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Abstract

Sound Field Reproduction (SFR) is for creating a desired sound field from a primary source

by using multiple loudspeakers. Its research calls for numerical experiments by simulation.

SFR performance can be improved by optimizing the static Degrees of Freedom, i.e., the

locations and patterns of loudspeakers. The approach is to decrease the sound field re-

production error without increasing the operational complexity, and this requires that the

possible locations and frequencies of the primary source are known a priori.

To optimize the loudspeaker locations, two placement methods are developed. In the first

method, an idealized Acoustic Transfer Function (ATF) matrix that minimizes the repro-

duction error, but which may not be realizable, is derived for a fixed number of uniformly

placed, omnidirectional loudspeakers. The loudspeakers are then re-positioned within their

aperture so that their realizable ATF matrix best approximates the idealized ATF matrix.

In the second method, a new algorithm is called âĂŞ Constrained Matching Pursuit (CMP),

which optimizes loudspeaker location while constraining the total loudspeaker power to

avoid acoustic hotspots. CMP is also used to jointly optimize the radiation patterns and

locations of the loudspeakers. These methods optimize for a single frequency, and a method

is presented which extends the case to multiple frequencies for the primary source. The

multi-frequency method is deployed in the audio layer of an immersive communications

system. An existing model for the Head Related Transfer Function (receiving pattern) is

adapted for the computation of the loudspeaker excitation functions, called the dynamic

Degrees of Freedom.

Subjective and objective tests are applied and concur that the quality of speech of the SFR

in a reverberant room is significantly improved compared to a system with the same number

of loudspeakers that are uniformly spaced and omni-directional, and which have the same

total power constraint and computation complexity.

Keywords: Sound Field Reproduction, Placement Optimization, Pattern Optimization,

Immersive Communication.
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Chapter 1

Introduction

1.1 Sound field reproduction

“Sound Field Reproduction” (SFR), also known as sound field synthesis, sound field render-

ing, and audio holography, is the recreation of a desired sound field in a region of interest

by using an array of loudspeakers. While the goal of SFR is a physical system for improving

the real-world human acoustic experience, the current state-of-the-art of SFR is simulated

systems. There are several reasons for this: real-world systems and experiments are too

expensive for most research institutions; progress on the fundamentals, including perfor-

mance, feasibility and limits, requires new theory, techniques and algorithms; simulation

allows sophisticated systems to be modelled and assessed with mathematical metrics of per-

formance. Currently, real-world SFR systems that are feasible for all acoustic situations do

not exist, and this is why SFR is topical research. In short, it is emphasized that the SFR

systems treated in this thesis comprise mathematical models and simulations, rather than

real-world systems. Similarly, the references cited are for models and simulations unless

stated. The following terminology is often used in SFR, and they are illustrated in Fig. 1.1.

Primary source: The source(s) of the desired sound field is called the primary source.

In SFR literature, it is assumed that the desired sound field is either originating from a

point source or being modeled by a plane wave. The reason is that any desired sound field

can be represented in terms of plane waves or spherical waves.

The spherical waves originate from point sources. The frequency domain representation

of the pressure created by a point source located at point x0 is:

p(x) = A
eik‖x−x0‖2

4π‖x − x0‖2
(1.1)

where i =
√

−1, A is the complex amplitude of the point source, k = 2πf/C is the wave

number, f is the frequency, and C is the speed of sound.
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The desired field from a point source is characterized by a plane wave when the source

is located far enough from the listening area. The dynamic pressure caused by a plane wave

at point x is:

p(x) = Aeik·x (1.2)

where k · x is the inner product of vectors k and x, k = k · ~k, and ~k is the unit vector in

the direction of the plane wave.

Secondary sources: The loudspeakers which create the sound field are referred to

as secondary sources. The sound field in the listening area depends on the radiation pat-

terns, locations, and the complex amplitudes (amplitude and phase) of the loudspeakers.

The complex amplitudes are also referred to as “driving functions” or “excitations” in the

SFR literature. Given the locations and radiation patterns of the loudspeakers, different

SFR methods try to optimize the complex amplitudes. Other methods also optimize the

loudspeakers’ locations and patterns in order to further improve the SFR performance.

Optimization of the loudspeakers’ placement and pattern is the main focus of this thesis.

Another important factor in SFR system is the power of the secondary source which impacts

the system performance and will be treated in this thesis.

Listening area: The region in which the sound field is to be recreated with the smallest

possible error is called the “listening area” or “region of interest”. In conventional SFR

systems, the listening area is composed of two points around the ear canals. These points

are called “sweet points” [1]. In modern acoustics, the listening area is a 2-D surface or

a 3-D volume. Some SFR methods consider the listening area as a continuous region and

recreate the sound field analytically in this region. In a sampled listening area, the effort is

to reproduce at discrete points only. This thesis focuses on the second approach, and the

sampled locations of the listening area are referred to as “sampling points”. The number and

arrangement of the sampling points also determine the accuracy of modeled SFR systems.

The sound field reproduced inside of the listening area is referred to as “interior sound

field”, and the sound field which is reproduced outside of the listening area is called “

exterior sound field”.

Loudspeaker region: The region in which loudspeakers (secondary sources) are lo-

cated is called the “Loudspeaker Region” (LR). The LR is also called the source aperture.

The majority of the SFR literature consider the LR to be around the listening area in order

to have the best coverage. For instance, for 2-D SFR, the loudspeakers are located on the

perimeter of a circle, and the listening area is a disk at the center of that circle. For 3-D

SFR systems, the loudspeakers are on the surface of a sphere while the listening area is a

smaller sphere inside the LR. However, when the possible locations of the primary sources

are limited, the LR does not need to cover the whole listening area. In this case, a linear

or planar LR can be placed at one side of the listening area which covers only a part of the

listening area.

2



Primary source

Secondary Sources

Listening area

Loudspeaker  Region

Figure 1.1: Illustration of a Sound Field Reproduction system

The LR is usually located between the primary source and the listening area, as shown

in Fig. 1.1, which is the case in this thesis. The SFR system in which the primary source is

located between the LR and the listening area is called “Focused Sound Field Reproduction”

(FSFR) system (not shown here).

Reproduction error: In a modeled SFR system, the difference between the desired

sound field and the one reproduced by the loudspeaker array is defined as the error field.

The energy of the error field is known as the “reproduction error”. In an SFR system,

different parameters are selected such that the reproduction error in the listening area is

minimized. In addition to the reproduction error, other kinds of perceptual error metrics

also exist for SFR systems. In this thesis, some of these perceptual metrics are measured

through the numerical system models.

1.2 Applications of sound field reproduction

The goal of an SFR system is to recreate a desired field such that the listeners feel they are

in the original environment where the sound field is created. SFR has many applications in

different industries. The motivating applications are reviewed in this section.

Active Noise Cancellation: The process of reducing the total noise sound field in

a zone is called noise cancellation. This process can be achieved by isolating the zone

using sound absorbent materials, or it can be done by generating an anti-noise field in the

zone using loudspeakers. The former is called passive noise cancellation while the latter is

referred to as active noise cancellation. Active noise cancellation can be decomposed into

two tasks: (1) estimating the parameters of the unwanted sound and (2) generating the

inverse sound field such that the superposition of the generated field and the unwanted one

leads to cancellation. In this context, the anti noise is the desired sound field, and the

listening area becomes the silent zone. The goal of SFR systems in this application is to
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recreate a silent region while the loudness of the sound field does not change considerably

outside the silent zone. Limiting the power of loudspeakers is one way to limit the power of

the sound field outside of the listening area. A simple way forward is to split the listening

area to two separate regions: inside and outside of the silent zone. In this method, the

sound field inside of the silent zone is the anti noise while the desired field outside of the

silent zone, the second listening area, is minimized.

Echo cancellation: An echo is an attenuated version of the original sound signal which

arrives to the listener after being reflected from the surrounding medium. Therefore, the

echo always has a delay. The reflections which arrive just after the direct sound are early

echos, and the reflections which arrive after a long time are referred to as late echos which

cause multiple hearing. This multiple hearing of the same sound often degrades the sound

quality, for example for speech signal. In this case, an SFR system can be deployed to

remove the late echos and improves the sound quality. In this application, by selecting the

desired field to be the opposite of the late echos, the superposition of the received sound

and the recreated one will be equal to summation of the direct signal and early echos.

3-D cinema: In this application an array of loudspeakers are located around the cinema

hall in order to recreate the sounds of the movie such that the audiences feel that they are

in the movie scene. Changing the direction of the sound based on what is happening in the

movie at each moment is one way to create this feeling for the listeners.

Multi-zone SFR system: In the multi-zone SFR, different sound fields are regenerated

in different listening areas. In this application, different listeners in the same environment,

such as a room or a car, are able to listen to different music or radio channels depending

on their locations.

Immersive communication: An immersive communication system aims at removing

the perception of physical barriers in a communication system. Users of such systems feel

that they are sharing the same environment. To implement such systems, visual, auditory,

and other senses (such as touch and smell) should be recreated in a way that users feel

there is no physical boundary. Therefore, a 3-D sound field reproduction system is an

inextricable part of an immersive communication system. This system regenerates the

auditory and localization senses for each user based on the information received from the

other users. This thesis studies this application of the SFR system in Chapter 5, and this

application is elaborated in the next section.

1.3 Immersive communications

Communication systems greatly advanced over the past years, including radio, television,

mobile phone, internet-based voice and video calling [2]. However these types of commu-

nications are not as natural as meeting face-to-face. For this purpose, immersive com-

munications aims at exchanging the natural social signals between remote people as if
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they are in the same environment. From the information point of view, the human vi-

sual system can receive information at equivalent rate about 10 Mb/sec, the haptic system

1 Mb/sec, the auditory and olfactory system about 10 Kb/sec, and the gustatory system

about 1 Kb/sec [2,3]. Since the links in the internet backbone can currently transfer 1Tb/sec

data, how to communicate the data is not so important [2]. The main question is how to

design a system in order to communicate in a way that users feel the same naturalness as in

face-to-face communication. To answer this question, visual, audio, and other information

(related to other senses such as smell and touch) should be captured at the transmitting end

and be reproduced at the receiving end. The most important components of an immersive

communication system are shown in Fig. 1.2.

Precise recreation of visual information plays an important role in the naturalness of

the immersive communication system. The requirements of a visual immersive system are

stereoscopy, motion parallax, and adaptive focus. The stereoscopy means that each eye of

all viewers must see an appropriate and different view. The motion parallax means that

the views in two eyes must change when the viewers move. The adaptive focus implies that

based on the focal planes of the viewers the objects should move in and out of focus. To

satisfy these requirements, ideally a display with a light field across the pupil of each eye

is needed. Head-mounted displays which are close enough to the viewers can satisfy the

above-mentioned requirements, but distant displays should be large enough and be wrapped

around the viewers to have these requirements [2]. The requirements of an ideal display

along with different kinds of displays are explained in the following paragraph.

An ideal light field should show the light ray passing through a 3-D location in space at

each angle individually for all frequencies and times. Conventional displays show the light

ray for 2-D locations which is fixed for all angles. Stereoscopic 3-D displays provide two views

for each eye separately for 2-D locations. To see such a display, special glasses are required

to separate the received signal properly such that each eye can see its corresponding view.

In these displays, viewers receive a fixed scene independent of their locations, which does

not satisfy the requirements of a visual immersive system. Multi-view displays contain N

lights in N directions at each 2-D location, and they can be used without glasses. Improving

the sense of immersiveness is possible in these displays by increasing the size of the display

which leads to high cost in the existing LCD, or plasma, etc., displays. Nowadays, large

displays are built using multiple projectors or mosaicing the LCD displays. Most recently,

roll-to-roll (R2R) techniques are being employed in the design of video screens for immersive

communications. Therefore, designing a display which has all the requirements of the visual

immersive system is a challenge and is beyond the scope of this thesis.

The second important aspect of an immersive communication system is the audio layer

in these systems. An audio immersive system should work in a way that listeners can

distinguish who is talking, what is the relative location and direction of the talker with

respect to each listener, and how many talkers are active at each time. For this purpose,
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Figure 1.2: Components of an immersive communication system

the sound field should be recorded at one end, transmitted to the other end, and reproduced

as if the listeners feel that they are in the same room with the talkers.

Two distinct methods are used for sound field capturing. In the first method, a clean

version of an audio signal corresponding to each talker is recorded and transmitted. In

this method, the audio files of the talkers should be separated and processed to be free of

echo and ambient noise. For this purpose, a microphone can be put close to each talker, or

the sound field can be recorded by an array of microphones and processed algorithmically

for source separation, echo cancellation, and etc. In the second approach, the sound field

is recorded around the heads of virtual listeners without any processing and conveyed for

sound field reproduction. This technique is faster and easier because it does not need to

process the audio signal. However, this method needs larger bandwidth to transmit the

related signals of all listeners. In addition, the exact geometry at the transmitting end may

not be similar to the one at the receiving end.

For sound rendering at the receiving room, the sound field can either be reproduced

in each ear canal using a headset, or it can be reproduced using an array of loudspeakers

around the ear canals acting as listening areas. The disadvantage of using a headset is that

the listeners can feel detached from their spatial environment. The second method is more

natural, but it encounters challenges such as detecting the listeners’ locations, accurately

finding the transfer function which depends on each listener, employing a real-time system

with low latency, and optimizing the system parameters for SFR.

To solve some of these problems the audio immersive system can be used along with the

video screening system. Interaction between audio and video systems can be used in finding

the locations of the listeners and talkers, or even in approximation of the listener transfer

function which depends on the listener. In this thesis, the acoustic layer of an immersive

communication system is designed with the help of a video-based monitoring system, in

Chapter 5.

Having ideal auditory and visual systems is a big stride toward a complete immersive

system because they simplify the recreation of the other senses. For example, in haptic

communication, in order to create the interaction between humans and objects, the shape

and size of the objects can be felt through the visual system used for immersive communi-
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cation. However, other aspects of this kind of communication are challenging. For example,

sense of touch is regarded as a multi-dimensional signal, and various types of sensors are

required to recreate this sense. References [4–7] have studied communication of the other

senses.

As mentioned earlier, an immersive communications system captures different signals

and recreates them such that the user senses that they are receiving natural signals. There-

fore, the quality of this systems should be judged by the users, and finding an objective

metric which reflects the user experience may be impossible. However, for sound field re-

production there are several metrics that can assess the quality and the sense of direction.

In a sound field rendering system, reproduction error measures the accuracy of the sound

field rendering while Interaural Level Difference and Interaural Time Difference evaluate

the sense of direction.

In the literature, SFR methods are employed in the audio layer of an immersive commu-

nication system in different configurations. The key papers are reviewed here. An overview

of the requirements and technical challenges related to audio immersive systems can be

found in [2, 8, 9]. In [10], a 3-D sound field reproduction system is designed and imple-

mented based on the boundary surface control principle, or Wave Field Synthesis method.

