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Abstract 

With the increasing adoption of complex simulations in engineering design involving finite 

element analysis (FEA) and computational fluid dynamics (CFD), design optimization 

problems are increasingly high-dimensional, computationally expensive, and black-box 

(HEB). In addition, computationally expensive constraints are commonly seen in real-

world engineering optimization problems, which pose challenges for existing optimizers. 

Surrogates, or metamodels, are mathematical functions that are used to approximate 

computationally expensive models. Use of surrogates in metamodel-based design 

optimization (MBDO) methods has shown promise in the literature for optimization of 

expensive and black-box problems. However, current MBDO approaches are often not 

suitable for high-dimensional problems and often do not support expensive constraints. 

The goal of this work is to develop surrogate-based methods suitable for efficient single 

and multi-objective optimization of HEB problems with expensive inequality constraints. 

This work integrated the concept of trust regions with the Mode Pursuing Sampling (MPS) 

MBDO method to create the Trust Region-based MPS (TRMPS) optimizer, which 

dramatically improved performance and efficiency for single-objective high-dimensional 

problems with inexpensive constraints. To address expensive constraints, an adaptive 

aggregation-based constraint handling strategy is proposed by hybridizing a function 

aggregation method with surrogate modeling. The strategy, called the Situational Adaptive 

Kreisselmeier and Steinhauser (SAKS) method, formed the basis for two new optimizers 

for solving single and multi-objective HEB problems with expensive constraints. The new 

methods, called SAKS-Trust Region Optimizer (SAKS-TRO) and SAKS-Multiobjective 

Trust Region Optimizer (SAKS-MTRO), demonstrated significant performance 

improvement when benchmarked against other optimizers. SAKS-TRO and SAKS-MTRO 

were successfully applied to two real engineering design applications: multi-objective 

optimization of a semiconductor substrate, and single and multi-objective optimization of 

a recessed impeller for slurry pumps.  

Keywords:  global optimization; metamodeling; surrogates; high-dimensional; 

expensive constraints; black-box 
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Chapter 1.  

 

Introduction 

1.1. Motivation 

In engineering, computer simulations such as finite element analysis (FEA) and 

computational fluid dynamics (CFD) are commonly used for product and system design. 

However, these simulation models are often complex and computationally expensive. For 

example, Pérez et al. in 2016 simulated the heat distribution of an engine room in an 

advanced electrical propulsion ship using CFD, which took 5.5 hours per simulation [1]. 

Díaz-Ovalle in 2017 used CFD to simulate a convection oven, which took up to 5 hours 

per simulation [2]. Duddeck in a 2008 publication stated that “a single crash computation 

on eight or 16 CPUs requires currently about 12 to 20 h” [3]. FEA and CFD models are 

considered black-box, which is a computational model where the inner structure is hidden 

to the user or external programs and where gradients are not readily or reliably available. 

This makes classical gradient-based optimization methods very costly or unsuitable to use. 

This is especially the case in optimization problems where the constraints are also outputs 

of the simulation or where there is more than one objective, which increases the number of 

simulation runs needed to compute the gradients via the finite difference method. 

Furthermore, problems of higher dimensionality (i.e. 10 variables or greater) have 

exponentially increasing search spaces [4], [5], which increases the difficulty of 

optimization as well as the number of design points needed for performing the finite 

difference method. The combination of the above traits forms a class of problems that are 

High-dimensional, Expensive (computationally), and Black-box (HEB) [6]. 

One strategy for addressing HEB type problems is to use metamodels (or 

surrogates), which are mathematical functions that approximate the original problem [7]. 

Such metamodels are typically much cheaper to compute than the original engineering 

simulations, and they have formed the basis for a class of optimization strategies called 

metamodel-based design optimization (MBDO) [6]. Two most commonly used 
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metamodels for MBDO are the Radial Basis Function (RBF) [8] and Kriging [9]. Some 

well-known MBDO techniques in the literature include the Kriging-based Efficient Global 

Optimization (EGO) method [10] and the RBF-based Mode-Pursuing Sampling (MPS) 

method [11]. 

In global optimization (see Section 2.1.1), problem formulations can be categorized 

per several different criteria: discrete vs continuous, single-objective vs multi-objective, 

and constrained vs unconstrained. Discrete problems are where the variables are discretized 

such that only a subset of real numbers within the bounds of the variables are allowed, 

while continuous problems allow variables to have any real value within the bounds. 

Single-objective problems have only one criterion to minimize, while multi-objective 

problems have multiple criteria to optimize that typically exhibit trade-off behaviour. The 

EGO and MPS methods are both single-objective gradient-free metaheuristic MBDO 

strategies. Gradient-free methods do not approximate or use gradient information of the 

problem. Metaheuristics are algorithms that guide the search toward near-optimal 

solutions, but do not guarantee global optimality. Other popular single-objective gradient-

free optimizers are the Genetic Algorithm (GA) [12], Simulated Annealing (SA) [13], 

Particle Swarm Optimization (PSO) [14], Mesh Adaptive Direct Search (MADS) [15], and 

the Dividing Rectangles Search Method (DIRECT) [16]. Some popular multi-objective 

optimizers are the RBF-based Pareto Set Pursuing (PSP) method [17] and the GA-based 

Nondominated Sorting Genetic Algorithm (NSGA-II) [18]. Constrained problems have 

one or more inequality or equality constraints that limit the feasible space such that only a 

subset of potential designs is valid, while all designs in unconstrained problems are 

feasible. Within the constrained optimization space, there is a class of problems where the 

constraints themselves are also computationally expensive. This typically occurs when one 

or more of the outputs of engineering simulations need to be restricted. While all the 

previously cited optimization methods can handle constrained problems to varying degrees 

when the constraint functions are computationally inexpensive, none of them are designed 

for problems where the constraints are expensive. Some optimization methods that can 

handle expensive constraints are the ConstrLMSRBF method [19] and the Constraint-

importance Mode Pursuing Sampling (CiMPS) method [20]. Due to the very broad scope 

of global optimization, for my graduate work I will not consider discrete problems or 
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problems with equality constraints. Thus, my work will focus on addressing problems with 

the following formulation: 

 min
𝑤𝑟𝑡 𝑥1,𝑥2,…,𝑥𝑛

𝐹(𝑥) = {𝑓1(𝑥), 𝑓2(𝑥),… , 𝑓𝑚(𝑥)} 

𝑠. 𝑡.  𝑔𝑘(𝑥) ≤ 0 
         𝑥𝑟

𝑙 ≤ 𝑥𝑟 ≤ 𝑥𝑟
𝑢 

         𝑘 = 1,… , 𝑞 
         𝑟 = 1, … , 𝑛 

(1) 

where m is the number of objectives, n is the number of variables, F is the set of objective 

functions, and g is the set of inequality constraints. s.t. means subject to, and wrt stands for 

“with respect to.” In addition, the functions F are always computationally expensive, and 

the functions g can be computationally expensive. In this thesis, I developed a system of 

metamodel-based global optimization techniques to address HEB problems, which is an 

area of research with limited available literature [6]. 

1.2. Research Objectives 

Following the above motivations, I developed a suite of high-dimensional MBDO 

methods in the areas of single-objective, constrained, and multi-objective optimization. 

The techniques together represent an interoperable system of metamodel-based methods 

that can address a broad range of HEB global optimization challenges. The primary 

challenges to be addressed are: 

1. Low-dimensional limitation of metamodel-based single and multi-objective 

HEB optimization 

2. Efficient optimization of problems with expensive constraints 

1.2.1. Single-Objective Optimization 

The goal for single-objective optimization is to build on the MPS algorithm and 

develop a method suitable for HEB optimization. Duan et al. [21] showed that MPS is 

generally not capable of handling problem dimensionality of 10 or greater and experiences 

high memory usage and long computation times for the optimizer. For single-objective 
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optimization I developed an optimizer that can address HEB problems of 10 variables or 

more. While the methodology needs to be able to handle inexpensive inequality constraints, 

it will not be required to address expensive constraints or very tight inequality constraints. 

The method also maintained stable memory and CPU usage over the course of an 

optimization run. The new method will address problems with the following formulation: 

 min
𝑤𝑟𝑡 𝑥1,𝑥2,…,𝑥𝑛

𝐹(𝑥) = 𝑓1(𝑥) 

𝑠. 𝑡.  𝑔𝑘(𝑥) ≤ 0 

         𝑥𝑟
𝑙 ≤ 𝑥𝑟 ≤ 𝑥𝑟

𝑢 

         𝑘 = 1,… , 𝑞 

         𝑟 = 1,… , 𝑛 

(2) 

where F is an expensive objective function and g is a set of inexpensive inequality 

constraints where feasible solutions can be randomly sampled without difficulty. 

1.2.2. Constrained Optimization 

The Constraint-importance Mode Pursuing Sampling (CiMPS) method by Kazemi 

et al. [20] was an improvement on MPS that enabled optimization of problems with 

expensive inequality constraints. However, CiMPS is inefficient at handling expensive 

constraints and regularly uses tens to hundreds of thousands of expensive constraint 

evaluations. Furthermore, it cannot handle high-dimensional problems. In this thesis, I 

developed a strategy for handling expensive inequality constraints using envelope-based 

strategies such as the Kreisselmeier-Steinhauser (KS) function [22]. One of the advantages 

of the KS envelope function is it incorporates a degree of conservatism into the constraint 

approximations, which help reduce the incidence of infeasibility. In addition to reducing 

the required number of expensive function evaluations, the new method also demonstrates 

the practical applicability of envelope methods to expensive constrained optimization. The 

new method addresses the same problem formulation as shown in Equation (2), except the 

set of inequality constraints g is computationally expensive. 
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1.2.3. Multi-Objective Optimization (MOO) 

One of the state-of-the-art metamodel-based MOO algorithms, PSP [17], is a very 

efficient multi-objective optimizer due to its ability to converge on the best solutions in 

relatively few expensive black-box evaluations. However, it only performs well for 

problems of up to 7 variables and 2 or 3 objectives [23] and does not natively handle 

expensive constraints [17]. In this area of research, I developed a multi-objective 

optimization method that can address HEB problems as well as handle expensive 

constraints. For this work, I drew on the methodologies I developed for single-objective 

optimization and constraint handling combined with a better strategy for finding extreme 

points and approximating the Pareto frontier, which consists of all the optimal points for a 

multi-objective optimization problem. The new method addresses the problem formulation 

as shown in Equation (1), where m>1 and the set of inequality constraints g is 

computationally expensive. 

1.2.4. Application Problems 

In addition to developing the above optimization methods, I applied these methods 

to two industry application projects to refine, parametrize, and integrate simulation models 

with my global optimization techniques to solve real-world engineering design problems. 

The first application project is in the field of electronics manufacturing, which involves the 

design of an optimal substrate design with embedded copper trace to prevent warping. The 

project involves the development of a FEA model to simulate the behaviour of the substrate 

during the packaging process, then using that model to optimize the design of the substrate. 

The second application project is in the field of slurry pump design, which involves the 

design of an optimized impeller. The project involves the development of a CFD model to 

simulate the effect of the impeller under various operating conditions, then using the model 

to optimize the impeller shape. These two application projects help to demonstrate the 

practical applicability and usefulness of the new optimization techniques. 
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1.3. Structure of the Dissertation 

The layout of this thesis follows the general structure of Section 1.2: 

• Chapter 2 presents a basic review of optimization fundamentals that are essential for 

the rest of this work. It also reviews the literature on methods for single-objective 

optimization, constraint handling, and multi-objective optimization. Important 

precursor methods that are relevant to this work are described in detail. 

• Chapter 3 introduces the Trust Region based Mode Pursuing Sampling (TRMPS) 

single-objective optimizer for HEB problems. The dual trust region strategy is 

introduced to improve optimization efficiency and to increase the reliability of the 

surrogate models. 

• Chapter 4 develops the Situational Adaptive Kreisselmeier Steinhauser (SAKS) 

method, which is an effective constraint handling strategy for expensive inequality 

constraints. The SAKS-Trust Region Optimizer (SAKS-TRO) is introduced for 

single-objective optimization of HEB problems with expensive inequality constraints. 

SAKS-TRO combines the SAKS strategy with a modified TRMPS. 

• Chapter 5 introduces two new strategies for use in multi-objective optimization: 

Random Objective Decomposition (ROD) and K-means Opposition Search (K-Opp). 

These strategies are combined with SAKS-TRO to form the SAKS-Multiobjective 

TRO (SAKS-MTRO) algorithm for multi-objective optimization of HEB problems 

with and without expensive inequality constraints. 

• Chapter 6 applies the SAKS-TRO and SAKS-MTRO algorithms to two real-world 

engineering problems. The first problem is the optimization of a semiconductor 

substrate to minimize thickness and warping. The second problem is the optimization 

of a slurry pump impeller. 

• Chapter 7 provides the conclusions of the thesis and suggestions for future work. 
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Chapter 2.  

 

Theory and Literature Review 

2.1. Optimization Theory 

Optimization problems are formulated by first defining the problem in terms of the 

objectives of optimization and the restrictions (or constraints) that need to be placed on the 

problem. Next, the problem is parameterized by the addition of design variables, which are 

elements of the problem that can be changed to influence the objectives and constraints. 

The problem is then formulated into an expression in the form of Equation (2). A 

convention of optimization is to formulate problems for minimization, and in such cases 

the objective functions can be called cost functions. The constraint functions include 

equality and inequality constraints. By convention, constraints are formulated such that all 

terms in an expression are equal to or less than, or equal to, zero depending on whether 

they are equality or inequality constraints. Once the optimization problem has been 

formulated, an appropriate optimizer is then chosen to perform optimization. This section 

briefly introduces the core concepts of local and global optimization that are necessary for 

the rest of this work. 

2.1.1. Local and Global Minima 

The goal of optimization methods is to locate the minimum point of a cost function. 

While real optimization problems can also involve maximization, the convention in the 

optimization field is to formulate all problems as minimization problems. In any given 

optimization problem there may be both global and local minima. Global minima are points 

in the feasible region of a problem that have the lowest function value in the entire search 

space. Local minima are points in the feasible region of a problem that have the lowest 

function value in a defined sub-region of the search space. The mathematical definition for 

the feasible region 𝑆 is 

 𝑆 = {𝒙|ℎ𝑗(𝒙) = 0, 𝑗 = 1 to 𝑝; 𝑔𝑖(𝒙) ≤ 0, 𝑖 = 1 to 𝑚} , (3) 
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where 𝒙 is the vector of design variable values that satisfies equality constraints ℎ𝑗  and 

inequality constraints 𝑔𝑖 . The figure below illustrates the concept of local and global 

minima. 

 

Figure 1: Bounded function with global minimum E and local minima B and D [24] 

Numerous methods are available for finding local minima, and such local 

optimization is typically efficiently accomplished using gradient-based deterministic 

search algorithms. Global optimization, which involves finding the global optima in a 

problem with multiple local optima, is much more difficult to achieve. 

2.1.2. Local Optimization 

Local optimization problems typically contain only one minimum point. Such 

problems are relatively easy to solve compared to problems with multiple optima because 

convergence onto the local minimum is guaranteed if the algorithm used follows the 

objective function downwards along the curve. This is illustrated in Figure 1, where point 

B is the local minimum of the curve between points A and C. These problems are best 

solved using fast and efficient gradient-based deterministic optimization methods. 

Deterministic methods are not dependent on randomness and the optimization results are 

the same, given identical input problem parameters. In other words, a future iteration of a 

deterministic method is completely dependent on the properties of the system in the current 
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or a past iteration. Examples of such deterministic methods are the Steepest Descent and 

BFGS methods [25]. There are two important components to gradient-based local 

optimization methods: search direction and step size determination. 

Search Direction Determination 

Given an initial starting point, the first task of any gradient-based algorithm is to 

determine the search direction. An appropriate search direction is one that reduces the cost 

function value in a single step. Gradient-based methods typically use the gradient of the 

cost function to determine the search direction. The simplest such method is the Steepest 

Descent method. A slightly modified version of the Steepest Descent method is the 

Conjugate Gradient method, which uses the conjugate of the gradients of the current and 

previous iterations as the search direction and substantially improves the efficiency of the 

Steepest Descent method.  

The gradient of the cost function alone may not be enough for some problems. 

Newton's method [25] uses the Hessian matrix (refer to Equation (21)) of the cost function 

as well as the gradient to determine the search direction. This allows Newton's method to 

find better search directions when compared to strictly gradient-based methods. However, 

the Hessian matrix may be too costly to calculate in some cases. Quasi-Newton methods 

such as BFGS and DFP overcome this by approximating the Hessian matrix in each 

iteration [26]. Some more recent approaches such as the interior point methods [27], [28] 

combine classic gradient and line search strategies with the trust region method to improve 

algorithm reliability and performance. See Section 2.7 for an overview of the trust region 

strategy. 

Step Size Determination 

After determining the search direction, the step size needs to be calculated. Methods 

for calculating the step size are called one-dimensional (1D) search or line search methods. 

Determining the step size is itself a local optimization process that involves finding the step 

size that minimizes the cost function of the optimization problem. Specifically, step size 

determination involves finding a step size 𝛼 that minimizes 𝑓(𝒙𝑘 + 𝛼𝒅𝑘), where 𝒙𝑘 is the 

location of the current design and 𝒅𝑘 is the search direction.  
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2.1.3. Global Optimization 

Global optimization problems involve multiple local minima with the presence of 

at least one global minimum point. These problems are much more difficult to solve than 

local optimization problems because of the relatively high possibility of inflexible 

optimization methods becoming trapped in a region containing a local minimum. For 

example, all deterministic local optimization methods mentioned in Section 2.1.2 are 

unsuitable for use with global optimization problems because they are likely to converge 

on a local optimum and terminate. However, it is possible to apply deterministic methods 

to global optimization problems, and Section 18.2 of Ref. [25] introduces several such 

deterministic methods. In general, stochastic methods are more widely applied in 

engineering because the use of randomness allows stochastic methods to converge on the 

global optimum point over time without being trapped in a local optimum region. 

Stochastic Methods 

The simplest stochastic method is Random Search where the algorithm randomly 

samples the search space. Given enough time, the method will find an acceptable solution. 

However, such a method is extremely inefficient and likely does not yield much advantage 

in performance when compared with Exhaustive Search, where the method evaluates the 

entire search space at discrete points. More effective stochastic global optimization 

methods use different strategies to guide the sampling process, such as the Controlled 

Random Search (CRS) method [29], Genetic Algorithm (GA) [25], and many other 

metaheuristic optimization methods such as Simulated Annealing (SA) [13], Particle 

Swarm Optimization (PSO) [14], Differential Evolution (DE) [30], Ant Colony 

Optimization (ACO) [31], and so on. Below CRS and GA are briefly described.  

Controlled Random Search (CRS) 

CRS uses the idea of a geometrical simplex to guide sampling in the search space. 

The simplex is a set of m+1 points in a search space with m variables. The method starts 

by sampling N uniform random points in the search space and then evaluating the objective 

function. The worst point is designated 𝒙𝑤 and the best point is 𝒙𝑙. At each iteration, a set 

of points 𝒙1, 𝒙2, … , 𝒙𝑚+1 are selected from the set of evaluated points. 𝒙1 is always chosen 
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as 𝒙𝑙 , while the remaining points are randomly selected. A candidate design 𝒙𝑃  is 

computed as follows: 

 𝒙𝑃 = 2𝒙𝐶 − 𝒙(𝑚+1) (4) 

where 𝒙𝐶 is the centroid of points 𝒙1, 𝒙2, … , 𝒙𝑚. If 𝒙𝑃 ranks among the best m+1 points in 

the evaluated point set, then a local phase is run that uses reflection, expansion, and 

contraction operations [29] to further improve the solution. 𝒙𝑙  is updated, and if the 

objective value of 𝒙𝑃 is better than that of 𝒙𝑤 then 𝒙𝑤 = 𝒙𝑃. The iterative process repeats 

until stopping criteria are satisfied. 

Genetic Algorithm (GA) 

Genetic algorithms are modelled after the process of biological evolution and 

natural selection. The basic GA starts with the random sampling and evaluation of an initial 

population of designs. Each design is encoded, usually in a binary format where each 

variable is represented by a set of binary digits. The population is evolved over multiple 

generations using a combination of different reproduction and selection operators. At each 

generation, a roulette wheel selection procedure is used to select a mating population for 

reproduction from existing designs. The procedure randomly selects designs, with a bias 

towards members with better fitness. A percentage of the mating population goes through 

crossover and mutation. Crossover is an operator that takes two designs, selects two sites 

on the binary encodings and swaps the 0’s and 1’s between the sites. Mutation is an operator 

that switches a 0 to a 1 or from a 1 to a 0 at randomly selected locations along a design’s 

binary encoding. The new designs are then evaluated using the objective function and the 

process repeats. 

2.1.4. Multi-Objective Optimization (MOO) 

In MOO, the goal is to simultaneously optimize along multiple objectives that 

exhibit tradeoff behaviour. This means that, for two objectives, achieving the optimal value 

for one leads to worsening of the other objective. An example is the tradeoff between 

performance and power efficiency of modern CPUs [32], where better performance or 

speed usually comes at the cost of accelerating power use and lower power efficiency. Such 
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tradeoff behavior means that the optimum solution is not a single design, but a set of 

designs where each design is different but not explicitly better than another. This is the 

concept of Pareto optimality [33], where “a point x* is Pareto optimal if there does not exist 

another point x such that F(x)≤F(x*), and Fi(x)< Fi(x*) for at least one function” [34]. From 

Figure 2, point A has better performance than B along objective f2, but worse performance 

along objective f1. In other words, point A does not dominate B, and vice versa. The 

designs along the red line make up the Pareto frontier, and none of the designs dominate 

each other. Such designs are thus non-dominated. See Section 2.5 for a review of MOO 

methods. 

 

Figure 2: Pareto optimality [35] 

2.2. Surrogate Models for Computationally Expensive Problems 

Stochastic methods can be fast and effective when the objective function 

evaluations (or function evaluations) are cheap to perform. However, in practical 

engineering applications where simulation models such as FEA and CFD are used, the 

function evaluations are very computationally expensive. In such cases many gradient-

based and stochastic methods suffer because of a reliance on large numbers of function 

evaluations during optimization. One way of overcoming the problem of expensive 

function evaluations is to use surrogate models to replace expensive function evaluations 

during certain stages of optimization. 

A surrogate model (or metamodel) is a mathematical model that approximates the 

original computationally expensive functions. The goal of surrogate modeling is to build 

 
 

 

f2( )   f2( )
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an approximation model that can replace the use of the expensive functions, which 

significantly reduces the computational cost of the optimization. Several widely used 

metamodels are introduced below. 

2.2.1. Polynomial Regression (PR) 

A polynomial regression model approximates the relationship between design 

variables and the output using an nth degree polynomial. The second order PR takes the 

following form [36]: 

 
𝑓(𝒙) = 𝛽0 + ∑𝛽𝑖𝑥𝑖

𝑛

𝑖=1

+ ∑𝛽𝑖𝑖𝑥𝑖
2 +

𝑛

𝑖=1

∑∑𝛽𝑖𝑗𝑥𝑖𝑥𝑗

𝑛

𝑗=1𝑖<𝑗

 , (5) 

where 𝜷 are model coefficients that are computed as part of the process for fitting the PR 

model. PR does not go through model points and thus has smoothing capabilities which are 

useful in the presence of noisy functions [36]. 

2.2.2. Radial Basis Function (RBF) 

The Radial Basis Function (RBF) is constructed using a linear combination of 

approximating functions using the original function values and distances to the center 

points 𝒙𝑖  [37]. The RBF surrogate is a good and computationally-inexpensive general 

purpose approximator that can perform well with a small number of center points [38]. A 

variety of different 𝜑(. ) kernels and distance metrics can be used [37], each with different 

properties. A simple linear RBF takes the form of the following equation: 

 
𝑓(𝑥) = ∑𝛼𝑖𝜑(‖𝑥 − 𝑥𝑖‖)

𝑚

𝑖=1

  
(6) 

where  𝑚 is the number of points used to fit the model, 𝛼𝑖 is the coefficient associated with 

point 𝑥𝑖, 𝜑 (.) is the radial basis function that takes various forms, and the set of points 𝑥𝑖 

are the points used to fit the model. RBF models perform well when used with non-uniform 

and arbitrary data [36]. 
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2.2.3. Kriging 

Kriging is an interpolation method that uses a Gaussian process governed by prior 

covariances [39]. Kriging approximates a function y as a combination of a regression model 

𝐹 and a random function 𝑧(𝑥) consisting of a stochastic process [40]:  

 �̂�(𝑥) =  𝐹(𝛽, 𝑥) + 𝑧(𝑥) 
(7) 

where 𝐹 is a linear combination of p chosen functions f: 

 𝐹(𝛽, 𝑥) = 𝛽1 𝑓1(𝑥) + ⋯ + 𝛽𝑝 𝑓𝑝(𝑥) 
(8) 

with β being the unknown coefficients and p equal to the number of observations. The 

stochastic process z is assumed to have a mean of zero and a covariance given by: 

 cov[𝑧(𝑥𝑖), 𝑧(𝑥𝑗)] =  𝜎2𝑅(𝑥𝑖, 𝑥𝑗) 
(9) 

where 𝜎2  is the process variance of the response and R is the correlation model [36]. 

Kriging is a very flexible model, but model construction can be computationally expensive. 

2.2.4. Advantages of Surrogate Modeling 

Although surrogate modeling sacrifices accuracy, their relatively inexpensive 

computational cost makes surrogates attractive for optimization of computationally 

expensive problems. This is especially the case where the expensive functions are also 

black-box (e.g. FEA, CFD models). Gradient information is not readily available or 

unreliable for black-box functions, which greatly reduced the effectiveness of the otherwise 

efficient gradient-based methods. The surrogate model allows optimization methods to 

cheaply evaluate large numbers of candidate designs. Promising candidates can be selected 

from these cheap designs and then evaluated using the expensive functions. The surrogate 

models can also be iteratively improved by refitting with new designs. Methods such as the 

Adaptive Response Surface Method (ARSM) [41] leverage these advantages to perform 

iterative optimization. 
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2.3. Review of Single-Objective Gradient-Free Global 

Optimization Methods 

In gradient-free global optimization, there are three major categories of algorithms: 

deterministic search, population-based metaheuristics, and MBDO. An exhaustive review 

of single-objective gradient-free methods can be found in Ref. [42].Population-based 

metaheuristic algorithms encompass a diverse range of population-based methods such as 

the Genetic Algorithm (GA) [12], Simulated Annealing (SA) [13], Particle Swarm 

Optimization (PSO) [14], [43], Ant Colony Optimization (ACO) [31], Artificial Bee 

Colony (ABC) [44], [45], and Biogeography-based Optimization [46]. Population-based 

metaheuristic algorithms use a combination of random sampling and various point 

elimination and selection strategies to iteratively improve the fitness of the population. GA 

is inspired by genetic evolution, and employs the genetic concepts of reproduction, 

mutation, crossover, and fitness selection as part of its evolutionary strategy. Tsai et al. 

[47] combined the Taguchi design of experiments method with the traditional GA to 

enhance convergence. Some other references for GA-based work can be found in Refs. 

[48] - [52]. SA allows the acceptance of worse solutions according to a gradually 

decreasing probability over the course of the search, which makes SA probabilistic and 

allows SA to effectively solve global optimization problems. PSO, on the other hand, is 

inspired by the behavior of bird swarms and social groups. Instead of the genetic analogue 

employed by GA, PSO uses the analogy of agent movement and behaviour. The original 

PSO was proposed by Kennedy and Eberhart [43] who were influenced by Reynolds [53], 

and have been further developed in Refs. [54] - [58], among many others [59]. ABC and 

Biogeography-based optimizers are, like GA and PSO, also nature-inspired population-

based methods. Metaheuristic algorithms such as GA and PSO have proven to be very 

versatile and popular. Their population-based sampling means expensive evaluations can 

be easily parallelized to take advantage of additional computing power and reduce 

computational time. However, a big drawback of these algorithms is they require very large 

numbers of expensive function evaluations [6]. For example, Tsai et al.’s HTG  costs 

between 12,000 to 219,000 function evaluations [47], and Pluhacek et al.’s multichaotic 

PSO costs 200,000 function evaluations [54]. The high function evaluation costs make such 

methods unsuitable for use with expensive black-box problems. 
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Deterministic search methods directly sample functions in combination with 

specific sampling strategies to discover optimal solutions. They are deterministic and thus 

sample the same solutions given identical starting conditions and configurations. Methods 

such as Pattern Search [60], [61], Dividing Rectangles Search Method (DIRECT) [16], and 

Multilevel Coordinate Search (MCS) [62] are well-known sampling-based methods. 

