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Abstract 

To maximize efficiency, the speed of an induction motor (IM) is controlled to match the 

load.  Often an extended Kalman filter (EKF) estimates the speed of the IM, eliminating 

the speed sensor.  The EKF requires a mathematical model of the IM and system and 

noise covariances, typically determined by optimization using trial-and-error or a genetic 

algorithm (GA).  My research objective was to investigate a relatively new algorithm, the 

enhanced fireworks algorithm (EFWA) and its ability to determine covariances compared 

to current methods.  I used a Simulink model of a system comprised of an IM controlled 

by a variable frequency drive (VFD) to experiment with the EKF using trial and error, 

genetic algorithm and EFWA optimization methods.  My results indicated that in this 

application, using selected parameters, the EFWA provides a good solution in fewer 

iterations than the GA, which may be required for online adaptive tuning of the EKF. 

 

Keywords:  algorithms; control; induction motor; Kalman filters; optimization; variable 

speed drive  
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Chapter 1.  
 
Introduction 

Induction motors (IMs) are considered the workhorses of industry.  Due to the 

large number of IMs used worldwide, small improvements in efficiency can save 

significant amounts of electrical energy.  The most effective way to improve the 

efficiency is to match the speed of the IM to that required by the mechanical load.  For 

an IM to match the speed of the load, it must be driven by a variable frequency drive 

(VFD).  The VFD, which is a power electronics device, can drive an IM at a specified 

speed.  For the VFD to control the speed of the IM, a speed sensor is required.  The 

Extended Kalman Filter (EKF) can be used in place of a speed sensor to estimate the 

speed based on the applied voltages and measured currents.  In statistics, the EKF is an 

algorithm that uses measurements, containing noise, to estimate an unknown 

parameter.  To apply the EKF, the covariances of the system and the measurement 

noise, which are unknown, are typically determined using a trial and error process or by 

using genetic algorithm (GA) optimization.  The GA takes many iterations to come to a 

good solution.  My objective was to find an alternative method to arrive at a good 

solution that may provide a faster response to changing environments. 

In my research, I proposed to use the enhanced fireworks algorithm (EFWA) as a 

method to optimize the EKF parameters for estimating the rotor speed.  The EFWA 

algorithm explores and exploits the search space for the optimal solution by using 

cooperative “swarm” intelligence.  A Simulink model of a system comprised of an IM 

controlled by a VFD operating in constant volts/hertz (V/Hz) mode is used to experiment 

with the method under varying operating conditions. 

This chapter explains the system being optimized and the current state-of-the-art 

optimization methods and summarizes the reasons why current approaches may need 

to be improved. 
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1.1. Induction Motors 

Induction motors are often called the workhorses of industry because of their 

widespread use.  This is due to their simple construction and straight-forward principle of 

operation.  Three-phase electrical ac power applied to the stationary winding (stator) 

creates magnetic fields which induce current on the rotating windings (rotor), generating 

a second magnetic field.  The interaction of the two magnetic fields creates torque and 

speed (mechanical power) to drive the load.  See Figure 1 for a photo of the induction 

motor used in the experimental portion of the research. 

 

Figure 1:  2.5 hp Tamper Induction Machine used for the experimental part of the 
research carried out at the BCIT laboratory on the Burnaby campus 

Photo: Kathy Manson. Reproduced with permission. 

 

The International Energy Agency estimates that electric motor-driven systems 

account for between 43% and 46% of all global electricity consumption, creating 6 040 

Megatons of CO2 emissions [1]. Of all types of motors, induction motors (IM) are the 

most frequently used [1].  Due to the substantial consumption of this single load type, 

small improvements in the efficiency translate to significant energy savings.  By design, 

IMs are fixed speed, and the mismatch between these motors and a mechanical load 

with variable speed requirements, causes significant energy losses.  The most effective 
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method of improving the efficiency of this type of system is to use a variable frequency 

drive (VFD) with the IM motor and therefore gain the ability to vary the speed to match 

the load requirement. 

1.2. Variable Frequency Drives 

Variable frequency drives (VFDs) of induction motors (IMs) are used in industry 

for speed control to better match the power requirements of the load and thus save 

energy.  Figure 2 shows a VFD constructed for educational purposes.  The main 

components of a VFD are a bridge rectifier, a capacitor, and a controllable inverter.  See 

Figure 3 for the block diagram of a VFD.  Note that the input to the VFD is fixed 

frequency ac line power, and the output is a controllable frequency ac voltage waveform.  

The speed of the IM depends on the frequency of the applied voltage; therefore, if the 

frequency can be controlled, the speed can be controlled. 

A commonly used scalar volts-per-hertz (V/Hz) type of VFD is assumed in my 

research.  The operating principle of this type of drive is to vary the output frequency to 

match the set point while maintaining constant flux of the motor at different speeds.  In 

order to preserve the flux, the ratio of the voltage to the frequency must be kept 

constant; hence, it is called constant V/Hz control.  These VFDs are simple in design, 

easy to use, and popular for low-cost applications. 
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Figure 2:  Educational Variable Frequency Drive used for practical implementation at 
BCIT lab 

Photo: Kathy Manson. Reproduced with permission 

 

Figure 3:  Educational Variable Frequency Drive used in the experimental portion of the 
research at BCIT lab 

Photo: Kathy Manson. Reproduced with permission. 
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1.3. Closed Loop Speed Control 

Closed loop speed control of the IM requires a mechanical speed sensor as well 

as associated wires and an amplifier circuit.  Recently, as an alternative to a hard-wired 

speed sensing system, speed-sensorless control has been used to determine the speed 

of induction motors and provide feedback to a controller.  Speed-sensorless control is 

desirable because it eliminates the mechanical sensors from the system, which 

improves reliability, decreases cost of manufacturing, simplifies installation, and reduces 

maintenance [2].  With no physical sensor, the speed is predicted using “optimal 

estimation algorithms,” which are deterministic or stochastic tools used to predict 

unknown states of a system based on indirect measurements.  The Kalman filter is one 

of these types of tools. 

1.4. Kalman Filter 

The Kalman filter (KF) has proven to be a very robust and accurate strategy for 

IM parameter estimation due to its noise tolerance [3].  The KF provides a means to infer 

missing information from indirect and noisy measurements [4], and this approach has 

been applied to motor drive systems [5].  The stator voltages and currents are measured 

in this case and used to predict the speed. 

For the purpose of estimating the rotor speed from the measurements of the 

stator voltages and currents, the induction motor is modelled as a dynamic system.  With 

the rotor speed included as one of the state variables, the model is nonlinear. The 

extended Kalman filter (EKF) is one of the variations of the Kalman filter that can be 

used to estimate the state of a nonlinear system. 

1.5. Noise Covariance Optimization 

The EKF can be used to estimate variables which cannot be measured using 

measurements of other state variables.  The measurements may be subject to noise.  

The EKF can filter out noise in the measured values if the covariances are known [2].  

The covariance is a measure of joint variability between variables.  These statistics may 

not be available a priori and there is currently no definitive process to determine them 



6 

[2].  In many practical implementations of the EKF presented in the literature, 

covariances have been determined using a trial-and-error method, which is a time-

consuming and unreliable process [6]. 

Another approach to dealing with unknown noise covariances in an EKF iteration 

is to treat them as system parameters that need to be tuned and optimized for a specific 

performance measure defined as the objective of the EKF [2], [5] and [7].  For this 

purpose, optimization algorithms such as genetic algorithms (GAs) have been explored 

[2], [5] and [6] and found to be an improvement over using trial-and-error; however, a 

large number of iterations may be required.  Other methods have been explored to 

improve on the results from GAs and are summarized in the next section. 

1.6. State of the Art 

Adaptive tuning with a fuzzy logic controller has been successfully used with an 

EKF to combine different measurements [8] and [29].  Particle swarm optimization (PSO) 

was also considered but with less successful results, because it does not fully explore 

the space before termination [3].  Improved PSO, which includes GA, is used in speed 

estimation for field-oriented control of an IM with good results [3].  The Fireworks 

Algorithm (FWA) is a particle swarm algorithm which mimics fireworks explosions to find 

a good solution [9].  Swarm intelligence has the advantage of moving the population 

towards “good” locations with favourable results and away from those with poor results.  

This improves the search by reducing the time to find a solution.  The enhanced 

fireworks algorithm (EFWA) is a relatively new iteration of the FWA, which implements 

many significant improvements to the original algorithm [9]. 

In my research, I studied an EFWA implemented as part of a speed-sensorless 

drive to optimize the EKF covariance matrices to minimize the mean square error of the 

difference between the estimated and the measured speed, which is a new approach.  

The algorithm is modified for this purpose by setting the number of fireworks, number of 

regular sparks, and minimum and maximum number of sparks per iteration, as well as 

by establishing a minimum spark amplitude. The results demonstrate that the EFWA 

optimization provides good results with fewer iterations, compared to the best alternative 

GA optimization with different variations of EFWA and IM parameters. This advantage 
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may be desirable for applications in adaptive sensorless drives with EKF, where a good 

solution is required in fewer iterations for online tuning of controllers. 

1.7. Research Objective 

The objective of my thesis is to test an alternative method to determine the noise 

covariance matrices for EKF speed estimation for a variable-frequency-driven induction 

motor (IM) with a sensorless speed feedback control system using a model of the 

system.  I propose to apply a new population-based algorithm, the enhanced fireworks 

algorithm and compare my results with currently used methods. 
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Chapter 2.  
 
Induction Motor 

To demonstrate the proposed approach of optimizing the EKF covariance 

matrices, the system has been modelled in Matlab/Simulink. To evaluate the accuracy of 

the EKF’s performance, the estimated speed is compared with the speed determined by 

the Simulink IM model as opposed to a real motor.  The output of the IM model 

represents the measured speed.  A system of equations is required in order to create the 

IM model in Simulink.  Appendix A presents IM theory from the literature in order to 

develop these equations. 

2.1. Induction Motor Model 

The equations derived in Appendix A are used to construct a 0qd  model of the 

IM using Matlab/Simulink.  The model is based on the equivalent circuit of the IM and the 

torque and speed relationships. 

2.1.1. IM qd0  Equivalent Circuit 

Equations 175–186 (Appendix A) define the IM system in the qd0  reference 

frame as illustrated in the circuit in Figure 4. 
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Figure 4:  The Induction Motor 0qd  Reference Frame Equivalent Circuit Described by 
the Derived IM Equations 

 

The three circuits are called the q -axis, d -axis and the zero-sequence 

equivalent circuits.  I used these three circuits to build the Simulink model of the IM 

motor. 

2.1.2. Simulink q- and d-axis Blocks 

The Simulink block representing the q-axis is shown in Figure 5.  This block 

implements equations 175, 178, 181, 184 and 187.  The d-axis block is similar, but it 

implements equations 176, 179, 185, and 187. 
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Figure 5:  Simulink Block for q-axis Circuit To Implement Derived IM Equations 
 

2.1.3. Torque and Speed Calculation Blocks 

The outputs of the q -and d -axis circuit blocks are the q - and d -axis currents.  

These values, along with the magnetic flux, are used to determine the electric torque 

generated by the IM.  This method is consistent with references [11] and [14].  The 

equation for electric torque, eT , is provided below [16, page 236]. 

 3 1( )( )( )( )
2 2e ds qs qs ds

b

PT i i
ω

= Ψ −Ψ   1 

The symbol, P , represents the number of poles in the induction machine.  Thus 

far I have only considered two-pole machines (magnetic opposites).  Electromechanical 

devices may have a number of even number of poles.  The torque equation must be 

modified to take this into account.  Also, the actual speed of the IM will be less than the 

two-pole equivalent.  The actual speed is 2
eP

ω . 

The rotor speed is based on the following equation [16, page 227]. 

 ( )rm
fric rm e mJ K T T

t
δω ω
δ

= − + −   2 
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In this case, J  is the inertia of the motor and the driven load, rmω  is the 

mechanical speed of the rotor, fricK  is the coefficient of friction of the load, and mT  is the 

mechanical torque.  The Simulink blocks determine the electric torque and the 

mechanical and rotor speed, as shown in Figures 6 and 7, respectively. 

 

Figure 6:  Simulink Block to Implement IM Torque Equation in 0qd Reference Frame 

 

 

Figure 7:  Simulink Block to Implement IM Speed Equation in 0qd  Reference Frame 

 



12 

2.1.4. Analysis of Steady-State Operation 

In order to determine the physical motor parameters used in the Simulink model, 

such as , ,s r lsr r X  and MX , standard measurement tests must be performed on the 

motor being simulated.  The tests are based on using the single-phase, equivalent T-

circuit for a three-phase motor in steady-state operation.  This circuit is derived in 

Appendix A. 

Equations 202 and 205 in Appendix A describe the single-phase equivalent T-

circuit for a two-phase symmetrical induction machine during steady-state balanced 

operation.  This circuit is shown in Figure 8. 

 

Figure 8:  Equivalent Circuit for a Two-Phase Symmetrical Induction Motor for Balanced 
Steady-state Operation in ABC Reference Frame 

 

This circuit can be extended to three-phase IM machines with one minor 

modification.  The mutual inductive reactance, MX , in the three-phase case is 

3
2M msX X= , so the term on the middle branch would be replaced with 3

2 msX .  Note that 

all reactance values are calculated using the synchronous frequency, eω , and not using 

the rotor frequency, rω . 
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2.1.5. Measuring Machine Parameters. 

Motor variables such as ' ', , ,s ls lr rr X X r  and MX  for the simulation can be 

determined from the parameters in the equivalent single-phase T-circuit.  These 

parameters can be found by conducting experiments, such as the blocked-rotor test and 

no-load test described in reference [17].  A summary of the machine parameter tests and 

the results are provided in Appendix F. 

The stator resistance, sr , is measured using the 4-wire ohmmeter method.  To 

improve accuracy, two-phases are connected in series, and then in parallel with the 

other phase.  The reading is corrected by multiplying by 3
2

.  The circuit diagram for this 

test is shown in Appendix F. 

The next step is to perform the blocked-rotor test, which is also referred to as the 

short-circuit test.  In this test the IM is operated at, or as close as possible to, zero-

speed.  At close to zero speed the slip, s , is approximately equal to 1.  The voltage, '
arV , 

is zero because the rotor bars are short-circuited.  Assuming a slip of 1 and rotor voltage 

of zero, the voltage, current, and power that is measured in the blocked-rotor test are a 

result of the elements on the outer branch: ' ', , ,s ls lr rr X X r .  For a squirrel cage induction 

machine '
ls lrX X= , therefore these values can be estimated along with '

rr , based on the 

average voltage, current, and power measurements.  The circuit diagram for this test is 

shown in Appendix F. 

The no-load test (also referred to as open-circuit test) is performed to find the 

remaining parameters in the IM equivalent T-circuit.  At no load, the speed of the rotor is 

close to synchronous speed and the slip is very small, 0s ≈ .  The equivalent resistance 

is very large in this case, the rotor circuit is like an open circuit.  In order to perform this 

test, I coupled a dc machine to the induction motor.  The dc machine acts as the prime 

mover in driving the IM at synchronous speed.  The average current, voltage, and power 

measurements are used to find the mutual inductance, MX , or the middle leg of the T-

equivalent circuit.  The circuit diagram for this test is shown in Appendix F. 
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The tables in Appendix B provide parameters for two motors, M1 and M2.  Motor 

M1 is used for the simulation portion of my research.  The values for M1 were taken from 

reference [2] and used for all of the simulation, in order to compare my results with 

reference [2]. 

Motor M2 is an actual motor in a BCIT lab, see Figure 1 in Chapter 1.  This motor 

is used for the experimental portion of the research.  The parameters for M2 were 

calculated using data obtained by performing the tests described in this section and then 

calculating the motor parameters based on the results of the tests.  The results of the 

tests are provided in Appendix F.  For the experimental part of this project, M2 is used 

for the Extended Kalman Filter speed estimation only and not for feedback control. 

2.2. IM Speed Control Model for conducting simulations 

A model of the speed control system was built and simulations were conducted 

to compare optimization methods.  The model is comprised of a proportional-integrative 

(PI) speed controller, volts per hertz VFD, IM, optimized EKF, and a mechanical load, as 

depicted in Figure 9.  The speed controller provides a speed reference to the VFD, 

which determines the appropriate voltage magnitude and frequency to achieve the 

desired speed.  Although a real VFD includes a voltage source inverter (VSI), which 

typically uses pulse-width modulation (PWM) and switches the inverter transistors to 

output the voltages with appropriate fundamental frequency and magnitude, VSI 

switching is excluded in this model for simplicity. 
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Figure 9:  System Diagram of IM Speed Feedback Control System with Speed Sensor 
Option (dotted line) and Speed Estimation Option (solid line) 

 

In conventional sensor-based drives, the actual speed measurement may be 

obtained using a mechanical sensor or a position encoder, which is shown in Figure 9 as 

a dotted line. The speed control module attempts to maintain the rotor speed at the 

speed command, ω*, and the closed loop V/Hz controller determines the stator voltages 

and frequency applied to the IM.  Once the voltage is applied, the resulting stator 

currents are measured. 

The three-phase voltages and currents are transformed to two-phase equivalents 

called direct and quadrature coordinates [10] and [11].  These components are used as 

input to the EKF module.  The voltage and current measurements may be noisy, but the 

EKF can filter out this noise using covariances determined by one of the optimization 

methods discussed (trial-and-error, GA or EFWA).  Based on these values, the EKF 

estimates the states of the induction motor system including the rotor speed, which is 

used as a feedback signal to the speed control.  In this way, the mechanical speed 

sensor is eliminated, thus achieving a sensorless drive. 
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Chapter 3. Variable Frequency Drive 

The VFD is a power electronics device used to control the speed of an IM.  The 

inputs to a typical VFD are three-phase, fixed frequency, ac voltage waveforms, the 

speed set-point and for closed-loop control, the actual speed, necessitating a speed 

sensor.  Based on the difference between the set-point and the measured speed, the 

output voltage waveform is adjusted accordingly. 

3.1. VFD Components 

The VFD is composed of a bridge rectifier, capacitor, dc-ac inverter and a 

controller.  A photo of a VFD and the VFD block diagram are provided in Figures 2 and 

3.  The three-phase bridge rectifier uses diodes to change the fixed frequency ac 

waveforms to dc.  The dc link capacitor reduces the ripple caused by diode conduction.  

The Voltage Source Inverter (VSI) implements transistors as controllable switches to 

produce variable frequency and amplitude ac voltage waveforms. 

3.2. VFD Controller 

The controller uses the speed reference and the actual speed to determine the 

appropriate switching signals to send to the inverter.  The switching signals are 

modulated using Pulse-Width, Sine-Triangle or Space Vector Modulation. 

The VFD controller assumed in my research is a closed-loop scaler controller.  It 

controls the magnitude of the output voltage waveforms and the frequency.  A popular, 

easy to implement, Volts-per-Hertz control strategy is assumed. 

3.2.1. Volts-per-Hertz Control 

The basis for the volts-per-hertz control is that the voltage in an IM is proportional 

to the derivative of the flux linkages, so neglecting the resistance in the stator winding, 

the stator voltage can be represented as follows: as
asV

t
δλ
δ

≈ .  In any ac system, the 
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fundamental voltage waveform is defined as 2 cos( )as s eV V tω= , therefore the following 

equation can be found by taking the integral of this voltage: 

 
1 2 sin( )as s e

e

V tλ ω
ω

=   3 

If the flux linkages are represented as flux linkages per second, by multiplying by 

the base frequency, the result is as follows: 

 
2 sin( )s

as b e
e

V tϕ ω ω
ω

=   4 

If only the magnitude of the flux linkages is considered and eω  is replaced with 

2 efπ  the following relationship is the result: 

 
2

2
s

as b
e

V
f

ϕ ω
π

=   5 

Therefore to keep the magnitude of the flux constant, which corresponds to 

maximum torque, the ratio of the voltage to the frequency must be kept constant.  This 

type of control strategy is called “constant volts per hertz”. 

3.2.2. Voltage Command 

The command voltage for the controller, *V , is calculated using the following 

equation, which is based on the previous equation: 

 * *b
e

b

VV ω
ω

=   6 

where bV  is the base voltage, bω  is the base frequency and *
eω  is the command speed.  

Note that the subscript, *, indicates the commanded value. 
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3.3. Implementation in Simulink 

The implementation of the VFD in the Simulink model is done using basic 

Simulink blocks and is shown in Figure 10.  This block is used in the optimization 

process to control the IM speed to compare the speed output from Simulink IM model to 

the EKF estimated speed. 

The VFD switching is not part of the Simulink model because the EKF is 

implemented in the software portion of the controller prior to switching. 

 

Figure 10:  Model of VFD Created in Simulink to Control the IM using Constant V/Hz 
Strategy 
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Chapter 4. Extended Kalman Filter for Motor Speed 
Control 

The IM model described in Chapter 2 can predict the states of an actual motor 

based on the applied voltage, but the predictions are only an approximation and 

therefore subject to uncertainty.  As well, the model does not change with conditions.  

For example, it doesn’t account for the effect temperature has on winding resistance. 

The Kalman Filter (KF) is an optimal estimation algorithm that can accurately 

estimate system states that cannot be measured directly, in the presence of noise and 

changing conditions [18], [19] and [25].  The KF is a linear, discrete-time, finite-

dimensional, time-varying system that evaluates the state estimate that minimizes the 

mean-square error between the measured and estimated values [4].  One of the first 

applications of the KF was in the Apollo projects where it was used to estimate the 

trajectory of the spacecraft as it travelled to the moon and back [20]. 

The Extended Kalman Filter (EKF) implements a KF for system dynamics that 

result from linearization of the original non-linear filter dynamics around the previous 

state estimate [4] and [30]. 

In my research, the EKF is used to estimate the speed of the motor based on 

inputs (voltages) and measurements (currents).  The measurements are obtained from 

applying the same inputs to the Simulink IM model.  The results for the simulation study 

are provided in Chapter 7.  Measurements taken from an actual motor were used in an 

experimental trial of the EKF.  The experimental results are provided in Chapter 8. 

4.1. State-Space Model 

The EKF application requires the development of a mathematical state-space 

model of the induction motor.  The model is developed in the stationary 0qd  reference 

frame [2].  For my research, the discrete-time version is obtained by discretizing the 

continuous-time system using forward Euler’s integration [19]. 
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4.1.1. State-Space Model Form 

The dynamic system is assumed to have the following form [2] and [26]: 

 ( 1) ( ) ( ) ( ) ( ) ( )n n n n n n+ = + +x A x B u w   7 

 ( ) ( ) ( ) ( )n n n n= +y C x v   8 

Where ( )( ) , ( ), ( ), ( ), ( )
T

ds qs dr qr rn i n i n n n nλ λ ω =  x is the state matrix, ( ) ,
Tn n

ds qsn V V =  u

represents the inputs, ( ) ,
Tn n

ds qsn i i =  y  represents the measured values, and ( ), ( )n nw v  

are the noise.  Both noise terms are assumed to have Gaussian distributions with zero 

mean.  These terms are consistent with those used in reference [2]. 

According to reference [2], the matrices ( ), ( ), ( )n n nA B C  for an IM are defined 

as follows: 
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2

2
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2
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ω
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ω
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 − 
 
 

− − 
 
 

− − 
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0
( )

0

l

l

M
K

n
M
K

 
 
 =
 
 
 

B  and 
1 0 0 0 0

( )
0 1 0 0 0

n  
=  
 

C . 

The following variables and parameters are used in reference [2] and, except for 

a few examples of lower/upper case differences (i.e. r rR r=  and s sR r= ), are consistent 

with those already presented in this thesis for a three-phase IM: 

• ,ds qsV V  represent d and q components of stator voltage; 
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• ,ds qsi i  represent d and q components of stator current; 

• ,dr qrλ λ  represent d  and q components of rotor flux; 

• rω  represents rotor speed; 

• (3 / 2)S ls msL L L= +  denotes the stator inductance (sum of leakage and self-

inductance); 

• (3 / 2)r lr mrL L L= + denotes the rotor inductance;  

• 3 2M msL L= denotes stator/rotor mutual inductance; 

• M  is the sampling period in seconds; 

• P  denotes the number of poles; and  

• ,s rR R  are stator and rotor resistance, respectively.  

The above parameters are combined to provide additional terms used in the A  

and B  matrices: 2 2
r s M r rK R L R L= +  , ( )( )21l M r s sK L L L L= − and r r rT L R= . 

4.1.2. Derivation of State-Space Model for the Extended Kalman Filter 
(from Krause to Shi) 

The state-space model of the IM described in the previous section is provided 

from reference [2]; however, some obvious errors in the original terms required 

correction.  I was not able to find the derivation of the model in any of the literature and 

so I derived it as part of my research.  For completeness, the derivation steps are 

provided in this section. 

The derivation starts with the equations derived for the IM model as per 

reference [11] and ends with the state-space model provided in reference [2].  For that 

reason, I refer to this derivation as going from one author (Krause) to the other author 

(Shi). 
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Starting with Krause and assuming the Arbitrary Reference Frame 0qd  model, I 

found the following four state equations for the IM.  These equations were derived in 

Appendix A of this thesis, and are rewritten here for convenience: 

 qs
s qs ds qsr i V

t
δλ

ωλ
δ

= − − +   10 

 ds
s ds qs dsr i V

t
δλ ωλ
δ

= − + +   11 

 
'

' ' ' '( )qr
r qr r dr qrr i V

t
δλ

ω ω λ
δ

= − − − +   12 

 
'

' ' ' '( )dr
r dr r qr drr i V

t
δλ ω ω λ
δ

= − + − +   13 

The above equations can be simplified because I am using the stationary 

reference frame: 0ω = .  As well, in a squirrel-cage IM, the rotor bars are shorted 

together, so ' ' 0dr qrV V= ≈ . 

