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Abstract 

Angle is an important topic in geometry. It is a concept that children find challenging to 

learn, in part because of its multifaceted nature. The purpose of this study is to 

understand how children’s thinking about angles evolves as they participate in a 

classroom setting featuring the use of a dynamic geometry environment (DGE) in which 

the concept of angle as turn was privileged, a concept that does not require a 

quantitative dimension. Three research questions were proposed for the study, 

addressing respectively: (1) the different conceptions of angles developed by the 

children; (2) contributions of the DGE (The Geometer’s Sketchpad) to children’s 

developing conceptions of angles; (3) the kinds of discourse in which children engage.  

The participants in the study were 20 kindergarten/grade 1 children (aged 5-6) 

along with their class teacher. The data consist of video recordings of nine classroom 

sessions around angles conducted by the class teacher. Sfard’s (2008) commognitive 

framework was used to analyse the data focusing mainly on her four characteristics of 

mathematics discourse, which are word use, visual mediators, routines, and narratives. 

The children’s gestures were also taken as a significant aspect of their discourse.  

This study highlights the importance of gestures and motion in children’s 

developing conceptions of angles. It presents implications of considering young 

children’s embodied forms of communications along with their verbal communication for 

understanding their mathematical thinking. Extending prior research on children’s 

difficulties in unifying static and dynamic conceptions of angles, this study provides one 

way of establishing a relationship between angle-as-turn and angle-as-shape 

conceptions. 

 

Keywords:  angle; technology; dynamic geometry environment (DGE); primary 

school; thinking-as-communicating 
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 Introduction Chapter 1.

In this chapter, I begin with brief information about my background. Then, I 

outline some experiences that have guided my research interest towards the concept of 

angle. At the end, I provide an overview of the sequencing of chapters in the 

dissertation. 

 Researcher’s Background 1.1.

 I come from a very small village in Punjab, India. As agriculture is the primary 

industry, the majority of the people in my village only work and live on farms. I am a 

middle child to my parents with one elder sister and one younger brother. I come from a 

male-dominant society where boys are preferred over the girl child. Traditionally, men 

were considered to be capable of earning money and carrying on family line, whereas 

women were seen as economically and emotionally dependent on men. Following the 

old traditional customs in my childhood, people in my village just assumed that girls did 

not need an education. The access to quality education in my village was very limited, as 

there was only one primary government school, which had only one or two teachers for 

the entire school (covering grades one to five).  

My dad and mom are both primary school teachers in government schools and 

understand the importance of education. Farming is my parents’ secondary occupation. 

It was then, in my childhood after getting the opportunity to go to a private school in the 

city, that I began to develop an interest towards education. My sister and I used to travel 

for about an hour in our school bus to attend the school in the city. As a young girl, I 

recall many people in my village, including my relatives, questioning my dad and mom, 

asking “why are you sending your daughters’ to school and wasting money on their 

education?” My mom and dad knew that it would benefit their daughters in the future 

despite what other people were saying.  

My love affair with mathematics started from early childhood. I scored well in 

mathematics throughout my schooling. My dad would often tell me that he named me 

“Harpreet” after his college mathematics professor’s name. Not that this had anything to 

do with me excelling in mathematics; I was always a good performer in mathematics and 
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other subjects. Perhaps because of the scarcity of resources in our village, I had an 

innate sense to compete with the city students who had more facilities. I remember 

mathematics being my favourite subject, as I always loved practicing exercises at home. 

It was like playing a game for me. The mathematics instruction was mostly procedural, 

but there was something about mathematics that I had always liked. I always enjoyed 

discovering clever ways to do arithmetic problems in my head in the lower grades. For 

example, to add 76 and 34, I would do 70+30+(6+4)=110. Later, in high school, I loved 

doing proofs in geometry. The mathematics teaching in India was more theory-based 

than practical. But I always enjoyed making sense of the proofs on my own or even 

remembering the proofs sometimes as a story. Pursuing this love relationship with 

mathematics, I earned my M.Sc. degree in pure mathematics in 2007. As teaching was 

in my blood (both my parents being teachers), I later pursued a B.Ed. and M.Ed. degree 

in order to pursue teaching as a profession. During my teaching practicum, I was 

intrigued by students’ struggles in understanding simple concepts of mathematics. 

During my M.Ed. degree, I got a chance to attend Simon Fraser University (SFU) as an 

exchange student for one semester in 2009. During this visit, I learned about the PhD 

program in the area of Mathematics Education at SFU. I found this programme as a 

good fit to combine my areas of previous degrees mathematics and education, and also 

to further my career as a teacher of mathematics. In September 2010, I joined the PhD 

program in mathematics education at Simon Fraser University.   

 How I came to work on angles?  1.2.

My disposition towards mathematics teaching and learning entirely changed with 

the new experiences of using technology in mathematics. Before joining the PhD 

program, I had never experienced much use of technology in mathematics. I took a part-

time position as a research assistant (RA) with my supervisor who was then 

investigating the impact of dynamic technology on students’ understanding of 

mathematical concepts. The project involved the use of dynamic geometry 

environments, in particular The Geometer’s Sketchpad (Jackiw, 1991, 1995), hereafter 

called Sketchpad, to investigate dynamic reasoning across various geometrical 

concepts. We engaged the elementary school children with dynamic sketches and 

documented how they talked and gestured about the geometrical concepts like 

symmetry, triangles, and construction. It was very motivating to observe children actively 
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participate in the tasks, first by predicting what might happen, making their conjectures 

and then checking their conjectures through interaction with the sketches. My work with 

my supervisor as a research assistant shaped the area of my PhD study. During this 

project, as we were working with geometric shapes such as triangles, squares, 

rectangles and children were trying to explore various properties of these shapes, we felt 

that children do not have enough language and tools to describe the properties of 

shapes. Also, with my course readings, I came across the ideas proposed by Duval 

(2005) about “dimensional deconstruction” in geometry. “Dimensional deconstruction” 

implies links between figural units (like points, line segments, etc.). For example, the 

points A and B (dimension 0) indicate the measure of AB (dimension 1). Duval argues 

that “dimensional deconstruction” exhibits mathematical properties and helps in one’s 

mathematical reasoning. Duval (2006) also proposed some ideas about how students 

should be introduced to the act of “seeing” in geometry and how mathematical discourse 

necessitates looking at the one-, two- and three-dimensional elements in a figure. 

In keeping with the “constructor” way of seeing that Duval (2005) describes as 

the best entrée into geometric reasoning, I thought to explore introducing the concept of 

angle to children in an earlier age. Angle is a basic concept that is used by humans in 

analysing their spatial environment. The concept of angle is multifaceted and can pose 

challenges to learners, even into secondary school (Close, 1982; Mitchelmore & White 

1995). Despite these difficulties, children show sensitivity to the concept of angle from 

very early years (Spelke, Gilmore & McCarthy, 2011). I recollect my own faded 

memories of learning angles in elementary school (probably in grade 5), which 

comprised looking at angles as a static geometric representation, measuring and 

drawing angles with a protractor, and then classifying angles into the categories of 

acute, obtuse and right. I remember eventually using angles in high school doing 

geometry proofs and trigonometry. 

My literature review on students’ difficulties with the study of angle revealed four 

trends of importance to my research: first, angle being a multifaceted concept, there is 

no consensus on the definition of angles, which makes it a difficult concept for children 

to grasp. Research literature shows classification of angle definitions in different 

categories points to the duality of dynamic and static aspects (Clements and Burns, 

2000; Mitchelmore and White, 2000; Henderson & Taimina, 2005). It seems like no 

formal definition of angle can capture all aspects of our experiences of what an angle is. 
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Second, children have difficulty seeing a turn as an angle and a static angle as a turn 

(Mitchelmore, 1998; Clements, Battista, Sarama & Swaminathan, 1996). Third, students 

think that the length of the arms is related to the size of the angle (Stavy and Tirosh, 

2000; Clausen-May, 2005; Keiser, 2004; Munier, Devichi & Merle, 2008). Fourth, 

students face difficulties with benchmark angles like 00, 900, 1800, and 3600, when they 

do not conceptualize angle as a turn (Clements & Battista, 1992). From my analysis of 

how the concept of angle is presented in the school textbooks, I found that the typical 

angle definition and diagram (figure 1a) pointed more towards the geometric shape 

interpretation of the angle.  For example, in a grade 6 textbook used in British Columbia, 

the angle is introduced with definition, “An angle is formed when 2 lines meet” (Math 

makes sense 6, p.126). It is true that it is not easy to draw an angle on a page as we can 

not draw a movement, but a movement can be best indicated by an arrow on paper (as 

shown in figure 1.1b). The kinaesthetic concept of angle (as a movement) is lost over the 

dominance of static representations; thus, a powerful meaning of the concept of angle 

disappears.  

(a) 

 

(b) 

 

Figure 1.1 Angle representation (a) without arrow; (b) with arrow 

From my analysis of the concept of angle presented in the school textbooks and 

from my literature review, I got a sense that more emphasis should be placed on the 

relationship between the two arms of an angle and how they are inclined to each other. 

Also, Freudenthal (1983) claims that the angle as turn “is the most natural, the most 

instinctive aspect of angle” (p. 328). These ideas shaped my research interest in the 

concept of angle and how it could be introduced in a more qualitative way. Introducing 

the angle as a turn or rotation involves an action or a change in direction between two 

lines. It is important to note that angle-as-turn concept is most intuitive when the angle 

measure is in [0, 360] degrees. A dynamic geometry environment could serve as a tool 
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in presenting this dynamic notion of angle, where children could have a “visual feel” for 

the process of how an angle is formed and how the two lines of an angle are inclined 

with respect to each other.  For example, the snapshot (figure 1.2) of a dynamic sketch 

constructed in Sketchpad depicts one such attempt to show how the amount of turn is 

related to an angle.  

The screenshot below shows a driving angle model in Sketchpad, which shows both a 
static as well as dynamic sense of angle. It includes a car that can move forward as well 
as turn around a point. The turning is controlled by a little dial (which has two arms and a 
centre, the arrow in angle marker shows the direction of turn). The traces offer a visible, 
geometric record of the amount of turn. While the orientation of the angle turned by the 
car and the angle shown in the dial are identical in this case, pressing the Turn 
clockwise button again would make the car turn by the same angle, but would produce a 
traced angle in a different orientation. This is an important features of the design of the 
sketch that was exploited for pedagogical reasons in my study, as I will show. 

 
Figure 1.2 Screenshot of a dynamic sketch used to introduce concept of angle 

as a “turn” 

Angles are normally introduced to children quite late in formal school settings. 

For example, in British Columbia (BC), they are introduced in grade 6 (11-12 years old) 

even though students are expected to describe, compare, and construct 2-D shapes, 

including triangles, squares, rectangles and circles in grade 2 (Ministry of Education, 

Province of British Columbia, 2007). The strong capacity of young children to attend to 

and identify angles in various physical contexts motivated me to see whether a more 

dynamic conception of angle (namely, angle-as-turn) might support their developing 

understanding at an earlier age. The goal was to introduce the concept of angle without 

any emphasis on the standard measurement units for measuring angles. So, along with 
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my supervisor, I designed some sketches for angles in Sketchpad and carried out a pilot 

study within a kindergarten/grade1 split classroom to see young children’s readiness to 

learn about angles. The sketch shown in figure 1.2 was used to introduce the concept of 

angle to K-1 children. Children expressed significant ideas about angles using both their 

spoken language and gestures during the exploratory study. My pilot study gave me 

some ideas to refine my sketches and also to make some new sketches for benchmark 

angles. So, I designed a sequence of lessons around angles, which was implemented in 

a Kindergarten-Grade1 (K-1) classroom setting by the class teacher. All the sessions 

were videotaped and then analyzed for the purpose of this study. This dissertation, 

therefore, presents a detailed study of children’s responses to being introduced to the 

concept of angle through a dynamic, angle-as-turn approach. The goal is to understand 

how children’s thinking about angles develops as they participate in DGE-based 

classroom interactions. As I elaborate on my theoretical framework based on Sfard’s 

(2008) notion of commognition, I will be looking for changes in discourse—changes in 

the way that they communicate—as indicative of changes in thinking. 

 Organization of the thesis 1.3.

My dissertation is organized into eight chapters including this introductory one. In 

Chapter 2, I review existing literature on the teaching and learning of angles in a physical 

context, as well as with the use of digital technology. In Chapter 3, I examine different 

ways in which angle and its related notions are presented in some primary school 

textbooks and discuss them in relation to the findings presented in the previous chapter 

from the research literature. In Chapter 4, I provide a brief overview of the theoretical 

framework that I have used in the study, which focuses on the role of communication in 

mathematical thinking and learning and is known as Sfard’s (2008) commognitive 

framework. In Chapter 5, I describe my research methods, as well as the research 

questions, the participants, the sketches used, my methods of data collection and my 

methods of data analysis. My study includes nine classroom sessions, excerpts of which 

I present as results in Chapter 6 in chronological order. In Chapter 7, I highlight some 

recurrent themes from the results of the study, such as conceptions about different 

aspects including direction of angle, measure of angle, angle in relation to its arms, 

benchmark angles; different types of gestures produced by the children and the tension 

between embodied and mathematical signs for angles, the teacher’s role in relation to 
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classroom discourse and interplay between Sfard’s (2008) mathematical characteristics 

of mathematical discourse and gestures. In Chapter 8, I respond to the research 

questions posed in the beginning of Chapter 5 and conclude with comments on the 

study’s contribution to research. I also present my own reflections of the study and 

implications for future research. 
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 Review of the literature on angle Chapter 2.
concepts 

Concepts of angle and rotation are central to the development of geometric 

knowledge (Clements & Battista, 1992). Although angle is a basic concept that is used 

by humans in analyzing their spatial environment, mathematics researchers have 

reported that students often face many difficulties and form many misconceptions in 

learning the concept of angle (Mitchelmore, 1998; Keiser, 2004). Conducting research 

on the conceptualization of angles seems like a daunting task, in part because of the fact 

that the notion of angle is quite complex. The task of teaching angles effectively is 

complicated by the multiple definitions given to the concept of angle. Researchers have 

focused on different ideas for teaching angles, such as teaching using physical models, 

contexts and real-world connections (Clements & Burns, 2000; Fyhn, 2008; Mitchelmore 

& White, 2000) or using technological tools (Clements & Battista, 1990; Clements, 

Wilson & Sarama, 2004; Falcade, Laborde & Mariotti, 2007; Smith, King & Hoyte, 2014; 

Crompton, 2015). 

In this chapter, I review and discuss literature related to three aspects of my 

study. First, I describe the notion of angle as it is defined by some famous 

mathematicians and in recent research studies. In the second section of this chapter, I 

provide an overview of the research on children’s understanding of angles. In the third 

section, I summarize the research that incorporates use of technology in teaching and 

learning of angles.  

 The mathematical notion of angle 2.1.

A quick search through some of the available literature suggests that there is no 

consensus on how to define the concept of angle (Morrow, 1970; Kieran, 1986; 

Clements & Burns, 2000; Mitchelmore & White, 2000; Keiser, 2004; Henderson & 

Taimina, 2005). Angle has been defined in many different ways in recent research 

studies and also over the course of history, with the definitions varying significantly in 

their emphases. 
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To begin, it is interesting to see how some mainstream mathematicians defined 

angle in the past. Keiser (2004) discusses how early angle definitions tend to weigh 

more favourably into one of the Aristotelian categories - a relation, a quality, or a 

quantity. Below are some of the examples of angle definitions that are focusing more on 

one facet over any of the others. 

I start with Euclid who is also known as the“Father of Geometry”. In Elements, 

Euclid defined an angle as follows: 

A plane angle is the inclination to one another of two lines in a plane 
which meet one another and do not lie in a straight line. (Definition 8, 
Book I, The Elements)1 

And he further states: 

And when the lines containing the angle are straight, the angle is 
called rectilinear.2 (Definition 9, Book I, The Elements)3 

According to Euclid, an angle is the relationship between the relative positions of 

the two intersecting lines in a plane. The mutual position of the two intersecting straight 

lines informs us about the angle between them. Hartshorne (2000) points out differences 

between the languages of Euclid’s text and that of modern usage. By a line Euclid meant 

something that may be curved, which we would refer to as a curve. He used straight line 

for what we now call a line. Thus, for Euclid, a plane angle forms when two curves meet 

and a rectilinear angle forms where two line segments meet.  It is interesting that, “

Euclid requires the two sides of an angle not to lie in a straight line. So for Euclid there is 

no zero angle, and there is no straight angle (1800)” (Hartshorne, 2000, p.28). It implies 

that we should think of Euclid's concept of angle as an angle (θ) whose measure ranges 

between 0 and 180 degrees i.e. 0 < θ < 180, although Euclid makes no mention of the 

degree measure of an angle.  

                                                
1 Accessed from http://aleph0.clarku.edu/~djoyce/elements/bookI/bookI.html#guide on April 
16,2015 at 9:25 pm 
2 Hartshorne (2000) uses term rectilineal. It seems like the terms “rectilinear” and “rectilineal” are 
used to refer to the same idea in the literature. 
3 Same source as mentioned in footnote 1.  
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The “inclination” definition in The Elements puts Euclid with the relation 

category because it highlights the relationship between the two lines of an angle. Proclus 

(Morrow, 1970) criticized this definition because he questioned how one inclination could 

produce two angles depending upon the side of the angle that was being viewed. In 

other words, a 90° angle and a 270° angle are both formed by the same pair of lines that 

intersect in a certain way.  As opposed to categorizing an angle in only one of these 

three categories, Proclus considered angle in terms of all three views.  

Heath (1956) describes Proclus’ views as follows: 

The angle partakes in fact of all those categories: it needs the quantity 
involved in magnitude, thereby becoming susceptible of equality, 
inequality and the like; it needs the quality given it by its form, and lastly 
the relation subsisting between the lines or planes bounding it. (p. 178) 

Hilbert (1899/1971) puts forth a definition of angle that focuses more on quality 

facet of angle concept. In Hilbert’s Foundations of Geometry (1971), the angle is defined 

in the following way: 

Let α be a plane and h, k any two distinct rays emanating from O in α  
and lying on distinct lines. The pair of rays h, k is called an angle and is 
denoted by ∠(h, k) or by ∠(k, h). (Hilbert, 1971, p. 11) 

Hilbert defines a physical two-dimensional geometric object made up of three parts: two 

rays and a point. Thus, angle refers to the figure that is made up of two sides and a 

common vertex. Notice that, this definition also excludes angles with measures of 0° or 

180°. It also does not distinguish between an angle whose measure is x and an angle 

whose measure is 360°–x. 

Only very few definitions in the history have focused primarily on the rotational 

aspect of the angle. One such example is Choquet4 (1969) who defines angle as follows: 

For every [point] O∈π [plane], a rotation about O is called an angle with 
vertex at O. If (A1, A2) is a pair of half-lines whose origin is O, the rotation 
about O taking A1 to A2 is called the angle formed by the pair (p. 79). 

Choquet’s definition also includes zero, straight, and angles larger than 180° as the 

rotational aspect is helpful in distinguishing otherwise same looking angles such as 00, 

3600, 7200 etc.  
                                                
4 As cited by Keiser, 2004. 
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It seems like no formal definition of angle can capture all aspects of our 

experience of what an angle is. Some recent researchers provide a categorization of 

angle definitions based on mathematical grounds, where they proposed three classes of 

definitions of angles (Mitchelmore and White, 2000; Henderson & Taimina, 2005). 

“Three particular classes of angle definition occur repeatedly: an amount of turning about 

a point between two lines; a pair of rays with a common end-point; and the region 

formed by the intersection of two half-planes” (Mitchelmore & White, 2000, p.209). This 

classification points to the duality of dynamic and static aspects. All the definitions 

encompassing a movement aspect can be treated as dynamic definitions. The static 

definition deals with the category of angles as a geometric shape, which only concern 

with how angle looks visually or physically. These encompass different geometric 

shapes consisting of angles made by two rays or by intersection of two half-planes.  

Henderson and Taimina (2005) defined angles from three perspectives (a) angle 

as movement (a dynamic notion of angle) (b) angle as a measure and (c) angle as a 

geometric shape. Further Henderson & Taimina (2005) elaborate,  

A dynamic notion of angle involves an action: a rotation, a turning point, 
or a change in direction between two lines. Angles as measure may be 
thought of as the length of a circular arcs or the ratio between areas of 
circular sectors. Thought of as a geometric shape, an angle may be 
seen as the delineation of space by two intersecting lines. (p. 38-39) 

This three-class categorization seems to encompass all different possible types of 

definitions of an angle. It contrasts with textbooks of today, which assume that angle is 

about measurement. In the curriculum document Mathematics K to 7: integrated 

resource package (IRP) (2007) published by Ministry of Education, Province of British 

Columbia, the topic of angle is given under the measurement strand. 

 One can do a lot with angle even without measuring. Consider the case of 

checking congruency of angles. Having three different perspectives to define angles 

results in three different methods for checking congruency of angles. To check the 

congruency of two dynamic angles one has to verify if the actions involved to create 

them are the same. In the case of two angles described as geometric shapes, then the 

process of superimposing one onto another will help in examining if they are equivalent. 

If angles are described as measures, one needs to verify that both angles have same 

measure.  
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Also, Freudenthal (1973) distinguishes among four perspectives of angle, two of 

which are more applicable to school mathematics, namely angle as a static geometric 

shape and angle as a dynamic turn. He makes it clear that there is more than one 

concept of angle and argues that the appropriate meaning of angle is directly related to 

the mathematical context for which it is used. 

As has been stressed several times, there is more than one angle 
concept. Some didacticians claim that there is only one which is correct. 
Love of order is fine unless it goes as far as to forbid important concepts 
because they do not fit into the system. Properly said such would be a 
bad mathematical attitude. (p. 476) 

 More recently, Zazkis and Kontorovich (2016) note that some perspectives of 

angles are incompatible and reported that these incompatibilities were problematic even 

for secondary school teachers.  

Thus, from the above discussion, it is clear that no formal definition of angle can 

capture all aspects of our experience of what an angle is. Teaching angles with one 

definition that focuses more on one particular facet of angle is reported in the literature to 

create many problems for children. It seems like it is better to start with no definition of 

angle at all and let children explore a variety of contexts in which angle appears and 

make their own definitions. This is also recommended by researchers like Mitchelmore 

and White (1995) and Keiser (2004).  

 Children’s understanding of angles 2.2.

Acquisition of the concept of angle from a developmental perspective was initially 

explored by Piaget, Inhelder and Szeminska (1960). More recently, Mitchelmore (and 

colleagues) and Clements (and colleagues) have undertaken abundant research in the 

area of the angle concept over the past twenty years. Mitchelmore’s studies are mostly 

based on the students’ experiences with physical angle contexts and physical models 

whereas Clements’ studies are mostly based on students’ experiences in a Logo 

microworld, which will be discussed in detail in the later sections. Some other recent 

studies (Fyhn, 2008; Keiser, 2004; Munier & Merle, 2009) focus on different kinds of 

tasks for teaching angles. Much research has been conducted on the development of 

the concept of angles, focusing on grades 3, 4 and higher levels.  
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Piaget, Inhelder and Szeminska conducted much of the early research on many 

topics of geometry including several experiments on students' understandings of angles 

and other angle-related concepts. Angle-related work comes mainly from two major 

studies-—one concerning similarity of triangles and rectangles and the other concerning 

angle measure. Piagetian research suggests that children’s concepts of angle develop 

gradually, over an extended period of time. Piaget and Inhelder (1967) interviewed 

students at different stages of development in order to study their conceptions of similar 

polygons. The researchers reported that the students noticed the parallelism of the 

corresponding sides before noticing the congruence of angles in similar shapes 

identification task. It is only at a higher level of development students learned about 

congruent angles by superimposing the apex of one angle on top of another.  

Piaget and Inhelder identified stages II though IV (ages from 4 to 11) as the 

stages in which children's understanding of similar figures develops.  The progression 

reported by the researchers suggests that angle concepts may be fairly complex for 

children in the early grades of elementary school. Stage III (ages 8-10) emerged as an 

important one for angle development, because it is during this stage that students learn 

to superimpose one shape on top of another to determine equality of angles. This 

discovery occurs near the end of third Piagetian stage.  

In their work, The Child's Conception of Geometry, Piaget, Inhelder and 

Szeminska (1960) conducted some experiments related to angle measurement. They 

asked children to reproduce a drawing of two supplementary angles (figure 2.1). 

 
Figure 2.1 Picture used in the experiment by Piaget, Inhelder and Szeminska 

(1960) 

The researchers reported that the children made no attempt to measure the inclination at 

second Piagetian stage (6-7 years) and they viewed the given drawing as an angle 

system only at third Piagetian stage (after 8-9 years of age). They failed to comprehend 

the need of measurement of angular separation prior to Piagetian level III while 

reproducing the figure. This research conducted by Piaget and his colleagues is the first 
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critical look at how young children learn the concepts of angle and of angle 

measurement. 

Although Piagetian research provides a lot of information about the thinking of 

young children (ranging in ages 2 to 12 years), the hierarchical classification in 

accordance with age has its own drawbacks. Research studies have highlighted two 

important weaknesses in Piaget’s theory. First, Piaget underestimated the abilities of 

children, especially during infancy (Haith & Benson, 1998; Wellman & Gelman, 1998). A 

second general criticism addresses the notion of developmental stages. Piaget’s theory 

implies that as children reorganize their cognitive structures, they rise to a higher level of 

logical thought. These new structures and organizations presumably apply across all 

contexts once they are achieved. However, this does not happen in reality (Larivée, 

Normandeau & Parent, 2000). Also, Gray and Tall (1994) point out that Piaget offers no 

substantial evidence for a qualitative difference in cognitive capacity between two 

children of different stages. Piaget's theory is still greatly respected in the psychological 

community and has stimulated other developmental psychologists into new areas of 

research. 

More recently, Mitchelmore along with other colleagues in several studies 

investigated how children from seven to twelve years of age abstract the concept of 

angle from everyday experiences and physical situations. The basic assumption that 

guides these studies is that angle concept derives ultimately from our experiences of the 

physical world through the process of reflective abstraction.5 Mitchelmore and White 

(1995) suggest that angles occur in a wide variety of physical situations that are not 

easily correlated. Children (7 to 12 years old) demonstrate situated knowledge of turns, 

slopes, crossings, bends, corners, etc. Despite the excellent knowledge of all situations, 

specific features of each situation strongly hinder recognition of the common features 

required for defining the angle concept (Mitchelmore, 1998). This suggests that children 

have already some experiential understandings of angle, which can be used to develop 

more formal understandings.  

                                                
5 Reflective abstraction involves the use of Piaget’s distinction between formation of 
everyday concepts and logico-mathematical ones. By reflective abstraction children 
construct new mental objects as well as relations between them. 
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For the acquisition of angle concept, Mitchelmore and White (1995) proposed a 

three-step progression in the abstraction of a general angle concept that is based on 

situational, contextual and abstract knowledge: familiarity (children familiarize 

themselves with variety of physical angle situations); similarity (children recognize similar 

angle situations in a context, but not necessarily across contexts. For example: children 

may be able to compare two slopes, or compare two turns, without being able to 

compare a slope and a turn); and reification (child develops a general angle concept 

which applies to all contexts). They presented grade 2 students with varied contexts 

(body turns, hills, scissors, road bends, tiles, etc.) and interviewed them in order to verify 

the proposed progression. It is worth noting that throughout Mitchelmore and colleagues 

studies the most versatile angle concept is referred as that of two rays with a common 

vertex.  

2.2.1. Difficulties in linking angle to turning 

From the research literature, it emerged that children have difficulty seeing a 

static angle as a turn. The situation is more problematic where the two arms (of an 

angle) are not clearly visible. Research has identified young children’s difficulties in 

understanding the turn as an angle (relating turning to angles in general), as well as 

connecting static angles to turns (Mitchelmore, 1998; Clements, Battista, Sarama & 

Swaminathan, 1996). In his study, Mitchelmore (1998) investigated the students’ (grades 

2, 4 and 6) conceptions of angle in the context of turning and found that young students 

face difficulties in conceptualizing turning in terms of angles. Students were presented 

with realistic models of four familiar turning situations  (an oven temperature knob, a 

door, a doll turning about an axis, and a car turning around bends in a road). The results 

suggest that young students have separate concepts of turning and bending. They see 

turning  (knob, door) as a movement and bending (road bends) as a configuration. 

Students’ tend to focus on the appearance of the bend rather than the movement implied 

by it. This might be due to the dominance of static angle conceptions as depicted by 

textbooks. One reason for this difficulty in associating turning to angles might be the 

absence of an explicit centre of rotation or a rotating line. The turning concept, therefore, 

lacks essential features of the angle concept (the two lines/rays through a common 

point).  
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Mitchelmore later reported that his earlier studies were somewhat inadequate 

due to the small sample sizes. Thus, Mitchelmore and White (2000) further investigated 

angle conceptual development among 192 students from grade 2 to grade 8. They found 

that children could identify 2-line angles where both arms of the angle are visible, (e.g. 

corners of a room, road intersections, pairs of scissors), as early as in grade 2. On the 

other hand, although young children seemed to understand very well a number of 1-line 

angle situations (doors, widescreen wipers, ramps, etc.) and 0-line angle situations 

(turning of doorknobs, wheels etc.), even by grade 8 many students could not interpret 

these situations using angles. The difficulty in the case of 1-line and 0-line angle 

situations can be due to requirement of imagination of the one or both missing 

arms/parts 

Freudenthal (1983) defines angle as turn as “the process of change of direction” 

(p. 327). He further adds: 

The reason why conceptualisation of this mental object requires so much 
effort may be the fact that it is the most natural, the most instinctive aspect 
of angle. (p. 328)  

In the case of turn angle, the context plays an important role. It is essential to pay 

attention to several aspects, like whether after a full turn one counts further or starts a 

new, or whether it is a right turn or left turn The “process” is the most important thing in 

the case of turn angle, as one has to pay attention to what happens in the meantime 

when one side is being turned into the other.  Making the turning aspect of angle explicit 

seems to be a difficult task for teachers, which makes it hard to teach. 

2.2.2. Teaching experiments and suggestions 

Later works by Mitchelmore and colleagues involved teaching experiments 

(Prescott, Mitchelmore & White, 2002; White & Mitchelmore, 2002) in which they divided 

angle situations into three clusters—2-line angles, 1-line angles and 0-line angles. White 

and Mitchelmore (2002) designed a teaching sequence for angles, in which students 

were guided to abstract a general concept from physical activities with concrete 

materials. The three design principles used were familiarity, similarity recognition, and 

reification. The researchers wrote a sequence of 15 lessons, which initially explored 2-

line angles and then moved on to 1-line angles. Although Mitchelmore & White (2000) 
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found the difficulties with 1-line and 0-line situations, their sequence of 15 lessons does 

not involve any lessons related to 0-line situations. The lessons dealing with 2-line ones 

were taught in Grade 3 and the lessons related to 1-line angles were taught to Grade 4 

(White & Mitchelmore, 2002). Although Mitchelmore’s studies give insights about the 

progression of angle concept development, they do not explicitly suggest how students 

can be helped to see connections among various angle situations. In a nutshell, 

Mitchelmore studies suggest that children gradually subsume more and more different 

angle situations over time, which enriches their concept of angle. A pedagogical 

implication suggested by Mitchelmore is that children should be given more opportunities 

to engage in tasks that could help them make connections between different angle 

situations. 

Another important approach for teaching the angle concept is related to idea of 

cross-curricular links and curriculum integration, in order to facilitate the understanding 

of angles among children at early grade levels. Curriculum integration implies 

restructuring learning tasks to help students build connections between topics. The 

National Council of Teachers of Mathematics (NCTM) recommends that, “students 

should have the opportunity to apply geometric ideas and relationships to other areas of 

mathematics, to other disciplines, and to problems that arise from their everyday 

experiences” (2000, p.169). Following similar ideas, some researchers experimented 

teaching the concept of angle with an inter-disciplinary approach or associating the 

angle concept with everyday experiences (Munier, Devichi & Merle, 2008; Munier & 

Merle, 2009; Fyhn 2006, 2008).  

Munier & Merle (2009) conducted a study by taking an interdisciplinary 

mathematics–physics approach on the concept of angle in Grades 3–5. They set up 

three physics situations pertaining to the ideas of reflection of light off a mirror, the 

concept of visual field, and use of a compass. In all three cases, the situations started in 

a large space (a school playground) and were not limited to the sheet of paper. They 

found that introduction of specific physics situations bring the idea of direction into the 

picture that enables children to have certain grasp of the concept of angle. This helps 

them further to discard the idea that the length of the sides plays a role in determining 

the size of angle.  
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Following an attempt to explore the mathematics embedded in human activity, 

particularly to study angles through the human activity including the turn contexts, Fyhn 

(2006) tried to explore the climbing experience as a possible resource in the teaching of 

angles. Based on her work in which a twelve-year-old girl discovered angles in her 

climbing experience, Fyhn (2006) posited that climbing discourse can be a possible 

resource in the teaching of angles in primary school. In a later study, the girl’s class was 

introduced to the physical activity of climbing as an integrated part of the teaching of 

angles (Fyhn, 2008). The goal was to guide the students to build bridges between their 

embodied space climbing experiences and the part of school mathematics that concerns 

angles. Fyhn suggests that angle knowledge acquisition in climbing context can be 

classified into three levels. At the first level, the visual level, the word ‘angle’ is related to 

recognition of angles. Students recognize angles as bent bodily shapes. These are 

mesospace6 angles with neither arcs nor arrows, and the students are not asked about 

these angles’ sizes in degrees. At the second level, the descriptive level, angles are 

described either by what they look like (acute, right or obtuse), or by a drawing. Angles 

can be described by both mesospace and microspace representations at this level. At 

the third level, the contextual tool level, angles are a tool for improved climbing 

technique. At this level, children elicit statements about how some angle’s size can 

decide how hard it is to ascend a climbing route. Thus, Fyhn studies suggest making use 

of notion of embodied cognition for the teaching of concept of angle.  

Since from the historical perspective, the concept of angle has evolved different 

notions depending upon the emphasis on different characteristics over a period of time, 

several researchers have proposed the use of process of social construction for a more 

comprehensive and robust understanding of angle in the classroom (Keiser, 2004; 

Filippaki & Papamichael, 1997; Shoval, 2011). Keiser (2004) used the historical 

development of the angle concept as a framework for analyzing the construction of the 

meaning of angle in a class of sixth-grade students who were provided with opportunity 

                                                
6Berthelot and Salin (1998) divided the space into three main representations based on 
their sizes: microspace which corresponds to grasping relations (drawing on paper can 
be referred to microspace representation), mesospace which corresponds to spatial 
experiences from daily life situations (climbing takes place in mesospace), and 
macrospace which corresponds to the mountains, the unknown city and rural spaces. 
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to explore multiple meanings of angle through a process of social construction. Keiser 

(2004) agrees with Freudenthal’s (1973) assertion that there is more than one angle 

concept based on her classroom observations (analysis of student conversations) and 

historical perspective. Thus, Keiser (2004) suggests the development of more robust 

understanding of angle among students as a result of opportunity to explore multiple 

meanings of angle through a process of social construction. This resonates with the 

ideas of Filippaki and Papamichael (1997), who acknowledge the effectiveness of social 

interaction of a child in diverse guided environments in building the angle concept.  

Contrary to ideas of social construction, Shoval (2011) suggests the primacy of 

physical activeness of learners over the social activeness in attaining the concept of 

angle. While some studies on co-operative learning focused on the verbal 

communication aspect of learning (Slavin, Hurley & Chamberlain, 2003; Keiser, 2004), in 

contrast, the study by Shoval (2011) focuses on the non-verbal aspect—mindful 

movement (use of body movement) to aid academic learning. The study comprised 158 

learners from five second and third grade classes learning about angles. The goal was 

to identify learners who are most likely to benefit from a small-group co-operative 

learning strategy, in tasks involving movement (which includes physical movement of all 

or parts of the body). Based on the analysis of structured observation of each learner 

and pre- and post-tests, Shoval identified three behavioural clusters: ‘active’, ‘social’ and 

‘passive’. He suggests that physically active students, while seeking knowledge and/or 

solutions, are more successful than their peers who are more socially active, even if 

initially they were lower achievers. Passive students demonstrated the lowest academic 

achievements. This study seems to provide a good pedagogical implication for the 

primary grades where children have limited mathematical vocabulary to articulate their 

understanding of various mathematical concepts. The need for high-level verbal 

expression is an obstacle for children in lower grades, hindering their opportunity to get 

full benefit from co-operative learning. The use of more physical and gestural 

expressions can help students to understand certain concepts, as well as in eliciting 

responses; these ideas are in resonance with the embodied cognition. 

2.2.3. Misconceptions about angles and possible reasons 

Research literature has shown that the conception of angle among elementary 

students is very incomplete. The students are reported to have difficulties with respect to 



20 

the measurement of angles (Keiser, 2004; Simmons & Cope, 1990). They do not 

understand what exactly is being measured when referring to the size of angles. Keiser 

(2004) found that students’ have the misconception that ‘the sharper angle is larger’.  

This misconception is associated with the conception of angle as a quality. This 

misconception might be caused due to the everyday language and experiences like 

‘turning a sharp corner’ on the bicycle.  Thus, in focusing on the sharpness of an angle, 

a student is really attending to the exterior angle rather than the interior. When one turns 

a sharp corner, one has to turn through the exterior supplementary angle even though 

the corner that is considered sharp forms the interior). Simmons and Cope (1990) report 

similar confusions among children in a Logo environment. This difficulty is primarily 

associated with the concept of interior and exterior angles.  This is due to the fact that 

two half lines with the same origin define two angles. Close (1982) showed that pupils 

have great difficulty comparing two angles that add up to 360°.  