Pattern Search samples in the area around the current design and iteratively steps into 

designs that improve on the current best design. DIRECT is a deterministic global 

optimization algorithm that relies primarily on effective structured sampling to advance the 

search. MCS is like DIRECT in that it uses boxed regions and region bisection to control 

sampling. It balances global and local search by using sequential quadratic programming 

in local regions. A major drawback of direct sampling methods is that they struggle to 

efficiently optimize high-dimensional problems. Increasing the number of variables causes 

a combinatorial explosion for Pattern Search and DIRECT because the number of sample 

points needed increases exponentially in relation to the number of variables. Tavassoli et 

al. developed High-Dimensional DIRECT (HD-DIRECT) [63] to mitigate the effects of 

high-dimensionality, but the required number of samples for convergence is still in the low 

tens of thousands for 15 to 30 variable problems, which is too high for expensive 

engineering simulations. 

MBDO methods use computationally inexpensive surrogate models [64] to assist 

in the optimization process. By using metamodels, MBDO methods can significantly 

reduce the number of expensive function evaluations. Some of the earliest MBDO methods 

are trust-region based [42], [65], which use quadratic PR metamodels and bounded regions 

to limit the scope of sampling [66] - [68]. Booker et al. combined Pattern Search with a 

surrogate model to improve search efficiency [69]. Later works such as the Adaptive 

Response Surface Method (ARSM) [41], [70], Efficient Global Optimization (EGO) [10], 

and MPS [11], [21] use more sophisticated metamodels to improve the approximation 

accuracy. ARSM is an iterative method that uses the optimum found through optimization 

of a second-order polynomial function for evaluation with the expensive functions. ARSM 

iteratively updates the metamodel and converges through design space reduction [70]. EGO 

uses the Kriging method to construct an approximation model of the search space using 

points evaluated with the expensive functions. The approximation model is then used to 
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identify candidate points in areas of large modeling error and areas of promise of finding a 

better solution. MPS combines the discriminative sampling strategy of Fu and Wang [71] 

with a linear RBF metamodel to enhance the global search, while also employing a second-

order polynomial model for local search. More recently, Turner et al. used NURBs-based 

metamodels for global optimization of low-dimensional functions [72]. Younis and Dong 

combined region elimination and the Kriging method to create the SEUMRE algorithm 

where optimization is sequentially performed on each sub-region [73]. Gu et al. combined 

Kriging, RBF, and a second order polynomial in a hybrid adaptive MBDO method called 

HAM to leverage the strengths of each metamodel [74]. While the aforementioned MBDO 

methods all significantly reduce the number of expensive function calls required for 

optimization, most are limited to problems of low-dimensionality. ARSM was applied on 

problems of up to 6 variables [70]. Jones et al. concluded that future work on EGO should 

focus on high-dimensional problems [10]. MPS encounters memory and computational 

cost issues for problems of high dimension [21]. SEUMRE and HAM were tested mostly 

for problems of less than 10 variables [73], [74]. 

Figure 3 summarizes the three categories of single-objective gradient-free global 

optimization methods. The literature review shows that research into methods capable of 

handling HEB problems is needed as there is comparatively little work in the literature in 

that area. The aim of this work is to develop a MBDO method for high-dimensional 

optimization. 
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Figure 3: Overview of single-objective gradient-free global optimization 

2.4. Review of Constraint Handling Methods for Expensive 

Inequality Constraints 

Just as there is a broad range of constrained problems, the constraint handling 

methods in the field are very diverse. Some of the most popular categories of constraint 

handling methods are penalty functions, repair methods, infill sampling, separation of 

objectives and constraints, and surrogate modeling of constraints. This section briefly 

describes a representative set of methods in the literature with focus on methods that can 

be applied for expensive constrained optimization. For more detailed surveys, please see 

Refs. [75] and [76]. 

2.4.1. Penalty Functions 

Penalty functions transform constrained problems into unconstrained problems by 

allowing the algorithm to sample and retain infeasible solutions, while applying an 

additional cost onto the objective function value based on the constraint violation. These 

techniques typically relax the problem and prevent optimization algorithms from becoming 

trapped in infeasible regions. There are two main types of penalty methods: exterior and 
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interior [76]. Exterior penalty methods encourage algorithmic search toward feasible areas 

by augmenting the objective function value of design points with a penalty value for points 

with violated constraints. Exterior penalty methods are relatively easy to implement and 

can be applied in a wide variety of algorithms. One implementation of an exterior penalty 

method is the Constraint-importance Mode Pursuing Sampling (CiMPS) method by 

Kazemi et al. [20]. CiMPS allows the user to pre-define a static penalty value. CiMPS 

utilizes the RBF surrogate model in the MPS algorithm to help guide the algorithm away 

from infeasible regions. Other exterior static penalty methods can be found in Refs. [77] 

and [78]. The difficulty with such static penalties is in selecting an appropriate value for 

the penalty. Dynamic penalty methods attempt to overcome the drawback of static penalties 

by making the penalty factors vary dynamically, usually with respect to the number of 

generations or iterations. Joines and Houck [79] developed a method where a user-defined 

static penalty factor is multiplied by the generation number. Many other dynamic penalty 

methods exist in the literature [80] - [83]. While dynamic penalties generally perform better 

than static ones, their performance is very problem dependent [84]. Adaptive penalties [85] 

- [89] employ more sophisticated mechanisms to adjust the penalty values to adapt to 

different problems. Interior penalty methods (or barrier methods) require the algorithm to 

always operate in the feasible space by imposing penalties approaching infinity as the 

algorithm approaches constraint boundaries. The Mesh Adaptive Direct Search (MADS) 

optimizer [15] uses a dynamic mesh that expands and shrinks to guide sampling on the 

mesh and uses a barrier approach to handle constraints. Barrier methods are commonly 

used in non-stochastic classical optimization methods where the problems are convex or 

the constraint boundaries are well known or can be approximated [68], but are not suited 

for global optimization because they can only operate in feasible space, and are thus easy 

to trap in local optima. 

2.4.2. Repair Methods 

Another class of constraint handling methods are repair algorithms. Repair 

algorithms take infeasible points and attempt to convert them to feasibility by modifying 

them, as opposed to sampling completely new points. Repair methods are typically used 

for combinatorial problems [76] or problems where domain knowledge can be applied in 
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the design of effective repair heuristics. For example, Riche and Haftka developed a genetic 

algorithm that leverages the domain knowledge of composite laminate design for an 

effective repair heuristic [90]. Other examples of repair methods can be found in Refs. [91] 

and [92]. 

2.4.3. Separation of Objectives and Constraints 

Some algorithms separate the evaluation and treatment of objectives and 

constraints. For example, Paredis developed a co-evolutionary approach where two 

populations are evolved, with one population representing the constraint functions and the 

other population representing potential solutions [93]. Some researchers took the multi-

objective approach, where the constraints are converted into objectives and the new 

problem is solved by multi-objective algorithms [94], [95]. 

2.4.4. MBDO for Expensive Inequality Constraints 

While much work has been done in the area of MBDO for optimization with 

inexpensive constraints, comparatively little work has been done in the area of expensive 

inequality constraints, especially for HEB problems. CiMPS is a MBDO method that 

employs an exterior static penalty [20]. Basudhar et al. used SVM to model the local 

boundary between feasible and infeasible space and applied the method with EGO [96]. 

Regis employed RBF to model each inequality constraint individually [19]. Rashid et al. 

explored the use of adaptive multi-quadric RBFs for expensive constraints [97]. 
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Figure 4: Overview of constraint handling methods 

Figure 4 provides an overview of constraint handling methods. Overall, there are 

few constraint handling strategies and MBDO methods for problems with expensive 

inequality constraints. Of the relevant MBDO methods in the literature, there is a clear lack 

of diversity of methods as most resort to modeling each constraint individually using 

surrogate functions. This dissertation develops a new aggregation-based MBDO method 

for handling expensive inequality constraints. 

2.5. Review of MOO Methods 

This section reviews a subset of the MOO literature relevant to this dissertation, 

specifically metaheuristic MOO methods. See Refs. [34], [98], and [99] for detailed 

reviews of the field. Because the optimum for MOO problems is usually a set of designs, 

evolutionary algorithms (EAs) such as NSGA [100], NPGA [101], and NSGA-II [18] have 

proved to be well suited to multi-objective problems since they natively work with 

populations of solutions. NSGA-II is a genetic algorithm that incorporates fast 

nondominated sorting and crowding-distance based Pareto set diversity preservation. The 

nondominated sorting method alleviates some of the computational inefficiencies of prior 

EA algorithms, while the diversity preservation method enables NSGA-II to evolve evenly 

distributed Pareto sets. According to Zhou et al., NSGA-II is a framework that the majority 

of Multi-Objective EAs (MOEAs) are based on [99]. Other types of MOEAs exist such as 
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MOEA/D [102], [103] that natively decomposes the MOO problem into scalar 

optimization sub-problems, the Indicator-based Evolutionary Algorithm (IBEA) [104], 

[105] that uses an indicator such as generational distance or hyper-volume to compare 

candidate designs, and memetic MOEAs such as the Multiobjective Genetic Local Search 

(MOGLS) [106], which combines a genetic algorithm with a classical local optimization 

method. For more evolutionary MOO methods, see the survey paper by Zhou et al. [99]. 

Despite the natural fit of evolutionary methods with MOO, evolutionary methods require 

large numbers of function evaluations and tend to struggle with finding extreme points [23], 

which make them generally unsuitable for HEB problems. 

Another class of MOO methods are metamodel-based, where approximation 

models such as RBF and Kriging are used to approximate computationally expensive 

black-box models or the Pareto Frontier directly. From Tabatabaei et al. [98], metamodel-

based MOO methods are generally classified as either sequential or adaptive. Sequential 

methods focus on the construction of accurate metamodels, which are then used to solve 

for the Pareto frontier. Wilson et al. developed a sampling-based method where the 

expensive models are approximated using a second-order polynomial and a Kriging model, 

which are made accurate via an iterative process of sampling [107]. They then use large 

numbers of samples to find the Pareto frontier using the approximation models. Su et al. 

hybridized a polynomial response surface model and a Gaussian RBF to create the Hybrid 

RBF (HRBF) model, which they used to approximate a noisy crashworthiness model [108]. 

They then applied a MOEA on the HRBF model to solve for the Pareto frontier. Adaptive 

methods, on the other hand, improve the accuracy of the metamodels throughout the 

optimization process by iteratively reconstructing the metamodel using newly obtained 

design points. Yang et al. combined a single-objective optimizer and a multi-objective 

optimizer to solve for the Pareto frontier using Kriging metamodels [109]. The single-

objective method helps to find the extreme points on the Pareto frontier, while the multi-

objective optimizer helps to develop the entire frontier. Shan and Wang developed the PSP 

method which uses a quadratic polynomial and a linear RBF to approximate the expensive 

functions [17]. A discriminative sampling process is used in two stages to bias the sampling 

towards the Pareto frontier as well as the extreme points. Although there have been more 
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metamodel-based MOO methods in recent years, they have overwhelmingly focused on 

low-dimensional optimization [98]. 

Figure 5 presents an overview of metaheuristic multi-objective optimization. This 

work develops a new MBDO method to handle HEB multi-objective problems. 

 

Figure 5: Overview of metaheuristic multi-objective optimization 

2.6. Mode Pursuing Sampling (MPS) Algorithm 

This section describes the Mode Pursuing Sampling (MPS) method, which is the 

precursor of the method that will be introduced in Chapter 3. MPS is a global optimization 

method for problems with expensive black-box functions. MPS relies primarily on 

stochastic sampling and metamodeling to perform optimization. The basic strategy of MPS 

is to use random sampling to generate a small set of points evaluated using the expensive 

black-box function (called expensive points), which are then used to create a metamodel 

of the objective function. In a discriminative sampling process, large numbers of points are 

generated from the metamodel. The metamodel points are then used to selectively pick new 

expensive points, which are added to the old set of expensive points. The most promising 

sub-region of the search space is identified and a quadratic model constructed in the sub-
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region. Local optimization is performed on the promising sub-region by using the quadratic 

model as the objective function. The following flow chart illustrates the main steps of the 

MPS algorithm. Note that ovals are used to represent decision boxes. 

 

Figure 6: Flowchart of MPS algorithm [11] 

At the beginning of the MPS algorithm a small set of sample points are randomly 

generated. The algorithm checks to see if all the constraints are satisfied and points are 

generated until 𝑛𝑘𝑘 

 
𝑛𝑘𝑘 =

(𝑛𝑣 + 1)(𝑛𝑣 + 2)

2
+ 1 − 𝑛𝑝 (10) 
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number of feasible points are accumulated, where 𝑛𝑣 is the number of variables and 𝑛𝑝 is 

set as 𝑛𝑣. Then the cost function is evaluated at these feasible points to produce the set of 

expensive points {𝑦}. A metamodel is generated by fitting {𝑦} onto a Radial Basis Function 

(RBF), which takes the form of the following equation: 

 
𝑓(𝑥) = ∑𝛼𝑖‖𝑥 − 𝑥𝑖‖

𝑚

𝑖=1

  , 
(11) 

where  𝑚 is the number of points in {𝑦}, 𝛼𝑖 is the weight of the function or the objective 

function value of point 𝑥𝑖, and the set of points 𝑥𝑖 are the expensive points used to build 

the model. 𝑁 feasible points are randomly generated in the search space after verifying 

constraints and then evaluated using the generated metamodel to create the set of cheap 

points {𝑥}. {𝑥} is then sorted based on function values and then subdivided into contours, 

with each contour representing a slice of {𝑥} within a certain function value range. 𝑛𝑘 is 

the number of points per contour. Expensive samples are then drawn from the contours, 

with the process controlled by a speed control factor 𝑟. R2 values from the regression and 

the parameter Diff, which defines the maximum relative difference between the actual and 

approximated function values, are used to judge the quality of the local approximation. Diff 

is calculated as: 

 
𝐷𝑖𝑓𝑓 = max {|𝑓𝑚

(𝑖)
− 𝑓(𝑖)|, 𝑖 = 1,… , 𝑗 ≡

(𝑛𝑣 + 1)(𝑛𝑣 + 2)

2
+ 1 +

𝑛𝑣

2
}, 

(12) 

where 𝑓𝑚 are the predicted function values by the quadratic model and 𝑓 are the function 

values of the expensive samples. With a small value of 휀𝑑, 𝐷𝑖𝑓𝑓 < 휀𝑑 functions as a quality 

criterion. A quadratic approximation model is built for the region around the current 

optimum point (referred to as the current function mode) and is expressed as: 

 
𝑞 = 𝛽0 + ∑𝛽𝑖𝑥𝑖

𝑛

𝑖=1

+ ∑𝛽𝑖𝑖𝑥𝑖
2 +

𝑛

𝑖=1

∑∑𝛽𝑖𝑗𝑥𝑖𝑥𝑗

𝑛

𝑗=1𝑖<𝑗

 , (13) 

where 𝜷 are model coefficients. The entire process iterates until certain stopping criteria 

are met. For a more detailed description of MPS, please refer to Refs. [11] and [110]. 



26 

 

2.7. Trust Region Theory 

This section introduces trust region theory, which is the original inspiration for the 

use of trust regions in the subsequent chapters. The basic idea of trust region theory is to 

use a bounded area around an iterate 𝒙𝑘 to limit the sampling region [68]. The area, called 

a trust region, represents the portion of the search space around the iterate where the 

surrogate model is likely to be more accurate. At each iteration, a surrogate model is built 

to approximate the area in the trust region and the next iterate is selected from within the 

trust region bounds. The accuracy of the surrogate determines whether the trust region 

expands or shrinks. The bounded nature of trust regions and their ability to adjust the search 

with respect to the accuracy of the approximate model give trust region methods versatility 

and robustness. 

2.7.1. Basic Trust Region (BTR) Algorithm [67] 

In the Basic Trust-Region Algorithm (BTR) an approximation to the objective 

function is constructed at the initial point. BTR then solves the approximate model for the 

initial point and the solution is used as the starting point for the next iteration of the 

algorithm. The change in function value of the approximate model is compared with the 

change in function value of the objective function, and if the two changes match closely 

then that is an indication that the approximate model is relatively accurate. In this case, the 

trust region is enlarged. Otherwise, the trust region is shrunk. If the new iterate exits the 

trust region in a given iteration, then that iterate is abandoned because it cannot be trusted. 

The algorithm for the classic BTR is provided below. 

Step 0: Initialization 

An initial point 𝑥0  and an initial trust-region radius ∆0  are given. The constants 

𝜂1, 𝜂2, 𝛾1, 𝛾2 control the trust-region update process and satisfy: 

 0 < 𝜂1 ≤ 𝜂2 < 1 and 0 < 𝛾1 ≤ 𝛾2 < 1 . 
(14) 

Suggested values for the constants are 𝜂1 = 0.01 , 𝜂2 = 0.9 , 𝛾1 = 𝛾2 = 0.5 . Compute 

𝑓(𝑥0) and set 𝑘 = 0. 
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Step 1: Model Definition 

Choose ‖∙‖𝑘 and define a model 𝑚𝑘 in 𝛽𝑘, where 𝛽𝑘 = {𝒙 ∈ ℝ𝑛|‖𝒙 − 𝒙𝑘‖𝑘 ≤ ∆𝑘}. 

Step 2: Step Calculation 

Compute a step 𝑠𝑘 that "sufficiently reduces the model" 𝑚𝑘 and such that 𝒙𝑘 + 𝒔𝑘 ∈ 𝛽𝑘. 

Step 3: Acceptance of the Trial Point 

Compute 𝑓(𝒙𝑘 + 𝒔𝑘) and define 

 
𝜌𝑘 =

𝑓(𝒙𝑘) − 𝑓(𝒙𝑘 + 𝒔𝑘)

𝑚𝑘(𝒙𝑘) − 𝑚𝑘(𝒙𝑘 + 𝒔𝑘)
 

(15) 

If 𝜌𝑘 ≥ 𝜂1, then define 𝒙𝑘+1 = 𝒙𝑘 + 𝒔𝑘; otherwise define 𝒙𝑘+1 = 𝒙𝑘. 

Step 4: Trust-Region Radius Update 

Set 

 

∆𝑘+1∈ {

[∆𝑘,∞)     𝑖𝑓 𝜌𝑘 ≥ 𝜂2  

[𝛾2∆𝑘, ∆𝑘]    𝑖𝑓  𝜌𝑘 ∈ [𝜂1, 𝜂2)

[𝛾1∆𝑘, 𝛾2∆𝑘]   𝑖𝑓 𝜌𝑘 < 𝜂1

  
(16) 

Increment 𝑘 by 1 and go to Step 1. 

Convergence Criterion 

If the following criterion is met, then the algorithm terminates: 

 ‖𝒈𝑘‖2 ≤ 휀 (17) 

where 𝒈𝑘 is the gradient at the kth iteration and 휀 = 0.001 is a very small number. 
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2.8. Summary 

This chapter presented the basic optimization theory necessary to understand this 

work. A review of existing literature in the areas of single-objective optimization, multi-

objective optimization, and constraint handling was presented. The review showed that 

there is a need in the research literature for methods that can handle single and multi-

objective HEB problems. There is also a need for constraint handling methodology that 

can handle expensive and tight inequality constraints. The Mode Pursuing Sampling (MPS) 

method and trust region theory were presented to familiarize the reader with the precursor 

works that are relevant to subsequent work in this thesis. In the next chapter, a single-

objective optimizer for HEB problems will be developed. 
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Chapter 3.  

 

Single-Objective Optimization for HEB Problems 

Section 2.6 presented the MPS algorithm for single-objective unconstrained 

optimization for expensive and black-box problems. The effectiveness of MPS on 

optimizing problems of lower dimensions has been demonstrated in Ref. [110]. However, 

the performance of MPS decreases dramatically with nonlinear high-dimensional problems 

with over 10 variables. One of the biggest problems facing MPS is its low performance on 

high-dimensional problems with expensive functions due to the high numbers of function 

evaluations required and the high likelihood of exceeding available memory [110]. Because 

MPS generates a RBF metamodel in each iteration using all expensive points available and 

because the number of expensive points increases with each iteration of MPS, the 

computational cost of MPS rises with each iteration. Not only does MPS require more CPU 

time with every passing iteration, it also requires more memory to store the large matrices. 

For example, applying MPS to the 10 variable Rosenbrock function and another 10 variable 

problem (10D SUR-T1-14) [111] takes 35 hours (Core 2 Duo E8400 3.0 GHz dual-core 

CPU and 6 GB of RAM) and 53 hours (Core i5 2500 3.3 GHz quad-core CPU and 12 GB 

of RAM), respectively, resulting in the complete exhaustion of the available memory. 

The high numbers of accumulated expensive points prior to the termination of the 

simulations indicate a prohibitively high number of calls to the objective function. This 

presents a performance issue when the algorithm is applied to real-world problems where 

the objective functions are black-boxes that may be expensive to evaluate. 

In addressing the memory overflow issue, it is possible to reduce the number of 

expensive points used in constructing the RBF metamodel. If a maximum limit is placed 

on the number of points that can be used in building the metamodel, then the amount of 

memory and CPU time used per iteration can be effectively capped. Therefore, in this work, 

during each iteration of MPS the set of all expensive points is sorted randomly and a smaller 

subset of expensive points with ten times the number of variables (i.e., 10*nv) is selected 
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for metamodeling. This allows MPS to run simulations on high-dimensional problems 

without memory overflow. 

3.1. Trust Region based MPS 

To improve the performance of MPS for solving HEB problems, this work develops 

the Trust Region Mode Pursuing Sampling (TRMPS) method, published by the author in 

the ASME Journal of Mechanical Design [112]. TRMPS incorporates the concept of trust 

regions introduced in Section 2.7 to improve single-objective optimization performance for 

HEB problems. Roughly speaking, a trust region has the following basic features: 1) a trust 

region is a sub-region of a space, 2) the size of the trust region is dynamically adjusted, and 

3) a trust region is normally defined around a center point. The trust region method has 

been well studied before [67], [68]. In particular, Refs. [68], [113], and [114] have applied 

the trust region methodology for global optimization. Previous work on the application of 

trust regions to global optimization have been focused either on the direct usage of trust 

regions for identifying promising solutions [113], or the use of trust regions to limit the 

scope of construction of the metamodels [114], [115]. This work is a novel application of 

the trust region methodology that differs from these previous works. First, in TRMPS the 

trust regions are not used to directly identify candidate solutions. Instead, the trust regions 

are used to restrict the scope of the metamodels. Second, two trust regions are used instead 

of one and the behavior of the regions differs significantly from past work, such as Refs. 

[114] and [115]. Whereas in Refs. [114] and [115] the trust region is adjusted to increase 

the accuracy of the approximation model, this work uses trust regions to guide 

metamodeling towards regions with more promising solutions. This work will define two 

trust regions that have all the above features and their sizes are dynamically adjusted in 

tandem for global optimization. 

3.1.1. Definition of Trust Region: Dual Hyper Cubes 

Two hyper cubes are defined. Initially there is a smaller inner hyper cube, S, and a 

larger outer hyper cube, B. The region enclosed in hyper cube S is referred to as trust region 

S (𝑇𝑅𝑆), and the region between the two hyper cubes S and B is referred to as 𝑇𝑅𝐵. Thus, 
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𝑇𝑅𝐵 occupies the area of B minus the area of S, i.e., 𝑇𝑅𝐵 = 𝐵 − 𝑆. The hyper cubes define 

the region in which TRMPS is to sample new points and to construct new metamodels. 

Figure 7 below illustrates the general behavior of the hyper cubes. 

 

Figure 7: Behavior of dual hyper cubes 

At the beginning of the optimization, MPS processes start from both trust regions. 

If the search improves through the discovery of a better optimum point, then S expands to 

avoid being trapped into a local minimum region and B contracts to exploit the promising 

region. If the search does not improve in a certain number of iterations, S contracts to 

exploit the promising region and B expands to better explore the search space. The strategy 

is to use this dynamic balance between exploitation and exploration to more efficiently 

sample the search space. 

3.1.2. Guided Sampling 

At the beginning of MPS there is an initial sampling procedure that uniformly 

samples the search space. The number of points generated by this process is expressed by 

Equation (10), defined in Section 2.6. From Equation (10), as 𝑛𝑣 increases, the number of 

points required for initial sampling also increases. For a problem of 20 variables the number 

of points required for the initial sampling procedure is 212. Since TRMPS completes two 

initial sampling operations prior to the main iterative algorithm, if using the same sampling 
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strategy, the initial sampling cost for a 20-variable problem would rise to 424 points. 

Clearly this process is costly for problems of high dimension, but is necessary in MPS since 

Equation (10) represents the minimum number of expensive points required to build the 

local quadratic approximation model expressed by Equation (13). In TRMPS the initial 

sampling operation has been replaced by a guided sampling procedure that dramatically 

reduces the initial sampling requirements and takes advantage of the adaptive properties of 

the dual trust region method. A small number of points 𝑛𝑖𝑝 = 10  are uniformly and 

randomly sampled in each hyper cube initially. Thereafter, sampling is guided by the dual 

trust region strategy, which is to be described in more detail in the TRMPS Algorithm 

section. 

3.1.3. Low Function Value (LFV) Selection 

The modification applied to MPS to resolve the memory issue is also applied to 

TRMPS. Moreover, instead of randomly selecting the 10*nv points for building the RBF 

metamodel, the points are chosen based on low function value in TRMPS. Since only a 

limited number of points can be selected to build the metamodel and the optimization 

algorithm is only interested in exploiting areas with a high likelihood of containing the 

global minimum, a viable strategy is to build the metamodel using only points with low 

function values. One method of selecting the modeling points is to simply choose the 10* 

nv points that have the lowest function values. However, this would skew the RBF model 

by over representing areas of low function value. Although it is desirable to focus modeling 

on areas with greater potential for search improvement, it is detrimental to the optimization 

to focus exclusively on these areas at the expense of the rest of the search space. 

The contour-based discriminative sampling strategy in Ref. [116] by Fu and Wang, 

which is also used in MPS for the discriminative selection of expensive samples among 

cheap points fitted using the RBF metamodel, is applied to balance the selection of 

modeling points between regions of lower and higher function values. Fu and Wang’s 

strategy involves the three steps of discretization, contourization, and sampling. In this 

application, only the contourization and sampling steps are applied. The discretization step 

involves the generation of uniformly sampled points in a given space and as we already 
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have the points that we wish to select from, this step is not needed. Thus, the LFV method 

for a given trust region 𝑇𝑅 defined by bounds [𝑥𝑙𝑏 , 𝑥𝑢𝑏] begins with a set of non-uniformly 

distributed expensive samples 𝑆 ∈ [𝑥𝑙𝑏 , 𝑥𝑢𝑏] . The first step is contourization, which 

partitions 𝑆  into 𝑘  contours, where each contour except for the 𝑘𝑡ℎ  contour has 𝑛𝑘 =

𝑓𝑙𝑜𝑜𝑟 (
𝑁𝑆

𝑘
)  points, where 𝑁𝑆  is the number of points in 𝑆 . The partitioning occurs 

according to the function values of the points in 𝑆. The first 𝑛𝑘 points with the highest 

function values are allocated to the first contour 𝐸1 , the next 𝑛𝑘 points to 𝐸2 , and the 

process continues until the last contour 𝐸𝑘. In the second step, samples are drawn from the 

contours in two stages. In the first stage, the numbers of samples to be drawn from the 

contours {𝑚1, … ,𝑚𝑘}  are determined via probabilities {𝑃1(𝐸1), … , 𝑃𝑘(𝐸𝑘)} , where 

∑ 𝑚𝑖 = 10 ∗ 𝑛𝑣
𝑘
𝑖=1  and probability 𝑃𝑖 is proportional to the average function value of the 

points in 𝐸𝑖  with 𝑖 = 1,… , 𝑘. Thus, 𝑃𝑖 = 1 −
∑ 𝑓𝑎𝑣𝑔(𝐸𝑗)

𝑖
𝑗=1

∑ 𝑓𝑎𝑣𝑔(𝐸𝑗)
𝑘
𝑗=1

, where 𝑓𝑎𝑣𝑔(𝐸𝑗) is the average 

function value of the points in 𝐸𝑗. In the second stage, 𝑚𝑖 samples are randomly drawn 

from 𝐸𝑖, where 𝑖 = 1,… , 𝑘. 

