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Abstract

The heavy fermion superconductor CeCoIn5 demonstrates remarkable similarities to the
high-Tc cuprates in many of its properties including proximity to antiferromagnetism, quasi-
two-dimensionality, d-wave superconductivity, and departures from Fermi liquid behaviour
in the normal state. It is also a “high-Tc” superconductor in the context of the heavy
fermions. The experimental technique of microwave cavity perturbation has been used to
measure the electrodynamics of a single crystal of CeCoIn5 over a range of temperatures,
from 80 mK to 35 K, in a dilution refrigerator. Measurements at multiple frequencies re-
quired the development of an in-situ technique for the bolometric detection of the surface
resistance. This has allowed conductivity spectra to be acquired, resulting in several impor-
tant results. First, the resolution of an unexplained fractional power law in the penetration
depth has been achieved by properly isolating the nodal quasiparticle contribution, revealing
a previously unseen linear temperature dependence in CeCoIn5, as expected for a d-wave
superconductor. Second, the temperature evolution of the microwave conductivity spectra
implies that the effective mass of the quasiparticles continues to change below Tc, hinting
that quantum criticality remains important even in the superconducting state. Third, con-
ductivity spectra that are strikingly similar to those from YBa2Cu3O6+y suggest a strong
connection in the underlying charge dynamics, as both CeCoIn5 and YBa2Cu3O6+y show
a collapse in the quasiparticle scattering rate below Tc. Finally, the spectra indicate the
presence of multiband effects.

Keywords: Physics; Superconductivity; Heavy fermion; CeCoIn5; Cavity perturbation;
Bolometry
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Chapter 1

Heavy Fermions

Condensed matter physics exists at a scale neither very large nor very small in comparison
to human scales. Indeed, the constituents of condensed matter and their interactions are
known to be well described by the Schrödinger equation, suitably modified to include spin.
Instead, the richness of condensed matter emerges from complexity in a way that current
theoretical tools are unable to fully predict. This leaves experimentalists and material
scientists an important role to play, both in the discovery of new phenomena and the
development of empirical understanding.

The difficulty in calculating physical properties is most pronounced in strongly corre-
lated electron materials, where the contributions of kinetic and potential energy are both
important, leaving no simple mapping onto one-electron band theory. One particularly
interesting class of materials is known as the heavy fermions, as their behaviour is best
understood in terms of charge carriers vastly heavier than the bare electron.

1.1 The Standard Model of Electrons in Solids

When quantum mechanics was applied to crystalline systems, one-electron band theory
quickly emerged [1, 2, 3]. It proved to be an immensely successful description over a wide
range of materials; modern advances based on density functional theory are the workhorse
of current electronic structure calculations. Many of the properties of one-electron band
theory resembled those of the earlier and simpler theory of the free electron gas. The concept
of the Fermi surface emerged later, though in a gradual process. It was initially referred to
as the “surface of the Fermi distribution”, before confidence in the physical interpretation
of the concept led to the current terminology [4]. It was in fact surprising that properties
of real materials closely resembled a free Fermi gas, as the close spacing of the atoms in
the crystal as well as the strong Coulomb force are neglected completely in favour of a flat
potential and non-interacting electrons.
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In one of the great triumphs of theoretical physics of the 20th century, Lev Landau
realized [5, 6] that the interacting electron system could be adiabatically connected to the
Fermi gas by gradually turning on the interactions. This implied that the excitations of the
interacting system exist in a one-to-one correspondence with those of the Fermi gas. These
are quasiparticles, which can be thought of as excitations of the system, each a mixture of
the original bare electron and all of its interactions. The remarkable result that Landau
inferred, known as Fermi liquid theory, is that the quasiparticle’s charge, spin, and quantum
statistics are unchanged from the bare electron, while the mass m is renormalized to m∗.
The first success of the theory was with 3He [7], with electrons in metals following [8, 9].
The focus of this thesis is on heavy fermion materials, which have quasiparticles with an
effective mass of the order of 100 me. The temperature-dependent physical signatures of
the correspondence to the free Fermi gas include a retention of the linear-in-T heat capacity,
T -independent susceptibility, and a resistivity that scales as T 2 because of electron–electron
scattering.

It should be pointed out that the Landau quasiparticles still interact with one another,
albeit weakly, and many of the differences between them and bare electrons are swept up
in the renormalization of the mass. The weak interaction allows for an (angle-dependent)
expansion, with different terms in the expansion corresponding to specific physical effects,
of which I include two here. Heat capacity is unchanged as a change in temperature affects
the Fermi surface uniformly, and therefore averages to zero. Charge currents cause a spin-
symmetric shift of the Fermi surface in momentum-space; this concept will be revisited later
in this thesis. Fermi liquid theory has enjoyed remarkable and broad success in describing
many systems, to the extent that departures from its predictions are viewed as indicative
of novel underlying physics, and may even make the concept of the quasiparticle uncertain.

1.2 Kondo Effect

In 1934, de Haas, de Boer, and van den Berg observed [10] a minimum in the electrical
resistivity of “not very pure” gold at low temperatures (Figure 1.1). The authors sug-
gested investigating the effects of purity on the resistance minimum, and subsequently the
link between the presence of magnetic impurities and the resistance minimum was estab-
lished experimentally. All prior measurements on metals had shown the electrical resistivity
monotonically increasing with increasing temperature, which we can usually write as

ρ(T ) = ρ0 + aT 2 + bT 5, (1.1)

where ρ0 is the zero-temperature residual resistivity, the T 2 term is from electron–electron
scattering, and the last term usually goes as T 5 due to phonons, with constant prefactors a
and b, respectively. Although Landau’s Fermi liquid theory is often quoted as the theoretical

2



I I 16 W.j. DE HAAS, ]. DE BOER AND G. ]. VAN DEN BERG 

26~ 

26~ 

26.'7 

2S{~ 

255 

,o"% 
26 

TABLE 1 (An1) TABLE 2 (An2) 

T°K 1104 R/Rooc T°K. 104 R / Ro°c 

H 8  

J, 

% 

1.63 26.66 
2.39 26.52 
3.12 26.46 
3.77 26.44 
4.23 26.445 
4.81 26.51 
6.08 26.74 
6.54 26.85 
7.28 27.14 
8.83 28,26 
9.38 28.90 
9.95 29.59 

I0.00 29,67 
I 1.84 33.20 
I 1.95 33.48 
12.10 33.86 
15,17 45.64 
16.05 50.76 
17.03 57.30 
18.08 65.73 
20.44 90.48 

He 

J~ 

fi 
S 

1 . 7 5  
2.86 
3.49 
3.76 
4.22 
4.24 
6.28 
6.70 
8.48 
9.41 
9.76 

10.12 
10,24 
10.68 
11.11 
11.15 
12.66 
14.25 
16.02 
18.15 
20.45 

26.85 
26.61 
26.58 
26.57 
26.57 
26.58 
27.02 
27.15 
28.20 
29.14 
29.62 
30.05 
30.22 
30.96 
31.73 
31.83 
35.42 
41.40 
50.67 
66.42 
90.48 

/ 

- - ~ Z  2 
F ig .  1. R e s i s t a n c e  of  A u  b e t w e e n  I ° K .  a n d  5 ° K .  

e Au,  
s A u I 

3 4 5 "K  

Figure 1.1: Figure from [10]. The first observation of a resistivity minimum occurred in
gold.

basis for the T 2 scaling, it was not the first to link collisions between electrons to that scaling
behaviour [11]. The minimum was recognized as an oddity, but it would be 30 years before
an explanation was forthcoming.

In his theoretical work, Kondo [12] began with the realization that in measurements
where a resistance minimum was observed, there was a Curie–Weiss term in the magnetic
susceptibility at higher temperatures, indicating the presence of a local moment. He as-
sumed that the moment is coupled to the conduction electrons with an exchange interaction
(J) and calculated the scattering process between conduction electrons and the magnetic
impurity. Kondo assumed that impurities are sparse enough that they don’t interact with
one another. By going to third order in perturbation theory, terms involving a spin flip of
both the conduction electron and the impurity were included for the first time. Surprisingly,
this impurity effect makes a temperature-dependent contribution, such that

ρ(T ) = ρ0 + aT 2 + bT 5 + cJ log (kBT ). (1.2)

If J < 0, corresponding to antiferromagnetism, then the logarithmic term will rise with
decreasing temperature, creating a resistance minimum. It was shown that when a 3d or
4f local moment hybridizes with a conduction electron, then J is antiferromagnetic [13].
However, the Kondo result cannot be the final word because it diverges at low temperatures.
The temperature at which this occurs was written by Abrikosov [14], TK ∼ De−1/Jρ, where
D is the bandwidth and ρ is the density. TK corresponded to the temperature below which
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Specific-heat and electrical-resistivity measurements in CeA13 below 0.2 K reveal enor. —
mous magnitudes of the linear specific-heat term C = 1'T (1'=1620 mJ mole/K ) and the T
term in p=AT (@=35pu cm/K). We conclude that the 4f electrons obey Fermi statis-
tics at low temperatures because of the formation of virtual bound 4f states.

In the intermetallic compound CeA1, both the
lattice parameters and the susceptibility at high
temperatures suggest that the Ce ion is in a 3+
state. The lack of magnetic order at low tem-
peratures is interpreted as being caused by a
partial admixture of the nonmagnetic 4+ state.
Such behavior has been explained in different
ways in the past. A model distinguishing be-
tween "atomic" and "bandlike" 4f electrons has
been suggested by Gschneidner. ' More recently,
CeAl, has often been cited as an example of a
mixed valence- -or interconfigurational fluctua-
tion (ICF)—compound'; and in another approach,
Mott' has explained the peculiar properties of
CeAl, based on a Kondo-type theory. The pur-
pose of this note is to present new data on the
very-low-temperature properties of CeAl, and
to show that they can be understood using Frie-
del's' classic theory of virutal bound states.
All measurements were performed in dilution

refrigerator s except the thermal-expansion mea-
surement, which was done in a 'He cryostat.
The data were taken by standard techniques us-
ing a cerium-magnesium-nitrate magnetic-sus-
ceptibility ther mometer. Only polycrystalline
samples were investigated; they were cut from
a 20-g button-that was are melted in argon and
annealed at 900 C for 3 weeks. X-ray analysis
showed the proper structure (hexagonal, Ni, Sn-
type). The specific-heat results are shown in
Fig. 1. Below 150 mK, the specific heat varies

0.10

K+

0.01

100 200
T (mK)

500

FIG. 1. Specific heat of CeA13 at very low tempera-
tures in zero field (o, b,) and in 10 kOe (Q).

linearly with temperature and yields an extreme-
ly large y value of 1620 mJ/mole K'. It remains
practically unchanged in a field of 10 koe except
at the lowest temperatures where the nuclear
Zeeman specific heat of the Al nuclei is seen
(the Ce"' and Ce"' isotopes have no nuclear
spin). This behavior is to be contrasted with
what one would have expected from the lowest-
].ying Ce" Kramers doublet state, namely a
strong field-dependent magnetic specific heat
with entropy R ln2/mole. Interpolating our data
with previous specific-heat measurements down

1779
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FIG. 3. Electrical resistivity of CeA13 below 100 InK,
plotted against T .

I I I I I I I I I I I

2 4 6 8 'to

[K]

FIG. 2. (a) Susceptibility of polycrystalline CeA13 in
different magnetic fields below 1.5 K. (b) Linear ther-
mal-expansion coefficient of a polycrystalline sample
of CeA13 below 10 K.

to 1.2 K, ' we find that the entropy from 0 to 1 K
is only 27%%up of A ln2 and is thus reduced below its
classical value. The results of Ref. 5 indicated
that the first excited doublet lies about 10 K
above the ground state and that again about 20%
of the entropy for this doublet is missing.
Susceptibility measurements on CeA1, down to
0.5 K have been presented before by Edelstein
et al.' At high temperatures, ' Curie-Weiss be-
havior, characteristic of Ce", is observed. At
low temperatures, the suseeptibiltiy gradually
flattens out. We observe a very weak suscepti-
bility maximum around 0.6 K [shown in Fig. 2(a)]
which is field independent up to 5 kOe and which
we believe to be a genuine property of CeA1„
rather than an impurity effect. Below 0.1 K we
find y =0.036 emu/mole.
The very low-temperature resistivity is shown

in Fig. 3. It displays an unusually strong and
exact T' dependence. In p =p, +AT', A equals
35 pQ cm/K'. This temperature dependence con-
tinues up to 0.3 K. At higher temperatures, a
somewhat slower and more linear increase is
observed. '
In order to search for a valence change from

Ce'+ to Ce" we have measured the thermal con-
traction from 295 to 4.2 K as well as the thermal-
expansion coefficient below 10 K. At 295 K, the
lattice parameters of CeAl, are characteristic
of Ce".' The volume change —AV/V upon cool-
ing to 4.2 K is 1.5&& 10 ', much less than the one
expected for a 3+ to 4+ valence change which
would result in a volume collapse of order (4-10)
&& 10 '. The low-temperature thermal-expansion
coefficient [shown in Fig. 2(b)] is anomalous in
that it changes sign at 0.65 K and seems to go
through a negative maximum below 0.3 K.
The specific-heat, susceptibility, and resis-

tivity data of CeA1, at very low temperature all
demonstrate conclusively that the 4f electrons of
the Ce" ions obey Fermi statistics in this re-
gion. The high-temperature data, "on the other
hand, can be explained Iluite well (except at the
lower temperatures) by assuming Boltzmann
statistics of uncoupled 4f states ('E,i, ) which are
crystal-field split into three Kramers doublets.
If the low-temperature behavior were due to rap-
id fluctuations between the Ce" and Ce" states,
we would expect the volume of the crystal to
shrink anomalously upon cooling from room tem-
perature, which is not observed. A natural ex-
planation of the low-temperature behavior is the
formation of virtual bound 4f states of widths
narrower than the crystal-field splitting. From
the ambivalent nature of Ce it is known that the
energy of its 4f state is close to the Fermi ener-
gy; in the case of CeA1, we postulate that its lo-
cation is right at the Fermi energy and that the
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(b)

Figure 1.2: CeAl3 specific heat and resistivity. Figures from [21]. (a) The specific heat at
0 T and 1 T obeys the expected Fermi liquid temperature scaling but has an extremely
large value of γ. (b) The electrical resistivity also obeys Fermi liquid theory, again with an
unusually large coefficient A.

the perturbation theory broke down, and in fact, the search for the resolution became
known as the Kondo problem. It took over a decade, and it prompted extensive theoretical
work to extend the results via the numerical renormalization group method [15, 16, 17].
The conclusion of this work, for which Wilson received the 1982 Nobel prize, was that as
the temperature is lowered, the conduction electron and local moment are bound in a spin
singlet state. The interaction between the magnetic impurity and the conduction electrons
in the Kondo effect gradually ends up screening the moment at low temperatures.

1.3 Heavy Fermions

When there is a collection of localized magnetic moments in a material, potentially even
in every unit cell, the direct interaction between them may be too weak to have any order-
ing effect. However, as shown in the 1950s, there can be an indirect interaction mediated
through the conduction electrons. The interaction leading to this magnetic ordering is
known as the Ruderman–Kittel–Kasuya–Yosida (RKKY) coupling [18, 19, 20]. Conduction
electrons are spin polarized near a given magnetic moment, resulting in charge oscillations.
These Friedel oscillations then couple to a second magnetic moment, with their spacing de-
termining whether a ferromagnetic or antiferromagnetic ordering will be favoured, although
for a dense lattice it is usually AFM. The temperature scale associated with the RKKY
coupling is TN ∼ J2ρ.

In the material CeAl3, a lack of magnetic order had been observed at low tempera-
tures [22, 23, 24] despite the presence of a Ce atom in every unit cell. The resistivity was
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TK ~ Dexp[−1/Jr]

TN ~ J2r

Figure 15. Doniach diagram, illustrating the antiferromagnetic
regime, where TK < TRKKY and the heavy-fermion regime, where
TK > TRKKY. Experiment has told us in recent times that the tran-
sition between these two regimes is a quantum critical point. The
effective Fermi temperature of the heavy Fermi liquid is indicated
as a solid line. Circumstantial experimental evidence suggests that
this scale drops to zero at the antiferromagnetic quantum critical
point, but this is still a matter of controversy.

Using topology, and certain basic assumptions about the
response of a Fermi liquid to a flux, Oshikawa (2000) was
able to short circuit this tortuous path of reasoning, proving
that the Luttinger relationship holds for the Kondo lattice
model without reference to its finite U origins.

There are, however, aspects to the Doniach argument that
leave cause for concern:

• It is purely a comparison of energy scales and does
not provide a detailed mechanism connecting the heavy-
fermion phase to the local moment AFM.

• Simple estimates of the value of Jρ required for heavy-
electron behavior give an artificially large value of the
coupling constant Jρ ∼ 1. This issue was later resolved
by the observation that large spin degeneracy 2j + 1 of
the spin-orbit coupled moments, which can be as large
as N = 8 in Yb materials, enhances the rate of scaling
to strong coupling, leading to a Kondo temperature
(Coleman, 1983)

TK = D(NJρ)
1
N exp

!
− 1

NJρ

"
(66)

Since the scaling enhancement effect stretches out across
decades of energy, it is largely robust against crystal
fields (Mekata et al., 1986).

• Nozières’ exhaustion paradox (Nozières, 1985). If one
considers each local moment to be magnetically screened
by a cloud of low-energy electrons within an energy
TK of the Fermi energy, one arrives at an ‘exhaus-
tion paradox’. In this interpretation, the number of
electrons available to screen each local moment is of
the order TK/D ≪ 1 per unit cell. Once the concen-
tration of magnetic impurities exceeds TK

D
∼ 0.1% for

(TK = 10 K, D = 104 K), the supply of screening elec-
trons would be exhausted, logically excluding any sort of
dense Kondo effect. Experimentally, features of single-
ion Kondo behavior persist to much higher densities.
The resolution to the exhaustion paradox lies in the more
modern perception that spin screening of local moments
extends up in energy, from the Kondo scale TK out to the
bandwidth. In this respect, Kondo screening is reminis-
cent of Cooper pair formation, which involves electron
states that extend upward from the gap energy to the
Debye cutoff. From this perspective, the Kondo length
scale ξ ∼ vF/TK is analogous to the coherence length of
a superconductor (Burdin, Georges and Grempel, 2000),
defining the length scale over which the conduction spin
and local moment magnetization are coherent without
setting any limit on the degree to which the correlation
clouds can overlap (Figure 16).

2.3 The large N Kondo lattice

2.3.1 Gauge theories, large N, and strong correlation

The ‘standard model’ for metals is built upon the expansion
to high orders in the strength of the interaction. This
approach, pioneered by Landau, and later formulated in the
language of finite temperature perturbation theory by Landau
(1957), Pitaevskii (1960), Luttinger and Ward (1960), and
Nozières and Luttinger (1962), provides the foundation for
our understanding of metallic behavior in most conventional
metals.

The development of a parallel formalism and approach
for strongly correlated electron systems is still in its infancy,
and there is no universally accepted approach. At the heart
of the problem are the large interactions, which effectively
remove large tracts of Hilbert space and impose strong
constraints on the low-energy electronic dynamics. One way
to describe these highly constrained Hilbert spaces is through
the use of gauge theories. When written as a field theory,
local constraints manifest themselves as locally conserved
quantities. General principles link these conserved quantities

Figure 1.3: Figure from [26]. The phase diagram for the competition between the Kondo
and RKKY energy scales. When TK < TN, an AFM state is favoured, while TK > TN results
in a heavy fermion state. The transition between the two is thought to be a quantum critical
point.

also observed to rise and peak upon cooling before dropping [25]. There was, however, no
consensus on the explanation of this behaviour. The first evidence of heavy quasiparti-
cles was measured in 1975 [21]. The specific heat and resistivity were measured down to
millikelvin temperatures, shown in Figure 1.2. The coefficients of the linear term in the
specific heat C = γT (γ = 1620 mJ mole K−1) and the quadratic term in the electrical
resistivity ρ = AT 2 (A = 35 µΩ cm K−2) were both drastically larger than any materials
than had been measured to date, although the form was characteristic of a metal. This led
the authors to conclude that the spin degree of freedom present at higher temperatures,
resulting in incoherent scattering of conduction electrons from the local moments of the
lattice, freezes out at lower temperatures. The local moments form bound singlet ground
states with the conduction electrons, and the scattering becomes coherent. The high density
of bound states would then account for the anomalously large coefficients, although there
was skepticism at the time as to whether Fermi liquid theory still applied to a system with
such strong renormalization.

This description of a lattice of local moments, known as the Kondo lattice, is the ultimate
endpoint of an increasing density of spins of the original Kondo effect. Doniach solved the
Kondo lattice problem in one dimension in 1977 [27], but finding an exact solution in higher
dimensions remains an open problem. Doniach understood that the Kondo lattice would
compete with the RKKY interaction. When the RKKY energy scale is dominant, we get
an AFM state; when the Kondo energy scale is dominant, we get a heavy fermion state —
a paramagnetic ground state with coherent resonant scattering at low temperatures. This
competition can be seen in the phase diagram based on the work by Doniach, shown in
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of magnetic impurities to a superconducting host'
or because the magnetism is intrinsic to the loca-
lized 4f electrons of a rare-earth constituent,
such as Er, in a superconducting compound. '
There is also much interest in materials in which
either superconductivity or magnetism interferes
with a third kind of collective phenomenon, i.e.,
the Kondo or intermediate-valence phenomenon,
which occurs in metals containing rare earths
with less localized 4f electrons, such as Ce. It
results from an "instability of the 4f shell" (name-
ly, of the 4f magnetic moment and sometimes
also of the 4f occupation number) and is charac-
terized by distinct low-temperature anomalies in
the magnetic and electronic transport properties.
%hile Ce impurities can strongly influence the
intrinsic properties of a superconducting host, '
in certain Ce compounds, e.g. , CeAl„a Kondo-
type phenomenon seems to coexist with long-
range antiferromagnetism. '
In this Letter, we report low-temperature ob-

servations of the resistivity, specific heat, low-
field ac susceptibility, and dc magnetization of
CeCu, Si, and LaCu, Si,. Whereas LaCu, Si, shows
rather normal metallic behavior, we conclude
that in CeCu, Si„a compound with "unstable 4f
shell" behavior, the low-temperature anomalies
reported before by Franz et al. ' have their origin,
in our somewhat more carefully prepared sam-
ples, in a transition into a novel superconducting
state. We conclude that a large fraction (up to
30 vol %) of the bulk of our CeCu, Si, samples is
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Ce Cu2Si 2

exhibiting the Meissner effect. A preliminary re-
port on some of our results has been given else-
where. '
The polycrystalline samples were prepared in

an induction furnance, while kept under an argon
pressure of 5 atm. %hile most results reported
here were obtained with unannealed samples, one
sample was reinvestigated after annealing in an
ultrahigh vacuum (900'C, 100 h). X-ray analysis
indicated that both compounds had the proper
structure (tetragonal, ThCr, Si,); microprobe
analysis, however, revealed the existence of a
small amount of precipitations (varying from
sample to sample between 1 and 4 vol %) of both
a Si-rich phase and a Cu-Si phase with a Cu con-
tent of 80—90 at. '/l~ Upon annealing, no significant
change either of the x-ray pattern or the micro-
probe result was detected.
The experimental results of the resistivity, ac

susceptibility, and specific heat for an unannealed
CeCu, Si, sample are presented in Figs. 1 and 2
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FIG. 1. Resistivity (main part) and low-field ac sus-
ceptibility (inset) of CeCu2Si2 as function of temperature.
Arrows give transition temperatures T, ~ ~0.60 + 0.03
K and T, '~ =0.54+ 0.03 K. Transition widths are taken
between 10% and 90% points of the transition curves.
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FIG. 2. Molar specific heat of CeCuqSi2 at B=0 as
function of temperature on logarithmic scale. Arrow
marks transition temperature T, ~'=0.51+0.04 K.
Transition width determined as in Fig. 1. Inset shows
in a C/T vs T plot the specific-heat jumps of two other
CeCu2Si2 samples.
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Figure 1.4: Discovery of superconductivity in CeCu2Si2. Figures from [30]. (a) The drop
in resistivity is indicative of a superconducting transition, supported by the emergence of
diamagnetism visible in the inset. The linearity of the resistivity above Tc is a deviation
from the expected T 2 Fermi liquid behaviour. (b) The large normal state value of C/T
followed by the large jump, visible here for two different samples, suggested that it was the
heavy quasiparticles condensing.

Figure 1.3. Heavy fermions fall in the region where the contribution of the Kondo energy
is larger than that of the RKKY interaction, as defined by the Kondo temperature TK and
the RKKY temperature TN.

While the first heavy fermion material, CeAl3, was discovered in 1975, it was generally
thought that the localized magnetic moments present in these compounds would suppress
any possibility of superconductivity, as this was the result in doping studies of conventional
superconductors [28, 29]. The 1979 discovery of superconductivity in the heavy fermion
compound CeCu2Si2 [30] thus came as a surprise. The drop in the resistivity, combined
with the emergence of diamagnetism, visible in Figure 1.4a were unmistakeable signs of su-
perconductivity. The large jump in the specific heat data at the superconducting transition
temperature (Tc), Figure 1.4b, in combination with the large normal-state value, supported
the idea that not only is superconductivity possible in the presence of local moments, but
it is in fact the heavy quasiparticles that condense into Cooper pairs. This was strong
supporting evidence in favour of the heavy quasiparticle interpretation of the earlier CeAl3
results. Any lingering doubts were put to rest with similar results for UBe13 [31].

The extension to lower temperatures of quantum oscillation measurements allowed them
to be applied to heavy electron compounds. Quantum oscillations in the physical properties
of a system occur at high fields and low temperatures; the fields cause cyclotron motion
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Figure 1.5: (a) Data from [38]. Resistivity of CeCoIn5 increases with decreasing temper-
ature, before scattering becomes resonant and the resistivity drops. (b) Figure from [39].
Conductivity spectra of CeCoIn5. As temperature is lowered, the spectral weight changes
from Drude-like at room temperature to allow for the opening of a hybridization gap when
the scattering gradually becomes coherent. The correlation between features in the resis-
tivity and the conductivity spectra, such as the peak of the resistivity and the onset of the
gap, emphasize the link between changes in spectral weight and quasiparticle mass.

of the electrons. Treated fully, these cyclotron orbitals are quantized, with the eigenstates
called Landau levels. Changing the magnetic field causes these levels to move in relation
to the Fermi surface, but since the Fermi surface must hold a fixed number of electrons,
the levels transition through the surface in discrete steps. This causes the thermodynamic
potential, µ, to change suddenly, which appears in all physical properties, whether thermal
or transport. When the quantity being measured is the magnetization, which shows the
quantum oscillations most easily, it is called the de Haas–van Alphen (dHvA) effect [32,
33, 34]. The angle dependence of the dHvA measurement amplitudes allows the shape
of the Fermi surface to be deduced. It is extremal cross-sections of the Fermi surface
that dominate the oscillations, which must be kept in mind when interpreting the data.
This provided a new window into the heavy fermion problem. The first heavy fermion
compounds to be successfully measured using dHvA were CeCu6 [35] and UPt3 [36, 37],
providing direct evidence of the strongly renormalized quasiparticles (maximum of 40 me

and 90 me respectively).
Optical spectroscopy is a powerful approach to probing the electrodynamic response of

materials, in which the conductivity is measured as a function of frequency. In a heavy
fermion (Figure 1.5b), the room temperature behaviour is that of a normal metal, with a
gradual roll-off of the conductivity at higher frequencies. As the temperature is lowered, the
local moments begin to hybridize with the conduction electrons, and the scattering becomes
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coherent. This coincides with the resistivity peak in Figure 1.5a. In the conductivity
spectrum, this manifests as the opening of a hybridization gap, causing a narrow low-
frequency component separated from the higher-frequency spectrum. This can be thought
of in terms of the conductivity sum rule [40, 26],

∫ ωc

0
dω σ1(ω) = π

2
ne2

m∗
, (1.3)

where σ1 is the real part of the conductivity, n is the carrier density, and m∗ is the carrier
mass. The upper integration limit is chosen to allow the charge carriers to be conveniently
grouped. The narrow low-frequency peak at low temperatures indicates heavy quasiparti-
cles.

An important step in understanding the origins of this unconventional superconductiv-
ity involved pressure studies of CePd2Si2 and CeIn3 [41]. Strong support for a picture of
magnetic spin–spin interactions acting as a pairing glue was provided by the temperature–
pressure phase diagrams of these two compounds. They have a superconducting dome
present at a critical pressure corresponding to a zero-temperature phase transition between
an antiferromagnetically ordered state and a paramagnetic state (Figures 1.6a and 1.6b),
known as a quantum critical point (QCP). Above this dome, non-Fermi liquid behaviour
was observed. This is in fact a characteristic of a QCP — the emergence of anomalous
temperature power laws is suggestive that temperature is the dominant energy scale. The
authors presciently suggested “compounds of reduced dimensionality on the border of an-
tiferromagnetic order” to achieve a higher Tc, although they were not specifically referring
to CeIn3.
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in good thermal contact with both the pressure cell and the sample
leads. To try to ensure adequate pressure and temperature homo-
geneity, a slow cooling rate from room temperature, typically
0.2 K min−1, was employed. Measurements were carried out from
room temperature to the millikelvin temperature range within a
pumped 4He cryostat, an adiabatic demagnetization refrigerator
and a top-loading dilution refrigerator.

Our key experimental results are summarized in Figs 2, 3. In the
materials studied, the antiferromagnetic ordering temperature TN,
at which there is a discontinuity in the gradient of the resistivity r
(not shown), was found to decrease slowly and monotonically with
increasing pressure, p. Over a wide region of the CePd2Si2 phase
diagram, TN is close to being linear in p, and extrapolation from this
regime to absolute zero allows us to define an effective critical
pressure pc of 28 kbar. In CeIn3, the variation of TN with p is more
rapid, and we estimate pc to be ,26 kbar. The behaviour of TN as it
falls below 1 K has not been resolved in these studies.

In the case of CePd2Si2, the resistivity r does not exhibit the
standard T 2 form expected of a Fermi liquid. Careful analysis shows
that near pc it in fact varies as T 1.260.1 over nearly two decades in
temperature down to the millikelvin range (Fig. 2, inset). Below
500 mK and in a narrow region near pc, we observe an abrupt drop
in r to below the detection limit, consistent with the occurrence of a
superconducting transition, as discovered during our initial obser-
vations in September 199437,38. At a given pressure, this transition
may be characterized by a temperature Tc, at which r falls to 50% of
its normal state value. The width of this transition grows markedly
as the pressure is varied away from pc. We stress that experimentally,
r is found to actually vanish only close to pc. By energizing a Nb–Ti
coil placed in our pressure cell, it was established that the upper
critical field Bc2 varies as dBc2ðpcÞ=dT, 2 6 T=K near Tc. This is a
high rate of change for such a small value of Tc—much higher than
the expected figure for a conventional superconductor. However,
it is the same order of magnitude as the value found in the
heavy fermion superconductor CeCu2Si2 (ref. 27). We note that in
a traditional analysis, the slope of Bc2(T ) at Tc implies a super-
conducting coherence length of 150 Å, a value which is below the
value of lmfp that we estimate for our best samples. No super-
conductivity has been observed in specimens with residual resistiv-
ities above several mQ cm, namely those with an estimated lmfp that is

substantially below y (for a similar example, see ref. 39).
In the case of cubic CeIn3, we find that very close to pc the normal

state resistivity assumes a non-Fermi liquid form, but this time40,41

varies as T 1.660.2. Thus, near their respective critical pressures, the
resistivity exponent in the cubic material is significantly higher than
it is in tetragonal CePd2Si2. In a very narrow region near pc, we again
see a sharp drop in r to below the detection limit, but at somewhat
lower temperatures than the transitions observed in CePd2Si2. This
is consistent with the occurrence of superconductivity in yet
another cerium compound on the edge of long-range magnetic
order40,41.

We stress that in each material studied, both the form of the
temperature dependence of the normal state resistivity, and the
nature and existence of the superconducting transition are sensitive
to sample quality. In particular, the superconducting transitions
appear only in samples with residual resistivities in the low mQ cm
range, as expected in the case of anisotropic pair states with
coherence lengths of the order of a few hundred ångströms.

Magnetic interactions
The observed temperature–pressure phase diagrams for both
CePd2Si2 and CeIn3 are at least qualitatively consistent with what
is expected in terms of the magnetic interactions model (Fig. 1). We
now consider a more quantitative comparison. In the following it is
assumed that the magnetic transition is continuous and that n is
close to nc. The incoherent scattering of quasiparticles via magnetic
interactions is then expected to lead to a resistivity of the form

r ¼ r0 þ ATx ð1Þ

where r0 and A are constants and the exponent x is smaller than two,
that is, smaller that it is in a conventional Fermi liquid at low T
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Figure 1.6: The appearance of superconductivity in antiferromagnets under pressure. Fig-
ures from [41]. (a) The intersection of the TN curve with the superconducting dome in
CePd2Si2 is highly suggestive of a link between the two phases, antiferromagnetism and
superconductivity. (b) A qualitatively similar graph is observed in CeIn3, the parent com-
pound of CeCoIn5.
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Chapter 2

Superconductivity

2.1 Theories of Superconductivity

The disappearance of electrical resistance was first observed by H Kammerlingh Onnes in
1911 [42], soon after his experimental advance of the liquefaction of helium [43] opened up
a new frontier in condensed matter physics. His statement in that paper was

The fact, experimentally established, that a pure metal can be brought to such
a condition that its electrical resistance becomes zero, or at least differs inap-
preciably from that value, is certainly of itself of the highest importance.

He could not have foreseen that it would take 50 years to develop a full microscopic un-
derstanding of his observations, or that a further 50 years later the phenomenon of super-
conductivity would still hold many secrets. This perfect conductivity was observed to be
insensitive to impurities, to widespread surprise, and it would be more than 20 years before
even a phenomenological theory would be developed to capture this and other behaviour
associated with this transition. The term “supraconductivity” was coined by Onnes, who
received the Nobel prize in 1913 for his investigation into matter at low temperatures. The
natural consequence of the lack of resistance was that the magnetic field must be constant
in the superconductor; applied fields would be screened by currents flowing on the surface
of the sample.

Further observations associated with the new phenomenon included: the 1914 observa-
tion of the existence of a critical magnetic field, linked to a critical current, above which
superconductivity was suppressed [44]; in 1927, an absence of thermoelectric effects [45];
and a jump in the heat capacity on lowering the temperature through the transition (1932),
along with a T 3 behaviour of the heat capacity at low temperatures [46]. The heat capacity
anomaly suggested that below the critical temperature, some of the electrons undergo a
transition to a new state. The thermoelectric absence is explained if these electrons also
have no entropy. Many of these explanations were motivated by parallel developments in
helium fluids [47, 48, 49, 50, 51].
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Gorter and Casimir, in 1934, sought to describe these discoveries with a two-fluid
model [52] by segregating the electrons into a normal fraction and a superfluid fraction,
the latter being responsible for the new observations. The total number of electrons, n, is
unchanged, so there is only a transfer between the two populations — ns + nn = n. This
was the first thermodynamic model of superconductivity, and while it does not hold up
rigorously, the ideas are still relevant today when thought of in terms of the conductivity
sum rule.

The explanation of many of the observed properties was not complete, however, as
in 1933 Meissner and Ochsenfeld discovered [53] that not only was flux screened from a
superconductor, as expected by applying Lenz’ law to perfect conductivity, but any flux
present in their samples was expelled upon crossing the transition temperature. This was
a crucial experiment, as it meant that a thermodynamic phase transition was taking place.

2.1.1 London Theory

London theory (1935) was the first phenomenological theory of superconductivity to include
both perfect conductivity and an explanation of the Meissner–Ochsenfeld effect [54], as it
inherited all of the Gorter–Casimir framework and added electrodynamics. To derive the
London equations, we begin by introducing the superfluid wavefunction Ψ(r). This means
that all of the superfluid electrons are described by the same wavefunction. We want to
relate Ψ(r) to the density ns, so to normalize Ψ(r) we set

Ψ(r) =
√
nse

iθ(r), (2.1)

which satisfies Ψ∗Ψ = ns. With the benefit of hindsight, and the development of the
Ginzburg–Landau theory of the superconducting phase transition, Ψ(r) is now thought
of as the order parameter of the superconducting transition, and so there is a close link
between the order parameter and the superfluid density measured in a penetration depth
experiment, something that will be discussed in detail in Chapter 3. When a microscopic
theory was later developed, its centre of mass wavefunction was the order parameter from
London theory.

The supercurrent density is js = −2ensvs = −2eΨ∗Ψvs (anticipating the microscopic
theory, the charge is for a pair of electrons). In quantum theory, −i~∇ is the canonical
momentum; it is then straightforward to verify that

js = ie~
2me

(Ψ∗∇Ψ−Ψ∇Ψ∗) (2.2)

is the general form of the current density equation after writing the velocity as a quantum
operator.
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Thus far, magnetic fields have been neglected in the equation for js. The electric poten-
tial, φ, and the vector potential, A, relate to the electric and magnetic fields through

E = −∂A
∂t
−∇φ, (2.3)

B =∇×A. (2.4)

However, the flow of the electrons will be governed by the gradient of the electrochemical
potential, ∇µ, instead of by ∇φ, since the presence of an electric field is only one influence
on the electron motion, while µ is the sum of all contributions. The effective electric field
can then be written as

Eeff = −∂A
∂t

+ ∇µ
e
. (2.5)

Generalizing the velocity operator to include the contribution from A, stemming from
the full canonical momentum, leads to the gauge-invariant form of Equation 2.2,

js = ie~
2me

(Ψ∗∇Ψ−Ψ∇Ψ∗)− 2e2

me
Ψ∗ΨA. (2.6)

Using the expression for the wavefunction from Equation 2.1, Equation 2.6 then becomes

Λjs = −
( ~

2e∇θ + A
)
, Λ = me

nse2 . (2.7)

There are some physical effects that can be derived from this equation, the first being
perfect conductivity. Taking a time derivative of Equation 2.7,

∂Λjs
∂t

= − ~
2e∇

(
∂θ

∂t

)
− ∂A

∂t
= ∇µ

e
− ∂A

∂t
= Eeff , (2.8)

where the local pair energy is related to the phase angle by ~ ∂θ/∂t = −2µ [55]. The
physical interpretation would be that the superfluid accelerates with non-zero electric field
and is constant with zero electric field, indicating that there is no dissipation.