Another common misconception about angles is related to the relative size of 

angles. Students think that the length of the arms is related to the size of the angle 

(Wilson & Adams, 1992; Stavy & Tirosh, 2000; Clausen-May 2005; Munier, Devichi & 

Merle, 2008). The emphasis on quantity aspect of angles leads students to think  ‘the 

longer the rays, the greater the measure of the angle’ (Keiser, 2004; Stavy & Tirosh, 

2000; Clausen-May, 2005). Another similar misconception is ‘the more space between 

the rays, the larger the angle’ (Keiser, 2004). Keiser found that the use of terms like 

‘distance’ when defining the term angle could cause this misconception. It can be result 

of thinking that an angle is the distance between the ends of the lines.  Stavy and Tirosh 

(2000) reported this misconception could develop among children as a result of intuitive 

rule ‘More A - More B’. Other reasons for such a misconception are the introduction of 

angle as a geometric shape rather than a measure, as well as the limited experience of 

angles as shown in textbooks (Clausen-May, 2005). This misconception seems to be 

very hard to overcome. Lehrer, Jenkins and Osana (1998) conducted a longitudinal 

study involving children in grades 1–3 who were followed through to grades 3, 4, and 5 

respectively. Their results show that “the length of the line segments had a substantial 

influence on children’s judgments of similarity … the effects of length on children’s 

judgments about angles did not diminish during the three years of the study” (p. 149).  

To help eliminating this misconception, some researchers put some suggestions 

forward. Physics situations used by Munier and Merle (2009) bring forth the idea of 
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direction into the picture while teaching angles, which enabled pupils to discard the idea 

that the length of the sides plays a role in determining which angle is at stake. Thus, 

from a mathematical point of view, their proposed physical situation enabled the 

students to invalidate the misconception that using length is an appropriate way to 

compare angles. Clements and Battista (1990) showed that after working with Logo, four 

out of six students successfully disregarded the notion that the length of its sides 

determined the size of an angle. While Logo experiences seem to significantly affect the 

students’ angle conceptions, there is not much evidence of eliminating the angle 

misconceptions to a significant extent.  

Some students hold the notion that angle size is dependent on the size of the arc 

(Hansen, 2011). Students often confuse the length of the arc (which identifies angle) 

with the size of the angle. Visual impact of the arc can impact the child’s perspective. 

This misconception is also associated with a lack of understanding about what angle is 

measuring. Other difficulties faced by children are associated with the conceptions of 

some benchmark angles like 00, 900, 1800, and 3600. Students face difficulty with these 

angles when they do not conceptualize angle as a turn. Students hold misconceptions 

like a right angle is an angle that points to the right, or two right angles in different 

orientations are not equal in measure (Clements & Battista, 1992). The typical geometric 

definition of angle creates the notion that for an angle, two lines and one point are 

needed. Thus, some students interpret angle as a ‘corner’. Keiser (2004) reports that 

some children hold the notions that 1800 does not form any corner, so it is not an angle. 

3600 is conceived as a circle and the circle does not have any angle. Mostly students 

think of an angle as two lines put together to make a corner. The other misconception 

about angles stems from the lack the understanding that angle typically does not include 

curved lines. Keiser (2004) reports about the ‘semicircle contains angles’ notion among 

some children. 

The above-discussed difficulties highlight how emphasizing certain features of an 

angle can cause confusion in interpreting the size of an angle.  Keiser (2004) suggests 

that students develop a more clear understanding of angles if they have the opportunity 

to explore multiple meanings of angle through a process of social construction. Students 

should be given opportunities to explore the multiple representations of angle as quality, 

quantity and relation. The more emphasis should be placed on the relationship between 

two rays/arms of angle and on how they are inclined to each other. The explicit 
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discussions concerning the inclusion or exclusion of curved lines or surfaces should be 

encouraged among students who are developing the concept of angle. Along similar 

lines, Mitchelmore and White (1995) suggest that it might be better not to work with any 

definition at all.  The definitions will broaden eventually as students try to include more 

and more contexts, which they have recognized to involve angles. Many researchers 

suggested that focusing more on the dynamic aspect of angle could bring fruitful results 

in eliminating many angle-related misconceptions (Clements & Battista, 1990; Clausen-

May, 2008). 

 Research on angles in technological enhanced 2.3.
environments 

The above-mentioned studies show that students develop primarily narrow 

conceptions of angle, and often fail to grasp connections between various angle 

situations (Mitchelmore & White, 1995; Mitchelmore, 1998; Keiser, 2004). To promote 

students’ understanding, some researchers have studied the implementation of a variety 

of technological tools such as graphing calculators TI-73 (Browning & Garza-Kling, 

2009), a programming microworld called Logo (Simmons & Cope, 1990; Cope, Smith & 

Simmons, 1992; Clements & Battista, 1990; Clements & Burns, 2000), Kinect for 

Windows program (Smith, King & Hoyte, 2014), and mobile learning using Sketchpad 

Explorer (Crompton, 2015). These recent digital technologies have changed the 

possibilities for improving student learning (Clements & Burns, 2000; Browning & Garza-

Kling, 2009; Kaur & Sinclair, 2012).  

Clements and colleagues have done abundant research in the development of 

various geometric concepts using Logo, a programming based microworld in which 

students have to write commands for the movement of a turtle. The basic assumption 

behind their studies is that children’s initial constructions of space emerge from action 

rather than from passive reception of sensory data and Logo can help children in 

becoming aware of their geometric intuitions.  Logo is designed in part as a simulation of 

a “turtle” navigating a two-dimensional plane. In an attempt to develop angle concepts 

based on turning rather than on the mutual inclination of two straight lines, many Logo-

based activities were designed for children. A review of such attempts of Logo turtle 

geometry has reported mixed results as far as the learning of angles is concerned 

(Simmons & Cope, 1990; Clements, Battista & Sarama, 2001).  
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Prior to the studies by Clements and colleagues, some researchers reported 

about the ineffectiveness of the use of Logo in the teaching and learning of the angle 

concept (Simmons & Cope, 1990; Cope, Smith & Simmons, 1992; Cope & Simmons, 

1993). Simmons and Cope (1990) investigated the effect of use of Logo on children’s 

(ages of 9 to 12) conceptions of angles. They interviewed 59 children with extensive 

experience with Logo for three or more months, but offered no explicit instruction. The 

authors found that all of the children had trouble distinguishing internal and external 

angles. For example, to create a particular internal angle in Logo, the turtle must move 

forward, rotate through the external angle, and then move forward again. They found 

that learners had great difficulty in recognizing other types of angles apart from 90°. It 

suggests that children do not benefit from an unstructured use of Logo. From another 

study, based on twelve children (ages 10-11) who were given a 12-hour course in Logo, 

Cope, Smith and Simmons (1992) suggest that use of Logo to draw closed figures may 

lead to confusion about angle. Despite the teacher’s attempts to make the children 

aware that it was the external angles of geometric figures through which the turtle 

turned, almost all the children focused on the internal angles in the final test. In a later 

follow-up study, Simmons and Cope (1993) investigated students (age 9 to 11) with 

Logo experience by giving paper-based tasks and corresponding Logo-based tasks. The 

authors found that children generally gave higher-level responses to paper-based tasks 

as compared with Logo-based tasks. Thus, studies by Simmons and Cope have shown 

the difficulty for children in comprehending the concept of angle by manipulating the 

Logo microworld exclusively.  Logo experiences may foster some unintended 

conceptions of angle measure. Students may confuse angle measure with the amount of 

rotation along the path (such as exterior angle of the polygon).  

In contrast to the above findings, the studies by Clements and colleagues report 

that Logo experiences appear to affect children’s ideas about angles significantly and 

children can make progress in their understanding of angles through activities with Logo 

(Clements and Battista, 1990; Clements & Burns, 2000; Clements, Battista, Sarama & 

Swaminathan, 1996). However in some situations, benefits do not emerge until students 

have more than a year of Logo experience. (Kelly, Kelly & Miller, 1986/1987). In their 

study, Clements and Battista (1990) compared two groups of fourth graders. The control 

group was given word processing lessons while the treatment group was given lessons 

in Logo by an experienced teacher. Not surprisingly, they found that children who did 
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extra geometry work using Logo did better than children who had no extra geometry 

work or Logo work.  

The dynamic definition of angle introduces the concept of directionality. The Logo 

context provides a situation that incorporates a dynamic visualization of turning, thus 

enabling students’ exploration of directionality. In another study, Clements, Battista, 

Sarama and Swaminathan (1996) reported research on a pilot study of four nine-year-

old children and a field test conducted on two third grade classrooms in an inner city 

school. They aimed at evaluating a curricular unit developed by the authors that included 

tasks on and off the computer. The goals were for children to recognize turns as 

changes in orientation (distinct from changes in position), to distinguish smaller turns 

from larger ones, to construct units of turn, to estimate turn sizes with units, to recognize 

different turns that yield the same change in orientation (e.g. turning right by 90 degrees 

yields the same result as turning left by 270 degrees). Clements et al. (1996) formed a 

hypothesis that students learned about turn measurement by integrating two schemes, 

turn as body movement and turn as number. They further conclude that changes in 

orientation are harder to understand than changes in position, as young children don’t 

naturally connect static angles to turns. Also, students do not find it easy to relate turning 

around a point to turning along a bent path. These results are in consensus with the 

findings of Mitchelmore (1998) where students showed separate conceptions of bending 

and turning. They perceived bending as a configuration and turning as a movement. 

Thus, in this case, bending can be associated with changes in position and turning with 

change in orientation or with the movement.  

In a later study, Clements and Burns (2000) confirmed the hypothesis formed out 

of 1996 study about the synthesis of two schemes by students - turn as body movement 

and turn as number - while learning about turn measurement. They further found 

behaviour patterns and narrative indicating development of an internal image of dynamic 

movement among students. Gradually, students used a process of psychological 

curtailment in which they replace full rotations of their bodies with smaller rotations of an 

arm, hand or finger, and eventually internalized their actions as mental imagery. 

Clements, Battista and Sarama (2001) propose that children can be helped to move 

from the visual level to the descriptive/analytic level of angle understanding as they 

make their intuitions explicit through structured interactions with Logo (e.g. they move 

from seeing a rectangle as something that “looks like a door” to something that is 
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constructed with specific commands to move forward some amount, turn right ninety 

degrees, move forward another amount, and so on). Thus, Clements and colleagues 

maintained that Logo experiences enriched with appropriate tasks and discussions help 

children to become aware of their mathematical intuitions, thus leading them to higher 

levels of geometric thinking. 

It is interesting to note that Clements (and colleagues) have used different 

versions of Logo in different studies. Clements et al. (1996) used a modified Logo 

environment called Geo-Logo (Clements & Meredith, 1994) whereas Clements and 

Burns (2000) used Turtle Math (Clements & Meredith, 1994) an enhanced version of 

Logo containing research-based tools and tasks. Turtle Math includes features of 

dynamic geometry (dragging to change angles), as well as requiring students to enter 

numerical predictions for angle/turn measures. The main differences between Geo-Logo 

and Turtle Math are not made so clear in the papers. While Clements and colleagues 

demonstrated that children could make progress in their understanding of angles 

through activities with Logo, no study directly answered the critique of Simmons and 

Cope (1993) about quicker progress by children in gaining abstraction using paper and 

pencil rather than Logo. 

Browning and Garza-Kling (2009) implemented another digital technology known 

as TI-73 graphing calculator for developing the understanding of angle and angle 

measure in a 4th grade (ages 10-11) classroom. They used two activities on the Texas 

Instruments TI-73 Explorer  calculator; the “Angle” feature on the application SmileMath 

and a scaled-down version of Logo called “Logo Light” in order to develop the idea of 

angle as a representation of turn.  Using Smilemath, the dynamic movement of rays is 

shown to the students depicting one ray turning away from an initial, adjacent ray and 

then either stops the turning motion to create an indicated angle measure or to estimate 

the angle measure. This prior notion of turning is further facilitated by Logo Light 

experiences where students focused on angles created by turtle turns in the creation of 

two-dimensional shapes. They report the pronounced effect of the use of the SmileMath 

application on the TI-73 on students’ understanding of the measure of an angle in their 

preliminary analysis and report students’ progression to higher van Hiele levels. In 

another study, Smith, King and Hoyte (2014) worked with third and fourth graders and 

developed a motion-controlled angle task using a Kinect for Windows program, which 
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uses motion-sensing device to track body movements and translates them into 

movements on a video screen. Thus, their angle task involved a simultaneous dynamic 

and static angle representation of the angles formed by students’ arms. 

The evolution of digital technology has offered new ways of doing and thinking 

about mathematics. The use of computer environments such as dynamic geometry 

environments (DGEs) has been found to be effective in teaching a variety of school 

mathematics subject areas both at the elementary and high school levels (Falcade, 

Laborde & Mariotti, 2007; Sinclair, Moss & Jones, 2010; Sinclair & Kaur, 2011; 

Crompton, 2015; Kaur, 2015). Given that a DGE simulates a geometric environment, it is 

widely used and studied in the context of the geometry curriculum.  In Kaur (2015), I 

examined the children’s conceptions of triangles in DGE and reported about their 

dynamic ways of thinking elicited through their word use and gestures. Crompton (2015) 

reported on students’ angle related experiences using Sketchpad Explorer program. She 

worked with fourth grade students interacting with a real-world environment while using 

a mobile technology with Sketchpad Explorer program to support their learning. In her 

study, students interacted with the real world by taking photographs of physical objects 

in the environment and then using the dynamic tools such as protractor within the 

program to measure the angles. She reported about students’ moving to higher van 

Hiele levels of geometric understanding after the teaching experiment. Her study was 

more focused on the measurement and classification of angles.  Perhaps the dynamic 

features of sketchpad may help in developing the dynamic conceptions of angles in early 

school years through their kinaesthetic affordances.  

 Summary and final remarks 2.4.

The above-discussed review of literature highlights the complexity of the concept 

of angle. In particular, I am intrigued by the few trends that are important to my research: 

first, angle being a multifaceted concept, there is no consensus on the definition of 

angles, which makes it a difficult concept for children to grasp. The research literature 

shows a classification of angle definitions in different categories that point to the duality 

of dynamic and static aspects. It seems like no formal definition of angle can capture all 

aspects of our experiences of what an angle is. Second, children have difficulty seeing a 

static angle as a turn as well as connecting turning to an angle. Third, students think that 

the length of the arms is related to the size of the angle: larger length of sides imply a 
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bigger angle. One reason for such misconception could be the introduction of angle as a 

shape rather than a measure, which could result of thinking that an angle is the distance 

between the ends of the lines. Fourth, students face difficulties with benchmark angles 

like 00, 900, 1800, and 3600, when they do not conceptualize angle as a turn.  

From the above review, I got a sense that more emphasis should be placed on 

the relationship between the two arms of an angle and how they are inclined with 

respect to each other. These reflections shape my research study in which I propose 

introducing angles focusing on qualitative aspect of angle namely angle-as-turn 

conception. Introducing the angle as a turn or rotation involves an action or a change in 

direction between two lines.  A dynamic geometry environment could serve as a tool in 

presenting this dynamic notion of angle, where children could have a “visual feel” to the 

process of how an angle is formed and how two lines of angle are inclined with respect 

to each other.  Also, in the initial angle concept development stage, there should not be 

any emphasis on angle measurement and classification.  
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 Perspectives on Angles: Comparing Chapter 3.
textbooks and Research-based trajectories 

In this chapter, I examine different ways in which angles (and related concepts) 

are presented in some primary school textbooks and associated curriculum documents. I 

compare the intended sequence as implied by these curricular documents with 

recommendations from the research literature around the concept of angle. I then offer 

some insights into how these two perspectives might be reconciled. 

This chapter unfolds in two parts. In the first part, I outline and compare the 

intended pedagogic sequence of angles as evidenced in the curriculum and as 

suggested by the research literature. In the second part, I discuss the particular 

instances from the textbooks where angle-related connections could be made and 

discuss some research implications of introducing the concept of angle at an earlier age. 

I conclude my chapter with some final remarks. 

 Angle progression in the BC school curriculum  3.1.

Since the present study took place in the context of the school system of British 

Columbia (BC), it was important to understand how the concept of angle is presented, 

defined and exemplified in the BC curriculum. For this purpose, I analysed the 

curriculum document Mathematics K to 7: integrated resource package (IRP) (2007) 

published by Ministry of Education, Province of British Columbia. I also analysed the 

Math makes sense textbooks series, published by Pearson, which provides an example 

of how the curriculum gets interpreted into a set of materials and resources for the 

classroom. 

Math makes sense is a popular textbook series for Kindergarten-to-Grade 9 and 

is widely used in BC schools. This textbook series is designed based on the guidelines 

and learning goals set in the integrated resource package. These books are published 

both electronically (e.g., Web form and PDF form) and in printed form. I used the printed 

version for the analysis. The books are intended for use in specific grade levels 

according to their content. The language of the books directly addresses the students in 

a classroom setting and frequently asks them to pair up with their classmates to solve 
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problem. Indeed, Math Makes Sense is considered to be more problem-based and 

language-intensive than other, more traditional approaches. Various mathematical topics 

in the book are presented in the form of different units. Each unit consists of a number of 

lessons for a specific mathematical topic. Each unit starts by stating the learning goals, 

launching a real-life problem and listing some keywords used in that unit. Each lesson is 

organized under three distinct sections: Explore, Connect and Practice. After the Explore 

section, students are asked to Show and Share their answers with their classmates. 

After the Practice section, students are asked to Reflect on the lesson. 

I included only grade 3 to grade 6 textbooks in my analysis as the main focus of 

grade 1 and grade 2 was to distinguish between 2D and 3D shapes, without any direct 

or indirect references to angle-related content. Since the reference to these books needs 

to be made frequently in this chapter, I use a shorthand reference by labeling them TBn 

where TB3, for example, refers the Math makes sense textbook for Grade 3. In other 

words, n corresponds to the particular grade level. 

Mathematics K to 7: Integrated Resource Package (2007) provides descriptions 

of how students’ mathematical understanding and skill should develop over time. In K-7 

Integrated Resource Package (IRP), the curriculum related to Shape and Space is 

divided into three different strands: Measurement; 3-D objects and 2-D shapes; 

Transformations.  

I examined the curriculum document in order to get a better sense of the ways 

the concept of angle is discussed and defined in BC schools. Table 3.1 summarizes the 

Shape and Space prescribed learning outcomes (PLOs) as proposed in in the IRP. 

Since the amount of angle-related material is quite minimal in the curriculum document 

in earlier grades, I list everything in Shape and Space outcome even when I am only 

interested in angles. Looking at the geometry topics across grades is helpful in 

understanding when else angle might be relevant. 
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Table 3.1 Prescribed learning outcomes in IRP (2007)  

GRADE 
(Approx. Age 
in years) 

AREA BC-IRP (2007)(Prescribed Learning Outcomes) 

Grade 3 (8) Measurement Demonstrate an understanding of measuring time, length (cm, 
m), mass (g, kg), perimeter of regular and irregular shape 

3-D Objects and 2-D 
Shapes 

Describe 3-D objects according to the shape of the faces, and 
the number of edges and vertices  
Sort regular and irregular polygons, including triangles, 
 quadrilaterals,  pentagons , hexagons , octagons  
according to the number of sides. 

Transformations Not applicable (N/A)  
Grade 4 (9)  Measurement Demonstrate an understanding of area of regular and 

irregular 2-D shapes 

3-D Objects and 2-D 
Shapes 

Describe and construct rectangular and triangular prisms 

Transformations Demonstrate an understanding of line symmetry in 2-D 
shapes 

Grade 5 (10) Measurement Design and construct different rectangles given either 
perimeter or area, or both, demonstrate an understanding of 
measuring length (mm), volume (cm3 or m3), capacity (mL or 
L) 

3-D Objects and 2-D 
Shape 

Describe and provide examples of edges and faces of 3-D 
objects, and sides of 2-D shapes that are parallel,  
intersecting,  perpendicular , vertical , and horizontal. 
Identify and sort quadrilaterals, including rectangles, 
 squares , trapezoids,  parallelograms , and rhombuses   
according to their attributes 

Transformations  Perform and identify a single transformation (translation, 
rotation, or reflection) of 2-D shapes 
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GRADE 
(Approx. Age 
in years) 

AREA BC-IRP (2007)(Prescribed Learning Outcomes) 

Grade 6 (11) Measurement Demonstrate an understanding of angles by  
Identifying examples of angles in the environment  
Classifying angles according to their measure  
Estimating the measure of angles using   45°, 90°, and 
180°as reference angles 
Determining angle measures in degrees  drawing and 
labeling angles when the measure is specified  
Demonstrate that the sum of interior angles is: 180° in a 
 360° triangle, in a quadrilateral.  
Develop and apply a formula for determining the  perimeter 
of polygons,  area of rectangles,  volume of right rectangular 
prisms 

3-D Objects and 2-D 
Shapes 

Construct and compare triangles, including scalene, 
isosceles , equilateral,  right , obtuse,  acute  in different 
orientations 
Describe and compare the sides and angles of regular and 
irregular polygons  

Transformations Perform a combination of successive translation(s), rotation(s) 
and/or reflection(s) on a single 2-D shape or of 2-D shapes to 
create a design, and identify and describe the transformations 
Transformations in Cartesian plane (Ist quadrant) 

 

A quick look at table 3.1 suggests that the concept of angle is introduced in grade 

6 under the measurement strand. There is no prior official introduction to angles before 

that. This may seem surprising because the research literature shows that the concept 

of angle can be accessible by much younger children (Menon, 2009). It is interesting to 

note that angle is presented in the measurement strand, which gives a sense that more 

emphasis is placed on the quantity aspect of angle as opposed to other two aspects of 

angles namely, quality and relationship as discussed in the previous chapter. More 

detailed observations from table 3.1 are discussed later in section 3.3. 

 Angle progression in research 3.2.

Previously, in chapter 2, I reviewed the research related to angles. Here I discuss 

the learning progression of angles as suggested by Sarama and Clements (2009) in 

detail. Their work has allowed them to provide detailed descriptions of children’s thinking 

as they learn to achieve specific goals in a mathematical domain and move through a 
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developmental progression of levels of thinking. Table 3.2 summarizes their suggested 

learning progression for angles.  

Table 3.2 Angle progression adopted from Sarama and Clements (2009) (Brief 
summary of original table) 

Age (Years) Developmental progression for angle 
2-3 Intuitive Angle Builder: Intuitively use some angle measure notions in everyday settings 

like building with blocks. 
4-5 Implicit Angle User: 

Implicitly use angle notions including the parallelism and perpendicularity in physical 
alignment tasks or other everyday contexts (Mitchelmore, 1989,1992).  
Many identify corresponding angles of a pair of congruent triangles using physical models.  
Uses the word ‘angle’ or other descriptive vocabulary to describe some of these situations. 

6 Angle Matcher: 
Matches angles concretely,  
Recognize parallel from non-parallel in specific contexts (Mitchelmore, 1992), 
Sorts angles in smaller or larger 

7 Angle Size Comparer: 
Differentiates angle and angle size from shapes and contexts,  
Compare angle sizes, recognize right angles, then equal angles of other measures in 
different orientations (Mitchelmore, 1989), and 
Compare simple turns. 

8+ Angle Measurer: 
Understand angle and angle measure in both primary aspects and can represent multiple 
contexts in terms of standard, generalizable concepts and procedures of angle and angle 
measure (e.g. two rays, the common end point, rotation of one ray to other around that 
endpoint, and measure of that rotation) 
Forms connections among different notions of angles. 

 Comparison of learning progressions: Curriculum vs. 3.3.
Research 

Comparison of the sequence proposed by IRP (2007) (Table 3.1) and that found 

in table 3.2 shows a large age-related gap in angle conceptions. According to the IRP 

(2007), the notion of angle is not introduced until the age of 11-12 years, whereas an 

implicit use of angle notions is found at the age of 4-5 years in Table 3.2. Further, table 

3.2 suggests an explicit use of angle at age 8 (Grade 3), when students develop a 

generalized concept of angle and develop a sense of connections among various angle 

situations.  

In the IRP (2007) for grade 3, children are asked to sort shapes on the basis of 

the number of sides only. However, Sarama and Clements (2009) found that by grade 3, 

most children (69 percent) mentally decompose figures to compare angles as well. 
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Further, it is found that five-year-olds could match angles in correspondence tasks 

(Beilin, 1984), thereby helping students to mathematize their intuitive use of angle 

conceptions. Other notions, such as parallel and non-parallel lines, are reported to be 

used by children from 3-6 years of age (Abravanel, 1977; Mitchelmore, 1992). Moreover, 

preschoolers are found to use notions of perpendicularity and parallelism in informal play 

of alignment tasks, however these conceptions are not introduced until fifth grade (10 

years old) in the IRP. This implies that a great amount of children’s potential, which 

could have been used to develop the conceptions of angles in early school years, is 

completely ignored in the IRP. Consequently, students’ fail to develop their conceptions 

of angles significantly even after five years of schooling, if teachers follow the IRP 

scrupulously.  

According to the IRP, students are expected to Identify and sort quadrilaterals, 

including rectangles,  squares , trapezoids,  parallelograms , and rhombuses according 

to their attributes in grade 5. This statement seems to encompass all the attributes of a 

shape, angles being one of them. However, an analysis of TB5 indicates only the use of 

attributes such as parallel, perpendicular and the number of vertices. The concept of 

rotation is introduced at grade 5 in the IRP, but no connection between rotation and 

angle is suggested in grade 6. According to the IRP, the concept of angle is to be 

introduced in grade 6, with the expectation that students demonstrate an understanding 

of angles by: 

• identifying examples of angles in the environment,  

• classifying angles according to their measure,  

• estimating the measure of angles using   45°, 90°, and 180° as reference 
angles,  

• determining angle measures in degrees,   

• drawing and labeling angles when the measure is specified, as well as  

• demonstrating that the sum of interior angles is 180° in a triangle and  360° in 
a quadrilateral.   

All this knowledge of angle is expected after only one year of explicit work with 

the concept of angle. This is contrary to the suggestions made by various researchers. 

For example, Mitchelmore and colleagues suggested that children should be given more 

opportunities to engage in tasks that help them make connections between different 
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angle situations over a long period of time. White and Mitchelmore (2002) designed a 

sequence of 15 lessons related to angles. The lessons dealing with 2-line angles (those 

where both arms of the angle are visible) were taught in Grade 3 and the lessons related 

to 1-line (where only one arm of the angle is visible) angles were taught in Grade 4. 

They suggest developing the concept of angle at different stages over different grade 

levels. Therefore, the single introduction of angle concept only in grade 6 is contrary to 

this recommendation. Since young students can and do compare angle and since turn 

measures informally and angle size is necessary to work with shapes, young children 

can learn these concepts successfully (Lehrer, Jenkins & Osana, 1998). Thus, the 

concept of angle can be introduced formally at earlier grade levels. 

Since the age-related disparities are evident between the learning sequence 

suggested in the IRP and the findings of the research literature, one could also notice 

some similarities. In particular, an attempt could be made to see whether the research 

based progression: Intuitive Angle Builder è Implicit Angle User è  Angle Matcher è 

Angle size Comparer è Angle Measurer is followed in the IRP, where students are 

expected to build and sort 3-D objects at the kindergarten level. In grade 1, they are 

expected to do filling, covering and matching in the process of measurement 

comparison, replicate composite 2-D and 3-D shapes, compare 2-D shapes to parts of 

3-D objects. These tasks seem implicitly to encourage the use of intuitive angle notions 

as well as the matching of angles. In grade 2, students are expected to sort 2-D shapes 

and 3-D objects using two attributes and compare, describe and construct various 2-D 

and 3-D shapes. Their description might contain a number of corners as one attribute 

along with others such as number of sides.  In grade 3, students are expected to sort 

regular and irregular polygons according to the number of sides. The direct 

recommendation of sorting of polygons based on the number of sides may hinder the 

opportunity for children to match the angles of the polygons and sorting on the basis of 

other attributes. In grade 4, students are expected to describe and construct rectangular 

and triangular prisms as well as identify and create symmetrical shapes. These kinds of 

opportunities can provide opportunity for implicit use of angle matching ideas. In grade 5, 

students are expected to identify and sort quadrilaterals according to their attributes. 

They are also expected to perform transformations such as translation, reflection and 

rotation. The different kind of rotations and activities associated with a bigger rotation or 

smaller rotation can provide opportunity for the angle comparison at this stage. In grade 
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6, finally, the angle concept is formally introduced and students are expected to identify, 

classify, estimate, and measure angles, which can be associated with the highest level 

(Angle Measurer) of Sarama and Clements’ (2009) progression. Although the IRP 

progression includes the outcomes that allow room for the development of the angle 

concept in consensus with the progression suggested by research literature, there is 

nothing explicit in the IRP that encourages this. A textbook analysis presented in the 

next section, provides insight into whether appropriate opportunities are nonetheless 

offered to teachers and learners.  

 Towards a reconciliation between textbook design and 3.4.
research recommendations 

As the angle concept is expected to be discussed explicitly in grade 6, as per 

guidelines of curriculum, I began my textbook analysis by examining the grade 3 to 

grade 5 Math makes sense in order to document any use of the word angle (or related 

vocabulary). Then I looked at the unit on angle in TB6. Below, I discuss opportunities for 

integrating research-based suggestions into current curricula and textbooks. 

3.4.1. Indirect use of angle 

TB3 includes some pattern-matching tasks (for example, see Figure 3.1). 

Mitchelmore and White (2001) suggest introducing the word “angle” in that of matching 

and comparing pattern block corners, when students are expected to construct 2-D and 

3-D shapes. Thus, this grade 3 task would be an example of an appropriate place to 

introduce the word angle. 

 
Figure 3.1 Pattern matching, TB3, 2009, page 216 

While describing and sorting the triangular and rectangular prisms in TB4 (Figure 

3.2), the words “congruent shapes” are used. Sarama and Battista (2009) suggest that 

many children identify corresponding angles of a pair of congruent triangles or shapes 

using physical models at the age of 4-5. The statement “congruent shapes match 
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exactly” suggests that all the attributes of the shapes match. So this could be another 

opportunity to talk about the angles. 

 
Figure 3.2 Use of word “Congruent shapes”, TB4, 2007, page 223 

In grade 5, students are expected to identify and sort quadrilaterals according to 

their attributes. The vocabulary words parallel, perpendicular, intersect, vertex (Figure 

3.3) are used in TB5. The formation of a vertex is shown with two intersecting lines. This 

could be yet another place, where the concept of angle could be discussed. 

 
Figure 3.3 Use of words “Intersect” and “vertex”, TB5, 2008, page 223 

Words like “corner” and “sloping edges” are used in TB5 (figures 3.4 and 3.5 

respectively). This is the only place in the entire grade-3 to grade-6 textbooks where 

these words are used. The use of word “corner” is made while talking about the shapes. 

The use of phrases “corner smaller than the corners in a square”, “corner larger than the 

corners in a square” and “a corner that matches the corners in a square” (figure 3.4) 
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correspond to places where the comparison of angles could be discussed. While the 

word “sloping edges” is used while showing the steps to draw a square pyramid, 

nowhere is the meaning of the term “sloping” explained. Since the angles occur in 

multiple contexts like turns, slopes, crossings, bends and corners, the discussion of 

these different contexts in earlier stages can help students recognise the common 

features for defining the angle concept later on. Indeed, in a study with 7- to 12-year-old 

students, Mitchelmore (1998) reports that despite the excellent knowledge of all 

situations, specific features of each situation strongly hinder recognition of the common 

features required for defining the angle concept. 

 
Figure 3.4 Use of “corner”, TB5, 2008, page 226 

 

 
Figure 3.5 Use of “Sloping edges” (in the side note), TB5, 2008,  page 248 
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3.4.2. Direct use of angle 

The first instantiation of the use of the word ‘angle’ is found in TB5 where the 

concept of perpendicular is introduced. The statement “these edges intersect to form a 

right angle” (in figure 3.6) clearly demonstrates an attempt to introduce angle. This 

usage of the word ‘angle’ seems abrupt, since no mention of the word is made thus far. 

Note that it is actually the name “right angle” that is introduced, without any prior mention 

of the word ‘angle’. 

 
Figure 3.6 Introduction to word “perpendicular”, TB5, 2008, page 227 

3.4.3. Definition of angle 

In Grade 6, the formal introduction to angles is suggested in the IRP. Thus, in 

TB6, there is a unit on angles, which comprises six lessons. These lessons are: naming 

angles; exploring angles; measuring angles; drawing angles; investigating angles in a 

triangle; and, investigating angles in a quadrilateral respectively. TB6 introduces the 

concept of angle with the definition “An angle is formed when two lines meet” (see figure 

3.7). This is contrary to the recommendations made by Mitchelmore and White (1995), 

who suggest that it might be better not to work with any definition at all. Instead, they 

suggest that students should explore a variety of contexts in which the concept of angle 

appears, without pinning down on a prior definition. 



39 

 
Figure 3.7 Introduction to angle, TB6, 2009, page 126 

3.4.4. Representation of angle 

In the IRP, the introduction to angles is listed as a part of Measurement strand 

(see Table 3.2). However, the definition and diagram presented in the textbook points 

more towards the geometric interpretation of angle. The diagrammatic representation of 

angle represents angle as if it was a relationship between a pair of lines. Clausen-May 

(2005) argues that there is often an emphasis on angle as a shape rather than measure. 

The kinaesthetic concept of angle (as movement) is lost in the static representation, thus 

the real meaning of the concept of angle disappears.   It is true that it is not easy to draw 

an angle on a page as we cannot draw a movement, but the representation of a 

movement can be indicated by an arrow (as shown in figure 3.8). In the diagram shown 

in figure 3.7, the angle marker does not have the arrow depicting movement. The 

kinaesthetic concept of angle (as movement) is lost in the static representation, thus the 

real meaning of the concept of angle disappears.  

 
Figure 3.8 Angle representation without and with an arrow. 
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As shown in Figure 3.7, the grade 6 textbook includes the following phrase: “You 

can think of angle as a turn about a vertex”. This statement highlights an angle-as-turn 

concept of angle, introducing a sense of movement. However, it seems to be 

incomplete, as it does not clarify what is turned about the vertex. The statement “The 

angle shows how far one arm is turned to get to the other arm” (in figure 3.7) shows the 

quantitative as well as relational aspect of the angle. Here the emphasis is on the 

inclination of one arm in relation to another. This statement, along with the diagrammatic 

representation of angle as shown in figure 3.7, seems to convey that an angle is only 

one relationship between two rays. If that is the case then how can many angles exist for 

one inclination? For example, a 60° angle could be the same relation between two arms 

as a  -300°, -60°, 300°, or 4200 angle. Therefore, this definition fails to distinguish these 

angles by their size created by the revolutions of the arms/rays about the vertex. 

Moreover, it seems to suggest that if two angles are co-terminal7, then they have the 

same measure. This issue has already been raised by Proclus as discussed in chapter 

2, who criticized Euclid’s eighth definition in The Elements which defines angle as “the 

inclination to one another of two lines in a plane which meet one another and do not lie 

in a straight line (p. 153)” on the same basis (as reported in Keiser, 2004). The 

connection of angle concept to turn or rotation might help in overcoming this problem to 

some extent. Connecting an angle to the turn notion would bring out the kinaesthetic 

ideas about the consequences of a certain turn, which would enable children to see 

whether after a full turn one continue further. 

3.4.5. Disconnect between topic of rotation and angle 

Although the concept of rotation is introduced in TB5 (figure 3.9), no attempt is 

made to show some connections between the concept of angle and rotation in TB6. This 

is contrary to the suggestions made by various researchers (Mitchelmore & White, 2000; 

Clements, Battista, Sarama & Swaminathan, 1996), which is that children should be 

given more opportunities to engage in tasks that help them make connections between 

different angle situations and contexts. In TB6, after defining the angle, a task related to 

the rotation of a straw is given and students are asked to draw angles greater or smaller 

                                                
7 Differing only by a whole number of complete circles. 
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than a right angle. Upon analysing the angle-related tasks and examples in TB6, I 

noticed that all the examples are confined to 2-line angle situations (most of them are 

related to shapes and clocks). There is no mention of any 1-line or 0-line angle 

situations. This approach goes against the suggestions made by White and Mitchelmore 

(2003) who advocate for ample exposure to different angle situations. The sequence of 

15 lessons written by the authors gives students the opportunity to explore 2-line angles 

(such as pattern block corners and scissors) initially and then moves on to 1-line angles 

(opening of a door and slopes), most of which are related to real-life contexts. However, 

in TB6, the angle situations are mostly related to geometrical shapes or clocks and 

classroom corners. There is only one instance of the use of turning a wheel, but it 

appears in the lesson on rotation in TB5 (figure 3.10). 

 
Figure 3.9 Rotation, TB5, 2008, page 307 

 
Figure 3.10 Introducing rotation, TB5, 2008, p. 306 

Furthermore, students are introduced to right angles and straight angles in TB6 

(figure 3.11). Also, they are introduced to the concept of full turn, half turn, ¼ turn and ¾ 

turn (figure 3.13) in the unit on rotation in TB5, but no connections between straight 

angle and half turn or right angle and quarter turn are made in TB6.  
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Figure 3.11 Right angle and straight angle representation, TB6, 2009, p.127 

Keiser (2004) has reported on students’ difficulty in conceptualizing a straight 

angle as an angle. Students tend to conceptualize an angle as having a vertex point and 

then two lines going in different ways. The diagram of a straight angle shown in figure 

3.11 could pose problems for students in terms of deciding where the vertex is and how 

the two lines are going in different ways. This may be very difficult to represent in static 

diagrams; but the use of the angle in figure 3.12 is an attempt to do so. 

