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Abstract

Diffusion plays a major role in describing how particles and heat move in any nonequi-
librium system. The diffusion of quantum properties is not as well understood as the
diffusion of classical properties, especially at low temperatures or high densities. Ex-
ploring the diffusion of the quantum property known as spin is beneficial for explaining
quantum effects that arise at low temperatures or high densities, and this knowledge
acquired could assist in the development of new ultra-low-power devices. This thesis
examines spin diffusion at various temperatures and densities using the highly-tunable
experimental platform of ultracold atoms.

Around one million rubidium-87 atoms are cooled to nanokelvin temperatures to
create an ultracold gas, where quantum interactions between atoms can significantly
modify spin diffusion compared to classical diffusion. One-dimensional spin diffusion
is observed for an initial two-domain spin profile. Remarkably, diffusion of this spin
profile is slowed at temperatures above quantum degeneracy, where the ultracold gas
is largely classical but with quantum collisions. We demonstrate that this slowing of
spin diffusion is due to the presence of spin coherence between spin domains, and that
the removal of coherence speeds up spin diffusion to classical timescales.

Spin diffusion is further modified by applying a linear differential potential that can
speed, slow, or stop spin diffusion of a two-domain spin profile. Differential potentials
spatially alter the precession of spins, which then alters the spin-rotating quantum
collisions that modify spin diffusion. For a linear differential potential with a specific
sign and magnitude, stabilized spin domains in an ultracold gas are observed for 40
times longer than classical diffusion timescales.

In addition to modifying spin diffusion with coherence and differential potentials,
we demonstrate arbitrary control of one-dimensional spin diffusion using temporally
varying differential potentials and three-domain spin profiles. These spin diffusion
modifying techniques could be useful for manipulating spin in other nonequilibrium
systems, and set the stage for simulating spin-based devices in ultracold atoms.
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Chapter 1

Introduction

1.1 Ultracold atoms
Physics occurring at the coldest possible temperatures was never considered until
around 1665 when Boyle first discussed the possibility of an absolute zero temper-
ature [1]. Nearly two centuries later, Lord Kelvin presented the idea of an absolute
zero and the now well-known Kelvin temperature scale in 1848 [2]. In 1823 Faraday
demonstrated how to liquefy chlorine to temperatures of 143 K, achieving the coldest
temperature at the time [3, 4]. Liquefying different gases continued as groups searched
for the element with the lowest boiling point, which led to the first production of liq-
uid nitrogen at 77 K in 1883 [5, 6], hydrogen at 23 K in 1898 [7], and helium at 4 K
in 1908 by Onnes [8]. The lab that Onnes started would be the first to demonstrate
the next big decrease in temperature with the realization of London’s design [9] of a
helium dilution fridge in 1964, reaching temperatures of 2 mK [10]. Remarkably, over
the span of only three centuries, the coldest temperatures experimentally accessible
dropped five orders of magnitude. However, researchers continued to search for cool-
ing techniques to reach lower temperatures that could be used to observe nonclassical
physics.

In 1978, laser cooling experiments demonstrated that it was possible to cool ions
to less than 40 K using lasers, and it was postulated that laser cooling could reach
millikelvin temperatures [11, 12, 13]. The laser cooling of ions was adapted to cool
a gas of neutral atoms and microkelvin temperatures were achieved [14, 15, 16, 17].
And in 1995, Cornell andWiemann, and Ketterle independently reached temperatures
around 170 nK, which is significantly colder than any previously observed and shows
incredible progress in only a couple decades. Temperatures below 1 mK are typically
referred to as ultracold temperatures. At these temperatures, the two aforementioned
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groups independently observed [18, 19] a Bose-Einstein condensate (BEC), a new
phase of matter predicted to exist at ultracold temperatures by Bose and Einstein in
1924 [20, 21]. To date, the coldest known object in the universe is still a BEC at a
temperature of around 50 pK [22, 23].

Physics at these ultracold temperatures deviates significantly from classical physics.
The position of an atom is not well defined, due to Heisenberg’s uncertainty principle,
so each atom is spread out spatially more than it would be at room temperature. The
spatial extent of an atom is characterized by its thermal de Broglie wavelength. For
room temperature objects the de Broglie wavelength is incredibly small, but for atoms
in a BEC the de Broglie wavelength is larger than the average distance between atoms.
In the case of a BEC, the atoms act collectively as a macroscopic quantum object since
there is no clear definition of where one atoms stops and the next begins. This quan-
tum macro-object must obey the statistical properties specific to the fundamental
particles of which it is composed. A BEC must obey Bose-Einstein statistics since it
is composed of bosons with integer spin. At ultracold temperatures, bosons condense
to a BEC because Bose-Einstein statistics specify that bosons tend to group together
into a ground state. Fermions (particles with half-integer spin) on the other hand
obey Fermi-Dirac statistics and no two atoms can be in the same state. Fermions at
ultracold temperatures keep their distance from each other, forming degenerate Fermi
gases (DFG). BECs and DFGs are two classes of degenerate gases that are used to
explore quantum mechanical effects that can be dominant near absolute zero.

The low temperatures reached by the liquefaction of gases led to new research
fields, spawning dilution refrigerator experiments for exploring superconductivity [24,
25], quantum computation [26], and quantum magnetism [27]. Similarly, laser cooling
and the observation of BECs began a research field that explores the quantum me-
chanical effects present at ultracold temperatures. The field of ultracold atom research
now covers topics such as superconductivity [28], precision clocks [29, 30], gravity sen-
sors [31, 32], phases in semiconductors [33], long-range interactions [34, 35, 36, 37],
fundamental particle physics [38, 39], and spinor physics [40, 41, 42]. This broad range
of topics is possible because of the tunability offered by ultracold atoms through ad-
vances in physics, optics, engineering, and technology. In addition, the specific atomic
element used in experiments can drastically change the underlying quantum proper-
ties.

Currently, there are ultracold experiments in which a large variety of atoms and
molecules are cooled and studied. For bosonic systems there are groups using Rb, Cs,
K, Na, Li, Sr, Yb, and other atoms [43, 44]. As an example, the choice of element could
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depend on the ease of tuning a contact interaction through a Feshbach resonance or
the mass of the atom altering dynamic timescales. The atoms Sr and Yb are used
to create highly precise clocks [45, 46] and to explore the dynamics of long-lived
excited states [47]. Long-range interactions between atoms are explored in dipolar
BECs made of atoms with large permanent magnetic dipole moments, such as Cr,
Er, and Dy [34, 37, 36]. Fermionic systems using isotopes of Li or K can form a DFG
that can be used to model the physics of electron transport in superconductors [48],
spin-charge separation [49], universal spin transport [50], and for performing quantum
simulations [51]. While ultracold atoms experiments cover a wide range of research
topics, this thesis focuses on exploring the diffusion of spin with ultracold bosonic
atoms.

1.2 Spin diffusion
In this thesis, ultracold atoms are used as a tunable experimental platform to explore
the diffusion of the fundamental quantum property known as spin. Classical diffusion
is well explained by Boltzmann transport theory, which can be used to describe the
behaviour of a thermodynamic system that is out of equilibrium. As an example,
Boltzmann transport theory is in use today to describe classical systems such as the
diffusion of gases in the atmosphere and for improved temperature control by describ-
ing heat diffusion. While classical diffusion is suitable to describe those systems, it is
not suitable for ultracold atoms where quantum mechanics plays a larger role. This
thesis studies spin diffusion in an ultracold but nondegenerate gas of rubidium-87
at temperatures above the threshold for Bose-Einstein condensation. Despite using a
nondegenerate ultracold gas that is above quantum degeneracy, quantum mechanical
effects can be strong enough to modify spin diffusion.

The theory of spin diffusion in a nondegenerate gas was independently described
by Bashkin and by Lhuillier and Laloë [52, 53, 54]. They showed that in nondegen-
erate systems the quantum indistinguishability of atoms leads to an identical spin
rotation effect (ISRE) that can significantly modify spin diffusion. The modification
of spin diffusion by the ISRE was demonstrated in helium nuclear magnetic resonance
experiments, where a slower-than-classical spin diffusion rate was measured at tem-
peratures below and above degeneracy [55, 56]. This behaviour was interpreted as
collective behaviour due to quantum collisions that modify spin during a two-body
collision [57]. These spin-rotating collisions were shown to be strong enough at tem-
peratures above degeneracy that modified spin diffusion could be observed [55, 56].
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Later, theoretical studies [58, 59] on spin diffusion suggested that examples of collec-
tive spin behaviour, such as spin waves, spin instabilities, and stable spin domains,
were within reach in ultracold gas experiments.

A decade after the helium spin diffusion experiments, spin waves were observed
in an ultracold gas where collective spin behaviour led to an oscillation of spin within
a nondegenerate gas [60]. Unlike the earlier helium experiment, where the spatially
averaged spin was measured as a function of time, spin waves in ultracold gases were
measured both temporally and spatially, providing an additional degree of freedom
to experimentally characterize spin diffusion. Since then, collective spin behaviour
was also demonstrated when spins remained coherent for longer than usual due
to spin-rotating collisions, with this collective behaviour being known as spin self-
rephasing [61]. In a Fermi gas, collective spin behaviour was demonstrated when spin
interactions between two oppositely polarized dilute clouds were strong enough to
cause the two clouds to rebound off of each other [62]. Recently, collective spin be-
haviour in a Mott insulator state was observed, demonstrating spatial separation of
spin in a Mott insulator [63]. Additionally, collective spin behaviour was demonstrated
with the observation of a transition between dynamical phases in a DFG [64].

Spin diffusion could be useful to the spintronics field, which aims to develop spin-
based devices with some advantages over charge-based devices. These spintronic de-
vices use spin instead of charge to create devices with new or improved functionalities,
such as low-power digital memory. The potential advantages of spintronic devices over
conventional semiconductor devices are stability, increased data processing speed, de-
creased electric power consumption, and increased integration densities [65, 66]. Suc-
cessful incorporation of spin into current semiconductor technology requires efficient
transport, control, and manipulation of spin. Learning how to modify spin diffusion
in an ultracold gas could inform the spintronic semiconductor industry, potentially
assisting in the development of spin-based devices.

The McGuirk group has previously explored spin diffusion in spinor BECs with
a significant thermal component [67]. They have also demonstrated the effect of op-
tically excited differential potentials on spin diffusion [68], and observed a localized
collapse and revival of transverse spin [69]. This thesis builds on the previous work of
the group by demonstrating how to speed, slow, and stop spin diffusion in a weakly-
interacting nondegenerate ultracold gas of rubidium-87.
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1.3 Thesis overview
This thesis describes studies of spin diffusion in a quasi-one-dimensional (quasi-1D)
ultracold cloud of gas, where the effect of spin coherence and spatially varying effective
magnetic fields are explored. This weakly-interacting ultracold gas is formed with
rubidium-87 atoms cooled to temperatures that are just above quantum degeneracy.
The use of a quasi-1D cloud simplifies studies of diffusion by limiting the degrees
of freedom available to atoms, making it easier to compare experimental data to
simulations of quantum diffusion theories. The degree of spin coherence is varied
in these experiments. When all spins occupy the same local quantum state a high
degree of coherence is obtained and spin diffusion is slowed. Additionally, the effective
magnetic field alters the rate that spins precess at different positions in the cloud,
and is shown to modify spin diffusion significantly.

In Chapter 2, a review of relevant spin-1/2 physics and spectroscopy is presented,
and the coupling between light and atoms is described. Next, the spin-exchange effect
known as the identical spin rotation effect that modifies spin diffusion is presented.
This rotation effect comes from the quantum indistinguishability of atoms, and the
description of how indistinguishability leads to a rotation of spins is reviewed. This
rotation effect is included in a quantum Boltzmann transport equation to describe spin
diffusion in a Bose gas. Spin diffusion can be further modified with spin-dependent
and spin-independent potentials, and the theory of generating these potentials is
also discussed. Lastly, the techniques used to numerically simulate spin diffusion are
presented.

The experimental aspects of the study are discussed in Chapter 3. The process of
trapping and cooling rubidium atoms to near degeneracy is discussed first. Next, a
masking technique that is used to initialize a two-domain spin profile is described. This
is followed by a discussion of the atomic imaging method. An overview of the densities
and temperatures that are accessible in these experiments is presented, showing the
available parameter space and limitations of the work described in this thesis. Next,
the measurement techniques used to detect different spin components are presented,
including a discussion on combining spin components to track the total spin in the
system. Chapter 3 ends with a discussion of the techniques used to control the effec-
tive magnetic field or differential potential. A method that uses an acousto-optical
modulator to “paint” simple differential potential patterns with a laser is first pre-
sented. This is followed by a description of a digital micromirror device that allows
arbitrary differential potential patterns and initial spin profiles to be generated.
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In Chapter 4 the most common, and most critical, calibrations required for smooth
operation of the experiment are discussed. This includes descriptions of when certain
calibrations should be performed and methods for each one. This chapter does not
include a description of all possible calibrations, but it does include a description all
calibrations that were performed as part of the work described in this thesis.

The effect of coherence on spin diffusion is demonstrated in Chapter 5. Here
the presence of coherence is shown to be the dominant modifier of spin diffusion
at ultracold temperatures. The transverse and longitudinal spins for various initial
coherences are studied, and an instability in ensemble coherence is presented. The
phase space of this instability is explored numerically, highlighting where the effect
can be strengthened for future studies.

Spin diffusion is further modified in Chapter 6 through the application of a linear
differential potential. This potential is shown to speed, slow, or stop spin diffusion
depending on the sign and magnitude of the applied field. The applied field that
stops spin diffusion and stabilizes the spin domains is experimentally measured and
compared to a hydrodynamic prediction based on the quantum Boltzmann transport
equation. The techniques used to stabilize two-domain spin profiles can be extended
to allow for arbitrary control of spin diffusion and two examples of this arbitrary
control are shown.

A summary of the main results in this thesis can be found in Chapter 7. Experi-
mental enhancements that could be done to improve upon the work presented in this
thesis are discussed. A discussion of some newly accessible spin diffusion experimental
studies is given, along with a discussion of how one could expand on this work.
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Chapter 2

Spin diffusion theory

This chapter discusses the relevant theoretical frameworks for describing spin trans-
port in a one-dimensional (1D) system. It begins with a review of two-level systems
and spectroscopy techniques used for measuring and manipulating spin. Next, we dis-
cuss how ultracold temperatures and atom indistinguishability can lead to a two-body
spin exchange interaction, known as the identical spin rotation effect. This spin rota-
tion effect is the dominant effect that modifies spin diffusion in our ultracold gases.
A quantum Boltzmann transport equation that describes 1D spin diffusion in our 1D
weakly-interacting Bose gas is then presented. This 1D spin diffusion can be modified
by using light to apply spatially varying spin-dependent and spin-independent poten-
tials, and a relevant theoretical description is presented. Lastly, a discussion of the
technique used to numerically simulate spin diffusion with the quantum Boltzmann
equation is provided, which is invaluable for comparisons of data to theory.

2.1 Two-level spin system
A theoretical description of two-level spin systems forms the foundation for measuring
and manipulating spin in any spin-1/2 system. An atom with two energy states can
map onto a two-state spin system, where g and e denote the ground and excited state.
Placing the atom in an oscillating electric field couples these two states, which can
be described with a two-level Hamiltonian

H =
 ~ω0/2 ΩRe

ıωt/2

ΩRe
−ıωt/2 −~ω0/2

 , (2.1)

where ω0 is the frequency separating the two energy states, ω is the frequency of the
oscillating field, ΩR is the Rabi frequency, and t is the interaction time between the
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atom and the oscillating field. The strength of the coupling is characterized by the
Rabi frequency

ΩR =
dge · E

~
, (2.2)

where E = ε̂E0 describes the electric field with amplitude E0 and polarization ε̂, and
dge is the electric dipole transition operator. The electric dipole transition operator
dge = 〈ψg| − er̂|ψe〉 describes the coupling of the electric field and the two energy
states. Here r̂ is the position operator, e is the charge of an electron, and |ψg〉 and
|ψe〉 are the wavefunctions for the ground and excited states.

Solving the time-dependent Schrödinger equation

ı~
∂|ψ〉
∂t

= H|ψ〉 (2.3)

with the coupled two-level Hamiltonian can be done with the rotating wave approxi-
mation. The resulting probability of an atom starting in the ground state and being
in the excited state after time t is [70]

Pe(t) =
(

ΩR

Ω′R

)2

sin2
(

Ω′R
2 t

)
. (2.4)

At resonance (Ω′R = ΩR), the state oscillates between the excited and ground states
at the Rabi frequency. This oscillation of the state population in an oscillating field
is called Rabi flopping. Off resonance, the effective Rabi frequency Ω′R is altered such
that

Ω′R =
√
|ΩR|2 + ∆2, (2.5)

where ∆ = ω − ω0 is the detuning of the applied oscillating field from resonance. A
finite detuning increases the oscillation frequency but lowers the probability ampli-
tude of these oscillations. Altering the resonant Rabi frequency ΩR without a loss of
probability amplitude requires changing the amplitude of the oscillating field E or
using atomic states with a different electric dipole transition operator.

The sine term in Eqn. 2.4 is maximized for Ω′Rtπ = π and the probability is
halved for Ω′Rtπ/2 = π/2. These two conditions define what are known as a π-pulse
and π/2-pulse, which correspond to rotations of the spin in the Bloch sphere by π
and π/2 respectively. Both of these pulse timings are crucial for state manipulation of
a two-level system and are used for state manipulation in this thesis (see Sections 3.2
and 3.5).
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| + z⟩

| − z⟩

|ψ⟩

ϕ

θ

Figure 2.1: The Bloch sphere is used to visualize the evolution of a spin in an oscillating
electric field. The spin state |ψ〉 is represented by a vector on the Bloch sphere, with
azimuthal angle φ and zenith angle θ. The ground state |−z〉 corresponds to a vector
pointing towards the bottom of the sphere (blue dot) and the excited state |+ z〉 is a
vector pointing to the top of the sphere (red dot). The ground and excited state are
the longitudinal spin components. Spin vectors in the x-y plane at the equator of the
sphere are purely transverse (superposition) spin states.

2.1.1 Optical Bloch equations

The Bloch sphere is a powerful framework to describe two-level quantum systems and
how the quantum states evolve in an oscillating field. In a Bloch sphere representation,
the basis states of the two-level system are placed at opposite poles of a sphere as in
Fig. 2.1. These two states are known as longitudinal spin states since they are aligned
with the basis states, which are usually the | ± z〉 states. The equator of the Bloch
sphere represents equal superposition states. These superposition states are referred to
as transverse spin states because the spin vector is perpendicular to the quantization
axis. For example, if the longitudinal (basis) states are | ± z〉, then transverse states
are a combination of the | ± x〉 and | ± y〉 states, where | ± x〉 = 1√

2 (|+ z〉 ± | − z〉)
and | ± y〉 = 1√

2 (|+ z〉 ± ı| − z〉).
A quantum state is described by a vector on the Bloch sphere and state evolution

involves rotations of this Bloch vector. The density matrix representing the state can
be written

ρ̂ = 1
2
(
Î + M · σ̂

)
, (2.6)
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|ψ⟩

Ω′
R (∆ = 0)

|ψ⟩Ω′
R (∆ = 2ΩR)

(a) (b)
Figure 2.2: Rabi oscillations on the Bloch sphere for two different detunings from
resonance. (a) For zero detuning the Bloch vector rotates with full amplitude to the
excited state. (b) For a detuning of ∆ ≈ 2ΩR the Bloch vector rotates near the bottom
of the Bloch sphere at a faster rate of Ω′R ≈

√
5ΩR.

where M = (Mx,My,Mz) is the Bloch vector, Î is the identity operator, and σ̂ =
(σx, σy, σz) are the Pauli matrices. During Rabi flopping, the state evolution of the
Bloch vector amounts to a rotation about the vector

Ω′R = (ΩR cos(φ),ΩR sin(φ),∆) , (2.7)

with φ being the relative phase between the spin and the applied oscillating field.
Figure 2.2 shows rotations for a resonant pulse and for a pulse that is detuned by
∆ = 2ΩR.

Ignoring radiative damping, the precession of the Bloch vector during this inter-
action is

dM
dt

= Ω′R ×M, (2.8)

where the cross product describes a rotation about Ω′R. Equation 2.8 is a simple
description of the state evolution during interaction with an oscillating field, where
the precession around Ω′R is given by the cross product. The evolution of the state
when radiative damping is added is obtained by solving the Schrödinger equation for
the Hamiltonian in Eqn. 2.1 and modelling the effect of radiative decay by a constant
decay rate Γ. Using the rotating wave approximation, the resulting equations are
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known as the optical Bloch equations [71]

dρgg
dt

= ıΩR

2 (ρge − ρeg) + Γρee, (2.9)
dρee
dt

= − ıΩR

2 (ρge − ρeg)− Γρee, (2.10)

dρge
dt

= −
(

Γ
2 + ı∆

)
ρge −

ıΩR

2 (ρee − ρgg) , (2.11)

where ρij are matrix elements of the density operator

ρ̂ =
ρee ρ∗ge
ρge ρgg

 , (2.12)

and Γ is the linewidth of the transition. The optical Bloch equations describe the state
evolution of a singe spin interacting with the applied field, and all other interactions,
collisions, or motion are ignored. This approximation is valid for interaction times
that are much shorter than the timescales for these other effects. The optical Bloch
equations and Eqn. 2.8 are used in this thesis for modelling the state evolution of a
spin-1/2 atom interacting with an applied oscillating field.

2.1.2 Ramsey interferometry

In the previous section, short interaction pulses were presented along with a descrip-
tion of how oscillating fields can be used to alter the quantum state of a two-level
system. Information about the two-level system can be extracted through interferom-
etry techniques, where multiple pulses are applied at various times. A specific pulse
procedure known as Ramsey interferometry is particularly useful for measuring the
energy difference between two states [72].

Ramsey interferometry consists of two short Rabi-interaction pulses separated by
a long noninteraction or Ramsey time T . The first pulse prepares the state with
some transverse spin and a definite phase. During the Ramsey time, the transverse
spin precesses at the Larmor frequency and can accumulate phase relative to the
oscillator used to generate the first pulse. The phase is accumulated at the frequency
difference, or detuning, between the oscillator and the atomic state. In the Bloch
sphere representation this Larmor precession is around the ẑ axis. The second Rabi
interaction pulse converts the accumulated phase into a probability distribution for
the atom being in the ground or excited state. This distribution can be sampled as a
function of time to map out Ramsey fringes that can be used to measure a Ramsey
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frequency. This Ramsey frequency represents the detuning between the oscillator
frequency and the energy difference between the two states during the Ramsey time.

For spins that are initially in the ground or excited state, π/2-pulses are used
as the two interaction pulses to maximize the signal. These two pulses rotate the
initial ground or excited state to the transverse plane and back. The Rabi-interaction
times are then fixed to the pulse time of tπ/2. For atoms initially in the ground state,
the probability of an atom being in the excited state after a Ramsey interferometery
sequence with π/2-pulses, small detuning ∆� ΩR, and short interaction times tπ/2 �
T is

Pe(T ) = cos2
(

∆T

2

)
= 1

2 (1 + cos (∆T )) . (2.13)

The detuning ∆ can be extracted from data by sampling the excited state population
as a function of time. Using rotations other than π/2 will lower the measured fringe
amplitude since the initial transverse spin component is smaller due to the inefficient
pulses. In the work described in this thesis, all Ramsey interferometry is performed
with resonant π/2-pulses during the interaction time, and during the Ramsey time
the oscillator frequency is shifted using frequency shift keying. This process allows for
efficient interaction pulses for all Ramsey frequencies and is used in Sections 3.5.2,
3.7, 4.3, and 4.10.

2.1.3 Two-photon spectroscopy

The description presented in Sections 2.1 and 2.1.1 is based on single-photon coupling,
but because of the atomic states used in this thesis, all Rabi floppping and Ramsey
spectroscopy are performed using two-photon pulses. The procedure for two-photon
pulses is functionally the same as for single-photon transitions, except that some
formulae need to be modified. An intermediate state is used to couple two spin states
to enable a transition that is normally forbidden by selection rules (∆mF = 0,±1).
The level diagram for two-photon spectroscopy is shown in Fig. 2.3. In the interaction
picture, the two-photon interaction Hamiltonian for a three-state system is

Hint =


0 ~

2Ω2e
ıω2t 0

~
2Ω2e

−ıω2t 0 ~
2Ω1e

ıω1t

0 ~
2Ω1e

−ıω1t 0

 , (2.14)

where Ω1 and Ω2 are the single-photon Rabi frequencies for each two-state coupling,
and ω1 and ω2 are the frequencies of the two photons. The wavefunction during the
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Eg

Ea

Ee

Energy ∆I

ω1

ω2

Figure 2.3: Example of an energy level diagram for two-photon spectroscopy that
uses an intermediate state (Ea) to couple two states (Eg and Ee). Two photons (wavy
lines) with frequencies ω1 and ω2 couple the two states through two individual Rabi
couplings. The single photon transition is detuned by ∆I to limit the intermediate
state population. The two-photon coupling is useful when the two desired spin states
are separated by two units of angular momenta and single-photon transitions between
the states are forbidden.

interaction is

|ψ(t)〉 = cg(t)e−ıωgt|g〉+ ca(t)e−ıωat|a〉+ ce(t)e−ıωet|e〉
= cg(t)e−ıωgt|g〉+ ca(t)e−ı(ωg+ω1+∆I)t|a〉+ ce(t)e−ı(ωg+ω1+ω2+δ)t|e〉, (2.15)

where the states have energy ~ωx with x = {g, a, e} corresponding to the ground state
(g), intermediate state (a), and excited state (e), the detuning from the intermediate
state is ∆I = ω1 − ωa + ωg, and the detuning from the two-photon transition is
δ = ω1 + ω2 − ωe + ωg.

Solving the time-dependent Schrödinger equation for this Hamiltonian with the
atom initially in the ground state, the probability of being in the excited state is

Pe(t) =
(

ΩR

Ω′R

)2

sin2
(

Ω′Rt
2

)
, (2.16)

where Ω′R =
√

Ω2
R + δ2 [73, 74]. This solution ignores the shift in energy of the in-

termediate state due to the AC Stark shift from off-resonant light. The solution also
assumes the intermediate detuning is large (δ � ∆I) so the intermediate state is neg-
ligibly populated. Under these assumptions, two-photon spectroscopy is effectively

13



the same as single-photon Rabi flopping, but with a two-photon Rabi frequency of

ΩR = Ω1Ω2

2∆I

. (2.17)

Just as in the single-photon case, the effective two-photon Rabi frequency Ω′R can
be increased with the detuning δ, leading to a loss in oscillation amplitude as in
Eqn. 2.16. However, in two-photon spectroscopy, the Rabi frequency can be modified
with the intermediate detuning ∆I without loss of amplitude. This additional tunabil-
ity of the Rabi frequency is one small advantage in flexibility when using two-photon
spectroscopy, where both cases can modify the Rabi frequency with field amplitude.

2.2 Identical spin rotation effect
The coupling of a single spin to an oscillating field was presented in the previous
section. However, in an ultracold gas there can be a million atoms (spins) that are
moving within the gas and colliding with other atoms. These collisions with other
atoms can significantly alter the single-atom behaviour within the gas. For instance,
elastic collisions between atoms lead to exchange of kinetic energy, altering the motion
of both atoms. At nondegenerate temperatures the collisions between spins can lead
to an exchange of spin through a quantum collision effect known as the identical spin
rotation effect (ISRE).

The ISRE can be described in terms of two-body collisions between indistinguish-
able atoms. This two-body picture is suitable for dilute nondegenerate gases because
collisions are infrequent and each collision is independent. At higher densities a mean-
field approach can be used to derive a similar spin rotation effect known as the Leggett-
Rice effect [75, 76, 77]. The discussion below focusses on the two-body picture of the
identical spin rotation effect.

As atoms are cooled to near degeneracy, the spatial extent of their wavefunctions
grows with decreasing temperature. The extent of an atomic wavefunction can be
quantified with the thermal de Broglie wavelength

λdB =
(

2π~2

mkBT

)1/2

. (2.18)

When the thermal de Broglie wavelength is larger than the relevant collision length,
the colliding atoms can be indistinguishable if their spin states are not orthogonal.
The relevant collision length here is the hard-core or s-wave scattering length a. The
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(a) (b)

λdB

Figure 2.4: Collisions between (a) distinguishable atoms and (b) indistinguishable
atoms. The blue spheres represent the atomic s-wave scattering length and the grey
shaded region corresponds to the thermal de Broglie wavelength λdB. At ultracold
temperatures, the large thermal de Broglie wavelength makes the colliding atoms
indistinguishable and so their wavefunctions must be symmetrized for atom exchange.
This indistinguishability leads to the identical spin rotation effect.

indistinguishability of forward or backward scattering events is shown as a cartoon in
Figure 2.4. Because of the wavefunction overlap, the atomic wavefunctions must be
symmetrized with respect to atom exchange and the net effect of the indistinguish-
ablility is a rotation of individual spins about the mean spin. This rotation is known
as the ISRE.

As an example of the effect of a collision, the ISRE for two transverse spins
separated by some phase is shown in Figure 2.5. After the collision, the outgoing spins
have both acquired longitudinal spin components. The ISRE conserves total spin and
so equal and opposite amounts of longitudinal spin are created during collisions. For
other initial spin states, an ISRE collision could lead to the spins acquiring a larger
transverse component instead of a longitudinal component, but the total spin is still
conserved. In large spin ensembles, multiple collision events can generate collective
spin behaviour that is challenging to predict based on only a few ISRE collision events.