To extract the Meissner–Ochsenfeld effect of perfect diamagnetism, we take the curl of
Equation 2.7,

∇× Λjs = − ~
2e∇×∇θ −∇×A, (2.9)

but since ∇×∇θ = 0 and ∇×A = B,

∇× Λjs = −B. (2.10)
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Taking the curl of Ampere’s law, ∇×B = µ0js, and substituting for js, gives

∇×∇×B = µ0∇× js (2.11)

∇(∇ ·B)−∇2B = −µ0
Λ B. (2.12)

Since ∇ ·B = 0, and defining λ2
L = me/µ0nse

2, we have

∇2B = B
λ2
L

. (2.13)

This is a screening equation. The solution, an exponential decay over the length scale λL,
which we call the London penetration depth, describes the decay of the magnetic field as
you move deeper into the sample. The physical result is that the bulk of the superconductor
would have fields excluded, with a very thin surface layer where currents flow to screen the
fields.

2.1.2 Ginzburg–Landau Theory

Another phenomenological theory was introduced in 1950 by Ginzburg and Landau [56],
with a focus on the phase-transition aspect of superconductivity. This predates the first
microscopic theory, but its phenomenological basis means it is quite general. It can be
derived [57] from the microscopic Bardeen–Cooper–Schreiffer theory. Its focus on free energy
density allows London theory to be extended to allow for spatial non-uniformity. The theory
posits that the free energy of the superconductor can be expanded in terms of an order
parameter that we label np = 1

2ns, a quantity that can be used to differentiate between the
phases on either side of the transition. It is based on a general theory of phase transitions
developed by Landau that expands the free energy,

F (np, T ) = Fn(T ) + α(T )np + 1
2β(T )n2

p + . . . , (2.14)

where Fn is the free energy in the normal state and α and β are phenomenological coeffi-
cients.

The system’s tendency towards a free energy minimum means that β(T ) > 0 for all
T . As the minimum occurs (for finite value of the order parameter) below the transition
temperature Tc, α(T ) will change sign, switching from negative below Tc to positive above
Tc. Higher-order terms are neglected because α and β are enough to construct a function
with a minimum, and because near Tc the order parameter np will be small.

Now, near Tc, α and β can be expanded in terms of T −Tc. Terms higher than constant
for β and linear in T − Tc for α can be neglected, and the equilibrium of the system will
occur when the free energy is minimized. In the superconducting state, T < Tc, and setting
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dF/dnp = 0 results in
np = −α

β
. (2.15)

Inspired by London theory, Ginzburg and Landau developed Landau’s theory of phase
transitions for the specific case of a complex-valued order parameter Ψ, where Ψ∗Ψ = np.
Allowing for spatial variations, however, required that the free energy depend not only on
Ψ but also on derivatives of Ψ. They derived two equations with physical implications. The
first Ginzburg–Landau equation is

1
4me

(−i~∇+ 2eA)2Ψ +
(
α+ β|Ψ|2

)
Ψ = 0, (2.16)

a non-linear Schrödinger equation, with the Ginzburg–Landau boundary condition

(−i~∇n + 2eAn)Ψ = 0. (2.17)

The second Ginzburg–Landau equation is

js = ie~
2me

(Ψ∗∇Ψ−Ψ∇Ψ∗)− 2e2A
me

Ψ∗Ψ. (2.18)

This is the same as Equation 2.6 from London theory, which means that Ginzburg–Landau
theory automatically inherits perfect conductivity and diamagnetism.

There are two length scales that come out of this theory. The first comes from Equa-
tion 2.18, where the derivation is the same as for the London penetration depth, giving us
(when combined with Equation 2.15)

λ =
√

me

2µ0npe2

=
√

meβ

2µ0e2|α|
.

(2.19)

In the same way as in London theory, this length scale is a measure of how far fields
penetrate into the superconductor from the surface. Another length scale that we can
define for Ginzburg–Landau theory is the coherence length,

ξ =
√

~2

4me|α|
, (2.20)

which is the characteristic scale over which the wavefunction Ψ changes. This is where the
theory allows for spatial variations. As an example, a superconductor in zero field just above
its critical temperature Tc would have an equilibrium value of zero for the wavefunction,
but small variations could exist where the wavefunction is small but non-zero. Looking at
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Equation 2.16, in zero field A = 0 and for small Ψ we can drop the β term, leaving

− ~2

4me
∇2Ψ + αΨ = 0, (2.21)

which is just
∇2Ψ = Ψ

ξ2 . (2.22)

The solution to this indicates that any variation of the wavefunction above zero will drop
off exponentially, spatially, with length scale ξ.

The key implication of Ginzburg–Landau theory was Abrikosov’s discovery [58] that
the surface energy between normal and superconducting regions can be negative, making a
lattice of flux quanta, or vortex lattice, energetically favourable. This led to the immensely
important idea of type-II superconductors.

2.1.3 BCS Theory

Ginzburg–Landau theory has been quite successful as a phenomenological theory, able to de-
scribe many properties of systems even without microscopic underpinnings. A later deriva-
tion by Gor’kov (1959) from the microscopic theory allowed it to be expressed in microscopic
terms [57]. Bardeen–Cooper–Schrieffer (BCS) theory was the first microscopic description
of superconductivity [59, 60], published in 1957. It is based on an attractive potential be-
tween electrons, causing the electrons to pair into composite particles called Cooper pairs
with bosonic rather than fermionic quantum statistics. This potential in the original theory
was thought to be due to phonons, which are lattice vibrations, but any attractive poten-
tial will work with the theory. In the case of phonon-mediated BCS theory, one electron
causes a slight concentration of positive charge due to Coulomb attraction, and if electron
movement timescales are much faster than ion relaxation timescales, then a second electron
can be attracted to this locally positive location. It is more natural to discuss this in the
frequency domain. In k-space, one conceptual picture is of two electrons scattering from the
ion lattice at the same time, with opposite changes of momenta such that total momentum
is conserved; thus k1 → k1 + q and k2 → k2 − q.

The theory begins by constructing a ground state for the superconductor. It must be
very similar to the filled Fermi sea,

∏
k<kF

(
c†k,↑c

†
−k,↓

)
|0〉 , (2.23)

where c†k and ck are respectively the creation and annihilation operators, because the energy
that pairs the electrons into Cooper pairs is small compared to the Fermi energy. BCS
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proposed a form for the superconducting ground state (at T = 0) of

|BCS〉 =
∏
k

(
uk + eiθvkc

†
k+s,↑c

†
−k+s,↓

)
|0〉 . (2.24)

The pairs created here all share the same total momentum 2~s.
The coefficients v2

k and u2
k are the amplitudes for creating and not creating, respectively,

a Cooper pair indexed by k. Conservation of probability means that u2
k + v2

k = 1. The
construction of this state ensures that all created Cooper pairs will have the same phase,
which allows for the phase coherence that is required to form a superfluid state. To identify
what these coefficients are, BCS began with the Hamiltonian

Ĥ =
∑
k,σ

ξkc
†
k,σck,σ + 1

2
∑

k1,σ1,k2,σ2,q
c†k1+q,σ1

c†k2−q,σ2
Vk1,k2,qck2,σ2ck1,σ1 , (2.25)

which is just a general Hamiltonian in second quantized notation, with diagonal kinetic
energy. Calculating 〈BCS|Ĥ|BCS〉 gives

〈E〉 = 〈BCS|Ĥ|BCS〉 =
∑

k
2v2

kξk +
∑
k′,k

vkuk′ukvk′Vk′,k, (2.26)

where Vk′,k = Vk1→k, k2→−k, q→k′−k. To get the ground state, we can minimize 〈E〉 with
respect to vk and uk, leading to

2ξk d
(
v2

k

)
+ 2

∑
k′

d(ukvk)uk′vk′Vk′,k = 0. (2.27)

Now rewrite it using the differential of u2
k + v2

k = 1 to get

2ukvkξk −∆k
(
u2

k − v2
k

)
= 0, (2.28)

where the BCS gap is defined as

∆k = −
∑
k′

uk′vk′Vk′,k. (2.29)

The variable Ek is introduced as a simplification, and is implicitly defined with

u2
k = 1

2

(
1 + ξk

Ek

)
(2.30)

v2
k = 1

2

(
1− ξk

Ek

)
, (2.31)

which allows Equation 2.28 to be rewritten as

E2
k = ξ2

k + ∆2
k. (2.32)
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An alternative to this variational derivation uses a mean field approximation to reduce
the order of the Hamiltonian to quadratic, which allows diagonalization, and is conveniently
written in terms of creation and annihilation operators that act on excited states of the sys-
tem [61, 62]. These states are known as Bogoliubov–Valatin quasiparticles; more advanced
calculations are possible with this machinery, including at finite temperature. The energy
Ek is required to excite a quasiparticle, and has a minimum of ∆k at the Fermi surface.
This is why ∆k is called the BCS gap parameter, as it is a measure of the minimum energy
required to create excitations. The gap equation is

∆k = −
∑
k′

∆k′

2Ek′
Vk′,k, (2.33)

and when BCS was formulated it was in the context of an effective positive attraction in
the potential V causing a gap to form. The simplest case of this would be a potential
Vk′,k = −V that is attractive and isotropic near the Fermi surface, which leads directly to
∆k = ∆0, independent of k — i.e., the gap is isotropic.

A more complex case occurs when the potential Vk′,k is repulsive; then, in order for a
nontrivial solution to Equation 2.33 to exist, the gap ∆k will have to change sign or phase
as a function of k. For example,

∆k = ∆0[cos (kxa)− cos (kya)] (2.34)

would allow for solutions, but the gap would have nodes at certain angles in k-space. This
gap function is plotted in Figure 2.1, and it is the origin of pairing symmetries differing
from the isotropic s-wave case.

As opposed to s-wave superconductors, where the electrons are out of phase with one
another and where the interaction is retarded, in d-wave superconductors the energy scales
of the pairing modes are much closer. Pairing with finite angular momentum allows the
electrons in the pair to avoid each other spatially, reducing the energy cost from the di-
rect Coulomb interaction. These materials are usually found near an antiferromagnetically
ordered phase, where the magnetically mediated interaction Vk′,k is peaked at large momen-
tum transfer. This allows a repulsive electronic interaction to become an attractive pairing
channel in Equation 2.33 by coupling parts of the Fermi surface where the energy gap has
opposite sign.

The density of states, which is the number of states per unit volume and energy, can be
written as

Ns(E) dE = Nn(ξ) dξ . (2.35)

This relates the densities of the quasiparticles, with energy E, to those of the original single
particles, with energy ξ. Near the Fermi surface, the original energies do not vary quickly,
so Nn(ξ) ≈ Nn(0).
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Figure 2.1: The magnitude and sign of the energy gap can vary with angle in k-space,
leading to nodes in the gap. Here a gap function of ∆k = ∆0[cos (kxa)− cos (kya)] is
shown. The dashed lines show the variation of the magnitude of the gap with angle, and
the colours represent magnitude as well as the sign of the energy gap, including the reversal
at the nodes.

Using Equation 2.32, we can write the density of states as

Ns(E) = Nn(0)
∫ dΩ

4π
E√

E2 −∆2
k

, (2.36)

where a solid-angle integral has been introduced to angle-average over the Fermi surface.
An s-wave superconductor has a uniform gap ∆k = ∆0, which immediately gives

Ns(E) = Nn(0)Re

 E√
E2 −∆2

0

. (2.37)

As expected, the density of states is zero below the gap energy, as shown in the first part
of Figure 2.2.

For a d-wave superconductor, ∆k is no longer isotropic, with ∆k = 0 at some lo-
cations in k-space, and the sign of the energy gap changes. This was shown as ∆k =
∆0[cos (kxa)− cos (kya)] earlier, corresponding to a Fermi surface with line nodes. For the
special case of a circular Fermi surface, there is only angle dependence, which we write as
∆k = ∆0 cos (2φ) (see [63] for a more detailed note about this difference). Combining this
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Figure 2.2: The density of states for an s-wave superconductor is shown on the left, with a
uniform gap ∆0. For the d-wave case, however, the gap changes sign and has nodes, so the
density of states must be angle-averaged. The result of this is linear behaviour in energy at
low energies, shown on the right. There is still cusp-like behaviour at ∆0, which is now the
maximum gap.

with Equation 2.36, we get

Ns(E) = Nn(0) 2
π

Re
{
κ

(
∆2

0
E2

)}
, (2.38)

where κ is the complete elliptic integral of the first kind. This is shown in the second part
of Figure 2.2. Near the node, E � ∆0 which results in Re

{
κ
(
∆2

0/E
2)} ≈ E

∆0
π
2 . Thus

Ns(E) ∝ E, which has implications for experimental probes.

2.2 Probes of Superconductivity

The presence of nodes in the energy gap appears in physical properties in many ways.
Here I will introduce a few common techniques used to investigate the structure of the
order parameter in materials. The first category of probes are thermodynamic in nature;
included here are penetration depth, specific heat, and thermal conductivity.

2.2.1 Momentum-Averaged Probes

One commonly measured quantity is the penetration depth, which is the distance that a
weak, static magnetic field enters a given material. This length scale, λ, was introduced
in London theory. Superfluid density is the closely related quantity 1/λ2, and it is more
informative from the perspective of understanding the superconductivity. The superfluid

19



0 20 40 60 80 100
Temperature (K)

 0.0

 0.2

 0.4

 0.6

 0.8

 1.0

λ2 (0
)/λ

2 (T
)

0

1000

2000

3000

∆
λ 

(Å
)

FIG. 3. ∆λ(T ) vs T (right axis) and superfluid frac-
tion λ2(0)/λ2(T ) vs T (left axis) for a detwinned crystal of
YBa2Cu3O6.993, for a-(circle) and b-(square) directions.
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FIG. 4. Same as figure 3 but shown for below 20 K. All
solid lines are linear fits to the data.

non-local effects for the ab plane penetration depth are
mainly important in the geometry where the magnetic
field is applied parallel to the c-axis. In the measure-
ments reported here, the RF field is applied parallel to
the ab-plane and non-local effects should be negligible.

Previous measurements of λ(T ) in our laboratory have
shown non-mean field behaviour close to Tc. Kamal et

al. observed that in Y SZ-grown crystals, the superfluid
density shows the critical behaviour of the 3DXY univer-
sality class and that, surprisingly, the critical region is as
wide as 10 K [13]. In figure 5 we show λ3(0)/λ3(T ) (cir-
cles) for a twinned Y Ba2Cu3O7−δ single crystal grown
under optimal doping conditions in a BaZrO3 crucible.
The crystal was annealed at 500 ◦C to an oxygen con-
tent of O6.92, has Tc ≃ 93.78 K and most importantly,
has a very sharp transition of less than 0.25 K wide. For
λ(0) we have chosen 1400 Å, the same value used for
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FIG. 5. 3DXY critical behaviour of the superfluid den-
sity in the superconducting state of a sample annealed to
Y Ba2Cu3O6.92. The circles show λ3(0)/λ3(T ) vs T (left and
bottom axes) and the squares show λ(t) vs reduced tempera-
ture t = 1 − T/Tc on a log-log scale (right and top axes).

twinned, Y SZ-grown crystals, but again the results are
not very sensitive to this value. As seen in the figure,
this crystal also shows 3DXY critical fluctuations over
a fairly wide temperature range, ∼10 K, very similar to
Y SZ-grown crystals. The squares show a log-log plot of
λ as a function of reduced temperature, t = 1 − T/Tc,
over almost 3 decades. The solid line is a fit to a power
law λ(t) = λ⊥t−y with y = 0.34 ± .01, where the error
corresponds to assuming ±200 Å error in λ(0).

The loop gap resonator and sample holder used in
these measurements were designed mainly for precision
measurements of λ(T ). However, we have recently suc-
ceeded in making simultaneous measurements of surface
resistance using this resonator, thanks to recent improve-
ments in the unloaded Q (Q0 ≃ 4 × 106) and to the
use of time domain techniques. In our surface resis-
tance measurements we are usually able to withdraw the
sample from the resonator in order to find the unloaded
Q. This is not possible in the present configuration and
we can only measure the change of surface resistance,
∆Rs(T ) = Rs(T ) − Rs(1.15K). However, from other
measurements on comparable crystals we know that the
residual Rs is very low, probably less than 0.5 µΩ.

Figure 6 shows Rs(T) for the a- and b-directions. The
main features are similar to our previous results on crys-
tals grown in Y SZ crucibles, where the peak at 26 K is
attributed to a rapid rise in the quasiparticle scattering
time below Tc. In particular, there is no indication what-
soever of a second order parameter developing below Tc

as reported by Srikanth et al. [5]. Even with the inclusion
of a somewhat uncertain residual surface resistance, one
of the striking features of the data is that the average rise

3

Figure 2.3: Figure from [64]. Superfluid density (left axis) of an ultrahigh-purity sample of
YBa2Cu3O6.993 exhibits linear temperature dependence for both a- and c-axis data. This
is consistent with d-wave nodal structure (and inconsistent with the s-wave case). The
penetration depth is included (right axis).

density has activated low-temperature behaviour for the s-wave case of an isotropic gap,
but is linear in temperature for the case of d-wave nodal structure due to the linear-in-E
density of states shown earlier [65]. This is often an early experimental indication of nodal
order parameter structure, although the interpretation may be complicated by impurities or
non-local electrodynamics. This proved to be crucial in the cuprate superconductors, where
very high purity samples were needed to conclusively settle on d-wave symmetry [66]. An
example of cuprate superfluid density is shown in Figure 2.3. Properties such as the surface
impedance, which is the quantity measured in this thesis, can be probed using resonant
circuits and related to the superfluid density.

Another experimental technique that is often used to characterize samples is the specific
heat. In Fermi liquid metals, we expect a temperature dependence that goes as

CV (T � TF ) = γT + βT 3, (2.39)

where the two terms can be understood as contributions from a free Fermi gas and from
phonons, respectively. At low temperatures where the phonons are frozen out, the specific
heat is then sensitive to the electronic density of states. However, a potential shortcoming
of heat capacity measurements is that they are sensitive to localized sources of entropy as
well, such as nuclear degrees of freedom and multi-level systems associated with localized
defects. The energy scales for the removal of entropy from these localized degrees of freedom
are small, leading to Schottky anomalies that can mask the thermal properties of the itin-
erant quasiparticles associated with superconducting pairing. When sample purity is high,
the energy gap in superconductors will restrict the available excitations, and the specific
heat will be reduced. For the case of an s-wave isotropic gap, we again see an activated
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FIG. 2. The coefficient of the field-dependent linear term
y&(H) vs H. This solid line is a fit by y~(H) = AH'~2 with
A = 0.91 mJ/mol K' T'~~, as predicted for lines of nodes. Inset:
schematic of the density of states.

first investigation of the possibility of a nonlinear field
dependence of y(H).
The data reported in this paper were taken on a 2.6 mg

single crystal grown by the same flux-growth technique
[10] as those crystals which show linear temperature
dependence of the penetration depth [2]. The crystal
had T, = 93 K with a width of (0.4 K as determined
by SQUID magnetometry. Optical and scanning electron
microscopy showed the surface and edges of the crystal
to be clean, with a few flux spots which occupied (0.1%
of the sample volume. Microprobe analysis showed these
flux spots to be BaCuO». After the measurements in a
field were complete, the Aux spots were scraped off the
sample and the zero-field specific heat was found to be
unchanged. The sample was then cut into pieces: no
evidence of impurity inclusions was found.
The specific heat was measured using a relaxation

method described in detail elsewhere [11]. The sample
was mounted on a sapphire substrate with a weak thermal
link (thermal conductance a„) to a constant-temperature
copper block. ~„was measured at each temperature
and field by applying power P = «„(T„»,—Tb~„k). A
smaller temperature difference was then used to measure
the total heat capacity C. When the power was turned
off, the sample temperature relaxed exponentially to the
block temperature with a time constant r = C~ . The
precision of the measurement in the temperature range
2—10 K is -0.5%, and the absolute accuracy is limited
by the addenda (about half of the total heat capacity) to
-10k. Measurements of an empty substrate showed that
the addenda heat capacity does not depend on the applied
magnetic field within the precision of the data, so the
accuracy of the field dependence of the specific heat is
better than 1%.
The specific heat at 0 and 8 T is shown in Fig. 1. In

zero field, the specific heat is predominantly composed
of a linear term y(0)T and a Debye term pT3. The
phonon specific heat starts to deviate from T above 8 K, + ncsch ttky(gp H/AT), (2)

and to avoid this complication, the data are only fitted
below 7 K. In a magnetic field applied parallel to the
planes, the specific heat is approximately the same as in
zero field, with the addition of a Schottky anomaly from
spin-2 magnetic impurities. The data in perpendicular
field appear to have an additional linear term y~(H)T
such that the total linear term is [y(0) + y~(H)]T, as
well as Schottky contribution. Neither the lattice specific
heat nor possible contributions from impurity inclusions
should be anisotropic. Contributions from vortices or
other electronic excitations would be highly anisotropic,
and we interpret y&(H) as an intrinsic electronic effect.
The size of the linear term in the zero-field specific

heat is similar to that seen in previous measurements
of YBCO: typical values of the linear term are y(0) ~
4 mJ/mol K [12]. However, y(0) is correlated with vari-
ous types of impurities [12,13], and the CuO chains may
also contribute to y(0). We treat the zero-field linear term
y(0)T in this sample as an additive contribution which is
extrinsic to the superconductivity. This assumption leads
to a self-consistent analysis of the field dependence of the
specific heat.
The electronic specific heat of a fully gapped supercon-

ductor with a minimum gap 5;„is exponentially activated
as exp(—5;„/kBT), which is a negligible contribution for
kgT (& 5;„. In contrast, the low-lying excitations in a
superconductor with lines of nodes should contribute to
the specific heat even at low temperatures. The d-wave
density of states rises linearly with energy at the Fermi
level, N(E —EF,H = 0) ~ E (Fig. 2, inset). The number
of states accessible to thermal excitation rises as N„T2/T„
while the average energy of these states rises as k&T, so
the total energy is proportional to k&N„T /T, . This re-
sults in an electronic specific heat uT2, where a =-y„/T„
and y„ is the coefficient of the linear term in the normal
state. More detailed calculations of a have been done in
Refs. [4—6]. Allowing for a quadratic term, the zero-field
specific heat is described by

c(T) = y(0) T + uT + PT . (1)
Volovik predicts a finite density of states at the Fermi

level N(EF, H) in a magnetic field (Fig. 2, inset). As a
result, the zero-field nT term should be replaced by a
y(H)T term in a magnetic field in the low-temperature
limit. The limiting temperature is roughly estimated
as T = T,N(EF, H)/N„= T,[H/H, 2]'~ Taking H,2 =.
120 T, the linear-T behavior should be valid below -6 K
for H ) 0.5 T and below -24 K for H ~ 8 T.
The specific heat was measured in perpendicular field

at H = 0.5, 2.0, 4.0, 6.0, and 8.0 T. The magnetic
field dependence includes an unchanged Debye term, an
increased linear term, and a 2-level Schottk~ anomaly
due to a small concentration of unpaired spin-2 magnetic
moments. These data sets are described by

c(T,H) = [y(0) + y, (H)]T + PT'
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FIG. 3. The nonphonon specific heat, plotted as (c —/3T')/T
vs T. The magnetic 6eld is applied perpendicular to the plane.
The solid lines are the linear and Schottky terms determined
by the fit by Eqs. (1)—(3). Inset: zero-field elecuoiIic specific
heat c —PT3 —y(0)T vs T. The solid line is a fit by aT'
with a = 0.11 mJ/mal K'.

where

+s ho nky(&) x e /(I + e ) (3)
Comparison of the data in parallel and perpendicular
field shows -10% anisotropy in the Lande g factor, with
g = 2.0 for perpendicular field and larger g in parallel
field [14]. This anisotropic g factor is in agreement with
ESR data [15].
All six data sets are fitted simultaneously by Eqs. (1)—

(3), without imposing any assumptions about the
functional form of y~(H). Thus, p and n are constrained
by multiple data sets, y(0) and u are constrained by the
zero-field data, and y&(H) is allowed a different value at
each field. This fit gives y(0) = 3.06 mJ/molK~, u =
0.11 mJ/molK3, P = 0.392 mJ/molK (eD = 400 K),
and n = 24.0 mJ/mol K (0.10% spin-z impurities per Cu
atom). Figure 3 shows the field-dependent components of
the data sets, along with the fit. The total rms deviation
of the data from the fit is 0.8%.
Predictions for the coefficient of the T2 term n depend

either on y„[4,5] or on the Fermi velocities [6]. Scalapino
finds u = k'[3.28kiiy„/b, ], where b, is the maximum gap
[5]. The factor k' of order 1 is included because y„usually
denotes a Fermi surface average of the DOS, while a
is only sensitive to the DOS near the nodes. Published
values of y„range from 9 to 40 mJ/mol K [12]. The best
values are determined by modeling the total specific heat
near T, [12] and by differential calorimetry [12,16], and
these values are in the range 15—20 mJ/mol K'. Taking
the maximum gap to be 5 = 20 meV gives u = k[(0.2—

0.3) mJ/molK ], comparable to the u = 0.11 mJ/molK3,
which results from the fit.
The n T term is -5%of the total zero-field specific heat

at 5 K, while the absolute accuracy of the data is —10%.
Thus, a small T2 term cannot be reliably distinguished from
a slightly larger Debye T term in the zero-field data: fitting
the zero-field data by Eq. (1) and requiring u = 0 results
in y(0) = 3.1 mJ/molKz, and p = 0.41 mJ/molK4. The
value of p resulting from fits of the individual data sets
in nonzero field, where the T term is suppressed, are sig-
nificantly lower (ranging from 0.385 to 0.397 mJ/mol K ).
Since the relative accuracy between data in different fields
is better than 1%, using a global fit to determine p allows
a more accurate determination of the field-dependent pa-
rameters u and yi(H).
The field-dependent linear term y~(H) depends on the

square root of the field as y&(H) = AH', with A =
0.91 mJ/mol K2 TI/2 (Fig. 2). This coefficient agrees with
the prediction [4] A = ky„/H, z within the range of ac-&/2

cepted values for y„and H,2. An upper limit can be set
on potential contributions to y(H) from BaCuO». BaCuO»
has a zero-field linear term of about 100 mJ/molaco K
[12,13], so that at most 1% of the copper in this sample
could be present in this form. According to measurements
of the magnetic field dependence of the specific heat of
BaCuO» [12],potential impurities in our sample could not
contribute more than 5% of the measured y~(8 T).
Equations (1)—(3) provide a good description of the

data compared to other models which we attempted to
fit. Among other possibilities, we tried allowing the
contribution of the magnetic moments to deviate from a
perfect Schottky anomaly, excluding the T2 term from
the zero-field fit, allowing field dependence of 8~, or
explicitly imposing a linear dependence on y~(H). Fits
which did not explicitly assume a linear dependence of
y& (H) on H resulted in a weaker-than-linear dependence.
Interactions between the free spin-2 particles may alter

the Schottky anomaly from Eq. (3). For example, other
authors have fitted the low-field Schottky with a series
expansion [17]or allowed n to vary as a function of field
[18,19]. The limits on the Schottky contribution to our
data at 0 and 0.5 T set an upper limit on the effective
internal field of H;„, ~ 0.5 T. Interactions would be most
important at low and zero fields, and y(0) and y~(0.5 T)
are not significantly changed by including an effective
interaction field in Eq. (3).
We also compared the specific heat when the field was

applied at 0 and 45 angles to the twin boundaries within
the a-b plane. No anisotropic magnetic field dependence
of the specific heat with the field applied parallel to the
plane was found within the precision of the measurement.
In fitting the parallel-field data by Eqs. (2) and (3), an
increased linear term y~~(H) is not necessary to describe
the data, although a small y~~(H) (&0.5 mJ/molK2) is
allowed. This y~~(H) is difficult to identify conclusively
because of the possibility of a small sample misalignment.
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Figure 2.4: Figures from [67]. This specific heat measurement of YBa2Cu3O6.95 was one
of the first experiments to illustrate that the cuprates exhibit d-wave superconductivity.
(a) The Volovik effect predicts an H1/2 dependence of the specific heat for d-wave order
parameter symmetry, confirmed here. (b) Several subtractions were made from the raw
data to extract the desired electronic contribution. The T 3 phonon contribution to CV
is the dominant term, and is subtracted first. After the linear and Schottky terms are
subtracted, a T 2 term is left. This is consistent with d-wave symmetry.

exponential. A d-wave gap, conversely, results in a T 2 temperature dependence for CV . An
illustration of the lengths required to account for as many contributions as possible that
are not both electronic and itinerant is shown in Figure 2.4.

Thermal conductivity is also an important tool; from kinetic theory, it relates to the
specific heat as κ = 1

3cV 〈v〉 `, where 〈v〉 is the average carrier velocity and ` is the mean free
path. The presence of 〈v〉 means that the thermal conductivity acts as a filter; only itinerant
sources of entropy contribute, while any localized sources are eliminated. The Cooper pairs
carry no heat, so the quasiparticles are measured exclusively. If 〈v〉 and ` are temperature
independent then thermal conductivity is directly proportional to the heat capacity, but `
is usually temperature dependent. The other shortcoming is that the technique is restricted
to very low temperatures such that the electron contribution is dominant over the phonons.
Like the specific heat, the thermal conductivity is often shown as κ/T vs. T (since κ vs. T
always goes to zero at T = 0). Any residual in κ/T will be due to quasiparticles, as the
Cooper pairs do not contribute. In the case of s-wave superconductors, as temperature
goes towards zero, so should κ/T as there will no longer be any quasiparticles. For nodal
structure such as d-wave, the gap is zero in certain directions, allowing quasiparticles to exist
even at low temperatures, so the residual κ/T is finite. This is illustrated for a cuprate
in Figure 2.5 where a linear contribution to κ remains after the phonon contribution is
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high-quality untwinned crystals [8]. Since r
a

s100 Kd .
75 mV cm, then r

0

sx ≠ 0d , 1 mV cm. With v
p

≠
1.3 eV (a axis) [9], one gets the scattering rates listed in
Table I, in units of T

c0

≠ T

c

sx ≠ 0d. Note that 3% of Zn
causes a 40-fold increase in G.
In order to use ksT d as a probe of quasiparticle behavior,

the phonon contribution must be extracted reliably. This
can be done only by going to temperatures sufficiently
low that the phonon conductivity k

ph

has reached its well-
defined asymptotic T

3 dependence, given by

k
ph

≠
1

3

bky
ph

lL
0

T

3

, (2)

where b is the phonon specific heat coefficient, ky
ph

l is a
suitable average of the acoustic sound velocities, and L

0

is
the temperature-independent maximum phonon mean free
path. In nonmagnetic insulators, acoustic phonons are the
only carriers of heat at low temperature and Eq. (2) is well
verified, with ky

ph

l ≠ y
L

s2s

2 1 1dys2s

3 1 1d in single
crystals, where s ≠ y

L

yy
T

is the ratio of longitudinal to
transverse velocities [10]. In high-quality crystals, L

0

≠
2w̄y

p
p, where w̄ is the (geometric) mean width of a

rectangular sample [10].
The simplest way of investigating the phonon contribu-

tion in YBa
2

Cu
3

O
y

is to remove all electronic carriers by
setting y . 6.0. (Note that antiferromagnetic magnons
are not expected to contribute at T , 1 K, since the
acoustic spin-wave gap in YBa

2

Cu
3

O
6.15

is.100 K [11].)
The thermal conductivity of such an insulating crystal is
shown in Fig. 1 (triangles). As seen from the linear fit,
kyT ≠ a 1 bT

2 below about 0.15 K, with a ≠ 0 and
b ≠ 14 mWK24 cm21. The first question of interest is:
what happens when electronic carriers are introduced?
The answer is provided by the thermal conductivity of

FIG. 1. a-axis thermal conductivity of the two YBa
2

Cu
3

O
y

crystals, one superconducting ( y ≠ 6.9; circles) and one insu-
lating ( y ≠ 6.0; triangles). Main panel: kyT vs T

2; lines are
fits to a 1 bT

2 for T , 0.15 K. Inset: kyT vs T .

a well-oxygenated crystal, also shown in Fig. 1 (cir-
cles): electronic carriers contribute a definite linear
term to ksT d. Applying the same fit as before yields
a ≠ 0.19 mWK22 cm21 and b ≠ 17 mWK24 cm21.
It must be emphasized that such an analysis is sound

only when applied to the asymptotic regime for k
ph

. To
confirm that this is indeed the case for T , 150 mK in the
insulating crystal, note that a ≠ 0 and the magnitude of
the cubic term is right; i.e., it corresponds to a maximum
mean free path L

0

dictated by the mean crystal width
w̄. Indeed, from Eq. (2) using b ≠ 0.3 0.4 mJyK4mole
[12,13] and ky

ph

l ≠ 4000 mys (y
L

. 6000 mys, y
T

.
3700 mys [14]), L

0

≠ 270 360 mm ≠ 2w̄y
p

p (see
Table II). (Note that b and ky

ph

l, given here for y . 6.9,
could be slightly different for y . 6.0 [13,14].) So the
phonon mean free path in the y ≠ 6.0 sample unambigu-
ously reaches its maximum, boundary-limited value at
.0.15 K. It is then reasonable to expect a very similar
phonon behavior in the y ≠ 6.9 sample, given its nomi-
nally identical crystalline quality and surface quality,
and its comparable dimensions. This is nicely borne out
by the kyT data in Fig. 1: the only difference between
the two curves ( y ≠ 6.9 and 6.0) is a rigid offset. In
such a well-defined context, the appearence of a linear
term upon introducing electronic carriers is conclusive
evidence for the existence of zero-energy quasiparticles in
YBa

2

Cu
3

O
6.9

and, as a result, it confirms a key feature of
the basic theory of transport in unconventional supercon-
ductors [1,2,4,15–18]. In this connection, earlier claims
of a residual electronic linear term in k of YBa

2

Cu
3

O
72d

were inconclusive, being all based on the same analysis
as used here but applied to arbitrary temperature regimes
(for a review, see [19]).
Having established the existence of a residual normal

fluid in YBa
2

Cu
3

O
6.9

, the next question is that of univer-
sality. This is addressed by looking at concentrations of
Zn such that G ranges from ,0.014T

c

up to 0.54T

c

. The
thermal conductivity of YBa

2

sCu
12x

Zn
x

d
3

O
6.9

is shown
in Fig. 2, where it is apparent that k is unaffected by the
variation in G at T . 0.1 K, where the heat is carried pre-
dominently by quasiparticles (cf. Fig. 1). In other words,
transport by the residual normal fluid is universal.
The T ! 0 limit of kyT is obtained from a fit to a 1

bT

2 limited to T , 150 mK, as applied earlier, which
yields the values for a ≠ k

0

yT and b listed in Table II.
Note that the ratio L

0

ys2w̄y
p

p d . 1 for all crystals,
proving that the asymptotic phonon regime was reached in
all cases. (The somewhat larger ratio for the pure sample
is intriguing—further work is needed to elucidate this.)
As seen from a plot of k

0

yT versus G, shown in Fig. 3,
these values are consistent with a universal linear term of
0.19 mWK22 cm21. Note, however, that the error bars
on the values of a and b in Table II are fairly large,
because they combine uncertainties on the geometric
factors (largest for the rather short 2% sample) and on
the fit, which is limited to a small temperature range

484

(a) (b)

Figure 2.5: Figures from [68]. Thermal conductivity measurements on YBCO reveal a resid-
ual linear term. (a) The phonon contribution to κ was isolated by measuring YBa2Cu3O6,
which is insulating and has no carriers. When YBa2Cu3O6.9 was measured, a contribution
appears from electronic carriers. κ/T is plotted against T 2 in the main plot and against T
in the inset. (b) The linear term, shown here plotted against the impurity scattering rate
Γρ scaled to Tc, is largely unaffected by the introduction of Zn impurities; this universal
behaviour would not be the case for an s-wave superconductor.

accounted for. An interesting universal behaviour for certain pairing symmetries, including
d-wave, was predicted for T → 0: the thermal conductivity should be unaffected by the
scattering rate [69, 70], which can be tested by varying the impurity concentration. This
limit arises because of competing effects — a shortening mean free path and an increase in
the normal fraction both occur with an increase of impurities.

2.2.2 Momentum-Resolved Probes

The information available in a momentum-resolved probe can be crucial in determining
the pairing symmetry of a superconductor. Angle-resolved photoemission spectroscopy
(ARPES) was instrumental in determining the pairing symmetry in the high-Tc cuprates [71,
72, 73]. The energy and momentum of the states immediately below the Fermi surface are
measured using the photoelectric effect, allowing the energy gap of superconducting mate-
rials to be mapped in a way that indicates any nodes (an example is shown in Figure 2.6).
ARPES has had limited success in heavy fermion materials, as it faces resolution difficulties
because of the low transition temperature (and corresponding small energy gap), which
limits its usefulness to the normal state.

Scanning tunnelling microscopy (STM) is a tunnelling technique used to image a sample
surface directly on an atomic level, by bringing an atomically-sharp tip near the surface and
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Figure 2.6: Figure from [72]. ARPES performed on Bi2Sr2CaCu2O8+δ revealed the super-
conducting gap as a function of angle, suggestive of dx2−y2 pairing symmetry. The inset
shows the location of the data in the Brillouin zone.

applying a fixed bias to induce tunnelling, then scanning the surface. Scanning tunnelling
spectroscopy (STS) goes one step further, since by varying the applied bias, the local density
of states can be probed. It is a point probe of the momentum, and is enabled by outstanding
mechanical stability. Information about the underlying order parameter symmetries can be
imaged directly. It makes measurements in real space rather than k-space, so a large
surface area is scanned in the presence of noise (random impurities) and then momentum
resolution is reintroduced using a Fourier transform technique. STS has been used to image
quasiparticle interference (QPI) in Bi2Sr2CaCu2O8+δ [74], which gives information about
the superconducting energy gap (Figure 2.7). The resolution for this technique has been
improved to the point where even heavy fermions, with their small energy gaps, can be
measured.