 
Figure 3.12 Attempt for a dynamic representation of a straight angle 

Another interesting observation that emerges from the comparison of figure 3.11 

and figure 3.13 is the absence and presence of the element of movement. Rotation 

(turn) is introduced as a movement phenomenon (and includes the use of arrowed arcs), 

whereas the diagram for the angle concept points more towards the static geometrical 

shape (no arrows). Since Clements, Battista, Sarama and Swaminathan (1996) suggest 

that young children do not spontaneously conceptualize turning in terms of angle and do 

not easily connect static angles to turns, the explicit connections between the concepts 

presented in figures 3.11 and 3.13 could have been very effective in making the 

connection. 
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Figure 3.13 Rotation (type of turns), TB5, 2008, page 307 

The presentation of these two topics different units at two different grades may 

create problems connecting the process of turning and the concept of angle. This 

complexity may further lead students to form separate concepts of angles and turns, as 

reported by Lehrer et al. (1998). This may hinder them later on as they might have 

trouble in connecting a static angle to a turn and vice versa as discussed previously in 

chapter 2. 

3.4.6. Issues of directionality 

The concept of directionality is introduced to the students in grade 5 along with 

the rotation lesson, but no such thing is explained in the case of angles in TB6. For 

example, in TB5, rotations are discussed as being clockwise or counterclockwise (see 

figure 3.14). The dynamic definition of angle introduces the concept of directionality 

(Clements et al., 1996). The link between figures 3.14 and 3.15 could have provided an 

opportunity for understanding the concept of angle as rotation and establishing a relation 

between the topics of rotation and angle. The research literature has shown that 

students develop conflicts related to exterior and interior angles. This is due to the fact 

that two half lines with the same origin define two angles: a re-entrant8 angle and a 

                                                
8 An angle pointing outward; an interior angle of a polygon that is less than 180 degrees. 
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salient9 angle. Close (1982) showed that pupils have great difficulty comparing two 

angles that add up to 360°.  

 
Figure 3.14 Types of rotation, TB5, 2008, p. 307 

 
Figure 3.15 Different types of angles, TB6, 2009, p.127 

Thus, the introduction to various types of angles as shown in figure 3.15 has some 

loopholes. It lacks the concept of directionality, which may pose difficulties for learners in 

understanding the reflex angle as well as the difference between external and internal 

angle, as suggested by Clements et al. (1996). The diagram (figure 3.16) in the textbook 

seems to be an insightful choice as these kinds of representations can help students 

avoid developing conflicts based on prototypical angle shapes, where two arms are 

always shown equal to each other. 

                                                
9 In an irregular polygon, an interior angle that is greater than 180° and whose apex faces into the 
polygon. 
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Figure 3.16 Acute angles with different arm lengths, TB6, 2009, page 130 

The sequencing of angle development tasks in TB6 partially follows the 

development progression suggested by Sarama and Clements (2009) as it progresses 

from the angle comparer to the angle measurer level, but the basic suggestion of 

providing varied opportunities to explore angles in different contexts is completely 

missed. There seems to be a substantial lack of connection to various angle-related 

conceptions such as turns, slopes, bends, orientations and directionality.  

 Summary 3.5.

The discussion in this chapter suggests that there are big age-related disparities 

in the progression of the development of angle concept as suggested by curriculum 

document (IRP, 2007) and as suggested by the research literature (Sarama & Clements, 

2009). Even though the sequence of angle-related topics seems to be in line with the 

research-based recommendations, there are big gaps in terms of actual implementation. 

For example, the concept of rotation is introduced in grade 5 and the concept of angle in 

grade 6, which seem to suggest that rotation and angle are two different disjoint topics. 

In addition, there are some issues in the way that the angle concept is presented 

in the textbook. The research literature suggests that movement is a key aspect of the 

relationships between shape and space, but this is not well represented in the textbooks. 

Since movement is more challenging to show in a printed textbook, it may be that the 

dominance of static materials is partly to blame. There are other issues that can be seen 

in the presentation of Math makes sense textbook series. No connections are made 

between the notions of angle and rotation. In addition, opportunities for relating other 

concepts to angles are missed, like in the case of the concept of parallel lines, which is 

taught in grade 5, and could have been used to develop the concept of an angle of 00. 

Although the research literature suggests an ample exposure to different angle related 

contexts over a long period of time before the actual introduction to angle concept, only 
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limited contexts is used in the textbook. Finally, the tasks presented in these textbooks 

mainly address to 2-line angle situations; the conception of angle in terms of turn, 

slopes, and orientations is not encouraged at all.  

It is clear that it is not possible to teach the angle concept effectively if one solely 

relies on textbook material. The integration of everyday life experiences, physical 

activities, and dynamic technological tools can provide a helping hand to connect 

different angle contexts. For example, growing (increasing steadily in size) angle can be 

shown with a dynamic geometry environment (DGE) and could help in lifting angles out 

of static diagrams, and facilitating development of angle as a dynamic concept based on 

rotation. Also, the activities involving turning one’s body or objects are essential for 

establishing the robust understanding of angle.  

The analysis of curriculum documents and textbooks in light of research studies 

has revealed three main problems. Firstly, the concept of angles is introduced quite late 

in the BC formal curriculum and there is limited exposure to different contexts in which 

angles exist. Secondly, the topic of rotation and the topic of angles are introduced 

separately in the curriculum in two different grades. Thirdly, the static aspect of angles in 

the text is very dominating. All these problems may lead to weak angle conceptions and 

conflicts in connecting turns and angles. These revelations helped in designing my 

present study, where I propose to introduce angles at earlier grades and to use dynamic 

geometry environments to develop a dynamic conception of angles. 
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 Theoretical Framework Chapter 4.

In this chapter, I first present two central perspectives for thinking about learning, 

namely cognitive perspectives and sociocultural perspectives and discuss why I am 

drawn more towards the sociocultural perspective. Then, I present Sfard’s (2008) 

commognitive framework of thinking and learning that I use in my study. I discuss 

relevant constructs of Sfard’s theory that I use for my data analysis and present the 

basis of its usefulness in my research. 

 Two perspectives on learning: cognitive vs. 4.1.
sociocultural 

During my journey of taking educational courses and reading papers, I came 

across two central perspectives for thinking about learning, namely cognitive and 

sociocultural perspectives. In the cognitive perspective, learning is seen as the 

acquisition of cognitive structures such as mental representations. Inspired by Piaget, 

cognitive theorists view learning as being acquired or constructed in an individual’s head 

in the form of mental schemas. The formalization of the theory of constructivism is 

attributed to Piaget, who proposes that knowledge is constructed and internalised by 

learners through the processes of accommodation and assimilation.  The essence of 

constructivist theories of learning is that in order to learn something new, learners 

actively construct meaning based on what they already know. The learners are seen as 

constantly checking new information against old rules and then revising rules when they 

no longer work. This view of learning emphasizes the active role of the learner in 

building understanding and making sense of the world (Eggen & Kauchak, 2007).  

On the other hand, the sociocultural prospective of learning has its origin in the 

work of Lev Vygotsky and his colleagues. Vygotsky (1987) put forward the idea that 

learning is inherent in the social activity and explicitly contradicts the Piagetian thesis 

that human intellectual growth results from the direct interaction between the individual 

and the world. Vygotsky stresses that the development of an individual involves carrying 

higher mental functions from the social to the psychological plane. 
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Inspired by the ideas of Vygotsky, sociocultural theorists such as Lave and 

Wenger (1991) asked their readers to think about learning as legitimate peripheral 

participation in socially organized activities. Thus, learning can be seen as individuals 

moving from the periphery of a community towards the centre. They become more active 

participants within that community by adopting new discourse and participating in the 

routine activities of a particular group. Lave and Wenger’s work helped in the formation 

of a participationist vision of humans and their development. Explaining the differences 

between acquisitionist and participationist views, Sfard (2008) writes: 

Whereas acquisitionists view individual development as proceeding from 
personal acquisitions to participate in collective activities, participationists 
reverse the picture and claim that people go from participation in 
collectively implemented activities to similar forms of doing performed 
single-handedly. (p. 78) 

I am more intrigued by the participationist view of learning because as a 

researcher I cannot look at ‘what is happening inside the brain of a student’; I can at 

most look only at how students are participating in an activity and how they are 

communicating.  

Sfard’s  (2008) discursive framework offers a fluid communicational approach as 

it enables researchers (and teachers) to make claims about students’ thinking in terms of 

how students communicate. In the next section, I discuss relevant constructs of Sfard’s 

commognitive framework that I use later for my data analysis.  

 Commognition  4.2.

Sfard (2008) coined the term commognition by unifying the terms cognition and 

communication, which emphasizes the unity of cognitive processes and communication. 

The commognitive framework is based on the socio-cultural approach. Within this 

framework, thinking is defined as “an individualised version of (interpersonal) 

communicating” (p.81). It is worth noting that Sfard suggests including all forms of 

communication in thinking, not just verbal communication. Her approach is based on a 

participationist vision of learning, in which learning mathematics involves initiation into 

the well-defined discourse of the mathematical community. She makes a distinction 

between language and discourse: language is a tool, whereas discourse is an activity in 

which the tool is used. Language is defined as a “system, used for communication, 
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comprising a finite set of arbitrary symbols and a set of rule (or grammar) by which the 

manipulation of these symbols is governed” (p.101).   

Discourse is considered as a “special type of communication, made distinct by its 

repertoire of admissible actions and the way these actions are paired with re-actions” 

(p.297). The construct discourse, as used by Sfard, encompasses any act of 

communication (oral or written), as well as physical objects or means used for discursive 

ends. Thus, an understanding of mathematics is seen as a discursive accomplishment in 

which talk, diagrams, representations, and objects play an important role. Thus, for 

Sfard, learning corresponds to a change in discourse. Learning geometry thus 

corresponds to changing the way one communicates about geometric objects and 

relationships and this change should be towards a mathematical way of communicating, 

as determined by the mathematics community. She suggests that although language is 

not the only medium for communication, verbal communication seems to be the “primary 

source of the distinctively human forms of life” (p. xvii). 

Sfard’s communicational approach is based on these assumptions: thinking is a 

form of communication and knowing of mathematics is synonymous with the ability to 

participate in mathematics discourse. Thus, from this viewpoint, mathematical learning is 

the development of a mathematical discourse. To investigate this learning and to know 

the ways in which children modify their discursive actions, Sfard recognized four unique 

characteristics of mathematical discourse: words and their uses, visual mediators, 

routines and endorsed narratives.  

4.2.1. Four characteristics of mathematical discourse 

Words and their uses: Any professional discourse has a unique vocabulary. In 

mathematics, the words mainly signify quantities and shapes. For example, in the case 

of a quadratic function, specific words such as “polynomial”, “degree two”, and “graph” 

are used to describe it. Some of the words may be used in other discourses, either in the 

same way or according to a different definition. Words and their uses are central to a 

discourse as often they determine what one can say about the world.  

Visual mediators are the objects acted upon as a part of the communication. 

They are the means with which the communication is mediated.  While colloquial 
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discourse is mediated mainly by images of concrete objects that exist independently of 

the specific discourse, in mathematical discourse, symbolic artefacts are created 

specifically for written mathematical communication. Visual mediators of the 

mathematics discourse include algebraic symbols that mediate ideas such as written 

numbers and graphs, or other symbols like those that represent equality, variables, 

operations etc. For example, for a quadratic function, a U-shaped graph can act as a 

visual mediator. The mediators used in the communication often influence what one can 

say about the idea discussed.  

Narrative is defined as a, “series of utterances, spoken or written, that is framed 

as a description of objects, of relations between objects or processes with or by objects, 

and which is subject to endorsement or rejection, that is, to being labeled as ‘true’ or 

‘false’” (Sfard, 2008, p.300). Thus, a narrative is subject to endorsement or rejection by 

the given community. Endorsed narratives are sets of propositions that are accepted and 

labeled as true by the given community. For example, mathematical theories such as 

definitions, proofs, axioms, and theorems are known as endorsed narratives in the case 

of geometric discourse. 

Sfard defines routines as “repetitive patterns characteristic of the given 

discourse” (p.134). The mathematical regularities can be noticed when interlocutors are 

engaging in mathematical tasks, or using a set of rules that regulate their repeated 

discursive activities. Thus, routines are the researcher’s construct based on 

observations of participants’ discursive actions. Such repetitive patterns can be seen in 

different aspects of mathematical discourse such as in word use, in generating visual 

mediators, in mathematical forms of categorizing, in mathematical modes of attending to 

environment, in ways of viewing situations as “the same” or “different” etc. Thus a 

routine is a set of metarules that describe a repetitive discursive action and this set can 

be divided into two subsets: the how of a routine and the when of a routine. The how of a 

routine determines the interlocutor’s course of action and the when of a routine 

determines those situations in which the interlocutor would deem the certain course of 

action as appropriate. Sfard suggests that much of mathematical discourse consists of 

recalling, constructing, and substantiating narratives. Recalling means bringing a 

previously constructed narrative to mind, constructing results in creating a new narrative, 

and substantiating is the process of proving that leads to the decision whether or not to 

endorse a narrative. 
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These four characteristics of discourse (mathematical words, visual mediators, 

endorsed narratives, and mathematical routines) are helpful in describing the nature of 

children’s discourse and examining the changes in their discourses about mathematical 

ideas.  It should be noted that the four characteristic features of discourse are intricately 

related to one another. For example, consider the case of calculating the total number of 

candies in two boxes. In this context, a visual mediator (e.g., candies in each box, 

fingers that correspond to candies, pointing gestures towards each candy) has particular 

words associated with it (e.g., one, two, three and so on), which is used in routine ways 

(e.g., deciding which box of candies to count first, which number determines the total 

number of candies), and can be described by a narrative (e.g., seven candies or ten 

candies). With the help of these four characteristics of discourse, the students realize 

different mathematical objects. The construct realization as defined by Sfard is 

presented in next subsection. 

4.2.2. Realizations and realization tree 

Sfard uses the word mathematizing to denote participation in mathematical 

discourse and she refers the participants of this discourse as mathematists. According to 

Sfard, mathematical objects are discursive objects and constructed personally by 

students. These mathematical objects can be represented as realization trees. A 

realization tree shows the different realizations of a particular signifier, where signifier is 

a word that acts as a noun in the mathematical discourse. A realization is a perceptually 

accessible thing so that the narratives about the signifier can be translated into the 

narratives about its realization. For example, one can use a table of function values as a 

signifier and realize it in a formula, and vice versa.  It can be further realized in the form 

of a graph. Thus, almost any mathematical realization may be used as a signifier and 

then realized even further. Thus, “a mathematical object is a signifier together with its 

realization tree, whereas the realization tree is a hierarchically organized set of all the 

realizations of the given signifier, together with the realizations of these realizations, as 

well as the realizations of these latter realizations, and so forth” (Sfard, 2009, p.197). 

This statement points to the recursive nature of the activity of realizing. It should be 

noted that realization tree is a metaphoric name given by Sfard for the set of meta-rules 

that, from an observer’s point of view, seem to be guiding one’s actions of realizing the 

given signifier.  
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In the construction of mathematical objects, Sfard also argues about the 

importance of phenomenon of objectification as described and discussed below.  

4.2.3. Objectification 

In the construction of mathematical objects, Sfard also argues about the 

importance of phenomenon of objectification.  Objectification is defined as "a process in 

which a noun begins to be used as if it signified an extradiscursive, self-sustained entity 

(object) independent of human agency" (p. 300). This process consists of two closely 

related sub-processes: reification and alienation. Reification consists the replacement of 

talk about processes with talk about objects. Alienation refers to using discursive forms 

that present phenomena in an impersonal was, as if they were occurring of themselves, 

without the participation of human beings. For example, in case of whole numbers, 

children first approach whole numbers processually (as result of counting sets of 

objects). If a young child is asked how many marbles are in a bag, he will probably count 

them and his answer will be the last number he states in his counting. Later, he may 

state that he has "four" marbles, thus using numbers as an adjective. The later response 

of “four” to the same question is indicative of that he has "objectified" whole numbers. In 

this case, it is possible that he is using "four" as a noun, an object in its own. This 

process is important because it is only once a number is used as a noun (i.e., is 

objectified) that is operating on its own outside of contextual situations makes sense. 

Such objectification facilitates an individual's mathematical communication, and 

therefore, their learning of mathematics.  

One can detect the objectification in mathematics with different discursive clues. 

For example, the statement "four is greater than three" would indicate that "four" is being 

used as the noun and therefore objectified. In contrast, "four are more than three" may 

indicate that the child is still imagining four objects ("four” as an adjective). In this case it 

is possible that the number has not been encapsulated. Encapsulation is a process 

associated with objectification in which objects previously seen as separate entities are 

encapsulated into one object. In the above case, what used to be four objects (i.e., 

marbles) for the child are now encapsulated into a single object, the number “four”. This 

is evidenced by a change in verb use from plural to singular (i.e. use of "is" instead of 

"are"). Thus during the phenomenon of objectification, what was previously something to 

"do" (processual) becomes a discursive "object" (structural). Mathematical and scientific 
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discourses are particularly dependent upon objectification for their successful evolution. 

Objectification can be investigated in association with each of the four mathematical 

characteristic (word use, visual mediators, routines, ad narratives). 

Sometimes during mathematizing, different interlocutors use same words in 

different sense, which could cause conflicting situations. This is discussed in the next 

subsection.  

4.2.4. Commognitive conflict 

The teacher as an experienced interlocutor plays an important role in the 

success of teaching and learning process. Since learning mathematics is defined as a 

change of discourse, Sfard distinguishes between two types of learning: Object-level 

learning and Metalevel learning. Object-level learning results in the expansions of the 

existing discourse through extending a vocabulary, constructing new routines, and 

producing new endorsed narratives. Metalevel learning involves changes in metarules of 

the discourse, which means some familiar tasks, such as, defining a word or identifying 

geometric figures will now be done in a different, unfamiliar way and certain familiar 

words will change their uses. Sfard uses the term commognitive conflict as “the 

encounter between interlocutors who use the same signifiers (words or written symbols) 

in different ways or perform the same mathematical task according to differing rules” 

(p.161). Thus, metalevel learning arises not from discrepancies between one’s endorsed 

narratives and certain external evidences, but from differences of interlocutor’s ways of 

communicating. From this point of view, listening to other people’s explanations provides 

an incentive for children to change their discourse in which they are fluent otherwise and 

does not seem to have any particular weaknesses.  

Commognitive conflict is often an indispensable source of metalevel 

mathematical learning and teacher as an experienced interlocutor can play an important 

role in the process of conflict resolution. The teacher can mediate by asking appropriate 

questions that can help students in making sense of other people’s thinking, which may 

then lead to gradual acceptance and individualization of other people’s discourses (or of 

the expert interlocutor).  
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As noted earlier, Sfard acknowledges that language is not the only medium for 

communication, but verbal communication seems to be the primary source of the 

distinctively human forms of life. Sfard’s four features of mathematical discourse are 

described mainly in terms of verbal discourse, which might result in overlooking the 

aspect of temporality. Since spoken discourse sometimes fails to account for the full set 

of resources used by young children to communicate, the role of gestures should be 

considered while looking at their thinking, as discussed below.  

4.2.5. Gestures and language 

Given the importance of gestures in communication of abstract ideas (Cook & 

Goldin-Meadow, 2006), and their potential to communicate temporal conceptions of 

mathematics (Núñez, 2003; Sinclair & Gol Tabaghi, 2010), it is necessary to focus not 

just on the words or the visual mediators that the children use, but also on their gestures. 

Kita (2000) has pointed out that the production of a gesture helps speakers organize rich 

spatio-motoric information, where spatio-motoric thinking organizes information 

differently than analytic thinking (which is used for speech). In a dynamic learning 

environment, gestures are likely to be an important component of the classroom 

communication.  

David McNeill (1992, 2005), a leading gesturologist, has proposed various forms 

of gesture that are placed on a continuum ranging from the completely unintentional 

gesticulation to the formalised sign languages. In her later work, Sfard (2009) discusses 

the importance of gestures explicitly and defines gestures as “ a body movement fulfilling 

communicational function”  (p.194).  Utterance as defined by Sfard “an act executed by 

emitting a series of sounds, the communicational effectiveness of which originates, 

among others, in how these sounds are related one to another” (p.194) is seen as a 

verbal counterpart of gesture. Sfard stresses that combining speech and gesture brings 

an enhanced effect and gestures are seen to be “crucial to the effectiveness of 

mathematical communication […] to ensure that all the interlocutors speak about the 

same mathematical object” (p. 197).  It is true that utterances and gestures do not 

always come together and each one can constitute a communicational act on its own.  

During the process of realizing mathematical signifiers, gesturing can play a 

critical role. With the help of gestures, realizing procedures may be implemented either 
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actually, when the medium in which the realization is to take place is present or, virtually, 

when the medium is not present but only imagined. Although Sfard stresses a two-way 

relation between gestures and words i.e. gestures are used to realize words and also we 

create a bodily counterpart of what is being talked about, but she did not provide any 

account of how gestures fit in her four features of discourse. For example, our bodies 

might remember the gestural procedures much better than the words as remembered by 

our minds, thus making the gestural procedures automated. Thus, words and gestures 

can act as a “back up” (p. 199) for one another. This raises an important question: do 

gestures act as visual mediators or can they be seen as the routines when they occur 

repeatedly in an attempt to solve a mathematical problem. Although Sfard recognises 

gestures as visual mediators, she does not distinguish between static and dynamic 

forms of visual mediation.  

 Summary and final remark 4.3.

The essence of this chapter has been to develop the Sfard’s idea of seeing 

thinking as a process of communicating and discussing the main points of the 

commognition perspective that will be helpful in analysing the data of my research study. 

The four elements of mathematical discourse (mathematical words, visual mediators, 

endorsed narratives, and mathematical routines) help identify the development of 

mathematical discourse. The notions of realization trees and objectification help in 

understanding the process of a concept formation. Using the same word in different 

senses causes conflicting situations. As an expert interlocutor, a teacher can mediate a 

commognitive conflict and try to resolve it. Considering gestures along with utterances 

during discursive activities helps to provide additional evidence to better understand 

students’ thinking.  
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 Study Methods Chapter 5.

In this chapter, I outline the methods used in my study. In order to understand 

how children develop a dynamic conception of angle through interactions with a DGE, I 

designed a teaching sequence based on the use of Sketchpad, which was then 

implemented in a K-1 classroom by the class teacher. The classroom sessions were 

videotaped and analyzed. Below, I first present my research questions. Then, I briefly 

review the use of classroom-based experimentation. Then, I describe the sketches that 

were used in the classroom sessions on the concept of angle. Then, I introduce the 

participants of my study. I then outline the procedure used to select, transcribe and 

analyze the videotaped data. I conclude this chapter with a brief summary. 

 Research questions 5.1.

My study aims to explore how children can develop dynamic conception of angle 

through interactions with a DGE. My review of research literature and overview of 

theoretical underpinnings enabled me to structure specific research questions for this 

study. In particular, I address the following research questions: 

1. What are the common realizations of the signifier ‘angle’ realized by the children 
during the classroom experimentation in a DGE in absence of standard 
measurement units? 

2. What are the contributions of a DGE in children’s developing conceptions of 
angles? 

3. What kinds of discourse do children engage in during DGE-based classroom 
instruction around the concept of angle? 

 Research context 5.2.

The research was undertaken in the context of a classroom-based 

experimentation. Various researchers have raised their concern over the limited role 

played by mathematics education research in supporting improvement of classroom 

practice (Bishop, 2008; Stylianides & Stylianides, 2013). Some reasons for this limited 

role include: researchers paying limited attention to the “practitioners’ world” (Bishop, 

1998), inadequate understanding of the relationship between theory and practice 
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(Malara & Zan, 2002), and ineffective sharing of meaning across researchers and 

teachers (Lester & Wiliam, 2002). 

Thus, instead of conducted clinical studies using these sketches, as has been 

done by many researchers working with dynamic geometry environments (Clements & 

Battista, 1990; Marrades & Gutiérrez, 2000; diSessa, 2007), I chose to conduct a 

classroom-based study. This choice was also influenced by my theoretical orientation, 

which acknowledges the situated nature of thinking and learning. Indeed, Sfard’s (2008) 

participationist approach draws on the socio-cultural theories of Vygotsky and the 

situated learning approach of Lave and Wenger (1991). Commognition is based on the 

claim that, “people go from participation in collectively implemented activities to similar 

forms of doing performed single-handedly” (p. 78). This implies that in order to study 

what school-based learning about angles might look like, I need to study it in the context 

of a classroom-based environment, where children participate in the collective doing, 

with the teacher acting as an expert interlocutor. Thus, keeping with the ideas of Sfard 

and work of other researchers (such as Laborde, 2007; Mariotti & Bartolini Bussi, 1998), 

this classroom-based study strives to achieve the dual aim of improving classroom 

practice and developing empirically tested and theory-based solutions to address 

problems in the teaching and learning of angles. Indeed, Stylianides and Stylianides 

(2013) argue that such experimentation increases the likelihood of the applicability of the 

results of the research by shedding light on how and why certain situations work 

because “the research is conducted in the ‘world’ of practitioners (i.e., in actual 

classrooms)” (p. 334).  

In this study, the classroom teacher Edie conducted the actual classroom 

experimentation. She has a master degree in education and has been developing her 

practice of using DGEs for a couple of years (at the time of data collection, Fall 2012). I 

designed lessons related to angles along with her, which are presented in detail as 

Appendix. Below I describe the dynamic sketches used in this study.  

 Dynamic sketches 5.3.

Using The Geometer’s Sketchpad (Jackiw, 2011), different sketches were 

designed to explore the concept of angle with the children during nine sessions. Below, I 

discuss the different sketches one by one. 
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5.3.1.  Driving angle sketch 

As discussed in Chapter 2, the research suggests that children have difficulty 

seeing a static angle as a turn. The situation is more problematic when the two arms of 

the angle are not clearly visible. Keeping this in mind, a driving angle sketch was 

designed. 

1(a) 

 

1(b)  

 

1(c)  

 

Figure 5.1 (a) Driving angle sketch; (b) Trace of turn taken by the car after 
pressing Turn clockwise button; (c) Trace of turn taken by the car 
after pressing Turn clockwise button again   

The driving angle sketch (figure 5.1a) shows both a static as well as dynamic 

sense of angle. It includes a car that can move forward as well as turn around a point. 

The turning is controlled by two small dials (each of which has two arms and a centre) - 

one dial allows clockwise turns and other counter-clockwise turns. No numbers are 

used. The two arms and the centre of the dials depict formal mathematical presentation 

of angle. Five action buttons (Turn counter-clockwise, Drive forward, Turn clockwise, 
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Erase Traces and Reset) control the movement of the car. Pressing Drive forward button 

once moves the car forward to a distance equal to length of the line segment that is 

drawn from the centre of car. Students can regulate motion and turns to create different 

shapes like random paths, squares, rectangles and so on. The traces of a turn offer a 

visible, geometric record of the amount of turn (figure 5.1b). The purpose of this sketch 

was to show a dynamic angle related to a real-life context, where the focus of the 

children would be more on the continuous behaviour of the turning wheels and would 

enable them to see the process of turning along with the final product (position after a 

specific angle turn). In this sketch, the turn of the car is associated with the size of angle 

adjusted in the small dials. So, the very first goal of the instruction was to make children 

explore and understand the turning of the car and its association with the dial. The 

choice of using a car in the sketch was motivated by children’s prior experiences of 

playing with toy cars. Even though real cars do not turn on a dime, like the car in the 

sketch, the teacher thought that the use of a car in this context would not be confusing.  

Since a static angle comprises of two rays with common vertex, two line 

segments in each dial form two angles simultaneously, which add up to 3600. It is worth 

noting that in the sketch design, the dials implicitly limit the angles to the interval [00, 

3600]. The use of angle markers (a little arc with an arrow that is drawn inside each of 

the angles in the dials) in the sketch automatically shows which angle we are talking 

about as well as the direction of the angle. Conventionally, the size of a geometric angle 

is characterized by the magnitude of the smallest rotation that maps one of the rays into 

the other. The choice is made not to use the convention of positive or negative angles 

for early grades, as this study does not focus on the numerical measurement of angles. 

In contrast, the idea of directionality (clockwise or counter-clockwise) is used to 

represent rotations in opposite directions relative to some reference as it is speculated 

that it will be relatively easier for the children to understand the concept of angle-as-turn 

in a particular direction with the help of clock metaphor.   

Figures 5.1(b) and 5.1(c) show the turn traces and position of car after pressing 

the Turn clockwise once and twice respectively. When the car is at a certain position 

(say as in figure 5.1b), pressing the Turn clockwise button again will turn the car 

clockwise further (as in figure 5.1c) from the current position by the amount of angle 

adjusted in clockwise dial, deleting the traces (figure 5.1b) of previous turn. This is very 
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important because it provides children an opportunity to associate two angles that are in 

different orientations.  

The next few sketches involve different variations of the driving angle sketch by 

providing some contextual situations.  

5.3.2. Animal sketch and gas station sketch (estimation of turns) 

The sketches shown below focus on estimating the amount of turn needed by the 

car to reach a particular position.  

  
Figure 5.2 (a) Driving angle sketch with animals; (b) Driving angle sketch with 

gas station 

The sketch in figure 5.2 (a) focuses on estimating the turn needed by the car to 

reach a particular animal or between two animals. Similarly, the sketch figure 5.2 (b) 

focuses on estimating the turn needed by the car to reach a gas station. I chose to 

include these tasks instead of others (like making polygons), which the research 

literature in Chapter 2 showed was problematic. For example, Cope, Smith and 

Simmons (1992) reported that children faced difficulties while creating polygons in Logo-

based dynamic geometry environments. This was due to conflict between focusing on 

internal vs. external angles while creating polygons. There is a difference between two 

sketches in terms of the usage of action button. For the animals sketch, since the 

animals are placed on the circumference of the circular path covered by the car, the 

tasks would demand children turn the car to reach particular animals; hence they would 

be using only the Turn clockwise or Turn counter-clockwise buttons. On the other hand, 

for the gas station sketch, the image of the gas station is placed at a distance from the 
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circumference of the traces made by the car in initial position. So to take the car to gas 

station, one would need to use a combination of the Turn and Drive forward buttons. 

 

 

5.3.3. Two car sketches simultaneously (comparison of turns)  

The use of sketches shown in figures 5.3, 5.4 and 5.5 focuses on comparing the 

angles used in different turns. As shown in figure 5.3, the teacher can open the car 

sketch in two different windows simultaneously and asks the various questions regarding 

the size of the car turns such as “which car took larger turn”, “which car turned less” etc.  

 
Figure 5.3 Comparing car turns by looking at the given position 

Similarly, in the two windows shown in figure 5.4, the teacher can ask the 

students to adjust the angle in dial so that the car B makes a smaller turn than Car A or 

make Car B turn approximately same as car A, but in the opposite direction and so on. 
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Figure 5.4 Making the car B to turn more than car A 

For the sketch shown in figure 5.5, no initial traces for either of the cars are 

given. This activity provides the children with a task. Car A and Car B are required to be 

parked. The drivers notice the parking post sign and they are required to turn their cars 

towards the parking place, which is besides the parking post sign. The children can be 

given tasks like ‘Which car needs to turn more?’ or ‘can you help the cars in reaching to 

the parking signs?’ 

 

 
Figure 5.5 Parking the cars near parking post sign 

5.3.4. Benchmark angles sketch 

After establishing the initial causal relationship between the turn taken by the car 

and its associated angle on the dial, the next goal was to introduce benchmark angles 
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such as 900, 1800, 2700 and 3600. Since standard measurement is not the focus of this 

study, the benchmark angles were introduced in terms of quarter turn, half turn, three 

quarters turn and full turn respectively. For this purpose, a sketch shown in figure 5.6 (a 

& b) was designed using four different coloured squares positioned in a way so that 

there is a 900 angle between any two consecutive squared boxes. There is a circle in the 

centre, which is attached to another circular ball using a ray. There are four action 

buttons (¼ turn, ½ turn, ¾ turn and 1 turn) that control the movement of the ball. On 

pressing any action button, the ball moves clockwise from one square to another, tracing 

its associated turn in the central circle. The traces offer a visible, geometric record of the 

amount of turn. For example, pressing the ¼ turn button moves the ball by 900 (to the 

next square) and generates the traces in the central circle (see figure 5.6b). Similarly, 

pressing the ½ turn button moves the ball by 1800  (to second next square) and 

generates the corresponding traces. Of course, the children were not familiar with the 

term “three quarters”. They learned it from the sketch and the teacher’s references to the 

sketch. 

 (a) 

 

(b) 

 
Figure 5.6 Sketch for benchmark angles 

The purpose of this sketch was to help children understand the commonly used 

benchmark angles without referring to any standard measurement units of angles such 

as degree, radian, etc. The use of different coloured squares enabled the children and 

teacher to refer to a particular position while asking questions or predicting the coloured 

square on which the ball would land after pressing one of the four turn buttons. 
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5.3.5. The Arms sketch 

Another sketch was designed as a follow up task for the benchmark turns. It is 

called the Arms sketch (figure 5.7). Previous research has shown how children’s 

embodied experiences play an important role in learning geometry (Kaur, 2015; Sinclair 

& Moss, 2012). Keeping this idea in mind, the arms sketch was designed. In this sketch, 

the arms of a boy can move to form different angles in a circle. 

 
Figure 5.7  The arms sketch 

Thus, the aim of this sketch was to initiate embodied angle experiences for 

children, where children could form angles with their own arms and hand. This sketch is 

more abstract than the previous sketches because in this sketch only point is traced 

instead of tracing the arms of the angle. 

5.3.6. Different sized geometric angle representations  

So far, the sketches I have described contain circles and hence the same arm 

length for the angles.  Previous research has shown that often students think that the 

length of the arms is related to the size of the angle (Stavy and Tirosh, 2000; Clausen-

May, 2005). Students tend to think that  ‘the longer the rays, the greater the measure of 

the angle’. This motivated the design of the next sketch, shown in figure 5.8, where the 

angles with different arm lengths are shown and can be compared (in terms of the 

amount of turn).  
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Figure 5.8 Angles with different arm lengths 

When one arm of the angle is dragged, a trace is left behind, similar to the angles 

sketches described above. This draws attention to the angle as a turn rather than as a 

space between the arms.  The teacher can make different variations to this sketch by 

presenting another challenging pair of angles for angle comparison, sometimes keeping 

the same size of angles and sometimes with different angles and different arm lengths. 

 Participants and setting 5.4.

We (I along with the classroom teacher) worked with kindergarten/grade 1 

children (aged 5-6) from a school in a rural low SES town in the northern part of British 

Columbia. There were 22 children with diverse ethnic backgrounds and with a wide 

range of academic abilities. I got the permission to videotape only 20 students. Two 

children’s parents did not sign the consent form to give permission to videotape their 

children. I designed lessons related to angle along with the classroom teacher, Edie, 

who had been developing her practice of using DGEs for a couple of years. I handed 

over the written lesson sequence to the teacher so that she could refer to the notes 

when needed. The particular school and classroom was chosen on the basis of 

convenience, because the class teacher had taken some courses about Sketchpad with 

my supervisor and so she was fluent in using it. Her classroom was equipped with the 

computer, Sketchpad software and an interactive whiteboard (IWB).  

The classroom was bright and spacious, with one wall having some windows. 

The room was colourful, with posters and student work adorning the walls. In one corner 

of the classroom, there was a large meeting area with an IWB set up, so that children 

could come together for large-group demonstrations, discussions, and sharing. There 
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was another small carpet setup near the shelves containing manipulatives and books, 

where children could read the storybooks and do the drawings and other tasks.  

The teacher and children worked with angles in different ways, using Sketchpad 

for nine sessions in a whole-class setting. Figure 5.9 gives an overview of classroom 

setting. The children were seated on a carpet in front of an IWB (Interactive Whiteboard). 

There were two sessions each day, one in the morning and one after the lunch break. 

The typical teacher-children interaction included displaying the sketches on the 

interactive whiteboard, asking questions to the children, encouraging children to use 

words to give their reasoning, making predictions, inviting children one by one to the 

interactive whiteboard to perform a task by dragging the different parts of the sketch. 

The children had worked with Sketchpad prior to the instruction about angles, where 

they explored the concept of symmetry. 

Figure 5.9 Classroom experimentation setting 

 Data collection 5.5.

The classroom episodes were videotaped with a video camera that stored 

recordings on MiniDV. I positioned the camera on a tripod behind the children, so that I 

could capture the classroom view as a whole. I was behind the camera during all the 

classroom experimentation. I moved the camera to focus and zoom in on a particular 
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child, when the children were making gestures or giving explanations. Since there were 

two children who were not allowed to be videotaped, I turned the camera away when it 

was their turn to go to the interactive whiteboard. These two students were always 

seated together so that they were out of the general camera view.  

During the classroom experimentation, I did not interfere with the class activities. 

I did talk with Edie to offer some suggestions before or after each class, but my intention 

was more to observe the interactions in a classroom setting rather than to direct them 

during the experimentation.  Recordings of the classroom experimentation were carried 

out in December 2012. I recorded a total of nine classroom sessions (ranging from 15-34 

minutes in length). Recordings were also made of groups of children (1-2) following the 

classroom experimentation, where I interviewed the children and gave them some angle- 

sketch-based tasks to see what they learned during the classroom experimentation. The 

videotapes captured the participants’ interactions with the sketch, their speech and 

bodily movements. Table 5.1 gives an overview of teaching sequence with focus of each 

lesson, the sessions in which those lessons and/or interviews were conducted; the 

sketches used in particular sessions and length of recordings for each session.  