The loudspeaker and microphone arrays are constructed in the shape of a dome. In this

method the sound field of an environment (such as a jungle or orchestra) is recorded by the

microphone array, and then reproduced in a room. The results of the subjective listening

experiments show that most of the subjects rated the reproduced sound field as “very good”,

which was the highest among the rankings.

In [11], a sound field reproduction system for immersive audio is suggested in which the

loudspeakers are placed all around the audience in the reproduction room. The loudspeak-

ers’ excitations (driving functions) are determined using Wave Field Synthesis. Here, again,

subjective tests show that the quality of the reproduced field is high. In the immersive audio

system described in [12], loudspeakers are located around the desktop and the sound field

originating from a point source located in the middle of the screen is recreated. While the

above approaches focused on headphone-free systems, the authors of [13] proposed a low

cost sound field reproduction system with the aid of headsets.

In this thesis, an optimized SFR system is used in the audio layer of an immersive

communication system, and the perceptual error metrics are measured numerically in order

to show how SFR system optimization enhances the quality of an immersive communication

system.

1.4 Sound field reproduction techniques

Sound field reproduction (SFR) is a re-emerging field of study that originated more than 50

years ago. One of the earliest references is [1], where a system consisting of two loudspeakers
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and two microphones is designed to reproduce a sound field at two points around human

ears. This method is called “stereophonic reproduction” and allows the sound field to be

recreated in a very small region (two points, “sweet points”). In [14], a multi-channel

sound reproduction system is presented which records a sound field on an enclosed surface

by an array of microphones, and reproduces the sound field in that enclosed volume in a

reverberant room by an array of loudspeakers.

The goal of all SFR methods is to optimize the system parameters such that the repro-

duction error is minimized in the listening area. Some of these parameters are determined

ahead of time, and they are fixed during the system operation. These parameters are called

static parameters or static Degrees of Freedom (DoFs), and they are optimized or deter-

mined intuitively. Some other parameters are found during the system operation, and they

change by changing the desired field. These parameters are called dynamic parameters or

dynamic DoFs. In most of the SFR literature, all parameters except the complex amplitudes

of loudspeakers are considered as static DoFs. In these systems, the complex amplitudes

of the loudspeakers change in real time to minimize the reproduction error. In modern

acoustics, there are three prominent classes of SFR methods [15] which find the complex

amplitudes of the loudspeakers provided that all other parameters are given:

1. Wave Field Synthesis (WFS) [16–28],

2. Higher Order Ambisonics (HOA) [29–37], and

3. Direct approximation (pressure matching) [15,38–41].

Optimization of the loudspeakers’ locations and radiation patterns as static or dynamic

DoFs are two other techniques of sound field reproduction. These five techniques in the

literature are reviewed in the following subsections.

1.4.1 Wave field synthesis (WFS)

This method is based on Huygens’ principle which states that every sound field can be rep-

resented by a superposition of spherical waves. According to the Kirchhoff-Helmholtz (KH)

integral, the pressure at each point in a source-free volume can be determined completely if

the pressure and velocity on the enclosing surface of that volume are known. Therefore, a

desired sound field is recreated in a source-free volume if the pressure and velocity (which is

the gradient of pressure) of the desired field are completely regenerated on its surrounding

surface [16].

The governing equation of WFS, the KH integral, is:

p(x) = −
∫

∂V

(
G(x|x0)

∂

∂n
S(x0) − S(x0)

∂

∂n
G(x|x0)

)
dS0. (1.3)
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Figure 1.3: Wave Field Synthesis [16].

In this equation, p(x) is the pressure at point x in volume V , G is Green’s function, S is

the pressure caused by the primary source on the enclosing surface of V , and n is the unit

vector inward perpendicular to the enclosing surface of V . This integral can be visualized

with the help of Fig. 1.3, where x is an arbitrary point in volume V , and x0 is a point on

the enclosing surface ∂V . If the pressure S(x0) and velocity ∂
∂n

S(x0) caused by the primary

source, S, are known at every point on the enclosing surface, the pressure caused by S at

x can be calculated from Eq. (1.3).

Green’s function in three dimensions is:

G(x|x0) =
1

4π

ejω/c‖x−x0‖2

‖x − x0‖2
+ F, (1.4)

where ω is the angular frequency of the primary source and F can be any function which

satisfies the wave equation. In the conventional form of the KH integral, F is equal to

zero. This Green’s function and its differential can be realized using monopole and dipole

loudspeaker patterns respectively. Therefore, the desired field can be recreated in volume

V by placing co-located monopole and dipole loudspeakers at all points on its surrounding

surface. Based on Eq. (1.3), the amplitude of the monopole loudspeaker at x0 is equal to

the velocity of the primary source at this point ∂
∂n

S(x0), while the amplitude of the dipole

is equal to the pressure at this point, S(x0).

The second term in the integral, S(x0) ∂
∂n

G(x|x0), can be eliminated if the gradient

of Green’s function is zero on the enclosing surface of the volume. This type of Green’s
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function is called Neumann Green’s function [16], denoted by GN , and is characterized by:

∂GN (x|x0)
∂n

∣∣∣∣
x0∈∂V

= 0. (1.5)

Finding the Neumann Green’s function is hard in general, especially for complex ge-

ometries. A large source-free volume can be imagined as a half space. In this case, the

surrounding surface of that volume is a plane as shown in Fig. 1.4. For this planar contour,

the Neumann Green’s function is given by:

GN (x|x0) = 2 · G(x|x0) = 2 · 1
4π

eiω/c‖x−x0‖2

‖x − x0‖2
. (1.6)

In Fig. 1.4, x is an arbitrary point in volume V , and x′ is the mirrored point of x with

respect to the dividing plane. The pressure caused by G is equal at x and x′, so ∂
∂n

G(x|x0)

is equal to zero in this structure. For the planar contour, the KH integral converts to a

Rayleigh I integral:

P (x) = −
∫

∂V
(G(x|x0)

∂

∂n
S(x0)dS0. (1.7)

Hence, in this configuration, the sound pressure at each point of the half space is deter-

mined if the velocity of all points on the dividing plane is known. For example, considering

the Cartesian coordinates, given the velocity of all points of x − y plane, the pressure of all

points with z > 0 is calculated by Eq. (1.7). This implies that using a continuous planar

distribution of loudspeakers, the sound field can be reconstructed at every point of the half

space correctly, without any error [16].

On the other hand, if in this geometry, G is selected such that it is equal to zero on the

surface of the dividing plane, then the first term of Eq. (1.3) vanishes, and the pressure of

each point with z > 0 is calculated by a Rayleigh II integral as follow:

P (x) = −
∫

∂V
−S(x0)

∂

∂n
G(x|x0)dS0. (1.8)

To find G such that its value is zero on x − y plane, function F should be equal to:

F = −eiω/c‖x′−x0‖2

‖x′ − x0‖2
, (1.9)

where x′ is obtained by mirroring x with respect to the x − y plane.

This integral states that any desired sound field can be reproduced without error for

points z > 0 using a continuous distribution of dipoles on the x − y plane. The driving

function of each dipole is equal to the pressure of the primary source at the dipole location.

Sound field reproduction with the WFS method faces two major practical problems:
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Figure 1.4: Wave Field Synthesis in half space [16].

• To generate a practical discrete loudspeaker distribution, the continuous distribution

should be sampled with a rate above the Nyquist rate [17]. That is, the spacing

between adjacent loudspeakers should be less than a half a wavelength for a plane

wave reproduction in free space.

• Idealized WFS requires that the loudspeakers be placed on the entire dividing plane,

so the required number of loudspeakers, even if discretized, is infinite. Of course, this

is also not practical, and for any real application one must truncate the loudspeaker

array.

Truncation and discretization (with spatial undersampling) lead to reproduction error

in the practical versions of WFS.

The main advantage of WFS relative to other SFR methods (discussed below) is that,

in principle, it allows the dimensions of the listening area to be very large [17]. The WFS

literature is now reviewed.

The concept of wave field synthesis is introduced in [19]. In [42], based on the concept of

WFS, the driving function of a continuous linear array of loudspeakers, with any arbitrary

shape, is calculated for SFR on a linear listening area, with any arbitrary shape, both for

non-focused and focused primary sources. The effect of truncation and discritization are

also investigated in [42]. In addition, the sound field is reproduced by the WFS method on

a planar listening area using two orthogonal linear arrays of loudspeakers [42].

In [25], the WFS method is used for SFR in a reverberant room. A new method is

proposed based on wave domain adaptive filtering for room compensation.

Another method is also proposed in [20] for SFR by employing WFS method in a

reverberant room. This method is called Adaptive WFS (AWFS) which is a combination

of WFS and active noise cancellation techniques in order to treat the reverberation effect

in sound field reproduction.

In [21], it is shown that the performance of the WFS method is improved only if the

loudspeakers which have the most significant effect on the sound field reproduction are
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active. In other words, this method selects the loudspeakers which should be active in the

WFS method for SFR.

The authors of [26] have presented a 3-D SFR system which works based on the WFS

method with a small number of loudspeakers. The theory of the WFS method is revisited

[16] for 2-D and 3-D SFR system with any arbitrary shape of the LR.

Ahrens and Spors have presented a new SFR method in [17, 35, 37, 43, 44] which works

in the wave-domain. In this method, the reproduced sound field is written as a spatial

convolution of the transfer function of the loudspeakers and their driving function. The

convolution is then transformed into a multiplication in the wave domain, i.e., the desired

(reproduced) field is equal to driving function of the loudspeakers multiplied by their transfer

function. Expressed as an inverse filter, the driving function of the loudspeakers is the

desired field divided by the transfer function in the wave domain. A closed form for the

driving function is derived by taking the inverse spatial Fourier transform of the driving

function in the wave domain. This SFR technique is called Spectrum Division Method

(SDM).

The challenges of the SDM method are similar to those of the WFS method. In this

method in contrast to the WFS method, the patterns can be selected arbitrarily, and they

are not necessarily monopole or dipole. Furthermore, in SDM, the LR can be of any shape,

and it is not necessarily to be the enclosing surface of the listening area. However, the con-

figurations for which SDM is applicable are limited, and these configurations face the same

issues as in the WFS method. The reasons are two-fold: first, calculating the wave domain

representation of the transfer function is not easy for any arbitrary loudspeaker. Second,

having a closed form of the inverse Fourier transform of the obtained driving function is not

easy for any arbitrary configuration. Therefore, to have a closed form solution, as in the

WFS method, the loudspeakers are assumed to be continuous, and they are placed either

on an infinite plane or line in the Cartesian coordinate, or on a sphere or around a circle in

the spherical coordinate. This implies that descritization and truncation are also necessary

in this method, and they are sources of error,

In [43], a closed form for the excitation function of a linear array of dipole loudspeakers

is obtained by SDM assuming that the listening area is another line.

SDM is investigated in [17] for the monopole distribution of loudspeakers for 2-D and

3-D plane wave reproduction. The effect of truncation and discretization is investigated,

and the maximum distance between loudspeakers is calculated [17]. Based on this analysis,

it is revealed that a large number of loudspeakers should be employed for 3-D SFR using a

planar array of loudspeakers. As an example, to reproduce a plane wave with a frequency

of 800 Hz at broadside, the required number of loudspeakers on a 3 m × 3 m planar LR

is 196. For this reason, the authors in [17] have employed a linear array of loudspeakers

to reproduce a desired sound field along another line as the listening area. The number
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of loudspeakers is set to 20, and the primary source is assumed to be a plane wave with a

specific direction at 1000 Hz.

In [45], the SDM method is employed for 2-D SFR using a circular loudspeaker array

with a non-omnidirectional radiation pattern. The 3-D version of this configuration is

presented in [46].

1.4.2 Higher Order Ambisonics

In the Higher Order Ambisonics (HOA) method, the desired sound field is first decomposed

in terms of the spherical harmonic functions [29] (following the notation of [29]):

pdes(x) =
∞∑

l=0

l∑

md=−l

Bmdl(x; k)Y l
md

(~x), (1.10)

In this equation, x = ‖x‖2, ~x = x/x, Y l
md

is the spherical harmonic function of order l and

degree md, and Bmdl(x; k) is the harmonic coefficient which is independent of the angular

information of point x. The spherical harmonic functions are:

Y l
md

(~x) =

√
(2l + 1)(l − |md|)!

4π(l + |md|)! Pl,|md|cos(θ)eimdφ (1.11)

where P is the Legendre function, and θ and φ are the elevation and azimuth angles to

point x. The harmonic coefficients corresponding to a plane wave in Eq. (1.2), and a point

source in Eq. (1.1) are given by [47]:

Bpl
mdl(x; k) = 4πiljl(kx)(Y l

md
(~k))∗ (1.12)

Bps
mdl(x; k) = −4πikjl(kx)x0e−ikx0hl(kx0)(Y l

md
( ~x0))∗ (1.13)

where jl and hl are spherical Bessel and Hankel functions of order l respectively, x0 = ‖x0‖2,

and ~x0 is the unit vector in the direction of point x0.

This first step in HOA, i.e. decomposing the sound field into spherical harmonics, is

sometimes referred to as “spatial encoding” [29] in acoustics. After this step, the sound

field is approximated by a limited number of spherical harmonics as:

pdes(x) ∼=
Lt∑

l=0

md=l∑

md=−l

Bmdl(x; k)Y l
md

(~x), (1.14)

where Lt is called the order of truncation. Then, the reproduced field by the loudspeakers

is expanded in terms of the spherical harmonic functions, and this expansion in truncated

up to the same order of truncation. Let N be the number of loudspeakers, the recreated
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field by the loudspeaker array is:

p(x) =
N∑

n=0

snG′
n(x|xn) =

N∑

n=0

sn




∞∑

l=0

md=l∑

md=−l

Cn
mdl(x; k)Y l

md
(~x)




∼=
Lt∑

l=0

l∑

md=−l

(
N∑

n=0

snCn
mdl(x; k)

)
Y l

md
(~x),

(1.15)

where sn is the complex amplitude (excitation) of the n-th loudspeaker, G′
n(x|xn) is the

transfer function of n-th loudspeakers to point x which is located at point xn, and Cn
mdl(x; k)

is the harmonic coefficient of G′
n. Comparing Eqs. (1.14) and (1.15) results in the following

system of equations with N unknown parameters and (Lt + 1)2 equations:

N∑

n=0

snCn
mdl(x; k) = Bmdl(x; k) for 0 ≤ l ≤ L − l ≤ md ≤ l (1.16)

Therefore, the complex amplitudes of loudspeakers are derived by solving this system of

equations which is called“spatial decoding” [29]. The above system can be solved exactly

for:

N > (Lt + 1)2. (1.17)

Therefore, for correct reproduction, the number of loudspeakers should be equal to or greater

than (Lt + 1)2 [29].