The flux linkages, λ , can be eliminated using the following equations, derived in 

Appendix A: 

 '( )qs ls qs M qs qrL i L i iλ = + +   14 

 '( )ds ls ds M ds M ds drL i L i L i iλ = + + +   15 

 ' ' ' '( )qr lr qr M qs qrL i L i iλ = + +   16 

 ' ' ' '( )dr lr dr M ds drL i L i iλ = + +   17 

Using the previous equations, '
qri  is solved to be the following: 

 ' '
' '

1( ) ( )M
qr qr qs

lr M lr M

Li i
L L L L

λ= −
+ +

  18 
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Similarly for '
dri : 

 ' '
' '

1( ) ( )M
dr dr ds

lr M lr M

Li i
L L L L

λ= −
+ +
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Now plug this equation into 14 to solve for qsλ : 

 
2

'
' '( ) [ ( )]M M

qs qr qs ls M
lr M lr M

L Li L L
L L L L

λ λ= + + −
+ +
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Both sides are differentiated to provide qs

t
δλ
δ

: 

 
' 2

' '( ) [ ( )]qs qr qsM M
ls M

lr M lr M

iL LL L
t t L L t L L

δλ δλ δ
δ δ δ

= + + −
+ +
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Now equate 10 with 21: 

 
' 2

' '( ) [ ( )]qr qsM M
s qs qs ls M

lr M lr M

iL Lr i V L L
t L L t L L

δλ δ
δ δ

− + = + + −
+ +
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Replace 
'
qr

t
δλ
δ

 with the right side of equation 12: 

 
2

' ' '
' '( )[ ] [ ( )]qsM M

s qs qs r qr r dr ls M
lr M lr M

iL Lr i V r i L L
L L t L L

δ
ω λ

δ
− + = − + + + −

+ +
  23 

Now plug 18 into 23 to eliminate '
qri : 

 
2

' ' '
' ' ' '

1( )[ ( ) ( ) ] [ ( )]qsM M M
s qs qs r qr qs r dr ls M

lr M lr M lr M lr M

iL L Lr i V r i L L
L L L L L L t L L

δ
λ ω λ

δ
− + = − − + + + −

+ + + +
 

 24 
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To simplify the constant variables, the following grouping was introduced in [2]:  
2

(1 )M
l s

r s

LK L
L L

= − . 

Solving for qsi
t

δ
δ

 results in the following: 

2 '

' 2 '
' '

' ' 2

( ) 1[ ]
( ) ( )

M r

qs s lr M M r r M
qs dr qr ds

l l lr M l lr M l l

L r
i r L L L r Li V
t K K L L K L L K K

δ ω λ λ
δ

− +
= − − − +

+ +
  25 

In the same manner I derived the following equation: 

2 '

' 2 ' '
' '

' 2 '

( ) 1[ ]
( ) ( )

M r

ds s lr M M r r r M
ds dr qr ds

l l lr M l lr M l l

L r
i r L L L r r Li V
t K K L L K L L K K

δ ωλ λ
δ

− +
= + + − +

+ +
  26 

The next equations are derived for the rotor flux.  Equation 19 is substituted into 

equation 13 to get the following: 

 
' ' '

' '
' '( ) ( )dr r M r

ds dr r qr
lr M lr M

r L ri
t L L L L

δλ λ ω λ
δ

= − −
+ +
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And a similar process is used to get the equation for the other rotor flux 

component: 

 
' ' '

' '
' '( ) ( )qr r M r

qs qr r dr
lr M lr M

r L ri
t L L L L

δλ
λ ω λ

δ
= − +

+ +
  28 

Shi combines some constants as follows [2]:  '
r lr ML L L= +   and  s ls ML L L= + .  

One last step to check my work against Shi’s work is required:  to discretize the 

parameters. 
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4.1.3. Discrete State Model of Induction Motor 

In order to discretize the terms, consider the solution to the following general 

system equation, x Ax Bu
t

δ
δ

= + [6, page 47]: 

 0 0

0

( ) ( )
0( ) ( ) ( )

t
A t t A t t

t

x t e x t e Bu dτ τ− −= + ∫   29 

In digital computation, the measurements are only taken at integral multiples of 

the sampling period, M .  Therefore this solution must be converted to a discrete-time 

model. 

The format for a discrete-time model was provided at the start of the chapter, but 

is rewritten here and simplified to the following: 

 ( 1) ( ) ( ) ( ) ( )n n n n n+ = +x A x B u  30 

 ( ) ( ) ( )n n n=y C x   31 

To discretize these equations, the method followed is as per reference [18].  

Define (0)t nM=  and ( 1)t n M= +  and the sampled sequence to be ( ) ( )x n x nM= .  

Therefore, rewrite equation 29 as the following: 

 
( 1)

( 1)( 1) ( ) ( )
n M

AM A n M

nM

x n e x n e Bu dτ τ τ
+

+ −+ = + ∫   32 

Assuming that the input, ( )u τ , is constant between the samples, the following is 

the approximation [6, page 47]: 

 ( ) [ ]AMA n e I AM= ≈ +   33 

 
0

( )
M

AMB n e Bd BMτ= ≈∫   34 

 ( )C n C=   35 
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Now I can check to see if the terms in the matrices from the solution based on 

Krause’s terms match with the terms in Shi’s matrices.  The following is a comparison of 

the first coefficient of the A  matrix. 

 (1,1) _ 1 r

l

KA Shi M
K

= −   36 

 

2
'

2

21 [ (1,1) _ ] 1
(1 )

M
s r

r

M
s

r s

Lr r
LA Krause M M

L L
L L

− −
+ = +

−
  37 

After plugging in the values for the grouped terms, 
2

2
M r

r s
r

L RK R
L

= +  and 

2

(1 )M
l s

r s

LK L
L L

= − , the two coefficients are equivalent.  Other coefficients were also 

found to be equivalent by introducing this term:  '
r

r
r

L
r

τ = .  Thus I was able to correct 

Shi’s typos in the IM state-space model and use the model with an Extended Kalman 

Filter to predict the speed. 

 

4.2. The Filter 

The block diagram in Figure 11 is a simplified representation of the filtering 

process.  Given a system at a particular state, x , there are error sources that act on it, 

identified by the term, w .  An input, u , is applied, so the system moves to the next 

state.  At this state a measurement, y , is taken of available parameters.  The 

measurement sensors also have sources of error acting on them (noise), identified by 

the term, v .  Not all parameters can be measured.  This is the reason for using the filter: 

to estimate those unknown parameters. 
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Figure 11:  Kalman Filtering Block Diagram Showing System and Measurement Error 
Sources 

 

The filter creates a prediction of all parameters in the next state using the 

conditional probability, given the previous state and the inputs.  The prediction is then 

corrected using the measurements.  The result of the filtering process is a probability 

density function (pdf) for the next state.  Equation 38 expresses this pdf [4, page 4]. 

 [ ( ) | (1).... ( ), (0)... ( 1)]p n n n −x y y u u   38 

The filter propagates the conditional pdf for increasing time steps.  The final pdf 

conveys the amount of certainty of the knowledge of the value of ( )nx .  The best 

estimate, x̂ , is the mean of the pdf [4].  This corresponds to the minimum mean square 

error estimate. 
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4.2.1. The Kalman Filter 

Assuming linearity and Gaussian state and observation system dynamics, the 

conditional pdf will be Gaussian for every time step.  The filter is simplified to be the KF 

in this case.  The KF evaluates the conditional mean of the pdf of the random vector that 

is the system state.  The conditional mean is the minimum mean square error estimate.  

Gaussian systems are completely characterized by the mean and covariance, so only 

these two variables need to be recursively propagated [4] and [27]. 

The KF uses a mathematical model of the system, as shown in Figure 12.  The 

mathematical model is only an approximation, and so it is subject to errors and 

uncertainty.  The model creates a prediction of the system state based on the inputs.  

Measurements of system state parameters are taken.  The difference between the 

measured values and the estimated values is the error.  The error is multiplied by the 

Kalman Gain and fed back to correct the system model.  The Kalman gain is calculated 

so that the model converges more quickly on the actual values [28]. 

 

Figure 12:  Kalman Filter Feedback Block Diagram Showing Error Feedback 
 

The KF can only be applied if a system is linear.  If the model is nonlinear, like in 

the case of the IM, the Extended Kalman Filter (EKF), a variant of the KF, can be used.  
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The EKF is similar to the KF, but the system dynamics are linearized around the 

previous state estimates to approximate a linear system [4] and [24]. 

4.2.2. Stochastic Equations 

For the purpose of the explanations below, the following terms are denoted:  

( )p J , ( / )p J D  and ( , )p J D  as the probability density function (pdf) of the function J , 

the conditional pdf of J  given D , and the joint pdf of J  and D , respectively.  It is 

worthwhile to note the following theorem: 

 ( , ) ( | ) ( )p J D p J D p D=   39 

Recall that a linear time-varying system can be represented by equations 40 and 

41: 

 ( 1) ( ) ( ) ( ) ( ) ( )n n n n n n+ = + +x A x B u w   40 

 ( ) ( ) ( ) ( )n n n n= +y C x v   41 

In these equations, ( )nx  is the state matrix, ( )nu represents the inputs, ( )ny  

represents the measured values, and ( ), ( )n nw v  are the noise. 

Both noise terms are assumed to have Gaussian distributions with zero mean 

and covariances, cov( ) { }tw E ww= =Q  and cov( ) { }tv E vv= =R .  Therefore, both joint 

covariance matrices are calculated as follows [4, page 14]: 

 ( )( ) 0 ( )
( ) ( )

0 ( ) ( )
T Tn n

E n n
n n

    
=    

    

Q w
w v

R v
  42 

Where E  is the expected value. 

The conditional pdfs for this function are Gaussian for any time step and can be 

described as follows: 

 ˆ[ ( ) | (1).... ( ), (0)... ( 1)] ( ( ), ( ))p n n n N nn nn−x y y u u x P   43 



30 

The term on the right, 2( , )X XN µ σ  indicates a Gaussian (normal) distribution with 

conditional mean, ˆ ( )X nnµ = x , and covariance, 2 ( )X nnσ = P . 

By definition, the conditional mean, x̂ , and covariance, P , can be solved using 

the following equations [4, page 15]: 

 ˆ ( ) [ ( ) | (1)... ( ), (0)... ( )]nn E n n nx x y y u u   44 

 ˆ ˆ( ) [( ( ) ( ))( ( ) ( )) | (1)... ( ), (0)... ( )]Tnn E n nn n nn n n− −P x x x x y y u u   45 

The terms ˆ ( )nnx  and ( )nnP  are called the first and second moments of the 

conditional pdf.  Due to the assumptions about the nature of the system pdfs, these are 

the only terms that need to be propagated with each time step.  The dynamics are 

recursive; the filter requires only the previous estimate and the new measurement [4]. 

4.2.3. Predict Step 

The estimation is implemented as a two-step procedure: a predict step and an 

update or filter step.  The first step, prediction, represents what can be said about the 

state, ( 1)n +x , before taking a measurement.  The second step, the filter cycle, states 

how to improve the information after making the measurement [4]. 

The proof for the equation for the estimate and error covariance follows the steps 

in reference [4].  Taking the mean of both sides of equation 40, and considering that 

measurement and noise are independent random variables and also that the noise has a 

zero mean, the following [4, page 18] is the result: 

 ˆ ˆ( 1| ) ( ) ( ) ( ) ( )n n n nn n n+ = +x A x B u   46 

By definition, the prediction error, x , is as follows: 

 ˆ( 1| ) ( 1) ( 1| )n n n n n+ + − +x x x
   47 

If the terms on the right-hand side are replaced, with terms from equations 46 

and 40, the following is the result: 
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( 1| )
ˆ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( | ) ( ) ( ) ( ) ( ) ( ) ( )

n n
n n n n n n n n n n n n nn n n
+ =

+ + − − = +
x
A x B u G w A x B u A x G w
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where ( )nG  is the weighting matrix of the noise and ( )nnx is the filter error from the last 

step, which is defined as follows: 

 ˆ( ) ( ) ( )nn n nn−x x x
   49 

To solve for the error covariance for the predict cycle, I used the definition of 

covariance to get the following [4, page 18]: 

 
[ ( 1| ) ( 1| ) | (1)... ( ), (0)... ( )]
( ) [ ( ) | (1)... ( ), (0)... ( )] ( ) ( ) ( ) ( )

T

T T

E n n n n n n
n E nn n n n n n n

+ + =

+

x x y y u u
A x y y u u A G Q G
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where ( )nQ  is the covariance matrix of the noise.  Using the definition of system noise 

covariance, P , from equation 45, then equation 50 can be simplified to [4, page 18]: 

 ( 1| ) ( ) ( ) ( ) ( ) ( ) ( )T Tn n n nn n n n n+ = +P A P A G Q G   51 

Therefore, the predicted error covariance of the state is based on the current 

knowledge of the error covariance and the noise terms: ( )nQ  is the covariance matrix of 

the noise, and ( )nG  is the weighting matrix of the noise. 

4.2.4. Measurement 

The measurement process is expressed in equation 41 and can be used to solve 

for the predicted measurement in the following equation [4, page 19]: 

 ˆ ˆ( 1| ) [ ( 1) | (1)... ( ), (0)... ( )] ( 1) ( 1| )n n E n n n n n n+ = + = + +y y y y u u C x   52 

Similar to the steps in the previous section, solve for the measurement prediction 

error, y , using the definition of the error as the difference between the estimated value 

and the actual value in the following equation [4, page 19]: 

 ˆ( 1| ) ( 1) ( 1| ) ( 1)n n n n n n+ = + + + +y C x v   53 
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From equation 53, the covariance matrix associated with the measurement can 

be solved using the definition of covariance, shown below [4, page 19]: 

 ( 1| ) ( 1) ( 1| ) ( 1) ( )Tn n n n n n n+ = + + + +Cov_y C P C R   54 

Taking the transpose and multiplying both sides of equation 53 by ( 1)n +x , 

provides the following result [4, page 19]: 

 [ ( 1) ( 1| ) ] ( 1| ) ( 1)T TE n n n n n n+ + = + +x y P C   55 

This equation is used in the next section to determine the filtered estimate. 

4.2.5. Filter Step 

The next stage is to filter the estimate based on the measured value.  In this case 

the need is to evaluate the conditional mean, ˆ ( 1)n +x , given the measurement.  

Reference [4] derives equations for the filter step by first recognizing that, in terms of the 

information contained, knowing the measurements up to step n+1 is equivalent to 

knowing the measurements up to step n and the measurement prediction error up to 

step n+1.  Therefore, the following equation can be written [4, page 19]: 

[ ( 1) | (1)... ( 1), (0)... ( )]
[ ( 1) | (1)... ( ), ( 1| ), (0)... ( )]

E n n n
E n n n n n

+ + =
+ +

x y y u u
x y y y u u

  56 

Recall that (1).... ( )ny y  and ( 1| )n n+y  are Gaussian and orthogonal, therefore 

independent, so equation 56 can be expanded to the following [4, page 19]: 

 
ˆ ( 1| 1)
[ ( 1) | (1)... ( )] [ ( 1) | ( 1) ( 1| ) ( 1| )]T

n n
E n n E n n n n n n

+ + =

+ + + + + +

x
x y y x y Cov_y y  

  57 

By considering equations 54 and 55, equation 57 can be rewritten as follows [4, 

page 20]: 
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1

ˆ ( 1| 1)
ˆ ˆ( 1| ) ( 1| ) ( 1) [ ( 1) ( 1| ) ( 1) ] [ ( 1) ( 1) ( 1| )]T T

n n
n n n n n n n n n n n n n−

+ + =

+ + + + + + + + + − + +

x
x P C C P C R y C x

 

 58 

If the Kalman Gain is defined as the following group of terms: 

 1( 1) ( 1| ) ( 1) [ ( 1) ( 1| ) ( 1) ]T Tn n n n n n n n −+ = + + + + + +K P C C P C R   59 

then equation 58 can be rewritten as the following [4, page 20]: 

 ˆ ˆ ˆ( 1| 1) ( 1| ) ( 1| )[ ( 1) ( 1) ( 1| )]n n n n n n n n n n+ + = + + + + − + +x x K y C x   60 

Using equation 60, the covariance of the filtering error can be solved as follows 

[4, page 20]: 

 ( 1| 1) ( 1| ) ( 1| ) ( 1) ( 1| )n n n n n n n n n+ + = + − + + +P P K C P   61 

Therefore, the filtered state estimate is the predicted state estimate plus the error 

multiplied by the Kalman Gain.  The “predict” and “filter” step process for the application 

of the EKF to sense the speed on an IM is presented as a block diagram in Figure 13. 

 

Figure 13:  Kalman Gain Feedback Loop Block Diagram Showing The IM State 
Variables Vector and State Variable Matrix 
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4.3. Implementing the Extended Kalman Filter 

The IM state-space model is a nonlinear dynamic system because matrix A
contains the fifth state variable, rω , therefore the Extended Kalman Filter must be used.  

This means that the state-space equation must be linearized.  To do this, a Jacobian 

matrix is created using the state-space model provided in equations 40 and 41. 

4.3.1. The Jacobian Matrix 

The first step in creating the Jacobian matrix is to solve for the state transition 

functions for the IM.  The state transition functions are found by expanding equations 7 

and 8 using the individual terms of A , B , x , and u .  The state transition functions are 

provided below [2]. 

Denote ( ) ( )( )( 1) ,n f n n+ =x x u  where ( ) ( )( ),f n n =x u   

 

2

2

1
2

1
2

1
2

1
2

r M r M r
ds dr qr ds

l r l r l l

r M r M r
qs dr qr qs

l r l r l l

M r
ds dr qr

r r

M r
qs dr qr

r r

r

K L R PL MM i M M V
K L K L K K

K PL L R MM i M M V
K L K L K K

L M PMi M
T T

L M P Mi
T T

ωλ λ

ω λ λ

ωλ λ

ω λ λ

ω

  
− + + +  

  
   − − + +   
 

  + − −  
  

  
+ − −  
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The basic idea of the discrete-time EKF is to linearize the state transition 

function, ()f , at each time step, by differentiating by x .  The result is called the 

Jacobian matrix, and for the IM it is as follows [2]: 
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2

2

1 0
2 2

0 1
2 2

0 1
2 2

0 1
2 2

0 0 0 0 1

r M r M r M
qr

l r l r l r l

r M r M r M
dr

l r l r l r l

M r
qr

r r

M r
dr

r r

K L R PL PLM M M M
K L K L K L K

K PL L R PLM M M M
K L K L K L K

L PM PM M M
T T

L P M PM M M
T T

ω λ

ω λ

ω λ

ω λ

∂
=

∂

  
−  

  
   − − −   
 
 − − 
 
 − − 
 
  

f

x
  63 

 

4.3.2. Predict and Filter Cycles 

The EKF estimation process is an iterative process.  Each iteration has two 

cycles: the predict cycle and the filter cycle.  Initially the estimated values of the state 

matrix, ˆ ( )nnx , are all zeros.  The hat on top of the variable x  means that it is an 

estimate.  This symbol is commonly referred to as “x-hat”. For the variables in brackets, 

the first letter n  means the value at the nth iteration, and the second letter n  means 

given the results from the first n iterations.  Therefore, the meaning can be summarized 

as the value of the estimates of the state variables (x-hat) at the nth iteration, given the 

results from the first n iterations. 

The error covariance matrix, ( )nnP , is a measure of the joint variability of the 

errors in the state variables at the nth step, given the first n iterations.  Initially the error 

covariance matrix of the process noise, ( )nnP , is assumed to be a unit matrix.  The 

values in this matrix are updated with each iteration of the model, based on the state 

Jacobian matrix and the system process covariance. 

In the two-step estimation process, inputs, ( )nu , are applied to the system and as 

a result the measurements, ( )ny , are produced.  The same inputs are applied to the 

EKF predict cycle along with the previous state, ˆ ( )nnx , to find the a priori prediction of 

the state, ˆ ( 1| )n n+x .  The prediction of the error covariance matrix, ( 1| )n n+P , is found 

using the following equation [2]: 
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( ) ( )

( 1| ) ( ) ( )
T

x x nn x x nn

n n nn n
= =

∂ ∂
+ = +

∂ ∂
f fP P Q
x x
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The filter cycle uses the measurements and predictions to compute the Kalman 

gain that will minimize the difference between these values.  The Kalman gain is 

calculated so that when the measurement noise is smaller, the measurement is 

weighted more heavily in determining the best estimate.  If the process noise is small, 

the a priori estimate is more heavily weighted [20].  The optimal estimate is the mean of 

the pdf. 

 

4.3.3. Steps to Calculate Gain and Update Prediction 

The steps to calculate the Kalman gain follow those previously derived in this 

section.  The matrix, H , is called the measurement function.  It is denoted by 

( )( ) ( ) ( )x n n n=H C x , giving the following result [2]: 

 
1 0 0 0 0

( ( ))
0 1 0 0 0

ds

qs
ds

dr
qs

qr

r

i
i

i
n

i
λ
λ
ω

 
 
      = =        
 
  

H x   65 

The measured values are used to correct the estimate.  Another matrix, C , is 

used for this purpose and derived as follows [2]: 

 
1 0 0 0 0

( )
0 1 0 0 0

n ∂
= = ∂  

H C
x
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This matrix is used to identify which of the state values are actually measured, 

which in this case are the qd  components of the current. 
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The Kalman gain, ( )nK , is computed to improve convergence of the estimate to 

actual values.  It’s calculated using error covariance, P , and the measurement noise 

covariance matrix, R .  Note that a superscript, T , means transpose [2]. 

 ( ) ( ) ( )
1

( 1) ( | 1) ( | 1) ( )T Tn n n n n n n n n
−

 + = + + + K P C C P C R   67 

The proof for the Kalman filter gain equation was provided in a previous section 

of this chapter and is based on conditional probability. 

The updated state estimate is [2]: 

 ( ) ( )ˆ ˆ ˆ( 1| 1) ( | 1) ( ) ( | 1)n n n n n n n x n n+ + = + + − +  x x K y C   68 

where the portion of the equation inside square brackets indicates the error or difference 

between the measured and estimated values.  The updated error covariance matrix is 

calculated as follows [2]: 

 ( )( 1| 1) ( | 1) ( ) ( 1| )n n n n n n n n+ + = + − +P P K C P   69 

The algorithm repeats with each iteration, but only needs the previous time step, 

and so is recursive. 

These steps are implemented in a function block in Matlab/Simulink in the 

manner described in Figure 14. 
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Figure 14:  Simulink Implementation of EKF Showing Equations Associated with Predict 
and Filter Cycles 
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Chapter 5.  
 
Implementation of the Simulation 

The EKF speed control system from Figure 9 is reproduced in Figure 15.  The 

reference speed, or speed command, is the set point for the control system.  The 

difference between the estimated speed and the speed command determines the 

change in speed required.  Based on the required speed change, the V/Hz controller 

determines the voltage to be applied to the motor stator.  Once this voltage is applied to 

the motor and the resulting current is measured, the EKF can estimate the actual speed.  

The speed is fed back to the speed controller. 

 

Figure 15:  Speed Control System Modelled in Simulink To Optimize Noise Covariance 
Matrices 

 

5.1. Simulink Model 

The speed estimation control system of Figure 15 is implemented in 

Matlab/Simulink.  The Simulink model is shown in Figure 16.  Each block in the diagram 

is a subsystem within the main model.  All blocks are built using fundamental Simulink 



40 

components as opposed to using pre-built Simscape/Power Systems blocks, for 

increased accuracy and faster response times.  Each of the subsystems is described in 

more detail in the following sections.  A Matlab parameter file contains the values for the 

constant terms used in the Simulink model.  The parameters used are based on the 

equivalent circuit IM model provided in Appendix B.  Other constants used in the 

Simulink model, such as the mechanical load inertia and sample time, are provided in 

Appendix D. 

 

Figure 16:  Simulink Model of Speed Estimation Control System used to Optimize Noise 
Covariance Matrices 

5.1.1. Speed Command Block 

A constant or sequence of values can be used for the speed command.  For my 

simulation test I used a repeating sequence Simulink block.  The block parameters are 

shown in Figure 17.  The time values are in seconds, and the output values are speed 

commands in radians per seconds.   



41 

 

Figure 17:  Block Parameters used for Speed Command Block 
 

5.1.2. VFD Block 

As shown in Figure 18, the speed command (wrm_set) and actual rotor speed 

(wrm) are the inputs to the VFD block.  A proportional integral (PI) speed controller uses 

the difference between the command and the actual speed (the error) to determine the 

required input voltage to the motor stator [11].  The voltage source inverter (VSI), 

normally part of an actual VFD, is not considered is this research.  Instead, the 0qd  

voltages are the outputs.  “Poles” refer to the number of magnetic poles in the IM.  The 

term, “tau_reg” is the time constant used for the proportional control.  “Vb” is the base 

voltage and “wb” is the base speed.  The values for these parameters are provided in 

appendix C. 
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Figure 18:  Simulink VFD Block Showing the PI Control and Constant V/Hz Gain 

5.1.3. IM Block 

The 0qd  Simulink model of the IM implements equations from Appendix A and is 

composed of many subsystems.  The key blocks are the abc2qd, qd2abc, q-axis circuit, 

d-axis circuit, rotor, and load.  The blocks are described in the sections below. 