To verify the effectiveness of this strategy, a series of simulations have been 

performed on standard optimization problems using MPS, which was modified to build 

RBF metamodels with a limited number of points. The optimization problems used are the 

16 variable function (F16) defined in Equation (49), the 10 variable Rosenbrock function 

in Equation (51), and the 10 variable SUR-T1-14 in Equation (52).  

Table 1 contains the collected simulation results, with each result being the 

corresponding function value that is the average of 10 simulation runs that terminate after 

2,000 function evaluations (except for some F16 runs, which terminate before 2,000 

function evaluations are reached). For all runs, MPS builds the RBF model using a 

maximum of 10*𝑛𝑣 points. Also, MPS generates 10k random cheap samples every iteration 

for evaluating with the RBF model. 
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Table 1: Comparison of obtained optima for random chosen points versus points of LFV 

  Random 

Selection 

LFV 

F16 29.511 29.487 

10D Rosenbrock 281.20 220.43 

10D SUR-T1-14 30.47 14.33 

 

The results show that the LFV strategy yields lower optima for all functions with 

the same number of function evaluations (nfe) as compared to using all available expensive 

points. This shows the LFV strategy not only can avoid the memory saturation issue but 

also has potential for improving the accuracy of the optimization algorithm. Thus, the LFV 

has been incorporated into TRMPS. 

3.1.4. Trust Region Based Local Optimization 

MPS currently relies on the fmincon(.) function from the Optimization Toolbox in 

MATLABTM to perform local optimization. Although fmincon(.) performs well, it does not 

take advantage of the properties of the quadratic approximation model that is constructed 

during the local optimization phase of MPS. The quadratic model allows the construction 

of a Hessian matrix that, when positive definite, can enable discovery of the local optimum 

in one step. For TRMPS, a new trust region based local optimizer is implemented that takes 

advantage of this property while also guarding against the case of the negative definite 

Hessian. It is to be noted that this trust region algorithm is only used for this local 

optimization step and is separate from the trust region strategy employed for TRMPS 

global optimization. 

Hessian Construction 

Equation (13) is the equation of the quadratic model used for local optimization. 

Taking the derivative of (13) results in the components of the gradient of the fitting function: 
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 𝜕𝑓

𝜕𝑥𝑖
= 𝛽𝑖 + 2𝛽𝑖𝑖𝑥𝑖 + ∑𝛽𝑖𝑗𝑥𝑗

𝑛

𝑗=1

 . 
(18) 

Taking the derivative of (18) results in the components of the Hessian of the 

quadratic model: 

 𝜕2𝑓

𝜕𝑥𝑖𝜕𝑥𝑗
= 𝛽𝑖𝑗 , 

(19) 

 𝜕2𝑓

𝜕𝑥𝑖
2

= 2𝛽𝑖𝑖 . 
(20) 

Assembling (19) and (20) into a matrix results in the Hessian of the quadratic 

model: 

 

𝐻 = [

2𝛽11 … 𝛽1𝑗

⋮ ⋱ ⋮
𝛽𝑖1 … 2𝛽𝑖𝑖

] 
(21) 

Thus, the Hessian matrix can be directly assembled from the coefficients of the 

quadratic model. There are three cases that need to be addressed when performing local 

optimization on the fitting function. 

Case 1: Positive Definite Hessian 

When the Hessian matrix is positive definite the quadratic model is convex, which 

means that there is a local minimum. Thus, the Newton method can be used to obtain the 

local minimum with only one iteration since the Hessian does not need to be updated. This 

is very efficient, and Case 1 is the preferred mode. The basic algorithm used to find the 

local minimum for this case is as follows. 

1. Build Hessian and gradient vector from the coefficients of the fitting function 

2. Calculate search direction (𝒅(0) = −𝑯−1𝒄(0)) 

3. Calculate step size using a 1D search method 

4. Update design (𝒙(1) = 𝒙(0) + 𝛼0𝒅
(0)) 
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where 𝒄 is the gradient vector, 𝒅 is the search direction, and 𝛼 is the step size. 

Case 2: Non-positive Definite Hessian 

When the Hessian matrix is not positive definite, the quadratic model could be 

concave or having multiple optima. In this case, the quasi-Newton step of the previous 

section cannot be used. Instead, I implement a trust region based local optimizer like the 

one presented in Ref. [67]. A trust region-based algorithm is chosen for the non-positive 

definite Hessian case because trust region steps help guard against overextension of the 

local optimizer due to large gradients. The algorithm steps are as follows. 

Step 0: Initialization 

 𝒙1 ∈ ℝ𝑛, ∆1> 0, 𝜖 > 0,𝑩1 ∈ ℝ𝑛𝑥𝑛
𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 

0 < 𝜏3 < 𝜏4 < 1 

0 ≤ 𝜏0 ≤ 𝜏2 < 1, 𝜏1 > 0, 𝑘 = 1 

(22) 

Where 𝑥1 is the initial starting point, ∆1 is the initial trust region size, 𝜖 is the convergence 

criterion magnitude, 𝐵1 is the initial Hessian matrix, and 𝜏0 to 𝜏4 are constants. 𝜏0 controls 

the acceptance or rejection of the new point for the next iteration, 𝜏1 controls the maximum 

extent of trust region expansion in a given iteration, 𝜏2 influences whether to shrink or 

expand the trust region, and 𝜏3 and 𝜏4 control the minimum and maximum extent of trust 

region shrinkage in a given iteration. The default choices for the constants are 𝜏0 = 0, 

 𝜏1 = 2 ,  𝜏2 = 𝜏3 = 0.25 , 𝜏4 = 0.5 . The default choice for convergence criterion 

magnitude is 𝜖 = 0.001, and the default initial trust region size is ∆1= 1; k is the iteration 

number. 

Step 1: Initial Step Determination 

To compute the step information, the following Trust Region Sub-Problem must be solved: 

 



37 

 

 min
𝒔𝑘∈ℝ𝑛

𝒈𝑘
𝑇𝒔𝑘 + 0.5𝒔𝑘

𝑇𝑩𝑘𝒔𝑘 = 𝑚𝑘(𝒔𝑘) 

𝑠. 𝑡. ‖𝒔𝑘‖2 ≤ ∆𝑘 
(23) 

where 𝒔𝑘 is a solution to the sub-problem in the kth iteration of the Trust Region Method, 

and 𝒈𝑘 = ∇𝑓(𝒙𝑘). At this step, k = 1. The goal of the sub-problem is to find the ideal 𝒔𝑘, 

which is used to determine the coordinates of the next iterate. This sub-problem can be 

solved using a number of methods, such as the Steihaug Toint method [68]. Then go to 

Step 3. 

Step 2: Convergence Criterion 

If ∆𝑘≤ 𝜖, stop. 

Else, go to Step 3. 

Step 3: Solve Trust-Region Sub-Problem (Step Determination) 

Solve the Trust Region Sub-Problem defined in (23), with result 𝒔𝑘. Go to Step 4. 

Step 4: Acceptance of the Trial Point 

Calculate the Approximation Accuracy Ratio 𝑟𝑘, 

 
𝑟𝑘 =

𝑓(𝒙𝑘) − 𝑓(𝒙𝑘 + 𝒔𝑘)

𝑚𝑘(𝒙𝑘) − 𝑚𝑘(𝒙𝑘 + 𝒔𝑘)
 

(24) 

where 𝑓  is the objective function of the local optimization problem and 𝑚𝑘  is the 

approximation model about the point 𝑥𝑘 defined as the 2nd order Taylor series: 

 𝑚𝑘(𝒙) =  𝑓(𝒙𝑘) + ∇𝑓(𝒙𝑘)
𝑇(𝒙 − 𝒙𝑘) + 0.5(𝒙 − 𝒙𝑘)

𝑇𝐷2𝑓(𝒙𝑘)(𝒙 − 𝒙𝑘) 
(25) 

If 𝑟𝑘 ≤ 𝜏0, then the approximate model is not accurate enough, so define 𝒙𝑘+1 = 𝒙𝑘. 

Else, define 𝒙𝑘+1 = 𝒙𝑘 + 𝒔𝑘. 

Go to Step 5. 
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Step 5: Trust-Region Radius Update 

Choose ∆𝑘+1 that satisfies:  

 
∆𝑘+1∈ {

 
[ 𝜏3‖𝑠𝑘‖2, 𝜏4∆𝑘]     𝑖𝑓 𝑟𝑘 < 𝜏2

[∆𝑘, 𝜏1∆𝑘]              𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 

(26) 

Go to Step 2. 

Figure 8 below illustrates the algorithm for the case of the non-positive definite 

Hessian. Note that ovals are used to represent decision boxes. 

Start

Initialization of algorithm parameters

No

Yes

End

Yes

No

 

Figure 8: Flow chart of trust region based local optimizer 

3.1.5. Process of TRMPS 

In TRMPS, at each iteration a RBF metamodel is constructed using expensive 

points contained within the regions exclusively covered by each of the hyper cubes. Sample 
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points that are located within the trust regions are fitted onto the corresponding metamodel. 

At the end of each iteration the hyper cubes are resized, and the expensive points are 

resorted into the appropriate hyper cube. The hyper cubes are also always centered at the 

expensive point of the lowest function value. This improves search efficiency by biasing 

sampling toward regions of greater promise. 

By introducing the trust regions, the amount of spatial coverage required of each 

RBF metamodel is reduced and dynamically changes. This is important, because for high-

dimensional problems an interpolating method such as RBF may not be satisfactory for 

modeling the entire search space. However, within certain smaller regions of the search 

space a RBF metamodel can be extremely accurate. Also, the trust regions concentrate the 

sampling procedure in the more important areas of the search space, which should improve 

the effectiveness of sampling. Thus, TRMPS is expected to find the optimum in fewer 

iterations using fewer function evaluations than MPS. 

Because the dual hyper cube strategy encapsulates a metamodeling and sampling 

routine into each hyper cube, each iteration of TRMPS generates approximately twice the 

number of new expensive samples as an iteration of MPS. When the two regions have 

reached steady state (hyper cube S reaches minimum size and hyper cube B reaches 

maximum size) for a number of iterations, continued use of the dual hyper cube strategy 

can prove to be very expensive without much tangible benefit because the search is no 

longer improving. Thus, in situations where the hyper cubes have reached steady state it is 

more efficient to switch off hyper cube S and use hyper cube B exclusively. This setting is 

akin to running the MPS and thus is called MPS Mode. When the search improves, and a 

better point is found, TRMPS will revert to the dual hyper cube strategy. 

TRMPS Settings 

The following table shows the specific settings used for testing of TRMPS. 
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Table 2: TRMPS parameter settings 

𝑹𝒎𝒊𝒏 𝑹𝒎𝒂𝒙 Stall 

Iterations 

𝒌𝒓𝒆𝒅𝒖𝒄𝒕𝒊𝒐𝒏 𝑹𝑺,𝒊𝒏𝒊𝒕𝒊𝒂𝒍 𝑹𝑩,𝒊𝒏𝒊𝒕𝒊𝒂𝒍 

0.01 1 5 0.7 0.25 1 

 

𝑅𝑚𝑖𝑛 and 𝑅𝑚𝑎𝑥 are the minimum and maximum size, respectively, of both hyper 

cubes S and B with respect to the size of the search space. Note that 𝑅𝑚𝑖𝑛 and 𝑅𝑚𝑎𝑥 are 

not related to the statistical 𝑅2  measure. Stall iterations is the maximum number of 

iterations of no improvement in the search that TRMPS tolerates before resizing the hyper 

cubes and is also the number of iterations that TRMPS waits after the dual regions reach 

steady state before switching to the MPS Mode. 𝑘𝑟𝑒𝑑𝑢𝑐𝑡𝑖𝑜𝑛  represents the reduction or 

expansion in size of the hyper cubes upon resizing. For example, a hyper cube of size 0.5 

can shrink to 0.35 or expand to 0.714. 𝑅𝑆,𝑖𝑛𝑖𝑡𝑖𝑎𝑙 and 𝑅𝐵,𝑖𝑛𝑖𝑡𝑖𝑎𝑙 are the initial sizes of hyper 

cubes S and B, respectively, relative to the size of the search space. All other settings such 

as the difference coefficient of 0.1 are inherited from MPS. 

TRMPS Algorithm 

We define sets of points{𝑦}, {𝑦𝑆}, and {𝑦𝐵}, where {𝑦𝑆}, {𝑦𝐵} ⊆ {𝑦} and {𝑦𝑆} ∩

{𝑦𝐵} = ∅. By adding elements to either {𝑦𝑆} or {𝑦𝐵} or any other sets of expensive points, 

it implies automatic addition of the same elements to {𝑦} unless {𝑦} already contains those 

elements. Furthermore, every set of points has a corresponding set of function values where 

actions on the set of points are mirrored on the set of function values. Thus, {𝑦}, {𝑦𝑆}, and 

{𝑦𝐵} have corresponding sets of function values {𝑓𝑦}, {𝑓𝑦𝑆
}, and {𝑓𝑦𝐵

}. 

Step 1: Initial Sampling 

Sample 𝑛𝑖𝑝  uniform random points {𝑦} in the design space, and evaluate {𝑦} with the 

black-box function to obtain function values {𝑓𝑦}. 

For each 𝑝𝑡 in {𝑦}, 

 If 𝑝𝑡 is within 𝑇𝑅𝑆, place 𝑝𝑡 in {𝑦𝑆}, 
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 Else if 𝑝𝑡 is within 𝑇𝑅𝐵, place 𝑝𝑡 in {𝑦𝐵}. 

Step 2: Metamodel Construction 

Construct the RBF model according to (11) using expensive points {𝑦𝑆} in 𝑇𝑅𝑆. 

Step 3: Metamodel Point Fitting 

Sample 𝑛0𝑠 = 10,0001 uniform random points in 𝑇𝑅𝑆  and evaluate them with the RBF 

model, with resultant point set {𝑥𝑆}. 

Step 4: Contour Selection 

Use the discriminative sampling procedure in MPS, as described in Ref. [11], to select a 

subset {𝑥𝑆𝑖} of {𝑥𝑆}. Evaluate{𝑥𝑆𝑖} with the black-box to obtain corresponding set {𝑓𝑥𝑆𝑖
}. 

Place {𝑥𝑆𝑖} in {𝑦𝑆}. 

Step 5: Quadratic Model Construction 

If the number of points in {𝑦𝑆} > 𝑛𝑘𝑘, where 𝑛𝑘𝑘 is from Equation (10), build quadratic 

model with Equations (13) using the 𝑛𝑘𝑘 points in {𝑦𝑆} closest to the current optimum. This 

set of points is referred as {𝑦𝑘𝑘}. Otherwise, skip Step 6 and go to Step 7. 

Step 6: Local Optimization 

If 𝑅2 ≈ 1, sample 𝑛𝑣/2 expensive points in a region defined by {𝑦𝑘𝑘} and add to the set. 

Reconstruct quadratic model using {𝑦𝑘𝑘} and recalculate 𝑅2. Calculate Diff using Equation 

(12). 

If 𝑅2 ≈ 1 and 𝐷𝑖𝑓𝑓 < 휀𝑑, perform local search using the trust region based local optimizer 

with output 𝑥𝑙. Evaluate 𝑥𝑙 with the black-box. 

                                                 
1 10,000 was chosen arbitrarily and can be changed to any positive integer. The author recommends that this 

value not be below 1,000 to maintain effectiveness of the sampling strategy, and the value should not exceed 

20,000 to avoid unnecessary computational cost. 
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If 𝑥𝑙 is within the region defined by {𝑦𝑘𝑘}, terminate. 

Else, add 𝑥𝑙 to {𝑦}. 

Step 7: B Region 

Perform Steps 2 to 6 for 𝑇𝑅𝐵. 

Step 8: Region Updates 

If search improved this iteration, 𝑅𝐵 = 𝑅𝐵 ∙ 𝑘𝑟𝑒𝑑𝑢𝑐𝑡𝑖𝑜𝑛, 𝑅𝑆 = 𝑅𝑆/𝑘𝑟𝑒𝑑𝑢𝑐𝑡𝑖𝑜𝑛. 

Else if no improvement for 𝑠𝑡𝑎𝑙𝑙 𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑠, 𝑅𝑆 = 𝑅𝑆 ∙ 𝑘𝑟𝑒𝑑𝑢𝑐𝑡𝑖𝑜𝑛, 𝑅𝐵 = 𝑅𝐵/𝑘𝑟𝑒𝑑𝑢𝑐𝑡𝑖𝑜𝑛. 

{𝑦𝑆}, {𝑦𝐵} = ∅ 

For each 𝑝𝑡 in {𝑦}, 

 If 𝑝𝑡 is within 𝑇𝑅𝑆, place 𝑝𝑡 in {𝑦𝑆}, 

 Else if 𝑝𝑡 is within 𝑇𝑅𝐵, place 𝑝𝑡 in {𝑦𝐵}. 

If the maximum number of function evaluations reached, then exit the algorithm. Else, go 

to step 2. 

Figure 9 below is a high-level illustration of the algorithm. 
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Figure 9: TRMPS flowchart 
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3.2. MATLAB Simulations and Results 

3.2.1. Test Methodology 

Two separate sets of tests were performed to benchmark the performance of 

TRMPS. The first set of tests benchmarks TRMPS against GA, MPS, and DIRECT. For 

the first set, fifteen high-dimensional unconstrained simulation problems derived from 

seven different mathematical functions and one high-dimensional engineering application 

problem are selected, and the problems range from 10 variables to 30 variables. All 

simulations are limited to a maximum of 5,000 function evaluations. For TRMPS, GA, and 

MPS, 30 runs of each problem are carried out to reduce the effect of random variation on 

the simulation results. For DIRECT, only one run is performed for each problem. DIRECT 

is a deterministic algorithm, and produces the same result given the same parameters. The 

second set of tests benchmark TRMPS against EGO, and three high-dimensional problems 

are selected. Ten runs of each problem are performed with a maximum limit of 1,000 

function evaluations. In addition, all runs of the second set of tests are performed on the 

same computer. 

EGO is not included in the first set of tests because it is found to be too 

computationally expensive for problems of high dimension and could not perform the 

simulations in a reasonable amount of time. To demonstrate the high computational cost of 

EGO and thereby justify its inclusion in a separate set of tests, the run time of EGO and 

TRMPS are recorded on the same machine for a smaller set of test problems. 

It is to be noted that no commercial algorithms are benchmarked in this paper. If 

available, commercial stochastic algorithms such as the Pointer method in Isight [117] and 

the SHERPA algorithm in HEEDS [118] are good candidates for comparison.  

3.2.2. GA Benchmark Algorithm 

To evaluate the effectiveness of MPS and TRMPS, Genetic Algorithm (GA) is used 

as a benchmark algorithm. GA is a popular and robust global optimization method that is 

widely used in practice. The implementation of GA used for the benchmarks is the version 
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found in the Global Optimization Toolbox of MATLABTM by Houck et al. [119]. Note that 

there are many different implementations and variations of GA of differing performance, 

thus this testing only seeks to make comparisons with one particular implementation of GA 

in order to illustrate the strengths and weaknesses of TRMPS. 

The settings used for GA are partly obtained from Ref. [110] and are shown in 

Table 3. The settings have been tuned for optimal performance of the GA algorithm and 

deviation from these settings is likely to result in decreased performance. The stall 

generation limit has been set to 49 in order to limit the number of function evaluations (nfe) 

to a maximum of 5,000, in accordance with the limits placed on MPS and TRMPS. 

Table 3: GA parameter settings. 

Crossover 

Fraction 

Mutation 

Fraction 

Population 

Size 

Stall 

Generation 

Limit 

0.6 0.05 100 49 

3.2.3. EGO Benchmark Algorithm 

The Efficient Global Optimization (EGO) [1] algorithm is based on the idea of 

fitting a Kriging metamodel to data collected by evaluating the objective function at a few 

points. Then, EGO balances between finding the minimum of the metamodel and 

improving the approximation by sampling at locations where the prediction error may be 

high. Therefore, the key to EGO is in the selection of additional data points that exploit the 

metamodel by generating more data points near a minimum while improving the 

approximation by sampling where the prediction error may be large. 

To summarize, EGO starts its search with the selection of an initial set of data 

points. These data points are evaluated using the expensive cost function. Then, iteratively 

the following steps are performed until specified termination criteria are met or 

convergence is reached: (a) determine correlation parameters using maximum likelihood 

to build the Kriging metamodel; (b) select the next data points for cost function evaluation 

balancing the exploitation and approximation accuracy improvement; and (c) test for 
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algorithm convergence. The code for EGO is from the Surrogates Toolbox V3.0 by Felipe 

Viana [120], and the default settings for EGO are used in this work. 

3.2.4. DIRECT Benchmark Algorithm 

The Dividing Rectangles (DIRECT) [121], [16] algorithm is a sampling 

optimization algorithm. The algorithm was introduced by Jones in 1993 by modifying the 

Lipschitzian optimization to solve difficult global optimization problems. Because 

DIRECT is a sampling algorithm, it requires no gradient information and decides the 

subsequent search based on collected data. The nature of search is by dividing and 

normalizing the search space to a unit hypercube, then starts the search process by adding 

more data points (sampling) at the centre of the unit hypercube until it identifies the set of 

potentially optimal hyper-rectangles (promising regions). These hyper-rectangles are then 

explored further by generating more data points (samples) and subdivided until a pre-

specified stopping criterion is achieved. 

DIRECT operates at both global and local levels. Once the global part of the 

algorithm finds the basin of convergence of the optimum, the local part of the algorithm 

quickly exploits it. DIRECT is among the well-known and widely used optimization 

algorithms. It has its drawbacks when testing or solving high-dimensional problems. It 

requires too much time to converge and sometimes the quality of the solutions obtained by 

DIRECT is not satisfactory. 

The DIRECT code used is the Version 4.0 MATLAB code obtained from Ref. [122]. 

The default parameters for DIRECT are used in our tests, as the parameters mostly affect 

convergence rather than the efficacy of the algorithm. 

3.2.5. High-Dimensional Test Problems 

The simulation problems for the first set of tests are the 16 variable function (F16), 

the 10 Dimension (D), 20D and 30D Rosenbrock functions, the 10D, 20D, and 30D SUR-

T1-14, the 10D, 20D, and 30D PUR-T1-13, the 20D SUR-T1-16, the 10D, 20D, and 30D 

Griewank functions, the 10D, 20D and 30D Zakharov functions, and the 30 variable 
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cantilever engineering design problem. The simulation problems for the second set of tests 

are the 10D Rosenbrock, 20D Griewank, and 30D Zakharov functions. The mathematical 

expressions for these functions are given in the Appendix. 

Simulation Results 

Table 5 contains the numerical results compiled from the results of the first set of 

simulations, while Table 6 contains the results from the second set. Although 5,000 

function evaluations are the maximum allowed for the first set of tests, in many instances 

MPS and TRMPS converged prior to reaching this limit. Figure 10 shows the average 

number of function evaluations each algorithm used for each simulation problem. DIRECT 

and GA are not included in this comparison since they always consume the maximum 

number of available function evaluations. In fact, DIRECT often consumes more than 5000 

function evaluations since the algorithm cannot be stopped in the middle of an iteration. 

  

Figure 10: Average nfe’s for MPS and TRMPS for the first set of tests. 

Both MPS and TRMPS use the same convergence criterion, where the optimum is 

assumed to be found if the solution generated by the local optimizer is within the local 

fitting region. This allows for problem independent and automatic convergence. By 

contrast, GA is set to converge after 49 generations, which is equivalent to 5,000 function 

evaluations given our GA settings. 
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3.2.6. First Set of Simulations (MPS, TRMPS, GA, DIRECT) 

Results from the first set of simulations are shown in Table 5, where nfe is the average 

number of function evaluations over 30 runs; fval is the average optimum function values; 

and STD indicates the standard deviation of optimum function values. Table 5 indicates 

that on most problems TRMPS outperforms GA and DIRECT, and that all three 

aforementioned algorithms outperform MPS by a very large margin. Specifically, TRMPS 

definitively outperforms GA on the F16, 20D and 30D Rosenbrock, 10D, 20D, and 30D 

SUR-T1-14, 10D and 30D PUR-T1-13, 20D SUR-T1-16, 10D and 20D Zakharov, and 30D 

Cantilever problems. TRMPS and GA perform comparably in 10D Rosenbrock and 20D 

PUR-T1-13, while GA outperforms TRMPS in 10D, 20D, and 30D Griewank, and 30D 

Zakharov problems. TRMPS also performs better than DIRECT in all problems except for 

the 10D, 20D, and 30D Griewank, and performs comparably for 20D Rosenbrock. MPS 

performs very poorly in all cases except in the case of the F16 and 10D Griewank. In F16, 

MPS beats GA, and in 10D Griewank, MPS beats TRMPS. On the vast majority of 

problems, MPS cannot compare with GA, DIRECT, or TRMPS. 

Figure 11 shows that, in the F16 problem, TRMPS produced very tight results that 

are close to the optimum and exhibit little variation and that GA generates surprisingly 

poor results that have relatively large variation despite using more function evaluations 

than TRMPS and MPS. In the Rosenbrock problem, TRMPS produces the best and most 

consistent results on average, followed by GA and then DIRECT while MPS performs 

poorly. MPS produces large variations in optimum function values due to its much higher 

reliance on random sampling compared to the other algorithms tested. Note that since 

DIRECT is a deterministic algorithm, it generates the same results every run and thus 

exhibits no variance in results. Many of the figures have MPS removed, because MPS 

performs extremely poorly with the increased dimensionality of the problem and skews the 

box plot. This is a strong indication that MPS does not handle high-dimensionality well. 

TRMPS, DIRECT, and GA, by contrast, adapt reasonably well to the increase in 

dimensionality. The results of the SUR-T1-14 and SUR-T1-16 problems are similar to that 

of the Rosenbrock problem. 
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In the PUR-T1-13 problem the performance gap between TRMPS and GA is less dramatic 

than that of previous problems while DIRECT and MPS perform poorly. Table 5 shows 

that MPS, TRMPS, and GA all exhibit large standard deviation that increase dramatically 

with greater dimensionality, which suggests that the PUR-T1-13 problem is very sensitive 

to minor variations in input parameters. Even then, Figure 12b shows that TRMPS 

generates fewer outliers and a tighter band of solutions than GA. 

In the Griewank problem the relative quality of TRMPS solutions has noticeably 

deteriorated with it performing worse than GA and DIRECT. This trend persists at all tested 

levels of dimensionality, and is illustrated in Figure 13b. However, the performance of 

DIRECT cannot be attributed to its superiority since DIRECT always evaluates the center 

point, which happens to be the global optimum for the problem [16]. Skewing the bounds 

of the problem so that the bounds are from -400 to 800 and testing with DIRECT yields 

much worse results, as shown in Table 5. However, the figure does show that GA generates 

better solutions. In practice the difference in quality is slight given that a randomly 

generated sample point in the search space can have a function value greater than 800 for 

the 20-variable problem and 1300 for the 30-variable problem while the differences in the 

optimal values for the two algorithms are in the scale of 0.1. 

In the Zakharov problem, the performance of TRMPS and GA are again 

comparable, with TRMPS generating more accurate solutions than GA in 10D and 20D 

Zakharov problems, as shown in Table 5. However, Figure 14a shows that the quality of 

GA generated optimum points only deteriorate slightly when the dimensionality increased 

from 20 to 30 variables, whereas TRMPS suffers a much greater deterioration in solution 

quality. 

Finally, in the 30-variable cantilever design engineering application problem 

TRMPS ultimately outperforms MPS, DIRECT, and GA. Although Figure 14b shows that 

GA generates the best solutions, Figure 10 shows that GA uses 5,000 function evaluations 

while TRMPS uses much less and converges earlier. The maximum number of generations 

is lowered in another set of runs with GA to obtain close to an average of 1,300 function 

evaluations to produce a better comparison with TRMPS. By rerunning the GA simulations 
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with 1,300 maximum function evaluations, which is 300 evaluations more than the average 

of TRMPS, the results in Figure 15 shows that TRMPS generates better optima with greater 

consistency than GA when the number of function evaluations are comparable. Since the 

function value in this problem is the deflection of the stepped cantilever beam, it is clear 

that an average deflection of 1.5 centimeters (0.015 meters) by TRMPS is reasonable when 

compared with the 12 centimeter deflection of the average GA optimum solution generated 

in the 1,300 function evaluation runs. 

