (20(T + 1) + 1))

Conversely, suppose f(z,) = 0 for some z, € k. By parametrizing the quartic

z* +v2z + (T + a;)v® with the line v = 2z, we have

r=222(T +a)z+1), and v =223((T+a;)z+1).

z, = 222(T+a)z,+1)  and
v, = 223(T 4+ 01)2, + 1)

for some z, € k, which completes the proof.

Proposition 5.9 Let k be a field extension of F3(T) and v, € k. Let a € A and f be

as giwen in Theorem 5.7. Then f has a quadratic factor over k if and only if

(1—22)3

—_ [

v, =
° z§(T—+—a1)3

for some z, € k.
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Proof: The polynomial f(z) has a quadratic factor over k if and only if

f(z) = (2 + mz + b)(z® + cx + d)

for some m, b, c,d € k. Solving for the coefficients of f gives ¢ = —m and
b+2m?>+d = 0, (5.5)
m(2b+d) = v, (5.6)
bd = (T+a))l. (5.7)

Obviously, m # 0. Then using equations (5.5) and (5.6) in succession to solve for b

and d, and writing equation (5.7) in terms of m yields
2m® + (T + oy )vim® + vl = 0. (5.8)

Dividing both sides by m® and making the substitutions w = v,/m and y = vZ/m?
gives

2+ (T +o)wy+13° = 0.
By parametrizing the above curve with the line y = z,, we have

11—z
(T +a1)zo

o N

w =
Then substituting m® = v?2/z, into w* = v3/m? gives v, = w/z,. Therefore, equation
(5.8) has a root in k if and only if

o o (12
°" Zg(T + 01)3

for some z, € k and the result then follows.

Let us now return to the proof of Theorem 5.7.
(ix) The discrimimant of f is
'US(T +a )3,

which is a square in % if and onlv if v, = (T + a;)2?2 for some z, € k. The result

then follows from Lemma 3.16.
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(viii)

(vii)

The Dy resolvant of f is R(z) = 23 + 2(T + oy )vdz + 2v2. If

1
B Zg(T+C11 + Zo)

Yo

for some z, € k, then R factors as

2 , 1 1
+ .
(’” z3<T+a1+zo)> ( *z3<r’+a1+zo)“zs<T+a1+zo)3>

Conversely, suppose R(z,) = 0 for some z, € k. By parametrizing the curve

2% + 2(T + o) v®z + 20v* with the line v = zz, we have

1 1
z 2B(T+o01+2) a v 22(T + a; + 2)
Since R(z,) = 0,
1 1
To and v, =

B 2(T + oy + 2) 22(T + oy + z)

for some 2, € k. Part (viii) then follows form Lemma 3.24.

Suppose ®(G) C V = Vj, then ®(G) C A4 and ®(G) C H & D,. By parts
(viii) and (iz)

1
o = d , = T 2
v 2T 5 o ) an v = (T + oq)n;

for some m,, n, € k, vielding
m2n2(T+a; +mo)(T+ ;) +2=0. (5.9)
Clearly, it must be the case that (T + a; + m,)(T + oy) = 22 for sorme 2, € k.

Solving for m, in terms of z, gives

2+ 2T+ )
=2 . 5.10
Mo T+ o ( )

Substituting (5.10) in (5.9) and solving for n, in terms of z, gives

2(T + al)
20(22 + 2(T + 1))’

Ne =
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(v)

(iv)

and we have
(T =+ a1)3

Vo= 22 4 2T + a1)?)?

as desired. Conversely, if

v — (/I1 + a1)3
° 22224+ 2(T + n)?)?

for some z, € k, then with

224+ 2(T + ay)? 2T + o)
me = and n, =

T+o 2o(22 +2(T +a)?)’

®(G) C Ay and ®(G) C H = D,. Hence, ®(G) CV = V,.

Suppose that ®(G) € H = D,4. Then

1
v, =
T m2(T+ ay +m,)

for some m, € k. The C, resolvant of f is

1 42 T+a + 1
mi(T + a + m,)? my(T +a+my)t  m&(T+a+m,)

Clx) =2+

with discriminant
T+ o 1

m2(T + a1 +m,)*’

which is a square in & if and only if m, = (T + ay)22 for some z, € k. Further-
more, v, written in terms of z, is
v — 1
A2+ )T +an)?