5.1.4. abc2qd and qd2abc Blocks 

The abc2qd block transforms three-phase stator voltages to 0qd  components.  

The qd2abc reverses the transformation.  Figure 19 shows the qd2abc block.  The 

function blocks are based on the transformation or the inverse transformation matrix 

which is derived in Appendix A. 
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Figure 19:  The qd2abc Block Shows the Transformation from 0qd  Stator Voltages to 
ABC Stator Voltages 

 

5.1.5. q-axis and d-axis Circuits 

The q-axis subsystem, implements motor state equations related to the q-axis, 

and is shown in Figure 20.  The inputs to the IM state equations are 0qd  stator voltages.  

The integrals of the q-components of the stator and rotor voltages are used to determine 

the flux per second, which determines the q-axis stator and rotor currents.  The stator 

winding resistance and rotor winding resistance are modelled using constant blocks.  

The q-axis block implements q-axis equations from Appendix A. 

The d-axis circuit block is similar to the q-axis block with a few key differences.  

The d-components of the stator and rotor voltages are used to determine the d-

components of the flux per second, and the stator and rotor currents.  The d-axis block 

implements d-axis equations from Appendix A. 
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Figure 20:  Simulink q-axis Circuit Block Showing the Implementation of the IM 0qd  
Equations 

 

5.1.6. Rotor Block 

The rotor block is shown in Figure 21.  The 0qd  components of current (iqs and 

ids) and flux per second (psids and psiqs) are used to determine the electrical torque 

produced by the IM.  This block implements equation 1. 

 

Figure 21:  Simulink Rotor Block to Implement the IM Torque Equation using 0qd  
Components 
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5.1.7. Mechanical Load Block 

The Mechanical Load block is shown in Figure 22. Electric torque (Te) from the 

IM block is input to the block.  In my study, I assumed the mechanical load (Tm) is a 

constant torque.  Using these inputs, the load block determines the rotor speed (wrm) 

using equation 2. 

 

 

Figure 22:  Simulink Load Block to Implement the IM Mechanical Load Equations in the 
0qd  Reference Frame 

 

5.1.8. EKF Speed Estimation Block 

A Matlab function block is used in Simulink to implement the EKF.  The EKF 

code is executed for each iteration of the simulation.  Pseudocode for the EKF estimator 

implements equations 63–69 and is provided in Table 1. 

Table 1:  Pseudocode for EKF Estimator Matlab Function Block 

1. Assign motor and system parameters 
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2. Assign error covariance matrix to be a 5x5 unit matrix 
3. Assign sample time 
4. Repeat the following steps with each iteration 

a. Read and assign inputs (voltages, currents and last state) 
b. Calculate Jacobian matrix at current state using equation 63 
c. Predict next state using equation 40 
d. Estimate error covariance matrix using equation 64 
e. Calculate Kalman gain using equation 67 
f. Update the error covariance matrix using equation 69 
g. Update the prediction of the next state using equation 68 

 

The error covariance matrix, P , is initially set as a 5x5 unit matrix, while the 

system noise covariance matrix, Q , and measurement noise covariance matrix, R , are 

as follows: 

 

1

2

3

4

5

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

Q
Q

Q
Q

Q

 
 
 
 =
 
 
  

Q   70 

 1

2

0
0
R

R
 

=  
 

R   71 

The coefficients 1,2,3,4,5Q  and 1,2R  for the error covariance matrices are unknown 

and determined using several considered approaches. 

5.2. Methods to Select Error Covariance Matrices 

The coefficients 1,2,3,4,5Q  and 1,2R  are usually determined using a trial and error 

“tuning” approach.  This may be time-consuming and inaccurate, so other approaches 

have been considered, such as the genetic algorithm (GA) and in my research, the 

enhanced fireworks algorithm (EFWA) optimization. 
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5.2.1. Optimization Conditions 

The objective of my thesis is to find a good method to determine the noise 

covariance matrices for the EKF speed estimation.  Each of the approaches consists of 

running an optimization based on an algorithm.  The optimization is run iteratively until 

an acceptable solution is found or until the number of iterations exceeds a 

predetermined threshold.  For the process to work, each iteration must consist of 

identical and realistic command inputs to the system. 

To emulate operation of the drive system, the IM system is assumed to start from 

zero initial conditions.  Each single simulation consists of the following speed reference 

profile: 

 *

0 120 / , if  0 1.5  
120 / , if  1.5 3

120 20 / , if  3 4.25
20 / , if  4.25 5

rad s s t s
rad s s t s
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To compare and evaluate the candidate solutions that are obtained by different 

methods, the performance is assessed iteratively using the mean square error (MSE) 

calculated as follows: 

 
( )2

1
ˆ( ) ( )i N

acti
i i

MSE
N

ω ω=

=
−

= ∑   73 

where N represents the number of samples, actω  is the actual speed, and ω̂  is the 

estimated speed.  The goal of optimizing the EKF parameters is to reach the lowest 

MSE  value.  For consistency of comparison among different methods, the sampling 

time is set to be 41 10−×  seconds for all simulations. 

Three optimization approaches are considered in this research. The remaining 

sections of this chapter describes two of the approaches—trial and error optimization 

and genetic algorithm (GA) based optimization. Chapter 6 compares enhanced fireworks 

algorithm (EFWA) approach with the trial and error and GA-based optimization 
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approaches. Chapter 7 provides the simulation results and Chapter 8 describes the 

experimental results of the EFWA approach. 

5.2.2. Trial and Error Optimization 

In the first approach, the five diagonal values of Q  and two diagonal values of R  

are determined using trial and error.  The trial and error method involves guessing a 

solution, running an optimization and calculating the MSE .  Subsequent guesses are 

made, based on the previous results, until a desirable result is reached or a set number 

of iterations has passed.  This method is time-consuming, requires human interaction, 

and may be unreliable [2].  Since the estimated speed typically changes more than the 

other variables, the values assigned to 5Q  are usually chosen to be larger than the other 

values; however, the distribution of noise is unknown, so there is no relationship to help 

tune the matrices.  The following values were determined through this method in a 

comparable paper [2]: ( )18 18 18 18 6
1,2,3,4,5 1 10 ,1 10 ,1 10 ,1 10 ,1 10Diag − − − − −= × × × × ×Q  and 

( )3 3
1,2 1 10 ,1 10Diag − −= × ×R . 

These parameters have been used for comparison with results from the GA and 

EFWA optimization algorithms.  The dynamic performance of the EKF with these values 

is illustrated in Figures 23 and 24 for a single simulation consisting of the speed 

reference profile described by equation 72.  The resulting MSE  with these parameters 

implemented in the Simulink model is 1.990. 

5.2.3. Genetic Algorithm-Based Optimization 

For a second optimization method, I used the Matlab GA function to optimize the 

noise covariance matrices for the performance measure previously mentioned.  A GA 

works by randomly choosing a population of solutions (chromosomes), within specified 

bounds, and testing the fitness scores of each individual chromosome.  The top 

solutions are called the “elite” and they pass directly to the next generation.  After the 

elite, the next best performers become parents.  Their genetic material is randomly 

crossed over, or combined, with others in the cross-over group to create offspring.  The 

cross-over offspring comprise most of the individual chromosomes in the next 
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generation.  The remaining spots are filled with mutants—randomly generated 

individuals created to bring diversity to the population.  The next generation’s fitness 

scores are tested and the process repeats itself until a specified number of generations 

has passed. 

The function call statement specifies the parameters for the algorithm to optimize 

a simulation, such as the bounds of the range and name of the simulation file.  In my 

case I identified the population size, cross-over rate, mutation rate, elite count, and initial 

population range as the options I wanted to control.  These terms are described in the 

following paragraph. 

In the GA, each generation is composed of a set of possible solutions from the 

sample space.  This is called the population.  The population size is the total number of 

individuals in each generation.  The cross-over rate is specified as a decimal value, such 

as 0.9.  This decimal value represents the fraction of the population made up of solutions 

derived from the cross-over process.  The elite count is the number of solutions that will 

pass directly to the next generation.  At least one elite should be specified in order to 

always carry forward the best solution.  The mutation rate is specified indirectly because 

it is the fraction of the total population leftover after removing cross-overs and elite.  The 

initial range is the bounds for the first generation. 

The fitness function used for the GA is the MSE  (equation 73) of the estimated 

speed.  The MSE  is calculated for each chromosome by another script file that calls the 

Simulink model and runs the simulation given the specified speed profile.  The GA 

determines the best value of the fitness function for each generation [2], [5] and [6]. 

In this GA implementation, the chromosome with the top result (i.e. the smallest 

MSE  value) is passed directly to the next generation because the elite count is set to 1. 

The chromosomes with the next best scores become parents of the upcoming 

generation.  Each pair of parents randomly exchange information from their own 

individual chromosomes to create an offspring.  The remainder of the individuals in the 

next generation are produced by mutation to randomly introduce new genetic material 

into each generation.  The elite, offspring, and mutant individuals form the next 

generation’s population.  The GA repeats these steps until a termination condition is 
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met—either the maximum number of generations has been reached, or there has been a 

stall (no further improvements in the value of the fitness function) [2], [5] and [6]. 

In the EKF speed estimation model, the five diagonal values of Q  and two 

diagonal values of R  must be optimized.  These values are coded into a seven-element 

chromosome: [ ]1 2 3 4 5 1 2, , , , , ,Q Q Q Q Q R R= , and chosen randomly from the initial range.  

To test the fitness, the chromosome elements are copied into Q  and R  matrices, the 

simulation is run, and the MSE  is evaluated.  The following parameters are used in the 

GA optimization for this study: the population, NGA, is 115; number of generations, GGA, 

is 20; probability of crossover is 0.9; and initial range is [0, 0.1]. 

In a sample GA optimization with a population of 115 chromosomes, after 20 

generations, the fitness function MSE  is reduced to 0.4348, achieved with the optimized 

matrices: [0.0282,0.0299,0.0009,0.0004,0.7049]Diag=Q  and 

[0.0081,0.0230]Diag=R .  These results represent an appreciable improvement over 

the trial-and-error method [2]. (See the Trial and Error section, where MSE = 1.990.) 

Figures 23 and 24 illustrates the speed estimation of the extended Kalman filter 

(EKF) used for the closed-loop constant V/Hz controller, with the EKF matrices specified 

using a set of parameter values obtained using the trial-and-error and the GA 

optimization methods. 
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Figure 23:  Illustration of Trial-and-Error and GA Optimized EKF Speed Estimate 
Optimization for One Set of Solutions 

 

 

Figure 24:  Magnification of Illustration of Trial-and-Error and GA Optimized EKF Speed 
Estimate 

In this particular case, the simulation results show that EKF optimized by GA 

gives more accurate speed estimation than the trial and error approach for increasing, 

decreasing, and constant speed conditions. 

My intent was to create a model for testing EKF optimization and validate my 

model against results from a prior study [2].  To this end, I achieved my goal because my 

results were similar. 

The GA optimization results show an improvement over the trial and error 

method, however, many iterations are required before the error is minimized to an 

acceptable level.  My next goal was to consider another approach to provide similar or 

better results in fewer iterations.  The approach I studied is the enhanced fireworks 

algorithm (EFWA.) 
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Chapter 6.  
 
The Enhanced Fireworks Algorithm 

The family of particle swarm algorithms, which include the fireworks algorithm 

(FWA), use “intelligence” created by the cooperative nature of swarms.  In some 

applications, swarm intelligence can help to improve optimization results by arriving at 

an acceptable solution faster. 

6.1. Principles of FWA 

The FWA randomly generates individual fireworks which represent candidate 

solutions to the given optimization problem.  These fireworks are tested and given a 

fitness score.  If the fitness level is strong, the firework will generate many sparks and 

the distance the sparks travel will be small.  This allows the algorithm to exploit the 

general area around a successful candidate solution.  If the fitness level of an individual 

candidate solution is poor, the firework will generate fewer sparks and the distance the 

sparks travel will tend to be greater.  Fewer sparks means that the algorithm avoids 

unnecessary computing of candidate solutions in a poor region and allows the algorithm 

to explore a larger solution space.  Figure 25 provides the conceptual idea of FWA [9]. 

 

Figure 25:  Basic Principle of Fireworks Algorithm Showing the Results from Good and 
Bad Fitness Scores 
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6.2. FWA Equations 

Two key equations are used in the FWA: the number of sparks and the amplitude 

of sparks.  The number of sparks is calculated as follows [9, page 21]: 
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Where iS  is the number of sparks for the current firework, N is the number of fireworks, 

maxY  is the fitness value for the worst firework, ( )if x  is the fitness value for the current 

firework, m  is the total number of sparks, and ε  is a value used to avoid dividing by zero 

[9]. 

The amplitude of the sparks is found using the following equation [9, page 22]: 
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Where iA  is the amplitude for the current firework, N is the number of fireworks, minY  is 

the fitness value for the best firework, ( )if x  is the fitness value for the current firework, 

Â  is the total of all amplitudes, and ε  is a value used to avoid dividing by zero [9]. 

6.3. Comparison of FWA with GA 

Like GAs, FWAs are evolutionary algorithms.  Each new generation consists of 

an initial population of fireworks and a resulting set of sparks.  Once each of the 

fireworks have generated their offspring sparks, the sparks’ fitness values are evaluated.  

The firework or spark with the best fitness value moves on to the next generation.  

Unlike the GA, which is based on the idea of survival of the fittest, in the FWA the 

information about fireworks with good and bad fitness levels is used to determine the 

number of sparks per firework and the amplitude of the sparks; thus, the idea of sharing 

information is used in generating the population. 
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6.4. Issues with FWA 

Researchers identified issues with the original FWA.  Some concerns are 

associated with the amplitudes, which can be viewed as the distance the sparks travel 

from the firework, and other problems which are related to mapping and mutation. 

In the FWA, the amplitude could be very small for fireworks with good scores, 

which means that the algorithm may converge prematurely around a good solution, 

instead of continuing to search for a better one.  As well, the FWA applies the amplitude 

to all dimensions of the search space equally, which leads to poor search diversity [21]. 

Another issue with the FWA is related to the mutation operator.  It is a Gaussian-

based process, so it tends to move solutions towards the origin (0,0) of the search space 

[9] and [21].  This tendency may not be desirable for applications where the best 

solutions exist at locations other than the origin. 

If a solution lands outside of the boundaries of the feasible search space, the 

FWA moves the infeasible candidate solution into a feasible set of the optimization 

problem.  The mapping is based on using a modulus operator to provide a new value 

when a spark travels outside of the bounds.  This modulus operator has the tendency to 

move chromosomes towards the origin.  Once again, this may not be the best approach 

for all systems [9] and [21]. 

Lastly, the FWA uses a distance-based selection strategy, where the 

fireworks/sparks with the greatest distance from others are selected for the next 

generation, to introduce variety.  This process is computationally expensive, and it was 

not found to improve the results significantly over random selection [9] and [21]. 

6.5. Improvements in the Enhanced Fireworks Algorithm 

The enhanced fireworks algorithm (EFWA) was developed due to concerns 

identified with the original FWA [21].  Amplitude, mapping, and selection issues are 

addressed in the EFWA. 

A minimum amplitude is introduced in the EFWA, which linearly decreases with 

each generation, to mitigate the issue of small amplitudes in the FWA.  As well, a 
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different random displacement of the amplitude is applied to each dimension, to improve 

search diversity [21]. 

To deal with mutation, the Gaussian operation is modified to move the 

chromosomes from their original location towards the location of the best chromosome 

thus far in the optimization [21].  This modification keeps the algorithm from tending to 

move towards the origin, as was the case with the FWA. 

In the EFWA, a random mapping function was introduced in place of the modulus 

operator to keep solutions within the search space [21].  Solutions that fall outside the 

boundary are moved to a random new location inside the search space, without the 

tendency to move towards the origin, as in the FWA.  This helps to support search 

diversity. 

The EFWA uses “elitism-randomism” to select solutions, instead of the distance-

based selection strategy of the FWA.  The top candidate spark is chosen for the next 

generation and the rest of the next group is selected randomly from the candidate 

solutions [21]. 

For the rationale described above and also because, according to sources [9] 

and [21], the EFWA modifications produced beneficial results in many applications, I 

decided to use the EFWA in my research. 

6.6. EFWA Pseudocode 

The following table summarizes the pseudocode I implemented for the EFWA 

based on [9] and [21]. 

Table 2:  EFWA Pseudocode 

1. Set the lower and upper bounds of the search space 
2. Set the number of fireworks, mutant sparks, generations, and max number of 

sparks, max amplitude, and dimensions of the search space 
3. Set initial and final minimum amplitude 
4. Generate first set of fireworks randomly within the specified bounds 
5. Run the simulation with each of the fireworks to get fitness values 
6. Find the best and the worst firework and associated fitness value 
7. Use the results from step 6 to calculate the number of sparks for each firework 

(equation 74) 
8. Adjust for limitations on number of sparks 
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9. Use results from step 6 to calculate the amplitude for each firework (equation 
75) 

10. Adjust amplitudes to within upper and lower bounds 
11. Generate mutant sparks - randomly choose dimensions and adjust amplitude 
12. Map any spark outside of search space back inside boundary 
13. Find fitness value for all sparks 
14. Find firework or spark with best fitness value 
15. Pass optimum solution (best firework or spark) to next generation of fireworks 
16. Randomly select the rest of the fireworks 
17. Loop back and repeat steps 6-16 for the rest of the generations 
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Chapter 7.  
 
Simulation Results 

The EFWA has configurable parameters that can influence the outcome of the 

optimization such as the nominal maximum number of sparks and number of fireworks 

and the total of all amplitudes in each generation.  In my research, I explored these 

parameters to determine reasonable values to use for further study of the EFWA and 

presented the results in the first section of the chapter. 

In the remaining sections of this chapter I present results from comparisons of 

the EFWA and GA, for this particular application. 

7.1. Exploring EFWA Parameters 

I studied the effect of varying one parameter at a time in the EFWA on 

performance as a function of the cost to determine optimal parameter values for my 

application.  The parameters considered were the nominal number of sparks, number of 

fireworks and total amplitude.  The performance criterion is the mean square error 

(MSE) and the cost is the number of calls to the simulation file, which is also referred to 

as the number of function evaluations. 

Table 3:  Parameter Values to Explore EFWA Performance with Different Number of Fireworks (N), Nominal 
Sparks (m) and Amplitude (A) 

Experiment (Figure) Number of 
Fireworks 

(N) 

Number of 
Nominal 

Sparks (m) 

Amplitude 
(A) 

1.  Vary Number of 
Fireworks  
(figs. 27 & 28) 

5 95 100 
10 80 100 
20 40 100 
30 25 100 
50 12 100 

2.  Vary Number of 
Sparks  
(figs. 29 & 30) 

33 20 100 
20 40 100 
17 50 100 
10 80 100 
5 95 100 
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3.  Vary Amplitudes  
(figs. 31 & 32) 

10 90 50 
10 90 75 
10 90 100 
10 90 125 
10 90 150 

 

The parameters were chosen to maintain a population of approximately 100 and 

five generations.  While varying the number of fireworks and sparks, and amplitude, all 

of the other parameters such as the number of mutations were held constant, for the 

trials. 

Multiple runs were necessary due to the random nature of the algorithms, hence, 

each of the data sets in the study represents average values from twenty independent 

runs with the same parameters.  Some of the data for these experiments is provided in 

Appendix E. 

7.1.1. Number of Fireworks 

In each generation, the fireworks are generated first and tested for fitness to 

determine the amplitude and number of sparks.  Given a population of approximately 

100 (includes explosion and mutated sparks and fireworks), I considered 5, 10, 20, 30 

and 50 fireworks and ran optimizations using each of these values.  The effect of the 

number of fireworks on the optimization is shown in Figures 26 and 27.  Based on my 

results, in this particular application, the optimal number appears to be 5 or 10.  The 

number of sparks were chosen to keep the population at close to the same number 

across all tests.  Other parameters such as initial range [0 to 0.1], total amplitude of 100 

and 10 mutated sparks were kept constant for all tests. 
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Figure 26:  Number of Fireworks Varied with Resulting MSE versus Number of Function 
Calls – Results from 20 Independent Optimizations using Amplitude of 100, Nominal 

Population of 100, 10 Mutated Spark 
 

The magnified view of the results for the maximum number of fireworks is shown 

in Figure 27.  This graph clearly demonstrates that between 5 or 10 fireworks provides 

acceptable results for my application with fewer function evaluations. 
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Figure 27:  Magnified View of Number of Fireworks Varied with Resulting MSE versus 
Number of Function Calls using Amplitude of 100, Nominal Population of 100, 10 

Mutated Sparks 
 

7.1.2. Nominal Number of Explosion Sparks 

Fireworks generate sparks, each one representing one solution from the 

specified range.  The number of explosion sparks is a parameter that is specified in the 

algorithm and used to allocate the sparks to each firework.  It is a nominal value, with the 

actual number of sparks varying due to minimum and maximum sparks per fireworks 

settings. 

I ran optimizations using the following spark values:  20, 40, 50 and 95.  In Figure 

28 the effect of changing the number of sparks on the resulting best mean square error 

per generation is shown.  Based on the results, in this particular application, the best 

performance results are achieved when 80 or 95 sparks are used.  The other 

parameters used are a maximum amplitude of 100, and 10 mutation sparks.  The 

number of fireworks were selected based on maintaining a population of approximately 

100. 
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Figure 28:  Nominal Number of Sparks Varied with Resulting MSE versus Number of 
Function Calls using Amplitude of 100, Nominal Population of 100, 10 Mutated Sparks 
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Figure 29, shows a magnified view of the results for varying the maximum 

number of sparks.  This graph verifies that 80 or 95 sparks provides optimal results. 

 

Figure 29  Magnified View of Number of Sparks Varied with Resulting MSE versus 
Number of Function Calls using Amplitude of 100, Nominal Population of 100, 10 

Mutated Sparks 
 

7.1.3. Amplitude  

The amplitude is a constant used to determine the individual distances that the 

sparks travel.  The effect of changing the amplitude constant on the mean square error 

of the best result for each generation is shown in Figure 30.  The different amplitudes 

constants considered, as shown in the legend, are 50, 75, 100, 125 and 150.  All of the 

choices provide similar results.  The other parameters used are 10 fireworks, 90 

explosion sparks and 10 mutation sparks. 
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Figure 30:  Amplitude Constant Varied with Resulting MSE versus Number of Function 
Calls using 10 Fireworks, 90 Explosion Sparks, 10 Mutated Sparks 

 

Figure 31, shows a magnified view of Figure 30.  This graph confirms my initial 

conclusion that, all of the tested values provide good results.  The magnification shows 

that the higher amplitude constants provided the best results in the first few generations 

for this application. 
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Figure 31:  Magnified View of Total Amplitude Varied with Resulting MSE versus 
Number of Function Calls using 10 Fireworks, 90 Explosion Sparks, 10 Mutated Sparks 

 

7.2. Comparison of EFWA with GA Optimization 

The GA parameters were chosen to establish a comparable case to the EFWA 

optimization in terms of process, cost of computations (i.e. calls to the Simulink file), and 

initial range.  I used the following symbols in my discussion:  EFWAFC  denotes the total 

number of function calls in an optimization for the EFWA; GAFC  denotes the total 

number of function calls made by the GA; the population size for the GA is GAN ; for the 

EFWA, EFWAN , SparksN  is the number of sparks and FireworksN the number of fireworks; the 

number of generations over which the GA is run is GAG  and for the EFWA it is EFWAG . 

7.2.1. Equating the Computational Cost of the Algorithms 

The EFWA’s population is different from the GA’s.  In the GA, the population is 

made up of individuals from a solution space.  In the EFWA, each generation is 

comprised of both fireworks and sparks, also from a solution space.  For comparison of 

the algorithms, it may seem reasonable to set GAN , equal to Fireworks sparksN N+ .  



65 

However, because there are a minimum and maximum number of sparks per firework, 

the actual number of sparks varies per generation, so the numbers would not be 

equivalent. 

To make a fair comparison, I had to consider equal computational cost for the 

two algorithms.  By observing the algorithms and researching the two methods, I found 

that the computational cost for both GA and EFWA is the number of function calls. 

The algorithm calls the model repeatedly during the optimization, using each 

individual chromosome as input, in order to determine the output, which becomes the 

fitness score of the individual.  To compare algorithms, the number of function calls must 

be approximately the same.  In order to do this, a counter was used to track the number 

of function calls.  Counting the function calls and endeavouring to make them equivalent 

was used to compare the algorithms. 

After counting the function calls in the EFWA, an equation was required to 

determine the equivalent GA parameter set.  I started by recognizing that the number of 

function calls for the EFWA is the number of individuals in each generation as shown in 

Equation 76. 

 ( )
1

G

EFWA EFWA
i

FC n i
=

=∑   76 

where ( )EFWAn i   denotes the number of EFWA function calls at the ith iteration. 

