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Abstract

Interest in the area of state and parameter estimation in nonlinear systems has
grown significantly in recent years. The use of sliding mode observers promises superior
robustness characteristics that make them very attractive for noisy uncertain systems. In
this thesis, a novel Time-Averaged Lypunov functional (TAL) is proposed that examines
the effect of Gaussian noise on the stability of a sliding mode observer. The TAL
averages the Lyapunov analysis over a small finite time interval, allowing for intuitive
analysis of noises and disturbances affecting the system. Initially, a sliding mode
observer for a linear system is analysed using the proposed functional. Later, the results
are extended to various classes of nonlinear systems. The necessary and sufficient
conditions for the existence of the observer are presented in the form of Linear Matrix
Inequality (LMI), which can be explicitly solved offline using commercial LMI solvers. The
types of nonlinearity examined are fairly general and embodies Lipschitz, bounded
Jacobian, Sector bounded and Dissipative nonlinearities. All the system models
considered are highly nonlinear and consist of system disturbances and sensor noise.
The proposed sliding mode observer provides less conservative conditions to verify the
existence and stability of the observer. The observer can also be effectively used for
unknown parameter estimation as outlined in the final chapter of this report. Various
examples are provided throughout the premise to support the proposed observer design

and demonstrate its effectiveness.

Keywords:  Sliding mode observers; Time Averaged Lyapunov functional; Unknown

Parameter estimation; State estimation; Sector Bounded Nonlinearities
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Chapter 1.
Introduction

In order to completely analyze a control system, one needs to have full
information of all the states that define the system. The states define the internal
dynamics of the physical system in the form of variables and parameters. However, in
practical situations it is not always possible to measure all the states of the system
because of various technical or economic constraints. The use of sensors to measure
every state is expensive and can induce significant errors such as stochastic noise and
cyclical noises [1]. Additionally, the limited responsiveness of some sensors can
introduce phase lag in the control system, thereby reducing the margin of stability [1].
Observers can reduce the sensor requirements and may improve disturbance rejection
in such systems. An observer or a state-estimator is used to obtain an estimate of the
system’s internal states, given measurements of the input and output of the system. The
chief consideration in the design of the observer is that the state estimate should be able
to converge to the true state value of the observed system. This state estimate can also
be used for many different observer-based applications like unknown parameter

estimation, fault estimation and fault reconstruction [2], [3].

Most of the real world systems are complex in nature, and thus have some kind
of uncertainty associated to them. Therefore, it is always challenging to transform these
physical systems into their mathematical models without introducing any uncertainty. In
addition, other uncertainties/disturbance may also originate from the system’s operating
environment. These disturbances may be in the form of unknown system disturbances
and sensor noise. The sensor noise that appears in many control systems is in the form
of additive white Gaussian noise. Also, for systems where the exact form of sensor noise
is not known, the noise can be approximated to be Gaussian in nature [4]. This is
because the sensor noise is hondeterministic in nature and can be characterised by a
zero mean Gaussian distribution. The Gaussian approximation of these errors, makes it
fairly easy to determine their effect on the system by analysing its distribution (hormal
distribution). The sensor noise can show up in systems because of temperature

changes (thermal noise), transmission (electronic circuit noise), and black body radiation
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(electromagnetic radiation). These additive sensor noises can have a severe effect on
the observer’s state estimate and controller signals, especially for cases with large
sensor hoise [5], [6]. Further, in many cases the system dynamics along with the actual
states of the system are unknown and have to be reconstructed form the output data.
Modelling errors often arise from the approximation of these system dynamics,
especially in the presence of uncertainty. Hence, the observer design needs to be highly
robust in order to be stable in the presence of such modeling uncertainties[7].

1.1. Nonlinear observers

The complex nature of nonlinear systems makes it challenging to design
observers, largely because there is no defined method that works for all classes of
nonlinearities. Plenty of research has been carried out in order to develop effective
observers for various classes of nonlinear systems [8]-[26].

Many physical systems can be expressed as a linear system with an additive
nonlinearity in the form x = Ax + ¢(x) + w,y = Cx + v. Here, a linear feedback observer
in the form £ = A% + ¢(%) + L(y — CX%) can be designed. For cases where the
nonlinearity satisfies a Lipschitz condition (|¢(x,) — ¢(x1)| < yIx, — x1|), linear feedback
observers have been developed for disturbance-free nonlinear systems (w = 0,v = 0)
(DFENS)[27]-[31]. These observers utilize the robustness of the linear observer to satisfy
the algebraic Riccati equation (ARE), (A — LC)TP + P(A—LC) + ey?I + e 'PP < 0 and
there is an inherent limit on the size of the Lipschitz constant. Observers for DFNS
Lipschitz systems have even been extended to sensor fault detection[32], to actuator
fault detection [33]and to unknown parameter estimation[34], [35]. DFNS observer
design has been extended to nonlinearities with bounded Jacobian (Matrix Lipschitz)
condition (¢ (x,) — d(x1)| < |G(x5 — x1)|) [36], [37] wherein the observer is able to
accommodate an equivalent Lipschitz constant particularly when G is a sparsely
populated. For DFNS with a monotonically increasing nonlinearity ([x, — x;17G[¢(x;) —
¢(x,)] > 0), observers have been designed using an extension of the circle criterion[38],
[39]. In the presence of sensor noise and input disturbances, observers cannot
guarantee stability in the traditional sense. Some nonlinear observers in the presence of

noise rely on linearizing the system dynamics about their estimates.



A variety of methods are available for the design of nonlinear observers, of which
some of the most popular are: Geometric, Lie-Algebraic, Backstepping, Unscented
Kalman filter approach, Lyapunov-based, High gain and sliding mode observers. Various
cases of Lyapunov-based observers are discussed in literature[8], [9], [11], [17], [20],
[22], [23], [40], [41]. Thau [40], presents a method to analyze the stability of the state
estimation error, however, it fails to suggest a correct approach to design the observer
gain for the system. Thus, making it infeasible for higher-order systems since selecting
the appropriate gain makes it a trial and error process. Kou et al [42] provides conditions
for the existence of a Lyapunov like function, although they are very difficult to satisfy.
This method is further generalized in [9], nonetheless the system fails to satisfy some
fundamental restrictive conditions. A design algorithm is proposed in [22] to develop an
appropriate observer gain by using Lyapunov auxiliary theorem, but it is restricted to the
condition that the system should be locally asymptotically stable at the origin. Further,
Deutscher [8] provides a Linear matrix equation to solve for the conditions provided in
[22] numerically. The authors in [17] provide a solution to solve for a special class of
nonlinear systems (where the nonlinearity satisfies a certain multivariable sector
condition) using convex optimization. Similarly, an observer design for a class of

nonlinear discrete-time systems is presented in [23].

In many cases, geometric methods [12]—-[14], [19], [43] are used where the
observer design is achieved by transforming the nonlinear system into a linear one. An
extended linearization technique for observer design is proposed in [14]. It uses a
method of linearizing in which the nonlinear system is specified by constant operating
points. An extended Luneberger observer is proposed in [19] where the system is
transformed into the nonlinear observer canonical form and an extended linearization

technique is implemented on a MIMO (Multiple-Input Multiple-Output) system.

Another eminent technique known as the Lie Algebraic approach [10], [24], [44],
[45] is also used to design observers for nonlinear systems. The main objective of this
approach is to transform the nonlinear system to a linear system and then design a
suitable linear observer for the new system. Also, an alternative approach [44] is to
transform the nonlinear system into a system where all the nonlinearities are
measurable. Hence, for a case where the nonlinearity solely depends on the output, the

observer is fairly easy to design by using various output injection and pole placement
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techniques. Although, there are some shortcomings to this approach since the
nonlinearity is assumed to be precisely known. This may introduce various modelling
errors, which may in turn affect the state estimation error. It is also very complex to
calculate the appropriate transformation for the system. Also, using this[44] approach for
higher order systems is impractical since it introduces various partial differential
equations. The results of [44] are extended in [10], making it simpler to solve, although
some restrictions still exist. Also the results of [44] are further extended to a multi-input
multi-output systems in [24]. The authors of [45] present an approach for the
transformation of Single-Input Single-Output systems for designing adaptive observers.

In addition to the various classes of observers discussed above, High gain
observes are utilized for their robust nature in error and disturbance rejection[46]. Here,
the gain matrix is switched between two gain values. By using a higher gain value during
the transient phase, the state estimates are quickly recovered. Once the state estimation
error reaches to its minimum, the gain is switched to smaller value to reduce the effect of
sensor noise. Khalil in [47] provides a detailed study on high-gain observer and their
implementation in robust controller design. It also explicitly examines the peaking
phenomenon in high gain observers which is observed to eliminate disturbances in the
form of modelling errors. However, this phenomenon can also make the closed loop
system unstable by directly transforming the erratic behavior from the observer to the
actual system. Hence, the controller needs to be globally bounded in order to remain
unaffected by the peaking behavior while designing the high gain observer. These
observers are further explored in the domain of adaptive nonlinear observer which are

discussed below.

1.2. Nonlinear adaptive observers

Many adaptive observer design techniques have been proposed to deal with
unknown inputs to systems. Some of the earliest research was based on viewing the
uncertainty in parameters as nonlinearities [48], [49] (other types of system
uncertainties are not weighed). Polycarpou et al. [50] developed a robust adaptive

observer for nonlinear uncertain systems, where the uncertainty was a result of both
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unknown nonlinear functions and parameters. The observer is based on the assumption
that the unknown function satisfies a certain triangular bounds condition homologous to
the ones seen in [51][52]. Here, the unknown nonlinearities conform to some conditions
defined by ‘bounding’ functions (x = f,(x) + g,(x)u + ¢ * {(x) + A(x, y)) which consist
of the product of known functions ({(x)) and unknown parameters (¢). Later Bastin et
al. [53] presented an adaptive observer for a noise-free system of the form x = Ax +
B(t)u , where the unknown parameter  is unaffected by the system states and
measurements. Besancon et al. [54] presents a stable adaptive observer for noise free
systems where the nonlinearity is a function of input and measurable outputs and
transformable to an output nonlinear form given by x = Ax + B(y, t)u. The results are
further extended to systems with an input disturbance (w), x = Ax + B(y,t)u + w by
Jung et al.[55]. Rajamani et al. [56] study systems where the nonlinearity depends on
the entire state vector. These results have been further extended by Cho and Rajamani
[57] for a noise-free Lipschitz nonlinear system of the form x = Ax + B(u, x)p +

®(x,u); y = Cx, where the nonlinearity isn’t necessarily a stringent function of the
measurement. These results are further expanded to include bounded input noise and
other disturbances affecting the observer gain in [58]. However, most of the literature
presented above [56][28][55], requires the Lyapunov matrix used in establishing the
Lyapunov stability and uncertain parameters to fulfil a strictly positive-real type condition,
P >0, bTPC* = 0. Subsequently, the design of the observer error dynamics is confined
to systems where b lies in the range space of CT(since P = 0,b € R(CT)), which is a
strict condition for finding a P such that b"PC+ = 0. Vijayaraghavan [59] addresses this
issue by proposing an observer design for simultaneous state and multiple unknown
parameter estimation but limited to classes of Lipschitz nonlinearity with no
measurement noise. Vijayaraghavan et al [60] has also developed an adaptive observer
based on H,, observer for the simultaneous estimation of state and unknown parameters
by minimizing a cost function composed of a sum of the square integrals of the

estimation error.