The reproduction error in the HOA method comes from the approximation of the desired

field in Eq. (1.14) by a limited number of spherical harmonics:

Error =
∞∑

l=Lt+1

md=l∑

md=−l

Bmdl(x; k)Y l
md

(~x) (1.18)

This implies that the reproduction error decreases by increasing the order of truncation,

i.e., by increasing the number of loudspeakers. Depending on the desired field, the order

of truncation to achieve a specific reproduction error is different. For example, to achieve

less than 4% reproduction error for reproducing a plane wave with a frequency of f inside

a sphere with a radius of r, the truncation order is found by [29]:

Lt > ⌈kr⌉ , (1.19)

According to Eqs. (1.17) and (1.19) by increasing the frequency and size of the listening

area, the number of loudspeakers increases exponentially. In other words, for a fixed number

of loudspeakers and order of truncation, the size of the listening area decreases at higher

frequencies for plane wave reconstruction.
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Generally, with a reasonable number of loudspeakers, the HOA method works accurately

for small listening areas [29] in contrast to the WFS method which is applicable for large

listening areas with larger reproduction error.

The SFR literature which has employed the HOA method for SFR is reviewed in the

following.

In [29], HOA method is used for plane wave reproduction. Here, 25 loudspeakers are

placed on a sphere with a radius of 1 m surrounding the listening area, which is a smaller

sphere of radius 0.2 m. The placement of loudspeakers is determined by sphere packing.

The results are presented only for reconstruction of a plane wave with a specific direction

of propagation and a frequency of 1 kHz. The number of loudspeakers is selected such that

the reproduction error is less than 4% for the selected frequency and listening area.

In [32], the HOA method is re-explained and compared with the WFS method. In this

paper, 32 loudspeakers are located on the perimeter of a circle, and the listening area is

inside of a circle of radius 1.5 m. The reproduced fields resulting from the HOA and WFS

methods, along with the regions from the listening area for which the error is less than 5%

and 20%, are depicted graphically. According to the presented results, the HOA method

is more accurate than WFS. The same authors presented different aspects of the HOA

method in more detail for 2-D and 3-D reconstruction by employing circular and spherical

loudspeaker arrays in [31].

In [36], a closed form for the excitation function of loudspeakers is derived analytically

via the HOA method for a circular array of loudspeakers. In this method, 56 loudspeakers

are located around a circle with a radius of 1.5 m, and the desired field is a plane wave with

a specific direction of propagation and a frequency of 1000 Hz.

The theory of recording and reproducing a sound field by the HOA method in 3-D free

space and a reverberant room is explained in [48]. Here, loudspeakers are arranged on a

surface of a sphere and the desired field originates from a virtual point source.

In [49], a continuous distribution of loudspeakers is considered on the perimeter of

a circle, and a closed form for the excitation function of the continuous loudspeakers is

derived analytically through the HOA method. Then, the calculated continuous driving

function is sampled to obtain the complex amplitudes of the discrete loudspeakers.

The method in [30] presents a structure for plane wave reproduction in a sphere using

three circular arrays (rings) with a total of 18 loudspeakers by the HOA method. The

radius of the largest ring is 2 m. The results are presented for reproduction of the various

plane waves with different frequencies and directions of propagation. In this method, the

error changes between zero percent to 200 percent with the size of the listening area and

the direction of propagation of the desired plane wave. For example, when the radius of

the listening area (sphere) is r = 0.5 and the direction of propagation is (θ = π, φ = π/4)

the error is 10%, while for (θ = π/2, φ = π/4), the error is 100% and it is 70% for (θ =

3π/4, φ = π/4).
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Figure 1.5: Sampling points in the direct optimization method.

Multi-zone SFR in 2-D by using the HOA method is presented in [50]. In this method,

loudspeakers are placed on the perimeter of a circle which contains all zones.

1.4.3 Direct Approximation (pressure matching)

This method is called direct approximation because the error metrics can be treated directly.

Rather than attempting to exactly create the desired field, which is usually not possible

because of practical constraints, direct approximation methods attempt to minimize the

reproduction error at some discrete points of the listening area. These points are called

sampling points and they are shown in Fig. 1.5. The Nyquist distance between the sampling

points depends on the frequency and the distance between the listening area and primary

source. For instance, for plane wave reproduction, the distance between the sampling points

should be equal or less than half of the wavelength λ = C/f [51]. However, for spherical

wave reproduction, the Nyquist distance in meter between the sampling points decreases

by decreasing the distance between the primary source and listening area [51].

The closed-form solutions will not always be available in direct approximation-based

SFR, so numerical methods are deployed for SFR. The main advantage of this method is

that it is applicable to any arbitrary system configuration.

This method tries to drive the error signal at sampling points down to zero. In contrast

to the previously described methods, different parameters and conditions can be explicitly

considered here, and this method can be formulated as a so-called multi-objective optimiza-

tion problem. Let N be the number of loudspeakers, and vector s = [s1, ..., sN ]T be the

complex amplitudes of loudspeakers. In general the optimum value for vector s is found by

solving the optimization problem:

sopt =





arg min
s;h(s)≤h0

F1(s)

...

arg min
s;h(s)≤h0

FMc(s)

(1.20)
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where h and Fj ’s can be any arbitrary function of s, and Mc is the number of functions

which are considered in this method. In the SFR literature, the complex amplitudes of

loudspeakers are determined so that the energy of the reproduction error is minimized

while keeping the ℓη-norm of the loudspeakers less than a predetermined value. Therefore,

Mc = 1, F1 = ‖e‖2
2, where e is the error vector at sampling points, and h(.) is equal to the

ℓη-norm of the loudspeakers.

Let the desired pressure (phase and amplitude of a sinusoidal wave) at M sampling

points be arranged in an M × 1 vector pdes, and the reproduced pressures at the sampling

points by the loudspeaker array be arranged in another M × 1 vector p(s), which is a

function of the complex amplitudes of the loudspeakers. The direct approach attempts to

solve the following problem of finding the optimum values for the complex amplitudes of

the loudspeakers:

sopt = arg min
‖s‖2

η≤pηmax

‖pdes
2 − p(s)‖2

2, (1.21)

where ‖s‖η is the ℓη-norm of the loudspeakers, and pηmax is the maximum value of ℓη-norm.

This problem is also known as “Least Square" (LS) optimization when η = 2. The ℓη-norm

of the loudspeakers for η ≥ 1 is calculated by:

‖s‖η =

(
N∑

n=1

|sn|η
) 1

η

. (1.22)

The ℓ0-norm of a vector is defined as the number of non-zero elements of that vector.

Eq. (1.21) can be solved by the Lagrangian method with the following cost function:

J =
∥∥∥pdes − p(s)

∥∥∥
2

2
+ γ ‖s‖2

η (1.23)

where γ is the regularization parameter. The solution of this minimization problem leads

to sparse representation of s for η = 1. With this condition, the error is minimized while

the complex amplitudes of the specified number of loudspeakers are close to zero.

For η = 2, ‖s‖2
2 is proportional to the total power of the loudspeaker array. The

maximum value of ℓ2-norm is denoted by pmax and it is referred to as “maximum normalized

power”. To find the complex amplitudes of the loudspeakers, the direct approximation

method is employed by limiting the ℓ2-norm of the loudspeakers in this thesis.

In the direct approximation approach, the normalized reproduction error at the sampling

point is calculated as:

Error =

∥∥∥pdes − p(sopt)
∥∥∥

2

2

‖pdes‖2
2

. (1.24)

The normalized reproduction error depends on the desired field, SFR configuration, oper-

ating frequency, the number of loudspeakers, the number of sampling points, and the max-

imum normalized power. As mentioned earlier, by increasing the frequency, the Nyquist
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distance in meter between the sampling points decreases, and the number of sampling points

increases. Therefore, with a reasonable number of loudspeakers, by increasing frequency or

increasing the size of the listening area, the system equation in Eq. (1.21) becomes overde-

termined which means that the error cannot be zero in general. In summary, as in the HOA

method, the direct approximation methods work precisely for small listening areas while,

in contrast to the HOA method, they can be applied to any arbitrary geometry, and other

conditions can be considered during the optimization process. In the following paragraphs,

the literature which use the direct approximation method for sound field reproduction is

reviewed.

The Direct approximation method is used in [52] for SFR in three different structures.

Here, the cost function is only the ℓ2 norm of the reproduction error. In all structures, a

desired plane wave is reproduced on a 0.5 m×0.5 m square, and the number of sampling

points is 64. In the first structure, two loudspeakers are placed in front of the listening

area, and the angle between the two-loudspeaker array and the listening area is 60 degrees.

In the second structure, four loudspeaker are placed on the vertices of a square, and the

listening area is at the center of that square. In a third structure, four loudspeakers are

placed on a sector with angle of 90 degrees, and the listening area is at the center of that

sector. The normalized reproduction error versus the frequency of the plane wave and the

direction of the plane wave is illustrated in this paper for frequencies less than 1000 Hz.

Gauthier and Berry [38] employed the direct approximation approach to recreate a plane

wave in a square region. In this work, 51 loudspeakers are placed on perimeter of a 7.5 m ×
6.4 m rectangle, and the listening area is a square with side length of 1 m in the center of this

rectangle. The operating frequency of a single tone primary source is less than 1500 Hz, and

the results are presented in the context of recreating plane waves with different directions

of propagation. The energy of the reproduction error is minimized using the least squares

(LS) solution while the total normalized power of the loudspeakers (more specifically, ‖s‖2
2)

is constrained.

Arrangement and number of sampling points are crucial parameters in the SFR using

the direct approximation methods. This problem is addressed in [53] by analyzing the

desired field, which is also called the planacoustic function(PAF), on the listening area.

In [15], Lilis et al. employed the “Least absolute shrinkage and selection operator”

(Lasso) to recreate a desired field. In contrast to the LS approach from [38], in Lasso,

the number of loudspeakers (ℓ1-norm) is constrained in order to promote sparsity. The

operating frequency in this paper is less than 1400 Hz, and the results are presented for a

2-D listening area. The desired field in this paper is a spherical wave, which originates from

a specific point. Two different configurations were studied. In the first one, 49 loudspeakers

are placed around a circle, and the region of interest is a square with side lengths of 3 m,

located at the center of the circle. The second configuration has an amphitheater topology

and the number of loudspeakers is 90. Dimensions of the listening area is about 4 m × 9 m.
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The results show that Lasso outperforms LS in these two scenarios in terms of reproduction

error for the same maximum normalized power.

The optimization problem formulated in Eq. (1.21) can be solved using a Lagrangian

approach [54–57] by converting the constrained problem in Eq. (1.21) to an unconstrained

problem of minimizing Eq. (1.23) . Coefficient γ is known as a Lagrange multiplier or a

regularization factor. In [39], two new approaches are proposed to find the best regulariza-

tion factor for the LS-based sound field reproduction. The first approach uses SVD, while

the second one is based on an iterative Newton method. In the scenario studied in [39], the

desired field is a spherical wave. Four circular arrays of loudspeakers are located around a

circle with a radius of 1.5 m. The radius of each circular array is 0.2 m and each contained

8 monopole loudspeakers, for a total of 32 loudspeakers. The listening area is a 2-D circle

whose radius is 0.5 m. The operating frequency in this paper is 750 Hz.

1.4.4 Optimization of the loudspeaker placement

Depending on the SFR formulation and cost function, the reproduction error can be made

a convex function of the excitation vector, which simplifies the solution. However, the

reproduction error cannot be a convex function of loudspeaker locations [15], which makes

globally optimal loudspeaker placement challenging. Perhaps for this reason, loudspeaker

placement for SFR has been less studied, and the research has mostly focused on finding the

excitation vector after loudspeaker locations are chosen ad-hoc, e.g. uniform, and spaced

using a free space sampling criteria.

To optimize the loudspeaker locations, the reproduced field is considered as a function

of the locations and complex amplitudes of the loudspeakers. Using the formulation in the

direct approximation method, the following non-convex optimization problem should be

solved for finding the loudspeaker locations constrained by their LR

(sopt, xopt
1 , xopt

2 , .., xopt
N ) = arg min

s,xn

‖pdes − p(s, x1, .., xN )‖2
2 s.t. xn ∈ LR, (1.25)

where N is the number of loudspeakers and LR is the loudspeaker region. In the above

formulation, the reproduced field is considered as a continuous function of the loudspeaker

locations. The solution of this problem may result in an impractically small distance be-

tween the loudspeakers. To account for this, the loudspeaker region is uniformly sampled

such that the distance between samples is in accordance with the practical size of loud-

speakers. Then, the above optimization problem selects the optimum locations from these

samples from the LR which are referred to as candidate locations.

In practice, the loudspeaker locations should be optimized as static DoFs before the

system operation because it is infeasible to change these parameters during the system

operation. Therefore, in this thesis and other literature, the loudspeaker locations are
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determined provided that some parameters of the primary source(s) such as its frequency

range and its possible locations are given.

In [58], the number and locations of loudspeakers are optimized for SFR without any

information regarding the primary source except for the operating frequency. As explained

above, optimum locations are selected from the candidate locations form the LR. This

method optimizes the loudspeaker locations iteratively only based on the system configura-

tion (loudspeaker region and listening area). In this method, either the location of the first

loudspeaker is given, or it can be selected from the candidate locations if the desired field

is known. With the location of the first loudspeaker as an initial condition, this algorithm

finds the locations of the other loudspeakers from the candidate locations one by one, such

that the selected acoustic impedance vectors are linearly independent.

Given the desired field, loudspeaker placement for SFR with a view towards reducing the

reproduction error is studied in [15]. In this method, densely spaced candidate loudspeakers

are placed on the LR, and the excitation vector is computed to minimize the reproduction

error while limiting its ℓ1 norm. This method results in a sparse linear approximation of the

desired field in terms of the Acoustic Transfer Functions (ATFs) of the loudspeakers. This

minimization problem is solved in [15] by Lasso. Since this technique results in a sparse

solution, the excitations of a considerable number of loudspeakers are zero, therefore, they

can be removed from the array. In [59], the same strategy is employed to optimize the

locations of loudspeakers for multi-zone SFR.

1.4.5 Optimization of the loudspeaker pattern

Optimizing the loudspeaker patterns as a static or dynamic DoFs is another SFR technique.

The pressure at an arbitrary point is given by the complex amplitudes and the associated

transfer functions of the loudspeakers. The transfer function of a loudspeaker is the mul-

tiplication of the Green’s function by the radiation pattern of that loudspeaker. Again,

using the formulation in the direct approximation method, the radiation patterns of the

loudspeakers are found through the following optimization problem:

(sopt, Lopt
1 , Lopt

2 , .., Lopt
N ) = arg min

s,Ln

‖pdes − p(s, L1, .., LN )‖2
2 (1.26)

where L is the radiation pattern of loudspeakers.

The radiation patterns can be optimized through the HOA method by replacing the

transfer function G′ in Eq. (1.15) with Gn(x|xn)Ln(x|xn), and considering L as unknown

functions.

Any radiation pattern can be expanded in terms of the spherical harmonic function. This

expansion can be approximated by a limited number of spherical harmonics. Therefore, the

problem of optimizing the loudspeaker patterns can be simplified to optimizing the harmonic

coefficients of a specific number of spherical harmonic functions. With this simplification,
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in both formulations, HOA and direct approximation, the optimization problem is convex

in terms of the harmonic coefficients of the loudspeakers.