Table 5.1 Overview of teaching sequence, sketches used, classroom sessions 
and recording times 

Lesson no.  Focus of the lesson Sketch(es) used Sessions in 
which 
lesson 
and/or 
interviews 
were 
conducted 

Length of 
recording 

1 
 

Introducing angle as a turn 
Establishing a relationship 
between turn of the car and 
angle in the dial 
Discussing directionality of 
angles 

Driving angle 
sketch (figure 5.1) 

Session 1 
and session 2 

32:04 minutes 

2 
 

Estimating angles for the car to 
take a particular turn 

Animals sketch 
(figure 5.2 a) 

Session 3 
 
 

19 minutes 
 
 

Driving angle 
sketch and 
animals sketch 

One-on-one 
or pair 
interviews 

38:30 minutes 

Gas station sketch 
(figure 5.2b) 

Session 4 32:04 minutes 

Sketches used in One-on-one 17:15 minutes  
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Lesson no.  Focus of the lesson Sketch(es) used Sessions in 
which 
lesson 
and/or 
interviews 
were 
conducted 

Length of 
recording 

lessons 1 and 2 interviews 
3  Comparing the turns of two 

cars 
Car A and Car B 
simultaneously 
(figure 5.3 and 
figure 5.4) 

Session 5 
 
 
 
 

15 minutes 
 
 
 

Figure 5.5 Session 6 
 

34 minutes 

4 Developing conceptions of 
benchmark angles in terms of 
quarter turn, half turn, three 
quarters turn and full turn.  
Explicit embodied angle 
experiences 

Benchmark angles 
sketch (Without 
showing ¾ turn 
button) 
(figure 5.6) 

Session 7 
 

22:30 minutes 
 

Benchmark angles 
sketch 

One-on-one 
or paired 
interviews 

50 minutes 

Benchmark angles 
sketch (figure 5.6) 
and the Arms 
sketch (figure 5.7) 

Session 8 
 
 
 

20:16 minutes 
 
 

5  Developing the idea that size 
of an angle is independent of 
the length of its arms 
Finding the angle examples in 
the classroom 

Different sized 
geometric angle 
representations 
(figure 5.8)  

Session 9 28 minutes 
 

 

 Data transcription and analysis  5.6.

I watched the videos a few times and then decided to transcribe them in the 

chronological order. As the goal of this study was to understand children’s developing 

conceptions of angles in a DGE-based classroom experimentation, I decided only to 

analyse classroom episodes where children were collectively engaged in the discursive 

activities for this dissertation. I chose not to analyse the individual/pair interviews of 

children. The interviews were conducted right after the classroom sessions, using similar 

tasks to those used during the classroom experimentation. My goal was to investigate more 
closely how the children actually used Sketchpad on an individual basis. Thus, for the 
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purpose of this dissertation, I limited my analysis only to classroom sessions. I did my initial 

transcription in a four-column table format (as shown in Table 5.2). The four columns 

were entitled: turn no., who said/did, what was said, what was done. Along with 

transcribing everything that was said, I captured the gestures of the participant with the 

help of screenshots. For my final transcription, I presented the selected excerpts in a 

three-column format as shown in table 5.3 by combining columns three and four of 

original transcript. Combining the columns ‘what was said’ and ‘what was done’ helped 

me to present participants’ interactions in a more coherent way.  I present the selected 

excerpts of transcripts of the participants’ interaction with the sketches in chapter 6, 

where I analyzed data.  

Table 5.2 The four-column approach used for initial transcription 

Turn no. Who said/did What was said  What was done  
    

To analyze the data, I watched the videos many times. I transcribed almost 75% 

of the videos by means of time interval codes. I did not transcribe the moments when the 

students were reviewing the same thing that was done before, where the teacher was 

inviting all the students to take a turn one after another or when there was a classroom 

management issue where the teacher was directing one particular student to stay calm. 

The time interval codes helped me to go back to the videos at a particular instance when 

needed. The missing time periods can be seen in the form of gaps between turn 

numbers in the transcription. In chapter 6, I present some episodes of interest for data 

analysis. The episodes of interest were chosen on the basis of noticing common 

patterns of communications, new realizations about angles or unique features of 

communications during the classroom experimentation.  

Table 5.3  The revised three-column approach for transcription 

Turn no. Who said/did What was said /done 
   
  

For data analysis, I adopted the discursive analysis approach suggested by Sfard 

(2008). I observed the repeated use of different resources by the participants to identify 

their routines in communication. To identify different discourses and different realizations 

of angles that emerged during classroom experimentation, I attended to speech, 

gestures, and actions of the children. Thus, my “units of analysis” include: words that 

were uttered by the children, particular gestures that were used by children repeatedly 
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while referring to turns or angles, and gesturing or actions on sketches without any 

verbal descriptions. While looking at the gestures I paid attention to the bodily gestures 

associated with the conveying of messages about angle.  

For the purpose of answering my research questions as described in section 5.1, 

I used various constructs of Sfard’s commognitive approach that are presented in 

chapter 4. In particular, I used following guiding prompts for my data analysis: 

• What realizations about angles emerged during the classroom 
experimentation? 

• How do those realizations emerge? For each realization, what words, actions, 
gestures, visual mediators, routines are used and how are they used? 

• How they make transition from one realization to another during the angle 
related activities. 

• How children use gestures in their discursive actions while performing the 
angle tasks? 

• Which narratives are endorsed or rejected by the teacher and the children? 

 Summary 5.7.

In this chapter, I have described the different aspects of my research such as 

research questions, research context, dynamic sketches, participants, data collection 

transcription and analysis process. The next chapter presents the qualitative analysis of 

data that is based on the theoretical constructs described in previous chapter.  
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 Analysis of the children’s interactions Chapter 6.
with the dynamic sketches 

This chapter includes an analysis of the participants’ interactions with the 

sketches in the whole-classroom setting. My analysis uses a commognitive lens to 

interpret the discourse on the concept of angle. I analyse the episodes in chronological 

order as they occurred in the sequence of different sessions. 

 Initial encounter with the car sketch  6.1.

I begin by analyzing the first session of the children’s interaction with the dynamic 

sketches and the class discussion during this interaction. The teacher started the first 

session by showing the car sketch (figure 6.1) on the screen, presenting the car sketch 

with only the clockwise dial and associated Turn clockwise button. To begin, she 

explained the different components of the sketch to the children.  

 
Figure 6.1 Driving angle sketch 

(Acronyms used in the transcript: T - Teacher, Sss - More than two students 

speaking at the same time, IWB - Interactive Whiteboard) 

No.  Who said/did  What was said/done 

1 T  We have a button it says turn clockwise (pointing at the Turn 

clockwise button). Here is the steering wheel (pointing at the 

clockwise dial) and we have two lines that come to the point 

and they form an angle (gesturing for forming two lines with 
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both hands and meeting them at the center of steering wheel) 

And I can change the angle (dragging the big red dot on the 

dial).  And what will that do if I change the angle? 

2 Sss It will move, the car… (Inaudible). 

3 T  What will move? 

4 Sss The car will move.  

5 T The car will move. Okay, in what way is the car going to turn? 

6 Sss This way (some children gesturing the direction of turn with 

their arms/hands. See figure 6.2(a), Zoe’s gesture) 

7 Larry  Clockwise. 

8 T  Clockwise. It’s always going to go clockwise. And this, the 

size of this angle here (pointing at the angle formed by 

steering wheel) is how far the car will turn. Right? The 

distance here, the size of this angle (again pointing to the 

shaded portion of the angle). Okay, Peter, do you want to give 

it a try? 

Peter comes to the screen and presses the Turn clockwise button, which 

turns the car as shown in figure 6.2(b). The teacher invites another child (Larry) to 

take the turn to drive the car. Larry comes to the screen and changes the angle in 

the dial to make it bigger by dragging the red dot (figure 6.2c). 

15 T  Did he make a bigger turn or smaller turn? Hang on, let’s predict first 

(stopping Larry from pressing the Turn clockwise button). Is the car 

going to turn more or less than it turned for the first time? 

16 Sss  More. 

17 T  More, why? Why is it going to turn more? (Some students raise their 

hands). All right, Pat. 
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(a) 

 

(b) 

 

(c) 

 

(d) 

 
Figure 6.2 (a) Zoe’s arm turning gesture for the clockwise turn of the car; (b) 

Position of the car after Peter presses the Turn clockwise button; (c) 
Larry changing the angle in clockwise dial; (d) Pat gesturing for the 
amount of turn with her right arm and hand extended  

The teacher explained that the two lines in the steering wheel formed an angle. 

Here, she was introducing the word “angle” for the first time and using it to describe the 

particular configuration that also includes a circle. She specifically mentioned (in [1]) that 

two lines meeting at a point form an angle. Her gesture, in which her two hands are used 

as two arms of the angle that meet at the centre of steering wheel, provides another 

visual mediator that emphasized the meeting of two line segments to form an angle.  

Then the teacher prompted the children to think about what would happen when the 

angle was changed. The children made the initial guess that the car would move. This 

initial use of word “move” for the car suggests the children’s use of everyday 

experiences where they see movement as the main feature of a car. In the present 

sketch, the car will not turn only by changing the angle in the steering wheel—one also 

needs to press the Turn clockwise button. In [5], the teacher smoothly altered the word 

“move”, whose use was initiated by children earlier in [2], to the word “turn”. The teacher 

asked about the direction in which the car would turn. Many children responded by 

saying, “this way” and making a pointing gesture. Zoe used the turning clockwise 

gesture with her left arm along with utterance “this way” [in 6] to show the turn of the car 

(as in figure 6.2a). The simultaneous utterance “this way” and the arm turning gesture 

(figure 6.2a) acted as a single entity. The absence of a gesture would not have 

18 Pat Because he moved the steering wheel more (gesturing the same 

amount of turn as in the dial with her right arm and hand extended 

turning it clockwise, see figure 6.2d). 
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communicated the full information about the direction the children were referring to. 

Larry used the word “clockwise” (in [7]) to describe the turning direction of the car. It is 

not clear here what kind of visual mediator Larry used in producing the utterance 

“clockwise”. This use of word “clockwise” might be initiated by looking at the label Turn 

clockwise on the button in the sketch or by the similarity of the dial to the clock. It is 

worth pointing out that so far the teacher had not explained the term clockwise to the 

children, nor did she ask Larry to further explain the meaning of his utterance 

“clockwise”. Also the teacher tried to explain the relation between the angle in the dial 

and the turn taken by the car explicitly (in [8]) “the size of this angle here is how far the 

car will turn”. The initial use of words “move” [2, 5], “far” [8] and “distance” [8] indicates 

how very difficult it seems to be for people to keep the language of linear length 

measurements separate from angle measurements.  If I were advising the teacher after 

the lesson, I would encourage her to change “far” to “much”. Also, I would suggest her 

that she sticks to “size” over “distance” as she herself realized by correcting herself.   

After Peter turned the car by pressing the Turn clockwise button (figure 6.2b), the 

teacher asked Larry to turn the car. Larry adjusted the bigger angle by dragging the red 

dot in the dial and the children estimated that the new turn would be more than the 

previous turn. Pat’s utterance (in [18]) “because he moved the steering wheel more” is 

the first instantiation of the development of a causal relationship, where the amount of 

turning by the car is associated with moving the steering wheel more. It suggests that 

the children were noticing something getting bigger when the red dot was dragged 

further from the topmost point in the dial. Her arm-turning gesture (figure 6.2d) in [18] 

along with the utterance “because he moved the steering wheel more” acted as a visual 

mediator, which helped her to estimate the amount of the turn under-taken by the car. 

This gesture might be evoked due to the dynamic environment, where she saw the 

traces of the turning car after pressing the Turn clockwise button. 

Later, the teacher gave some children the opportunity to come up to the screen 

one at a time and turn (or drive) the car. The children were very excited to turn the car 

more than the amount of car turned by the previous child. The children’s attempt to turn 

more than the previous child shows that they were paying attention to the size of the 

angle set in the dial and the corresponding resultant turn by the car.  
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The above episode focuses on the children’s initial interaction with the car sketch 

and the associated development of the vocabulary around angles. At the beginning of 

the session, the children had virtually no mathematical discourse around angles and 

they used short utterances in the discourse rather than full sentences. The words such 

as “move”, “turn”, “this way” and “more”, along with their gestures, were part of their 

active vocabulary which were rarely incorporated into full sentences. Only one child used 

the word “clockwise” to describe the direction of the turn taken by the car. Only Pat used 

a full sentence (in [18]). The teacher used the word “angle” in [1] and [8] explicitly to 

draw children’s attention to something on the dial that is called angle and is related to 

the amount of turn taken by the car. The use of the comparison word “more” emerged 

from the teacher’s explicit comparison questions. The children used gestures frequently 

to serve the function of communication and also as visual mediators to estimate the turn 

taken by the car in response to a specific angle on the dial. They were also developing a 

relationship between the static angle in the steering wheel and the associated dynamic 

turn of the car, when each child attempted to turn the car more than the previous child. 

During this time, some children expressed their interest in turning the car all the way 

around. This will be discussed in detail in the next section.  

 Children’s attempts to make the car take a full turn  6.2.

The following episode describes the children’s attempts to make the car turn all 

the way around.  

No. Who said/did What was said/ done 

28 T  We wanted to do a full circle. Can you tell me using your 

words how we are going to make it do that? (Many children 

raise their hands). Ah, Maria? 

29 Maria If you put it all the way up (gesturing a full circle with her right 

arm and index finger extended starting from the top position, 

see figure 6.3(a)). 
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30 T  If you put all the way up. What makes you think that? 

31 Maria Because it just moves a little bit that way (pointing at the car 

and then gesturing a small clockwise turn for the car with right 

hand), if you move that just a little bit that much (pointing at the 

steering wheel and then gesturing a small clockwise turn for 

the steering wheel). 

The teacher invited different children to come up on the screen and turn the car by a 

full turn. Then the teacher invited Maya to turn the car by full turn. 

54 T  How can we get it to do a full circle? What kind of an angle do 

we need (Maya comes to the whiteboard)? 

55 Maya (Maya adjusts the angle and turns the car to little less than a 

full turn, as in figure 6.3(b)) 

56 T  Uhh…did she get pretty close? 

57 Sss  Yeah. 

58 T  Okay, Gia come on up. Can you make it turn the rest of the 

way…just that little tiny tiny bit? 

59 Gia (Gia adjusts the angle close to full turn, but still not the full 

turn)  

60 T  Oh my God, that is really really close. Ellie, come give it a try. 

61 Ellie (Ellie adjusts the angle to full turn and presses the turn button, 

figure 6.3(c)) 

62 Sss We did it. She did it. 

63 T  She did it. So what has had to happen with these two hands 

(pointing at the two hands in the dial)?  

64 Maria They have to be at the same spot. 
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In order to analyze this episode fully, I will try to pin down children’s realizations 

for the “full turn” based on children’s responses during their efforts to make a full circle. 

The previous episode was focused only on children’s initial discourse around the sketch 

and their attempt to explore the working of the sketch, but in the present episode 

children attempted to objectify the meaning of the signifier “full turn”, so documenting all 

realizations as they emerge should help to unfold the children’s thinking about full turn 

over time. In response to how to make the car do a full circle, Maria said, “If you put it all 

the way up” [29] along with the gesture of a full circle with her arm (see figure 6.3(a)). In 

her gesture, she drew a full circle clockwise with the right arm along with index finger 

extended starting from the top position and then stopping again at the same position.  

This turning gesture with the arm acted as a visual mediator and helped her to 

see the path covered by the car while turning and the final position of the car. The use of 

the words “If you put it” points towards an action that is required in order to get the car to 

the final position. It is not clear what Maria meant by “it”. It seems like she was referring 

to the red dot of the line segment. The utterance “all the way up” tells about the desired 

position of the red dot on the dial. The teacher asked for further explanation about her 

thinking behind the claim of putting the red dot all the way up. Maria’s next statement in 

[31] “because it just moves a little bit that way, if you move that just a little bit that way” 

shows that her utterance in [29] was based on the reflection of the previous actions done 

on the dial and the resulted change in the position of the car, where a smaller angle in 

the dial yielded a little turn for the car. 

(a) 

 

(b) 

 

(c) 

 

Figure 6.3 (a) Maria gesturing a full circle; (b) Maya’s attempt to make a full 
circle;  (c) Ellie’s attempt to make a full circle 

65 T  They have to be at the exact same spot. 
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The teacher invited different children to come to the screen and make the car 

take a full turn.  Three children (Maya, Gia and Ellie) attempted to make the car turn in a 

full circle. Their subsequent attempt to be close every time was based on looking at the 

amount of turn taken by the car and the relative positions of the hands on the dial. The 

teacher’s explicit question in [63] “So what has had to happen with these two hands?” 

provoked the realization of the relative position of two hands, to which Maria responded 

that the hands “have to be at the same spot”. Thus, in the process of realizing the 

signifier “full turn”, Maria had two main realizations: “you need to put it all the way up” in 

[29] and “they have to be at the exact same spot” in [64], respectively. The latter 

description about lines is also independent of the initial position of the car, which does 

not necessarily need to be in a vertical position.  

During this episode, there is a shift from talking about dragging the red dot (to the 

initial position after covering the whole circle) to having the lines (hands) at the exact 

same spot. This shift from “dragging” the point all the way up to having “lines at the 

same spot” was not immediate. The gradual closeness of two lines and resulting traces 

executed by Maya, Gia and Ellie during their attempt to get a full turn might have acted 

as a visual mediator to see the decreasing difference of two lines and ultimately then 

overlapping each other. Also, in this episode the car was not in an upright position to 

begin with, so it did not end at the upright position in the end. Thus, in this episode, the 

routine of getting a full circle involved moving both hands of the angle closer with each 

successive turn, so that they finally overlapped. 

One can summarize the difference by saying that Maria’s first realization (in [29]) 

was mainly processual and personal, whereas her later realization in [64] is structural 

and impersonal. According to Sfard (2008), a processual utterance presents the concept 

as somebody’s action, which requires a performer often making it personal, and the 

structural utterance describes the structure of the concept. While Sfard showed this 

difference in utterances between two different interlocutors, here we have an example of 

the different utterances by same interlocutor over time. Since, “reification involves the 

replacement of talk about processes with talk about objects” (p. 171), it seems like 

Maria’s discourse is reified to some extent during this episode. Maria’s initial description 

was focused on ‘what is needed to be done’ by a subject, whereas later she spoke about 

‘where the hands need to be’. Her initial talk was framed as a story of some actions, 

whereas her later discourse took the form of a direct report on some specific property of 
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a particular angle (for a full turn, both hands need to be at the same spot or overlapped). 

Thus, Maria’s discourse is objectified to some extent during this episode as her 

discourse shifted from subject-level to object-level i.e. ‘author-less manner’. It is worth 

noting that, in general, when the lines are at the exact same spot the angle can be zero 

or 360 or 720 degrees and so on, but in this case, since the children are doing the full 

turn and they are covering the whole circle once, this talk about full turn is situated and 

the lines at the same spot are referred to be in case of one full turn (clockwise) of the 

car. Thus, there is a necessary “processual” component to the meaning of a full turn. 

There is no way that just by looking at the final result of two overlapping hands, anybody 

would be able to distinguish a zero angle from a full turn.  

Later, the teacher invited the children one by one to drive the car. They all got a 

turn to come to the screen and press a button of their choice to move the car. Some 

students did a full turn, some moved the car forward so many times that it went off the 

screen. This helped them to experience the use of the Reset button for bringing car back 

to its initial position. The teacher started the next session after giving a small break. 

Recall that so far the teacher had presented the sketch with only the clockwise dial.  

 Exploring the same angle size but in the opposite 6.3.
direction 

At the beginning of the second session, the teacher showed the sketch with both 

clockwise and counter-clockwise dials (figure 6.1) to the children and explained the 

meaning of the terms “clockwise” and “counter-clockwise” turns with the help of a clock, 

where she turned the hands of the clock manually in both directions. The teacher also 

asked the children to make the clockwise and counterclockwise turns with their arms. 

The gestures of Pat and Jack for clockwise and counter-clockwise turns are shown in 

figures 6.4(a) and 6.4(b), respectively. Then the teacher turned the car counter-

clockwise by about a half turn (see figure 6.4c) and asked the children to make it go 

back to its previous position. 



80 

(a)

 

(b) 

 

(c) 

 

(d) 

 

Figure 6.4 (a) Pat’s gesture for showing clockwise turn; (b) Jack’s gesture for 
showing counterclockwise turn; (c) Counterclockwise turn of car by 
teacher; (d) Clockwise turn of car by Kia. 

No. Who said/did What was said/ done 

88 T  Who can make it go back counter-clockwise? (Some students 

raise their hands) Kia? 

89 Larry You did the counter-clockwise. 

90 T  I want it to go clockwise now. I turned it counter-clockwise. 

You are right.  

91 Kia (Kia comes to the screen and adjust the angle in clockwise 

dial as in figure 6.4(d) and presses the Turn clockwise button)  

92 T  Um… Did she do it? 

93 Sss  Yeah.  

94 T  Okay, I have a question. What is the same about these two 

angles? 

95 Larry They are both facing…they are both standing up  

96 Pat At the same time…that’s so funny. 

97 Maya There are circles and the line is the same straight line 

(gesturing a half counter-clockwise circle and then making 

gesture for the straight line in the dial) 

98 T  Yeah, this line here has become a straight angle. Hasn’t it? It 
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becomes a straight line. 

When the teacher asked the children to make the car go back to its previous 

position, Larry noticed that the teacher used the wrong word “counter-clockwise” 

(instead of clockwise). His utterance “You did the counter-clockwise” in [89] helped the 

teacher realise her mistake. It shows that Larry was aware of the directionality of the 

turn.  

Kia successfully performed the action of turning the car back clockwise to the 

desired upward-pointing position by adjusting the required angle in the clockwise dial. 

This shows her understanding of the relationship between the angle in the dial and the 

resultant turn of the car, as well as understanding the directionality of angles. 

The teacher prompted the children to see what’s the same in the angles of both 

dials. Larry [95], Pat [96] and Maya [97] noticed some similarities of the angles on both 

dials. Larry’s utterance “they are both standing up” is extended by Pat with the utterance 

“at the same time” who was sitting next to him. This was the first time on the screen 

(figure 6.4d) when the angles in both dials looked the same. Maya’s utterance (in [97]) 

“There are circles and the line is the same straight line,” along with half-circle gesture, 

shows that she noticed the same circles and the straight line in both angles. It is not 

clear whether she mentioned the circles to describe outer circles of the dial or the semi-

circular angle marker as her gesture for the circle was just for the half circle. Larry used 

the word “they” for the angles and his use of words “standing up” suggests that he is 

paying attention to the vertical orientation of the angles. On the other hand, Maya’s 

description “the line is same straight line” is free of the orientation of the lines in the 

angle. Thus, Larry noticed the spatial property (orientation), whereas Maya noticed the 

physical property (straight lines) of sameness in both angles. 

Later, the teacher turned the car a quarter turn counterclockwise (see figure 

6.5a) and asked the children to turn the car back clockwise by the same amount. One 

girl, Neva, came up to the screen to turn the car back. 
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No. Who said/did What was said/ done 

105 Neva (Neva turns the car to three quarters clockwise, see figure 

6.5b) 

106 T  What happened? 

107 Sss Way more 

The same (Peter’s voice) 

108 T It moved way more 

109 Peter But they look exactly the same (pointing towards the dials on 

the screen) 

110 T  It looks exactly the same, but this one is turning clockwise. So 

when you press this button, it is working of this angle here 

(tracing three quarters turn with hand and fingers on the 

clockwise dial). 

And the distance from here to here is a lot (pointing at the 

angle marker in clockwise dial), isn’t it? But this one is turning 

this way, so the distance from here to here is much shorter 

(pointing at counter-clockwise dial and tracing gesture for 

quarter turn in the dial using her thumb and index finger of left 

hand, see figure 6.5c). Do you see that?  

111 Larry What are those things here (pointing at the angle markers)? 

112 T  They are working on different angles 

Neva adjusted the hands in the clockwise dial so that they looked like they were 

in the same position as the counterclockwise dial (figures 6.5a and 6.5b). She turned the 

car by about three quarters of a turn. In [107], the multiple utterances of “way more” 

shows that the children noticed that the car moved way more than it had previously, 

whereas Peter used the words “the same”. It suggests that the children are talking about 

the turning of the car, but Peter seems to be referring to the position of the hands in the 
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dial. Peter’s next utterance “But they look exactly the same” shows that he was indeed 

paying attention to the same position of hands in both dials. The different amounts of 

turn taken by the car in each case and similar looking positions of hands in the dials, 

created a commognitive conflict for Peter. This situation invited the teacher to draw the 

children’s attention explicitly to the angle markers. 

(a) 

 

(b) 

 

(c) 

 
Figure 6.5 (a) Counter-clockwise turn of car by teacher; (b) Neva’s attempt to 

turn car clockwise; and (c) Teacher’s gesture of showing quarter 
turn in counterclockwise dial 

Later, four more students tried to move the car back up, but they were 

unsuccessful either because they turned it too much or too little. Then the teacher gave 

them a dot to work with (figure 6.6a), so that they could keep track of the initial position 

of the car. She turned the car by about a quarter turn counterclockwise. 

No. Who said/did What was said/ done 

132 T  We want it to turn back, so that the car is facing that dot 

(pointing at the dot, figure 6.6a). We want it to turn back; we 

want it to go back clockwise. I am turning it counterclockwise. I 

am working on this angle there (pointing at angle in 

counterclockwise dial). Maria?  

133 Maria  (Maria comes to the screen and adjusts the angle to about 

quarter turn clockwise and turns the car back to the dot, see 

figure 6.6b) 

134 T  Did she do it? 
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In the task of turning the car back a quarter turn clockwise, the teacher provided 

a new tool ‘a dot’ to help the children keep track of the initial position of the car. Maria 

successfully turned the car back by adjusting the desired angle in the clockwise dial. 

Upon asking, “what do you notice?” Maya responded, “it’s the same with the other one 

again” [139]. This time Maya noticed the sameness of the angles in terms of the amount 

of the turn, but she did not refer to the explicit physical features (lines) of the angle 

diagram as she did previously in [97]. The teacher then gave her a hint, “only it’s going”, 

which helped Maya notice the opposite directions of both angles as suggested by 

utterance “the other way” (in [141]) along with the gesture. This realization about the 

opposite directionality of the same angles was clearly provoked by the teacher. Though 

the images are very different looking in figure 6.7(c), it seems that Maya grasped the 

idea of the angle as the amount of the turn. 

135 Sss  (most students) Yeah, yeah. (one voice) No.   

136 T  Yeah, look it is pointing up towards the dot, she did it. 

137 Sss  Yeah. 

138 T  Now take a look at this angle right here (points at angle marker 

in counterclockwise dial, in figure 6.6b or see figure 6.7c for 

closer view of dial) and take a look at that angle there (points at 

angle marker in clockwise dial, in figure 6.6b). What do you 

notice? Maya? 

139 Maya  It’s the same with the other one again 

140 T  It’s the same with the other one again, only it’s going 

141 Maya  The other way  (gesturing the direction with her right arm 

starting from left to right three times, see figures 6.6c and 6.6d) 

142 T  It’s going the other way. Good job. 
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(a) 

 

(b) 

 

(c)

 

(d) 

 

Figure 6.6 (a) Use of dot to keep track of previous position of car; (b) Maria’s 
attempt to bring car back to original position, (c) and (d) Maya’s 
gestures for showing the opposite directions of turns. 

In this case, Maya and other children witnessed the three cases (as shown in 

figure 6.7) of turning the car back to the opposite direction by the same amount.,When 

the subject assigns one signifier to different things, Sfard (2008) calls such phenomena 

as saming. The primary source of saming lies in visually performed routines during this 

experimentation. This routine drew Maya’s attention to the amount of the turn. Thus, the 

realization process of noticing the same angle with opposite direction started with 

noticing the same physical features in both angles (same straight lines in case of figure 

6.7a) and then eventually moved to noticing the same amount of turn and finally the 

direction associated with each equal turn. The teacher played an important role in this 

skillful transition. There is a difference in the way the teacher posed the questions in [94] 

and then in [138]. The teacher was explicit about asking, “what’s the same” in the former 

question, but the later question “what do you notice” was about noticing anything (not 

necessarily the sameness) in the angles. Also, it is worth noting that the teacher used 

the words “angle” and “turn” repeatedly in her questions and during discussion. 

(a) 

 

(b) 

 

(c) 

 
Figure 6.7 Three cases of comparing angles in both dials. 

Thus, in the above excerpts, the children compared three different pairs of angles 

in the counter-clockwise and the clockwise dial. The pair in figure 6.7(b) created a 
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commognitive conflict for Peter, as the car took different amounts of turn for similar 

looking positions of hands in the dials. This conflict acted as an opportunity for the 

teacher to talk explicitly about the angle marker and its relation to the amount of turn. 

Thus, by the end of first two sessions, some children successfully established a 

causal relationship between the static angle in the steering wheels and the associated 

dynamic turn of the car. They also learned how to turn the car by a full circle and 

grasped the idea that the angles can have the same measure but in opposite direction.  

The next day, in the third session, the teacher gave angle estimation tasks to the 

children, where they had to adjust the angle in the dial by themselves to make the car 

reach a specified position. 

 Estimating the angle needed by the car to turn towards 6.4.
a specific position (between the animals) 

The next morning, in the third session, the teacher displayed the sketch (figure 

6.8a) on the interactive whiteboard and reminded the children about how the turn 

buttons turn the car clockwise and counter-clockwise, respectively. The teacher told the 

children that she wanted them to change the angle and then turn the car, so that the car 

is pointing between the animals and does not run over the animals. For one such task, 

the teacher called Neva up on the IWB. 

No. Who said/did What was said/ done 

204 T  (To Neva) I want you to put it between the cat and the donkey 

(see figure 6.8(a)). (To other children) What way does she 

have to turn? Help her think. 

205 Maria 

Pat 

Turn clockwise. 

(Pat gestures for the clockwise turn with left hand/arm, see 

figure 6.8(b)) 

206 T  She has to turn clockwise. Do you remember which one is 
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the clockwise turn? 

207 Sss That one (Many students Pat, Kira, Larry etc. pointing to 

clockwise dial from carpet) 

(Neva is working with the counter-clockwise dial, changing 

the angle in counterclockwise dial) 

208 Larry The other one. 

209  T  Did you hear them…yeah they said the other one.  The other 

one is clockwise.  (Neva looking at the teacher) 

Well turn it and see what happens? 

210 Neva This one (Neva pointing at the Turn counterclockwise button) 

211 T  Sure. 

212 T  But they said that you might want to go clockwise. (Neva 

turns the counterclockwise button, see figure 6.8(c)) 

213 Sss  What the… 

214 T Ah…What do you guys think? 

215 Sss Good. 

216 Zoe  It went round and round. 

217 T It went round and round. But did it work? 

218 Sss Yeah. 

219 T So does that mean we can turn in any direction we want? 

220 Sss Yeah. 

221 T Does one direction take more time than another? 

222 Sss Yeah.  
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In response to the task of turning the car between the cat and the donkey, the 

children at the carpet suggested that Maya should use a clockwise turn. Maria’s 

utterance “turn clockwise” and Pat’s gesture in [205] exemplify the responses of the 

majority of the students. Pat realizes the signifier clockwise in its gestural form as a 

continuous hand movement in the clockwise direction. In [206], upon being asked, “Do 

you remember which one is the clockwise turn”, most children were successful in 

pointing to the clockwise dial on the screen with the utterance “that one” accompanied 

by a pointing gesture, which shows that by this time the children got a good grasp of the 

different components of the sketch.  

(a) 

 

(b) 

 

(c) 

 
Figure 6.8 (a) Car sketch with animals, (b) Pat’s gesture for a clockwise turn, 

(c) Traces of the car after Neva pressed the Turn counterclockwise 
button 

It is interesting to note that the teacher tried to engage the whole class in the 

discussion, when Neva was working on the sketch. The children’s utterances [205], [207] 

and [208] for the use of the clockwise direction seem to point out that the majority of 

children preferred the use of a direction that would take less time for the car to reach the 

destination over the other direction. Or maybe the children were more used to using the 

clockwise dial. During the discussion, the children saw Neva using the counter-clockwise 

dial, but this did not affect their responses. Neva did not pay attention to what the other 

children were suggesting and she adjusted the angle in the counter-clockwise dial.  

Since Neva used the counter-clockwise dial, which was opposite to what the 

other students suggested, the utterance “what the…” in [213] expresses the surprise of 
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the children when they saw the car stopping at the right spot. Upon asking, “what do you 

guys think”, the children acknowledged the good work done by Neva. Zoe’s utterance 

[216] “it went round and round” is the result of visual scanning of the traces made by the 

car. The surprised reaction “what the…” and the subsequent utterance “it went round 

and round” helped in the realization that the car had covered a bigger distance. Thus, 

this process of collective realization entails many things, such as physical manipulation 

on the sketch by Neva, as well as visual scanning of the traces the by group of children 

which was followed by verbal actions of Zoe.  The teacher’s questions in [217] and [219] 

and the subsequent affirmative responses by the children suggest that they agreed that 

the car can turn in either direction and turning in one direction can take more time than 

turning in the other.  

Later, the teacher asked Judy to put the car between the dog and the ducks. The 

class discussion unfolds as in the following excerpt: 

228 T  Okay can you guys help Judy figure out how to turn the car so that it 

goes between the dog and the ducks? 

229 Sss  That way, that way (pointing to clockwise dial with their hands and 

fingers, figure 6.9 (a)) 

230 T What that way…what do you mean that way? 

231 Larry This way (Larry starts from the top with his left hand index figure 

facing up and gestures the half turn and stops with the finger facing 

down (does it twice) figures 6.9 (b, c)) 

232 T What is that? 

233 

 

Pat 

Larry 

Down (Gestures with the hand pointing down) 

Stop here (Larry points down again, as in figure 6.9c) 

234 T  Stop where? 

235 Larry Down  
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Again, when the teacher asked the children to help Judy move the car between 

the dog and the ducks, the children’s initial responses involved using the words “that 

way, that way” with their arms and hands pointing towards the direction of the clockwise 

turn (figure 6.9a). Upon asking about “what that way”, Larry performed a very dynamic 

gesture. He moved his finger from top to bottom in a semi-circular manner and did a half 

clockwise turn until his index finger faced downwards along with the utterance “this way” 

[231]. His half turn clockwise gesture suggests that he wanted the car to turn clockwise. 

Thus, Larry used a visual mediation to support his verbal communication. By doing this, 

he was successful in communicating what he meant by “this way”. This dynamic gesture 

236 Sss  Down 

237 T  Does it matter if she goes clockwise or counterclockwise? 

238 Sss  No. 

239 Maria She needs to go backwards. 

240 T  She needs to go backwards. 

241 Larry The back needs to be facing the cat. 

242 T  Okay, what do you think? (Asking about the angle adjusted by Judy in 

counter-clockwise dial, see in figure 6.9d)  

243 Sss  Good, good. 

244 T  Go ahead, press it (to Judy) (pointing at Turn counterclockwise 

button) 

245 Judy Judy presses the Turn counter clockwise button (new position of car 

after pressing the button, traces as shown in figure 6.9 (d)) 

246 Sss  Good. 

247 T  Good job Judy. 
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helped Larry to show his reasoning without using much of the words. Further, in [233], 

the utterance “stop here” along with pointing down gesture (figure 6.9c) shows that Larry 

was pointing to the final position of the car. It looks as if Larry translated the distant 

screen to his own personal space, where he translated the clockwise dial of the sketch 

to his hand and index finger. His finger acted as the hands of the dials and he showed 

the turn in terms of the relative position of two hands, where one line translated from the 

top position to the bottom one. Here, Larry not only pointed to the actual angle needed, 

but he also showed the process of turning. Pat’s utterance “down” along with the 

pointing down gesture of finger shows that she was also referring to the final position of 

the car. Later, Larry described the final position of the car with more precise language 

“down”. Larry and other children realized that the car needed to stop “down” in order to 

be in between the dog and the ducks. Thus, the language of the children changed from 

“this way”, “that way” to a more precise description like “down”. 

(a)

 

(b)

 

(c) 

 

(d)

 
Figure 6.9 (a) The children pointing to clockwise direction; (b) Larry’ dynamic 

gesture to show clockwise half turn; (c) Larry showing the final 
position to stop; (d) A half angle adjusted by Judy in counter-
clockwise dial 

After all the children realized that the car needed to face down in its final position, 

the teacher asked them, “Does it matter if she goes clockwise or counterclockwise?”, to 

which the majority of the children responded “No”. This suggests that they realized the 

fact that for a half turn, it does not matter if one goes clockwise or counterclockwise, it 

will take the same amount of time. Maria’s utterance “You need to go backwards,” 

suggests an action-based reasoning, in which the subject should be in the car and 

should take the car backwards. On the other hand, Larry’s utterance “the back needs to 

be facing the cat” indicates what the final position of the car should be and is impersonal. 



92 

Both the utterances are similar in the sense that they do not point to any specific 

direction (clockwise or counter-clockwise) in which the car should turn. It is interesting to 

note that most of the children proposed to use clockwise turn (figures 6.9(a, b)) in the 

beginning as opposed to Judy’s action on the screen (figure 6.9d), where she turned the 

car counterclockwise by a half turn. But later they confirmed in [238] that it does not 

matter if the car goes clockwise or counter-clockwise for the given situation. 

The teacher then asked Larry to turn the car between the donkey and the duck. 

Larry turned the car exactly pointing at the ducks (as in figure 6.10 (a)). The teacher 

invited Jack to fix the angle, so that the car did not run over the ducks. 

No. Who said/did What was said/ done 

261 T  Jack, let’s think about this first. Stop. Think. Look. 

This is the angle (Pointing at the clockwise dial).  He is 

running over the ducks. He needs to go just a little bit, what 

(opening her arms to gesture for a question)? 