Elsewhere, observers have been developed to deal with parameter estimation in
noisy systems. Many observers have used Extended Kalman Filter (EKF) based
methods [61][62], unscented kalman filter(UKF) based methods [63][64][65] and some
other recursive least squares method [66][67]. However, EKF and UKF observers are

computationally intensive since they require an online calculation to solve the Ricati
5



equation and Jacobian. These observers also need to consider a virtual disturbance
parameter (VPD) for the Kalman filter, for which the observers do not provide any
suitable methods. Also, EKF and UKF require initial parameter and state estimates to
generate precise estimates. However, it still does not yield any conditions that can
guarantee the existence of the observer. Ahrens et al. [68] presents a high-gain
observer design that tansitions between two gain values to retrive the system states and
to minimize the effect of measurement noise in the neighborhood of the estimation error.
Also, Esfandiari et al[69] presents the appropriate choice of the observer gain H in order
to stabilize the homogenous error. This allows for the output feedback control to redeem
the performance achieved by the state feedback control. However, high gain observers
are not ideal for noisy systems since these observers become very sensitive to noise as
the gain increases. Additionally, they also suffer from the ‘peaking phenomenon’ as
mentioned in Khalil et al [69], [70]. This ‘phenomenon’ is a result of the high gain which
causes an initial spike in the response of the state estimates. This results in high
instability in certain types of systems. It is important to note that adaptive observers are
usually only efficient for overcoming linear parametric uncertainty whereas recent
geometric approaches tend to require strict geometric conditions on the systems
considered.

1.3. Sliding mode observers

Sliding mode control is more suitable for disturbance rejection particularly when
the disturbance vector lies in the range space of the output. Observers utilizing sliding
mode control tend to be more robust and are completely insensitive to the nominal
matched uncertainty [71][72]. A discontinuous feedback signal is added to the observer
dynamics to drive it onto a sliding manifold (a subspace of the state-space) within a finite
amount of time[71]. Once a suitable sliding manifold is designed, the closed loop system
is nearly insensitive to external disturbances and parametric uncertainties because of
the confined motion of the state trajectories within the sliding surface, which eventually is

directed to the origin.



Previously, Edwards et al [73] presented an approach using the notion of
equivalent output injection in which the observer signal can estimate the fault to a
desired level of accuracy. The results were later extended to include sensor faults [74].
However, these early results do not account for any uncertainties. Since sliding mode
observers force the observer error in the range space of the output to converge to zero
in finite time, this transforms some classes of non-Lipschitz nonlinearities into Lipschitz
nonlinearities. Additionally, for some Lipschitz systems, sliding mode observers will alter
the Jacobian of the nonlinearity and aid with the observer design. Hence compared to
linear finite gain observers such as H,, observers, sliding mode observer can extend the
observer design. Alessandri [75] proposed a sliding mode observer for a Lipschitz
nonlinear systems. When the disturbance and the noise are bounded, the observer is
shown to be non-divergent. It must be noted that the paper fails to clearly identify the
advantage of using both continuous and sliding mode feedback terms. The paper makes
use of the Lyapunov criterion to demonstrate the feasibility of the observer. It determines
an upper bound on the sliding mode feedback term and designs the linear gain to
compensate this upper bound. Hence, the sliding mode term would serve to restrict
rather than aid the observer design. Further, the existence of the observer cannot be
established for Gaussian noise. Elsewhere sliding mode is used to estimate faults [76],
[77], reject unknown input [78] and design observer for high relative degree nonlinear
systems with no sensor noise [79]. However previous sliding mode observers have not

adequately considered unknown inputs and sensor noises.

For a simple linear system given by:

x =Ax + Hu
(1.2)
y=Cx

where A € R™"  H € R™4,C € R™" are the system matrices of the appropriate
dimensions and where m < n. x € R,y € R™ and u € R? are the state vector, system

output and control input respectively,

The sliding mode observer is written as:



x = A% + Hu + Duy (1.2)
uy = p X sign(y — CX) (1.3)

Where % represents the estimated state of the observer and uy is a sliding mode input.
The discontinuous sliding mode signal given by uy is typically analyzed using the
average value of the applied observer injection signal. This average value of injection

signal contains useful information about the mismatch between the model used to define
the observer and the actual plant[80].

Previous research on sliding mode observers has only considered a bounded
disturbance to the system. We will examine Walcott et.al. [81] to illustrate this approach.

The system model is of the form

x = Ax + Hu + Dd(x,u,t)
y =Cx (14)

where D € R™*P is the direction matrix thorough which the disturbances acts on the
system and d(x,u,t) € RP, is the unknown disturbance vector with p < m. When d is
bounded with |d(x,u,t)| < d,V x,u , t>0 and rank(CD) = p. Hence, a sliding mode
observer can be constructed as

X =A% + Hu+ L(y — C®) + Dy (1.5)

uy = —p(C,D)~ x sign(C, (% — x)) (1.6)

Where L is the linear feedback gain, u; is a sliding mode input, ¢; € R™("~P) represents

the matrix in the transformed space where the output measurements are available. The

resulting observer dynamics are given by



Xx=(A-L0O)%+D(d —uy) (1.7)

Using a Lyapunov function V = %(C@)T(cm the authors demonstrated that the

observer rejects the disturbance d when p > ||C;(A — LC)e — C;Dd|| [82].

However, previous literature does not analyze the effect of Gaussian noise on a
sliding mode observer when the error approaches zero. The first part of this thesis
analyzes the effect of Gaussian noise on sliding mode observer over the entire error
state space using an alternative Lyapunov candidate defined as a “Time-averaged
Lyapunov function”. A similar concept had been proposed in Michel et al. [83] for scalar
switched system. However, the author averages out the derivative and further does not

consider the effect of noise.

1.4. Time averaged Lyapunov

The TAL provides a procedure for analysing the stability of the observer that is in
line with the traditional concept of Lyapunov stability. The TAL averages the Lyapunov
analysis over a small finite time interval, allowing for intuitive analysis of noises and
disturbances. While similar time-averaging is proposed in the form of time-averaged
Lyapunov function derivatives (TALFD) in Michel et al.[83], the TALFD requires the
system to be continuous and the results do not apply to noisy sliding mode observer
systems. The TAL bears some resemblance to Lyapunov—Krasovskii (LK) functionals
[84], [85]. LK functionals analysis has been limited to analyzing stability of time delay
functions. Here LK functionals have a quadratic term and a term that is integrated over
the delay period. When the time derivative of the LK is calculated, the integral term is
integrated by parts and an additional matrix product gets appended to the quadratic
term. The analysis then requires both the augmented quadratic term as well as the term
within the integral to be negative. Unlike LK analysis, the TAL aims to analyze the time-
averaged stability of the observer. To the best of the authors’ knowledge, LK functionals

have not been used to average the effect of the sensor noise or input disturbance.



1.5. Purpose and Motivation of this work

This thesis presents a sliding mode observer design that uses a novel Time-
Averaged Lyapunov functional to analyse the effect of external Gaussian noise on the
system. The observer also serves as a state and unknown parameter estimator based
on an optimal approach as demonstrated in the upcoming chapters. The proposed
observer is further developed for different types on nonlinear systems which include
Lipschitz, Bounded Jacobian, Sector Bounded and Dissipative nonlinearities. An
extensive method for checking the existence conditions and computing the observer

gains is presented in the form of Linear Matrix Inequality (LMI).

In chapter 2, a novel Time Averaged Lyapunov functional is proposed. The TAL
is shown to satisfy all the requirements of a Lyapunov candidate function. To utilise the
idea of the proposed functional on a sliding mode observer, a simple autonomous
system is developed. The convergence rate of the system error dynamics is determined
and later plotted with respect to different values of covariance p and Q. Later, a sliding
mode observer is developed for a linear system in the presence of system and external
sensor disturbances. The conditions for existence of the observer are provided and

supported by a numerical example.

In chapter 3, the results of the previous chapter are extended to a nonlinear case
with an additive nonlinearity ¢. A sliding mode observer design for a Lipschitz nonlinear
system is presented. The observer is developed by taking into consideration the effect of
covariance (noise) affecting the system. A systematic approach to design the
appropriate observer gains and existence conditions are presented. The minimum
performance conditions are presented in the form of LMIs which can be solved offline
using MATLAB. The conditions provided are less conservative and are compared with
other linear gain observer designs to further demonstrate its effectiveness. The robust
and less conservative behaviour of this observer are established using various numerical

examples.

In chapter 4, the observer design is extended to a wider class of nonlinear
systems which include sector bounded and dissipative nonlinearities. The design also
estimates unknown system parameters along with the system states. A systematic
approach to design the appropriate observer gains which also include the unknown

10



parameter gain values is developed. The minimum performance conditions are
presented in the form of LMIs which can be solved offline using MATLAB. Later,
conditions for the existence of the observer for a dissipative case are presented.
Numerical examples are provided to demonstrate the effectiveness of the observer for

each case.

Finally, the thesis is concluded in chapter 5 followed by future recommendations

that will extend the scope of the work presented here.
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Chapter 2.

Analysis of Sliding Mode Observers Using a Novel
Time-Averaged Lyapunov Functional

Sliding mode observers are desirable for their robust nature towards parameter
uncertainty, parameter variation, disturbance rejection and simple implementation. As
compared to other observers, the sliding mode observer utilizes a signum function of the
state estimate error in the feedback correction term. This allows for error dynamics to be
confined along the sliding surface where the motion of the state trajectories are
restricted within the sliding manifold. As seen in literature, previous work on sliding mode
observers does not take into account the effect of external Gaussian noise on a
nonlinear system [75], [79], [81], [82]

Hence, we first introduce a novel scheme to examine the stability of a linear
system in the presence of such external disturbance on the system using a Time-
averaged Lyapunov functional. Then, we develop a sliding mode observer for this linear
system using the same functional and observe its stability. Later, an illustrative example
is presented to show the effectiveness of the proposed observer.

The stability of a system in the presence of noise cannot be determined using
traditional Lyapunov methods. To demonstrate this, we consider the following general
linear system with input disturbance and sensor noise, which is assumed to be Gaussian

in nature

x=Ax+ Fw+ Hu
y=Cx+v (2.1)

In this system, x € R" is the state vector, u € R4 is the vector of known inputs, w is a
vector of unknown input disturbances, y € R™ is the output vector and v is a vector of
unknown measurement noise. A, F, H, C are known system matrices of appropriate
dimensions. Without loss of generality, we can partition the system into two subsytems

such that,

12



x:[’:‘l], C=, 0, A:[ﬁi ﬁ;z] (2.2)

Where the 1-subspace given by x,, represents the set of states that have an output
measurement available, whereas the 2-subspace given by x, spans the other states of
the system that have no measurements available at the output. I,,, is a m X m identity

matrix.