A theoretical discussion to highlight how atom indistinguishability can lead to a
spin rotation effect is presented by following the work in Refs. [78, 53, 54, 79, 80].
For a gas of N atoms, the quantum state of the system can be described by an N-
atom density matrix ρ̂N , which evolves in time following the Liouville-von Neumann
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(a)

(b)

(c)

Figure 2.5: Example of the identical spin rotation effect (ISRE) for a collision between
two spins, where spins are represented as Bloch spheres. (a) Before the collision the
spins are purely transverse vectors separated by a phase. (b) During the collision the
spins rotate about their mean spin (green), and the extent of the rotation depends
on the strength of the ISRE. (c) The outgoing atoms in this example have opposite
longitudinal spin components, because the ISRE conserves total spin.
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equation
ı~
∂ρ̂N
∂t

=
[
ĤN , ρ̂N

]
. (2.19)

The symbols with a hat, such as ρ̂N , denote operators, and [Â, B̂] = ÂB̂ − B̂Â is the
commutator. The N-atom Hamiltonian is assumed to be of the form

ĤN =
N∑
i=1

Ĥi + 1
2
∑
i 6=j

V̂ij, (2.20)

where Ĥi = p̂2
i

2m + V̂ext is the single-atom Hamiltonian that includes kinetic and ex-
ternal potential terms, and V̂ij is the short-range interaction potential between two
atoms. For large N , Equation 2.19 is impractical to solve because of the large number
of degrees of freedom. The number of degrees of freedom can be reduced by assum-
ing the gas is dilute, so that individual atoms are approximately independent. This
approximation is known as the Boltzmann property [78]

ρ̂N =
N∏
i=1

ρ̂i, (2.21)

which is another way of saying that the quantum state of each atom is independent.
Using Eqn. 2.21 and taking the trace of Eqn. 2.19 over all indices except for one

gives the single atom evolution

ı~
∂ρ̂1

∂t
−
[
Ĥ1, ρ̂1

]
= ∂ρ̂1

∂t

∣∣∣∣∣
collisions

, (2.22)

where the evolution of the state due to collisions is

∂ρ̂1

∂t

∣∣∣∣∣
collisions

= Tr2
([
V̂12, Ω̂ρ̂1ρ̂2Ω̂†

])
. (2.23)

Here Tr2 is the trace over the second indice corresponding to a second atom, and Ω̂
is the Møller collision operator [81]

Ω̂ ≡ lim
τ→−∞

exp
[
ı

(
p̂2

1
2m + p̂2

2
2m + V̂ext + V̂12

)
τ/~

]
exp

[
−ı
(
p̂2

1
2m + p̂2

2
2m + V̂ext

)
τ/~

]
,

(2.24)
where p̂i represents the momentum of the ith atom, V̂ext represents the external po-
tential, and V̂12 represents the interaction potential. The Møller operator can be used
in scattering theory when the interaction potential asymptotically vanishes at large
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positive or negative times, which it does for short-range collisions. The Møller oper-
ator connects the free-motion states with the states after a collision, such that the
matrix Ω̂ρ̂1ρ̂2Ω̂† represents the density matrix of the two spins after a collision event.
The use of the Møller operator is valid for dilute gases where the collision time is
small compared to the free-motion time. Equation 2.23 can be generalized to include
spin exchange as

∂ρ̂1

∂t

∣∣∣∣∣
collisions

= Tr2

(
1 + εP̂ex.√

2
[
V̂12, Ω̂ρ̂1ρ̂2Ω̂†

] 1 + εP̂ex.√
2

)
, (2.25)

where P̂ex. is the exchange operator, and ε is +1 for bosons and −1 for fermions.
Equation 2.25 describes the state evolution of atom 1 due to a collision with atom 2.

For an ensemble of classical atoms the density distribution describes the proba-
bility of an atom having a given position and momentum. The quantum analog of
this classical distribution is a Wigner quasiprobability distribution, which is a prob-
ability distribution of an atom having a certain position, momentum, and spin state.
The Wigner transform maps a single-atom density matrix evolution to an N-atom
probability density in a momentum-position-spin phase space. The two-atom Wigner
transform of the density operator ρ̂ is

Ŵ (R, r,P,p) = (2π~)−6
∫
d3K

∫
d3κ

[
eıK·Reıκ·r〈K+,k+|ρ̂|K−,k−〉+ c.c.

]
, (2.26)

where the position and momentum of the two atoms are (R,P) and (r,p), K± =
P
~ ±

K
2 , k± = p

~ ±
κ
2 , and c.c. denotes the complex conjugate terms. Here we can see

that the Wigner function is the Fourier transform of the density operator.
Taking the Wigner transform of Eqn. 2.25 and then performing a Groenewold

gradient expansion [82, 83] to zero order in gradients gives

∂ρ̂(r,p)
∂t

∣∣∣∣∣ collisions = −
∫
d3q

q

m

{[
σT (k)ρ̂(r,p)f(r,p2)−

∫
d2k′σk(θ)ρ̂(r,p′)f(r,p′2)

]

+ ε

2

(
ıτ ex.fwd.(k)

[
ρ̂(r,p), ρ̂(r,p2)

]
−
∫
d2k′ıτ ex.k (θ)

[
ρ̂(r,p′), ρ̂(r,p′2)

]
+
∫
d2k′σex.k (θ)

({
ρ̂(r,p), ρ̂(r,p2)

}
−
{
ρ̂(r,p′), ρ̂(r,p′2)

}))}
. (2.27)

Here the primed coordinates denote the momenta of scattered particles, where the
integral over k′ is only performed over the angular components, and the azimuthal
angle of the scattered particle is θ = tan−1

(
k′y/k

′
x

)
. Additionally, the anti-commutator
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is {Â, B̂} = ÂB̂ + B̂Â, the atomic distribution f(r,p) = TrS{ρ̂(r,p)} is obtained by
taking the trace over the spin, the parameterized momenta are q = 2~k, p2 = p−q,
p′ = p − (q/2) + ~kk̂′, p′2 = p − (q/2) − ~kk̂′, and k is the collision wavevector
over which the integration is performed. The differential and total cross sections that
describe the classical elastic collisions are

σk(θ) = (4π4m2/~4)|T (k,k′)|2 (2.28)

σT (k) =
∫
d2k′σk(θ), (2.29)

where the T matrix for s-wave scattering is

T (k,k′) = T (k) = ~2

2π2m

(
a− ıka2

)
. (2.30)

The s-wave scattering length a is assumed to be the same for both spin states, which
is approximately true for rubidium-87 because a11 = 100.4a0, a22 = 95.5a0 and a12 =
98.1a0 [84]. Here, a0 is the Bohr radius, a11 corresponds to collisions between two
|F = 1,mF = −1〉 spins, a22 corresponds to collisions between two |F = 2,mF = 1〉
spins, and a12 corresponds to collisions between one |F = 1,mF = −1〉 spin and one
|F = 2,mF = 1〉 spin. See Fig. 3.6 for rubidium-87 states. Because of the isotropic
nature of s-wave scattering, the primed coordinate can be dropped since only the
scattering length a and collision wavevector k are needed to describe the collision
when ka � 1. This small ka expansion is valid for s-wave collisions when the s-
wave scattering length is much smaller than the thermal de Broglie wavelength. The
quantities τ ex.fwd.(k), σex.k (θ), and τ ex.k (θ) that appear in Eqn. 2.27 represent the spin
exchange cross sections are

τ ex.fwd.(k) =
(
−8π3m

~2k

)
Re{T (−k,k)} = −4πa

k
(2.31)

and

σex.k (θ)− ıτ ex.k (θ) =
(

4π4m2

~4

)
T (−k,k′)T ∗(k,k′) = a2(1 + k2a2). (2.32)

Equation 2.27 includes the details of both the classical collisions and the ISRE
in a relatively dense format. The first two terms that scale with σT (k) and σk(θ)
represent the distinguishable interaction terms describing classical scattering between
atoms. The following four terms that depend on ε describe the collisional effect of
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indistinguishable atoms. The terms with τ ex.fwd. and τ ex.k describe the contribution of
the forward and lateral exchange scattering to the ISRE. The σex.k terms consist of
anti-commutators, which do not alter the quantum state, instead those terms describe
exchange effects that modify the total and lateral cross-sections.

To explicitly show the spin rotation part of the ISRE, the density operator can be
simplified to

ρ̂ = 1
2
(
f(r,p) + m(r,p) · σ̂

)
, (2.33)

for spin-1/2 atoms, where f(r,p) is the atomic density distribution and m(r,p) is
the spin density distribution. Substituting this spin-1/2 density matrix into Eqn. 2.27
and only considering the forward scattering spin exchange term gives

∫
d3q

q

m

ε

2 ıτ
ex.
fwd.

[
ρ̂(r,p), ρ̂(r,p2)

]
= ε

2

∫
d3q

q

m
τ ex.fwd.m(r,p)×m(r,q). (2.34)

This simplifies to

ε

2

∫
d3q

q

m
τ ex.fwd.m(r,p)×m(r,q) = ε

2
4π~2a

m
m(r,p)×

∫
d3qm(r,q), (2.35)

where the quantity
∫
d3qm(r,q) is proportional to the local spin M(r). Equation 2.35

shows that the forward scattering contribution to the ISRE amounts to a rotation
of spin about the local, or mean, spin M(r). While only the forward scattering case
was shown for simplicity, lateral scattering also contributes to the ISRE as shown in
Ref. [53]. Note that the ISRE for colliding bosons and fermions only differs by the
value of ε in Eqn. 2.35, which only changes the sign of the effect.

The strength of the ISRE is greatest at the coldest temperatures, as shown by
dropping the first order term of the low energy limit (ka � 1) of the cross-sections
in Eqns. 2.28, 2.29, 2.31, and 2.32 to find

σk(θ) = a2 (2.36)
σT = 4πa2 (2.37)

τ ex.fwd. →∞ (2.38)
τ ex.k → 0. (2.39)

The ISRE forward scattering cross-section τ ex.fwd. tends to infinity at low energies, while
the rest of the cross sections approach a finite number. The large forward scattering
cross-section shows that the ISRE can be strong at ultracold temperatures and can
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provide significant spin exchange interactions. The strength of the ISRE can also be
quantified relative to the classical collision timescale as

µ = gn

~
τ = π~2

4a
√
πkBTm

, (2.40)

where g = 4π~2a/m represents a mean-field coupling constant, the density is n, the
temperature is T , and the radially averaged elastic collision time is

τ =
(

16a2n
√
πkBT/m

)−1
. (2.41)

A large value of µ corresponds to a stronger ISRE compared to classical elastic scat-
tering. At the temperatures explored in this thesis, such as T = 650 nK, the relative
ISRE strength is µ ≈ 8. This means the ISRE can be a strong effect during spin
diffusion, and in Section 6.1 the ISRE is shown to be the dominant effect.

2.3 Spin diffusion theory
Spin diffusion in a dilute nondegenerate 1D ultracold gas can be described with a
1D quantum Boltzmann equation. This Boltzmann equation can be derived from the
Liouville-von Neumann equation (Eqn. 2.19) following an approach similar to that
described in the previous section. This time the Wigner transform of Eqn. 2.19 in
its entirety is computed so that we include the kinetic motion, an external trapping
potential, external Rabi coupling, and the collisions. The detailed steps involved in
this derivation can be found in Refs. [78, 53, 54, 79, 80, 85]. The coupled quantum
Boltzmann equations describing the diffusion of the atomic density distribution f =
f(r,p, t) and the spin density distribution m = m(r,p, t) in 3D are

∂f

∂t
+

p
matomic

· ∇rf −∇Un · ∇pf −
~
2∇Ωni · ∇pmi = ∂f

∂t

∣∣∣∣∣
collisions

, (2.42)

and

∂m
∂t

+
p

matomic
· ∇rm−∇Un · ∇pm

− ~
2∇Ωn · ∇pf −Ω×m = ∂m

∂t

∣∣∣∣∣
collisions

, (2.43)
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where the index i is summed over the three spin components, matomic denotes the
atomic mass, n(r, t) =

∫
d3p f(r,p, t)/(2π~)3 is the atomic density, and M(r, t) =∫

d3pm(r,p, t)/(2π~)3 is the spin density. The center of mass potential is Un(r, t) =
Uext(r)+3gn(r, t)/2, and the spin rotation term that includes the Rabi coupling term
Ω (Section 2.1.1) and the ISRE is

Ωn(r, t) = Ω(r, t) + g

~
M(r, t). (2.44)

Finally, the classical collision integrals that ∂m
∂t

∣∣∣
collisions

represents are reproduced in
Appendix B.

Equations 2.42 and 2.43 can be uncoupled by assuming that the coupling field only
generates a local Larmor precession such that the Rabi vector is Ω = (0, 0, Udiff), where
Udiff represents the relative detuning across the cloud and is called the differential
potential. Uncoupling these equations also requires that the terms that scale with the
spatial gradient of the density are neglected, which are the third and fourth terms in
Eqns. 2.42 and 2.43. Both of these approximations are satisfied in a dilute gas, or in
a gas with uniform density so that the spatial gradient of the density is small, and if
the spins are not externally coupled via Rabi pulses. The decoupled 3D Boltzmann
equation that results is

∂m
∂t

+
p

matomic
· ∇m−∇Uext · ∇pm−Ω×m = ∂m

∂t

∣∣∣∣∣
collisions

. (2.45)

The quantum Boltzmann equation describing spin diffusion in 1D is obtained by
averaging over the two radial directions. In the work described in this thesis, the
radial dimensions of the atomic gas are significantly (∼ 37 times) smaller than the
axial direction. Because of this geometry, there are effectively no spin dynamics in the
radial direction. The radial trap frequency is faster than any spin dynamics or collision
rates, and so the radial dynamics are averaged out. The 1D quantum Boltzmann
equation that describes the diffusion of spin in a weakly-interacting nondegenerate
ultracold gas is [85]

∂m(z, p, t)
∂t

+ p

matomic

∂m(z, p, t)
∂z

− ∂Uext

∂z

∂m(z, p, t)
∂p

−Ω×m(z, p, t) = ∂m(z, p, t)
∂t

∣∣∣∣∣
collisions

. (2.46)
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The first term in Eqn. 2.46 is the dynamical term that describes how the spin density
distribution evolves in time. The next two terms are the classical drift and force
terms, where Uext = 1

2matomic
(
ω2
zz

2 + ω2
ρρ

2
)
is the magnetic trapping potential that

is quadratic in the axial z and radial ρ directions. The Larmor precession and ISRE are
described by the fourth term (Section 2.2), where Ω~ = Udiff ẑ+gM(z, t) corresponds
to the precession of spin around the differential potential Udiff ẑ and the local spin
M(z, t) = 1

2π~
∫
dpm(z, p, t). The term on the right describes the time evolution of

the remainder of the collision terms, which are the elastic scattering terms. In the
relaxation time approximation the effect of classical collisions can be written as

∂m(z, p, t)
∂t

∣∣∣∣∣
collisions

≈ −τ−1(z) [m(z, p, t)− f(p)M(z, t)] , (2.47)

where f(p) = λdB exp(−p2/2p2
0) is the equilibrium atomic distribution in momentum

space with p0 =
√
matomickBT , and τ(z) =

(
16a2

12n0(z)
√
πkBT/m

)−1
is the radially

averaged mean collision time.
The 1D quantum Boltzmann equation in Eqn. 2.46 can be expressed in other spin

state coordinate systems, which can be used to describe the diffusion of specific spin
components (see Appendix C). In cylindrical coordinates, evolution of the transverse
amplitude and phase evolution are obtained, mapping directly to the experimental
observables (see Section 3.5.2). This particular coordinate system simplifies the effect
of the differential potential, but does not make the Boltzmann equation tractable for
an analytic solution in any nontrivial case.

2.4 Simulations of spin diffusion
The quantum Boltzmann equation (Eqn. 2.46) can be simulated numerically by using
a finite-difference technique. The results of these simulations can be used to guide the
collection of data and for comparisons between data and theory. The simulations are
especially useful for exploring new ideas, because it is not always obvious how certain
experimental parameters change spin diffusion. The simulation process follows the
procedure outlined in Ref. [85], which applies a Crank-Nicolson alternating direction
implicit technique to numerically step the spin density distribution through time. In
the work described in this thesis, a dynamic time step was added to increase the
numerical reliability of simulation results.

23



2.4.1 Alternating-direction-implicit method

Applying the Euler method to the quantum Boltzmann equation yields

m(z, p, ti+1)−m(z, p, ti)
∆t =− p

m
δzm(z, p, ti) +mω2

zδpm(z, p, ti)

+ 1
~

(Udiff ẑ + gM(z, ti))×m(z, p, ti)

− 1
τ

(m(z, p, ti)− f(p)M(z, ti)) , (2.48)

where the subscripts i and i+ 1 are the relative times at ti = t0 + i∆t, δz,p indicates a
finite backward difference on the position z or momentum p, and ∆t is the time step.
The finite backward difference for position z is defined as

δzm(z, p, ti) = m(z, p, ti)−m(z −∆z, p, ti)
∆z , (2.49)

where the difference is explicitly taken at the known time ti. This type of finite
difference is called an explicit finite difference. While the Euler method is easy to
compute, it is not numerically stable for all conditions [85, 86].

The stability of the numerical solution is improved by using the Crank-Nicolson
method, which is typically unconditionally stable for all time steps ∆t [85, 86]. This
stability arises from the separation of each time step into two time steps where only
one step needs to be unconditionally stable [86]. During each time step the finite
difference is alternated between one that is explicit in position (and implicit in mo-
mentum) and one that is explicit in momentum (and implicit in position). This is
known as the alternating direction implicit (ADI) method. The implicit differenti-
ation requires solving a tri-diagonal matrix because there are multiple position or
momentum terms, such as the terms at position z − ∆z, z, and z + ∆z after an
implicit difference in position. Applying ADI to the discretized Boltzmann equation
gives the following two time steps:

m(z, p, ti+1/2)−m(z, p, ti)
∆t/2 =− p

m
δzm(z, p, ti+1/2) +mω2

zδpm(z, p, ti)

+ 1
~
(
Udiff ẑ + gM (z, ti)

)
×m(z, p, ti)

− 1
τ

(m(z, p, ti)− f(p)M(z, ti)) , (2.50)
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and

m(z, p, ti+1)−m(z, p, ti+1/2)
∆t/2 =− p

m
δzm(z, p, ti+1/2) +mω2

zδpm(z, p, ti+1)

+ 1
~
(
Udiff ẑ + gM(z, ti+1/2)

)
×m(z, p, ti+1/2)

− 1
τ

(
m(z, p, ti+1/2)− f(p)M(z, ti+1/2)

)
. (2.51)

The first of these equations is implicit in position and the second is implicit in mo-
mentum, where the distinction is found by the time subscript used in each step. An
explicit time step uses the current values to compute the finite difference, while an
implicit time step uses the next computed value to compute the finite difference. An
initial condition for the spin and atomic distribution is prepared, and then these equa-
tions are iterated until the time span for the simulation is sufficient to be compared
to data.

2.4.2 Dynamic time stepping

The “unconditional” stability of the Crank-Nicolson technique appears to break down
when the differential potential Udiff/h is 100 Hz or larger. At these differential po-
tentials, the transverse spin rotates too far in a single time step and the simulation
becomes numerically unstable. The time step size could be manually lowered to coun-
teract the unstable numerics, but then computation time is increased. We introduced
a dynamic time stepping procedure as a quick fix for this numerical instability, where
we limit large changes in any spin component by reducing the size of the time step.

The size of each dynamic time step is calculated so that the spin density distri-
bution is changed by a fraction of the current spin density distribution. The dynamic
time step at time ti is fixed for both ADI steps and calculated based on the first ADI
step that is implicit in position. The dynamic time step ∆τ is calculated so that each
time step only changes the spin density distribution by a relative amount η, satisfying

∆mk(z, p)
∆τ

1
mk(z, p)

≤ η. (2.52)

Heremk = m·k̂ are the three components of the spin density distributionmx,my,mz,
where k̂ = {x̂, ŷ, ẑ}. The change in the spin component during the implicit position
step is ∆mk(z, p)/∆τ (Eqn. 2.50), and spin density distribution at the current time
step is mk(z, p). The mean of each spin component over position z and momentum p
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is computed and the minimum time step of the three spin components that satisfies
Eqn. 2.52 is

∆τ = ηmink
( ∑

z,p |mk(z, p)|∑
z,p |∆mk(z, p)|

)
. (2.53)

The minimum is taken between the three spin components labelled with the sub-
script k. The relative change of the spin density distribution η is typically set to 0.05
so that on average the spin components change by 5% or less each time step. For
large differential potentials of 100 Hz or higher, the spin components precess quickly
and dynamic time stepping reduces the time steps, slowing down the calculations.
However, the smaller time step should ensure the phase only wraps a small fraction
of the way around the Bloch sphere during each step leading to reliable numerics.
Even though dynamic time stepping improves the simulation quality and reliability,
the numerical simulation is still not unconditionally stable, and for extremely large
differential potentials η may need to be tweaked further.

2.5 Spin-dependent and independent potentials
Spin-independent potentials, like the magnetic trapping potential for our two pseudo-
spin states, can be used to shape the atomic density profile since all spins experience
the same potential or force at the same position. However, spin-dependent poten-
tials provide an opportunity to create separate potentials for each of the two spin
states. One spin state could be tightly confined while the other spin state is weakly
confined or even anti-trapped by a strong spin-dependent potential. In addition to
separate trapping potentials, spin-dependent potentials shift the local Larmor preces-
sion frequency by modifying the energy difference between spin states. Shifting either
the spin-dependent trapping potential or the local Larmor precession frequency can
modify spin diffusion, and in Section 6.1 weak spin-dependent potentials are used to
modify the local Larmor precession.

Typically, the simplest method to create a spin-dependent potential is with a
magnetic field. For a spin with magnetic moment µ in a magnetic field B, the energy
of the spin state is shifted by ∆Umagnetic = −µ · B. However, the pseudo-spin states
used in this thesis have nearly the same magnetic moment so that they are equally
trapped by the magnetic field. So for these pseudo-spin states, a magnetic field creates
a spin-independent trapping potential that determines the shape of the 1D density
profile.
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Since magnetic fields cannot be easily controlled to generate arbitrary patterns
with arbitrary strengths, all spin-dependent potentials used in this thesis are created
using the oscillating electric field in laser light. This oscillating field couples each spin
state to a higher energy state, creating an AC Stark shift of varying magnitude and
sign. The AC Stark shift, also called the Autler-Townes effect or dipolar shift, arises
from the interaction between the oscillating induced atomic dipole and the electric
field. The energy of the atom is modified by ∆U = −1

2〈p · E〉, where 〈·〉 denotes a
time average and p = α(ω)E is the dipole moment of the atom that is induced by
the oscillating field. The dynamic atomic polarizability is given by [87, 88, 89]

α (ω) = e2

m

1
ω2

0 − ω2 − ıωΓ , (2.54)

where ω0 is the resonant frequency and Γ is the natural linewidth. The dynamic polar-
izability drastically increases near a resonance and changes sign on the opposite side
of the resonance. Spin-dependent potentials can be tuned by controlling the detuning
of the oscillating field. The difficulty with these dipolar interactions is in finding the
strongest coupling to the higher state without actually exciting the transition. The
smaller the detuning the larger the spin-dependent potential, but the more likely it
is for an atom to be excited to an unwanted state.

For alkali atoms in the vicinity of the D1 and D2 lines the dipolar interaction is
given by [87]

Udipole (r) = πc2Γ
2ω3

0

(
2 + PgFmF

∆2,F
+ 1− PgFmF

∆1,F

)
I (r) , (2.55)

where ω0 is the atomic transition frequency, ∆2,F and ∆1,F are the detunings from
the D2 and D1 lines, P = 0,±1 is for linearly and circularly polarized light, gF is the
Landé factor, mF is the Zeeman sublevel, and I(r) is the intensity of the radiation
field. Simplifying this equation in the limit of large detunings from the D1 and D2
lines, so that ∆1,F = ∆2,F = ∆, the dipolar interaction is

Udipole (r) = 3πc2

2ω3
0

Γ
∆I (r) . (2.56)

The dipolar potential is tunable with the laser intensity I and laser detuning ∆.
Alternatively, for detunings near the D2 transition ∆1,F � ∆2,F the contribution
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from the D1 line can be ignored and the dipolar potential is then given by

Udipole (r) = πc2Γ
2ω3

0

(
2 + PgFmF

∆2,F

)
I (r) . (2.57)

The latter is the approach used going forward.
For two spin states labelled 1 and 2, the spin-independent (common) and spin-

dependent (differential) potentials are Ucommon = U2 + U1 and Udiff = U2 − U1, where
U1 and U2 are the dipolar shifts experienced by atoms in each spin state interacting
with the same radiation field. In terms of Eqn. 2.57 this becomes

Ucommon/diff (r) = πc2Γ
2ω3

0

2 + Pg
(2)
F m

(2)
F

∆(2)
2,F

± 2 + Pg
(1)
F m

(1)
F

∆(1)
2,F

 I (r) , (2.58)

where the superscripts indicate the spin-state specific parameters. The common and
differential modes scale with detunings as

(
∆(1)

2,F ±∆(2)
2,F

)
/∆(1)

2,F∆(2)
2,F .

The three different types of dipolar shifts are illustrated with two-state energy
levels in Fig. 2.6. Far red- or blue-detuned frequencies shift the energy of both states
in the same direction. Detuning between the spin states shifts the energy levels in
opposite directions. Moving the detuning closer to a resonance can increase the overall
differential potential but will start to transfer atoms to the excited state.

Coupling atoms to higher energy states can excite the atoms, and so one should
be careful of photon scattering rates whenever dipolar shifts are used. The scattering
rate corresponding to Eqn. 2.57 is

Γsc (r) = πc2Γ2

2~ω3
0

(
2

∆2
2,F

)
I (r) . (2.59)

Notice that the scattering rate scales as I/∆2 while the interaction potential in
Eqn. 2.58 scales as I/∆. Far-detuned frequencies reduce the scattering rate faster
than the dipolar shift. So for a dipolar shift of a single atomic state, large detunings
are always better if the intensity is available to compensate. Spin-dependent poten-
tials require frequencies near resonance, but the largest detunings possible still give
the lowest scattering rates.

The optimal detuning minimizes the scattering rate while also maximizing the in-
teraction potential. For spin-independent potentials, large detunings combined with
the largest possible laser intensity are optimal. For spin-dependent potentials, the
optimal detuning to minimize scattering rate is found when the laser frequency is
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Figure 2.6: Dipolar energy shifts caused by coupling to a higher-energy atomic state.
Examples are shown for the case of two coupled hyperfine states (|1〉 and |2〉). The
common mode shifts can either raise or lower the average energy, corresponding to
blue and red detunings, respectively. A coupling frequency that is between the two
states creates a differential energy shift raises the energy of one state and lowers the
energy of the other spin state.
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between the two states, such that ∆(1)
2,F = −∆(2)

2,F . This thesis uses this optimal de-
tuning configuration to limit photon scattering rates when generating spin-dependent
potentials that modify spin diffusion in Chapter 6.

This chapter discussed the theoretical frameworks that describe how to control,
measure, and modify spin diffusion. Rabi pulses are used for control of spin states,
while Ramsey spectroscopy is used for measuring differential potentials and trans-
verse spin. The identical spin rotation effect manifests from the indistinguishability
of atoms at ultracold temperatures. A dynamical description of spin diffusion can be
obtained in the quantum Boltzmann equation and provides insight into spin diffusion
processes. By numerically simulating this equation, the experiment can be guided
by the simulation results or the simulation can be used to compare with spin diffu-
sion data. Lastly, the generation of spin-independent and spin-dependent potentials
was discussed, where spin-dependent potentials are used to modify spin diffusion by
altering the local Larmor precession.
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Chapter 3

Apparatus and procedures

This chapter provides an overview of the apparatus and procedures used to study
one-dimensional (1D) spin diffusion in an ultracold gas of 87Rb. The first half of this
chapter describes how ultracold gases are formed and detected using the apparatus.
The second half of this chapter discusses the methods for preparing spin states and
manipulating the effective magnetic field.

3.1 Experimental overview
The design of the apparatus used in this thesis work is based on the apparatus used
in H. J. Lewandowski’s doctoral thesis work for studying coherences and correlations
in a BEC [84]. A 87Rb vapor is laser cooled and trapped with a magneto-optical trap
(MOT) in a vacuum. The atoms are then transferred to an ultra-high vacuum (UHV)
cell at pressures of order 10−11 Torr by translating the magnetic field coils of the
MOT on a motorized track. Inside the UHV cell the loss of trapped atoms due to
collisions with the background gas is minimal and lifetimes longer than 100s of seconds
are observed. The McGuirk group’s implementation of Lewandowski’s apparatus is
straightforward and robust, requiring minimal daily care. This section provides a more
detailed description of the two main parts of the apparatus: the magneto-optical trap
and the UHV science cell.

3.1.1 Magneto-optical trap

The magneto-optical trap (MOT) is formed inside a glass vacuum cell that is filled
with rubidium vapor. Rubidium vapor is produced in the MOT cell by dispensers
sitting inside the vacuum. The alkali metal dispensers contain a stable rubidium
salt mixed with a getter material that facilitates evaporation of rubidium atoms and

31



capture of excess gases. Once the evaporation process has started, the dispensers will
continuously evaporate rubidium atoms into our MOT cell, until they run out of atoms
to evaporate. The evaporation rate is controlled by the temperature of the dispensers.
The evaporation rate is increased by heating up the dispensers with electric current
through wires that are connected to a power supply outside the vacuum. The current
running through the dispensers is continuously operated at ∼ 3.4 Amps to ensure a
nearly constant evaporation rate of rubidium atoms into the MOT cell.