Furthermore, the harmonic coefficients of the loudspeakers can be optimized either as

dynamic DoFs or as static DoFs. Considering these harmonic coefficients as dynamic DoFs is

equivalent to replacing one loudspeaker by a number loudspeakers whose radiation patterns

are equal to the spherical harmonic functions. It means that the complex amplitudes of all

loudspeakers (spherical harmonic functions) should be updated during the system opera-

tion. It increases the system accuracy at the expense of increasing the system operational

complexity. Considering these parameters as static DoFs improves the system performance,

not as much as the previous case, while it does not increase the dynamic system complex-

ity. In this case, the radiation patterns of the loudspeakers are designed before the system

operation, and only their complex amplitudes update during the system operation. In the

following paragraphs, the literature that optimizes the loudspeaker radiation patterns is

reviewed.

In [60], the radiation patterns of the loudspeakers are a fixed linear combination of a

monopole and a radially-directed dipole, while the same author presented another method

in [61] which determines the harmonic coefficients of monopole and radially-directed dipole

based on the desired field in real time and during system operation. Therefore, in the first

case [60], the radiation patterns of the loudspeakers are regarded as static DoFs while they

are dynamic in [61].

In [62] and [63], the radiation patterns of higher order loudspeakers are optimized for

2-D and 3-D SFR based on the HOA method. In [62], the higher order loudspeakers are on

the perimeter of a circle while in [63] they are on the surface of a sphere. In both methods

the obtained radiation patterns vary during system operation, s o they are regarded as

dynamic DoFs.

1.5 Contribution and thesis outline

As mentioned earlier, some system parameters in SFR are determined before the system

operation as static DoFs. These parameters are found intuitively, or they are optimized if

some parameters of the primary source(s) are given. The focus of this thesis is on opti-

mization of the system parameters, specifically the locations and radiation patterns of the

loudspeakers, before the system operation.

To optimize the loudspeaker locations, we will introduce two methods in Chapter 2. In

the first method, the ATF matrix of a benchmark array of uniformly placed loudspeakers

undergoes Singular Value Decomposition (SVD). This creates an “ideal” ATF matrix for

minimizing reproduction error and under the power constraint. The “ideal” ATF matrix is

then best approximated by selecting the appropriate locations for the loudspeakers. This

method will be referred to as SVD-based placement algorithm.
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The second method utilizes constrained matching pursuit (CMP), an extension of match-

ing pursuit [64], to optimize the loudspeaker locations under a power constraint. At each

iteration, the goal is to select the locations whose ATF is the most correlated with the

current reproduction error while constraining power. This method will be referred to as

CMP-based placement in this thesis. Chapter 3 compares the performance of these two

algorithms against the existing methods of [58] and [15] for 3-D SFR using a planar array

of loudspeakers in a cubic listening area.

To optimize the radiation patterns of the loudspeakers, in Chapter 4, a new algorithm

is presented for finding the harmonic coefficients of higher order loudspeakers. In this

algorithm, the higher order radiation patterns are optimized before the system operation.

It uses Constrained Matching Pursuit for the given frequency range and possible locations

of the primary source. Therefore, in contrast to the methods in [62,63], the performance of

the proposed SFR method improves without increasing the dynamic system complexity. In

addition, a new method which jointly optimizes both radiation patterns and locations of the

loudspeakers is introduced in this chapter. The performance of this method is compared

against different systems in which only pattern or placement is optimized.

This optimized SFR system is employed in the acoustic layer of an immersive communi-

cation system in Chapter 5. In the system configuration, the speech sound field is captured

at one end by a microphone array working with a video monitoring system. At the other

end the captured speech is recreated with the pattern selection algorithm. The joint opti-

mization algorithm is deployed before the system operation to design the radiation pattern

and location of the loudspeakers.

During the system operation, the Head Related Transfer Function (HRTF)-based re-

production error is considered in calculating the complex amplitudes of the loudspeakers.

With this strategy the localization cues are preserved after sound field reproduction which

is to improves the sense of immersion. To measure the sense of immersion, in addition to

HRTF-based reproduction error, two important parameters in localizations, the Interaural

Time Difference (ITD) and Interaural Level Difference (ILD), are logged.

Finally, Chapter 6 concludes the thesis and presents the future steps in order to improve

the performance of the proposed SFR algorithms, and consequently the quality of the

immersive communication system.

This PhD research study resulted in the following publications:

Conference Papers:

1. H. Khalilian, I. V. Bajić, and R. G. Vaughan, Towards optimal loudspeaker placement

for sound field reproduction, In Proc. IEEE ICASSP’13, Vancouver, BC., May 2013,

pp 321-325.

2. H. Khalilian, I. V. Bajić, and R. G. Vaughan. Loudspeaker placement for sound

field reproduction by constrained matching pursuit. In Proc. IEEE Workshop on

22



Applications of Signal Processing to Audio and Acoustics (WASPAAâĂŹ13), New

Paltz, NY, Oct. 2013, pp 1-4.

3. H. Khalilian, I. V. Bajić, and R. G. Vaughan. 3-D sound field reproduction using

diverse loudspeaker patterns. In IEEE International Conference on Multimedia and

Expo Workshops, San Jose, CA, Jul. 2013, pp 1-4.

4. H. Khalilian, I. V. Bajić, and R. G. Vaughan. Joint Joint optimization of loudspeaker

placement and radiation patterns for Sound Field Reproduction. In Proc. IEEE

ICASSP’15, South Brisbane, QLD, April 2015, pp. 519-523.

5. H. Khalilian, I. V. Bajić, and R. G. Vaughan. A Glimpse of 3-D Acoustics for Immer-

sive Communication. In The 29th Annual IEEE Canadian conference on electrical

and computer engineering, Vancouver, BC., May 2016.

6. H. Khalilian, I. V. Bajić, and R. G. Vaughan. Learning to Reproduce a Sound Field,

Accepted for presentation at IEEE International Workshop on Machine Learning for

Signal Processing, Salerno, Italy, Sep. 2016.

Journal Papers:

1. H. Khalilian, I. V. Bajić and R. G. Vaughan, Comparison of Loudspeaker Place-

ment Methods for Sound Field Reproduction, in IEEE/ACM Transactions on Audio,

Speech, and Language Processing, vol. 24, no. 8, pp. 1364-1379, Aug. 2016.

2. H. Khalilian, I. V. Bajić and R. G. Vaughan, Sound Field Reproduction for Immer-

sive Communication , Submitted to IEEE/ACM Transactions on Audio, Speech, and

Language Processing.

In addition to the above thesis papers, the following contributions are also part of my

PhD study:

Conference Paper:

• H. Khalilian and I. V. Bajić, Multiplicative video watermarking with semi-blind max-

imum likelihood decoding for copyright protection, In IEEE Pacific Rim Conference

on Communications, Computers and Signal Processing (PacRim), Victoria, BC., Aug.

2011, pp 125-130.

Journal Paper:

• H. Khalilian and I. V. Bajić, Video Watermarking With Empirical PCA-Based De-

coding, in IEEE Transactions on Image Processing, vol. 22, no. 12, pp. 4825-4840,

Dec. 2013.

23



Chapter 2

Loudspeaker Placement

2.1 Introduction

In this chapter, we will present two algorithms to optimize the loudspeaker locations on a

given LR. In the first algorithm, we first compute the Acoustic Transfer Function (ATF)

matrix of the benchmark configuration- uniform array of omni-directional loudspeakers on

the LR. The Singular Value Decomposition (SVD) of this ATF matrix is then calculated,

and the reproduction error and the total normalized power of loudspeakers are expressed

in terms of the SVD matrices. The SVD matrices are then manipulated to reduce the re-

production error and the total normalized power. A new (“ideal”) ATF matrix is formed

based on the manipulated SVD matrices, which may be unrealizable. After this, the loud-

speaker locations are adjusted in order to best approximate the “ideal” ATF matrix with

realizable forms. The SVD approach relates to MIMO wireless communications where the

parallel, independent, singular channels maximize the mutual information (c.f., minimal

transmission error for a fixed rate) between transmitting and receiving arrays. When all

the available power is directed through only the channel with the highest singular value, it is

called dominant mode MIMO. The analogy here is that maximizing the mutual information

between the loudspeakers and the sampling points offers a strong starting point for being

able to minimize the reproduction error, and the ideal ATF matrix is found based on this

approach.

For the second algorithm, we develop the Constrained Matching Pursuit (CMP) algo-

rithm to find the location of loudspeakers. This algorithm is an extension of matching

pursuit [64], and here, it optimizes loudspeaker locations under a power constraint. Power

constraints exist in all practical SFR systems, since no real system can draw infinite power.

Both CMP and SVD-based placements take power constraint into account in the process of

selecting loudspeaker locations. At each iteration, the goal is to select the location of each

loudspeaker whose ATF is the most correlated with the current reproduction error, while

taking the power constraint into account.

24



This chapter is organized as follows. Section 2.2 lays out the preliminaries and termi-

nology of SFR based on direct approximation. The GS-based [58] and Lasso-based [15]

placement methods, which are the existing placement methods in the SFR literature, are

explained in Sections 2.3 and 2.4 respectively. SVD-based loudspeaker placement is pre-

sented in Section 2.5. First, the procedure of finding the “ideal” ATF matrix is explained in

Section 2.5.1. Sections 2.5.2 and 2.5.3 present the ideal ATF matrix from the mathematical

and SVD points of view respectively. The realizability of the ideal ATF matrix is investi-

gated in Section 2.5.4 followed by the placement algorithm in Section 2.5.5. CMP-based

placement method is then presented in Section 2.6. The matching pursuit algorithm and

its constrained version are explained in Sections 2.6.1 and 2.6.2. The CMP algorithm is

mathematically analyzed in Section 2.6.3, and the CMP-based placement algorithm is pro-

posed in Section 2.6.4. Section 2.7 concludes this chapter. The performance of these four

placement algorithms will be compared in Chapter 3 for SFR by a planar loudspeaker array

in a cubic listening area and by a circular array of loudspeakers in a 2-D square listening

area.

The contributions of this chapter are:

• Introducing a new placement method based on the SVD analysis of the ATF matrix.

• Analyzing the ideal ATF matrix.

• Developing a Constrained Matching Pursuit (CMP) algorithm by modifying the match-

ing pursuit algorithm to work under power limitation.

• Introducing a new placement algorithm based on a Constrained Matching Pursuit

algorithm which considers power constraints in finding the loudspeakers’ locations.

2.2 Preliminaries

Let N be the number of loudspeakers on the LR and M > N be the the number of sampling

points in the region of interest (listening area). The pressure created by the n-th loudspeaker

at the m-th sampling point at time t is given by

p(ym|xn, t) = sn(t) ∗ g′(ym|xn, t), (2.1)

where xn and ym are the Cartesian coordinates of the n-th loudspeaker and the m-th

sampling point, ∗ is the time-domain convolution, sn(t) is the excitation of the n-th loud-

speaker, and g′(xn|ym, t) is the acoustic impulse response of the n-th loudspeaker at the

m-th sampling point. The corresponding relationship in the frequency domain is

P (ym|xn, f) = sn(f) · G′(ym|xn, f) (2.2)
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where sn(f) (it is not capitalized to fit the existing notation in the literature) is the Fourier

transform of sn(t) and G′(ym|xn, f) is the Fourier transform of g′(ym|xn, t), that is, the

Acoustic Transfer Function (ATF) of the n-th loudspeaker at the m-th sampling point. The

outward traveling wave of an omni-directional point-source loudspeaker in free space can

be expressed as:

G′(ym|xn, f) =
eik‖xn−ym‖2

4π‖xn − ym‖2
· L(ym|xn, f) = G(ym|xn, f) · 1. (2.3)

where i =
√

−1, k = 2π/λ is the wave number, λ = C/f is the wavelength, C is the

speed of sound, G(ym|xn, f) is the Green’s function, L(ym|xn, f) is the complex gain of the

radiation pattern of the loudspeaker at sampling point. L(ym|xn, f) is equal to 1 for an

omni-directional source. This convention is adopted in this thesis, and the link equation is

explained in Appendix C.

Consider a single frequency f and let s(f) = [s1(f), s2(f), .., sN (f)]T be the vector

of loudspeakers’ complex excitations at that frequency. Let pdes(f) and p(f) be the M -

dimensional vectors containing samples of the desired and reproduced sound field, respec-

tively, at the M sampling points. Following the convention in the SFR literature [15, 38],

the frequency f is dropped from the notation, and the vectors are written s, pdes and p.

The acoustic transfer functions of N omni-directional loudspeakers at M sampling points

are arranged in ATF matrix G:

G =




G′(y1|x1) G′(y1|x2) · · · G′(y1|xN )

G′(y2|x1) G′(y2|x2) · · · G′(y2|xN )
...

...
. . .

...

G′(yM |x1) G′(yM |x2) · · · G′(yM |xN )




.

The field reproduced at the M sampling points by N loudspeakers is given by the ATF

matrix multiplied by the complex amplitude vectors s:

p =




G′(y1|x1) G′(y1|x2) · · · G′(y1|xN )

G′(y2|x1) G′(y2|x2) · · · G′(y2|xN )
...

...
. . .

...

G′(yM |x1) G′(yM |x2) · · · G′(yM |xN )




·




s1

s2

...

sN




= Gs, (2.4)

The power of the n-th omni-directional loudspeaker is given by [65]:

Pn =
|sn|2

8πρ0C
, (2.5)

26



where ρ0 is the air density. The total power of N loudspeakers is

N∑

n=1

Pn =
1

8πρ0C
·

N∑

n=1

|sn|2 =
1

8πρ0C
· ‖s‖2

2 watts. (2.6)

Hence, since the total power is proportional to ‖s‖2
2, the quantity ‖s‖2

2 is referred to as the

“normalized power” in this thesis.

Given the loudspeaker locations, the Least Squares (LS) method, which is a direct

approximation method, tries to optimize the complex amplitudes of the loudspeakers by

solving the following optimization problem:

sopt = arg min
‖s‖2

2≤pmax

‖pdes − Gs‖2
2, (2.7)

where pmax is the maximum normalized power. This problem can be solved by the La-

grangian multiplier as:

J = ‖pdes − G · s‖2
2+γ‖s‖2

2. (2.8)

where γ is the regularization parameter, and it is determined such that the normalized

power of the loudspeaker is limited to pmax [39]. The solution of Eq. (2.8) is [38]:

sopt = (GH · G + γI)−1 · GH · pdes. (2.9)

In order to optimize the loudspeakers’ locations, first the loudspeaker region is densely

sampled at Nv candidate locations. Then, the loudspeakers’ locations are selected from

these candidate locations by different placement methods. Let Gv be the ATF matrix from

the candidate locations to the sampling points, and sv be the corresponding complex am-

plitude vector to the candidate loudspeakers. The problem being addressed for loudspeaker

placement is striving for the optimum loudspeaker locations, xn’s, from the non-convex

optimization:

min
xn,sv

‖pdes − Gvsv‖2
2 s.t. ‖sv‖0= N , ‖sv‖2

2≤ pmax. (2.10)

This problem is solved in [15] without considering the power constraint (the second

condition in Eq. (2.10)) and by replacing the ℓ0-norm in Eq. (2.10) with the ℓ1-norm. This

replacement makes the problem convex, which is the basis of the Lasso-based placement

from [15]. Therefore, although Lasso is a convenient suboptimal solution in the absence of

the power constraint, it does not address the power constraint. The CMP- and SVD- based

methods are greedy algorithms to account for the ℓ0-norm. Power constraint is taken into

account in the CMP-based method directly, while it is considered indirectly in the SVD-

based method within the computation of one of its parameters. The placement method

from [58] finds the loudspeakers’ locations from the candidate locations only based on the
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system configuration and without considering power limitation and solving Eq. (2.10) by

Gram-Schmidt orthogolization. These algorithms are explained in the following sections.