The observer is constructed as

. I
=A% + Hu + [anl] Uy (2.3)

With a sliding observer signal given by
uy = p X sign(y — cx) (2.4)
The dynamics of the estimation error for this observer becomes
X=AX+Fw— [l Ly]"w (2.5)

Where, ¥ = x — %

In the absence of noise (i.e w = 0 and v = 0) the system can be written as

x =Ax + Hu

= Cx (2.6)

The dynamics of the estimation error for this observer becomes

13



X =A% — [IL";] uy (2.7)

Where L, is the observer gain that acts on the 2-subspace of the system.

The %;-dynamics of the observer can be written as,

x;’l = Allfl + Alzfz - 'U.j} (28)

If we choose a sufficiently large p, s.t p > max(A;;%; + A1,X,),by using an
appropriate sliding mode input, we can drive %, - 0, ¥; » 0 and Uy = Uj_gq, IN finite

time with the equivalent average value of uy given by [72], [82]
Uj_eq = A12% (2.9)

Hence, the %,- dynamics can be written as

Jsz = (Azz - L2A12)f2 (2-10)

If we begin with a quadratic Lyapunov candidate function

V=2xTP%>0 (2.11)

The derivative of the function is given by

V= 2% Pyp(Azz — Lo A1p) %, (2.12)
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Hence, the Lyapunov can be made negative by making A,, — L,A,, Hurwitz. However,

in the presence of noise,

) I
_ =TT = TP ™ si —cX
V =xT(ATP + PA)% + 2px"P [Lz] sign(y — c%) (2.13)
+2%TPFw

As seen from Eq(2.13), an additional terms gets appended to the original
Lyapunov derivative where the noise term given by: 2%” PFw, cannot be ensured to be
negative. Therefore, the system cannot be shown to be stable. Hence, we introduce a

time averaged Lyapunov (TAL).

2.1. Time averaged Lyapunov

We will introduce a time-averaged Lyapunov function (TAL) candidate as follows
P>0

t

1 ] 1
V:=T J‘V,(‘r)d‘r=f ffT(T)Pf(T)dT (2.14)
toT

t-T

where T is an arbitrary time window. Notice that for a constant dt,

t+dt

1
V(t+dt) = T f V;(t)dt
(t+dt)-T

(2.15)

By replacing t with t + dt inside the integral, and noting that dt is constant we find

15



V= V(t+dt)—V(t)
dt

t+T

_1[ VG +d) -V@
—f It dr

: (2.16)

T
t+T

- % f V,dr
t

Hence, the derivative of the TAL is equal to the time-averaged derivative of the
underlying Lyapunov function. Compared to a quadratic Lyapunov function, the TAL is
also positive definite. Hence if we can show thatV < 0,v ¥ ¢ D, V = 0,V ¥ € D, then the
system converges to a subspace in D. Further, like the quadratic Lyapunov function, the
TAL is radially unbounded as V(%) — o when ||X|| - o. The quadratic Lyapunov
function has a zero value only when % = 0. However, the TAL is zero only when %(7) =
0Vt € [t —T,t]. Hence the TAL may impose a stronger constraint on X¥. The TAL will be
used to study observer stability in the presence of sensor noise and input disturbances.

2.2. Sliding mode using the time averaged Lyapunov (TAL)
function on a simple diagonal system

From eq(2.8) and eq(2.10) it can be seen that the time scale of the ¥;-dynamics
of the observer is significantly faster than the time scale of the %,-dynamics .To better
understand the observer (2.3), we will first consider a simple autonomous system

corresponding to the X,-dynamics. Consider

Xi = —psign(x; +v;),v;~(0,Q;) (2.17)

Where, v; is the zero mean Gaussian noise with a covariance defined by Q;

If we define
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Vi=xTx

Then

V, = —2pxTsign(y +v)

Notice that

. t+T
Tf xisign(y; +v;)dr
t
t+T
1 .
= Tf xi(1 = 2py,)sign(x;)dt

t

Where, p,, denotes the probability of an event given by p,, = P(v; > |x;|) =

1/2 [1 — erf(|Xi|/\/2_Qi)]'

Hence,

Vi==2p ) (1-2p,)ld

(2.18)

(2.19)

(2.20)

(2.21)

Since p,, > 0.5Vy; > 0, V, < 0 Vy > 0. To determine the convergence rate in the

neighbourhood of |y;| = 0, we expand p,, in this neighbourhood |x;| = 0 using Taylor

expansion and find

Hence

(2.22)



2p

1
EXTQ‘EX =2x0.3989pxTQ" 12y (2.23)

V, =

Hence, in the neighbourhood of |y;| = 0 the system behaves as

¥~ —0.3989pQ 12y (2.24)

This behaviour is illustrated using Figure 2.1- Figure 2.4 (using dt = 107°)

0.8¢
0.6}
X 0.4}

0.2}

-0.2 :
0 0.5 1

time (sec)
Figure 2.1. Response of 1-D system with p =10 and @ = 0.01
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Figure 2.2. Response of 1-D system withp=10and Q =1

0.9}
0.8}
x 0.7}
0.6

0.5¢

0.4 :
0 0.5
time (sec)

Figure 2.3. Response of 1-D system with p = 10 and Q = 100
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Figure 2.4. Response of 1-D system with p = 100 and Q = 100

Theoretically, the effect of noise which shows up in the form of v;, gets averaged out

over a period of time, such that the effect is reduced significantly.

2.2.1. Sliding mode observer design

Based on the covariance of the noise, we will need to make p sufficiently large.
Hence the system time scale can be made arbitrarily small and therefore the system
exhibits a dual time scale problem. Using Singular perturbation analysis, the slower sub-
system can be viewed as a frozen [46].

uy_eq = Alziz + F1W (225)
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It must be noted that u;_., would be a filtered version with a time constant

(0.3989pQ_1/2)_1. Since p is sufficiently large, we can ignore this filter time constant.

Hence the ¥,-dynamics can be written as

9?2 = (Azz — LAp)%, + (Fp — LyF)w

Theorem 2.1

For a system (2.1) in the form of the observer (2.3), for a choice of p > 0 with

(2.26)

pQ~1Y2/\2m > Ay, and time scale of %,-dynamics, and p > A%, + A;,%,, the &, -

dynamics of the observer can be approximated as

Vam

%~ — QY2[A %] + Wrilt

Where wyy, is the filtered noise

. 1 _
Wrije + _an V2w = Fyw

2
and on the time scale of the ¥,-dynamics,
Uy = Uy_eq = A12X;
Proof: Now the ¥;-dynamics is given by

21
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)%1 = Allfl + Alzfz + F]_W - u3~,

(2.30)
Since p > A1 %, the system will be driven towards the origin. Now in the
neighbourhood of |X;| = 0, the effective X;-dynamics becomes
jCL1 = Allfl + Alzfz + F1W
—p/m Q2% (2.31)

Since p is arbitrarily large, we can choose p/ﬁQ‘l/Z to be much larger than
Vs

the time scale of ¥,-dynamics. Using Singular perturbation analysis, the slower %,-

subsystem can be viewed as a frozen (constant) system from the time scale of the %;-

dynamics [70]. Further since p/mQ‘l/z > Aqq,

1

Uy = Uy_eq ~ —%PQ"”Z% (2.32)
And
% + \/T—HPQ_I/Zfl ~ [A1xX, + Fiw] (2.33)

The solution of (2.33) yields

V2m B
T Q1/2 [A12X2] + Wiilt (234)

&N
o
Q
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From the time scale of the X,-dynamics,

Up_pg = A12X, + Fyw
J—eq 12X2 1 (2'35)

QED.m

Theorem 2.2

For a system (2.1) in the form (2.3) for a choice of p > 0 with p/m()‘l/z >

All and AZZ - L2A12, and P > Allfl + Alziz, if 3 P22 > 0, W22 > 0 and X2 SUCh that

(2W,, + Py, A+ ATP,,

P,,F — X,F
—X,A1, —ALXD) T TP <o
FTPy, — FTX] R™1
(2.36)
by choosing L, = P;;1X,, the observer (2.3) drives the states to 3W,,
t
T [
T fxz WyX,dt - W, < 1
t-T
(2.37)

Proof: Using (2.29)(2.28) from Theorem 2.2 in the %,-dynamics, Eq(2.5) can be

written as,
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Xy = (Ayy — LyA1)%, + (Fy — LyF)w

(2.38)
If we consider a TAL candidate function
t+T t+T
1 1 T 5
V: = Tf VIdT = Tf .xz (T)Pzzxz(f)d'[ > 0 (239)
t t
It is evident that V; < 0 if
t
! f LW, %odt > 1
T ) Y27t (2.40)
t-T
Hence, the observer drives the states
t
N
T f X, Wo,%,dt = 1 (2.41)
t-T

Q.E.D.

2.3. Numerical Example

2.3.1. Example 1: RGssler Attractor System

To demonstrate the broad implementation of the proposed system, we consider

the Rassler Attractor System, which is a highly nonlinear system with chaotic system
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dynamics corresponding to its fractal properties [86], [87]. The system is defined using

the following set of equations:

X=-y-z (2.42)
y=x+ay (2.43)
Z=bx—cz+xz (2.44)

Where X,y and z are the three variables that evolve in continuous time and a,b
and c are the variable parameters. Oscillations in variables x and y are generated by the
linear terms present in the first two equations (2.42)(2.43) of the system. Now, if a > 0,
then these oscillations are amplified which results in a spiraling-out motion in x and y.
This motion is coupled with variable z from eq(2.44) which contains the nonlinear term
‘xz'. This brings about the reinjection back to the beginning of the spiraling-out
motion[88] as seen in Figure 2.5. This system is formed from another set of Navier-
Strokes equation which is found in chemical reactions in the form of oscillations. It is

similar to a Lorenz attractor, however, it has only one manifold.

Using parameters from earlier literature[89], a = 0.2,b = 0.2 and ¢ = 5.7

(Standard Rdssler Attractor), we model the linearized dynamics of the Rdssler system.

Figure 2.5. ROssler Attractor
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The system is defined as:

0o -1 -1 1
x=11 0.2 0 |x+10]lu
0O 0 =57 0
_[1 0 0
= X
0 1 0 (2.45)

Hence, the system matrices are given by:

0 -1 -1 1 Lo o 0
A=11 02 0 ,F=H=0,C=[010],E=0
0 0 -57 0 0

For the simulation, the system is divided into different subsystems to satisfy the
proposed LMI (2.36). The above mentioned system matrices are divided into the
following subsystems:

Ay = [_01]; Ay = [-5.7],E; = [g] ,E, = [0],

Fy = [(1)] F, =[0]

Using an initial condition x(0) = [5 5 5]7 and an input u = sin(6nt), we model
the Rossler system dynamics in the presence of an external disturbance v with
covariance Q = 1 and R = 1. The system is simulated in MATLAB to solve for L, using

LMI (2.36). The given observer design yields:

L, =[-1.0614 —4.1573]
X, =[-0.3647 —1.4328]
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The sub gain matrix L, is used as we are only observing the effect on the 22
subsystem. Using Simulink the above system is modeled and simulated for a time period
of T_end = 10 secs. Figures Figure 2.6 to Figure 2.9 explicitly demonstrate the
convergence of the estimated states and the parameters to their true values. The
timescale for each plot is suitably adjusted to give comprehensive information about the
state behaviour. The plots given below, demonstrate how the estimated state converges
to its actual/true state value.