I observed that the GA calls the Simulink file twice in the first generation (once as 

an initialization and once for the fitness evaluation) and then once for each subsequent 

generation.  I assumed the initialization function call was not likely a full evaluation, so 

used a similar equation to the EFWA to determine the function calls for GA: 

 GA GA GAFC N G=   77 

In order to find equivalent parameters for comparison (equal computational cost), 

the function counts must be equal as follows: EFWA GAFC FC= .  This equivalency and 

equations 76 and 77 were used to derive the following equation, which represents how 
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to determine the population required for a comparable GA optimization, given the 

function calls for an EFWA optimization and a common number of generations: 

 EFWA
GA

GA

FCN
G

=   78 

Therefore, for each comparison study, the EFWA optimization was run first with a 

counter to track the number of simulation model evaluations (function calls.)  Once the 

number of function calls was determined, EFWAFC , the population of the GA study could 

be calculated so that an equal number of function calls were made.  I established that, 

for this comparison, I would use the same number of GA and EFWA generations. 

7.2.2. Fitness Function 

To calculate the fitness value of each candidate firework or spark I used equation 

73, which is the MSE .  The best solution is the one which results in the lowest MSE . 

After running a few trial studies, I found that the MSE , using EFWA optimization, 

is typically reduced to less than 0.5 within five generations, using the parameters 

described in the previous section.  The following optimized matrices, which were 

obtained after only four generations, provide a fitness score of 0.4212:  

[ ]0.07067, 0.03550, 0.01908, 0.01618, 0.02413Diag=Q  and [ ]0.1723, 0.01618Diag=R . 

7.2.3. Comparison of EFWA with GA using Baseline Parameters 

The first test to compare EFWA with GA involved twenty independent runs of 

each algorithm where the average MSE  was calculated for each generation.  The 

parameters are described in the next section. 

Parameters Used for Baseline Comparison 

In the first comparison of EFWA and GA, the following input parameters were 

used, and are referred to as baseline parameters.  The GA parameters are similar to 

those used in [2] and EFWA parameters were chosen to make a fair comparison using 

the technique described earlier in this chapter.  Table 4 shows EFWA and Table 5 

shows GA baseline parameters. 
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Table 4:  Baseline Parameters for EFWA 

 EFWA Base Parameters   
Number of fireworks     10 

Total number of sparks     100 

Amplitude constant 100 

Constant used to determine min number of sparks 0.1 

Constant used to determine max number of sparks 0.3 

Initial minimum amplitude of sparks   0.1 

Final minimum amplitude of sparks   1.00E-06 

Elite count     1 

Number of mutations per generation   10 

Population initial range [0-0.1] 
 

Table 5:  GA Baseline Parameters 

GA Base Parameters   
Population     115 

Elite count     1 

Mutant sparks 10 

Population initial range [0-0.1] 
 

Result of Baseline Parameters Comparison 

Twenty independent runs of each optimization method, EFWA and GA, were 

conducted, and the average MSE  was calculated for each generation, with the results 

provided in Figure 32.  The graph shows that the GA results start with a high MSE  and 

take about 10 generations to reduce to a MSE less than 0.5 ( MSE  = 0.4348 after 10 

generations).  The EFWA tends to start with a much better solution in the first generation 

and reaches a good solution of MSE, less than 0.5, after just a few generations ( MSE  = 

0.4212 after 4 generations). 

Faster reduction of the MSE may be a result of the initial information sharing by 

the EFWA algorithm.  The information that is shared is the firework’s fitness score, which 

determines how far away and how many sparks are generated in a particular location in 

the solution space. 
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Figure 32:  Average MSE per Generation for Twenty Independent Runs Each of EFWA 
and GA Optimizations using Baseline Parameters with 95% Confidence Interval 

 

This graph represents the average MSE  for each generation for 20 independent 

optimizations.  The graph shows the 95% confidence interval lines for both the EFWA 

and the GA.  The confidence intervals do not overlap until 7-8 generations have passed. 

Illustration of Optimization Methods 

Figure 33 illustrates the EKF speed estimation for the closed-loop IM system, 

with the covariance matrices optimized by the EFWA, trial and error, and GA methods 

for the case described in Chapter 5.  Figure 34 shows a magnified view of the 

comparison. The EKF provides accurate speed tracking for increasing, decreasing, and 

constant speed conditions and good results with respect to the actual speed. 
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Figure 33:  Illustration of EFWA Optimized Speed Estimate Simulation for One Solution 
Solution (where the actual speed is from the Simulink IM model in Figure 16) 

 

 

Figure 34:  Magnified View of Illustration of EFWA Optimized Speed Estimate (where the 
actual speed is from the Simulink IM model in Figure 16) 

 

The EFWA method provides as good accuracy as the GA does; however, it 

became obvious after many optimization runs that the real improvement with the EFWA 
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was that it was able to find an acceptable solution with fewer function calls.  Typically, I 

found that the MSE  was reduced to less than 0.5 within five generations given a 

population size of approximately 100. 

Due to the random nature of the initial population, the results may vary from one 

optimization to another, so confidence intervals were used in this study to determine if 

the number of runs were sufficient to make any conclusion. 

 

7.3. Analysis of EFWA Performance with Different 
Spark/Population Ratios 

To check if the results were valid with different parameters, I decided to run 

additional sets of experiments using different spark/population ratios, while holding the 

total population constant.  The list of experiments conducted is provided in Table 6.  The 

sparks and fireworks are varied to create different ratios. 

When conducting the initial experiment, I realized that the most significant 

changes occurred in the first five generations given a population of approximately 100 

individuals, so decided to limit my study to five generations.  In all cases I endeavored to 

achieve an equivalent total function count per generation for the EFWA and GA 

optimizations. 

Table 6:  Parameter Values to Investigate Sensitivity of EFWA Performance with Different 
Firework/Population Ratios 

Experiment (Figure) Nominal 
Sparks 
(m) 

Fire- 
works 
(N) 

Actual 
Population 

Actual 
Sparks 

% of 
Sparks/Pop 

1a – EFWA Baseline  
(fig.47) 

100 10 115 95 91.3% 

1b – GA Baseline  
(fig.47) 

 – 115 – – 

2a – EFWA 
(fig.48) 

80 11 98 77 88.8% 

2b – GA (fig.48) 
 

 – 98 – – 

3a – EFWA (fig.49) 
 

60 15 100 75 85.0% 

3b – GA (fig.49)  – 100 – – 
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4a – EFWA (fig.50) 
 

40 22 103 71 78.6% 

4b – GA (fig.50) 
 

  103 –  

 

For the GA, the mutation rate is set using a decimal value; for example, if the 

crossover rate (CO) is 0.9, then the mutation rate is approximately the remaining 

fraction, or 0.1.  For the EFWA, the number of mutant sparks is specified as an integer 

number; for example, if there are 90 regular sparks and 10 mutant sparks, then this 

represents 10% mutation. 

7.3.1. Results from Experiment 2a and 2b 

I used the parameters listed for experiments 2a and 2b from Table 6 for this 

experiment: the number of fireworks is set at 11, sparks at 80 and mutation sparks at 10 

which translates to sparks/population = 88.8%.  The number of function calls were 

counted during the actual EFWA optimization and this total count was used to calculate 

the actual population of 98.  This is the value used for the GA population for an 

equivalent optimization.  Figure 35 shows the results of this experiment.  In this case it 

seems that the early performance of the EFWA is slightly better than the GA 

performance.  This would imply that the early performance of the EFWA is dependent on 

choosing the appropriate sparks/firework ratio.  After 2 - 3 generations both algorithms 

produced acceptable results. 
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Figure 35:  Average Results of 20 Independent Runs of EFWA and GA for 88.8% Sparks 

7.3.2. Results from Experiment 3a and 3b 

I used the parameters listed for experiments 3a and 3b from Table 6 for this 

experiment: the number of fireworks is set at 15, sparks at 60 and mutation sparks at 10 

which translates to sparks/population = 85.0%.  The number of function calls were 

counted during the actual EFWA optimization and this total count was used to calculate 

the actual population of 100.  This is the value used for the GA population for an 

equivalent optimization.  Figure 36 shows the results of this experiment.  In this case it 

seems that the mean GA early performance is better than the mean EFWA performance.  

After two-three generations, both algorithms perform well and provide an acceptable 

solution. 
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Figure 36:  Average Results of 20 Independent Runs of EFWA and GA for 15 Fireworks 
for 85.0% Sparks 

 

7.3.3. Results from Experiment 4a and 4b 

I used the parameters listed for experiments 4a and 4b from Table 6 for this 

experiment: the number of fireworks is set at 22, sparks at 40 and mutation sparks at 10 

which translates to a ratio of the sparks/population = 78.6%.  The number of function 

calls were counted during the actual EFWA optimization and this total count was used to 

calculate the actual population of 103.  This is the value used for the GA population for 

an equivalent optimization.  Figure 37 shows the results of this experiment.  This graph 

supports the findings from the previous ones — the early performance of the fireworks 

algorithm is dependent on the parameters. 
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Figure 37:  Average Results of 20 Independent Runs of EFWA and GA for 22 Fireworks 
and 40 Sparks 

This analysis provided insight into the dependence of early performance on the 

selection of the parameters.  In the first two experiments, the EFWA outperforms the GA, 

but in the last three experiments, the GA provides better results.  Therefore, for EFWA-

based optimization, initial investigations of parameters may provide better early 

performance for multiple optimization runs.  This is similar to making an initial investment 

in time to find appropriate parameters to save time in multiple, subsequent optimizations. 

The results of these tests prompted one more study with a higher percentage of 

sparks than was previously considered.  This study is presented in the next section. 

7.3.4. Experiments 5a and 5b 

For the EFWA, the best results were associated with the highest number of 

sparks, so I decided to run one more experiment to see if the performance would drop 

off with an even higher percentage of sparks.  I used the following parameters for 

experiments 5a and 5b:  the number of fireworks was set at 5, sparks set at 170 and 

mutation sparks set to 10 which translates to sparks/population = 95.0%.  I counted the 

number of function calls during the actual EFWA optimization and this total was used to 

calculate the actual population of 101.  This is the value used for the GA population for 

an equivalent optimization.  Figure 38 shows the results of this experiment.  This graph 
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shows that the EFWA has a slight advantage over the GA in the early performance, 

however, the confidence intervals overlap. 

 

Figure 38:  Average Results of 20 Independent Runs of EFWA and GA for 5 Fireworks 
and 170 Sparks 

 

7.3.5. Summary of Different Number of Sparks Analysis 

The EFWA results from this section are summarized in Table 7 for comparison.  

The early performance of EFWA is best for between 88.8 and 95% sparks of the total 

population.  For other combinations, the EFWA performance is good, but the GA 

performance is better.  It seems with too few fireworks or sparks there may not be 

enough exploration or exploration of the sample space as seen in the first data set. 
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Table 7:  Average value of Twenty Independent Runs of the Mean Square Error in First, Second and Third 
Generations for Several EFWA and Typical GA Optimizations 

Experiment 
First 

Generation 
MSE 

Second 
Generation 

MSE 

Third 
Generation 

MSE 
Typical GA (population =101) 3.7461 0.98688 0.73008 
EFWA (pop= 95.0% sparks) 1.815429 0.62291 0.429094 
EFWA (pop=91.1% sparks) 0.753772 0.508061 0.46815 
EFWA (pop=88.8% sparks) 2.020558 0.911495 0.500127 
EFWA (pop=85% sparks) 9.401709 1.27158 0.798526 

EFWA (pop=78.6% sparks) 4.015779 1.744744 1.310455 
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Chapter 8.  
 
Experimental Results 

In this chapter I discuss an experimental implementation of an EKF speed-

sensing system using the EFWA-optimized noise covariance matrices, where the IM 

motor model is replaced with an actual IM.  Details on the experimental system used for 

my study are provided in Appendix C. 

The Simulink speed sensing feedback control system used for optimization that 

was shown in Figure 16 is repeated in Figure 39.  The parameters for the motor, called 

M2 to differentiate it from the simulation motor, are provided in Appendix B.   

 

Figure 39:  IM EKF Speed Sensing Control System Implemented in Simulink to Interface 
with Actual IM 

 

The noise covariance matrices were determined for the experimental motor, M2 

using the Simulink model optimized using EFWA optimization.  The optimization results 

are provided in Figure 40.  Even in this application, the EFWA exhibits good early 

performance arriving at a MSE=0.62 after only five generations (population of 100).  The 

solution from the optimization are the noise covariance matrices required for the EKF to 

estimate the speed of the IM. 
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Figure 40:  Performance for EFWA Noise Covariance Optimization for Motor M2 
 

In the experimental implementation, the Simulink IM model is replaced with the 

actual motor shown in Figure 1 in Chapter 1 and the actual speed is measured using a 

speed encoder.  The speed encoder is an electromechanical device that is mounted to 

the shaft to measure the speed.  Speed encoders turn rotating mechanical motion into 

electrical signals.  In this particular lab motor, a magnet is mounted on the axis and a 

sensor placed on the fixed frame.  One complete shaft rotation creates two negative 10 

volt pulses.  The pulses are counted over a time interval of 0.3 seconds.  The speed is 

calculated by dividing the number of pulses by the time interval. 

The speed estimation performance of the EKF, with the noise covariance 

matrices specified using the EFWA, is shown in Figure 41 along with the measured 

speed.  The measured speed is shown as stepped because it is calculated only once per 

time interval.  The EKF estimated speed closely follows the measured speed, 

demonstrating the viability of the EKF and EFWA optimization method. 
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Figure 41:  Experimental Results of EKF Speed-Sensor for Induction Motor M2– EFWA 
Optimized Noise Covariances 
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Chapter 9.  
 
Conclusion 

My research considered a conventional volts-per-hertz induction motor (IM) drive 

with an Extended Kalman Filter (EKF) speed estimator.  The system and measurement 

noise covariance matrices are required to implement the EKF, but are typically unknown.   

The current methods to determine the system and noise covariances are trial and error 

or an optimization algorithm.  The objective of either method is to minimize the error 

which is the difference between the estimated speed and the speed determined by a 

model of the IM.  I proposed that using a new algorithm; the enhanced fireworks 

algorithm (EFWA), for the purpose of optimizing the noise covariances, may improve 

results compared to current methods. 

I built a model to simulate the IM and the VFD using Simulink fundamental blocks 

and created an EKF estimator using a Matlab function block to compare the different 

optimization methods.  The model was built using IM equations in the 0qd  reference 

frame and the code for the function block was based on EKF equations.  A genetic 

algorithm (GA) was used, which is the state of the art method, to optimize noise 

covariances for use with the EKF.  The resulting mean square error between IM model 

and EKF estimator block were compared to results from similar studies, to verify the 

model. 

After verifying the model, I used the EFWA to optimize the noise covariances.  

This was successful, however the choice of parameters to use with the EFWA was not 

obvious, so my next task was to determine settings for the EFWA that would provide a 

good result given a limited number of function evaluations.  The EFWA has parameters, 

such as number of fireworks, number of sparks and the maximum amplitude, all of which 

may affect the results.  I chose five different values for each parameter and conducted 

twenty independent optimizations for each value.  I found that 5-10 fireworks, 80-115 

sparks and a maximum amplitude of 100-125 provided the best results.  I used these 

parameters in the subsequent comparison studies. 

My primary objective was to compare the two different algorithms, the GA and 

the EFWA, to find the noise and system covariances for the EKF speed estimation.  
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From my preliminary studies, the EFWA tended to reach a good solution more quickly 

than the GA, however, being a random process, I realized that multiple independent runs 

must be completed in order to reach a conclusion.  I completed a study of twenty 

independent runs using a comparable sample space and number of function evaluations 

for both the GA and the EFWA.  In this baseline study I found that the EFWA reached a 

good solution in fewer iterations than the GA, when pre-tuned parameters were used. 

After finding that the EFWA could provide good early performance, I conducted 

studies to investigate whether my results were sensitive to the choice of parameters.  

From previous work, the parameters which had the most impact were the number of 

fireworks and number of sparks, so I considered whether the ratio of sparks to the total 

population changed my results.  I varied the number of explosion sparks and fireworks, 

while maintaining a total population of approximately 100.  I found that while in all cases, 

any choice in parameters reached a good solution after many iterations, good early 

performance depended on the ratio of sparks to the total population.  For this application 

a ratio of 88-95% of sparks to the total population provided the best results. 

An experiment was conducted at BCIT to demonstrate the EKF optimized with 

EFWA.  The procedure, circuit diagrams and results are provided as well as photos and 

descriptions of the equipment.  The lab motor was first characterized using the blocked-

rotor and no-load test.  Based on the motor characteristics, the EFWA was used to find 

the system and noise covariance matrices.  The motor was run at a fixed, increasing and 

then decreasing test speed and the estimated speed logged.  The results of this 

experiment validate the EKF as a means to estimate the speed of an IM.  Although not 

verified experimentally in this research, an induction motor can be run more efficiently if 

an accurate speed is provided for feedback. 

The objective of my thesis was to find an alternative method to determine the 

noise covariance matrices for extended Kalman filter IM speed estimation for a variable 

frequency driven induction motor.  I applied a new population-based algorithm, the 

enhanced fireworks algorithm, to search for and find the matrices over many iterations.  

The results of the optimizations through simulation and from the experimental portion 

show that for this particular application, the EFWA may reduce the time required to 

reach a good solution for the covariance matrices. 
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Appendix A:  Induction Motor Theory of Operation   

Appendix A presents IM theory from a literature review in order to develop the 

induction motor equations.  After covering the more basic theory of transformer 

operation, IM operation is more easily explained.  This appendix provides a summary of 

the necessary background from literature, starting with transformers and then moving to 

IMs in order to build the IM model. 

Transformer Theory of Operation 

In an induction motor (IM), circuits in relative motion are magnetically coupled for 

the purpose of transforming electrical energy to mechanical energy.  A transformer is 

also a device that uses magnetic coupling, and its operation can be described with 

magnetic circuit variables.  Transformer variables can be used as well as 

electromechanical energy conversion theory, to develop expressions for IM variables. 

Transformer Flux 

The construction of an IM motor is similar to that of a transformer—both have two 

windings, or coils, which are magnetically coupled.  In a transformer, alternating voltage 

is applied to the primary winding, which causes a current to flow.  The alternating current 

creates alternating magnetic flux in the core of the transformer.  At the secondary 

winding of the transformer, this flux induces a varying electromotive force (EMF) due to 

induction.  The EMF generates a secondary current, which produces an equal and 

opposite flux. 

The flux can be separated into two components, leakage and magnetizing as 

shown in Figure 42.  The magnetizing flux travels through the magnetic core and 

couples with the second winding, while the leakage flux does not.  In the diagram, 1i  is 

the current in the primary winding, 1N  represents the number of turns on the primary, mφ  

is the magnetizing flux, and 1lφ is the leakage flux resulting from the current in coil 1.  

The parameters with subscript 2 refer to the same variables for the secondary coil.  The 

equations that are presented in this section to describe transformer operation follow the 

same progression as in references [11] and [12]. 
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The flux created by the primary and secondary windings can be represented in 

the following equations, [11, page 2]. 

 1 1l mφ φ φ= +   79 

 2 2l mφ φ φ= +   80 

 

Figure 42:  Leakage and Magnetizing Flux for a Single-Phase Transformer with a 
Primary and a Secondary Winding 

 

Transformer Flux Linkages 

Ampere’s law for magnetic circuits is similar to that for electric circuits and is 

given in the following equation [11, page 3]. 

 1 1 2 2 m mN i N i φ+ = ℜ   81 

The left side of the equation represents the magnetic-motive force by the number 

of turns of each winding multiplied by the current.  This is analogous to the electromotive 

force in an electric circuit.  The magnetizing flux can be thought of as the current in the 

magnetic circuit.  The reluctance, mℜ , is similar to the resistance of a material—it is a 

constant that depends on the physical parameters of the magnetic path, which, in this 

case, is the transformer core.  Similar equations can be written for the leakage flux, 

based on the reluctance of the leakage path.  Equation 81 can be rewritten to solve for 

the fluxes, as shown in the following equations [11, pages 3-4]: 
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 1 1 2 2( ) /m mN i N iφ = + ℜ   82 

 1 1 1 1/l lN iφ = ℜ   83 

 2 2 2 2/l lN iφ = ℜ   84 

Flux linkages,λ , are defined as the number of turns multiplied by the flux for a 

coil.  The flux linkages for coils 1 and 2 are defined as follows [11, page 4]: 

 1 1 1 1 1( )l mN Nλ φ φ φ= = +   85 

 2 2 2 2 2( )l mN Nλ φ φ φ= = +   86 

The leakage flux and magnetizing flux can be replaced by the same terms in 

equations 83 and 84 to provide the relationship for flux linkages created by coil 1.  The 

same equation can be derived for flux linkages created by coil 2 [11, page 4]. 

 
2 2

1 1 1 1 2 2 1 1 1 1 1 2 2
1 1 1 1

1 1

( )
l m l m

N i N i N i N i N i N N iN Nλ φ + +
= = + = +

ℜ ℜ ℜ ℜ
  87 

Transformer Inductance 

In equation 87, the number of turns and the reluctances are both constants and 

can be grouped together to form a term called the inductance.  The leakage inductance, 

1lL , is defined in equation 88 and the magnetizing inductance from coil 1, 1mL , in 

equation 89.  The mutual inductance, 12mL , which is based on the last term on the right-

hand side of equation 87, describes the interaction of the flux between coils 1 and 2 and 

is defined in equation 90 [11, pages 4-5]. 
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Similar equations are provided for coil 2 in the following equations: 
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As can be seen from equations 91-93, the following terms are equal: 12 21m mL L= . 

Transformer Equations 

Inductance provides a function that relates flux to current; Liλ = .  This function 

is helpful for the purpose of deriving voltage equations to represent transformer 

operation, because the windings can be represented as resistances and inductances.  

The voltage equations for the primary and secondary side are given in equations 94 and 

95.  In Equation 94, 1v  is the total voltage across winding 1.  The next term, 1r , 

represents the resistance of winding 1.  The voltage across the winding due to 

inductance is equal to 1

t
δλ
δ

, by Faraday’s law.  The same is true for the voltage on the 

secondary side, 2v  in equation 95 [11, page 7]. 

 1
1 1 1v r i

t
δλ
δ

= +   94 

 2
2 2 2v r i

t
δλ
δ

= +   95 

The flux linkages are provided here with the appropriate inductances [11, page 

6]. 
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 1 1 1 1 1 12 2l m mL i L i L iλ = + +   96 

 2 2 2 2 2 21 1l m mL i L i L iλ = + +   97 

Equations 94–97 describe the electrical operation of a transformer and can be 

used to develop an equivalent circuit model. 

 

Induction Motor Theory of Operation 

The relationships derived for the transformer can be extended to the induction 

motor because of their similarity.  The induction motor has two windings, the stator and 

the rotor, which are magnetically coupled.  Alternating voltage is applied to the stator 

winding, which causes alternating current to flow.  The magnetic field on the stator will 

also alternate due to the applied voltage.  The alternating flux generated in the stator 

passes through the rotor winding inducing an alternating magnetic field on the rotor 

winding.  The interaction of the two magnetic fields produces a torque, which causes the 

rotor to move as it tries to align its field with the stator’s field. 

The most common arrangement is to actually apply three ac voltage waveforms 

spaced apart by 120° to the IM stator.  The three voltage waveforms are commonly 

referred to as phases A, B and C.  This type of power is called three-phase power and 

has the advantage over single-phase power of requiring fewer conductors and providing 

a steady power to the load as opposed to pulsating.  While there are some single-phase 

IMs, most use three-phase power and that is what this research assumes. 

IM Flux 

As opposed to the transformer’s solid core, alternating magnetic flux in an IM 

passes across the air gap between the stator and the rotor.  On the rotor, the flux 

induces a varying EMF due to induction which causes an alternating current to flow.  The 

flux due to both windings can be separated into two components, a leakage component 

and a magnetizing component. 
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As with transformers, the flux can be defined as flux linkages and then as 

inductances, so that there is a way to relate the voltage to the current. 

IM Inductances 

For a three-phase motor, each phase has stator and rotor windings.  The effect 

of each winding can be represented by an equivalent resistance and inductance.  Figure 

43 is the circuit diagram of the two windings for each phase.  The symbols used in this 

diagram, sr  and sL , are the stator winding resistance and inductance, respectively.  

Similarly, rr  and rL  are the rotor winding resistance and inductance, respectively.  The 

three-phase stator currents are asi , bsi  and csi .  The rotor currents are ari , bri  and cri . 

 

Figure 43:  Equivalent Resistance and Inductance for IM Stator and Rotor Windings 
 

The inductances in IM windings consist of leakage and magnetizing components, 

as in transformer windings.  As well, interactions occur between the different phases, 

which are referred to as mutual inductances.  In order to create an equivalent set of 

equations to represent this circuit’s performance, the rotor and stator self-inductances 

and the magnetizing and mutual inductances must be considered.  The development of 

equations presented in the next three sections for IM motor inductances follows 

references [11], [12] and [13]. 
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IM Self-Inductances 

Assuming symmetry between phases, the following equations represent the self-

inductances for the phases [11, page 36-37 and 81]: 

 cscasas bsbs s ls msL L L L L= = = +   98 

 c carar brbr r r lr mrL L L L L= = = +   99 

The term asasL denotes the self-inductance for phase “a” of the stator, and lsL  and 

msL  represent the leakage and magnetizing inductance of the stator, respectively.  Due 

to assumed symmetry, these values are the same for each phase.  These inductance 

values are constants represented by equations 100 and 101.  The same applies to lrL  

and mrL , except that the “r” subscript refers to the rotor winding.  The rotor winding 

leakage and magnetizing inductances are provided in equations 102 and 103 [11, page 

83]. 
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IM Stator Mutual Inductances 

The flux created by the stator windings in phase “a” interacts with phase “b” and 

“c” stator windings.  These mutual inductances must also be represented in the IM 

equations.  Mutual inductances depend on the angle between the winding axes.  Figure 
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44 shows this dependency, which is identical for rotor windings.  The mutual inductance 

between phase “a” and phase “b” is the projection of the magnetizing inductance of 

phase “a” onto the “b” axis.  Equations 104 and 105 provide the result for stator and rotor 

mutual inductances, respectively.  The terms, msL and mrL , are defined in equations 104 

and 105 [11, page 40 and 41]. 