262 

 

Jack  Jack points at the screen moving his index finger in upward 

direction (as in figure 6.10b).  

263 Maria 

Larry 

A little bit higher  

higher 

264 T  A little higher, so a little smaller angle (gesturing angle with 

two hands, as in figure 6.10c)) 

265 T  Okay, I will reset it. You make a little smaller angle (Teacher 

presses the Reset button). Thank you for thinking about that 

first 

266 Jack   (Jack adjusts the angle to a smaller turn and the car runs 

over the donkey this time, figure 6.10d) 
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In [261], the teacher asked Jack to first think about the task before performing the 

actual actions on the sketch. The teacher used this strategy frequently where she first 

invited the children to communicate their thinking before doing actual actions on the 

sketch in order to promote their verbal communication. The teacher’s utterance [261] 

“He is running over the ducks. He needs to go just a little bit, what?” posed a question as 

well as gave a hint that the angle needs to change by a small amount. To which Maria 

and Larry responded by using the word “higher”.  The teacher further clarified that a little 

higher means a little smaller angle along with using the angle gesture with her both 

hands as shown in figure 6.10(c). After Jack adjusted a smaller angle, he made the turn 

smaller than required. So the car ran over the donkey.  

267 T  Oh…running over the donkey 

The teacher invites Kia up and asks her to drive the car between the donkey and the 

ducks. Kia also ran the car over the donkey (as in figure 6.10d). Then the teacher 

pressed the Reset button and asked Maria to come to the IWB 

271 T Do you remember what is needed to do? Do we need more or 

less of a turn? 

272 Maria  Little bit more (gesturing with hand, figure 6.10e) 

273 T  More angle. Okay.  

274 Maria (Maria adjusts little bit more angle and presses the turn 

clockwise button and the car stops between the donkey and 

the ducks) 

275 T Here we go. Alright. 
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(a) 

 

(b) 

 

(c) 

 

(d) 

 

(e) 

 

(f) 

 

Figure 6.10 (a) The car running over ducks; (b) Jack’s gesture for “higher”; (c) 
The teacher’s gesture for angle; (d) The car running over the 
donkey; (e) Maria’s gesture; (f) Successful position of the car 
between the donkey and the ducks 

Then the teacher invited Kia to make the car go between the donkey and the 

ducks. She also adjusted the angle to be a little too short and ran the car over the 

donkey. After Kia, Maria came to IWB to perform the task. The teacher asked, “Do we 

need more or less of a turn?”, to which Maria responded, “Little bit more” [272], along 

with the gesture of a small angle as in figure 6.10 (e). She used the visual mediation as 

well as speech to realize the amount of turn needed to make the car reach the desired 

position. Maria’s gesture roughly corresponds to the difference between the angle sizes 

in the dials in figures 6.10 (d) and 6.10 (f). Thus, Maria used her two fingers as a visual 

mediator. She projected the two hands of the clock on her two fingers and estimated the 

amount of turn that is needed to make the car reach at a specified position. This episode 

is particularly interesting as both the teacher and Maria used the gestures to show the 

angle. The teacher used both hands as two sides of an angle, whereas Maria made use 

of her fingers as the two sides of the angle.  
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During the above episode, the children started referring to the directions using 

the words “this way”, “that way”, “stop here” along with pointing gestures and then 

switched to more precise words like “down”, “go backwards”, “facing backwards”, etc. 

Thus, the children’s vocabulary shifted from using demonstrative determiners (this, that) 

to more precise directional words (here, backwards). Children made ample use of 

gestures to communicate their thinking.  The use of dynamic gestures along with the 

demonstrative words (this, that, here) shows that gestures served the communication 

function as well as acted as a visual mediator. I noticed three types of gestures in this 

episode. Firstly, the children frequently used pointing gestures to tell the direction in 

which the car needed to be turned. I call these direction-of-turn gestures since they 

provide information about direction of the turn i.e. clockwise or counterclockwise. These 

comprise gestures where children pointed at the clockwise or counterclockwise dials on 

the screen or they made a dynamic motion with their hands in a clockwise or 

counterclockwise direction. For instance, the children’s gestures in figures 6.8(b) and 

6.9(a) are examples of direction-of-turn gestures. A second type of gestures provided 

information about the size of angle needed in a particular situation through their 

gestures. I term these amount-of-turn gestures. For example, Maria’s gesture in figure 

6.10(e) belongs to this category. And there were some dynamic gestures where the 

students communicated the direction of the turn, as well as, the size of the angle. I term 

these direction-&-amount-of-turn gestures.  For example, Larry’s gesture of half turn in 

clockwise direction (figure 6.9(c)) belongs to this third category. 

This episode brings forth two realizations about angles and its directionality: 

• The car can be turned in either direction to reach the desired location, that is, 
we can set the angle on the clockwise or counter-clockwise dial to achieve the 
final position. Opting for one direction may take more time than the other. 

• A half turn is same from both directions i.e. it will cover the same distance and 
hence will take the same time. 

The next morning, in the fourth session, the teacher told the children that the car 

had run out of gas and they could help the car reach the gas station. During this session, 

the position of the gas station was changed at various places on the screen. Here, I 

report on children’s attempt to take the car to the gas station 
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 Estimating the turn needed by the car to reach the gas 6.5.
station 

The teacher showed the car sketch (figure 6.11) on the IWB and asked how the 

car could reach the gas station. 

 
Figure 6.11 Driving angle sketch with gas station 

No. Who said/did What was said/ done 

407 Larry Turn this way (gesturing as in fig. 6.12a). 

408 T  Umm…Maria? 

409 Maria You have to turn it that way (pointing at the clockwise dial). 

410 T  Good, on turning. So, you used the word ‘Turn that way’. 

What kind of a turn is that? Can you think of a different 

way to describe that turn? (Some children raise their hand) 

Pat? 

411 Pat Counter-clockwise or clockwise.  

412 T We can use the words clockwise or counter-clockwise. 

Umm... Kia? 

413 Kia  Turn clockwise (also gesturing turn as in fig 6.12b). 
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As soon as the teacher posed the question, the children immediately recognised 

that they needed to turn the car. Upon asking about for another way to describe the type 

of turn, Pat proposed to use the words “clockwise or counter-clockwise”. Pat’s use of the 

words ‘counter clockwise and clockwise’ indicates she is thinking about the directionality 

414 T  What about the amount of turn? Can you think about ways 

to describe the amount of turn?   

415 Larry Three (gestures three with fingers as in fig 6.12c)… three. 

416 T Three…why three? 

417 Larry Because that’s how far away the station is. 

418 T Because that’s how far away the station is. So you think 

we need to Drive forward three once we have turned.  

419 Sss  Yeah. 

420 Larry I think. I think… 

421 T Okay, Judy. Okay, what about the amount of turn though 

(gesturing turn with hand)? What about the amount of 

turn? (Gesturing turn with her right hand, figure 6.12d) 

what can you say about that? 

422 Larry  That’s what I am saying. 

423 T Three? 

424 Larry  Yes, three. 

425 T Okay, think about how you can explain that to me a little bit 

more maybe. I am sure you can. 

426 Larry  If you turn this way three amounts of turn (sweeping 

gesture with index finger showing the quarter turn position 

as in 6.12e). 
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of the turn. Larry’s use of the words “turn this way” in [407] along with a pointed finger 

gesture towards clockwise turn (figure 6.12a) and Kia’s utterance “turn clockwise” [413] 

along with an arm turning gesture (figure 6.12b) both show that they used the embodied 

visual mediators in their communication to depict the process of turning. Kia’s arm 

turning gesture suggests dynamic thinking as the turning of the car is transformed to the 

turning of arms in the case of Kia. These dynamic gestures communicate temporal 

relationships (change in position of car). When the teacher asked about the amount of 

turn needed, Larry suggested “three” [415] along with a three-finger gesture (fig. 6.12c). 

(a) 

 
 

(b) 

 
 

(c) 

 
 

(d) 

 

(e) 

 

Figure 6.12  (a) Larry’s gesture; (b) Kia’s gesture for clockwise turn; (c) Larry’s 
gesture for three; (d) the teacher’s gesture for turn; (e) Larry’s 
gesture for quarter turn  

The teacher thought that Larry was suggesting that the car needed to Drive 

forward three times in order to reach the gas station. She again asked about the amount 

of turn while making a turn motion with her left arm (as in fig 6.12d). Larry reaffirmed that 

the car was needed to turn three, saying, “That’s what I am saying”. The teacher asked 

Larry to explain more about what he meant by “three”.  

Larry’s gesture (fig. 6.12e) along with the words “if you turn this way three 

amounts of turn” along with the right arm turning gesture stopping at around quarter turn, 

shows his confidence in what he was thinking about the turn. The teacher did not 

understand what Larry meant by three.  She asked more questions about the car to 

other children and again returned to Larry’s response of “three”. 

No. Who said/did What was said/ done 

444 T Larry said three. What do you mean by…? Umm…I am back 

up here (changing the angle in clockwise dial to zero from 
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About five minutes after Larry’s original proposal of “three amounts of turn”, the 

teacher again tried to understand what he meant by “three amounts of turn”. In order to 

understand Larry’s response, the teacher started to adjust the angle in the dial by 

half turn). Tell me when I get to three, Larry. 

Tell me when I get to three (Changing the angle in the dial). 

445 Larry, Kia One, two  (a light voice), three (in loud voice) 

(Teacher stops at a point as shown in the figure 6.13b, when 

they say three) 

446 Larry Three.  

447 T So, Ah (teacher thinking), Interesting, I am not sure why you 

are calling that a three? Do you know what you …? Aha, I bet 

I do know why you are calling that a three. It just clicked in. 

Umm… I am so silly. You know why Larry called it three 

(holding an analog clock in her hand). Ah, very clever. 

448 Kia No, Me too. I was counting with him 

449 T Okay, yes you were.  

Okay, he was thinking of the clock. He was visualizing the 

clock in his head. And he went one, two, three (moving the 

minute hand on these numbers and stopping at three, figure 

6.13b) 

450 Sss Three 

451 Larry  That is just what I mean it was. 

452 T Oh… of course, that’s what you mean. 

453 T Okay… Do you want to come and press the button? 

Sorry, I am not used to referring to angles that way. That’s 

very clever. 
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dragging the red point and asked Larry to stop her when turn gets to three. As soon as 

the second hand of angle reached a quarter turn (see dial in figure 6.13a), Larry said, 

“stop”. At this point, the teacher hypothesised that Larry was referring to the clock for the 

turn. Larry confirmed that he was visualising the clock by saying “That is just what I 

mean it was”. The teacher explained this to the whole class by showing the clock (figure 

6.13b). Clearly, in this episode, Larry was locating the position of the car with respect to 

the clock (an external frame of reference) and he was aligning the specific location of the 

car with the location of the hands of the clock. The clock acted as a visual mediator for 

forming the above routine. 

(a) 

 

(b) 

 
Figure 6.13  (a) The position of the angle hands in clockwise dial when Larry 

said three; (b) The teacher showing the angle size “three” with 
reference to the clock 

Larry’s technique is based on the mechanism of metaphor. He inserted the new 

signifier ‘amount of turn’ into his familiar discursive template ‘clock’. This spontaneous 

metaphorical projection helped him engage in the new type of talk and evoked an 

awareness of what may be proper as an utterance about the amount of turn. Larry’s 

awkward routine of comparing the clock numbers with the amount of turn acts as an 

indispensable beginning and it was shared widely among the children.  

Recall that the teacher used the clock in the second lesson to explain the 

direction of the turn. Larry not only paid attention to the directionality, but the other 

properties of the clock such as numbers were also transformed to the sketch. Larry used 

the numbers in the clock as a tool to talk about the amount of the turn in the dial. He 

realized that the amount of turn could be described with reference to the numbers in the 

clock. Later, the teacher used the clock to ask the children how much more turn was 
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needed actually to reach three. This evoked an immediate association with the 

realization (numbers in the clock) and the realization became the focus of attention 

rather than the signifier itself. 

Other children demonstrated a different approach. When the car was at a 

particular position as shown in figure (6.14a), the teacher asked Kia about how to turn 

the car.  

 

Kia pressed the Turn clockwise button six times in order to get the car to the 

position as shown in figure (6.14c) and then pressed the Drive forward button. She 

observed the change of the car’s position on pressing the Turn clockwise button once 

and then pressed a second time and then a third, fourth, fifth and sixth time. Thus, Kia’s 

routine consisted of repeating a small turn over and over in order to get to a bigger turn. 

In this routine, the amount of turn needed for the car is determined without any external 

referent, because after the initial two small turns, she recognised the pattern and turned 

the car again and again until it reached the required direction.  

522 Kia I want to turn all the way (gesturing the turn with hand around 

the car) over there (pointing towards gas station) 
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(a) 

 

(b) 

 
 

(c) 

 

(d) 

 

(e) 

 

(f) 

 

Figure 6.14 (a), (b), (c) Various positions of car when Kia pressed the Turn 
clockwise button repeatedly; (d) Car’s position when I asked Gia to 
make it reach at the gas station; (e) Car’s position after Gia pressed 
the wrong Turn button; (f) Gia’s estimate for “six” amount of turn  

Larry’s routine of comparing angle measure with the position of clock hands was 

shared widely in class. Although I chose not to analyse interviews for this dissertation, 

here I am including one instance to give evidence that the other children shared Larry’s 

routine. For example, I asked Gia to make the car reach the gas station (shown in figure 

6.14d) in one of the follow-up interviews. She proposed that a counter-clockwise turn 

would be smaller in this case and adjusted the angle in the counter-clockwise dial, but 

she pressed the Turn clockwise button. So the car reached the position shown in figure 

6.14e. I asked how much turn she needed to turn the car towards the gas station (from 

the position as shown in figure 6.14e). 

Gia adjusted the angle to six by dragging the red dot as shown in figure 6.14(f). 

This shows Gia’s spatial reasoning about a half turn using the clock as a visual mediator. 

Clearly this is the example of children’s reasoning when the car was not facing upward. 

This shows that Gia was able to estimate angles using the clock as referent even in the 

case when the car was not facing upward (in the standard 12 o’clock position). 

539 Gia (Thinking for about 7 sec) Six 
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The above episode provides evidence that children utilised a variety of 

resources, including language, gestures and visual mediators in estimating angles using 

a DGE. For estimating the amount of turn, they made use of external (such as clock, 

gestures of turning arms, hands) and internal referents (thinking of many small turns for 

one big turn). This whole process suggests two routines of angle estimation among 

young children working in a DGE. (1) comparison of angle measure with position of clock 

hands, and (2) repetition of a small turn over and over in order to get to a bigger turn. 

Thus, these two routines resulted in two realizations. (1) amount of turn can be 

described with the reference to the numbers in the clock, and (2) the smaller turn can be 

repeated until the desired bigger turn is achieved. The emergence of arm-turning or 

hand-turning gestures might be due to dynamic functionalities offered by the DGE, 

where children used dragging the point to adjust the angle and observed the process of 

turning of the car in a particular direction. 

The use of the numbers of the clock as a unit of angle measurement by Larry is 

quite interesting. In the measurement system, the different angle unit identifiers are: 

degrees (deg), gradians (grad), radians (rad), and turns (turn). There are 360 degrees or 

400 gradians or 2π radians or 1 turn in a full circle. Thus, angle measurement is 

absolute, as a full circle will have a constant angle regardless of place or time. For 

example, a right angle is 90 deg, 100 grad, 0.25 turn or approximately 1.57 rad. The 

clock metaphor used by Larry is quite similar to the prevalent angle units. There are 

twelve numbers (denoting 12 hours) in a full circular clock each representing one 

amount of turn i.e. 1 amount of turn on clock =30 degrees. He estimated the quarter turn 

needed by the car with about 3 amounts of turn. This new non-standard measurement 

unit of angle used by Larry is also absolute in nature.  

The next morning, in the fifth session, the teacher projected two car sketches 

with car A and car B simultaneously on the screen and gave some angle comparison 

tasks to the children. 

 Making the comparative turns of two cars  6.6.

To begin with, the teacher spent some time relating the vocabulary words bigger, 

smaller, more, and less explicitly to turns or angles. She made sure that the children 

understood the meaning of these terms. The teacher turned the car A by some amount 
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and asked the children to turn the car B by less or more than car A, either in the same 

direction or in the opposite direction.  The following excerpt presents one such episode. 

The teacher made about half a turn clockwise with car A and asked the children to make 

a smaller turn for car B in the same direction. 

No.  Who said/did What was said/done 

561 T  (Adjusts the angle in clockwise dial for car A, see figure 

6.15a).  Okay Peter, can you make car B turn clockwise but 

I want a smaller turn than car A.  A smaller clockwise turn. 

562 Peter (Adjusts the smaller angle in clockwise dial of car B and 

presses turn clockwise button, see figure 6.15b) 

563 T Watch everybody. Did it go in the same direction as my 

turn? 

564 Sss  Yeah. 

565 T  He did it? 

566 Sss Yeah.  

The teacher asked further about their reasoning.  

569 T  Why yes? How do you know they both turned in the same 

direction? Maria? 

570 Maria Because they both are the same steering wheel. 

Then the teacher asked another question about the size of the turn. 

573 T  Alright… Is his turn smaller than mine? 
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When Peter successfully made a much smaller turn for car B in the clockwise 

direction, the teacher asked the children how they knew that both cars turned in the 

same direction. Maria’s response in [570], “Because they both are the same steering 

wheel”, suggests that she has realized that the two clockwise dials in the two sketches 

have the same functionality. Recall that there are two separate clockwise dials (steering 

wheels) for car A and car B respectively. The use of expression “the same” in [570] for 

the two clockwise steering wheels suggests that Maria was able to see that both the 

dials were perfectly exchangeable. Thus, Maria is assigning the “same” name to two 

different clockwise dials of cars A and B. Sfard (2008) calls this phenomena as saming, 

where the subject assigns one signifier to different things. Thus, Maria had the 

574 Sss  

(One by one  

voices) 

 

 

Yes 

No  

Yes  

No 

Yes 

Yes 

575 T  What does smaller mean? (Some children raise their hands) 

576 Larry It means it’s tinier than the other one 

578 T  Tinier than the other one. Is this (pointing at car A’s half turn 

trace), my turn bigger than this turn (pointing at car B’s turn 

trace)? 

579 Sss  Yes, Yes. 

580 T  Is this turn (pointing at car B’s turn) smaller than my turn 

(pointing at car A’s turn)? 

581 Ss  Yeah. 

Yes.  
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realization that signifier “clockwise dial” will have the same turning direction for both 

cars, no matter if there are two separate clockwise dials for both cars. 

Next, the teacher asked the children to compare the size of the turns of car A and 

car B in [573]. The children gave mixed responses. Intrigued by the children’s mixed 

responses, the teacher probed them further to explain the meaning of the word “smaller”. 

Larry responded, “It means it’s tinier than the other one” [576].  This response shows 

that Larry was aware of the meaning of word smaller. Then, the teacher asked the 

questions about one turn being bigger than other and the other turn being smaller than 

the first, interchangeably, to which the children responded correctly. Thus, in this 

episode, the teacher emphasized looking at the traces of the turns with her pointing 

gestures for comparing two turns. This seems to evoke the routine of comparing two 

turns by looking at their traces. 

In the above episode, as an expert interlocutor, the teacher first made sure that 

the children were correctly using comparative words such as bigger and smaller. 

(a) 

 

(b) 

 
Figure 6.15 (a) Clockwise turn of car A by the teacher, (b) Clockwise turn of car 

B by Peter 

In the above task, the teacher turned one car and asked the children to make a 

bigger or smaller turn for the other car either in the same or opposite direction. Later, in 

sixth session, for the next set of tasks, the teacher gave the children comparison tasks 

where they had to turn both the cars by themselves as well as compare the angles 
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needed by both cars to reach at a destination. In real life, we usually park cars in a 

parking lot. So, for the next tasks, the context of parking post sign was used as the 

children could relate to this context. The next subsection describes one such episode in 

detail.  

 Estimating, comparing and making the turns of two 6.7.
cars  

The teacher used the parking post signs and asked the children to park both cars 

near the parking post signs (see figure 6.16). The children were invited to first guess 

which car would need a bigger/smaller turn to reach the parking post and then do the 

actual turning of the car on the sketch.  

No. Who said/did What was said/ done 

661 

 

T Car A and car B need to reach the parking sign (see figure 

6.16a). So if I want to put the car A by the parking sign, which 

way do I have to turn?  

662 Sss This way (gesturing with their right arms to point towards left 

side, figure 6.16b) 

663 T  What way is that? Do you remember what word did we use 

for that direction? 

664 Maya Left.  

665 T Oh, we did use left. That’s right. What is the word up here 

that we can use? 

666 Sss  Counter-clockwise. 

667 T  Counter-clockwise. Good job. You got two of these words. 

Awesome. Car B, what way does it need to turn? 
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The teacher asked about the direction in which the car A would have to turn in 

order to reach the parking sign. Many children responded by saying, “this way” and 

making a pointing gesture towards the left side with their arms. The children’s gesture in 

figure 6.16b can be categorized as the direction-of-turn gesture as discussed in section 

6.4 as it communicates the information about the counter-clockwise direction of the turn. 

The utterance “this way” [662] and the arm turning gesture (figure 6.16b) acted as a 

single entity and communicated the information about the direction of the turn. The 

teacher asked the children to use their words to describe, “what way is that?” Mandy 

used the word “Left” [664] to describe the direction of turn for car A. The teacher further 

insisted them to elicit the word from the screen. Three or more children at once used the 

word “Counter-clockwise” [666].  This frequent shift of discourse in [662], [664], [666] 

from “this way” to “left” to “counter-clockwise” suggests that the children developed the 

mathematical discourse around angle directions by the fourth day of the angle 

instruction. Next, the teacher asked the children about the direction in which the car B 

would have to turn, to which the majority of the children responded with word 

“clockwise”. It is interesting that the children did not use the words like “this way” or 

“right” to describe the direction of the clockwise turn; rather, they used the mathematical 

discourse immediately. Once the children recognised that both cars needed to turn in the 

opposite directions, the teacher asked whether one car needed to make bigger turn than 

the other car. Most of the children responded “No” [670]. This suggests that the children 

were able to see that the same amount of turn was needed for both car A and car B.  

 

 

668 Sss  Clockwise.  

669 T  It needs to turn clockwise. So they need to turn in opposite 

directions. Don’t they? Does one car need to make a bigger 

turn than the other? 

670 Sss  No.  
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(a) 

 

(b) 

 

Figure 6.16 (a) Car A and car B sketches with parking post signs, 
simultaneously on the screen; (b) Children’s gesture for showing 
the direction of turn for car A 

Thus, in the above episode, the children were able to see that car A and car B 

have to turn in opposite directions, but with the same amount of turn. The teacher’s 

frequent questions may have encouraged the children to develop their mathematical 

discourse around angles. It seems that in the above excerpt, the teacher’s question, “So 

if I want to put the car A by the parking sign, which way do I have to turn” [661], probed 

the children to choose one direction of turn over the other. In the sketch, the car can 

reach the parking sign by taking a turn in either direction, clockwise or counterclockwise. 

Since, in response to the teacher’s questions, the children had to choose one direction, it 

seems that they preferred using the direction of the smaller turn to that of the bigger turn.  

Later, in another task (figure 6.17a), the teacher moved car B a little further down 

and asked the children to make the cars go to the parking post. Larry made car B reach 

the parking post by adjusting the correct angle in the clockwise dial (figure 6.17b). The 

teacher invited Daisy, to turn car A to the parking post. She made a bigger counter-

clockwise angle for car A. The teacher asked her to estimate the position of the car upon 

pressing the turn button by placing a dot on the screen (figure 6.17b). That dot was not 

deleted from the sketch and stayed on the screen for the next task discussed in section 

6.8. 
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(a) 

 

(b) 

 
Figure 6.17 (a) The positions of parking post signs for car A and car B; (b) 

Larry’s clockwise turn trace for car B and Daisy’s estimation of 
counterclockwise turn for car A with the dot on the screen 

 Differentiating between moving forward and turning  6.8.

In the next task, the teacher put the parking post sign farther away from car A, as 

shown in figure 6.18a and invited a student named Clara to make the car reach the 

parking post. This task required the children to attend to both the amount of turn needed 

by the car, and to the distance needed for the car to reach the parking post sign.  

No. Who said/did What was said/ done 

740 Clara (Clara adjusts the counter-clockwise angle and turns the car, 

see figure 6.18a) 

741 T  Oh oo…If you drive it forward is it going to touch the parking 

sign? (Pressing the Drive Forward button, see figure 6.18b) 

742 Sss No.  

743 T  No. Try it again. What kind of angle does he need? A bigger 

one or smaller one? 
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Clara adjusted the counter-clockwise angle for car A and turned the car way 

more than the required turn. The children realised that the car was not facing in the right 

direction in order to drive it forward to the parking post. When asked what kind of angle 

he would need, the children gave mixed responses. Maya explained her reasoning for 

“bigger” turn by arguing, “I am saying bigger because the stop sign is way over dot, so 

you have to go over the dot” [748]. Maya’s utterance in [748] suggests that she was 

paying attention to the distance needed to reach the parking post. It looks as if she was 

suggesting that the trace should be wider, so that it could reach the parking post. Thus, 

the above task gave rise to two types of distances being considered in this case - 

straight distance and angular distance. These two types of distances created a 

commognitive conflict for some children. 

744 Sss Smaller, smaller (most of the students) 

Bigger (few voices) 

745 T Smaller, bigger. You know what I need to hear a reason for 

bigger or smaller. 

Teacher asks Maya to explain her reasoning: 

748 Maya I am saying bigger because the stop sign is way over dot, so 

you have to go over dot (pointing towards the screen with her 

right hand index finger). 

[Note that there is a small dot near the blue trace of the turn 

in figure 6.18] 
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(a) 

 

(b) 

 
Figure 6.18 (a) Traces of the turn made by Clara; (b) The position of car after the 

teacher pressed the Drive Forward button 

The children had used the Drive Forward and Turn buttons before and had seen 

the car moving forward or turning in two different tasks. In order to reach to the parking 

spot, the car needs to turn as well as go forward in a sequence. The children were not 

decomposing that action into two different ones. The required action is a composition of 

transformations (turning and sliding), which added the complexity to the task for the 

children and in turn gave rise to the commognitive conflict.  

The teacher sensed the conflict and decided to explain the difference between 

the distance travelled when moving forward and the amount of turn. In the following 

excerpt, the teacher used a physical example from the classroom. She placed two chairs 

in a straight line (see figure 6.19a) in the empty space of the classroom.  

No. Who said/did What was said/ done 

759 T  If I am here this way (stands facing sideways near one chair, 

see figure 6.19a), what do I need to do to get to the chair?  

760 Sss  Turn, turn 

761 T  Turn.  So if I turn (turning her body counterclockwise by about 

quarter turn and facing towards the nearer chair, see figure 

6.19b), do I need to turn even more to get to that chair 
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(pointing at the farther chair)?  

762 Sss Yeah, no 

763 T  What do you think Maya? Do I need to turn more to get to 

that farther chair? 

764 Maya Yeah  

765 T  Yeah, okay so I am going to turn more (turning her body 

counterclockwise more by another quarter turn and facing 

away from the chair, see figure 6.19c). Am I going to get to 

that chair now, the far chair?  

766 Sss  Yeah, no  

770 T  I can’t get to the chair, the chair is over there (keeps on 

walking in the direction shown in figure 6.19 c and then points 

towards the farther chair) 

771 T  Okay let’s go back there again (stands again as in figure 

6.19a). I want to get to this chair (pointing at nearer chair), 

what do I need to do?   

772 Ss  Turn 

773 T  Turn, now I turned (turning counterclockwise by about quarter 

turn as in figure 6.19b). Now can I reach that chair (pointing 

at the farther chair) if I walk forward? 

774 Sss Yeah  

775 T  Do I need to turn again to get to the farther chair? 

776 Sss No 

777 T  So the angle, the amount with which I am turning (gesturing 

turn with her hands as in figure 6.19d) has nothing to do with 
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(a) 

 

(b) 

 

(c)  

 

(d), (e) 

 

 

Figure 6.19 (a-e) Snapshots in Excerpt [759-777] 

The teacher stood near the one chair facing sideways (see figure 6.19a) and 

asked the children about how she could get to the chair. The children suggested she 

“Turn” [760]. The teacher turned her body by about a quarter turn counterclockwise 

facing the nearer chair. Upon asking whether she needed to turn even more to get to the 

second chair, Maya and a few other children responded “yeah” [764]. The children’s 

response “yeah” in [762, 764, 766] seems to conflict with teacher’s utterance “turn even 

more” [761], “turn more” [763, 765]. Here teacher’s utterance “turn even more” refers to 

any make up turn needed to reach the farther chair in figure 6.19(b). It seems like these 

children are interpreting the teacher’s utterance “turn even more” in the sense of 

movement only. They are not considering the difference between angular movement and 

linear movement. This conversation is an example of mathematical communication in 

which the interlocutors use the same words in different ways. The children were using 

the word turning to mean move forward. When the teacher turned her body by a quarter 

turn more for the second time (as in figure 6.19c), she kept on walking further away in 

how far is anything else. Right. I can get to the both chairs 

because they are in a straight line in front of me (gesturing for 

a straight line with both arms extended as in snapshot 6.19e) 



115 

that direction. The teacher’s action of walking forward in [770] was deliberate, as she 

wanted to provide a visual mediator to help them see that she could not reach the 

second chair. 

To repeat the whole process again, the teacher came back to the original 

position (as in figure 6.19a). When she asked how to reach the first chair, the children 

suggested she should “turn” [772]. The teacher then asked if she could reach the farther 

chair by walking forward, to which the children responded “Yeah” [774]. This time the 

children realised that the teacher did not need to turn again to reach the farther chair 

[776]. The teacher explained this further in [777], “the angle, the amount with which I am 

turning has nothing to do with how far is anything else” and made a turning angle 

gesture. Through her gestures (figure 6.19d and 6.19e), the teacher emphasised the 

word angle and associated it with the amount of turning. She further explained that since 

both the chairs were in a straight line, she could reach both the chairs without turning 

around again.  

Thus, in the above excerpt, the teacher explicitly differentiated between the 

concepts of linear distance and of amount of turning. She made ample use of her bodily 

actions of turning and walking forward (figures 6.19a, b, c) as well as hand gestures 

(figures 6.19d, e) to provide visual mediators for the children to distinguish between two 

types of movement.  

To assess if the children could differentiate the concepts, the teacher posed a 

problem in the car sketch. She placed the parking post sign farther away from car A in 

the top left corner, but closer to car B near the bottom (see figure 6.20a).  

No. Who said/did What was said/what was done 

781 T  First question, which car needs to turn more? 

782 Sss  Car A 

783 T  Why does car A need to turn more? 

784 Larry  Because the sign is further up, so it needs a bigger turn. 
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The teacher again asks which car needs a bigger turn. 

788 Larry  A 

789 Pat B  

790 T  A…hmmm. I heard B, who said B? Talk to me. Pat, why does 

B need to go further? 

791 Pat Because it’s further down. 

The teacher asks the children to find a way to know whose argument is right. 

795 T Maya, how are we going to figure out who is right? 

796 Maya By looking at the clock. 

797 T  By looking at the clock. Okay (picking up the clock and 

aligning it with position of car A, see figure 6.20 b). Okay, so 

here is car A. So I am turning. Pretend this is the car turning 

(turning the minute hand in counterclockwise direction), so I 

am turning, turning, turning.  Tell me when I hit the parking 

sign? 

798 Ss  Now  

799 T  So I am going to make this one match the clock, so that we 

remember what we have decided. (Adjusts the required angle 

in counterclockwise dial of car A, see figure 6.20c) 

Similarly, with the help of the clock, the teacher adjusts the half turn angle for car A 

807 T  Okay, so I am going to move this one (moving the angle in 

clockwise dial (see figure 6.20d). 

The teacher asks the children to predict which car will make a bigger turn. 

811 T  So which one is making the bigger turn? 
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In response to teacher’s question [783], Larry’s utterance [784], “Because the 

sign is further up, so it needs a bigger turn,” can be interpreted in two ways. Firstly, Larry 

might be thinking about the clockwise turn. Larry’s word use “bigger angle” suggests that 

car B needs a bigger turn than car A, which would happen in the clockwise direction. Or 

he might be thinking about the linear distance between car A and the parking post, which 

is more than the linear distance between car B and the parking post. So, it is unclear if 

his angle realization includes the traces of turn or the length of the distance of car from 

parking post sign. 

 Pat, on the other hand, suggested that car B needed to turn more. Her utterance 

[791], “Because it’s further down,” suggests that she is paying attention to the 

counterclockwise turn, in that case, car B needs more turn than car A. The teacher did 

not ask Larry or Pat explicitly about the direction of turn that they were considering for 

their responses. 

The conflicting discourse of Larry and Pat might be due to the complexity of the 

task. In this task, the children have to pay attention to a number of factors at once: there 

are two cars, each car has two dials, there is a need for two different angles for the two 

cars and also there are different linear distances between the cars and the parking 

signs. It is worth mentioning that although in each case there are two types of turns 

possible (clockwise and counter-clockwise), the majority of the children preferred the 

direction of the smaller turn as compared to the larger turn and developed this routine 

throughout the tasks.  

812 Sss  Car B. 
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(a) 

 

(b) 

 

(c) 

 

(d) 

 
Figure 6.20 (a) Position of the parking posts for car A and car B for the task 

given by the teacher; (b) angle adjusted by the teacher in the clock 
for car A; (c) adjusted angle in counterclockwise dial for car A; (d) 
angle adjusted by the teacher in the clockwise dial for car B 

Then the teacher asked the children to find a way to confirm whether or not Larry 

or Pat’s arguments were correct. Maya suggested the use of the clock to determine the 

amount of turn needed in each case. It is worth noting that this excerpt is taken from day 

four, during the sixth session. Larry suggested the use of the clock as a referent for 

angles in the fifth session, on the previous day, when the children were trying to figure 

out the amount of turn needed to bring the car to the gas station. The other children also 

adopted this routine of using the clock to determine the amount of turn. The teacher had 

used the clock for determining the amount of turn needed by both cars. She aligned the 

cars one by one with number 12 on the clock and moved the minute hand until it pointed 

towards the parking sign post. After the teacher adjusted the angles in the respective 

dials for both cars, she asked which car was going to make a bigger turn, before 

pressing the Turn buttons. The children responded that car B would need to make a 

bigger turn. Thus, most of the children used the moving hands of the clock as a visual 

mediator and the resultant relative position of the line segments in the steering wheels to 

compare the amount of turns needed by the both cars. 

The teacher then turned both cars by pressing the Turn buttons. To make car A 

reach the parking post, she pressed the Drive forward button four times. In order to 

make car B reach the parking post, she pressed the Drive forward button twice (see 

figure 6.21 (a)). The following excerpt outlines the discussion that followed:  
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No. Who said/did What was said/what was done 

816 T  So which car ended up making the bigger angle? 

817 Larry Car A 

818 Sss  Car B, Car A (Larry), Car B 

819 T  Look. Look at the angle traces. Look how big that angle trace 

is (pointing at trace of car B as in figure 6.21a) and look at 

how small that angle trace is (pointing at trace of car A). 

820 Larry  Car B. 

821 T  Car B had a way bigger angle. It travelled a shorter distance, 

but it turned, Car B turned way more, didn’t it. 

822 T  This tells you how much you turned, the blue trace. It’s not 

about how far forward you have to go. Remember the chairs, 

it’s not about how far forward. 

823 T  Alright, do you see what I mean Maya? 

824 Maya  (Nodding her head) Yeah. 

In an attempt to make sure that the children understood the difference between 

straight distance and amount of the turn needed, the teacher further asks: 

827 T  Car B had a bigger angle. Okay. So when we are talking about 

angle, we are not talking about how far away it is, we are talking 

about (turning her finger in a semicircular motion, figure 6.21b), 

what? I want you to use your words. 

828 Sss  Angle, angle.  

829 T  But what do I mean? Do I mean how far you have to go (making a 



120 

When the teacher asked, “So which car ended up making the bigger angle?” 

Larry responded that car A made a bigger angle, whereas other children responded with 

“Car B”. If we look at figure 6.21(a), it seems that Larry and other children used the same 

visual mediator (traces) in the different ways. Larry seems to be paying attention to the 

straight-line trace, which is the resultant of driving the cars forward, whereas other 

children’s response seems to be paying attention to the turn traces. Larry’s response 

suggests that he might be associating the bigger angle with bigger arm length as he 

might be paying attention to the longer line which was the trace generated on pressing 

the Drive Forward button. This connects to the ideas from the research literature in 

which children have shown the tendency to associate angles and their arm lengths 

(Stavy and Tirosh 2000; Clausen-May 2005). 

The teacher drew Larry’s attention to the traces of the turns taken by two cars by 

explicitly pointing at the two traces one by one. The traces acted as a visual mediator for 

the angle and helped Larry to finally see that car B made a bigger turn. The teacher 

stated that “It’s not about how far forward you have to go” [822] in case of angles. 

Further, the children uttered that it means how far you have to “turn” in [832]. The 

teacher’s gestures (in figures 6.21 b, c) might have probed children to utter word “turn”. 

straight distance gesture with her arms, figure 6.21c)? 

830 Ss  No.  

831 T  No, I mean how far you have to…? 

832 Sss  Turn. 
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(a) 

 

(b) 

 

(c)  

 

Figure 6.21 (a) The position of cars A and B after teacher presses Drive Forward 
buttons; (b) The teacher turning her finger in semicircular motion; 
(c) The teacher making a straight line gesture with her arms 

The use of the words “angle” and “turn” in [828] and [832], respectively, may 

suggest the children understood that the angle is associated with how far one has to turn 

as opposed to how far forward one has to go. Even though the children used the words 

“angle” and “turn” in the end, I think it would be too early to claim that they understood 

the idea of turning and moving forward.  