The 87Rb vapor is laser-cooled using Doppler cooling, where the motion of the
atom can increase or decrease the frequency of a photon in the rest frame of the
atom. To Doppler cool atoms, a laser is red-detuned from an atomic transition so
that only the atoms moving toward the beam will be resonant with the photons. The
moving atom absorbs a resonant photon and also receives a small momentum kick
in the direction the photon was travelling, with magnitude ~k, where k = 2π/λ is
the wavenumber and λ is 780.23 nm for this work. Only the atoms moving towards
the beam will be resonant and so the momentum kick slows the atom down. The
now-excited atom will spontaneously emit a photon and receive another momentum
kick of ~k′ in a random direction, where k < k′. The emitted photon has a higher
wavenumber and carries away the kinetic energy the atoms loses. Since spontaneous
emission is isotropic the average momentum kick after many emissions is zero. The
net momentum change of the atom absorbing and then emitting is ~k in the opposite
direction of travel. This reduction in the momentum of the atom is equivalent to cool-
ing, and when performed on an ensemble of atoms the temperature of the ensemble
is reduced. Figure 3.1 shows the cooling process in one dimension for a single photon
and atom going through a Doppler cooling cycle.

The procedure in Fig. 3.1 only provides cooling to atoms moving to the right. To
cool atoms travelling to the left and the right simultaneously, a second laser beam
is applied that travels in the opposite direction, cooling the atoms moving to the
left. This counterpropagating laser is resonant with atoms moving to the left because
the laser frequency adds with the Doppler shift of the left-moving atom. Doppler
cooling in 3D replicates the 1D process in the two other dimensions by using a total
of six laser beams, three pairs of counterpropagating beams. The coldest temperature
that Doppler cooling can reach is limited by the fluctuations of the momentum of
an atom due to spontaneous emission. This temperature is called the Doppler limit
TDoppler = ~Γ

2kB , which is 145 µK for 87Rb, about one million times colder than room
temperature. Note that in experimentally realized MOTs there exists sub-Doppler
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p − h̄k−h̄k′

Figure 3.1: Doppler cooling example in one dimension. (a) An atom with momentum
p is moving towards a photon with momentum ~k that is Doppler shifted to be
resonant. (b) The atom absorbs the photon and is slowed down by the absorbed
photon momentum ~k. (c) The atom will spontaneously emit a photon, which in 1D
must be either to the left or the right. If emitted to the left the momentum of the
atom is reduced by ~k−, but if emitted to the right the momentum of the atom is
reduced by ~k+, where k± = k ± k′. This example only cools atoms moving to the
right, a second laser is added to cool atoms moving to the left. By repeating this
cooling process many times, the average change in momentum of an atom is ~k per
photon scattered.

cooling forces that allow the MOT to reach temperatures lower than the Doppler
limit.

Doppler cooling is effective at cooling atoms, but it does not spatially confine them
and the cooled atoms can travel out of the laser beam. The atoms can be spatially
trapped near the center of the Doppler cooling beams by adding a pair of magnetic
field coils, called the MOT coils. The MOT coils are arranged in an anti-Helmholtz
configuration (Fig. 3.2) to create a large magnetic field gradient at the center. This
magnetic field gradient Zeeman shifts the energy of the magnetic sublevels mF so
that as an atom moves away from the center it becomes resonant with the laser. An
atom that is resonant with the laser undergoes absorption and emission of photons,
which ultimately pushes the atom back to the magnetic field zero.

Figure 3.3 shows an energy diagram for a one-dimensional MOT [71]. The cooling
laser is red detuned by δ from the zero-field transition. As an atom moves away from
the center it becomes resonant with the ∆m = ±1 transition and scatters σ± polarized
photons, which pushes the atom back towards the MOT center. For three dimensions,
this process is repeated in three orthogonal directions each with σ± polarized laser
beams and the MOT coils provide a field gradient in all directions. In Fig. 3.3 the
ground state is shown to be in the mF = 0 sublevel, but the cooling transition for
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MOT coils
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Cooling lasers

To science cell

Dispensers

Figure 3.2: The MOT vacuum cell used to trap and cool one billion 87Rb atoms to
∼ 145 µK using six counterpropagating beams (red). Each laser beam is antiparallel
to one other beam and orthogonal to the rest. The MOT coils are used to localize the
cold cloud with magnetic field gradients that shift the energy of the atomic states. The
arrows on the coils signify that the current in these coils flow in opposite directions.
These coils are attached to a track that translates the MOT cloud to the science cell
for further cooling and experiments. The dispensers fill the MOT cell with rubidium
vapor
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Figure 3.3: The magnetic field generated by the MOT coils shifts the energy of Zeeman
sublevels in the excited state me. As an atom moves away from the center of the trap
to the right, the me − mg = ∆m = −1 transition becomes resonant with the σ−
beam and the atom will scatter more σ− photons, pushing it back to the center.
The magnetic field direction is flipped on the left side and ∆m = +1 transitions
are resonant. While this figure is for one dimension, extending to three dimensions
requires six laser beams instead of two.

87Rb is 5S1/2 |F = 2〉 → 5P3/2|F = 3〉, meaning that the ground state could occupy
a nonzero Zeeman level. Since the cooling transition is always a ∆J = +1 transition,
the excited state will have one more magnetic sublevel than the ground state. The
F = 2 state has five magnetic sublevels, while the F = 3 state has seven sublevels.
Even though mg is not necessarily zero, the MOT will localize all magnetic sublevels
of the F = 2 hyperfine state because only the change in sublevel ∆m = ±1 is relevant.

The relevant 87Rb electronic states are in Fig. 3.4 and shows the cooling and
repump transitions used to create a MOT. The MOT uses transitions between the
5S1/2 and 5P3/2 fine structure states, known as D2 transitions. The quantum number
for the hyperfine states in the 5S1/2 and 5P3/2 manifolds are denoted with F and
F ′, respectively. When loading the MOT with atoms, the cooling laser is frequency
locked at the F = 2 to F ′ = 3 transition with a red detuning of about 20 MHz. While
the F ′ = 3 state can only decay into F = 2 due to selection rules, the cooling laser
will excite some atoms to F ′ = 2 and about one in 1, 000 atoms then decay into the
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Figure 3.4: Cooling and repump transitions used in laser cooling rubidium atoms.
Both are at wavelengths close to 780.23 nm. The cooling laser is detuned from the
F = 2→ F ′ = 3 transition and the repump laser is resonant with the F = 1→ F ′ = 2
transition.

F = 1 ground state. A repumper laser excites those atoms in F = 1 to F ′ = 2 until
they decay back into F = 2 where the cooling laser is effective.

A lens is used to image the fluorescence from atoms in the MOT onto a photodiode.
When this signal reaches a set level, usually after 1−10 seconds of loading, the atoms
are then prepared for transfer to the science cell. The sequence of operations needed
to transfer the atoms uses a compressed MOT (CMOT) to reduce the size of the
cloud, optically pumping to the magnetically trappable state, and then magnetically
trapping the atoms and moving the coils. The atoms should occupy the smallest
possible volume before turning on the magnetic trap otherwise atoms far from the
trap center will acquire too much magnetic potential energy and heat the cloud. The
CMOT stage reduces the size of the cloud by reducing the radiation pressure at the
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center of the cloud. This is done by detuning the cooling laser by 50 MHz and lowering
the repump intensity. Detuning the cooling laser reduces the photon scattering rate
of the F = 2 atoms and the reduction in repump intensity lowers the amount of time
an atom is in the F = 2 state. The CMOT stage lasts about 10 ms.

Next, the atoms are optically pumped into the F = 1 state by turning off the
repump laser and waiting 1 ms for the atoms to all reach the F = 1 state. The optical
pumping used here does not select what sublevel is occupied so the optically pumped
cloud is a mixture of mF = −1, 0,+1 sublevels. Of the F = 1 sublevels, only the
|F = 1,mF = −1〉 state is magnetically trappable since its energy increases with
larger magnetic field. When the magnetic field coils are ramped up to produce higher
field gradients to trap atoms in the mF = −1 state, atoms in the other sublevels will
be lost since they are not trapped. The MOT coils are ramped to a high field gradient,
trapping the mF = −1 atoms tightly so that they are able to be transported. The
MOT coils are mounted on a track that physically transports the MOT coils using a
stepper motor. The coils move 53.4 cm, transporting the cloud of atoms through a
2 cm wide vacuum cell to reach the science cell. Here the atoms are released from the
MOT coils and caught with the coils that are part of the science cell.

3.1.2 The science cell

The science cell is a glass cell that has ultra-high vacuum pressures to lengthen cloud
lifetime by limiting collisions with background gases. Surrounding the glass cell is a
hybrid Ioffe-Pritchard trap (Figure 3.5) made with two permanent magnets and four
magnetic field coils. The magnets are glued into a machined block of boron-nitride,
which is transparent to microwaves. The permanent magnets are oriented with the
same magnetic pole facing each other to create a quadrupolar magnetic field. This
orientation provides a strong magnetic field gradient in the two radial directions.
Inside the boron-nitride block, the two pairs of magnetic field coils control the axial
trap geometry. The inner pair are called the bias coils and the outer are the pinch
coils. The bias coils are in Helmholtz configuration and provide a uniform magnetic
field. The combination of the magnetic fields from the pinch and bias coils sets the
magnetic field at the center of the trap, known as the bias field. Calibration of the
bias field is discussed in Section 4.3. The pinch coils provide an axial magnetic field
gradient that confines atoms in the axial direction. The magnetic confinement in
the axial direction is typically 37 times weaker than the trapping in the two radial
directions from the permanent magnets. Atoms released from the MOT coils into the
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Figure 3.5: Hybrid Ioffe-Pritchard trap consisting of two permanent magnets and four
magnetic field coils to create a quasi-1D cloud geometry. The outer coils confine the
cloud axially, while the inner coils are in a Helmholtz configuration and control the
bias field. Arrows on the coils indicate the direction of current flow. The blue cloud
indicates the position of the atomic cloud; the size of the cloud is not drawn to scale.

hybrid Ioffe-Pritchard trap will form a pencil-shaped cloud in the center, with an
aspect ratio of 37 to 1.

The pencil-shaped trap geometry of the science cell is quasi-1D. The confinement
in the radial direction is strong enough that the corresponding dynamics are much
faster than in the axial direction. This permits one to average over the dynamics in
the radial direction. In quasi-1D geometries atoms are free to move past each other
in the axial direction by translating in the radial direction. In a truly 1D geometry
this is not possible since the atoms would form a chain and have to exchange places
to move past one another. To quantify the difference between these two geometries,
we can compare the radial harmonic oscillator length aho =

√
~/mωρ to the radial

width of the density distribution ρ0. The harmonic oscillator length characterizes
the spatial extent of the available motional modes that atoms can occupy, while the
density distribution describes how far atoms travel from the trap center. To reach a
1D geometry the radial width should be much smaller than the harmonic oscillator
length ρ0 � aho. In our trap, the radial width of the density distribution is about
seven times larger than the harmonic oscillator length, so atoms have enough space
to go around neighbouring atoms to avoid collisions.

Immediately after catching the |F = 1,mF = −1〉 ≡ |1,−1〉 atoms in the science
cell’s pencil-shaped trap, the MOT coils move back to the MOT cell, and evapora-
tion of the cloud is used to reach colder temperatures. Evaporation is performed by
applying radio frequency fields to flip the spins of the most energetic atoms, leaving
them in an untrapped state, so that they are released from the trap and carry away
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above-average kinetic energy. The atoms remaining in the cloud rethermalize to a
lower temperature, and the process is repeated until the cloud is sufficiently cold or
until all of the atoms have been evaporated from the trap. Evaporation can be a
lengthy process that is limited by rethermalization timescales, which scale with the
elastic scattering rate

γelastic = n(8πa2)vrel, (3.1)

where n is the density, a = 100.4(1)a0 is the s-wave scattering length of the |1,−1〉
state [90, 91, 92, 93], and

vrel =
√

16kBT
3πm (3.2)

is the relative velocity. Our evaporation protocol uses nine stages, where each stage
incrementally ramps the frequency of the applied radio frequency (RF) from 60 MHz
to 2 MHz using exponential steps. Further discussion of evaporation can be found in
the calibration section (Section 4.2).

Atom losses from the science cell trap are primarily due to inelastic collisions. Long
cloud lifetimes require minimizing these inelastic collisions by limiting the one-, two-,
and three-body loss rates. One-body losses occur as a result of collisions with back-
ground gas, which are limited by the ultra-high vacuum in the science cell. Two-body
losses are significantly suppressed in spin-polarized gases that occupy the maximally
polarized magnetic sublevel, i.e. mF = ±F . An upper bound on the two-body loss
coefficient is 1.6 × 10−16 cm3/s [84]. Lastly, three-body losses are dominant at den-
sities of 1013 cm−3 or higher, where molecule formation can occur more often since
collisions of three atoms are more likely. For the |1,−1〉 state of 87Rb, the loss rate
coefficients are 4.3(1.8)×10−29 cm6s−1 and 5.8(1.9)×10−30 cm6s−1 for a noncondensed
and condensed cloud, respectively [94]. Short evaporation times need to be used to
limit the three-body losses at densities higher than 1013 cm−3.

After evaporation, the cloud temperature is around 100−1, 000 nK and the density
is about 1 − 4 × 1013 cm−3. The density and temperature are tunable through the
MOT load parameters and the final RF evaporation frequency. Larger MOT loads
give rise to higher densities and lower RF frequencies yield colder clouds. For a fixed
MOT load and final RF evaporation frequency, the density and temperature of the
cloud in the science cell varies from shot-to-shot by about 5%. While this variation
can be challenging to work with, the simple tunability of temperature and density
make it easy to explore spin diffusion under different conditions.
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3.2 Spin profile preparation
All spin preparation in this work is performed using cloud-wide two-photon pulses
that couple the |F = 1,mF = −1〉 ≡ |1〉 and |F = 2,mF = 1〉 ≡ |2〉 states as shown
in Fig. 3.6. A microwave field applied at frequency νµW provides the first photon with
a single-photon detuning from the intermediate state of ∆IM ∼ 70 kHz below the
|1,−1〉 → |2, 0〉 transition. An RF field applied at frequency νRF is tuned so that the
two-photon transition is on resonance. Typical microwave and RF frequencies used
are 6,831 MHz and 3.126 MHz, respectively. A microwave waveguide that terminates
near the science cell is fed with the microwave signal to irradiate the atoms. These
fields penetrate the boron-nitride that surrounds the science cell, enabling them to
interact with atoms inside. The RF fields are supplied by a coil antenna placed near
the atoms, between the boron-nitride and the vacuum cell. All two-photon pulses are
performed by applying these two fields simultaneously for a fixed time period. Typical
Rabi frequencies are around 4 kHz, but because we use a two-photon transition there
is flexibility to change the Rabi frequency by changing the intermediate detuning
∆IM.

The evolution of the spin state during the two-photon transition can be controlled
by applying a spatially varying two-photon detuning across the cloud (Section 2.5).
The two-photon detuning is controlled with a spatially varying spin-dependent po-
tential that is generated using a spatially varying laser intensity and the AC Stark
effect. As a first step toward controlling the initial spin state of atoms in clouds, a
rectangular piece of aluminum was used to block half of an expanded laser beam as
shown in Fig. 3.7. The aluminum is painted black to minimize scattered light. The
initially collimated laser beam is expanded using two pairs of lenses, one pair of spher-
ical lenses and one pair of cylindrical lenses. Another spherical lens is used to image
the aluminum mask plane onto the atoms. With this masking method, one half of the
cloud is illuminated while the other is not. For a laser wavelength of 780.23 nm, the
laser light provides an AC Stark shift and a detuning δ of around 150 kHz or about
40ΩR.

With half of the cloud detuned, a cloud-wide π-pulse will only transfer the |1〉 state
atoms that are resonant to the |2〉 state. This corresponds to the atoms in the half of
the cloud that is not illuminated. The width of the detuning profile characterizes how
the detuning varies from maximum to zero. The width is given by the quality of the
optical focus and is further limited by diffraction. Inside this width of the detuning
profile, where the intensity of the light varies, the cloud-wide pulse will rotate the
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Figure 3.6: The 5S1/2 ground state manifold of 87Rb, not to scale, which is comprised
of two hyperfine states and their corresponding Zeeman sublevels. The red lines show
the frequencies used for two-photon spectroscopy between the |F = 1,mF = −1〉 ≡
|1〉 and |F = 2,mF = 1〉 = |2〉 states. A microwave νµW and radio frequency νRF
photon are used to couple these states together. The intermediate detuning ∆IM is
exaggerated since the detuning is usually 70 kHz red detuned and the mF = −1 state
represents a 2.3 MHz energy shift from the mF = 0 state.

Atoms in |1⟩

Mask

Expanded laser beam
(∆ ∼ 150 kHz)

π-pulse

Figure 3.7: Schematic of the masking technique used to apply a large detuning
(∆ ∼ 150 kHz) to one side of the cloud but not the other. A cloud-wide π-pulse will
transfer the atoms that are not detuned to the excited state, but will not alter the
spin state of the atoms that are detuned. This process is used to generate a helical
spin profile.
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spin |1⟩spin |2⟩ transverse spin

axial position
Figure 3.8: The helical spin structure shown with spin vectors has two spin domains
spatially separated with an region of transverse spin in between the domains. The
spin vector across the cloud starts as spin |2〉 on the left and rotates around to spin
|1〉 on the right to form a helical shape. This helical spin structure conserves total
spin across the spin domains.

spins around the Bloch sphere and convert |1〉 to transverse spin located between
the |2〉 and |1〉 domains. The resulting spin profile is known as a helical spin domain
because the spin vectors rotate around like a helix as in Fig. 3.8. The width of the
transverse spin region is set by the quality of focus of the lens that images the plane
of the aluminum mask and is typically 140 µm full-width at half-max (FWHM). This
masking technique is used for spin preparation in all results presented in this thesis.
However, since the aluminum mask does not allow for arbitrary initial spin profiles,
it was replaced with a digital micromirror device (DMD) to prepare any initial 1D
spin profile. The DMD is discussed in Section 3.8.

3.3 Imaging atoms
Detection of the atomic cloud is performed by optically imaging the plane of the
atoms with a camera. These images can be used to extract physical quantities that
describe the atomic distribution or spin profile.

3.3.1 Experimental procedure

The atomic states used during imaging are shown in Fig. 3.9. The imaging process
starts with atoms in state |1〉 being transitioned to the |F = 2,mF = −2〉 state via
adiabatic rapid passage (ARP). The ARP efficiently transfers the entire atomic cloud
population, even though the resonance frequency varies across the cloud because of the
magnetic trapping potential. The ARP is performed by applying a microwave field at
a single frequency and sweeping the bias magnetic field through resonance of all atoms
in the cloud, converting all of the atoms in the state |1〉 to the |F = 2,mF = −2〉
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Figure 3.9: Imaging procedure for the |F = 1,mF = −1〉 state in the 87Rb 5S1/2
manifold. Adiabatic rapid passage (ARP) is performed with a microwave frequency
νARP and a sweeping of the magnetic field by ∆B through resonance of the |F =
1,mF − 1〉 → |F = 2,mF = −2〉 transition. With atoms in the maximally polarized
|F = 2,mF = −2〉 state, a cycling transition to the 5P3/2 state is used to image these
atoms through absorption. This process efficiently images only the atoms that were
initially in the |F = 1,mF = −1〉 state.

state. The ARP does not affect atoms that were initially in state |2〉, so those atoms
remain in the |2〉 state. Atoms in state |2〉 minimally scatter the probe light, and so
they are not observed during absorption imaging.

After the ARP procedure, the cloud is expanded for 1 − 3 ms in the magnetic
trap that is now an anti-trapping potential for atoms in the |F = 2,mF = −2〉 state.
The expansion of the cloud is performed quickly to spread the atoms out radially and
prevent saturation of the detector. To prevent atoms from falling under the influence
of gravity, a shim coil is used to apply a magnetic field gradient that approximately
cancels the gravitational potential for the |F = 2,mF = −2〉 atoms. After expansion,
the bias field is ramped to about 100 G over 120 µs. Ramping the bias field to this
higher bias field flattens out the magnetic field potential so that all atoms in the
expanded cloud are resonant with the probe laser. In addition, the other magnetic
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sublevels of 87Rb are further separated from the probe transition frequency for the
|F = 2,mF = −2〉 state. See Refs. [84, 95] for further details.

A probe laser illuminates the expanded cloud of atoms and drives the cycling
transition |F = 2,mF = −2〉 → |F ′ = 3,m′F = −3〉 to scatter as many photons
as possible in an 80 µs image acquisition time. A nearby gradient index lens im-
ages the probe light and some of the scattered photons onto an electron multiplying
charged-coupled device (EMCCD) camera. This imaging lens collects nearly all of
the unscattered probe light and about 3% of the scattered photons. Ideally, none of
the scattered photons are collected for absorption imaging. Unfortunately, a small
fraction of scattered photons will always be collected by the imaging lens because the
photons are scattered isotropically. The collected probe and scattered light is used
to perform absorption imaging, and the absorption images that the camera collects
are read out to a computer for processing. The imaging procedure described here is
destructive. Atoms are released from the trap and their quantum state is destroyed.
After every imaging sequence the experiment must start over from the MOT stage.

3.3.2 Image processing

The intensity of the probe light after passing through the atomic cloud is given by the
Beer-Lambert law, I = I0 exp(−OD), where I0 is the incident intensity and OD is
the optical density of the cloud. The light remaining after absorption is imaged onto
the EMCCD camera along with two additional images taken immediately after the
atom image. These two additional images are referred to as the light and dark images.
The light image has no atoms present during exposure, but the probe light is still on.
The light image measures the peak intensity and variations of the probe beam. The
dark image is also taken with no atoms, but now the probe is turned off during the
exposure. This image provides a measure of the dark currents, bias, and background
scattered light in the imaging process. The atom, light and dark images are combined
with the Beer-Lambert law to obtain the optical density for each detector pixel

ODmeas = ln
(
I0

I

)
= ln

(
Ilight − Idark
Iatoms − Idark

)
. (3.3)

The probe light used for imaging typically has off-resonant components that are
not absorbed by the atoms. These non-resonant components of the probe light can
come from misalignment of the polarization from the quantization axis, background
scattered light, or additional off-resonant frequency modes in the laser spectrum.
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Since the collected light is never entirely resonant with the atoms, the measured
light can never reach zero intensity and a minimum intensity is always observed.
This minimum intensity corresponds to a saturation optical density (ODsat), which
is observed when atoms have absorbed all of the resonant probe light. An OD larger
than ODsat should never be observed even if the optical density of the cloud is actually
larger. A correction for this off-resonant background light Ibkd = I0 exp(−ODsat) is
modelled as a decrease in measured intensities, modifying the Beer-Lambert law to
exp (−ODmod) = I−Ibkd

I0−Ibkd
. The modified OD that corrects for saturation effects is

ODmod = ln
(

1− e−ODsat

e−ODmeas − e−ODsat

)
. (3.4)

The saturation OD is measured by imaging a dense cloud and observing a flat top
distribution. Care should be taken to ensure there is enough probe light to reliably
measure a large enough OD. A typical ODsat during this work was 2.8.

Another imaging correction is the change in scattering rate caused by saturation
of the atomic transition by the probe laser intensity. This correction to the Beer-
Lambert law alters the scattering length σscatt = σ0

1+I/Isat
, where σ0 = ~ωΓ

2Isat
. The

corrected Beer-Lambert law is

dI(z)
dz

= −n0σ0
I(z)

1 + I(z)/Isat
, (3.5)

where n0 is the atomic density and the optical density is defined by OD =
∫
dzn0σ0.

Equation 3.5 can be integrated to obtain the saturation intensity correction to the
Beer-Lambert law

ODact = ODmod +
(
1− e−ODmod

) I0

Isat
. (3.6)

The probe intensity in our experiments is set near 0.08Isat to minimize the saturation
correction factor, where Isat = 1.67 mW/cm2 for 87Rb.

The relative correction factors associated withODsat and Isat are shown in Fig. 3.10.
The combined relative correction to the measured OD takes into account both effects;
the dominant effect at high ODs comes from the saturation OD correction. The mea-
sured OD correction is at least 15%, but for OD < ODsat/2 the overall relative
correction is less sensitive to fluctuations in OD. The peak OD of images in our ex-
periments is set to occur where the correction factor is constant. That is at ODs of
about 1.4− 2.
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Figure 3.10: Correction factors for absorption imaging. (a) Correction due to satura-
tion of resonant light (Eqn. 3.4), where the correction is significant near ODsat. (b)
Correction due to modified scattering rates (Eqn. 3.6). (c) Combined imaging cor-
rection factors show that the optimal OD to work at is anywhere less than ODsat/2,
where the correction factor is least affected by changes in the measured OD.
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3.3.3 Fitting for cloud parameters

Figure 3.11 shows an example of a processed image of a nondegenerate cloud. The
image shows the OD on a greyscale, where the darker color corresponds to a larger OD
and more atoms per unit area. Each individual image is fitted for cloud parameters
such as the temperature, density, and number of atoms. Thermal and nondegenerate
clouds have a Gaussian shaped density profile so they are fitted with

fGaussian = ODpeak exp
(
−0.5(z − zc)2/(z′0)2 − 0.5(y − yc)2/(y′0)2

)
, (3.7)

where z and y correspond to the axial and radial coordinates, zc and yc represent the
center of the cloud, and z′0 and y′0 characterize the expanded widths of the cloud. The
free parameters in the fit are ODpeak, zc, yc, z′0 and y′0. Convergence of the fit can be
a computationally slow process so the image is software binned to 4 × 4 pixels for
speed. The true widths z0 and y0 of the cloud are calculated from the expansion time
t via

z0 = z′0ω√
ω2 + (ω2 + ω2

0) sinh2(ωt)
, (3.8)

where ω0 is the trapping frequency before expansion and ω is the trapping frequency
during expansion [84].

From the fitted parameters, we obtain the total number of atoms in the cloud

N = 2π z0y0
ODpeak

AC
, (3.9)

where the specific absorption cross section for the rubidium-87 states we use is

AC = 1
2

(
3λ2

2π

)
1

1 + 4∆2

Γ2

. (3.10)

Here λ represents wavelength, ∆ represents detuning, and Γ represents the natural
linewidth. The cloud temperature

T = mω2
zz

2
0

kB
(3.11)

is calculated from the axial width, because the axial expansion correction is smaller.
Additionally, the axial trap frequency ωz is less sensitive than the radial trap frequency
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Figure 3.11: Example of an absorption image of an atomic cloud after processing
for OD corrections. A larger OD corresponds to more atoms. The cloud has been
expanded so that the camera does not saturate. This expansion is significantly faster
in the radial direction, so the geometry of the imaged cloud is altered from the actual
37:1 trap ratio to approximately 2:1 here.

ωρ to changes in the bias magnetic field. The peak density of the cloud is given by

n0 = 1
(2π)3/2

Nλ2
trap

z3
0

, (3.12)

where the trap ratio λtrap = ωρ/ωz is given by the ratio of the measured trap frequen-
cies in the radial and axial directions (See Sec. 4.1).

3.4 Accessible phase space
The apparatus described above can be used to study atomic clouds with a range of
temperatures and densities. The accessible parameter space was roughly mapped out
so that spin diffusion simulations could target experimentally attainable temperatures
and densities. In some cases the accessible parameter space could be adjusted or
extended by making physical modifications to the apparatus. As usual, there are
trade-offs that lead to certain configurations being better for high or low density
studies and other configurations that are better suited for high or low temperature
clouds.
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The first factor limiting the accessible phase space is the exclusion of degenerate
gases, because the focus of this thesis is on spin diffusion in nondegenerate gases.
The temperature at which Bose-Einstein condensation occurs is known as the criti-
cal temperature. It marks the boundary between the nondegenerate regime and the
degenerate regime. The critical temperature for a harmonically trapped Bose gas is
typically written with a dependence on cloud number. Obtaining a density depen-
dence for the critical temperature of a harmonically trapped Bose gas would also
provide a dependence on cloud temperature, because the number of atoms in the
cloud depends on its temperature. To obtain only a density dependence, we use the
critical temperature for a free-space Bose gas [96]

Tc = 2π~2

kBm

(
n0

ζ (3)

)2/3

, (3.13)

where n0 is the peak density, and ζ is the Riemann-Zeta function. The critical tem-
perature in Fig. 3.12 limits the accessible phase space to temperatures and densities
that are outside of the degenerate regime. The degenerate regime is colored black and
is excluded.

The imaging camera has a fixed field of view that is set by the imaging optics.
For one optical configuration, the camera can only view a cloud up to a certain size
before it ends up being larger than the field of view. For a hot cloud that is too large
to image, the fits discussed in Section 3.3.3 would yield inaccurate results. One can
limit the range of observable temperatures corresponding to cloud sizes around 2 to
2.5 σ, where σ =

√
kBT/mω2

z is the Gaussian width. This range of widths corresponds
to 95% to 99% of the atoms being visible within an image. The camera field of view
limitation restricts the cloud temperature only and so this limitation is a horizontal
line in Fig. 3.12. This view limitation could be adjusted with different optics that
alter the field of view of the imaging camera, which would alter the image resolution.