While the performance of TRMPS is satisfactory in the results presented, this 

comes at the expense of parallelization, especially when compared with evolutionary 

algorithms such as GA. Although GA may not be as efficient as TRMPS from the 

perspective of total numbers of function evaluations, each generation of GA is completely 

parallelizable. With respect to the GA parameters used in this paper, this means that the 

100 function evaluations in each generation of GA can be calculated in the span of time of 

one function evaluation when computational resources are unconstrained. In comparison, 

TRMPS is much less parallelizable, with 10 function evaluations or less per iteration. 

However, in practice computing resources and software licenses are often constrained and 

TRMPS is useful in such conditions. Furthermore, the results indicate that TRMPS may 

not perform as well as methods such as GA on low-dimensional problems. 

 

Figure 11: Comparison of TRMPS on a) F16 and b) 30D Rosenbrock with 5,000 points 
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Figure 12: Comparison of TRMPS on a) 30D SUR-T1-14 and b) 30D PUR-T1-13 with 5,000 points 

 

Figure 13: Comparison of TRMPS on a) 20D SUR-T1-16 and b) 30D Griewank with 5,000 points 

 

 

Figure 14: Comparison of TRMPS on a) 30D Zakharov and b) 30D Cantilever with 5,000 points 
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Figure 15: Comparison of TRMPS on 30D Cantilever problem with equivalent nfe 

3.2.7. Second Set of Simulations (EGO, TRMPS) 

The second set of simulations is necessitated by EGO’s high computational expense. 

The author at first attempted to run EGO on the first set of simulation problems using dual 

and quad-core computers but the simulations took too long. More than a month of testing 

on several computers still did not yield anywhere close to the number of data points 

required in the first set of tests. Thus, the second set of simulations is used to benchmark 

the EGO algorithm in reasonable time and to illustrate its computational cost. The run 

parameters have been set, as shown in Table 4, to make EGO computationally viable for 

our second set of tests. I have made every effort to ensure the settings used have minimal 

impact on the performance of the algorithm. EGO’s default setting is to add one point to 

the model per iteration, which is extremely expensive for high numbers of function 

evaluations. Thus, all runs are limited to a maximum of 1,000 function evaluations to 

reduce computational expense. I have also kept the number of points generated per cycle 

to one in order to maximize the performance of the algorithm. Also, the number of initial 

expensive samples scales with the dimensionality of the problem. As mentioned in Ref. 

[10], the initial samples should be approximately 10*nv. The inter-point spacing should 

also be a round number and can be calculated via 1/(nv-1). Based on these requirements, 

the numbers of initial samples are 101, 201, and 301 for 10, 20, and 30 variable problems, 

respectively. The maximum number of cycles for each problem has been adjusted so that 

there is a maximum of 1,000 evaluations per run. 
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Table 4: EGO run settings. 

Number 

of 

Variables 

Initial 

Samples 

Max 

Number of 

Cycles 

10 101 899 

20 201 799 

30 301 699 

The results show that TRMPS performs better than EGO on all problems tested by 

large margins, but because of EGO’s computational cost, too few test functions are run and 

thus a definitive conclusion cannot be drawn. 

Table 6 shows the computational cost of both EGO and TRMPS. Both algorithms 

are run on the same computer under the same conditions with only one run performed at a 

time, and the computer is a modern system with a first-generation Intel i7 quad-core CPU 

with 16GB of memory. These measures allow for a fair comparison of the computational 

cost of the algorithms. For the test problems, the cost of function evaluation is negligible. 

Therefore, the time spent for testing is mostly caused by running the algorithms. Table 6 

shows that computational cost for both algorithms scale with the dimensionality of the 

problem. However, TRMPS’s run times are relatively short, with the longest average run 

time being close to seven minutes with the 30D Zakharov problem. If we divide the total 

time by the number of function evaluations, it is equivalent to 0.41 seconds of algorithm 

CPU time per function evaluation, which is negligible compared to a reasonably expensive 

black-box problem taking several minutes per evaluation, or the example illustrated by 

Duddeck in Ref. [3] where a single crash test takes more than 10 hours to evaluate. EGO’s 

run times are much slower, with the shortest average run time being 10.3 hours. This is 

equivalent to 0.62 minutes of algorithm CPU time per function evaluation, which is not 

negligible. The longest average run time is 126.7 hours, which is equivalent to 7.6 minutes 

per function evaluation. Interestingly, the 20-variable problem took much longer for EGO 

per iteration than the 30-variable problem. This indicates that EGO’s computation time 

may vary depending on the properties of the problem being optimized aside from the 

dimensionality of the problem. Thus, the results indicate that EGO may have non-trivial 
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computational cost from the algorithm itself relative to some practical black-box problems 

and may not reduce overall optimization cost under those circumstances, even if the 

number of function evaluations is significantly reduced relative to other optimization 

algorithms. 

 

Figure 16: Comparison of TRMPS on a) 10D Rosenbrock and b) 20D Griewank with 1,000 points 

 

Figure 17: Comparison of TRMPS on 30D Zakharov with 1,000 points 
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Table 5: TRMPS benchmark results for first set of problems (30 problems, 5,000 max nfe) 
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Table 5 continued 
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Table 6: TRMPS benchmark results for second set of problems (3 problems, 1,000 max nfe) 
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3.3. Summary 

This chapter proposed a Trust Region based Mode Pursuing Sampling optimization 

algorithm (TRMPS) to improve optimization performance for high-dimensional design 

problems. The method improves on the original Mode Pursuing Sampling optimization 

algorithm (MPS) by introducing a new trust region approach for guided sampling of the 

search space using two trust regions. The approach involves incorporating a metamodeling 

and mode pursuing sampling process within each trust region. The trust region approach 

has also been augmented by the addition of the Low Function Value (LFV) strategy and a 

customized local optimization method, which makes more efficient use of limited 

metamodeling resources in the high-dimensional space. 

The results show promises as compared to the original MPS method as well as the 

standard Genetic Algorithm (GA), Efficient Global Optimization (EGO), Dividing 

Rectangles (DIRECT) and Efficient Global Optimization (EGO). For high-dimensional 

problems, except for problems of simple variable structures, it seems that building 

metamodels in a sub-region to compensate for the limit on metamodel size is a promising 

approach. The simulation results indicate that TRMPS is significantly better than MPS for 

operating in the high-dimensional space. The simulation results also indicate that, overall, 

TRMPS generates more accurate solutions more consistently than standard GA when both 

algorithms are applied to HEB problems. The results also show that TRMPS generates 

better solutions when compared with DIRECT and has significantly less computational 

cost when compared to EGO. The results suggest that TRMPS is overall a promising global 

optimization approach for HEB problems. 

It is also found through the testing that TRMPS’s performance drops when it is 

difficult to get feasible points for highly constrained problems. The next chapter is devoted 

to developing an advanced constraint handling strategy for TRMPS. 
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Chapter 4.  

 

Expensive Constraint Handling for MBDO Methods 

Currently, there is a lack of MBDO methods that are designed to handle expensive 

inequality constraints. A common technique is to use surrogates to model each expensive 

constraint. By modeling each constraint individually, the feasible and infeasible spaces can 

be more accurately approximated. Kleijnen used Kriging [123], Regis used RBF surrogates 

[124], and Rashid et al. applied multiquadric RBF [125]. Rashid et al. stated that “to 

improve the process for constrained optimization, each expensive nonlinear constraint must 

be individually modelled alongside the objective function” [125]. While it is simpler to 

model every expensive constraint, I contend that it is premature to assert that this must be 

the case. A common alternative is to model all the constraints using a single surrogate 

(constraint aggregation) or to apply penalties to the objective function. Basudhar et al. 

developed a Support Vector Machine (SVM)-based strategy integrated with the EGO 

method to model the boundary of the feasible space [126]. Holmström et al. used a penalty 

function to encourage the optimizer to search towards feasible areas [127]. 

This chapter develops an adaptive aggregation-based MBDO method that can 

optimize high-dimensional expensively constrained black-box problems and adaptively 

reduce the number of constraints being modelled, thereby eliminating inactive constraints 

dynamically. To the author’s knowledge, no other M DO methods have used a hybrid 

aggregation and function modeling approach to handle expensive constraints. The method 

also reveals to the user the constraints that are less important during the optimization, which 

can potentially be removed. The constraint handling method uses the Kreisselmeier and 

Steinhauser (KS) function as the aggregation method and is combined with an adaptive 

strategy to form the Situational Adaptive KS (SAKS) method. The SAKS method 

combined with a modified TRMPS global optimizer forms the SAKS-Trust Region 

Optimizer (SAKS-TRO). SAKS-TRO is then compared with a set of popular constrained 

optimizers on a suite of benchmark functions with inequality constraints and applied to the 

design of an industrial recessed impeller. 
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4.1. KS Function 

The KS function, developed by Kreisselmeier and Steinhauser [22], is a continuous 

aggregation function with the following formulation: 

 
𝐾𝑆[𝒈(𝒙)] =

1

𝜌
ln [∑𝑒𝜌𝑔𝑖(𝒙)

𝑛

𝑖=1

] (27) 

where 𝒈(𝒙) are the constraint values at 𝒙 design points and ρ is a shape parameter. KS is 

a conservative envelope function that tends to stay above the maximum constraint value 

for each design point. ρ controls the degree of conservatism of the KS function, with a 

smaller ρ generating more conservative estimates. Some useful properties of the KS 

function summarized by Poon and Martins are [128]: 

1. 𝐾𝑆(𝒙, 𝜌) ≥ max[𝒈(𝒙)] for all 𝜌 > 0 

2. lim
𝜌→∞

𝐾𝑆(𝒙, 𝜌) = max[𝒈(𝒙)]  

3. 𝐾𝑆(𝒙, 𝜌2) ≥ 𝐾𝑆(𝒙, 𝜌1) for all 𝜌2 > 𝜌1 > 0 

4. 𝐾𝑆(𝒙, 𝜌) is convex if and only if all constraints are convex 

 

These properties state that the KS function is always greater or equal to the 

maximum constraint value and that increasing ρ makes the KS function more closely follow 

the constrained space. The KS function also does not change the convexity of the 

constrained space. These properties indicate that the KS function can conservatively 

envelope the feasible space and aggregate any number of constraints into one function. 

Figure 18 shows the shape of the KS function given different values of ρ. For larger values 

of ρ, the curves at the corners of the feasible space are narrower. 
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Figure 18: KS function of two inequality constraints for increasing ρ 

4.2. RBF Surrogate 

A variant composed of a sum of thin plate splines and a linear polynomial is used 

as the surrogate based on success with prior work [129]: 

 
𝑓(𝒙) = ∑ 𝛽𝑖|𝒙 − 𝒙𝑖|

2 log|𝒙 − 𝒙𝑖| + 𝑃(𝒙)
𝑛

𝑖=1
 

∑ 𝛽𝑖𝒑(𝒙)𝑛
𝑖=1 = 𝟎, 𝑃(𝒙) = 𝒑𝜶 = [𝑝1, 𝑝2, … , 𝑝𝑞][𝛼1, 𝛼2, … , 𝛼𝑞]

𝑇
 

(28) 

where 𝒙𝑖 are the evaluated center points; and β and α are the resultant coefficients of the 

model fitting process. 𝑃(𝒙) is the linear polynomial where 𝑞 = 𝑑 + 1, with d being the 

number of variables. 

4.3. SAKS Method 

The SAKS method takes advantage of the smooth and conservative enveloping 

properties of the KS function combined with a RBF surrogate to construct aggregated 

constraint functions that reduce the number of surrogate models required. The smoothness 
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of the KS function makes it suitable for modeling with surrogate models and its 

conservativeness helps to ensure feasibility of candidate designs. The SAKS method is 

composed of three main components as follows: 

1. Classification of constraints for aggregation 

2. Construction of RBF surrogates using KS aggregated constraints 

3. Situational adaptation of KS function conservativeness 

One of the differences between SAKS and other existing constraint handling 

methods for MBDO is that SAKS hybridizes the two strategies of individual constraint 

modeling and constraint aggregation. In each iteration, SAKS classifies constraints for 

either individual modeling or aggregation based on constraint violation of historical 

candidate expensive points as follows: 

 {𝒈𝑖𝑛𝑑}1 = {𝒈}, {𝒈𝑎𝑔𝑔}
1

= ∅ 

{𝒈𝑖𝑛𝑑}𝒊 = {𝒈𝑣𝑖𝑜𝑙}𝑖−𝑛,𝑖−𝑛+1,…,𝑖−1 ∈ {𝒈} 

{𝒈𝑎𝑔𝑔}
𝒊
= {𝒈}\{𝒈𝑖𝑛𝑑}𝒊 

(29) 

where {𝒈} is the full set of expensive inequality constraints; {𝒈𝑖𝑛𝑑}𝒊 is the set of expensive 

inequality constraints that are to be individually modeled in the ith iteration, 

{𝒈𝑣𝑖𝑜𝑙}𝑖−𝑛,𝑖−𝑛+1,…,𝑖−1 is the set of violated expensive inequality constraints for the last n 

iterations, and {𝒈𝑎𝑔𝑔}
𝒊
 is the set of expensive inequality constraints that are to be 

aggregated in the ith iteration. This classification scheme ensures that the historically more 

troublesome constraints are modeled individually using the surrogate while inactive and 

irrelevant constraints are aggregated. At the beginning, the strategy is more conservative 

by individually modeling all expensive inequality constraints. As the optimization 

progresses, {𝒈𝑖𝑛𝑑}𝒊 shrinks as it becomes clearer which constraints are more difficult. To 

demonstrate this, some sample optimization results using the SAKS-TRO algorithm are 

collected for the P116, P118, and Beam problems (see Appendix for problem details). 

Figure 19 shows the dynamic constraint classification process for the three constrained 

problems over multiple iterations. Cons # stands for constraint number and each row 



63 

 

represents the aggregation status of an inequality constraint at the specified iteration 

numbers. At the beginning all constraints are modelled independently but as the 

optimization progresses more constraints are aggregated. The classification is also 

determined dynamically according to the immediate circumstances and is reflected in the 

constantly changing aggregation status of the constraints. The aggregation history provides 

insight to the user on which constraints tend to be more influential during the optimization, 

which can be useful for adjusting the problem formulation. See Section 6.2.3 for an 

example of this in practical application. 

 

Figure 19: Constraint classification for the P116 (left), P118 (middle), and Beam (right) problems (blue = 

independent, white = aggregated) 

To determine an appropriate value for n, the number of independently modelled 

constraints was tracked over many iterations for two problems. Figure 20 shows the effect 

of different values of n on the aggregation pattern across iterations for the P106 problem 

and Figure 21 shows the same comparison for the P118 problem. The results indicate that 

a smaller value of n is associated with more aggressive aggregation in general. However, 

even a small value of n can result in many constraints being independently modelled as the 

optimization progresses, as can be seen after iteration 81 in Figure 20 with a spike in the 

number of independent constraints for n = 5. This shows that the dynamic nature of the 
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aggregation method can mitigate the effects of the selection of n. n is set to 10 in this work 

as a reasonable trade off between aggregation and independent modeling. 

 

Figure 20: Comparison of aggregation level across iterations for P106 given different n values 

 

Figure 21: Comparison of aggregation level across iterations for P118 given different n values 

Next, the set {�̂�}𝒊  of RBF surrogates is constructed where {�̂�𝑖𝑛𝑑}𝒊  is the set of 

individually-modeled RBF surrogate constraints and �̂�𝒂𝒈𝒈
𝒊  is the RBF surrogate of the KS 

aggregate of {𝒈𝑎𝑔𝑔}
𝒊
, all at the i-th iteration. Due to the nature of function aggregation 

{𝒈𝑎𝑔𝑔(𝒙)}
𝒊
 , which represents the constraint values of {𝒈𝑎𝑔𝑔}

𝒊
 at x, needs to be normalized 

to prevent bias: 
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𝒈𝑎𝑔𝑔,𝑛𝑜𝑟𝑚

𝑗 (𝒙) = {
𝑛𝑜𝑟𝑚𝑎𝑙𝑖𝑧𝑒𝑑 𝑡𝑜 [−1,0], 𝑖𝑓 𝒈𝑎𝑔𝑔

𝑗 (𝒙) ≤ 0

𝑛𝑜𝑟𝑚𝑎𝑙𝑖𝑧𝑒𝑑 𝑡𝑜 (0,1], 𝑖𝑓𝒈𝑎𝑔𝑔
𝑗 (𝒙) > 0

 (30) 

where 𝒈𝑎𝑔𝑔
𝑗 (𝒙) is the output of the jth function in {𝒈𝑎𝑔𝑔}

𝒊
. {𝒈𝑎𝑔𝑔,𝑛𝑜𝑟𝑚(𝒙)} is the set of 

outputs for all {𝒈𝑎𝑔𝑔}
𝒊
, which is then aggregated into a single function using the KS 

method. Raspanti et al. [130] recommend that a different formulation of the KS function 

be used instead of Equation (27) to avoid numerical errors associated with the use of large 

values of ρ: 

 
𝐾𝑆[𝒈(𝒙)] = 𝒈𝑚𝑎𝑥(𝒙) +

1

𝜌
ln [∑𝑒𝜌(𝑔𝑖(𝒙)−𝒈𝑚𝑎𝑥(𝒙))

𝑛

𝑖=1

] (31) 

where 𝒈𝑚𝑎𝑥(𝒙) is the maximum constraint value at design point x. Substituting 𝒈(𝒙) for 

{𝒈𝑎𝑔𝑔,𝑛𝑜𝑟𝑚(𝒙)}, Equation (31) can then be modified to: 

 𝐾𝑆[{𝒈𝑎𝑔𝑔,𝑛𝑜𝑟𝑚(𝒙)}]

= 𝒈𝑚𝑎𝑥(𝒙) +
1

𝜌
ln [∑𝑒

𝜌(𝒈𝑎𝑔𝑔,𝑛𝑜𝑟𝑚
𝑗 (𝒙)−𝒈𝑚𝑎𝑥(𝒙))

𝑛

𝑗=1

] 

𝒈𝑚𝑎𝑥(𝒙) = max ({𝒈𝑎𝑔𝑔,𝑛𝑜𝑟𝑚(𝒙)}) 

(32) 

The resultant KS values, 𝐾𝑆[{𝒈𝑎𝑔𝑔,𝑛𝑜𝑟𝑚(𝒙)}], represent the maximal normalized 

constraint violation, with values above 0 meaning the points are predicted to be in an 

infeasible region. 𝐾𝑆[{𝒈𝑎𝑔𝑔,𝑛𝑜𝑟𝑚(𝒙)}] is then used to construct �̂�𝑎𝑔𝑔
𝑖  based on Equation 

(32). Poon and Martins [128] recommend a value of 50 for ρ, but in this work ρ is 

situationally adapted at each iteration as follows: 

 
𝜌𝑘+1 = {

2 ∙ 𝜌𝑘        if {𝒈(𝒙𝑘)} ≤ 0 or 𝒙𝑘 = ∅

0.5 ∙ 𝜌𝑘             if any {𝒈(𝒙𝑘)} > 0
 

1 ≤ 𝜌 ≤ 8192 

(33) 
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where k is the current iteration and 𝒙𝑘−1  is the previous iteration’s candidate design. 

Because ρ is a parameter that controls the conservativeness of the KS aggregation, this 

control strategy allows the algorithm to become more conservative when repeated 

iterations fail to identify feasible designs. The range of 1 to 8192 gives the ρ term an 

adaptation range of 13 steps between the min and max values. The parameter will also 

become less conservative when the algorithm successfully finds feasible designs. One of 

the drawbacks of function aggregation is a potential reduction in predictive accuracy of the 

constraint space because the output of constraint function aggregation is used for modeling 

with the RBF surrogate. The surrogate may not be able to predict feasibility as well with 

the aggregated functions compared to individual modeling of the constraint functions. This 

situational adaptive strategy mitigates this drawback by using conservative constraint 

boundary modeling to reduce the impact to modeling accuracy of function aggregation. 

One issue with the adaptation scheme presented in Equation (33) is that while larger values 

of ρ allow the KS function to approach the constraint boundary, the KS function never 

coincides with the actual boundary. This can pose a problem with designs that are at or 

very close to the constraint boundary as even a large ρ value can cause the KS function to 

predict infeasibility for a promising design when it is feasible. To address this, the second 

term in Equation (32) is set to zero when the value of ρ reaches the maximum value. 

Another consideration with the KS function formulation is the variability of the 

second term in Equation (32) with larger numbers of aggregated constraints. In theory, very 

large values are possible which can potentially make the KS function too conservative. 

Since the maximum and minimum values of 𝒈𝑎𝑔𝑔,𝑛𝑜𝑟𝑚
𝑗 (𝒙) and 𝒈𝑚𝑎𝑥(𝒙) are 1 and -1, 

respectively: 

 
0 < 𝑒

𝜌(𝒈𝑎𝑔𝑔,𝑛𝑜𝑟𝑚
𝑗 (𝒙)−𝒈𝑚𝑎𝑥(𝒙))

≤ 1 (34) 

Taking the limit of the ln term to infinity we get: 
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 lim
𝑛→∞

𝐾𝑆[{𝒈𝑎𝑔𝑔,𝑛𝑜𝑟𝑚(𝒙)}]

= 𝒈𝑚𝑎𝑥(𝒙) +
1

𝜌
lim
𝑛→∞

ln [∑𝑒
𝜌(𝒈𝑎𝑔𝑔,𝑛𝑜𝑟𝑚

𝑗 (𝒙)−𝒈𝑚𝑎𝑥(𝒙))
𝑛

𝑖=1

] 

=  ∞ 

(35) 

However, from Equation (34), we know that the inner term of the ln function can 

only be large if there are a large number of constraints. Specifically: 

 
∑𝑒

𝜌(𝒈𝑎𝑔𝑔,𝑛𝑜𝑟𝑚
𝑗 (𝒙)−𝒈𝑚𝑎𝑥(𝒙))

𝑛

𝑖=1

= 𝑠 ≤ 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡𝑠 (36) 

Let s represent the expression inside the ln function, as shown in the equation above. 

Since ln increases sub-linearly relative to the magnitude of s, the magnitude of the output 

of the ln expression decelerates as s increases in magnitude. For example, given two values 

of ρ and number of aggregated constraints, respectively, computation of the ln term results 

in the values shown in Table 7. The conservative behavior of KS exhibits significant 

variation by varying the two terms, which makes the adaptive behavior of ρ in this work 

more appropriate than defining a static value. 

Table 7: Effect of varying ρ and number of aggregated constraints on ln(.) term 

 Number of aggregated constraints 

 ρ 10 100 

1 2.302 4.605 

10 0.2302 0.4605 

 

The advantages of the SAKS method are that it models constraints individually only 

when it needs to, which reduces unnecessary surrogate modeling of inactive or unimportant 

constraints, and situationally adapts the conservativeness of the KS aggregator to 

compensate for the drawbacks of function aggregation in MBDO. 
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4.4. SAKS-TRO 

This work integrates the SAKS method with a modified TRMPS global optimizer 

to form the SAKS-TRO algorithm. 

4.4.1. Process of SAKS-TRO 

The TRMPS algorithm is complementary to the SAKS method, because both aim 

to reduce the computational cost of surrogate modeling while maintaining efficient 

optimization. In TRMPS the trust regions dynamically reduce the spatial coverage of RBF 

surrogates, which allows the RBF surrogates to be more accurate within the bounds of the 

trust regions while also limiting the number of design points used to construct the surrogate 

models. The trust regions help to limit the possibility of choosing new samples in infeasible 

space, and thus works in tandem with the situational adaptation strategy of SAKS to 

dynamically adjust conservativeness and maximize the chance of exploring within the 

feasible space. 

SAKS-TRO retains the overall strategy of TRMPS with a few key modifications. 

First, the quadratic model construction and local optimization steps are removed. This was 

done to reduce the per-iteration cost of the algorithm from four to only two expensive 

evaluations sampled in two regions. While the local optimization process is useful for 

optimization without expensive constraints [11], it is much less effective for optimization 

with expensive constraints. With expensive constraints additional quadratic approximation 

models must be constructed for each of the expensive constraints, which further lowers 

accuracy and reduces the probability of the local optimization process finding an improved 

design. Furthermore, eliminating the quadratic model construction and local optimization 

steps and instead dedicating expensive evaluations to the main optimization process with 

the SAKS constraint handling method proved to be a more efficient use of limited resources. 

Second, the linear spline RBF surrogate is replaced with the chosen RBF variant of 

this work shown in Equation (28). The sum of thin plate splines was used in the RBF-

HDMR metamodeling method and demonstrated good generalized performance [129]. 
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Third, a new mode is added for the case where a feasible design is not available 

after initial sampling. In this scenario, rather than constructing a surrogate of the objective 

function, the constraint surrogates are used to evaluate candidate designs. Of the predicted 

constraint values, feasible entries are filtered and the rest are summed to form a constraint-

penalizing merit function, as follows: 

 
𝒄𝑐𝑎𝑛𝑑𝑖𝑑𝑎𝑡𝑒 = {

𝒄�̂�(𝒙)        if 𝒄�̂�(𝒙) ≥ 0 

0               if 𝒄�̂�(𝒙) < 0
 

𝑓(𝒄𝑐𝑎𝑛𝑑𝑖𝑑𝑎𝑡𝑒) = ∑𝒄𝑐𝑎𝑛𝑑𝑖𝑑𝑎𝑡𝑒 

(37) 

where 𝒄�̂�(𝒙) is the predicted value of the jth constraint surrogate in the set {�̂�}𝒊. This merit 

function is used to guide the sampling; once a feasible design has been found, the algorithm 

reverts to the original behavior. 

SAKS-TRO Algorithm 

We define sets of points{𝑦}, {𝑦𝑆}, and {𝑦𝐵}, where {𝑦𝑆}, {𝑦𝐵} ⊆ {𝑦} and {𝑦𝑆} ∩

{𝑦𝐵} = ∅. By adding elements to either {𝑦𝑆} or {𝑦𝐵} or any other sets of expensive points, 

it implies automatic addition of the same elements to {𝑦} unless {𝑦} already contains those 

elements. Furthermore, every set of points has a corresponding set of objective and 

constraint function values where actions on the set of points are mirrored on the sets of 

objective and constraint function values. Thus, {𝑦}, {𝑦𝑆}, and {𝑦𝐵} have corresponding sets 

of function values {𝑓𝑦}, {𝑓𝑦𝑆
}, {𝑓𝑦𝐵

}, and {𝑐𝑦}, {𝑐𝑦𝑆
}, and {𝑐𝑦𝐵

}. We also define the best 

design of the ith iteration as 𝑦𝑖, and 𝜌𝑆
𝑖 and 𝜌𝐵

𝑖 are the conservativeness parameters for 

𝑇𝑅𝑆 and 𝑇𝑅𝐵 at the ith iteration, respectively. 

Step 1: Initial Sampling 

Sample 𝑛𝑖𝑝  uniform random points {𝑦}  in the design space and evaluate {𝑦}  with the 

black-box function to obtain function values {𝑓𝑦}. 

For each 𝑝𝑡 in {𝑦}, 
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 If 𝑝𝑡 is within 𝑇𝑅𝑆, place 𝑝𝑡 in {𝑦𝑆}, 

 Else if 𝑝𝑡 is within 𝑇𝑅𝐵, place 𝑝𝑡 in {𝑦𝐵}. 

Set 𝜌𝑆
1 = 𝜌𝐵

1 = 50. 

Step 2: Constraint Classification 

Classify the expensive constraint functions according to Equation (29) using the constraint 

function values of 𝑦𝑖. 

Step 3: Constraint Surrogates Construction 

Construct the RBF surrogates {�̂�𝑖𝑛𝑑}𝒊 according to Equation (28) using expensive points 

{𝑦𝑆} in 𝑇𝑅𝑆. Construct the aggregate RBF surrogate �̂�𝑎𝑔𝑔
𝑖  by first aggregating constraint 

values using Equations (30) and (32), then building the RBF model with Equation (28) and 

expensive points {𝑦𝑆}. 