 

Figure 44:  Cross Section of Stator Windings to Demonstrate Mutual Inductanes 
Between Phases 

 

 c
1cos(60 )
2asbs ascs bs s ms msL L L L L= = = − ° = −   104 

 c
1cos(60 )
2arbr arcr br r mr mrL L L L L= = = − ° = −   105 

IM Mutual Rotor-to-Stator Inductances 

The flux in the rotor interacts with the flux in the stator.  Rotor-to-stator mutual 

inductances are functions of the rotor angle, rθ , which is constantly changing.  For 

phase “a” on the stator side, equations 106–108 represent these inductances.  Equation 

109 provides the scalar value of srL  [11, page 41 and 83]. 

 cosasar sr rL L θ=   106 

 cos( 120 )asbr sr rL L θ= + °   107 
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 cos( 120 )ascr sr rL L θ= − °   108 

 s r
sr

m

N NL =
ℜ

  109 

By considering each of these inductances, an equation for the flux linkages for 

each winding can be determined.  Using the flux linkages and the resistance of the stator 

and the rotor, the voltage equations can be found for each winding. 

IM Flux Linkages 

The following equations describe the flux linkages for the IM and are consistent 

with those presented in [11] and [14].  In these equations, the variable asλ  refers to the 

flux linkages, with the first subscript referring to phase “a”.  The second subscript, “s”, 

refers to the stator winding [11, page 81]. 

 as asas as asbs bs ascs cs asar ar asbr br ascs crL i L i L i L i L i L iλ = + + + + +   110 

 bs bsas as bsbs bs bscs cs bsar ar bsbr br bscs crL i L i L i L i L i L iλ = + + + + +   111 

 cs csas as csbs bs cscs cs csar ar csbr br cscs crL i L i L i L i L i L iλ = + + + + +   112 

 ar aras as arbs bs arcs cs arar ar arbr br arcs crL i L i L i L i L i L iλ = + + + + +   113 

 br bras as brbs bs brcs cs brar ar brbr br brcs crL i L i L i L i L i L iλ = + + + + +   114 

 cr cras as crbs bs crcs cs crar ar crbr br crcs crL i L i L i L i L i L iλ = + + + + +   115 

IM Voltage Equations 

Now that the flux linkage equations have been found, the voltage equations for 

an IM can be set up.  The voltage across the winding, represented by the term asv , is a 

function of the current and the resistance of the winding, sr .  It is also a function of as

t
δλ
δ

, 

by Faraday’s law.  These equations and the matrices that follow are consistent with 
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those presented in references [11] and [14].  The voltage equations for phases “a”, “b” 

and “c” stator windings are given in equations 116, 117 and 118.  For the rotor windings, 

the equations are 119, 120 and 121 [11, page 77 and 81]. 

 as
as s asv r i

t
δλ
δ

= +   116 

 bs
bs s bsv r i

t
δλ
δ

= +   117 

 cs
cs s csv r i

t
δλ
δ

= +   118 

 0ar
ar r arv r i

t
δλ
δ

= + ≈   119 

 0br
br r brv r i

t
δλ
δ

= + ≈   120 

 0cr
cr r crv r i

t
δλ
δ

= + ≈   121 

Equations 119–121 are shown as approximately equivalent to zero because, in a 

squirrel-cage IM, the rotor bars are shorted, so the voltage across the rotor is zero. 

These equations can be summarized by using matrices in place of variables.  

This result is provided in equations 122–125 [11, page 216 and 219-220]. 

 
t

δ
δ

= + abcs
abcs s abcs

λV R I   122 

 r t
δ
δ

= + abcr
abc r abcr

λV R I   123 

 = +abcs s abcs sr abcrλ L I L I   124 

 = +abcr r abcr rs abcsλ L I L I   125 
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The resistance and inductance matrices referred to above are provided below in 

equations 126–129.  Note that the single quotation mark (prime) represents the rotor 

variable referred to the stator side. 

 
0 0

0 0
0 0

s

s

s

r
r

r

 
 =  
  

sR  126 

 

'

' '

'

0 0
0 0
0 0

r

r r

r

r
r

r

 
 =  
  

R   127 

 

1 1
2 2

1 1
2 2
1 1
2 2

ls ms ms ms

ms ls ms ms

ms ms ls ms

L L L L

L L L L

L L L L

 + − − 
 
 = − + − 
 
 − − +
  

sL   128 

 

'

' '

'

1 1
2 2

1 1
2 2
1 1
2 2

lr ms ms ms

r ms lr ms ms

ms ms lr ms

L L L L

L L L L

L L L L

 + − − 
 
 = − + − 
 
 − − +
  

L   129 

The rotor-to-stator inductance matrix has terms that depend on the rotor angle.  

The constant, srL , is defined in equation 130 [11, page 218]. 

 '

cos cos( 120 ) cos( 120 )
cos( 120 ) cos cos( 120 )
cos( 120 ) cos( 120 ) cos

r r r

sr ms r r r

r r r

L
θ θ θ

θ θ θ
θ θ θ

+ ° − ° 
 = − ° + ° 
 + ° − ° 

L   130 

 The motor can be modelled using these equations; however, the state matrix is 

not constant, even in steady-state, so it would be difficult and computationally expensive.  



96 

A more widely used approach is to transform the variables to a different reference frame.  

The reference frame is selected in such a way as to eliminate the angle dependence. 

Arbitrary Reference Frame Theory 

The state space model generally takes the form in equation 131 for linear 

systems. 

 
( ) ( )

( ) ( )

x Ax t Bu t
t

y Cx t Du t

δ
δ

= +

= +
  131 

If the coefficients vary with time, the form of the model changes to that shown in 

the following equation: 

 
( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

x A t x t B t u t
t

y C t x t D t u t

δ
δ

= +

= +
  132 

In the IM, the values in the ( )tA matrix vary with the rotor angle therefore they 

change with time because the rotor angle is constantly rotating.  To eliminate the rotor 

angle dependence, the variables can be transformed to a different reference frame.  The 

process of transforming variables to a different reference frame in order to create the IM 

model follows the method presented in references [11] and [13] and is summarized in 

the following sections. 

qd0  Reference Frame 

In order to eliminate time-dependent variables, a new reference frame is used.  

There are many different types of reference frames used in electrical engineering that 

have been developed to help analyze electric circuits.  The “arbitrary reference frame” 

(ARF) was found to be a way to generalize all reference frames, with the defining feature 

being the speed of rotation [11]. 

Figure 45 shows the original three-phase A, B, C reference frame and the 

proposed two-phase 0qd reference frame to which it will be transformed, shown with 
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heavier lines.  The new two-dimensional system is orthogonal and assumes a counter-

clockwise rotation as shown.  In this system, “ q ” refers to the quadrature component 

and “ d ” refers to the direct component.  The “ 0 ”, or zero-component, is a third term 

required to accommodate matrix multiplication.  The third component is zero if the three 

phases are balanced. 

 

Figure 45:  Stator Currents Based on ABC Axis Compared to Stator Currents Based on 
qd -axis 

 

The speed of rotation of the reference frame is determined by the variable, ω , 

which can be adjusted to fit the application.  This is why the reference frame is called 

“arbitrary”.  The speed of rotation, ω , can be chosen to be 0 (stationary), rω  (the rotor 

speed) or eω  (the synchronous speed), depending on the application.  In my model, ω  

is chosen to be 0. 

Transformation Matrix 

Currents and voltages can be transformed to the new reference frame to simplify 

calculations and analysis.  Once the calculations are complete, solutions can be 

transformed back to actual values. 

The currents can be transformed to the new reference frame using a 

transformation matrix, sK .  The transformation process from ABC to 0qd  is given in 
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equation 133.  The transformation process from 0qd  back to ABC is given in equation 

134 [11, page 88-89]. 

 =qd0s s abcsi K i   133 

 1
s
−=abcs qd0si K i   134 

The 0qd  current vector for the stator is provided in equation 135.  The same 

transformation process applies to voltages and flux linkages.  The third variable, 0si , is 

needed to allow matrix multiplication. 

 

0

qs

ds

s

i
i
i

 
 =  
  

qd0si  135 

The angle, θ , which is used in the transformation matrix, can be found for any 

time, t  , using equation 136. 

 0
0

t

tθ θ ω= + ∫   136 

To derive the transformation matrix, sK , equations 137–139 are used [13]. 

 ( , , )qs as bs csi i i i projected onto q axis= → − − −∑   137 

 ( , , )ds as bs csi i i i projected onto d axis= → − − −∑   138 

 0
1 ( )
3s as bs csi i i i= + +   139 

The translation of equation 137 is as follows: qsi  is equal to the sum of asi  

projected onto the q -axis, bsi  projected onto the q -axis and csi onto the q -axis.  The 

same is true for the d -axis current.  The last equation, for 0si , is recognizable in power 

system analysis because it is the equation used to solve for the zero-sequence current 



99 

in a three-phase system.  Note that the zero-sequence current is zero for a balanced 

system. 

Based on these equations, the relationship between the three-phase and the 

two-phase reference frames can be solved.  Assuming that the peaks of the waveforms 

of the 0qd  system equal the peaks of the A, B, and C waveforms, the equations can be 

found using the projections shown in Figure 46. 

 

Figure 46:  Stator Currents in ABC Reference Frame Projected onto qd  Reference 
Frame 

 

As can be seen in Figure 46, we can find the projections of the ABC components 

on the qd -axes by using trigonometry.  For example, the q -component of asi  is 

cosasi θ  and the d  -component of asi  is sinasi θ .  Equation 140 summarizes all of the 

projections in a matrix format [11, page 88-89]. 

 

0

cos cos( 120 ) cos( 120 )
2 sin sin( 120 ) sin( 120 )
3

1 1 1
2 2 2

qs as

ds bs

s cs

i i
i i
i i

θ θ θ
θ θ θ

 − ° + °        = − ° + °            

  140 

The middle matrix is the transformation matrix, sK .  Likewise the reverse 

equation can be used to find the inverse of the transformation matrix, or -1
sK . 
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0

cos sin 1
cos( 120 ) sin( 120 ) 1
cos( 120 ) sin( 120 ) 1

as qs

bs ds

cs s

i i
i i
i i

θ θ
θ θ
θ θ

     
     = − ° − °     
     + ° + °     

  141 

Resistive Elements in qd0  Reference Frame 

The resistances of the stator and rotor windings were previously established.  

The resistance of each of the phases was assumed to be equal.  To develop a method 

to transform resistances to a 0qd  system, consider the three-phase circuit shown in 

Figure 47. 

 

Figure 47:  Resistive Elements in 0qd  Frame Equal Resistive Elements in ABC 
Reference Frame 

 

As previously stated, the three phases all have the same resistance.  In the ABC 

reference frame, the voltage drop of the resistors using Ohm’s law can be determined as 

per the following equation. 

 =abc abc abcV R I   142 

To come up with 0qd  equivalent resistance, multiply both sides of equation 142 

by the transformation matrix.  For the current, substitute in the current from the 0qd  
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reference frame, pre-multiplied by the inverse transformation matrix.  These changes are 

given in equation 143. 

 ( ) ( )( )= -1
s abc s abc s qd0K V K R K I   143 

The parentheses can be shifted to the following arrangement: 

 ( ) ( )( )= -1
s abc s abc s qd0K V K R K I   144 

The term on the left-hand side in the brackets can be simplified to qd0V .  The first 

term on the right-hand side can be simplified to abcR .  The second term on the right-

hand side can be left as it is, to give equation 145 [11, page 90]. 

 qd0 abc qd0V = R I   145 

From this equation, =qd0 abcR R . 

Inductive Elements in qd0  Reference Frame 

The 0qd  version of the inductive elements can be resolved using the same 

process as for the resistive elements.  Consider the circuit in Figure 48. 

 

Figure 48:  Inductive Elements in ABC Reference Frame Compared to Inductive 
Elements in 0qd  Reference Frame 
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The ABC reference frame voltage across each of the inductive elements is 

determined using Faraday’s law, as expressed in equation 146 [11, page 91]. 

 
t

δ
δ

= abc
abc

λV   146 

If both sides by the transformation matrix are multiplied and the following 

substitution of -1
s qd0K λ  for abcλ is made, the result is given in equation 147. 

 
( )

t
δ

δ
=

-1
s qd0

qd0 s

K λ
V K   147 

The product rule can be used to differentiate equation 147 to get the following 

result: 

 
( )( )

t x
δδ

δ δ
= +

-1
qd0-1s

qd0 s qd0 s s

λKV K λ K K   148 

The result of the first term on the right-hand side of equation 148 is provided in 

equation 149. 

 
0 1 0

( ) 1 0 0
0 0 0

x
δ ω
δ

 
 = − 
  

-1
s

s
KK   149 

Recall ω  is the speed of rotation of the reference frame. 

The vector representing dq0λ  is defined in equation 150.  Note the reversal of the 

order of 0qd and the negative sign. 

 
0

d

q

λ
λ

 
 = − 
  

dq0λ   150 

Given equations 148 and 149, the following equation can be written to express 

the voltage across the inductive element [11, page 92]. 
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t

δ
ω

δ
= + qd0

qd0 dq

λ
V λ   151 

Flux Linkages 

The flux linkages, λ , depend on the inductance.  As previously covered, the 

terms self and mutual inductance are related to the stator winding of the IM, shown in 

Figure 45. 

 

Figure 49:  IM ABC Stator Windings Self and Mutual Inductance 
 

For an IM, the stator mutual inductance was earlier referred to as asbsL , so flux 

linkages are the product of the inductance and current. 

 =abcs s abcsλ L I   152 

The self-inductance of each winding was previously defined as ls msL L+  and the 

mutual inductance as 1
2 msL− .  The matrix representing the stator self-inductances is 

provided in equation 153 [11, page 96]. 
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1 1
2 2

1 1
2 2
1 1
2 2

ls ms ms ms

ms ls ms ms

ms ms ls ms

L L L L

L L L L

L L L L

 + − − 
 
 = − + − 
 
 − − +
  

sL   153 

For the rotor self-inductance matrix, the symbol, mrL , is used. 

By following the method to transform the flux linkages to the 0qd  reference axis 

by pre- and post-multiplying the inductance matrix by the transformation matrix and its 

inverse, equation 154 is as follows. 

 ( )= -1
qd0s s s s qd0sλ K L K I   154 

 The term in brackets can be reduced to the matrix in equation 155 [11, page 96]. 

 

3 0 0
2

30 0
2

0 0

ls ms

ls ms

ls

L L

L L

L

 + 
 
 = + 
 
 
  

-1
s s sK L K   155 

The 0qd  axes are orthogonal, so the fluxes decouple and the result is a 

diagonal matrix.  The expanded versions of the voltage and flux equations are provided 

in equations 156–161 [14]. 

 qs
qs dsV

t
δλ

ωλ
δ

= +   156 

 ds
ds qsV

t
δλωλ
δ

= − +   157 

 0
0

s
sV

t
δλ
δ

=   158 
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 1( )
2qs ls ms qsL L iλ = +   159 

 
1( )
2ds ls ms dsL L iλ = +   160 

 0 0s ls sL iλ =   161 

Induction Motor in qd0  Reference Frame 

The voltage equations in the abc reference frame for the IM provided in 

equations 44–45 are summarized in matrix form below [11] [14]. 

 t
      ∂ = +      ∂       

abcs abcs abcss
'

abcr abcr abcrr

λ I V-R 0
λ I V0 -R

  162 

Note that each of the terms in this equation is a matrix. 

The flux linkages equations for the IM provided are summarized in matrix form in 

equation 163. Each term is represented by a matrix [11, page 220]. 

 
     

=     
     

abcs s sr abcs
T

abcr sr r abcr

λ L L I
λ L L I

  163 

Stator quantities can be converted to the 0qd  reference frame using θ ; 

however, rotor quantities lag stator quantities by the rotor angle, rθ . Therefore, rotor 

quantities can be converted to the 0qd  reference frame using angle β , which is the 

difference between θ  and rθ  as shown in Figure 50.  The transformation matrices, sK  

and rK , are used to convert rotor and stator quantities from ABC to the 0qd  reference 

frame.  Equations 166 and 167 describe the process [11, page 222-223]. 
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Figure 50:  Stator and Rotor Componont Transformation from ABC to 0qd  Coordinates 

 

 
cos cos( 120 ) cos( 120 )

2( ) sin sin( 120 ) sin( 120 )
3

1 1 1
2 2 2

θ θ θ
θ θ θ θ

 − ° + ° 
 = − ° + °
 
  

sK   164 

 
cos cos( 120 ) cos( 120 )

2( ) sin sin( 120 ) sin( 120 )
3

1 1 1
2 2 2

β β β
β β β β

 − ° + ° 
 = − ° + °
 
  

rK   165 

 r=
qd0r

' '
abcri K i   166 

 =qd0s s abcsi K i   167 

Using the method shown above, the IM voltage are transformed to the 0qd  

reference frame, in the following equations [11, page 224]: 

 
t

δ
ω

δ
= + + qd0s

qd0s s qd0s dqs

λ
V R I λ   168 

 0 ( )r t

δ
ω ω

δ
= + − + qd0r

'
' ' ' '
qd r r qd0r dqr

λ
V R I λ   169 
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Where 
0

ds

qs

λ
λ

 
 = − 
  

dqsλ  and 

'

' '

0

dr

qdr qr

λ

λ

 
 

= − 
 
 

λ  and 0ω = . 

The flux linkages are dealt with in equations 170 and 171. 

 ( ) ( ) r= +-1 ' -1
qd0s s s s qd0s s sr r qd0λ K L K I K L K I    170 

 ( ) ( )= +' -1 ' ' -1
qd0r r r r qdor r sr s qd0sλ K L K I K L K I   171 

The term that consists of constants for the inductance, pre- and post-multiplied 

by the transformation matrix, results in diagonal matrices in equations 172–174 [11, 

page 225]. 

 
0 0

0 0
0 0

ls M

ls M

ls

L L
L L

L

+ 
 = + 
  

-1
s s sK L K   172 

 

'

'

'

0 0
0 0
0 0

lr M

lr M

lr

L L
L L

L

 +
 = + 
  

' -1
r r rK L K   173 

 
0 0

0 0
0 0 0

M

s s M

L
L

 
 =  
  

' -1
r rK L K   174 

Where 1 3
2 2M ms ms msL L L L= + =  . 

The resulting expanded forms for voltage and flux linkages are provided in 

equations 175–186 [11, page 225-226]. 

 '( )qs ls qs M qs qrL i L i iλ = + +   175 

 '( )ds ls ds M ds M ds drL i L i L i iλ = + + +   176 
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 0 0s ls sL iλ =   177 

 ' ' ' '( )qr lr qr M qs qrL i L i iλ = + +   178 

 ' ' ' '( )dr lr dr M ds drL i L i iλ = + +   179 

 ' ' '
0 0r ls rL iλ =   180 

 qs
qs s qs dsV r i

t
δλ

ωλ
δ

= + +   181 

 ds
ds s ds qsV r i

t
δλωλ
δ

= − +   182 

 0
0 0

s
s s sV r i

t
δλ
δ

= +   183 

 
'

' ' ' '( ) qr
qr r qr r drV r i

t
δλ

ω ω λ
δ

= + − +   184 

 
'

' ' ' '( ) dr
dr r dr r qrV r i

t
δλω ω λ
δ

= − − +   185 

 ' ' ' 0
0 0

r
r r rV r i

t
δλ
δ

= +   186 

Thus the reference frame eliminates dependent on rotor position.  The equations 

using the 0qd  stationary reference frame can be used to define the equivalent circuit to 

model the IM. 

Analysis of Steady-State Operation 

In order to determine the physical motor parameters used in the Simulink model, 

such as , ,s r lsr r X  and MX , standard measurement tests are performed on the motor 

being simulated.  The tests are based on using the single-phase, equivalent T-circuit for 
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a three-phase motor in steady-state operation.  For completeness, this circuit is derived 

in this section. 

For simplicity, the single-phase circuit for a two-phase motor is derived first and 

extended to a three-phase motor.  To derive the single-phase equivalent T-circuit for a 

two-phase motor in steady-state operation, use the synchronous 0qd  rotating reference 

frame.  The steps presented follow the proof in reference [16]. 

In a balanced two-phase set, the stator voltages are as follows [16, page 238-

240]: 

 2 cosas s evv V θ=   187 

 2 sinbs s evv V θ=   188 

The angle, evθ , is the displacement of the voltage, and sV  is the root mean 

square (RMS) value of the voltage. 

If the balanced set is transformed to the arbitrary reference frame, the following is 

the result: 

 2 cos( )qs s evV V θ θ= −   189 

 2 sin( )ds s evV V θ θ= − −   190 

For steady-state conditions, the above becomes: 

 2 cos[( ) (0) (0)]qs s e evV V tω ω θ θ= − + −   191 

 2 sin[( ) (0) (0)]ds s e evV V tω ω θ θ= − + −   192 

If the synchronous speed reference frame is chosen, eω ω= , and with (0) 0θ = , 

then e tθ ω= .  The equations simplify to: 

 2 cos (0)e
qs s evV V θ=   193 
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 2 sin (0)e
ds s evV V θ= −   194 

The raised index, e , signifies variables in the synchronous reference frame.  

Based on these equations, at steady-state, these values are constants.  Recall that the 

sa  phasor can be written as: 

  cos (0) sin (0)as s ev s evV V jVθ θ= +   195 

where the term with the squiggle on top is the phasor representation of the voltage 

waveform. 

Equations 193 and 194 can be plugged into 195 to get the following: 

 2 e e
as qs dsV V jV= −   196 

Similarly, the following represents the rotor side: 

 ' ' '2 e e
ar qs dsV V jV= −   197 

Assuming steady-state, the IM voltage equations can be simplified to the 

following: 

 e e e
qs s qs e dsV r I ω λ= +   198 

 e e e
ds s ds e qsV r I ω λ= +   199 

 ' ' ' '( )e e e
qr r qr e r drV r I ω ω λ= + −   200 

 ' ' ' '( )e e e
dr r dr e r qrV r I ω ω λ= − −   201 

In the synchronous rotating reference frame, the 0qd  variables are all constants 

in the steady state, and so are written in capital letters. 

Equations 198 and 199 can be substituted into equation 196 to transition from 

0qd  variables back to actual voltage and currents.  Similarly equations 200 and 201 can 
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be substituted into equation 197.  Flux linkages can be replaced by inductances using 

Liλ = .  The following equations for the synchronous rotating reference frame result: 

   

'( )as s as e ls ms as e ms arV r I j L L I j L Iω ω= + + +   202 

    ' ' ' ' '( )( ) ( )ar r ar e r lr ms ar e r ms asV r I j L L I j L Iω ω ω ω= + − + + −   203 

The equations can be further modified for this purpose by introducing the variable 

s , the slip.  The equation for the slip is as follows: 

 e r

e

s ω ω
ω
−

=   204 

This slip is the difference between the synchronous speed and rotor speed and it 

represents the mechanical load coupled to the IM.  If the slip is zero, in theory, there is 

no mechanical load connected.  Practically speaking, there is always some mechanical 

loading due to losses such as friction and windage (air friction), so slip will never actually 

be zero.  A slip of one represents the IM at starting conditions when the rotor speed is 

zero.  To bring the mechanical load into my model, the slip can be introduced into the 

rotor voltage equation (203) as a divisor on both sides, as follows: 

 


  

' '
' ' '( )ar r
ar e lr ms ar e ms as

V r I j L L I j L I
s s

ω ω= + + +   205 

Equations 202 and 205 describe the single-phase equivalent T-circuit for a two-

phase symmetrical induction machine during steady-state balanced operation.  This 

circuit is shown in Figure 51. 
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Figure 51:  Equivalent Circuit for a Two-Phase Symmetrical Induction Motor for 
Balanced Steady-state Operation in ABC Reference Frame 

 

This circuit can be extended to three-phase IM machines with one minor 

modification.  The mutual inductive reactance, MX , in the three-phase case is 

3
2M msX X= , so the term on the middle branch would be replaced with 3

2 msX .  Note that 

all reactance values are calculated using the synchronous frequency, eω , and not using 

the rotor frequency, rω . 

State Equation Equivalent Variables 

To implement the three circuits in Simulink, a change is made to the flux linkage 

and inductance terms—both are multiplied by the base frequency.  This frequency was 

60 Hz in my case, but it could be any system frequency.  This provided two new 

variables: Ψ , which represents flux linkages per second and X , which represents 

reactance.  Equations 206 and 207 define these new relationships [11, page 261] and 

[15, page 196]. 

 bλωΨ =   206 

 bX Lω=   207 

The state equations for the system incorporate these variables and so they must 

be used in the Simulink model. 
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Two other variables are introduced into the Simulink model, aqΨ  and adΨ .  