Each camera pixel needs to collect enough photons to overcome electrical and
photon shot noise to obtain a reasonable signal-to-noise ratio (SNR). For a low signal
limit, and assuming zero expansion time, the minimal amount of photons required is
empirically found to be around 10 photons per camera pixel. For a peak density of
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Figure 3.12: Temperature and density parameter space accessible by the apparatus
(white). The exclusion zones are associated with Bose-Einstein condensation (black),
low SNR and image saturation (blue), camera field of view (green), and total atom
number (red). The condensation line is fixed for 87Rb, but the rest of these limits
could be adjusted to shift the accessible parameter space.
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n0, the number of atoms within an imaging pixel Npixel of size p ∼ 1.3 µm is given by

Npixel =
∫ −∞
−∞

dx
∫ B+p/2

B−p/2
dy
∫ A+p/2

A−p/2
dz n(x, y, z)

= n0

√
π3

2 x0y0z0

(
erf B + p/2√

2y0
− erf B − p/2√

2y0

)(
erf A+ p/2√

2z0
− erf A− p/2√

2z0

)
,

(3.14)

where erf is the error function, A and B are the axial and radial position of the center
of the pixel within the cloud, the density is a Gaussian n(x, y, z) = exp(−x2/2x2

0 −
y2/2y2

0 − z2/2z2
0), with Gaussian widths {x0, y0, z0} =

√
kBT

mω2
{x,y,z}

.
Equation 3.14 can be simplified by making three assumptions: only consider the

center of the cloud (A = B = 0), assume the radial size of the cloud is small (y0 � p),
and assume the axial size is large (z0 � p). With these assumptions the number of
atoms per pixel is

Npixel = n02πx0y0p, (3.15)

where the limit erf(±∞) = ±1 and approximation erf(x) ≈ 2√
π
x for x� 1 have been

used. Using the fact that the radial widths of the cloud are symmetric (x0 = y0), a
lower bound on the temperature for which adequate image quality is obtained is

Tlower =
mω2

ρN
lower
pixel

2πkBpn0
. (3.16)

For a fixed peak density, images acquired at temperatures below Tlower do not have
enough atoms per camera pixel to obtain a reasonable SNR at the center of the cloud.

Similarly, an upper bound on the temperature can be estimated. For a fixed atom
number per pixel, temperatures above this bound temperature would yield saturated
images. The only change here is that the cloud is allowed to expand to prevent
saturation, so Eqn. 3.8 is used to modify the Gaussian widths to x0 → x0(t), y0 →
y0(t), z0 → z0(t). The upper bound on the temperature is then

Tupper =
mω2

ρN
upper
pixel

2πkBpn0


√
ω2 + (ω2 + ω2

0) sinh2(ωt)
ω

2

, (3.17)

where the maximum expansion time t is about 5 ms when the edge of the cloud
expands past the field of view, and Nupper

pixel is the upper limit to the number of atoms
imaged by one camera pixel. The upper and lower bounds on the range of accessible
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temperatures are shown in Fig. 3.12. The primary constraint they impose is a limit
for the lowest accessible densities.

Lastly, the apparatus is limited at high densities by the maximum number of
atoms the MOT can load and transfer into the science cell. Evaporation also affects
the peak obtainable density. The cloud temperature as a function of peak density is

T (n0) = mω2
z

2πkBλ4/3

(
N(T )
n0

)2/3

. (3.18)

At 650 nK and near the maximum MOT load, it was empirically found that the
number of atoms in the science cell varied as 2 × 103 atoms/nK. This means the
number of atoms in the science cell can be approximated with

N(T ) = N0 + 2× 103 atoms/nK×
(
T (nK)− 6.5× 102 nK

)
, (3.19)

where N0 = 2× 106 represents the number of atoms in the cloud at 650 nK. For the
same MOT load, there are fewer atoms at colder temperatures since those atoms were
evaporated. This empirical result is extrapolated to the rest of the parameter space,
where Eqn. 3.19 is unlikely to be accurate across the entire range but is a reasonable
first guess. The exclusion zone imposed by the total atom number is shown in Fig. 3.12.
This limit could be pushed to higher temperatures and densities by increasing the
MOT load, improving transfer efficiency from the MOT to the science cell, or by
improving evaporation efficiency.

Putting all of these limiting cases together, the parameter space that can be
accessed by the apparatus currently allows for temperatures from 100 − 1, 300 nK
and peak densities of 0.2 − 4 × 1019 m−3. At high densities the system is limited
by either total atom number or Bose condensation. At low densities, the range of
accessible temperatures opens up, but is limited by low SNR or the expansion of the
cloud.

3.5 Spin detection
3.5.1 Longitudinal spin detection

Longitudinal spin is measured by acquiring absorption images over two separate ex-
perimental cycles. The first cycle characterizes state |1〉 by the usual imaging pro-
cedure in Section 3.3.1. On the second experimental cycle a π-pulse is applied to
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swap the |1〉 and |2〉 state populations, and then the same imaging procedure is re-
peated. An example of a combined false color image from images acquired during the
two cycles is shown in Fig. 3.13(a). The radial direction is averaged to obtain the
longitudinal spin density across the axial direction of the quasi-1D cloud. An exam-
ple of the 1D spin profile is shown in Fig. 3.13(b), where the separate spin profiles
are labelled as N1 and N2 for states |1〉 and |2〉, respectively. Each longitudinal spin
profile represents a projection of the spin states into the respective basis states, |1〉
and |2〉. Adding these two spin profiles together gives the total spin in our system,
if the spins were fully coherent. This maximum total spin profile corresponds to the
atomic density distribution. Temperature and peak density can be fitted using this 1D
atomic density profile and used to monitor the temperature and density of the cloud
throughout data collection. The difference between the |1〉 and |2〉 spin profiles is the
longitudinal spin profile across the cloud, where positive spin corresponds to |2〉 (up
in Bloch sphere) and negative spin corresponds to |1〉 (down in Bloch sphere). The
spin preparation technique described in Sec. 3.2 creates a dipolar spin profile with
two axially separated domains within the cloud as shown in Fig. 3.13. These dipolar
spin domains are the typical initial spin profile used in this work, but arbitrary initial
spin profiles are discussed in Section 3.8.

The longitudinal spin profile is measured at various times after preparation to
explore longitudinal spin diffusion. One of these longitudinal spin diffusion plots is
shown in Fig. 3.14(a), where each horizontal slice is one spin density profile. Ideally,
the longitudinal spin density is always calculated with Mz = N2 −N1 for these spin
diffusion plots. Unfortunately, spin diffusion homogenizes the spin, leading to smaller
longitudinal spin amplitudes. Additionally, dipolar relaxation collisions lead to loss of
the |2〉 state and removal of spin from the cloud. These reductions in the peakMtot can
make the spin diffusion plot challenging to read over long timescales. A normalized
longitudinal spinM∗

z = N2
N2tot
− N1
N1tot

is sometimes shown to highlight the long-term spin
behaviour, by normalizing away the spin decay at each sample in time. Here N1tot =∑
iN1(zi) and N2tot = ∑

iN2(zi) are the total spin of each state, where i denotes each
axial bin along the cloud. A comparison between non-normalized and normalized spin
diffusion plots is shown in Fig. 3.14, where the difference between them mainly shows
up at long diffusion times. The normalized spin diffusion is used when presenting
the spin dynamics in a spatio-temporal plot like Fig. 3.14, because it amplifies the
long-time behaviour. However, for computing cloud density and temperature from
the longitudinal spin components (see Section 3.6), the unnormalized spin diffusion
should be used since the normalized spin diffusion will alter these quantities. The spin
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(b)

Figure 3.13: Detection of longitudinal spin using two absorption images and radial
averaging. (a) A false-color image of the combined |1〉 (blue) and |2〉 (red) images.
(b) Radially averaged spin density profiles for |1〉 (blue) and |2〉 (red), where N1 and
N2 correspond to the number of atoms in states |1〉 and |2〉, respectively. The sum
of the two profiles is the atomic density profile n(z) and the difference represents the
longitudinal spin density profile Mz(z, t), where t = 0 in this example.
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Figure 3.14: Spin diffusion in a flat differential potential (Udiff ≈ 0) showing (a) the
unmodified longitudinal spin profile and (b) the normalized spin profile. The difference
between the two is minimal up to about 200 ms. At long times, the normalization
process inflates the population of state |2〉 because atoms are lost from that state via
dipolar relaxation.

quantities, such as dipole moment and spin domain width (see Section 5.2 and 6.2),
also see a small shift in absolute value between the normalized and unnormalized spin
diffusion. However, the dynamics of these spin quantities are nearly identical for the
normalized and unnormalized spin diffusion, so it does not matter which method is
used for processing these spin quantities. The amplitude of the spin domain would
see a significant shift between the normalized and unnormalized cases, so care should
be taken if the domain amplitude becomes an important quantity to track.

3.5.2 Transverse spin detection

Transverse spin is not as easy to characterize as longitudinal spin, where the spin
state is projected onto the longitudinal states (|1〉 or |2〉). Instead, measuring trans-
verse spin requires the use of Ramsey interferometry (see Section 2.1.2) to generate
fringes corresponding to the transverse phase precessing relative to a phase reference.
In the work described in this thesis, the RF and microwave oscillators are used as
phase references since they are coherent over the course of the experiment, and the
transverse spins precess relative to the phase of these oscillators. The first π/2-pulse
in a Ramsey interferometry sequence sets the atom-oscillator phase reference, and
the relative phase of the second π/2-pulse specifies how the spins rotate in the Bloch
sphere (see Eqn. 2.7). For the initial spin state discussed in Section 3.2, the initial
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cloud-wide pulse sets the phase reference when the center of the cloud undergoes a
π/2-pulse. Oscillator and atom phase noise must be small during the time between
the two Ramsey pulses to generate high-quality Ramsey fringes.

A single Ramsey fringe is the minimum requirement to measure transverse spin
since an amplitude and phase can be extracted by fitting with a sine wave. This
Ramsey fringe is obtained by performing Ramsey spectroscopy for various relative
phases on the second Ramsey pulse and projecting the rotated spin onto the |1〉
state. The phase can be varied in a few different ways, depending on the capabilities
of the oscillators used. For an oscillator with a frequency detuned from the atomic
resonance, the measured transverse phase evolves linearly in time t as

φ = 2πft, (3.20)

where f is the detuning or Ramsey frequency. Experimental techniques that measure
transverse spin must precisely control this relative phase and the most straightforward
approach is to control the detuning frequency using a frequency-shift key (FSK)
modulation. Two of the transverse spin detection techniques in this section use the
RF oscillator’s FSK feature to control the relative transverse phase, while the third
technique shifts the phase directly using a phase-shift key (PSK) modulation. Both
the FSK and PSK functions maintain phase coherence during the shifted frequency
or phase so that the net effect is a shift in the phase reference.

In this thesis, the transverse spin magnitude M⊥ and phase Mφ are measured by
using the FSK and PSK oscillator features to measure at least one Ramsey fringe.
The three transverse spin measurement techniques are called: moving window FSK,
pseudo-PSK, and PSK. A summary of how the relative oscillator phase evolves during
each of these measurement techniques is shown in Fig. 3.15. The moving window FSK
technique constantly shifts the oscillator phase, while the pseudo-PSK method applies
a brief FSK to rapidly change the relative phase. Lastly, the PSK method applies a
tunable phase shift only during the second π/2-pulse.

Moving window FSK

Just before starting the imaging procedure (Sec. 3.3.1), a π/2-pulse is applied to
rotate the spin states about a specific oscillator phase in the Bloch sphere. This
rotation effectively transfers a particular transverse spin into the |1〉 state, which is
then imaged using the same ARP and cycling transition as previously described in
Sec. 3.3.1. A single image is not enough to measure transverse spin, because the full
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Moving window
Constant frequency shift

Pseudo-PSK
Burst frequency shift

PSK
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Phase
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Figure 3.15: Comparison of the relative oscillator phase shift for the three transverse
spin measurement techniques. In the moving window technique, the oscillator acquires
phase at a constant rate, while in the pseudo-PSK method the oscillator rapidly
accrues a controllable phase over a short period of time. The PSK technique arbitrarily
shifts the phase of the oscillator as desired, making it the most flexible technique for
shifting the phase of an oscillator used for measuring transverse spin.
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range of transverse phases must be sampled to accurately measure M⊥ and Mφ with
a Ramsey oscillation. The transverse phase that is transferred to |1〉 can be controlled
by applying a fixed FSK to the RF synthesizer and waiting various amounts of time
for different phases to accumulate. This phase difference between the RF synthesizer
and atomic precession alters the relative phase of the Rabi vector (Ω′R in Eqn. 2.7) on
the Bloch sphere, altering the π/2-pulse rotation axis. Multiple images are collected
for different π/2-pulse phases to measure an oscillation at the FSK frequency.

To measure the temporal evolution of transverse spin, a moving window is used to
fit the data within a small time window. An example of the moving window process
is shown in Fig. 3.16, where the data is fitted with a fixed frequency as the window
moves from left to right. Each axial bin is individually processed with these moving
time windows. Each moving window is fitted with a sine function for the transverse
amplitude M⊥, transverse phase Mφ, and an offset. The offset is important to obtain
a good fit and is a measure of the incoherent transverse spin and longitudinal spin
imbalance. Here incoherent transverse spin is present when averaging over multiple
transverse spins that have varying phases, and an ensemble of transverse spins that
have random phases is fully incoherent. Maximally coherent transverse spin occurs
when the transverse phases are all equal, and there is a continuum between maximally
coherent and incoherent.

The moving window method is the fastest to collect data because it usually re-
quires fewer experimental cycles to complete. However, this method averages the
transverse spin over the moving window width of about 30 − 50 ms. Another down-
side is that multiple sampling frequencies are required both to obtain high resolution
at short time and to keep data collection time low for long times. Additionally, com-
parisons with longitudinal spin are difficult with this method since the averaging
alters the transverse spin data. Because of this averaging, the short time spin be-
haviour is typically lost with the moving window method. Even with these negatives,
the moving window FSK method was used to measure transverse spin in this thesis
because of the faster collection speed and because the other techniques had not been
developed.

Pseudo-PSK and PSK

The FSK or PSK features of an RF synthesizer can be leveraged for higher qual-
ity transverse spin detection. The pseudo-PSK and PSK methods use these synthe-
sizer features to allow measurements at a single time, eliminating any averaging of
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Figure 3.16: The sequence of steps involved in extracting information about transverse
spin from the raw binned data with a moving window at a known Ramsey frequency.
(a) The raw binned 1D atomic profiles at the first three delay times in the Ramsey
fringes, with the center bin (dotted line) being used as an example for the moving
window. (b) Center bin OD is measured as a function of time and a moving window
fit of a sine function is performed on the data within the window. The fit extracts
the transverse (c) amplitude, (d) phase, and (e) offset, which are shown for the first
moving window from 0− 50 ms. Error bars represent fit uncertainties.
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the transverse spin. Additionally, these improved short-time transverse spin mea-
surements can be easily compared with longitudinal spin. Unfortunately, these two
methods require more experimental cycles to complete, but the ease of experimental
use and the improved detection quality makes these two methods enticing choices.
Just as in the moving window technique, both of these methods transfer a tunable
transverse phase to the |1〉 state, which is then imaged. The detected transverse phase
is then controlled so each time has measurements of at least five transverse phases
for fitting.

Pseudo-PSK is an extension of the moving window method, except with higher
FSK frequencies and smaller moving windows that do not share any points with
adjacent windows. The phase of the RF photon is manipulated with an FSK of 2000
Hz applied for up to 1 ms, which corresponds to a rotation of 4π (two oscillations).
The experimental timings are adjusted so that transverse phases are measured at
the same evolution time (to within the resolution of electronics of ∼ 50 ns) so that
there is no averaging of spin diffusion. The relative oscillator phase of the π/2-pulse
is φ = 2πfFSKtFSK, where fFSK and tFSK are the FSK frequency and time of the FSK.
An example of pseudo-PSK transverse spin data is shown in Fig. 3.17, where each
time stamp is fitted at a fixed FSK frequency for an amplitude, phase, and offset.
This pseudo-PSK method requires the two-photon detuning to be well known across
the cloud so that the fitted frequency can be fixed across the cloud. For large FSKs of
about 2 kHz, the spatial variations of the two-photon detuning due to the mean-field
(Eqn. 3.23) and Zeeman shift (Eqn. 3.22) are negligible since they only vary by about
5 Hz across the cloud. By ignoring these small spatially varying shifts, the measured
Ramsey fringes can be fitted with a singular FSK frequency for all axial positions
along the cloud.

Some RF synthesizers now come with an arbitrary PSK option that allows ar-
bitrary phase shifts to be applied to the RF signal. A PulseBlasterDDS-I-300 RF
synthesizer was added to the apparatus so that arbitrary PSK could be used to alter
the relative oscillator phase, instead of the time-varying FSK used in the pseudo-PSK
method. In the PSK method of transverse spin detection, a controlled phase of φ is
applied to the RF portion of the π/2-pulse before imaging. Multiple images collected
for varying PSK phases are used to measure a single Ramsey fringe, with the PSK
phases corresponding to a phase difference of 2π between the first and last point.
The PSK procedure then follows the same as pseudo-PSK, where multiple images are
collected at specific phases between 0 and 2π. The difference here is that the phases
are easily controlled, since the RF synthesizer can jump to specific phases and map
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Figure 3.17: The sequence of steps involved in extracting information about the trans-
verse spin by using the pseudo-PSK method. This method samples the transverse spin
for five or more different transverse phases using an FSK frequency of 2 kHz. (a) The
raw binned 1D density profiles for three of these two-photon phases (FSK times) are
shown, where the center axial bin (grey dashed line) being used as an example for
fitting. (b) The transverse spin in the center bin, and at different phases, is fitted to
a sine at the FSK frequency (red). The fitted transverse spin parameters across the
cloud are: (c) amplitude, (d) phase, (e) offset. Error bars represent fit uncertainties.
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out an interference fringe. Five images are collected to obtain one oscillation, where
the total time since domain preparation is fixed for each PSK phase in the oscillation.
Once again, the data is fitted with a sine for the transverse amplitude, phase, and off-
set. An example of the processing of the raw data and the fitted results from the PSK
method is shown in Fig. 3.18. The quality of the data is comparable to pseudo-PSK
data, except that a finer axial bin resolution was used for the PSK data.

Because the pseudo-PSK and PSK methods use five images for each specific mea-
surement time, transverse spin can be measured at arbitrary time steps with no
smoothing of spin diffusion. This makes these two methods suitable for combining
with the measured longitudinal spin. If time permits, pseudo-PSK or PSK should be
the preferred spin detection methods. The pseudo-PSK method can be sensitive to
large detunings where the effective FSK frequency will shift. However, since the data
acquired with the PSK method is always fitted for the same frequency regardless of
detuning, the PSK method is preferred if either the RF synthesizer or microwave
synthesizer have a PSK feature.

3.6 Total spin by combining spin components
In the previous section, the techniques used to measure the spatial distribution of the
longitudinal and transverse spin components were presented. The data from these
measurements can be combined to obtain the total spin as a function of position in
the cloud. The total spin is useful for checking the consistency of spin preparation,
obtaining estimates of the efficiency of transfer pulses, and for monitoring the decay
of total spin as diffusion occurs. Combining spin components works best when the
transverse spin and longitudinal spin components are measured with the same time
delays, however interpolation can be used if the temporal match is imperfect.

Three data sets are collected to compute the total spin: the density profile, the
transverse spin profile, and the longitudinal spin profile. Examples of these three spin
profiles are shown in Fig. 3.19(a) for spin preparation using the aluminum mask as
described in Section 3.2. Three more examples are shown in Fig. 3.19(b) for the case
where a near optimal initial state preparation is used. See Section 4.10 for a definition
of what an optimal preparation entails and how to optimize spin preparation. Even in
the optimal case, the initial total spin amplitude is a bit lower than the density profile
amplitude. This difference can be attributed to the efficiencies of the spin preparation
procedures and transfer pulses.
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Figure 3.18: The sequence of steps involved in extracting information about the trans-
verse spin by using the PSK method. This method samples the transverse spin for
six different transverse phases by using a PSK during the second π/2-pulse. (a) The
raw binned 1D density profiles for three axial profiles show the transverse spin profile
at the three labelled PSK phases. The center bin is the dashed grey line. (b) The
oscillation of the projected transverse spin at the center bin is an example of fitting
with a sine wave at a frequency of 1 Hz (red). The extracted fit parameters that spa-
tially vary across the cloud are: (c) amplitude, (d) phase, and (e) offset. Error bars
represent fit uncertainties.
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Figure 3.19: Combining the measured longitudinal (green) and transverse (blue) spin
components gives the total spin density (red). The total spin should agree with the
density profile (black). (a) The total spin after preparation with the aluminum mask.
(b) The total spin after an optimized initial spin preparation, where the transverse
spin in the center is increased (see Sec. 4.10). The |2〉 (positive) longitudinal spin
domain is measured lower than the |1〉 domain because of the imperfect pulse efficiency
of the two cloud-wide π-pulses needed to prepare and measure that spin state.

3.7 Effective magnetic field control
The evolution of transverse spin depends on the potential energy difference between
the two spin states, called the differential potential Udiff (see Eqn. 2.46). The differ-
ential potential describes the relative precession rate of transverse spin around the
z-axis of the Bloch sphere. This precession rate is a spatially varying Larmor pre-
cession frequency generated by a differential Zeeman shift, a differential scattering
length between the pseudo-spin states, and an applied spin-dependent potential.

At low fields, where the magnetic field interaction −µ ·B is much smaller than the
correction to the hyperfine splitting, the differential Zeeman shift is ∆E = µB(gFmF−
g′Fm

′
F )B between the two spin states, where the primed variables correspond to |1〉

and unprimed for |2〉. Since the product gFmF is the same for both spin states, the
differential Zeeman shift is zero in the low field limit. At fields of order ∼ 3 G,
there is a small difference between the spin states arises because of coupling between
the hyperfine and Zeeman interactions. For intermediate magnetic fields, where the
correction to the hyperfine splitting and the Zeeman interaction are comparable, this
energy shift can be found by diagonalizing the Hamiltonian

H = ∆Ehf
I + 1

2
I · J− µ ·B (3.21)
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for the case J = 1/2 to obtain the Breit-Rabi formula [97, 98]

∆E (z) = −∆Ehf
2(2I + 1) − µBg

′
ImFB (z)± ∆Ehf

2

√
1 + 4mFx

2I + 1 + x2. (3.22)

Here x = (gJ + g′I)
µBB(z)
∆Ehf , ∆Ehf is the hyperfine splitting energy at zero field, I is

the nuclear angular moment, B is the magnetic field magnitude, mF is the Zeeman
sublevel, and g′I and gJ are the nuclear and Landé g-factors. The spatial dependence
of ∆E comes from the magnetic field, which is parabolic in the axial z direction. The
Breit-Rabi formula is used to model the contribution of the differential magnetic-
field shift to the differential potential. Typical differential energy shifts caused by the
magnetic field amount to variations of about 10 Hz across the cloud.

The mean-field shift caused by the different scattering lengths of 87Rb is given by
the cold-collisional shift for noncondensed indistinguishable bosons [99, 84]

∆MF (z) = 4π~2

matomic
[2a22n2 (z)− 2a11n1 (z) + 2a12 (n1 (z)− n2 (z))] , (3.23)

where matomic is the 87Rb mass, aij are the scattering lengths between two atoms in
states i and j, and ni (z) is the density profile of atoms each spin state. The atomic
density profile is Gaussian distributed along the axial direction because of the trap
geometry. Typical differential mean-field shifts are about 5 Hz at the center of the
cloud in our experiments.

A constant shift of the differential potential alters the common Larmor precession
frequency, which can always be eliminated by an appropriate choice of rotating refer-
ence frame. However, spatial variations of the differential potential exist in all rotating
frames, and must be minimized by controlling the differential magnetic-field shift and
the mean-field shift (Eqn. 3.22 and Eqn. 3.23). The magnetic field that minimizes the
spatial variations of the differential potential is called the cancellation spot. For the
small mean-field shifts used in the work described in this thesis, the magnetic field of
the cancellation spot is within 0.1−0.3 G of the magic spot. The magic spot is where
the energy difference between the spin states is insensitive to magnetic field fluctu-
ations. The shift in the magnetic field from the magic spot is small because of the
small mean-field shift that is cancelled by a small differential magnetic-field shift. The
cancellation of these two differential effects is shown in Fig. 3.20. The spatial profiles
of these two shifts do not exactly cancel because the mean-field shift is a Gaussian
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Figure 3.20: Cancellation of the differential potential across the cloud. The Gaussian
mean-field shift (blue) is partially cancelled with a quadratic magnetic field shift
(red). The spatial variation of the sum (black) of these contributions is minimized by
altering the magnetic field to operate at the cancellation spot.

while the magnetic-field shift is parabolic. The cancellation spot is the magnetic field
that flattens the differential potential at the center of the cloud.

In Fig. 3.21, the differential potential of the two spin states is shown as a function
of magnetic field. The minimum energy difference defines the magic spot, where the
energy difference between the spin states is insensitive to changes in the magnetic field
and the differential magnetic-field is spatially flat. The cancellation spot is found by
shifting the magnetic field from the magic spot until the differential potential is largely
cancelled when measured with Ramsey spectroscopy. Care must be taken to ensure
the magnetic field is shifted in the correct direction to cancel out the mean-field shift
and not add to it. While the spatial variation of these shifts are small at only a few
Hz across the cloud, any spatial variation of the differential potential can lead to a
lower coherence time, since spins will precess at different rates and spread out in the
transverse plane.

The cancellation spot changes every time the temperature or density of the cloud
changes. This is because a change in the density will shift the magnitude of the mean-
field shift, or a change in the temperature alters the spatial profile of the mean-field
shift. An example of the differential potential across a cloud with T = 650 nK and
n0 = 2.8×1013 cm−3 is shown in Fig. 3.22. Ramsey spectroscopy is used to measure the
spatial variation of the differential potential. At the cancellation spot, the differential
potential should be flat at the center of the cloud. Each time the cloud parameters are
changed, the magnetic field corresponding to the now shifted cancellation spot can be
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Figure 3.21: The energy difference of the two spin states (|1〉 and |2〉) in a magnetic
field in frequency units. The inset shows the minimum in differential energy that
defines the magic spot (i), where the energy difference is insensitive to magnetic field
fluctuations. The cancellation spot (ii) corresponds to the magnetic field that flattens
spatial variations of the mean-field differential potential. Since the cancellation spot
at B ∼ 3 G is close to the magic spot B = 3.23 G, it also benefits from low sensitivity
to magnetic field fluctuations.
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Figure 3.22: The differential potential across the cloud at the cancellation spot for a
temperature of 650 nK and peak density of 2.8× 1013 cm−3. A fit to Ramsey fringes
at fixed axial positions determines the relative frequency shift across the cloud. The
shape of the spatial variations across the cloud comes from the difference between the
differential mean-field and Zeeman shift. Near the center of the cloud at z = 0, the
differential potential is flat. However, far from the center the potential takes on the
form of the differential Zeeman shift. The error bars are from fit uncertainties and
are larger near the edges of the cloud because there is less signal at lower densities.

computed numerically. This computation is used to get the magnetic field close to the
cancellation spot, but a measurement of the differential potential is still performed
as an extra check.

The differential potential can be further controlled using spin-dependent poten-
tials generated with laser light (Section 2.5). An acousto-optical modulator (AOM)
deflects a laser to “paint” an intensity profile onto the atoms and alter the differen-
tial potential. The laser deflection angle is modulated by adjusting the RF frequency
applied to the AOM, and the intensity of the deflected beam is modulated with the
amplitude of the applied RF field. For small modulations, the amplitude modulation
(AM) and frequency modulation (FM) both give a nearly linear response to the in-
tensity and deflection angle of the laser. A spatially-varying differential potential is
“painted” by applying AM and FM at 1 kHz or faster, so that the intensity pattern
experienced by atoms is an average of the deflected laser intensity.

A schematic of the AOM is shown in Fig. 3.23(a), where the −1 order deflection
from the AOM is used to paint a differential potential. The optics for the AOM
consist of two lenses to collimate the sweeping angle of the deflected laser and to
focus the sweeping beam size, shown in Fig. 3.23(b). This configuration allows the
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Figure 3.23: Generation of linear differential potentials with an acousto-optical mod-
ulator (AOM). (a) The AOM uses amplitude- and frequency-modulation to sweep
out an intensity pattern that is sent to the atoms. (b) Schematic of the location of
the two singlet lenses used to image the AOM intensity pattern. The focal lengths
are f1 = −100 mm and f2 = 100 mm, with distances d1 = 416 mm, d2 = 19 mm,
d3 = 616 mm.

extent of laser deflection to be controlled by lens placement as well as by the FM. In
addition, the various deflection angles maintain the same laser wavevector direction,
so that all atoms experience the same polarization. The smallest detail is limited by
the static beam size, so focusing the beam with the lens labelled f2 allows patterns
to be generated with higher resolution.

This laser painting technique can be used to create different patterns by altering
the relative frequency between the AM and FM. The differential potential patterns
that the AOM generates are characterized by the modulation of the laser intensity

I (t) = I0 cos (2πfAM t+ φAM) (3.24)

and the axial position of the laser

z (t) = zmax cos (2πfFM t+ φFM) , (3.25)

where the small angle approximation is assumed for the FM deflection, and the
frequency and phase of the AM and FM components are denoted (fAM , fFM) and
(φAM , φFM), respectively. By inverting Eqn. 3.25 and eliminating t in Eqn. 3.24, the
intensity pattern as a function of axial position is

I (z) = I0 cos
[
fAM
fFM

arccos
(

z

zmax

)
+ φAM −

fAM
fFM

φFM

]
. (3.26)
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Here zmax scales with FM amplitude and is increased with larger FM amplitudes until
the entire cloud is swept over by the laser. For fAM = fFM , the intensity pattern
reduces to

I (z) = I0 cos
[
arccos

(
z

zmax

)
+ φAM − φFM

]
, (3.27)

and for φAM − φFM = 0 or π is

I (z) = I0

(
± z

zmax

)
. (3.28)

Higher-order patterns can be obtained by using double- and triple-angle trigonometric
formulae to obtain quadratic or cubic patterns. These higher-order patterns have been
previously demonstrated up to the fourth order term [68].