Step 4: Mode Selection 

If a feasible point is present, go to Step 5, else, go to Step 7. 

Step 5: Surrogate Point Accumulation 

Sample a relatively large number of uniform random points, e.g., 𝑛0𝑠 = 5,000, in 𝑇𝑅𝑆 and 

fit the ones that satisfy the cheap constraints onto the {�̂�𝑖𝑛𝑑}𝒊 and �̂�𝑎𝑔𝑔
𝑖  surrogates. The 

points that satisfy the constraint surrogates {�̂�𝑖𝑛𝑑}𝒊 and �̂�𝑎𝑔𝑔
𝑖  are added to the point set {𝑥𝑆}. 

This process is repeated until a good number of (e.g. 500) feasible samples have been 

accumulated in {𝑥𝑆}. 

Step 6: Objective Surrogate Construction 

Construct the RBF surrogate 𝑓 of the objective function using Equation (28) and expensive 

points {𝑦𝑆}. 

Go to Step 8. 
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Step 7: Constraint-penalizing Merit Function 

Sample 𝑛0𝑠 = 5,000 uniform random points in 𝑇𝑅𝑆 and fit the ones that satisfy the cheap 

constraints onto the {�̂�𝑖𝑛𝑑}𝒊 and �̂�𝑎𝑔𝑔
𝑖  surrogates. Use Equation (28) to compute candidate 

point fitness values. 

Step 8: Contour Selection 

Use the discriminative sampling procedure [112] to select a design 𝑥𝑆𝑖 from {𝑥𝑆}. Evaluate 

𝑥𝑆𝑖 with the black-box to obtain results 𝑓𝑥𝑆𝑖
 and 𝒄𝒙𝑺𝒊

. Place 𝑥𝑆𝑖 in {𝑦𝑆}. 

Step 9: Update SAKS Conservativeness 

Using 𝒄𝒙𝑺𝒊
, update 𝜌𝑆

𝑖+1 according to Equation (33). 

Step 10: B Region 

Perform Steps 2 to 9 for 𝑇𝑅𝐵. 

Step 11: Region Updates 

If the search is improved at this iteration, 𝑅𝐵 = 𝑅𝐵 ∙ 𝑘𝑟𝑒𝑑𝑢𝑐𝑡𝑖𝑜𝑛, 𝑅𝑆 = 𝑅𝑆/𝑘𝑟𝑒𝑑𝑢𝑐𝑡𝑖𝑜𝑛. 

Else if no improvement for 𝑠𝑡𝑎𝑙𝑙 𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑠, 𝑅𝑆 = 𝑅𝑆 ∙ 𝑘𝑟𝑒𝑑𝑢𝑐𝑡𝑖𝑜𝑛, 𝑅𝐵 = 𝑅𝐵/𝑘𝑟𝑒𝑑𝑢𝑐𝑡𝑖𝑜𝑛. 

{𝑦𝑆}, {𝑦𝐵} = ∅ 

For each 𝑝𝑡 in {𝑦}, 

 If 𝑝𝑡 is within 𝑇𝑅𝑆, place 𝑝𝑡 in {𝑦𝑆}, 

 Else if 𝑝𝑡 is within 𝑇𝑅𝐵, place 𝑝𝑡 in {𝑦𝐵}. 

𝑖 = 𝑖 + 1  
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Step 12: Convergence Criteria 

If either the max nfe (number of function evaluations) or minimum fval (function value) 

criteria is met, then stop. Otherwise, go to step 2. 

Figure 22 is an illustration of the algorithm. 

 

Figure 22: SAKS-TRO flowchart 
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4.5. Benchmark Process and Results 

4.5.1. Test Methodology 

SAKS-TRO was compared to five different constrained optimization algorithms on 

a suite of nine different constrained benchmark problems. The five benchmark algorithms 

are CONMIN [131], SDPEN [132], KSOPT [133], COBYLA [134], and ALPSO [135], 

the implementations of which are obtained from the pyOpt open-source library [136]. The 

constrained benchmark problems range from 3 to 30 variables with between 3 and 29 

constraint functions, and are commonly used in the research literature. See the Appendix 

for details on each of the benchmark problems. Each of the algorithms was run with each 

of the benchmark problems 30 times to minimize the effect of random variation and starting 

point location on algorithm performance. For the deterministic algorithms (CONMIN, 

SDPEN, COBYLA, and KSOPT), the starting point was randomly generated for each run. 

All deterministic algorithms have been set to use Complex Step sensitivity where gradients 

are needed. To test the constraint handling efficiency of the algorithms, all constraints are 

considered to be computationally expensive in addition to the objective function. In this 

work, NFE is the total number of function evaluations, with each function evaluation 

computing the results for all functions. 

4.5.2. CONMIN 

CONMIN implements the method of Feasible Directions for linear or nonlinear 

constrained optimization problems [131]. At each iteration, the algorithm determines a 

feasible direction and selects a step size that leads to improvement in the objective function. 

4.5.3. SDPEN 

SDPEN is a derivative-free sequential penalty approach for nonlinear constrained 

optimization problems. The algorithm extends the sequential penalty approach by 

leveraging a line search method to replace the use of derivatives, and connects the updating 

of the penalization parameters to the line search. “The algorithm uses a sequence of 
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approximate minimizations of a merit function where penalization of constraint violation 

is progressively increased” [132]. 

4.5.4. KSOPT 

KSOPT uses the KS function to envelope all constraint functions and the objective, 

which converts the constrained problem into an unconstrained optimization problem [133]. 

At each iteration, the Davidon–Fletcher–Powell (DFP) algorithm is used to minimize the 

KS envelope function. 

4.5.5. COBYLA 

COBYLA is a derivative-free approach that uses a series of linear approximations 

to model the objective and constraint functions [134]. The method uses a trust region to 

manage algorithm convergence. At each iteration, the linear approximations are solved and 

the candidate design is evaluated with the actual objective and constraint functions. The 

method has been limited to a maximum of 30,000 function evaluations during testing as 

COBYLA often exceeds this limit. 

4.5.6. ALPSO 

The Augmented Lagrangian Particle Swarm Optimizer (ALPSO) uses the 

augmented Lagrange multiplier approach to handle constraints, which is combined with 

the basic particle swarm optimizer for nonlinear constrained optimization [135]. The 

swarm size and hood size parameters have been set to 10, which has resulted in better 

performance for this algorithm in our testing. 

4.5.7. Benchmark Results 

Table 8 shows the success rate of each algorithm in achieving feasibility and 

reaching the target objective value for each problem, while Table 9 contains the results for 

efficiency of each algorithm for each problem for successful runs. In Table 9, blank fields 

indicate a failure to achieve any success in the given problems and criteria. This could be 
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due to a programmatic failure, as is often the case with KSOPT, or performance issues. 

This is shown clearly in Table 8, where programmatic failures are indicated with a “-“. In 

general, SAKS-TRO both achieves feasibility and reaches the target objective faster than 

CONMIN, COBYLA, KSOPT, SDPEN, and ALPSO. SAKS-TRO also can achieve 

feasibility and reach the target 100% of the time, while the other four algorithms are not 

always successful. 

In the PV problem, SAKS-TRO achieves feasibility much faster than the other 

algorithms. It also quickly achieves the target objective. None of the other algorithms could 

reach the target objective, although all are successful in reaching feasibility. COBYLA 

consumed an average of 18,389 NFEs and reached the maximum NFE limit in half of all 

instances. CONMIN, KSOPT, SDPEN, and ALPSO all converged automatically without 

reaching the target objective. CONMIN consumed an average of 2,419 NFEs, KSOPT used 

143.6 NFEs, SDPEN used 218.4, and ALPSO used 8,272. All four of these algorithms 

consumed more NFEs than SAKS-TRO without reaching the target. In the Spring problem, 

CONMIN performed well and was almost as fast as SAKS-TRO in reaching feasibility. It 

also reached the objective target almost as fast and with much less variability than SAKS-

TRO, although it failed to reach the target objective on a few runs. SDPEN performed well 

in the successful runs, but failed to reach the target objective most of the time. ALPSO and 

COBYLA performed poorly. KSOPT was not able to optimize the problem at all due to an 

exception we consistently encountered when running the compiled code. 

In P106, SAKS-TRO was fastest followed by CONMIN, although CONMIN could 

achieve feasibility in less than half of runs and rarely reached the objective. CO YL ’s 

reliability was similar to CONMIN’s, although it was much less efficient at reaching the 

targets. ALPSO was very reliable, achieving over 90th percentile for both feasibility and 

objective targets, but consumed many function evaluations. KSOPT and SDPEN 

performed poorly, with the former achieving feasibility less than a quarter of the time and 

never reaching the objective target, and the latter never achieving feasibility at all. 

In P113, COBYLA was slightly faster than SAKS-TRO on average in reaching the 

objective target, but was slower to reach feasibility and failed to reach the objective target 
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in a few runs. CONMIN was as fast as SAKS-TRO in reaching feasibility, but could only 

do so in half the runs and was much slower in reaching the objective target. KSOPT was 

reliable, but was slow in reaching the targets. SDPEN was efficient but only reached the 

objective target 1/10 of the time, and ALPSO was reliable but generally inefficient. 

In P116, only the SAKS-TRO and CONMIN algorithms succeeded to find feasible 

solutions. CONMIN was only able to reach feasibility 13.3% of the time, and in these runs 

CONMIN was also able to reach the objective target. KSOPT consistently encountered 

fatal exceptions, and COBYLA, SDPEN, and ALPSO were unable to find feasible 

solutions. 

In P117 COBYLA outperformed SAKS-TRO by a large margin in reaching the 

objective targets, but was slower to reach feasibility. KSOPT was much less efficient than 

both COBYLA and SAKS-TRO, while ALPSO struggled to reach the objective target. 

CONMIN was unable to reach the objective target at all. 

In P118, SAKS-TRO was fastest followed at a distance by COBYLA. SDPEN also 

performed similarly to COBYLA except it was much less reliable at reaching the objective 

target. CONMIN and ALPSO were both an order of magnitude slower than SAKS-TRO, 

COBYLA, and SDPEN. CONMIN also struggled to reach feasibility, and KSOPT was 

again unable to run due to fatal exceptions. 

For the Beam problem, SDPEN was the fastest by a large margin. SAKS-TRO came 

next, followed by ALPSO which failed to reach the objective target close to 40% of the 

time. COBYLA struggled to find feasible solutions, and KSOPT and CONMIN were 

unable to reach the objective target at all. 

For the CP15 problem, the tight constraints caused CONMIN, COBYLA, KSOPT, 

and SDPEN to fail to find feasible solutions. Although ALPSO found feasible solutions in 

most runs, it only occasionally reached the target objective while taking over an order of 

magnitude more NFEs than SAKS-TRO. 

Overall, SAKS-TRO demonstrated the highest reliability by always reaching 

feasibility and the objective targets. SAKS-TRO was also generally the fastest, except for 
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the P117 and Beam problems where COBYLA and SDPEN significantly outperformed it, 

respectively. This shows the potential of hybrid constraint aggregation methods to perform 

well and demonstrates that it is not always necessary to model all constraint functions 

individually to achieve good performance on constrained problems. 
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Table 8: SAKS-TRO reliability benchmarks (success rate) 
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Table 9: SAKS-TRO general efficiency benchmark results 
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4.6. Summary 

This chapter proposed a Situational Adaptive Kreisselmeier and Steinhauser 

(SAKS) method as a novel expensive constraint handling strategy. The method combines 

the KS envelope function with RBF modeling to form a hybrid adaptive constraint 

aggregator that can effectively explore expensively constrained spaces without needing to 

individually model each expensive constraint function all the time. The Trust Region Based 

Mode Pursuing Sampling (TRMPS) algorithm developed in Chapter 3 was modified to 

improve constrained exploration, and was combined with the SAKS method to form a new 

SAKS-Trust Region Optimizer (SAKS-TRO) single-objective constrained optimizer for 

expensively constrained black-box problems. The SAKS-TRO method represents a 

significant departure from earlier Metamodel Based Design Optimization (MBDO) 

methods [125] for expensive constrained optimization with the novel hybrid constraint 

aggregation approach. The method was benchmarked against five other constrained 

optimizers and was also used to optimize the design of a slurry pump impeller, which is 

described in detail in Chapter 6. 

The benchmarks show that SAKS-TRO performs well compared to CONMIN, 

COBYLA, KSOPT, SDPEN, and ALPSO. SAKS-TRO demonstrates a high level of 

reliability and is generally faster in the benchmarks. The results also show that a constraint 

aggregation approach when properly applied can be an effective alternative to modeling all 

expensive constraints individually using metamodels. Such aggregation is useful in cases 

where there are expensive constraints that are not as tight or as significant in determining 

feasibility. The constraint aggregation history also provides the user with information on 

the importance of each constraint during the optimization. The results indicate that SAKS-

TRO is a promising algorithm for high-dimensional expensive constrained optimization. 

In the next chapter, the SAKS-TRO method is extended with new strategies to 

enable expensively constrained multi-objective black-box optimization. 
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Chapter 5.  

 

Multi-Objective Optimization for HEB Problems 

This chapter extends the constraint handling work of Chapter 4 into the multi-

objective space. A new multi-objective trust region optimizer (MTRO) strategy is 

developed to enable use of the trust region strategy in multi-objective problems. The 

MTRO strategy is then combined with the SAKS constraint handling method to form the 

SAKS-MTRO multi-objective optimizer for HEB problems with inequality constraints. 

5.1. MTRO methodology 

The MTRO method adds two strategies that build on the dual trust region strategy 

introduced in TRMPS, which help to balance exploitation and exploration in a single-

objective optimization. The two new strategies extend the dual trust region strategy into 

the multi-objective space by adding two trust regions to form two pairs of trust regions. 

One pair of trust regions (TA1, TA2) focus on exploitation and uses the first strategy, Random 

Objective Decomposition (ROD), which concentrates on extreme point generation. The 

other pair (TB1, TB2) concentrates on exploration and uses the second strategy, K-Means 

Opposition Search (K-Opp), which advances the overall frontier. Each pair of trust regions 

has the same radius but can have different centroids. 

5.1.1. Random Objective Decomposition 

ROD is used in the exploitation trust regions and employs two different 

decomposition approaches. The first approach focuses on extreme point generation using 

single-objective optimization. Given m objectives, ROD randomly selects an objective oi 

at each iteration. The design with minimum value in oi in the current frontier Fc is selected 

as the centroid for TA1 for the current iteration. Sampling and selection of candidate designs 

are focused on achieving lower values in oi. In addition, a small distance-based penalty is 

applied to prevent new designs from being too close to existing designs, which has been 
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observed to create overly-concentrated pockets of designs on the frontier. Search using the 

first approach can be expressed as: 

 min [(1 − 𝑤𝑝)𝒇𝑜𝑖
∗ + 𝑤𝑝(1 − 𝒅)] 

𝑑𝑗 = min(‖𝒙𝑗
∗ − 𝒙‖) 

(38) 

where 𝑤𝑝 = 0.1  is the penalty weight, 𝒇𝑜𝑖
∗  are the normalized surrogate predicted oi 

objective values, 𝒅 are the normalized minimal Euclidian distances between candidate 

designs and existing designs, 𝑑𝑗 is the jth design in 𝒅, 𝒙𝑗
∗ is the location vector of the jth 

candidate design, and 𝒙 is the location matrix of all existing designs. The value for 𝑤𝑝 was 

chosen because of good performance after testing several values between 0 and 1. Further 

examination of the effect of 𝑤𝑝 on performance should be done in the future. 

The second approach enables targeted frontier exploitation by combining all 

objectives using randomized weights into a single-objective problem. The approach used 

is inspired by the weighted sum approach as applied in MOEA/D [102]. At each iteration, 

a set of weights 𝝀 = (𝜆1, … , 𝜆𝑚) , where m is the number of objectives, is randomly 

generated such that 𝜆𝑖 ≥ 0 and ∑𝝀 = 1. A new objective 𝑜𝜆 = ∑ 𝜆𝑖𝑜𝒊
𝑚
𝑖=1  is formed and the 

design with minimum value in 𝑜𝜆 in the current frontier Fc is selected as the centroid for 

TA2 for the current iteration. Search using this second approach can be expressed as: 

 

min (∑∑𝜆𝑖𝑓𝑖,𝑗
∗

𝑛

𝑗=1

𝑚

𝑖=1

) (39) 

where 𝑓𝑖,𝑗
∗  is the normalized surrogate predicted value at the ith objective and jth candidate 

design. 

5.1.2. K-Means Opposition Search 

K-Opp is used in the exploration trust regions and advances the frontier iteratively. 

It uses the k-means clustering method [137] and Opposition-Based Learning (OBL) [138] 

to choose centroids for TB1 and TB2 in a randomized and unbiased manner, and the G 
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function [139] is used to select candidate designs for evaluation with the black-box 

functions. 

K-means is a popular clustering method that partitions a set of designs into clusters 

such that designs are in clusters with the nearest mean, as calculated using Euclidian 

distance. The method first initializes the coordinates of the centroids of K clusters, where 

K is user-defined. Then, the method iteratively assigns points to their closest clusters and 

recomputes the cluster centroids until the centroids exhibit minimal change. This process 

can be expressed as the minimization of the Sum of Squared Error (SSE) within clusters 

[140]: 

 

min ∑ ∑‖𝒙 − 𝒄𝑖‖
2

𝒙∈𝐶𝑖

𝐾

𝑘=1

 (40) 

where C is the set of all clusters, and 𝒄𝑖 is the centroid of cluster 𝐶𝑖. The implementation 

of k-means used for this work is M TL  ’s k-means clustering which, in addition to the 

standard iterative process, also uses the k-means++ method [141] to initialize cluster 

centroids. 

K-Opp uses k-means to select the trust region centroid of TB1 from the designs in 

the current frontier. The frontier designs are clustered into K clusters: 

 

𝐾 = {
⌈
𝑁𝑓

2
⌉             if 𝑁𝑓 < 2𝐾𝑚𝑎𝑥

𝐾𝑚𝑎𝑥                otherwise
 (41) 

where 𝑁𝑓  is the number of frontier points and 𝐾𝑚𝑎𝑥 = 50 is the maximum number of 

clusters. A random cluster is chosen, and a random design is selected from within the 

cluster to be the trust region centroid. This method discretizes the frontier into more 

uniform clusters and thus minimizes bias toward heavily concentrated areas of the frontier 

in the process of selecting the trust region centroid. A design chosen at random would favor 

more concentrated areas of the frontier, which means new designs are also more likely to 

be sampled in those areas. 
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While k-means is used for within-region centroid selection, the concept of 

opposition is used to select the centroid of TB2 in relation to TB1. OBL is a theory of 

sampling where the opposites of a set of candidates are also sampled [142]. These opposite 

candidates are defined in relation to the bounded search space. From Figure 23, given a 

point P with coordinates (𝑥1, 𝑥2), it’s opposite point �̌� has coordinates (�̌�1, �̌�2) where �̌� =

𝑎 + 𝑏 − 𝑥. 𝑎 and 𝑏 represent the lower and upper bounds, respectively, of the search space 

for the given dimension. 

 

Figure 23: Illustration of opposition-based sampling [142] 

The objective for OBL based sampling methods is to increase the probability of 

sampling closer to the optimum. However, for K-Opp, OBL is used to reduce sampling 

bias and maintain more uniform coverage of the search space by TB1 and TB2. Using 

opposition, the centroid for TB2 is a design selected from the frontier Fc  that is closest to 

the opposite of the centroid for TB1. 

The search is guided in each of the trust regions using the G function, as defined 

below: 

 
𝐺𝑖 = [1 − max

𝑗≠𝑖
(min(𝑓𝑖1

∗ − 𝑓𝑗1
∗ , 𝑓𝑖2

∗ − 𝑓𝑗2
∗ , … , 𝑓𝑖𝑚

∗ − 𝑓𝑗𝑚
∗ ))]

𝑙

 (42) 
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where 𝐺𝑖 represents the fitness of the ith candidate relative to the other candidates, 𝑓𝑖𝑚
∗  is 

the normalized surrogate predicted kth objective value of the ith candidate for 𝑘 = 1,… ,𝑚, 

and l is a frontier exponent. l = 1, as defined in PSP [17]. Values of G range between [0, 

2], where values below 1 predict dominated designs and values at or above 1 predict 

nondominated frontier designs. The goal of the search in TB1 and TB2 is to select candidate 

designs that have G values above 1 to iteratively push the frontier towards the Pareto 

frontier. In each iteration and for each trust region, after drawing candidate designs {𝑥∗} 

from the trust region, predicted objective values are generated for those designs using the 

RBF surrogate model and normalized to form the set {𝑓∗}. {𝑓∗} is combined with the set 

of normalized frontier designs Fc-norm and evaluated using the G function. The design with 

maximal G value that has value above 1 is selected for evaluation with the black-box. This 

method maximizes the probability of advancing the frontier. 

5.2. SAKS-MTRO 

This work augments the SAKS-TRO algorithm with the MTRO strategy to form 

the SAKS-MTRO multi-objective optimizer. SAKS-MTRO has a total of 4 trust regions 

during regular operation compared to the 2 in SAKS-TRO. The 4 trust regions divided into 

exploitation and exploration trust regions allow the balancing of extreme points generation, 

and targeted and broad frontier advancement. When there are no feasible solutions, SAKS-

MTRO operates exactly like SAKS-TRO with 2 trust regions. Unlike TRMPS and SAKS-

TRO which maintain a single centroid, in SAKS-MTRO each trust region maintains its 

own centroid while the trust region radius for each pair of regions is identical. This enables 

the trust regions to be more distributed in the search space and enable broader advancement 

of the frontier. The trust region radii update procedure has also been modified to use 

frontier advancement as the criterion for assessing iterative progress. 

In a major departure from TRMPS and SAKS-TRO, SAKS-MTRO uses all 

available expensive designs to construct RBF surrogates. This is due to the difference in 

nature between single and multi-objective problems. MOO seeks broad and even frontier 

advancement, which is very different from the focused nature of single-objective 
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optimization. Thus, constructing RBF surrogates using all available designs improves the 

modeling accuracy over the entire search space. 

5.2.1. SAKS-MTRO Algorithm 

Here we follow the nomenclature established in Section 4.4.1 with several 

differences. We define sets of points {𝑦} , {𝑦𝑆1} , {𝑦𝑆2} , {𝑦𝐵1} , and {𝑦𝐵2} , where 

{𝑦𝑆1}, {𝑦𝑆2}, {𝑦𝐵1}, {𝑦𝐵2} ⊆ {𝑦} and overlaps are allowed between sets. Define the best set 

of designs of the ith iteration as frontier 𝐹𝑖 , and 𝜌𝑆
𝑖  and 𝜌𝐵

𝑖  are the conservativeness 

parameters for the pairs of exploitation and exploration trust regions at the ith iteration, 

respectively. 

Step 1: Initial Sampling 

Sample 𝑛𝑖𝑝  uniform random points {𝑦} in the design space, and evaluate {𝑦} with the 

black-box function to obtain function values {𝑓𝑦} and constraint values  {𝑐𝑦}. 

For each 𝑝𝑡 in {𝑦}, place in every trust region that it fits in, and place in frontier 𝐹𝑖 if it is 

feasible and nondominated. 

Set 𝜌𝑆
1 = 𝜌𝐵

1 = 50. 

Steps 2 - 3: Constraint Classification and Surrogates Construction 

Follow steps 2 and 3 in Section 4.4.1 for regions 𝑇𝑅𝑆1 and 𝑇𝑅𝑆2. 

Step 4: Mode Selection 

If a feasible point is present, go to Step 5, else, go to Step 7. 

Step 5: Surrogate Point Accumulation 

Set the centroids of 𝑇𝑅𝑆1 and 𝑇𝑅𝑆2 according to the ROD strategy in Section 5.1.1. Sample 

a relatively large number of uniform random points, e.g., 𝑛0 = 5,000, for each region 𝑇𝑅𝑆1 

and 𝑇𝑅𝑆2. Fit the points that satisfy the cheap constraints onto the corresponding {�̂�𝑖𝑛𝑑}𝒊 
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and �̂�𝑎𝑔𝑔
𝑖  surrogates. The points that satisfy the constraint surrogates {�̂�𝑖𝑛𝑑}𝒊 and �̂�𝑎𝑔𝑔

𝑖  are 

added to the point sets {𝑥𝑆1} and {𝑥𝑆2}. This process is repeated until a good number of 

(e.g. 500) feasible samples have been accumulated in each set. 

Step 6: Objective Surrogate Construction 

Construct the RBF surrogate 𝑓 of the objective function using Equation (28) and expensive 

points {𝑦𝑆1} and {𝑦𝑆2}. 

Go to Step 9a. 

Step 7: Constraint-penalizing Merit Function 

Set the centroid of 𝑇𝑅𝑆1 as the design in {𝑦𝑆1} that is closest to feasibility. Sample 𝑛0 =

5,000 uniform random points in 𝑇𝑅𝑆1 and fit the ones that satisfy the cheap constraints 

onto the {�̂�𝑖𝑛𝑑}𝒊 and �̂�𝑎𝑔𝑔
𝑖  surrogates. Use Equation (28) to compute candidate point fitness 

values. 

Go to Step 8. 

Step 8: Contour Selection (Constraint-Penalty) 

Use the discriminative sampling procedure [112] and the constraint-penalizing function in 

Equation (37) to select a design 𝑥𝑆1𝑖 from {𝑥𝑆1}. Evaluate 𝑥𝑆1𝑖 with the black-box to obtain 

results 𝑓𝑥𝑆1𝑖
 and 𝒄𝒙𝑺𝟏𝒊

. Place 𝑥𝑆1𝑖 in {𝑦𝑆1}. 

Step 9a: Contour Selection (Exploitation) 

Use the discriminative sampling procedure to select designs 𝑥𝑆1𝑖 and 𝑥𝑆2𝑖 from {𝑥𝑆1} and 

{𝑥𝑆2} , respectively. Use the ROD strategy with Equations (38) and (39) as the merit 

functions for 𝑇𝑅𝑆1  and 𝑇𝑅𝑆2 , respectively. Evaluate 𝑥𝑆1𝑖  with the black-box to obtain 

results 𝑓𝑥𝑆1𝑖
 and 𝒄𝒙𝑺𝟏𝒊

. Place 𝑥𝑆1𝑖 in {𝑦𝑆1}. Do the same for 𝑥𝑆2𝑖 and {𝑦𝑆2}. 
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Step 9b: Contour Selection (Exploration) 

Use the discriminative sampling procedure to select designs 𝑥𝐵1𝑖 and 𝑥𝐵2𝑖 from {𝑥𝐵1} and 

{𝑥𝐵2}, respectively. Use the K-Opp strategy with Equation (42) as the merit function. 

Evaluate 𝑥𝐵1𝑖 with the black-box to obtain results 𝑓𝑥𝐵1𝑖
 and 𝒄𝒙𝑩𝟏𝒊

. Place 𝑥𝐵1𝑖 in {𝑦𝐵1}. Do 

the same for 𝑥𝐵2𝑖 and {𝑦𝐵2}. 

Step 10: Update SAKS Conservativeness 

Using 𝒄𝒙𝑺𝟏𝒊
 and 𝒄𝒙𝑺𝟐𝒊

, update 𝜌𝑆
𝑖+1 according to Equation (33). 

Step 11: B Regions 

Perform Steps 2 to 10 for 𝑇𝑅𝐵1 and 𝑇𝑅𝐵2, and going to Step 9b instead of 9a. 

Step 12: Region Updates 

Update frontier 𝐹𝑖. If the frontier has been improved at this iteration with the induction of 

new nondominated points, 𝑅𝐵 = 𝑅𝐵 ∙ 𝑘𝑟𝑒𝑑𝑢𝑐𝑡𝑖𝑜𝑛, 𝑅𝑆 = 𝑅𝑆/𝑘𝑟𝑒𝑑𝑢𝑐𝑡𝑖𝑜𝑛. 

Else if no improvement for 𝑠𝑡𝑎𝑙𝑙 𝑖𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛𝑠, 𝑅𝑆 = 𝑅𝑆 ∙ 𝑘𝑟𝑒𝑑𝑢𝑐𝑡𝑖𝑜𝑛, 𝑅𝐵 = 𝑅𝐵/𝑘𝑟𝑒𝑑𝑢𝑐𝑡𝑖𝑜𝑛. 