4t Actual ]
Estimated
21 1
|_|
>

0l |
21 1

0 0.5 1

time(sec)

Figure 2.6. State X; and its estimation
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Figure 2.7. State X, and its estimation
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Figure 2.8. State X3 and its estimation
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Figure 2.9. State Estimation error

Hence, the TAL function helps analyze the choice of covariance and sliding
mode gain parameters so that the convergence rate can be improved. The effectiveness
of the proposed observer is shown above in the form of state convergence plots and an

estimation error plot.

To see the effect of the sensor noise ‘v’ on the system, we plot figures for the
system and observer outputs (y and y respectively). The outputs represent the values at
the sensors of the system (plant) and observer respectively. Figure 2.10 and Figure
2.11 represent the values of outputs of the plant and the observer of the system
respectively. The Rossler Attractor system analysed here has two sensors at the output.
Hence, the figures represent the values of the two sensors of the system, which give us
the measurement of states x; and x, of the system. Figure 2.11 demonstrates the
effectiveness of the proposed observer on the sensor noise affecting the system. The
effect of the noise is significantly reduced as compared to the plant. Hence, the state
estimates of the observer are not affected by the external sensor noise acting on the

system, which makes the observer design robust to external disturbances.
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Figure 2.10. System (Plant) Output

-
o

Observer Output
o a

1
&)

N
o
T

1 2 3 4 5
Time (Sec)

o

Figure 2.11. Observer Output
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Chapter 3.

Sliding Mode Observer Design for a Lipschitz
Nonlinear System

Typically, complex real world systems are nonlinear in nature and hence in order
to estimate the states of these systems, a nonlinear observer is necessary. Furthermore,
these real world systems are also subject to system noise and external disturbances.
This chapter serves as an extension of the previous chapter. It explains the design of a

sliding mode observer for a system with an added Lipschitz nonlinearity.

The chapter initially presents the design of the observer dynamics using the TAL
functional as discussed previously, followed by various existence conditions to ensure
the stability of the nonlinear system. A systematic approach to design the appropriate
observer and sliding mode gains is presented. Furthermore, the LMI conditions
presented here are less conservative and hence the observer functions robustly even in
the presence of large Lipschitz constants. Later, the LMI conditions are compared to that
of a Luenberger-like observer designed using the TAL technique. Finally, various results

are presented and conclusions are made regarding its conservativeness.

3.1. System Model

Consider a general nonlinear system

Xx=Ax+E¢p(u,x) + Fw + Hu (3.1)
y=Cx+v '
w~(0,R), v~(0,Q)

In this system, x € R" is the state vector, u € R? is the vector of known inputs, w
is a vector of unknown input disturbances, y € R™ is the output vector and v is a vector
of unknown measurement noise (zero mean Gaussian noise). 4, H, C, E, F are known
system matrices of appropriate dimensions. We consider all the nonlinearities in the
system as a whole and represent it in terms of an additive nonlinearity ¢ (u, x) € (R x

R™) - RP, which is assumed to satisfy a matrix Lipschitz condition, given by
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|p(u,x) = dp(u, D) < ¥|G(x = %) 3.2)

Where y is a Lipschitz constant and G is assumed to be a sparsely populated matrix

Without loss of generality, we can also assume that,

A Ag

Cc=1]I 0], 4 =
U OLA={x A,

], G =[G, G,], Qis adiagonal matrix (3.3)

Where the 1-subspace represents the outputs, and the 2-subspace spans the other

states of the system and I,,, is a m x m identity matrix.

3.2. Observer design
We will construct the sliding mode observer as
X=A2+Ep(u,®) + Hu+ [I;m L2]Tuy (3.4)
With a sliding observer signal given by
uy = p X sign(y — CX) (3.5)
Where p is an arbitrarily large sliding mode gain and sign(e) is the sign function.
For this observer, the dynamics of the estimation error becomes
X=A¥+EQ—[Im Ly]"uy+ Fw (3.6)
Where ¥ =x —%,$ = ¢ — ¢ and L, is the observer gain.
The %;-dynamics of the observer can be written as,
X =A%+ ApX, + E ¢+ Fyw —uy (3.7)
Theorem 3.1
For a system (3.1) in the form (3.3) with a zero mean Gaussian sensor noise,

the X,-dynamics of the observer (3.4) can be approximated as
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\2m _
X = TQl/Z [A129?2 + E1¢2] + Wi (3.8)

for a choice of a sufficiently large p > 0. Where ¢, = (i)lf o = P [x] xI T —
=

o (u, [T 271T) and wg, is the filtered noise
. 1 -1/2
Wrile + EPQ Wil = Fyw (3.9

and on the time-scale of the ¥,-dynamics, the equivalent control

u3~,_eq = Alzfz + E1$2 + F1W
(3.10)

Proof: We shall begin by first examining the stability of an autonomous system

=

1= A% — Uy + El(; (3.11)

Where %, are the states %, in (3.10)(3.7) when %, = 0 and w = 0, @iy = p X sign(%; +v)

and ¢ = ¢(w, [xT xI1T) — (w, [£T 27]T). To analyse the stability of (3.10) we will treat %,

and w as inputs to (3.11). From (3.2) we find
6| < 16,71 (3.12)

Consider a TAL candidate for the above system with

&

For an arbitrarily small At

V,(t + At) = XT(t + AD)X, (¢t + At) (3.14)

Or
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t+At T

Vl(t + At) = <§1 + Allil At — pf Slgn()?l + Vi)dTl + Eldz) At)
t

t+At

X (9?1 + A% At — pf sign(Z +v)dt, + E, At)
t

t+At (3.15)

= VI + 25?{ IiAlljél At — pf Slgn()?l + Vi)d‘[ + El(l:) At] +
t

+ (A + E1¢:>)T (4127, + E:§) At?

t+AL [t+AL B B
+p? f f sign(%,(ty) + vi(11))sign(%,(z) + (1) )dr,dr,
t t

Notice that sign(%; + v) is bounded. As a result

tHAL (t+AL
j f sign(%, (1) + vi(11))sign(%, (t5) +vi(1,) )drdr, ~O(At?)  (3.16)
¢ t

Where 0(°) indicates the order of magnitude of a term. Hence by taking the limit At — 0,

and noting that V, is averaged over a time window T we find

Where £(o) denotes the expected value function. Hence, although %, is driven by
sign(%; + v), the term %] u; gets averaged over a time window T. Now let %, _; denote
the the i-th component of ¥;. When |%,_;| is sufficiently large, E[sign(¥;_; + v;)] =
sign(%x,_;), and when |%;_;| = 0, E[sign(%;_; + v;)] = E[sign(v;)] = 0. Since sign(0) =

0, we will define the correction term 0 < p._;(¥;_)) <1

Elsign(¥;_; + v)] = pe_i(F1_)sign(F1-;) (3.18)
Defining ¥, (%,) = diag(p.—i(%1-;)), (3.17) can be written as

v, = 2%] (A117~E1 — p¥ (X)sign(X,) + E1¢:’) (3.19)
Using (3.12),

V, < 2% (A%, — p¥e(R)sign(®y) + ETE %y + GT G, %) (3.20)
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Suppose p > |4, % + E]E, %, + G{ G, %, |, notice that ¥, < 0. Hence the system

gets driven to the origin. As ¥; approaches ¥; = 0,

Vy = —2p%] ¥ (X1)sign(%;) (3.21)

From the perspective of convergence, the system (3.11) is equivalent to

X = —ppe_i(X_) x sign(¥;_;) (3.22)

To determine the convergence rate near |%;| = 0, we will consider the first term

in the Taylor series expansion of p._;(X;_;) giving

Xy = —Ppg—iil—i (3.23)

Where,

a
Pc-i'= 73 .pc—i(xl—i)

I (3.24)

§1—i=0+

To determine pgli, we will first determine an expression for p._;(%;_;). Notice that

R +1if v > =%l
sign(|%,_;| +v; ={ . = 3.25
If (o) denotes probability of an event,
pe-i(-) = E[Sign(|§1_—i| +v)] B
=P > =X ) = Pv; < —=1%4) (3.26)

=[1-Pv; < —|§1—i_|)] —Pv; < —1%-4)
=1-2XxPv; <—|%])

Since the sensor noise is Gaussian,
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P < —|%1i) = P(v; > |%14])

1 v=
f exp(—v2/2Q)) dv
V=|3?1—i|

v=00

<
3

§||"‘N

| exp(—v?) dv

1—-1

NeT (3.27)
_Fai

- x/iﬁf TV (v av
0
=2 (1 - erf(1%,41/y20)))

=

bos

_ N e

Where erf(e) denotes the error function. This yields

pe—i(x1-i) = erf <%) (3.28)

Hence

, d | % ;] 2 1 2 _
0 =— erf< l) = x |[—= |20 (3.29)
Pc—i dxi_; \20; F =0t T 20Q; T ol

X = —uy (3.30)

2 _
uy ~ pj;o-l/zzl (3.31)

Applying (3.30) to (3.10) in the neighborhood of |%¥;| = 0, the effective %;-dynamics

becomes

. 2 ~ -
X =A% — P\/;Q_l/zﬁ + A%, + Fyw
(3.32)

B {190 T 1) - 9t 4] 210] + 52 5
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Since p is arbitrarily large, we can choose p /Z/n Q~1/2 to be much larger than

the time scale of X,-dynamics. Using Singular perturbation analysis [90], the slower %,-

subsystem can be viewed as a frozen (constant) system from the time scale of the X, -

dynamics.We can further assume p /Z/HQ‘l/2 > |A11 + E; ad’/axll giving,

. 2 -
X +p \EQ_U% ~ (A%, + Erdy + Fiw] (3.33)

Where ¢, = ¢7|x _o = O [x] xJ17) — ¢ (w, [%] 27]7). The solution of (3.33) yields

- _ T - ~
Xy = p 1\/; Q'/2[A12%; + E1bz] + Fywee (3.34)
If uy_.q is the equivalent control from the time scale of the %,-dynamics,

u3~,_eq = Alzfz + E1$2 + F1W (335)

Note 1: In order to ensure ¥; approaches the origin when |%,| is large, we would require

p > |A11%; + A12%, + E;¢|. In order to ensure Singular perturbation analysis is valid, we

would require p/\/z_Q‘l/z > the time scale of %,-dynamics.
s

We will now formulate a linear matrix inequality to solve for the observer gain.