The sweeping intensity pattern creates a differential potential Udiff given by Eqn. 2.58
and can be measured using Ramsey spectroscopy. Examples of two linear differential
potential patterns with opposite signs are shown in Fig. 3.24. These linear patterns
are characterized by a gradient G, which is large in these examples (G ∼ 100 Hz/mm
and G ∼ −165 Hz/mm). See Section 6.1 for details on how these linear gradients
modify spin diffusion. While the AOM is a fast and low-cost method for controlling
an intensity pattern, the types of patterns that can be generated are limited. Arbi-
trary pulse sequences could be used to generate arbitrary patterns with an AOM, but
a well-known device that is better suited for arbitrary intensity pattern generation
exists, a digital micromirror device.

3.8 Digital micromirror device
Digital micromirror devices (DMD) offer arbitrary pattern control through the use of
an array of individually controllable mirrors. DMDs are a well established technol-
ogy that is primarily used in digital light projection applications such as in digital
projectors that are found in classrooms or in cinemas. The development of high res-
olution and high refresh-rate DMDs makes them competitive options for advanced
light control in atomic physics applications. We have implemented a DMD to replace
the AOM described above. The DMD is used to easily generate arbitrary differential
potential patterns.

A DMD is constructed as an array of individually controllable micron-sized mir-
rors, as shown up close as a cartoon in Fig. 3.25. Patterns are generated by switching
each mirror to either an “on” or “off” tilt position that correspond to the mirrors
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Figure 3.24: Linear differential potentials generated using AOM laser painting are
measured with Ramsey spectroscopy to detect the differential potential across the
cloud. The three measured differential potentials are: the unmodified differential po-
tential (black circles), a positive linear gradient of ∼ 100 Hz/mm (red squares), and
a negative linear gradient of ∼ −165 Hz/mm (blue triangles). Error bars represent fit
uncertainties.
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Figure 3.25: Digital micromirror devices are an array of individually controllable
micron-sized mirrors. The reflected light pattern is controlled by setting the tilt of
each mirror through an electrostatic interaction with nearby cathodes. The dot in the
center of each mirror is a via that electrically connects the mirror to the rest of the de-
vice. This device is used to shape a light profile that creates the differential potential
and initial spin preparation. Figure from Ref. [100], courtesy of Texas Instruments
Incorporated.

tilting by ±12◦. A third mirror state with a tilt of 0◦ is called the float state and is
used for long-time storage of the mirrors, but only the whole pattern can be switched
into the float state. Each mirror is individually controlled through an electrostatic
interaction, where the mirror is electrically charged, and two nearby electrodes are
used to attract or repel the corners of the mirror to tilt it. The switching rate of
individual mirrors can be 30 kHz or higher, but there is a settling time of around 8 µs
as the mirror rings down after tilting to a new state.

Texas Instruments is currently the only manufacturer of DMDs, and their Dis-
covery 4100 kit is a bare DMD with the accompanying control devices [101]. This
kit is designed to be easy to set up for use with custom optics and control software.
The Discovery 4100 DMD can be controlled through a USB connection, which is con-
trolled by a Cypress CY7C68013A USB controller [102]. All pattern control logic is
performed with a field programmable gate array (FPGA) that is programmable with
custom firmware. This FPGA is called the applications FPGA and is a Xilinx Virtex
5 LX50 [103]. The DMD panel is directly controlled with another FPGA that Texas
Instruments programmed and is called a DLPC410 [104]. The applications FPGA
must communicate with the DLPC410 to display any DMD patterns. This kit comes
with 16 general purpose input/outputs (GPIOs), eight for the USB controller and
eight for the applications FPGA. These GPIOs can be used to communicate with the
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Figure 3.26: Schematic of the Discovery 4100 control board, where the main control
device is the applications FPGA. The DMD pattern is updated through communica-
tion with the DLPC410 and pattern loading is performed over USB with an external
computer. Figure from Ref. [101], courtesy of Texas Instruments Incorporated.

main sequencing device used in our apparatus. This GPIO signalling allows precise
pattern swaps that are customizable for different experimental sequences. For pattern
storage, the Discovery 4100 includes a DDR2 SODIMM slot to add up to 4 GB of
RAM that can be used to store and access up to 40, 000 DMD patterns at full image
refresh rates of 22 kHz. An overview schematic of the Discovery 4100 control board
is shown in Fig. 3.26.

3.8.1 Firmware

The applications FPGA firmware for controlling the DMD is custom and was written
from scratch, so it is important to know the operation, capabilities, and limitations
of this custom firmware. As an overview, the applications FPGA reads images from
RAM and tells the DLPC410 to display each image on the DMD based on a specified
trigger for each image. The FPGA can read and write full images to RAM on 30 µs
timescales, but when transferring images from a computer the USB connection slows
this process down significantly. A custom USB driver and program is used to send
images to the FPGA and into the onboard RAM, where fast pattern refresh rates are
possible. The Cypress USB controller facilitates the transfer of image data and RAM
location to the applications FPGA, where the pattern data is stored in RAM until
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Table 3.1: USB endpoints used by the Cypress USB controller on the Discovery 4100
control board.

Endpoint Description
0 OUT Control endpoint for sending vendor commands
0 IN Control endpoint for reading vendor commands
2 OUT Sending pattern data to RAM
6 IN Verifying pattern data in RAM
8 OUT Programming the applications FPGA

overwritten or the power is turned off. Once given a start signal, the applications
FPGA will asynchronously wait for a trigger to switch to the next DMD pattern,
where the trigger can be performed with software, hardware or a time-based trigger.

The rest of this section covers the operations of the custom firmware and USB
communication details. The USB protocol is well documented in Refs. [105, 106] and
FPGA details are found in Xilinx’s public reference manuals [103]. The languages
used to control the DMD are a mix of C/C++ [107, 108], LabVIEW [109], and
VHDL [110]. Each of these technologies have a plethora of documentation that can
be used to learn the operations of these technologies.

The USB driver is built with libusb, which is an open-source library for communi-
cating over USB on all platforms [111]. The Cypress USB controller, which is a 8051
microcontroller that includes a USB peripheral, is preprogrammed with a custom
USB class that opens 3 bulk USB endpoints for communications. These endpoints
are summarized in Table 3.1, where the control endpoint (0 IN/OUT) was added for
completeness. Endpoint 8 OUT is for programming the applications FPGA, where
only the firmware needs to be sent since the Cypress controller handles the program-
ming sequence. Endpoint 2 OUT is for writing data to the applications FPGA and is
used to write pattern data to the applications FPGA that is stored in RAM. Endpoint
6 IN is used to read data from the applications FPGA, which is used to verify the
patterns in RAM.

In some cases, a vendor command is required to be sent on endpoint 0 before
reading or writing on another endpoint. The currently known vendor commands can
be found in Table 3.2. To program the applications FPGA, the vendor command 0xBB
is first sent on endpoint 0 OUT, and then the program binary is sent on endpoint
8 OUT. The binary write is immediately followed with continuous reading of the
vendor command 0xBC on endpoint 0 IN until a 0x01 is read, which signals that
FPGA programming is complete.
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Table 3.2: USB vendor commands that can be written or read on endpoint 0 OUT or
IN.

Vendor command Description
0xBA Read or write a custom register
0xBB Prepare to program applications FPGA
0xBC Check if programming is complete

Table 3.3: Custom register addresses that are sent to the applications FPGA with
the 0xBA vendor command. These custom registers are user defined and could be
expanded to control anything to which the FPGA is connected.

Register address Description
0x00A1 RAM column # to read
0x00A2 RAM row # to read
0x00A3 RAM bank # to read
0x00A4 RAM rank # to read
0x00A8 Number of USB transfers to read
0x00B1 RAM column # to write
0x00B2 RAM row # to write
0x00B3 RAM bank # to write
0x00B4 RAM rank # to write
0x00B8 Number of USB transfers to write
0x00C1 Start reading from RAM
0x00C2 Start writing to RAM
0x00D3 DMD software trigger
0x00E1 FPGA software reset

The 0xBA vendor command provides control over custom registers that are listed
in Table 3.3. The FPGA writes to a register when an address and value are received
over USB, and the FPGA must supply the register’s value when only a register address
is received. These custom registers are used to tell the FPGA where in RAM the
incoming pattern data should be written. The pattern data then would be sent on
endpoint 2 OUT and copied into RAM. A custom register is used as a software trigger
(0x00D3) for changing DMD patterns and a reset trigger (0x00E1) for resetting the
FPGA logic. Custom registers can be expanded to control any electronic device the
applications FPGA can access through the eight GPIOs.

The applications FPGA only communicates over USB for configuring the specific
patterns to display. After sending the pattern data, the DMD can operate indepen-
dently of the USB connection during an experiment. The firmware on the FPGA is
responsible for the high-speed control of the DMD image. This firmware is written
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with a hardware description language that is programmed with a series of digital logic
blocks that are stitched together and mapped onto real logic gates in the FPGA. This
firmware is in charge of reading and writing data to the USB controller, the RAM,
and the DLPC410 FPGA. It must also monitor the relevant GPIO to react quickly
to when an image change signal is received. Two of the eight GPIOs are used, one for
hardware triggering to switch to the next image and the other GPIO for resetting the
DMD to the first pattern in the sequence. Each pattern is stored in 13 rows of RAM,
where the first row is configuration data and the remaining 12 rows are the pattern
data. The 13 rows for each pattern corresponds to 104 KB of RAM, where there is
8 KB of configuration data and 96 KB of pattern data. The slow part of using all
40, 000 patterns is the long time required for that many patterns to be transferred
over USB to the RAM used by the applications FPGA. Typically, we only need a
few images to perform an experiment and this takes about one second to transfer the
pattern data. There are some optimizations that could be made to speed up the USB
communication protocol if a larger pattern sequence is needed. The USB connection
was tested using a known pattern until the pattern was displayed on the DMD. Us-
ing our custom firmware, the first pattern displayed on the DMD at the full 22 kHz
refresh rate is shown in Figure 3.27.

During a typical experimental run, a list of patterns and triggers are first loaded
onto the DMD and the main control software sends hardware triggers to control the
DMD patterns. Two GPIOs are used for two hardware triggers, one to trigger the
DMD to advance to the next image and another to trigger the DMD to return to the
first image. After sending a trigger to the DMD, a new pattern is displayed within
50 µs for the next pattern trigger, and 100 µs for the return to first image trigger.

3.8.2 Optics

There are two main ways to image a DMD: direct imaging [112] and Fourier imag-
ing [113, 114]. Direct imaging treats the DMD as the object plane and the DMD
pattern is focused directly onto the atom cloud so that the pattern at the DMD is
similar to the pattern at the atoms. In Fourier imaging, the DMD is the object plane,
but the atoms are placed in the Fourier plane one focal length away from a lens so
that the pattern at the atoms is the Fourier transform of the DMD pattern. While
Fourier imaging has the advantage of maximizing power delivery, the DMD in this
thesis is imaged directly because of the simplicity of pattern control and optics.
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Figure 3.27: The first pattern displayed on the DMD at a 22 kHz refresh rate. A
custom USB driver and FPGA firmware was required to achieve the specified DMD
pattern refresh rates.

The available optics for our system are constrained because of the lack of physical
space around the science cell. The MOT coils need enough space to surround the
science cell when transferring atoms, and the only empty side is already used for
imaging atoms. While it is possible to share the imaging lens for imaging and DMD
pattern purposes, it is not optimal because the light used in both paths have a similar
frequency. This limits the possibility of using a dichroic mirror to combine the optical
paths, and one optical path would have to enter at an angle, reducing the quality of
that image. Instead, a new optical path was used that places the last lens at least 7
inches away from the science cell to give the MOT coils enough clearance. The 7-inch
working distance limits the focal length of the DMD imaging lens to focal lengths
larger than 7 inches (178 mm). The other requirement is to obtain a magnification of
the DMD image that makes the most use of the available resolution. A magnification
of 1/12 maps the DMD pattern onto a 1.4 mm length of the atomic cloud. For a cloud
at T = 650 nK, a DMD pattern that is 1.4 mm long covers an axial distance of 7z0,
which is 99.95% of the cloud. At this magnification each DMD mirror maps onto a
1.1 µm pixel in the image plane.

Given the restrictions described above there are not many valid optical configura-
tions to image the DMD. Optical systems consisting of one, two or three lenses were
explored and optimized numerically by considering the fraction of captured light and
the tunability of the magnification. While two or three lens configurations do increase
the tunability of the magnification, a single lens always captures the most light in this
case. This may seem counter-intuitive, but the reflected light from the DMD is specu-
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Figure 3.28: Direct imaging of the DMD pattern onto atoms using two achromatic
doublets to reduce spherical aberrations. Laser light exits a single-mode fiber and
is collimated with a f = 250 mm doublet and incident on the DMD at 24◦. This
collimated light is reflected off of the DMD mirrors, where the mirrors in the “on”
state reflect the light normal to the DMD panel surface. This light is collected and
imaged by a second doublet lens with f = 200 mm that is placed 2600 mm away
from the DMD. The DMD pattern is imaged onto the atoms 217 mm away and with
a magnification of 1/12.

lar and not diffuse, so the reflected light is roughly collimated since the incoming light
is collimated. Diffraction effects, scattering, and Gaussian beams not being perfectly
collimated lead to some spread in the light profile over long distance, but it is minimal
over the distances used here. A single lens is used to image the DMD pattern since it
provides the highest amount of light captured and best optical resolution possible.

The single lens is placed 2, 600 mm away from the DMD and about 217 mm from
the atoms for a magnification of 1/12. A schematic of the DMD optics is shown in
Fig. 3.28, where the DMD is illuminated with a collimated Gaussian beam that has
a 1/e2 width around 23 mm and an incident angle near 24◦. The illuminating light is
formed with light exiting a single-mode fiber that then expands into a 250 mm focal
length lens used to collimate the expanded light. Both the imaging and collimating
lenses are achromatic cemented doublets, which reduces the amount of spherical aber-
rations in addition to chromatic aberrations. Spherical aberrations are a significant
limiting factor here since the images fill the majority of the lens, making gradient
index lenses a reasonable upgrade path in the future. The imaging lens is mounted
onto a translation stage with a micrometer to control the translation. The process of
focusing the DMD image is detailed in Section 4.6, where typical FWHMs are 25 µm
in the plane of the atoms.
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The small mirrors on the DMD act as a grating that can lead to significant diffrac-
tion effects. The DMD diffraction should be optimized to line up the reflected DMD
pattern with a diffraction peak, obtaining the most laser power possible in the reflected
path. When the diffraction pattern and reflected light are aligned, this configuration
is called a blazing condition [115, 116] for the diffraction grating. The mth diffraction
order is peaked at an outgoing angle of

θm = arcsin
(
mλ

d
− sin (θi)

)
, (3.29)

with λ the wavelength of light, d the spacing between mirrors, and θi the incident
angle. The DMD is a 2D grating with mirrors that rotate on an axis at 45 degrees to
the mirror grid, so there are two angles that should be considered: θm and θn for the
two dimensions. Because of this rotated geometry, the specular reflection can only
be peaked for diffraction orders with the same order in both directions, m = n. The
angles of the diffracted orders can be computed for λ = 780 nm after converting
the mirror spacing size d → d/

√
2 to accommodate for the 45◦ axis rotation. For

an incident angle of θi = 24◦, the 5th order diffraction peak is reflected at 0.2◦ from
the panel normal, which is close enough to 0◦ that minimal power is lost for this
configuration.

3.8.3 Error diffusion

Binary images can only toggle the intensity of each pixel on or off, making it difficult
to smoothly vary the image pattern. By increasing the number of bits stored for
each pixel, an 8-bit image can have pixels with values ranging from 0 to 255. An
8-bit image allows for smoothly varying patterns. Using the DMD to display an 8-
bit pattern requires fast pattern switching through eight images to time average the
intensity pattern and have resolution of the laser intensity at the atoms. An 8-bit
pattern completes a full eight image pattern cycle in about 10 ms, which is too close
to the spin diffusion timescales, so time averaging is not appropriate. Binary patterns
are static patterns with each mirror either on or off, and can be toggled 256 times
faster. This section discusses a technique that uses binary patterns to generate N -bit
intensity patterns at the atoms, where N can easily vary from 1 to 8. This error
diffusion process requires the DMD imaging resolution to be larger than a single
mirror, so that a group of mirrors can be used to generate discrete intensities across
the pattern.
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The imaging lens is mounted onto a translation stage with a micrometer to control
the translation. To focus the DMD image, the lens position is adjusted until the feature
size on the atoms is the smallest possible, see Section 4.6 for DMD focus details. The
best DMD focus achieved so far had a point spread function (PSF) with a FWHM of
25 µm (see Section 4.6).

Since the DMD focus can reach FWHMs of about 25 µm, the point-spread-function
is spread over approximately 20 by 20 mirrors. These 400 pixels are averaged by
using error diffusion to apply greyscale light with a binary DMD pattern, at the cost
of spatial resolution. This process is used to convert greyscale images into binary
images that can be displayed at a faster rate on the DMD. For example, using error
diffusion and averaging over an area of 400 mirrors is effectively a log2(400) ∼ 8-bit
greyscale image, but the pattern displayed on the DMD would be a single binary
image. Without the use of error diffusion, 8-bit greyscale images would be displayed
at 86 Hz, 256 times slower than the binary pattern refresh rate. Greyscale images and
error diffusion can be combined together to tune the effective bit depth of each DMD
pattern. Higher bit depths should be used for DMD patterns with large intensity
variations while low bit depths are appropriate for patterns that require a single
pattern or fast refresh rate.

The error diffusion process rounds each pixel value to a minimum and maximum
value and then keeps track of the difference or error the rounding caused. This error
is propagated to adjacent pixels that have not yet been rounded. A kernel describes
the way the error is diffused to neighbouring pixels and typically the errors diffuse
from the one corner of the image to the other corner. One of the most well-known
error diffusion protocols is the Floyd-Steinberg algorithm [117] with kernel

k = 1
16

− # 7
3 5 1

 , (3.30)

where # represents the current pixel whose error is being propagating, − represents
the pixel to the left of the current pixel and has already been processed. The kernel
k is normalized ∑i,j kij = 1 so that the total error is conserved. The kernel only has
elements for pixels that have not yet been rounded. It is assumed that the rounding
procedure starts in the top left corner and works towards the bottom right corner of
an image.

The Floyd-Steinberg kernel and other kernels [118] were tested and all work rela-
tively well for a region of 20× 20 arrays of pixels. Unfortunately, many of the kernels
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that were tried produced image artifacts that were noticeable by eye. The Sierra ker-
nel [119] eliminated most of these artifacts in the relevant sample images used in this
work. The Sierra kernel is

k = 1
32


− − # 5 3
2 4 5 4 2
0 2 3 2 0

 . (3.31)

The effect of using Sierra error diffusion for a spin preparation DMD pattern generated
from a hyperbolic tangent function is shown in Fig. 3.29. Zoomed out, it is hard to
notice any effect of error diffusion, but when zoomed in to where individual pixels
can be resolved, an error diffusion pattern is visible. The light profile at the atoms is
effectively blurred over 20 mirrors by the imaging resolution, which causes the atoms
to experience the smoothed intensity pattern.

Improvements on error diffusion could be made by changing the direction of error
propagation [120, 121] or using a kernel designed for optimizing around 20 × 20
macropixels called block error diffusion [122]. Block error diffusion could improve
the error within a user-specified shape and could be changed if the PSF of the DMD
optics is changed.

Linear differential potentials were tested with the DMD and measured with Ram-
sey spectroscopy as in Fig. 3.30. The quality of differential potentials created with the
DMD is comparable or better than the differential potentials created with the AOM
(Fig. 3.24). In this thesis, the DMD is used to create spin profiles and differential
potentials in Section 6.4. In Chapters 5 and 6, the AOM (Section 3.7) and mask-
ing (Section 3.2) techniques are used for generating differential potentials and spin
preparation, respectively.
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(a) (b)

(c) (d)

Figure 3.29: Sierra kernel error diffusion with a typical spin preparation pattern. (a)
The full 8-bit image and (b) full dithered image look approximately the same when
the individual pixels are not resolvable. Zooming in to an area of 200 × 200 pixels
highlights the difference between the (c) 8-bit and (d) dithered image. Each pixel in
the dithered image is either on (white) or off (black), where each pixel in the 8-bit
image has a greyscale value of 0-255. The dithered image can be displayed at binary
pattern refresh rates with a light profile that is roughly the same as the 8-bit image.
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Figure 3.30: A DMD generated linear differential profile (red squares) using binary
patterns that were created from error diffused greyscale patterns. The differential
potential without light is shown with black circles. The quality of the linear potential
is typically better than the differential potentials generated with the AOM technique.
The DMD pattern could be further tweaked to correct for minor discrepancies in the
potential.
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Chapter 4

Calibrations

There are a few calibrations that should be occasionally performed for smooth op-
eration of the experiment. When done correctly, these calibrations will optimize the
efficiency and reliability of the experiment, making it easier to consistently study
atomic clouds at a particular temperature and density. Occasional recalibration is
required because of thermal drifts that change optical alignments, fiber coupling effi-
ciencies, and the magnetic bias field. This section is meant to be used as a reference
to look up how and when to perform these calibrations and to ensure the experiment
is operating smoothly. Calibrations in this experiment are iterative since each cali-
bration depends on another, and regular checks go a long way to help stability and
quality of calibrations and data collection.

4.1 Magnetic trap frequencies
Calibration of the axial and radial magnetic trap frequencies is crucial for calculating
the temperature and density of a trapped gas (see Eqns. 3.11 and 3.12). The trap
frequencies are measured by briefly shifting the center of the magnetic trap and
observing the oscillation frequency of the center of mass of the cloud in the original
trapping potential. The momentary shift of the trap center provides a momentum kick
to the center of mass of the cloud, which starts an oscillation that is large enough to be
detected. The momentum kick is applied with a small magnetic field coil placed close
to the atoms as shown in Fig. 4.1. The difference between the axial and radial trap
frequency measurements is the orientation of the coil, which changes the magnetic
field shift and the direction the trap center shifts. Since the radial component of the
magnetic field is a quadrupolar field, a magnetic field offset is only required to shift
the radial cloud center. This is an important distinction as we apply a magnetic field
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Figure 4.1: Magnetic field coil placement to measure the radial and axial trap fre-
quencies. A momentary magnetic field bias (gradient) kicks the atomic center of mass
along the radial (axial) coordinate. The cloud then oscillates in the original trap
and the center of mass is measured. An (a) axial or (b) radial coil is placed a few
centimeters from the atoms to provide both a field gradient and a field bias.

gradient along the radial coordinate, but the cloud is radially small so the field is
approximately constant. In contrast, a magnetic field gradient is required to shift the
axial cloud center because the axial component of the magnetic field has no zero-
crossing. The radial trap frequency measurement uses the same shim coil used to
prevent atoms falling due to gravity during free expansion (Section 3.3.1). For the
axial trap frequency, a temporary coil is added close to the science cell to provide the
momentum kick in the axial direction. One should be careful that the momentum kick
is large enough to measure and small enough that the gas remains in the harmonic
region of the magnetic trap. Additionally, the oscillations should be small enough that
the cloud remains within the field of view of the imaging camera and a full oscillation
can be observed.

The axial and radial center of the cloud are measured by fitting the atomic density
with a Gaussian and extracting the Gaussian center fit parameter. The center of the
cloud is tracked in time, and the oscillation within the trap is fitted to a sine. An
example of a radial and axial trap frequency measurement is shown in Fig. 4.2, where
an oscillation of the center of mass is observed. This oscillation is fitted to a sine
function A sin (2πft+ φ) + y0 using a four parameter fit for A, f, φ, and y0. Typical
fitting errors on the trap frequency are lower than one percent. From these fits the
radial and axial trapping frequencies are fρ = 247.8(1) Hz and fz = 6.723(6) Hz.
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Figure 4.2: An example of (a) axial and (b) radial trap frequency measurement. The
center of mass motion is plotted after receiving a small kick in either direction, and
then fitted for a sine function. The fitted frequency of the center of mass motion is
the trap frequency in each direction.

In addition to better accuracy in measuring the density and temperature, the
radial trap frequency is used to calculate the magnetic field gradient of the trap [84, 95]

B′ = 2πfρ
√

mB0

mFgFµB
, (4.1)

where B0 is the bias field. This parameter is useful for camera magnification in Sec-
tion 4.7. Note that this equation also shows how the bias field changes the radial
frequency 2πfρ =

√
µBmF gF

m
B′√
B0

. Any changes in the bias field will require a recali-
bration of the radial trap frequency. The bias field can drift over time, but usually it
is intentionally changed to operate at the cancellation spot, requiring a radial trap
frequency calibration.

The axial trap frequency is used throughout the rest of the experiment for obtain-
ing the temperature of the cloud. The axial trap frequency should not change with
bias field because the relationship is [95]

2πfz =
√
gFmFµBB′′

m
, (4.2)

where B′′ = ∂2B
∂z2 is the axial curvature of the magnetic field. Periodic checks on the

axial trap frequency ensure that the cloud temperature measurements are accurate,
and can be helpful when diagnosing coil integrity. The axial trap frequency drifts
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Figure 4.3: Evaporation frequency as a function of time over 9 stages, where the end
of a stage is labelled with a number and circle. Each stage reduces the evaporation
frequency by half of the frequency difference to the trap bottom. During each stage,
the frequency is reduced along an exponential sweep to allow time for thermalization
between stages. The y-axis is log-scaled.

when the axial curvature drifts, which is a rare occurrence that only happens when
the coils shift position or the current through them is changed. Since the value of the
axial trap frequency rarely drifts, recalibration is performed less often than the radial
trap frequency calibration.

4.2 Radio frequency evaporation and trap bottom
Obtaining a consistent temperature and density requires the optimization of the radio
frequency (RF) evaporation parameters, namely the frequencies, timing, and power
applied at each evaporation stage. Each evaporation stage applies a frequency sweep
from an initial frequency to halfway to the specified trap bottom. Evaporation includes
9 evaporation stages, starting at 60 MHz and cutting down to around 2.20 MHz with
a trap bottom of νbottom ∼ 2.09 MHz. The final frequency of each evaporation stage
is calculated using

νi = νi−1 − νbottom
2 , (4.3)

and the frequency cuts in time are shown in Fig. 4.3.
The trap bottom is measured by lowering the last evaporation cut until no atoms

remain in the trap. The trap bottom is the energy difference between the |F =
1,mF = −1〉 and |F = 1,mF = 0〉 states, which is given by hνbottom = µBmFgFB0.
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For a typical bias field of B0 ∼ 3 G, the trap bottom is near νbottom ∼ 2 MHz. The
trap bottom requires adjusting every time the bias field changes.

To calibrate the evaporation parameters, the power and timing of each stage is
optimized for a cloud with maximized atom number. The stage that is being tuned
for maximum atom number should be the penultimate evaporation stage so that the
cloud temperature is fixed by the final stage. The RF power and cut timing of the
tuned stage should be changed by factors of 2, since evaporation is insensitive to
smaller changes. All nine stages are tuned in this manner, where a tenth stage is
added to fix the temperature for optimizing the ninth evaporation stage.

Sometimes it is beneficial to operate away from the optimized evaporation param-
eters, such as when the experimental cycle time must be reduced or when operating
at temperatures near degeneracy. About 20 seconds per cycle could be saved if evapo-
ration was less efficient during the first few cuts, but then the highest cloud densities
would be out of reach. Near degeneracy, a fast linear cut limits the time for three-body
recombination in a BEC, which dominates the losses at those higher densities.

4.3 Magnetic bias field
Calibrating the magnetic bias field is required to ensure operation at the cancellation
spot when working at different cloud densities and temperatures. The cancellation
spot shifts by a small amount when the density or temperature of the cloud is altered
since these changes modify the density profile, altering the mean-field shift. The bias
field scales linearly with the applied current to the bias coils, which is controlled
with a voltage signal. The bias field is parameterized with the bias voltage signal
B0 = a1 + a2Vbias, where a1 and a2 correspond to the bias field at zero current and
the sensitivity of the bias current, respectively. The units of a1 and a2 are gauss and
gauss/volt.

The parameters a1 and a2 are determined by varying the bias voltage and measur-
ing the quadratic Zeeman shift between the |F = 1,mF = −1〉 and |F = 2,mF = 1〉
states using Ramsey spectroscopy. The energy difference from zero field is calculated
and subtracted from the frequency obtained by adding up the frequencies of the
two-photon transition and the measured Ramsey frequency. The measured Ramsey
frequency is the two-photon detuning of the two-photon transition, so this summed
frequency is the difference between the two states at the current magnetic field. The
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frequency difference between the two states as a function of magnetic field B is

∆ν(B) = νRamsey(B) + νRF + νµW −∆ν2−1(B = 0), (4.4)

where νRF and νµW are the frequencies of the RF and microwave fields used in the two-
photon Ramsey sequence, νRamsey is the measured Ramsey frequency, and ∆ν2−1(B =
0) is the |1〉 to |2〉 transition frequency at zero field. One needs to be careful here
to ensure that the sign of νRamsey is correct. The parameters a1 and a2 are found by
fitting the data to

∆ν(B) = ∆ν2−1(B = a1 + a2Vbias)−∆ν2−1(B = 0), (4.5)

where ∆ν2−1(B) is the |1〉 to |2〉 transition frequency at magnetic field B. This tran-
sition frequency is calculated with the Breit-Rabi formula (Eqn. 3.22). The result of
one instance of this calibration is shown in Fig. 4.4, where the measured transition
frequency relative to the zero-field transition at the center of the cloud is plotted and
fitted. From the data shown, a1 = 47.4(2) G and a2 = −10.69(5) G/V where the
uncertainties are from fitting uncertainties. These calibration parameters are used to
quickly adjust the bias field to the cancellation spot when changing density or tem-
perature. Each change in bias field is confirmed to be at the cancellation spot with
Ramsey spectroscopy.