These variables represent magnetic flux in terms of the state variables and are defined 

in equation 208 [11, page 264]. 

 1
'

1 1 1( )aq ad
M ls lr

X X
X X X

−= = + +   208 
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Appendix B.   
 
Induction Motor Parameters 

One set of induction motor parameters was used for development, simulation, 

and optimization of the model.  A second set was based on equivalent circuit parameters 

from an actual motor, in order to implement and test the results experimentally.  The first 

set, M1, was based on an original EKF paper which used a GA to optimize the noise and 

process covariances [2] to minimize the MSE.  The parameters used for M1 are provided 

in Table 8. 

The second set of motor parameters was used for experimentation to 

demonstrate the speed sensing on an actual induction motor.  The motor is part of the 

rotating equipment bench in the power lab at the British Columbia Institute of 

Technology (BCIT).  See Figure 1 in Chapter 1 for a photo of this motor.  The 

parameters for the motor, M2, are provided in Table 9. 

Table 8:  Induction motor parameters used for simulation – M1 

Parameter  Description Value Unit 
Rs Stator resistance 0.288 Ω/phase 
Rr Rotor resistance 0.161 Ω/phase 
Xls Stator leakage reactance 0.512 Ω/phase 
Xlr Rotor leakage reactance* 0.218 Ω/phase 
XM Magnetizing reactance 14.82 Ω/phase 

    
 

Table 9:  Induction motor parameters used for experimentation – M2 

Parameter  Description Value Unit 
Rs Stator resistance 1.941 Ω/phase 
Rr Rotor resistance 3.867 Ω/phase 
Xls Stator leakage reactance 3.473 Ω/phase 
Xlr Rotor leakage reactance* 3.473 Ω/phase 
XM Magnetizing reactance 100.5 Ω/phase 
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Appendix C.   
 
Actualization 

To experiment with the optimized EKF speed estimation of the variable-

frequency-driven IM, I used lab equipment at the British Columbia Institute of 

Technology.  The following equipment was used:  three-phase power supply distribution 

system, IM, separately-excited dc machine, field current controller, VFD implemented 

using a Rapid Control Prototyping System (RCPS), 3-phase load bank, 3-phase power 

analyzer, tachometer and various other meters. 

Three-Phase Distribution System 

Three-phase, 120/208V, 60 Hz ac power is supplied to the lab equipment by 

means of a distribution system in the lab room.  From the main panel, cables run in 

conduits to a circuit breaker and then to a lockable safety switch on a moveable trolley 

adjacent to the lab bench.  From the trolley, power can be distributed to the IM. 

Induction Motor 

The induction motor, shown in Figure 1, is a wound rotor motor.  The IM 

terminations are connected to binding posts on an inclined bench panel, shown in Figure 

52, to allow the motor stator windings to be connected in wye or delta.  The rotor binding 

posts allow the IM to be configured as a squirrel-cage induction motor (SCIM) or a 

wound rotor motor.  To configure the IM as a SCIM, the rotor connections are shorted 

together.  To configure the IM as a wound rotor motor, a three-phase resistive load is 

connected in series with each rotor winding.  In my tests, I use the SCIM configuration. 



116 

 

Figure 52:  Induction Motor Inclined Bench Panel 
Photo: Kathy Manson. Reproduced with permission. 

Separately-Excited DC Machine and Field Current Controller 

The dc machine, when coupled to the IM, can act as load or prime mover to the 

IM.  If electric power is supplied to the IM, as in the blocked-rotor test, the IM will 

produce a torque that will rotate the dc machine armature.  This will induce an EMF in 

the dc armature conductors and current will flow (electrical power).  The power the dc 

machine generates is dumped to the resistive load bank.  Using this method in the 

blocked-rotor test, the dc machine acts as a mechanical load on the IM to prevent it from 

rotating.  The dc machine is shown coupled to the IM in Figure 53. 
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Figure 53:  DC Machine Coupled to the IM 
Photo: Kathy Manson. Reproduced with permission. 

The amount of mechanical load on the IM can be adjusted by varying the 

resistance of the load bank and the strength of the magnetic field.  The load bank is 

shown in Figure 54 and the dc machine field current controller is shown in Figure 55. 
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Figure 54:  Three-Phase Load Bank 
Photo: Kathy Manson. Reproduced with permission. 

 

 
Figure 55:  DC Machine Field Current Controller 

Photo: Kathy Manson. Reproduced with permission. 
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When electric power is supplied to the dc machine, as is the case in the no-load 

test, the dc machine will drive the IM.  The speed of rotation of the IM can be controlled 

by adjusting the input dc voltage.  The input dc voltage is controlled using a 3-phase 

autotransformer feeding a 3-phase, full-wave dc rectifier.  Figure 56 shows the 3-phase 

auto-transformer.  In the no-load test, the dc machine is used to increase the speed of 

the IM rotor to synchronous speed. 

 

Figure 56:  Three-Phase Auto-Transformer 
Photo: Kathy Manson. Reproduced with permission. 

 

VFD Implemented with Rapid Control Prototyping 

I used a Rapid Control Prototyping System (RCPS) to implement a 

programmable VFD.  The RCPS is configured into three educational blocks.  This 

section provides a description of the RCPS system [22]. 
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The three blocks are based on components developed by TriPhase.  Control 

systems required for power conversion systems can be simply and quickly prototyped 

using these blocks. 

The RCPS is shown in Figure 57 and consists of the following components: 

• Voltage-sourced converter (VSC) panel 

• Real-time controller PC (RTPC), also called the Target PC (see Figure 

58) 

• Data-acquisition and digital I/O panel (see Figure 59) 

 
Figure 57:  Rapid Control Prototyping System 
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Figure 58:  Real Time PC or Target PC 
Photo: Kathy Manson. Reproduced with permission. 

 

 

 

Figure 59:  Data Acquisition and Digital I/O Panel 
Photo: Kathy Manson. Reproduced with permission. 

Real-Time Controller PC (RTPC) 

The RTPC is also referred to as the Target PC because it is the “target” for any 

code that originates in the workstation.  It is a standard x86/AMD64 PC running a Linux 
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operating system kernel modified to allow compiled C-code to be executed in real time 

[22].  Its processor allows for many calculations at each time step [22]. 

The C-code is generated using the Triphase Toolbox in Simulink.  A typical 

model used to generate the code is broken down into three subsystems:  hardware, 

controller and command centre.  The hardware subsystems contain components to 

interface with the hardware, the controller subsystem contains the control system and 

the command center subsystem contains the interface for visualization.  Figure 60 

shows the Simulink model used for testing the EKF speed sensing model.  All control is 

done in the command center, so only it and the hardware subsystems are used.   

 

Figure 60:  Simulink Model to Interface with RTPC 
 

Voltage-Sourced Converter (VSC) 

The VSC unit is controlled in real time by the RTPC.  It can be used to build 

different power conversion systems.  The main component is an industrial-grade VFD 

that has the control hardware replaced with a programmable controller. This allows the 

user to have the ability for non-standard control of the VFD.  Each transistor may be 

controlled by the commands sent from the RTPC.  The VSC has the following 

components: 

• Three-phase diode rectifier 
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• 1000 microfarad capacitor 

• Two level, three-phase, Insulated-Gate-Bipolar Transistor (IGBT) inverter 

Figure 61 shows the Simulink system that controls the VSC to produce a 

constant amplitude and frequency voltage waveform.  The frequency is set by changing 

the settings in the Simulink sinusoid source blocks.  For the experimental 

implementation, the voltage was ramped up to the set point. 

The goal of the experimental implementation was to confirm that the EKF block 

could estimate the speed accurately, so there is no feedback control system.  Figure 62 

shows the EKF speed estimation model in the command center sub-system. 

 

Figure 61:  VFD Control System 
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Figure 62:  EKF Speed Estimation Simulink Model for Actualization 
 

Data Acquisition and Digital IO Panel 

This panel contains isolated measurement inputs capable of measuring up to 

1000 volts and current measurements up to 15 amperes.  The data is sent back to the 

workstation. 

Communications Architecture 

The fibre-optic communication system is a 250 Megabit system.  It is immune to 

electromagnetic interference and has very low latency.  The devices are connected in a 

ring topology in a pre-defined order. 

Information and commands exchanged with the RTPC are all time-synchronized 

and assembled for scheduled data exchange with the laptop or desktop PC via 

Transport Control Protocol / Internet Protocol through standard Ethernet connections. 
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Appendix D.   
 
Simulink Parameters 

Table 10:  Simulink Parameters for M1 

Symbol Value/Equation Description 
Vrated 220 Rated phase voltage in V 

Poles 6 Number of magnetic poles in IM 

frated 60 Rated frequency in Hz 

wb 2*pi*frated Base electrical frequency in rad/sec 

wbm 2*wb/Poles Base mechanical frequency in rad/sec 

Tb 60 Base torque in Nm 

J1 0.4 Rotor inertia in kg*m^2 

J2 0.4 Load inertia in kg*m^2 

J J1+J2 Total inertia 

tau_reg 0.1*H Time constant used in PI controller 

Ts 1e-4 Sample time in sec 

 

Table 11:  Simulink Parameters for M2 

Symbol Value/Equation Description 
Vrated 120 Rated phase voltage in V 

Poles 4 Number of magnetic poles in IM 

frated 60 Rated frequency in Hz 

wb 2*pi*frated Base electrical frequency in rad/sec 

wbm 2*wb/Poles Base mechanical frequency in rad/sec 

Tb 11 Base torque in Nm 

J1 0.007 Rotor inertia in kg*m^2 

J2 0.1064 Load inertia in kg*m^2 

J J1+J2 Total inertia 

tau_reg 0.1*H Time constant used in PI controller 

Ts 62.5e-6 Sample time in sec 
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Appendix E.   
 
Sample Data for EFWA 

Example of values used for optimizations: 

 

Varying Mg:  Number of mutations 

 

Function Count Graphs

Base Parameters Motor Parameters
N Number of fireworks 10 Parm Motor 1 Motor 2
G Number of generations 5 Voltage 220 208
m Total number of sparks 100 Poles 6 4
A Constant used to determine amplitdue 30 xm 14.821 98.67
a Constant used to determine min number of sparks 0.1 Rs 0.288 1.941
b Constant used to determine max number of sparks 0.3 Rr 0.161 4.09
Ainit Initial minimum amplitdue of sparks 0.1 xls 0.512 2.807
Afin Final minimum amplitude of sparks 1.00E-06 xlr 0.218 2.807
Mutate Number of mutations per generation 1 J1 0.4 0.007

J2 0.4 0.0118
Ts 1.00E-04 6.25E-05
wb 377 377
Tb 60 11

Motor M1
Fireworks N=10 N=10 N=10 N=10 N=10 N=10 N=10 N=10 N=10 N=10 N=10 N=10
Mutation Mg=10 Mg=10 Mg=10 Mg=10 Mg=20 Mg=20 Mg=20 Mg=20 Mg=30 Mg=30 Mg=30 Mg=30

Sparks pop=100 pop=100 pop=100 pop=100 pop=100 pop=100 pop=100 pop=100 pop=100 pop=100 pop=100 pop=100
Gen EFWA 1_1 EFWA 1_2 EFWA 1_3 EFWA 1_A Mg 20_1 Mg 20_2 Mg 20_3 Mg 20_A Mg 30_1 Mg 30_2 Mg 30_3 Mg 30_A

1 0.590719 0.58369 1.489663 0.888024 1.008957 5.818684 0.565401 2.464348 0.47446 1.997091 0.7072739 1.059608
2 0.533085 0.492769 0.600877 0.542243 0.502794 0.432807 0.431185 0.455595 0.468754 1.672528 0.4634777 0.868253
3 0.532574 0.414617 0.458151 0.468448 0.502754 0.345648 0.430856 0.426419 0.468747 0.410139 0.4629858 0.447291
4 0.523073 0.414617 0.431926 0.456539 0.485211 0.343307 0.427477 0.418665 0.424705 0.403451 0.4624047 0.430187
5 0.515957 0.407353 0.431715 0.451675 0.485211 0.296152 0.427463 0.402942 0.4247 0.368347 0.354221 0.382423
6 0.375515 0.407353 0.431715 0.404861 0.408861 0.296011 0.427463 0.377445 0.424681 0.338718 0.3228663 0.362088
7 0.31599 0.407353 0.431428 0.384923 0.35336 0.296011 0.426992 0.358788 0.424681 0.333746 0.3033496 0.353925
8 0.308266 0.40706 0.418862 0.378063 0.35336 0.296011 0.426977 0.358783 0.424681 0.31819 0.2994249 0.347432
9 0.307301 0.328568 0.417231 0.351033 0.353352 0.296 0.426123 0.358492 0.424678 0.311911 0.2994249 0.345338

10 0.307301 0.328568 0.416773 0.35088 0.353352 0.296 0.42583 0.358394 0.424668 0.307311 0.2994249 0.343801
11 0.307245 0.328568 0.416277 0.350697 0.340381 0.296 0.42583 0.35407 0.424661 0.306102 0.2994249 0.343396
12 0.307228 0.328568 0.416255 0.350684 0.332088 0.295987 0.424964 0.351013 0.423941 0.305674 0.2978745 0.342497
13 0.305826 0.328568 0.415682 0.350025 0.321144 0.295914 0.424964 0.347341 0.423911 0.305455 0.2978731 0.342413
14 0.305826 0.303495 0.415165 0.341496 0.32101 0.295908 0.424879 0.347266 0.423659 0.305337 0.2978302 0.342275
15 0.305826 0.298228 0.415022 0.339692 0.32101 0.295908 0.419597 0.345505 0.423645 0.304807 0.2967662 0.341739
16 0.30548 0.298228 0.415022 0.339577 0.320937 0.295903 0.419597 0.345479 0.422597 0.304589 0.2967537 0.341313
17 0.301086 0.298228 0.411398 0.336904 0.320903 0.295903 0.419489 0.345431 0.422442 0.304055 0.2967492 0.341082
18 0.297707 0.298075 0.411398 0.335727 0.320903 0.295902 0.413152 0.343319 0.422421 0.304055 0.2967492 0.341075
19 0.297378 0.298075 0.411355 0.335603 0.320534 0.295888 0.413137 0.343186 0.422421 0.303762 0.2967492 0.340978
20 0.297377 0.298075 0.411343 0.335599 0.320529 0.295888 0.413136 0.343184 0.422421 0.303762 0.2967492 0.340977
FC 2620 2614 2614 2616 2740 2740 2740 2740 2740 2740 2740 2740
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N=10 N=10 N=10 N=10 N=10 N=10 N=10 N=10
Mg=40 Mg=40 Mg=40 Mg=40 Mg=50 Mg=50 Mg=50 Mg=50

pop=100 pop=100 pop=100 pop=100 pop=100 pop=100 pop=100 pop=100
Mg 40_1 Mg 40_2 Mg 40_3 Mg 40_A Mg 50_1 Mg 50_2 Mg 50_3 Mg 50_A
2.810537 5.049344 2.095768 3.31855 26.38667 0.71211 2.723248 9.940678
0.465702 1.316461 0.990035 0.924066 0.980009 0.547375 1.082217 0.869867
0.464597 0.39089 0.936349 0.597278 0.509029 0.52453 0.606009 0.546523
0.413224 0.332451 0.481159 0.408945 0.462212 0.516579 0.606009 0.528267
0.413224 0.313558 0.455074 0.393952 0.441222 0.505419 0.438654 0.461765
0.413041 0.313364 0.454919 0.393775 0.440168 0.505419 0.431482 0.459023
0.413041 0.304632 0.454919 0.390864 0.436303 0.505028 0.431472 0.457601
0.412885 0.304632 0.438451 0.385323 0.436022 0.505028 0.416071 0.452374
0.412763 0.304632 0.437855 0.385083 0.435703 0.505028 0.416071 0.452267
0.412752 0.304632 0.437855 0.38508 0.431613 0.505028 0.34902 0.428554
0.412444 0.304544 0.43588 0.384289 0.431287 0.505028 0.34902 0.428445
0.412302 0.304544 0.43588 0.384242 0.430077 0.503943 0.34902 0.42768
0.412205 0.304544 0.353363 0.356704 0.430077 0.502864 0.348839 0.42726
0.41104 0.304511 0.353363 0.356305 0.429963 0.494612 0.299317 0.407964

0.411026 0.304511 0.326936 0.347491 0.429889 0.338025 0.299317 0.355744
0.411026 0.304511 0.326936 0.347491 0.429692 0.319414 0.299317 0.349474
0.411004 0.304511 0.32663 0.347382 0.429692 0.319414 0.298493 0.3492
0.410625 0.304511 0.307035 0.340724 0.428717 0.316476 0.29647 0.347221
0.410625 0.304511 0.306668 0.340601 0.428709 0.313313 0.296415 0.346146
0.410625 0.304509 0.306667 0.3406 0.428702 0.313312 0.296414 0.346143
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Varying N:  Number of fireworks 

 

Motor M1
Fireworks N=10 N=10 N=10 N=10 N=5 N=5 N=5 N=5 N=3 N=3 N=3 N=3
Mutation Mg=10 Mg=10 Mg=10 Mg=10 Mg=10 Mg=10 Mg=10 Mg=10 Mg=10 Mg=10 Mg=10 Mg=10

Sparks pop=100 pop=100 pop=100 pop=100 pop=100 pop=100 pop=100 pop=100 pop=100 pop=100 pop=100 pop=100
Gen EFWA 1_1 EFWA 1_2 EFWA 1_3 EFWA 1_A N 5_1 N 5_2 N 5_3 N 5_A N 3_1 N 3_2 N 3_3 N 3_A

1 0.590719 0.58369 1.489663 0.888024 4.008089 0.458183 2.549113 2.338461 2.136794 0.577311 4.0996022 2.271236
2 0.533085 0.492769 0.600877 0.542243 0.799884 0.420673 0.477617 0.566058 0.896763 0.51423 1.548926 0.986639
3 0.532574 0.414617 0.458151 0.468448 0.745927 0.420536 0.448288 0.53825 0.583484 0.464282 0.4967574 0.514841
4 0.523073 0.414617 0.431926 0.456539 0.599783 0.420536 0.448288 0.489536 0.579074 0.417515 0.484855 0.493815
5 0.515957 0.407353 0.431715 0.451675 0.595627 0.420438 0.448288 0.488118 0.449803 0.417515 0.4833736 0.45023
6 0.375515 0.407353 0.431715 0.404861 0.517438 0.420309 0.447754 0.461834 0.417928 0.417235 0.4826266 0.439263
7 0.31599 0.407353 0.431428 0.384923 0.517438 0.418621 0.447002 0.46102 0.417844 0.417162 0.4826266 0.439211
8 0.308266 0.40706 0.418862 0.378063 0.516066 0.418618 0.446789 0.460491 0.41694 0.417065 0.4826266 0.438877
9 0.307301 0.328568 0.417231 0.351033 0.509372 0.408042 0.446789 0.454734 0.416793 0.417065 0.4468693 0.426909

10 0.307301 0.328568 0.416773 0.35088 0.508067 0.407901 0.446655 0.454208 0.416793 0.407409 0.4462257 0.423476
11 0.307245 0.328568 0.416277 0.350697 0.507075 0.40763 0.446344 0.453683 0.416793 0.407307 0.4462257 0.423442
12 0.307228 0.328568 0.416255 0.350684 0.507075 0.407293 0.445756 0.453375 0.415975 0.407307 0.4462257 0.423169
13 0.305826 0.328568 0.415682 0.350025 0.507075 0.319845 0.445463 0.424128 0.414997 0.407307 0.4459955 0.422766
14 0.305826 0.303495 0.415165 0.341496 0.507024 0.315558 0.445295 0.422626 0.414997 0.407291 0.4457353 0.422674
15 0.305826 0.298228 0.415022 0.339692 0.507024 0.311904 0.44509 0.421339 0.414873 0.407291 0.4457353 0.422633
16 0.30548 0.298228 0.415022 0.339577 0.506178 0.310693 0.444797 0.420556 0.414734 0.407291 0.4457353 0.422587
17 0.301086 0.298228 0.411398 0.336904 0.505995 0.310693 0.439868 0.418852 0.414535 0.407203 0.4385702 0.420103
18 0.297707 0.298075 0.411398 0.335727 0.505995 0.290651 0.439868 0.412171 0.414535 0.407203 0.4385702 0.420103
19 0.297378 0.298075 0.411355 0.335603 0.505477 0.283392 0.432331 0.407067 0.414506 0.407203 0.438072 0.419927
20 0.297377 0.298075 0.411343 0.335599 0.505477 0.283392 0.424938 0.404603 0.414369 0.407203 0.4378036 0.419792
FC 2620 2614 2614 2616 0.505477 0.283392 0.424835 0.404568 0.414367 0.407164 0.4378036 0.419778

0.505469 0.25981 0.424592 0.396624 0.414322 0.407164 0.4374064 0.419631
0.505469 0.25981 0.424586 0.396622 0.414171 0.407061 0.4374064 0.419546
0.505393 0.25981 0.424367 0.396523 0.413457 0.407061 0.4373423 0.419287
0.505393 0.254301 0.424367 0.394687 0.413348 0.407061 0.4371507 0.419187
0.505207 0.254301 0.424367 0.394625 0.413007 0.407061 0.4367737 0.418947
0.504768 0.254298 0.424367 0.394478 0.412747 0.407061 0.4366449 0.418818
0.504466 0.254298 0.424367 0.394377 0.412747 0.407061 0.436379 0.418729
0.504139 0.254298 0.423144 0.393861 0.412747 0.407061 0.4362652 0.418691
0.504046 0.252115 0.42306 0.393074 0.412506 0.407061 0.4362652 0.418611
0.503727 0.247316 0.42306 0.391368 0.412506 0.406949 0.4362652 0.418574
0.503727 0.246679 0.42306 0.391156 0.412506 0.406949 0.4360792 0.418512
0.503562 0.246679 0.422975 0.391072 0.412429 0.406949 0.4360792 0.418486
0.503562 0.246679 0.422975 0.391072 0.412429 0.406949 0.4360093 0.418463
0.503562 0.246679 0.419395 0.389879 0.41229 0.4069 0.432119 0.417103
0.503562 0.246568 0.419213 0.389781 0.41229 0.4069 0.432119 0.417103
0.503559 0.246568 0.419213 0.38978 0.412272 0.40687 0.4320026 0.417048
0.503543 0.246539 0.419213 0.389765 0.412272 0.40687 0.4319593 0.417034
0.503517 0.245732 0.4192 0.389483 0.412272 0.40687 0.4319593 0.417034
0.503516 0.245722 0.419197 0.389478 0.412272 0.406861 0.4319593 0.417031

2959 2949 2942 2950 0.412191 0.406839 0.4319593 0.416997
0.412191 0.406835 0.4316693 0.416898
0.412191 0.406835 0.4316402 0.416889
0.408718 0.406835 0.4314417 0.415665
0.408665 0.406826 0.4314389 0.415643
0.407874 0.406826 0.4314389 0.41538
0.407581 0.406826 0.4314389 0.415282
0.407581 0.406826 0.4314389 0.415282
0.407505 0.406826 0.4314389 0.415256
0.407505 0.406826 0.4311948 0.415175
0.407499 0.406826 0.4311948 0.415173
0.407499 0.406826 0.4311948 0.415173
0.407486 0.406783 0.4311426 0.415137
0.407486 0.406783 0.4307443 0.415004
0.407486 0.406783 0.423328 0.412532
0.407466 0.406759 0.412803 0.409009
0.407463 0.406742 0.4127329 0.408979
0.407234 0.406695 0.411224 0.408384
0.407232 0.406691 0.4106058 0.408176
0.407232 0.406691 0.4106016 0.408175

2892 2897 2893 2894
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N=20 N=20 N=20 N=20 N=15 N=15 N=15 N=15
Mg=10 Mg=10 Mg=10 Mg=10 Mg=10 Mg=10 Mg=10 Mg=10

pop=100 pop=100 pop=100 pop=100 pop=100 pop=100 pop=100 pop=100
N 20_1 N 20_2 N 20_3 N 20_A N 15_1 N 15_2 N 15_3 N 15_A
3.06077 20.19408 0.534265 7.929704 7.770535 3.621782 0.486973 3.959763
1.50859 1.346145 0.533849 1.129528 0.532596 1.690528 0.423619 0.882248

0.542086 0.971272 0.528618 0.680658 0.531674 1.671044 0.423471 0.875396
0.4983 0.632215 0.528618 0.553044 0.406081 0.526394 0.423471 0.451982

0.292622 0.614448 0.528618 0.478563 0.323182 0.431827 0.423471 0.392827
0.292622 0.587153 0.527851 0.469209 0.312264 0.431827 0.423351 0.389147
0.292622 0.587153 0.522403 0.467393 0.301679 0.385656 0.414937 0.367424
0.29219 0.58246 0.521046 0.465232 0.301679 0.385656 0.414771 0.367369