{𝑦𝑆}, {𝑦𝐵} = ∅ 

For each 𝑝𝑡 in {𝑦}, place in every trust region that it fits in. 

𝑖 = 𝑖 + 1  

Step 13: Convergence Criteria 

If either the max nfe (number of function evaluations) or minimum fval (function value) 

criteria is met, then stop. Otherwise, go to step 2. 

Figure 24 is an illustration of the algorithm. The boxes with shaded outlines indicate 

the new MTRO steps. 
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Figure 24: SAKS-MTRO flowchart 
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5.3. Benchmark Process and Results 

5.3.1. Frontier Evaluation Metrics 

A variety of different metrics exist to evaluate the quality of Pareto frontiers [143]. 

The metrics used in this work are the hypervolume indicator (S-metric) [144]  and a 

modified version of set coverage (C-metric) [102] called Mean Set Coverage (CMean). 

These two metrics are chosen because they are complementary, and both do not require 

knowledge of the true Pareto frontier. As the true Pareto frontier is not known for many of 

the benchmark problems and all the simulation-based problems, the S and C metrics 

combined provide a good indication of algorithm performance that can be applied 

universally. 

Hypervolume Indicator (S-metric) 

The S-metric measures the volume in the objective space that is encapsulated by 

the nondominated solutions and a reference point. The reference point should have 

objective values that are at least the maximum of all objective values in the set of 

nondominated solutions. When comparing multiple algorithms, the reference point for each 

problem should be defined as the maximum of all objective values in all sets of 

nondominated solutions to establish a consistent metric. The method generates a hypercube 

𝑣𝑖 for each nondominated point i in a set of nondominated points such that point i and the 

reference point are diagonal corners of the hypercube [145]. The method then calculates 

the union of all hypercubes for the set of nondominated points to determine the S-metric 

value: 

 
𝑆𝑚𝑒𝑡𝑟𝑖𝑐 = volume(⋃ 𝑣𝑖

|𝐹|

𝑖=1
) (43) 

where F is the set of nondominated solutions. Figure 25 is a 2D illustration of the 

hypervolume indicator. The area within the dotted lines represent the S-metric volume that 

is calculated. Frontiers with larger S-metric values are closer to the Pareto frontier, and 

thus larger S-metric values indicate better algorithm performance. The implementation of 
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S-metric used in this work is a hypervolume approximator by Bringmann and Friedrich 

[146] implemented in the software package PaGMO [147]. 

 

Figure 25: Illustration of the Hypervolume Indicator [145] 

Mean Set Coverage (CMean) 

The C-metric compares two frontiers A and B by computing the percentage of 

designs in frontier B that are dominated by at least one design in frontier A [102]: 

 
𝐶𝑚𝑒𝑡𝑟𝑖𝑐(𝐴, 𝐵) =

|𝑢 ∈ 𝐵∃𝑣 ∈ 𝐴: 𝑣 dominates 𝑢|

|𝐵|
 (44) 

This metric complements the S-metric because a frontier that has a higher 

hypervolume value may have a large percentage of its designs being dominated by a 

different frontier with lower hypervolume value. The hypervolume indicator favors convex 

frontiers [144], which C-metric can counterbalance. 

One drawback of C-metric is that it can only compare two frontiers. When 

algorithms are run for multiple runs as part of a stochastic benchmarking process, it is 

desirable to compare two sets of frontiers. This work introduces the Mean Set Coverage 

(CMean) metric, where C-metric is calculated for all combinations of frontiers between the 

two sets and the results are averaged to obtain a true comparison between two algorithms. 

The CMean metric is computed as: 
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𝐶𝑀𝑒𝑎𝑛({𝐴}, {𝐵}) =
∑

∑ 𝐶𝑚𝑒𝑡𝑟𝑖𝑐(𝐴(𝑖), 𝐵(𝑗))𝑘
𝑗

𝑘
ℎ
𝑖

ℎ
 (45) 

where {𝐴} and {𝐵} are two sets of frontiers generated by two different algorithms, and h 

and k are the numbers of frontiers in each set, respectively. 

5.3.2. Test Methodology 

SAKS-MTRO was compared to 4 different MOO algorithms in two different test 

suites. In the unconstrained test suite, SAKS-MTRO was compared to PSP [17], and the 

PaGMO [148], [149] implementations of MOEA/D [102] and NSGA-II [18] on 11 

unconstrained MOO benchmark problems. In the constrained test suite, SAKS-MTRO was 

compared to NPGM [150], an implementation of Deb’s NSGA-II that supports expensive 

constraints, on 7 constrained MOO benchmark problems. The unconstrained benchmark 

problems range from 10 to 30 variables and between 2 and 5 objectives. The constrained 

benchmark problems range from 8 to 30 variables, 2 to 3 objectives, and 1 to 21 constraints. 

Table 10 summarizes the properties of the test problems. Because NPGM was not able to 

find any feasible solutions for 4 of the constrained problems, they were simplified by 

removing some constraints. These problems have the “mod” postfix. See the Appendix for 

details on each of the benchmark problems. Each of the algorithms was run with each of 

the benchmark problems 30 times to minimize the effect of random variation and starting 

point location on algorithm performance. To test the constraint handling efficiency of the 

algorithms, all constraints are considered to be computationally expensive in addition to 

the objective function. In this work, NFE is the total number of function evaluations, with 

each function evaluation computing the results for all functions. All benchmark runs were 

limited to 500 NFEs. 
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Table 10: Properties of multi-objective test problems 

Problem # variables # objectives # constraints 

ZDT1 30 2 0 

ZDT2 30 2 0 

ZDT3 30 2 0 

ZDT4 10 2 0 

ZDT6 10 2 0 

DTLZ1-3 7 3 0 

DTLZ1-5 9 5 0 

DTLZ2-3 12 3 0 

DTLZ2-5 14 5 0 

DTLZ7-3 22 3 0 

DTLZ7-5 24 5 0 

CF6 10 2 2 

CF7 10 2 2 

P113mod 10 2 4 

TP3mod 13 2 3 

P106mod 8 2 3 

P116mod 13 3 8 

Beam 30 2 21 

5.3.3. PSP 

PSP [17] is a surrogate-based MOO that relies on discriminative sampling of the 

surrogates to iteratively achieve frontier improvement. During each iteration, PSP 

constructs a surrogate model to generate many predictions at random designs. 

Discriminative sampling and the G function are used to select promising candidate designs 

to be evaluated using the black-box functions. 

5.3.4. MOEA/D 

MOEA/D is a decomposition-based evolutionary MOO algorithm [102]. It 

decomposes a multi-objective problem into a finite set of single-objective subproblems, 

with the number of subproblems corresponding to the population size. It iteratively evolves 

the population by using genetic operators and combines good solutions from neighboring 

problems to achieve frontier improvement. The PaGMO implementation of MOEA/D uses 

the rand/2/exp Differential Evolution operator and a polynomial mutation for population 

reproduction, and the Tchebycheff method for decomposition [103]. 
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In the benchmarks, the population size and number of generations for MOEA/D 

vary according to Table 11. This results in at least 500 NFEs for each case as the PaGMO 

implementation does not count the initial population as a generation. Because of a 

limitation in the PaGMO implementation on population sizes, the population size needs to 

be selected from a discrete set of values that differ according to the number of objectives. 

The values in Table 11 were chosen because they generally produced better results than 

other population sizes. 

Table 11: MOEA/D parameters 

# objectives population size # generations 

2 25 19 

3 28 17 

5 35 15 

5.3.5. NSGA-II 

NSGA-II is a popular classic evolutionary MOO that combines a fast nondominated 

sorting approach with a crowded-comparison operator to iteratively improve the frontier 

[18]. At each iteration it uses crossover and mutation operators to generate offspring. The 

offspring are then selected using the crowded-comparison operator which combines the 

domination and crowding distance criteria to choose the new population. 

In the benchmarks the population size was set to 24 and the number of generations 

was set to 20 for NSGA-II, which results in 504 NFEs per run. As with MOEA/D, this 

implementation does not count the initial population as a generation. A population size of 

24 was selected as it gave better results than other choices. The PaGMO implementation 

also limits the population size to a multiple of 4. 

5.3.6. NPGM 

NPGM is a MATLAB implementation of NSGA-II that adds rudimentary 

expensive constraint handling [150]. The method handles constraints by computing the 

sum of violated constraints for each expensive candidate design and penalizing their 
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domination level during the nondominated sorting process. This significantly reduces the 

likelihood that a candidate will be selected to form the new population at each iteration. 

In the benchmarks the population size was set to 20 and number of generations was 

set to 25 for NPGM, which results in 500 NFEs per run. 20 was selected for population 

size as it gave better results than other choices. NPGM also limits the population size to 

even numbers. 

5.3.7. Benchmark Results 

Unconstrained Benchmark Results 

Table 12 and Table 13 contain the S-metric and CMean results, respectively, for 

the unconstrained benchmark cases. The results show that SAKS-MTRO achieves the best 

S-metric results for 6 of the 11 cases and has the best CMean performance in 7 of the 11 

cases. While the S-metric performance is worse than the CMean performance, SAKS-

MTRO trails the best results by relatively small margins in the cases where it does not have 

the best S-metric result. In the cases where SAKS-MTRO has the best S-metric result, it 

generally does so by very wide margins. SAKS-MTRO is followed by NSGA-II in terms 

of overall performance. NSGA-II has the best S-metric results for 3 cases and beats SAKS-

MTRO in CMean performance in 2 cases. NSGA-II is followed by MOEA/D, with PSP 

having the worst overall performance. While PSP and MOEA/D both have the one case 

with best performing S-metric results, PSP performs worse than MOEA/D on most 

problems. 

In the bi-objective ZDT test suite, SAKS-MTRO performs well in all cases except 

for the ZDT3 and ZDT4 problems where it trails NSGA-II in performance. Figure 26 to 

Figure 28 are single-run frontier plots for the ZDT test suite that reflect the average 

performance of each method. Figure 26 shows that SAKS-MTRO performs well for the 

standard convex (ZDT1) and non-convex (ZDT2) type problems. Figure 27 shows that 

SAKS-MTRO is close to NSGA-II’s performance for ZDT3 but lags substantially for 

ZDT4, which is a highly multimodal problem with 219 local Pareto-optimal fronts [151]. 

Figure 28 shows SAKS-MTRO performing substantially better than the other three 
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algorithms on ZDT6, which is a problem that has a lower density of solutions near the 

Pareto-optimal front [151]. 

 

Figure 26: Comparison of SAKS-MTRO on ZDT1 (left) and ZDT2 (right) frontier plots 

 

Figure 27: Comparison of SAKS-MTRO on ZDT3 (left) and ZDT4 (right) frontier plots 
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Figure 28: Comparison of SAKS-MTRO on ZDT6 frontier plot 

SAKS-MTRO performs similarly for the 3 and 5 objective DTLZ test problems. 

For DTLZ1-3 and DTLZ1-5 SAKS-MTRO has very close results in the S-metric compared 

to the other methods but comes third and second in the CMean results. Performance in the 

DTLZ2 problems is much better, with SAKS-MTRO beating the other methods in both S-

metric and CMean for DTLZ2-3. Although it has slightly worse S-metric performance on 

DTLZ2-5 compared to PSP, it has much better CMean performance. For the DTLZ7 

problems SAKS-MTRO has much better performance compared to the other methods 

across the board. 

Constrained Benchmark Results 

Table 14 contains all numerical results for the constrained benchmark cases. The 

Success Rate column indicates the percentage of runs that result in feasible solutions. The 

“*” symbol indicates that feasible solutions are found by random sampling during the initial 

sampling stage of the algorithm. The results show that SAKS-MTRO has the best results 

across the board compared to NPGM, oftentimes with very large performance leads. 

NPGM performs well for minimally constrained problems but performs poorly for 

problems with more or tighter constraints. In some cases, it fails to find feasible solutions 

in the given computational budget. In the following results, all figures are single-run results 

that reflect the average performance for each algorithm on the given problems. 
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Figure 29 shows the average performance of SAKS-MTRO and NPGM on the bi-

objective single-constraint CF6 and CF7 problems. While SAKS-MTRO has a solid 

performance lead, NPGM comes close in performance due to the presence of only a single 

constraint. 

 

Figure 29: Comparison of SAKS-MTRO on CF6 (left) and CF7 (right) frontier plots 

From Figure 30, NPGM has difficulty exploring the search space with the presence 

of multiple expensive constraints. This has resulted in NPGM producing very short fronts. 

Table 14 also shows that 30% of NPGM runs for the P113mod problem were unable to 

produce feasible solutions, and that it takes hundreds of NFEs to achieve feasibility for 

both problems during the runs that were successful. This contrasts with SAKS-MTRO, 

which was able to generate broad frontiers under the same circumstances. Figure 31 shows 

NPGM struggling to achieve feasibility on the P106mod problem. NPGM only manages to 

achieve feasibility in 16.7% of runs. It does better on the Beam problem, but lags SAKS-

MTRO significantly. 
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Figure 30: Comparison of SAKS-MTRO on P113mod (left) and TP3mod (right) frontier plots 

 

Figure 31: Comparison of SAKS-MTRO on P106mod (left) and Beam (right) frontier plots 

SAKS-MTRO demonstrates the best overall performance in unconstrained MOO 

problems while losing to NSGA-II and MOEA/D on a few problems (notably, ZDT3, 

ZDT4, DTLZ1). Overall, NSGA-II also performed very well, often performing just behind 

or just ahead of SAKS-MTRO. However, when there are expensive constraints present, 

SAKS-MTRO demonstrates a large and consistent performance lead compared to NPGM, 

the constrained version of NSGA-II. 
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Table 12: SAKS-MTRO unconstrained benchmark results (S-metric) 
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Table 13: SAKS-MTRO unconstrained benchmark results (CMean, %) 
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Table 14: SAKS-MTRO constrained benchmark results 
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5.4. Summary 

This chapter builds on the work of the previous chapter by extending the SAKS-

TRO into the multi-objective space with the addition of new strategies. This chapter 

proposed the SAKS-Multi-Objective Trust Region Optimizer (SAKS-MTRO) for 

expensively constrained and high-dimensional black-box multi-objective optimization. 

The Random Objective Decomposition (ROD) and K-Means Opposition Search (K-Opp) 

strategies were introduced, which balances exploitation and exploration in the multi-

objective space. The SAKS-TRO method was also modified to accommodate four semi-

independent trust regions that use ROD and K-Opp to perform constrained multi-objective 

optimization. The method was benchmarked against three other unconstrained multi-

objective optimizers and one constrained multi-objective optimizer on a suite of 

unconstrained and constrained benchmark problems. 

The benchmarks show that SAKS-MTRO performs well compared to PSP, 

MOEA/D, and NSGA-II on the unconstrained problems, and has a significant performance 

lead compared to NPGM on the constrained problems. Performance on the constrained 

problems indicate that the SAKS constraint handling strategy combined with the ROD and 

K-Opp search strategies can efficiently and effectively optimize high-dimensional 

expensively constrained multi-objective problems. 

This chapter concludes the development of the framework for expensive black-box 

global optimization. The next chapter applies the methods developed to real-world 

engineering problems. 
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Chapter 6.  

 

Engineering Applications 

This chapter introduces two engineering application problems. The first is a 

semiconductor substrate design with ANSYS Mechanical simulation, and the second is the 

design of an industrial recessed impeller for slurry pump applications with ANSYS CFX 

simulation. Optimization problems are formulated for both design tasks, and SAKS-TRO 

and SAKS-MTRO are used for optimization. 

6.1. Optimization of a Semiconductor Substrate 

Substrate packaging technology have for many years relied on core technologies, 

where the core is a “fully cured organic dielectric layer with copper foils laminated on both 

of its sides” [152]. The core material served as a stable base for the packaging process and 

was part of the final product. With the trend of increasingly thin electronics, the industry 

has been moving to coreless technology to reduce package size. Coreless technology relies 

on a temporary carrier platform as a base to build up material, which is removed at the end 

of the process. While coreless technology has advantages such as thinner packages, higher 

interconnect density, and better electrical performance [152], a disadvantage of removing 

the core is the increased warpage due to reduced structural rigidity [153] and the high 

temperatures of the layering process [152]. The warpage produces gaps between the 

substrate and silicon (see Figure 32), which can lead to bonding failure because of the 

solder balls failing to connect the silicon to the copper traces. Even if the bonding was 

successful during the packaging process, the packages need to undergo rigorous stress and 

drop tests to ensure reliability and quality [154]. A warped substrate with weak bonds is 

more likely to fail during a drop test. 
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Figure 32: Substrate warpage [155] 

To address the warpage issue, Hwang et al. developed an ANSYS Mechanical FEA 

model to simulate thermal deformation of a corelessembedded trace substrate during the 

packaging process [155]. I collaborated with Dr. Hwang’s team at the National Sun Yat-

sen University (NSYSU) to parameterize and automate the execution of the simulation 

model. I also formulated the multi-objective optimization problem with the goal of 

exploring the relationships between the design parameters, substrate warpage, and 

substrate thickness. 

6.1.1. Substrate Model and Problem Definition 

Because the structure of an embedded copper trace substrate is complicated [156], 

the substrate model geometry was simplified to reduce the computational cost of analysis 

[155]. Figure 33 shows the top view of the substrate, with the area indicated in yellow with 

length A=2.8mm representing the actual geometry simulated using FEA. 

 

Figure 33: Top view of the substrate [155] 
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The model is composed of three kinds of materials: copper (Cu), polypropylene 

(PP), and solder resist (SR). The substrate structure is composed primarily of five layers, 

as shown in Figure 34: top solder resist (SR1), top copper trace (CT1), polypropylene (PP), 

bottom copper trace (CT2), and bottom solder resist (SR2). Figure 35 shows the top and 

bottom solder resist layers, Figure 36 shows the geometry of the copper trace layers, and 

Figure 37 shows the middle polypropylene layer.  

 

Figure 34: Substrate cross section [155] 

 

Figure 35: Layout of SR1 (Left) and SR2 (Right) 

 

 

Figure 36: Layout of CT1 (Left) and CT2 (Right) 
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Figure 37: Layout of PP, top view (Left) and bottom view (Right) 

From the figures above, each layer is defined by the geometry of its top view and 

its thickness. The SR1, SR2, and PP layers depend on the geometry of CT1 and CT2 as the 

copper trace layers are partially embedded in the SR1, SR2, and PP layers. The layers are 

parameterized using the following 9 unique variables: 

SR1 (1 variable): thickness 𝐻𝑆𝑅1 

SR2 (2 variables): thickness 𝐻𝑆𝑅2, circular opening diameter 𝐷𝑆𝑅2 

CT1 (3 variables): thickness 𝐻𝐶𝑇1, the length 𝑙𝐶𝑇1 and width 𝑤𝐶𝑇1 of each rectangular trace 

CT2 (2 variables): thickness 𝐻𝐶𝑇2, diameter 𝐷𝐶𝑇2 of each circular trace 

PP (1 variable): thickness 𝐻𝑝𝑝 

Table 15 shows the lower and upper bounds for each variable. 

Table 15: Substrate model variable bounds 

Parameter Name Lower Bound (µm) Upper Bound (µm) 

𝐻𝐶𝑇1 13 23 

𝐻𝐶𝑇2 15 20 

𝐻𝑆𝑅1 13 23 

𝐻𝑝𝑝 75 85 

𝐻𝑆𝑅2 15 20 

𝐷𝐶𝑇2 135 145 

𝐷𝑆𝑅2 110 120 

𝑤𝐶𝑇1 40 50 

𝑙𝐶𝑇1 70 90 
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To shorten the computational cost of the simulation, the symmetrical properties of 

the model were leveraged to reduce the simulation geometry to one-eighth of the original 

size. To simulate the packaging process, the temperature was set to 25ºC initially and then 

increased to 183ºC during the heating process. The goal of the optimization is to minimize 

substrate warping as well as substrate thickness. Substrate warping data can be obtained 

from the simulation by extracting the maximum Z-axis displacement. Substrate thickness 

can be trivially calculated by summing the thickness variables. The full optimization 

problem formulation is as follows: 

 
min

𝑤𝑟𝑡 𝐻𝐶𝑇1,𝐻𝐶𝑇2,
𝐻𝑆𝑅1,𝐻𝑝𝑝,𝐻𝑆𝑅2,

𝐷𝐶𝑇2,𝐷𝑆𝑅2,𝑤𝐶𝑇1,𝑙𝐶𝑇1

𝐹1 = |max(𝑍 − displacement)|
𝐹2 = 𝐻𝐶𝑇1 + 𝐻𝐶𝑇2 + 𝐻𝑆𝑅1 + 𝐻𝑝𝑝 + 𝐻𝑆𝑅2

 

𝑠. 𝑡.  13 ≤ 𝐻𝐶𝑇1 ≤ 23 
         15 ≤  𝐻𝐶𝑇2 ≤ 20 
         13 ≤ 𝐻𝑆𝑅1 ≤ 23 
         75 ≤ 𝐻𝑃𝑃 ≤ 85 

         15 ≤ 𝐻𝑆𝑅2 ≤ 20 
       135 ≤ 𝐷𝐶𝑇2 ≤ 145 
       110 ≤ 𝐷𝑆𝑅2 ≤ 120 
         40 ≤ 𝑤𝐶𝑇1 ≤ 50 
         70 ≤ 𝑙𝐶𝑇1 ≤ 90 

(46) 

6.1.2. Multi-Objective Optimization 

Automation and integration with the substrate model was achieved by leveraging 

the ANSYS command-line batch execution feature. Figure 38 shows the overall process. 

Before optimization, the APDL script file is exported from the ANSYS Mechanical model 

and then modified to accept variable values. At each iteration of the optimization process, 

the APDL script file is modified to change the variable values. ANSYS Mechanical is 

called in batch mode and is provided the APDL script file as an argument. The simulation 

results are parsed to obtain the values of the objectives. 
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Figure 38: Substrate simulation automation process 

The substrate optimization problem was solved using SAKS-MTRO, PSP, 

MOEA/D, and NSGA-II. Because the simulation model ran quickly, 10 optimization runs 

were performed for each algorithm with a target NFE of 500. Table 16 shows the results 

for both S-metric and CMean. The results show that SAKS-MTRO obtained the best results 

for both the S-metric and CMean results. 

Table 16: Substrate optimization results for S-metric (top) and CMean (bottom) 

S-metric 

SAKS-MTRO PSP MOEA/D NSGA-II 

Mean STD Mean STD Mean STD Mean STD 

60.42 0.454 49.68 5.30 52.39 3.39 55.01 2.81 

 

SAKS-MTRO PSP MOEA/D NSGA-II 

CMean 

vs. PSP 
CMean vs. 

MOEA/D 
CMean vs. 

NSGA-II 

CMean vs. 

SAKS-MTRO 
CMean vs. 

SAKS-MTRO 
CMean vs. 

SAKS-MTRO 
98.51 81.66 89.46 0.37 3.57 4.65 

 

Figure 39 is a single-run frontier plot where, for each algorithm, the run that has 

the closest S-metric value to the S-metric average for that algorithm was selected for the 

plot. The figure clearly shows the high quality of the SAKS-MTRO frontier, with designs 

that are well distributed along the front. The plot shows a clear tradeoff behavior between 

substrate thickness and warpage, with warpage accelerating as the substrate becomes 

thinner. From the SAKS-MTRO frontier, a solution with a good compromise between 

thickness and warpage has 139.6 µm thickness and 2.189 µm warpage.  
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Figure 39: Substrate optimization frontier plot 
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6.2. Design Optimization of an Industrial Recessed Impeller 

Slurry pumps are a type of centrifugal pump (Figure 40) that are commonly used 

in the oil and gas, mining, and power generation industries. Slurry is a semiliquid mixture 

where solid particles are suspended in liquid. Because of the presence of solid particles, 

slurry pump design is very different from the design of clear water pumps [157]. With 

slurry, there is more wear on the impeller and other pump components, which means the 

blades need to be thicker to prolong life and prevent them from breaking. The blades also 

need to be fewer and spaced farther apart to allow larger solid particles to pass through. 

These and other challenges have made the design of slurry pumps a “science [that] is mixed 

also with a good sprinkling of art and a designer’s know-how” [158]. Until recently, design 

of slurry pumps has relied primarily on engineers’ knowledge and experience, and physical 

prototyping and testing [157]. This work, which is a collaborative project with Hevvy/Toyo 

Pumps North America Corporation (Hevvy), aims to apply simulation modeling and 

optimization to the design of a slurry pump impeller. 

 

Figure 40: Cross-sectional diagram of centrifugal pump [159] 

6.2.1. Pump Background 

In a slurry pump the fluid flows into the casing from the inlet where the impeller 

transfers energy to the fluid, which is propelled in the direction of rotation. Figure 41 

illustrates the impeller geometry. ω indicates the direction of rotation, LE is the leading 
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edge of the blade, and TE is the trailing edge. As the impeller rotates, there is a pressure 

differential between the pressure surface and suction surface while the static pressure in 

the fluid rises. The volute further decelerates the fluid while increasing the static pressure 

as the fluid exits the pump at the outlet [160]. 

 

Figure 41: Plan view of a radial impeller [160] 

In this work, two performance indicators are used to assess pump performance: 

head and efficiency. Head is the ability of the pump to raise water to a certain height. In 

Figure 42, hd3 represents the discharge height out of the pump while hs3 represents the 

portion of total head contributed by the reservoir height. Total head is the difference 

between hd3 and hs3, and is referred to as head in this work. Efficiency is the ratio of the 

pump output power (as measured from the flow at the outlet) to the input power (as 

measured at the input shaft). 

 

Figure 42: Head [161] 
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Slurry pumps usually operate across a range of different flow rates, where flow rate 

is the volume of liquid discharged through the outlet. Due to confidentiality, this work does 

not provide actual values for flow rate and only differentiates flow rate by referring to them 

as low (shutoff), medium, or high. Similarly, real values are not provided for head and 

efficiency. The baseline impeller is the current design in production by Hevvy. The BEP 

is the flow rate for which the pump efficiency is highest. Figure 44 is a sample performance 

chart that illustrates this concept and shows all performance values as percentages of the 

values for the BEP. 

 

Figure 43: Baseline impeller 

 

Figure 44: Sample head and efficiency curves, BEP is circled in red [157] 

6.2.2. Simulation Models 

The goal was to optimize the design of the impeller for use in slurry pumping 

applications. Hevvy developed a CFD model of an impeller and volute [162] using ANSYS. 
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ANSYS BladeModeler was used to build the impeller and volute geometry (Figure 45). 

BladeModeler allows specific turbomachinery parameters to be set and then modified, such 

as blade angles and thickness at varying radius values. 

 

Figure 45: Baseline pump (left) and impeller (right) geometry 

ANSYS Meshing was used to generate a mesh of the fluid domain of the impeller 

and volute. The impeller was contained in a rotating simulation domain with a steady state 

interface to the volute which was contained in a stationary simulation domain. That is, the 

simulation was essentially a snapshot of the flow with the vane at a specific position 

relative to the volute. A combination of face and edge sizing was used to control automatic 

mesh density. The rotating fluid domain (impeller) was densely meshed (Figure 46) and 

consists of over 700,000 elements. The stationary fluid domain (volute) was configured 

with a relatively sparse mesh (Figure 47) of 100,000 elements. ANSYS CFX was used to 

setup and run the simulation at seven different volumetric flow rates of fluid through the 

pump. One flow rate was at approximately the Best Efficiency Point (BEP) where 

efficiency is highest. Model analysis was performed on a machine configured with an Intel 

Core i7 6800K hexacore processor with 32GB of RAM, and computation speed was further 

accelerated to an average of 210 minutes per run via parallel processing using Open MPI. 
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Figure 46: Full model rotating domain mesh 

 

Figure 47: Full model stationary domain mesh 

To further reduce the cost of computation to enable faster optimization, a single 

vane model was created by simplifying the full model. The impeller fluid domain was 

reduced to a single vane of the impeller (Figure 48). This is a widespread practice to 

leverage the symmetry of the impeller to reduce simulation complexity and significantly 

speed up computation. The mesh quality was also tuned, and mesh density reduced to 

achieve a balance of simulation time and accuracy and precision of the results. With these 

modifications, the rotating domain mesh was reduced to approximately 86,000 elements. 