Lemma 3.2 (S-Procedure Lemma[67]): If V;: R” - Rand V,: R® - R be such that V, <
0, then V; < 0 iff 3e > 0 such that

Vi—¢eV, <0 (3.36)
Theorem 3.3

For a system (3.1) in the form (3.3) with a Gaussian sensor noise, suppose 3T such that

zero mean Gaussian processes w~ (0, R) satisfies
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~| -

t
f wIiR lwdr =1 (3.37)
t-T

. ) _ 9
Let p > 0 with p_|2/ Q72 3 A(Az, — LyAr,), p|?/n QY2 > |A11 +E, ¢/ax1| and

p > A% + A%, + E;d, (Where A(0) denotes the eigenvalue function).The error
dynamics (3.6) is stable iff 3 P,, > 0, W,, > 0 € > 0 and X, such that

W. P,,A AT P
((Woz ¥ Parllaa ¥ P22l BBy XaEy PyaFy— KoF |
| —X3A1, — A1 Xy +€y©G, Gy) l<o
I

E; Py, — E{ X3 —el 0 | (3.38)
F} Py, — F{ XJ 0 R~

By choosing the observer gain as L, = P;,'X, , the observer (3.4) drives the states to

t
1

T f}?zTszfzdr <1 (3.39)
t-T

Proof: Notice that by using (3.10) from Theorem 3.1, the %,-dynamics from (3.6)

can be written as,

sz = (Agpy — LyA15)%, + (E; — L2E1)¢~’2 + (F, = Lo Fy)w (3.40)
Where, ¢, = ¢, _, = o [ x[1") - p(u, [2] 217,
Consider a TAL candidate with P,, > 0,
t t
1 1
V== f V,dr = T f %3 ()P %, (T)dt (3.41)
t-T t-T
Hence
VI = fé[‘[(AZZ - L2A12)TP22 + PZZ(AZZ - L2A12)]552
+252TP22[(E2 — LyE)) @, + (F, — LzFl)W] (3.42)
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Since ¢ satisfies (3.2), we choose
1 T 1 2~T T =
V¢: = T (¢2 ¢2 -y xz Gz GzXZ)dT < 0 (343)
t-T
From Lemma 3.2 (ie S-Procedure Lemma [67]), V < 0 iff 3¢ > 0,V,, < 0 such that
V—eVy<0 (3.44)
Using the equality (3.37), we conclude that V < 0 iff

¢

1

T f{sz[(Azz — Ly A1) Py + Ppa(Azy — LyA1R)1,
t=T

3 _ 3.45
+2x§P22[(E2 — LB, + (Fp — L2F1)W] ( )

+ey? %161 G, %, — el —wTR™Iw + 1}dr < 0

Suppose 3 P,, > 0,W,, = 0, > 0 and X, such that

[(W22+P22A22+A£2P22 PoEs — X.E. P F—XF]

—X. A _AT XT + E)/ZGTG ) 2252 241 22172 241
I 2 12T 12 ZT r 242 I <0 (346)

| E; P, —E1 X5 —el 0 |

| FIP,, — FTXT 0 Rt |

Then, by taking L, = P;;'X,,

%5 [(Azz — LyA12) " Poy + Py (Agy — LyAg)]X,
+2552TP22[(EZ — LyE ), + (F, — L2F1)W] (3.47)
+ey? %L G G,%, — el Py —wWTR™Iw < —%XTW,, %

Comparing (3.45) and (3.47) we can conclude that V < 0 if

t

1

T f T W,,%dt > 1 (3.48)
t-T

Hence, the observer drives the states to
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t
1
- f TW,,%dt < 1 (3.49)

t-T

Notice that for every choice of L, that stabilizes the observer, 3X, = P,,L,. Hence if A
Py, > 0,W,, = 0,e > 0 and X, such that (3.38) is satisfied, then there is no stable

observer. Hence the condition is also necessary. =

Hence, by minimizing |W,,| we can find the tightest bound on the observer error.

3.3. Comparing Luenberger-like observer design using TAL
with sliding mode observers

In this section, we will use the TAL to design a linear gain observer for a
nonlinear system using a TAL function. This will serve both, to demonstrate the utility of
the TAL, as well as allow this work to compare the sliding mode observer design with the
linear gain observer. The observer is assumed to be of the form

£ =A% +Ep(u,%)+ Ly —CX) + Bu (3.50)

Theorem 3.4

For the system (3.1) with zero mean Gaussian white noise v~(0,Q) and w~(0,R) 3T
such that

1
T

t
f wiR lwdr =1
t=T

(3.51)
t

1
— T_1d=1
vaQ vdrt
t-T

the observer of the form (3.50) drives the observer error ¥ := x — X to
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t
f FTWidr < 1 (3.52)

iff 3 P >0, W =0 and X such that

2W + PA+ ATP —XC — CTXT + ¢y2G"G PE PF X

ETP —el 0 0
<0 }
FTp 0 —R1 0 (3.53)
| xT 0 0 —Q‘1J

and the observer gain is given by L = P~1X.

Proof: The proof follows along the lines of the proof of Theorem 3.3. We would

consider a TAL candidate with P > 0,

t t
1 1
V.= T f Vdt = T f T (v)Px(7)dt (3.54)
t-T t—-T
Then the error dynamics can be written as
¥=(A—-LC)X+E¢d+Fw+Lv (3.55)

where, ¢ = ¢p(u, &) — p(u, x).

When compared to the proof of Theorem 3.3, notice that the error dynamics
(3.55) resembles (3.40) when E; =0, F; = 0, A;, = C, the subscripts 2 and 22 are
dropped, and the term Lv is added. Using the equality (3.51), we conclude that V < 0 iff

1t B
—| G'[A-LOTP+P(A—-LO))%+2%"P[E¢ + Fw + Lv]
Heer _ (3.56)
+ey?%TGT6x — epxTd —w'RIw+1—-vTQ v+ 1}dr < 0

Defining PL := X we can conclude that if (3.53) is satisfied, the error dynamics is driven
to (3.52). [

Note: The above observer would correspond to a H,, filter with
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- INEATEL _1
ftzl wTR=lwt + ftzl vIQ-lvdr 2 (3.57)

Maximizing the smallest singular value of W would minimize the effect of the noise.

While the sliding mode observer reduces the size of the state-space, it adds
terms to the off-diagonal elements of the LMI. We will now show that the sliding mode

observer design is indeed less conservative than the linear gain observer.

Lemma 3.5: In the absence of sensor noise, (3.53), the LMI for the existence of a linear

observer, is equivalent to (3.38), the LMI for the existence of a sliding mode observer.

Proof: In the absence of sensor noise, (3.45) in Theorem 3.4 would become

t
% {ZT[(A—LC)TP+P (A—LC)]x 4+ 2%TP[E¢ + Fw|
t-T

- (3.58)
+ey?%TGTGx — epxTdp —wTR™Iw + 1}dr < 0
Hence, (3.53) would become
W+PA+ATP—XC—-CTXT + ey?G"G PE  PF
ETP —el 0 [<O0 (3.59)
F'p 0 -—R
Or
1
W +PA+ATP —XC — C"X" + ey?G"G +—PEE"P + PFRF"P < 0 (3.60)

Following the argument made in Theorem 2 in Phanomchoeng et al.
(Phanomchoeng & Rajamani, 2010), we can show an observer exists iff 3, X = PL =
B?/2 x CT. Notice that

P1A; + P;,A P, A, + P, A
PA:[ll 11 T P12421 P14 + Py 22] 361
Py1A11 + PypAyy PryAgy + PyyAy; ( )
2
CX=[B /,cle 0] (3.62)
0 0
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¢TI, GrIc
GTG = [ e 2] (3.63)
616, GIG,
PEETP
(P11 EyETPyy + Py2E,E{ Pyy) (P12, ET Py + Py EoE{ Pyy) (3.64)
_ +(Py1E1E] Py + PoEsESPyy)  + (PriEyES Py + PioEyES Py)) '
. (P12E1ET Pyy + PioE,E Pyy)
l + (Py1E1E5 Pyy + PzzEzEszzz)J
PFRFTP
[(P11FiR F{ P11 + Pi;F,R F{ Py;) (P2FaR F{ Py + P F,RFIPy) ]
_ |+(P11F1R FIPyy + P13FoRF] Pyy)  + (Py1FiR F] Py + Py FoR FJ Pyy) I (3.65)

| . (P12FiR F{ Py + Py, F,RFIPyy) |
| + (P,,F,R FT P, + PyyFyR FIPyy)]

Since g is arbitrary, we can set § — 0. Hence (3.60) can be written as
Wao + (Pa1Aiy + PppAn)T + (P1Ary + PayAz,y) + €y%G Gy +
€ 1(Py1E1E] Piy + PyaERET Piy) + € 1 (PyyE1ES Pyy + PyyEoE) Poy) (3.66)
(P12FiR F{ Py + P13 FoR F{ Ppy) + (Py1 FiR F Py + Py FaR FJ Pyy) < 0
Or
—Py141, — AI2P2T1 + EVZG%"GZ)

l ETP,, + ET P, —el 0 J
FIpr,, + FIPL; 0 R7!

Wy, + Py A+ ATP.
[( 22 22 2 PyoEy + Pyi By PpoFp + P21F1]

<0 (3.67)

The above equation is identical to (3.38) with X, = P,,L, = —P5;. =

Note 2: For a given Lipchitz constant, the sliding mode observer offers the performance
as a noise-free linear gain observer. In the presence of noise, it will not be possible to
set B — o in (3.62). Since LMI (3.53) uses ey2GTG compared to ey2GI G, in LMI (3.38),

we can conclude that the sliding mode observer makes the design less conservative.

Note 3: When the nonlinearity has an unbounded Jacobian (for instance ¢ = x;x3 asin
the Rossler Attractor System [86] ,[87] discussed later in the paper) an equivalent
Lipschitz constants is chosen based on the maximum anticipated values of x;, X3, ¥; and

X3. In such cases, the sliding mode observer will only need to consider the X; which can
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reduce the effective equivalent Lipschitz constants and make the observer design

significantly less conservative.

3.4. lllustrative examples

3.4.1. Example 1: Double Spring-Mass System

We consider a variant of the robotic arm as used in Vijayaraghavan et al [60]
originally discussed by Spong [91]. Originally, the system is a flexible link robot where
the elasticity of the arm is represented by a linear torsional spring. The states of this
system represent the motor position and velocity (defined by x;and x,) , link position and
velocity (x; and x,). Vijayaraghavan et al [60] uses a simplified version of this system in
the form of a double spring-mass system to implement the observer design. The system
is illustrated in Figure 3.1 as given below:

C1

f =

k2 S

0y

Figure 3.1. Double Spring-Mass System F

The system is a simple second order system with

0 0 0 , ¢ = 0.1sin(x,),

0 1 0 0 0 10

=25 -1 15 03 ol ._lo o B

A= S| F=B=|,| ¢=|, 1| E=
15 03 -15 —03 1 00

[N el )
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Using covariance R=1; Q=1 and the assuming W = 0. Notice that the
nonlinearity satisfies (3.2) withG =[0 1 0 0] andy = 0.1. In order to get the system
in the form (3.3), we apply a state transformation matrix of the form

, A=T AT, F=B=T"'B,C=CT,E=T'Eand G = GT

OO
o= OO
o OO
= O O O

Given the above system, MATLAB is used to solve the LMI (3.38) and determine

the value of L,. The calculations yield,

0.5110 0.0203]

Lr = [0.3550 0.7210 (3.68)

Using Simulink, the above system is simulated for a period of T,,; = 10

seconds.