Thus, in the above episode, the farther position of the car from the desired 

destination created a commognitive conflict, which provided a teaching opportunity for 

the teacher to discuss the difference between turning and moving forward. The tasks for 

the children in this particular session might arose due to the complexity of the task. For 

example, consider Larry’s work in the current episode (parking post problem) with 

episode 6.5 (gas station problem). It is interesting to see that Larry had no difficulty in 

the gas station task, which also comprised the actions to turn and move the car forward. 

On the other hand, he had so much difficulty comparing the turns of two cars in the 

current episode. One reason might be that in the gas station problem, there was only 

one car. The children had to pay attention only to one turn (clockwise or counter-

clockwise) and one linear distance, so they could keep track of movements of one car 

easily. Children also used a combination of two transformations there. On the other 

hand, in the parking post problem, the children had to keep track of four movements - 

turning of car A (in a clockwise or counterclockwise direction), sliding of car A, turning of 

car B (in a clockwise or counterclockwise direction), sliding of car B. The multifaceted 

nature of the task might be responsible for children to get confounded with the concept 

of distance.  
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In the seventh session, the teacher introduced the benchmark angles with the 

benchmark sketch, which had four benchmark angle buttons, namely: 1 turn, ½ turn, ¾ 

turn and ¼ turn (see details in sub-section 5.3.4). 

 Initial exploration of benchmark angles - (full turn, half 6.9.
turn and quarter turn buttons) 

To begin, the teacher hid the ¾ turn button and presented the sketch (figure 

6.22a) with three buttons (1 turn, ½ turn and ¼ turn buttons) only. The following excerpt 

shows the initial interaction with the benchmark sketch. 

No. Who said/did What was said/what was done 

887 Teacher (T) These are what we call benchmark angles. They are the ones 

we think of a lot. This is (pointing at 1 turn button) a full turn 

button. You guys liked this in the car. Do you want to come 

and press the full turn button?  

Ellie? David?  

Neva does. She has her hand up. 

How many… I see a blue box, a purple box, a yellow box, a 

green box (pointing one by one at each box in figure 6.22a)? 

How many boxes is a full turn going to touch?   

888 Larry Four.  

889 Sss  Four.  

890 T Four. Okay let’s see if you are right. (Neva presses the 1 turn 

button) 

891 Larry, Kia Five  

892 T Why five? 

893 Pat  Because it touches the same one 
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894 T Because it touches the same one…two times. 

Okay, yeah it works.  

895 T Hmm… How many boxes is it going to touch if we do a half 

turn? (Larry comes to IWB) 

896 T Just wait, I want you to guess first. (Larry sits down) 

897 Pat  Three.  

898 T Three okay. We are not going to count, yeah we are 

saying…(inaudible).  

Go ahead Larry. I wasn’t telling you to sit down. I just wanted 

them to talk first.  

(Larry presses the ¼ turn button). Ah… That’s quarter turn, 

Sorry. (Teacher resets and points to the ½ turn button) 

Okay, I want half a turn.  

899 Larry (Larry presses the ½ turn button) <figure 6.22b> 

900 T How many boxes did it touch? 

901 Sss Two, two, three 

902 T It was touching that one too (pointing at the top blue box and 

gesturing a half-turn clockwise with her right hand, figure 

6.22c), so we will go three 

903 T Usher, Clara can’t listen because… (Inaudible). 

Okay, so how many boxes is it going to touch for the quarter 

turn (Teacher resets the ball to the top blue box)? 

904 Sss  One, two, two 

905 T Go ahead Maria 
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906 Maria (Maria presses 1/4 turn button) 

907 T How many did it touch? 

908 Sss  One, two, one, two 

909 T Two, because it started here and then it went down (making a 

turning gesture, sweeping from blue to purple (figure 6.22d))  

The teacher drew the children’s attention to all the four coloured boxes and 

asked, “How many boxes is a full turn is going to touch”? The responses provided by 

Larry and other children (“four” as in [888], [889]) might be due to the fact that there were 

only four boxes on the screen. The children were, however, familiar with the notion of full 

circle from their interactions with the car sketch in section 6.2. It is worth noting that 

neither the children nor the teacher used the term “full turn” previously. So, maybe Larry 

and other children visualized the full circle and concluded that the ball would touch the 

four boxes. When Neva pressed the 1 turn button, Larry and Kia both said “five” [891], 

hence changing their initial response. It seems like the rotational movement of the ball 

from blue box to purple, then yellow, then green and finally blue again acted as a visual 

mediator and provoked Larry and Kia to change their response to five. This is confirmed 

by Pat’s utterance, “Because it touches the same one” [893]. Thus, the traces of the 

turning ball provided a visual mediator for the children to count the boxes touched by the 

ball to five, although there were only four boxes present on the screen. This description 

of full turn in terms of the number of boxes is very situated and is the result both of the 

design of the sketch and the teacher’s specific question. 
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(a) 

 

(b) 

 

(c) 

 

(d 

 

Figure 6.22 (a) The benchmark angles sketch with three buttons (¼ turn, ½ turn 
and 1 turn); (b) Traces after Larry presses the ½ turn button; (c) the 
teacher’s gesture of a half-turn; (d) the teacher’s gesture for a 
quarter turn 

Later, when the teacher asked the children to guess the number of boxes 

touched by a half turn, Pat responded with “three” [897]. This shows that Pat had 

developed a routine of counting the starting box. The children’s mixed responses (“two, 

two, three” [901]) upon seeing the half turn taken by the ball suggests that some children 

counted the starting box for the ball, while others did not. Both responses are correct, 

depending upon the inclusion or exclusion of the starting box. The teacher’s utterance “It 

was touching that one too, so we will go three” [902] together with her gesture (figure 

6.22c) suggests that she endorsed the routine of inclusion of the starting box while 

counting the number of boxes for a particular turn. Her half-turn gesture from blue box, 

then purple and finally yellow box provided another visual mediator for the children to 

count three boxes for a half turn. Again, for the quarter turn, the children’s mixed 

responses of “one, two” [904, 908] shows that they had developed two different routines 

of counting the starting box or not. The teacher’s utterance [909], “Two, because it 

started here and then it went down” again endorsed the routine of inclusion of the 

starting box. 

Thus, in the above episode, the children developed a routine of counting the 

boxes for describing the different benchmark turns. This routine was first initiated by the 

teacher’s specific questions about how many boxes would be touched by a particular 

turn. After the initial discussion of the benchmark turns in terms of number of boxes, the 

teacher asked the children to predict the colour of the box on which the ball would land 

after a particular turn. One such episode is described in the next section. 
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 Developing conceptions of a full turn 6.10.

After the initial discussion of the benchmark turns in terms of number of boxes, 

the teacher asked the children to predict the colour of the box on which the ball would 

land after a particular turn. To start with the ball was at the blue box and the teacher 

pressed the 1 turn button and the ball went back to the blue again [see 887-894]. The 

following excerpt describes the episode when the ball was at the green box (figure 

6.23a) and the teacher asked the children to predict its position after one full turn. 

No. Who said/did What was said/what was done 

961 T  Peter, where is it going to land if I move it one full turn? 

(Figure 6.23a) 

962 Larry  Blue  

963 T  Why is it going to land on blue if I move it one full turn? 

964 Sss  

(voices) 

Yellow  

Purple  

Green  

965 T  Why purple, why green, why yellow, if I move it by one full 

turn? 

966 Larry Because last time it did it 

967 Maria Because last time when it went around, it went to the blue 

again (making a full turn gesture starting at the top and 

finishing at the top position with her right hand following 

clockwise motion, figure 6.23b), it might go back to the green 

again. 

968 T  Last time when it went around it went to the blue again, so it 

might go to the green again. Okay  

After a little class discussion, the teacher asks Peter to press the 1 turn button. The ball 
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lands on green. 

978 T  It landed on the green. So what does one full turn mean? 

979 Maria  It means it goes back to the same colour.  

980 T  It means it goes back to the same colour. What else can one 

full turn mean? Maya 

981 Maya 

 

(8:45) 

Umm…Full (Gesturing a full turn starting at the top and 

finishing at the top with her right hand three times in clockwise 

direction, figure 6.23c)  

If I have a piece and you are going to fill, and then it will have 

all the pieces (gesturing to show quarter turn with both hands 

and then forms a circle with both hands, see figure 6.23d, e, f). 

982 T  All the pieces. Okay, good. I like that. I love the thinking.  

983 T  Can you think of, what can help you remember what one full 

turn means?  

984 Larry Go around everyone.  

985 T  T  Go around everyone. What else? Which is good. 

After a little more discussion, the teacher moved the ball to the purple box.  

989 T  (Moves the ball to the purple box, figure 6.23g) Okay so what if 

I turn it one full turn, what colour is it going to land on? Neva? 

990 Sss 

Maya 

Purple. 

Blue. 

991 T  Why?  

992 Maria  Because it goes back to the same colour (making a full circle 

gesture with right arm, same as figure 6.23b). 
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993 Larry It goes back to the start. 

Larry predicted that the ball would land on “blue” [962] after pressing the 1 turn 

button, whereas other children suggested different colours. Note that the ball was at the 

green box to begin with. Upon asking about their reasoning, Larry’s justification for blue 

(“Because last time it did it” [966]) suggests that he was referring to the previous episode 

[see 888-894], where Neva pressed the 1 turn button and the ball landed on the blue 

colour. It seems that he only recalled the final position of the ball from the previous 

actions, but did not pay attention to the starting position. Maria, on the other hand 

predicted that the ball might land on the green box. Her utterance, “Last time when it 

went around, it went to the blue again, so it might go to the green again” [967] along with 

the her full turn gesture (figure 6.23b) suggests that she projected the ball on different 

starting position (colour) and was using her gesture as a visual mediator, which helped 

her to predict the position of the ball after one full turn.  She associated her description of 

the full turn with the words like “around” and “again”. The word “around” suggests some 

kind of movement and the word “again” suggests the recurrence of something. Thus, 

Maria’s description of one full turn is dynamic in nature, which might be partly due to the 

dynamic nature of the learning environment.  Larry’s later description, “go around 

everyone (984)” for one full turn also includes the use of words like “go”, “around,” which 

are associated with motion and hence suggest a dynamic sense of angle. Maria’s later 

statement about a full turn, “It means it goes back to the same colour” [979] is more 

general and is independent of any particular colour or starting point.  

Upon asking about other ways to describe a full turn, Maya gave two alternative 

descriptions.  Her first description consisted of a repeated circular gesture (figure 6.23c) 

for the full turn with her right arm. Here, Maya’s circular gesture describes one full turn 

and can be categorized as size-of-turn. Her second description was based on the idea 

that small parts make a whole together. Her utterance, “If I have a piece and you are 

going to fill, and then it will have all the pieces” [981] along with the different gestures 

(figure 6.23d, e, f) is very interesting. She described “a piece” with a quarter turn gesture 

(figure 6.23d) with both her hands acting as the arms of the quarter turn and meeting at 

the wrists, which mimics the spatial configuration of a quarter turn. This gesture for a 

quarter turn might be invoked in part due to the traces feature of the sketch (figure 6.22 

a). Her next gesture (figure 6.23 e) and utterance “going to fill” shows that she was 
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thinking that a piece is too small for a full turn and in order to complete a full turn, we 

need to fill it together with all the pieces. This points to the idea that a full turn is made of 

several small turns together.  

(a) 

 

(b) 

 

(c) 

 

(d) 

 

(e) 

 

(f) 

 

(g) 

 
Figure 6.23 (a) The ball is on green box when teacher asked the question; (b) 

Maria’s gesture for one full turn; (c) Maya’s description of a full turn; 
(d) Maya gesturing for a “piece”; (e) Maya’s gesture for “fill”; (f) 
Maya’s gesture for “all the pieces” together; (g) The teacher moves 
ball at puple box 

If one compares Maria’s [992] and Larry’s utterances [993], it can be noticed that 

Maria’s description is context specific as she uses the words “back to the same colour”, 

whereas Larry’s utterance, “It goes back to the start” is seemingly independent of the 

colour and box context.  

Thus, in the above episode, the realization of the signifier ‘one full turn’ unfolded 

in a series of steps. Maria first described one full turn as starting at a particular colour 

and then ending at that particular colour again. Later, her description of a full turn was 

replaced with a more general description as going “back to the same colour”.  No matter 

what box is the starting position of the ball, this description tells us about the final 

position of the ball after one full turn. The use of the words “same colour” in [979, 992] 

brings together all the four colours (blue, purple, yellow and green), thus turning the 
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different coloured boxes into a single entity. Sfard (2008) calls this the process of 

encapsulation. And finally Larry’s context-free description of a full turn as going “back to 

start” covers all instances of a full turn, thus reifying the discourse about one full turn. 

Maya and Maria also described one full turn through their embodied actions. The full turn 

gestures by both Maya and Maria started at the top and finished at the top regardless of 

any coloured box at which the ball was situated before the full turn. For example, in 

figure 6.10b [967], Maria was predicting the landing position of the ball after a full turn 

when it started from the green box, yet her gesture for one full turn started from the top 

position rather than the sideways position as that of green box in the sketch. Thus, these 

full turn gestures by Maria (figure 6.23b) and Maya (6.23c) are more general as opposed 

of being context-dependent. It seems like their gestures (figure 6.10b, c) are perfect 

descriptions for one full turn and these can be treated as “embodied narratives” for the 

signifier ‘full turn’. 

Later, the teacher made some real life connections with the benchmark turns. 

The following excerpt outlines one such episode. 

 Benchmark turns and real life connections 6.11.

The teacher asked the children if they had ever seen anybody doing tricks on 

bikes or skateboards. 

No. Who said/did What was said/what was done 

1017  Zoe My sister…she goes on the top of the rock and she does two 

flips. 

1018 T  She does two flips. So how many turns will that be? 

1019 Zoe One, (gesturing a circle twice with her right arm, figure 6.24) 

Two. 

1020 T   Yeah, it will be two turns. 

1021 T What if I pretend I am on a skateboard? I am pretending that I 

am on a skateboard (facing the students), and I turn around 
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this way (jumping halfway and facing the IWB), do you know 

what it is called? 

1022 Jack  My brother rides on the skateboard and he goes like this way 

(doing a half-flip jump) 

1023 T Does he have a name for that? 

1024 Jack  What?  

1025 T Does he have a name for that? 

1026 Larry I don’t know. 

1027 T  You know what, a lot of people call that a one-eighty. When 

you stand up (standing facing the children) and turn around 

like that (turning and facing backwards), it is a one-eighty.  

 

     
Figure 6.24 Zoe gesturing a circle twice to count the flips of her sister 

When the teacher asked about the number of turns involved in Zoe’s sister’s two 

flips, Zoe turned her arm making a circular gesture twice and counted the two turns. The 

concurrent utterance “one, two” [1019] with her arm making circular gesture (figure 6.24) 

twice suggests that Zoe was visually scanning her circular gestures and she was using 

them as a visual mediator to count the number of turns.  

Later the teacher did a half-flip turn pretending to be on a skateboard. Jack 

imitated the teacher’s actions claiming that his brother does the same trick with his 

skateboard. The teacher asked the children if there was a name for such a turn. Upon 

getting no response from the children, the teacher performed the half-flip turn again and 
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named it “a one-eighty” [1027]. The use of the expression “one-eighty” by the teacher 

was just for naming purposes. Recall that the standard quantitative measurement was 

not the focus of this instruction sequence, so the teacher did not explain the meaning of 

one-eighty or the degrees. Later the teacher told the children that one full turn is also 

called “a three-sixty”. Although, the teacher offered these realizations for a half-turn and 

a full-turn, the children never used these names later in the sessions. Next, the teacher 

asked all the children to stand up, as if they were on the skateboard, and perform the 

half-turn and full-turn flips. The children were very enthusiastic about doing the half-flip 

and the full-flip. This little physical activity gave them a break from sitting on the carpet 

and enabled them to experience the half turn and full turn through embodied actions. 

This physical action evoked full body realizations of a half-turn and a full turn, 

respectively, among the children. 

The above episode brings out two main points. First, embodied visual mediators 

played an important role in Zoe’s attempt to count the number of turns involved in her 

sister’s flip stunt from the rock. Secondly, some of the realizations like “one-eighty” and 

“three-sixty” proposed by the teacher were not carried over by the children. However, the 

reference to skateboard did persist. I think it is important to point out the teacher’s use of 

words “one-eighty” or “three-sixty”. She explained to me that some children had heard 

these names before in the context of skateboarding and snowboarding. It seems like the 

teacher used these words just to make some cross-connections. Since she knew that 

the focus was on angle-as-turn, she may have decided to not comment further on the 

units of measure to which one-eighty and three-sixty refer.  

Later the teacher asked the children to make the ball land on a specific coloured 

box, which needed the use of combination of turns. Recall that the ¾ turn button had not 

yet been introduced to the children. 

 Using combinations of turns  6.12.

In an attempt to make the ball land on a specific coloured box, the children used 

combinations of different turn buttons. The following excerpt outlines one such attempt. 

No. Who said/did What was said/what was done 
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1055 T  So we are on the green one (figure 6.25a). Joel, I want you to 

take your skateboard and I want you to make it land on the 

yellow one. Oh, that is tricky. How are you going to do that? 

1056 T  Clara? Jack?   

How are you going to make it land on the yellow one?  

(To other students) Help her out. 

How do you think she is going to do that? Pat? 

1057 Pat Hit the one that Neva hit (talking about hitting the ½ turn 

button) 

1058 T  The one that Neva hit, so the half turn button. And then what?  

1059 Joel (Joel presses the ½ turn button, figure 6.25b) 

1060 Ss Three (one voice).   

Purple (another voice). 

1061 T Now what? We are not on the yellow yet. 

1062 Maria  And then use the, just quarter one. 

1063 T  The quarter one. The one-fourth. Yeah.  

Kia you haven’t been up yet, good job Joel. 

1064 Kia (Kia comes to IWB and presses the ¼ turn button, figure 

6.25c) 

1065 T  Did we get it to the yellow? 

1066 Sss  Yeah  

1067 T  We took half a turn (sweeping turn from green to purple box 

with hand) and then another quarter turn (sweeping turn from 

purple to yellow box, figure 6.25d). Didn’t we? 
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After a few other children took turns, the ball was on the purple colour (as in figure 

6.25b).  

1088 T  Clara, what colour do you want it to land on? 

1089 Clara Blue  

1090 T  Okay, how are you going to get it there? (Clara comes to 

screen) 

1091 Maria  Same way we got it on yellow. 

1092 T  Same way we got it on yellow. 

1093 Clara (Clara presses ½ turn button, figure 6.25e) 

1094 T  Now what? Its not on the blue yet, now what? 

It’s on green (pointing at the green box), now you want it to 

get to the blue? How are you going to get it there? 

1095 Sss  Quarter 

1096 T  You did the half and now you need…? 

1097 Clara (Clara points and presses the ¼ turn button, figure 6.25f) 

1098 T  Yeah. You picked a tricky colour. 

 

Continuing with the context of skateboards, the teacher asked Joel to land on the 

yellow box starting at the green box. Although only Joel was at the IWB to perform the 

task, the teacher invited the other children to participate and communicate their ideas. 

Pat offered her help to Joel by saying, “Hit the one that Neva hit” [1057]. Pat was 

referring to the ½ turn button that Neva used in the previous task. It seems like Pat might 

not remember what to call that button, but she seemed to remember the amount of turn 

covered by the ½ turn button. The teacher’s statement, “The one that Neva hit, so the 

half turn button” [1058], shows that the teacher as an expert interlocutor tried to develop 
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the mathematical discourse by explaining that the turn button hit by Neva is called half-

turn button. Also, the teacher used more accessible language for children by specifying 

that the quarter turn is also called “the one-fourth” [1063]. So, the teacher’s discursive 

moves in 1058 and 1063 show her attempt to replace the everyday discourse with the 

mathematical discourse as well as to offer new mathematical terminology.  Also, the 

teacher used the sweeping gestures of half turn and quarter turn respectively to 

recapitulate the process of turning from green box to the yellow box using the 

combination of two turns, thus providing children with another visual mediator for a three 

quarters turn. 

(a) 

 

(b) 

 

(c) 

 

(d) 

 

(e) 

 

(f) 

 

Figure 6.25 (a) The ball was at the green colour to start with; (b) position of the 
ball after Joel presses the ½ turn button; (c) The position of the ball 
after Kia presses the ¼ turn button; (d) the teacher’s sweeping 
gestures for half turn and then for a quarter turn; (e) the position of 
ball after Clara hits the ½ turn button; (f) the position of ball after 
Clara hits the ¼ turn button 

When Joel pressed the ½ turn button, the ball landed on the purple box.  Two 

children uttered the words “three” and “purple” [1060] respectively. The utterance “three” 

is bit surprising. It seems to be the result of the routine that was developed in episode 

6.9 where the children saw a half turn touching the three boxes. The use of the word 

“purple” was the response as the child saw the ball landing on the purple box. Recall that 
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in episode 6.10 the teacher asked repeatedly on which colour the ball would land. Upon 

asking what should be done further to reach the yellow box, Maria suggested using the 

quarter turn button. In Maria’s statement “And then use the, just quarter one” [1062], the 

use of adverb “just” can be interpreted in two ways. Firstly, she might be suggesting that 

only a little amount of turn is needed to reach the yellow box, which is equal to the 

quarter turn. Or, the word “just” might refer to the precise amount of turn required. In the 

former case, we see evidence of Maria’s successful comparison of a half turn and a 

quarter turn. In the later case, we see evidence of her ability to successfully estimate the 

size of angle between the two coloured boxes.  

Later, the teacher asked the children to pick the box of their choice where they 

wanted the ball to land on. Clara chose to land on the blue box when the ball was on the 

purple box to start with. In response to the teacher’s question (1090), Maria suggested 

that it could be done the “Same way we got it on yellow” [1091]. Maria’s statement 

[1091] suggests that she recognised the similarity of this task to the previous task as 

described in [1055-1066]. It seems like indirectly she was suggesting the use of the 

combination of half and quarter turns to reach the blue box. This showed her 

competence in recognising what can be repeated, while changing what needed to be 

changed. Clara used the ½ turn and then the ¼ turn buttons respectively to accomplish 

the task. Thus, the routine of using a combination of half and quarter turns was 

developed by the children for the tasks where there was a need to cover the three 

quarters turn. These tasks set the stage for introducing the ¾ turn button, which the 

teacher introduced the next day. 

Continuing with the task of picking up a box where he wanted the ball to land on, 

Zoe chose to turn the ball through an interesting sequence.  

No. Who said/did What was said/what was done 

1099 T  Alright Zoe, what colour do you want it to end up on? 

1100 Zoe   (Pointing at the screen with her index finger of right 

hand) Blue, around the purple, on the yellow, green and 

back to blue. 



137 

1101 T  Okay 

1102 Zoe (Zoe comes to IWB) 

1103 T  How are you going to do that?  

You made up a complicated sequence in your head. 

Didn’t you? You like the sequenced things. 

1104 T  So first you said, around to what colour first? 

1105 Zoe Purple, yellow, then green, and then blue (pointing at 

each colour sequentially) 

1106 T  Okay. Do you want to do all at once? 

1107 Zoe  (Nods her head to say yes) 

1108 T  So do you need a full turn, half turn or a quarter turn to 

do all at once? 

1109 Zoe Full (placing her right index finger at the 1 turn button and 

then presses the 1 turn button) 

1110 T  Okay. Excellent job. 

Zoe’s description of what she wanted to do with the ball seemed to be bit 

complex in the beginning. At first it seemed like she wanted the ball to touch each 

coloured box one by one. When the teacher asked her if she wanted to do it all once, 

she nodded [1107]. In response to what kind of turn she would need, her instant 

utterance “full” [1109] shows that she was confident in what she wanted to do. Her 

pointing at all the four colours sequentially along with the utterance “purple, yellow, then 

green and then blue” [1105] shows that she visually scanned the path of the full turn and 

disintegrated the full turn into four parts and then connected all the parts together to 

make a full turn. Thus, her description of the full turn in terms of different colours “Blue, 

around the purple, on the yellow, green and back to blue” [1100] and her action of 

pressing the 1 turn button suggests that she visualised the process of full turn as 

covering all the colours and going back to the starting colour again. Thus, her realization 
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of the full turn consists of the use of different actions like verbal description (calling out 

all the colours in a sequence), visual scanning, gestures (pointing at each colour 

sequentially) and physical manipulation (hitting the full turn button).  

In the above episode, the teacher’s move of not presenting the ¾ turn button in 

the sketch initially was helpful in arousing the need to use the combination of two turns 

together and in setting the stage for introducing the concept of three quarters turn.  

The next morning, in the eighth session, the teacher introduced the benchmark 

angle sketch with four buttons, ¼ turn, ½ turn, ¾ turn and 1 turn (figure 6.26).  

 Introducing the ¾ turn and defining the benchmark 6.13.
turns 

To begin with, the teacher asked the questions to review what was learned in the 

previous session. 

No. Who said/did What was said/what was done 

1181 T  Yesterday we did a whole turn and you guys defined that 

whole turn for me very nicely. Do you remember what a 

whole turn is? 

1182 Maria  Yeah, it goes back to the same colour. 

1183 T  It goes back to the same colour. Okay, goes back to 

where it started I think Mandy even said, which was a 

nice definition. 

1184 Pat  I too. I said the same thing. 

1185 T  Here you go. A half turn. Can you guys tell me what that 

means? We did not actually talk about what that means 

yesterday. 

1186 Maria  It only goes through half of a circle. 
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1187 Peter  It goes past two. 

1188 T  A half of a circle. It goes past two. Okay.  

Then a quarter turn. What can you tell me about a 

quarter turn? 

1189 Maria  It only goes through one.  

The teacher did some review by asking where the ball would land if she pressed a 

particular turn button. Then she started to introduce the three quarters turn as 

follows: 

1213 T  One quarter touches how many squares? 

1214 Sss  One.  

1215 T  One more. So it touches two of the squares. This one 

(pointing at blue square) and this one (pointing at purple 

square) 

1216 T  Okay, so a half-turn goes past how many… touches how 

many? 

1217 Sss  Two.  

1218 T  It goes past two. Okay. And then three quarters is going to 

go past how many? 

1219 Sss  Three, three. 

1220 T  Three. We can tell from the number. Do you want to press 

the three quarters turn button for us, Usher? Come on up. 

What colour it is going to land on when we press the three 

quarters button? 

1221 Sss  Green, green. 
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Figure 6.26 The benchmark angle sketch with four turn buttons (¼ turn, ½ turn, 

¾ turn and 1 turn)  

The teacher asked the children to define the “whole turn”. It is interesting that in 

the previous session of the benchmark angles (episodes 6.9, 6.10, 6.11), the teacher 

always used the word “full turn”. The children accepted the use of different words “full”, 

“whole” to address the same turn without any conflict. Maria’s definitions of whole turn “it 

goes back to the same colour” [1182] and quarter turn “It only goes through one” [1189] 

are context specific, which are based on the design of the sketch. Her use of word “only” 

[1189] for a quarter turn points to the relative smaller size of the quarter turn. The 

teacher also reminded about the context-free realization of full turn “back to where it 

started” [1083] from the previous session. Peter’s definition of half turn “It goes past two” 

[1187] is also based on the sketch design as a half turn covers two coloured squares. 

Maria offered a more general definition for a half turn, which is free of the context of the 

coloured squares: “It only goes through half of a circle”[1186].  

After the initial review of the realizations of the full turn, quarter turn and half turn 

in terms of number of squares passed by them, the teacher proceeded to the discussion 

of three quarter turns. The teacher’s question, “then three quarters is going to go past 

how many?” [1218], invited the children to predict the number of boxes covered by the 

three quarters turn, to which the children responded “three” [1219]. The response “three” 

might be initiated due to different factors for different children. First, it might be due to 

the sequence in which the teacher asked the questions. The teacher asked about the 

number of boxes covered by a quarter turn [1213], half turn [1216] and three quarters 

turn [1218] respectively. The increasing number of boxes for each subsequent response 

[1214, 1217, 1219] might have triggered the use of the word “three”. Secondly, the 

presentation of the four turn buttons in the sketch follows the increasing sequence (¼ 

turn, ½ turn, ¾ turn and 1 turn), which might have initiated the use of the word “three” for 
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three quarters turn. Thirdly, the utterance “three” might have occurred due to the number 

“3” on the ¾ turn button in the sketch. Fourthly, because the children had enough 

practice with the quarter turn, half turn and full turn in the sessions 6.9 and 6.10 where 

they saw one, two and four boxes touched by these turns respectively, they may have 

deduced that the only choice left was “three”. Lastly, the children might be visualising a 

quarter turn three times to see how many boxes would be covered by a three quarters 

turn. Also, teacher’s use of term “three quarters” [1218] might have initiated the use of 

quarter turn three times in noticing the number of boxes covered.  Although there are 

different possibilities for the response “three” [1219] as outlined above, but I think most 

of the children might have deduced their thinking “three” [1219] from the teacher’s use of 

word “three quarters” as well as the simultaneous perception of the boxes covered by 

the ball on the sketch in case of quarter turn three times. Later the teacher asked the 

children to predict the colour on which the ball would land after pressing the ¾ turn 

button that the children predicted correctly. 

After some practice with the use of the ¾ turn button, the teacher asked the 

children if they could reach a particular colour with the use of two turn buttons. 

No. Who said/did What was said/what was done 

1237 T  Okay come on up and do it Maria. I want it to land on the 

purple, but I want you to take two turns to do it. (The ball 

was on the yellow box, figure 6.27a) 

1238 Maria  (Maria presses the ½ turn button first (figure 6.27b) and 

then she presses the ¼ turn button (figure 6.27c)) 

Later the teacher asked the children to articulate the combination of turns needed for a 

three quarters turn. 

1242 T  So the three quarters is the same as what? It is the same 

as what other ones? 

1243 Maria  Half and quarter. 

1244 T  A half and a quarter. 
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(a) 

 

(b) 

 

(c) 

 

Figure 6.27 (a) the position of the ball when Maria started the task; (b) the 
position of the ball after Maria pressed the ½ turn button; (c) the 
position of the ball after Maria pressed the ¼ turn button. 

To make the ball turn from the yellow box to the green one, Maria used the 

combination of ½ turn and ¼ turn buttons [1238] respectively.  After Maria’s physical 

manipulation on the sketch, the teacher invited the children to verbalise her actions. The 

teacher asked about the other turns that are equivalent to three quarters turn. Maria 

responded “half and quarter” [1243] were the same as the three quarters turn. Thus, for 

the realization of a three quarters turn as a combination of a half and a quarter turn, 

Maria’s physical manipulation was followed by her verbal actions. One might notice that 

in this case the teacher could also have asked for yet another realisation, like a quarter, 

a quarter and a quarter also makes the three quarters turn or even a quarter followed by 

a half turn would also yield a three-quarters turn. 

In the above episode, the children reviewed familiar realizations about the 

benchmark angles and experienced some new ones. The teacher’s move of not 

presenting the ¾ turn button in the sketch initially was helpful in arousing the need to 

use the combination of two turns together.  This helped the teacher not only to introduce 

the concept of three quarters with ease, but this could also support children’s thinking 

about the relative size of angles. For example, while using two turns a half turn and a 

quarter turn to cover a three quarters of turn, the children could realise how both half and 

a quarter turn are smaller than three quarters turn. In this episode, the new realizations 

about benchmark angles can be summarized as follows: (1) a half turn goes through half 

of a circle, (2) a three quarters turn is same as a half turn and a quarter turn together.  
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After some more practice with the benchmark turn buttons, the teacher moved 

onto the next sketch called Arms sketch (shown in figure 6.28a). 

 Developing an embodied sense of benchmark angles 6.14.
using arms 

In the Arms sketch (figure 6.28a), the arms of a boy could move to form different 

angles in a circle. The teacher asked the children to adjust their own arms to different 

benchmark turn positions with reference to the Arms sketch.  

6.14.1. Discussion of a quarter turn  

No. Who said/did What was said/what was done 

1271 T  So we are going to raise both his arms up (dragging the 

points on the hands of the sketch, figure 6.28b) right above 

his head, so that there is no angle. Neither one is turning. 

Okay. Can you guys put all your arms up like that? All your 

arms up like that.  

1272 Sss  (All children put their arms up) (Figure 6.28c) 

1273 T  Can you show me where one arm would move to show a 

quarter turn? Can you turn your arm to a quarter turn? Just 

like you did in the last benchmark angles. Can you show 

me a quarter turn? 

1274 Sss  (Some children make a quarter turn) (See Pat and Maya’s 

gesture in figure 6.28d) 

1275 T  Oh I see a couple of them. I see three. What does a 

quarter turn look like with your arms? 

I see a few (Larry, Maria, Kia make similar quarter turn 

gesture as in figure 6.28d) 
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The children imitated the position of the arms in the sketch and put their arms up 

(figure 6.28c) as directed by the teacher. When the teacher asked them to make a 

quarter turn with their arms, some children made the gestures as shown for Pat and 

Maya in figure 6.28d. Pat and Maya’s quarter turn gesture shows their left arm up in the 

air and the right arm turned sideways, thus creating a clockwise quarter turn. The initial 

position of both arms in the upward direction and then turning one arm sideways by the 

children generated the same action that would have been done by the dragging in the 

sketch. This gesture for quarter turn is dynamic in nature as it consists of the process of 

moving the arm through from upward facing to sideways facing position. Thus, the 

children used their arms as the embodied visual mediators to realize a quarter turn, 

which is clearly initiated due to the design of the sketch and the teacher’s invitation. So, 

most of the children moved their one arm a quarter turn rather than just placing their 

hands in the right angle position which is static in nature. Even though some children 

imitated the position of the hands by looking at their fellow classmates, they did the 

quarter turn movement with their hands making the quarter turn dynamic as initially 

everybody had their both arms up.  This gesture could serve as a specific non-verbal 

description for the quarter turn, but it is not a general description of the quarter turn that 

can cover different orientations of the quarter turn. 

None of the children used their arms in the opposite way (i.e. their right arm up 

and left arm turned sideways) to describe a quarter turn. It might be due to the fact that 

the children are more used to using their right hands. Another reason might be that they 

were more used to use the clockwise turns as in the car sketch from the beginning. The 

benchmark angles sketch used in the previous session was also based on the clockwise 

turning motion. Also, none of the children proposed the other orientations for the quarter 

turn like with one arm facing downwards and other arm facing sideways. The reason for 

none of the children showing a quarter turn with one arm facing downwards and another 

sideways might be the initial position of both arms where the teacher asked them to put 

their both arms up in no angle position. 
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(a)  

 

(b) 

 

(c)  

 

(d) 

 
Figure 6.28 (a) The Arms sketch; (b) The position of both arms at zero angle; (c) 

The children imitating the position of arms of the sketch;  (d) Quarter 
turn gestures by Maya and Pat  

After the quarter turn, the teacher asked the children to make a half turn. One 

thing that she could have done before moving onto the next turn was to discuss the 

different orientations of the quarter turns like counterclockwise turn, or one arm facing 

downwards and other arm facing sideways. I am aware that I had refrained from 

commenting on the teacher’s choices up until now, but I think this one is particularly 

important as the children had ample experience of different orientations of quarter turns 

when they used the benchmark angles sketch, which could have been used here. 

6.14.2. Discussion of a half turn  

The following excerpt outlines the children’s attempt to show a half turn. 

1277 T  Yeah. Okay we are at a quarter turn. Can you guys show me 

a half-turn with your arms? Show me the half turn. What does 

a half-turn look like? 

1278 Maria  It looks like this (Maria turned her right arm further down to 

make half turn gesture so that in half turn position her left arm 

was up and right arm was down, figure 6.29a). 

1279 T  It looks like this (repeating Maria’s gesture). 

1280 Maria  Obviously, It can be any half way (doing the half turn gesture 

with right arm up and left arm down, figure 6.29b and then the 

other way). 
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Maria’s initial half-turn gesture (figure 6.29a) consisted of raising her left hand in 

the upward position and lowering her right hand so that it pointed downwards, thus 

making a dynamic gesture for a half turn. It might be due to the fact that she started from 

the pervious gesture of the quarter turn in which her left hand was pointing in the upward 

direction and her right hand was in the sideways direction. As soon as the teacher 

repeated Maria’s initial gesture for the half turn, she promptly showed another gesture 

for half turn (figure 6.29b), where her right arm was pointing in the upward direction and 

her left arm was pointing in the downward direction. This showed her awareness about 

the different orientations of the half turn, although both her gestures were vertical in 

nature. Her second gesture in 6.29b was less dynamic than the first gesture as this time 

she did not explicitly moved one hand by half turn movement keeping the other hand in 

upward direction. She just placed her hands simultaneously in the straight angle position 

as shown in figure 6.29b.  

1281 T  It can be any half way. 

1282 Larry  Or like this (doing a horizontal half turn gesture, where both 

arms were on the same level, figure 6.29c). 

1283 T  Or like this (Repeating Larry’s gesture, figure 6.29d). 

1284 Pat  Or like this (Pat making half circle gesture with her arms, 

figure 6.29e). 