The result then follows from Lemma 3.26.

The subgroup ®(G) is contained in a conjugate of ((12)) x ((34)) if and only
if f has a quadratic factor. Part (v) then follows directly from Proposition 5.9.

The subgroup ®(G) is contained in a conjugate of Stabs,(4) if and orly if f has

a linear factor. Part (iv) then follows directly from Proposition 5.8.
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(ili) Suppose that ®(G) is contained in a conjugate of Stabgs,(4). Then
v = 2m3(Tm, + aym, + 1)
for some m, € k, and f has a cubic factor with discriminant
2mI3(T + 1) (mo(T + ay) + 1)°,

which is a square in k if and only if 2m,(T + o) (mo(T + ;) + 1) is a square in
k. By parametrizing the curve 2m (T + a;)(m(T + a;) + 1) + 2n® with the line

m = zn, we get
22(T+a1)

MR T tan)? +2
and 2m,(T + a1)(mo(T + a1) + 1) is a square in k if and only if

22 (T + al)
AT +ar) + 21

Vy =

for some z, € k. The result then follows from Lemma 3.16.

(ii) The result follows from parts (iv) and (v), since ®(G) is contained in a conjugate

of {((12)) if and only if ®(G) is contained in a conjugate of Stabs,(4) and
((12)) x((34))-

(i) The result follows from parts (¢4) and (iz), since the only subgroup of C; and
Ay is the identity.

(x) The nontrivial subgroups of S, are the transitive subgroups listed in Lemma
3.22 and conjugates of Stabg,(4), conjugates of ((12 3)), conjugates of ((12))
, and conjugates of ((12)) x ((34)). Since ®(G) is a subgroup of Sy, if cases
() — (iz) do not occur, then ®(G) = Sy.



Appendix A

Elliptic curves with j-invariant

equal to 0 or 1728

In this appendix, we investigate the Galois groups of fields generated by the z-
coordinates of torsion points of order 2 and 3 on an elliptic curve with j-invariant
u, = 0,1728. We refer the reader to Sections 2.2 and 3.1 for background information
on elliptic curves relevant to this section. Recall from Lemma 2.14(a), two elliptic
curves defined over k are isomorphic over k if and only if they have the same j-
invariant. If £ and E’ are isomorphic elliptic curves with j-invariant 0 or 1728, then
kE,m is not necessarily isomorphic to k% ,,,. Therefore, we will study the elliptic curves

with j-invariant 0 or 1728 in their most general form.

Consider an elliptic curve E defined over a field & with j-invariant equal to 0.
Then E has complex multiplication, that is, the ring End(E) of endomorphisms of
E is bigger than Z. Suppose p # 2,3. Then R = End(F) is Z[w], where w is a
third root of unity. In this case, the group of units of R is {%1, +w, +w?} which
is isomorphic to Z/6Z. Therefore, G, is isomorphic to a subgroup of Z/6Z. We
refer the reader to ([Har77], p.331) for more details. If char k is 2 or 3 then E is

supersingular. Furthermore, if char k = 2 then the only 2-torsion point in E(k) is

Op. Similarly, if char £ = 3, then the only 3-torsion point in E(k) is Og. We now

determine G%. ,, where char k # 2,3 and m = 2,3.

I6)
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Theorem A.1 Let k be a field with char k # 2,3 and let E be an elliptic curve over
k with j-invariant 0 given by

E: y* =23+ B,
where B € k\ {0}. Then

(1) G, is trivial if and only if —3 is a square in k and —B is a cube in k;
(ii) G’ o is isomorphic to a subgroup of Cy if and only if —B is a cube in k;
(iii) G'g, is isomorphic to a subgroup of Az if and only if —3 is a square in k;

(iv) otherwise, G = S;.

Proof: Let f(z) € k[z] be the division polynomial of the 2-torsion points in E(k).
Then f is given by
f(z) = 4(z* + B),

and the z-coordinates of the 2-torsion points in F(k) are precisely the roots of f.