Specific heat and thermal conductivity can both be adapted for angle-resolved purposes.
In zero field, both quantities provide very little information on anisotropy. However, when a
field is applied to a type-II superconductor, a vortex lattice is formed. The interaction of the
vortex lattice supercurrents with the quasiparticles introduces direction-dependent Doppler
shifts that produce a characteristic energy shift of the nodal quasiparticles. The theoretical
details are difficult, with many competing factors to consider, and it took a number of years
for the theory to evolve sufficiently that the interpretation of the angle-dependent data
became consistent with other probes [75, 76].
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The electronic structure of simple crystalline solids can be
completely described in terms either oflocal quantum states
in real space (r-space), or of wave-like states defined in momen-
tum-space (k-space). However, in the copper oxide superconduc-
tors, neither of these descriptions alone may be sufficient.
Indeed, comparisons between r-space1–5 and k-space6–13 studies
of Bi 2Sr2CaCu2O81 d (Bi-2212) reveal numerous unexplained
phenomena and apparent contradictions. Here, to explore these
issues, we report Fourier transform studies of atomic-scale
spatial modulations in the Bi-2212 density of states. When
analysed as arising from quasiparticle interference14–16, the
modulations yield elements of the Fermi-surface and energy
gap in agreement with photoemission experiments12,13. The
consistency of numerous sets of dispersing modulations with
the quasiparticle interference model shows that no additional
order parameter is required. We also explore the momentum-

space structure of the unoccupied states that are inaccessible to
photoemission, and find strong similarities to the structure of
the occupied states. The copper oxide quasiparticles therefore
apparently exhibit particle–hole mixing similar to that of con-
ventional superconductors. Near the energy gap maximum, the
modulations become intense, commensurate with the crystal,
and bounded by nanometre-scale domains4. Scattering of the
antinodal quasiparticles is therefore strongly influenced by
nanometre-scale disorder.

Among the unexplained phenomena of Bi-2212 quasiparticles
are: (1) the appearance of anti-nodal quasiparticles only belowT c
(ref. 17); (2) the proportionality between the quasiparticle-peak
intensity and both the superfluid and hole densities18,19; (3) the
‘kink’ in the nodal-quasiparticle dispersion20,21; (4) the apparent
contradiction between nanoscale electronic disorder1–4 and quasi-
particles well-defined ink-space22; and (5) the nature of the vortex-
core-induced electronic states23. Here we focus on the possibility
that some of these phenomena emerge from the special relationship
betweenr-space andk-space that is characteristic of the strongly
correlated electronic structure of the copper oxides.

To explore this relationship we use Fourier transform scanning
tunnelling spectroscopy (FT-STS). In this technique, the tip-sample
differential tunnelling conductance (g¼ dI/dV ) is spatially mapped

Figure 1The expected wavevectors of quasiparticle interference patterns in a
superconductor with electronic band structure like that of Bi-2212.a, Solid lines indicate
thek-space locations of several banana-shaped quasiparticle CCE as they increase in size
with increasing energy. As an example, at a specific energy, the octet of regions of high
j7 kEðkÞj

2 1 are shown as red circles. The seven primary scatteringq-vectors
interconnecting elements of the octet are shown in blue.b, Each individual scattering
q-vector from this set of seven is shown as a blue arrow originating from the origin in
q-space, and ending at a point given by a blue circle. The end points of all other
inequivalentq-vectors of the octet model (as determined by mirroring each of the original
seven in the symmetry planes of the Brillouin zone) are shown as solid green circles. Thus,
if the quasiparticle interferencemodel is correct, there would be sixteen inequivalent local
maxima in the inequivalent half ofq-space detectable by FT-STS.
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(a)

at each bias voltageV. The result, g(r,q), is proportional to the local
density of states (LDOS) at locationr and energyq ¼ eV. Inmetals24
and more recently in a copper oxide superconductor5, quasiparticle
interference has been observed. It is manifest as spatial modulations
in g(r,q) whose wavelengthsl (or wavevectorsq¼ 2p/l ) change
with energy. In FT-STS, the q-vectors of these modulations can be
determined from the locations of peaks ing(q,q), the Fourier
transform magnitude ofg(r,q).
We focus on Bi-2212, a material whose quasiparticle dispersion

E(k) has been mapped for the filled states by ARPES12,13, and which
exhibits four nodes inD(k). A contour plot of quasiparticle energy
(q) in k-space helps to visualize this situation. Forjqj , D0 (the
maximal gap), the contours of constant quasiparticle energy (CCE)
are banana-shaped, as shown in Fig. 1a. With such unusualk-space
structures, elastic quasiparticle scattering should produce striking
consequences ing(r,q). The reason is that the quasiparticle density
of states atq, n(q), is proportional to

ð

EðkÞ¼q
j7 kEðkÞj

2 1 dk ð1Þ

Because each ‘banana’ exhibits its largest rate ofincreasewith energy
j7 kEðkÞj

2 1 near its two ends, equation (1) shows that the primary
contributions to n(q) come from the octet of momentum-space
regions centred around the end pointsk j(q); j¼ 1; 2;…8: A
particular octet is indicated by red circles in Fig. 1a.
During elastic scattering, a quasiparticle located near one element

of the octet will very probably be scattered to the vicinity of another
element, because of the large joint density of states between them.
Owing to quantum interference5, such scattering produces spatial
LDOS modulations with wavevectorq¼ k final 2 k initial and with
intensity proportional to ninitialðqÞnfinalðqÞ (the joint density of
states). Therefore pairs of states with highninitialðqÞnfinalðqÞshould
generate the most intense LDOS modulations. The wavevectors
qi(q) of thesemodulationswould then be determined by all possible
pairs of points in the octetk j(q). By considering just onek j in a
representative octet (Fig. 1a) we see that, at each energy, there are
seven characteristic scattering wavevectorsqi(q); i ¼ 1; 2;…7:
These are indicated by blue arrows in thek-space of Fig. 1a and
in theq-space of Fig. 1b. The model then predicts a total of 8£ 7¼
56 sets of scattering wavevectors. Only 32 of these are inequivalent
and therefore 16 distinct̂ q pairs could be detected by FT-STS.
Previously, no more than four sets of wavevectors have been
detected5,25.
We use float-zone-fabricated Bi-2212 single crystals which are as-

grown (slightly overdoped) withT c ¼ 86K: They are cleaved (at the
BiO plane) in cryogenic ultrahigh vacuum and immediately
inserted into the scanning tunnelling microscope head at 4.2 K. A
search for all sets ofq-vectors requires that eachg(r,q) contain
Fourier components with jqj $ 2p=a0; so atomic resolution is
required in allg(r,q). Even more importantly, to obtain sufficient
q-space resolutionDq¼ 2p=L so that the dispersions of all sets of
q-vectors can be resolved, it is necessary thatg(r,q) bemeasured in a
field of viewL . 450A: Fig. 2a shows the topographic image of the
640-Å-square field of view used for all studies reported here. We
emphasize that this atomic resolution and position registry were
maintained for allg(r,q) measurements. Figure 2b shows a typical
example of a measuredg(r,q) in which the LDOS modulations are
clearly evident. Figure 2c–g are representativeg(q,q) for several
negativeq. No interpolation, smoothing or filtering is used on any
image in this paper.
Neglecting effects of the supermodulation, all theg(q,q) in Fig. 2

are clearly fourfold symmetric and display numerous local maxima
(dark regions) at differentq for different energies. Quasiparticle
interference has long been predicted for the copper oxides14. After
ref. 5, new theoretical analyses15,16,26,27 were carried out, yielding
predictions of up to 16 inequivalent peaks ing(q,q). These peaks are
predicted to exhibit a specific fourfold symmetric pattern and to

Figure 2Atomic resolution images of the LDOS and the resulting Fourier-space images of
the wavevectors making up the LDOS modulations.a, A topographic image of the BiO
surface used, with location and resolution identical to the LDOS maps. The£ 2
magnification inset (from part of the same image) demonstrates the quality of atomic
resolution achieved.b, Representative example of the real spaceg(r,q) in this field of
view. Allg(r,q) were acquired using the same atomic resolution and register.
c–g, Examples of theg(q,q) at five different energies. The only non-dispersive signals
(which are due to the supermodulation) are marked by arrows inc. The reciprocal atomic
lattice is located at the square ofintense points near the corners of each panel. One can
readily see 12 of the 16 LDOS modulations of the quantum interference model. The
dispersion and evolution of all the wavevectors of these modulations is evident in the
differences between frames. Careful examination reveals that, in addition to the slowly
dispersingq1 signalmoving tojqj , p=2a0 with increasing energy, there is no additional
signal above the noise atq¼ ð1=4; 0Þ2p=a0 orq¼ ð0; 1=4Þ2p=a0 (as proposed for a
coexisting charge densitywave (CDW) order parameter).h, Theg(q,q) measured from the
empty states atþ 14meV above the Fermi level. It is similar but not identical to theg(q,q)
at2 14meV inf, presumably because of the effects of normal-state band structure on the
quasiparticle interference process.
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disperse, self-consistently, along trajectories set by the Fermi sur-
face, and jDðkÞj: The unprocessed data in Fig. 2 are in good
qualitative agreement with these predictions.
To analyse these data further, we use the location of the peaks we

can detect ing(q,q) between2 6meV . q . 2 30meV (from the
quadrant or q-space without the supermodulation). This yields
about 90 differentqi(q) whose magnitudesjqiðqÞj are plotted in

Fig. 3a. From these data, the locus from which the scattering
originatesks and energy-gapD(k) can be estimated by assuming
that each:

qiðqÞ ¼kmðqÞ2 k nðqÞ ð2Þ

wherekm(q) and kn(q) are necessarily among the octet of states
k j(q) at q. Using the mirror symmetries of the Brillouin zone plus
equation (2), the location of the octet elements,ks(q), can be
determined from theqi(q). Our FT-STS measured ks(q) for the
filled electronic states between2 6meV . q . 2 30meV is shown
as open circles in Fig. 3b. We interpret it as thek-space trajectory
of the ends of the CCE ‘bananas’ or, in quantum interference
models14–16, the normal-state Fermi surface. Because of the large
number of qi(q) measured for eachq, we can check the internal
consistency of our data within the interference model using numer-
ous independent observations. To do so we use at least five
independent combinations ofqi(q) in equation (2) to identify
ks(q) at eachq. The error bars surrounding the data points in Fig. 3b
are the statistical standard deviation in eachks(q) resulting from
these different combinations. Their small sizes demonstrate how
these dispersiveq-vectors are quite self-consistent within the inter-
ference model.

We can also measure the superconducting energy gap function
D(ks) from the data in Fig. 3a. For a givenq ¼ eV, we find the
associatedks and plot q(ks), the energy at which quasiparticle
scattering is intense along the trajectoryks. Within these models14–
16, this is themomentumdependence of the superconducting energy
gapD(ks). Following ARPES notation, ks is parameterized by using
the anglevk about (p,p). Our results for D(vk) are shown as open
circles in Fig. 3c and given by:

DðvkÞ ¼D0½A cosð2vkÞþ B cosð6vk 3Þ

with D0 ¼ 39:3meV; A ¼ 0.818, B ¼ 0.182 (solid line in Fig. 3c).
We now discuss the various implications of our results. First, to

compareks(q) and D(vk) from FT-STS with those from photoemis-
sion, we plot the Fermi surface estimated from ARPES (on a sample
of similar doping10) as the grey band in Fig. 3b and the ARPES-
derivedD(vk) as solid circles in Fig. 3c. We note the good agreement
between these results from two very different spectroscopic tech-
niques. This agreement demonstrates the link betweenr-space and
k-space characteristics of the copper oxide electronic structure, it
gives enhanced confidence in both techniques because the matrix
elements for photoemission and tunnelling are quite different, and
it demonstrates that the proposed attribution of the nanoscale

Figure 3The measured dispersion of all sets ofq-vectors, the resulting FT-STS-derived
locus of scattering, the anisotropic energy gap, and the relevant ARPES data for
comparison.a, A plot of the magnitude ofq1 throughq7 (excludingq4) as a function of
energy. The solid lines represent theoretical predictions based on fits to thek s(q) and
D(ks) as determined from FT-STS data. All themeasuredq-vectors are notably consistent
with each other within the model. Belowq ¼ 6meV LDOS modulations are difficult to
detect, possibly because of strong effects of some unitary scattering resonances in the
field of view or because of effects of the very low density of states near the nodal points15.
b, The locus of scatteringk s(q) extracted using only the measured position of scattering
vectorsq1 toq7 (excludingq4). The solid line is a fit to the data, assuming the Fermi
surface is the combination of a circular arc joined with two straight lines. The grey band
represents measurements of the Fermi surface location made using the ARPES
technique10. The error bars represent the statistical variations in a givenk s(q) when it is
calculated using at least five differentqi(q). c, A plot of the energy gapD(vk) determined
from the filled-state measurements, shown as open circles. These were extracted using
the measured position of scattering vectorsq1 throughq7 (excludingq4) ina. The solid
line is a fit to the data. The filled circles representD(vk) determined using ARPES
techniques10. The red, open triangles are theD(vk) as determined from the unoccupied
state measurements at positive bias as described in the text. They are in very good
agreement with those from the filled states. The mean value ofD0 for this near-optimal
sample was 39meV.
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Figure 2.7: Reprinted by permission from Macmillan Publishers Ltd: NATURE
422(6932):592–596, copyright 2003 [74]. QPI STS of Bi2Sr2CaCu2O8+δ measured the su-
perconducting energy gap as a function of angle. (a) The largest contributions to the
quasiparticle density of states are shown as red circles. Wavevectors between these will be
the dominant contributions to the local density of states. (b) Fourier transform of STS im-
ages showing 12 of the 16 predicted peaks. (c) The superconducting energy gap determined
from STS, and compared to previous ARPES measurements.
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(a)

(b)

Figure 2.8: Reprinted by permission from Macmillan Publishers Ltd: NATURE
387(6632):481–483, copyright 1997 [80]. The tetracrystal experiment on Tl2Ba2CuO6+δ
used a geometrical configuration to isolate the pairing symmetry, confirming pure dx2−y2

pairing. (a) A tetracrystal substrate was fabricated such that one portion was rotated with
respect to the other and the cuprate film deposited. Any supercurrents encircling the corner
where the different orientations meet will have an additional π phase shift, causing a half
flux quantum to be generated even in zero-field. (b) A scanning SQUID was used to image
the flux.

2.2.3 Phase-Sensitive Probes

Superconducting phase-sensitive measurements were influential in confirming the cuprate
order parameter [77, 78, 79, 80]. The initial experiments involved forming several Joseph-
son tunnel junctions at different angles with a conventional superconductor. The later
“tetracrystal” experiment ingeniously isolated the pairing symmetry directly, showing a
pure dx2−y2 order parameter (Figure 2.8). However, they have been difficult to adapt to
heavy fermions and other low-temperature superconductors, primarily due to issues with
reliably forming Josephson junctions, although there has been some progress [81]. The clos-
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(a)

FIG. 3 (color online). Comparisons of corner junction diffrac-
tion patterns (T ¼ 60 mK ) with simulations. The three data plots
are representative of the three recurring patterns we observed.
The simulations assume a single vortex located at the corner of
the junction, with the location of the corner allowed to vary by
10% ofjunction width. Simulations with solid lines assume the
E 2u representation, and simulations with dashed lines assume the
E 1g representation.

(b)

duced exhibited features that were asymmetric with respect
to field polarity. The asymmetry was not caused by the self-
field effect of the current through the junction because the
pattern was symmetric with respect to the direction of
current flow. Changing temperatures affected the magni-
tude of the critical current, as expected, but left the shape of
the patterns unchanged. This asymmetry with respect to
field polarity is a characteristic sign of a complex order
parameter symmetry and TRSB.

Aside from the ever-present asymmetry, the corner junc-
tion patterns varied between thermal cycles of the same
junction, with three or four qualitatively similar patterns
recurring. These changes require a dynamic mechanism to
explain. The most obvious candidate is vortex trapping
near the junctions. We can consistently get vortex-free
edge junctions, indicating that our magnetic shielding
and slow cooling cycles are sufficient to prevent flux-
trapping in the bulk of the junctions. The corners of our
samples, however, could provide a pinning location as
surface damage can easily suppress superconductivity in
an unconventional superconductor. Even well-polished
surfaces are prone to chipping at the edge, and faceting
at the region where two surfaces meet is probable.

With this in mind, we have tried modeling corner junc-
tions combining an intrinsic phase shift with a vortex
trapped at the corner. We tested phase shifts corresponding
to the three candidate symmetries: 0 (s-wave), =2 (E 1g),
and (E 2u). We modeled a vortex as a Gaussian contribu-

tion to the flux through the junction with integrated flux¼
0=2 and width equal to 3% of the junction width. The

junctions are not perfectly symmetric around the corner,
and so we allowed the location of the corner (and thus the
vortex) to vary by 10% of the junction width. We then
compared the resulting patterns with our data. We do not
claim to have modeled the junctions exactly, but focused
on matching the number and relative size of the central
peaks in the diffraction patterns. In a series of cooldowns,
patterns like that in Fig.3(a) occurred the majority of the
time, suggesting that it is the vortex-free state. It also
matches well with a phase shift of with no vortex.
Though qualitative, we found this comparison supported
the E 2u representation more strongly than theE 1g repre-
sentation. Comparisons of representative diffraction pat-
terns to simulations are given in Fig.3.
In an effort to avoid the complications caused by the

material properties of the corners, we fabricated two junc-
tions, one on either side of the corner, forming a dc SQUID
with a loop area of300 m2, which is much larger than the
magnetic area of the individual junctions (25 m2). In
this case, an intrinsic phase difference in the crystal will
show up as a shift in the peak of the critical current
modulation, as given by

FIG. 3 (color online). Comparisons of corner junction diffrac-
tion patterns (T ¼ 60 mK ) with simulations. The three data plots
are representative of the three recurring patterns we observed.
The simulations assume a single vortex located at the corner of
the junction, with the location of the corner allowed to vary by
10% ofjunction width. Simulations with solid lines assume the
E 2u representation, and simulations with dashed lines assume the
E 1g representation.

(c)

Figure 2.9: Reprinted figure with permission from Strand et al., Physical Review Letters,
103(19):197002 [82]. Copyright (2009) by the American Physical Society. Corner junction
diffraction patterns of UPt3 suggest non-s-wave pairing symmetry. (a) A photograph of the
sample with attached junctions. (b), (c) The measured diffraction pattern agrees well with
the simulation, allowing differentiation between order parameters. An unconventional order
parameter would be expected to have a double peak, as opposed to a single peak expected
for a conventional order parameter.

est to a phase-sensitive measurement that has occurred in a heavy fermion compound to
date was with UPt3 [82, 83], shown in Figure 2.9. The authors were able to form junctions
between Pb and a single-crystal sample of UPt3. This particular heavy fermion material is
unusual because it has multiple superconducting phases, with the onset of the supercurrent
at a noticeably lower temperature near the node.

26



Chapter 3

Electrodynamics of
Superconductors

When a long-wavelength electromagnetic field is applied to a material, the relevant electronic
response function is the electrical conductivity, σ. In the simplest case, the current density
at a point r can be related to the electric field at the same point by j(r) = σE(r). This
is the local electrodynamic limit, where the electric field E(r) varies slowly on the length
scales relevant to the electronic response; these length scales are the mean free path ` and
the coherence length ξ0. There are many notable exceptions to this limit, particularly
in clean conventional superconductors, in which case a much more complicated non-local
formalism must be employed. However, as we will see later, in many heavy fermions,
and specifically in CeCoIn5, the local electrodynamic limit should be sufficient for our
measurement temperature range.

The two-fluid model from Chapter 2 can be used to build a specific model for the
conductivity of a superconductor. In this framework, the conductivity is separated into
quasiparticle and superfluid contributions (σn and σs). For the superfluid conductivity, we
start from the London acceleration equation

djs
dt = nsq

2

m
E. (3.1)

At this point it is useful to switch to the frequency domain and use phasor notation, where
js(t) = Re

{
j̃seiωt

}
and E(t) = Re

{
Ẽeiωt

}
. We use the engineering sign convention, which

means that the imaginary part of the conductivity of a conductor is negative. The superfluid
conductivity is

σs = nsq
2

imω
= 1
iωµ0λ2

L

. (3.2)

To derive a Drude-like form for the quasiparticle conductivity, we need an equation of
motion for the quasiparticles that incorporates scattering processes. In the absence of an
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external force, we expect scattering to return the quasiparticle current to equilibrium in a
characteristic time τ , such that the probability per unit time of scattering is dt /τ . When
perturbed from equilibrium, the average quasiparticle velocity v̄n decays as

v̄n(t) = v̄n(0)e−t/τ (3.3)

implying an equation of motion
dv̄n
dt = − v̄n

τ
. (3.4)

When the force from an external electric field is added back in, we obtain

dv̄n
dt = qE

m
− v̄n

τ
. (3.5)

In the frequency domain, this becomes

iωv̄n = qE
m
− v̄n

τ
. (3.6)

The quasiparticle current density is jn = nnqv̄n, implying a conductivity

σn = nnq
2

m

1
iω + 1/τ . (3.7)

Both the quasiparticles and the superfluid contribute to the imaginary component of the
Drude conductivity. The two subsystems conduct in parallel, so the total conductivity is
the sum of superfluid and quasiparticle terms:

σ = nnq
2

m

1
iω + 1/τ + 1

iωµ0λ2
L

. (3.8)

More rigorous calculations will in general allow for currents that relax with a range of
time scales, corresponding, for instance, to a decay rate that varies over the Fermi surface,
or depends on how the system is perturbed from equilibrium. The Drude conductivity
provides a straightforward starting point, and the Drude relaxation time can be thought of
as an average relaxation time for the electrons. As we will see for CeCoIn5, below about
half of Tc, the Drude conductivity is actually an excellent approximation. While I will not
get into the physics of scattering until later, the information contained in the conductivity
spectrum gives important insights into both the impurity physics of elastic scattering and
the nature of the fluctuations responsible for inelastic scattering.

A closer analysis of the finite-frequency electrodynamic response can be used to provide
support for the two-fluid model that was introduced in Chapter 2. The conductivity sum
rule, ∫ ∞

0
σ1(ω) dω = π

2
nq2

m
, (3.9)
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Figure 3.1: Above Tc, the conductivity spectrum has width 1/τ . When the sample tempera-
ture is lowered below Tc, quasiparticles condense into Cooper pairs in a zero-frequency delta
function, while the finite-frequency conductivity is due to thermally excited quasiparticles.

is a statement about conservation of spectral weight, since the right-hand side is constant.
With the upper limit of the integral taken to infinity, n is the total carrier density and m
is the bare electron mass. Instead, if we lower this integration limit, then we can often
split the electrons into useful subgroups. For the analysis of microwave frequency data on
superconductors, we want to choose the upper bound to be just above the relaxation rate of
the conduction electrons. These conduction electrons will have a frequency width of 1/τ in
the Drude conductivity. If this width is much less than the superconducting gap, as shown
in Figure 3.1, then the we can be confident that when the sample temperature is lowered
below Tc, the conduction electrons are partitioned off from the rest of the charge excitations
and will conserve spectral weight as they condense into Cooper pairs in a delta function at
zero frequency. We will see this for CeCoIn5 in particular in Chapter 6, where the normal-
state scattering rate just above Tc is 120 GHz, and the zero-temperature spectroscopic gap
2∆ ≈ 4kBTc corresponds to a frequency of about 180 GHz.

We can write an inequality that governs when this separation is valid,

2∆
~
� 1

τ
. (3.10)

A slight manipulation gives us
vF τ �

~vF
2∆ , (3.11)
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and these can be identified as quantities we have already seen, giving

`� ξ0. (3.12)

This is the condition for a superconductor to be in the clean limit and, while it is not the
case for most standard metals, it is usually satisfied for cuprates and heavy fermions, where
the coherence length is shortened by either the larger value of Tc, in the case of the cuprates,
or the slow Fermi velocity, in the case of the heavy fermions.

In order to calculate the strength of the superfluid term, it is common to split the
conductivity, or equivalently the current density, into diamagnetic and paramagnetic con-
tributions. In most materials, the diamagnetic term is temperature independent — its
behaviour is unrelated to the presence of a superconducting transition. The accompanying
paramagnetic term partially cancels it in a superconductor, with full cancellation in a metal.

As we will see later, in order to understand the detailed temperature dependence of
the low-temperature superfluid density in CeCoIn5, it is necessary to think carefully about
how diamagnetic and paramagnetic currents are formed when a time-varying field is ap-
plied. The diamagnetic current is easiest to understand using the sudden approximation,
where the canonical momentum p (a property of the electronic wavefunction) remains un-
changed immediately following the application of an electromagnetic impulse, illustrated in
Figure 3.2. The canonical momentum is p = m∗v + qA, where v is the Newtonian velocity
and A is the vector potential. The consequences of p being unchanged are that

δp = m∗δv + qδA = 0

m∗δv = −qδA.
(3.13)

Alternatively, we can arrive at the same result by considering, in a gauge in which the scalar
potential is zero, the electrical impulse

Fe = qE = −qdA
dt . (3.14)

Upon integration, ∫ t2

t1
Fe dt = −q

∫ t2

t1

dA
dt dt

m∗δv = −qδA.
(3.15)

If this happens to all states, then the current density jd = nqv gives

jd = −nq
2

m∗
δA (3.16)

where the subscript on jd is to denote the diamagnetic current density, which is a measure
of the displacement of the Fermi sea in velocity space due to the applied vector potential.
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Figure 3.2: When an electromagnetic impulse occurs, there is a diamagnetic current caused
by a shift of the entire Fermi sea in velocity space. The resulting shift in energy levels causes
a paramagnetic backflow current to develop as thermal equilibrium is re-established. The
case for a superconductor is shown here, where the cancellation is incomplete and there is
a persistent current at equilibrium.

The average velocity was used here, with the initial average velocity assumed to be zero.
The diamagnetic current density is a response that is intrinsic to the electronic states that
make up the Fermi sea, and it applies both above and below Tc. We know that the total
current response is temperature dependent, and zero in the normal state. This is because
of a second term, which forms a paramagnetic response.

When the Fermi sea is displaced in velocity space, the energy levels shift. We would like
to write down the energy dispersion to understand how the system will react. The energy
before the perturbation is simply E = 1

2m
∗v2

1. The change in the velocity was derived
above, δv = −qδA/m∗, so the energy after the perturbation is

E = 1
2m
∗v2

2

= 1
2m
∗
(

v1 −
qδA
m∗

)2

' 1
2m
∗v2

1 − qv1 · δA

(3.17)

to first order in δA. Using v1 = ~k/m∗, we can write the change in energy as

δEk = − q~
m∗

k · δA. (3.18)
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Before impulse

After impulse

Figure 3.3: The energy required to excite a quasiparticle is shown here as a function of
wavevector, and is lowest at the Fermi surface. A tilting of the energy dispersion occurs
when the Fermi sea is shifted by an impulse.

Geometrically, due to the dot product this corresponds to a tilting of the energy dispersion
in momentum space, about an axis perpendicular to δA, passing through the origin. This
is illustrated in Figure 3.3.

The shift in energy levels of the system requires a rebalancing of the quasiparticle pop-
ulations, in order to bring the system back into thermal equilibrium. This occurs when
what are now higher-energy electrons scatter from the lattice, entering lower energy states
and transferring some of their momentum to the lattice. The resulting shift in the quasi-
particle distribution leads to a paramagnetic contribution to the current density, partially
cancelling the initial diamagnetic response. We write the total current density as the sum
of the two contributions, jtot = jd + jp. The paramagnetic term jp, because it involves the
redistribution of electrons according to their energies, is sensitive to the details of the energy
spectrum, and so can be a powerful probe of the pairing symmetry in a superconductor, as
it will be sensitive to any nodes in the gap. The way that both jd and jp contribute to the
total current density is illustrated in Figure 3.4. The first row shows the current density for
a metal, where in equilibrium jtot = 0. This is because the electronic states are ungapped
and, as a result, paramagnetic backflow of electrons is equal and opposite to the initial
diamagnetic shift of the electrons. In the second row, we see that for a superconductor the
gap prevents the paramagnetic backflow from completely cancelling the diamagnetic con-
tribution, which is unchanged from the metal. The paramagnetic term would actually go
to zero in a clean s-wave superconductor at zero temperature. This incomplete cancellation
leads to a persistent current at equilibrium. The case for a d-wave superconductor is shown
in the third row, where the effects of the gap nodes are apparent. The temperature depen-
dence of the paramagnetic contribution is very sensitive to the energy gap, in particular the
nodes. For the d-wave case shown, it is expected that the temperature dependence of jp
is linear. However, it is jtot that is the experimentally accessible quantity in a penetration
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depth experiment. The diamagnetic response is usually safely assumed to be temperature
independent, so probes of the penetration depth can probe the nodal structure apparent in
jp. This is not always the case though, as the CeCoIn5 data in Chapter 6 will show.
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Figure 3.4: From [84]. A schematic illustration of the contributions to the current density
for different cases. The total current density, the left-most column, is the sum of the diamag-
netic and paramagnetic contributions, shown in the second and third columns respectively.
The diamagnetic term is the result of a shift of the entire Fermi surface, caused by an applied
external field. The paramagnetic term is the response of the conduction electrons to this
shift, to restore an equilibrium distribution. In (a), for a metal, the paramagnetic backflow
term exactly cancels the diamagnetic term, such that jtot = 0. For a superconductor with
an isotropic gap, shown in (b), the backflow is limited by the energy barrier, such that only
thermally excited quasiparticles have enough energy, resulting in persistent current flow.
In the case of a d-wave superconductor in (c), the quasiparticles are focused at the nodes
of the energy gap, as low-energy excitations are possible there. For all three cases, it is
usually a safe assumption that the diamagnetic term is temperature independent, such that
measurements of jtot vs. T capture the behaviour inherent to jp. However, we will see that
for CeCoIn5 the diamagnetic term is actually temperature dependent, requiring more care
to disentangle the quasiparticle contribution.
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Chapter 4

Experimental Techniques

4.1 Dilution Refrigeration

To measure heavy fermion superconductivity, materials need to be cooled far below room
temperature, usually well below 1 K. The most straightforward cooling technique, evapo-
rative cooling, takes advantage of the latent heat of vaporization L = ∆Q = T∆S. When
atoms or molecules from a liquid evaporate, they absorb energy from their surroundings to
account for the increase in their entropy. Due to the low transition temperatures for heavy
fermion systems, evaporative cooling begins with a cryoliquid at its boiling point, such as
liquid 4He which has a boiling temperature at atmospheric pressure of 4.2 K. A pump is
then used to remove some of the vapour, causing atoms to cross the phase boundary to
replenish the vapour. The rate of this flow determines the cooling power, which poses a
problem at low temperatures. This is because the vapour pressure approaches zero as the
temperature approaches zero, causing an exponential drop in the cooling power. For liquid
4He, temperatures of 1.3 K are fairly straightforward to achieve, but to get much below 1 K
a different approach is necessary, with evaporative cooling of 4He acting as the initial stage
of another technique.

To get beyond this a different phase boundary is needed. The cooling described above
has a phase boundary between the liquid and the gaseous phases of 4He. In the 1950s a
new type of cooling apparatus was proposed by Heinz London that he and co-authors later
formalized [85], and in the 1960s Leiden University developed this device called a dilution
refrigerator [86]. It utilizes unique properties of the phase boundary that develop when
3He is mixed with 4He, where the mixture spontaneously forms separate nearly pure 3He
and majority 4He phases, known as the concentrated and dilute phases. Since 3He has
a nuclear spin of 1/2, it obeys Fermi statistics. This is in contrast to 4He, which has a
nuclear spin of 0 and therefore obeys Bose statistics. As a consequence of this, 3He forms a
Fermi surface due to the exclusion principle, just as electrons do. The volume of the Fermi
surface is inversely proportional to the real-space density, so in the dilute phase, where the
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superfluid 4He acts as an inert background causing 3He atoms to be spaced farther apart,
the Fermi surface is smaller than in the pure 3He phase. This smaller Fermi sea has a
smaller Fermi energy and temperature, and in Fermi liquid theory the entropy scales as
T/TF . The latent heat of dilution, as for evaporative cooling, is L = ∆Q = T∆S. The
entropy of the 3He atoms is increased by moving from the concentrated to the dilute phase.
An equilibrium, corresponding to the dilute phase having 6.6% 3He at zero temperature,
prevents the cooling power from dropping off exponentially as in evaporative cooling, since
here the “vapour pressure” does not drop towards zero. Rather, here the cooling power scales
as T 2. 3He is circulated in a closed loop in this type of system and dilution refrigerators
have reached temperatures as low as 2 mK, although the equipment used in this thesis
can in the best of circumstances reach 50 mK. In order to reach these low temperatures,
dilution refrigerators have a distributed cooling capacity at different temperatures This is
very useful for distributed thermal anchoring of various parts of the experiment, particularly
the intermediate stages of our resonator mount.

4.2 Millikelvin Microwave Spectroscopy

Our group has set up a microwave spectroscopy experiment utilising an Oxford Instruments
MX40 dilution refrigerator. I was fortunate to be the first graduate student to take mea-
surements with this system, which was the result of development carried out by several gen-
erations of graduate students and postdocs. In particular, the original system for microwave
spectroscopy, including a novel sample loading system, was developed by postdoc Patrick
Turner from 2004–2006. Important refinements to the resonator design were carried out by
engineering physics undergraduate Paul Carrière, driven by finite element calculations of
a dielectric resonator. PhD student Wendell Huttema also made important contributions
to the development of the recondensing cryostat in which the fridge is situated. Other
people who contributed include Kevin Morse, Eric Thewalt, Natalie Murphy, AJ Koenig,
Nicholas Lee-Hone, and Taras Chouinard. My own contributions included improving the
thermal anchoring, and therefore the base temperature; I also made improvements to the
LabView experimental control software to increase automation. The development of the
in-situ bolometric technique, described in Chapter 5, is entirely my work.

The experimental setup involved in getting a sample to such low temperatures makes
use of the different isothermal stages that are present in dilution refrigerators. These were
utilized by thermally anchoring different parts of the resonator to different temperatures,
as seen in Figure 4.1. My measurement utilizes a technique called resonator cavity pertur-
bation, in which a cylindrical resonator is used to create and measure electromagnetic fields
at a sample. In order to isolate the behaviour of the sample at different temperatures, the
resonator is fixed at a constant temperature despite changes in the sample temperature,
thus they should be anchored to different parts of the dilution refrigerator — the sample to
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Figure 2.3: Temperature Profile of mKII resonator. The resonator stages are held together
using brass rods, since brass has a greater thermal contraction compared to copper.

2.3 Microwave Theory and Equipment

The experiment hinges on the ability to measure the complex transmission of the resonator,
S̃21. Therefore, careful consideration of the microwaves is crucial to the success of the
experiment. The microwave equipment used to measure each resonator will be discussed
below. It should be noted that both analyzers deliver a minimal power to the resonator, such
that the microwaves do not cause undersirable heating of our sample. This power constraint
requires careful selection of the measurement equipment such that sensitivity is maximized.

38 GHz Resonator

An Agilent 8722ES is used to measure the hollow 38 GHz resonator. A number of tech-
niques are used to boost the sensitivity of the measurement. Using the direct sampler access

Figure 4.1: From [87]. Thermal anchoring of the resonator to different temperature stages
of the dilution refrigerator. The sample is thermally connected to the base stage containing
the heater and thermometer via a sapphire hot finger. This stage is in turn connected to the
mixing chamber via a thin-walled stainless steel link. The resonator is thermally connected
to different parts of the dilution refrigerator to keep its temperature fixed.
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the mixing chamber, and the bulk of the resonator to what is known as the 1 K pot, which
is actually at around 1.5 K in most dilution refrigerators.

Many experimental setups vary the sample temperature by varying the mixing chamber
temperature, which is time consuming, somewhat inexact, and has a limited temperature
range. Instead, the sample heating and thermometry are separated from the mixing chamber
by a weak thermal link made of thin-walled stainless steel, allowing the temperature of the
sample to be changed somewhat independently of the mixing chamber temperature. In
practice I have been able to make sample measurements up to 20 K and beyond while still
running the dilution refrigerator; the sample base temperature is not noticeably affected.
The sample also needs to be held in the centre of the resonator while having its temperature
changed and measured, for which a sapphire hot finger was used. This is a thin sapphire rod,
which has the sample at one end and is thermally anchored to the heater and thermometer
outside of the resonator at the other end. It has a high thermal conductivity such that the
sample response matches closely that of the sensor and heater. Also, crucially, it is mostly
transparent to microwaves at the measurement frequencies. The sample itself is attached
to the sapphire rod using a small quantity of Dow Corning high vacuum grease.

There is one additional unusual feature that has been added to the system. The sample
holder mechanism was designed, and loading tubes up the heart of the dilution refrigerator
added, such that samples can be changed without having to remove the fridge from its liquid
helium bath. This allows quick sample turnaround times, which is important for rapid initial
characterization, aiding the determinination of which samples are worth a more sustained
investigation. An overview of the entire apparatus can be seen in Figure 4.2 [84].

4.3 Cavity Perturbation

A powerful tool for measuring the electrodynamics of materials, including superconductors,
is cavity perturbation. In this technique, the experimentally accessible quantity is the com-
plex frequency, where the amplitude and phase are accessible. The idea is that changes in
the properties of a resonant cavity in the microwave frequency range are measured precisely.
There will be contributions from surface and volume terms, from both the sample and the
resonator itself. The surface term involves the surface impedance ZS , which is defined as
the ratio of the tangential components of the electric and magnetic fields at the surface of
the sample,

ZS =
E‖
H‖

= RS + iXS . (4.1)

Here the real and imaginary parts of the surface impedance have been introduced, the
surface resistance RS and the surface reactance XS . To isolate the sample contribution, the
resonator temperature is held fixed, with the sample positioned at the centre of the cavity
using a sapphire or silicon hot finger. In this way, the change in sample surface impedance
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studying the current response in this regime, we learn a great deal
about electronic relaxation mechanisms in the material.