1285 T  Hmm… I don’t know. Is that something like half a circle? 

(Repeating Pat’s gesture) 

1286 Justice  Go like this (Justice repeats Pat’s gesture, 6.29f). 

The teacher then showed the half turn (figure 6.29g) trace on the arms sketch and 

pointed towards the half circle covered by the arms. 
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(a) 

 

(b) 

 

(c)  

 

(d) 

 

 

(e) 

 

 (f) 

 

      (g) 

 
Figure 6.29 (a) Maria’s first half turn gesture; (b) Maria’s second half turn 

gesture; (c) Larry’s gesture for half turn; (d) The teacher imitating 
Larry’s half turn gesture; (e) Pat’s gesture for half turn; (f) Justice’s 
gesture for half turn; (g) Half turn on the arms sketch 

Larry proposed the horizontal orientation for the half-turn with his gesture as 

shown in figure 6.29c. Larry’s gesture for the half-turn was rather static in nature as he 

just showed the final position of the arms in a straight angle position. His gesture was 

mimicked by the teacher (figure 6.29d). None of the children proposed the sideways or 

diagonal orientation for the half-turn. This might be partly due to the design of 

benchmark angles sketch used in the previous sessions. The benchmark sketch was 

limited to only horizontal or vertical half turns.  

Pat and Justice’s gestures (figures 6.29e and 6.29f) were quite interesting. They 

made a half circle with their both arms to depict a half turn. This might be due to specific 

design of the sketch. Firstly, the presence of the circle in the sketch might have initiated 

a circular looking gesture. Or, the traces on the sketch where they saw a half circle trace 

formed by a half turn might have generated such circular gestures. Pat and Justice’s 

attention to either the circle or the traces shows that they were paying attention to not 
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only the arms of the sketch, but also to the curved part of the angle. The teacher 

explained that the two arms form an angle in figure 6.29g. 

6.14.3. Discussion of a full turn  

Next the teacher invited the children to show one full turn with their arms. The 

following excerpt describes the children’s attempt to make an embodied whole turn.  

 

1288 T  Okay, Can you guys show me… show me a whole turn 

with your arms? How a whole turn would look like? One 

entire turn, what would that look like? 

1289 Sss  Like this (Maria’s gesture (figure 6.30a), Larry and Pat’s 

gesture, figure 6.30b).  

1290 T  What about like this (joining her hands downwards, figure 

6.30c)? Will that be a whole turn?  

1291 Ss  No  

1292 T  What do you mean no (with her left arm pointing down and 

making a clockwise circular gesture with right arm and 

meeting at her left hand in the downward position, 

movement as shown by red marker in figure 6.30c.) 

1293 S Go like this. 

1294 T  What about this? What if I went (on sketch)? I start like this 

(starting with both arms facing down, figure 6.30d) and 

what if I went all the way around (dragging one arm all the 

way around, figure 6.30e)? Can I do a whole turn like that? 

1295 Sss  Yeah.  
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(a) 

 

(b) 

 

(c) 

 

(d) 

 

(e) 

 
Figure 6.30 (a) Maria’s gesture for one full turn (b) Larry and Pat’s gesture for a 

full turn; (c) the teacher’s gesture for a full turn; (d) starting position 
for showing the full turn; (e) final position after the full turn with the 
circle trace 

Most of the children’s full turn gestures involved having their both arms in the 

upward position as shown by Maria’s gesture in figure 6.30a. Some children had their 

gestures like those of Pat and Larry’s as in figure 6.30b, where they put their arms 

together in upward direction but slightly twisted as if they were forming a circle. It is quite 

interesting that both Pat and Larry have their arms slightly curved in figure 6.30b rather 

than straight upright position. It seems like they are trying to show a full circle with their 

arms as a representation of the whole turn as opposed to showing the two sides of the 

angle in the same position. This implies an interesting tension between the embodied 

action signs and the desired straight-line mathematical signs for angles.  

When the teacher put both her arms down (figure 6.30c) to represent a full turn, 

some children did not accept that as a full turn gesture. The teacher kept her left 

arm/hand facing down and turned her right arm to cover a full circle and then stopping at 

the downward position. The teacher then showed the full turn on the Arms sketch 

starting at both arms facing downward (figures 6.30d and 6.30e). After looking at this 

process of making a full turn by arms from downward position, the children eventually 

accepted the teacher’s gesture (figure 6.30c) as a whole turn. 
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The children’s full turn gestures in this episode are different from their previous 

full turn gestures (figure 6.3a, figure 6.23b, 6.23c). Here (figure 6.30a) the children used 

their both arms as visual mediators to show a full turn, whereas previously (figure 6.3a, 

figure 6.23b, 6.23c) they traced a full circle using only their one arm and hand as a visual 

mediator. It might be due to the present sketch design where the boy has two arms and 

both arms are used to show different angles. Another reason for this difference might be 

the way teacher posed the question. Previously, the teacher asked about what a full turn 

means. Here she explicitly asked them to gesture a full turn using their arms. The 

gesture in figure 6.30a depicts the final position of the hands, those in figure 6.30a depict 

the final position as well as the geometric representation of the full turn as a circle, 

whereas the gestures in figures 6.3a, figure 6.23b, 6.23c show the process of the full 

turn with some finger starting at the initial position and coming back to the same position 

after a full turn.  

Thus, this episode brings forth embodied realization of the benchmark angles. In 

the above excerpts, the children showed their understanding of benchmark angles in 

terms of their gestures. It seems like their gestures for a quarter turn and a full turn were 

more dynamic as compared to those for a half turn while using their both arms. For 

example, the children’s arm-turning gestures for a quarter turn (figure 6.28d) and a full 

turn (figure 6.30a) suggest their dynamic thinking as the dragging of the arms in the 

present sketch is transformed to the turning of their own arms. On the other hand, the 

gestures for a half turn (figure 6.29 b, c, d) were more focused on showing the final 

product making them less dynamic. This might be due to the straight position of both 

arms in case of half turn; the children might have found it easier to just stretch their arms 

away to show a straight angle or a half turn. Later, the teacher asked the children to 

stand up and practice some more angles with their arms, such as bigger than a quarter 

turn but smaller than a half turn, before moving on to the next sketch in the ninth session 

after lunch break.  

Thus far, all the sketches had used circles, so the arm lengths were equal for the 

angles. The next sketch comprised of angles with different arm lengths so that the 

children could compare the size of the turns. The goal was to see if children considered 

the length of the arms as a factor while comparing the angle sizes. 



151 

 Comparing the geometric angle representations of 6.15.
different angles sizes 

The teacher presented the sketch with angles shown in figure 6.31a on the 

screen. Below is what follows: 

 

No. Who said/did What was said/what was done 

1341 T  Okay if we look up here (figure 6.31a), which is the bigger 

angle? Maya? 

1342 Maya (Pointing towards the screen) That one. 

1343 T  Can you go up and touch it for me? 

1344 Maya (Maya comes to IWB and points at the second angle, figure 

6.31b) 

1345 T  Why is that the bigger angle? 

1346 Maya  Because that one is smaller (touching the first angle) and this 

one is bigger (touching the second angle).  

The teacher changed the angles by dragging, as shown in figure 6.31c. 

1355 T  Now which one has the bigger angle? (Figure 6.31c) 

1356 Pat Still that one. 

1357 T  Still that one. Why?  

1358 Larry  Because it is wider. 

1359 T Because it is wider. It is much wider. Isn’t it? 
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(a) 

 

(b) 

 

(c) 

 

Figure 6.31 (a) Two angles presented for comparison; (b) Maya pointing at the 
bigger angle; (c) New angles for comparison 

Upon being asking which of the two angles in figure 6.31a is bigger, Maya at 

once responded that second angle is bigger. Her response, “that one is smaller” in 

[1346] suggests that she is not attending to the length of the arms; otherwise she might 

have thought the other one was bigger. 

Later, the teacher presented a new set of angles (figure 6.31c). Pat responded 

that the second angle was bigger. In Larry’s justification for the bigger angle in [1358], 

“because it is wider”, the use of word “wider” points to something that includes a larger 

amount or covers a larger range or area. This gives confirmation that they are not 

attending to the length of the arms while comparing sizes of the angles. From the above 

responses of Maya, Pat and Larry, it seems like they had grasped the idea of bigger or 

smaller angles, but this was not true for all the children. The next excerpt outlines one 

such episode. 

The teacher drew the next pair of angles (as in figure 6.32a) and asked 

1364 T  Gia, out of these two which one has the bigger angle? (Figure 

6.32a) 

1365 Gia  That one (Gia points towards one of the angles). 

1366 T  Can you come and touch it? Come point to the one you said 

for me. Okay.  

1367 Gia  (Gia touches the second angle as shown in figure 6.32b) 
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1368 T  Why does that one have a bigger angle? 

1369 Gia  Because it has long lines. 

1370 T  What does it mean? What does an angle mean? 

1371 T  Does an angle mean how big a line is? 

1372 Sss  No.  

1373 Larry  Then how come people say angle of a line? 

1374 T  

 

That’s a good question. That is a very good question. If angle 

does not mean the length of the lines, when people refer to 

the angle of a line, what do they mean? That’s a really good 

question. What do you think they mean? 

Then the teacher displayed the car sketch, the benchmark angles sketch, and the 

arms sketch one by one on the screen and asked the children what they did 

previously in all those sketches. To which the children responded, “turn”. The teacher 

gave the following example. 

1398 T  

 

Hey, watch what happens here. Right now, I have a zero 

angle (figure 6.32c). Look at it. Really important. Look. Pat.  

Right now, I have a zero angle. (Dragging the second line 

away, figure 6.32d) What did I do with that second line? 

1399 S  Make it turn. 

1400 S Turned it. 

1401 T  I turned it (gesturing as in figure 6.32e). I made an angle. 

1402 Larry  Angle is the amount of turn 
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(a) 

 

(b) 

 

(c) 

 

(d) 

 

(e) 

 

(f) 

 

Figure 6.32 (a) Two angles presented for comparison; (b) Gia pointing at the 
bigger angle; (c) Zero angle position of two lines; (d) Angle created 
on dragging by the teacher; (e) & (f) turning gesture by the teacher 
to show the angle 

In this exchange, Gia began by identifying the second angle as the bigger angle 

(as shown in figure 6.32b). Her utterance in turn [1369], “Because it has long lines,” 

suggests that she was associating the size of angle with length of the line segments. 

This resonates with the findings of research literature where children are shown to have 

misconceptions about the angle sizes being related to length of the sides  (Stavy & 

Tirosh, 2000). When the teacher questioned her in turn [1371], “Does an angle mean 

how big a line is?” most of the children responded with “No” [1372]. Their response of 

“no” does not assure us that they actually understand that the angle is independent of 

the length of the lines. Larry’s statement, “Then how come people say angle of a line?” 

raises an interesting question. His utterance [1373] suggests that the confusion arises in 

part from the everyday language that we use for the angles.  

To overcome this confusion, the teacher brought the children’s attention to the 

work they had been doing with the DGE sketches. She asked them what had they done 

in all the sketches, to which the children responded, “turn”. Then the teacher used this 

opportunity to associate the static geometric representation of the angle with the 

dynamic conception. She put both arms of the angle together, so that they appeared as 
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one (figure 6.32c) and were at the zero angle position. The teacher dragged the line out 

tracing the path covered by it. The traces acted as a visual mediator. The children’s 

utterances “make it turn”, “turned it” in [1399] and [1400] respectively shows that they 

were noticing the turning of the line. But this does not mean that they associated it with 

the angles. The teacher associated the turning with creation of an angle in [1401] along 

with her turning gestures (figures 6.32e, f), which emphasized the association of turning 

with angle. Larry’s statement in [1402], “Angle is the amount of turn” suggests his 

realization about the angle, which is his first explicit narrative about the definition of an 

angle that was later endorsed by the teacher. 

Since, the teacher dragged one of the line segments out in figure 6.32d, she 

further wanted to make sure that the children noticed the particular kind of movement 

that was needed to create an angle. Below is the description of one such attempt by the 

teacher. 

No. Who said/did What was said/what was done 

1426 T  Okay with these two lines here, I am going to close them up. 

Close them up (figure 6.33a). Okay now I am going to turn 

the green one. Turn, turn, turn, so I make an angle (figure 

6.33b). Now I am going to turn this one, so I make an angle 

(figure 6.33c). Which one has the bigger angle? Joyce, which 

one has the bigger angle? 

Peter which one has the bigger angle?  

1427 Peter The green one (pointing at the screen) 

1428 T  The green one has the bigger angle, because why? 

1429 Peter Because you stretched it out 

1430 T  Because I stretched it out. How did I stretch it out? Did I 

stretch it out this way by making the lines longer (dragging 

the points on green angles making the green lines longer, 

figure 6.33d)? 
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(a) 

 

(b) 

 

(c) 

 

(d) 

 

(e) 

 

(f) 

 

Figure 6.33 (a) Closing the lines of both angles together; (b) Making the first 
angle by turning lines out; (c) Making the second angle; (d) 
Stretching the green lines of first angle to make it longer; (e, f) The 
teacher’s gesture for turning the dot 

The teacher made both angles in front of the children by turning the lines and 

asked about the bigger angle. Peter responded that the green one was bigger. His 

utterance [1429], “Because you stretched it out” was a result of visualizing the teacher’s 

actions of dragging the lines away from each other. The teacher further asked if she 

stretched it out to make the lines longer, to which most of the children responded with 

1431 Sss  No.  

1432 T  How did I stretch it, because that’s going to be important, 

Joyce? 

1433 Larry You turned the dot 

1434 T  I turned the dot (gesturing the turn, figures 6.33e, f), so that’s 

the important part. 
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“no”. Larry said, “You turned the dot” [1433]. The use of the word “turned” by Larry 

shows that he has associated the angle with the turning. The usage of the verbs 

stretched vs. turned is quite interesting. The verb stretching out could be associated with 

stretching in two ways i.e. making the lines longer (as in figure 6.33d) or making the 

space between the lines wider (i.e. turning) and arms do not get any longer when 

turning. In contrast, the verb turning only refers to the changing angle between the lines 

(i.e. making it wider). Thus, the teacher’s later questions were aimed at making sure that 

the children were not confusing the word “stretching out” with the increasing length of the 

lines. Thus, the teacher’s discursive move aimed to make sure that all the interlocutors 

were using the word “stretched it out” in the same sense. 

Thus, in the above episode, the teacher used the potential of the drag mode to 

help the children discover an important property of angles i.e. change in the length of the 

arms does not change the size of angle. As an expert interlocutor, she made sure that all 

children were using the words stretched out in the same sense. Also, the teacher made 

use of different types of angles (not just prototypes with one horizontal line or with two 

arms of same lengths). 

 Finding angles in the classroom 6.16.

In the end, the teacher asked the children to go around the class and find all the 

angles that they could see in their surroundings. The figure below depicts some 

snapshots of the angles found by the children in the classroom. 
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(a) Angle made 
by the lines on 

the desk 

 

(b) Corner of the 
table 

 

(c) Corner of a 
basket 

 

(d) Corner of a 
drawer 

 
 

(e) Corner of the 
chair 

 

(f) Corner of a 
rectangular box 

 

(g) Corner of a 
book 

 

(h) Corner of a 
cubicle box 

 

(i) Angle made by 
a folded paper 

strip 

 

(j) Making a 
smaller angle 

 

(k) Making a 
bigger angle 

 

(l) Angle between 
the pages of a 

book 

 
Figure 6.34 (a-d) Angle examples by Kia; (e) Angle example by David; (f) Angle 

example by Larry; (g) Angle example by Clara; (h) Angle example by 
Zoe; (i-k) Angle examples by Pat; (l) Angle example by the teacher 

The above examples of the angles from the classroom can be classified into two 

categories: static angles and dynamic angles. Most of the children provided static 

examples of the angles from the classroom such as the angles made by the lines on a 

desk, corner of a table, corner of a basket, corner of a drawer, corner of a chair, corners 

of the boxes as shown in figures 6.34 (a-h).  The other examples by children included 

the corner of the mat and the angles on the corner of the ceiling. All these corner angles 

described by the children are also the examples of a particular benchmark angle i.e. 

quarter turn, though this connection was not made explicit either by the teacher or the 

children.  
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Pat’s paper-folding angle, making it bigger and smaller (figures 6.34 (I, j, k)) and 

the teacher’s angle between the pages of a book (figures 6.34l) are the two examples of 

dynamic angles. Pat’s self-made dynamic model for the changing angle evokes strongly 

the changing angles in the dynamic sketches on the screen. Also, the teacher provided 

the children with another example of dynamic angles between the pages of a book, 

where they could change the size of the angles by moving to different pages.   

Later the teacher asked the children to describe the most common kind of angle 

that they found in the classroom. The excerpt below shows part of the discussion. 

No. Who said/did What was said/what was done 

1535 

 

 

T  When you look at all the angles that you looked at, you guys 

said, “Oh, there are angles here (pointing at the toy house 

window in classroom)”. You guys have said, “There are 

angles on the carpet”. You guys have said, “There are 

angles on the book”. 

1536 Maria Even on the paper. 

1537 T  Even on paper. What kind of an angle are we seeing 

mostly? 

1538 Maya  They kind of look like shapes. 

1539 T  They kind of look like shapes, but if we remember that the 

angle is the turn between the lines. 

1540 T  Three-quarters turn. I am going to do a three-quarters turn 

(presses ¾ turn button). Does that blue space (referring to 

trace of ¾ turn) look like the angle right here (pointing at 

angle in the corner of book, figure 6.35a)? 

1541 Sss  No. 

1542 T  So it’s not a three-quarters turn. Okay, what about a half 

turn? Does that look like an angle we see right here (figure 
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(a) 

 

(b) 

 

(c) 

 

Figure 6.35 (a) The teacher inviting children to match the angle on book corner 
with ¾ turn trace; (b) The teacher inviting children to match the 
angle on book with ½ turn trace; (c) The teacher matching the angle 
on book with ¼ turn trace 

In [1535], when the teacher recalled some of the examples of the angles (on the 

window, carpet, book) found by the children in the classroom, Maria proposed that they 

found angle “even on the paper” in [1536]. The teacher asked about the kind of angles in 

all these examples. Maya’s utterance in [1538] “they kind of look like shapes” suggests 

that she was looking at the corner angles as if they were part of a geometric shape like a 

square or rectangle. The teacher brought back the benchmark angles sketch (in turns 

1540-1544) on the screen in an attempt to give a prompt to the children to describe the 

type of angle described in their examples. With the help of benchmark angles sketch, 

when the teacher pressed the quarter turn button, the children were able to match the 

6.35b)? 

1543 Sss  No.   

1544 T  I haven’t pressed this one. What do you think is that look 

like the angle (pressing ¼ turn button, figure 6.35c)? 

1545 Sss Yeah.  

1546 T  What do we call this angle? Do you remember?  

1547 Maria  Quarter. 

1548 T  

 

Quarter turn or a ninety-degree turn. Most of the angles in 

this room are the ninety-degree angles or quarter turns. 
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trace of the quarter turn angle with the corner angle on the book and they suggested that 

the book made the quarter turn angle. The teacher proposed that quarter turn is also 

called a ninety-degree angle and is the most used angle in the classroom surroundings. 

The teacher ended the angle lesson sessions with the discussion of the examples of 

angles in the classroom. 

Thus, in above classroom experimentation, if we look at the angle examples from 

the classroom that were brought forth by the children in the end, it is only Pat who 

provides evidence of growing in the sense of being able to identify dynamic angles. 

 Summary 6.17.

In this chapter, I analysed the children’s communication about angles in a 

dynamic geometry environment. The table below summarises all the episodes presented 

in this analysis, the sketches used in each episode and the main realizations (if any) in 

those episodes. 

The dynamism present in the sketches led to the children’s noticing of traces, 

predicting the final position of the car after the turn of a certain angle, gesturing about 

certain angles, comparing the angle sizes and general practices about the change of 

amount of turn with the change of amount of angle in the dial. 
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Table 6.1 Summary of various episodes with their main realizations 

Sketch used Episodes Main realizations about angles 

 

6.1 Initial encounter with 
the car sketch 
6.2 Children’s attempt to 
make the car take a full 
turn 
6.3 Noticing same angle 
measure but in opposite 
direction 

Angle is something in the dial 
that is related to amount of turn 
taken by the car. 
Turn can be in clockwise or 
counter-clockwise directions. 
For full turn, both hands in the 
dial have to be at exact same 
spot. 
Two angles can have the same 
measure but in the opposite 
directions 

 

6.4 Estimating the angle 
needed by the car to turn 
for a specific position 

(a) The car can be turned in any 
direction to reach a desired 
location. One direction may take 
more time than another. (b) Half 
turn is same for both directions 
i.e. it will cover the same 
distance hence will take the 
same time. 

 

6.5 Estimating the turn 
needed by the car to reach 
the gas station 

The amount of turn i.e. angle 
measure can be described with 
the reference to the numbers in 
the clock. 

 

6.6 Making the car B turn 
bigger or smaller than the 
turn of car A 
6.7 Estimating and 
comparing the turns of two 
cars to reach the parking 
sign 
6.8 Difference between 
moving forward and 
turning 

Two turns can be compared by 
looking at sizes of their traces. 
 

Going in the direction of a 
smaller turn is more convenient 
than a bigger turn. 
 

Turning and going forward are 
two different kinds of 
movements.  
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Sketch used Episodes Main realizations about angles 

 

6.9 Initial exploration of 
benchmark angles 
6.10 Developing 
conceptions of a full turn 
6.11 Benchmark turns and 
real life connections 
6.12 Children’s use of 
combinations of turns and 
then defining the 
benchmark turns 

One full turn touches four/five 
boxes depending on 
exclusion/inclusion of initial box 
again. Similarly, a half turn 
touches two/three boxes and a 
quarter turn touches one/two 
boxes.  
Full turn means “going back to 
the same colour”, “going back to 
the start”. Full turn can be 
described by a full circle gesture. 
Skateboard tricks involve 
benchmark turns. 
A three quarters turn is same as 
a half turn and a quarter turn 
together 
 

 

6.13 Embodied sense of 
benchmark angles using 
arms 

Quarter turn gestures with two 
arms, half turn gestures for 
vertical and horizontal 
orientations, full circle gesture 

 

6.14 Comparing the 
different geometric angle 
representations 

Angle measure is independent of 
the length of lines.  
Angle is the amount of turn. 
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Sketch used Episodes Main realizations about angles 

 

6.15 Angles in the 
classroom and the type of 
most popular angle 
example 

Most angles are formed as 
corners and are called quarter 
turns. 
Angle made by a folded paper 
strip can change sizes. 

Through the thinking-as-communicating lens, my analysis shows that the children 

utilised a variety of resources, including language, gestures and visual mediators in 

estimating angles on the screen. Therefore, it is important to include gestures along with 

the verbal discourse to communicate dynamic aspects of mathematical thinking. The 

above analysis also shows an impressive impact of the digital tools on children’s 

language, especially the dynamic forms of reasoning. It also provides evidence of how 

dynamic embodied visual mediators (gestures) as well as dynamic physical angle 

models (folded paper strip) are generated as a result of working with dynamic digital 

visual mediators (sketches). It is interesting to see that how after a series of working 

sessions on angles in DGE, most of the children focused on the static angles and 

presented static examples in the end. Perhaps the sketches helped them see both the 

process (turn) and the object (static angle representation), which enabled them to 

identify angles in the classroom. Or they developed a sense of angle as being about the 

corner where two lines meet, which resonates with the idea that emerged in the 

literature. However, given the fact that there are frequently only a few children 

communicating in the excerpts, I cannot generalise my findings about all the children. 
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 Cross-analysis and discussion Chapter 7.

In this chapter, I discuss some common themes that emerged from my analysis 

of the children’s discourse on angles during the classroom experimentation. The chapter 

is organized into five sections. The first section outlines and discusses realizations of 

different aspects of angles. The second section discusses some common types of 

gestures that emerged in this study and the children’s struggles to create embodied 

mathematical signs. The third section discusses the teacher’s role in relation to 

classroom discourse. The fourth section reflects on the interplay between Sfard’s four 

characteristics of discourse and gestures. In the last section, I summarize the main ideas 

of this chapter. 

 Realizations about different aspects of angle 7.1.

In the analysis of the different classroom experimentation sessions around 

angles, various realizations of angles were identified. Since the excerpts in Chapter 6 

provide an overview of classroom experimentation on angles, the realization tree for 

angles could be constructed as a collective realization tree for the classroom. The 

realizations that emerged during the classroom tasks are collective in the sense that 

they were visible/audible to others. For example, even though one child communicated a 

particular realization, it emerged from the classroom discussion and was visible or 

audible to other children (as well as to the teacher). It could be a realization expressed 

by only one child or even a few children, but it occurred during the classroom 

discussions. Different realizations were revealed at different times during class 

discussion in different situations. Some realizations were revealed when the children 

were working with the car sketch in different tasks; some realizations were revealed 

when children were working with the benchmark angles sketch or the arms sketch; other 

realizations were revealed when the children were comparing different geometric angle 

representations and talking about how they decide which of two given angles is the 

bigger.  

During their interaction with dynamic sketches, the children had different 

realizations about different aspects of angles such as direction of angle, measure of 

angle, angle in relation to its arms, benchmark angles, etc. The children’s realizations 
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about angle were conveyed through different modalities such as spoken words, 

gestures, a combination of spoken words and gestures, and actions on the sketches. 

There was no use of written communication (except on the IWB). Most realizations were 

the product of classroom discussion and were shared widely among the children. Figure 

7.1 summarizes different aspects of angles that were realized by the children during their 

interaction with the angle sketches. 

 
Figure 7.1 Different aspect of angles that were realized by children during the 

experimentation 

Different realizations for different aspects of angles are summarized one by one 

in the form of different realization trees.  Figure 7.2 outlines the realizations about the 

direction of angles. These realizations about direction of the angle were mostly 

conveyed while working with the car sketch and its different tasks.  
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Figure 7.2 Realization tree for direction of turn/angle 

The realizations were expressed mainly in vocal and gestural form and 

sometimes with concrete actions on the sketches. The realization that an angle can be 

clockwise or counter-clockwise emerged from the idea that the car could turn in either 

direction. Also, this realization occurred due to the design of the car sketch, where there 

were two dials labelled ‘clockwise’ and ‘counter-clockwise’, facilitating the turning of car 

in either direction. The convention of positive or negative angles, which is associated 

with the counter-clockwise or clockwise directions respectively, was not discussed 

during the experimentation, as standard measurement of angles was not the focus of 

this study. All realizations about angles summarized in figure 7.2 arose from the idea of 

turn, supporting the claim that introducing angles using the concept of turn can help 

children develop awareness of different properties of angles.  

The mathematical thinking with the car sketch happened with a series of different 

actions like noticing the action of changing the angle of the dial, the simultaneous 

perception of the car and the dial, and the recognition that there is a possibility of 

changing the angle in either direction. Most of the realizations were the result of specific 

tasks presented and specific questions asked by the teacher. During the realization 

process, the children used deictic terms for eliciting their responses such as “this way”, 

“that way” along with direction-of-turn gestures in the beginning, which then changed to 

use of specific directional words “left” or “right” and, finally, with the teacher’s 



168 

intervention (where she explained the meaning of clockwise or counter-clockwise motion 

with reference to a clock), they started using more precise terms like ‘clockwise’ or 

‘counter-clockwise’.  

Figure 7.3 outlines children’s realizations about the size of angles while 

estimating the angle needed in a particular task. These realizations arose particularly 

when they were working with the car sketches, where the teacher gave them the tasks of 

taking the car to the gas station, driving the car between specific animals, and parking 

the car near the parking post sign.  

 
Figure 7.3 Realizations for angle-size estimation  

The children used external and internal referents while estimating the angle size. 

For example, the realization that angle can be measured with reference to numbers on 

an analogue clock was prompted by Larry when he proposed “three amounts of turn” 

[426] for an angle whose approximate size was ninety degrees. Maria used the amount-

of-turn gesture along with the utterance “little bit more” [272] to measure the amount of 

turn. Kia pressed the clockwise turn button six times with a fixed small angle to get the 

desired bigger turn for car. Thus the children used different metaphorical projections 

(clock, body) to estimate angles.  Sfard calls this technique “the mechanism of 

metaphor”, where clock, body and traces on the screen acted as visual mediators for 

angle size estimation. Thus, the children utilised a variety of resources, including 

language, gestures and visual mediators in estimating angles in the DGE. 
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The children had different realizations about the benchmark angles (full turn, half-

turn, quarter-turn, and three-quarter turn). Figure 7.4 describes the realization tree for a 

one full turn. Different levels for a particular realization show how it was realized in a 

series of steps starting with a context-dependent realization and then changing into a 

more general realization. I extended a branch of the realization tree when the same 

realization was realized further by the use of a different visual mediator or with more 

general statements. I used a different branch when a new realization emerged about the 

same signifier. 

 
Figure 7.4 Realization tree for one full turn  

The concept of full turn started its development even before the actual use of the 

term “full turn”. It started with the idea of a full circle in the case of the car sketch, where 

children showed their interest in turning the car all the way around, so that they can see 

a full circular trace. The children noticed with their subsequent attempts that both the 

lines needed to be at the exact same spot for a full circle. The context-specific 

realizations changed to more independent realizations during the course of different 

sessions. In the case of the benchmark angles sketch, the full turn was described in 

terms of covering four/five coloured boxes, which later changed to going back to the 

same colour and eventually going back to the start. The realization that a full turn 

touches four/five boxes was initiated by the teacher’s specific question “how many boxes 

is a full turn going to touch?” [887]. Thus, some realizations were initiated by the specific 
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questions of the teacher. The children’s responses show their individualized preference 

to count the starting box once or twice for a full turn. The initial context-dependent 

realization changed to “it goes back to the start” [993] with more general questions like 

“what does a whole turn mean?” 

The children had similar realizations about other benchmark turns where they 

counted the number of boxes touched by a particular turn and then they moved to more 

general realizations. Figure 7.5 shows the realization tree for a half-turn.  For a half-turn, 

the children also participated in discourse about different orientations of angle, as 

depicted by their vertical and horizontal straight angle gestures.  

  
Figure 7.5 Realizations for a half-turn   

  The teacher also proposed a few realizations directly to the children, which 

were not carried further by the children. For example, the teacher told the children that a 

half-turn is also called “one-eighty” and that a full turn is also called “three-sixty”. But 

none of the children repeated these terms during the classroom sessions. The children 
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mostly used the terms ‘half-turn’ and ‘full-turn’ that emerged through the use of sketches 

and classroom discussions. 

Figures 7.6 and 7.7 show the realizations for a quarter-turn and three-quarter 

turn respectively. The children also realized that a bigger benchmark turn could be 

achieved with a combination of smaller benchmark turns. For example: a three-quarter 

turn could be achieved with a half-turn and a quarter-turn. 

 
Figure 7.6 Realizations for a quarter-turn 

  
Figure 7.7 Realizations for a three-quarter turn 

While comparing the size of different angles with their different arm lengths, 

some children showed that they were not attending to the length of the arms and were 

instead seeing the “wider” angle as being the bigger angle. However, a few others 

encountered conflict in comparing different angles. This commognitive conflict seems to 

arise from everyday language use of the word angle. For example, when the teacher 
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claimed that an angle has nothing to do with the length of a line, Larry questioned’ “Then 

how come people say angle of a line?” [1373]. The teacher used this opportunity to 

associate the static geometric representation of angle with the dynamic conception of 

angle. For example, her move [in 1398] of starting with two overlapping lines of different 

lengths at zero angle position and then turning one line away from another engaged 

children in noticing the particular kind of movement that was needed to create an angle. 

The children were successful in making the realization that the angle size was 

dependent on how the lines were “turned” instead of how they were “stretched out” to 

change their length. Thus, the role of the teacher was very important in this classroom 

experimentation. Only Larry defined angle formally as, “Angle is the amount of turn” 

[1402]. The drag mode of DGE helped the children notice that the change in length of 

the arms of an angle does not change the size of the angle. For example, in Chapter 6, 

the excerpt (1426-1434) of episode 6.15; illustrates an instance of special kind of 

dragging by the teacher that enabled the children to see that increasing or decreasing 

length of the lines did not change the size of the angle. Figure 7.8 illustrates these 

realizations.    

  
Figure 7.8 Realizations about the non-relationship between angle size and 

length of its arms  

   If we take into consideration the above realizations, most of them communicate 

dynamic aspects of mathematical thinking. For example, the use of the words “goes”, 

“turn”,  “go”, “turned”, “stretched out” and the use of dynamic gestures all communicate 

kinetic thinking about angles. It cannot be said that others would have the same 
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realizations while working with the same dynamic sketches again because many 

situated realizations were dependent on the questions asked by the teacher. So with a 

different teacher, some of these realizations may not be occasioned and some new 

realizations may emerge.   

 Types of gestures and tension between embodied and 7.2.
formal mathematical signs for angles 

As seen in Chapter 6, the children used gestures extensively as a tool for 

communication about angles. Sometimes they used gestures together with verbal 

expressions; sometimes they used gestures in place of speech; and, sometimes they 

used only gestures to communicate their thinking. A closer look at the realizations in 

figures 7.2, 7.3, 7.4 and 7.5 also provides evidence of the children’s frequent use of 

gestures while thinking about angles. 

The gestures elicited by the children during different episodes can be divided in 

different categories based on their nature and their functionality. Based on their nature, 

the gestures can be seen as being either static or dynamic. Static gestures mainly 

consisted of pointing gestures, when the children were pointing at the sketch (or a 

particular part of the sketch) or when they were gesturing a diagrammatic representation 

of angle using their both arms and hands. Dynamic gestures were usually used when 

the children were showing the process as well as the product of turning.  

In my study, I found three types of angle-related gestures based on the functions 

they served. I have distinguished them as follows: direction-of-turn gestures, amount-of-

turn gestures and direction-&-amount of turn gestures. Direction-of-turn gestures 

provided information about direction of the turn i.e. clockwise or counter-clockwise. 

These include static gestures where the children pointed at the clockwise or counter-

clockwise dials on the screen as well as dynamic gestures where they made a dynamic 

motion with their hands in clockwise or counter-clockwise directions. The amount-of-turn 

gestures provided information about the size of angle needed in a particular situation 

through their gestures and were static in nature. With direction-&-amount-of-turn 

gestures, the children communicated the direction of the turn, as well as, the size of the 

angle. These gestures were mostly dynamic in nature. Table 7.1 illustrates examples of 

the different types of gestures used by the children. 
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Table 7.1 Different types of gestures for angles 

 Type of gestures Static Dynamic 
Direction-of-turn 

 
Showing clockwise direction by 
pointing with their hands 

 
Showing counter-clockwise 
turn with a sweeping 
motion 

Amount-of-turn 

 
Showing amount of “little more” 
turn needed 

 

Direction-&-Amount of turn  
 
 

 

 
 

Sweeping gesture for the 
half turn showing the final 
position to stop  
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In my study, I found children’s various gestures for benchmark angles particularly 

interesting. Table 7.2 shows different gestures for a quarter turn, a half turn and a full 

turn.  
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Table 7.2 Various gestures for benchmark angles 

 Static gestures  Dynamic gestures 
Quarter turn  

 
 

  
Quarter turn gesture with left hand starting from the 
top right position and starting with both arms together 
in an upright position 

Half turn 

   
 

 
Half turn gestures showing 
vertical orientation, horizontal 
orientation and semi-circle 
respectively 

   
Half turn gesture with one hand starting at the top 
right position and stopping in a downward position; a 
half turn gesture starting with their arms together in a 
quarter turn position sweeping one arm further down  
  

Full turn      
 
 
 
 
 
Full turn gesture with both 
arms straight up in the same 
place and circular looking 
position of both arms 
respectively  

        
Sweeping gesture for full turn starting at the top and 
coming back to the same position with index finger; a 
full turn gesture with both arms straight up in same 
place and one arm covering the whole circle coming 
back to start respectively  

I observed that what part of the body was being used to produce a gesture had 

an effect on the nature of a gesture. For example, looking at the different gestures in 

table 7.2, it seems that they were mainly dynamic when the children used only one hand 

and one arm to show different benchmark turns. Their attempt to show both hands of an 

angle produced dynamic gestures as the same arm acted as one hand and then later as 
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other hand of the angle, thus yielding gestures that showed the process as well as 

product of the turn. These gestures also communicate angle as being a deviation from a 

straight line.  

Another interesting observation about gestures emerged during the session with 

the Arms sketch, when the teacher invited the children to use both their arms to show 

different benchmark turns. As evidenced in episode 6.14 and table 7.2, it seems that the 

children’s gestures for a quarter-turn and a full turn were more dynamic as compared 

with those for a half-turn. For example, most children made arm-turning gestures for a 

quarter turn and a full turn dynamically by starting both arms in upright zero angle 

position and sweeping one arm in clockwise motion, thus eliciting dynamic thinking. On 

the other hand, only one child (Maria) showed a dynamic gesture for a half-turn while 

using both arms when she swiped her one arm further down from the quarter-turn 

gesture. She even made a static half-turn gesture later while showing alternate position 

of arms in the case of a half-turn. This might be due to the straight position of both arms 

in the case of half-turn; the children might have found it easier to just stretch their arms 

out to show a half-turn angle. 

I also found that some children made circular gestures for a full turn (see the 

static full turn gesture in table 7.2) and semi-circular gestures for a half turn (see the 

static half turn gestures in table 7.2). These gestures imply an interesting tension 

between the embodied action signs and the desired straight-line mathematical signs for 

angles. These gestures might be situated and metaphoric in the sense that there is a 

circle present in three of the sketches that the children worked with (the car sketch, the 

arms sketch and the benchmark angles sketch). The children might have transformed 

those circular traces to produce their own embodied signs to show a full turn and a half 

turn. Although the children’s circular and semi-circular gestures with both arms were 

static in nature, they seemed to communicate more of the process of turning, as 

opposed to product of turn that is the typical diagrammatic representation of angle. 

There seems to be a tension in choosing between gestures that show the process of a 

full turn vs. gestures that show the product of a full turn. For example, even though Larry 

described a full turn as “It goes back to the start” [993], he produced a circular-looking 

gesture with his both arms, as in figure 6.30b.  



178 

 The teacher’s role in relation to classroom discourse 7.3.