Furthermore, G5, is equal to the Galois group of f over k. The discrimir.ant of f is
—~3(48B)?,

which is not equal to zero. Therefore the roots of f are distinct. Let & be a choice of
monomorphism G « S3 after labeling the roots of f. Then it suffices to categorize

®(G) based on algebraic conditions on u,.
The discriminant of f(z) has a square in k if and only if /=3 € k. Part (4ii)
then follows from Lemma 3.16. Part (¢7) follows since f(z) has a linear factor over &

if and only if —B is a cube in k. Part (i) follows directly from Theorem 3.20. Part

(1v) is clear since the only nontrivial proper subgroups of S; are A; and conjugates

of {(12)).

Theorem A.2 Let k be a field with char k # 2,3 and let E be an elliptic curve over
k with j7-tnvariant 0 given by

E:y*=2>+B,
where B € k '\ {0}.
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(i) G'g s is trivial if and only if —3 is a square in k and —4B is a cube in k;
(i) G'gs is isomorphic to a subgroup of Cy if and only if —4B is a cube in k;
(i) G'g g is isomorphic to a subgroup of As if and only if —3 is a square in k;

(i) otherwise, G 3 = Ss.

Proof: Let f(z) € k[z] be the division polynomial of the 3-torsion points in E(k).
Then f is given by
f(z) = 3z(2® + 4B),

and the z-coordinates of the 3-torsion points in E(k) are precisely the roots of f.
Furthermore, G ; is equal to the Galois group of f over k, denoted by G. The

discriminant of f is
—3(12965%)2,

which is not equal to zero. Therefore the roots of f are distinct. Let ® be a choice of
monomorphism G — S, after labeling the roots of f. Then it suffices to categorize

®(G) based on algebraic conditions on u,.

Clearly, ®(G) is isomorphic to a subgroup of S;. The discriminant of 23 + 4B is
—3(12B)?, which has a square in k if and only if /=3 € k. Part (i) then follows
from Lemma 3.16. Part (:4) follows since z° + 4B has a linear factor over k if and only
if ~4B is a cube in k. Part (i) follows directly from Theorem 3.20. Part (iv) is clear

since the only nontrivial proper subgroups of S; are A3 and conjugates of {(12)).

If E is an elliptic curve defined over a field k with j(£) = 1728 then E has
complex multiplication, that is, the ring End(E) of endomorphisms of E is bigger
than Z. Suppose j(E£) = 1728 and p # 2,3. Then R = End(F) is the ring of Gaussian
integers Z[¢] and the group of units of R, or equivalently Aut(E), is {+1, +i} = Z/4Z.
Therefore, Gg ,, is isomorphic to a subgroup of Z/4Z. We refer the reader to ([Har77],

p.331) for more details. We now determine G ,,, where char k # 2,3 and m = 2, 3.
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Theorem A.3 Let k be a field with char k # 2,3, and let E be an elliptic curve over
k with j-invariant 1728 given by

E: y?=2%+ Az,

where A € k\{0}. Then Gz, is trivial if and only if —A is a square in k. Otherwise,

G 1s isomorphic to Cs.

Proof: Let f(z) € k[z] be the division polynomial of the 2-torsion points in E(k).
Then f is given by
f(z) = 4z(z® + A),

and the z-coordinates of the 2-torsion points in E(k) are precisely the roots of f.
Furthermore, G, is equal to the Galois group of f over k, denoted by G. The

discriminant of f is
—1024 A3,

which is not equal to zero. Therefore the roots of f are distinct. Let ® be a choice of
monomorphism G — S; after labeling the roots of f. Then it suffices to categorize

®(G) based on algebraic conditions on u,.

Clearly, ®(G) is isomorphic to a subgroup of ((12)). Also, it is clear that ®(G) =

{e} if and only if —A is a square in k.

Theorem A.4 Let k be a field with char k # 2,3 and let E be an elliptic curve over
k with j-invariant 1728 given by

E: y? =23+ Az,
where A € k\ {0}. Then
(i) G5 is trivial if and only if A = (3+2v/3)a? for some a € k and —3 is a square
n k;

(i) G'g3 is isomorphic to Cy if and only if A = (3 + 2v/3)a? or A = (3 - 2v/3)a?,

for some a € k;
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(iii) G 3 is isomorphic to a subgroup of Z/2Z x Z/2Z if and only if either 3 is a

square in k or —3 is a square in k and

1
A=——la2(3+u), or A= —=d*3~-u),
8 8
where u? = —3 and a € k;

(iv) otherwise, G 5 is isomorphic to a subgroup of Dj.