At times long enough for the electron assembly to have
returned to equilibrium, it is useful to define the total current
density as the sum of diamagnetic and paramagnetic pieces13,
jtot¼ jdþ jp. As discussed above, jd represents the instantaneous
diamagnetic response intrinsic to the electronic states, with the
tacit understanding that jd has been measured slowly enough to
include only free carriers. The paramagnetic part, jp, is of a very
different character—it captures the change in current resulting
from the reorganization of electrons in the new equilibrium state.
jp is therefore very sensitive to the details of the electronic energy
spectrum, making it a powerful probe of pairing symmetry in a
superconductor. The way this process plays out is illustrated in
Fig. 1, for a metal and for s-wave and d-wave superconductors.
For the metal in equilibrium, jtot¼ 0: the paramagnetic
redistribution of electronic occupation results in a back-flow
current of equal but opposite magnitude to the initial diamagnetic
shift. For a superconductor, in contrast, the equilibrium current
density in the presence of a magnetic field is non-zero—there is a
Meissner effect. The strength of the diamagnetic contribution is
unchanged by the onset of superconductivity. Instead, the
opening of a superconducting gap dramatically weakens the
paramagnetic response. The paramagnetic term is strongly
temperature dependent, in principle going to zero in a clean
superconductor at zero temperature. The form of this tempera-
ture dependence is highly sensitive to the structure of the energy
gap, in particular to the presence of gap nodes. For CeCoIn5,
which is thought to be a d-wave superconductor with line nodes
in the energy gap, the expected behaviour is a linear temperature
dependence of jp. However, a complication now arises: the
experimentally accessible quantity in a penetration-depth experi-
ment is not the paramagnetic current density jp, but the total
current density jtot. Most experiments skirt this issue by assuming
that the diamagnetic response, jd, is temperature independent: it
is difficult to measure directly, and in most superconductors has
little temperature dependence anyway.

Although a time-domain picture provides a useful means of
understanding electrodynamic measurements, the experiments
themselves are usually carried out in the frequency domain,
in our case using a set of discrete frequencies ranging from
o/2p¼ 0.13 to 19.6 GHz. Low frequencies measure the long-time
behaviour and are sensitive to the equilibrium supercurrent
density. High frequencies probe the short-time behaviour and, if
carried out in a regime in which o is greater than the electronic
relaxation rate 1/t, probe the instantaneous diamagnetic response
and therefore the plasma frequency of the entire electron
assembly. At intermediate frequencies, much information can
be obtained on the scattering dynamics of the thermally excited
quasiparticles14. This is of particular interest in CeCoIn5 because
normal-state transport measurements reveal strong inelastic
scattering and non-Fermi-liquid behaviour25,26. In the cuprates,
where similarly strong scattering is observed in the normal
state27, electrodynamic measurements show a rapid collapse in
quasiparticle scattering on cooling through Tc

28–30, indicating
that the charge carriers couple to a spectrum of fluctuations of
electronic origin, in contrast to the phonons of a conventional
metal. Early measurements on CeCoIn5 are suggestive of similar
behaviour2,17.

Here we solve the puzzle of the anomalous temperature power
laws in penetration depth using comprehensive measurements of
the frequency-dependent superfluid density. These allow us to
isolate the nodal quasiparticle contribution to London pene-
tration depth, revealing that it is accurately linear in temperature.
In the process, we find that the fundamental assumption of a
temperature-independent diamagnetic response breaks down in

CeCoIn5, and is the reason why anomalous temperature power
laws have been obtained in earlier experiments. Our measure-
ments reveal that the diamagnetic response (the plasma
frequency) of CeCoIn5 weakens on cooling, in a manner
corresponding to an increase in quasiparticle effective mass. That
this occurs in CeCoIn5 is not too surprising, as it is suggestive of
proximity to a quantum critical point25,31. In addition, the
microwave measurements provide a detailed picture of the
quasiparticle charge dynamics in CeCoIn5, revealing strong
similarities to the cuprate high-temperature superconductors
and pointing to a common scattering mechanism.

Results
Surface impedance. Measurements of surface impedance,
Zs¼Rsþ iXs, have been made using resonator perturba-
tion14,24,32–36. The sample, a small single crystal of CeCoIn5, is
placed inside a dielectric resonator at a maximum in the
microwave magnetic field, as shown in Fig. 2. Screening cur-
rents are induced to flow near the sample surface and penetrate a
skin depth d. In the penetrated region, energy is stored both as
field energy and as the kinetic energy of the superelectrons14—
this leads to a surface reactance XsEom0d. Field penetration
changes the effective volume of the resonator and hence its
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Figure 2 | Millikelvin microwave spectroscopy. (a) A platelet single-
crystal of CeCoIn5 is mounted on a removable thermal stage and introduced
into a dielectric resonator. (b) The resonator is excited in multiple
transverse electric (TE) modes at different frequencies, all characterized by
a local maximum of the microwave magnetic field (red lines) at the centre
of the resonator. This induces in-plane screening currents that flow across
the broad faces of the CeCoIn5 crystal. (c) The resonator is mounted below
the mixing chamber of a 3He–4He dilution refrigerator. The sample stage is
loaded from room temperature through a vacuum interlock, and can be
cooled to 0.08 K. A recondensing cryocooler eliminates helium boil off.
(d) Shifts in sample surface impedance cause changes in resonance line
shape that are read out by a low-noise microwave network analyser.

NATURE COMMUNICATIONS | DOI: 10.1038/ncomms3477 ARTICLE

NATURE COMMUNICATIONS | 4:2477 | DOI: 10.1038/ncomms3477 | www.nature.com/naturecommunications 3

& 2013 Macmillan Publishers Limited. All rights reserved.

Figure 4.2: An overview of the experimental system. From [84]. (a) The sample is mounted
on a removable thermal stage, and situated in the centre of a cylindrical dielectric resonator.
(b) Multiple transverse electric modes of the resonator are accessible, and are chosen for
having a large and uniform magnetic field strength at the sample. This induces currents
to flow around the surface of the sample. (c) To access low temperatures, this entire setup
is located below a dilution refrigerator. The sample can be changed using a loading rod
from room temperature, without removal from the cooling equipment as is normally the
case. Base temperatures of 80 mK can reliably be achieved. To allow continuous operation,
the apparatus was designed with a helium reliquefier to recapture bath boil-off. There is
a 9 T magnet present for in-field measurements, although it was not used in this work.
(d) Changes in sample surface impedance are measured using a vector network analyzer,
capable of capturing both the broadening and the shift of the resonance lineshape, and
corresponding to the real and the imaginary parts of the surface impedance.
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(b) Cavity perturbation via sample introduction (c) Cavity perturbation via change in sample T

Sample at T1 Sample at T2 < T1

(a)

Figure 4.3: Two levels of cavity perturbation. (a) Schematic of the fields in the resonator,
with modes chosen such that the fields are largely uniform at the sample’s position. (b)
The introduction of a sample provides a significant perturbation, and is the leading order
correction to an empty cavity. (c) Changing the temperature of the sample causes changes
in both the field penetration of the sample and the dissipation caused by the sample. This
is a much more robust perturbation than that in (b) for reasons that will be discussed in
depth in Chapter 5.

∆ZS is isolated. There is also a volume contribution, which involves the storage of electrical
energy (permittivity, ε) and ability to be magnetized (permeability, µ).

The surface impedance ZS can be related to certain properties of the resonance, namely
the centre frequency f0 and the bandwidth fB. The cavity perturbation result [88], not
derived here, is

∆f0 + i∆fB/2 ≈
[
i

2π

∫
S

∆ZSHi ·Hf dS − f0

∫
V

(∆µHi ·Hf + ∆εEi ·Ef ) dV
]
/4U. (4.2)

The initial and final electric and magnetic field terms denote the values before and after the
perturbation, and U is the energy stored by the resonator. For surfaces where ZS does not
vary with position, it can be taken out of the integral, and what remains is a constant that
depends on the resonator specifics. The sample is placed at the centre of the resonator, at a
node of the electric field, where it remains fixed in place. Then the volume terms are small
and the dominant effects can be represented by changes in the surface impedance. We can
write

∆ZS = Γ(∆fB/2− i∆f0). (4.3)

There are different levels of cavity perturbation, the lowest two orders of which are
illustrated in Figure 4.3. The first order effect is the change in surface impedance caused
by the introduction of a sample to an empty cavity. The difference between before and
after is attributable entirely to the sample, when higher order effects are neglected. We will
see later that this breaks down spectacularly for higher-order modes. The next order effect
occurs when the sample is held in position, but its temperature is changed. An increase in
the surface resistance will show up as an increase in fB, while more field penetration into
the sample will cause the effective size of the cavity to grow, causing a shift in f0.
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The surface impedance lacks a straightforward physical interpretation in terms of the
conduction electrons; the quantity of interest is the complex conductivity σ = σ1− iσ2. We
should be careful though, as the route for relating the two, Ohm’s law j = σE, makes the
assumption of local electrodynamics. As we saw in Chapter 3, in this limit the coherence
length should be much less than the penetration depth (ξ0 � λL), such that for most Cooper
pairs both electrons in the pair are similarly affected by fields penetrating the sample. In
samples that are safely in the local limit, the surface impedance can be related to the
conductivity using

σ = iωµ0
Z2
S

. (4.4)

For most superconductors, over nearly the entire temperature range of superconductivity
(except just below Tc), σ2 � σ1. Then if we expand

RS + iXS =
√

iωµ0
σ1 − iσ2

(4.5)

to first order in iσ1/σ2, we obtain

RS + iXS = i

√
ωµ0
σ2

√
1

1 + iσ1
σ2

≈ i
√
ωµ0
σ2

(
1− 1

2 i
σ1
σ2

)
= i

√
ωµ0
σ2

+
√
ωµ0
2

σ1

σ
3/2
2

.

(4.6)

Now we would like to separate out most of the expected frequency dependence in σ2 by
writing it in terms of a variable λ that is the London penetration depth (λL) at very low
frequencies, but is more general. As a function of σ2 it is known as the superfluid density,

1
λ2 = ωµ0σ2. (4.7)

Using this in Equation 4.6, we can write RS and XS as functions of only σ1 and λ,

XS ≈ ωµ0λ (4.8)

and
RS ≈

ω2µ2
0

2 λ3σ1. (4.9)

To understand the implementation of the cavity perturbation result, it will be useful to
consider in slightly more detail the form of the microwave modes in the resonator, which
to first order is cylindrical. Each resonant mode will have a unique field configuration, and
for measurements I would like to use ones that have a relatively uniform magnetic field at
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the sample location, which means vertically uniform fields at the centre of the resonator. A
subset of modes, known as transverse electric (TE) modes, have a node in the electric field
along the central axis of the cylinder. The base mode that I use is TE011, which is well
isolated and has uniform fields near the sample. When a general mode is written as TEmnp
(for a perfect cylinder), the index m refers to the azimuthal mode order; for my modes of
interest m = 0. The index n counts how many half-wavelengths are in the radial direction
from the centre to the edge of the cylinder. Likewise, the index p indicates the number of
half-wavelengths in the z-direction. Choosing p = 1, 3 retains good field uniformity at the
centre of the resonator, leaving TE0n1 and TE0n3 modes. Since the dielectric resonator does
not fill the conducting enclosure, the microwave fields do extend somewhat above and below.
This leaves less than the full half-integer wavelengths inside the resonator, so the modes are
labelled as TE0n(1−δ) and TE0n(3−δ). Coupling ports allow microwave transmission through
the resonator, although their presence contributes to deviations from cylindrical symmetry.

The ratio of the sample volume to the cavity volume, known as the filling factor, must
be large enough that the surface impedance signal is resolvable. For the samples that are
measured in this system, which are typically mm-sized and low loss, a vacuum resonator
that can resolve the surface impedance of the sample has a typical base mode frequency
of 38 GHz. This frequency is useful for many weakly renormalized materials; for heavy
fermion materials, however, modes with frequencies at least an order of magnitude lower
are required, due to the marked slowing down of scattering processes that accompanies
quasiparticle mass renormalization. A larger resonator would have a correspondingly lower
base frequency, but another approach is required to keep a large enough filling factor.
By placing an annular cylinder of high dielectric constant in the centre of the conducting
enclosure, with the sample surrounded by dielectric, fields are effectively concentrated near
the sample. Rutile was used as it has an in-plane dielectric constant εr ≈ 107 [89], compared
to vacuum where by definition εr = 1. Although the frequency of the base mode has only
a square root dependence on the dielectric constant, it is enough to lower that frequency
to approximately 3 GHz in this resonator, which is ideal for experiments on heavy fermion
materials. The rutile is also mechanically rigid, which is helpful in improving frequency
stability.

Single-frequency measurements of the base mode are useful for measuring the tem-
perature dependence, but if anything is to be learned about the frequency dependence,
microwave spectra are necessary. As mentioned earlier, there are modes of higher order
(and higher frequency) than TE011 with which I can make measurements. Alternatively,
the sample can be placed in different resonators to use the base mode of each resonator,
which was necessary in the past because higher-order modes were less reliable and noisier
than the base mode, to the point where they were often unusable. One of the difficulties in
using these modes is that they are hard to locate in frequency space. Mode density increases
at the higher frequencies of the resonator, so much so that it is very difficult to identify

42



APPENDIX C. TE RESONANCE CONDITION FOR A CYLINDRICAL CAVITY 68

(a) TE021 (b) TE031 (c) TE013 (d) TE015

Figure C.2: Various Resonant Modes simulated in COMSOL. The red lines represent the
magnetic field lines, while the color coded contour plot represents the electromagnetic en-
ergy density. Note how each mode corresponds to the definitions of m, ` given above.

(a) TM01 (b) TE11 (c) TE01 (d) TM11

Figure C.3: Transverse Modal Field Distributions for a circular waveguide. Images taken
from [18]

Figure 4.4: From [87]. During the design of the resonator, finite element modelling was used
as part of the process. It allowed specific changes to be made pre-fabrication, and post-
fabrication it provided quite accurate predictions of the resonant frequencies of the modes
of interest, which proved very useful in finding them in the physical resonator. Here are the
calculated field lines (red lines) and magnetic energy densities with colours ranging from red
(highest intensity) to blue (zero intensity) for three modes used for measurement, TE02(1−δ),
TE03(1−δ), and TE01(3−δ). This is half of a cross-section of the resonator, with the sample
located at the centre of the hollow rutile cylinder (vertically oriented black rectangle) where
the magnetic field is strong. The rutile sits on a sapphire plate (the horizontally oriented
black rectangle).

those modes that are coupled to the sample, uniform near the sample, and stable enough to
external noise. For this resonator design, finite element modelling was done by Paul Car-
rière [87] to accurately predict where modes should be located. Results of the finite element
modelling for three modes that I use are shown in Figure 4.4, from [87]. Additionally, I
performed sweeps at all of the modes that could be found within the range of our network
analyzer, between 2 GHz and 20 GHz. Comparisons of these sweeps with and without a
sample present gave indications about which modes are coupled to the sample. Using the
finite element modelling in conjunction with the sweep comparisons, the majority of the
TE0n1 and TE0n3 modes within the network analyzer’s range were identified.

If we recall, in Equation 4.3 ∆ZS was related to fB and f0 via a constant Γ. This
constant is known as the resonator scale factor. One way to determine it is to use a reference
sample in the same resonator, for which its expected resistivity is known. However, this
requires making a reference sample that is as close in dimensions as possible to the sample
of interest, a tricky proposition. Another way is to use known resistivity values for the
sample, matching them far into the normal state, where RS can be easily related to the zero-
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frequency conductivity ρDC. The reason this is possible is because the reactive imaginary
part of the conductivity gets very small compared to the real part, such that RS ≈ XS .
Then if we solve Equation 4.4 for RS with this approximation, we get

RS =
√
ωµ0
2σ1

=
√
ωµ0ρDC

2 . (4.10)

Now we know that
Γ∆fB

2 =
√
ωµ0ρDC

2 (4.11)

which allows for the determination of the resonator scale factor Γ. For CeCoIn5 in this
thesis, I use a value of ρDC = 25 µΩ cm [38].

4.4 Absolute Surface Impedance

In Equation 4.3, we saw that cavity perturbation only relates relative values of the surface
impedance. The physical interpretation of the conductivity requires us to know absolute
values of both RS and XS . To get an absolute value for RS , measurements can be compared
with and without a sample, as mentioned briefly above. This is called subtraction, and if the
measurement is done at the same temperature for both cases, then any difference between
the two measurements should be attributable to the sample, in the simplest interpretation.
This works very well at the lower-order modes, but as I will get into in more detail in
Chapter 5, it breaks down at higher-order modes, and requires the use of an additional
technique to fix the absolute RS .

Absolute XS is, to a first approximation, determined by shifting the XS data to match
the absolute RS data far into the normal state. Since the XS data are internally consis-
tent with only a common offset, the absolute value only needs to be determined at one
temperature, and then the curve as a whole can be shifted. This works well at the lowest
frequencies, but the approximation that RS ≈ XS gets worse at higher frequencies due to
an increasing reactive component of the conductivity, so a small adjustment is needed. To
begin, recall Equation 4.8, where we had a relation between XS and λ at low temperature
and frequency. By using the data from the base mode of the resonator, I can get λ0, which
is the low-temperature low-frequency limit of λ, and then can apply this to the rest of the
frequencies using the same formula without needing to use matching for them. This is a
good first attempt at getting a fix on the absolute XS , and is valid in many materials.
Where it runs into problems is when there are contributions to σ2 at low temperatures due
not only to the superfluid, as assumed in the above reasoning, but also to the quasiparticles.

A self-consistent iterative procedure is also used to fine-tune the XS shifts. The general
idea is that what is assumed to be small contributions to σ2 from the quasiparticles are
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adjusted until the data are self-consistent. First, from Equation 4.4,

σ2 = − Im
{

iωµ0

(RS + iXS)2

}
. (4.12)

Next the contributions to σ2 will be modelled as

σ2 = σ2,sf + σ2,qp = 1
ωµ0λ2

L

+ σ2,qp, (4.13)

where σ2 has been separated in superfluid and quasiparticle contributions. For the first
iteration, σ2,qp is neglected as it is probably small, allowing us to solve for XS . Then we
can calculate what this assumption about σ2,qp would entail for σ1,

σ1 = Re
{

iωµ0

(RS + iXS)2

}
. (4.14)

Next this is fit to a model for σ1, taken to be approximately a Drude model at the low
temperatures where this procedure is implemented,

σ1,qpfit = σ0

1 + (ωτ)2 . (4.15)

Now because the complex conductivity σ is causal, which implies analyticity, there are
mathematical relations known as the Kramers–Kronig transforms which link the real and
imaginary components,

σ1(ω) = − 1
π
P
∫ ∞
−∞

σ2(ω′)
ω′ − ω

dω′ (4.16)

and
σ2(ω) = 1

π
P
∫ ∞
−∞

σ1(ω′)
ω′ − ω

dω′. (4.17)

For the case of the Drude model, this is an exact integral which gives

σ2,qpfit = ωτσ0

1 + (ωτ)2 . (4.18)

Thus the fit to σ1 gives a value for σ2. Note that it is only the quasiparticle contribution to
σ2, as only the quasiparticle contribution to σ1 has been included; its superfluid contribution
is a delta function at zero frequency. We then iterate through the above again, but now
with σ2,qp set to our new value. Iterations continue until the conductivities are consistent,
at which point from iteration to iteration σ will not change.
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4.5 Corrections

There are other factors to consider in order to eliminate sources of error. The first of these
is the thermal expansion and contraction that occurs for materials as their temperature
is changed. This plays a role in cavity perturbation because a change in the size of the
sample also changes the effective size of the resonator, and therefore ∆f0. Data for thermal
expansion are reported as either α, which is the coefficient of expansion in one direction
∆l/l, or β, which is the volumetric coefficient of expansion ∆V/V . These are related by

∆V
V

= β = αa + αb + αc = ∆la
la

+ ∆lb
lb

+ ∆lc
lc

(4.19)

where we are able to sum the contributions to the total expansion from each axis directly.
For the purposes of CeCoIn5, the structure is planar allowing the a and b data to be grouped
together, and the data are available as α, so

∆V
V

= 2αa + αc. (4.20)

I would like to relate this change of volume of the sample to our measured quantity ∆f0,
or to the very closely related quantity ∆XS . The way to approach this is by using the
low-temperature relation for skin depth, Equation 4.8. I am interested in the change in XS

caused by the expansion, and for this small change we can still apply this equation. Then
the equation for the correction can be written as

∆Xthermal
S = ωµ0∆λ. (4.21)

The geometric relation between volume and change in field penetration is given by

∆V = 2A∆λ, (4.22)

where A is the area of the sample that currents are traversing. To see this, consider a
rectangle of side lengths a, b, and c, as shown in Figure 4.5. With a field in the b-direction,
the area is A = ab+ bc. For my sample geometries, ab� bc so A ≈ ab; then we can write

∆λ = ∆V
2ab = ∆V

V

V

2ab = c

2
∆V
V

. (4.23)

Now also using Equations 4.21 and 4.20, we get

∆Xthermal
S = ωµ0

c

2(2αa + αc). (4.24)

46



a

b

c

B
I

λ

λ

λ

Figure 4.5: When field is applied in the z-direction, currents are induced across the ab and
bc faces. AC fields penetrate a characteristic distance λ into the sample. Apparent changes
in the measurements of this quantity ∆λ can be related to actual changes in the volume
∆V caused by thermal expansion or contraction of the sample.

I used the data shown in Figure 4.6, from [90]. All that is left to do is relate this to the
measured and the true values of ∆XS , and we can write this as

∆Xmeasured
S = ∆Xtrue

S −∆Xthermal
S (4.25)

because smaller cavities have a higher resonant frequency, so when the sample expands it
shifts the frequency upwards. For CeCoIn5, this correction as a fraction of the measured
∆f0 in the normal state ranges from 0.6% at the lowest frequency mode to 2% at the highest
frequency mode.

There is another source of error that must be accounted for, and that is possible contri-
butions of the sapphire sample holder to the measurements. Although sapphire was chosen
in part due to its relative transparency in the microwave frequency range, it makes contri-
butions to ∆f0 that must be subtracted. By making measurements with the sample holder
in place but no sample (Figure 4.7), it is relatively straightforward in theory to subtract the
data where there is temperature dependence, although in practice it is more complex. This
complexity arises because the data are noisy and the temperature dependence difficult to
model. There is an upturn at low temperatures that is fairly easily dealt with, but there is
also a feature that could be an electron spin resonance caused by impurities in the sapphire
near 12 GHz that requires another correction. In the end, a phenomenological fit was used
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Figure 4. Magnetostriction for [001] around Hc2 in CeCoIn5.

Figure 5. Temperature dependence of the thermal expansion for [100] and [001] in CeCoIn5.

Figure 3 shows longitudinal magnetostriction curves for H ∥ [001] at several temperatures
below 4.22 K. The data were obtained by tentatively correcting background changes, though the
signal from the sample is very small relative to the background change. The magnetostriction
at 4.22 K, which is above Tc, changes smoothly in the field-up and down cycle. Below
Tc, we observed a weak anomaly around 3.5 T, which shifts towards higher fields at lower
temperatures. This anomaly corresponds to the transition from the superconducting to normal
state at Hc2 [6]. It becomes obvious with decreasing temperature and changes into a steplike
transition below about 0.7 K. Another characteristic feature in the superconducting state is a
hysteresis of the magnetostriction in a low field range, which becomes larger upon decreasing
temperature. This behaviour is most likely due to the irreversibility of a magnetic flux motion
based on the pinning effect.

In order to see the transition around Hc2 more precisely, we show in figure 4
magnetostriction curves at selected temperatures in enlarged scales. At 1.02 K, the
magnetostriction shows a continuous field dependence with a sharp bend at 4.4 T, indicating the
transition is of second order. On the other hand, the magnetostriction at 0.42 K exhibits jump-
down and up changes at Hc2 with increasing and decreasing field, respectively, accompanying
a very small hysteresis of !H < 200 Oe. A change of magnetostriction at Hc2 is about
2 × 10−6, that is a change of about 20 Å length in our sample. This clear contrast indicates
that the transition nature at Hc2 changes from the second to the first order around 0.7 K.

Figure 4.6: From [90]. Thermal expansion data for CeCoIn5, in two orientations, is used to
correct the cavity perturbation data.

frequency by frequency as follows:

∆f sapphire
0 = a

3
√
T 3 + 0.263 + b+ cT 0.75exp

(
−90
T

)
− dT 3. (4.26)

A representative subset of these fits is shown in Figure 4.7. The location of the spin
resonance near 12 GHz is signalled by the low temperature change in sign. For comparison,
raw ∆f0 data for CeCoIn5 are shown in Figure 4.8; the correction from the sapphire is
relatively small. After these measurements were completed, sample holders were changed
over to ultra-pure silicon to successfully prevent any temperature dependence whatsoever
at low temperatures.
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Figure 4.7: A subset of fits of ∆f0 to a phenomenological model, Equation 4.26. Near the
12 GHz mode, there seems to be an electron spin resonance that affects the sign of the low
temperature behaviour of the sapphire. Switching materials from sapphire to ultrahigh-
purity silicon for the sample holder eliminated all temperature dependence below 20 K.
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Figure 4.8: A selection of raw ∆f0 data for CeCoIn5. The background, as it should be, is
small; the sample signal, as it should be, is large with no visible sign of noise.

50



Chapter 5

Bolometric Measurement of RS

Bolometric measurement of surface resistance, or bolometry for short, is an experimental
technique capable of measuring the absolute value of the surface resistance, RS , in a con-
tactless microwave measurement. This is accomplished by measuring the thermal response
of a sample subjected to a microwave field of known intensity, usually calibrated by per-
forming the same measurement on a reference sample. In certain circumstances, such as
non-resonant broadband measurement of RS [91], bolometric methods may be deployed on
their own, as a standalone technique. The development of our in-situ bolometric technique
was my particular contribution to the system of microwave spectroscopy. As we’ll see be-
low, cavity perturbation breaks down for higher order resonator modes. I developed the
bolometric technique, and incorporated it into the existing cavity perturbation technique,
in order to overcome a particular shortcoming that leads to errors in absolute RS at higher
frequencies.

5.1 Motivation

The experimental technique of microwave cavity perturbation excels at measuring small
changes in the real and imaginary components of the sample’s surface impedance, as de-
scribed in Chapter 4, and is particularly good at measuring temperature dependence. While
very good at rapidly and accurately measuring ∆ZS(T ), this technique can suffer from signif-
icant drawbacks when it comes to absolute surface impedance. The process for determining
absolute surface reactance has been discussed in the previous chapter; here I want to focus
on absolute surface resistance. The traditional method to obtain absolute RS is to perform
a second measurement, of the same resonant cavity, without the sample of interest but with
everything else unchanged, including the sample holder — in my case a sapphire plate. The
contribution of the sample is then inferred by taking the difference in bandwidth.

As higher-order resonant modes started to be used in the measurements, I noticed
that the values of RS that were inferred using this technique were non-monotonic and
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Figure 5.1: A comparison of RS vs. frequency for CeCoIn5 using the traditional subtraction
technique, where measurements without the sample are subtracted from measurements with
it, to those using my in-situ bolometric detection technique to correct the offsets. The non-
monotonic behaviour of the subtraction at higher-order modes of the resonator is indicative
that there is underlying physics that needs to be considered, as discussed in the text.

sometimes far from what would be expected, as illustrated in Figure 5.1. It took some time
to understand the origin of the problem, but it can be traced back to the effects of mode–
mode coupling. The cavity perturbation result presented in the last chapter is a scalar
theory, based on the assumption of a single resonant mode in isolation. Intuitively, this
should hold so long as there are no nearby modes, and people using the technique do take
pains to make sure that this is the case for their lowest-frequency resonances. Subtraction
is increasingly unreliable as mode density increases, however, because a resonance can be
influenced by others that are in close proximity, in a fashion that is dependent on whether the
sample (or even the sample holder) is present or not. This poses a problem for the desire to
use higher-order resonator modes, with the increasing mode density of the resonator shown
in Figure 5.2.

We imagine carrying out a thought experiment, involving a resonator that has high
symmetry, a perfect cylinder, for illustrative purposes. TEmnp resonant modes with differing
mode numbers will be decoupled from one another due to the symmetry. The worrying thing
is that introducing even just the sample holder can break the symmetry and introduce
coupling between modes. Despite sapphire having virtually no absorption, thus having no
effect on the energy levels, the decay rates can be affected. Modes normally uncoupled from
the microwave lines, invisible experimentally, can be mixed with the modes of interest,
making subtraction unreliable.
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Figure 5.2: From [87]. A finite element calculation of the resonant modes present in the
microwave cavity. The modes of interest for my measurements are highlighted in red. The
lowest order mode, TE011, is relatively isolated from other modes. As the mode number
increases, however, the neighbourhoods near the modes of interest become increasingly
crowded.

To understand this mode mixing, a natural place to start is non-degenerate perturbation
theory. The effects on the levels of the interacting modes are familiar, with level repulsion
expected. For our purposes, a slight generalization is required, where the real frequencies of
an undamped system are instead replaced by the complex frequencies of a damped resonator.
Physicists, at least those that I surveyed, seem much less familiar with the more general
result, although there is some interest from chemists for molecular spectroscopy. There is
in fact an attraction between the decay rates, as we can see by looking at the details of the
perturbation theory [92, 93, 94]. We imagine the system to be described by a Hamiltonian,

H = H(0) + H(1), (5.1)

where H(0) is the Hamiltonian for the empty resonator and H(1) is the perturbation to it
caused by introducing a sample holder, with or without a sample. We would like to solve a
time-independent perturbation problem,

Hψj = Ejψj , (5.2)

but with a key difference from the perturbation theory we are used to — allowing for
complex frequencies,

E
(0)
j = ωj + iΓj . (5.3)
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Note that we continue to use the engineering sign convention for phasor fields, where the
time dependence is eiωt, instead of the usual sign convention in quantum mechanics, e−iωt.
This makes no difference to the conclusion.

The perturbed energy is split into a real part, written as a frequency ω, and an imaginary
part, written as a decay rate Γ. The change in energy levels due to H(1), from perturbation
theory, are

δEj =
〈
ψ

(0)
j

∣∣∣H(1)
∣∣∣ψ(0)
j

〉
+
∑
k 6=j

∣∣∣〈ψ(0)
j

∣∣∣H(1)
∣∣∣ψ(0)
k

〉∣∣∣2
E

(0)
j − E

(0)
k

+ higher order terms. (5.4)

The first term,
〈
ψ

(0)
j

∣∣∣H(1)
∣∣∣ψ(0)
j

〉
, can be identified as the cavity perturbation result that was

introduced in Chapter 4 (Equation 4.2). This level of perturbation is what is commonly
assumed in these types of measurements, with the next term neglected because it is consid-
ered either to be very small due to large separation of E(0)

j and E(0)
k , or to approach zero

due to symmetries causing the matrix elements
∣∣∣〈ψ(0)

j

∣∣∣H(1)
∣∣∣ψ(0)
k

〉∣∣∣2 to vanish. Both of these
assumptions have the potential to break down, the first for higher mode densities that are
present for higher-order modes, and the second when cylindrical symmetry is broken by the
introduction of a sample holder (and sample).

To gain some insight into the perturbation theory, we begin by calculating the denomi-
nator in the sum,

1
E

(0)
j − E

(0)
k

= 1
(ωj − ωk) + i(Γj − Γk)

(5.5)

= ωj − ωk
(ωj − ωk)2 + (Γj − Γk)2 − i

Γj − Γk
(ωj − ωk)2 + (Γj − Γk)2 . (5.6)

We would like to write down the energy level shifts and the changes in the decay rates
caused by perturbation theory, and the conventional way is to separate the complex energy
into real and imaginary parts. I introduce δωj = Re

{
δEj −

〈
ψ

(0)
j

∣∣∣H(1)
∣∣∣ψ(0)
j

〉}
and δΓj =

Im
{
δEj −

〈
ψ

(0)
j

∣∣∣H(1)
∣∣∣ψ(0)
j

〉}
, as these represent changes in the energy levels and decay rates

that are in addition to those already considered as part of standard cavity perturbation
theory. The real part is familiar from quantum mechanics,

δωj =
∑
k 6=j

∣∣∣〈ψ(0)
j

∣∣∣H(1)
∣∣∣ψ(0)
k

〉∣∣∣2 (ωj − ωk)
(ωj − ωk)2 + (Γj − Γk)2 , (5.7)

with the sign corresponding to level repulsion as expected. Less obvious is the imaginary
part,

δΓj = −
∑
k 6=j

∣∣∣〈ψ(0)
j

∣∣∣H(1)
∣∣∣ψ(0)
k

〉∣∣∣2 (Γj − Γk)
(ωj − ωk)2 + (Γj − Γk)2 , (5.8)
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Figure 5.3: The numerical solution of a two-level, degenerate perturbation problem. On the
left, the familiar energy repulsion occurs when the decay rates are not relevant. The right
plot shows how all of the curves with different matrix elements collapse onto the same plot
when quantities are rescaled in units of the perturbation, t.

where the sign indicates “rate attraction” — this would mean an equalization of decay
rates at strong coupling. The amount of the repulsion and attraction is dependent on the
difference between the energies and decay rates of the individual states. The conclusion
is that for the modes in resonator cavity perturbation, the bandwidth of each mode is
influenced by nearby modes even for purely real H(1), altering RS ∝ ∆fB.

The cavity perturbation data for RS at multiple frequencies, with the subtraction correc-
tion method applied, show non-monotonic behaviour as a function of frequency (Figure 5.1),
indicating a failure of subtraction to capture the full behaviour of the system. This is in-
creasingly pronounced at higher frequencies, coinciding with an increase in mode density
of the resonator, as can be seen in Figure 5.2. The cavity perturbation data, with the
bolometry-determined offset, show much better frequency-dependent behaviour.

To illustrate the effects of the mode mixing, the two-level case is particularly insightful.
The eigenvalue problem to solve, written in matrix form, would then be(

E1 t

t E2

)
ψ = E±ψ, (5.9)

where the off-diagonal elements t are the matrix elements
∣∣∣〈ψ(0)

1

∣∣∣H(1)
∣∣∣ψ(0)

2

〉∣∣∣2. I consider
the case of a purely real perturbation, with no dissipation of its own, to show that it alone
can cause shifts in the decay rate. The other terms are then E1 = ω1 + iΓ1, E2 = ω2 + iΓ2,
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Figure 5.4: The numerical solution of a two-level, degenerate perturbation problem, which
extends the usual model by allowing complex energies. The left plot shows the real part of
the eigenvalues, while varying the ratio of the damping rate difference to the off-diagonal
matrix element. This exhibits simple level repulsion, although there is no repulsion in the
case where mixing is weak compared to the difference in damping. The right plot shows
the imaginary part of the eigenvalues, which is representative of the damping rate. When
mixing is large relative to damping, the damping rates attract, but that is suppressed in
the regime of low mixing. The dashed lines correspond to uncoupled levels. The average
decay rate is set to Γ̄ = t and the critical value is δΓ/t = 2.

and E± is also complex. Solving for the eigenvalues gives

E± = E1 + E2
2 ±

√
t2 + (E1 − E2)2

4 . (5.10)

I have plotted the familiar energy level repulsion that corresponds to the simpler case,
unaffected by decay rates, on the left of Figure 5.3. These can be scaled onto a single curve
on the right (black). When decay rates are considered, in Figure 5.4, I start from the case
where the decay rate is not relevant (solid black curves) and show what happens when it
becomes important by varying δΓ/t. The energy levels demonstrate simple level repulsion
when the difference in the decay rates is smaller than the off-diagonal matrix elements
(δΓ/t < 2). Beyond that threshold, there is no longer energy repulsion. The damping rates
are attracted, especially for modes nearby in frequency. When the difference in the decay
rate is larger than the perturbation (δΓ/t > 2), the decay rate attraction is suppressed.
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Figure 5.5: A schematic of the sample stage. A fixed current is applied to the heater on
the base stage, setting the temperature of the measurement. Microwave power incident on
the sample causes temperature changes that are proportional to RS . The stainless steel
acts as a weak thermal link, separating the mixing chamber (which acts as a heat sink).
Conceptually, the sample, base stage, and mixing chamber are thought of as three distinct
thermal elements.

5.2 Implementation

The basis for the bolometric detection technique is that the microwave power absorbed by
the sample in a magnetic field is proportional to the surface resistance, and also includes
the magnetic field,

PS = RS

∫
H2

rms dS , (5.11)

where the field Hrms is the root mean square field at the sample surface. By measuring the
temperature rise caused by the applied microwave power, the absolute surface resistance
can therefore be experimentally accessed directly, without subtraction. Some care needs to
be taken, since the thermometer is not located directly at the sample, but is physically and
thermally separated. The technique begins to break down when the sample and thermome-
ter temperatures become appreciably different. A schematic is shown in Figure 5.5. A fixed
current is applied to the heater on the base stage, where the thermometer is located, to set
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the temperature at which the bolometric measurement is made, TB. The (small) tempera-
ture deviations from this baseline are due entirely to the microwave power absorbed by the
sample. More details about the thermal characteristics will be covered in the next section.
This physical setup is unchanged from the primary cavity perturbation measurement, dis-
cussed earlier, which is helpful in reducing potential sources of error when comparing and
combining the two techniques.

In the past, in experiments where bolometric detection was the primary technique [91],
a second sample of known surface resistance was symmetrically placed to allow precise
calibration of the field Hrms at the sample of interest. In this way, RS was determined
directly, so long as the microwave fields at the sample and reference were proportional.
As bolometry is a supplemental technique in this experiment, I have not had the luxury
of designing the experiment to allow a reference sample. Without knowing the absolute
field strength, I am limited to proportionality. However, the primary technique, cavity
perturbation, does give an overall scale; its shortcoming is the opposite, in that it has
an unknown shift. In combination, because these are complimentary shortcomings, the
absolute surface resistance can be recovered.