2.3 GS-based placement

This placement algorithm works based on the Gram-Schmidt orthogonalization of the ATF

vectors. Hence, the inputs of this algorithm are only the ATF vectors, and the desired

vector is not taken into account for finding the loudspeakers’ locations. In this algorithm,

the first ATF is selected arbitrarily, and other ATFs are selected iteratively such that the

selected vectors form an orthogonal basis. This method is summarized in Algorithm 1.

Since the desired vector does not play any role in optimizing the loudspeakers’ locations, it

is expected that this algorithm has worse performance when compared with other placement

algorithms in which the desired field is considered. However, since the ATFs vectors are

selected to form an orthogonal space, it is expected that the selected ATF matrix is a well

conditioned matrix, and this algorithm results in a robust solution for SFR.

In this algorithm, after that the loudspeakers’ locations are found by the GS-based

method, the LS method, from Eq. (2.9), is employed to find the complex amplitudes of the

loudspeakers.

28



Algorithm 1 GS-based placement

Input: Nv ⊲ number of candidate locations

Input: {xn}Nv
n=1 ⊲ candidate loudspeaker locations

Input: N ⊲ allowed number of loudspeakers

Input: M ⊲ number of sampling points

Input: {ym}M
m=1 ⊲ locations of sampling points

Output: Ags ⊲ selected locations of loudspeakers

1: Set Ags = ∅.

2: Using Eq. (2.3), calculate the ATF of each candidate source (xn) at M sampling

points (ym). Denote these ATF vectors h1, h2,..., hNv , where hl is the ATF of the

l-th candidate location xl, at M sampling points.

3: Initialize n = 1, h(1) = h1, ĥ(1) = h1/‖h1‖2, Ags = Ags ∪x1 where h(1) is the initial

selected ATF vector.

4: for n = 2 to N do

5: For all candidate locations, calculate rj = hj − p, where p =
∑n−1

l=1 pl, and

pl =<
(
ĥ(l)

)H
hj > ĥ(l) is the projection of the j-th candidate ATF on the previ-

ously selected ATFs.

6: Find index j∗ that maximizes ‖rj‖2.

7: Remove the selected location from the search list.

8: Let h(n) = hj∗ , ĥ(n) = rj∗/‖rj∗‖2, Ags = Ags ∪ {xj∗}.

9: end for

10: return Ags

2.4 Lasso-based placement

In the SFR approach presented in [15], the loudspeaker excitation vector is calculated

through the following optimization problem:

ssparse = arg min
sv∈CNv

[
‖pdes − Gvsv‖2

2+γlasso‖sv‖1

]
. (2.11)

Comparing the cost function in Eq. (2.11) to the least squares cost function in Eq. (2.8),

it is seen that the ℓ1-norm of the excitation vector is involved, whereas the LS in Eq. (2.8)

involves ℓ2 norm of the excitation vector. The result is that the solution of Eq. (2.11) is

sparser than the LS solution in Eq. (2.9). The optimization problem in Eq. (2.11) can

be solved by Lasso, shown in Algorithm 2. In [15], it is shown experimentally that in a

specific, under-sampled sound field, the Lasso-based complex excitation vector resulting

from Eq. (2.11) leads to better SFR performance in comparison with those obtained from

Eq. (2.9). Since the number of required sampling points increases with frequency [53], for

a fixed size of listening area, the Lasso-based solution should be better in general than the
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LS-based solution as the frequency increases, if the number of sampling points M remains

fixed.

Algorithm 2 Lasso Solver [15]

1: Initialize snit = 0N , where snit is the optimized vector at nit-th iteration.

2: for nit = 1 to Nit do

3: for j = 1 to N do

4: Calculate error vector corresponding to nit-th iteration and n-th entry as:

enit

j = pdes −
j−1∑

n=1

gnsnit
n −

N∑

n=j+1

gnsnit−1
n , (2.12)

where gn is the n-th column of G.

5: Find each entry of snit through:

snit

j =
(
‖gj‖2

2

)−1 (
gH

j enit

j − γlasso
)

+
ei6 (gH

j
e

nit
j

) (2.13)

where (x)+ is equal to x if x > 0 otherwise it is zero, and γlasso is the regularization

parameter.

6: end for

7: end for

8: return ssparse = sNit

The focus of [15] is on finding the complex excitation vector from Eq. (2.11) and compar-

ing the results with the LS solution from Eq. (2.9). However, the authors also proposed an

algorithm for judicious loudspeaker placement by Lasso. For a single-tone primary source,

this procedure is summarized in Algorithm 3. The regularization factor γLasso in Eq. (2.11)

is determined by the cross validation method from [15].
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Algorithm 3 Lasso-based placement

Input: Nv ⊲ number of candidate locations

Input: {xn}Nv
n=1 ⊲ candidate loudspeaker locations

Input: N ⊲ allowed number of loudspeakers

Input: M ⊲ number of sampling points

Input: {ym}M
m=1 ⊲ locations of sampling points

Output: Alasso ⊲ selected locations of loudspeakers

1: Set Alasso = ∅.

2: Using Eq. (2.3), calculate the ATF of each candidate source (xn) at M sampling points

(ym). Denote these ATF vectors h1, h2,..., hNv , where hl is the ATF of the l-th

candidate location xl, at M sampling points.

3: Using the Lasso solver in Algorithm 2 [15,66], find the complex excitation vector ssparse

from Eq. (2.11) with exactly N non-zero coefficients. This is an iterative procedure

with Nit iterations.

4: Alasso = {x(1), x(2), ..., x(N)}, where x(j) is the location corresponding to the j-th non-

zero element in ssparse.

5: return Alasso

In this thesis, to ensure that the number of non-zero coefficients is exactly equal to

N , the regularization factor γlasso in Eq. (2.11) is determined by a systematic search in

the range [0, ‖GHpdes‖∞) with a step size of 10−3 · ‖GHpdes‖∞. If the number of non-zero

entries is equal to N , the corresponding candidate γlasso is selected as the final regularization

parameter. Otherwise, if the number of non-zero entries is not equal to N for any candidate

γlasso, then the candidate γlasso that results in the closest number (from above) of non-zero

entries to N is selected as the final regularization parameter, and the N largest entries are

selected as the non-zero entries, the others being set to zero. Algorithm 3 is only used to

find suitable locations for the loudspeakers. Once these locations are obtained, the ATF

matrix G is constructed, and the excitation vector is obtained using Eq. (2.9).

2.5 SVD-based loudspeaker placement

2.5.1 The ideal ATF matrix

Let G be the ATF matrix of the benchmark configuration. The LS solution from Eq. (2.9) is

expressed in terms of the Singular Value Decomposition (SVD) matrices of the ATF matrix

in [39]. The SVD of G is denoted

G = Ug · Σg · VgH , (2.14)
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where Ug and Vg are, respectively, M × M and N × N unitary matrices, and Σg is an

M × N diagonal matrix containing singular values of G arranged in a decreasing order. In

Eq. (2.14), the superscript (·)H denotes the conjugate transpose. By substituting Eq. (2.14)

into Eq. (2.9), the solution sopt from Eq. (2.9) can be expressed in terms of the elements of

SVD matrices as follows:

sopt =
N∑

n=1

σg
n

(σg
n)2 + γ

cg
nvg

n. (2.15)

In this equation, σg
n is the n-th singular value of G, i.e., also the n-th diagonal element of

Σg, cg
n = ug

n
Hpdes is the projection of the desired field vector onto the n-th column of Ug,

denoted by ug
n, and vg

n is the n-th column of Vg.

Further, the total normalized power of the loudspeaker array can also be expressed in

terms of the elements of SVD matrices [39]:

‖sopt‖2
2=

N∑

n=1

(σg
n)2

((σg
n)2 + γ)2

|cg
n|2. (2.16)

Therefore, the total normalized loudspeaker power is proportional to |cg
n|2 and decreasing

with γ. In addition, the squared ℓ2-norm of the reproduction error can be expressed as:

‖pdes − G · sopt‖2
2=

N∑

n=1

γ2

((σg
n)2 + γ)2

|cg
n|2 +

M∑

m=N+1

|cg
m|2, (2.17)

which means that the ℓ2-norm of the error is increasing with |cg
n| and γ. Hence, by changing

the regularization factor γ there is a trade-off between the total normalized power and the

error norm. However, both of these parameters, power and error, are monotonic with |cg
n|,

meaning that if |cg
n| increases, so do the power and error, and vice versa. Therefore, by

reducing magnitudes of cg
n’s, both the power and the reproduction error can be reduced.

In the SVD-based loudspeaker placement method, the magnitudes of cg
n’s are decreased

in order to improve the performance of the SFR system. As mentioned before, |cg
n|’s are

the projections of the desired field onto the columns of Ug. Since we have no control

over the desired field, in order to change cg
n’s, we have to change the elements of U. After

manipulation, the new matrix will be called Uideal. Since Ug is a unitary matrix, its columns

form an orthonormal basis for an M -dimensional vector space. In addition, we have the

following inequalities:

0 ≤ |cg
n|2= |(ug

n)Hpdes|2≤ ‖ug
n‖2

2·‖pdes‖2
2= ‖pdes‖2

2. (2.18)

The minimum value of |cg
n|2 is 0, and it is achieved when ug

n is orthogonal to the desired

vector pdes. The maximum value of this parameter is ‖pdes‖2
2, and it is achieved when ug

n

is parallel with pdes.
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Suppose we select one of the columns of Uideal, say the r-th column, as a unit vector

parallel with pdes:

uideal
r =

pdes

‖pdes‖2
. (2.19)

The other M − 1 columns of Uideal need to be orthogonal to uideal
r , so they will lie in the

(M − 1)-dimensional null space of uideal
r :

uideal
q ∈ Null{uideal

r } for q 6= r. (2.20)

With such a choice of Uideal, all terms, except n = r, in the summations in Eqs. (2.16) and

(2.17) reduce to zero, because the projections of pdes onto the corresponding columns of

Uideal are zero. The total normalized power and reproduction error become:

‖s‖2
2=





(σg
r )2

((σg
r )2+γ)2 ‖pdes‖2

2 if r ≤ N ,

0 if r > N .
(2.21)

‖pdes − p‖2
2=





γ2

((σg
r )2+γ)2 ‖pdes‖2

2 if r ≤ N ,

‖pdes‖2
2 if r > N .

(2.22)

Now the question is – what is the best value for r? According to Eqs. (2.21) and (2.22),

if r > N , then the total normalized power is zero (all loudspeakers are turned off), and the

reproduction error is equal to the ℓ2-norm of pdes. That is clearly not a good choice for r.

In order to simultaneously reduce the error and power, r should be no greater than N , and

since the diagonal elements of Σ are arranged in descending order (σg
1 ≥ σg

2 ≥ ... ≥ σg
N )

the best value for r is 1. Therefore, we select the first column of Uideal to be parallel with

pdes and the other columns to be unit vectors in the null space of pdes. The new “ideal”

ATF matrix is now obtained by combining Uideal with the other two SVD matrices. These

two SVD matrices, Σ and V, are taken from the benchmark configuration. For benchmark,

N omni-directional loudspeakers are placed uniformly on the LR, and the ATF matrix of

this configuration is calculated. From Eq. (2.14) the corresponding SVD matrices to the

benchmark configuration are computed and they are replaced in the ideal ATF matrix:

Gideal = Uideal · Σg · VgH . (2.23)

This “ideal” ATF matrix results in lower reproduction error and normalized power compared

to the benchmark ATF matrix, as shown below.

In summary the ideal ATF matrix is calculated through the following steps:

Step 1: Distribute N loudspeakers uniformly on the LR, calculate the resulting ATF

matrix, G, and find its SVD G = UgΣgVgH .
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Step 2: Find the null space of pdes as follows. SVD is applied to (pdes)H , giving

(pdes)H = UuΣu(Vu)H . Columns 2 to M of Vu form the null space of (pdes)H . This is

easily accomplished in MATLAB using the function null.

Step 3: Construct Uideal as follows. Set its first column to uideal
1 = pdes/‖pdes‖2

(normalized desired field vector), and the remaining columns to columns 2 to M of Vu from

the previous step.

Step 4: Set the “ideal” ATF matrix Gideal equal to UidealΣgVgH . It should be noted

that matrices Σg and Vg are kept the same as in the initial ATF matrix G, which corre-

sponds to uniformly distributed loudspeakers.

2.5.2 Mathematical interpretation of ideal ATF matrix

Lemma 2.5.1 shows that Gideal, constructed as above, has the same singular values as G,

while its first N left singular vectors are parallel or anti-parallel (parallel and opposite

direction) to the columns of Uideal.

Lemma 2.5.1. Let U and V be M × M and N × N unitary matrices, respectively, and Σ

be a M × N diagonal matrix Σ = diag(σ1, σ2, ..., σN ) whose diagonal elements are positive

and arranged in decreasing order (σ1 ≥ σ2 ≥ ... ≥ σN > 0). Let G be multiplication of

these three matrices G = UΣVH . Also, let the SVD of G be given by G = UgΣgVg. Then

Σg = Σ and for 1 ≤ i ≤ N , ug
i = ±ui.

Proof. See Appendix A.1.

Since by construction, uideal
1 is parallel to pdes and other columns of Uideal are orthogonal

to it, we have by Lemma 2.5.1 that

|cideal
n |2= |(±uideal

n )Hpdes|2=

{
‖pdes‖2

2 if n = 1,

0 if n > 1.
(2.24)

Also by Lemma 2.5.1, the singular values of Gideal are the same as those of G. Using

these results in Eq. (2.17) and (2.16) shows that for the ideal ATF matrix, the optimized

reproduction error and normalized power are given by

‖pdes − p‖2
2=

γ2‖pdes‖2
2

((σg
1)2 + γ)2

, (2.25)

‖sopt‖2
2=

(σg
1)2

((σg
1)2 + γ)2

‖pdes‖2
2. (2.26)

The main question now is - how do the optimized reproduction error and normalized

power of the ideal ATF matrix Gideal in Eqs. (2.25) and (2.26) compare to those of the initial

ATF matrix G in Eqs. (2.17) and (2.16)? The following theorems provide the answers and

demonstrate the advantage of using Gideal.
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Theorem 2.5.2. (Reduction of error) At the same level of normalized power, the reproduc-

tion error Eq. (2.25) achieved by Gideal is no larger than that achieved by G in Eq. (2.17).