The stationary domain was unchanged. The number of flow rates simulated using CFX was 

also reduced from seven to three to obtain a rough performance curve of the impeller and 

volute. The average computation time was 25 minutes for the single vane model, a 

reduction of over 88% compared to the full model. 
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Figure 48: Fluid domain geometry (left) and single vane mesh (right) 

To verify the accuracy of the single vane model, both the single vane and full 

models were run with the baseline impeller design. Figure 49 shows the head curve of the 

baseline impeller generated using the both models. Head is represented as a percentage of 

the baseline head at shutoff (BHS), and is plotted for flow rates that are represented as a 

percentage of the maximum flow rate simulated. Figure 50 shows the efficiency curve of 

the baseline impeller for both models. Efficiency is represented as a percentage of the best 

efficiency point of the baseline impeller (BBEP), which is at the fifth data point from the 

left (71.4% flow rate). The figures show that the single vane and full models track closely 

for the baseline impeller, and the level of accuracy of the single vane model was acceptable 

for optimization. BHS and BBEP of the baseline impeller are used as reference points for 

results presented in this work. 
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Figure 49: Head of baseline impeller at different flow rates 

 

Figure 50: Efficiency of baseline impeller at different flow rates 

6.2.3. Single-objective optimization 

Problem Formulation 

SAKS-TRO was applied to optimize the design of the impeller with the goal of 

maximizing the head-rise to shutoff (head drop) of the pump while keeping the head at 

shutoff and efficiency at different flow rates within certain bands. The single vane 

simulation model was used for optimization to reduce computation time. The head drop is 

the difference in head between the shutoff (lowest) and the highest flow rates. Head drop 
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is the objective because with a flat head curve, the slurry pump can easily run at higher 

flow rates with lower efficiency without being noticed because the desired head is still 

being achieved. Also, pump components can be damaged when the flow rate is too high. 

Thus, a steeper head curve helps ensure the pump is run as intended and reduces the wear 

damage on pump components. 

While maximizing the head drop, the efficiency of the pump and the head at shutoff 

cannot be too low so that the performance of the pump can be maintained. Inequality 

constraints were used to constrain the efficiency at the mid and high flow rates as well as 

the head at shutoff within acceptable performance bounds. Constraints were placed on the 

output torque at all flow rates to ensure they are positive, as the CFD model sometimes 

output erroneous results when the torque values are at 0 or below. Also, the head at all flow 

rates were constrained to be within reasonable bounds as there were cases of head values 

being extremely high, which were anomalies of the low-fidelity simulation model as the 

head values obtained on the same designs using the high-fidelity model were quite low. 

Since head, efficiency, and torque values are all outputs from the CFD simulation, these 

constraints are all computationally expensive. 

12 input parameters were defined representing different geometric features of the 

impeller blades, such as vane shape and vane thicknesses [163]. Eight of the parameters 

define various aspects of the vane angle and shape, two parameters define the vane 

thickness, and the last two parameters control the blade height and number of blades. Due 

to confidentiality, the input parameters and operating velocities are generalized, and values 

are expressed relative to nominal. In addition, nine mathematical constraints were added 

to constrain the input parameters to reduce the incidence of meshing and solver failures 

due to bad geometry. In early optimization trials without these geometry constraints, over 

70% of simulation runs resulted in failure due primarily to geometry and mesh failures. 

Such a high incidence of failure negatively affected the effectiveness of the optimizer. With 

the addition of the nine geometry constraints, the failure rate of simulation runs was 

reduced to between 20-40% which resulted in acceptable optimizer performance. The 

following shows the full optimization definition for this engineering problem: 
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 𝑓(𝒙) = −(𝐻𝐿 − 𝐻𝐻) 

𝑔1,2(𝒙) → 99% of BHS ≤ 𝐻𝐿 ≤ 101% of BHS 

𝑔3(𝒙) = 𝐸𝐻 ≥ 83% of BBEP 

𝑔4,5(𝒙) = 94% of BBEP ≤ 𝐸𝑀 ≤ 103% of BBEP 

𝑔6→11(𝒙) = 0 ≤ 𝐻 at all flow rates ≤ 2 ∙ BHS 

𝑔12,13,14(𝒙) = torque at all flow rates ≥ 0 

𝑔15→23(𝒙) = various mathematical constraints on input parameters 

(47) 

where 𝐻𝐿  and 𝐻𝐻  are the head at the low and high flow rates, and 𝐸𝑀  and 𝐸𝐻  are the 

efficiency at the mid and high flow rates. In total, there are 12 input parameters, 1 expensive 

objective, 14 expensive inequality constraints, and 9 cheap constraints. Due to the presence 

of cheap constraints, it was not possible to optimize this problem using the benchmark 

algorithms from Section 4.5 because the pyOpt platform does not differentiate between 

cheap and expensive constraints. 

Optimization Results 

Due to the high computational cost of the CFD simulation, the optimization was 

limited to 300 simulation calls which took 150 hours. SAKS-TRO took 25 simulation calls 

before reaching feasibility. Figure 51 shows the head curve comparison between the 

SAKS-TRO result and the baseline design using the low-fidelity simulation. It shows that 

the optimized design has a 75% larger head drop than the baseline while maintaining head 

values that are close to the baseline for the low and medium flow rates. Figure 52 shows 

the efficiency curve comparison and shows that the optimized design tracks very closely 

to the efficiency curve of the baseline design aside from a small drop in efficiency at the 

high flow rate. 
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Figure 51: Head drop comparison between KS-TRO optimum and baseline 

 

Figure 52: Efficiency comparison between KS-TRO optimum and baseline 

The SAKS-TRO optimized design was run with the full model to validate the 

results presented above. For confidentiality reasons, only the results for three flow rates are 

presented for the full model results of the optimized design. Figure 53 shows the head drop 

comparison between the results for the optimized design for single vane and full model 

runs. The full model results for the baseline impeller was also added for comparison. The 

figure shows that the single vane and full model results for the optimized design are very 

close, with the full model having slightly higher head across all flow rates. The comparison 

between the baseline and optimized designs with the full model results also largely 
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confirms the performance improvements obtained, with the full model head drop of the 

optimized design besting the baseline design by 65.9%. Figure 54 shows the efficiency 

comparison for the optimized design for single vane and full model runs, as well as the full 

model results for the baseline impeller. The full model efficiency curve of the optimized 

design tracks the single vane efficiency curve closely and is slightly lower for the mid and 

high flow rates. The full model efficiency curves of the optimized and baseline designs are 

also close and the difference between the efficiency curves of the optimized and baseline 

designs is almost identical to the single-vane curves in Figure 52. 

 

Figure 53: Head drop comparison for optimum between full model and single vane 
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Figure 54: Efficiency comparison for optimum between full model and single vane 

The results indicate that using a low-fidelity simulation model for optimization to 

reduce computation time is a viable strategy. Optimization using the full model would have 

taken an additional 925 hours, equivalent to 5.5 weeks of non-stop computation. A 

modified version of the optimized design was prototyped by Hevvy Pumps and the 

performance improvement was validated via physical testing using a full-size pump and a 

clearwater tank. 

Figure 55 shows the expensive constraint aggregation history during the 

optimization. It shows that only 5 of the 14 expensive inequality constraints played a major 

role during the optimization. This indicates that the other 9 expensive constraints did not 

have to be included in the problem formulation, and a discerning user will take this into 

account for future optimization work. When these constraints are included, the optimizer 

can intelligently aggregate them to minimize their impact on the optimizer. This 

demonstrates the usefulness of the SAKS aggregation-based strategy. 
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Figure 55: Constraint classification for impeller optimization (blue = independent, white = aggregated) 

6.2.4. Multi objective optimization 

SAKS-MTRO was applied to explore the trade-off behaviour between the mid flow 

rate efficiency, head at lowest flow rate (head at shutoff), and torque at mid flow rate. The 

mid flow rate efficiency and torque are referred to as BEP efficiency and torque, since the 

mid flow rate in the single vane model is the closest to the actual BEP flow rate. Results 

for the high flow rate were not needed for this optimization, so it was removed from the 

simulation to reduce computational cost. All input parameters are the same as the previous 

section. The multi-objective problem formulation is as follows: 

 

 𝑓1(𝒙) = efficiency at mid flow rate 

𝑓2(𝒙) = head at low flow rate 

𝑓3(𝒙) = torque at mid flow rate 

𝑔1,2(𝒙) → head at low and mid flow rates ≤ maximum head limit 

𝑔3,4(𝒙) = head at low and mid flow rates ≥ 0 

𝑔5,6(𝒙) = torque at low and mid flow rates ≥ 0 

𝑔7→15(𝒙) = various mathematical constraints on input parameters 

(48) 
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The multi-objective impeller optimization problem was solved using SAKS-MTRO 

and NPGM. Because of the lengthy simulation runs, a single optimization run was 

performed for each algorithm with a target NFE of 200. Table 17 shows the results for both 

S-metric and C-metric. For confidentiality reasons, the S-metric result for SAKS-MTRO 

is shown as a percentage of the NPGM S-metric value. The results show that SAKS-MTRO 

obtained the best results for both the S-metric and C-metric results. 

Table 17: Impeller optimization results for S-metric and C-metric 

SAKS-MTRO NPGM 

S-metric 

vs. NPGM 
C-metric 

vs. NPGM 

NFE to 

Feasible 

C-metric vs. 

SAKS-MTRO 

NFE to 

Feasible 

138.3% 59.90 <20 7.23 23 

Figure 56 shows the normalized frontier plot for the impeller optimization for 

SAKS-MTRO and NPGM. There is a clear relationship between BEP torque and 

efficiency, with torque increasing significantly only when efficiency has dropped past the 

0.6 normalized mark. On the other hand, there is not a clear tradeoff between head at 

shutoff and BEP efficiency, which means there is the possibility to keep both high without 

sacrificing one or the other. 

 

Figure 56: Normalized frontier plots for impeller optimization 
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6.3. Summary 

After developing a pair of optimization methods for single and multi-objective 

optimization with expensive constraints, they were applied in this chapter to optimize two 

real-world engineering application problems: a semiconductor substrate design and an 

industrial recessed impeller design. The substrate design was formulated into an 

unconstrained bi-objective problem where the goal was to minimize substrate warpage and 

thickness. The SAKS-MTRO, PSP, MOEA/D, and NSGA-II algorithms were used for the 

optimization, and the results were discussed. The impeller design was formulated into an 

expensively constrained single-objective problem as well as an expensively constrained 

multi-objective problem. The goal for the single-objective problem was to maximize the 

head drop across flow rates, while the goal for the multi-objective problem was to explore 

trade-offs between several simulation outputs. SAKS-TRO was used to solve the single-

objective problem, and SAKS-MTRO and NPGM were used to solve the multi-objective 

problem. The best result found by SAKS-TRO was 65.9% better than the baseline result 

computed using the full simulation model while satisfying all constraints. The best SAKS-

TRO design was subsequently prototyped by Hevvy and its performance was validated via 

physical testing. For the multi-objective problem, SAKS-MTRO had the best frontier result 

and the results showed the inverse relationship between BEP torque and efficiency. 

Overall, this chapter showed how the proposed methods can be used to efficiently optimize 

real-world engineering designs where expensive simulations are used. 
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Chapter 7.  

 

Conclusions and Future Work 

7.1. Conclusions 

In this thesis a suite of Metamodel Based Design Optimization (MBDO) algorithms 

was developed for global optimization of high-dimensional, expensive, and black-box 

problems, including those with expensive inequality constraints. First, the Mode Pursuing 

Sampling (MPS) algorithm was augmented with the dual trust region strategy to form Trust 

Region MPS (TRMPS), an adaptive MBDO method that can efficiently solve single-

objective HEB problems with no expensive constraints. The approach involved 

incorporating a metamodeling and mode pursuing sampling process within each trust 

region. The trust regions dynamically adapt their sizes during the optimization to balance 

exploration and exploitation of the search space. When the search improves, the S region 

expands while B contracts. When search stalls, B expands and S contracts. Because the 

search space increases exponentially with the number of variables, this dynamic behavior 

helps to guide sampling more efficiently and takes advantage of the local accuracy of 

metamodels. The addition of the LFV strategy improved the computational and memory 

efficiency of the algorithm compared to MPS. Benchmark results showed that TRMPS 

outperforms MPS, GA, EGO, and DIRECT algorithms on a series of single-objective HEB 

problems. Despite this, TRMPS was not able to handle problems with expensive inequality 

constraints. Such constraints commonly appear in engineering problems (e.g. minimizing 

weight while constraining safety factor). Because TRMPS handles constraints by 

continuously sampling until a large number of feasible samples are found, it would be very 

computationally expensive to use TRMPS for problems with expensive constraints. 

To address optimization problems with expensive inequality constraints, this work 

proposed the Situational Adaptive Kreisselmeier and Steinhauser (SAKS) method as a 

novel expensive constraint handling strategy. The SAKS method relies on a combination 

of direct surrogate modeling of constraints and aggregation of less important constraints to 

efficiently generate probable feasible candidate designs. The method divides expensive 
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constraints into two lists, independent and aggregate, according to recent incidences of 

infeasibility, and iteratively updates the lists based on the optimization progress. The 

constraints in the independent list are individually modelled using the RBF surrogate, while 

those in the other list are aggregated using the KS function and modelled using a single 

RBF. The KS function conservativeness parameter is also iteratively updated based on 

optimization progress, which compensates for inaccuracies in surrogate modeling of an 

aggregated set of constraints. The result is a highly capable and adaptive constraint 

handling method which, when combined with TRMPS, forms the new SAKS-TRO single-

objective HEB optimizer. SAKS-TRO was benchmarked against the CONMIN, COBYLA, 

KSOPT, SDPEN, and ALPSO constrained optimizers on a suite of constrained benchmark 

problems. SAKS-TRO generally obtained superior results on the benchmarks and was able 

to reach feasibility consistently and quickly. The results indicate that SAKS is successful 

in making constraint aggregation approaches relevant for expensive constraint handling 

and shows the efficacy of SAKS-TRO on a broad range of expensively constrained HEB 

problems. 

Next, the Random Objective Decomposition (ROD) and K-Means Opposition 

Search (K-Opp) strategies were proposed for efficient multi-objective optimization for 

HEB problems. The ROD strategy enables exploitation of the search space by using single-

objective optimization to find extreme points and using decomposition to transform the 

MOO problem iteratively into a single-objective one. The K-Opp strategy, by contrast, 

prioritizes frontier exploration. It uses k-means clustering and opposition to choose trust 

region centroids in an unbiased manner, and then uses a fitness metric to advance the 

frontier. SAKS-TRO was then augmented with ROD and K-Opp to form SAKS-Multi-

objective Trust Region Optimizer (SAKS-MTRO) to enable multi-objective optimization 

for HEB problems with and without expensive inequality constraints. The method was 

benchmarked against the other MOO methods including PSP, MOEA/D, and NSGA-II on 

a suite of unconstrained MOO problems, and against NPGM on a suite of MOO problems 

with expensive inequality constraints. Testing reveals that SAKS-MTRO has superior 

performance for both unconstrained and expensively constrained problems. The 

performance lead on problems with expensive constraints is especially pronounced, with 
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the competing method unable to achieve feasibility in some cases and unable to achieve a 

broad frontier in others. 

Finally, the SAKS-TRO and SAKS-MTRO algorithms are applied to real-world 

engineering design problems. The first problem involves the multi-objective optimization 

of a semiconductor substrate, where the thermal bonding process for copper pillar flip chip 

packaging can cause warping of the substrate. The goal was to minimize the thickness of 

the substrate while minimizing warping. SAKS-MTRO, PSP, MOEA/D, and NSGA-II 

were used to optimize this problem and SAKS-MTRO produced the best results that show 

the clear relationship between substrate thickness and warping. The second problem 

involves the optimization of a recessed impeller for slurry pumping applications. The 

challenge was to optimize the impeller design to maximize the head-rise to shutoff. The 

optimization problem involved 12 variables and was formulated into both single and multi-

objective optimization problems. The single-objective problem had 14 expensive 

inequality constraints while the multi-objective problem had 6. The multi-objective 

problem involved maximization of the head at shutoff and BEP efficiency and torque. 

SAKS-MTRO and NPGM were used for the optimization and SAKS-MTRO obtained 

significantly better results. The single-objective problem involved maximization of the 

head-rise to shutoff while constraining efficiency. SAKS-TRO was used for the 

optimization and obtained results that are much better than the baseline design. The best 

design found by SAKS-TRO was physically prototyped and tested by Hevvy Pumps. 

7.2. Future Work 

Based on the outcome of this work, there are three areas of interest for future 

research work: optimization for expensive equality constraints, optimization for problems 

of higher dimension, and optimization for problems with large numbers of objectives. 

7.2.1. Optimization for Expensive Equality Constraints 

The SAKS strategy has proved to be effective for optimization problems with 

expensive inequality constraints by using a combination of surrogate modeling of 

constraints and function aggregation. However, it cannot be readily applied to expensive 
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equality constraints. One way to overcome this is by converting equality constraints into 

pairs of inequality constraints. For example, an equality constraint ℎ(𝒙) = 0  can be 

converted to ℎ(𝒙) ≤ 0 and ℎ(𝒙) ≥ 0. However, these inequality constraints are very tight 

and may still require new methods to handle them. If there is a range around the equality 

constraint (e.g. ℎ(𝒙) = 0 ± 0.5) for which the constraint is considered feasible, then it is 

possible for the SAKS strategy to be modified to accommodate such equality constraints. 

For all other cases, new methods are needed to efficiently handle the tight equality 

constraints. 

7.2.2. Higher Dimensional Optimization 

The methods proposed in this work have been tested on HEB problems of up to 30 

variables. Practical engineering problems exist well beyond 30 variables, and the 

performance of the proposed methods need to be evaluated for higher dimensional cases. 

One promising approach to address problems with very high-dimensionality is to 

incorporate an iterative decomposition strategy similar to OMID [164], which analyzes the 

inter-variable correlations to decompose a high-dimensional problem into lower 

dimensional sub-problems that can then be solved by the optimizer piecemeal. 

7.2.3. Optimization with Many Objectives 

The SAKS-MTRO algorithm has been tested for problems with up to 5 objectives 

with good performance. However, its performance for problems with more than 5 

objectives is unknown. MOO problems with many objectives are also affected by the curse 

of dimensionality in relation to increasing numbers of objectives [99], and is an important 

area of future research. 
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Appendix A.   

 

Benchmark Problems 

TRMPS Benchmark Problems 

16 Variable Function (F16) 

This problem is from Ref. [11] and modified to have a larger bound and takes the following 

form: 

 

𝑓𝐹16(𝑥) = ∑∑𝑎𝑖𝑗(𝑥𝑖
2 + 𝑥𝑖 + 1)(𝑥𝑗

2 + 𝑥𝑗 + 1)

16

𝑗=1

16

𝑖=1

; 𝑖, 𝑗 = 1,2,⋯ ,16; 𝑥

∈ [−1, 1] 

(49) 

 

𝑎𝑖𝑗 =
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(50) 

The optimum function value for F16 is 25.875. 

10D, 20D, and 30D Rosenbrock Functions (R10, R20, and R30 respectively) 

The Rosenbrock function is from [110] and takes the following form: 
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𝑓(𝑥) = ∑(100(𝑥𝑖+1 − 𝑥𝑖
2)2 + (𝑥𝑖 − 1)2)

𝑛−1

𝑖=1

; 𝑥 ∈ [−5, 5] 
(51) 

The optimum function value for the Rosenbrock function is 0. 

10D, 20D, and 30D SUR-T1-14 

The SUR-T1-14 is a test problem from Ref. [111] and takes the following form: 

 
𝑓(𝒙) = (𝑥1 − 1)2 + (𝑥𝑛 − 1)2 + 𝑛 ∑ (𝑛 − 𝑖)(𝑥𝑖

2 − 𝑥𝑖+1)
2

𝑛−1

𝑖=1
; −3 ≤ 𝑥𝑖

≤ 2; 𝑖 = 1,⋯ , 𝑛 

(52) 

The optimum function value for SUR-T1-14 is 0 for all cases. 

10D, 20D, and 30D PUR-T1-13 

The PUR-T1-13 is a test problem from Ref. [111] and takes the following form: 

 
𝑓(𝒙) = [∑ 𝑖3(𝑥𝑖 − 1)2

𝑛

𝑖=1
]
3

; −3 ≤ 𝑥𝑖 ≤ 3; 𝑖 = 1,⋯ , 𝑛 
(53) 

The optimum function value for PUR-T1-13 is 0 for all cases. 

20D SUR-T1-16 

The 20D SUR-T1-16 is a test problem from Ref. [111] and takes the following form: 

 
𝑓(𝒙) = ∑ [(𝑥𝑖 + 10𝑥𝑖+5)

2 + 5(𝑥𝑖+10 − 𝑥𝑖+15)
2 + (𝑥𝑖+5 − 2𝑥𝑖+10)

4
5

𝑖=1

+ 10(𝑥𝑖 − 𝑥𝑖+15)
4] ; −2 ≤ 𝑥𝑖 ≤ 5; 𝑖 = 1,⋯ ,5 

(54) 

The optimum function value for 20D SUR-T1-16 is 0. 
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10D, 20D, and 30D Griewank Function (HDGR10, HDGR20, and HDGR30 

respectively) 

 
𝑓(𝑥) = ∑

𝑥𝑖
2

4000
− ∏𝑐𝑜𝑠 (

𝑥𝑖

√𝑖
) + 1

𝑛

𝑖=1

𝑛

𝑖=1

; −600 ≤ 𝑥𝑖 ≤ 600 
(55) 

Regardless of the dimensionality, the optimum function value for the Griewank function is 

0. Note that for testing with DIRECT, a second set of results are obtained using skewed 

bounds ranging from -400 to 800 because DIRECT always evaluates the center point, 

which could otherwise bias the comparison. 

10D, 20D, and 30D Zakharov Function (HDZF10, HDZF20, and HDZF30 respectively) 

 

𝑓(𝒙) = ∑𝑥𝑖
2 + (∑0.5𝑖𝑥𝑖

𝑛

𝑖=1

)

2

+ (∑0.5𝑖𝑥𝑖

𝑛

𝑖=1

)

4𝑛

𝑖=1

; −5 ≤ 𝑥𝑖 ≤ 10 
(56) 

The global minimum is at 𝑥 = (0,… ,0), where the function value is 0. 

Engineering Application: 30D Cantilever Problem (HDCP30) 

The chosen engineering application problem involves minimizing the tip deflection of a 

stepped cantilever beam subject to constraints, as shown in Figure 57. This problem is a 

modified version of the problem included in Refs. [165] and [166], which was first 

proposed in Ref. [167]. We note that as the problem is complex, there is no known 

analytical optimum. 

 

Figure 57: Stepped cantilever beam with d steps [167] 
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For testing the proposed algorithm, a cantilever beam with 𝑑 = 10 steps is chosen with a 

𝑃 = 50 𝑘𝑁 force on the tip. 𝐸 = 200 𝐺𝑃𝑎 and 𝜎𝑎𝑙𝑙𝑜𝑤 = 35 × 107 𝑃𝑎 are selected as the 

properties for the used material. For each beam step, there exists three variables for the 

optimization: width (𝑏𝑖), height (ℎ𝑖), and length (𝑙𝑖) of the beam step. Therefore, 30 input 

variables exist in this minimization problem and are arrayed in the following order: 

𝑋 = [𝑏1, ℎ1, 𝑙1, 𝑏2, ℎ2, 𝑙2, … , 𝑏10, ℎ10, 𝑙10] (57) 

The objective is to minimize the tip deflection (𝛿), expressed as the summation of all the 

deflections [168]: 

𝛿 = ∫
𝑃 𝑥𝑑

2

𝐸𝐼𝑑
𝑑𝑥𝑑

𝑙𝑑

0

+ ∫
𝑃 (𝑥𝑑−1 + 𝑙𝑑)2

𝐸𝐼𝑑−1
𝑑𝑥𝑑−1

𝑙𝑑−1

0

+ ⋯

+ ∫
𝑃 (𝑥1 + 𝑙2 + 𝑙3 + ⋯+ 𝑙𝑑)2

𝐸𝐼1

𝑙1

0

 

=
𝑃𝑙𝑑

3

3𝐸 (
𝑏𝑑ℎ𝑑

3

12 )

+
𝑃

3𝐸 (
𝑏𝑑−1ℎ𝑑−1

3

12 )

[(𝑙𝑑−1 + 𝑙𝑑)3 − 𝑙𝑑
3] 

+⋯+
𝑃

3𝐸 (
𝑏1𝑑1

3

12 )

[(𝑙1 + 𝑙2 + ⋯+ 𝑙𝑑)3 − (𝑙2 + 𝑙3 + ⋯+ 𝑙𝑑)3] 

=
𝑃

3𝐸
∑[

12

𝑏𝑖ℎ𝑖
3 ((∑𝑙𝑗

𝑑

𝑗=𝑖

)

3

− ( ∑ 𝑙𝑗

𝑑

𝑗=𝑖+1

)

3

)]

𝑑

𝑖=1

 

(58) 

where 𝑃 is the concentrated load, 𝐸 is the material elasticity modulus, and 𝐼𝑖 is the moment 

of inertia about the neutral axis. There are “2 × 𝑑 + 1” constraints in the problem, where 

𝑑 is the number of steps. First, the bending stress in all 𝑑 steps should be less than the 

allowable bending stress (𝜎𝑎𝑙𝑙𝑜𝑤). The constraints for each step beam can be described as: 
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6𝑃 ∑ 𝑙𝑗
𝑑
𝑗=𝑖

𝑏𝑖ℎ𝑖
2 ≤ 𝜎𝑎𝑙𝑙𝑜𝑤                            𝑖 = 1,2, … , 𝑑 (59) 

In addition, the aspect ratios of all cross sections make another set of 𝑑 constraints that can 

be shown as: 

ℎ𝑖

𝑏𝑖
≤ 𝐴𝑅                                             𝑖 = 1,2, … , 𝑑 (60) 

where 𝐴𝑅 is the aspect ratio. The volume of the material used in the beam should have a 

maximum which make another constraint: 

∑𝑏𝑖ℎ𝑖𝑙𝑖

𝑑

𝑖=1

 ≤ 𝑉𝑚𝑎𝑥 (61) 

The last constraint is that the total length of the cantilever beam should be more than a 

specified value: 

∑𝑙𝑖

𝑑

𝑖=1

≥ 𝐿𝑚𝑖𝑛  (62) 

𝐿𝑚𝑖𝑛  is the minimum required length that is expected for the beam. In brief, the 

minimization problem can be rewritten as: 

𝛿 = 𝑓(𝑋) =
𝑃

3𝐸
∑[

12

𝑥3𝑖−2 𝑥3𝑖−1
2 ((∑𝑥3𝑗

10

𝑗=𝑖

)

3

− ( ∑ 𝑥3𝑗

10

𝑗=𝑖+1

)

3

)]

10

𝑖=1

 (63) 

Subject to: 
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6𝑃

𝑥3𝑖−2 𝑥3𝑖−1
2 ∑𝑥3𝑗

10

𝑗=𝑖

≤ 𝜎𝑎𝑙𝑙𝑜𝑤 

𝑥3𝑖−1

𝑥3𝑖−2
≤ 𝐴𝑅   𝑖 = 1,2, … ,10 

∑𝑥3𝑗−2𝑥3𝑗−1𝑥3𝑗

10

𝑗=1

≤ 𝑉𝑚𝑎𝑥 

∑𝑥3𝑗

10

𝑗=1

≥ 𝐿𝑚𝑖𝑛 

𝑖 = 1,2, … ,10 

(64) 

𝐴𝑅 = 25, 𝑉𝑚𝑎𝑥 = 1.2, and 𝐿𝑚𝑖𝑛 = 5.1 𝑚 are selected as the aspect ratio and minimum 

length for the beam. The following bounds are selected for the variables: 

0.01 𝑚 < 𝑏𝑖 < 0.05 𝑚 

0.30 𝑚 < ℎ𝑖 < 0.65 𝑚 

0.50 𝑚 < 𝑙𝑖 < 1.00 𝑚 

𝑖 = 1,2, … ,10 

(65) 
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KS-TRO Benchmark Problems 

Pressure Vessel (PV) 

The pressure vessel design problem is a 4-variable problem with 3 constraints [11] [169]. 