As stated above, ∆PS ∝ ∆TS , where ∆TS is the temperature change in the sample from
its baseline caused by the microwave power absorbed by the sample. This would be more
useful as an equality, so a known power, using the heater, is applied as a calibration,

∆PS
∆TS

= ∆Pcal
∆Tcal

=⇒ ∆PS = ∆TS ×
∆Pcal
∆Tcal

, (5.12)

where ∆Tcal is the temperature change of the sample caused by heating the base stage. The
constant of proportionality is assumed to be the same for both microwave power applied to
the sample and heater power applied to the base stage. The calibration ratio is called the
sensitivity factor, and it is determined without any microwave power applied. In terms of
experimental parameters, it is written as

Sensitivity Factor = ∆Pcal
∆Tcal

= (I2
1 − I2

2 )×R
∆Tcal

, (5.13)

where I1 and I2 are the currents applied to the heater to set the two temperatures during
calibration, and R is the resistance of the heater. We will see later, when I consider the
thermal model, that this is actually the thermal conductance of the link between the mix-
ing chamber and the base stage, where the heater is located. In a departure from previous
bolometric measurements [91], where the same resistor was used as both heater and ther-
mometer, the power applied in this setup is significant enough to warrant using a separate
heater and thermometer to ensure the accuracy of the temperature measurements. We use
a ruthenium oxide thermometer, which works well over the entire measurement temperature
range of bolometry as well as cavity perturbation. The bolometric technique was repeated
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Figure 5.6: The microwave power is applied to the sample with a square wave modulation,
and the temperature change of TB detected synchronously. The experiment is operated in
the regime where TS and TB are not significantly different.

with an empty resonator to ensure that the thermometer is not affected by any possible
microwave leakage.

In practice, I wanted to measure the temperature shift using an AC technique to remove
drift errors, so an alternating microwave power is applied to the sample and the change is
detected synchronously. This is accomplished by tuning on- and off-resonance rather than
changing the microwave power. This is illustrated in Figure 5.6.

Since this is implemented as an AC technique, the change in the power absorption
between the two halves of the cycle (∆PS), instead of PS , is the quantity to be related to
RS using Equation 5.11. In the same equation, the integral term

∫
H2

rms dS is proportional
to the output power of the resonator. When the input power is fixed, the output power
is proportional to the transmission amplitude (S21) through the resonator, coupling loops,
and transmission lines. Then writing Equation 5.11 for an AC technique, including these
input/output power considerations, gives

∆PS ∝ RS
(
S2

21,on − S2
21,off

)
. (5.14)

Since the scale is determined by the cavity perturbation technique and the offset by
the bolometry, it is important that there be enough data from both techniques that in
combination they can determine both parameters. Cavity perturbation, being the primary
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technique, produces large amounts of data with fine temperature spacing. For the bolom-
etry, data at a minimum of two different temperatures are sufficient as long as there is
enough of a temperature dependence of RS to determine the scaling factor, although data
from four or five temperatures are often taken. The uncertainty in the scaling factor de-
creases as the difference between the extremal points increases, so having points either side
of a superconducting transition works well. However, it is best to avoid points that lie on
the transition as the small temperature changes involved in bolometry are amplified by the
large temperature slope of RS at the transition.

The modulation time of the applied microwave power PS used here was chosen to be
sufficiently long that the sample returns to equilibrium within each cycle (Figure 5.6).
This was desirable because the physical system is complex enough that I wanted to avoid
modelling the non-equilibrium thermal dynamics. This raises the concern that too high
of a modulation time may allow drift to influence the data; however, as the equilibrium
values on subsequent cycles are consistent, I am confident that such drift is negligible in
this setup. Effects on timescales longer than the modulation time play no role because the
only relevant parameter is the difference between the two equilibrium values.

There is a finite temperature window for which this in-situ bolometric technique is ap-
plicable. At temperatures above ≈5 K, the signal from modulating the microwave power
becomes difficult to resolve, as it is an increasingly small relative change at higher tem-
peratures since thermal conductances grow rapidly with temperature. A lower bound of
≈1 K may be due to the sample and thermometer temperatures uncoupling, which causes
a breakdown in the technique. In general, TS and TB will not always be close, as shown in
the next section.

5.3 Thermal Model

To ensure that it is in fact RS that is being determined using bolometric detection, it
is important to accurately capture the thermal behaviour of the system. The sample is
thermally separate from the heating and measurement stage, as shown in Figure 5.7a. This
is a repeat of an earlier figure, included here for side-by-side viewing with the thermal model,
shown in Figure 5.7b. All measurements were performed under steady-state conditions, such
that heat capacities are not relevant. I have used a lumped-element thermal model here, as
both the sample and the base stage have a high enough internal thermal conductance that
at the relevant timescales they are effectively uniform in temperature.

In the simplest case, the sapphire thermal conductance, K1, is much greater than the
thermal conductance of the stainless steel weak link, K2. In this situation the sample stage
and the heater stage are always effectively at the same temperature, TS = TB, simplifying
the calculation and making the results more transparent. It is then not necessary to have
a separate power P1, and a steady-state equation can be written, PS + Pbias = P2, that
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Figure 5.7: (a) Schematic from Figure 5.5. The weak link allows different parts of the
system to be captured using a lumped-element model. (b) Thermal model for the bolometric
detection of RS . Measurements are conducted in the steady-state regime, such that flow
into and out of the sample and base stages are balanced. PS is the power incident on the
sample from the microwave field in the resonator, Pbias is the power applied to the base
stage using an external fixed current source, and P1 and P2 are power flows between lumped
elements (sample and base, and base and mixing chamber). T0 is the temperature of the
mixing chamber.

61



�� ��
�

�
�

Figure 5.8: A visualization of the different conductances in the bolometric technique. The
slope of the P2 vs. T function is defined as the thermal conductance K. The slope at
TB (black) is the differential thermal conductance, used in the definition of K2, while the
overall slope (green) is representative of Kbias.

balances the power. The bolometric detection technique involves a square wave modulation
of the microwave power, PS . Looking at the deviations that result from this,

δPS + δPbias = δP2. (5.15)

The differential thermal conductance is

K2 ≡
δP2
δTB

, (5.16)

since T0 is held constant. This allows the (non-linear) P2 vs. T relationship to be locally
linearized in the vicinity of TB, as shown in Figure 5.8.

The next step in obtaining an expression for RS is to write down the change in the
microwave power absorbed by the sample, δPS . The dominant contribution to the power
change is the heat flow towards the mixing chamber, δP2 = K2δTB by definition. There
is a secondary contribution, also driven by changes in TB, that can play a role in certain
circumstances — the temperature dependence of the heater resistor can change the bias
power, Pbias (T ) = I2

biasRbias (T ). Then the contribution to the change in the power is

δPbias = I2
bias

dRbias
dTB

δTB. (5.17)

Solving Equation 5.15 for δPS and substituting these expressions for δP2 and δPbias, we get

δPS = K2δTB − I2
biasRbias

TB
Rbias

dRbias
dTB

δTB
TB

= K2δTB − SD
Pbias
TB

δTB (5.18)
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Figure 5.9: The resistance of the heater on the base stage, at several different temperatures
(points). Two linear fits are performed (lines) with the slope used in extracting the dimen-
sionless sensitivity SD, defined in the text. Note that dimensionless sensitivity refers to the
heater, not the sensor. In this case SD is approximately -0.0034 at the lower end of the
temperature range, and -0.0040 at the higher end.

where I have recast Equation 5.17 in a form that introduces the dimensionless sensitivity
SD = d lnR/d lnT = T/R dR/dT . Ideally SD is zero; here it is small, SD ≈ −0.004
(the calibration data are shown in Figure 5.9), but it can be a significant contribution in
certain circumstances depending on the resistor used as the heater. A natural definition of
an effective thermal conductance Kbias is then

Kbias = −SD
Pbias
TB

= |SD|
Pbias
TB

. (5.19)

Thus
δPS = (K2 +Kbias) δTB. (5.20)

For the purposes of this theoretical discussion, I assume that the conductance of the
thermal link can be described by an underlying thermal conductivity. In practice I have
treated this as a quantity to be determined empirically: the sensitivity factor that was
discussed earlier (Equation 5.13). We can make Equation 5.20 more useful by writing Kbias

in terms of K2. As the stainless steel link is the relevant material for both Kbias and K2,
we can assume the power law relevant to a metal and write the thermal conductivity as
κ (T ) = κ (T = 1K)T/K ≡ κ1T/K. We first calculate Pbias,

Pbias = A

`

∫ TB

T0
κ(T ) dT = A

`

κ1
2
(
T 2
B − T 2

0

)
, (5.21)
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where A and ` are the cross-sectional area and length of the stainless steel, and the upper
integration limit is chosen to determine the average power flow. Then from Equation 5.19,

Kbias = |SD|
Pbias
TB

= |SD|
A

`

κ1
2
T 2
B − T 2

0
TB

. (5.22)

To determine the differential change in power flow due to K2, we write

δP2 = A

`

∫ TB+δTB

TB

κ(T ) dT . (5.23)

After neglecting higher order terms, and using Equation 5.16, this gives

K2 = A

`
κ1TB. (5.24)

Finally, combining Equations 5.22 and 5.24, we get

Kbias = |SD|2

(
1− T 2

0
T 2
B

)
K2. (5.25)

Equation 5.20 can then be written as

δPS = K2

(
1 + |SD|2

(
1− T 2

0
T 2
B

))
δTB, (5.26)

with SD ≈ −0.0040 in this particular case. Since K2 is determined by calibrating the
temperature response with a known power, SD is a parameter of the resistor, and the
temperatures in this equation are all measured (TB, δTB) or fixed (T0), δPS has now been
fully constrained.

In the simplified model presented above the thermal conductance of the sapphire, K1,
is assumed to be infinite. The sample and the base stage are isothermal in that case. This
assumption must eventually break down at low temperatures because K1 is the thermal
conductance of a crystalline insulator and K2 is that of a metal. A detailed calculation,
shown in Appendix A, reveals that so long as TS and TB are approximately equal, the
simplified model is valid. The crucial point is that although the temperature difference is
dependent on K1, only the power is needed and it is independent. Although this may be
unexpected, it can be understood from the perspective that this model is in the equilibrium
case, with the powers balanced both at the sample and at the base stage.

5.4 Results

In practice this in-situ bolometric detection is not well suited to be the primary measurement
technique for measuring temperature-dependent surface impedance. Data acquisition times
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Figure 5.10: The response of the thermometer on the base thermal stage to modulation of
microwave power on a sample of UBe13, at two different frequencies. More strongly coupled
modes are much more easily resolved.

are long, as the modulation time must be large enough that the different thermal stages reach
the steady-state regime. For example, when measuring UBe13 a measurement period of 300 s
was used. However, the information from bolometry is vital and when used with cavity
perturbation to obtain temperature dependence, the overall acquisition time is reasonable.

As described earlier, the microwave power is modulated on and off resonance with a
square waveform, for each of the resonator frequencies in which I am interested. The
response of the thermometer on the base thermal stage is recorded. An example of this
waveform for a sample of UBe13 can be seen in Figure 5.10, for two different frequencies.
The base mode of this particular resonator shows a strong signal as we would expect, and
very few repetitions would be required. Higher-order modes, which as I have argued can
benefit significantly from a bolometric determination of RS , have a weaker signal than
lower-order modes, requiring more significant averaging. In fact, the resolution floor of the
electronic instrumentation can be seen.

Many of these waveforms are then averaged, and the long-run equilibrium difference
between microwave power on and off resonance is calculated. This corresponds then to δTB
in the thermal model above, in Equation 5.26. The value of K2 is measured separately,
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Figure 5.11: Two examples of fitting cavity perturbation data to bolometric detection data,
for an iron arsenide sample KFe2As2 and for CeCoIn5. The visible points are the bolo-
metric data, while the lines are the cavity perturbation data, taken at much more finely
spaced temperature points and so able to be plotted as a line. Using these fits, an absolute
determination of the value of RS is accomplished.

although still in-situ, by applying a known power to the base thermal stage. Once I have a
value for δPS , proportional to RS , I can fit this data to previously acquired cavity perturba-
tion data. As the bolometric detection data have the correct absolute value up to an overall
scale, and the cavity perturbation data have the correct scale but are missing an overall
offset, the two techniques can be combined to eliminate both unknowns. An example of
how they are fit together is shown in Figure 5.11. Note that it is crucial to this process that
RS have some temperature dependence, otherwise the fit will be underconstrained.

Certain samples have posed problems to this approach, namely that the bolometric
correction, to the higher-order modes especially, is somewhat unreliable. Given the slow
data acquisition rate, it can occur that insufficient data are taken. Additionally, if the
temperature dependence of RS for some of the frequencies is weak, those frequencies will
be difficult to work with individually. To tackle these issues, a global fit to all of the
frequencies simultaneously can be done. Physically, there are good reasons to expect RS to
be a smooth function of frequency, and often a power law is sufficient. For this, a simple
frequency-scaled model of bωα−1/2 is used. An example of this, and the benefits it brings,
is shown in Figure 5.12. By using a global approach, the fits for each of the frequencies are
not noticeably worse than when fit individually, suggesting that they were underconstrained
before. This will not always be the case, as it will depend on the quality of data available
for a given sample. The spectra, meanwhile, show significant improvement, as they are
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Figure 5.12: The left column of this data for a single crystal of the organic superconductor
κ-(BEDT-TTF)2Cu(SCN)2 shows individual fits using the bolometric data, and the accom-
panying non-monotonic conductivity that is the result. When instead a global fit is applied
in the right column, the conductivity is enforced to be monotonic in frequency, and the fits
are still reasonable, with the increased curvature of the higher order modes combining with
the smaller error bars of the lower order modes to improve the data for all modes.

forced to be monotonic. However, this global fit will not be well suited to every sample.
For example, some materials, such as CeCoIn5, have significant and interesting frequency
dependence of σ1, and this should be measured directly if possible.
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Chapter 6

CeCoIn5

The 2001 discovery of CeCoIn5 [95], with Tc=2.25 K, created a new level of interest in
heavy fermion superconductivity, not least because samples of CeCoIn5 naturally grow
with a high level of purity and order. In addition, there are highly suggestive similarities
with the optimally-doped cuprates, including: a quasi-2D electronic structure; a linear-in-
temperature resistivity, indicative of non-Fermi liquid physics; early suggestions of d-wave
superconductivity; and a scattering rate magnitude that is of the order of the thermal
energy, with a rapid collapse below Tc. It should be pointed out that CeCoIn5 also qualifies
as a “high-temperature” superconductor, in the sense that Tc is a substantial fraction of
the Fermi temperature.

CeCoIn5 and related materials descend from the parent compound CeIn3, which played
a particularly special role in the history of these materials. At ambient pressure it is a
weak antiferromagnet. Superconductivity appears [96] in a narrow range about the critical
pressure where AFM is suppressed, demonstrating an unambiguous link between supercon-
ductivity and quantum critical magnetic fluctuations [41].

6.1 CeIn3 and the CeMIn5 Family

The discovery of CeCoIn5 built on previous work, in particular that of the Lonzarich group
at Cambridge on superconductivity near quantum criticality. After an unsuccessful search to
find superconductivity in weak transition metal magnets, they turned to f -electron systems.
Although some of these compounds were known to superconduct, they looked specifically to
see if superconductivity would form as magnetic order was suppressed. The two compounds
that proved particularly fruitful were CePd2Si2 and CeIn3 [41], the latter of which is of
particular interest here.

CeIn3 has a cubic crystal structure, with a transition to an ordered antiferromagnetic
state below 10 K. The resistivity, seen in Figure 6.1a, has a peak at 50 K before scattering
becomes coherent at lower temperatures, as expected for a heavy fermion compound. The
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resistivity of CeIns carried out in an 
extension of an earlier programme focusing 
on cubic d-metals tha t  differ from CeIm 
notably in being essentially ferromagnetic 
and having a weak spin-orbit interaction. 

2. Re s u l t s  

At ambient pressure the resistivity 
versus temperature exhibits a broad peak 
around 50 K and a cusp near 10 K that 
marks the onset of antiferromagnetic order 
(see Fig. i and inset). The N6el temperature 
TN as inferred from the position of this cusp 
decreases rapidly with pressure and 
apppears to fall toward absolute zero just 
above 25 kbar where the cusp becomes ill 
defined (see Fig. 2). The broad peak at a 
higher temperature T#, on the other hand, 
appears to move only slowly with pressure. 
This behaviour is similar to that observed in 
the d-metals, but is in sharp contrast to that 
found in the f-metal antiferromagnet 
CePd2Sis in which T~ and T1v are comparable 
at ambient pressure and diverge rapidly 
with increasing pressure [6]. 

At ambient pressure the resistivity 
varies as T s over a wide range below TN, as 
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Fig. I Temperature dependence of the resistivity of 
Celn s at ambient pressure. The inset is an expanded 
view in the vicinity of the antiferromagnetic transition 
near 10 K. Samples with residual resistivities of below 
I p.Ocra were prepared by induction melting in water 
cooled copper boats in an UHV chamber with up to 8 
atmospheres of very high purity Ar gas. 

T~ 
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Superconductivity ~" 
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Fig. 2. The temperature versus pressure phase 
diagram inferred from resistivity data measured in 
piston and cylinder cells with pressures of up to 
30 kbar. The data for T N represented by filled triangles 
(all below 25 kbar) is taken from ref. [5], but with the 
pressure scaled by a factor of 0.9. Our pressure 
measurements (for data represented by filled circles 
and diamonds) are based on the procedure given in ref. 
[3]. The superconducting transition temperature T s 
(filled diamonds) has been scaled by a factor of 10. The 
solid llne represents a polynomial fit to the data for T~. 

expected from the effect of antiferromagnons. 
Also it varies as T 2 below approximately 
10K for pressures about 30 kbar, in 
agreement with the effect of scattering due to 
antiferromagnetic spin fluctuations in a 
Fermi liquid state well away from the critical 
pressure po where T~ -~ 0. In the vicinity of 
p,, however, the resistivity exponent 
increases with decreasing temperature  and 
remains well below the Fermi liquid value of 
2 over a wide range below 10 K (see Fig. 3). 
The rapid recovery of the Fermi liquid state 
above po is in sharp contrast to the 
behaviour observed in the d-metal 
ferromagnets [3] and in the f-metal 
antiferromagnets such as CePd2Si2 [6]. 

In the vicinity of the critical pressure and 
below 200 mK this nearly antiferromagnetic 
normal state appears to undergo a 
superconducting transition (see Figs 2 & 4). 

(a)
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in good thermal contact with both the pressure cell and the sample
leads. To try to ensure adequate pressure and temperature homo-
geneity, a slow cooling rate from room temperature, typically
0.2 K min−1, was employed. Measurements were carried out from
room temperature to the millikelvin temperature range within a
pumped 4He cryostat, an adiabatic demagnetization refrigerator
and a top-loading dilution refrigerator.

Our key experimental results are summarized in Figs 2, 3. In the
materials studied, the antiferromagnetic ordering temperature TN,
at which there is a discontinuity in the gradient of the resistivity r
(not shown), was found to decrease slowly and monotonically with
increasing pressure, p. Over a wide region of the CePd2Si2 phase
diagram, TN is close to being linear in p, and extrapolation from this
regime to absolute zero allows us to define an effective critical
pressure pc of 28 kbar. In CeIn3, the variation of TN with p is more
rapid, and we estimate pc to be ,26 kbar. The behaviour of TN as it
falls below 1 K has not been resolved in these studies.

In the case of CePd2Si2, the resistivity r does not exhibit the
standard T 2 form expected of a Fermi liquid. Careful analysis shows
that near pc it in fact varies as T 1.260.1 over nearly two decades in
temperature down to the millikelvin range (Fig. 2, inset). Below
500 mK and in a narrow region near pc, we observe an abrupt drop
in r to below the detection limit, consistent with the occurrence of a
superconducting transition, as discovered during our initial obser-
vations in September 199437,38. At a given pressure, this transition
may be characterized by a temperature Tc, at which r falls to 50% of
its normal state value. The width of this transition grows markedly
as the pressure is varied away from pc. We stress that experimentally,
r is found to actually vanish only close to pc. By energizing a Nb–Ti
coil placed in our pressure cell, it was established that the upper
critical field Bc2 varies as dBc2ðpcÞ=dT, 2 6 T=K near Tc. This is a
high rate of change for such a small value of Tc—much higher than
the expected figure for a conventional superconductor. However,
it is the same order of magnitude as the value found in the
heavy fermion superconductor CeCu2Si2 (ref. 27). We note that in
a traditional analysis, the slope of Bc2(T ) at Tc implies a super-
conducting coherence length of 150 Å, a value which is below the
value of lmfp that we estimate for our best samples. No super-
conductivity has been observed in specimens with residual resistiv-
ities above several mQ cm, namely those with an estimated lmfp that is

substantially below y (for a similar example, see ref. 39).
In the case of cubic CeIn3, we find that very close to pc the normal

state resistivity assumes a non-Fermi liquid form, but this time40,41

varies as T 1.660.2. Thus, near their respective critical pressures, the
resistivity exponent in the cubic material is significantly higher than
it is in tetragonal CePd2Si2. In a very narrow region near pc, we again
see a sharp drop in r to below the detection limit, but at somewhat
lower temperatures than the transitions observed in CePd2Si2. This
is consistent with the occurrence of superconductivity in yet
another cerium compound on the edge of long-range magnetic
order40,41.

We stress that in each material studied, both the form of the
temperature dependence of the normal state resistivity, and the
nature and existence of the superconducting transition are sensitive
to sample quality. In particular, the superconducting transitions
appear only in samples with residual resistivities in the low mQ cm
range, as expected in the case of anisotropic pair states with
coherence lengths of the order of a few hundred ångströms.

Magnetic interactions
The observed temperature–pressure phase diagrams for both
CePd2Si2 and CeIn3 are at least qualitatively consistent with what
is expected in terms of the magnetic interactions model (Fig. 1). We
now consider a more quantitative comparison. In the following it is
assumed that the magnetic transition is continuous and that n is
close to nc. The incoherent scattering of quasiparticles via magnetic
interactions is then expected to lead to a resistivity of the form

r ¼ r0 þ ATx ð1Þ

where r0 and A are constants and the exponent x is smaller than two,
that is, smaller that it is in a conventional Fermi liquid at low T

articles
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Figure 6.1: The resistivity and phase diagram of CeIn3. Figures from [97, 41]. (a) The
resistivity of CeIn3 has a peak at 50 K, typical of heavy fermions. The Néel transition is
visible causing a second-order discontinuity at 10 K. (b) The pressure–temperature phase
diagram for CeIn3. A superconducting dome is present around a critical pressure, coinciding
with the Néel temperature trending towards zero.

Néel transition to antiferromagnetic order causes a cusp that can be seen near 10 K. Under
pressure, there is a superconducting dome that appears at a critical pressure of 25 kbar
(Figure 6.1b). Above this pressure, Fermi liquid behaviour is recovered as expected.

Fisk and coworkers were the first to synthesize the reduced-dimensionality family mem-
bers of CeIn3, CeCoIn5 and CeIrIn5 [95, 98, 99], by alternating layers of CeIn3 with layers
of MIn2, where M is a transition metal. A third member of the family, CeRhIn5, was
synthesized later. CeRhIn5 superconducts under high pressures, but CeCoIn5 and CeIrIn5

both superconduct at ambient pressure. The important characteristic is the hybridization
of the Ce f -electrons with the conduction electrons, which relates to the Ce–Ce spacing.
Adjustments in this orbital overlap change the kinetic energy of the system, tuning the
potential–kinetic balance. In this sense, going from a cubic to a layered structure is im-
portant. When changing between the different transition metal layers, we can think of it
as a chemical pressure equivalent to applying a physical pressure. This is possible because
Ce, Rh, and Ir are isoelectronic. All family members occur near the balance point between
antiferromagnetism and superconductivity at ambient pressure, as chemical doping readily
changes between those two phases. It is very interesting that the alloys also superconduct,
and the phase diagram for the three compounds can be seen in Figure 6.2a, showing the
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situation is similar to what was found in CeRhIn5 at
pressures between P1 and P242) and provides a plausible
origin of non-Fermi-liquid behavior in CeCoIn5. Additional
experiments, such as neutron diffraction, are required to
confirm the conclusion from NMR studies and to provide
more definitive evidence for or against the existence of an
FFLO state in CeCoIn5. Pressure-dependent specific heat
measurements have shown that the second order phase
boundary in the mixed state expands to encompass more
H–T space with increasing pressure.58) Because pressure
favors a non-magnetic state in Ce-based heavy-fermion
compounds, these observations suggest that the presumed
FFLO phase is not stabilized by magnetic order; rather,
magnetism may compete with this phase.

3. Chemical Tuning and Phase Diagrams

A particular appeal of the ‘115’ materials is their
robustness to a wide range of chemical substitutions.
Significant chemical doping studies have been performed
for each site in the generalized RMX5 chemical formula.
The ‘115’ structure is evidently sufficiently resistant to the
resulting chemical disorder that important insights can be
drawn regarding the evolution of physical properties and
ground states from each of these studies.

3.1 M-site doping
Solid solutions of CeM1!xM0xIn5 and PuM1!xM0xGa5

(M,M0 = Co, Rh, Ir) have been studied extensively. The
ease with which these systems can be synthesized provides
further empirical evidence of the quasi-layered structure of
‘115’ materials, in that significant ‘out of plane’ disorder can
be introduced without detrimental effects on the super-
conducting ground state, which persists over wide doping
ranges. On the other hand, given that Co, Rh, and Ir are
isovalent, understanding what precisely is being tuned
through these substitutions remains an outstanding question.
As already noted in Fig. 3, variations in M-site occupation
change the ratio of the tetragonal lattice constants and have a
strong influence on Tc. Analysis of Fermi surface studies
indicate that the degree of warping of a quasi-two-dimen-
sional sheet of Fermi surface varies systematically with
transition metal substitution.21) Structurally, this lattice
constant change can also be viewed as a local distortion
of the face-centered cubic CeIn3/PuGa3 sub-unit within
the ‘115’ unit cell. Such a distortion may also tune the
spin hybridization of the f element with nearby transition
metals.36)

In addition to the strong evolution of Tc with c=a, Co-
or Ir-substitution for Rh in CeRhIn5 influences the manner
in which magnetism gives way to superconductivity.59,60)

As shown in Fig. 9, anitferromagnetic order coexists with
superconductivity for intermediate Ir concentrations in
CeRh1!xIrxIn5. In this region neutron-scattering studies
reveal a change in the ordered magnetic structure62) from
that of stoichiometric CeRhIn5

61) and nuclear magnetic
resonance data provide clear evidence for microscopic
coexistence.63) Further, for high Ir concentrations, Tc

vanishes near CeRh0:1Ir0:9In5. This suggests the possibility
of a superconductor–superconductor critical point, and in
fact Tc is characteristically lower for CeIrIn5 than for
CeRhIn5 and CeCoIn5, even as a function of pressure.41,48)

Further, thermal conductivity data reveal different temper-
ature dependencies deep in the superconducting state
between CeIrIn5 and CeCoIn5.9)

Pressure studies of CeRh1!xIrxIn5 provide additional
evidence for characteristic differences between the respec-
tive end member compounds.64) For high Ir concentrations,
the concentration range over which superconductivity
vanishes increases with applied pressure, further separating
CeIrIn5 from antiferromagnetic order (Fig. 10). It can also
be shown that for low Ir concentrations, the evolution of
antiferromagnetism into superconductivity can be mapped
onto that which occurs with applied pressure through the
introduction of an effective chemical pressure. This scaling
breaks down at high Ir concentrations.

A similar evolution from antiferromagnetism to super-
conductivity, including a region of coexistence, occurs for
CeRh1!xCoxIn5.60) Unfortunately, the experimental situation
for CeCo1!xIrxIn5 is less clear. In order for a connected
Ce(Rh,Co,Ir)In5 phase diagram to make sense, a second
superconductor–superconductor critical point — analogous
to that found near CeRh0:1Ir0:9In5 — should occur for
CeCo1!xIrxIn5.59) Although evidence does exist for such a
transition, current thermodynamic studies cannot rule out
macroscopic phase separation, and microscopic measure-
ments have not been completed. Finally, for the case of
Pu-115, only superconducting ground states are known,
confounding our ability to identify the nearby magnetic
state which presumably is responsible for producing critical
spin fluctuations. It is worth noting that substitutional studies
for non-Co column transition metals in Pu-115 indicate a
strong preference for Co-column electron counts in order to
retain superconductivity.65)

Fig. 9. (Color online) Connected phase diagram of solid solutions of
CeM1!xM0xIn5 (M,M0 = Co, Rh, Ir). AFM: antiferromagnetic order; SC:
unconventional superconductivity. Hashed areas correspond to regions of
coexisting AFM and SC orders. The phase labeled ‘?’ may not be intrinsic
but due to chemical phase separation. After Pagliuso et al.59)
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variation of the Cooper state can be properly adjusted to match the
oscillations of the spin interaction. Generally, the instability is found
in the spin-singlet state, which must necessarily have even angular
momentum. As the interaction is repulsive at the origin, a non-zero
angular momentum state, typically a d-wave state, is favoured
(Fig. 1c).

We note that the analogues of the ferromagnetic and antiferro-
magnetic instabilities can exist in the density (described by xn(r,t)) as
well43. The pattern of oscillations in xn(r,t) is determined by the
wavevector at which the density response is maximum, and this
too can lead to unconventional pairing states. In contrast to the
magnetic interaction where the sign of the interaction is different
for spin-triplet and spin-singlet Cooper pairs, the density interaction
is oblivious to the spin state of the Cooper pairs. Hence, the magnetic
interaction offers more freedom to match the attractive regions of the
oscillations of the interactions with the quasiparticle states near the
Fermi surface available to construct a Cooper-pair wavefunction.

Some surprises
On the border of ferromagnetism the induced interaction is purely
attractive at short distances, whereas on the border of antiferromag-
netism it is likely to have repulsive regions when the two interacting
quasiparticles are close to each other. It might therefore be expected
that the search for exotic pairing states on the former border would
have proved the more fruitful. This seemed to have been borne out by
the discovery of the superfluidity of liquid 3He in which the uniform
magnetic susceptibility is strongly enhanced44. Given the abundance
of metals that exhibit strong ferromagnetic correlations, it is more
than a little surprising that it took a quarter of a century to discover a
superconducting analogue of liquid 3He, namely, the layered perovs-
kite Sr2RuO4 that has a Tc value two orders of magnitude below that
of the high Tc copper oxides26.

Even more perplexing on the other hand is the fact that many
examples of superconductivity on the border of antiferromagnetism
have been found in the intervening period4–7,28–32. These findings
would suggest at first sight that the magnetic interaction is
giving us little or no insight on where to look for exotic forms of
superconductivity.

However, the great lesson of the past decade is that subtleties in the
magnetic interaction model only come to the surface after a careful

examination of its properties. Although the idea of a magnetic inter-
action goes back nearly half a century, the computer algorithms and
hardware necessary for an exploration of the detailed predictions of
the model have only become available more recently.

The results of these theoretical investigations have led to an intui-
tive understanding of the following: (1) why superconductivity can
be particularly robust on the border of antiferromagnetism in a
quasi-two-dimensional tetragonal system with high characteristic
spin fluctuation frequencies30,45–48; (2) how the charge–charge and
spin–spin interactions can in some cases work coherently to stabilize
anisotropic Cooper-pair states; and (3) why pairing on the border of
ferromagnetism is hampered by quite a number of effects, and may
depend on subtle details of the electronic structure, that is, features
(absent in liquid 3He) of the energy band of the periodic crystal
potential49–51. Illustrations of these ideas are given below.

The first reason for the robustness of pairing in the presence of
antiferromagnetic correlations in a tetragonal structure is that the
amplitude of the oscillations in the interaction is strong because of
the low dimensionality. The energy density of the interaction waves
created by the polarizer falls off more gradually in two dimensions (as
1/distance) than in three dimensions (as 1/distance2). The second
reason is that the repulsive regions of the interaction in real space
are along the diagonals of the lattice given that one quasiparticle is at
the origin (see Fig. 3). In this case, the crystal symmetry allows one to
choose a d-wave Cooper state with nodes along the diagonals, thereby
neutralizing most of the repulsive regions while retaining the attrac-
tive regions. One can easily imagine that it will not always be possible
to choose a Cooper-pair state in such an optimal way, and that the
initial impression that the oscillations of the interaction are detri-
mental to superconductivity may only be wrong in special cases. In
particular, as the tetragonal structure becomes more and more iso-
tropic under otherwise similar conditions, the model predicts a
decrease in the robustness of the pairing. The range in temperature
and pressure over which superconductivity is observed was increased
by about one order of magnitude in going from cubic CeIn3 (refs 30,
52) to its tetragonal analogues CeMIn5, where M stands for Rh, Ir or
Co (refs 31, 32, 53–56; Fig. 4), as anticipated by the magnetic inter-
action model.

Another case where subtle features of the model considered here
could explain puzzling superconducting properties is the first of the
heavy-fermion superconductors, CeCu2Si2 (ref. 4), and the related

Repulsion Attraction

Figure 3 | Magnetic interaction potential in a lattice. Graphical
representation of the static magnetic interaction potential in real space seen
by a quasiparticle moving on a square crystal lattice given that the other
quasiparticle is at the origin (denoted by a cross). The spins of the interacting
quasiparticles are taken to be antiparallel, such that the total spin of the
Cooper pair is zero. The dashed lines show the regions where the d-wave
Cooper-pair state has vanishing amplitude. This is the state that best
matches the oscillations of the potential, in that a quasiparticle has minimal
probability of being on lattice sites when the potential induced by the
quasiparticle at the origin is repulsive. The size of the circle in each lattice site
is a representation of the absolute magnitude of the potential (on a
logarithmic scale). This picture is appropriate for a system on the border of
antiferromagnetism in which the period of the real space oscillations of the
potential is precisely commensurate with the lattice.
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Figure 4 | Effect of electronic anisotropy. The schematic
temperature–pressure phase diagram of two related heavy fermion
compounds, CeIn3 (refs 30, 52) and CeRhIn5 (refs 53–55). These two
materials differ in particular in the degree of anisotropy of the low energy
excitation spectrum. As one would expect, the thermal fluctuations in the
local magnetization lead to a smaller value of the magnetic transition
temperature (Néel temperature, TN) in the anisotropic material. By contrast,
perhaps unexpectedly, Tc is greatly suppressed in the isotropic compound
CeIn3 (red lines) compared with CeRhIn5 (blue lines). Both of these features
are in qualitative agreement with the magnetic interaction model.
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(b)

Figure 6.2: Doping and pressure phase diagrams for the CeIn3 family. Figures from [100,
101]. (a) The temperature-doping phase diagram for the three compounds CeCoIn5,
CeRhIn5, and CeIrIn5 at ambient pressure. The proximity to antiferromagnetism in these
compounds, even when superconducting, is clear. (b) A comparison of the phase diagram
of the parent compound CeIn3 with that of one of the layered derivatives, CeRhIn5. Both
of these compounds require pressure for the superconducting region to appear. The layered
structure increases the size of the superconducting dome.

balance between the phases. The change to the phase diagram of CeIn3 that results from
introducing layers of RhIn2 can be seen in Figure 6.2b. The onset of the antiferromagnetism
is at a lower temperature, while the superconducting area of the phase diagram is much
larger. This is highly suggestive of a link between the two phase transitions.

6.2 Normal State of CeCoIn5

The electrical resistivity has a peak (in this material at ≈40 K) before falling rapidly at lower
temperatures, which is as expected for heavy fermion materials and discussed in Chapter 1.
At lower temperatures the resistivity follows a linear temperature dependence, shown in
Figure 6.3a, which is a departure from the Fermi liquid theory scaling of T 2. This scaling
can occur in proximity to a quantum critical point and is consistent with scattering via
magnetic interactions in the case of a two-dimensional antiferromagnet [103], compatible
with the quasi-two-dimensional nature of CeCoIn5.

The specific heat divided by the temperature, shown in Fig. 6.3b [95], has a large value
in the normal state, consistent with heavy quasiparticles. The peak in C/T at Tc is three
times larger than would be expected for a weakly-coupled superconductor, and interestingly
when superconductivity is suppressed with a magnetic field, C/T continues to increase as
temperature is lowered. Note also that C/T has a non-exponential form at low temperatures,
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the resistivity of CeCoIn5 is nearly linear in temperature, a functional dependence found
commonly in magnetically mediated superconductors and frequently associated with proximity
to a quantum critical point [3]. The low value of ρ at 2.5 K (3 µ" cm) indicates minimal defect
scattering. The inset of figure 1 reveals clear evidence for superconductivity: zero resistance
and full-shielding diamagnetism is achieved at 2.3 K.

The specific heat divided by temperature for CeCoIn5 is shown in figure 2. For T > 2.5 K,
the large value of C/T = 290 mJ mol−1 K−2 indicates substantial mass renormalization
(C/T = γ ∝ m∗). At Tc a surprisingly large jump in heat capacity is observed. The inferred
value of $C/γTc = 4.5 suggests extremely strong coupling. (The expectation for a weak-
coupling superconductor is $C/γTc = 1.43 [13].) However, application of a magnetic field
of 50 kOe along the c-axis suppresses superconductivity and reveals that entropy is conserved
between the normal and superconducting states by 2.3 K because of the continued increase of
C/T with decreasing temperature. Because there is at present no theory of superconductivity
that directly accounts for a temperature-dependent γ below Tc, this effect calls into question
simple estimates of whether CeCoIn5 is a weak- or strong-coupling superconductor. The
enhanced normal-state γ (∼1 J mol−1 K−2) in 50 kOe is also clear evidence that CeCoIn5

is indeed a heavy-fermion material. The temperature dependence of C below Tc is non-
exponential, suggesting the presence of nodes in the superconducting gap. (Power-law fits of
the form C/T = γ0 + aT x at low temperature yield γ0 ∼ 0.04 J mol−1 K−2 and x ∼ 1, with
the precise value of x depending on the range of temperatures fitted.) Both the size of the jump
at Tc and the field-induced normal-state temperature dependence of C/T at low temperature
(below the zero-field Tc) are reminiscent of UBe13, another heavy-fermion superconductor
[14]. The inset of figure 3 presents an H–T phase diagram for CeCoIn5. For both heat
capacity and resistivity measurements, the magnetic field is applied parallel to the c-axis.
Because of the large $C at the superconducting transition, one might suspect that the observed
superconductivity is parasitic to a magnetic phase. However, the onset of zero resistance tracks
the heat capacity feature identically as a function of field, and the observed transitions remain
sharp at the highest fields, arguing against a coexisting magnetic phase. Additional resistivity
measurements with H ⊥ c reveal an upper-critical-field anisotropy of at least a factor of two.
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Figure 2. Specific heat divided by temperature versus temperature for CeCoIn5. For both the
zero-field (open squares) and 50 kOe (solid circles) data, a nuclear Schottky contribution, due to
the large nuclear quadrupole moment of In, has been subtracted. The inset shows the entropy
recovered as a function of temperature in the superconducting (open squares) and field-induced
normal (solid circles) states.