4.4 Adiabatic rapid passage
The adiabatic rapid passage (ARP) frequency must be set correctly for efficient trans-
fer of |F = 1,mF = −1〉 atoms to |F = 2,mF = −2〉. The ARP microwave frequency
is tuned to a maximum in atom number as measured in Fig. 4.5, where a frequency
near 6828.85 MHz corresponds to the peak. The width of the atom number plateau
depends on the width of the bias field sweep, where a larger bias field sweep corre-
sponds to a less sensitive ARP frequency. Narrow bias field sweeps are more sensitive
to the exact microwave frequency, but can quickly transfer atoms. This is useful for
limiting the time before imaging. Whenever the bias field changes, the ARP frequency
needs to be recalibrated. Typically, we sweep the bias field by about 0.4 G in 0.6 ms.

The bias field sweep should be large enough that the entire cloud undergoes an
ARP and not just a portion of the cloud at higher or lower magnetic field. For sweeps
that only address a portion of the cloud, the measured temperature will increase or
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Figure 4.4: Calibration of the magnetic bias field using the change in the differential
potential Udiff between the |F = 1,mF = −1〉 and |F = 2,mF = 1〉 states compared to
the zero-field energy difference. Each point is from a fit to Ramsey fringes at the center
of the cloud, where the fitted frequency is combined with synthesizer frequencies and
subtracted from the zero-field transition frequency. The line is a fit to the Breit-Rabi
formula with B0 = a1+a2Vbias, where the fit parameters are found to be a1 = 47.4(2) G
and a2 = −10.69(5) G/V.
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Figure 4.5: Calibration of the microwave frequency used for adiabatic rapid passage.
As the frequency is tuned, the measured atom number is maximized when the entire
cloud is transferred to the |F = 2,mF = −2〉 state. The width of the peak in atom
number depends on the range of a bias field sweep. The ARP frequency should be set
in the middle of the plateau, which is around νARP = 6828.85 MHz in this example.
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Figure 4.6: (a) The measured cloud temperature as a function of tuned ARP fre-
quency. The measured temperature of the cloud is either (i) cooler, (ii) the same, or
(iii) hotter than the true cloud temperature. (b) The three measured temperature
cases are illustrated for harmonically trapped atoms, where the energetic atoms ven-
ture further from the trap center. The energy of atoms selected for ARP frequencies
that are (i) low, (ii) central, and (iii) high. The atoms corresponding to these ranges
are transferred with an ARP and imaged. The entire cloud should be transferred for
an optimal ARP and correct temperature measurements.

decrease as shown in Fig. 4.6(a). The measured temperature is hotter at a low ARP
frequency and colder at a high ARP frequency. When the ARP frequency is slightly off,
the atoms that undergo an ARP are selected by their potential energy. The magnetic
trapping potential with atoms populating the harmonic oscillator energy levels is
shown in Fig. 4.6(b), where the hotter atoms spend more time at higher potentials
and the colder atoms are typically closer to the potential minimum. For the three
different ARP frequencies (i,ii,iii) a different energy range of atoms undergoes an
ARP. For (i) a low ARP frequency, the higher energy atoms are selected leading to a
higher measured temperature. For (iii) a high ARP frequency, the lower energy atoms
are selected and the cloud is measured to be colder than the actual temperature. For
(ii) a middle ARP frequency, all of the atoms are transferred to |F = 2,mF = −2〉 and
the true temperature is measured. The ARP frequency and bias field sweep size must
be calibrated to ensure temperature and atom number measurements are accurate.

4.5 Probe local oscillator frequency
The probe laser is frequency-locked using a beatnote lock with the cooling laser, which
allows fine control over the probe frequency by tuning the frequency of an RF local
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oscillator (LO). The probe frequency must be resonant with the cycling transition
during imaging to ensure detection of all of the atoms in the cloud. This resonance is
found by varying the LO frequency to locate the resonant probe frequency that detects
the maximum number of atoms. The number of atoms measured as a function of LO
frequency is a Lorentzian

N (fLO) = N0

(
Γ
2

)2

(fLO − fc)2 +
(

Γ
2

)2 , (4.6)

where the data is fitted for the center LO frequency fc, the transition width Γ, and
the number amplitude N0. The transition width corresponds to the natural linewidth
for 87Rb, Γ = 6.06 MHz, and the center frequency sets the probe LO frequency for
future imaging. Figure 4.7 shows an example of this process, where the fitted center
that the probe LO is set to is fc = 316.2(1) MHz. The fitted width of the Lorentzian
was 6.7(5) MHz. While this example uses a thermal cloud at 650 nK, any other
thermal cloud or a BEC could be used to measure the center probe LO frequency.
Calibration of the probe LO frequency should be performed anytime there is a drift
in the magnetic bias field during imaging or when the cooling laser lock changes the
relative frequency between the cooling and probe laser.

4.6 Imaging camera and DMD image focus
The image quality of the atomic cloud is important for accurately measuring cloud
temperature and density. The image is blurred if the camera is out of focus, and
larger temperatures and lower densities than the true values will be measured. The
depth of focus for the imaging system is large (∼ 20 mm), by design, so that the
exact position of the camera does not require fine positioning. To locate the camera
focus with atoms, we image the smallest atomic cloud and minimize the cloud size
by moving the camera position. This process minimizes the point-spread function of
the optical path by searching for the minimum cloud size. The cloud is smallest when
imaged within the trap and with no expansion, and a small feature size to minimize
around is the radial cloud width. Any improvement in focus should reduce both the
radial and axial widths. While one could optimize around the axial width, the relative
change in size is higher with the radial width so we focus on minimizing the radial
width.
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Figure 4.7: Calibration of the local oscillator (LO) used to lock the probe laser fre-
quency. The LO frequency is varied and the number of atoms is measured. The maxi-
mum number of atoms is the optimal LO frequency. A fit to Eqn. 4.6 is shown, where
the center frequency was found to be fc = 316.2(1) MHz. Error bars on each point
are ±5%, which represents the shot-to-shot noise.

The imaging camera is on a translation stage, which is used to move the camera
until the radial width is minimized. An example of this camera focus calibration is
shown in Fig. 4.8. Far away from focus there is a clear trend in the radial width,
where the camera is moved to minimize the radial width. Near the focus there is
minimal change in the radial width over 15 mm, so the placement of the camera
is not important over that range of distances. The camera was placed at the focal
point in roughly the center of this 15 mm region with constant radial width. The
temperature of the thermal cloud used here was 650 nK, which corresponds to a
radial width of ∼ 5 µm, which is smaller than the measured radial widths. Image
focus calibration requires low noise on the measured cloud size, which provide low
noise on the location of the focal point. Calibrations of the evaporation, trap bottom,
ARP, and probe all help to reduce shot-to-shot noise and should be updated before
starting to calibrate the camera focus.

The depth of focus for the DMD is much smaller (∼ 0.38 mm) than the imaging
camera, so focusing the DMD image onto the atoms is more sensitive to the lens
position. To focus the DMD pattern, the light intensity from the DMD pattern is
mapped to an atomic profile that can be imaged with the already-focused camera.
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Figure 4.8: Camera focus calibration by moving the camera position and measuring
the radial size of a thermal cloud. Optimal focus is found where the radial width of the
cloud is minimized. Near focus, the radial width of the cloud is insensitive to camera
movement of ±10 mm. The error bars correspond to a standard deviation of three
repeated measurement near focus, whereas away from focus only single measurements
were collected.
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This mapping is performed by using the DMD pattern to create a spin-dependent
potential that alters the transverse phase precession during Ramsey spectroscopy (see
Sections 2.5 and 3.5.2). By applying the DMD light to the atoms in between the two
π/2-pulses in Ramsey spectroscopy, the transverse phase will wrap faster (or slower)
where light is present in the cloud. This phase wrapping frequency is controlled by
the DMD laser intensity and the DMD pattern. The quality of focus controls the
spatial extent of where light is present at the atoms. For a DMD pattern with a small
feature size, the spatial extent of the phase wrapping is minimized to find optimal
DMD focus.

The measurement of the spatial extent of the phase wrapping is performed with a
single shot of Ramsey spectroscopy. In the final π/2-pulse of Ramsey spectroscopy the
wrapped phases are rotated in the Bloch sphere, converting the phase variations to
longitudinal spin variations and projected onto the |1〉 state. The unperturbed spins
are specifically rotated so that they end up in the |2〉 state by wrapping the phases of
these spins by 2nπ, where n = 1, 2, . . . is an nonzero integer. These spins that are not
illuminated by the DMD pattern do not contribute to the measurement of a single
shot of Ramsey spectroscopy. Instead, the spins that have been phase shifted by the
light from the DMD pattern are measured, since they are rotated to a spin state with
a non-zero |1〉 component. The amount of atoms measured depends on the acquired
phase and the spatial intensity profile of the DMD pattern. Because this atomic
profile is obtained with a single shot of Ramsey spectroscopy, it requires accuracy
with setting the transverse phase evolution so that unperturbed phases have zero
projection onto the |1〉 state. A FSK frequency of 2 kHz is used during the Ramsey
time so that the spatially varying phase wrapping due to the differential mean-field
and magnetic-field is negligible. This technique also requires a DMD light shift that
is significant enough to shift the phases far enough to be observed, but not too far to
wrap past π.

Figure 4.9 shows an example of a focused phase profile obtained from a single
shot of Ramsey spectroscopy, where the most intense DMD light wraps the largest
amount of phase. The DMD pattern was a narrow column of two mirrors, so that a
small feature could be observed. The spatial width of the DMD pattern is fitted to
a Gaussian for the full-width at half-max (FWHM) that quantifies the focus quality.
Typical fitted FWHMs for our setup are around 25 µm at focus, about seven times
larger than the diffraction limit of ∼ 4 µm (see Sec. 3.8.2 for optical setup). This
measurement of a fitted FWHM is limited by atomic motion that occurs between the
final π/2-pulse and image collection, corresponding to about 1 ms for motion. Atomic
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Figure 4.9: Ramsey snapshot mapping the DMD light intensity to the atomic density
for focusing the DMD. The phase of the spins will shift when light is present, and the
shifted transverse spins are measured. The light pattern used is a column of two DMD
mirrors wide, and the Ramsey time is one period of the Ramsey or FSK frequency.
The atomic profile is fitted with a Gaussian and the width of the Gaussian is the
metric to minimize for best focus. The fitted FWHM is 26.7(7) µm.

motion widens the measured FWHM so that the reported FWHM of 25 µm is a upper
bound on the quality of focus of the DMD. A smaller FWHM could be measured by
preparing a colder cloud of atoms that have a lower average velocity, or by shortening
the time between the final π/2-pulse and image collection.

The DMD alignment process has a total of three stages: coarse alignment to have
some light on the atoms, centering the DMD pattern on atoms, and fine alignment
with single Ramsey spectroscopy images. The coarse alignment of the DMD lens was
accomplished by turning all DMD mirrors on and coarsely aligning the full intensity
pattern to maximize atom loss during evaporation. The photon scattering rate is large
enough to excite all of the atoms out of the magnetic trap during evaporation. The
single shot Ramsey spectroscopy technique was used to center the DMD pattern on
the atoms. This was done with a wide column of mirrors turned on and fine alignment
of the pattern to center the pattern. The alignment steps discussed thus far have all
been done with mirror alignment, and the imaging lens has not been touched. Now
the imaging lens is moved to minimize the width of the Gaussian in the Ramsey
snapshot. Depending on how far off the alignment is, the mirrors might need to be
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Figure 4.10: Focusing the DMD image onto the atoms by measuring single Ramsey
spectroscopy images for various lens positions. The average fitted Gaussian full width
at half max (FWHM) is extracted at each lens position over three shots. The minimum
in FWHM is the optimal focus and the lens is placed there, giving a FWHM of
24(2) µm. Error bars are fit uncertainties

realigned again if moving the imaging lens also translates the pattern at the atoms.
Significant translation of the image implies the lens is tilted or the image is not
centered on the lens. The DMD pattern is changed to a small strip of “on” mirrors
with a width varying from 2 to 100 mirrors depending on how close the DMD lens is
to being focused. The further away from focus, the more mirrors need to be on for a
significant phase shift in one Ramsey period. The lens is translated on a translation
stage until the FWHM is minimized. See Fig. 4.10 for an example of the fitted FWHM
being minimized by adjusting the DMD imaging lens.

4.7 Magnification
The magnification of the imaging camera is required to correctly measure the spatial
quantities of the atomic cloud since the magnification relates pixels to physical units.
The magnification of the image is measured by observing a cloud fall due to gravity,
which is the same for all objects in a vacuum. The atoms are initially in the state
|F = 1,mF = −1〉 and are transferred to the weakly trapped state |F = 2,mF = 0〉
by using the ARP technique (Section 3.3.1). Since the |F = 2,mF = 0〉 state is weakly
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Figure 4.11: Atoms in the |F = 2,mF = 0〉 state falling under the influence of
gravity. The center of the cloud is plotted and fitted to z(t) = 1

2at
2 + z0 to calculate

the magnification of the imaging camera usingM = g/a. HereM = 1.34(2) µm/pixel,
where errors are fit uncertainties.

magnetically trapped, the atoms will immediately fall under the influence of gravity.
The short-time position of the atomic cloud at a time t after transferring to the state
|F = 2,mF = 0〉 can be modelled with kinematics, z(t) = 1

2at
2 + z0, where a is the

acceleration in image units (pixels/s2), and z0 is the initial position in pixels. The
magnification is M = g/a, where g = 9.81 µm/ms2 is the acceleration due to gravity.
Figure 4.11 shows the short time behaviour of the center of the cloud falling under
gravity and is fitted for a to obtain a magnification of 1.38(6) µm/pixel.

The atoms fall out of the view of the camera after about 10 ms, but since the
|F = 2,mF = 0〉 atoms are weakly trapped, the cloud will oscillate back at the weak
trap frequency. The state |F = 2,mF = 0〉 is affected by the quadratic Zeeman shift.
This small shift is enough to weakly magnetically trap this state, but since gravity
shifts the weak trap center the atoms will oscillate. The atoms travel 1.65 cm down
and then return into the view of the camera about 80 ms later. Measurement of the
atoms return provides a slightly better measurement of the image magnification. The
center of mass motion of the cloud in this weak trap is [84]

z(t) = a

c

(
cos(
√
ct)− 1

)
+ z0, (4.7)
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Figure 4.12: Atoms in the |F = 2,mF = 0〉 state oscillating within a weak magnetic
trap used to measure the magnification of the imaging camera. Fitting for the oscil-
lation of the atomic cloud in Eqn. 4.7 improves the magnification measurement over
just measuring the drop. However, if atoms explore the anharmonic region of the trap
then this model breaks down. Here the magnification is found to be M = 1.349(5)
and the atoms fall 1.6 cm before returning back to the trap center.

where c =
(

4π~
m

)
fB′

2 and f = 287.57 Hz/G2 is the quadratic Zeeman shift for
rubidium-87. The magnetic field gradient B′ is known from measuring the radial trap
frequency and thus c is a known quantity. Figure 4.12 is an example of the atomic
cloud center oscillating back into the field of view of the camera. This data is fitted
for a and the magnification isM = 1.349(5)µm/pixel, an improvement over the short-
time data. Measuring the magnification requires the camera to be focused first. The
magnification of the imaging camera should be updated every time the camera optics
are modified.

The magnification of the DMD can be measured with the same Ramsey snapshots
as in Section 4.6, with two spatially separated columns of mirrors turned on. The
distance between these mirror columns in the object plane is known from the DMD
specifications, and the Ramsey snapshot provides the distance between these columns
in the plane of the atomic cloud, the image plane. Magnification is then the usual
M = −dimage/dobject = −datom/dDMD. The magnification is measured to be about 1

12 .
To measure the DMD magnification, the DMD and the camera must be focused and
the camera magnification must be known.
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4.8 Probe intensity
The probe intensity is used in Eqn. 3.6 to correct the measured OD for saturation
effects when imaging the cloud. Each image measures the quantity I/Isat and there
must be a conversion factor to convert from pixel counts to intensity mW/cm2. Cali-
bration of the probe intensity is the process of calculating this conversion factor Ical.
A photodiode with a 13 mm2 active area is placed in the probe beam path about 5 cm
in front of the science cell. The laser power on the photodiode is measured and the
average intensity of the probe beam Iprobe is calculated to be roughly 0.28 W/cm2.
Next, the camera takes two images, one with the probe light on and one without
probe light, where the mean difference in pixel values is ĪL-D. The calibration param-
eter Ical = Iprobe/IL-D is calculated and used on every image afterwards to determine
I/Isat for OD correction. This calibration should be performed when the fiber cou-
pling efficiency of the probe beam drifts or when imaging timings or laser power is
changed.

4.9 Atomic cloud density
Calibration of the cloud density helps to limit the systematic errors in cloud number
measurements, and is a great way to confirm that all other calibrations are working
correctly. There are numerous ways that can lead to a decrease in cloud number
or density, as shown in most of the previously discussed calibrations, but there are
few errors that lead to an increase in measured number or density. Here a method to
calculate a correction factor to estimate the systematic errors in density measurements
is presented, where the correction factor will nearly always be one that increases the
measured densities. The condensate fraction NBEC/Ntotal as a function of relative
temperature T/Tc near degeneracy (T/Tc = 0.5 to 1.5) is used to check the density
measurement. The transition from a thermal cloud to a BEC is easy to observe, and Tc
depends on the number of atoms in the cloud. The condensate fraction for a trapped
BEC with a correction for finite size is [96]

NBEC

Ntotal
= 1−

(
T

Tc

)3
− 3ω̄ζ(2)

2ωho [ζ(3)]2/3
(
T

Tc

)2
N−1/3, (4.8)

where ω̄ and ωho are the arithmetic and geometric means of the trap frequency, and ζ
is the Riemann-Zeta function. The condensate fraction can be measured by processing
the collected absorption images. The images can be processed in 2D or the radially
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averaged 1D profiles can be processed, and both techniques should obtain the same
result. These two processing methods are described in this section.

4.9.1 Density calibration with 2D images

Directly processing the images retains the most information about the cloud, but
fitting large 2D images can be computationally slow. To help speed up computation
time, the image is binned into 4 × 4 macropixels at the cost of spatial resolution.
The cloud data are fitted for all three possible distributions: purely classical, purely
degenerate, and finite temperature BEC. For a purely classical gas, the cloud is fitted
to a 2D Gaussian

fGaussian = n2D
0 exp

(
− z2

2z2
0
− y2

2y2
0

)
, (4.9)

where z and y are the axial and radial coordinates, and the image is averaged over the
third dimension x during collection. For a purely degenerate gas, the cloud is fitted
to a 2D Thomas-Fermi (TF) distribution

fTF = n2D0

1−
(
z

sz

)2
−
(
y

sy

)2
3/2

. (4.10)

For a finite temperature BEC, the BEC portion of the cloud follows a Thomas-Fermi
distribution, but the thermal component cloud is modified by Bose statistics and is
a 2D Boseian distribution

fBoseian = n2D0 g2

(
exp

(
− z2

2z2
0
− y2

2y2
0

))
. (4.11)

The geometric function gγ(x) = ∑∞
n=1

xn

nγ
shows up in the statistics of Bose gases

because of a series expansion for small fugacity (see Refs. [123, 96, 124] for details).
This function reduces to the Riemann-Zeta function ζ if the argument is one, i.e.
gγ(x = 1) = ζ(γ). Measuring the condensate fraction is only possible if the cloud has
both a thermal and condensate fraction, so the Boseian and Thomas-Fermi distribu-
tions are fitted at the same time. Since the BEC and thermal cloud exist in the same
trap, their centers are identical. The peak densities in the 2D distributions n2D

0 relate
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to the 3D peak densities n0 with

n2D0 =



√
2πx0n0 Gaussian
√

2πx0n0
ζ(2)
ζ(3/2) Boseian

4
3sxn0 Thomas-Fermi.

The 3D peak density is calculated from the fit parameters: z0, y0, n0, and centers.
The trap geometry of our apparatus sets the two radial sizes to be equal (x0 = y0

and sx = sy).
An example of density calibrations using 2D images is shown in Fig. 4.13, where

the thermal component is colored red, and the condensate component is blue. The
temperature is computed from the fitted axial width of the thermal cloud with kBT =
mω2

zz
2
0 , and using the correction for the expansion time (see Eqn. 3.8). The total

number of atoms in the thermal cloud and the condensate are

NGaussian = n2D0 (2π)y0z0 (4.12)

NBoseian = n2D0 (2π)y0z0
ζ(3)
ζ(2) , (4.13)

NBEC = n2D0 sysz
2π
5 , (4.14)

where Ntotal = NBEC + NThermal. After performing fits to all three possible distribu-
tions, the fitted distribution with the lowest residuals decides the classification of the
cloud. Sometimes the residuals do not get the cloud classification right, so the classi-
fication is selected manually based on visual inspection of the image. The condensate
fraction is then calculated for each cloud, where for pure condensates and pure ther-
mal clouds the condensate fraction is 1 and 0, respectively. The slow fitting time,
loss of spatial resolution from binning, and higher difficulty in separating between the
three cloud classifications makes it difficult to quickly perform a density calibration
with this processing method.

4.9.2 Density calibration with 1D density profiles

Measuring the condensate fraction requires three numbers to be accurately measured
and compared to theory: the temperature T , number of atoms in the thermal cloud
Nthermal, and number of atoms in the condensate NBEC. The critical temperature Tc is
calculated from the total number of atoms in the cloud. The computationally quickest

102



Figure 4.13: False-colored image as an example of locating the BEC (red) and thermal
cloud (blue) components from a 2D image of a cloud. The white circle between the
BEC and thermal cloud is where an equal amount of each component exists, which
is different than the white surrounding the thermal cloud where there is a negligible
number of atoms. The identification of BEC and thermal clouds can be used to
calibrate the density of the system by comparing to the expected condensate fraction.

method to compute these numbers is with 1D axial density profiles that come from
averaging over the other radial direction y in the absorption image. Computation time
for the three fits is significantly faster in 1D and does not require spatial binning.

Examples of these 1D profiles with their corresponding fits are shown in Fig. 4.14,
where the cloud classification is based on the lowest fitted residuals with occasional
correction based on visually inspecting the 2D image. The 1D density distributions
are obtained by integrating Eqns.4.9, 4.10, and 4.11 over the y direction to obtain

fGaussian = n1D0 exp
(
− z2

2z2
0

)
(4.15)

fBoseian = n1D0 g5/2

(
exp

(
− z2

2z2
0

))
(4.16)

fTF = n1D0

(
1− z2

s2
z

)2

. (4.17)

The number of atoms in each component is obtained by integration over z

NGaussian = n1D0
√

2πz0 (4.18)

NBoseian = n1D0
√

2πz0
ζ(3)
ζ(5/2) (4.19)

NTF = n1D0 sz
16
15 . (4.20)
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Figure 4.14: Example of a fit to a 1D Boseian-TF profile used for density calibrations.
The Boseian (blue) and Thomas-Fermi (green) contributions are fitted simultaneously
to obtain the combined distribution (red). The relative number of atoms in each
component and the temperature of the gas are extracted from the fits. In this example,
T/Tc = 0.76 and NBEC/Ntotal = 0.39. The density at the center of the BEC typically
does not fit well because the density is highest there and the saturation OD correction
factor is large (see Eqn. 3.4).

Lastly, the 1D peak density is related to the 3D peak density by

n1D0 =


2πx0y0n0 Gaussian

2πx0y0
ζ(5/2)
ζ(3/2)n0 Boseian

π
2sxsyn0 Thomas-Fermi.

The temperature and number of atoms in the cloud are varied and the condensate
fraction is computed for each point as illustrated in Fig. 4.15. The condensate fraction
is fitted to Eqn. 4.8 and a density correction factor A is calculated. This density
correction factor is an estimate of the systematic errors in measuring cloud densities
or total number. The actual atom number is modified by Nactual = ANmeasured, where
the correction factor A alters the value of Tc and N appearing on the right side of
Eqn. 4.8. The correction factor is estimated to A = 1.09(2), meaning that the reported
densities could be around 10% too low. A more accurate correction factor could be
obtained by averaging over more points, but density shifts of 10% do not drastically
change the behaviour of spin diffusion.
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Figure 4.15: Density calibration using radially-averaged density profiles to measure
the condensate and temperature fractions of a cloud near the critical temperature.
The dashed blue line is the prediction of Eqn. 4.8 without the finite size term and
agrees well with the data. The solid red line represents a fit of Eqn. 4.8 to the data and
allowing for a number correction N → AN . The fitted number correction A = 1.09(2)
hints that all reported number measurements could be systematically low by about
10%.
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4.10 Optimizing the initial spin profile
The initial spin profile is prepared by detuning one half of the cloud during a cloud-
wide π-pulse as discussed in Section 3.2. The applied detuning can alter the Rabi
frequency significantly on the detuned half of the cloud (see Section 2.1.3). During the
cloud-wide π-pulse, the spin vector of the detuned half of the cloud rotates around the
effective Rabi vector. Since the applied detuning increases the effective Rabi frequency
by ten times or more, the spin vector will typically wrap ten times around the Bloch
sphere or more during a resonant π-pulse.

An example of this wrapping in the Bloch sphere is shown in Figure 4.16(a), where
the colored line represents the final Bloch vectors across the cloud. The red shading of
the line represents the Bloch vector of the detuned half, and the blue shading signifies
the zero-detuned half. These colors are interpolated between domains to produce a
purple shading corresponding to the domain wall. The multiple wrappings of the spin
vector are purely due to the large applied detuning of order 38ΩR. This wrapping in
the Bloch sphere shows up as a spatially varying spin density in Fig. 4.16(c), where
there are longitudinal spin modulations in the |1〉 domain since transverse spin exists
when Mz 6= ±1.

This large detuning for initial preparation is used for the results presented in
this thesis (Chapters 5 and 6). These spatial modulations of the spin profile do not
significantly modify spin diffusion, because the modulations will quickly diffuse and
smooth out the domain wall. However, the significant wrapping of the transverse
phase leads to an initial dephasing once motion occurs and scrambles phases. This
dephasing process is similar to the forced dephasing described in Section 5.1, except
here the dephasing comes from the initial preparation and limits the peak transverse
amplitude.

The detuning used in preparation is optimized by performing optical Bloch simu-
lations (Section 2.1.1) to locate the optimal detuning, and then experimentally locat-
ing that detuning. The simulations reveal that a detuning of ∆ =

√
3ΩR reduces the

amount of Bloch sphere wrapping during preparation. The effective Rabi frequency
of the detuned half of the cloud is then 2ΩR, so the timing of the resonant π-pulse
corresponds to a 2π-pulse on the detuned half of the cloud. This 2π-pulse rotates
around a Rabi vector that is tilted down 60◦ from the x-y plane of the Bloch sphere.
The rotation about this Rabi vector does not oscillate entirely through the |2〉 state.
However, the spin vector does rotate exactly once around the effective Rabi vector
and ends up in the same initial state. The final optimized spin state across the cloud
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(a) (b)

(c) (d)

Figure 4.16: Optical Bloch simulations showing the spatial variation of the spin com-
ponents after initial state preparation with a hyperbolic tangent detuning profile.
The detuning ∆ peaks at (a,c) 38ΩR and (b,d)

√
3ΩR, where the spin vector wraps

around the Bloch sphere significantly more at larger peak detunings. (a,b) Spatial
variation of the initial spin state in the Bloch sphere, where blue (red) corresponds
to the left (right) side of the cloud. (c,d) The individual spin components are shown,
with shading that corresponds to varying axial position. The shading is identical to
what was used for the spin states in the Bloch sphere. Minimal initial dephasing is
obtained when ∆ =

√
3ΩR.
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is shown in the Bloch sphere in Fig. 4.16(b), where a minimal amount of wrapping is
present.

The spatial variation of the spin components using these two detunings during spin
preparation is shown in Fig. 4.16(c) for ∆ = 38ΩR and Fig. 4.16(d) for ∆ =

√
3ΩR.

The optimized detuning of
√

3ΩR generates a smoothly varying spin profile. The
additional spin wrapping with the larger detuning of 38ΩR disrupts the smooth spin
profile, and the spin components oscillate within the |1〉 domain. While the magnitude
of the longitudinal spin oscillations are relatively small, the transverse spin oscillations
are significant. The tightly wrapped transverse spin is effectively a dephasing, where
spin preparation with large detuning can reduce the initial coherence by up to 20%.

The optimal detuning is experimentally located by varying the applied detuning
with the power of the laser that provides the detuning. Each domain wall is fitted for
domain balance parameter ε using

fspin profile = A tanh
(
−(z − zc)

λ

)(
1− εH (z − zc)

)
n(z), (4.21)

where A is the domain amplitude, zc is the domain center, λ is the domain width,H(z)
is the Heaviside step function, and n(z) is the atomic density. The domain balance ε
modifies the domain amplitude on one side of the cloud, where ε = 1 corresponds to
an equal balance between the spin domain amplitudes. The domain balance modifies
the amplitude of the right (|1〉) domain by the factor ε since the extra spin vector
wrapping occurs within that domain (see Fig. 4.16). In the limiting case of when the
detuning approaches zero, the entire cloud is transferred to |2〉 during preparation
and ε approaches zero.