Proof: Let v3(z) € k[z] be the division polynomial of the 3-torsion points in E(k)
and set f(x) € k[z] to be

flz) = %wg 2% 4 242 - %AQ.

Then the z-coordinates of the 3-torsion points in E(k) are precisely the roots of f.

Furthermore, G7 3 is equal to the Galois group of f over k, denoted ty G. The

3\ 2
_3<64A> |
9

which is not equal to zero. Therefore the roots of f are distinct. Let ® be a choice of

discriminant of f is

monomorphism G — S, after labeling the roots of f. Then it suffices to categorize

®(G) based on algebraic conditions on u,.

(iii) Suppose 3 is a square in k and u? = 3 for some u € k. Then f factors as

3(z? + %(3 —2u)A)(z? + %(3 + 2u)A).

Suppose —3 is a square in k and u® = -3 for some u € k. If A = —a*(3 +u)

for some a € k, then f factors as

(> —az + —213—(1 —u)a?)(z? + az + él-(l —u)a?).

If A= —%a?(3 — u) for some a € k, then f factors as

1 1
(% - az + g(l + u)a®)(r® + az + §(1 + u)a®).
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Conversely, suppose f has two quadratic factors. Then there exist a,b,c,d € k

such that

flz) = (@®+az+b)(z*+cx +d)
= (e*+(@a+c)2® + (b+d+ac)r? + (ad + be)x + bd).

Equating the coefficients of the above polynomial with the coefficients of f gives

a+c = 0,
b+d+ac = 2A,
ad+bc = 0,
bd = —%AQ.
Let a = —c and consider two cases; ¢ = 0 and ¢ # 0. If ¢ = 0 then b+d = 2A and

bd = —A?/3. Substituting b = 2A—d into bd = — A?/3 gives d*—~2Ad~-A?/3 = 0.

Therefore, d is a root of
g(z) = 2° — 2Az — A?/3,

whose disriminant is a v/3. Since d € k the discriminant of g is in k, hence 3 is

a square in k.

If ¢ 0 then b =d and
2d — ¢* = 24, d? = —A?/3.
Substituting d = A + c%/2 into d?> = —A?/3 gives

4 1
gA“ + A02 -+ 21-04 = (.

Hence, A is a root of g(z) = 322 + ¢z + 3¢* € k[z] and the discriminant of
g, namely —c*/3, has a square in k. Therefore, u?> = —3 for some u € k.

Furthermore,
A= —%02(3 + u),

as desired.
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(i) Suppose that u? = 3 for some u € k. If A = (3 + 2u)a? for some a € k, then f

factors as
(z — a)(z + a)(z® + (7 + 4u)a®).

If A= (3—2u)a® for some a € k, then f factors as

(z — a)(z + a)(z? + (7 — 4u)d?).

Conversely, suppose f has a linear factor over k. Then f(a) = 0 for some a € k
and

a +24a° — %AQ = 0.

Hence, A is a root of g(z) = —z?/3+2a’c+a* and the discriminant of g, namely

3(4a?)?, has a square in k. Therefore, u? = 3 for some u € k. Furthermore,

A= (3£2u)d’

It is noted that if f has a linear factor, x — a, over k then f factors over k as

(z —a)(z + a)(z® + a® + 24).

(i) The discriminant of f is
(6443)?

T_97
which has a square in k if and only if —3 is a square in k. The result then follows
directly using the results from part (i) and Theorem 3.20.
(iv) The Dy resolvent of f(z) is
1 2 2
R(z) = 5(:6 — 2A)(3z° + 4A4°),

whence ®(G) C H = Dy by Lemma 3.24. Furthermore, the Cj resolvent of f(z)
is C(x) = z?, which does not have distinct roots in k. Therefore, we cannot use

Lemma 3.26.
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Theorem A.5 Let k be a field with char k = 2 and let E be an elliptic curve over k

with j-invariant 0 given by
E: y*+Ay=2>+ Bz +C,

where A, B,C € k and A # 0. Then

(i) G'g 3 is trwial if and only if 2* + A%z + B? and 2° + 2 + 1 each have a root in

k and A is a cube in k;

(i) G'g 3 is isomorphic to a subgroup of Cy if and only if z* + A%z + B? has a root

ink and A 1s a cube in k;