(b)

Figure 6.3: Resistivity and specific heat of CeCoIn5. (a) Data from [102]. The electrical
resistivity of CeCoIn5. The linear in temperature behaviour is a departure from Fermi
liquid theory predictions. (b) Figure from [95]. The specific heat, with the nuclear con-
tribution subtracted, divided by temperature. It is large in the normal state due to heavy
quasiparticles. Below Tc, the peak is three times larger than expected for a weakly-coupled
superconductor. The inset shows the entropy.

suggesting the presence of gap nodes, as a nodeless superconducting gap would result in
exponential behaviour.

To study the Fermi surface, the de Haas–van Alphen (dHvA) technique can be applied.
Soon after the first sample synthesis, a group performed dHvA [104] and interpreted the
data to indicate a nearly cylindrical Fermi surface, supporting the quasi-2D nature, with
smaller ellipsoidal surfaces. They compared this to a calculated Fermi surface, getting good
agreement especially for the main cylindrical surface. A version from [105] is shown in
Figure 6.4a-c. The cyclotron mass is also determined using dHvA, indicating heavier and
lighter bands, shown in Figure 6.4d.

Later dHvA measurements that went to lower temperatures [106] observed that the
standard fitting model, the Lifshitz–Kosevich theory of dHvA magnetisation, had to be
modified to allow for spin-dependent quasiparticle mass. Even more interesting, however,
was the observation shown in the inset of Figure 6.5 that for certain Fermi surface sheets,
even the spin-dependent Lifshitz–Kosevich equations were poor fits. Only by modifying
the theory, in the simplest interpretation to allow for a temperature-dependent mass, is a
reasonable fit achieved, shown in the main plot of Figure 6.5. Although this is non-Fermi
liquid behaviour, it is perhaps not overly surprising considering the in-field low-temperature
specific heat data above that also suggested temperature dependence of the quasiparticle
mass.

71



CeRhIn5 is large compared to that of LaRhIn5. The
cyclotron mass is 5.5m0 for branch !2, 6.0m0 for branch
"1 and 3.5m0 for branch "2;3, as shown in Table II. The
corresponding masses in LaRhIn5 are 0.73m0, 0.69m0 and
0.51(0.64)m0, respectively. The ratio of the mass in
CeRhIn5 to that in LaRhIn5 is about 7–9. On the other
hand, the ratio of the # value in CeRhIn5 to that in LaRhIn5

is about 9: # ’ 50mJ/K2!mol in CeRhIn5 and 5.7mJ/K2!mol
in LaRhIn5. Both ratios are approximately the same. The
present experimental results are almost the same as the
recent results of refs. 16 and 17. For example, main branches
!2 and "2;3 were observed: F ¼ 6:120# 107 Oe (m$c ¼
6:1% 0:3m0) and F ¼ 3:600# 107 Oe (m$c ¼ 4:6% 1:0m0),
respectively, which are also shown by brackets in Table II.
The results of refs. 16 and 17 were, however, explained on
the basis of the 4f -itinerant band model. This is incorrect, as
mentioned above, but the Fermi surface based on the 4f -
localized model, namely the Fermi surface of LaRhIn5 is
similar to that based on the 4f -itinerant model, which will be
discussed below.

We also determined the Dingle temperature, ranging from
0.39 to 1.1K. The Dingle temperature and the mean free
path are also summarized in Table II.

We measured the electrical resistivity for the current
along [001] and [100], as shown in Fig. 13. There is a clear
anisotropy in the resistivity. A value of $½001'=$½100' at room
temperature is about 2.2 but decreases below 100K, finally
reaching almost 1 at the Néel temperature. This anisotropy is
closely related to the quasi-two dimensional Fermi surface.
Unfortunately we could not measure the resistivity for the
current along [001] in LaRhIn5 because of a thin sample.

3.2.3 CeCoIn5
In the above section, we showed experimentally that

Fermi surfaces of LaRhIn5 and CeRhIn5 are different from
those of CeCoIn5. Recently we clarified that the dHvA
branches in CeCoIn5, together with CeIrIn5, are well
explained by the 4f -itinerant band model.14,15) Main
branches "i and !i for CeCoIn5 in Fig. 12 are identified by
theoretical Fermi surfaces in Fig. 14. Fermi surfaces in
CeCoIn5 are similar to those of LaRhIn5, although the size
of the corresponding Fermi surfaces is different. Similar
relation is present between the Fermi surface of Pb with four

valence electrons and that of Al with three valance electrons.
If one 4f -electron in each Ce site becomes a conduction
electron in CeCoIn5, the band 13-hole Fermi surface in
LaRhIn5 in Fig. 8(a) shrinks and changes into two kinds of
small closed Fermi surfaces in CeCoIn5, as shown in Fig.
14(a). Correspondingly, the band 14- and 15-electron Fermi
surfaces in Figs. 8(b) and 8(c) expand into Fermi surfaces in
CeCoIn5, as shown Figs. 14(b0) and 14(c), respectively. This
is a reason why the dHvA frequencies of !i and "i in
CeCoIn5 are larger than those in LaRhIn5. Namely, CeCoIn5

is a compensated metal with equal volumes of electron and
hole Fermi surfaces. In CeCoIn5, the volume of the band 13-
and 14-hole Fermi surfaces, which are shown in Figs. 14(a)
and 14(b), respectively, is equal to that of the band 15-
electron Fermi surface in Fig. 14(c). Figures 14(b0) and
14(b00) are expressed as electron Fermi surfaces, so that the
relation between LaRhIn5 and CeCoIn5 could be understood.

Almost the same results are obtained in CeIrIn5.
14) There

is also an anisotropy in the resistivity of CeIrIn5, as shown in
Fig. 15. A value of $½001'=$½100' at room temperature is about
1.5 and increases slightly to 2.0 at 4.2K. We could not,
however, measure the resistivity in the current along [001] in
CeCoIn5 because of a thin sample.

3.3 Magnetic and superconducting properties of CeCoIn5
We present the magnetic properties of CeCoIn5. Figure 16

shows the magnetization curve for the field along [001] and
[100]. The magnetization curve in CeCoIn5 is similar to that
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Fig. 13. Temperature dependence of the electrical resistivity in the current
along [001] and [100] for CeRhIn5.
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corresponding masses in LaRhIn5 are 0.73m0, 0.69m0 and
0.51(0.64)m0, respectively. The ratio of the mass in
CeRhIn5 to that in LaRhIn5 is about 7–9. On the other
hand, the ratio of the # value in CeRhIn5 to that in LaRhIn5

is about 9: # ’ 50mJ/K2!mol in CeRhIn5 and 5.7mJ/K2!mol
in LaRhIn5. Both ratios are approximately the same. The
present experimental results are almost the same as the
recent results of refs. 16 and 17. For example, main branches
!2 and "2;3 were observed: F ¼ 6:120# 107 Oe (m$c ¼
6:1% 0:3m0) and F ¼ 3:600# 107 Oe (m$c ¼ 4:6% 1:0m0),
respectively, which are also shown by brackets in Table II.
The results of refs. 16 and 17 were, however, explained on
the basis of the 4f -itinerant band model. This is incorrect, as
mentioned above, but the Fermi surface based on the 4f -
localized model, namely the Fermi surface of LaRhIn5 is
similar to that based on the 4f -itinerant model, which will be
discussed below.

We also determined the Dingle temperature, ranging from
0.39 to 1.1K. The Dingle temperature and the mean free
path are also summarized in Table II.

We measured the electrical resistivity for the current
along [001] and [100], as shown in Fig. 13. There is a clear
anisotropy in the resistivity. A value of $½001'=$½100' at room
temperature is about 2.2 but decreases below 100K, finally
reaching almost 1 at the Néel temperature. This anisotropy is
closely related to the quasi-two dimensional Fermi surface.
Unfortunately we could not measure the resistivity for the
current along [001] in LaRhIn5 because of a thin sample.

3.2.3 CeCoIn5
In the above section, we showed experimentally that

Fermi surfaces of LaRhIn5 and CeRhIn5 are different from
those of CeCoIn5. Recently we clarified that the dHvA
branches in CeCoIn5, together with CeIrIn5, are well
explained by the 4f -itinerant band model.14,15) Main
branches "i and !i for CeCoIn5 in Fig. 12 are identified by
theoretical Fermi surfaces in Fig. 14. Fermi surfaces in
CeCoIn5 are similar to those of LaRhIn5, although the size
of the corresponding Fermi surfaces is different. Similar
relation is present between the Fermi surface of Pb with four

valence electrons and that of Al with three valance electrons.
If one 4f -electron in each Ce site becomes a conduction
electron in CeCoIn5, the band 13-hole Fermi surface in
LaRhIn5 in Fig. 8(a) shrinks and changes into two kinds of
small closed Fermi surfaces in CeCoIn5, as shown in Fig.
14(a). Correspondingly, the band 14- and 15-electron Fermi
surfaces in Figs. 8(b) and 8(c) expand into Fermi surfaces in
CeCoIn5, as shown Figs. 14(b0) and 14(c), respectively. This
is a reason why the dHvA frequencies of !i and "i in
CeCoIn5 are larger than those in LaRhIn5. Namely, CeCoIn5

is a compensated metal with equal volumes of electron and
hole Fermi surfaces. In CeCoIn5, the volume of the band 13-
and 14-hole Fermi surfaces, which are shown in Figs. 14(a)
and 14(b), respectively, is equal to that of the band 15-
electron Fermi surface in Fig. 14(c). Figures 14(b0) and
14(b00) are expressed as electron Fermi surfaces, so that the
relation between LaRhIn5 and CeCoIn5 could be understood.

Almost the same results are obtained in CeIrIn5.
14) There

is also an anisotropy in the resistivity of CeIrIn5, as shown in
Fig. 15. A value of $½001'=$½100' at room temperature is about
1.5 and increases slightly to 2.0 at 4.2K. We could not,
however, measure the resistivity in the current along [001] in
CeCoIn5 because of a thin sample.

3.3 Magnetic and superconducting properties of CeCoIn5
We present the magnetic properties of CeCoIn5. Figure 16

shows the magnetization curve for the field along [001] and
[100]. The magnetization curve in CeCoIn5 is similar to that
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L632 Letter to the Editor

Figure 5. Field dependence of the cyclotron effective mass for the field along (a) [001] and (b) [110]
in CeCoIn5.

reduction due to magnetic fields is observed in heavy-fermion compounds such as CeCu6; this
was discussed by Chapman et al on the basis of the mean-field theory of the SU(N ) Anderson
lattice model [8].

Next we show the dHvA oscillation in figure 6 in both the normal and superconducting
mixed states for the field along [001], where Hc2 (49.5 kOe) is shown by an arrow in figure 6(a).
The FFT spectra in both the mixed and normal states are shown in figures 6(b) and 6(c),
respectively. In the normal state, branches α1, α2, and α3 are clearly observed, while only one
branch α3 is found in the mixed state, close to Hc2.

On the other hand, when the field is directed along the (001) plane, we observed branches
ζ , η, ε, and γ with relatively small dHvA frequencies and cyclotron masses, as shown in
figure 2. As shown in figure 7, we can observe the dHvA oscillation down to low fields of
20–30 kOe in the mixed state, where Hc2 is about 115 kOe.

The dHvA oscillation in the mixed state is observed in CeRu2, UPd2Al3, URu2Si2, and
a few other compounds [9–11]. This is due to quasiparticles which are produced by the pair
breaking in magnetic fields. See reference [9] for details. A characteristic Fermi surface
property in the mixed state is a field dependence of the cyclotron mass below Hc2. We found
that the cyclotron mass in the mixed state for H ∥ [110] decreases with decreasing field, as
shown in figure 5(b). This mass reduction is extremely large for branch ζ with a relatively
large mass. On the other hand, the mass reduction is small for branch ε with a small mass. As
for branch α3 in figure 6, a slight mass reduction is found even in fields close to Hc2: 15 m0

in the field range from 48.5 to 49.5 kOe (the mixed state), but 18 m0 in the field range from
50 to 52 kOe (the normal state), as shown in figure 5(a). The reduction of the cyclotron mass
with decreasing field might also be one of the characteristic properties for the heavy-fermion
superconductors [9]. In the mixed state, the number of quasiparticles decreases with decreasing

(d)

Figure 6.4: Fermi surface and effective quasiparticle masses for CeCoIn5. (a)-(c) Figures
from [105]. Calculated Fermi surfaces for CeCoIn5. The central cylindrical Fermi surface
sheet is visible, stemming from the quasi-2D nature of the material, but there are also small
ellipsoid sheets. (d) Figure from [104]. The effective masses of different branches, all of
which are much heavier than the bare electron mass.

varies as
!!!!

!
p

, which is appropriate to a 2D antiferromag-
netic quantum critical point, this expression gives a rea-
sonably good fit to the data in Fig. 3 (main plot). We
perform this analysis for illustrative purposes: to determine
the particular frequency dependence of the self-energy, and
to rule out a possible explanation in terms of spin-
dependent LK theory with, for example, reduced scattering
of a very heavy mass relative to a much lighter one, would
require further careful measurements extending to still
lower temperatures, an effort for which the present results
provide strong motivation.

In conclusion, we have observed spin-dependent mass
enhancements at high field in CeCoIn5. These appear
without the nonlinear splitting of the Fermi surface that
would be expected if metamagnetism were influencing the
system, as it is in other materials which exhibit this behav-
ior. At low fields: masses from on-axis and off-axis mea-
surements, which had agreed at high field, no longer agree
close to the quantum critical point; the phase !s ! 3:14
yielded by spin-dependent mass analysis implies fully
constructive interference of spin-up and spin-down signals
independent of field orientation; and neither conventional
nor spin-dependent LK analyses give a good fit to data
from some orbits, as illustrated in Fig. 3. We believe these
to be signatures of a departure from the Fermi-liquid LK
temperature dependence of the dHvA oscillations, possibly
due to quantum critical fluctuations.
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FIG. 3. Temperature dependence of the #2 signal at 6–7 T.
The data show a rather extreme rise below 20 mK, and the spin-
dependent LK formula does not give a good fit (inset). However,
a NFL form of the LK expression, appropriate to an antiferro-
magnetic quantum critical point, fits well (main plot). As dis-
cussed in the text, this result is suggestive only.
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Figure 6.5: dHvA in CeCoIn5. Figure from [106]. The amplitude of the dHvA signal is
poorly fit (inset) by the spin-dependent Lifshitz–Kosevich expression, which is within the
framework of Fermi liquid theory. In the main plot, a modification allowing a temperature-
dependent mass is much more convincing, and suggests non-Fermi liquid behaviour.
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292 K

10 K

Figure 6.6: Figure from [39]. The real part of the conductivity for CeCoIn5 has Drude-like
metallic behaviour at room temperature. However, as the sample is cooled, a gap forms due
to the formation of the heavy fermion state, as the localized f -electrons hybridize with the
conduction electrons. Spectral weight is conserved, with peaks forming at low-frequency as
well as in the mid-frequency range. The curve below 30 cm−1 is an extrapolation based on
DC resistivity.

dHvA is powerful as a mass-sensitive probe, but cannot follow the mass evolution over
a large temperature range, as it is restricted to low temperatures only. In addition, it is
impossible to measure in zero field, as a magnetic field is an integral part of the technique.
Heat capacity, another mass-sensitive probe, has many excitations other than conduction
electrons that contribute to the signal, such that the entropy cannot be reliably partitioned.
In the superconducting state, heat capacity data cannot be simply attributed to mass
renormalization. A useful alternative method for tracking the temperature-dependent mass
comes from the optical conductivity spectra that we saw in Chapter 1, which is repeated
here in Figure 6.6 [39]. These data illustrate that in the normal state, there is a single
Drude spectrum of rapidly collapsing quasiparticles that begins to narrow upon cooling.
The heavy fermion nature is really confirmed by the fact that the Drude peak splits off and
is shed into higher-frequency spectral weight, with hybridization of the localized f -electrons
and the conduction electrons. Since conductivity is subject to a sum rule,

∫ ωc

0
dω σ1(ω) = π

2
ne2

m∗
, (6.1)

the loss of the spectral weight from the low-frequency region is a very clear indication of an
increase in quasiparticle mass. In my data, this tracking of the mass extends to the lowest
temperatures.
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FIG. 1. Specific heat of CeIrIn5, as !C 2 CSch"#T vs T .
(!) H ! 0 kG. Solid line is a fit to H ! 0 kG data for
T , 0.2 K. Inset: C!T" for a different sample with lower g
(see text). (!) H ! 0 kG, (") H ! 5 kG. Solid line is a sum
of gT and nuclear Schottky CSch for H ! 5 kG data.

has lower Tc of 0.38 K, compared to 0.4 K for the sample
with lower g0, qualitatively consistent with the impurity
band origin of the linear-T term in specific heat. The T2

term in electronic specific heat in CeIrIn5 is an indi-
cation of the presence of lines of nodes in the energy
gap, as in a number of other unconventional supercon-
ductors, including both cuprates YBa2Cu3O7 [11] and
La2CuO4 [12] and heavy fermion UPd2Al3 [13]. The
coefficient of the T -squared term in the specific heat,
a ! 3.56 6 0.06 J#mol K3, of CeIrIn5 is several orders
of magnitude greater than that of the HTS, reflecting the
heavy-fermion nature of this compound.

Specific heat of CeCoIn5 in zero field is shown in Fig. 2.
The inset of Fig. 2 shows the data up to 3 K together with
calculations of the In quadrupolar nuclear Schottky anom-
aly (solid curve) based on the energy levels determined
via NQR studies of CeCoIn5 [14]. The good agreement
between calculation and data leaves little doubt that the
low temperature anomaly is due to In nuclear quadrupo-
lar moments. In the main body of Fig. 2 we show specific
heat divided by temperature after subtracting the In nuclear
Schottky contribution. The zero field data are well de-
scribed by C#T ! 0.04 J#mol K2 1 0.25T J#mol K3 for
95 mK , T , 400 mK suggesting the presence of impu-
rity band and line(s) of nodes in the energy gap, as in the
case of CeIrIn5. The low temperature upturn in the data
may be related to the low temperature entropy revealed
when the 5 T field is applied to suppress superconduc-
tivity in this compound [9]. Crystallographically, CeIrIn5
and CeCoIn5 are closely related compounds. The simi-
lar temperature dependences of their specific heats points
(gratifyingly) to the possibility of the same symmetry of
their superconducting order parameters.

FIG. 2. !C 2 CSch"#T of CeCoIn5 at H ! 0 kG. Solid line
is a fit for 0.1 K , T , 0.4 K. Inset: Specific heat of CeCoIn5
below 3 K; solid line is In nuclear quadrupolar Schottky
anomaly CSch.

We now turn attention to thermal transport in CeIrIn5
and CeCoIn5. Thermal conductivity k of CeIrIn5 divided
by temperature is displayed in Fig. 3 for 33 mK ,
T , 2 K. k#T reaches a maximum at Tc ! 0.4 K,
begins to fall below Tc, and becomes linear in temperature
below Tc#2 ! 200 mK. The solid line is a fit k#T !
0.46 6 0.07 W#K2m 1 !4.10 6 0.06"T W#K3m for
T , 200 mK. The dashed line in Fig. 3 is an upper
limit estimate of the phonon thermal conductivity (with
boundary scattering only) k ! 1

3bT3$y%L0. Here bT3 !
15.5T3 J

m3K4 is the phonon specific heat of the nonmag-
netic analog LaIrIn5 [15], L0 is the phonon mean free
path, and $y% is the mean phonon velocity [16,17]. On

κ

FIG. 3. Thermal conductivity of CeIrIn5. Solid line is a linear
fit to the data for T , 0.2 K ! Tc#2. Dotted line is an upper
limit estimate for the phonon thermal conductivity.

5153

(a)

VOLUME 86, NUMBER 22 P H Y S I C A L R E V I E W L E T T E R S 28 MAY 2001

the basis of this estimate we can conclude that the heat
transport below Tc is dominated by quasiparticles.

The presence of a T -linear term in k is expected for an
unconventional superconductor with line(s) of nodes in the
energy gap on the Fermi surface. It arises due to the ap-
pearance of the impurity band at these nodes. At first sight
the magnitude !0.46 W"K2m# of the coefficient of the lin-
ear term seems to be inconsistent with the results of the
specific heat measurements, which indicate a very clean
sample with low impurity concentration. However, Graf
et al. [18] has shown that the low temperature limit of ther-
mal conductivity in unconventional superconductors with
a variety of order parameter symmetries that have lines
of nodes is universal (independent of the concentration of
scattering impurities),

k

T

Ç

T!0
!

p2

3
Nfy2

f 3
a

2mD0
. (1)

Here Nf is the normal density of states, yf is a Fermi
velocity, D0 is a maximum of the energy gap at T ! 0,
m is the slope parameter which describes the rate of the
increase of the energy gap away from the node on the
Fermi surface, and a is 1 for 3D order parameter with lines
of nodes and 4

p for the 2D case [as in the d-wave state of
the high-temperature superconductors (HTS)]. In the rest
of this Letter, and in a variety of calculations of Ref. [18],
m was taken to be equal to 2.

We obtain the normal state density of states Nf , Fermi
velocity yf , and mean free path ltr (or scattering life time
t) at Tc following the BCS-based analysis of Refs. [19,20].
The input parameters for this analysis are the linear coef-
ficient of the specific heat g, the derivative of the critical
magnetic field H 0

c2 at Tc, and the normal state resistivity
r0 at Tc [21]. We obtain Nf ! 1.13 3 1036 !ergcm3#21,
yf ! 7.65 3 103 m"s, effective mass meff $ 140me, and
ltr ! 1350 Å at Tc. These numbers are to be compared
with those obtained from dHvA experiments [22], which
have observed meff of up to 45me, Fermi velocities down to
6.3 3 103 m

s , and quasiparticle mean free paths between
58 Å (for the lightest band) and 4500 Å (for the heavi-
est band observed). Overall, the results of the analysis
above compare favorably to those of dHvA experiments.
We also obtain zero temperature coherence length j0 !
q

f0

2pHc2!T!0# ! 241 Å from the H-T phase diagram [8],
and the ratio ltr"j0 ! 5.43, which shows that CeIrIn5
is indeed in the clean limit. The energy gap is then
D0"kB ! 0.746 K, and D0"kBTc ! 1.865, close to BCS
value of 1.763.

We can now estimate the universal limit via Eq. (1),
obtaining k

T jT!0 ! 1.06 W"K2m for a 3D order pa-
rameter. If in addition we take D0 ! 2.14kBTc, a weak
coupling value for the d-wave order parameter in the clean
limit, we obtain k

T jT!0 ! 1.2 W"K2m for a 2D d-wave
order parameter. Given the fact that the Orlando analysis
[19] assumes a spherical Fermi surface, while LDA band
structure calculations [23] reveal a very complicated Fermi

surface with contributions from three different bands, an
uncertainty in estimated k

T jT!0 of about a factor of 2
seems reasonable. Therefore the large observed k

T jT!0 !
0.46 W"K2m can be explained on the basis of the theory
of Graf et al. [18], and is additional strong proof of the
presence of line(s) of nodes in the gap of CeIrIn5.

Finally, Fig. 4 shows thermal conductivity of CeCoIn5
on a log-log plot. The data are striking in several ways.
First, upon the sample entering the superconducting state,
thermal conductivity displays a sharp kink and rises from
2 W"Km at Tc ! 2.3 K to a maximum value of 5 W"Km
at 0.71 K !T"Tc ! 0.3# , an increase of a factor of 2.5. It
is more instructive to consider the value of k"T , which is
proportional to the product of the density of normal quasi-
particles and their lifetime. k"T grows from 0.86 W"K2m
at Tc ! 2.3 K and reaches the value 8.7 W"K2m at T !
0.46 K !T"Tc ! 0.2#. In spite of the strong reduction
in the number of normal quasiparticles expected at T !
0.2Tc, k"T actually grows by more than an order of mag-
nitude. An increase of k"T was also observed in several
HTS, where the separation of electronic and phonon con-
tribution, and therefore identification of the origin of the
peak in k, is rather complicated [24,25].

In the case of CeCoIn5 the situation is much more
straightforward. The dotted line in Fig. 4 is an upper
limit estimate of the phonon thermal conductivity kph in
CeCoIn5. At the temperature of the maximum in k the
phonon upper bound is a factor of 15 below the mea-
sured value. The dashed line for T . Tc is a Widemann-
Franz estimate of electronic thermal conductivity in the
normal state kn

e ! L0T"r, with the normal state resis-
tivity r from Ref. [9] and the Lawrence number L0 !
2.44 3 1028 W V K22. In the normal state the thermal
conductivity of CeCoIn5 is dominated by electrons, which

κ

 κ

FIG. 4. Thermal conductivity of CeCoIn5. Solid line is a
power law fit for T , 100 mK , Tc"20. Dotted line is an
upper limit estimate of kph. Dashed line is ke for T . Tc.
Inset: k"T vs T 2 for T , 0.1 K.
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Figure 6.7: Specific heat and thermal conductivity of CeCoIn5. Figures from [99]. (a) The
non-nuclear contribution to the specific heat divided by T . A linear fit is shown as the
solid line at temperatures below 0.4 K. In the inset, the strong upturn is well explained by
nuclear quadropolar moments of In; the solid line in the inset is a calculation of the expected
Schottky anomaly, and is a good fit. (b) Log-log plot of the thermal conductivity, where the
solid line is a power law fit, the dotted line is an estimate of κphonon, and the dashed line
is the Wiedemann-Franz estimate for thermal conductivity. The enhancement of κ below
Tc is related to the peak that is seen in the conductivity, and was the first indication of the
collapse in scattering that occurs in CeCoIn5. In the inset at temperatures below 100 mK,
the thermal conductivity scales as T 3.4.

6.3 Superconducting State of CeCoIn5

There was a flurry of papers following the initial discovery of CeCoIn5, with there now being
substantial evidence for a d-wave pairing state; this evidence is visible in experiments that
are sensitive to nodes in the superconducting energy gap. Specific heat and thermal conduc-
tivity were measured down to 33 mK [99], as the form of the temperature dependence can
give strong indications of the underlying gap structure — nodes lead to power-law rather
than activated exponential behaviour. The specific heat (Fig. 6.7a) shows a T 2 temperature
dependence, which is consistent with a superconducting energy gap with line nodes. The
Schottky anomaly, the nuclear quadrupolar contribution of the In atoms, is calculated (solid
line in the inset of Fig. 6.7a) and subtracted, although there is still a residual upturn. The
thermal conductivity (Fig. 6.7b) showed a T 3.4 temperature dependence below 100 mK,
although this would be disputed [107]. Compared to a calculated maximum phonon con-
tribution (dotted line), it is clear that the major contributor to the thermal conductivity is
electronic in nature.

In another set of thermal conductivity measurements [107] performed to investigate the
effects of impurities (Figure 6.8a), a thermal conductivity scaling of κ/T ∝ T was seen
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the participation of heavy-mass carriers in the supercon-
ducting condensation [5]. Upon doping, the Tc, determined
from the position of the C=T peak, is gradually suppressed
from 2.3 K at x ! 0 to 0.7–0.8 K at x ! 0:10 [18]. This is
accompanied by a rapid increase in the normal-state im-
purity scattering: !0 measured at H ! 10 T (not shown)
increases from 0:2 "! cm at x ! 0 to "10 "! cm at x !
0:10. Such a decrease of Tc implies a notable pair-breaking
effect of nonmagnetic La impurities, which is character-
ized by a scattering rate " / !0 / x in the normal state
[19,20]. (The fact that !0 varies linearly with x, as con-
firmed in the present study, shows that the Fermi surface is
unchanged with increasing x, at least up to 15%.) For
comparison, we show previously published data for x !
0 [5], in zero field and in the field-induced normal state
(5 T). The suppression of the superconducting state at x !
0 by field (5 T) and by 15% La substitution yield identical
C=T curves. This further confirms that the normal-state
density of states is unaffected by La doping, at least up to
15%. As shown in the inset of Fig. 1, #0S increases linearly
with x [21], as expected for nonmagnetic impurities in
unconventional superconductors [22,23].

In Fig. 2 we present the thermal conductivity of
Ce1#xLaxCoIn5 in the superconducting state for currents
directed in the basal plane, plotted as $=T versus T on a
semilog scale. In our pure sample, $=T is roughly similar
to previous reports [7,10], increasing rapidly below Tc,
reaching a maximum at "0:5 K, and then decreasing
towards T ! 0. However, below "0:5 K the behavior of
$=T is notably different from that obtained in a previous
study with J ? c [7], which found $ / T3:4 for T <

100 mK and determined $0S=T to be less than
2 mWK#2 cm#1. In our experiment, $=T / T at low tem-
perature and $0S=T tends to a much larger residual value of
"17 mWK#2 cm#1, as shown in the inset of Fig. 2.
Because it is known that the measurement of $ can be
inhibited by electron-phonon decoupling [24], we have
checked that our data indeed exhibit the intrinsic behavior
by recovering the Wiedemann-Franz law in the normal
state (H >Hc2) at T ! 0 [25].

Heat capacity and heat conduction are two diagnostic
properties of a d-wave superconductor, and their essential
interrelation is captured by simple kinetic theory applied to
the residual normal fluid of nodal quasiparticles: $0S=T /
#0Sv2

F=", with "" !0 " x, the impurity concentration. If
the superconducting state has a DOS which varies linearly
with energy, then one expects #0S / x, as is indeed ob-
served here (see inset of Fig. 1), and the two x dependences
(of #0S and ") cancel out to leave $0S=T universal, inde-
pendent of x. A full theoretical treatment confirms this
simple analysis and predicts universal heat conductivity
[13]. In the normal state, the density of quasiparticle states
#0N remains constant and $0N=T " 1

x . In Fig. 3, we plot
$0S=T and $0N=T as a function of !0$x% (determined for
H >Hc2 in the T ! 0 limit) [26], and compare these to the
behavior expected of a superconductor with a line node in
the gap: (1) universal limit in the superconducting state
(constant $0S=T) and (2) Wiedemann-Franz law in the
normal state ($0N=T ! L0=!0). The disagreement is dra-
matic. Rather than remaining roughly constant with in-
creasing disorder, $0S=T in fact decreases by a factor 10,
much like the normal-state conductivity. In Fig. 3 we show

FIG. 2. Thermal conductivity $ of Ce1#xLaxCoIn5 with x ! 0,
0.01, 0.02, 0.05, and 0.1 (top to bottom) in zero magnetic field,
plotted as $=T vs T (note logarithmic scale). Arrows indicate Tc.
Inset shows determination of residual linear term $0S=T of pure
(x ! 0) samples for in-plane (squares) and interplane (triangles)
heat flow directions (linear scale).

FIG. 1. Temperature dependence of specific heat C of
Ce1#xLaxCoIn5 for x ! 0 (open circles), 0.02 (open up-
triangles), 0.05 (open down-triangles), 0.1 (open squares), and
0.15 (solid stars) in zero magnetic field plotted as C=T vs T. The
data of Petrovic et al. [5] for pure CeCoIn5 in zero field (solid
circles) and at 5 T (solid up-triangles) are shown for comparison.
Inset shows residual #0S as a function of x.
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how a two-fluid scenario can capture this unusual behavior:
a band of electrons remains uncondensed below Tc, while
the other is gapped with a line node.

We assume that some fraction ! of "0N=T is preserved
in the superconducting state, in addition to the contribution
of nodal quasiparticles "0node=T, so that "=T ! !"0N=T "
"0node=T. Assuming that "0node=T obeys the universal limit
and stays constant in the doping range studied [27], values
of ! ! 0:16 and "0node=T ! 1:4 mWcm#1 K#2 give a
reasonable description of the data. The value we deduce
for "0node=T lies between published estimates of the uni-
versal term for two-dimensional (1 mWcm#1 K#2) and
three-dimensional (1:9 mWcm#1 K#2) superconducting
states applied to CeCoIn5 [7], assuming a d-wave gap [13].

The presence of uncondensed carriers suggests a multi-
band scenario, whereby at least one part of the Fermi
surface does not participate in superconductivity. This is
an extreme version of what has been established in a
number of materials recently, where multiband supercon-
ductivity occurs either as a variation in the gap magnitude
from Fermi surface sheet to Fermi surface sheet, as in
MgB2 [28], or as a variation in nodal structure, as in
Sr2RuO4 [29]. In the s-wave superconductor NbSe2, for
example, the gap maximum varies by a factor 3 or so
[30,31]. However, in no case so far has the gap been seen
to actually vanish all the way to zero, as observed here in
CeCoIn5. The possibility of such an extreme case was
predicted theoretically, however, by Agterberg et al. [32]
in their model of orbital-dependent superconductivity, in
which impurities scatter electrons predominantly within
one band and not between bands [33].

The value of ! we deduce suggests that the conductivity
of the uncondensed carriers is 16% of the total conductivity
of all carriers (measured in the normal state). This is
notably larger than their relative contribution to specific
heat: in pure samples, #0S $ 0:04 Jmole#1 K#2 [7], or
about 3% of the normal-state value in the T ! 0 limit
(and it includes both nodal and uncondensed contribu-
tions). Therefore, the uncondensed carriers must either
have a higher velocity than average, or a lower scattering
rate, or both. The ratio v2

F=! must be at least a factor 5
above average.

The calculated [34] and experimentally observed [35]
Fermi surface of CeCoIn5 allows for such large variation in
carrier characteristics. The hole band 14 and electron band
15 form warped cylindrical surfaces with heavy carrier
masses of m% & 30–100m0, whereas the hole band 13
(and electron band 16 which is not observed in de Haas–
van Alphen experiments) forms a three-dimensional sur-
face with order-of-magnitude lighter carrier masses of
m% & 4:3–12m0. With a light mass, the contribution of
the latter bands to conductivity can be much more impor-
tant than their contribution to the DOS.

Consequently, our proposal is that superconductivity in
CeCoIn5 originates on the cylindrical sheets of the Fermi
surface, with negligible transfer of the order parameter
onto the three-dimensional pockets. This interpretation is
supported by two further experimental results. First, the
anisotropy of thermal transport. As shown in the inset of
Fig. 2, an anomalously large residual linear term is seen not
only for a current in plane, but also out of plane (along the c
axis), as you would expect from an uncondensed 3D Fermi
surface. (In fact, "0S=T is even larger for J k c, namely,
30 mWcm#1 K#2.) Second, de Haas–van Alphen studies
show that the $ orbit over the band 13 sheet exhibits
negligible damping in the superconducting state, persisting
down to &0:2Hc2 [35], in contrast with strong damping
observed for the % and & orbits over band 14 and 15 sheets.
In other words, holes in band 13 (and possibly electrons in
band 16) do not feel the superconductivity.

The presence of a group of light, uncondensed quasi-
particles in the superconducting state can explain several
experimental anomalies, such as the saturation of penetra-
tion depth at low temperatures [8]. Orbital magnetoresis-
tance of uncondensed carriers can explain the unex-
pectedly large difference in thermal conductivity [36] be-
tween longitudinal and transverse field orientations in the
plane with respect to the heat flow. A scenario of uncon-
densed electrons may also help resolve the apparent con-
tradiction in the angular field dependence of thermal
conductivity [10] and specific heat [11]. Further implica-
tions of such a scenario for the nature of superconductivity
in this material (and perhaps others) should be explored,
e.g., the possibility of pure off-diagonal coupling [37].
Besides multiband superconductivity, other scenarios for
uncondensed electrons should be considered, such as ‘‘in-

FIG. 3. Residual (T ! 0) electronic thermal conductivity in
the normal ("0N=T, H >Hc2, triangles) and superconducting
("0S=T, H ! 0, circles) states of Ce1#xLaxCoIn5 as a function of
the normal-state residual resistivity '0 [26]. The universal be-
havior expected of a superconductor with line nodes is shown as
a dashed line ("0node=T). The dash-dotted line is a sum of
uncondensed (dotted line) and nodal (dashed line) contributions,
!"0N=T " "0node=T, with ! ! 0:16.
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Figure 6.8: Figures from [107]. A departure from the expected universal behaviour of κ/T
can be explained by uncondensed electrons. (a) At low temperatures, κ/T ∝ T rather than
T 2 as previously observed. (b) In the normal state, the data agree with the Wiedemann–
Franz law (solid line). The superconducting state shares some of this behaviour, deviating
from the expected nodal case (dashed line). It can be explained by the addition of a normal
fraction (dotted line).

(inset of Figure 6.8a) in contrast to the previous experiment. The authors tested different
contact resistances and discovered that high contact resistance, as had been the case in
the previous work, could be problematic. Figure 6.8b shows the doping dependence of the
thermal conductivity, which deviates from the universal behaviour of a superconductor with
line nodes, discussed in Chapter 2. A coexistence of 16% uncondensed electrons alongside
nodal quasiparticles can explain the observations.