0.291543 0.58246 0.521046 0.465016 0.301679 0.30113 0.414771 0.339193
0.291496 0.577939 0.520496 0.46331 0.297449 0.300147 0.414771 0.337456
0.291496 0.577939 0.520346 0.46326 0.297449 0.300147 0.414771 0.337456
0.290017 0.574172 0.506558 0.456916 0.296952 0.300147 0.414743 0.337281
0.290017 0.573167 0.496195 0.453126 0.296952 0.300019 0.414637 0.337202
0.289945 0.573159 0.495343 0.452816 0.296952 0.300019 0.414637 0.337202
0.289662 0.573159 0.462979 0.441933 0.296838 0.277633 0.414014 0.329495
0.289662 0.573159 0.437097 0.433306 0.294604 0.25658 0.412938 0.321374
0.289662 0.572732 0.437097 0.433164 0.294573 0.25658 0.412924 0.321359
0.289662 0.570461 0.437046 0.43239 0.294541 0.256556 0.412924 0.32134
0.289662 0.319739 0.437046 0.348816 0.294533 0.256556 0.412924 0.321337
0.289661 0.319739 0.437002 0.348801 0.294532 0.256553 0.412923 0.321336

2940 2940 2940 2940 2840 2840 2840 2840
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Varying m:  Number of sparks 

 

Motor M1 G=40 G=60
Fireworks N=10 N=10 N=10 N=10 N=10 N=10 N=10 N=10 N=10 N=10 N=10 N=10
Mutation Mg=10 Mg=10 Mg=10 Mg=10 Mg=10 Mg=10 Mg=10 Mg=10 Mg=10 Mg=10 Mg=10 Mg=10

Sparks pop=100 pop=100 pop=100 pop=100 pop=50 pop=50 pop=50 pop=50 pop=30 pop=30 pop=30 pop=30
Gen EFWA 1_1 EFWA 1_2 EFWA 1_3 EFWA 1_A M 50_1 M 50_2 M 50_3 M 50_A M 30_1 M 30_2 M 30_3 M 30_A

1 0.590719 0.58369 1.489663 0.888024 33.933 2.382102 3.570756 13.29529 0.528074 2.577445 2.8120681 1.972529
2 0.533085 0.492769 0.600877 0.542243 0.809347 0.413504 0.875554 0.699468 0.528074 0.669263 0.3766636 0.524667
3 0.532574 0.414617 0.458151 0.468448 0.808331 0.402141 0.817669 0.676047 0.525607 0.477173 0.3723014 0.458361
4 0.523073 0.414617 0.431926 0.456539 0.802162 0.399456 0.569595 0.590404 0.485521 0.477173 0.3723014 0.444999
5 0.515957 0.407353 0.431715 0.451675 0.402255 0.306808 0.562097 0.42372 0.483815 0.477173 0.3289612 0.429983
6 0.375515 0.407353 0.431715 0.404861 0.354463 0.306808 0.562097 0.407789 0.483815 0.477173 0.3289612 0.429983
7 0.31599 0.407353 0.431428 0.384923 0.354463 0.305235 0.562097 0.407265 0.483652 0.347913 0.3289612 0.386842
8 0.308266 0.40706 0.418862 0.378063 0.339575 0.305201 0.555823 0.4002 0.483652 0.347913 0.293462 0.375009
9 0.307301 0.328568 0.417231 0.351033 0.334659 0.305201 0.536503 0.392121 0.483652 0.347913 0.293462 0.375009

10 0.307301 0.328568 0.416773 0.35088 0.334659 0.305201 0.536503 0.392121 0.483652 0.347913 0.293462 0.375009
11 0.307245 0.328568 0.416277 0.350697 0.334659 0.305201 0.501949 0.380603 0.483652 0.303685 0.293462 0.360266
12 0.307228 0.328568 0.416255 0.350684 0.334659 0.305201 0.501949 0.380603 0.483637 0.301432 0.2805718 0.355214
13 0.305826 0.328568 0.415682 0.350025 0.314432 0.305183 0.500409 0.373342 0.483214 0.301245 0.2805718 0.35501
14 0.305826 0.303495 0.415165 0.341496 0.314432 0.305183 0.500409 0.373342 0.466593 0.301245 0.2796446 0.349161
15 0.305826 0.298228 0.415022 0.339692 0.312214 0.305183 0.500409 0.372602 0.466593 0.301245 0.2796446 0.349161
16 0.30548 0.298228 0.415022 0.339577 0.311669 0.305183 0.500409 0.372421 0.427306 0.301245 0.2795656 0.336039
17 0.301086 0.298228 0.411398 0.336904 0.309067 0.305183 0.498721 0.37099 0.427306 0.301245 0.279556 0.336036
18 0.297707 0.298075 0.411398 0.335727 0.309067 0.305183 0.498721 0.37099 0.427306 0.301245 0.279556 0.336036
19 0.297378 0.298075 0.411355 0.335603 0.309067 0.305183 0.497351 0.370534 0.427306 0.301245 0.279556 0.336036
20 0.297377 0.298075 0.411343 0.335599 0.30894 0.30517 0.497351 0.370487 0.427306 0.301245 0.273665 0.334072
FC 2620 2614 2614 2616 0.30894 0.30517 0.497351 0.370487 0.427008 0.301245 0.273665 0.333973

0.30894 0.30517 0.495168 0.369759 0.427008 0.301245 0.273665 0.333973
0.30894 0.305168 0.495168 0.369759 0.416119 0.301245 0.273665 0.330343
0.30894 0.305168 0.492798 0.368969 0.416119 0.301245 0.273665 0.330343
0.30894 0.304572 0.488684 0.367399 0.416119 0.301245 0.273665 0.330343
0.30894 0.304503 0.488682 0.367375 0.415975 0.301245 0.273665 0.330295

0.308871 0.304503 0.488682 0.367352 0.415975 0.301245 0.273665 0.330295
0.308871 0.304141 0.488682 0.367231 0.415947 0.30011 0.267232 0.327763
0.308871 0.304141 0.475594 0.362868 0.415916 0.30011 0.267232 0.327753
0.308871 0.304117 0.456969 0.356652 0.415741 0.30011 0.267232 0.327694
0.308871 0.3037 0.456969 0.356513 0.415741 0.30011 0.267232 0.327694
0.308871 0.3037 0.456452 0.356341 0.415737 0.30011 0.267232 0.327693
0.298712 0.300636 0.456452 0.351933 0.415624 0.299871 0.267232 0.327576
0.298436 0.299749 0.456452 0.351546 0.415529 0.299871 0.2671695 0.327523
0.298436 0.299749 0.456452 0.351546 0.415427 0.299871 0.2671695 0.327489
0.298354 0.299749 0.456452 0.351518 0.415427 0.299871 0.2671431 0.327481
0.297911 0.299749 0.456447 0.351369 0.415224 0.299871 0.2632628 0.326119
0.295362 0.299746 0.456402 0.350503 0.415192 0.299871 0.260072 0.325045
0.295349 0.297977 0.456402 0.349909 0.415192 0.299871 0.260072 0.325045
0.295349 0.297977 0.456395 0.349907 0.415192 0.299871 0.260072 0.325045

3353 3244 3230 3276 0.411785 0.299871 0.260072 0.323909
0.411785 0.299871 0.260072 0.323909
0.411734 0.297458 0.260072 0.323088
0.411734 0.297458 0.260072 0.323088
0.411734 0.297458 0.260072 0.323088
0.411734 0.295222 0.2494746 0.31881
0.411723 0.295222 0.2494746 0.318807
0.411723 0.295222 0.2494746 0.318807
0.411705 0.295222 0.2494746 0.318801
0.411689 0.295222 0.2494746 0.318795
0.411689 0.295222 0.2494746 0.318795
0.411689 0.295189 0.2494746 0.318784
0.411683 0.295189 0.2494746 0.318782
0.411683 0.295189 0.2494746 0.318782
0.411683 0.295189 0.2469052 0.317926
0.411683 0.295189 0.2469052 0.317926
0.411683 0.295189 0.2457651 0.317546
0.411341 0.295189 0.2457651 0.317432
0.411341 0.295189 0.2457651 0.317432
0.411341 0.295189 0.2457651 0.317432

3618 3630 3633 3627
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G=100 G=200
N=10 N=10 N=10 N=10 N=10 N=10 N=10 N=10

Mg=10 Mg=10 Mg=10 Mg=10 Mg=10 Mg=10 Mg=10 Mg=10
pop=10 pop=10 pop=10 pop=10 pop=5 pop=5 pop=5 pop=5
M 10_1 M 10_2 M 10_3 M 10_A M 5_1 M 5_2 M 5_3 M 5_A

0.572355 3.022567 6.070897 3.22194 1.063082 3.223064 18.452 7.579383 0.311058 0.294351 0.446066 0.350492 0.285122 0.307334 0.331307 0.307921
0.572355 2.678585 6.070897 3.107279 0.471554 3.080535 14.11192 5.888002 0.311058 0.294351 0.433854 0.346421 0.285122 0.307334 0.331307 0.307921
0.572355 2.678585 6.070897 3.107279 0.418356 3.080535 14.11192 5.870269 0.311058 0.294351 0.433854 0.346421 0.28472 0.307334 0.331307 0.307787
0.572355 1.447309 5.674451 2.564705 0.418356 1.031079 2.975613 1.475016 0.311058 0.294351 0.433854 0.346421 0.28472 0.307074 0.331307 0.307701
0.572355 1.447309 5.674451 2.564705 0.292061 0.536603 2.462811 1.097158 0.311058 0.294351 0.433854 0.346421 0.28472 0.307074 0.330844 0.307546
0.572355 1.447309 3.364746 1.794804 0.292061 0.336468 2.462811 1.030447 0.311058 0.294351 0.433854 0.346421 0.28472 0.307074 0.330844 0.307546
0.572355 1.447309 1.740302 1.253322 0.292061 0.336468 2.462811 1.030447 0.311058 0.294351 0.433854 0.346421 0.28472 0.307074 0.328457 0.30675
0.418134 1.414874 1.740302 1.191103 0.292061 0.336468 2.462811 1.030447 0.311058 0.294351 0.433854 0.346421 0.28472 0.307074 0.328457 0.30675
0.401442 1.414874 0.836794 0.88437 0.292061 0.336468 2.462811 1.030447 0.311058 0.294351 0.433854 0.346421 0.284376 0.307074 0.328457 0.306636
0.339111 1.414874 0.836794 0.863593 0.292061 0.336468 2.462811 1.030447 0.311058 0.294351 0.433854 0.346421 0.284376 0.307074 0.328457 0.306636
0.323356 1.414874 0.836794 0.858341 0.292061 0.336468 2.316364 0.981631 0.311058 0.294136 0.433854 0.346349 0.284372 0.307053 0.328457 0.306627
0.323356 1.414874 0.836794 0.858341 0.292061 0.336468 2.316364 0.981631 0.311058 0.294136 0.433854 0.346349 0.284372 0.307053 0.328457 0.306627
0.323356 1.414874 0.771373 0.836534 0.292061 0.336468 2.049145 0.892558 0.311058 0.294136 0.433854 0.346349 0.284372 0.307053 0.328457 0.306627
0.323356 1.414874 0.771373 0.836534 0.292061 0.336468 0.685284 0.437938 0.311058 0.294136 0.433854 0.346349 0.284372 0.307053 0.328457 0.306627
0.323356 1.408618 0.771373 0.834449 0.292061 0.336468 0.41768 0.348736 0.311058 0.294136 0.433854 0.346349 0.284372 0.307053 0.328457 0.306627
0.323356 1.408618 0.771373 0.834449 0.292061 0.336468 0.41768 0.348736 0.311058 0.294136 0.433854 0.346349 0.284372 0.307053 0.328457 0.306627
0.323356 0.742117 0.771373 0.612282 0.292061 0.336468 0.41768 0.348736 0.311058 0.294136 0.433854 0.346349 0.284372 0.307053 0.328457 0.306627
0.322369 0.742117 0.541795 0.535427 0.292061 0.336468 0.41768 0.348736 0.311058 0.294136 0.433854 0.346349 0.284372 0.307053 0.328457 0.306627
0.322369 0.742117 0.541795 0.535427 0.292061 0.336468 0.41768 0.348736 0.311058 0.294136 0.433854 0.346349 0.284372 0.307053 0.328061 0.306495
0.322369 0.42623 0.52577 0.42479 0.292061 0.336468 0.41768 0.348736 0.311058 0.294136 0.433854 0.346349 0.284258 0.307053 0.328061 0.306457
0.322369 0.42623 0.52577 0.42479 0.292061 0.336468 0.41768 0.348736 0.311058 0.294136 0.433854 0.346349 0.284258 0.307053 0.328061 0.306457
0.322369 0.42623 0.52577 0.42479 0.292061 0.336468 0.41768 0.348736 0.311058 0.294136 0.433854 0.346349 0.284258 0.307053 0.328061 0.306457
0.322369 0.42623 0.52577 0.42479 0.292007 0.336468 0.41768 0.348718 0.311058 0.294136 0.433854 0.346349 0.284258 0.307053 0.328061 0.306457
0.322369 0.374172 0.52577 0.407437 0.292007 0.336468 0.41768 0.348718 0.311058 0.294136 0.433854 0.346349 0.283279 0.307053 0.328061 0.306131
0.322363 0.374172 0.52577 0.407435 0.292007 0.321073 0.41768 0.343587 0.311058 0.294136 0.433854 0.346349 0.283279 0.307053 0.328061 0.306131
0.322363 0.374172 0.52577 0.407435 0.292007 0.321073 0.41768 0.343587 0.311058 0.294136 0.433854 0.346349 0.283279 0.307053 0.328061 0.306131
0.322363 0.374172 0.52577 0.407435 0.292007 0.321073 0.41768 0.343587 0.311058 0.294136 0.433854 0.346349 0.283279 0.307026 0.328061 0.306122
0.322363 0.374172 0.52577 0.407435 0.292007 0.321073 0.41768 0.343587 0.311058 0.294136 0.433854 0.346349 0.280944 0.304772 0.328061 0.304592
0.322363 0.374172 0.525554 0.407363 0.292007 0.321073 0.41768 0.343587 0.311058 0.294136 0.433854 0.346349 0.280944 0.304772 0.328061 0.304592
0.322353 0.353844 0.514978 0.397058 0.292007 0.311273 0.41768 0.34032 0.311058 0.294136 0.3738 0.326332 0.277998 0.304772 0.328061 0.30361
0.322353 0.294351 0.514432 0.377045 0.290571 0.311273 0.41768 0.339841 0.311058 0.294136 0.3738 0.326332 0.277998 0.304772 0.328061 0.30361
0.322353 0.294351 0.514432 0.377045 0.289305 0.311273 0.41768 0.339419 0.311058 0.294136 0.361562 0.322252 0.277998 0.299089 0.328061 0.301716
0.312046 0.294351 0.514432 0.37361 0.289305 0.307334 0.41768 0.338106 0.311058 0.294136 0.338304 0.314499 0.277998 0.29171 0.328061 0.299256
0.312046 0.294351 0.514432 0.37361 0.289305 0.307334 0.41768 0.338106 0.311058 0.294136 0.338304 0.314499 0.277998 0.29171 0.327943 0.299217
0.312046 0.294351 0.514432 0.37361 0.289305 0.307334 0.41768 0.338106 0.311058 0.294136 0.338304 0.314499 0.277998 0.289034 0.327943 0.298325
0.312046 0.294351 0.514432 0.37361 0.289305 0.307334 0.41768 0.338106 0.311058 0.294123 0.338304 0.314495 0.277998 0.289034 0.327943 0.298325
0.312046 0.294351 0.514432 0.37361 0.289305 0.307334 0.41768 0.338106 0.311058 0.294123 0.338304 0.314495 0.277998 0.288715 0.327943 0.298219
0.312046 0.294351 0.514432 0.37361 0.289305 0.307334 0.41768 0.338106 0.311058 0.294123 0.338304 0.314495 0.277998 0.288715 0.327943 0.298219
0.312046 0.294351 0.514432 0.37361 0.289305 0.307334 0.41768 0.338106 0.311058 0.294123 0.338304 0.314495 0.277998 0.288715 0.327943 0.298219
0.312046 0.294351 0.502139 0.369512 0.289305 0.307334 0.41768 0.338106 4008 4009 4008 4008 4003 4003 4003 4003
0.311841 0.294351 0.502139 0.369444 0.289305 0.307334 0.41768 0.338106
0.311841 0.294351 0.480452 0.362214 0.289305 0.307334 0.41768 0.338106
0.311841 0.294351 0.480452 0.362214 0.289305 0.307334 0.41768 0.338106
0.311841 0.294351 0.480452 0.362214 0.286008 0.307334 0.41768 0.337007
0.311841 0.294351 0.480452 0.362214 0.286008 0.307334 0.41768 0.337007
0.311841 0.294351 0.480452 0.362214 0.286008 0.307334 0.41768 0.337007
0.311841 0.294351 0.480452 0.362214 0.286008 0.307334 0.41768 0.337007
0.311841 0.294351 0.480452 0.362214 0.286008 0.307334 0.41768 0.337007
0.311841 0.294351 0.480452 0.362214 0.286008 0.307334 0.41768 0.337007
0.311841 0.294351 0.458636 0.354943 0.286008 0.307334 0.385285 0.326209
0.311841 0.294351 0.458636 0.354943 0.286008 0.307334 0.337193 0.310178
0.311841 0.294351 0.458636 0.354943 0.286008 0.307334 0.337193 0.310178
0.311841 0.294351 0.458636 0.354943 0.286008 0.307334 0.331307 0.308216
0.311841 0.294351 0.458636 0.354943 0.286008 0.307334 0.331307 0.308216
0.311841 0.294351 0.458636 0.354943 0.286008 0.307334 0.331307 0.308216
0.311841 0.294351 0.456523 0.354238 0.285122 0.307334 0.331307 0.307921
0.311841 0.294351 0.456523 0.354238 0.285122 0.307334 0.331307 0.307921
0.311841 0.294351 0.456523 0.354238 0.285122 0.307334 0.331307 0.307921
0.311841 0.294351 0.456523 0.354238 0.285122 0.307334 0.331307 0.307921
0.311058 0.294351 0.455528 0.353646 0.285122 0.307334 0.331307 0.307921
0.311058 0.294351 0.446066 0.350492 0.285122 0.307334 0.331307 0.307921
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Varying A:  Amplitude 

 

 

  

Motor M1 A=10 A=10 A=10 A=10 A=30 A=30 A=30 A=30 A=50 A=50 A=50 A=50
Fireworks N=10 N=10 N=10 N=10 N=10 N=10 N=10 N=10 N=10 N=10 N=10 N=10
Mutation Mg=10 Mg=10 Mg=10 Mg=10 Mg=10 Mg=10 Mg=10 Mg=10 Mg=10 Mg=10 Mg=10 Mg=10

Sparks pop=100 pop=100 pop=100 pop=100 pop=100 pop=100 pop=100 pop=100 pop=100 pop=100 pop=100 pop=100
Gen A 10_1 A 10_2 A 10_3 A 10_A A 30_1 A 30_2 A 30_3 A 30_A A 50_1 A 50_2 A 50_3 A 50_A

1 12.45897 13.35864 13.51016 13.10926 0.590719 0.58369 1.489663 0.888024 1.88239 2.428563 0.4274606 1.579471
2 0.779527 13.34442 9.64374 7.922563 0.533085 0.492769 0.600877 0.542243 0.587826 1.004433 0.4172382 0.669833
3 0.675276 3.026493 0.922058 1.541276 0.532574 0.414617 0.458151 0.468448 0.352294 0.57964 0.4171452 0.449693
4 0.668156 0.916926 0.912917 0.832666 0.523073 0.414617 0.431926 0.456539 0.31245 0.56995 0.4170835 0.433161
5 0.668097 0.81309 0.902619 0.794602 0.515957 0.407353 0.431715 0.451675 0.306917 0.50953 0.4157962 0.410747
6 0.667932 0.81309 0.83814 0.773054 0.375515 0.407353 0.431715 0.404861 0.306917 0.508358 0.4107245 0.408666
7 0.635014 0.444956 0.83814 0.63937 0.31599 0.407353 0.431428 0.384923 0.305983 0.503014 0.4107245 0.406574
8 0.634917 0.444956 0.829537 0.63647 0.308266 0.40706 0.418862 0.378063 0.305983 0.502644 0.4106933 0.40644
9 0.634308 0.366047 0.826665 0.609007 0.307301 0.328568 0.417231 0.351033 0.304585 0.481742 0.4106783 0.399002

10 0.558984 0.366046 0.826665 0.583898 0.307301 0.328568 0.416773 0.35088 0.304571 0.431024 0.4106449 0.38208
11 0.55482 0.366046 0.820034 0.5803 0.307245 0.328568 0.416277 0.350697 0.297984 0.424897 0.4106249 0.377835
12 0.544477 0.324291 0.552333 0.4737 0.307228 0.328568 0.416255 0.350684 0.297984 0.424845 0.4106078 0.377812
13 0.484193 0.319262 0.518396 0.440617 0.305826 0.328568 0.415682 0.350025 0.297984 0.424644 0.4104664 0.377698
14 0.459762 0.319262 0.467885 0.415637 0.305826 0.303495 0.415165 0.341496 0.297972 0.424644 0.4104652 0.377694
15 0.459384 0.31925 0.42947 0.402701 0.305826 0.298228 0.415022 0.339692 0.297972 0.424644 0.4104593 0.377692
16 0.459384 0.319249 0.416142 0.398259 0.30548 0.298228 0.415022 0.339577 0.297972 0.424625 0.4104499 0.377682
17 0.459384 0.316179 0.416142 0.397235 0.301086 0.298228 0.411398 0.336904 0.297972 0.326739 0.4104406 0.345051
18 0.459289 0.316127 0.409309 0.394909 0.297707 0.298075 0.411398 0.335727 0.297962 0.326739 0.4104406 0.345047
19 0.440431 0.309621 0.409273 0.386441 0.297378 0.298075 0.411355 0.335603 0.297962 0.326739 0.4104403 0.345047
20 0.440317 0.309619 0.409258 0.386398 0.297377 0.298075 0.411343 0.335599 0.297962 0.326739 0.4104402 0.345047
FC 2621 2621 2621 2621 2620 2614 2614 2616 2621 2621 2621 2621

A=100 A=100 A=100 A=100 A=150 A=150 A=150 A=150 A=200 A=200 A=200 A=200
N=10 N=10 N=10 N=10 N=10 N=10 N=10 N=10 N=10 N=10 N=10 N=10

Mg=10 Mg=10 Mg=10 Mg=10 Mg=10 Mg=10 Mg=10 Mg=10 Mg=10 Mg=10 Mg=10 Mg=10
pop=100 pop=100 pop=100 pop=100 pop=100 pop=100 pop=100 pop=100 pop=100 pop=100 pop=100 pop=100
A 100_A A 100_2 A 100_3 A 100_4 A 150_1 A 150_2 A 150_3 A 150_A A 200_1 A 200_2 A 200_3 A 200_A
0.726184 0.416517 0.440015 0.527572 0.516565 0.778196 0.990108 0.761623 0.45042 60.0919 26.36738 28.9699
0.477248 0.411328 0.425785 0.438121 0.512529 0.471685 0.413893 0.466036 0.417444 0.524641 1.195472 0.712519
0.477099 0.411328 0.411904 0.433444 0.512448 0.312313 0.412185 0.412315 0.414696 0.484299 1.166656 0.68855
0.433815 0.407694 0.411904 0.417804 0.512439 0.31105 0.412119 0.41187 0.414696 0.416116 0.515137 0.448649
0.43347 0.407685 0.411875 0.417676 0.512363 0.309607 0.412056 0.411342 0.414005 0.416116 0.506736 0.445619

0.420976 0.407679 0.411305 0.41332 0.512253 0.307517 0.412002 0.410591 0.413984 0.416116 0.50669 0.445596
0.420976 0.40737 0.409683 0.412676 0.512223 0.303602 0.410475 0.408767 0.413925 0.41565 0.506006 0.445194
0.420938 0.40737 0.409638 0.412649 0.439933 0.30359 0.410409 0.384644 0.413864 0.41535 0.50587 0.445028
0.420938 0.407234 0.409615 0.412596 0.328907 0.302251 0.409279 0.346813 0.413825 0.415144 0.505718 0.444896
0.420938 0.407231 0.306917 0.378362 0.318134 0.301863 0.409279 0.343092 0.413735 0.415144 0.440632 0.42317
0.420879 0.313394 0.295281 0.343185 0.301087 0.301863 0.409279 0.33741 0.413735 0.411328 0.440625 0.421896
0.420879 0.292448 0.28416 0.332496 0.292418 0.299731 0.409279 0.333809 0.413735 0.411304 0.31081 0.378617
0.420879 0.292448 0.282403 0.33191 0.28192 0.291202 0.409246 0.327456 0.413735 0.411304 0.31081 0.378617
0.420879 0.292448 0.280385 0.331237 0.276854 0.291181 0.40924 0.325758 0.413735 0.411304 0.287421 0.37082
0.417581 0.292448 0.280385 0.330138 0.276366 0.291181 0.409219 0.325589 0.413704 0.411003 0.287421 0.370709
0.417581 0.292356 0.276016 0.328651 0.27408 0.291181 0.409215 0.324825 0.41361 0.41099 0.270541 0.365047
0.414405 0.292356 0.27559 0.32745 0.27408 0.291181 0.409215 0.324825 0.413582 0.410958 0.270011 0.364851
0.414364 0.292332 0.265112 0.323936 0.267437 0.289675 0.409206 0.322106 0.413569 0.410925 0.270011 0.364835
0.412029 0.292332 0.265106 0.323156 0.261999 0.289206 0.409206 0.320137 0.413559 0.410915 0.256537 0.360337
0.412027 0.292332 0.265096 0.323152 0.261999 0.289206 0.409205 0.320137 0.413559 0.410913 0.256536 0.360336