1.5 T T

— Actual
-—---Estimated

time(sec)

Figure 3.2. Convergence of State x4

45



— Actual
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25 ! ! 1 ! ! !
0 1 2 3 5 8 9 10
time(sec)
Figure 3.3. Convergence of State x,
15 T T
—— Actual
--------- Estimated
| | |
5 8 9 10
time(sec)

Figure 3.4. Convergence of State x3
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8 T T T

— Actual
******* Estimated

time(sec)

Figure 3.5. Convergence of State x4

As seen in Figure 3.2-Figure 3.5, the states (in the original basis) are unaffected
by the sensor noise, and they converge to their true state values. The sensor noise is
minimized to such an extent that it doesn’t show up in the plots unless one were to
enlarge the y-axis to the order of 10~*. Hence, the proposed observer is seen to
significantly reduce the external sensor noise such that its effect on the system is

negligible, and the system converges effectively.

3.4.2. Example 2: ROssler Attractor System

To demonstrate the broad implementation of the proposed system, we again

consider the Réssler Attractor System from Section 2.3.1 of Chapter 2,
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Figure 3.6. ROssler Attractor

The system is defined using the following set of equations:

x=-y-z (3.69)
y=x+ay (3.70)
Z=bx—cz+xz (3.71)

The system is defined as:

0o -1 -1 1 0
5c=!1 a 0 [x+]0lu+|0]|(x1x3+b)
0 0 -—c 0 1
y=[1 0 O0]x

The nonlinear conditions, given by ¢ = x;x3 + b, can be expressed in terms of its

nonlinear error dynamics as
¢ = x1x3 — (X1%3) = =[x, %3 + X35, + X1 %3] (3.72)

Using parameters from earlier literature [89], we dynamics of the Rdssler system
using parametersa = 0.2,b =0.2and c =5.7 .
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Taking

0 -1 -1 1 0 1
A=11 a 0|, H=|0|],C=1[1 0 0],E= |0]anda disturbance matrix F = |0
0 0 —c 0 1 0

By assuming |x4], |x3] < 10, |¥,], |X3] < 10, one can choose G = [1 0 1] and
assume y = 15 for the design of Luenberger-like observer. We assume W = 0 for this
system. We find that the general observer design is not feasible as the maximum value
of y for which LMI (3.53) is feasible, is found to be 5.72. However for the sliding mode
observer, the value of the Lipchitz constant we use is y = 10 since the maximum value
of y for which LMI (3.38) is feasible is found to be 10.88. Hence the observer deign
becomes more feasible as the sliding mode observer has the dual advantage of
increasing the maximum allowable y while simultaneously reducing the maximum

effective y.

Using an initial condition x(0) = [5 5 5]7 and an inputu = sin(6nt), we model
the Rossler system dynamics in the presence of an external disturbance v with
covariance Q = 1 and R = 1. The system is simulated in MATLAB to solve for L, using

LMI (3.38). The calculations yield the following,

L, = [-0.9445 —3.7780] (3.73)

The sub gain matrix L, is then used to formulate the observer gain matrix L given as,

1 0
L=[ 0 1

—0.9445 -3.7780

, as we are only observing its effect on the 22-subsystem.

Using Simulink the above system is modeled and simulated for a time-period of T_end =
5 secs. Figure 3.7- Figure 3.9 explicitly demonstrate the convergence of the estimated
states and the parameters to their true values. This illustrates how the proposed
observer works with highly nonlinear chaotic systems even in the presence of external

disturbances.
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Figure 3.7. Convergence of State x;
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Figure 3.8. Convergence of State x,
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Figure 3.9. Convergence of State x3

Hence, this demonstrates that the effect of a Gaussian noise can be effectively
reduced by utilizing a sliding mode observer and that the LMI used for the design of the
observer can be made less conservative. It also additionally applies the TAL function to
analyze the stability of linear gain Lipschitz nonlinear observer, the results of which are
used to compare the LMIs for the two observers. The illustrative examples demonstrate
the effectiveness of the proposed observer and its ability to discard the external sensor

noise.
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Chapter 4.

Adaptive Sliding Mode Observers for Sector-
Bounded Nonlinear Systems

When modelling certain dynamic systems, whilst the various elementary
dynamics of the system may be established, some of the parameters of the model are
not readily available. For example, while modelling a mechanical spring mass system,
the nonlinear model for damping can be assumed with sufficient accuracy. However, the
actual value of the damping parameter used in that nonlinear model in unknown. Hence,
the observer for the system should be capable of estimating these unknown parameter
along with the sates simultaneously. Furthermore, the observer should also be robust.
This chapter expands on the design of a robust sliding mode observer which is capable
of estimating unknown system parameters whilst simultaneously estimating the system
states. To further extend the design, we consider a nonlinear system that satisfies a
generalized sector bounded (GSB) condition as proposed in [92] given as,

BT® + (y1 — ¥2)PTGX — y17, 8 GTGX < 0 (4.1)
The GSB condition encircles a broad range of nonlinearities that include

dissipative, Lipschitz and positive real nonlinearity. Hence, the proposed observer

encompasses a large area of nonlinear systems.

4.1. System Model

We begin with the following general nonlinear system without input disturbance

and sensor noise

X =Ax + uBDx + E¢p(u,x) + Fw + Hu

y=Cx+v (4.2)
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In this system, x € R" is the state vector, u € R? is the vector of known inputs, w
is a vector of unknown input disturbances, y € R™ is the output vector and v is a vector
of unknown measurement noise. 4, E, F, H, C are known system matrices of appropriate
dimensions. The unknown parameter of the system is denoted by p and matrices B, D
represent the direction matrix of the parameter in which it affects the states of the
system. The nonlinearity ¢ (u, x) € (R? x R™") - RP, is assumed to satisfy a generalized

sector bounded condition (4.1) as proposed in [92].

The modelling of the above system (4.2) using the unknown parameters ‘i’ is

illustrated using the following example:

If we analyze a second order spring mass system given by,

x(t) dx(t)

F(t) =kx(t) +m 12 +c. It

Where, k and c are the spring and damping constants respectively.

This can also be represented by the following state space model:

[ ] [k/m —cl/m“xlh[l?m]’”

If we assume the damping constant ¢ to be the uncertain parameter in the system, then,
c is be replaced by c¢* + Ac . Here, c¢* is the nominal value of the parameter and Ac is the
deviation of the true damping value from its nominal value. Therefore, the above system

can be rewritten as:

el = [cm —cyml [l # 3¢ [Lajm] 0 1[0]+[1/m] 7
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Now, this new representation gives us the values for matrices B and D. Where Ac

denotes our unknown parameter of the system ‘i’ as given in our system model, and the

. . . 0 .
direction matrix B = [_1/m] and matrix D = [0 1].

4.2. Observer Design

We will construct the observer as

&

= A% + IBDX + E¢(u, GR) + Hu + [Im  L2]"uy

/f[ = Lﬂuf’ (43)

The dynamics of the estimation error for this observer becomes

X =A%+ BDzpu+ BDgfi+ E¢ — [l La]"uy + Fw

fi = —Lyug (4.4)

Where, L, denotes the gain for the unknown parameter estimate.
With a sliding observer signal given by

uy = p X sign(y — cx) (4.5)

Where D,: = Dx
Without loss of generality, we can assume that,

A11 A12

c=1I O,A:[
Un 0L A=, A,

|6 =16 (4.6)

If we examine the dynamics,
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5.51 = Allfl + Alzfz + BlDfﬂ + BlDfﬁ + El(ﬁ + F1W - u}~7 (47)

Theorem 4.1
For a system (4.2) in the form (4.6) , for a choice of p > 0 with p/mQ‘l/z > Aqq,

G, and time scale of %,-dynamics, and p > A, %, + A{,%, + E; ¢, the ¥,-dynamics of the

observer (4.3) can be approximated as

X = ? Q'/?[A12%; + E1 ¢y + B1Dg, i + By Dy, fi] + iyt (4.8)
Where &, = d;l,zl:o =, [yT 211" — o(u, [yT 2717 and wgy, is the filtered noise
: L ey,
Wi + \/Z_an Wit = Faw (4.9)
and on the time scale of the ¥,-dynamics,
Uy—eq = A12%; + E1by + ByDyg, i + By Dg i + Fy (4.10)
Proof: Now the %; error dynamics is given by
Xy = A %y + A&y + ByDyp + By Defi + By + Fw — uy 4.11)

Since p > Ay, %, + E; §, the system will be driven towards the origin. Now in the

neighbourhood of |%;| = 0, the effective %;-dynamics becomes

. . - dp . 09
X1 = A11x1 + A12x2 + E1 — X1 + Xy

dxq dx, %
+Bll)f2u+Bl7.),?2ﬂ+F1w—p/mQ‘l/z (4.12)

Since p/mQ‘l/z is very large, the observer error dynamics exhibits dual time

scale problem. Using Singular perturbation analysis, the slower ¥,-subsystem can be
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viewed as a frozen system from the time scale of the ¥;-dynamics [92]. Further

since p/mQ‘l/z » Ay, and Gy,

1
— ~ -1/2~
Uy = Uy_eq ~ —=pQ 2%,

\V2m (4.13)

and

1 ~
. —1/2),; ~ [Ay, %, + Ey$y + By Dy + By Dy i + Fyw
( me 1~ [AroRz + E1y + BiDy,pt + By Dy, fi + Fyw] (4.14)

The solution of (4.14) yields

\V2m ~
%, ~ —— QY?[A1,%, + E1 s + B1 Dyt + By Dy fi] + w;
X1 P Q [ 12X2 102 1Yz, U 1 lel] Wrilt (4.15)
From the time scale of the X,-dynamics,
Uy_eq = A12%; + E1y + B1 Dyt + B1Dg i + Fyw (4.16)

Based on the covariance of the noise, we will need to make p sufficiently large.
Hence, the system time scale can be made arbitrarily small, the system will exhibits dual
time scale problem. Using Singular perturbation analysis, the slower sub-system can be

viewed as a frozen [46].

Uj—eq = A12%; + E1dy + BiDy,u + B1Dg i + Fy (4.17)

It must be noted that u;_,, would be a filtered version with a time

constant (0.3989pQ‘1/2)_1as demonstrated in eq(3.30) and (3.31). Since p is sufficiently

large, we can ignore this filter time constant.