Proof. See Appendix A.2.

Theorem 2.5.3. (Reduction of power) At the same reproduction error, the normalized

power in Eq. (2.26) required by Gideal is no larger than that required by G in Eq. (2.16).

Proof. See Appendix A.2.

2.5.3 SVD interpretation of the ideal ATF matrix

An SFR system comprises signal processing that operates on the free space links between

the loudspeakers and the microphones. Signal processing inputs and outputs are normally

considered as voltages, but here these are interpreted as (linearly proportional to) the

transmitted complex amplitude, sn, and the received pressure waves, pm in free space. The

SVD, G = UgΣg(Vg)H , can be depicted as in Fig. 2.1, where the diagonal nature of Σg is

seen as parallel, independent channels. In multiple input, multiple output (MIMO) radio

communications, these are called eigenchannels (or singular channels), and the right and left

singular vectors, Ug and Vg, are implemented as antenna weights, e.g., [67]. Our situation

is different to radio MIMO because here the eigenvectors are used simply as mathematical

descriptions of the free space channel, and so the singular vectors are not part of the

signal processing as in the radio case. The input signals are the N loudspeaker signals.

The signal processing description for these is referred to as “complex excitations" because

these quantities are proportional to the excitation (voltages) of the loudspeakers, and they

are complex because they have magnitude and phase. In the SVD interpretation, the

outputs are the pressures created at the M sampling points based on Eq. (2.4). (The signal

processing electronics treats these signals as voltages from omnidirectional microphones.)

The N inputs are filtered (preprocessed) by matrix Vg, passed through the N independent

channels with each channel scaling its corresponding signal by σg
n, and then filtered (post-

processed) by matrix Ug. The gains of Ug and Vg are unity, so the singular values σg
n of the

ATF matrix can be interpreted as the amplitude gains of the orthogonal spatial channels.

To achieve a given reproduction error, a system with higher singular values requires less

input power. Power limitation has an important role in SFR systems, and since the upper

channels have higher gains (σg
1 ≥ σg

2 ≥ ... ≥ σg
N ), power concentration on the upper channels

results in less reproduction error under the same power constraint.

To understand how the ATF matrix G affects the reproduction error in Eq. (2.17), note

that the second term in Eq. (2.17),
∑M

n=N+1 |cg
n|2, is related to the part of the desired field

vector pdes that falls into the null space of G. Changing the regularization factor γ, and

thereby potentially allowing for higher power, does not affect this term. Therefore, the ATF

matrix should ideally be such that cn = 0 for N + 1 ≤ n ≤ M . Since cn is the projection
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Figure 2.1: Block diagram of an N -input-M -output system describing the free space links.

d1

d2

Figure 2.2: Free space sound field reproduction at two points, shown as squares.

of the desired field vector onto the n-th column of Ug, cg
n = (ug

n)Hpdes, the preference is to

have the last M − N columns of Ug to be orthogonal to pdes.

Since the uppermost channel in Fig. 2.1 has the highest gain (σg
1 ≥ σg

2 ≥ ... ≥ σg
N ), then

from the efficiency point of view, the best use of the ATF matrix is to focus all the signal

power on this uppermost channel, since that would require the least input power. This can

be achieved if s′
n is equal to zero for n > 1. This means that s′′

n is equal to zero for n > 1,

so all elements of s′′ at the input to the Ug block in Fig. 2.1 are zero, except the first one,

s′′
1. Under this condition, the reproduced sound field vector p = Uideals′′ would be parallel

to the first column of Uideal.

2.5.4 Realizability of the ideal ATF matrix

In this section, through two simple examples, it is explained how the ideal ATF matrix may

be realized and why this would not be possible in general to be realizable.

Consider a scenario where the desired field is from a single omni-directional point source,

shown as a dot in Fig. 2.2. Suppose the sound field is to be reconstructed at M = 2 points,

y1 and y2, shown as squares in Fig. 2.2 using a single secondary source, i.e. N = 1. In
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Figure 2.3: Free space sound field reproduction at three points, shown as squares.

this case, Uideal is a 2 × 1 vector parallel with the desired field vector pdes. Gideal will be

realizable if the secondary source is placed in such a way as to generate the same field as the

primary source at y1 and y2. The locus of such points in the 3-D space is the intersection of

the two spheres centered at yi, with radii di, i = 1, 2, respectively, where di is the distance

from yi to the primary source. From 3-D trilateration [68], the intersection is the perimeter

of a circle. Therefore, if the secondary source is located at one of these points the ideal

ATF matrix would be realizable.

In the second example, suppose the sound field is to be regenerated at M = 3 non-

collinear points, y1, y2, y3, shown as squares in Fig. 2.3 using a single secondary source, i.e.,

N = 1. In this case, Uideal is a 3×1 vector parallel with the desired field vector pdes. Again,

Gideal will be realizable if the secondary source is placed in such a way as to generate the

same field as the primary source at y1, y2, y3. As the previous example, the locus of such

points in the 3-D space is the intersection of the three spheres centered at yi, with radii

di, i = 1, 2, 3, respectively. The intersection of these spheres is at most two points, one of

which is the location of the primary source [68].

Therefore, an “ideal” ATF matrix severely constrains the possible locations of secondary

sources, even in the simplest scenarios; resulting location(s) will not be on the LR, except

in very special cases. If the number of sampling points M is higher than three, as is usually

the case, the only location allowed by the “ideal” ATF is the location of the primary source,

which is not on the LR. Hence, in practice, “ideal” ATF is not realizable, so a method is

needed to approximate the “ideal” ATF by a physically-realizable ATF. This is discussed

in the next section.

2.5.5 SVD-based placement algorithm

The mismatch between the desired field vector pdes, which could be arbitrary, and the con-

straints on realizable ATF matrices, which depend on the number of loudspeakers, their ra-
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diation patterns, and their candidate locations, creates the need to approximate the “ideal”

ATF matrix within design constraints. In this chapter, our focus is on omni-directional

loudspeakers, whose ATFs are in Eq. (2.3).

From a computational point of view, if the number of loudspeakers was equal to or larger

than the number of sampling points of the desired field, i.e. N ≥ M , then in principle,

exact reconstruction of the desired field could be achieved at those M sampling points in

the absence of the power constraint, provided pdes resides in an M -dimensional subspace

of span{g1, g2, ..., gN } where gn is the ATF vector of the n-th loudspeaker. Of course,

reconstruction between the M sampling points would not necessarily be exact owing to

potential spatial aliasing. In practice, power constraint is likely unavoidable and the number

of loudspeakers may be smaller than the number of sampling points of the desired field

(N < M), which means that even at the M points where pdes is specified, reconstruction

error is unavoidable in general. Hence, in order to reduce the reconstruction error, this

section presents an algorithm to approximate the “ideal” ATF, which has the minimum

reconstruction error under power limitation, by finding suitable locations for N loudspeakers

among a candidate set of Nv locations on the LR.

This algorithm works as follows. The first column of the approximated ATF matrix is

found as the ATF of the candidate location that is most correlated with the first column

of Gideal. To find the n-th (n > 1) column, we select Nc (a function of frequency and

power, discussed below) candidate ATFs which have the highest correlation with the n-th

column of Gideal. From these, the candidate ATF whose correlations with all previously

selected columns are closest to those of the ideal matrix, is selected as the n-th column.

With Nc = 1, the algorithm chooses the most correlated vectors with columns of the ideal

ATF matrix as the selected ATFs, without taking the relationship among the columns into

account. Here, the parameter Nc approximates the correlations among columns of the ideal

ATF matrix which are equal to those of the initial ATF matrix. The equality between

these correlations implies that increasing Nc leads to more dispersed locations because the

corresponding locations from the initial matrix are maximally dispersed. The following

paragraphs review why we need to increase Nc and how Nc is selected.

Since Gideal = UidealΣgVgH , the columns of Gideal are:

gideal
n =

N∑

j=1

σg
j vg∗

nju
ideal
j , (2.27)

i.e. each column of Gideal is a linear combination of the columns of Uideal, with coefficients

given by σg
j vg∗

nj . It is noted that at low frequencies, the condition number of the initial

ATF matrix (benchmark: uniform planar array of N loudspeakers on LR) increases as

its columns become more correlated. Now the largest singular value σg
1 dominates more,

and since Gideal inherits the same singular values, the columns of Gideal also become more
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similar. This causes the SVD-based placement method to select closely-spaced locations for

the loudspeakers at low frequencies if Nc = 1. This strategy is appropriate when pmax is

low, because ATFs from neighboring locations are similar, and power emitted from these

locations adds up constructively to provide better approximation for the desired sound

field. However, when pmax is large, selected locations need not be so closely-spaced, since

each loudspeaker can emit sufficient power on its own, without the help from neighboring

locations. In this case, it would be beneficial to select farther locations in order to allow

the system to approximate the finer structure of the desired field.

To solve this problem, parameter Nc is employed. It acts to increase the distance

between loudspeaker locations when frequency is low and pmax is large through the following

empirically derived equation:

Nc(f, pmax) = max (⌈F (f) · H(pmax)⌉ , 1) (2.28)

where

F (f) =





25, if f ≤ 400

10, if 400 < f ≤ 600

4, if 600 < f < 1200

1, if f ≥ 1200

(2.29)

H(pmax) = min

(
1,

(
1
37

· ζ − 2
37

)

+

)
(2.30)

and

ζ =
M · N · pmax

(4πrmin)2 · ‖pdes‖2
2

. (2.31)

In this equation, rmin is the minimum distance between the LR and the listening area, and

(x)+ is equal to x if x > 0 otherwise it is zero. ζ is a dimensionless quantity, and it is the

upper limit of the ratio of the power of the reproduced sampled field to the desired one,

viz., ‖p‖2
2/‖pdes‖2

2:

‖p‖2
2

‖pdes‖2
2

=

∑
m|∑n sng′

m,n|2
‖pdes‖2

2

≤
∑

m

(∑
n|sn|2∑n|g′

m,n|2
)

‖pdes‖2
2

=

(∑
n|sn|2)

(∑
n,m|g′

m,n|2
)

‖pdes‖2
2

≤ pmax · M · N

(4πrmin)2‖pdes‖2
2

= ζ.

(2.32)

In this equation, the first inequality is the Cauchy-Schwarz, pmax is the upper bound of the

normalized power ‖s‖2
2=

∑
n|sn|2, and 1/(4πrmin) is the maximum of g′

m,n’s.

The function Nc is robust in the sense that the outcome is not sensitive to the empirical

constants or the configuration of LR and the listening area. As pmax increases, ζ increases

and makes H(pmax) closer to 1. This in turn makes Nc closer to F (f), which is a step-wise
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decreasing function of frequency f . Hence, when pmax is large, Nc will be large at low

frequencies, and small at high frequencies. On the other hand, as pmax decreases, η also

decreases and makes H(pmax) closer to 0. This in turn makes Nc = 1. Specific parameters

in Eqs. (2.28)-(2.30) are found empirically.

Note that the exhaustive search through all possible combinations of loudspeaker po-

sitions is infeasible for practical problem sizes. For example, in our simulations, N = 25,

Nv = 900, so
(Nv

N

)
> 1048. Therefore, SVD-based placement is accomplished via Algo-

rithm 4, whose complexity is O(N · Nv · Nc). Since the problem is non-convex and the

algorithm does not perform an exhaustive search, the solution is suboptimal in general.

Once the loudspeaker locations are selected, and the final ATF matrix G is constructed,

the excitation vector is computed from Eq. (2.9).
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Algorithm 4 SVD-based placement

Input: Nv ⊲ number of candidate locations

Input: {xn}Nv
n=1 ⊲ candidate loudspeaker locations

Input: N ⊲ allowed number of loudspeakers

Input: Nc ⊲ approximation parameter

Input: M ⊲ number of sampling points

Input: {ym}M
m=1 ⊲ locations of sampling points

Output: Asvd ⊲ selected loudspeaker locations

1: Set Asvd = ∅.

2: Using Eq. (2.3), calculate the ATF of each candidate source (xn) at M sampling

points (ym). Denote these ATF vectors h1, h2,..., hNv , where hl is the ATF of the

l-th candidate location xl, at M sampling points.

3: for k = 1 to N do

4: if k == 1 then

5: Go to Step 9.

6: else

7: Calculate inner products (gideal
k )Hgideal

q for 1 ≤ q < k, and arrange the

results in a (k − 1)-dimensional vector v.

8: end if

9: Calculate d(l) = |(gideal
k )Hhl| for 1 ≤ l ≤ Nv.

10: if k == 1 then

11: Select index l∗ that maximizes d(l).

12: Asvd = Asvd ∪ {xl∗}.

13: Let h(k) = hl∗ .

14: else

15: Find the Nc highest values of d(l).

16: Let h(j), j = 1, 2, ..., Nc, be the ATFs of the candidate locations found in

Step 15. Construct Nc vectors fj containing the following inner products:

fj =
(
(h(1))Hh(j), (h(2))Hh(j), ..., (h(k−1))Hh(j)

)
.

17: Find index j∗ that minimizes ‖v − fj‖1.

18: Asvd = Asvd ∪ {xj∗}.

19: Let h(k) be the ATF of xj∗ at M sampling points.

20: end if

21: end for

22: return Asvd
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2.6 CMP-based placement

Matching Pursuit (MP) is an iterative algorithm to approximate a desired vector as a linear

combination of vectors from a given set, known as a dictionary [64]. It has been widely used

in signal processing [69–74]. Although MP is applicable in any Hilbert space, our interest

here is in the finite-dimensional complex vector space version. In this section, the match-

ing pursuit algorithm from [64] is briefly reviewed and then modified to the Constrained

Matching Pursuit algorithm for including power limitation. The CMP algorithm is then

deployed to find appropriate locations for the loudspeakers.

2.6.1 Matching Pursuit

Let C
M be an M dimensional complex vector space, D ⊂ C

M be a finite dictionary set of

unit vectors, and bi ∈ D be a dictionary member, with ‖bi‖2= 1. Let a ∈ C
M be the vector

that needs to be approximated as a linear combination of N < M vectors from D. The MP

algorithm builds up the linear approximation through the following steps:

(i) Initialization: Let n = 1 and Rna = a, where symbol Rna represents the approxi-

mation error vector at the beginning of the n-th iteration.

(ii) Selection of a dictionary member: Find the dictionary member that has the maxi-

mum inner product with Rna:

b(n) = arg max
b∈D

|(b)HRna|, (2.33)

where b(n) denotes the dictionary member selected at the n-th iteration.

(iii) Scaling coefficient computation: Compute the scaling coefficient of the selected

dictionary member as

αn = (b(n))HRna. (2.34)

Therefore, the vector approximated at this iteration, a(n), is:

a(n) =
(
(b(n))HRna

)
b(n) = αnb(n). (2.35)

(iv) Approximation error vector: Calculate the approximation error vector as

Rn+1a = Rna − a(n). (2.36)

This becomes the desired vector to be approximated at the next iteration. Stop if Rn+1a = 0

or n = N , otherwise increase n by 1 and go to Step (ii).
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After N iterations, the linear approximation of the desired vector in terms of the dic-

tionary members is:

a =
N∑

n=1

(
(b(n))HRna

)
b(n) + RN+1a, (2.37)

where RN+1a is the approximation error vector.