2621 2614 2621 2619 2621 2635 2621 2626 2623 2617 2614 2618
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Varying Ratio of Fireworks:  Sparks 

 

Motor M1 G=20 r=1:10 G=40 r=1:5 G=50 r=1:4
Fireworks N=10 N=10 N=10 N=10 N=10 N=10 N=10 N=10 N=10 N=10 N=10 N=10
Mutation Mg=10 Mg=10 Mg=10 Mg=10 Mg=10 Mg=10 Mg=10 Mg=10 Mg=10 Mg=10 Mg=10 Mg=10

Sparks pop=100 pop=100 pop=100 pop=100 pop=50 pop=50 pop=50 pop=50 pop=40 pop=40 pop=40 pop=40
Gen EFWA 1_1 EFWA 1_2 EFWA 1_3 EFWA 1_A M 50_1 M 50_2 M 50_3 M 50_A M 40_1 M 40_2 M 40_3 M 40_A

1 0.590719 0.58369 1.489663 0.888024 33.933 2.382102 3.570756 13.29529 8.415533 1.987627 31.808511 14.07056
2 0.533085 0.492769 0.600877 0.542243 0.809347 0.413504 0.875554 0.699468 7.386892 0.903255 0.3264463 2.872198
3 0.532574 0.414617 0.458151 0.468448 0.808331 0.402141 0.817669 0.676047 5.813191 0.741833 0.3264463 2.293823
4 0.523073 0.414617 0.431926 0.456539 0.802162 0.399456 0.569595 0.590404 4.639257 0.741833 0.2972075 1.892766
5 0.515957 0.407353 0.431715 0.451675 0.402255 0.306808 0.562097 0.42372 0.300502 0.490789 0.295779 0.362357
6 0.375515 0.407353 0.431715 0.404861 0.354463 0.306808 0.562097 0.407789 0.282905 0.488326 0.295779 0.35567
7 0.31599 0.407353 0.431428 0.384923 0.354463 0.305235 0.562097 0.407265 0.282905 0.485909 0.295779 0.354864
8 0.308266 0.40706 0.418862 0.378063 0.339575 0.305201 0.555823 0.4002 0.282905 0.466532 0.295779 0.348405
9 0.307301 0.328568 0.417231 0.351033 0.334659 0.305201 0.536503 0.392121 0.282905 0.466532 0.295779 0.348405

10 0.307301 0.328568 0.416773 0.35088 0.334659 0.305201 0.536503 0.392121 0.282905 0.466415 0.2947808 0.348033
11 0.307245 0.328568 0.416277 0.350697 0.334659 0.305201 0.501949 0.380603 0.282905 0.465714 0.2937233 0.347447
12 0.307228 0.328568 0.416255 0.350684 0.334659 0.305201 0.501949 0.380603 0.282905 0.461097 0.2937233 0.345909
13 0.305826 0.328568 0.415682 0.350025 0.314432 0.305183 0.500409 0.373342 0.282804 0.460075 0.2937233 0.345534
14 0.305826 0.303495 0.415165 0.341496 0.314432 0.305183 0.500409 0.373342 0.282804 0.460075 0.2937233 0.345534
15 0.305826 0.298228 0.415022 0.339692 0.312214 0.305183 0.500409 0.372602 0.282804 0.456244 0.2937233 0.344257
16 0.30548 0.298228 0.415022 0.339577 0.311669 0.305183 0.500409 0.372421 0.282804 0.413588 0.2932859 0.329893
17 0.301086 0.298228 0.411398 0.336904 0.309067 0.305183 0.498721 0.37099 0.282804 0.413588 0.2932859 0.329893
18 0.297707 0.298075 0.411398 0.335727 0.309067 0.305183 0.498721 0.37099 0.282804 0.413588 0.2917932 0.329395
19 0.297378 0.298075 0.411355 0.335603 0.309067 0.305183 0.497351 0.370534 0.281576 0.413588 0.2917321 0.328965
20 0.297377 0.298075 0.411343 0.335599 0.30894 0.30517 0.497351 0.370487 0.281576 0.413588 0.2917321 0.328965
FC 2620 2614 2614 2616 0.30894 0.30517 0.497351 0.370487 0.281576 0.413422 0.2917321 0.32891

0.30894 0.30517 0.495168 0.369759 0.281576 0.413422 0.2917321 0.32891
0.30894 0.305168 0.495168 0.369759 0.280971 0.413422 0.2917321 0.328708
0.30894 0.305168 0.492798 0.368969 0.280971 0.413422 0.2915538 0.328649
0.30894 0.304572 0.488684 0.367399 0.280971 0.413391 0.2915538 0.328639
0.30894 0.304503 0.488682 0.367375 0.27841 0.413391 0.2915538 0.327785

0.308871 0.304503 0.488682 0.367352 0.27841 0.413391 0.2915538 0.327785
0.308871 0.304141 0.488682 0.367231 0.27841 0.413391 0.2915538 0.327785
0.308871 0.304141 0.475594 0.362868 0.27839 0.413391 0.2915538 0.327778
0.308871 0.304117 0.456969 0.356652 0.27839 0.413391 0.2915538 0.327778
0.308871 0.3037 0.456969 0.356513 0.266733 0.413391 0.2915538 0.323893
0.308871 0.3037 0.456452 0.356341 0.266733 0.413391 0.2915255 0.323883
0.298712 0.300636 0.456452 0.351933 0.266733 0.413391 0.2910419 0.323722
0.298436 0.299749 0.456452 0.351546 0.266733 0.413391 0.2910419 0.323722
0.298436 0.299749 0.456452 0.351546 0.266733 0.413391 0.2910419 0.323722
0.298354 0.299749 0.456452 0.351518 0.266733 0.413237 0.2910419 0.323671
0.297911 0.299749 0.456447 0.351369 0.266733 0.413221 0.2910419 0.323665
0.295362 0.299746 0.456402 0.350503 0.266733 0.412069 0.2910419 0.323281
0.295349 0.297977 0.456402 0.349909 0.266129 0.412069 0.2910419 0.32308
0.295349 0.297977 0.456395 0.349907 0.266129 0.412038 0.2902156 0.322794

3353 3244 3230 3276 0.266129 0.412038 0.2890532 0.322407
0.266129 0.412038 0.2884092 0.322192
0.266129 0.412013 0.2884038 0.322182
0.265523 0.411999 0.2884038 0.321975
0.260409 0.41197 0.2884038 0.320261
0.260409 0.411957 0.2880996 0.320155
0.260409 0.411945 0.2880996 0.320151
0.260409 0.411943 0.2880996 0.32015
0.260409 0.411535 0.2880322 0.319992
0.260409 0.411534 0.2880322 0.319992

3518 3530 3515 3521
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G=60 r=1:3 G=60 r=1:2 G=100 r=1:1
N=10 N=10 N=10 N=10 N=10 N=10 N=10 N=10 N=10 N=10 N=10 N=10 0.311058 0.294351 0.446066 0.350492

Mg=10 Mg=10 Mg=10 Mg=10 Mg=10 Mg=10 Mg=10 Mg=10 Mg=10 Mg=10 Mg=10 Mg=10 0.311058 0.294351 0.433854 0.346421
pop=30 pop=30 pop=30 pop=30 pop=20 pop=20 pop=20 pop=20 pop=10 pop=10 pop=10 pop=10 0.311058 0.294351 0.433854 0.346421
M 30_1 M 30_2 M 30_3 M 30_A M 20_1 M 20_2 M 20_3 M 20_A M 10_1 M 10_2 M 10_3 M 10_A 0.311058 0.294351 0.433854 0.346421

0.528074 2.577445 2.812068 1.972529 29.37231 0.515734 4.72233 11.53679 0.572355 3.022567 6.070897 3.22194 0.311058 0.294351 0.433854 0.346421
0.528074 0.669263 0.376664 0.524667 5.327245 0.515155 0.549827 2.130742 0.572355 2.678585 6.070897 3.107279 0.311058 0.294351 0.433854 0.346421
0.525607 0.477173 0.372301 0.458361 5.327245 0.515155 0.549827 2.130742 0.572355 2.678585 6.070897 3.107279 0.311058 0.294351 0.433854 0.346421
0.485521 0.477173 0.372301 0.444999 2.712873 0.515155 0.549827 1.259285 0.572355 1.447309 5.674451 2.564705 0.311058 0.294351 0.433854 0.346421
0.483815 0.477173 0.328961 0.429983 2.455762 0.515155 0.549827 1.173581 0.572355 1.447309 5.674451 2.564705 0.311058 0.294351 0.433854 0.346421
0.483815 0.477173 0.328961 0.429983 0.475336 0.515155 0.549827 0.513439 0.572355 1.447309 3.364746 1.794804 0.311058 0.294351 0.433854 0.346421
0.483652 0.347913 0.328961 0.386842 0.475336 0.515155 0.542836 0.511109 0.572355 1.447309 1.740302 1.253322 0.311058 0.294136 0.433854 0.346349
0.483652 0.347913 0.293462 0.375009 0.389988 0.515155 0.542836 0.48266 0.418134 1.414874 1.740302 1.191103 0.311058 0.294136 0.433854 0.346349
0.483652 0.347913 0.293462 0.375009 0.389988 0.515155 0.542836 0.48266 0.401442 1.414874 0.836794 0.88437 0.311058 0.294136 0.433854 0.346349
0.483652 0.347913 0.293462 0.375009 0.389677 0.515155 0.542836 0.482556 0.339111 1.414874 0.836794 0.863593 0.311058 0.294136 0.433854 0.346349
0.483652 0.303685 0.293462 0.360266 0.389677 0.515155 0.542836 0.482556 0.323356 1.414874 0.836794 0.858341 0.311058 0.294136 0.433854 0.346349
0.483637 0.301432 0.280572 0.355214 0.389677 0.515155 0.521591 0.475474 0.323356 1.414874 0.836794 0.858341 0.311058 0.294136 0.433854 0.346349
0.483214 0.301245 0.280572 0.35501 0.389677 0.293356 0.342849 0.341961 0.323356 1.414874 0.771373 0.836534 0.311058 0.294136 0.433854 0.346349
0.466593 0.301245 0.279645 0.349161 0.389677 0.292849 0.342849 0.341792 0.323356 1.414874 0.771373 0.836534 0.311058 0.294136 0.433854 0.346349
0.466593 0.301245 0.279645 0.349161 0.324414 0.292849 0.338803 0.318689 0.323356 1.408618 0.771373 0.834449 0.311058 0.294136 0.433854 0.346349
0.427306 0.301245 0.279566 0.336039 0.324414 0.292849 0.338803 0.318689 0.323356 1.408618 0.771373 0.834449 0.311058 0.294136 0.433854 0.346349
0.427306 0.301245 0.279556 0.336036 0.324414 0.292849 0.30973 0.308998 0.323356 0.742117 0.771373 0.612282 0.311058 0.294136 0.433854 0.346349
0.427306 0.301245 0.279556 0.336036 0.324414 0.287449 0.30973 0.307198 0.322369 0.742117 0.541795 0.535427 0.311058 0.294136 0.433854 0.346349
0.427306 0.301245 0.279556 0.336036 0.324414 0.287449 0.30973 0.307198 0.322369 0.742117 0.541795 0.535427 0.311058 0.294136 0.433854 0.346349
0.427306 0.301245 0.273665 0.334072 0.324414 0.287449 0.30973 0.307198 0.322369 0.42623 0.52577 0.42479 0.311058 0.294136 0.433854 0.346349
0.427008 0.301245 0.273665 0.333973 0.324414 0.287449 0.30973 0.307198 0.322369 0.42623 0.52577 0.42479 0.311058 0.294136 0.433854 0.346349
0.427008 0.301245 0.273665 0.333973 0.324414 0.287449 0.309146 0.307003 0.322369 0.42623 0.52577 0.42479 0.311058 0.294136 0.433854 0.346349
0.416119 0.301245 0.273665 0.330343 0.324414 0.287051 0.309146 0.30687 0.322369 0.42623 0.52577 0.42479 0.311058 0.294136 0.433854 0.346349
0.416119 0.301245 0.273665 0.330343 0.324414 0.287051 0.309146 0.30687 0.322369 0.374172 0.52577 0.407437 0.311058 0.294136 0.433854 0.346349
0.416119 0.301245 0.273665 0.330343 0.324414 0.287051 0.309146 0.30687 0.322363 0.374172 0.52577 0.407435 0.311058 0.294136 0.433854 0.346349
0.415975 0.301245 0.273665 0.330295 0.324414 0.280996 0.309146 0.304852 0.322363 0.374172 0.52577 0.407435 0.311058 0.294136 0.3738 0.326332
0.415975 0.301245 0.273665 0.330295 0.324414 0.280996 0.309146 0.304852 0.322363 0.374172 0.52577 0.407435 0.311058 0.294136 0.3738 0.326332
0.415947 0.30011 0.267232 0.327763 0.324414 0.280996 0.309146 0.304852 0.322363 0.374172 0.52577 0.407435 0.311058 0.294136 0.361562 0.322252
0.415916 0.30011 0.267232 0.327753 0.324414 0.280996 0.309146 0.304852 0.322363 0.374172 0.525554 0.407363 0.311058 0.294136 0.338304 0.314499
0.415741 0.30011 0.267232 0.327694 0.324414 0.280996 0.307911 0.30444 0.322353 0.353844 0.514978 0.397058 0.311058 0.294136 0.338304 0.314499
0.415741 0.30011 0.267232 0.327694 0.324414 0.277626 0.307911 0.303317 0.322353 0.294351 0.514432 0.377045 0.311058 0.294136 0.338304 0.314499
0.415737 0.30011 0.267232 0.327693 0.324414 0.277626 0.307911 0.303317 0.322353 0.294351 0.514432 0.377045 0.311058 0.294123 0.338304 0.314495
0.415624 0.299871 0.267232 0.327576 0.324354 0.27755 0.307911 0.303272 0.312046 0.294351 0.514432 0.37361 0.311058 0.294123 0.338304 0.314495
0.415529 0.299871 0.26717 0.327523 0.324354 0.27755 0.307911 0.303272 0.312046 0.294351 0.514432 0.37361 0.311058 0.294123 0.338304 0.314495
0.415427 0.299871 0.26717 0.327489 0.314366 0.27755 0.307911 0.299943 0.312046 0.294351 0.514432 0.37361 0.311058 0.294123 0.338304 0.314495
0.415427 0.299871 0.267143 0.327481 0.303665 0.27755 0.307911 0.296376 0.312046 0.294351 0.514432 0.37361 4008 4009 4008 4008
0.415224 0.299871 0.263263 0.326119 0.303665 0.27755 0.307911 0.296376 0.312046 0.294351 0.514432 0.37361
0.415192 0.299871 0.260072 0.325045 0.303665 0.268609 0.306552 0.292942 0.312046 0.294351 0.514432 0.37361
0.415192 0.299871 0.260072 0.325045 0.303665 0.268594 0.30616 0.292806 0.312046 0.294351 0.514432 0.37361
0.415192 0.299871 0.260072 0.325045 0.303379 0.268594 0.30616 0.292711 0.312046 0.294351 0.502139 0.369512
0.411785 0.299871 0.260072 0.323909 0.303379 0.268538 0.30616 0.292692 0.311841 0.294351 0.502139 0.369444
0.411785 0.299871 0.260072 0.323909 0.303379 0.268538 0.30616 0.292692 0.311841 0.294351 0.480452 0.362214
0.411734 0.297458 0.260072 0.323088 0.303154 0.258403 0.30616 0.289239 0.311841 0.294351 0.480452 0.362214
0.411734 0.297458 0.260072 0.323088 0.303154 0.258403 0.30616 0.289239 0.311841 0.294351 0.480452 0.362214
0.411734 0.297458 0.260072 0.323088 0.303154 0.258403 0.30616 0.289239 0.311841 0.294351 0.480452 0.362214
0.411734 0.295222 0.249475 0.31881 0.303116 0.258403 0.303216 0.288245 0.311841 0.294351 0.480452 0.362214
0.411723 0.295222 0.249475 0.318807 0.303116 0.258403 0.303216 0.288245 0.311841 0.294351 0.480452 0.362214
0.411723 0.295222 0.249475 0.318807 0.303116 0.258403 0.303216 0.288245 0.311841 0.294351 0.480452 0.362214
0.411705 0.295222 0.249475 0.318801 0.303116 0.258403 0.303162 0.288227 0.311841 0.294351 0.480452 0.362214
0.411689 0.295222 0.249475 0.318795 0.303116 0.258403 0.303162 0.288227 0.311841 0.294351 0.458636 0.354943
0.411689 0.295222 0.249475 0.318795 0.303116 0.258403 0.302664 0.288061 0.311841 0.294351 0.458636 0.354943
0.411689 0.295189 0.249475 0.318784 0.303116 0.257269 0.302664 0.287683 0.311841 0.294351 0.458636 0.354943
0.411683 0.295189 0.249475 0.318782 0.303116 0.257269 0.302664 0.287683 0.311841 0.294351 0.458636 0.354943
0.411683 0.295189 0.249475 0.318782 0.303116 0.257269 0.30197 0.287452 0.311841 0.294351 0.458636 0.354943
0.411683 0.295189 0.246905 0.317926 0.303116 0.257269 0.30197 0.287452 0.311841 0.294351 0.458636 0.354943
0.411683 0.295189 0.246905 0.317926 0.303116 0.257269 0.30197 0.287452 0.311841 0.294351 0.456523 0.354238
0.411683 0.295189 0.245765 0.317546 0.303116 0.257269 0.301246 0.28721 0.311841 0.294351 0.456523 0.354238
0.411341 0.295189 0.245765 0.317432 0.303103 0.257269 0.299614 0.286662 0.311841 0.294351 0.456523 0.354238
0.411341 0.295189 0.245765 0.317432 0.303103 0.257269 0.299614 0.286662 0.311841 0.294351 0.456523 0.354238
0.411341 0.295189 0.245765 0.317432 0.303103 0.257269 0.299614 0.286662 0.311058 0.294351 0.455528 0.353646

3618 3630 3633 3627 3016 3013 3019 3016 0.311058 0.294351 0.446066 0.350492
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Appendix F.   
 
Motor Parameter Testing 

Parameters for the equivalent T circuit for a 3-phase IM, shown in Figure 63, can 

be determined from the dc resistance, no-load and blocked-rotor tests [11],[17] and [23]. 

 

Figure 63:  IM Equivalent T Circuit 
 

The nameplate information for the test motor, M2, is given in Table 12, where ac 

current and voltage are rms values. 

Table 12:  M2 Nameplate Data 

4 poles 208V 8.0 A 

7.7 lb-ft 1690 rpm 2.5 HP 

Given that the machine is 4 poles ( P ) and the frequency is 60 Hz ( f ), the 

synchronous speed, eω , is calculated using the following equation: 

 120 120*60 1800
4e

f Hz rpm
P

ω = = =   209 

The IM under test, was designed to be flexible for educational purposes.  The 

stator windings can be easily configured in delta or wye.  Another feature is that it can be 



136 

mechanically coupled to a dc machine.  The dc machine can be run as a generator, to 

load the IM, or as a motor, to drive the IM, depending on how it is configured. 

More details on the test procedures are provided in the following sections.  The 

results for the three tests are summarized in Table 13.  All voltage and currents are rms 

values. 

Table 13:  Test Data for Induction Motor M2 

4-Wire Ohmmeter Test 
(DC Resistance) 

No Load (Open Circuit) 
Test 

Blocked Rotor (Short 
Circuit) Test 

RDC=1.941 Ω Vnl=116.5 V Vbr=63.47 V 

 Inl=1.12  A Ibr=7.01 A 

 Pnl=6.467 W Pbr=285.4 W 

 Qnl=127.3 vars Qbr=275.9 vars 

 f=60 Hz f=60 Hz 

 

DC Resistance Test 

The 4-wire dc resistance test is used for accurate measurements of small 

resistances because test lead and contact resistances are reduced.  The circuit diagram 

for the test is shown in Figure 64.  The stator windings are configured in delta, a known 

dc current is applied to the unknown resistance and the resulting dc voltage is 

measured.  The unknown resistance is calculated using the following formula: 

 1.294dc
dc

dc

VR
I

= = Ω   210 

One stator winding is connected in parallel to the other two windings, so the 

individual winding resistance is found using equation 211. 

 3 3* *1.294 1.941
2 2s dcr R= = = Ω   211 
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Figure 64:  Circuit Diagram for 4 Wire DC Resistance Test 
 

Blocked-Rotor Test 

In the blocked-rotor (short circuit) test, the rotor is locked so that it cannot move.  

For a more accurate estimation of losses, the dc machine is configured as a generator to 

provide torque to keep the rotor stationary.  If the speed of the rotor is zero, the slip is 

equal to one ( 1S ≈ ) and the rotor circuit is like a short.  With the rotor circuit shorted, the 

core reactance is neglected and winding impedances can be calculated.  The equivalent 

circuit of the blocked rotor test is shown in Figure 65. 

 

Figure 65:  Equivalent Circuit of Blocked Rotor Test 
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A balanced 3-phase ac voltage is applied to the stator windings, which are 

connected in wye, and sufficient variable dc power is applied to the dc machine to keep 

the rotor from rotating.  I measured the parameters as per Table 13.  In this test, the ac 

power represents the resistance and inductance of the stator and rotor windings. 

The magnitude of the blocked rotor impedance, brZ , is calculated using the 

following equation: 

 63.47 9.054
7.01

br
br

br

V VZ
I A

= = = Ω   212 

The power factor, brPF , for the impedance is found using equation 213: 

 285.4 0.6415
* 63.47 *7.01
br

br
br br

P WPF
V I V A

= = =   213 

 The blocked-rotor resistance, brr , is found using the following: 

 ' * 9.054 *0.6415 5.808br s r br brr r r Z PF= + = = Ω = Ω   214 

Using the results from the dc resistance test, I solved for the rotor resistance 

based on the following equation: 

 ' 5.808 1.941 3.867r br sr r r= − = − Ω = Ω   215 

The total inductance of the blocked rotor circuit, brX , can be calculated using the 

following equation: 

 ' 1 1sin(cos ( )) 9.054sin(cos (0.6415)) 6.946br ls lr br brX X X Z PF− −= + = = = Ω   216 

For the wound rotor IM in my test, I assumed that '
ls lrX X= [23], and therefore 

can calculate the individual inductances with the following equation: 

 ' 6.946 3.473
2 2

br
ls lr

XX X= = = = Ω   217 
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The circuit diagram for the blocked-rotor test is shown in Figure 66.  Note that the 

stator windings are connected in a wye configuration to simplify the procedure. 

 

 

Figure 66:  Circuit Diagram for Induction Machine Blocked-Rotor Test 
 

No-Load Test 

In the no-load (open circuit) test, I removed the mechanical load from the IM and 

for a more accurate estimation of losses, configured the dc machine as a motor and 

used it to bring the rotor of the IM to synchronous speed.  Usually with an IM, the rotor, 

which is immersed in a rotating magnetic field, will be subject to the magnetic forces 

acting on it.  If the force exceeds the mechanical load on the motor, the rotor will start to 

rotate.  The mechanical load includes losses due to friction and windage.  In the no load 
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test, I remove the load and measure all of the parameters.  The rotor will be rotating at a 

speed slightly less than the synchronous speed due to losses.  To obtain an even more 

accurate test, I coupled the dc motor to the rotor and provided additional torque to the 

rotor, until its speed was exactly synchronous speed.   By doing this, I removed the 

effect of mechanical losses acting on the rotor for increased accuracy. 

The dc machine is used to cancel the rotational losses of the IM due to friction 

and windage.  At synchronous speed, the slip is close to zero ( 0S ≈ ) so the rotor circuit 

is like an open-circuit.  If the rotor circuit is open, the ac input power represents the 

stator losses and core reactance.  The latter are due to hysteresis and eddy currents.  

The equivalent circuit for the no load test is shown in Figure 67. 

 

 

Figure 67:  Equivalent Circuit of No Load Test 
 

To perform the test, I applied a balanced 3-phase voltage to the stator and 

increased the dc voltage to the dc machine until the IM reached synchronous speed.  

The resulting current, voltage, power and reactive power were measured and recorded 

as per Table 13.  In this test, the ac power input represented the stator and core losses. 

The no-load impedance is highly inductive.  The magnitude, nlZ , is calculated 

using the following equation: 
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 116.5 104.0
1.12

nl
nl

nl

V VZ
I A

= = = Ω   218 

Neglecting the resistance in the circuit, the total inductance is found using: 

 104.0ls M nlX X Z+ = = Ω   219 

Based on the equivalent no-load circuit, I solved for the mutual inductive 

reactance, MX , using the following equation: 

 104.0 3.473 100.5M nl lsX Z X= − = − = Ω   220 

The circuit diagram for the no-load test is shown in Figure 68.  Note that the 

stator windings are connected in a wye configuration to simplify the procedure. 

 

Figure 68:  Circuit Diagram for Induction Machine No-Load Test 
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Summary of Motor Parameters 

The resulting equivalent circuit parameters, for induction motor M2, are 

summarized in Figure 69. 

 

Figure 69:  Summary of Parameters for IM Equivalent T Circuit 
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