With these indications of unconventional superconductivity, it was important to de-
termine the pairing symmetry in CeCoIn5. An angle-resolved technique can identify the
location of any line nodes that may be present. The first directional probe to be used on
CeCoIn5 was that of thermal conductivity in a rotating magnetic field [108]. By using two
orthogonal magnets and a rotating cryostat, Izawa et al. were able to precisely rotate the
magnetic field around the 2D CeIn3 planes, which is important because that is where the
superconductivity is thought to occur. The thermal conductivity due to quasiparticles will
be directional, as the only significant density will be at the nodes of the superconducting
gap. Fourfold symmetry was observed in the thermal conductivity after the constant and
twofold terms have been subtracted, but it does not immediately follow that this symmetry
is caused by nodal structure. CeCoIn5 has an in-plane anisotropy of Hc2, however it is too
small to explain the fourfold variation, and would in any case result in the opposite sign.
Above Tc, the effect is very small, suggesting that it is not caused by in-plane anisotropy of
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Here, we also perform more accurate C! calculations
without resorting to the Pesch approximation adopted by
Vorontsov et al. [21], and we take into account the Pauli
paramagnetic effect and Fermi velocity anisotropy effect,
both of which are known to be important in this system
[14,16]. Those experimental and theoretical combined ef-
forts pave the way to establish the angle-resolved thermo-
dynamic measurements C! and "! as important spec-
troscopic means to determine the pairing symmetry of
unconventional superconductors.

The single crystal of CeCoIn5 (23 mg weight) used in
the present experiment was a thin plate whose c axis was
oriented perpendicular to the largest face. C! was mea-
sured by a semiadiabatic heat pulse method. The sample
was cooled using a dilution refrigerator (Oxford Kelvinox
AST Minisorb) with a double sorption pump system built
inside the insert (51 mm outer diameter) to allow continu-
ous circulation of 3He. Having no thick pumping tube
outside, the insert could be easily rotated using a stepper
motor mounted at the top of a magnet Dewar. Horizontal
fields were generated by a split-pair superconducting mag-
net. We confirmed that the addenda contribution, which
was always less than 10% of the sample specific heat, has
no field-angle dependence. In a fixed field strength, we
obtained C! data every 2 degrees of the H rotation in the
ab plane covering the [100] through [010] directions. For
each angle, the C! value was determined by the average of
three successive measurements.

First, we show in Fig. 1(a) the temperature variation of
C=T obtained at H ¼ 0, 1, 2, and 3 T in a temperature
range below 500 mK. At zero field, C=T above 300 mK is
linear to T, as expected for the line node SC. At tempera-
tures below 200 mK, an upturn in C=T shows up. This
upturn is due to a quadrupole splitting of the 115In (I ¼
9=2) and 59Co (I ¼ 7=2) nuclear spins [23,24]. The nuclear
contribution significantly increases by applying H and
dominates the C=T data below 0.3 K. We subtracted the
nuclear Schottky contribution Cn ¼ aðHÞ=T2, where the
coefficient aðHÞ is determined at each field so that the
resulting electronic contribution ðC$ CnÞ=T becomes
linear to T at low temperatures, as shown in Fig. 1(b)
[25]. Dots in Fig. 1(c) denote aðHÞ obtained by this analy-
sis, which show an H2-like increase due to a nuclear
Zeeman splitting. Of course, the above evaluation of
aðHÞ might have some arbitrariness. Fortunately, the man-
ner of subtracting Cn does not strongly affect the analysis
of C! below, since Cn is considered to be ! independent,
as is discussed later. The rapid increase in Cn at low T,
however, sets the lower limit of the temperature for the
present C! measurements to be%0:12 K for H ¼ 1 T and
T > 0:16 K for H ¼ 2 and 3 T, because of the small
amplitude of the oscillation and a finite resolution
(%0:5%) of the specific heat measurements.

In Fig. 2 (left panel), we show the nuclear-subtracted C!

data for selected temperatures and fields. We always ob-

served a fourfold oscillation of C! with no appreciable
twofold part. We fit the data to the expression C$ Cn ¼
C0 þ CHð1$ A4 cos4!Þ, where C0 and CH are the zero
field and field dependent parts of the electronic specific

FIG. 1. (a) C=T of CeCoIn5 at low temperatures measured in
various fields applied along the [100] direction. (b) The elec-
tronic part ðC$ CnÞ=T obtained by subtracting the nuclear
contribution. (c) Field variation of the coefficient aðHÞ of the
nuclear Schottky term. Dots and the solid line are the experi-
mental and the calculated results, respectively.

FIG. 2 (color online). Left panel: Angle-dependent specific
heat data for selected fields and temperatures. Magnetic field
is rotated in the ab plane. Solid lines are fits to the expression
C0 þ CHð1$ A4 cos4!Þ. Right panel: Temperature variation of
the normalized fourfold amplitude A4 obtained for H ¼ 3, 2,
and 1 T.
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heat, respectively, and ! is the angle of H measured from
the [100] direction. A4 is the normalized amplitude of
the fourfold oscillation which, for nodal SCs, becomes
proportional to the zero-energy DOS anisotropy jA4j /
1! N0ðH k nodeÞ=N0ðH k antinodeÞ in an ADOS-
quasiclassical regime at low T and takes a nonzero value
as H ! 0 [4]. The A4 value thus obtained is shown in
Fig. 2 (right panel) as a function of T for H ¼ 1, 2, and
3 T. At T ¼ 300 mK, A4 is positive (C! minima along
[100]) for all fields in agreement with the previous mea-
surements [7]. For H ¼ 3 T, A4 is nearly T independent
below 300 mK. A4 for H ¼ 2 T shows a slight decrease on
cooling, although it appears to remain positive as T ! 0.
When H is reduced to 1 T, A4 changes the sign around
200 mK and becomes negative (C! minima along [110]) at
lower temperatures.

In the evaluation of A4 above, we assumed that CnðHÞ
is isotropic in the ab plane. We confirmed the validity of
this assumption by calculating CnðHÞ from the nuclear

spin Hamiltonian [26] Hn ¼ ðh"Q=6Þ½3I2z ! IðI þ 1Þ þ
#ðI2x ! I2yÞ' þ $@Ið1þ ~KÞH, where "Q and # are the

parameters describing a quadrupole splitting, and ~K is
the Knight shift tensor. In CeCoIn5, there are four low-
symmetry (# ! 0) In sites (per unit cell) on the lateral

faces of the unit cell. ~K also has an in-plane anisotropy in
these In sites. Each of these sites then produces a twofold
in-plane anisotropy inCnðHÞ. When averaged over the four
sites, however, the twofold anisotropy is cancelled, leaving
no (fourfold) ! dependence in CnðHÞ. The solid line in
Fig. 1(c) is the field variation of aðHÞ calculated with the
parameters taken from Ref. [26], which is in good agree-
ment with the experimentally evaluated results. We may
therefore conclude that the behaviors of A4ðT;HÞ above are
the intrinsic properties in the superconducting state.

In Fig. 3, we show the contour plot of A4ðT;HÞ obtained
by the present measurements. Our present results are fully
compatible with those of the previous C! experiment

performed in the region T ( 0:13Tc and H ( 0:17Hc2,
where A4ðT;HÞ is positive and C! takes minima along
[100] directions. The sign reversal in A4ðT;HÞ is observed
only at much lower temperatures (T ) 0:12Tc) and lower
fields (H ) 0:15Hc2). As the following shows, the cross-
over temperature of the sign reversal (*0:12Tc) well
agrees with the theoretical prediction. These observations
indicate that, for the first time, the low-temperature ADOS-
quasiclassical region is reached experimentally. In this
region, C! takes minima along the [110] directions, im-
plying unambiguously that the gap symmetry of CeCoIn5
is dx2!y2 .

In order to understand the above data on C! or A4 and to
help establish the angle-resolved thermodynamic measure-
ments, we calculate the angle-resolved specific heat
C!ðT;HÞ accurately in the quasiclassical Eilenberger the-
ory. The Eilenberger equations are read as

f!n þ i%Bþ ~vF + ½rþ iAðrÞ'gf ¼ !ðrÞ "!ðkÞg (1)

f!n þ i%B! ~vF + ½r! iAðrÞ'gfy ¼ !,ðrÞ "!ðkÞg (2)

where the quasiclassical Green functions are related to g ¼
ð1! ffyÞ1=2. The dx2!y2 pairing function is given by
"!ðkÞ ¼ cos2& where & is an azimuthal angle in k space.
The Pauli paramagnetic parameter % controls its strength.
In the rippled cylindrical Fermi surface, ~vF /
ð~v cos&; ~v sin&; ~vz sinkzÞ with ~vz ¼ 0:5 and ~v ¼
1þ ' cos4&, where ' signifies the Fermi velocity anisot-
ropy. The anisotropy ratio of the coherent lengths
(c=(ab * 0:5 by this ~vz. The notation and the procedure
of the calculation are the same as before [27], albeit the
field direction here is in the ab plane. After solving those
equations self-consistently, we evaluate the Helmholtz free
energy and the entropy, which lead to the specific heat and
the fourfold oscillation amplitude A4ðT;HÞ.
We have done extensive numerical computations of

A4ðT;HÞ for various % and ' values, including the pre-
vious case with% ¼ 0 and' ¼ 0, whose result is basically
consistent with that in Ref. [21]. Here, we take into account
the Pauli paramagnetic effect and the Fermi velocity an-
isotropy effect, both of which are known to be important in
CeCoIn5. In Fig. 4, we show the contour plot of A4ðT;HÞ
for % ¼ 2 and ' ¼ 0:5. The following findings are noted.
(i) The ADOS-quasiclassical region is confined to a narrow
region in lowH and T bounded byHs and Ts. This region is
characterized by A4 < 0, where the oscillation sense co-
incides with the angle-resolved DOS, namely, the maxi-
mum occurs when the field direction is along the antinodal
[100] direction expected by dx2!y2 symmetry. (ii) The other

region with A4 > 0 in Fig. 4 is occupied by reversed
oscillation. The maximum oscillation is located around
T=Tc * 0:25 and H=Hc2 * 0:35. (iii) The overall land-
scape A4ðT;HÞ well explains the experimental data in
Fig. 3. Thus, we firmly conclude that the newly discovered

FIG. 3 (color). Contour plot of the normalized fourfold ampli-
tude A4ðT;HÞ of CeCoIn5 obtained by the present experiment. T
and H are normalized by Tc ¼ 2:3 K and Hc2 ¼ 11:5 T, respec-
tively.
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Figure 6.9: Specific heat data extended to lower temperatures show a reversal in sign.
Figures from [110]. (a) By pushing their measurement temperatures lower than earlier
papers, this group managed to clearly see the reversal in sign that was predicted to occur
due to vortex scattering. A selection of the data is shown, as well as the reversal in sign
present in the amplitude of the fourfold heat capacity coefficient A4. (b) A contour plot
of A4 in the field–temperature plane is shown. This was conclusive evidence for a dx2−y2

pairing state in CeCoIn5.

the Fermi surface resulting from the tetragonal band structure. These two determinations,
in addition to the strong temperature dependence of the fourfold variation, led the authors
to conclude that this symmetry is caused by nodal quasiparticles, and thus implies a four-
fold gap structure. They saw nodes at the (±π,±π) positions, which suggested dx2−y2 order
parameter symmetry.

Following this, more angle-dependent measurements were made, this time of the specific
heat in a magnetic field [109]. They also saw fourfold symmetry, but with the nodes rotated
when compared to the previous dx2−y2 results. They argued that the previous measurements
of the thermal conductivity κ(θ) were misinterpreted because of its dependence on both the
specific heat C(θ) and the quasiparticle scattering time τ(θ), which both depend on the field
but in the opposite way, and that it was crucial to measure C(θ) directly. Their results also
showed fourfold dependence but suggest dxy pairing, which is rotated by 45◦ from dx2−y2 .

The discrepancy between these two measurement techniques was settled conclusively by
another angle-resolved specific heat measurement [110]. Theorists had noticed [111] that for
intermediate temperature ranges, a reversal in the expected locations of the maxima would
result, caused by quasiparticle scattering off of vortices. To verify if this was the case, the
experimentalists had to push their lowest measured temperatures below 0.1 Tc, which is just
slightly below the temperature at which previous specific heat data was obtained. As shown
in Figure 6.9a, they did indeed see the reversal predicted at the lowest temperatures. Fig-
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involved energy scales are in the order of, or even less than
1meV. This calls for both an excellent energy resolution and
the accessibility of temperatures considerably lower than the
superconducting transition temperatures Tc. Our tunneling
experiments were conducted in a 3He cryostat with a base
temperature of 320mK at the STM. In order to maintain an
unperturbed vacuum tunnel junction over a sufficiently long
period of time, the STM operates under UHV conditions
(p< 10!10mbar) [15]. An adequate energy resolution
("80mV) of the STM has been verified by investigating
the superconducting gap of Al. We used electrochemically
etched tungsten tipswhichwere conditioned in situ byNe ion
sputtering and electron beam annealing [16].

In order to obtain a clean tunnel junction in the first place,
several methods for surface preparation have been applied to
the single crystals. Samples treated by etching in HCl, by in
situ radiative annealing, by Ar ion sputtering, or by a
combination of thesemethods, exhibited extensive structural
damage at the surface, including indium segregation.
Therefore, such samples did not yield any reasonable STM
results. However, both materials could successfully be
cleaved in situ at room temperature. CeCoIn5 forms
platelet-like crystals. The samples used in our experiments
had a size of few hundred micrometer along the c-axis, and
up to 2mm within the ab-plane. In order to facilitate the
cleaving, a stainless steel post was glued onto a sample using
strong epoxy [17]. The post was then torn off in situ, often
ripping off part of the sample and exposing a fresh surface.
Since CeCoIn5 is rather ductile, it was found to be important
to pull off the post straight in order to avoid shear forces
while cleaving. The highest success rate was achieved when
the post was polished at the face used for glueing.
Furthermore, the shape of the post should be well adapted
to the sample dimensions. In contrast, CeIrIn5 crystals are
rather brittle and larger along the c-axis. These samples could
be cleaved directly, using an in situ cleaving tool. The latter
consists of two tungsten–carbide jaws that form a pair of
pliers. Considering the layered crystal structure of the 1:1:5
materials, one might expect that the samples can easily be
cleaved parallel to the ab-plane. However, the samples often
did not cleave, but broke in an irregular fashion. In spite of
the macroscopic roughness of the resulting surfaces it was
still possible to perform tunneling experiments on micro-
scopically small areas.

3 Results The primary objective of this work was to
obtain spectroscopic information in the superconducting
state of the 1:1:5 compounds. A gap was observed in the
differential conductance spectra of CeCoIn5. Figure 1a
shows its temperature evolution between 320mK and 3K.
The curves were acquired with a bias voltage of 14mV at a
setpoint current of 340 pA. dI/dV was measured directly,
using a lock-in amplifier with a modulation amplitude of
70mV at 180Hz. For a better visibility the individual curves
were shifted vertically. Upon increasing temperature the
zero bias conductance increases, indicating a closing of the
gap. The solid lines in the figure represent fits to the tunneling

conductance, considering thermal broadening. For the
superconducting order parameter, we assumed dx2!y2
symmetry, which is likely to be present in CeCoIn5 [9, 10].
In this case, the BCS expression for the superconducting
excitation spectrum takes the form [18]

rðEÞ / Re

Z 2p

0

df

2p

E ! iGffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðE ! iG Þ2 !D2 cos2ð2fÞ

q ;

where D is the maximum value of the angular dependent
gap function. The additional lifetime broadening parameter
G accounts for in-gap states due to inelastic scattering [19].
A linear term has been included to the fit function in
order to approximate the slightly asymmetric background.
The fit parameters D and G are plotted versus temperature
in Figure 1b. The error bars are estimated from the fitting
procedure. Expectedly, the superconducting order para-
meter D decreases with temperature, whereas G increases.
The solid line represents a fit with an approximate
expression for the temperature dependence of the
order parameter in nodal superconductors [20],

DðTÞ ¼ D0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1! ðT=T&Þ3

q
. Here, T & denotes the tempera-

ture at whichD(T) extrapolates to zero. The fit yields a zero-
temperature value of the order parameter D0¼ 0.93meV.
Similar values were previously found in point contact
spectroscopy experiments [21, 22], but also different values
have been reported [23]. The resulting ratio 2D0/kBTc" 10
indicates that CeCoIn5 is a strong coupling superconductor.
This is consistent with the large jump detected in the specific
heat [3]. Notably, the gap does not close at Tc¼ 2.3K, but
persists up to a temperature T&¼ 3.3K. This behavior is
reminiscent of the pseudogap phase of underdoped
cuprates [24]. Considering the striking similarities to the
cuprates, it may be reasonable to expect similar effects in the
1:1:5’s. Indeed, a pseudogap above Tc has been observed in
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Figure 1 (a) Differential conductance data obtained on CeCoIn5
(open circles) and fits according to BCS theory (lines, see text).
The curves are shifted vertically. (b) The extracted fit parametersD,
G versus temperature. The solid line is a fit for BCS theory for nodal
SC.T &marks the temperature atwhichD(T)¼ 0 according to the fit.
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Figure 6. (a) dHvA oscillation, (b) the FFT spectrum in the field range from 48.5 to 49.5 kOe
(superconducting mixed state), and (c) the FFT spectrum from 50 to 52 kOe (normal state) in
CeCoIn5.

Figure 7. dHvA oscillation for several field directions in CeCoIn5. θ is the angle by which the
field is tilted from [100] towards [110] on the (001) plane.

(b)

Figure 6.10: (a) Figure from [112]. Conductance measurements of CeCoIn5 at a range of
temperatures. This probes the density of states directly; the good fits (solid lines) to nodal
superconductor theory support d-wave pairing. (b) Figure from [104]. dHvA oscillations for
several angles reveal strong angular dependence, suggestive of line nodes. The increasing
amplitude for certain angles as field is lowered is indicative of a very large number of nodal
excitations.

ure 6.9b shows a contour plot of the amplitude of the varying field dependent contribution,
without the zero field specific heat. This cleared up the last conflicting pairing symmetry
result for CeCoIn5, finally settling conclusively on a dx2−y2 pairing symmetry.

Tunnelling experiments offer the ability to probe the density of states directly. In scan-
ning tunnelling microscopy (STM) measurements, a metallic tip is held a constant distance
from the sample surface, and the tunnelling current is measured as a function of applied
voltage. Then dI/dV will give the local conductance, directly related to the density of
states. For CeCoIn5 [112], the form of the conductance curves (Figure 6.10a) is in agree-
ment with d-wave pairing. The persistence of the dip in the conductance up to 3.3 K
suggests the possibility of the existence of a pseudogap region above Tc.

The dHvA technique is usually used in the normal state, but provides valuable insight
in the mixed state here. The raw dHvA data, shown in Figure 6.10b, are remarkable for the
behaviour below Hc2. The spacing between Landau levels, which goes as ~eB/m∗, is tied
directly to the amplitude of the dHvA signal. We would therefore expect the amplitude
to decrease as the field is lowered, but it increases for certain angles. This is even more
remarkable because this occurs below Hc2, when the condensation of carriers into Cooper
pairs lowers the signal, and additionally the vortex lattice that is created is an added source
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Figure 4 |Momentum-space superconducting energy gap 1(k) of CeCoIn5. a–e, Measured g(q,E) at T= 250 mK and �E⇠ 75 µeV, within the heavy
fermion superconductivity energy window �600 µeV < E< 600 µeV. The raw data were symmetrized to increase the signal-to-noise ratio. The Bragg peak
location (2⇡,0) is indicated in a, and crosses mark the Bragg peak locations in f–j. f–j, Corresponding Bogoliubov QPI simulations of g(q,E) at the same
energies as in a–e (Supplementary Section SII) on the two bands as shown in Figs 3h, 4k, and for superconducting gaps given approximately by 1�(✓
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) = 0
and a d

x
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2 symmetry gap having 1↵(✓
k

) =Acos(2✓
k

) with A= 600 µeV. k, Fermi surfaces and energy gaps of CeCoIn5 modelled using heavy QPI in Fig. 3
(Supplementary Section SII). The superconducting energy gaps 1

i

(k) used to achieve the most successful Bogoliubov QPI simulations are shown in red.
Although a zero gap is shown on the � sheet, our data only constrain 1� to be less than our energy resolution of 75 µeV; previous thermodynamic
studies13 show that both ↵ and � bands are gapped at the lowest temperatures. As in c, the internodal scattering vectors consistent with the data are show
as solid blue arrows while the Friedel oscillation wave vectors of the ungapped (at 250 mK) Fermi surface regions are shown as dashed blue lines (details in
Supplementary Section SII). l, Measured |1(✓

q

)| using techniques as described in text (Supplementary Section SIII) and its comparison with the simplest
multi-band gap structure 1�(✓

k

) ⇡ 0 and 1↵(✓
k

) =Acos(2✓
k

) with A= 600 µeV that we find to be consistent with all the Bogoliubov g(q,E) data herein.
The arrow identifies the strong departures from this simple gap function. Error bars are estimates based on the peak widths and the confidence intervals
from the peak fits, as described in Supplementary Section SV.

complexity than expected for a single-band nodal superconducting
energy gap. To explore these phenomena we carry out Bogoliubov
QPI simulations based on the two heavy bands, ↵ and �
(Figs 3h,4k), but now specifying their superconducting energy gaps
1↵(k) and 1�(k), whose derivation is discussed below. Here the
inter-nodal scattering wave vectors for the ↵ band (coloured arrows
Fig. 4k) are demonstrably consistent with the measured inter-nodal
scattering vectors in g (q,E = 0) data, whereas the equivalent
internodal signatures are undetected for the � band. As specific heat
data show that all the main bands in CeCoIn5 are gapped at lowest
temperatures13, this suggests that the gap on the � band, although
extant, is too small to be detected at T ⇠ 250mK (ref. 34) because
the energy uncertainty of tunnelling electrons �E⇠75 µeV probably
exceeds the gapmaximum. This situation also provides a simple and
plausible explanation for the non-zero tunnelling conductance at
E =0.What our data do indicate is that the primary gap of CeCoIn5
actually occurs on the high-k ↵-band with lines of gap-nodes along
the k= (0,0)! (±⇡,±⇡)/a0 directions, so that the dominant gap
nodes inCeCoIn5 occur at unforeseen k-space locations (Fig. 4k).

Next we consider a detailed comparison of the measured g (q,E)
data for |E|600 µeV atT ⇠250mKwith theoretical simulations of

Bogoliubov QPI in g (q,E) using the ↵,� Fermi surfaces described
in Figs 3h,4k. The simulations have been carried out using various
symmetries for the superconducting energy gaps and are described
in full detail in Supplementary Section SII. Our model with
superconducting gaps of dx2�y2 symmetry given approximately by
|1�(✓k)|< 50 µeV and 1↵(✓k)=Acos(2✓k), with A= 600±50 µeV,
yields a set of simulated g (q,E) that are far more consistent with
the experimental data than any of the other models we have
considered (Supplementary Fig. S5, Supplementary Section SII).
For comparison, a direct experimental estimation of |1(✓k)| can be
achieved by using g (q,E) data in a procedure largely independent of
the Fermi surface details. To obtain the angle ✓q dependence of the
energy gap that opens at Tc, we integrate the total spectral weight
g (q,E) within a given |�q| range containing the Fermi surface, with
the lowest |q| large enough to exclude effects of heterogeneity and
the largest |q| small enough to exclude the Bragg peaks. A clear
gap 1(✓q) is observed to open in this integral of g (q,E) on passing
below Tc, as demonstrated in Supplementary Section SIII. In Fig. 4l
we plot the measured energy gap |1(✓q)| from this technique (red
dots) alongwith1↵(✓k)=|Acos(2✓k)|withA=600 µeV (solid line).
Their agreement provides strong independent motivation for our
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Figure 6.11: QPI STS data for CeCoIn5 directly measured the gap. Figure from [113].
(a)-(e) Differential conductance data at 250 mK changed very quickly with energy, and
revealed four-fold nodal symmetry. (f)-(j) Simulations required two heavy bands (α, β)
with different gap energies to reproduce the data. (k) The Fermi surface, with the gap
magnitude encoded as elevation, shows the α and β sheets. The size of the gap of the β
sheet was below the detection threshold, but previous experiments have suggested that it is
non-zero. (l) The gap as a function of angle is consistent with dx2−y2 symmetry. The solid
line is a simple two-band fit with the gap of the β sheet zero, although there are suggestions
near the nodes of more complex behaviour.

of disorder. As this is an angle-resolved measurement, it identifies directly the huge number
of low-lying excitations present due to the nodal nature of the superconducting pairing
symmetry.

Bogoliubov quasiparticle interference (QPI) imaging using scanning tunnelling spec-
troscopy (STS) is a powerful local probe of the density of states. The resolution has improved
to the point that the superconducting energy gap in CeCoIn5 was directly measured [113]
(Figure 6.11), which was a technical feat due to its comparatively small gap. This elim-
inated any remaining uncertainty about the dx2−y2 pairing symmetry that may have still
existed due to other techniques requiring interpretation. In addition, the multiband nature
was illuminated, showing two heavy bands with differing energy gaps.
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For a superconductor with dx2−y2 pairing symmetry, the London penetration depth is
expected to be linear at low temperature. Other groups’ results to date, however, have
indicated a power between T 1.2 and T 1.5. Using a tunnel diode oscillator, a power law of
T 1.5 was measured [114], as seen in Figure 6.12a. It is important to note that this technique
measures the change in the penetration depth ∆λ, rather than the absolute value, so some
non-linearities can appear this way. Likewise, another tunnel diode oscillator experiment
[115] found T 1.5 dependence, in Figure 6.12b, for the change in penetration depth. A series
of complex surface impedance measurements was performed [116], using techniques very
similar to those used in my work. One primary difference is that I am able to measure
multiple frequencies in a single resonator, rather than a series of resonators. Also, their
cooling technique was not a dilution refrigerator, being either a pumped 3He bath or an
adiabatic demagnetization stage. Compared to a dilution refrigerator, the biggest drawback
of their cooling mechanism was the lack of continuous operation, which limited the amount
of data that could be taken. In addition, the possibility of residual magnetic flux could
affect the low-temperature residual resistivity. Their measurements for the penetration
depth, shown in Figure 6.12c, still show non-linearities in λ, despite being the absolute
penetration depth, and despite their claims of linearity.

In an effort to understand the unusual penetration depth power laws, there are two differ-
ent details that must be considered: the effect of Cooper pair breaking (strong scattering)
on the superfluid density, and the possibility that the electrodynamics enter a non-local
regime. Pair breaking was studied in detail in the context of the high-Tc cuprates. The
theory predicted [118] a linear temperature dependence at low temperature, and this was
confirmed in Zn and Ni doping studies on YBa2Cu3O6.95 [117], where a transition from linear
to quadratic temperature dependence of the penetration depth was visible with increasing
impurity concentration (Figure 6.13).

At first glance, for cuprates and heavy fermions that have λL � ξ0, it would seem that
we would comfortably be in the local electrodynamics regime. However, this assumption
has the potential to break down near nodes [119], as ξ0 is actually the coherence length
near the maximum gap; near the nodes, it grows as ξ ∝ 1/|∆|, diverging at the nodes.
This would only be the case for a very small portion of the Fermi surface, so the overall
electrodynamic contribution should not be affected. At low temperatures, though, activity
will be focused specifically on these regions, so non-local electrodynamics will come into
play below a crossover temperature T ∗, which was derived to be T ∗ = ξ0∆0/λL [119].
Importantly, the authors also showed that non-locality would lead to a T 2 dependence
below T ∗.

Turning to CeCoIn5 specifically, the electrodynamics are local, which simplifies inter-
pretation of results. The combined condition for locality of the electrodynamics in a su-
perconductor is λ, ` � ξ0 (λ is the most restrictive of the electric field length scales). For
CeCoIn5, λ0 ≈ 2000Å, ξ0 ≈ 35 − 80Å depending on orientation, and ` ≈ 10000Å. Thus
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!! . The sample was mounted, using a small amount of GE
varnish, on a rod made of nine thin 99.999% Ag wires em-
bedded in Stycast 1266 epoxy. The other end of the rod was
thermally connected to the mixing chamber of an Oxford
Kelvinox 25 dilution refrigerator. The sample temperature is
monitored using a calibrated RuO2 resistor at low tempera-
tures (Tbase–1.8 K), and a calibrated Cernox thermometer at
higher temperatures "1.3 K–2.5 K#. We report data only for
T$0.14 K. The value of Tc was determined from magneti-
zation measurements to be 2.3 K, identical to the previously
reported value.3
The deviation %!(T)!!(T) –!(0.14 K) is proportional

to the change in resonant frequency % f (T), with the propor-
tionality factor G dependent on sample and coil geometries.
For a square sample of side 2w , thickness 2d , demagnetiza-
tion factor N, and volume V, G is known to vary as
G&R3D(1"N)/V , where R3D!w/'2(1#(1#2d/
w)2)arctan(w/2d)"2d/w* is the effective sample
dimension.13 For our sample 2w+0.73 mm and 2d
+0.09 mm. We determined G from a single-crystal sample
of pure Al by fitting the Al data to extreme nonlocal expres-
sions and then adjusting for relative sample dimensions.
Testing this approach on a single crystal of Pb, we found
good agreement with conventional BCS expressions.
Figure 1 shows %! //(T) as a function of temperature. We

see that %! //(T) varies strongly at low-temperatures, incon-
sistent with the exponential behavior expected for isotropic
s-wave superconductors. On the other hand, the variation is
not linear, but has an obvious upward curvature, unlike the
low-temperature behavior expected for pure d-wave super-
conductors. A fit of the low-temperature data to a variable
power law %! //(T)!a#bTn yields n!1.43$0.01 for
sample 1 and 1.57$0.01 for sample 2. The upper inset of
Fig. 1 shows this approximate T3/2 behavior for sample 1.
Kosztin et al.14–16 proposed a theory that gives a T3/2 term
from the gradual evolution of the pseudogap above Tc to the
superconducting gap below Tc . While resistivity measure-
ments suggest the possibility of a pseudogap in CeCoIn5,17

which renders this interpretation feasible, a decrease in the
Knight shift was observed only starting at Tc .7 We take the
latter to rule out a pseudogap mechanism.
Before considering other excitation processes, we note the

important distinction between %!(T), which is directly mea-
sured, and the superfluid density (,(T)!!2(0)/!2(T))
which can be inferred only with the knowledge of !(0).18 In
the d-wave model, even if , varies strictly with T, i.e., ,
!1"-T/Tc , the penetration depth is nonlinear: !(T)
!!(0)(1#1/2(-T/Tc)#3/8(-T/Tc)2# . . . ) . Hence there
is always a quadratic component to ! whose strength de-
pends on - , which in the d-wave model, is inversely propor-
tional to d%(.)/d.!node , the angular slope of the energy gap
at the nodes.19 If ,(T) is linear in T, there is no need to
invoke another mechanism.
To extract the in-plane superfluid density from our data,

we need to know ! //(0). For a quasi-2D superconductor
with a cylindrical Fermi surface and the material parameters
in Ref. 4,20 we obtain ! //(0)!2600 Å, considerably larger
than the experimentally obtained value of 1900 Å.8 This
along with a large heat-capacity jump at Tc leads us to con-
sider strong-coupling corrections as listed below:21,22

/Cv"00#!1#1.8" 1Tc
00

# 2$ ln" 00

Tc
##0.5% ; "1#

/%"00#!1#5.3" Tc00
# 2ln" 00

Tc
# ; "2#

/!"00#!

!1#" 1Tc
00

# 2$0.6 ln" 00

Tc
#"0.26%

1#" 1Tc
00

# 2$1.1 ln" 00

Tc
##0.14% ; "3#

each / represents the correction to the corresponding BCS
value. If we take the experimental value of %C/2Tc!4.5,1
then Eq. "1# gives the characteristic "equivalent Einstein# fre-
quency 00!9.1 K and ! //

sc(0)!1500 Å. However, Petrovic
et al.1 argued that since C/T increases with decreasing tem-
perature, the specific-heat coefficient 2 is temperature depen-
dent below Tc . This effect calls into question simple esti-
mates of strong-coupling corrections for CeCoIn5. A better
estimate is to use %C/%S , where %S is the measured change
in entropy of the sample from T!0 to Tc . Reference 1 then
gives %C/%S!2.5, so that 00!17.9 K, resulting in %0

sc

!2.1kBTc and ! //
sc(0)!2000 Å. On the other hand, the

larger %C of Ref. 3 yields %C/%S!2.8 and 00!15.4 K,
leading to %0

sc!2.2kBTc and ! //
sc(0)!1900 Å. These values

of ! //
sc(0) are close to that obtained by Ormeno et al.8
Although we will argue that nonlocal effects are impor-

tant, we will refer to (! //(0)/! //(T))2 as the ‘‘superfluid den-
sity.’’ Figure 2 shows the calculated behavior of that quantity
using the three values of ! //(0) obtained above. We follow
the procedure in Ref. 18 to compute the experimental super-
fluid density, using the T3/2 fit to estimate the small differ-
ence between ! //(0) and ! // (0.14 K). In each case, ,(T) is
clearly not linear in T.

FIG. 1. Low-temperature dependence of the in-plane penetration
depth %! //(T). Lower inset shows %! //(T) over the full tempera-
ture range. Upper inset shows %! //(T) vs T1.5 in the temperature
range "0.14–1.13# K. The solid line is a guide to the eye.
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Fig. 2 – Two views of ∆λ(T ) in the low-T limit, revealing a strong T -dependence and the presence
of gapless excitations. The solid line is a fit to the function ∆λ(T ) = AT 2/(T + T ∗). Inset: ∆λ(T )
is also well described by a T 1.5 power law.

Fig. 3 – ρs(T ) = λ2(0)/λ2(T ) for CeCoIn5, showing mean-field behaviour near Tc and a strong,
but nowhere linear, T -dependence at low T . Inset: T -dependence of the average effective mass m∗

required to bring the observed ρs(T ) ∝ ns(T )/m∗(T ) into accord with the expected form for line
nodes, ns(T ) = n0(1 − αT/Tc), for several values of α.

We now consider possible explanations for the observed T -dependence of λ, beginning
with disorder. Strong-scattering impurities in a d-wave superconductor are known to induce a
crossover in λ(T ) from clean-limit, T -linear behaviour above T ∗ ≈ 0.56

√
niTFTc to a quadratic

T -dependence at low temperatures [24]. (Here ni is the impurity fraction and TF the Fermi
temperature.) We have assessed this possibility by fitting the interpolation formula of ref. [24],
∆ρs(T ) ∝ T 2/(T + T ∗), to our data in fig. 3, and obtain T ∗ = 0.3K. Using TF = 50K (from
specific heat [1]) we infer from T ∗ that ni = 0.26%. The best indication of the actual purity our
samples comes from thermal conductivity measurements, which show T ∗ < 30mK, implying
ni < 26 ppm [11]. Although λ(T ) is measured at the surface and probes only the first several
hundred nm of the sample, while κ(T ) is sensitive to the average bulk impurity density, it
seems unlikely that bulk and surface impurity density would differ by two orders of magnitude.

Kosztin and Leggett [19] have pointed out that non-local effects in a d-wave superconductor
can cause an intrinsic crossover to T 2 behaviour in λ(T ), at T ∗ ≈ 2Tcξ0/λ0, where ξ0 is the
BCS coherence length. Physically, this is because the spatial extent of the Cooper pair is larger
than λ0 for a small range of angles around the nodal directions, and affects the field screening
at correspondingly low temperatures. An estimate using the published value ξ0 = 82 Å [5]
gives T ∗ ≈ 130mK, significantly lower than the value obtained from the fit to our data in fig. 2.
In addition, for a quasi-2D dx2−y2 superconductor such as CeCoIn5, non-local effects should
be very sensitive to geometry, being strongest for [100] surfaces, vanishing on [110] surfaces,
and becoming extremely small for [001] surfaces, where the 2D electronic structure forces
the electrons to move almost parallel to the crystal face. Our penetration depth probe takes
advantage of this fact, only inducing currents on a [001] surface. In that case, T ∗ is determined
by the out-of-plane coherence length, ξc ≈ 35 Å [5], with the result that non-locality should

(b)
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FIG. 2. The surface reactance. Note the peak close to Tc .
Inset: Rs and Xs demonstrating the validity of Rs ! Xs over a
wide temperature range.

only a second order increase in screening from the super-
fluid fraction. This leads to a peak that moves to lower
temperatures on increasing frequency (see Fig. 2). An
even more dramatic demonstration of this effect was re-
cently reported for Sr2RuO4 [13–15], where the peak
is even more pronounced due to the larger vt values
(vt ! 1 at 10 GHz).

The temperature dependence of l"T# derived from
s 00"T# at 10 GHz is shown in Fig. 3. Within experimental
errors, measurements at other frequencies fall on top of
this curve. The main figure shows the low-temperature

FIG. 3. The change in penetration depth displaying a strong
linear term below 0.8 K. Inset: Dl over a wider tempera-
ture range.

region, where l"T# ! T below 0.8 K with a slope of
370 Å$K. Shown in Fig. 4 is fs ! l2"0#$l2"T#, obtained
from s00. Within the experimental uncertainty we obtain
a linear temperature dependence for the superfluid density
between 0.3 and 0.8 K. The overall shape of fs depends
on the value of l"0# assumed, but does alter the linear
temperature dependence below 0.8 K significantly. For
a cylindrical Fermi surface, fs ~ T is consistent with
a d-wave pairing state with line nodes [16] or a highly
anisotropic s-wave state [17].

At the lowest temperatures there are indications of slight
curvature in l"T #, which could arise from several fac-
tors. A small amount of impurity can change l"T# ! T
to T2 as observed by Bonn et al. [18] in measurements on
YBa2Cu3O6.95. We note that impurity scattering may well
be significant in our crystal, as its Tc (2.17 K) is slightly
lower than the reported optimum (2.3 K). A quadratic
temperature dependence can also arise from a crossover
to nonlocal electrodynamics at low temperatures [19]. The
situation will become clearer when the measurements are
extended to lower temperatures and to purer samples.