The cylindrical pressure vessel is constructed from rolled steel plate (carbon steel ASME 

SA 203 grade B) that are joined welding two forged end caps onto a cylindrical shell. All 

welds are single-welded butt joints with a backing strip. The pressure vessel should store 

750 ft3
 of compressed air at a pressure of 3,000 psi. There are four design variables: radius 

(R) and length (L) of the cylindrical shell, shell thickness (Ts) and spherical head thickness 

(Th), all of which are in inches. 

 

Figure 58: Pressure Vessel [11] 
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(66) 

The target objective value is 7200. 

Spring 

The spring minimization problem, obtained from Ref. [25], involves specifying the 

dimensions of a coil spring to withstand axial loading. The objective is to minimize the 

weight of the spring subject to deflection, stress, surge wave frequency, and diameter 

constraints. Figure 59 shows the parameters of the spring. The tension/compression coil 

R 

Th 

R 

Ts 

L 



149 

 

spring design problem is a 3-variable problem with 4 constraints [25], where a load is 

applied axially. 

 

Figure 59: Spring [20] 

 𝑓(𝒙) = (𝑥3 + 2)𝑥2𝑥1
2 

𝑔1(𝒙) = 1 −
𝑥2

3𝑥3

71875𝑥1
4 ≤ 0 

𝑔2(𝒙) =
𝑥2(4𝑥2 − 𝑥1)

12566𝑥1
3(𝑥2 − 𝑥1)

+
2.46

12566𝑥1
2 − 1 ≤ 0 

𝑔3(𝒙) = 1 −
140.54𝑥1

𝑥2
2𝑥3

≤ 0 

𝑔4(𝒙) =
𝑥2 + 𝑥1

1.5
− 1 ≤ 0 

𝑥1 ∈ [0.05, 0.2], 𝑥2 ∈ [0.25, 1.3], 𝑥3 ∈ [2, 15] 

(67) 

𝑥1 = 𝑑, the wire diameter in inches, 𝑥1 = 𝐷, the mean coil diameter in inches, 𝑥3 = 𝑁, the 

number of active coils, 𝑔1 is the deflection constraint, 𝑔2 is the stress constraint, 𝑔3 is the 

surge wave frequency constraint, and 𝑔4  is the outer diameter constraint. The target 

objective value is 0.013. 

Heat Exchanger Design (P106) 

The P106 is an 8-variable test problem with 6 constraints [170] and takes the following 

form: 

 𝑓(𝒙) = 𝑥1 + 𝑥2 + 𝑥3 
(68) 
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𝑔1(𝒙) = 0.0025(𝑥4 + 𝑥6) − 1 ≤ 0 

𝑔2(𝒙) = 0.0025(𝑥5 + 𝑥7 − 𝑥4) − 1 ≤ 0 

𝑔3(𝒙) = 0.01(𝑥8 − 𝑥5) − 1 ≤ 0 

𝑔4(𝒙) = 100𝑥1 + 833.33252𝑥4 − 𝑥1𝑥6 − 83333.333 ≤ 0 

𝑔5(𝒙) = 𝑥2𝑥4 + 1250𝑥5 − 𝑥2𝑥7 − 1250𝑥4 ≤ 0 

𝑔6(𝒙) = 1250000 + 𝑥3𝑥5 − 𝑥3𝑥8 − 2500𝑥5 ≤ 0 

𝑥1 ∈ [1𝑒2, 1𝑒4], { 𝑥2, 𝑥3} ∈ [1𝑒3, 1𝑒4], {𝑥4, 𝑥5, 𝑥6, 𝑥7, 𝑥8} ∈ [10, 1𝑒3] 

The target objective value is 8000. 

Wong No. 2 (P113) 

The P113 is a 10-variable test problem with 8 constraints from Hock and Schittkowski 

[170] and takes the following form: 

 𝑓(𝒙) = 𝑥1
2 + 𝑥2

2 + 𝑥1𝑥2 − 14𝑥1 − 16𝑥2 + (𝑥3 − 10)2 + 4(𝑥4 − 5)2

+ (𝑥5 − 3)2 + 2(𝑥6 − 1)2 + 5𝑥7
2 + 7(𝑥8 − 11)2

+ 2(𝑥9 − 10)2 + (𝑥10 − 7)2 + 45 

𝑔1(𝒙) = −105 + 4𝑥1 + 5𝑥2 − 3𝑥7 + 9𝑥8 ≤ 0 

𝑔2(𝒙) = 10𝑥1 − 8𝑥2 − 17𝑥7 + 2𝑥8 ≤ 0 

𝑔3(𝒙) = −8𝑥1 + 2𝑥2 + 5𝑥9 − 2𝑥10 − 12 ≤ 0 

𝑔4(𝒙) = 3(𝑥1 − 2)2 + 4(𝑥2 − 3)2 + 2𝑥3
2 − 7𝑥4 − 120 ≤ 0 

𝑔5(𝒙) = 5𝑥1
2 + 8𝑥2 + (𝑥3 − 6)2 − 2𝑥4 − 40 ≤ 0 

𝑔6(𝒙) = 𝑥1
2 + 2(𝑥2 − 2)2 − 2𝑥1𝑥2 + 14𝑥5 − 6𝑥6 ≤ 0 

(69) 
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𝑔7(𝒙) = 0.5(𝑥1 − 8)2 + 2(𝑥2 − 4)2 + 3𝑥5
2 − 𝑥6 − 30 ≤ 0 

𝑔8(𝒙) = −3𝑥1 + 6𝑥2 + 12(𝑥9 − 8)2 − 7𝑥10 ≤ 0 

𝑥 ∈ [−10, 10] 

The target objective value is 40. 

3-stage membrane separation (P116) 

The P106 is a 13-variable test problem with 15 constraints [170] and takes the following 

form: 

 𝑓(𝒙) = 𝑥11 + 𝑥12 + 𝑥13 

𝑔1(𝒙) = 𝑥2 − 𝑥3 ≤ 0 

𝑔2(𝒙) = 𝑥1 − 𝑥2 ≤ 0 

𝑔3(𝒙) = 0.002𝑥7 − 0.002𝑥8 − 1 ≤ 0 

𝑔4(𝒙) = 50 − 𝑥11 − 𝑥12 − 𝑥13 ≤ 0 

𝑔5(𝒙) = 𝑥11 + 𝑥12 + 𝑥13 − 250 ≤ 0 

𝑔6(𝒙) = 1.262626𝑥10 − 1.231059𝑥3𝑥10 − 𝑥13 ≤ 0 

𝑔7(𝒙) = 0.03475𝑥2 + 0.975𝑥2𝑥5 − 0.00975𝑥2
2 − 𝑥5 ≤ 0 

𝑔8(𝒙) = 0.03475𝑥3 + 0.975𝑥3𝑥6 − 0.00975𝑥3
2 − 𝑥6 ≤ 0 

𝑔9(𝒙) = −𝑥5𝑥7 + 𝑥1𝑥8 + 𝑥4𝑥7 − 𝑥4𝑥8 ≤ 0 

𝑔10(𝒙) = −1 + 0.002(𝑥2𝑥9 + 𝑥5𝑥8 − 𝑥1𝑥8 − 𝑥6𝑥9) + 𝑥5 + 𝑥6 ≤ 0 

𝑔11(𝒙) = −𝑥2𝑥9 + 𝑥3𝑥10 + 𝑥6𝑥9 + 500𝑥2 − 500𝑥6 − 𝑥2𝑥10 ≤ 0 

𝑔12(𝒙) = −𝑥2 + 0.9 + 0.002(𝑥2𝑥10 − 𝑥3𝑥10)  ≤ 0 

(70) 
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𝑔13(𝒙) = −𝑥4 + 0.03475𝑥1 + 0.975𝑥1𝑥4 − 0.00975𝑥1
2 ≤ 0 

𝑔14(𝒙) = −𝑥11 + 1.262626𝑥8 − 1.231059𝑥1𝑥8 ≤ 0 

𝑔15(𝒙) = −𝑥12 + 1.262626𝑥9 − 1.231059𝑥2𝑥9 ≤ 0 

{𝑥1, 𝑥2, 𝑥3} ∈ [0.1, 1], 𝑥4 ∈ [1𝑒 − 4, 0.1], {𝑥5, 𝑥6} ∈ [0.1, 0.9], {𝑥7, 𝑥8}

∈ [0.1, 1𝑒3], 𝑥9 ∈ [500, 1000], 𝑥10 ∈ [0.1, 500], 𝑥11

∈ [1, 150], {𝑥12, 𝑥13} ∈ [0.0001, 150] 

The target objective value is 130. 

Colville No. 2 (P117) 

The P117 is a 15-variable test problem with 5 constraints [170] and takes the following 

form: 

 

𝑓(𝒙) = −∑𝑏𝑗𝑥𝑗

10

𝑗=1

+ ∑ ∑ 𝑐𝑘𝑗𝑥10+𝑘𝑥10+𝑗

5

𝑘=1

+ 2∑𝑑𝑗𝑥10+𝑗
3

5

𝑗=1

5

𝑗=1

 

𝑔𝑗(𝒙) = 2 ∑ 𝑐𝑘𝑗𝑥10+𝑘

5

𝑘=1

+ 3𝑑𝑗𝑥10+𝑗
2 + 𝑒𝑗 − ∑ 𝑎𝑘𝑗𝑥𝑘

10

𝑘=1

≥ 0 ; 𝑗 = 1, … ,5 

𝑎 =

[
 
 
 
 
 
 
 
 
 
−16 2 0 1 0
0 −2 0 0.4 2

−3.5 0 2 0 0
0 −2 0 −4 −1
0 −9 −2 1 −2.8
2 0 −4 0 0

−1 −1 −1 −1 −1
−1 −2 −3 −2 −1
1 2 3 4 5
1 1 1 1 1 ]

 
 
 
 
 
 
 
 
 

, 𝑏 =

[
 
 
 
 
 
 
 
 
 

−40
−2

−0.25
−4
−4
−1
−40
−60
5
1 ]

 
 
 
 
 
 
 
 
 

 

(71) 
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𝑐 =

[
 
 
 
 

30 −20 −10 32 −10
−20 39 −6 −31 32
−10 −6 10 −6 −10
32 −31 −6 39 −20

−10 32 −10 −20 30 ]
 
 
 
 

, 𝑑 =

[
 
 
 
 
4
8
10
6
2 ]

 
 
 
 

 

𝑥 ∈ [0, 10] 

The target objective value is 100. 

QLR-P1-2 (P118) 

The P118 is a 15-variable test problem with 29 constraints [170] and takes the following 

form: 

 

𝑓(𝒙) = ∑(2.3𝑥3𝑘+1 + 0.0001𝑥3𝑘+1
2 + 1.7𝑥3𝑘+2 + 0.0001𝑥3𝑘+2

2

4

𝑘=0

+ 2.2𝑥3𝑘+3 + 0.00015𝑥3𝑘+3
2 ) 

𝑔1 𝑡𝑜 8(𝒙) → 0 ≤ 𝑥3𝑗+1 − 𝑥3𝑗−2 + 7 ≤ 13 

𝑔9 𝑡𝑜 16(𝒙) → 0 ≤ 𝑥3𝑗+2 − 𝑥3𝑗−1 + 7 ≤ 14 

𝑔17 𝑡𝑜 24(𝒙) → 0 ≤ 𝑥3𝑗+3 − 𝑥3𝑗 + 7 ≤ 13 

𝑗 = 1,… ,4 

𝑔25(𝒙) = 𝑥1 + 𝑥2 + 𝑥3 − 60 ≥ 0 

𝑔26(𝒙) = 𝑥4 + 𝑥5 + 𝑥6 − 50 ≥ 0 

𝑔27(𝒙) = 𝑥7 + 𝑥8 + 𝑥9 − 70 ≥ 0 

𝑔28(𝒙) = 𝑥10 + 𝑥11 + 𝑥12 − 85 ≥ 0 

𝑔29(𝒙) = 𝑥13 + 𝑥14 + 𝑥15 − 100 ≥ 0 

(72) 
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𝑥1 ∈ [8, 21], 𝑥2 ∈ [43, 57], 𝑥3 ∈ [3, 16], 𝑥3𝑘+1 ∈ [0, 90], 𝑥3𝑘+2

∈ [0, 120], 𝑥3𝑘+3 ∈ [0, 60] 

𝑘 = 1,… ,4 

The target objective value is 730. 

Cantilever Beam Design (Beam) 

This is the same as HDCP30 in the TRMPS Benchmark Problems section. The target 

objective value is 0.0120. 

CP15 

A new test problem with 15 variables and 11 constraints [171] is introduced in this work 

with the following form: 

 𝑓(𝒙) = 𝑥1(𝑥2 + 𝑥3) 

𝑔1(𝒙) = 5000𝑥10 + 25000𝑥11 − 500𝑥4 − 2000𝑥5 ≤ 0 

𝑔2(𝒙) = 5000𝑥12 + 25000𝑥13 − 500𝑥6 − 2000𝑥7 ≤ 0 

𝑔3(𝒙) = 5000𝑥14 + 25000𝑥15 − 500𝑥8 − 2000𝑥9 ≤ 0 

𝑔4(𝒙) = 𝑥12 + 𝑥13 − 𝑥14 − 𝑥15 + 1000 ≤ 0 

𝑔5(𝒙) = 𝑥10 + 𝑥11 − 𝑥12 − 𝑥13 + 1000 ≤ 0 

𝑔6(𝒙) = −𝑥2 + 𝑥4 + 𝑥6 + 𝑥8 ≤ 0 

𝑔7(𝒙) = −𝑥3 + 𝑥5 + 𝑥7 + 𝑥9 ≤ 0 

𝑔8(𝒙) = 𝑥1(5000𝑥10 + 25000𝑥11 + 5000𝑥12 + 25000𝑥13 + 5000𝑥14

+ 25000𝑥15) − 10 × 1010 ≤ 0 

(73) 
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𝑔9(𝒙) = −𝑥1(5000𝑥10 + 25000𝑥11 + 5000𝑥12 + 25000𝑥13 + 5000𝑥14

+ 25000𝑥15) + 8 × 108 ≤ 0 

𝑔10(𝒙) = −𝑥1 ∑𝑥10+𝑖

5

𝑖=0

+ 450000 ≤ 0 

𝑔11(𝒙) = 𝑥1 ∑𝑥10+𝑖

5

𝑖=0

− 500000 ≤ 0 

𝑥1 ∈ [10, 50], 𝑥2 ∈ [21600, 144000], 𝑥3 ∈ [3600, 24000], {𝑥4, 𝑥6, 𝑥8}

∈ [1𝑒3, 144000], {𝑥5, 𝑥7, 𝑥9} ∈ [1𝑒3, 24000], 𝑥10

∈ [500, 3000], 𝑥11 ∈ [1𝑒3, 5000], 𝑥12 ∈ [500, 4000], 𝑥13

∈ [1𝑒3, 6000], 𝑥14 ∈ [500, 5000], 𝑥15 ∈ [1𝑒3, 7000] 

The target objective value is 6.8e6. 
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KS-MTRO Unconstrained Benchmark Problems 

ZDT Test Suite [151] 

ZDT1 

 𝐹1(𝒙) = 𝑥1 

𝐹2(𝒙) = 1 − √
𝐹1(𝒙)

𝑔(𝒙)
 

𝑔(𝒙) = 1 + 9 (∑ 𝑥𝑖

𝑛

𝑖=2
) /(𝑛 − 1) 

𝒙 ∈ [0, 1] 

𝑛 = 30 

(74) 

ZDT2 

 𝐹1(𝒙) = 𝑥1 

𝐹2(𝒙) = 1 − (
𝐹1(𝒙)

𝑔(𝒙)
)

2

 

𝑔(𝒙) = 1 + 9 (∑ 𝑥𝑖

𝑛

𝑖=2
) /(𝑛 − 1) 

𝒙 ∈ [0, 1] 

𝑛 = 30 

(75) 

ZDT3 

 𝐹1(𝒙) = 𝑥1 
(76) 
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𝐹2(𝒙) = 1 − √
𝐹1(𝒙)

𝑔(𝒙)
− (

𝐹1(𝒙)

𝑔(𝒙)
) sin(10𝜋𝐹1(𝒙)) 

𝑔(𝒙) = 1 + 9 (∑ 𝑥𝑖

𝑛

𝑖=2
) /(𝑛 − 1) 

𝒙 ∈ [0, 1] 

𝑛 = 30 

ZDT4 

 𝐹1(𝒙) = 𝑥1 

𝐹2(𝒙) = 1 − √
𝐹1(𝒙)

𝑔(𝒙)
 

𝑔(𝒙) = 1 + 10(𝑛 − 1) + (∑ 𝑥𝑖
2 − 10 cos(4𝜋𝑥𝑖)

𝑛

𝑖=2
) 

𝑥1 ∈ [0, 1]; 𝑥𝟐, … , 𝑥𝒏 ∈ [−5, 5] 

𝑛 = 10 

(77) 

ZDT6 

 𝐹1(𝒙) = 1 − exp(−4𝑥1) sin6(6𝜋𝑥1) 

𝐹2(𝒙) = 1 − (
𝐹1(𝒙)

𝑔(𝒙)
)

2

 

𝑔(𝒙) = 1 + 9(
(∑ 𝑥𝑖

𝑛
𝑖=2 )

(𝑛 − 1)
)

0.25

 

𝒙 ∈ [0, 1] 

𝑛 = 10 

(78) 
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DTLZ Test Suite [172] 

DTLZ1 

 𝐹1(𝒙) = 0.5𝑥1𝑥2 ⋯𝑥𝑀−1(1 + 𝑔(𝑋𝑀)) 

𝐹2(𝒙) = 0.5𝑥1𝑥2 ⋯(1 − 𝑥𝑀−1)(1 + 𝑔(𝑋𝑀)) 

⋮ 

𝐹𝑀−1(𝒙) = 0.5𝑥1(1 − 𝑥2)(1 + 𝑔(𝑋𝑀)) 

𝐹𝑀(𝒙) = 0.5(1 − 𝑥2)(1 + 𝑔(𝑋𝑀)) 

𝑔(𝑋𝑀) = 100 [|𝑋𝑀| + ∑ (𝑥𝑖 − 0.5)2 − cos(20𝜋(𝑥𝑖 − 0.5))

𝑥𝑖∈𝑋𝑀

] 

𝒙 ∈ [0, 1];  |𝑋𝑀| = 5 

𝑛 = 𝑀 + 4 

(79) 

DTLZ2 

 𝐹1(𝒙) = (1 + 𝑔(𝑋𝑀))cos (𝑥1𝜋/2)cos (𝑥2𝜋/2)⋯ cos (𝑥𝑀−2𝜋

/2)cos (𝑥𝑀−1𝜋/2) 

𝐹2(𝒙) = (1 + 𝑔(𝑋𝑀))cos (𝑥1𝜋/2)cos (𝑥2𝜋/2)⋯ cos (𝑥𝑀−2𝜋

/2)sin (𝑥𝑀−1𝜋/2) 

𝐹3(𝒙) = (1 + 𝑔(𝑋𝑀))cos (𝑥1𝜋/2)cos (𝑥2𝜋/2)⋯ sin (𝑥𝑀−2𝜋/2) 

⋮ 

𝐹𝑀−1(𝒙) = (1 + 𝑔(𝑋𝑀))cos (𝑥1𝜋/2)sin (𝑥2𝜋/2) 

𝐹𝑀(𝒙) = (1 + 𝑔(𝑋𝑀))sin (𝑥1𝜋/2) 

(80) 
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𝑔(𝑋𝑀) = ∑ (𝑥𝑖 − 0.5)2

𝑥𝑖∈𝑋𝑀

 

𝒙 ∈ [0, 1]; |𝑋𝑀| = 10 

𝑛 = 𝑀 + 9 

DTLZ7 

 𝐹1(𝒙) = 𝑥1 

𝐹2(𝒙) = 𝑥2 

⋮ 

𝐹𝑀−1(𝒙) = 𝑥𝑀−1 

𝐹𝑀(𝒙) = (1 + 𝑔(𝑋𝑀))ℎ(𝐹1, 𝐹2, … , 𝐹𝑀−1, 𝑔) 

𝑔(𝑋𝑀) = 1 +
9

|𝑋𝑀|
∑ 𝑥𝑖

𝑥𝑖∈𝑋𝑀

 

ℎ(𝐹1, 𝐹2, … , 𝐹𝑀−1, 𝑔) = 𝑀 − ∑ [
𝑓𝑖

1 + 𝑔
(1 + sin(3𝜋𝑓𝑖))]

𝑀−1

𝑖=1
 

𝒙 ∈ [0, 1]; |𝑋𝑀| = 20 

𝑛 = 𝑀 + 19 

(81) 

 

  



160 

 

KS-MTRO Constrained Benchmark Problems 

CF6 

 𝐹1(𝒙) = 𝑥1 + ∑ 𝑦𝑗
2

𝑗∈𝐽1

 

𝐹1(𝒙) = (1 − 𝑥1)
2 + ∑ 𝑦𝑗

2

𝑗∈𝐽2

 

𝑔1(𝒙) = 𝑥2 − 0.8𝑥1 sin (6𝜋𝑥1 +
2𝜋

𝑛
) 

− 𝑠𝑖𝑔𝑛(0.5(1 − 𝑥1)

− (1 − 𝑥1)
2)√|0.5(1 − 𝑥1) − (1 − 𝑥1)2| ≥ 0 

𝑔2(𝒙) = 𝑥4 − 0.8𝑥1 sin (6𝜋𝑥1 +
4𝜋

𝑛
) 

− 𝑠𝑖𝑔𝑛(0.25(1 − 𝑥1)

− 0.5(1 − 𝑥1))√|0.25(1 − 𝑥1) − 0.5(1 − 𝑥1)| ≥ 0 

𝐽1 = {𝑗|𝑗 is odd and 2 ≤ j ≤ n} 

𝐽2 = {𝑗|𝑗 is even and 2 ≤ j ≤ n} 

𝑦𝑗 = {
𝑥𝑗 − 0.8𝑥1 cos (6𝜋𝑥1 +

𝑗𝜋

𝑛
)  if 𝑗 ∈ 𝐽1

𝑥𝑗 − 0.8𝑥1 sin (6𝜋𝑥1 +
𝑗𝜋

𝑛
)  if 𝑗 ∈ 𝐽2

 

𝑥1 ∈ [0, 1]; 𝑥2, … , 𝑥𝑛 ∈ [−2, 2] 

𝑛 = 10 

(82) 
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CF7 

 𝐹1(𝒙) = 𝑥1 + ∑ ℎ𝑗(𝑦𝑗)

𝑗∈𝐽1

 

𝐹1(𝒙) = (1 − 𝑥1)
2 + ∑ ℎ𝑗(𝑦𝑗)

𝑗∈𝐽2

 

𝑔1(𝒙) = 𝑥2 − sin (6𝜋𝑥1 +
2𝜋

𝑛
) 

− 𝑠𝑖𝑔𝑛(0.5(1 − 𝑥1)

− (1 − 𝑥1)
2)√|0.5(1 − 𝑥1) − (1 − 𝑥1)2| ≥ 0 

𝑔2(𝒙) = 𝑥4 − sin (6𝜋𝑥1 +
4𝜋

𝑛
) 

− 𝑠𝑖𝑔𝑛(0.25(1 − 𝑥1)

− 0.5(1 − 𝑥1))√|0.25(1 − 𝑥1) − 0.5(1 − 𝑥1)| ≥ 0 

𝐽1 = {𝑗|𝑗 is odd and 2 ≤ j ≤ n} 

𝐽2 = {𝑗|𝑗 is even and 2 ≤ j ≤ n} 

𝑦𝑗 = {
𝑥𝑗 − cos (6𝜋𝑥1 +

𝑗𝜋

𝑛
)  if 𝑗 ∈ 𝐽1

𝑥𝑗 − sin (6𝜋𝑥1 +
𝑗𝜋

𝑛
)  if 𝑗 ∈ 𝐽2

 

ℎ2(𝑡) = ℎ4(𝑡) = 𝑡2 

ℎ𝑗(𝑡) = 2𝑡2 − cos(4𝜋𝑡) + 1; for 𝑗 = 3,5,6, … , 𝑛 

𝑥1 ∈ [0, 1]; 𝑥2, … , 𝑥𝑛 ∈ [−2, 2] 

𝑛 = 10 

(83) 
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P113mod 

Same as Wong No. 2 (P113) in SAKS-TRO benchmarks with the last 4 constraints 

disabled and the first constraint also becomes the second objective. 

TP3 [173] and TP3mod 

The following is the TP3 problem modified to have two objectives: 

 

𝐹1(𝒙) = 5∑𝑥𝑖

4

𝑖=1

− 5∑𝑥𝑖
2

4

𝑖=1

− ∑𝑥𝑖

13

𝑖=5

  

𝐹2(𝒙) = 2𝑥1 + 2𝑥2 + 𝑥10 + 𝑥11 − 10 

𝑔1(𝒙) = 2𝑥1 + 2𝑥2 + 𝑥10 + 𝑥11 − 10 ≤ 0 

𝑔2(𝒙) = 2𝑥1 + 2𝑥3 + 𝑥10 + 𝑥12 − 10 ≤ 0 

𝑔3(𝒙) = 2𝑥2 + 2𝑥3 + 𝑥11 + 𝑥12 − 10 ≤ 0 

𝑔4(𝒙) = −8𝑥1 + 𝑥10 ≤ 0 

𝑔5(𝒙) = −8𝑥2 + 𝑥11 ≤ 0 

𝑔6(𝒙) = −8𝑥3 + 𝑥12 ≤ 0 

𝑔7(𝒙) = −2𝑥4 − 𝑥5 + 𝑥10 ≤ 0 

𝑔8(𝒙) = −2𝑥6 − 2𝑥7 + 𝑥11 ≤ 0 

𝑔9(𝒙) = −2𝑥8 − 𝑥9 + 𝑥12 ≤ 0 

𝑥1, … , 𝑥9 ∈ [0, 1]; 𝑥10, … , 𝑥12 ∈ [0, 100]; 𝑥13 ∈ [0, 1] 

(84) 

The TP3mod problem is the same as the above with the last 6 constraints disabled. 
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P106mod 

Same as Heat Exchanger Design (P106) in SAKS-TRO benchmarks with the last 3 

constraints disabled and the first constraint also becomes the second objective. 

P116mod 

Same as 3-stage membrane separation (P116) in SAKS-TRO benchmarks with the 

last 7 constraints disabled and the first two constraints also become the second and third 

objectives. 

Beam 

Same as Cantilever Beam Design (Beam) in SAKS-TRO benchmarks with the 

following added objective: 

 

∑𝑏𝑖ℎ𝑖𝑙𝑖

𝑑

𝑖=1

  
(85) 

where d is the number of sections. This objective represents the total volume of the 

structure. 
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Journal Articles 

G. H. Cheng, T. Gjernes, and G. G. Wang, "An Adaptive Aggregation-Based Approach 

for Expensively Constrained Black-Box Optimization Problems," ASME. J. Mech. Des., 

recommended for publication pending revisions (paper no. MD-17-1787). 

G. H. Cheng, A. Younis, K. Haji Hajikolaei and G. G. Wang, "Trust Region based MPS 

Method for Global Optimization of High Dimensional Design Problems," ASME. J. Mech. 

Des., vol. 137, no. 2, pp. 021407-021407-9, 2015. 

K. H. Hajikolaei, Z. Pirmoradi, G. H. Cheng and G. G. Wang, "Decomposition for large-

scale global optimization based on quantified variable correlations uncovered by 

metamodelling," Engineering Optimization, vol. 47, no. 4, pp. 429-452, 2015. 

K. H. Hajikolaei, G. H. Cheng and G. G. Wang, "Optimization on Metamodeling-

Supported Iterative Decomposition," ASME. J. Mech. Des., vol. 138, no. 2, pp. 021401-

021401-11, 2015. 

Conference Papers 

K. H. Hajikolaei, G. H. Cheng and G. G. Wang, "Optimization on Metamodeling-

supported Iterative Decomposition," in ASME. International Design Engineering 

Technical Conferences and Computers and Information in Engineering Conference, 

Volume 2B: 41st Design Automation Conference ():V02BT03A026, Boston, 2015. 
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