The teacher played an important role in shaping the children’s discourse during 

the classroom experimentation. The teacher asked lots of questions throughout all the 

sessions. During the initial exploration of the sketches, the teacher asked questions 

while dragging elements of a sketch, inviting the children to notice the changing objects 

on the screen and to explore relationships between different these objects. When a child 

carried out an action on the sketch, the teacher asked the other children to predict what 

would happen as a result of the dragging action or of pressing a particular action button. 

These questions seemed to help keep the children focused and engaged, even when 

only one child or the teacher was doing the dragging actions on the sketches. Thus, after 

her initial questions, such as what do you notice on the screen, the teacher actively 

made attempts to engage the children in mathematical practices such as predicting, 

conjecturing, comparing, and reasoning about different angle related situations.  

Even though the children were introduced to several new mathematical terms, 

their sentences were quite short. This is mainly due to the type of questions that were 

asked and answered and also might be due to children’s young age. However there 

were few exceptions. For example, only five children (Larry, Maria, Maya, Pat and Zoe) 

used full sentences frequently. In all the excerpts provided in chapter 6, there are only 

49 full sentences spoken by the children. Out of those 49 sentences, Maria and Larry 

each spoke 15 of them. Maya, Pat and Zoe spoke the rest of the full sentences. Thus, 

some children engaged in a more developed mathematical discourse around angles 

than others, in that they communicated more than others. For the majority of the 

children, the structure of their sentences did not change much over the course of the 

experimentation period. The sentences remained short, but their discourse was refined 

in the sense that some everyday words were replaced by more mathematical terms by 

the end of nine sessions.  

As an expert interlocutor, the teacher sensed the conflict when children were 

using the same words in different senses in their mathematical communication. For 

example, in episode 6.8, the children were using the word ‘turning’ to mean move 

forward as they were considering the movement only, but failed to distinguish between 

the angular and linear movement. The teacher used this conflict as a teaching 

opportunity and explicitly differentiated between the concepts of linear distance and of 
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turning. She made ample use of her bodily actions of turning and walking forward 

(figures 6.19a, b, c) as well as hand gestures (figures 6.19d, e) to provide visual 

mediators for the children to distinguish between two types of movements.  

Thus, the teacher played an important role in shaping the classroom discourse, 

which means that any changes in discourse that were revealed in my analysis cannot 

only be attributed to the dynamic geometry environment or the particular tasks and 

sketches that were designed.  Nonetheless, at times, she could have made better word 

choices and task choices; this is discussed briefly in subsection 8.3 in the next chapter. 

 Interplay between Sfard’s four characteristics of 7.4.
mathematical discourse and gestures in a dynamic 
geometry environment 

The children in this study engaged actively in the development of their 

mathematical discourse by using two main modes of communication: speech and 

gestures. Some children also did some actions on the DGE sketch on the IWB without 

giving any verbal explanations. For example, when the teacher asked a child to make 

the ball land on a particular colour in the case of the benchmark sketch, the child just 

pressed the required action button without saying anything. This is important because 

the children were able to communicate their thinking with their actions on the sketches 

that at the same time acted as a gestural discourse.  

Most of the children used very few words in their discourse. For example, when 

the teacher asked about the direction in which the car would turn, the children’s 

responses included the use of deictics, such as “this way” “that way”, along with their 

hand gestures to indicate the direction. This could indicate that they did not have the 

mathematical vocabulary to describe those directions; or, it could have been the most 

easy and efficient way of communicating. Thus, the gestures conveyed word-like 

information that was missing from the accompanying speech. The number of direction-

of–turn gestures was quite high in the beginning. The use of gestures along with 

everyday words helped the children engage actively in the discussion and eventually 

seemed to support the development of their mathematical discourse.  For example, the 

children shared a mutual understanding of what was meant by “this way”, “that way”, 

“left” or “right” (along with accompanying gestures). The absence of either speech or 
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gestures would have been problematic. Without the gestures, the term “this way” would 

have caused conflict, as different children could have apprehended the meaning 

differently. The use of dynamic gestures along with the deitics (this, that) shows that 

gestures served the communication function as well as acted as a visual mediator. Thus, 

gestures complemented the word use in the absence of mathematical terminology by 

making sure that all the interlocutors were talking about the same object. This resonates 

with the ideas of Sfard (2009) where she recognizes the important role of gestures in 

helping all interlocutors to “speak about same mathematical object” (p. 197). As they got 

more practice with the car sketch, by the fourth session, their discourse about direction 

was changed to include the words “clockwise” and “counter-clockwise”, rather than “this 

way” and “that way”.  

Of course, while the aim of the experimentation was to do some early concept 

development around angles, the children were not expected to provide rigorous formal 

mathematical statements by the end of the experimentation. Only Larry defined angle by 

giving a formal definition one qualitatively related to measure: “Angle is the amount of 

turn” [1402]. During the teacher-led explorations and discussions with the dynamic 

sketches, the children’s discourse moved from particular to more general discourse 

about angles and gestures played an important role in their developing conceptions of 

angles. 

 The dynamic sketches prompted children to do mathematics with their hands 

and bodies. Thus children made use of a variety of visual mediators to have different 

realizations about angles. For example, they made use of iconic visual mediators such 

as dynamic sketches, concrete visual mediators such as the clock and gestural or 

embodied visual mediators such as gestures with their hands or arms. The dynamic 

diagrams seemed to evoke children’s gestures. For example, as discussed in chapter 6, 

children made many gestures (figure 6.2d, figures 6.6c & 6.6d, figure 6.6e, figures 6.9b 

& 6.9c) in which they matched their gesture with the angle in the sketch. This interplay 

between gesture and diagram resonates with Châtelet’s (1993) theory of mathematical 

inventiveness, which de Freitas and Sinclair (2012) discuss in the context of 

mathematics education; in this case, the dynamism of the sketch seems to evoke quite 

directly the moving of the children’s arms and hands. 
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As seen in Chapter 6 and discussed above, gestures helped in serving the 

communication functions and also acted as visual mediators frequently. Thus, clearly 

gestures fit in Sfard’s first two characteristics of mathematical discourse, namely words 

and visual mediators as they communicated an idea in absence of verbal words and also 

they acted as a visual mediator to mediate children’s reasoning in angle related 

activities. It is worth noting that Sfard mainly considers linguistic forms of word usage 

(not surprising!), so it is easier to distinguish between word use and visual mediators. 

However, when considering non-linguistic forms of communication, sometimes it 

becomes difficult to categorise gestures as the same gesture may be performing a word-

like function or acting as a visual mediator. 

 But now the question arises of where do gestures fit in the other two 

characteristics of discourse: routines and narratives? Can there be routines that are 

solely gestural? Can we consider those gestures, which describe an angle concept 

clearly, as narratives? 

Sfard (2008) defines routines as “repetitive patterns characteristic of the given 

discourse” (p.134). According to her, mathematical regularities can be noticed whether 

one is watching the use of mathematical words and mediators or following the process of 

creating narratives.  Thus, routines are the researcher’s construct based on observations 

of participants’ discursive actions.   In my study, I found that children not only used 

gestures as words and visual mediators, they also developed a routine of performing 

different tasks with their gestures. For example, as there was only one interactive 

whiteboard in the classroom, there was only one child or teacher who was carrying out 

actual actions on the sketch. Before each action on the sketch, the teacher would ask 

the rest of the class to predict or give some explanation about what would happen and 

why. While making and justifying their predictions, the children developed a routine of 

transforming the elements of the sketch on their arms/hands and turning their hands to 

determine their predictions. So it can be argued that it is important to consider embodied 

routines to understand children’s thinking, thus Sfard’s framework can be extended to 

incorporate the embodied routines as children used gestures frequently before making 

predictions about angles frequently, which helped them to navigate the flow of 

communication. 
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Sfard defines a narrative as “any sequence of utterances framed as a description 

of objects, of relations between objects, or of processes with or by objects, that is 

subject to endorsement or rejection with the help of discourse-specific substantiation 

procedures. Endorsed narratives are often labelled as true” (p. 134). To discuss whether 

gestures can be seen as part of narratives, consider the development of the concept of 

full turn. We saw, in Chapter 6, that the children produced different narratives (either 

situated or general) about full turns. For example, Maria’s utterances, “They have to be 

at the same spot” [64], “it goes back to the same color” [979] and Larry’s utterance, “It 

goes back to the start” [993] are clearly verbal narratives about a full turn. But there is 

also another category of responses to the teacher’s question “what else can a full turn 

mean?” that cannot be ignored. These include various instances such as: Maya’s 

dynamic gesture of making a clockwise full circular turn using one hand (figure 6.23c) 

along with her utterance “full” [981]; Maria’s dynamic gesture of making a clockwise full 

circle using one hand (figure 6.23b); Maria’s dynamic gesture with both arms straight up 

in same place and one arm sweeping through whole circle coming back to start (figure 

6.30a); and, Larry and Pat’s static circular-looking gestures (figure 6.30b). These 

gestures are communicating richly about the concept of a full turn and can be 

considered as descriptors of a full turn even with the absence of speech. Thus, I argue, 

these gestures could act as narratives for a full turn. In the case of scholarly 

mathematical discourse, Sfard recognizes discursive constructs such as definitions, 

rigorous proofs, and theorems as endorsed narratives. I propose, in the case of 

classroom mathematical discourse, Sfard’s framework can be expanded to include 

narratives that are not solely comprised of utterances, but also ones which are solely 

gestural or a mix of verbal and gestural forms and can be endorsed in the classroom.  

Considering only verbal narratives would result in missing many important and early 

developments of a particular concept in a classroom setting. 

 Summary 7.5.

In this chapter, I presented the main themes that emerged from my study. The 

children developed different realizations about different aspects of angles such as 

directionality of angles, angle estimation in the absence of standard measurement, 

benchmark angles and angle size in relation to its arm lengths. The children made use of 

three types of angle-related gestures based on the functions they served: direction-of-
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turn gestures, amount-of-turn gestures and direction-&-amount-of-turn gestures. Some 

of their gestures were static but most of their gestures were dynamic. The classroom 

discourse was profoundly shaped by the questions asked by the teacher and she played 

an important role in resolving commognitive conflicts that emerged during classroom 

discussions. I also found that gestures seem to fit into all four categories through which 

Sfard characterises mathematical discourse. 
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   Conclusion Chapter 8.

 In this chapter, I provide responses to my research questions posed in Chapter 

5 and discuss the contributions of my study to the field of mathematics education. In a 

nutshell, my study investigates how the use of a dynamic geometry environment (DGE) 

could help introduce young children to the concept of angle in such a way that they 

might avoid some perennial problems reported in the literature on identifying, comparing 

and using angles. Working with Sfard’s commognitive framework, I have mainly used her 

four characteristics of mathematical discourse as well as the construct of realization to 

analyse the children’s discourse around angles. Towards the end, I point to some of the 

contributions, implications and limitations of my study and provide some personal 

reflections.     

 Responding to the research questions 8.1.

The first of my research questions explores children’s realizations about angles 

in absence of standard measurement units: What are the common realizations of the 

signifier ‘angle’ realized by the children during the classroom experimentation in a DGE 

in absence of standard measurement units? During the classroom sessions with the 

dynamic sketches, the children had different realizations about various aspects of angles 

such as direction of angle, measure of angle, angle in relation to its arms, benchmark 

angles, and angle examples in the classroom. The children’s realizations about angle 

were conveyed through different modalities such as the use of spoken words, gestures, 

combination of spoken words and gestures together as well as their actions on the 

sketches. Table 8.1 lists all realizations that were identified in this study for the signifier 

angle. They are listed in the chronological order as they occasioned during the 

classroom discussion while working with the dynamic sketches.  
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Table 8.1 Common realizations for the concept of angle 

Realizations emerging from classroom 
discussion 

Angle is something in the dial that is related to the 
amount of turn taken by the car. 
Angles can occur in two different directions namely, 
clockwise and counter-clockwise.  
To cover a full circle turn, both hands of the angle 
need to be at exact same spot. 
Two angles can have the same measure, but they 
can be in opposite directions. 
One direction may take more time than the other for 
turning to the same position. 
Direction does not matter in the case of a straight 
angle or a half-turn. It takes the same time to turn in 
both directions. 
The size of an angle can be measured or estimated 
with reference to the numbers on the clock 
The smaller turn can be repeated until the desired 
bigger turn is achieved. 
In case of a full turn, one hand of the angle goes 
back to the start after taking the whole turn. 
In case of half-turn, the line is the same straight line. 
A three-quarter turn is same as a combination of a 
half-turn and a quarter-turn. 
Various embodied realizations of full turn, half-turn, 
and quarter-turn occur through gestures. 
Angle is the amount of turn. 
Angle measure is independent of the length of the 
lines. 
Angle examples in classroom include angles made 
by the corner of a table, the corner of a basket, the 
corner a drawer, the corner of a book etc. and the 
angle made by a folded paper strip that can change 
size. 
All corner angles are “quarter” turns. 

 

My second research question explores the contributions of DGE in children’s 

conceptions of angles: What are the contributions of a DGE in children’s developing 

conceptions of angles? My study reveals that teaching angles using the idea of angle-

as-turn through DGE is a promising approach. The concept of angle was introduced in a 

way that could highlight different aspects of angles. The turning of the car and the 

simultaneous traces on the screen provided the rotational dynamic aspect of the angle. 

The geometric angle representation in the steering wheel and the on-screen traces after 

a turn helped children see angle as a geometric representation, i.e. as a corner with 
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intersection of two lines. The on-screen traces also highlighted angle concept as a 

deviation of the same line from its original position. Thus, dynamic sketches were 

particularly helpful in showing the process of the turn as well as the product of the turn in 

terms of diagrammatic representation of angle. The research in this study supports the 

conjecture that introducing angles as a turn can help children develop concept of angle 

in earlier years as evidenced by their change in discourse as shown in chapter 6. The 

dynamic geometry environment initiated the dynamic thinking about angles as evidenced 

through children’s propensity to reason in terms of motion. It can be seen in terms of 

children’s dynamic gestures as discussed in chapters 6 and 7 and by their verb use in 

their speech. For example, the children frequently used the verbs “moves”, “going”, 

“turns”, “turn”, “stretched out”, “turned” etc. in their verbal discourse.  

My study also reveals that a DGE could be helpful in working through some of 

the common discursive conflicts about angles that have been reported in the research 

literature. For instance, the children were able to conceptualise turning in terms of angle 

and were able to connect static angles to turns. Larry’s realization (“angle is the amount 

of turn”) emerged explicitly through the DGE-based instruction, as he could visualise the 

amount of turn involved from one arm to another on the screen. This was one of my 

aims when designing the sketches, since my review of literature pointed out that children 

have significant difficulties in thinking about angle as a turn as well as connecting turns 

to angles. In my study, even after a series of working sessions on angles with a DGE, 

most of the children focused on the static angles in the classroom and presented static 

examples in the end. Perhaps the sketches helped them see both the process (turn) and 

the object (static angle representation), which enabled them to identify angles in the 

classroom. Thus, this research provides one method to help alleviate young children’s 

difficulties in thinking about the turn as an angle. The realization that angle measure is 

independent of the length of the lines is occasioned in episode 6.15 as discussed in 

chapter 6. The drag mode of DGE helped the children notice that the change in length of 

the arms of an angle does not change the size of the angle. Thus, the DGE approach 

was helpful in focusing children’s attention on the quantity of turn rather than on the 

length of the line segments. This gives evidence that angle instruction in DGE could be 

helpful in avoiding discursive conflicts involved in thinking that the ‘longer rays means 

greater angle’ as reported in the literature (Stavy & Tirosh, 2000; Clausen-May, 2005).  
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My third research question asks, what kinds of discourse do children engage in 

during DGE-based classroom instruction around the concept of angle? My study reveals 

that the children in this study engaged actively in the development of their mathematical 

discourse by using two main modes of communication, by means of speech and 

gestures. Occasionally, few children communicated their thinking solely through 

dragging actions on the sketches.  

During the teacher-led explorations and discussions with the dynamic sketches, 

the children’s discourse moved from particular (context-based) to more general 

discourse about angles and gestures played an important role in their developing 

conceptions of angles. Most of the children used very few words and everyday language 

in their discourse in the beginning. The teacher helped the expansion of the children’s 

discourse through introduction of new mathematical words and also by helping them to 

resolve their commognitive conflict about the angular distance covered vs. the straight 

distance covered by the car through discussion. Also, the presence of dynamic sketches 

as visual mediators in the experimentation did help the children start the new and 

dynamic discourse. For example, the children frequently used the words “turns”, “turn”, 

“stretched out”, “turned” etc. in their verbal discourse while referring to angles. Towards 

the end of the teaching sequence, the sentences remained short, but the children’s 

discourse was refined in the sense that some everyday words were replaced by more 

mathematical terms.  

The children used gestures extensively as a tool for communication about 

angles. Sometimes they used gestures together with verbal expressions; sometimes 

they used gestures in place of speech; and, sometimes they used only gestures to 

communicate their thinking. The dynamic sketches prompted children to do mathematics 

with their hands and bodies. In my study, I found three types of angle-related gestures 

based on the functions they served. I have distinguished them as: direction-of-turn 

gestures, amount-of-turn gestures and direction-&-amount-of-turn gestures. Direction-of-

turn gestures provided information about direction of the turn i.e. clockwise or counter-

clockwise. The amount-of-turn gestures provided information about the size of angle 

needed in a particular situation through their gestures. With direction-&-amount-of-turn 

gestures, the children communicated the direction of the turn, as well as, the size of the 

angle. I also observed that what part of the body was being used to produce a gesture 

had an effect on the nature of a gesture. For example, the gestures were mainly 
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dynamic when the children used only one hand and one arm to show a turn, whereas 

the gestures were mainly static when they used their both arms and hands to show an 

angle. The design of the dynamic sketches prompted children to use a variety of visual 

mediators to have different realizations about angles. For example, they made use of 

iconic visual mediators such dynamic sketches, concrete visual mediators such as clock 

and gestural or embodied visual mediators such as gestures with their hands or arms.  

My study also gives some evidence about how gestures could be found in all four 

characteristics of mathematical discourse. Gestures fit in Sfard’s first two characteristics 

of mathematical discourse, namely words and visual mediators, in the sense as they 

communicated thinking in absence of verbal words and also they acted as a visual 

mediator to mediate children’s reasoning in angle related activities. I also found that 

children not only used gestures as words and visual mediators, but they also developed 

a routine of performing different tasks with their gestures frequently. I revisit this idea 

later in subsection 8.2.2. I also observed that considering only verbal narratives in a 

classroom setting would result in missing some important early developments of a 

particular concept. For example, some gestures richly communicated a particular 

concept like full turn and could be considered as descriptors of a full turn even in the 

absence of speech.  

 Contributions 8.2.

This study provides a commognitive view on the learning about angles and also 

provides a set of instructional materials that can be adapted to use in elementary grades 

for introducing the concept of angles. Thus, it provides a two-fold contribution to 

research in mathematics education, one of which is related to the current stream of 

research on angles and the other one is related to contributions to the research 

employing Sfard’s commognitive framework.  

8.2.1. Contribution to teaching and learning 

Previous research studies on angles have promoted different ways of teaching 

angles, which includes dynamic situations using physical tasks (Fyhn, 2008), 

implementation of a variety of technological tools such as graphing calculators TI-73 

(Browning & Garza-Kling, 2009), Kinect for Windows program (Smith, King & Hoyte, 
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2014), dynamic geometry systems such as Logo activities (Simmons & Cope, 1990; 

Clements & Burns, 2000) and mobile learning using Sketchpad Explorer (Crompton, 

2015). The present study contributes to the teaching and learning of angles as it differs 

from previous studies in various ways. While most of previous studies are conducted 

with grade 3 and older students, my study focuses on relatively younger children 

(Kindergarten-Grade 1). Secondly, previous studies have frequently focused on standard 

measurement and classification of angles; my study does not focus on the standard 

measurement of angles in terms of degrees and their classification rather it focuses on 

introducing angle-as-turn conceptions in DGE. Thirdly, although few studies (Crompton, 

2015; Fyhn, 2008) consider the important role of bodily movements and gestures in the 

learning process, this study does not require the bodily activity as a pre-requisite to start 

the teaching experimentation. The embodied activities in the present study emerged as 

spontaneous gestures by the children during the experimentation. My study also 

contributes in terms of providing a method to remove some common angle-related 

conflicts as noted in research literature because drag mode of DGE helped the children 

notice that the change in length of the arms of an angle does not change the size of the 

angle.  

8.2.2. Contributions to theory 

The commognitive framework provided rich tools to make claims about students’ 

thinking about angles in terms of how they communicate. This study supports the 

applicability of Sfard’s commognitive framework to explore complex mathematical 

concepts like angles at earlier ages. This is in rapport with previous studies on school 

level mathematical concepts (e.g., Kaur, 2015, on triangles, Sinclair & Kaur, 2011, on 

symmetry, Sfard, 2007, on negative numbers). From a methodological point of view, this 

study proposes extending Sfard’s (2008) framework to incorporate the embodied 

routines and embodied narratives in the case of classroom mathematical discourse. Of 

course, it would require rigorous analysis of a much more longer study to have sufficient 

evidence to support this proposal. In my study, the children used gestures frequently 

before making predictions about angles frequently, which helped them to navigate the 

flow of communication. The children developed a routine of performing different tasks 

with their gestures frequently by transforming the elements of the sketch on their 

arms/hands and turning their hands to determine their predictions. This led me to 
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propose that embodied routines could be helpful in looking at dynamic thinking, 

especially in case of young children. I also found initial evidences of the narratives that 

were not solely comprised of utterances, but also that were solely gestural or a mix of 

verbal and gestural forms and was endorsed in the classroom.  Considering only verbal 

narratives would result in missing many important and early developments of a particular 

concept in a classroom setting. 

 Limitations and Implications 8.3.

Given the fact that the experimentation was conducted only in one classroom 

and only a few children were more vocal during the classroom discussions, the results of 

this study cannot be generalized. Also, there is a lack of sufficient follow up. Results of 

this study could have been improved if more time would have spent on the sessions and 

more individual follow-ups would have taken to make stronger claims. Although I 

conducted some individual interviews, those were done immediately after the classroom 

sessions and children were mainly asked to perform similar (to classroom sessions) 

tasks on laptop. As I looked at my data through commognitive lens, I noticed some 

utterances by the teacher that might have limited children’s responses. For example, in 

the first episode, the teacher used words “move”, “far” and “distance”, which indicates 

how very difficult it seems to be for people to keep the language of linear length 

measurements separate from angle measurements. Although the teacher smoothly 

altered the word “move” to “turn” later, if I would be advising her after the lesson, I would 

encourage the teacher to change “far” to “much” in case of turning. Also some 

realizations were left and were not given more time in the classroom for further thought. 

For example, the teacher could have asked the children what they were trying to show 

with their circular or semi-circular gestures for a full turn and a half-turn respectively. 

Thus, this study gives implications to pay more attention to commognitive ways of 

conversing with the children, which could avoid some commognitive conflicts. 

There are some improvements that could be made if this lesson sequence has to 

be used in future. During the experimentation, the teacher kept on using the Reset 

button in the car sketch in this study, which kept the car and the angle in the same 

orientation most of the times, that helped the children to estimate the angle successfully 

for a specific turn. My data reveal that the children were able to develop a causal 

relationship between the turning of the car and angle in the dial. While few children 
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estimated angles successfully when the car and the angle in the dial were not aligned in 

same way, my data did not give much evidence if all the children were able to 

individualize the different turning orientation of car in relation to angle in the dial. If I were 

advising the teacher after the lessons, I would encourage her to use the Reset button 

less frequently while working with the car sketch, once the children establish a causal 

relationship between the turning of car and the angle in the dial. This study also 

implicates that the experimentation should be much more exploratory and unstructured 

while introducing concept of angle or any other multifaceted concept and the teacher 

should encourage children to communicate their mathematical thinking in any way they 

could.  

In terms of recommendations for future research, more research could be 

conducted on the topic of angle conceptualization. After initial conceptualization of what 

an angle is, it would be interested to see how children reason about different geometric 

shapes such as triangles, rectangles, squares etc. This calls for a longitudinal study on 

children over few years to see how their angle conceptualizations change their 

geometric reasoning about different shapes. Another area could be to conduct research 

on the concept of measure of angles via a DGE or to combine the initial DGE-based 

angle experimentation with some paper-and-pencil tasks. The possibilities are endless.  

 Personal Reflections 8.4.

On a personal level, this research journey has changed the way I look at things. 

As a graduate in pure mathematics, I always had a very cognitive view on learning. I 

used to consider thinking as a very individual activity happening in the head of an 

individual. But after reading Sfard, I realised that she defined thinking in a more useful 

way, at least for me as a researcher, because thinking could now be seen and heard. 

When I first used Sfard’s theory in 2011 for a conference paper, I only analysed verbal 

discourse and classified children’s discourse around symmetry as being at different 

levels of geometric thinking during the teaching experimentation.  Over the course of my 

PhD journey as I understood the importance of gestures in communication, the Sfardian 

perspective started to make even more sense to me. The process of unifying the 

dichotomy between thinking and communicating has effected me so deeply that I have 

even started making claims about my 22-month old daughter’s thinking in terms of how 

she communicates. For example, the other night she was uttering the word “stars” while 



192 

looking out from the window and pointing towards the ceiling making a gesture for small 

with her right thumb and index finger, which conveyed to me the sentence like 

information as if she was saying the stars are so small. I am definitely enjoying my new 

way of looking at people’s interactions.  
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Appendix.   
 
Draft of lessons on angles  

1. Initial Exploration of the Driving Angle Sketch 

Objectives:  

• To use children’s experiences of playing with toy cars to evoke angle related 
experiences using sketch in figure A1. 

• To develop students' language related to angles.  

• To develop a causal relationship between turns taken by the car and 
associated angles in the dial. 

• To develop a sense of directionality in case of angles. 

	  
Figure A1 Driving angle sketch 

 

Activity 1.1 

Present the driving angle sketch on screen. Initially, hide the Turn counter-clockwise 

button. Invite students to explore the sketch by pressing different buttons, namely Turn 

clockwise, Drive Forward, Erase Traces, and Reset. Some sample questions to ask:  

• What do you see in the sketch?  

• What happens when you press the Turn clockwise button? 
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• What happens when you press the Turn clockwise button again? 

• What happens when you press the Drive Forward button? 

• What happens when you press the Erase Traces button? 

• What happens when you press the Reset button? 

• Change the angle in the dial and press Turn clockwise button again. Ask 
students: 

• What do you notice about the turning of car now? 

• Does the car turn the same amount as before?  

• How the amount of turn taken by car is associated with the position of the lines 
in the dial (circle)?  

• What does the movement/turn of the car look like? (Students might answer 
like a clock) 

Invite students to change the angle in the dial for changing the amount of turn taken by 

the car. Use the word angle while describing the relation between the turn of the car and 

angle in the dial. 

Note:  Instruct the students to drag the large pink dot/point to adjust the angle size for a 

particular turn. While the orientation of the angle turned by the car and the angle shown 

in the dial are identical in case of figure A2, pressing the Turn clockwise button again 

would make the car turn by the same angle, but would produce a traced angle in a 

different orientation. In order to make it easier for students to notice the relation between 

amount of turn taken by car and the angle in dial, in initial stages, use the Reset button 

before the new turn. 

 

Figure A2 Traces of the car after pressing Turn clockwise button 
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Activity 1.2:   

Overarching Aim: 

• To make students aware that the car can turn in either direction (clockwise or 
counter-clockwise). Thus, angle can be clockwise or counterclockwise. 

Present students with the sketch that includes both dials, one of which enables the car to 

turn clockwise and another one turns the car to counterclockwise direction. Sample 

questions to ask: 

• In what direction the car turns, when you press the Turn clockwise button? 

• In what direction the car turns, when you press the Turn counter- clockwise 
button? 

• What differences do you notice in both the turns? (They can talk about size of 
turn or direction) 

Discuss the meanings of clockwise and counterclockwise movements.  

 

2. Estimation of angles 

Objective:  
• To enable the students to estimate the angle needed to make a particular turn. 

Activity 2.1:  

Present students with the driving angle sketch. Ask students to make the car take 

particular turns. For example: 

• Turn the car by an angle so that it faces downwards.  

• Can this (car facing downwards) be achieved by using the other turn button?  

	  

• Make the car to take a turn as shown in the picture below and then make it 
Drive Forward two times. Ask more similar questions. 
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• Make the car to take any desired amount of turn and move it forward. Now, 
again turn the car and move it forward. Repeat this four times. What kind of 
path does the car cover? (Path is shown by the red traces) 

Note: In the initial stages, use of Reset button is recommended, so that children find it 

easy to estimate the turn w.r.t. Car’s initial position. Once the students get enough grasp 

of estimating angles, don’t use Reset button. Encourage the students to turn the car in 

either direction.  

Activity 2.2  

The following activity provides room for a broad range for estimation of the amount of the 

turn, as in the initial stages children might not be able to precisely estimate the amount 

of turn by which the car is needed to turn. Insert some pictures/images in the sketch and 

ask the students to adjust the amount of the turn of the car so that it reaches in between 

two objects. In the present activity, there are five animal images (figure A3). Ask 

students to move the car, so that the car doesn’t crush the animal. For example: Adjust 

the angle and then turn the car, so that it points 

• Between Rabbit and Dog. 

• Between Ducks and Donkey 

• Between Cat and Rabbit 

• Between Donkey and Cat 
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Figure A3 Car sketch with animals 

Encourage students to turn the car in either direction and ask why do they prefer turn in 

that (chosen) direction to the other. 

Activity 2.3  

This activity is next level up as compared to activity 2.2. The image is placed at a 

distance from the circumference of the traces made by the car in the initial position. This 

activity allows the use the combination of Turn and Drive Forward buttons to complete 

the task. 

Present the sketch (figure A4). Narrate the task and ask questions. 

The car driver is about to run out of gas. So he wants to fill the gas in the car. He sees a 

gas station on some distance. Can you help the car to reach the gas station?  

• How much the car needed to turn to reach the gas station? 

• Once you turned your car to a desired direction, Use the Drive Forward button 
so that it can reach near the gas station.  

 
Figure A4  Car sketch with gas station 
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Change the different positions of the gas station and ask the students to figure out the 

amount of turn needed in each case as well as the distance needed to move forward.  

Extend the task by putting some restrictions as follows:  

• Use the minimum number of turns. 

• Use the Turn button/s only twice. 

• Use the Turn button only once and so on. 

 

3. Comparison of different turns 

Objectives:  
• To enable the students to compare the angles qualitatively. 

• To relate the vocabulary words bigger, smaller, more, and less explicitly to 
angles. 

 

Activity 3.1  

Make two different turns of the car by opening the sketch in two different windows 

simultaneously (figure A5). Ask:  

 
Figure A5 Comparing turns of two cars (car A and car B) 

• Which car took a larger turn? 
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• Which car took a smaller turn? 

• Can you make the Car B to turn smaller than Car A? If yes, how? 

Discuss the meaning of words smaller, bigger, larger etc. in case of angles. 

 

Activity 3.2 

Show a specific Turn taken by car A on the screen (figure A6). Open the sketch in New 

Screen simultaneously. Sample tasks to ask: 

• Adjust the angle in dial so that the Car B takes smaller turn than Car A.  

• Make the Car B to turn approximately same as car A, but in opposite (left) 
direction. 

• Make the Car B to take smaller turn than car A, but in opposite direction. 

 

Figure A6 Posing questions for car B based on turn of car A 

This activity is different from activity 3.1 as in activity 3.1 turn traces of both cars were 

provided for the comparison.  Here only one car’s turn traces are given. This activity 

invites both comparison as well as estimation techniques. 
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Activity 3.3 

 This activity does not include any initial traces for either of the car in the task. This 

activity provides a task to be solved that is related to a real life situation. Both cars (Car 

A and Car B) are needed to be parked. The drivers notice the Parking post sign (figure 

A7) and they are required to turn their cars towards the parking place, which is besides 

the parking post sign. Sample questions to ask: 

 
Figure A7 Car A and car B with parking post task 

• Which car needs to turn more? 

• Can you help the cars in reaching to the parking signs? 

Create more tasks by placing the parking post signs on the different spots and in 

different directions. For example: 

 

• Make the cars to reach at the parking posts. 
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4. Introduction to benchmark angles 

Objectives: 

• To introduce benchmark angles like 900, 1800, 2700 and 3600 in terms of 
quarter turn, half turn, three quarters turn and full turn respectively. 

• To develop discourse around benchmark angles in terms of turns. 

Benchmark Angles Sketch 

The sketch (figure A8) includes four different colored boxes situated at the four different 

positions that are at right angle to each other and a circle in the center and another 

colored circular ball located on the same ray. Pressing the ¼ turn moves the ball by 900  

(to next box) and generates the traces in the central circle. Similarly, pressing ½ turn 

button moves the ball by 900 (to next box) and generates the corresponding traces. The 

ball moves in clockwise direction in this sketch. 

 

Figure A8 Banchmark angles sketch 
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Activity 4.1 

Present the sketch (Figure A8) with only three buttons ¼ turn, ½ turn and 1 turn and hide 

the ¾ turn button to start with.  Invite students to explore the sketch by pressing different 

buttons. Sample questions to ask: 

• What happens when you press the 1 Turn button? 

• What happens when you press the ½ Turn button? 

• What happens when you press the ¼ Turn button? 

• Pressing what button, moves the ball to next colored box? 

• Pressing what button, makes the ball to skip a colored box and reach to the 
next box? 

• Pressing what button moves the ball and returns it to the starting colored box? 

• Show different orientations of half turns (as shown in figure A9) and ask them 
to explain what is meant by half turn.  

• Similar activity can be repeated for quarter turn.  

    
Figure A9           Different orientations of half turn            

• Ask students to guess the final position of the ball when a particular button is 
pressed after ball starts from a specific color. 

Make some real life connections. For example, ask students to perform some physical 

activities for fun: 

• Stand straight on the ground. Show me how would you make a half turn (on a 
skateboard)? 

• How would you make a quarter turn? 

Ask students to predict the final position of the ball before actually pressing a turn button. 

For example:   
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• Predict what box the ball will land on starting from the green box after pressing 
the ¼ Turn button?  

• Predict what box the ball will reach starting from yellow box after pressing the 
½ Turn button? Now press the button to see if your guess is right or wrong. 

• Predict what box the ball will reach starting from blue box after pressing the ¼ 
Turn button? Now press the button to see if your guess is right or wrong. 

• What box the ball will land on starting from pink box after pressing the 1 Turn 
button? 

Activity 4.2: 

Use the Driving angle sketch to practice benchmark angles. Ask students to:  

• Make the car to take a quarter turn. 

• Make the car to take a half turn. 

• Make the car to take a quarter turn. 

Extend the above activity by adding the directionality. 

• Adjust the angle so that car takes a quarter turn to the counter-clockwise 
direction. 

• Make the car to take half turn towards clockwise direction. 

• Make the car to take a quarter turn towards clockwise direction and so on. 

Activity 4.3 

After students develop the understanding of the full turn, half turn and quarter turn, the 

idea of three quarter turns can be introduced to the students. The idea of three quarter 

turn can be discussed in connection with the quarter turn and half turn. Invite students to 

explore how many quarter turns are equivalent to three quarter turns.  Sample 

questions: 

• What happens when you press the ¾ Turn button? 

• What happens when you press the ½ Turn button? 

• What happens when you press the ¼ Turn button? 

• Pressing what button, moves the ball to next colored box? 
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• Pressing what button, makes the ball to skip one colored box and reach to the 
next box? 

• Pressing what button makes the ball to skip two colored boxes and reach to 
the third box? 

• Pressing what button makes the ball to return to starting point? 

• How many quarter turns are equivalent to three quarter turn? 

• Press the quarter (1/4) turn button, and then press the 1 turn button. Observe 
carefully. How many quarter turns are there in one turn? 

• How many half turns are equivalent to one turn? 

• If we combine a half turn and a quarter turn, what turn would you get? 

 

The Arms Sketch 

In this sketch (figure A10), the arms of a boy can move to form the different angles in a 

circle. This sketch can be used as a follow up after working with benchmark angles 

sketch in order to create embodied angle experiences. This is more abstract from the 

previous sketches in the sense here only point is traced instead of tracing the arms of 

the angle. 

 
Figure A10 The Arms sketch 
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Activity 4.4 

Let students explore and play with the sketch. Ask them to perform some specific tasks. 

For example: 

• Adjust the position of arms so that they make a half turn. 

• Can you show me a quarter turn with your own arms?  

• Raise your both arms up and join the hands. Now fix one hand and moving the 
other arm, show me where will you stop so that the angle between your arms 
is equal to quarter turn. 

• Show the position of arms so that they make a quarter turn. 

• Adjust the position of arms so that they make three quarter turn. 

• Adjust the angle between arms so that it is more than quarter turn but less 
than a half turn. 

• Adjust the angle between arms so that it is more than half turn but less than a 
three quarter turn. 

• Adjust the angle between arms so that it is between three quarter turn and 1 
turn.  

Similar tasks can be asked to perform in case of car sketch. 

 

5. Angles with different arm lengths 

Objectives  

• To develop an understanding that angle size is independent of length of arms 
of the angle. 

 

Activity 5 

So far, the sketches mentioned above contain the circles and hence the same arm 

length for the angles.  Next, show some angles with different arm lengths and ask 

students to compare the sizes of angles. 
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Show the simple angle representations and ask whether they are same. If students can’t 

recognize the answer, then teacher can trace the path as one arm goes towards the 

other arm to show the amount of turn needed to reach the second arm and ask the 

student did they turn the same or different (see snapshots below) 

  

Similarly different questions can be framed sometimes keeping the size of angles same 

with different arm lengths and sometimes presenting angles of different sizes with the 

same arm lengths and so on. 

 

 