(iii) G 3 is isomorphic to a subgroup of Az if and only if G 5 is isomorphic to a

subgroup of Sz and % + = + 1 has a root in k;

(i) G'g 3 is isomorphic to a subgroup of Ss if and only if z* + A%z + B? has a root
in k;

(v) G5 is isomorphic to a subgroup of Z/2Z x Z/2Z if and only if A* = ¢ and
B? = (¢ + d)d, for some c,d € k;

(vi) G 4 is isomorphic to a subgroup of Dy if and only if A is a cube in k;
(vii) G’ 5 is isomorphic to a subgroup of Ay of and only if z> + z + 1 has ¢ root in k;
(viti) G553 = Ss.

Proof: Let f(z) € k[z] be the division polynomial of the 3-torsion points in E(k).

Then f is given by
f(z) =3 = 2* + A’z + B2,

and the z-coordinates of the 3-torsion points in E(k) are precisely the roots of f.
Furthermore, G7 ; is equal to the Galois group of f over k, denoted by G. The
Berlekamp discriminant of f is a root of 2 + z + 1, which is clearly not equal to zero.
Therefore the roots of f are distinct. Let ® be a choice of monomorphism G — S,
after labeling the roots of f. Then it suffices to categorize ®(G) based on algebraic

conditions on wu,.
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(vii)

The Berlekamp discriminant of f is a root of 2 +z + 1. The result then follows

from Theorem 3.16.

(vi) The Dy resolvent of f is

(iv)
(i)
(if)

R(z) = 2° + A%,

which has a root in & if and only if A is a cube in k. Suppose a € & is a root of
R. Then the C; resolvent of f is C(z) = z2, which does not have distinct roots

in k. Therefore, we cannot use Lemmas 3.26.
Suppose A% = ¢ and B2 = (¢? + d)d for some c,d € k. Then f factors as
(22 +cz+d)(z* +cx + 2+ d).

Conversely, suppose f has two quadratic factors. Then there exist ¢,b,c,d € k

such that

flz) = (2®+az+b)(z2+ cx +d)
= 2+ (a+¢)2® + (b+d+ac)z® + (ad + be)z + bd.

Equating the coefficients of the above polynomial with the coefficients of f gives

a+c = Q,

b+d+ac = 0,
ad+bc = A% (A1)
bd = B (A.2)

Substituting @ = —c and b = ¢? — d into equations (A.1) and (A.2) gives
A2=¢®  and B?=d(d+c?)

as desired.

This is clear.

The result follows directly from Parts (iv) and (vit).

The result follows directly from Parts (iv) and (vi).



APPENDIX A. ELLIPTIC CURVES WITH J-INVARIANT EQUAL TO 0 OR 172884

(i) From Theorem 3.20, ®(G) = {e} if and only if ®(G) is contained in a conjugate
of ((12)) and A4. The result then follows from Parts (¢7) and (vi7).

Theorem A.6 Let k be a field with char k = 3, and let E be an elliptic curve over

k with j-invariant 0 given by
E:y* =1+ Az + B,

where A,B € k and A# 0. Then

(i) G, is trivial if and only if A is a square in k and z° + Az + B has a root in k;

(1) G4 1s isomorphic to a subgroup of C if and only if 2° + Az + B has a root in
k;

(i) G'g, 18 isomorphic to a subgroup of Az if and only if A is a square in k;

(iv) otherwise, G, = S3.

Proof: Let f(z) € k[z] be the division polynomial of the 2-torsion points in E(k).
Then f is given by
f(z) = o= 2*+ Az + B,

and the z-coordinates of the 2-torsion points in E(k) are precisely the roots of f.
Furthermore, G5, is equal to the Galois group of f over k, denoted by G. The
discriminant of f is 2A3%, which is not equal to zero. Therefore the roots of f are
distinct. Let ® be a choice of monomorphism G < S; after labeling the roots of f.

Then it suffices to categorize (G) based on algebraic conditions on w,.

The discriminant of f is 243, which has a square in % if and only if A is a square
in k. Part (427) then follows directly from Lemma 3.16. Part (i7) is clear. Part (i)
follows directly from Theorem 3.20. Part (iv) is clear since the only nontrivial proper

subgroups of S; are A; and conjugates of ((12)).
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