For a general sector bounded nonlinear system, the LMI is formulated as follows:

56



Lemma 4.2: For the system (4.2) in the form (4.6), a stable observer exists given a

choice of p > 0 with p/\/Z_Q—l/Z > Ayg, p > A%y + A%y + E;@, if APy, > 0, Wy, =0
s

,X, and |Dx| < ¢'|D%| Vo' at every time instance, such that

[ X, ]T[Mn My, Mz My, M15” X, 1
Dg,fi| |M21 Mpz Mps  Mpy  Mops||Dg,fi
&)2 M31 M32 _€¢I 0 0 | 'C'ISZ <0

(4.18)

Where,

Xy = Pyly + PyyDg Ly,

X, = szPzTuLz + Dg,FuDe, Ly,
Myy = PyyAgy + AbyPoy — ATLXG — XpA1; — Ui max€iD;—iDz—i + €4Y1Y2G3 G,
My, = Py By 4+ AL, Py, — XoBy — AL X, + 0'Py,

M3 = PyEy — X5E; — (y1 — Vz)fquz

My4 = Py3B; — X;B4

Mys = PyoFy, — XoF,

M,, = Bj P}, + P;,B, — B; X, — X, B, + 20'P,,

My3 = PZT#EZ — X, Eq

M,y = P}, B, — X,B,

Mys = P}, F, — X, Fy

The observer can be chosen by using , the gains L, and L, given by :
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- -1
Ly = [P22 = PioBii Puz]  AT20
_ -1 _ -1
Ly = =[Pz = PizBil Puz]  PeuPi (Ds,) ~AL2Q

Proof :

Equation (4.4) can be written as,

X, = (Agy — LyA1p)%, + (E; — LyEy)®, + (B, — LyBy) Dy, 1

+(B, — L,B,)Dg, i + Fow — LyFyw
fi = —L,(A12%; + E1®; + ByDyp + By Dy ji + Fyw)

Consider the Lyapunov candidate function,

il

Py, quD;?Z Hfz]
P}, Dz, DzPyDz, |0

Assuming |Dz| < ¢’|D%| Yo' at every time instance
Now as per the Lyapunov stability theorem

V<0
Lemma 4.3 (S-procedure lemma[67])

V<O<:I7:= V—EiVi—E¢V¢<O
Assuming y; < Ui—max, ON the sliding surface
Vi = .uiszDiTDi)E - .Uiz—maxfTDiTDix <0
Vo = D3P, + (y1 — ¥2)P1G%, — v112X5GTGX, < 0

Now,
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(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)



V= [ ~
D)?ZP;'# DJ?ZPH#D@

fz]T[ P22 P2, Dy, H)?Z]
i :

Il o
u szpzTu Dz, FuuDsz, + Dz, by Dy, (4.26)
Hence, defining
[ Pzz Pzﬂ X ] [LZ] [ ] (4 27)
D)?ZP;'# DxZP#“DXZ |

We find

[fz]T[ P22 P>, Dy, H ] xz] [ P22 P, Dg, ]x
£l |Dg,P;, Dz,PuDs, Dg,Pl, Ds PuDs,
([Azz B,D x2”x~2]+[E2d~>2+BZD,zZ,u+F2WD
0

X 51
[ B[]+ B+ BiD+ R}

(4.28
)
Hence,
[)?Z]T [ P2 P2, Dz,
7 _D,gszTu Dg,PuDs,
[ f2~ [P22A2, Pzsz Py E;  PpoBy  PyoF, J?2~
DfZ'“ PZuAZZ PZuBZ PZuEZ PéruBZ Pérqu sz'u
o, 0 0 0 0 0 o,
D,?Z,uJ 0 0 0 0 0 “sz”J
w 0 0 0 0 0 w
~ T -
[ ¥z [X2A12 X,B; X3E; X3By X2F1][ *2 ]
|D7?2'u IXuAlz XuBl XuEl XuBl XuF1 ”szﬂl
—| & || o 0 0 0 0 I| 3, (4.29)
D [ o 0 0 0 0 J%#
w1l o o o o ol
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Where,

Xy = Pyply + PyyDg L, and X, = Dy quLz + Dg,BuuDs, Ly

o tup
Hence,
[XZ]T P22 P2, D, xz
il |Dz,P5, Ds,PuyDs,
Xy TMi1 M, Myz My, Mg X5
Deii | |[M21 Mzz  Mpz Mpy  Mys|| Dyji
3, M3y, Mz, —€4l O 0 | 3,
ll* Jl My My 0 —el 0 {szyjl
w l Ms, 0 0 R‘1J
(4.30)
Where,

X, = Pyyly + PyyDg Ly,

X, = Dg,P],Ly + DB, Ds, L,

Myy = PyyAgy + Aby Py — ATXG — XA, — Ui max€iD3—iD2i + €4Y1Y2G3 G,
My, = Py By 4+ A, Py, — XoBy — AL X, + 0'Pyy,
M3 = PyEy — X5E; — (y1 — Vz)fquz

My, = PyyB; — X,By

Mys = Py Fy — XoF;

My, = B} P;, + P;,B, — B3 X — X, B, + 20'P,,
My3 = P} E, — X, Ey

M, = P} B, — X,B,

M,s = P}, F, — X, Fy
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As seen from (4.30) , the LMI gives the complete condition for the convergence

of observer (4.3).

Hence, the gains L, and L, can be calculated from (4.27) after solving the LMI

above. However, this makes the gains functions of Dg, . In order to simplify the solution

A1z

. X
and decouple the gains from Dy , we choose PL = [Xz] = [ 5
u

Phanomchoeng et al [93].

-1

Now, if p’—[ Pz D, ]

1] - T 1
szpzll szpﬂﬂpfz

Pla Pl
PI

[AIZT] 0= [PZIZA’{ZQ
P, 0

T
Pl AT,Q

Or
I Pj, P,izT [AlZT] :[lezTAIZQ
Pi, Pl 0 Pi, AT,Q
Since
_ -1
P}, = [PZZ - PuTZPuulpuZ]
T _ -1 _ -1
P/i2 =_[P22_PMTZPW1P112] PZqutl(DJ?z)
We find

— -1
L, = [PZZ - PMTZPuulpuz] AT,0
- -1 _ -1
LIJ = _[PZZ - PITZPHI}PHZ] Pzﬂpﬂﬂl(sz) A{ZQ

Where the value of Q@ can be determined by solving the LMI (4.30)
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(4.31)

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)



Note 1 : Since, the observer design reduces the size of D matrix, it presents an LMI
which is more easier to solve mathematically as compared to the one proposed in [60] .
This added advantage is very useful for solving complex systems where the unknown
term affects more than one state. This is distinctly demonstrated in the example given

below.

4.2.2. Example 1: 4th order nonlinear system

Consider the following 4" order nonlinear two-mass spring system with damping from

Section 3.4.1 in Chapter 3 . The system is represented in Figure 4.1 as follows:

k4 c
== I

Figure 4.1. Two-mass spring system F

The figure represents a two-mass spring system where k4, k, are the spring
constants, c,, c, are the damping coefficients and m,, m, are the masses suspended by
the springs. In this system, the second mass ‘m,’, is assumed to be unknown. Hence it
is modeled as m, = m, + am,, in order to represent it in the form of the proposed
system model (4.2). Here, The m, is the nominal mass and am, represented the
deviation of this nominal mass from the real value. The unknown parameter assumed,
models some uncertainty to one of the masses. The system can be represented by the

following general nonlinear state space model:
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X = Ax + uBDx + E¢p(u,x) + Fw + Hu

y=Cx+v

Where,
"0 1 0 0
l-25 -1 15 03 B T
a=17 0 = B=[0 0 o 1,
15 03 —15 —03
100 0] ,_ ~
c=ly o 1 0],0—[ 025 —0.0033 025 0.0033],

E=[0 1 0 o], F=[o o 0 1], G=[0 1 0 O],

H=[0 0 0 1]7, ¢ =sin(xy), u = 35sin(2nt)

The parameters provide the complete state space representation of the system.
The observer proposed estimates the states and the unknown parameter of the system
simultaneously.

Using an initial condition x(0) = [10 20 20 40]7 and an inputu =
35sin(2nt), the mass spring system dynamics were modelled in the presence of an
external disturbance v with covariance Q = 1 and R = 1. We choose the unknown

parameter u = 1 and assume the Lipschitz constant y = 0.1 for the simulation.
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Figure 4.6. Unknown Parameter ‘u’ Estimation

Figure 4.2 - Figure 4.5 show the evolution of the actual state values and their
estimations, while figure Figure 4.6 shows the evolution of the parameter estimate to its

true value u = 1.

4.2.3. Comparing EKF based observers with proposed observer
design

In order to compare the two observer designs, we construct an EKF based

observer to evaluate its performance on the previous example (4.2.2).

In order to estimate the unknown parameters of the system, we augment the
unknown parameters of the system to the states as seen in literature [61],[62].Similarly,

for our continuous time system we define the augmented state vector as:
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X=f(u)+w
y=hx)+v
The EKF is given by,

X=fEwW+Ly-h®@)

Where,
L=PHTQ?
P=FP+PFT —LHP +R
And
of oh
F = - ,H = —
00Xz axlz

Hence for example 4.2.2, we can write the system as,

[ 0 1 0 0 O]
of | —-25 —1 4 cos(%;) 15 0.3 O|
F = Fri P 0 0 0 1 0
Xt I15 —0.25u; 0.3-0.0033p; —15+4+0.25y; —0.340.0033p4 Sl
l 0 0 0 0 OJ

Where, S = —0.25%, — 0.0033%, + 0.25%; + 0.0033%,

_on _ 1 00 0 0
And H=52:lo 0 1 0 o

xlx

In order for the EKF to estimate the unknown parameter of the system, it requires

the knowledge of the Virtual Parameter Disturbance (VPD). However, since there is no
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defined method to select the VPD-covariance, we assume the value to be equal to the

VPD-covariance of the disturbance w.

Therefore,

SO O OO

SO O OO

0 0]
0 Of
0 0|
R O

0 RJ

Using the system parameters mentioned above, the system is simulated for a time

period of T=20 seconds. The simulation is performed under the same initial conditions

(x(0) = [10 20 20 40]7) as the previous example for the proposed observer design.
The state estimation results obtained are plotted along side the proposed observer
design to compare the convergence rate error of the two methods. Figure

20 | | |
I’\] Proposed Observer
S EKF
15_:[ T
<X |
L |
) I
= 10 1
Ll |
c |
k) ‘,
g 5| -
— |
7 |
L ‘ |I -
TN T . ——
0 Poarrte A
L
1 I
'|I|,J
_5 1 1 1
0 5 10 15 20
time(sec)

Figure 4.7. Estimation error in state x4
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As seen from the results, the proposed observer outperforms the EFK in terms of
initial state estimation errors. Since an EKF demands for the initial state estimates to be
close to the true state values, any large deviation in the initial state estimates can
strongly influence the convergence rate. As the EKF relies on linearizing the nonlinear
system before constructing a linear gain observer for the dynamics, any linearization
errors can have an effect on initial estimation error. Hence, the proposed observer
converges faster with much smaller initial state estimation errors as seen in Figure 4.7 -
Figure 4.10 .