Figure 4.17 shows the fitted domain balance as a function of applied detuning.
The first peak corresponds to the optimal detuning of

√
3ΩR and secondary peaks cor-

respond to the next integer multiples of the effective Rabi frequency, i.e. ∆ =
√

8ΩR,√
15ΩR, etc. The optical Bloch simulations in Fig. 4.17 show good agreement with the

fitted domain balance. At large detunings, the fits to experimental data benefit from
atomic motion smoothing out the domains. This smoothing causes the spin wrapping
to be averaged and the spin profile is still well fitted with Eqn. 4.21. In simulations,
the spin profile fits break down at high detunings where the multiple wrappings
around the Bloch sphere modify the spin profile significantly from Eqn. 4.21. Since
the simulation does not include motion of atoms in the cloud, the spin profile is better
represented by Fig. 4.16(c) than (d). At these large detunings, the simulation is not
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Figure 4.17: Optimizing initial spin preparation detuning by fitting for the spin do-
main balance of longitudinal spin profiles (see text). The domain balance is plotted
with fit uncertainties for error bars. The first peak corresponds to a detuning of

√
3ΩR,

which is the optimal detuning. Optical Bloch simulations of the spin preparation are
used to generate a simulated spin domain that is fitted to Eqn. 4.21 for domain ef-
ficiency ε in red. The shaded region is the 3σ confidence band showing that the fits
break down past the optimal detuning of

√
3ΩR.

well fitted by Eqn. 4.21. This is shown by the increasing 3σ confidence bands on the
fitted domain balance at large detunings.

The optimal detuning corresponds to the peak in domain balance at the lowest
detuning. This peak corresponds to a detuning of ∆ =

√
3ΩR and maximizes the

initial coherence in the domain wall. This calibration not only identifies the optimal
detuning, but also confirms the tunability of the laser power used with DMD patterns.
This calibration should be performed whenever the laser power drifts or if the initial
spin domain drifts.

This chapter covered the most relevant calibration methods used to optimize the
spin profile and to ensure smooth operation of the apparatus. The results shown in
the next two chapters made use of these calibrations to ensure the reported densities,
temperatures, and spin components are accurate.
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Chapter 5

Diffusion of a dipolar spin profile

This chapter is adapted from the article “Longitudinal spin diffusion in a nondegener-
ate trapped 87Rb gas” published in Physical Review Letters [125], in which longitudi-
nal and transverse spin diffusion were observed for the helical spin domain discussed
in Section 3.2. The dynamics of the spin profile were investigated for different initial
coherences in the domain wall. We found that coherence in the domain wall leads
to transverse-spin-mediated longitudinal spin diffusion that is slower than expected
based on classical predictions. Spin diffusion of a sharp longitudinal spin gradient
showed an instability in the longitudinal spin dynamics because the longitudinal and
transverse spin components couple. A conversion of longitudinal spin to transverse
spin was observed, resulting in an increase of the total amount of coherence in the
system.

5.1 Spin diffusion with high initial coherence
The initial spin domain structure was prepared using the procedure stated in Sec-
tion 3.2. This two-domain spin profile has transverse spin between the domains, and
the amount of coherence in this domain wall can be reduced by rapid dephasing.
This rapid dephasing was performed by applying a sharp differential potential that
spatially varies the Larmor precession of the transverse spin phases. From one side of
the domain wall to the other, the transverse phases can be wrapped by 50π in 0.4 ms.
This large amount of phase wrapping could be undone with a quick spin-echo proce-
dure, but any motion of spins will effectively scramble the phases. This scrambling of
phases is decoherence and lowers the overall coherence in the domain wall.

The transverse spin coherence is calculated with c = M⊥/Mmax
⊥ , where M⊥ is the

measured transverse spin amplitude and Mmax
⊥ is the maximum possible transverse
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spin. This initial coherence varies from 0 for no coherence to 1 for maximum coher-
ence. A max coherence of c = 1 corresponds to locally all of the individual transverse
spins having the same phase, and no coherence (c = 0) corresponds to transverse
spins with random phases or zero transverse spin. The coherence across the cloud is
measured by combining the individually measured spin components just as in Sec-
tion 3.6. The maximum amount of transverse spin is given byMmax

⊥ = 2
√
N1N2, where

N1 = |〈m|1〉|2 and N2 = |〈m|2〉|2 are the modulus square of the projections of the
spin density distribution state (|m〉) onto the longitudinal spin states (|1〉 and |2〉).
The transverse spin M⊥ is measured with Ramsey spectroscopy and the coherence
is obtained by the ratio M⊥/Mmax

⊥ . Figure 5.1 shows an example of the coherence
across the cloud for the helical spin domain. The coherence is peaked in the center
of the domain wall where only transverse spin exists. This peak corresponds to the
initial coherence cinit, which is cinit ≈ 0.55(5) in this example. Further from the center
of the cloud the coherence decreases since the relative transverse spin amplitude is
lower where longitudinal spin exists. This peak coherence can be reduced through
rapid dephasing, which is discussed in Section 5.2.

First, spin diffusion for the maximum obtainable initial coherence of cinit = 0.74 is
explored. The temporal evolution of the normalized longitudinal spin for cinit = 0.74
is shown in Fig. 5.2, in which multiple images of state |1〉 and state |2〉 distributions
are temporally stitched together to track spin evolution (see Section 3.5). The helical
domain was initially prepared with |2〉 on the left and |1〉 on the right of the cloud,
and after 250 ms the spin domain structure flips while continuing to decay slowly. The
atoms oscillate in the trap at the trapping frequency (ωz = 2π ·6.71 Hz), so a complete
spin oscillation should occur in 150 ms in the collisionless limit. Instead the observed
spin-domain oscillation time is about three times slower than the trapping frequency.
Considering only elastic collisions, classical diffusion predicts that diffusion should
occur on the timescale of z2

0/Dz ∼ 25 ms. Here the longitudinal spin diffusion constant
is Dz = 1

3`vT , with mean free path ` =
(√

2n4πa2
)−1

and mean thermal velocity
vT =

√
16kBT/(3πm). This classical prediction is ten times faster than the observed

spin diffusion timescale, and highlights that spin diffusion can be significantly different
than classical diffusion.

The observed slowing of spin diffusion when compared to classical diffusion is due
to the identical spin rotation effect (ISRE), as discussed in Section 2.2. The slowed
diffusion is primarily caused by the presence of transverse spin, because the ISRE can
only modify spin diffusion if transverse spin is present. The ISRE rotates spins about
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Figure 5.1: The coherence is calculated with c = M⊥/Mmax
⊥ across the helical spin

profile prepared with a medium detuning of ∆ = 9ΩR (see Sections 3.6 and 4.10). The
transverse amplitudeM⊥ was measured with Ramsey spectroscopy and the maximum
transverse spin is given by Mmax

⊥ = 2
√
N1N2. The coherence peaks at the center of

the domain wall, between the two spin domains. In this example, the initial coherence
corresponds to the peak coherence of cinit ≈ 0.55(5). The error bars are a combination
of the fit uncertainty and the statistical noise for each axial bin.
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trap period

classical di usion

Figure 5.2: The evolution of spin diffusion with initial coherence of cinit = 0.74. Spin
states |2〉 (red) and |1〉 (blue) are initially prepared in a dipolar domain and after
about 250 ms the domains oscillate. The timescale for this oscillation is much longer
than classical diffusion predicts, z2

0/Dz ∼ 25 ms, and the trap frequency that atoms
oscillate at is τ ∼ 150 ms. The temperature of the cloud is T = 650 nK (T/Tc ∼ 1.5)
and the peak density is n0 = 2.6× 1013 cm−3.
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the mean spin, partially converting the spin of an atom moving between domains,
so that spin |2〉 atoms are rotated to spin |1〉 and vice versa. The spins that travel
between domains are rotated about the helical local spin, where frequent collisions
allow the moving spin to follow the local spin. For many collisions through the domain
wall, this spin following is identical to an adiabatic following, where the travelling spin
never deviates far from the local spin. However, the density of the cloud used here
is between the collisionless and adiabatic following regimes, and so spins that travel
through the domain wall are partially rotated as they enter the other spin domain.
This partial transfer of spins from one longitudinal state to the other through the
ISRE is the primary effect that slows spin diffusion relative to classical diffusion.

The temporal evolution of transverse spin for cinit = 0.74 initial coherence is dis-
played in Fig. 5.3. The transverse phase profile is largely static during diffusion be-
cause the longitudinal spin gradient sets up the phase profile. However, the transverse
spin amplitude spreads out from the center of the domain wall and decoheres until
nearly zero transverse amplitude is detected. The Ramsey fringes used to generate the
transverse amplitude and phases at the center of the cloud and at slightly off-center
are in Fig. 5.3(c) and (d) and show a clear distinction of the short-time behaviour
at these two axial positions. These figures show the transverse spin amplitude in the
center of the cloud is roughly constant over 100 ms, while the off-center position sees
a steady increase in transverse amplitude over the 100 ms. On first glance, this looks
like a typical diffusion process where the high concentration of transverse spin in the
center diffuses to the edge of the cloud. However, the transverse spin amplitude does
not decrease in the center, so the total transverse spin amplitude across the cloud is
increasing. The effect of this initially nondecaying transverse spin in the center of the
cloud is discussed in Section 5.3.

The spin diffusion of the initial dipolar spin profile at the cancellation spot was
shown to be different than classical diffusion. To summarize, the longitudinal spin
oscillates and decays at a timescale that is slower than classical diffusion timescales.
Meanwhile, the transverse spin spreads out and dephases, but the amplitude of the
transverse spin in the center of the cloud remains constant. Because these experiments
are performed at the cancellation spot, the only modification to spin diffusion was
the ISRE, where indistinguishable spins collide and rotate about their combined spin.
The ISRE is shown here to cause a significant slowing effect on the diffusion of the
helical spin domain.
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(c) (d)

Figure 5.3: Transverse spin diffusion of the dipolar spin profile with an initial coher-
ence of cinit = 0.74. (a) The transverse amplitude M⊥ showing diffusion of transverse
spin from the center of the cloud. (b) The transverse phase Mθ is static during dif-
fusion, with the exception at the beginning when the initialized phase profile quickly
changes to the static phase profile. Examining the Ramsey fringes at (c) the cloud
center z = 0 and (d) off-center at z = 0.3z0 shows that the transverse spin is roughly
constant in the center and increases away from the center. The red curve is meant as
a guide for the eye and a moving window would be fitted to these fringes.
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Figure 5.4: Longitudinal spin diffusion for initial coherences of (a) cinit = 0.74, (b)
cinit = 0.51, (c) cinit = 0.28. The longitudinal spin domains oscillate and damp faster
as the initial coherence is reduced. The initial coherence in the domain wall plays a
significant role in modifying spin diffusion since the longitudinal spin diffusion in case
(a) is about 3 times slower than in case (c).

5.2 The effect of coherence on longitudinal spin
diffusion

The longitudinal spin diffusion for initial coherences of cinit = 0.74, 0.51, and 0.28 is
shown in Fig. 5.4. At low initial coherences the spin diffusion timescale is decreased
since the oscillation of the spin domains is faster. At large initial coherences the colli-
sions between spins preserve the domains longer since the moving spins adiabatically
follow the local spin when they cross domains. The reduction of initial coherence in
the domain wall limits the effectiveness of the ISRE interactions since the local trans-
verse phases are randomized, and spins cannot adiabatically follow the local spin.
The ISRE’s contribution to spin diffusion is removed when the coherence approaches
zero, leading to spin diffusion times that approach classical diffusion times.

Spin diffusion of this helical domain is dominated by the dipole mode, so diffu-
sion timescales can be quantified by examining the dipole moment of the spin density
〈zMz〉. The time-varying dipole moment is shown in Fig. 5.5 for the same three initial
coherences. The difference in diffusion timescales is evident as the lowest coherence
case has oscillated and damped before the highest coherence has had a single oscilla-
tion. These dipole moments are fitted to a damped sine exp (−Γt) sin (2πft) for the
longitudinal spin damping rate Γ, and the domain oscillation frequency f .

The damping rate and oscillation frequency for various initial coherences are shown
in Fig. 5.6. At high initial coherences both the damping rate and oscillation frequency
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Figure 5.5: The dipole moments 〈zMz〉 for three initial coherences that summarizes
the longitudinal spin diffusion in Fig. 5.4. Spin diffusion is slowed at high coherences
and sped up at low coherences. The line is a fit to a damped sine for the cinit = 0.28
case, where an oscillation frequency and damping rate can be extracted from the fit.

decrease. Here the ISRE interactions lead to spins being mostly rotated from one
longitudinal spin to the other as they cross the domain wall. At low initial coherences
the damping rate and oscillation frequency are increased because the ISRE is reduced.
The damping and oscillation rates are limited by the classical diffusion damping rate
Γclassical = τ−1

elastic = 40 Hz and trap oscillation fclassical = ωz/2π = 6.71 Hz, where ωz
is the trapping frequency and τelastic is the elastic collision rate between atoms.

The dipole moment fits are compared with spin diffusion theory through numerical
simulations (Sections 2.3 and 2.4). The shaded regions in Figs. 5.6(a) and (b) represent
1σ confidence bands from Monte Carlo simulations of the 1D quantum Boltzmann
equation Eqn. 2.46, including statistical fluctuations in temperature, density, and
domain wall size, as well as a systematic density calibration uncertainty. The data
agree well with the theoretical predictions. Discrepancies in the oscillation frequency
f at low coherence are likely due to challenges in fitting critically damped oscillations,
where the quality factor drops. Overdamping should occur for cinit < 0.2, but these
small coherences are hard to measure accurately and reducing the coherence to this
level without altering the longitudinal spin domains is challenging.

The initial coherence plays a critical role in modifying spin diffusion. Coherence
is required between spin domains for spin diffusion to deviate from nonclassical be-
haviour. Through analysis of the dipole moment, spin diffusion times were shown
to be between 4 – 10 times slower due to the ISRE converting spins as they travel
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(a)
(b)

Figure 5.6: The (a) damping rate and (b) oscillation frequency are found through fits
of the dipole moments to a damped sine. Error bars correspond to fit uncertainties of
the dipole moment oscillation and the initial coherence cinit measurement. The shaded
band is the result of numerical simulations of Eqn. 2.46.

through the coherent domain wall. This slowing is the main effect of coherence on spin
diffusion, but while exploring diffusion of the helical spin domain, a spin instability
was observed and is discussed in the next section.

5.3 A spin instability
The effect of coherence on transverse spin diffusion is shown in Fig. 5.7. The transverse
amplitude is shown for approximately the same initial coherences as the longitudinal
diffusion examples displayed in Fig. 5.4. In all three cases the transverse spin quickly
spreads from the domain wall and then decays around 100 – 200 ms later, with the
largest initial coherence corresponding to the longest-lived transverse spin. For the
highest initial coherence, the transverse amplitude at three different axial positions
along the cloud is shown in Fig. 5.7(b). These transverse amplitudes are obtained via
fits to a moving window that is described in Section 3.5.2. The transverse amplitude
at all three axial positions initially increases with time. However, for purely classical
diffusion, a decrease in the transverse amplitude at the center of the cloud is expected
as transverse spin diffuses to the edges of the cloud. This increase hints that the total
transverse spin amplitude in the cloud is increasing.

Figure 5.8 shows the total transverse spin amplitude ∑iM⊥(zi) for the three
initial coherences. In all three cases, the total transverse spin amplitude, or ensemble
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Figure 5.7: (a) Time evolution of the transverse spin M⊥ for different initial domain
wall coherences cinit = 0.71, 0.51, 0.30 in the cloud center. (b) Time evolution of the
transverse amplitude M⊥ in different spatial regions, denoted by z = (0, 0.3, 0.6)× z0
and corresponding to the dashed lines in (a). The hatched box indicates a change
in sampling rate to measure both the fast initial rise of coherence and the longer
relaxation to equilibrium.
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coherence, increases to a maximum before a gradual decrease starts. The timescale to
reach the peak increases at higher coherences, and the peak in total transverse spin
amplitude increases with the initial coherence. A numerical simulation for the highest
initial coherence of cinit = 0.71 is shown, where there is good qualitative agreement
with data.

This increase in the total transverse spin amplitude demonstrates that the trans-
verse spin is not just undergoing classical diffusion. The appearance of coherence near
the cloud edges is not due to spin diffusion, but rather to conversion of longitudinal
to transverse spin as a result of an instability in the longitudinal spin current. This
effect has been observed in spin-polarized gas systems [56, 126] and was described as
an experimental manifestation of the Castaing instability [127]. Although the trapped
atomic system possesses different experimental parameters, the physics governing the
phenomenon are similar [59, 58, 128].

To explain this instability, we consider the case of transverse spin confined to
the domain wall with a flat differential potential. Here the transverse spin quickly
dephases because of the longitudinal spin gradient. This longitudinal gradient then
decays via ordinary longitudinal diffusion since for large dephasing the quantum Boltz-
mann equation decouples for longitudinal and transverse spin components [59, 129].
However, if the ISRE is large enough, the longitudinal spin current becomes unstable,
and coupling between longitudinal and transverse spin diffusion occurs. The longitu-
dinal gradient then decays via transverse diffusion across the coherent domain wall.
The longitudinal spin diffusion timescale is lengthened by coupling to the slower trans-
verse spin diffusion through the ISRE. The conversion of longitudinal spin, through
this coupling, increases the total transverse spin amplitude by up to a factor of two
(see Fig. 5.8).

To be clear, this instability does not violate conservation of spin, because the to-
tal transverse spin amplitude is not a conserved quantity. The total longitudinal spin∑
iMz(zi) is conserved, and it is approximately zero after the initial spin state prepa-

ration. In a rotating frame with zero dephasing, the two transverse spin components∑
iMx(zi) and ∑iMy(zi) are also conserved, and both quantities are approximately

zero after the initial spin state preparation. The total transverse spin amplitude is
a measure of the ensemble coherence, which increases at early times and approaches
zero at long times.

To understand how cloud parameters change the strength of the spin instability, we
numerically simulated spin diffusion for various cloud temperatures T , peak density
n, s-wave scattering lengths a, and domain width λ. The strength of the instability
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Figure 5.8: The time evolution of the total transverse spin amplitude (or ensemble
coherence) for Fig. 5.7. The solid curve is a numerical simulation of Eqn. 2.46 for
cinit = 0.71, showing good qualitative agreement. Quantitative agreement is limited
by challenges extracting Ramsey fringe amplitudes in the presence of noise, dephasing,
and a small signal in the cloud wings.

is characterized by the ratio of the initial coherence to the peak coherence, which is
around two in Fig. 5.8. In Figure 5.9, the strength of the instability is shown for vary-
ing temperature, s-wave scattering, and domain width. The instability is strongest at
low s-wave scattering lengths, small domain widths, and high temperatures. At low
s-wave scattering lengths, the ISRE strengthens as µ ∝ 1/a (see Eqn. 2.40), and the
domain-crossing longitudinal spins are adiabatically rotated through the transverse
plane. For small domain widths, there are fewer collisions as spins move across the
domain wall, so the spins do not follow the local spin. Instead, a longitudinal spin ac-
quires a transverse component after passing through the domain wall, because only a
few collisions occurred. Similarly, for higher temperatures the instability is increased
because atoms move faster through the domain wall. For the spin instability to man-
ifest, the system must have strong spin-exchange interactions (µ > 1 of Eqn. 2.40)
and a small number of collisions when crossing the domain wall (` ∼ λ).

5.4 Summary
In this chapter, spin diffusion of a helical spin domain was explored in the nondegen-
erate regime. The presence of transverse spin between spin domains, and the ISRE,
leads to slower than classical diffusion time. When spins cross the domain, the ISRE-
mediated collisions rotate the spins so that they approximately follow the local spin.
This following of local spin was shown to be less effective by reducing the initial
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Figure 5.9: Instability onset seen in the ratio of the maximum ensemble coherence
to initial coherence, ctotmax/c

init
init, from simulations of Eqn. 2.46, plotted logarithmically

to highlight the instability threshold. The s-wave scattering length a is varied with
(a) cloud temperature T or (b) domain width λ. All other parameters are set to
the conditions of Fig. 5.7(a) and cinit = 0.51. Since the ISRE strength scales as
µ ∝ 1/a, increasing a diminishes the instability, as collisional damping grows faster
than exchange scattering. Decreasing T or increasing λ stabilizes the spin current as
expected, through increasing adiabatic rotation during domain wall crossing. Crosses
represent the experimental conditions used in our study.

spin coherence, where spin diffusion sped up at low coherence. A spin instability in
the longitudinal spin current was found that converts longitudinal spin to transverse
spin. This conversion of spin increases the total ensemble coherence, and numerical
simulations suggest that higher temperatures and smaller domain widths can increase
the magnitude of this instability. The initial coherence was shown to be an important
factor in modifying spin diffusion, where high coherence slows spin diffusion. However,
the differential potential also plays an important role in spin diffusion, so the effects
of the differential potential are explored in the next chapter.
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Chapter 6

Stable spin domains

This chapter presents the stabilizing effect that a linear effective magnetic field gradi-
ent has on spin diffusion. The chapter is adapted from the article “Stable spin domains
in a nondegenerate ultracold gas” published in Physical Review A [130]. The linear
differential potentials are created using the AOM technique described in Section 3.7
that makes use of the spin-dependent potentials discussed in Section 2.5. An initial
helical spin domain is prepared in a cloud of varying temperature and peak density.
Then spin diffusion is measured with various linear differential potentials applied to
the spin domains. For certain positive gradients, the spin domain is stabilized and a
method to experimentally determine these stabilizing gradient is described. The sta-
bilizing gradients show good agreement to theoretical predictions for the stabilizing
gradient in the hydrodynamic limit.

6.1 Effect of linear differential potentials
A laser detuned ∼ 3.4 GHz from the D2 excited-state transition creates a differen-
tial energy shift that locally alters Larmor precession, analogous to a magnetic field
gradient torquing real spins (see Sec. 2.5). The applied linear differential potential
is characterized by Udiff = Gz, where z denotes the axial position along the cloud,
and G is the gradient of the potential. The AOM-generated potentials discussed in
Section 3.7 are used to create these linear potentials. The gradient G can be ad-
justed with laser intensity and the sign is adjusted with relative phase between the
amplitude- and frequency-modulation to the AOM. In all experiments, laser intensity
is low enough that loss from spontaneous emission is below other loss processes, such
as dipolar relaxation in |2〉 − |2〉 collisions. While the previous chapter presented the
slowing of longitudinal spin diffusion caused by the presence of coherence in the do-
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main wall, the addition of a small linear differential potential modifies spin diffusion
further.

Spatially varying differential potentials modify the ISRE and can generate collec-
tive spin behaviour because collisions between spins depend on their relative phase. In
particular, Figure 6.1 shows that the addition of a small differential potential gradient
(G = 54 Hz/mm) stabilizes the domains against both diffusion and trap oscillations.
This stabilizing effect extends diffusion timescales further than the slowing caused
by adiabatic following that was discussed in Section 5.1. The observed spin domain
stabilization cannot be due to differential mechanical forces because the differential
potential is much smaller than the trapping potentials. For instance, a 50 Hz/mm
field gradient shifts the relative trap centers by only 0.1 µm, less than 0.1% of the
Gaussian half width of the distribution z0. Instead, the stabilizing effect is driven by
coherent spin interactions via the ISRE that are modified by the linear differential
potential. The spatially varying precession rate of transverse phase counteracts the
phase precession caused by the longitudinal spin profile (see Eqn. 2.46).

The sign of the differential potential gradient plays an important role in modify-
ing spin diffusion. Figure 6.1(c) shows the longitudinal spin evolution for a negative
gradient and spin diffusion has been sped up compared to the zero gradient case in
Fig. 6.1(a). The initial helical spin profile generates a spin current that drives the
system to equilibrium, leading to an oscillation at 250 ms as in Fig. 6.1(a). The spa-
tially varying Larmor precession also ends up generating a spin current through ISRE
collision events. The longitudinal component of these two spin currents can be in the
same direction (G < 0) and speed up spin diffusion, or the currents can act in the
opposite direction (G > 0) and slow spin diffusion. For a specific positive gradient,
spin diffusion can be stopped and the spin domains are stabilized for up to 600 ms.
After that time, losses in the system lead to a change in the spin profile. These losses
lower the effectiveness of the applied gradient, and the spin profile is further damped.

6.2 Tracking domain stability
The addition of a linear differential potential can significantly modify spin diffusion,
and even stop it. In stable domains, the longitudinal spin diffusion is stopped and
the longitudinal spin profile is constant in time. In this section, the stability of these
spin domains is explored experimentally and theoretically to identify the conditions
required to stabilize spin domains.
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Figure 6.1: Spatiotemporal evolution of radially averaged Mz for T = 650 nK and
peak density n0 = 1.4 × 1013 cm−3 at G = 0 Hz/mm (a), 54 Hz/mm (b), and
−19 Hz/mm (c). The initial domain undergoes dipole oscillations at G = 0, which
increase in frequency and damping rate for G < 0. Positive gradients stabilize the
initial domain wall configuration. The domain wall drifts toward the Mz = 1 domain
over time, since the |2〉 state decays via dipolar relaxation. d) Time evolution of the
spin dipole moment, 〈zMz〉, in different effective field gradients. 〈zMz〉 oscillates for
G ≤ 0, but stabilizes for positive gradients. Larger G also leads to faster damping,
through decoherence from the inhomogeneous applied field.
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Analysis of the quantum Boltzmann equation (Eqn. 2.46) with a linear differential
potential, Udiff/~ = Gz, reveals the existence of steady-state solutions featuring two
oppositely oriented longitudinal spin domains (Mz = ±1) joined by a narrow domain
wall [131, 127, 132]. In the collisionless limit (τ → ∞), Fomin derived a relation
between the applied field gradient G and the equilibrium size of the domain wall λeq
in a normal Fermi liquid [131]. Following these predictions and the work in Ref. [59],
the spin domain stabilizing gradient for a trapped gas of bosons in the hydrodynamic
limit (τ → 0) is [133]

Ghydro = ωz
z0

1
µM

(
π/2

1.1λeq/z0

)3

ωzτ, (6.1)

which scales as T/n. Here τ is the elastic collision time, which scales with the inverse
of the cloud density τ ∝ n−1. To provide the spin rotation required to maintain stable
domains, the domain wall must be nearly fully polarized – that is, a helical domain
wall where the spin smoothly rotates from one longitudinal orientation to another.

This hydrodynamic prediction was tested by studying the behaviour of the stable
domains, specifically the dynamics of the domain wall. The domain wall is charac-
terized by a fit to a phenomenological model, Mz(z, t) = exp(−z2/2z2

0) tanh (z/λ(t)),
where the domain wall width λ(t) varies in time. This phenomenological model is the
atomic density profile multiplied by a sigmoid, and approximately describes the spin
domain. The hyperbolic tangent was chosen due to ease of computing, integration,
and differentiation, but another sigmoid could be used to describe the spin domain.
With this model, the initial domain wall width is λ0 ' 73(3) µm and the fit to the
spin profile is shown in Fig. 6.2(a). The dynamics of λ with different differential po-
tentials applied is used to determine the relationship between the gradient G and
stable domain-wall width λeq. Here we assume that the initial domain-wall width λ0

is close to the stable domain-wall width λeq so that the spin profile will relax to the
stable domain-wall width at short times. When the applied gradient is small, λeq is
much larger than the initial domain wall width λ0, and the domain wall relaxes until
it matches λeq for that gradient. For a large gradient, the opposite happens and the
domain wall shrinks towards λeq. By applying a specific gradient such that λeq = λ0,
the domain wall width remains constant and no dynamics are observed. Eventually,
dephasing from the linear differential potential removes enough coherence so that
µM < 1. This dephasing can lead to faster damping of the longitudinal spin profile,
and classical diffusion dominates once enough coherence is removed.
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Figure 6.2: a) Normalized distribution of atoms in state |1〉 (N1(z), H) and state |2〉
(N2(z), N) at T = 650 nK and n0 = 2.8×1013 cm−3. A Gaussian is fit to the sum (•) to
extract temperature. The difference Mz = N2−N1 (�) is fit with the same Gaussian
multiplied by tanh z/λ to determine domain wall width λ. b) Time dependence of λ
immediately after application of G (given in Hz/mm), exhibiting linear relaxation at
short times. c) Initial domain-wall relaxation rate λ̇ for three densities as a function
of effective field gradient G. Uncertainties represent statistical uncertainty in fitting
λ̇ due to shot-to-shot temperature and density fluctuations. A linear fit is performed
to determine the gradient G0 that stabilizes the initial domain wall λ0.
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The domain-wall dynamics are examined at short times to experimentally deter-
mine the stabilizing gradient G0. Significant transients are observed during relaxation
to the steady state, and damping of those transients removes magnetization, as does
decoherence driven by the inhomogeneous effective field. Waiting for equilibration
reduces M , which changes the domain width at equilibrium λeq. The short-time be-
haviour is studied out to 100 ms after initial preparation, where µM is roughly con-
stant. These times are much shorter than damping timescales so that the stabilizing
gradient G0 for the initial domain-wall width λ0 is determined in a fully polarized
system.

Figure 6.2(b) shows the initial behaviour of λ(t) for several gradients, where again
λ(t) comes from phenomenological fits to Mz(z, t). At short times, the domain width
relaxes to the stable domain width λeq determined by the applied gradient (see
Eqn. 6.1). Damping occurs at long times as the system relaxes to the true equi-
librium state - a uniform spin distribution. In the short timescales where damping
is negligible, λ(t) is approximately linear, and the rate of relaxation λ̇ depends on
the difference between the initial domain width λ0 and λeq. Figure 6.2(c) displays
λ̇ versus G; the horizontal intercept gives the gradient G0 that produces the stable
domain solution where λeq = λ0 and λ̇ = 0.