One of the key results in [64] for MP in a finite dimensional vector space is an upper

bound on the ℓ2 norm of the approximation error vector at the n-th iteration:

‖Rna‖2≤ ‖a‖2(1 − I2)n/2, (2.38)

where

I = inf
a∈CM

sup
b∈D

|aHb|/‖a‖2> 0. (2.39)

Hence, approximation error decays exponentially with the number of iterations.

2.6.2 Constrained Matching Pursuit

The MP algorithm outlined above selects at each iteration the vector from the dictionary

that is most correlated (has highest inner product) with the current approximation error

vector, and assigns it a coefficient (αn) equal to the inner product. In the absence of

any constraint on the scaling coefficients (αn), this is a good strategy. In our application,

dictionary members (bi) are the ATFs of candidate vector locations at the M sampling

points. While selecting the ATFs that are most correlated with the desired field and its

approximation residuals is still a good strategy, scaling coefficients must be constrained in

case of power limitations.

In the Constrained Matching Pursuit (CMP) algorithm, the coefficients assigned to

dictionary members in Step (iii) are limited such that
∑N

n=1 |αn|2≤ pmax, where pmax is the

maximum normalized power of the loudspeaker array. For this purpose, Step (ii) and (iii)

of the MP algorithm are merged and modified as follows to account for this limitation:

(ii) and (iii) Selection of a dictionary member and Scaling coefficient computation in

CMP: Dictionary member and the scaling coefficient are selected such that:

(b(n), αn) = arg min
b∈D,|α|2≤pn

‖αb − Rnpdes‖2
2, (2.40)

where {pn}N
n=1 is a sequence of non-negative numbers selected such that

∑N
n=1 pn = pmax.

If the magnitudes of the dictionary members are equal, the one that is most correlated with

the current error vector will be selected, as in MP, and the corresponding coefficient will be

selected through the following optimization problem:

αn = arg min
|α|2≤pn

‖αb(n) − Rna‖2
2. (2.41)
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The solution to the minimization problem in Eq. (2.41) is

αn =





√
pn

(b(n))HRna

|(b(n))HRna|
if

√
pn ≤ |(b(n))HRna|,

(b(n))HRna else.
(2.42)

Hence, if the magnitude of the inner product between the selected dictionary member and

the approximation error vector is less than
√

pn, the scaling coefficient will be the same as

in the MP, otherwise it is scaled down to have magnitude
√

pn. The choice of pn is discussed

in the next section.

2.6.3 Mathematical implications of CMP

Owing to different scaling coefficients, CMP produces different approximation error vectors

compared to MP. A question arises at this point – how does the approximation error reduce

in CMP? The following theorem provides the answer.

Theorem 2.6.1. (Approximation error in CMP) At the n-th iteration, an upper bound on

the ℓ2 norm of the approximation error in CMP is given by

‖Rn+1a‖2≤ ‖a‖2·
(

1 − pmin

‖a‖2
2

I2
)n/2

, (2.43)

where pmin = minn{pn} and I is given by Eq. (2.39).

Proof. See Appendix A.3.

This result shows that the upper bound on the approximation error in CMP also decays

exponentially, but the rate of decay is different from (and usually much lower than) that

of MP from Eq. (2.38). For each iteration, in order to allow the selected vector to match

the current approximation error, its coefficient should be as large as the error vector’s

magnitude. Since this is not possible in general due to power constraint, we make the

coefficients follow an exponential decay, as indicated by the upper bound on the error.

Specifically, we select pn = Bpn
0 , where B is selected such that

∑N
n=1 pn = pmax and p0 is

given by the base of the exponential term in Eq. (2.43), with pmin = BpN
0 . The value of p0

is found by numerically solving:

p0 =
(

1 − pmin

‖a‖2
2

I2
)

= 1 − pN
0

pmax(1 − p0)

p0 − pN+1
0

· I2

‖a‖2
2

. (2.44)

When I ≪ 1, which is the case in all our simulation scenarios, p0 can be approximated by

p0 ≈
(

1 − pmax

N‖a‖2
2

I2
)

. (2.45)

44



The value of I should be computed from Eq. (2.39). However, since it is impractical

to scan the entire M -dimensional complex vector field C
M , we used the following approach

to find I based on Eq. (2.39) for each frequency. Within a ball of radius 10 wavelengths

(an arbitrary distance to be far enough from the sampling points so that increasing this

makes no difference), centered at the middle of the listening area, possible locations of the

primary source are sampled such that the nearest neighbor distance is no larger than half

the wavelength. From each of these points, a desired field vector is generated within the

listening area. The baseline MP algorithm [64] is then performed with N iterations on

this desired field vector. The desired field vector, and all error vectors resulting from the

iterations of MP, are used as vector a in Eq. (2.39). Then, the value of I is computed

from Eq. (2.39) by looping through vectors b in the dictionary. Note that the dictionary

is frequency-dependent, so the process needs to be repeated at all frequencies of interest.

Then the minimum value of Eq. (2.39) over the desired frequency range is used as I in the

expression for p0 in Eq. (2.45). Therefore, for each system geometry, we need to calculate

the value of I before employing the placement method. This value is then kept fixed while

the other system parameters, such as frequency and location of the primary source, change.

2.6.4 CMP-based placement algorithm

Selection of loudspeaker locations based on CMP is described in Algorithm 5. Note that

Algorithm 5 is only used to select loudspeaker locations. Once the locations are selected,

the ATF matrix G of this array is constructed, and the excitation vector is computed from

Eq. (2.9).
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Algorithm 5 CMP-based placement

Input: Nv ⊲ number of candidate locations

Input: {xn}Nv
n=1 ⊲ candidate loudspeaker locations

Input: N ⊲ allowed number of loudspeakers

Input: M ⊲ number of sampling points

Input: {ym}M
m=1 ⊲ locations of sampling points

Output: Acmp ⊲ selected locations of loudspeakers

1: Set Acmp = ∅.

2: Using Eq. (2.3), calculate the ATF of each candidate source (xn) at M sampling

points (ym) and place them in set D = {h1, h2,..., hNv }, where hl is the ATF of

the l-th candidate location xl, at M sampling points. These vectors are considered

as dictionary members (bi’s) in CMP.

3: Initialize n = 1, Rnpdes = pdes and calculate pn’s form Eq. (2.45) for 1 ≤ n ≤ N .

4: for n = 1 to N do

5: if Rnpdes == 0 then

6: Go to Step 14.

7: else

8: Select h(n) using Eq. (2.33). The corresponding location of the candidate

source, x(n), whose ATF is h(n), is the location selected for the n-th loudspeaker.

9: Acmp = Acmp ∪ {x(n)}.

10: Calculate the complex coefficient αn from Eq. (2.42).

11: Calculate the new error vector as

Rn+1pdes = Rnpdes − αnh(n).

12: end if

13: end for

14: return Acmp

2.7 Conclusion

This chapter presented two novel methods for optimizing the locations of loudspeakers:

SVD-based placement and CMP-based placement. The first method adjusts the locations

of the loudspeakers in order to approximate the ideal ATF matrix. The ideal ATF matrix is

obtained from the singular value decomposition of the ATF of the benchmark configuration.

In this method, based on the maximum normalized power, the ATF matrix is approximated

either column by column or by considering the relationship among the columns of the ATF
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matrix. Therefore, although the effect of power is not directly considered in this method,

it is considered in determining parameter Nc.

The second method seeks the locations of loudspeakers based on the CMP algorithm by

taking the maximum normalized power into account. Therefore, in contrast to the SVD-

based placement method, power limitation is directly taken into account in this iterative

algorithm. In this algorithm the error vector is initialized as the desired vector. At each

iteration, the most correlated ATF, from the candidate ones, with the desired vector is

selected. The coefficient corresponding to the selected ATF is calculated by considering

the power limitation. Then, the difference between the input vector and the reconstructed

vector at the current iteration is calculated as error vector which is the input vector of the

next iteration. This process continues until N ATFs (locations) are selected.

The existing placement methods, the Lasso-based and the GS-based placement algo-

rithms, were also reviewed in this chapter. The Lasso-based algorithm finds the locations

of loudspeakers by minimizing error while the ℓ1-norm of loudspeaker excitations is limited.

This method results in sparse representation of the desired vector in terms of the candidate

ATFs. Therefore, the candidate ATFs with non-zero coefficients are selected as loudspeaker

locations. The GS-based algorithm finds a number of loudspeaker locations whose ATFs

are less correlated. This algorithm differs from other placement algorithms in that it op-

timizes the loudspeaker locations just based on the system configuration and regardless of

any information about the desired vector.

In the next chapter, the performance of all placement algorithms will be compared

from different points of view such as error performance, computational complexity, and the

reproduced field outside of the listening area. All of these placement algorithms calculate

the optimized locations for a single tone primary source. It means that the optimum

locations at one frequency is not the optimum ones at other frequencies. In other words,

the loudspeaker locations should be recalculated by changing the frequency of the primary

source which is not practical. This problem is also studied in the next chapter.
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Chapter 3

Comparison among Placement

Methods

3.1 Introduction

The performance of the placement algorithms, explained in Chapter 2, is evaluated in

this chapter through simulations on two different configurations, 2-D and 3-D. In the 3-

D configuration, shown in Fig. 3.1, secondary sources are placed on a square region as

a planar array, and the listening area is a cubic region. The desired field is assumed to

originate from a primary source which is located somewhere behind the planar array. The

2-D configuration, as shown in Fig. 3.17, is composed of a circular array of loudspeakers as

secondary sources and a square region at the center of the circular array as a listening area.

Using the algorithms described in the previous chapter, first the locations of loudspeakers

are sought on the loudspeaker region, and then the LS solution is employed to find the

complex amplitudes of the loudspeakers.

The placement algorithms are evaluated from different points of view. First, the com-

putational complexity of each algorithm is calculated in Section 3.2. Second, the effect of

power is investigated on the reproduced sound field inside and outside of the listening area

experimentally in Section 3.3. Third, in Section 3.4 the following question is answered:

“How the optimum locations of loudspeakers change based on the frequency and maximum

normalized power"? Then, the optimized locations of loudspeakers resulting from SVD-,

CMP-, and Lasso-based algorithms are illustrated, and the behavior of each algorithm is

explained. Finally, the error performance of the all systems will be compared in Section 3.5

for different system parameters such as frequency, power, size of the listening areas, and

the locations of the primary source. The contributions of this chapter are:

• Investigating the role of the power limitation in the performance of the SFR system.
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Figure 3.1: The 3-D configuration of interest for a sound field reproduction system.

• Qualitative analysis of the placement methods and inspecting how the optimum loca-

tions change in terms of the frequency and power.

• Comparing the error performance of the placement algorithms.

3.2 3-D SFR configuration

The 3-D configuration studied in this chapter is shown in Fig. 3.1. According to this figure,

the loudspeaker region is a 3 m × 3 m square located on the (x, y)-plane. The region of

interest is a 1 m × 1 m × 1 m cube, which is placed 1 m away from the LR. Let N = 25

be the number of loudspeakers, Nv = 625 be the number of candidate locations on the

LR, and M = 125 be the number of sampling points distributed uniformly in the cubic

listening area. Unless otherwise stated, it is assumed that the primary source is a point

source located at (0, 0, −8) m with a complex amplitude of 8ei6 0. Note that the placement

methods under study are applicable to other LR and listening area geometries as well.

In the direct approximation method, the complex amplitudes of loudspeakers are deter-

mined such that the reproduction error is minimized at sampling points, and other points of

the listening area are not under control. In this chapter, to evaluate the performance of var-

ious SFR methods, the reproduction error is calculated at M2 = 125, 000 points, uniformly

distributed in the listening area. The error in dB is:

Error (dB) = 10 log10

(
‖(pdes)M2 − (p)M2‖2

2

‖(pdes)M2‖2
2

)
, (3.1)
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where (pdes)M2 and (p)M2 are the vectors containing M2 samples from the desired and

reproduced sound fields, respectively. Note that M2 ≫ M , so the error is evaluated at

densely placed sampling points.

In SFR for stereo, frequencies of interest are up to 1500 Hz [15, 38, 75]. The reason is

that at higher frequencies, the Inter-aural Time Difference (ITD) of the signal envelope,

rather than the fine structure of the sound field itself, is reported to play a more important

role in source localization. In SFR for noise suppression, passive controls are more efficient

at high frequencies than active ones [76, 77] because the absorption of most materials is

higher at higher frequencies. Hence, in both of these SFR applications, the main interest

for SFR is at lower frequencies. For this reason, the frequency of the primary source in our

simulations is in a low-frequency range, from 200 Hz to 2000 Hz.

The distance between the M sampling points at which the desired field is specified is

25 cm in our simulations, and it is kept fixed for different frequencies. The distance between

the listening area and the primary source is 9 m. It should be noted that to avoid aliasing

in SFR the distance between sampling points should be less than λ/2 when the primary

source is far enough from the listening area. By decreasing the distance between the primary

source and the listening area, to avoid the spatial aliasing, the required distance between

the sampling points decreases. In [51], it has been proven that in order to reproduce a sound

field along a line, the distance between sampling points can be derived using the following

equation:

SNR ≥ π

4Ei

(
2d
√

( π
ds

)2 − (2πf
C )2

) (3.2)

where SNR is the signal to noise (reconstruction noise) ratio, Ei(x) =
∫∞

x
e−t

t dt, d is the

distance between primary source and listening area, and ds is the distance between sampling

points. In our configuration, the minimum distance between a line from the listening area

and primary source is 9 m. For SNR > 1010(= 100 dB), from Eq. (3.2):

π

4Ei

(
2d
√

( π
ds

)2 − (2πf
C )2

) ≥ 1010 =⇒
(

2d

√
(

π

ds
)2 − (

2πf

C
)2

)
≥ 20.21 (3.3)

Therefore the distance between sampling points should obey the following equation:

ds ≤ 1√
( 20.21

2π×9)2 + (2f
C )2

(3.4)

Based on this equation, if f > 183 Hz, (2f
C )2 is much larger than 20.21

2π×9 = 0.357, so to

avoid aliasing the distance between sampling points should be less than C
2f = λ/2 which

is the Nyquist sampling rate. Fig. 3.2 shows the distance between sampling points from

Eq. (3.4) and from the Nyquist rate. According to this figure, these graphs are on top of

each other for f > 200 Hz. Therefore, it can be concluded that the Nyquist sampling rate
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Figure 3.2: Maximum distance between sampling points from Eq. (3.4) and Nyquist’s rate.

works for our proposed structure because the distance between sampling points and primary

source is large enough. As mentioned earlier our system is under-sampled for frequencies

greater than 686 Hz. However, for evaluation, the reproduction error is calculated at M2

sampling points spaced by 2 cm, which corresponds to half the wavelength at 8403 Hz.