The EKF performs better when it comes to attenuating noise during steady state.
However, this is because of the optimal nature of the extended Kalman filter which relies
on the availability of precise noise covariance values. Hence, in cases where an
accurate noise covariance matrix is unavailable, the EKF would yield poor noise
attenuation characteristics. Also, the EKF requires an online solution to the matrix
differential Ricatti equation and hence can be computationally intensive.

4.2.4. Dissipative nonlinear case

A dissipative nonlinear system is a specific case of the generalised sector

bounded nonlinear system given by
(X - J’C\)TG(¢(‘U,, X) - ¢(u' 55))
Where the bounds are given by y; > o andy, =0

For the specific case of a dissipative nonlinear system, the LMI can be

formulated as follows:

Lemma 4.4: For the system (4.2) in the form (4.6), a stable observer (4.4) exists given a
choice of o', such that, if y, > |D£| = y,, max(|(Dx )(D2)~t|)= ¢’ , the observer can

guarantee a performance

]_ [ FTWxdt + [, fTDsW, Defide 1
5P + @5 Pofl + [ vTQ-Ivdt + [ wTR-lwdt @

71



vx, % after a sufficiently large time T, iff P,, > 0, eta > 0, and P, such that V|o'| <

O-Imax
P22E2 = eta * 62,
P],E; =0
[Mi1 My Mz Mig
|Mlz My Myz M|
lM1T3 M2T3 —€; OJ
mI, mMI, o0 R?
Where,

Miy = PyAy, + Agzpzz - AngTAn - AngAn - .UrznainDzTDz
My, = PyyB; + Agzpzu — AT,QB; + a'Py,
M3 = P,;B; —X;,B;q
M,y = Py Fy — XoF;
MZZ = B%‘Pér# + P{MBZ + ZOJP““
M3 = PzTuBz
M, = PzT#Fz
When the observer gains are chosen as
_ -1
L, = [Pzz - PJZPW}P“Z] A71"2Q
_ -1 _ -1

L, = _[PZZ - PuTZPuulpuZ] PZMPuul(sz) AL2Q

Proof :

Equation (4.4) can be written in terms of ¥,-dynamics ,
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Xy = (Agy — LyA1p)%, + (Ey — LyEy)®, + (B, — LyBy) Dy, 1
+(By — LyB)Dg, fi + Fyw — LyFyw
fi = —L,(A12%; + E;®, + ByDgp + By Deji + Fyw)

Consider the Lyapunov candidate function,
Vo= [xz] [ Py, PZ;LDJ?Z H)?}]
PZ# %2 szpﬂﬂpfz K
From lemma 1 given in [67],]; < 0 iff 3&;,n > 0 s.t

T
Jo:=]1 _f (ZSiVi + an,)dt <0
0

Assuming u; < Ui—max ON the sliding surface
Vi = w?x"™pI'Dix — p? X' DIDiX < 0

Vo =28TGH <0

Now,

V _ [iz:lT [ P22 PZ[inz 5C:2
Z P;#sz szpﬂﬂsz
s [pzz]T [ Py, Py, Dy, ] [22]
H szplei szpﬂﬂsz + D@PMMD@

Hence, defining

[ Py, P,, Dy, ] [LZ] [ ]
Pérlll)fz szpﬂﬂsz

We find
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(4.40)

(4.41)

(4.42)

(4.43)



[fz]r[ Py, P,,D XZXZH ] xz] [ Py P,,Ds, ]X

Z PZTMDJ?Z D¢, BuuDs PZH 2, Dz, FuuDs,
([AZZ BZ xz] I:x~2] + I:EZEISZ + BZDfZM + F2W]>
0
X X ~
— X‘Z:I {[A12 Bl‘sz] [ﬂz] + EI(DZ + BlDfZ,u + F1W}
(4.44)
Hence,
[fz]T [ Py PZ;L %2
i PZTMDQZ Dg, Py Ds,
[ X ] [P22A2, Pzsz PyE;  PyyB; Pzze][ 2~]
le'{l PéruAZZ PéruBZ PéruEZ PéruBZ PZMFZ ”D ,Lll

3, 0 0 0 0 0 ” 3,

L w 0 0 0 0 0 w

X, ~_T XoA1, XyBy X3E; X3By XoF ’z2~

Dg’c‘zll XuAlz X”Bl X”El XplBl XplFl sz,u

—l (132 0 0 0 0 0 | 5132 |

Di U 0 0 0 0 0 Ds U
I I A o o o o Il (4.45)

Where,
X2 = P22L2 + PZ[lDJ’C\zL[l and XH = DfZP;ﬂLZ + DfZP“ﬂDfZLP‘
However, For the dissipative case , y, > |D%| = y; max(|(Dx )(D£)™!|)= ¢’ and
P22E2 = eta * GZI

(4.46)

P},E; =0

Where P,, >0, eta > 0, and P;, such that V|o'| < o’ 0y

Hence substituting condition (4.46) in
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X T
(4.45) and choosing PL = [XZ] = [Alz ]Q
I3 0

We get,
[Mi1 Mi; Mz Myy
[fz]T[ Py2 P>, Ds, ” ]_|M12 M3, Mp3 M24|<0
ﬂ PZTMDJ?z szp;mez |M13 MgS —€; 0 I
IMI, ML, o R
(4.47)
Where,
Myy = PyyAgy + Ahy Py — AT,QTAry — AT,QA 1, — fihax€iD; D,
M, = Py;B; + Agzpzu - A€2Q31 + Ulpzu
Miz = PyyB; — X;B,
Myy = Py Fy — XoF;
MZZ = nggﬂ + P;MBZ + ZOJPM“
M3 = PzTuBz
M, = PzT#Fz
Hence, the gains L, and L, can be calculated from (4.43) by following the same
procedure given in the proof of Lemma 4.2.
-1
L, = [Pzz - PuTzPu_ylez] AT,Q (4.48)
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_ -1 _ -1
L, = =[Py — PLP, P2| PPt (Ds,) ALLQ (4.49)
Where the value of Q@ can be determined by solving LMI (4.47) .

4.2.5. Example 2: Dissipative nonlinear system

A dissipative nonlinear system consisting of two rotating masses bridged
together by a gear train are represented below. The second rotating mass with rotational
inertia J,, is influenced by a nonlinear viscous drag. Whereas, the linear damping affects
both the masses and the gear train .

b4
w1
T
b4
ka:
Ng
b,
(0]
L)

Figure 4.12. Gear train dissipative system

The system dynamics are modeled below

. by
Jiwy =T = kg 46 — (by + bgr)w; + N_th

g
. kat bgt bgt
Jo0, = N—gAG +N—gw1 — | b, +N—; w, — sgn(w,) X w3
A6 !
= (1)1 __(l)z
Ng

Where,

J1, J» denote the rotational inertia of the two masses

w4, w, denote the angular velocities of the two masses
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b;, b, denote the linear viscous drag acting on the two masses,
bs;  denotes the linear viscous drag at the interface gearbox
kq: denotes the spring constant of the interface gearbox

N

y  denotes the gear ratio

The above system is characterized by the following parameters as show in [60],
J1=J2 =1kg.m? by=b;=01bg =1, kg =5, Ny = 0.5, ©~(0,0.01),

v~(0,0.04 x I) and represented in its state space form given by:

—11 2 -5 0

A=\ 2 -2 10|,B = ol,cz[é 2 8],D=[0 1 0]
[ 1 -2 0 1
[0 1

E=|1|,H= |0|, R=0.001,u =0.1sin(2nt),r = 1,u = 0.15
10 0
0.1

_ 004 0
F= 8[Q‘[0 am]

G=[0 1 0],®=—-sgn(xy) X x>

Using an initial condition x(0) = [5 5 5]7 and an input = 0.1sin(2nt) , the
simulation is performed using MATLAB for a time period of T,,; = 10secs . An external
disturbance v is also taken into account with a covariance R = 0.001 and Q = 0.004. The
unknown input u is assumed to have an actual value of u = 0.15 and the initial value for

the u estimate is taken as u(0) = 0. The calculations yield the following results:

L, =[-0.1709 0.0105]
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Figure 4.16. Unknown Parameter ‘u’ Estimation

Form the above simulations, we can see that the both the states and the

unknown system parameters are estimated and rapidly converge to their true values

(For unknown parameter = 0.15 ). The convergence rate is improved considerably as

compared to the rate seen in [60] for the same system with the same parameters as

seen above.
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Chapter 5.
Conclusion and Future work

Having a highly robust and efficient adaptive observer can be very effective in
solving issues related to state and parameter estimation in nonlinear systems. This
dissertation presents a sliding mode observer design for wide range of nonlinear
systems. With the use of the proposed time averaged Lypunov functional, the observer
design tends to be highly robust against system noise and external disturbances acting
on the system.

The time averaged Lyapunov functional is initially used to analyze the choice of
covariance and sliding mode gain parameters so that the convergence rate of the
estimation error can be improved. The simulation results provide a detailed look at the
behaviour of the observed states and the how the system noise affects the convergence
rate. For a Lipschitz nonlinear system, the observer design provides an existence
condition which is significantly less conservative as compared to linear gain observers
given in literature. The results of the proposed observer are compared with those of the
linear gain observer to further validate the case. Since the observer design is formulated
as a dynamic constrained optimization problem, suitable cost functions are defined to
guarantee minimization of the state estimation errors. Hence, the observer is able to

accurately estimate the states and efficiently converge to its true state value.

Furthermore, the observer developed for the generalized sector bounded case,
successfully predicts an unknown system parameter whilst simultaneously estimating
the system states. Since the observer design reduces the size of the D matrix, it makes
it significantly easier to solve mathematically. This can be used as an added advantage
to solve mathematically complex systems where the unknown parameter affects multiple
states. Later, the design is extended to a dissipative nonlinear case where again the
observer performs robustly and estimates both the unknown parameters and states
accurately. The design is implemented to both a 4" order nonlinear system and a highly
dissipative nonlinear gear train system respectively, where the effect of noise and

disturbances on the system model is substantial.
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The universality of the nonlinearities considered for the observer design allows
us to extend this design to a wide class of physical systems. All the observer existence
conditions and gain selection approaches have been presented in the form of Linear
Matrix Inequalities (LMIs) which can be explicitly solved offline using commercial LMI
solvers (MATLAB). This makes the design computationally less intensive as compared
to an EKF which requires an online solution. Also, the proposed observer presents
smaller initial state estimation errors as compared to the extended Kalman filter based
observer. Furthermore, the observer design doesn’t require precise knowledge of noise
covariance matrices as compared to Extended Kalman Filters. Overall, the sliding mode
observer design presented in this dissertation is very robust to external disturbances and
can effectively estimate the unknown parameter and state variables present in the
system.

For future research, the following extensions can be made to this work:

e Extending the results for fault detection , estimation and fault tolerant

control
o Extending the results to systems with time-varying parameters

¢ Design the Sliding mode observer using a fractional order super-twisting

algorithm to deal with phenomenon the chattering
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