Density and temperature play important roles in the relationship between λeq and
G0 in Fig. 6.3. At high density, the system nears the hydrodynamic regime and diffu-
sion is inhibited; thus, a smaller gradient G0 is needed to counteract spin gradients.
Fig. 6.3 shows the Knudsen number, Kn = `/λ0, calculated at the domain-wall center
using the mean free path ` and λ0 = 73 µm. The Knudsen number is a dimensionless
number that is used as a metric to classify the fluid flow of a system, with the lim-
its corresponding to hydrodynamic flow (Kn � 1) and free atomic flow (Kn � 1).
As Kn decreases to 1, though still in the crossover region between collisionless and
hydrodynamic behaviour, the 1/n dependence of Ghydro agrees well with measured
values of G0. Since the atom cloud is collisionally thick at high n0 and atoms are
more localized, the radially averaged density in Ghydro is used, instead of an ensemble
average. Note that due to the λ−3

0 dependence in Eqn. 6.1, the uncertainty in Ghydro

is 15%.
Furthermore, when the temperature is lowered at high density, the measured G0

decreases. The quantitative agreement with Ghydro is better at T = 650 nK than at
425 nK, as assumptions contained within the hydrodynamic model (Eqn. 6.1) become
more strained at lower temperature – namely, that λ0 � z0 and ωzτ � 1. The
former ensures slow, or unbounded, diffusion, while the latter is necessary for a large
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Figure 6.3: Stabilizing gradient G0 as a function of peak density and temperature
for λ0 = 73 µm. Points at n0 = 1.4 × 1013 cm−3 have been horizontally offset for
clarity. The data spans the crossover from collisionless to hydrodynamic regimes, as
indicated by the Knudsen number for λ0 = 73 µm. The data is described by Ghydro
at high density for T = 650 nK (dashed) and 425 nK (dash-dot). Dotted lines show
Ghydro for λeq = `3D (Kn = 1), demarcating the region where the hydrodynamic
model’s prediction of a steady-state solution for some λ0 is expected to be valid.
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enough collision rate to ensure local equilibrium in the spin current. However, since
the ISRE strength µ increases at lower temperatures T , the approximation µM � 1
strengthens as collisions become more quantum in nature. The highest density point
at T = 425 nK has T/Tc = 1.08, and shot-to-shot fluctuations may occasionally
include small condensates, which are inclined to phase separate to minimize energy
in even small field gradients.

At low densities of n0 . 2× 1013 cm−3, the hydrodynamic approximation breaks
down, and the measured gradient G0 deviates from the predicted gradient Ghydro. The
ultimate limits of the hydrodynamic model are shown by the dotted lines in Fig. 6.3,
where Ghydro is evaluated for the largest λeq that satisfies Kn = 1 for a given n0 and T ,
i.e. λeq = `3D. Here `3D uses an ensemble-averaged density that is more appropriate in
the low-density limit, instead of the radially averaged Kn shown on the Fig. 6.3 axis.
The hydrodynamic model predicts that steady-state domains exist for the parameter
space to the right of the dotted lines, but does not guarantee the existence of any
stable domains to the left. These two dotted lines represent where the hydrodynamic
prediction breaks down. For our narrow domain-wall widths, no analytic collisionless
model for stabilizing gradients currently exists. Coincidentally, at low densities the
measured value of the stabilizing gradient corresponds roughly to the limiting case
of λeq = `3D. R. Ragan performed [130] a linearized moment-method analysis of
Eqn. 2.46 in the collisionless limit, which suggests that steady-state solutions do
indeed exist for large domain walls (λ0 > z0) at small gradients. However, it is not
clear that narrow domain-wall preparations such as initialized here can be stabilized
in the collisionless regime.

Low density complicates the experimental technique of using domain-wall relax-
ation to find G0. The second-lowest density in Fig. 6.3, n0 = 0.84× 1013 cm−3, shows
unambiguous signatures of steady-state domains and behaviour consistent with higher
values of n0, but the G0 found for n0 = 0.55 × 1013 cm−3 may not truly represent
a stable domain solution for λ0 = 73 µm. Large transients are observed here, where
the initial spin current lies further from its equilibrium value, and rapid dephasing
in the collisionless regime renders analysis of λ̇ less reliable in determining G0. It is
likely that the measurement of G0 at this density is tainted by transients and also
represents an average value for 0 < M < 1 due to dephasing. Indeed, analysis of λ̇
for very short times (t < 8 ms) and small gradients (G < 40 Hz/mm) suggests that
G0 should be several times higher; however, measurements at higher G reveal only
rapid dephasing and even faster domain-wall relaxation rates. Thus it appears that
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steady-state solutions, for our initial spin preparation and dephasing times, may not
exist for narrow domain walls in the collisionless limit.

6.3 Transverse spin waves
So far only the longitudinal spin component has been shown, but spin diffusion hap-
pens in both the longitudinal and transverse spin channels. To understand the sta-
bility of the domains it is important to examine the behaviour of the transverse spin
M⊥ = M⊥eiφ. For the conditions in Fig. 6.1(b) the dynamics of M⊥ are studied
by applying a π/2-pulse after a variable delay time to produce Ramsey fringes as
in Section 3.5.2. The amplitude and phase of the Ramsey fringes are the transverse
amplitude M⊥ and phase angle φ, respectively. There are several striking features in
the behaviour of M⊥ (Fig. 6.4). First, M⊥ undergoes phase oscillations, i.e. a dipo-
lar transverse spin wave. This represents a decoupling in dynamics between a purely
transverse spin wave and the stable longitudinal spin domains, as opposed to the
coupled transverse-longitudinal spin dynamics observed in Chapter 5 at G = 0. The
frequency of this spin wave approaches ωz, consistent with strongly driven, highly
nonlinear dipolar spin waves [68]. Secondly, stable longitudinal domains trap the
transverse spin wave within the domain wall because the transverse spin cannot dif-
fuse into the stable longitudinal domains.

A confined purely transverse spin wave is necessary to support the steady-state
domains. Atoms oscillate within the trap at the trap frequency of 6.71 Hz, so the
longitudinal spins must coherently transfer between spin states as they pass through
the domain wall. The precessing transverse spin wave mediates this longitudinal spin
rotation as atoms move across the domain wall from Mz = 1 to −1. Fig. 6.4 shows
the oscillation of the transverse phase corresponding with the frequency of the mo-
tion of the atoms. Though the microscopic spins remain coupled via the ISRE, the
macroscopic spin decouples completely. By contrast, in the absence of an effective
field gradient, the longitudinal spin gradient induces spin currents that determine the
transverse phase gradient. However, longitudinal domains are unstable at G = 0 and
undergo dipole oscillations, dragging the transverse phase with them and leading to
rapid collapse and revival of M⊥ as shown in Fig. 5.3.

In summary, this chapter has so far demonstrated the stabilization of spin do-
mains in a nondegenerate gas using optically-induced effective magnetic field gra-
dients. These gradients are used to modify spin diffusion by speeding, slowing, and
stopping diffusion between domains. For specific gradients, the domain lifetimes are
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Figure 6.4: a) Initial transverse spin magnitude M⊥ as measured from Ramsey fringe
amplitudes. Also shown are Mz and M . Minimal decoherence is expected during the
short preparation sequence. Any discrepancies in M '

√
M2

z +M2
⊥ are attributed to

noise degrading Ramsey fringe fits. Solid lines are fits to a Gaussian (M), and the
same Gaussian multiplied by sech z/λ (M⊥) and tanh z/λ (Mz). b) Spatiotemporal
evolution of the orientation of M⊥(z, t), from the shaded region in a). c) The time
evolution of φ exhibits dipolar spin wave oscillations, highlighted for two locations in
the domain wall [dotted lines in (b)].
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shown to be more than 30 times the classical diffusion time. This effect is driven
by quantum symmetry in microscopic atom-atom interactions, and leads to decou-
pling of the dynamics of the longitudinal spin domains and a trapped transverse spin
wave. These results show good agreement with a hydrodynamic approximation at
high density and suggest limitations to steady-state domains in the collisionless limit.

6.4 Towards arbitrary control of 1D spin diffusion
The final section of this chapter presents our first steps towards generic control of
spin diffusion in an ultracold gas. This arbitrary control is achieved using a digital
micromirror device (DMD) to replace the acousto-optical modulator (Section 3.7)
and masking method (Section 3.2). The DMD permits the generation of arbitrary
initial spin profiles and arbitrary differential potentials. Specifically, we demonstrate
temporal and spatial control of spin-dependent potentials. For temporal control the
sign of the differential potential is flipped midway through the diffusion. And for
spatial control a three-domain initial spin profile is stabilized.

In Fig. 6.5(a) a two-domain spin profile is prepared and spin diffusion is observed
for an applied positive gradient for 25 Hz/mm. After 150 ms, the sign of the gradient
characterizing the differential potential is flipped so that the gradient is −25 Hz/mm
after the dashed line shown in Fig. 6.5(b). Spin diffusion occurring after 150 ms
matches the case of initially applying a −19 Hz/mm gradient, as shown in Fig. 6.1(c).
The timescale is slightly sped up by a small decrease in M over the first 150 ms and
by the small increase in size of the negative gradient. This speed up is minimal as
the spin domains oscillate and decay on the same timescale as if the gradient were
initially negative. This test of the DMD shows that a single pattern change is fast
enough that no additional dynamics are generated during the flip between positive
and negative gradients. This means that when switching DMD patterns the scattered
light from the mirrors flipping is insignificant because the new DMD pattern is the
main modification to spin diffusion.

The spatial control of the DMD is tested by preparing a three-domain spin profile
and watching the system evolve. At the cancellation spot the three domains evolve
as in Fig. 6.6(a), where the spin domains oscillate and damp. The oscillation and
damping rates here are about twice as fast as the rates for a two-domain profile
and agrees with previous work with higher order spin domains [68]. A stabilizing
differential potential is applied to the three-domain profile to observe simultaneous
stabilization of three domains in Fig. 6.6(b). The stabilizing differential potential here
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Figure 6.5: (a) A long-lived domain is shown with a differential potential gradient
of 25 Hz/mm applied the entire time. (b) The gradient starts at 25 Hz/mm, but
the DMD pattern is flipped at 150 ms to change the gradient to −25 Hz/mm. After
flipping the gradient the spin domains oscillate and damp as expected. No additional
dynamics were generated by the DMD pattern inversion, demonstrating that the
pattern switching rate of 22 kHz is fast enough.
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Figure 6.6: (a) Longitudinal spin diffusion of a three-domain initial spin profile at the
cancellation spot. The quadrupolar spin domain oscillates and decays faster than the
dipole spin profile. (b) Long-lived three-domain spin profile with an applied stabiliz-
ing differential potential. With better optimization of the differential potential, the
lifetime could be extended and the drift of the domains could be corrected.

is two gradients of opposite sign, each centered on different spin domain walls. The
stabilized domains persist longer than the domains in a flat differential potential, but
should damp faster because of the higher spatial mode [68]. The stabilizing differential
potential was not well optimized here, so the spin domains drift to the right and
the three-domain lifetime may not be maximal. With more work to optimize the
differential potential, it should be possible to stabilize three-domain spin profiles to
at least 300 ms. This test of spatial control of the initial spin profile and differential
potential demonstrates that arbitrary spin profiles and arbitrary differential potentials
are now possible.

These two tests of arbitrary control over the initial spin profile and differential
potential are crucial for full control over spin diffusion. More complex initial domains
can be formed with feature sizes as small as the DMD focus of around 25 µm, allowing
for up to 14 spin domains across the cloud. The temporal and spatial control of the
differential potential provides fine control over how fast and where in the cloud the
spins precess. These domain manipulation techniques using the DMD demonstrate the
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possibility of further spin diffusion studies where spin domains could be individually
manipulated.
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Chapter 7

Conclusion

In Chapter 2, the ISRE was shown to provide a spin rotation during collisions between
atoms. A quantum Boltzmann transport equation was presented that describes spin
diffusion in our experiments. The numerical simulation procedure was discussed and
a dynamic time stepping protocol was presented. This protocol offers better stability
of numerics during the simulation.

The apparatus was presented in Chapter 3, along with the a phase space of acces-
sible temperatures and densities that can currently be achieved. The implementation
of detecting longitudinal and transverse spin components was presented, along with
two protocols for measuring transverse spin that improve upon the moving window
method. Combining the spin components was shown to assist in creating and under-
standing the initial spin profiles. A masking technique that allows for two-domain
spin profiles to be generated easily during spin preparation was presented. Followed
by a discussion of the generation of simple spatially varying differential potentials
using an AOM. Lastly, the replacement of the masking and AOM techniques with
a single DMD was presented. The DMD makes it possible to create more complex
initial spin profiles and differential potentials.

The apparatus requires consistent calibration to maintain ease of operation. Some
of these calibrations were presented in Chapter 4. The typical ultracold atom cal-
ibrations were discussed as well as apparatus specific calibrations. A technique to
optimize the detuning across the cloud during initial spin preparation was shown.
This optimization technique was particularly useful for generating spin profiles that
have minimal phase wrapping between longitudinal domains.

This thesis described two techniques that are demonstrated to modify spin diffu-
sion in a weakly-interacting nondegenerate ultracold gas of rubidium-87. The diffusion

137



of a two-domain spin profile was modified by reducing the initial coherence in the do-
main wall and by applying linear differential potentials across the cloud.

By reducing the initial coherence of the initial spin profile, Chapter 5 showed that
the presence of coherence between spin domains lengthens diffusion times via the
ISRE partially converting spins as they move between domains. The reduction of the
initial coherence increases spin diffusion until the classical diffusion limit is reached.
A spin instability that converts longitudinal spin to transverse spin was also observed,
leading to an increase in total ensemble coherence. Finally, numerical simulations of
the instability predicted that its strength is increased at higher temperatures and for
narrower domain-wall widths.

In Chapter 6 it was shown that differential potentials with a negative gradient
speed spin diffusion, while positive gradients slow spin diffusion. For positive stabiliz-
ing gradients, the spin current generated from the spin profile was effectively cancelled
by the current generated by the gradient. Spin diffusion was effectively stopped with
this stabilizing gradient and spin domains were observed to persist for up to 600 ms.
The stability of these spin domains was mapped out as a function of temperature and
density, and short-time domain-wall dynamics were used to measure the stabilizing
gradient. The measured stabilizing gradients were compared to a hydrodynamic pre-
diction and showed good qualitative agreement. Lastly, a digital micromirror device
was introduced and tested. It will allow the exploration of spin diffusion for arbitrary
differential potentials and initial spin profiles.

The control of initial coherence and applied differential potential can be applied to
other bosonic spin systems, where spin diffusion in those systems should be similarly
modified. By demonstrating these fundamental methods of controlling spin diffusion,
spin diffusion can now be explored for initial spin profiles with more domains and
for temporally varying differential potentials. Some ideas for future experimental en-
hancements are discussed in Section 7.1 and suggestions for future experiments are
discussed in Section 7.2.

7.1 Future enhancements
The observable in this thesis was the spin density M(z, t), which depends on time
and axial position. However, the quantum Boltzmann equation is a dynamical equa-
tion for the spin density distribution m(z, p, t), which includes a dependency on the
momentum distribution of the spins. Measuring the spin density averages over the mo-
mentum coordinate, but the momentum coordinate could be useful when comparing
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spin diffusion to the quantum Boltzmann equation. The first suggestion is to design
an easily switchable imaging setup that can observe the spin density averaged along
either position or momentum. Imaging of the spin density averaged over momentum
was used in this thesis, while imaging the spin density averaged over position requires
longer time of flight images of 10 – 50 ms. This requires the camera field of view to
be increased so the camera can view the expanded cloud. Additionally, the magnetic
field must be flat over the size of the expanded cloud so that it does not alter the
expansion. To be flexible in imaging the spin distribution, a mirror on a flip mount
could be used to switch between the separate optical paths used to measure either the
position- or momentum-averaged spin density. Alternatively, a computer controlled
translation mount could be used to create a zoom lens that toggles between imaging
the spatial- or momentum-averaged spin density. The main challenge of imaging the
longer time of flight is that additional spin diffusion will occur during the expansion
time, which will alter the measured spin density.

A second enhancement of the apparatus would be to develop a method to measure
spin density non-destructively in situ, instead of destructively. In-situ imaging would
reduce the number of experimental runs required to generate a single plot exploring
the influence of some parameter on longitudinal spin diffusion. Other atomic physics
groups have shown that, through the use of Faraday rotation effect, the density of
atoms can be imaged with minimal action on the quantum state [134, 135]. In-situ
imaging of a spin-1 atomic BEC was discussed in Ref. [136], in which the dielectric
tensor was modified by altering the probe laser frequency to select a spin component.
This process could be adapted to our pseudo-spin-1/2 system in order to measure
longitudinal spin in situ, which would significantly speed up data collection. One
thing to be cautious about this proposed enhancement is that applying any light
to the atom cloud can alter the differential potential, which then unintentionally
modifies spin diffusion. Extreme care should be taken to ensure the beam intensity and
polarization are uniform so that additional contributions to the differential potential
are spatially uniform.

The permanent magnets used in this system work well for field stability and for
generating large magnetic field gradients with zero current. However, the permanent
magnets restrict the geometry of the cloud to a quasi-1D configuration. Replacing
the permanent magnets with magnetic field coils would allow for greater tunability
in cloud geometries and permit studies of spin diffusion in higher dimensions. Spin
diffusion in a 2D cloud geometry is particularly interesting for this experiment because
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the second dimension of DMD patterns could be used to control the 2D differential
potential to modify 2D spin diffusion.

Finally, the π- and π/2-pulses used for state transfer could be made more efficient
by using composite pulse techniques [137]. The efficiency of the pulses we currently
use varies across the cloud because of the spatially varying Rabi frequency caused
by the microwave power decreasing further from the waveguide. The Rabi frequency
varies by about ±3% across the cloud. The cloud-wide efficiency of spin control pulses
could be increased using a composite pulse that is insensitive to these variations in
Rabi frequency. The most straightforward composite pulse that is equivalent to a
π-pulse involves three sequential pulses comprising of a π/2-pulse, a π-pulse with the
Rabi vector rotated by 90◦, and another π/2-pulse. In addition to improving pulse
efficiency, composite pulses could be used to sculpt the initial transverse phase profile
created during spin preparation.

7.2 Future experiments
The first spin system to explore is a two-domain spin profile with a spatially offset
domain wall, where the dynamics of the position of the domain wall would be the
focus of this experiment. An oscillation of the domain wall is likely, but the spin
diffusion process of this oscillation is not clear since the total spin must be conserved
through an oscillation. In addition, the stabilizing gradient should be smaller for
offset domains because the density at the domain wall is reduced since it is no longer
centered at the peak of the Gaussian density profile. In the hydrodynamic regime, the
density scaling of the stabilizing gradient with initial domain offset could be explored.
A density scaling of n−1 must be observed in the hydrodynamic regime to agree with
Eqn. 6.1. The offset domain may also offer more insight on stabilizing domains at low
density since the density of the domain can be easily tuned with domain offset.

The three-domain profile studied in Section 6.4 had both domain walls stabilized
simultaneously, but the interactions between domain walls could also be explored. For
this study, one domain wall could be stabilized and the longitudinal and transverse
spin evolution would be observed. The potential coupling between the two domain
walls would be the focus of this study. The dynamics of the unstable domain wall
could be modified by the presence of a nearby stable domain wall. Data from this
study could help one understand if domain walls can interact with each other or if
they are independent. By adjusting the spacing between the domain walls a crossover
between interacting domain walls and independent domain walls might be found.
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A spin-independent potential as discussed in Section 2.5 could be used to shape a
1D density profile into a uniform density profile by reshaping the trapping potential.
A uniform density profile is closer to the systems in early theoretical studies [131,
138, 139, 140] and is better suited for studying instabilities of transverse spin [58]. A
uniform density profile corresponds to uniform total spin through the cloud, which
could be used to focus on exploring spin diffusion without any density variations.
Further shaping of the density profile could be used to create regions of higher or lower
density and the effect of density modulations or density diffusion on spin diffusion
could be studied.

The spin instability discussed in Section 5.3 could be further explored at smaller
domain-wall widths and higher temperatures, where the strength of the instability is
expected to be larger. The effect of density on the instability could also be explored.
At low densities, fewer than one spin-rotating collision occurs on average during a trap
oscillation so spins diffuse classically. At high densities where 100s of spin-rotating
collisions occur within a trap oscillation, diffusing spins always adiabatically follow
the local spin. Between the low and high density regimes there should exist an optimal
density that maximizes the strength of the instability, creating the largest coherence
ratio in Fig. 5.9. The differential potential could also play a role in amplifying or sup-
pressing the instability, and various spatial and temporal variations of the differential
potential could be explored.

With the digital micromirror device described in Section 3.8, the differential po-
tential can be switched at fast rates (see Section 6.4). The temporal variation of the
differential potential could be leveraged to further modify spin diffusion. The strength
of differential potential gradients could be decreased as a function of time to com-
pensate for the loss of total spin. This temporal compensation could potentially lead
to spin domains being stable for longer than the 600 ms reported in Section 6.1.
Alternatively, collective behaviour driven by oscillating differential potentials might
provide insight on other techniques for modifying spin diffusion. Numerical simula-
tions should be performed to check a few different approaches for temporally varying
the differential potential. For example, the differential potential can be varied by us-
ing a temporally oscillating differential potential strength or quickly toggling between
two static differential potentials. These are two examples, but this parameter space
is incredibly large and simulations could be used to quickly guide the experiment on
developing specific temporal variations in the differential potential. A first goal of
temporally varying differential potentials could be to optimize the process of flipping
a spin domain with minimal loss in magnitude. This process could be performed by
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a π-pulse, but achieving the same result with only the differential potential would
demonstrate incredible control of spin diffusion.

The spatial variation of the differential potential across the cloud can be used to
design more complex initial spin profiles with individually controllable spin domains.
These spin profiles could be used to explore the functionality of 1D spin devices in
an ultracold gas. These spin-based device analogs could be designed following the
approach outlined in Ref [141], in which ultracold atoms in a lattice are discussed
as analogs to electronic devices. For our apparatus, two straightforward spin devices
to start with are the spin diode and the spin transistor [142]. Both spin devices act
similarly to their electronic counterparts except instead of n- and p-doped materials,
spin-up and spin-down domains are used. The spin diode would allow a spin current
to pass in one direction and no spin current to pass in the opposite direction. The
spin transistor would amplify or switch a spin current by using a smaller spin current
that can be controlled with a local differential potential. To create such devices,
four-domain and five-domain spin profiles would have to be initialized for the diode
and transistor, respectively. Two (three) spin domains are for the diode (transistor)
and the extra two spin domains are used as a spin up or spin down reservoir, which
are analogous to positive and negative current sources. The realization of these 1D
spin devices in an ultracold gas could represent an incredible leap forward toward
manipulating and controlling spin diffusion, and could assist in the development of
new industrial or consumer devices.
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Appendix A

Physical parameters of 87Rb

Table A.1: Selection of relevant properties of 87Rb from Ref. [143]

Property Symbol Value
Physical properties

Atomic mass m 1.443160648(72)× 10−25 kg
Nuclear spin I 3/2
Nuclear lifetime τn 4.88× 1010 yr

Properties of D2 transition in 87Rb
(
5S1/2 → 5P3/2

)
Frequency ω0 2π · 384.2304844685(62) THz
Natural line width Γ 2π · 6.0666(18) MHz
Transition dipole matrix
element 〈J = 1/2|er|J ′ = 3/2〉 3.58424(74)× 10−29 C·m
Cycling transition
saturation intensity
|F = ±2〉 → |F = ±3〉

Isat 1.66933(35) mW/cm2

Nuclear g-factor gI -0.000 995 141 4(10)
Ground-state polarizability α0(5S1/2) h · 0.0794(16) Hz/(V/cm)2
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Appendix B

Collisional integrals for 1D spin
transport

The collision integrals in the quantum Boltzmann equation can be computationally
expensive to solve so a relaxation time approximation is used to simplify the theoret-
ical and numerical work with reasonable accuracy. In this appendix, the full details
of the collisional integrals are stated from Ref. [85]. These collision integrals could be
used to incorporate the slightly different scattering lengths for the 87Rb spin states
used, which would be the same as including a transverse spin decay. While this trans-
verse spin decay time is long (∼ 10 s) in this 87Rb experiment, it could be shorter
in other experiments or with other atoms, where these collisional integrals would be
useful.

For atomic density distribution f and spin density distribution m, the collision inte-
grals are

∂f

∂t

∣∣∣∣∣
collisions

=πg
2

~

∫ dp2
(2π~)3

∫ dp3
(2π~)3

∫
dp4δ (εp + εp2 − εp3 − εp4) δ

(
p + p2 − p3 − p4

)
{3
[
f(p3)f(p4)− f(p)f(p2)

]
+ m(p3) ·m(p4)−m(p) ·m(p2)} (B.1)

and

∂m
∂t

∣∣∣∣∣
collisions

=πg
2

~

∫ dp2
(2π~)3

∫ dp3
(2π~)3

∫
dp4

[
δ (εp + εp2 − εp3 − εp4) δ

(
p + p2 − p3 − p4

)
{3f(p3)m(p4) + m(p3)f(p4)− f(p)m(p2)− 3m(p)f(p2)}

]
, (B.2)

where εp = p2/2m and the definitions of p2, p3, p4 can be found in Section 2.2.

155



Appendix C

1D quantum Boltzmann equation
in Cartesian, cylindrical, and
spherical coordinate systems

The 1D quantum Boltzmann equation in vector form is

∂m

∂t
= − p

matomic
∂zm+mω2

zz∂pm+ 1
~

(Udiff ẑ + gM )×m+ ∂m

∂t

∣∣∣∣
1D
, (C.1)

where M = 1
2π~

∫
dpm is the spin density, which is the observable. Note that the

integral for M must be performed over Cartesian coordinates because the integral
breaks the contravariance property of the vector so that M2

x +M2
y 6=

∫
dpmρ. The 1D

quantum Boltzmann equation for m is expressed in three coordinate systems below.
In Cartesian coordinates {x, y, z} it reads

∂m

∂t
= ∂mx

∂t
x̂+ ∂my

∂t
ŷ + ∂mz

∂t
ẑ (C.2)

∂mz

∂t
= − p

matomic
∂zmz +mω2

zz∂pmz −
g

~
(Mxmy −Mymx)

− 1
τ

(
mz − λdBe−p

2/2mkBTMz

)
(C.3)

∂mx

∂t
= − p

matomic
∂zmx +mω2

zz∂pmx −
Udiff

~
my + g

~
(Mymz −Mzmy)

− 1
τ

(
mx − λdBe−p

2/2mkBTMx

)
(C.4)

∂my

∂t
= − p

matomic
∂zmy +mω2

zz∂pmy + Udiff

~
mx −

g

~
(Mxmz −Mzmx)

− 1
τ

(
my − λdBe−p

2/2mkBTMy

)
. (C.5)
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In cylindrical coordinates {z, ρ, φ} it reads

∂m

∂t
= ∂mρ

∂t
ρ̂+mρ

∂mφ

∂t
φ̂+ ∂mz

∂t
ẑ (C.6)

∂mz

∂t
= − p

matomic
∂zmz +mω2

zz∂pmz −
g

~
Mρmρ sin(Mφ −mφ)

− 1
τ

(
mz − λdBe−p

2/2mkBTMz

)
(C.7)

∂mρ

∂t
= − p

matomic
∂zmρ +mω2

zz∂pmρ + g

~
Mρmz sin(Mφ −mφ)

− 1
τ

(
mρ − λdBe−p

2/2mkBTMρ cos(Mφ −mφ)
)

(C.8)
∂mφ

∂t
= − p

matomic
∂zmφ +mω2

zz∂pmφ + Udiff

~
+ g

~
Mz −

g

~
Mρ

mz

mρ

cos(Mφ −mφ)

+ 1
τ
λdBe

−p2/2mkBTMρ

mρ

sin(Mφ −mφ). (C.9)

And in spherical coordinates {r, θ, φ} it reads

∂m

∂t
=∂mr

∂t
r̂ +mr

∂mθ

∂t
θ̂ +mr sin(mθ)

∂mφ

∂t
φ̂ (C.10)

∂mr

∂t
=− p

matomic
∂zmr +mω2

zz∂pmr

− 1
τ

(
mr − λdBe−p

2/2mkBTMr

[
sin(Mθ) sin(mθ) cos(Mφ −mφ) + cos(Mθ) cos(mθ)

])
(C.11)

∂mθ

∂t
=− p

matomic
∂zmθ +mω2

zz∂pmθ + g

~
Mr sin(Mθ) sin(Mφ −mφ)

+ 1
τ
λdBe

−p2/2mkBTMr

mr

(
sin(Mθ) cos(mθ) cos(Mφ −mφ)− cos(Mθ) sin(mθ)

)
(C.12)

∂mφ

∂t
=− p

matomic
∂zmφ +mω2

zz∂pmφ + Udiff

~

+ g

~
Mr cos(Mθ)−

g

~
Mr sin(Mθ)

cos(mθ)
sin(mθ)

cos(Mφ −mφ)

+ 1
τ
λdBe

−p2/2mkBTMr sin(Mθ)
mr sin(mθ)

sin(Mφ −mφ). (C.13)

The components of the spin density distribution mx,my,mz,mρ,mr are all dimen-
sionless and mθ and mφ are in radians. The spin densities Mx,My,Mz,Mρ,Mr are
in units of m−1, but Mθ and Mφ are in units of radians, which is a key distinction
between the units of the components of m and M.
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