The fs data is consistent with recent heat capacity
measurements [4], which exhibit a linear temperature
dependence of C"T #$T for temperatures well below Tc
implying the existence of line nodes in the supercon-
ducting gap. Recent measurements of the dependence of
thermal conductivity on field direction by Izawa et al. [20]
are also consistent with the superconducting gap having
dx22y2 symmetry with line nodes consistent with our
measurements.

s0 was extracted from Rs and Xs and is shown in Fig. 5.
On cooling below Tc, s0 initially increases monotoni-
cally with a rather broad peak at the higher frequencies.
A very similar temperature and frequency dependence of
s0"T# is observed for the cuprate superconductors [18].

FIG. 4. The superfluid density fs"T # calculated for l"0# !
1900 Å. Inset: a closeup of the low-temperature region.

047005-3 047005-3

(c)

Figure 6.12: Earlier penetration depth measurements in CeCoIn5. (a) Figure from [114].
The power law of T 1.5 in the penetration depth measured here was an unexplained depar-
ture from the expected linear behaviour for a superconductor with line nodes, although it
is possible that measurements of ∆λ, as done here, can show some artificial curvature. (b)
Figure from [115]. A different group also got T 1.5 scaling for the penetration depth. (c)
Figure from [116]. As this was a complex conductivity cavity perturbation measurement,
they were able to determine the absolute λ. The explanations given for the remaining cur-
vature, impurity scattering or a crossover to non-local electrodynamics, were unsatisfactory
for later samples of CeCoIn5 as they can both be ruled out.
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50 COMPARISON OF THE INFLUENCE OF Ni AND Zn. . . 4061

wave superconductor can be cast in the form of a two-
fluid model, they contain a frequency and temperature-
dependent r, even for impurity scattering. In particular,
at low frequency and temperature, impurity scattering
gives r(T)~T, which gives the extra power of T
difference between b,A,(T) and o,(T) in the d-wave calcu-
lations.
The doped samples provide further tests of the inter-

pretation of the low-temperature asymptotic behaviors.
It has been well known that impurities, even nonmagnetic
ones, can make a superconductor with a non-s-wave pair-
ing state gapless and that a distinctive feature of this gap-
less state is quadratic behavior of hA, (T) at low tempera-
tures. ' Hirschfeld and Goldenfeld have shown that a
small concentration of impurities in a d-wave supercon-
ductor can lead to a crossover from T behavior at low
temperatures to linear temperature dependence above
some temperature T'. Furthermore, for resonant
scattering the quadratic low-temperature regime should
be in a measurable range for relatively small impurity
concentrations that only have a small e6ect on T, . The
most obvious case for a crossover temperature is in the
nominally pure samples which tend to show some curva-
ture away from the linear temperature dependence below
roughly 5 K. Similarly, Lee, Paget, and Lemberger have
reported crossover behavior in thin films of
YBa2Cu&07 ~, though with a substantially higher cross-
over temperature of 25 K, presumably due to the higher
level of defects in the thin films. Figure 12 displays the
behavior of the normal-fluid density,
x„(T)=1—~, (0)/A, (T), for the pure and Zn-doped sam-
ples, along with fits to an interpolation formula
x„(T)=aT /(T+ T'). These fits indicate that the cross-

0.20

over temperatures for the pure 0.15% Zn and 0.31% Zn
samples are 3, 10, and 28 K, respectively. This sequence
from the nominally pure sample with a low crossover
temperature and predominantly linear temperature
dependence to a Zn-doped sample with a high crossover
temperature and predominantly quadratic behavior is in
qualitative agreement with the theory of Hirschfeld and
Goldenfeld. Furthermore, the crossover temperatures
are roughly those expected for resonant scatterers in a d-
wave superconductor. For resonant scattering,T'-0.83(I bo)'~. The two-fluid analysis of the conduc-
tivity of the 0.31%Zn-doped sample indicated an impuri-
ty scattering rate of I =1/(2r)-5 K. For an energy gap
of b,0=3T„ this scattering rate gives T'=31 K, quite
close to the value inferred from the penetration-depth
measurements. This T' is high enough to almost com-
pletely eliminate the linear term in the penetration depth,
leaving the quadratic behavior associated with a gapless
superconductor. The low-temperature limit of the con-
ductivity is also expected to be quadratic in the gapless
regime, as is observed for the 0.31%Zn-doped sample at
34.8 GHz. Figure 13 focuses in on the quadratic
behavior of both x„(T) and o,(34.8 GHz, P for the
0.31%Zn-doped sample at low temperatures.
Ni impurities do not fit into the same scheme of reso-

nant scattering that seems to give a reasonable descrip-
tion of the Zn impurity effects. The 0.75% Ni impurity
level suppresses T, nearly as much as the 0.31% Zn and
provides at least as much scattering as the Zn impurities,
but does not produce any quadratic, gapless behavior in
either hA, (T) or cr, (T). It is tempting to suggest that Ni
might be a nonresonant scatterer and that results for the
Born limit rather than the unitary limit are more ap-
propriate. The T' for a Born scatterer is given approxi--a,/r
mately by hoe ', which gives a much lower crossover
temperature for a given scattering rate I than does the
resonant scattering result. This could explain the per-
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FIG. 12. Low-temperature behavior of the normal-Quid den-
sity x„(T)= 1—A, (0)/A, (T) in the nominally pure crystal (open
squares) and the samples doped with 0.15% (stars) and 0.31%
(solid circles) Zn. The solid lines are fits to an interpolation for-
mula x„(T)=aT /(T+ T*), which models the crossover from
quadratic behavior at low temperatures to linear behavior at
higher temperatures. For the pure crystal the crossover temper-
ature is low, T*-3 K, but with the addition of 0.31% Zn,
T -30 K and the linear regime is almost completely eliminat-
ed.
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FICx. 13. Asymptotic behavior of the normal-quid density
(triangles) and 34.8-GHz conductivity (squares) vs. the square of
the reduced temperature for the 0.31% Zn-doped sample. The
quadratic temperature dependence of both quantities indicates
that this low level of Zn impurities leads to gapless supercon-
ductivity in YBa2Cu306 95.

Figure 6.13: Figure from [117]. The normal-fluid density evolves from linear in the pure
sample of YBa2Cu3O6.95 to quadratic in the samples with 0.15% and 0.31% doping of Zn
impurities.

the long mean free path and the short coherence length mean that CeCoIn5 is in the local
limit, but the crossover temperature caused by nodal behaviour must also be considered.
The temperature T ∗ is approximately 50 mK, which is below my measurement range. This
means that the non-linear power law observed in the penetration depth should not be a
non-local effect.

6.4 Results

Measurements were performed using the techniques described in Chapters 4 and 5, with the
addition of one much lower frequency using a tunnel diode oscillator, previously published
using the same sample [115]. The sample was a small, approximately mm-sized single crystal
grown by John Sarrao at Los Alamos National Lab. X-ray diffraction and electron-probe
microanalysis were carried out by Özcan et al. [115]. The x-ray rocking curve width of
the (003) reflection was 0.014◦ — this was taken as an indication of exceptionally high
crystallinity and suggested a low level of point defects and dislocations. Electron-probe
microanalysis revealed an average composition of Ce1.02(1)Co0.99(1)In4.99(1), very close to
stoichiometry and single phase throughout the crystal. The high level of homogeneity and
the low defect level are confirmed by the microwave results reported here, which show a
sharp superconducting transition at Tc= 2.25 K (less-pure samples from other sources show
Tc in the 2.15 K range [116]) and a low residual scattering rate of 3 GHz. The platelet
sample had natural mirror-like a–b planes, which did not require any surface preparation,
and was cleaved to size without cutting or polishing.

I measured over the temperature range 80 mK to 35 K. The surface impedance shown
here includes corrections to the RS offset using bolometry, corrections to XS to account for
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FIG. 5. The real part of the conductivity s0. Inset: the scat-
tering rate obtained using the two-fluid model.

Measurements at all frequencies can be described by the
two-fluid model [Eq. (2)] using the value of fs ! 1 2 fn
derived from s00 and a strongly temperature dependent
quasiparticle relaxation rate varying as shown in the in-
set of Fig. 5.

Our measurements show that 1!t is frequency indepen-
dent and drops by almost 2 orders of magnitude below Tc
(note that only the 10 GHz data are shown for clarity). The
scattering rate varies as "T 4 in the temperature range 1.5
to 2 K, which is almost identical to that observed by Bonn
et al. in their measurements on YBCO [18]. Below 1.5 K
the temperature dependence of 1!t weakens and is al-
most linear below 0.8 K. A rapid temperature dependence
of the scattering rate is expected when inelastic scatter-
ing originates from interactions that become gapped below
Tc. A model based on quasiparticle lifetimes limited by
spin-fluctuation scattering has been proposed by Quinlan
et al. [21]. This model considers superconductors with
both s-wave and dx22y2 symmetry. In the dx22y2 symme-
try case, when a gap opens up in the spin wave spectrum,
Quinlan et al. predict a scattering rate varying as T 3 at
the lowest temperatures with an increasing power law de-
pendence on approaching Tc. In our measurements we
see a much weaker dependence at the lowest temperatures.

A weaker temperature dependence was also observed in
YBa2Cu3O72d [9].

In summary, we present the first detailed measure-
ments of the microwave surface impedance of a newly
discovered, clean quasi-two-dimensional heavy fermion
superconductor CeCoIn5. We derive a value for lab#0$ !
1900 6 100 Å and observe a linear low-temperature
dependence consistent with line nodes in the supercon-
ducting order parameter. In addition we determine the
quasiparticle conductance from which we are able to ex-
tract the quasiparticle relaxation rate varying as T 4 close
to Tc, suggestive of interactions with spin fluctuations.
The observed microwave properties are very similar to
those of the cuprate high-Tc superconductors.

We are grateful to D. Brewster and G. Walsh for techni-
cal support. The research at Birmingham has been funded
by the EPSRC of the United Kingdom.
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Figure 6.14: For comparison, σ1 vs. T for (a) Early cavity perturbation measurements
(Figure from [116]) and (b) The experiment presented in this thesis (Figure from [84]).

thermal expansion, corrections to XS to account for non-linearities in the sapphire (pre-
dominantly at low temperatures), and a self-consistent determination of the offset in XS .
The matching used to determine the low-temperature, low-frequency penetration depth λ0,
as described in Chapter 4, is shown first in Figure 6.15a. Between 10 K and 35 K there is
very good agreement between XS and RS , giving us confidence in our determination of λ0.
At higher frequencies this works less well, because when the measurement frequency is fast
enough the field changes faster than the quasiparticles can relax. Self-consistent determi-
nation was used for the rest of the frequencies. I present, in Figure 6.14, a comparison of
the conductivity between previous data in the field and my new measurements, to highlight
the comprehensive advances that have been made to the apparatus in order to allow for
high-quality frequency-dependent data. The surface impedance data with all corrections
are plotted in Figures 6.15b and 6.15c.

6.4.1 Microwave Conductivity

The dominant contribution to the complex conductivity is from the superfluid, which at
finite frequency is

σs = 1
iωµ0λ2

L

. (6.2)

There will also be a quasiparticle contribution σqp which will have both real and imaginary
parts. At low frequencies (ω � 1/τ) it is mostly real as the quasiparticles act to absorb the
microwave power. At high frequencies (ω � 1/τ) it is mostly imaginary as now both the
quasiparticles and the superfluid store the field energy. A simple sum of σs and σqp gives us
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resonant frequency14. Although superconductors have perfect
zero-frequency conductivity, the finite inertia of the electrons
means that accelerating them at high frequencies requires
significant electric field at the sample surface: the strength of
the field is determined by Faraday’s law and grows in proportion
to both the frequency o and the depth of field penetration.
The electric field couples to quasiparticle excitations in the
superconductor14 producing a surface resistance, Rs, proportional
to the power absorption. This grows as the square of electric field,
and therefore approximately as o2. This dissipation is measured
by monitoring the quality factor of the resonator14,24,36. The
complete set of surface impedance data is presented in Fig. 3.

Microwave conductivity. In the frequency domain, current
density j is related to electric field E by a complex-valued micro-
wave conductivity14,24: j(o)¼ s(o)E(o). In a superconductor, the
dominant contribution to the complex conductivity is a purely
imaginary response associated with the superfluid density:
ss ¼ 1=iom0l

2
L. There is an additional contribution to the

conductivity, sqp, arising from the non-equilibrium response of
the quasiparticles as they relax back to equilibrium—this derives
from the transient response to the applied field and contains
important information on relaxation mechanisms. sqp is in general
complex, but is predominantly real for low frequencies, ooo 1=t,
where it represents microwave power absorption, becoming ima-
ginary at high frequencies, o441=t, where the field-screening

effect of the quasiparticles becomes indistinguishable from that of
the superfluid. This leads to a two-fluid model of the microwave
conductivity14

sðo;TÞ $ s1% is2 ¼
1

iom0l
2
LðTÞ

þsqpðo;TÞ : ð2Þ

In our experiments, the microwave conductivity is obtained
from the surface impedance assuming the local electrodynamic
relation14,24 s ¼ iom0=Z2

s .

Superfluid density. The static superfluid density, 1=l2
L, is

obtained from the complex conductivity in the zero-frequency
limit:

1=l2
L ¼ lim

o!0
om0s2 : ð3Þ

At finite frequencies, Im{sqp(o,T)} makes a significant con-
tribution to s2: this screening effect is particularly prominent in
CeCoIn5 due to its long quasiparticle lifetimes. To separate these
two components, we define a frequency-dependent superfluid
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Figure 3 | Microwave surface impedance. (a) Surface impedance at 2.91 GHz, showing the results of the normal-state matching technique used to
determine absolute reactance: Rs(T) and Xs(T) track well between T¼ 10 and 35 K, a range in which the quasiparticle relaxation rate is much greater
than the measurement frequency. (b) Surface resistance at frequencies from 2.91 to 19.6 GHz, on a logarithmic scale. Absolute surface resistance is
determined by a combination of cavity perturbation and in situ, resonator-based bolometry. (c) Surface reactance, at all frequencies measured. For clarity,

Xs(T) is scaled by 1=
ffiffi
f
p

, to factor-out the expected frequency dependence well above Tc.
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Figure 6.15: Surface impedance and normal state matching for CeCoIn5. Figure from [84].
(a) Matching of RS and XS at high temperatures, for the base mode, is used to determine
λ0, the low-temperature, low-frequency penetration depth. The consistency of the matching
from 10 K to 35 K suggests that I successfully accounted for major potential systematic
errors. (b), (c) The surface impedance is shown here, after all corrections have been applied,
for all of the measurement frequencies. This includes a measurement using a tunnel diode
oscillator that was previously published [115].
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the overall conductivity. CeCoIn5 is in the local limit, since ξ0 ≈ 50Å is much less than the
penetration depth λ0 ≈ 2000Å. This means that the local electrodynamic relation between
the conductivity and the surface impedance can be used,

σ = iωµ0
Z2
S

. (6.3)

6.4.2 Superfluid Density

The static superfluid density, 1/λ2
L, is the zero-frequency limit of the imaginary component

of the conductivity,
1
λ2
L

= lim
ω→0

ωµ0σ2. (6.4)

When ω is non-zero, the quasiparticles make contributions to σ2 so it is no longer possi-
ble to relate the penetration depth directly to σ2. This is especially important for heavy
fermion superconductors including CeCoIn5 because their increased quasiparticle mass leads
to longer lifetimes, and therefore larger contributions to σ2. In order to distinguish the su-
perfluid and quasiparticle contributions, they need to be written separately for non-zero
frequencies,

1
δ2(ω, T ) ≡ ωµ0σ2(ω, T )

= 1
λ2
L(T )

− ωµ0 Im {σqp(ω, T )}.
(6.5)

It is clear in Figure 6.16 that there is strong frequency dependence of 1/δ2; the entire differ-
ence above the lowest-frequency curve is attributable to the quasiparticle contribution to σ2.
In order to get 1/λ2

L(T ), among other parameters, I have fit the conductivity simultaneously
at all frequencies, using the model

σ(ω) = 1
iωµ0λ2

L

+ σbgnd +
(

σ0
1 + (ωτ)y − iσKK(ω;σ0, τ, y)

)
. (6.6)

Here there are five fitting parameters: the superfluid density, 1/λ2
L(T ); the conductivity of

the background, σbgnd(T ), whose dynamical timescale is not captured by the measurement
frequencies and so is modelled as a constant; the zero-frequency limit of the quasiparticle
Drude-like term, σ0(T ); the quasiparticle relaxation time, τ(T ); and the exponent that
modifies the Drude model, y(T ), which is constrained to be between 1 and 2. The term
σKK is the Kramers–Kronig transform of the Drude-like quasiparticle term, which has a
closed form for y = 2 but in general is done numerically. I have included the parameters
from this fit on graphs where possible, beginning with the superfluid density 1/λ2

L(T ) in
Figure 6.16, where it is right on top of the lowest frequency data. Plotting ∆

(
1/λ2

L(T )
)

in Figure 6.17, there is a fractional power law like previous results, T 1.25 in this case. An
important aside at this point is to highlight that I am discussing the superfluid density
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Figure 6.16: Figure from [84]. The frequency-dependent superfluid density is plotted against
temperature for a broad range of frequencies, with the spectra shown alongside. The zero-
frequency superfluid density 1/λ2

L(T ) is obtained by fitting to the complex conductivity
spectra, and is included; it lies essentially on top of the lowest frequency data. The fit
gives a value of λL(T = 0) = 1960 Å. The inset is included to emphasize that the slope
of 1/δ2 actually changes sign with increasing frequency, where it would only be expected
to flatten. When measuring the superfluid density, it is important to be careful to capture
both the low- and high-frequency asymptotic behaviour, one to capture the total superfluid
density and the other to capture the diamagnetic contribution. In CeCoIn5, quasiparticles
contribute significantly to the superfluid density even at low temperatures.

here, while the results in Figure 6.12 are for the penetration depth. We can see why this
comparison is valid by showing that a linear temperature dependence of the superfluid
density implies the same dependence of the penetration depth at low temperatures:

λ2(0)
λ2(T ) = 1− aT (6.7)

λ(T ) = λ(0)(1− aT )−1/2 (6.8)

λ(T ) ≈ λ(0)
(

1 + 1
2aT

)
. (6.9)

Unlike previous tunnel diode oscillator results, I measured the absolute penetration depth
so the curvature cannot be an artifact of uncertainties in the absolute value. This issue
is able to be resolved because of the frequency range over which the measurements are
performed, and the quality of the data. If we recall Chapter 3, the superfluid density has
two contributions: a diamagnetic contribution, 1/λ2

d, that corresponds to the initial shift of
the Fermi surface in response to an applied field; and a paramagnetic contribution, 1/λ2

p,
that corresponds to the quasiparticle flow that re-establishes thermal equilibrium. The
diamagnetic contribution is usually assumed to be temperature independent, but here more
care must be taken. It is 1/λ2

p that should be sensitive to the nodal structure, so we would
like to extract it. 1/λ2

L has been established as the zero-frequency limit, and it was extracted
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Figure 6.17: Figure from [84]. Information contained in the temperature and frequency
dependence of the superfluid density was used to recover the expected linear behaviour of
the superfluid density. ∆(1/λ2), the temperature dependence of the total superfluid density,
follows a T 1.25 power law, consistent with previous measurements but a deviation from the
expected linearity. The paramagnetic contribution 1/λ2

p is isolated to look at only the
nodal behaviour, by using the highest-frequency measurements as a good approximation
of 1/λ2

d. A linear temperature dependence is recovered, matching expectations for a d-
wave superconductor with line nodes. The inset shows the very different behaviour of the
superfluid density for an s-wave superconductor calculated using BCS theory.

from the conductivities by fitting to the conductivity spectra. If 1/λ2
d can also be isolated,

then 1/λ2
p can be recovered using

1
λ2
L

= 1
λ2
d

− 1
λ2
p

. (6.10)

The way to think about isolating the diamagnetic term is that we would like to cause the
initial shift of the Fermi surface, but prevent the quasiparticle relaxation back to equilibrium.
This can be done if the measurement is at a high enough frequency, such that

1
λ2
d

= lim
ω�1/τ

ωµ0σ2(ω). (6.11)

In practice, this condition is satisfied at the highest measurement frequency of 19.6 GHz
when the sample is fairly low in temperature, below about 0.3Tc. Notice that in Fig-
ure 6.16, the temperature-dependent slopes of the highest frequencies actually reverse sign
at low temperatures, rather than going flat as expected. This is indicative of the tem-
perature dependence of 1/λ2

d, and suggests that the effective mass of the quasiparticles is
getting heavier as the temperature is lowered. This suggested a means for isolating the
paramagnetic contribution: the low-frequency superfluid density is subtracted from the
high-frequency superfluid density to isolate the nodal quasiparticle contribution. This is
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Figure 6.18: Quasiparticle conductivity of CeCoIn5 compared to YBa2Cu3O6.993. Figure
from [84]. (a) The real component of the conductivity, σ1, as a function of temperature
for several discrete frequencies. Fits to the complex conductivity spectra allow broad back-
ground and zero frequency curves to be extracted and shown here. (b) The same quantity is
shown for the cuprate YBa2Cu3O6.993, with remarkable qualitative similarities to CeCoIn5.
In the inset, the calculated value of σ1 for an s-wave superconductor is shown, with a
coherence peak below Tc and exponentially reduced amplitude at low temperatures.

plotted in Figure 6.17: 1/λ2
p indeed emerges as having a linear temperature dependence

when correctly isolated, as expected for a d-wave order parameter with line nodes.

6.4.3 Microwave Spectroscopy

In many respects, σ1 is easier to interpret, because the entirety of the superfluid contribution
occurs as a delta function at zero frequency. Thus, any measurements that are made at finite
frequency will only be sampling the quasiparticle contribution. In Figure 6.18a, σ1 rises as
the sample is cooled below Tc, before peaking and then dropping. This is quite different from
what the conductivity looks like in the case of an s-wave superconductor, as can be seen in
the inset of Figure 6.18b, despite both cases having a rise below Tc. The peak is broader
in CeCoIn5, and unlike the s-wave case the conductivity is not exponentially suppressed
at low temperature. The peak in the s-wave case is known as a BCS coherence peak,
whereas for CeCoIn5 the peak is caused by an initial collapse in the quasiparticle scattering
rate immediately below Tc, before this rate saturates and the gradual condensation of the
quasiparticles into Cooper pairs causes the conductivity to drop again. Note that two
of the fit parameters for the model in Equation 6.6 are shown in Figure 6.18a, namely
σdc = σ0 + σbgnd and σbgnd.

An interesting comparison to make is with the high-Tc cuprate YBa2Cu3O6.993, whose
conductivity is plotted in Figure 6.18b [120]. Remarkable qualitative similarities exist be-
tween these different systems; there must be a connection in the underlying electrodynamics.
In some sense, the connection is not overly surprising given that both materials are quasi-
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Figure 6.19: Complex conductivity spectra and fits. Figure from [84]. (a), (b) Real part of
the conductivty, σ1, as a function of frequency at several temperatures. (c) The frequency-
dependent superfluid density, 1/δ2, also at several temperatures. For all three of these
plots, the points are data, while the lines are fits done simultaneously to σ1 and 1/δ2 at
each chosen temperature. (d) One of the fit parameters is the relaxation rate 1/τ(T ), which
is shown here both on a linear graph as well as vs. T 3. The inset shows another of the fit
parameters, the modified Drude exponent y(T ).

2D d-wave superconductors bordering on antiferromagnetism, but the energy scales of the
transition temperatures are so disparate that it is at first glance a bit strange that the
relevant measurement frequencies are quite close. The explanation stems from the fact that
although inelastic scattering is related to the energy scale of Tc, elastic scattering is related
to the disorder level in the material and so is not linked to this same scale. In this context,
both materials are very clean, with their mean free paths ` much longer than their coherence
lengths ξ0.

The benefit of the fits that were introduced earlier is most apparent in the conductivity
frequency spectra, shown in Figure 6.19. The effect of the collapse of the quasiparticle
scattering shows itself as the narrowing of σ1 as temperature is lowered. If the fitting
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was to a Drude model, then the width would be the relaxation rate 1/τ for all of the
quasiparticles. That is relaxed by using a Drude-like model, with the parameter y(T ) in
Equation 6.6 allowing a distribution of relaxation rates. Then the width is reflective of
the average relaxation rate. The low-temperature curves in Figure 6.19a really emphasize
that there is a background conductivity with a distinct lack of frequency dependence in my
measurement range. This suggests that there is more than one band contributing to the
conductivity, including a short-lived band which would require much higher frequencies to
probe. Figure 6.19d shows the fit parameter 1/τ , the scattering rate, where the collapse
below Tc is clear. The frequency exponent from the model, y, is in the inset of Figure 6.19d.

6.5 Scattering Dynamics

Quasiparticle scattering is very important to the electrodynamics of superconductors. Ul-
timately, it is the mechanism that brings the current back to equilibrium. Although the
electrons in Cooper pairs do scatter, they re-form coherently with the superfluid as that
minimizes the energy. Scattering affects the response in two ways: the rate of return to
equilibrium, and the change in superfluid density caused by any broken pairs that do not re-
form coherently. Signatures of this scattering show up in different ways [121, 122, 123, 124].
At low temperatures, elastic impurity scattering is dominant. The elastic scattering rate
is determined by the phase space for recoil as well as the matrix element of the scattering
potential. At high temperatures, inelastic scattering dominates. The fluctuations respon-
sible for inelastic scattering are likely also important for the superconducting pairing glue.
Both types of scattering should reflect the nodal structure of any energy gaps that are
present, such as the superconducting gap, and can therefore help us to learn about the
superconducting order parameter. Elastic scattering in the strong limit, corresponding to
pair-breaking, is known to cause a crossover to T 2 behaviour in the superfluid density at
low temperatures [121, 122], but as seen in Figure 6.16, that behaviour is absent — elastic
scattering at my measurement temperatures is only present in the weak (Born) limit, where
a linear temperature dependence of the superfluid density is expected.

Inelastic scattering is more complex, as it can have several causes. The most likely
for CeCoIn5 because of its proximity to antiferromagnetism is spin-fluctuation scattering,
which is expected to give a T 3 temperature dependence of the scattering rate in the case
of line nodes [125]. However, quasiparticle–quasiparticle scattering would also be expected
to give the same power law [123]. The reason for this can be seen if we think about what
a spin fluctuation actually consists of: an excitation of a quasiparticle from below to above
the Fermi surface leads to an electron–hole pair. These are usually correlated with one
another, but the energy gap due to superconductivity weakens this connection, making
the spin fluctuations essentially a gas of quasiparticles. There is a mystery though; this
T 3 dependence should not appear when making electrical transport measurements, as for
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Figure 6.20: Quasiparticle–quasiparticle scattering and the umklapp gap. Figure from [84].
(a) When two quasiparticles scatter by exchanging momentum q, the total momentum of
this quasiparticle system is unchanged. This means that this process cannot relax an elec-
trical current. (b) If instead the overall momentum is allowed to change by G, a reciprocal
lattice vector since this is a solid, then momentum can transfer from the quasiparticles to
the crystal lattice, allowing the current to relax. This momentum transfer is known as an
umklapp process. (c) An illustration of an umklapp process in a d-wave superconductor
that has a single band. The Fermi sea is in blue, typical for a cuprate superconductor, with
nodes represented by open circles. The requirement that crystal momentum be conserved,
up to a reciprocal lattice vector G, forces a near-nodal quasiparticle with momentum k1
to pair with a quasiparticle away from a node, with momentum k2. There is a threshold
involved due to the energy required for quasiparticles to be away from the nodes, known
as the umklapp gap, which means that this process is suppressed. (d) The Fermi surface
for CeCoIn5 is shown here [126], including several bands. An example of an inter-band
umklapp transition is shown which does not suffer from the suppression that occurs in the
single-band case, because one of the scattering quasiparticles is coming from a much lighter
band that is at most weakly superconducting.

the relaxations to occur momentum must be removed from the electrons and transferred
to the lattice. This causes an issue for nodal superconductors, because the quasiparticle
excitations exist only near the nodes in any number. This leads to a minimum energy
required for quasiparticles to be excited enough to pair with the right momentum, and
is known as an umklapp gap and denoted ∆U . Unless the Fermi surface sheets happen
to be perfectly aligned to allow the relaxation process directly from node to node, then
the timescale for these excitations is 1/τumklapp ∼ T 2exp(−∆U/kBT ). This is shown in
Figure 6.20a-c. In Figure 6.19d, though, we do see a T 3 temperature dependence, against
expectations.

Looking now more in depth at the CeCoIn5 data in Figure 6.19d, the collapse in scat-
tering below Tc brings 1/τ into the measurable microwave range. The saturation at lower
temperatures corresponds to elastic scattering, after the inelastic scattering has been frozen
out. The elastic scattering should depend on how many states are available to which to
scatter, and this would drop for a standard d-wave superconductor as more quasiparticles
condense into the superfluid. Here it is temperature-independent, and that would suggest
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something out of the ordinary occurring. In this case we can think back to the shape of
the Fermi surface, which was calculated in Figure 6.4a-c. There was the central cylindrical
quasi-2D surface, and smaller ellipsoidal surfaces that are 3D. If some of these surfaces
lack a superconducting gap, then these pockets would provide additional recoil space for
the scattering processes, explaining why the elastic scattering is constant. If some of them
are much shorter-lived, then they would also provide an explanation for the background
conductivity σbgnd that was too broad to measure.

The temperature dependence of the scattering rate in Figure 6.19d is visible above
≈ 0.8 K, where I fit to a temperature-independent elastic term and a T 3 inelastic term.
The fit is made to a form familiar in spin-fluctuation theory [127],

~
τ(T ) = ~

τ0
+A

k3
BT

3

∆2(T ) , (6.12)

where the function ∆(T ) = ∆0tanh
(
2.4
√
Tc/T − 1

)
and ∆0 = 3kBTc. In my fit, I get

A = 3.36, very close to A = 2.4 that was calculated theoretically for the optimally-doped
cuprates [127]. Overall, this is suggestive that spin fluctuations are indeed the mechanism
at work here.

I now return to why there is a lack of an umklapp gap, indicated by the T 3 temperature
dependence of the scattering. It relates again to the multiband nature of the material, as
some of the Fermi surface pieces are either not superconducting or weakly superconducting.
I show in Figure 6.20d how access to weakly superconducting or normal secondary bands
provides a mechanism for the momentum transfer required for scattering.

One additional conclusion that can be drawn from the fits relates to the frequency
exponent y(T ), seen in the inset of Figure 6.19d. Recall that for a Drude model, y = 2,
which corresponds to a single relaxation rate for all of the quasiparticles. This is the case
for CeCoIn5 below about 1.5 K, which is surprising compared to previous measurements on
other d-wave superconductors, which were best fit by y < 2. This relates directly to the
temperature independence of the relaxation rate 1/τ , and therefore again to the multiband
Fermi surface. Non-Drude behaviour is seen closer to Tc.

6.6 Overview

To summarize the charge dynamics of CeCoIn5, the coexistence of longer- and shorter-lived
quasiparticles is suggested by the data. Those that are longer-lived experience a collapse
in their scattering rate below Tc, coinciding with their condensation into the superfluid.
The other quasiparticles have a significant residual conductivity at low temperatures and
do not exhibit the same decrease in scattering. This suggests that the spectrum of fluctu-
ations responsible for inelastic scattering, mass enhancement, and superconducting pairing
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is strongly coupled to the parts of the Fermi surface associated with the long-lived quasi-
particles, but less so to other parts.

These results provide a new window into the low-energy charge dynamics of CeCoIn5

and reveal a complex interplay between d-wave superconductivity, multiband physics and
quantum criticality. The observed phenomena can only be understood using measurements
over a wide frequency range. Many of the features are strongly reminiscent of the cuprates,
confirming a close connection between these two classes of materials. An important differ-
ence is the observation of temperature-dependent quasiparticle mass, which not only resolves
the issue of anomalous power laws in the London penetration depth, but also shows that
quantum criticality is not completely circumvented by the onset of superconductivity.
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Chapter 7

Conclusions

A high-resolution study of the superconducting electrodynamics of CeCoIn5 has been carried
out using low-temperature microwave spectroscopy. This material is one of the cleanest and
most interesting of the heavy fermion compounds, with striking similarities to the cuprate
superconductors, and the work was motivated by a number of open questions about the pair-
ing symmetry and charge dynamics of CeCoIn5. In order to obtain the multi-frequency data
necessary for this study, new developments have been made in the technique of microwave
spectroscopy. These were necessitated by shortcomings in the standard implementation of
resonator cavity perturbation. Specifically, I discovered that the usual cavity perturbation
method for determining absolute surface resistance (subtraction of resonator bandwidth
with and without sample) breaks down when higher order resonator modes are used. The
resolution has been to implement a new form of bolometric measurement that can be carried
out in the same resonator used for the cavity-perturbation surface impedance measurements.
The development of the technique was facilitated by the use of a reliquefying cryostat, which
greatly extended the time spent at low temperatures and allowed for in-situ refinement of
the measurement.

In parallel with this, important technical advances have been made on the analysis side,
in particular in the determination of the absolute surface reactance. Instead of making the
conventional assumption that low-temperature penetration depth is frequency independent,
a self-consistent method has been devised that takes into account quasiparticle contributions
to electromagnetic screening. This is particularly important in CeCoIn5, because it has a
very long quasiparticle lifetime. The end result is a very detailed dataset of frequency- and
temperature-dependent complex conductivity, which has allowed a comprehensive analysis
of the superfluid and quasiparticle dynamics.

Physical interpretation of the conductivity data has been carried out in the context of
a generalized two-fluid model, consisting of a superfluid component and a modified Drude
conductivity. The important parameters in the model include the static superfluid density,
the quasiparticle scattering rate, and a broad background conductivity that appears to be
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linked to the multiband nature of CeCoIn5 — long-lived quasiparticles condense to form
the superfluid and are apparent in the narrow spectra, while shorter-lived quasiparticles
are associated with the broad background and remain mostly uncondensed. The model
has provided deep insights into quasiparticle scattering dynamics and has revealed striking
similarities to the high-Tc cuprates, specifically ultra-pure YBa2Cu3O6+y. In particular, the
low-frequency conductivity shows pronounced peaks as a function of temperature, indicating
a rapid collapse of scattering on entering the superconducting state.

Previous electrodynamic measurements of CeCoIn5 identified an unusual fractional power
law in the temperature dependence of the superfluid density. I, too, observe this effect but
have been able to go further towards identifying its origin. Superfluid density is the sum
of diamagnetic and paramagnetic contributions to the supercurrent. Working over a wide
range of frequencies the data show, surprisingly, that the diamagnetic contribution to the
superfluid density is temperature dependent. This is highly suggestive that quasiparticle
renormalization continues to the lowest temperatures, reminiscent of quantum criticality.
By quantifying the temperature dependence of the diamagnetic term, the paramagnetic
component can be properly isolated, revealing a linear temperature dependence as expected
for d-wave quasiparticles.

Although not mentioned in the main body of the thesis, during the course of my PhD
research I carried out measurements on a range of other materials either on my own or in col-
laboration with other group members. This includes: measurements on UPt3 and UBe13,
motivated by a desire to study order parameter collective modes; the p-wave supercon-
ductor Sr2RuO4; the organic superconductors κ-(BEDT-TTF)2Cu(SCN)2 and κ-(BEDT-
TTF)2Cu[N(CN)2]Br, with Sonia Milbradt; and KFe2As2, with Megan Boothby.
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Appendix A

Full Thermal Model

The thermal model in Section 5.3 was simplified, in that the sample and the heater stages
were assumed to be isothermal. The more realistic case is when K1 is finite, and requires
slightly more care in the calculations. The power balance is now two separate equations,
P1 = PS and P1 + Pbias = P2. Looking at the fluctuations that result from this,

δP1 + δPbias = δP2. (A.1)

There are two thermal conductances now,

K1 ≡
δP1

δ (TS − TB) , K2 ≡
δP2

δ (TB − T0) , (A.2)

with Pbias (T ) = I2
biasRbias (T ).

Since our thermometer and heater are on a base heating stage that is thermally decoupled
from the sample, it is necessary to relate δTB to δTS using the thermal conductances Ki.
To achieve this, and noting that δT0 = 0, begin with

δP1 + δPbias = δP2 (A.3)

K1 (δTS − δTB) + I2
bias

dRbias
dTB

δTB = K2δTB. (A.4)

This can be rearranged as

K1δTS = (K1 +K2) δTB − I2
biasRbias

TB
Rbias

dRbias
dTB

δTB
TB

(A.5)

which, since SD is defined as in the simpler case, is written as

K1δTS = (K1 +K2) δTB − SD
Pbias
TB

δTB. (A.6)

The ratio of temperature changes is now, with the help of Equation 5.19,

δTB
δTS

= K1
K1 +K2 +Kbias

. (A.7)
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We would again like to write Kbias in terms of K2. Fortunately, all considerations that
went into deriving Equation 5.25 are unchanged by introducing a finite K1, and after some
algebra Equation A.7 can then be written as

δTS =
(

1 +
[
1 + |SD|2

(
1− T 2

0
T 2
B

)]
K2
K1

)
δTB. (A.8)

At first glance, it would seem that the ratio of the thermal conductances plays a role, poten-
tially complicating the model as K1 and K2 may have a differing temperature dependence.
However, the quantity of interest in our measurement is δPS , so we will calculate that
quantity.

We begin from Equation A.2:

δPS = K1δ (TS − TB) (A.9)
δPS = K1 (δTS − δTB) . (A.10)

Of the two temperatures here, δTB is our measured quantity, so let’s substitute for δTS
using Equation A.8:

δPS = K1

[(
1 +

[
1 + |SD|2

(
1− T 2

0
T 2
B

)]
K2
K1

)
δTB − δTB

]
(A.11)

δPS = K1

[
1 +

[
1 + |SD|2

(
1− T 2

0
T 2
B

)]
K2
K1
− 1

]
δTB (A.12)

δPS = K1

[
1 + |SD|2

(
1− T 2

0
T 2
B

)]
K2
K1

δTB (A.13)

δPS = K2

[
1 + |SD|2

(
1− T 2

0
T 2
B

)]
δTB. (A.14)

After working through the details, the result for δPS is the same as for the simplified case.
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