Therefore, the reported errors are reliable for the frequency range covered here, since the

error field is well over-sampled.

The required number of operations, including summation, multiplication, division, com-

parison, for placement algorithms – SVD, CMP, Lasso, and GS– are given in Table 3.1 for

three different values of (M, N, Nv). Considering the parameters selected for our simula-

tions, the required number of operations for Lasso-based placement is 35.7, 21.06, and 17.8

times those of the CMP-based, SVD-based, and GS-based algorithms, respectively, when

the number of iterations, Nit, is 1. Therefore the computational complexity of Lasso is

much higher than other placement algorithms and it increases linearly with the number

of iterations. The reason is that the computational complexity of the Lasso versus Nv is

O(N2
v ) and Nv ≫ N , while the computational complexity of CMP-, GS-, and SVD-based

placement versus Nv is O(Nv).

The computational complexity of these algorithms is important if the locations of loud-

speakers are dynamic DoFs. For example, suppose an array of Nv loudspeakers is employed,

and N loudspeakers out of Nv loudspeakers are to supposed be selected for SFR in real-

time based on the desired field by placement methods. However, if loudspeaker locations

are static DoFs, which is the case in practical SFR systems, the computational complexity

of placement algorithms are not a crucial factor meaning that they are determined offline

(before system operation) and kept fixed during system operation.

3.3 Effects of power constraint on SFR systems

Limiting power in SFR systems is required to control the sound field outside of the listen-

ing area although it may increase reproduction error. In active noise cancellation, one is
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Table 3.1: Required number of operations for placement algorithms

(M, N, Nv) MP-based SVD-based Lasso-Nit GS-based

(125, 16, 900) 3.6 × 106 5.80 × 106 2.03 × 108 × Nit 7.3 × 106

(x) (1.6x) (55.8Nitx) 2x

(64, 25, 625) 2.03 × 106 3.5 × 106 5.01 × 107 × Nit 4.1 × 106

(x) (1.7x) (24.6 Nitx) 2x

(125, 25, 900) 5.6 × 106 9.6 × 106 2.03 × 108 × Nit 1.15 × 107

(x) (1.7x) (35.7Nitx) 2x

required to reproduce the sound field in the listening area providing that the sound field

does not change considerably outside of the listening area. Therefore, one of the important

parameters is the maximum normalized power, pmax. Based on Eqs. (2.7) and (2.8), the

regularization parameter is a non zero value, which is found in order to limit the power of

loudspeakers to pmax. As seen from Eq. (2.17), this parameter increases the error in the

SFR system. For a general ATF matrix, according to Eq. (2.17), two different cases occur

in practice:

Case 1 :
∑M

m=N+1 |cg
m|2 ≫ ∑N

n=1 |cg
n|2. This implies that the desired field falls almost

entirely in the null space of the ATF matrix. Therefore, the reproduction error does not

change significantly by changing the normalized power (or γ) since it is approximated by
∑M

m=N+1 |cg
m|2 (which is independent of γ). In this case, because |cg

i |’s for 1 ≤ i ≤ N

are negligible, the normalized power of the loudspeaker array in Eq. (2.16) is also small. It

means that, in this case, the SFR error is large while the normalized power of the loudspeaker

array is small. In the extreme case, all columns of the ATF matrix are perpendicular to the

desired field, all loudspeakers are off, the consuming power of the loudspeakers is zero, and

the reproduction error is equal to 1 (0 dB).

Case 2 :
∑M

m=N+1 |cg
m|2 and

∑N
n=1 |cg

n|2 are comparable. In this case the second part

of error from Eq. (2.17),
∑M

m=N+1 |cg
m|2, is inevitable while the error related to the first

term in Eq. (2.17) can be decreased by decreasing the regularization parameter (increasing

the power of the loudspeakers). Hence, smaller γ leads to smaller error and larger power.

The selected value for γ in order to control the first term in Eq. (2.17) highly depends on

the singular values of the ATF matrix. Consider two well-conditioned ATF matrices which

result in equal cn’s but the singular values of the first matrix are larger than those of the

second matrix. In order to keep the first term in Eq. (2.17) fixed, the first ATF matrix

need larger value for γ, and consequently smaller power for the loudspeakers. However, the

second system should employ smaller γ and spend larger power for the loudspeakers.
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Therefore, in Case 2, pmax plays an important role in the reproduction error and the

reproduced field outside of the listening area. The effect of limiting the power of the

loudspeakers on the reproduced sound field can be justified as follows:

Let p be the pressure at a point caused by the loudspeaker array, and pj be the pressure

caused by the j-th loudspeaker in the array. Humans hear the intensity of a sound field at

each point, which is proportional to the squared pressure, p2

p2 = (
N∑

j=1

pj)2 =
N∑

j=1

|pj |2+
∑

j,l 6=i

pjp∗
l . (3.5)

The pressure at each point changes between zero for destructive superposition (when the

second term is equal to −∑N
j=1|pj |2 ) of waves and (

∑N
i=1|pj |)2 for constructive superpo-

sition (when second term is positive). Based on the law of the conservation of energy, the

constructive superposition at some points results in a destructive one at other points. In

SFR, the excitation of loudspeakers are determined such that the pressure values inside

the listening area is close to the desired values. Therefore, the pressure values inside the

listening area are known and fixed. Limiting the power of loudspeakers is equivalent to

limiting the first term of Eq. (3.5) and consequently increasing the second term inside the

listening area in order to achieve the desired pressure. It implies that limiting the power

of the loudspeakers leads to a constructive sound field inside the listening area, and most

likely the destructive or partially constructive superposition outside of the listening area.

The following experiments show the effect of pmax on SFR performance. The primary

point source with complex amplitude of A = 8ei6 0 is at (0, 0, −8) m. A cross-section of

its sound field is shown in Fig. 3.3(a). The cross-section of the cubic region of interest is

shown as the square. Three SFR systems are designed with N = 25 loudspeakers placed on

the LR using the CMP-based algorithm with pmax ∈ {0.5, 10, ∞}, where pmax = ∞ means

unconstrained power. The cross-sections of the real part of the pressure fields for the three

systems are shown in Figs. 3.3(b), (d), and (f), respectively, with the corresponding squared

absolute value of the error fields shown in Figs. 3.3(c), (e), and (g). Since all analysis are

in frequency domain the results of Figs. 3.3(c), (e), and (g) are proportional to the time-

averaged error energy at each point by Parseval’s theorem. As seen in Figs. 3.3(b), (d), and

(f), all three systems approximate the desired field inside the region of interest (square).

The approximation gets better as pmax increases, but the most apparent difference in the

produced sound fields is outside the region of interest, where the sound can be highly

intensified (note the bright and dark regions in Figs. 3.3(d), and (f)), which shows up as

error in Figs. 3.3(c), (e), and (g). In most situations, pmax should be kept as small as

possible while achieving some required SFR approximation inside the listening area.
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Figure 3.3: (a) Real part of the desired field, Real part of the reproduced field and squared
absolute value of the error field with (b),(c) pmax = 0.5, (d), (e) pmax = 10, and (f), (g)
unconstrained power.
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(a) (b) (c)

Figure 3.4: Forward direction radiation pattern of loudspeaker array at f = 600 Hz for (a)
pmax = 0.5, (b) pmax = 10, and (c) unconstrained power.

To gain a deeper understanding of the reasons behind the behavior shown in Fig. 3.3,

the far-field radiation patterns of the loudspeaker arrays in the three systems are shown

in Fig. 3.4 along with the cubic region of interest. As seen in the figure, the system with

the lowest pmax (Fig. 3.4(a)) provides the best directionality, with the dominant main lobe

pointing towards the region of interest. As pmax increases, the resulting array pattern may

provide improved approximation to the desired field inside the region of interest, but this

comes at the cost of much energy wastage in other directions, with associated unwanted

“hotspots".

Another important role of power limitation in SFR systems is in controlling the regular-

ization parameter γ in Eqs. (2.8)-(2.9), which results in improved system robustness [15,78,

79]. Without the power constraint, the regularization parameter essentially becomes zero in

Eqs. (2.8)-(2.9). In this case, depending on the system configuration, the condition number

of GHG may be too large, which would make matrix inversion in Eq. (2.9) problematic

and would have a detrimental effect on system robustness. It is worth mentioning that in

our simulations, to ensure that the normalized power is less than pmax, the regularization

factor is found through the Newton method in [39].

In the next experiment, the problem of power allocation to different iterations of the

CMP-based placement algorithm is investigated. Specifically, three cases are compared:

exponential allocation pn = Bpn
0 with p0 ∈ {0.1, 0.6} and p0 from Eq. (2.44). The repro-

duction error as a function of pmax is shown in Fig. 3.5 for operating frequencies 600 Hz and

1200 Hz. For p0 = 0.1, most of the power is allocated to the first few iterations, depleting

the power budget for subsequent iterations. This is not a good strategy under a power

constraint. The error improves when p0 increases to 0.6, but of the three schemes com-

pared here, the best performance is achieved using the p0 from Eq. (2.45). As mentioned

in Section 2.6.2, this is not necessarily the optimal way to allocate power in CMP, but it is

sufïňĄciently good to demonstrate the overall superiority of CMP against other loudspeaker

placement methods in this study, as will be shown in the remainder of this chapter.
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Figure 3.5: Error performance versus power for frequencies for (a) 600 Hz, (b) 1200 Hz.
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Figure 3.6: Illustration of ray-cuts (shown as stars) on the LR for two primary sources.

3.4 Qualitative analysis of loudspeaker placement

Finding optimal locations for the loudspeakers is computationally challenging because the

error function is not convex in terms of the locations [15], while the number of possible

combinations is large. For example, with N = 25 and Nv = 900, the number of possible

combinations is
(Nv

N

)
=
(900

25

)
> 1048. In this section, some intuition is discussed for the best

locations for the loudspeakers as a function of the parameters of the desired field such as

the location(s) of primary source(s), operating frequency, and pmax.

Consider Fig. 3.6, which shows two primary sources as circles. Rays are drawn from

these primary sources to the cubic region of interest, and the positions where they cut the

square LR are indicated by stars. These positions will be referred to as ray-cuts.

Suppose there is only one primary source, say the lower circle, and that only one sec-

ondary source can be used to regenerate the sound field produced by the primary source.

Where should the secondary source be placed? Intuitively, the corresponding ray-cut (lower

star) should be a good position for the secondary source, because it lies on the direct path
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Figure 3.7: Correlation between the desired and produced sound field as a function of the
position of the secondary source within LR, when the primary source is at (a) (0, 0, −8) m
and (b) (4, 4, −4) m.

from the primary source to the region of interest. This intuition is confirmed by the fol-

lowing experiment, where the correlation is computed between the primary sound field and

the field produced by a secondary source placed at various locations in the LR. With the

system parameters as before (except that only N = 1 secondary source is allowed) and

f = 600 Hz, the primary source is placed at (0, 0, −8) m (similar to the lower circle in

Fig. 3.6) and the correlation between the desired and produced sound fields as a function

of the location of the secondary source on the LR is computed. The result is shown in

Fig. 3.7(a). As expected, the correlation is highest when the secondary source is placed at

(0, 0) m on the LR, the ray-cut (lower star) in Fig. 3.6. The analogous correlation plot for

the other secondary source (upper circle) from Fig. 3.6 is shown in Fig. 3.7(b), and it is

seen that the correlation is highest at the corresponding ray-cut for this source, which is

towards the upper-right corner of the LR.
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Figure 3.8: Loudspeaker placement from SVD (left column), CMP (middle) and Lasso
(right) for f ∈ {400, 1400} Hz and pmax ∈ {0.1, 1}.
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While loudspeaker placement is relatively easy and intuitive in these simplest cases,

it becomes much more challenging as the number of primary and/or secondary sources

increase. Intuitively, it can still be expected that ray-cuts would be good choices for loud-

speaker placement, but it is not clear which other locations, beside ray-cuts, would be the

best choices for reducing the sound field reproduction error. For sound field reproduction

under a power constraint, the optimum placement of loudspeakers depends not only on the

position of the primary source(s) and the frequency of the desired field, but also on the

available power. In the following paragraphs, it is explained how the distances between the

selected locations change with frequency and power of the primary source.

Lower frequencies: at these frequencies, if the maximum normalized power is large

enough, the neighboring (closest) ATFs to the first selected ATF (which is close to ray-cut)

will not be selected. The reason is that since the wavelength is much larger than the distance

between the candidate locations, the ATF of these points are similar to the ATF of the first

selected loudspeaker. For example, in our structure, the distance between neighboring

candidate locations are 12.5 cm, but the wavelength is greater than 1.14 m for f < 300 Hz.

In this situation, the optimum distance between loudspeakers is large. However, if the

maximum normalized power is small, the neighboring locations are optimal. The reason is

that because of the power limitation the ATF corresponding to the first selected location

cannot describe the desired vector completely. Therefore, since the neighboring ATFs are

similar, the consequent ATFs, which are similar to the first one, help the first selected ATF

to completely describe the desired vector.

Higher frequencies: At these frequencies, the distance between the neighboring candidate

locations is comparable with the wavelength (34 cm for f = 1000 Hz), so the neighboring

ATF are not similar. Therefore, in this case, the loudspeakers are more concentrated around

the first selected location in comparison with the previous case, and they change with pmax

the same as in the previous case.

If the number of primary sources increases, the optimum locations cluster around the

ray-cuts corresponding to each primary source. The number of loudspeakers in each clus-

ter depends on the magnitude of each primary source, the larger magnitude, the more

loudspeakers in its corresponding cluster.

Form the above discussion, it can be concluded that for the complicated scenarios,

a placement algorithm is required to find the optimum locations for loudspeakers. The

following experiment offers further insight into the selected locations by the placement

algorithms.

A primary point source with complex amplitude of A = 8ei6 0 is placed at (0, 0, −8) m.

Several SFR systems are designed by placing N = 25 loudspeakers on the LR using CMP-

based, Lasso-based, and SVD-based placement algorithms for frequencies f ∈ {400, 1400} Hz

and pmax ∈ {0.1, 1}. The resulting placements are shown in Fig. 3.8. The middle column

(Figs. 3.8(b), (e), (h), (k)) shows CMP-based placement, the right column (Figs. 3.8(c), (f),
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(i), (l)) shows the Lasso-based placement, and the left column (Figs. 3.8(a), (d), (g), (j))

shows SVD-based placement for the four pairs (f, pmax).

Fig. 3.8 indicates that all methods select the locations that are clustered around the

ray-cut (center of the LR in this case), which agrees with the intuition noted above. The

behavior of each algorithm is explained as follows:

CMP-based algorithm: In this algorithm, at higher frequencies all loudspeakers are

arranged around the “ray-cuts", and based on the maximum normalized power the con-

centration around this point changes. At lower frequencies, for large pmax, the distance

between the loudspeakers is large with a single cluster around the ray-cut, while for small

pmax the loudspeakers are arranged around the ray-cut in different clusters. The reason is

that, in this algorithm, at the n-th iteration the inner product between the selected dic-

tionary member and residual vector are compared with the allocated power to the n-th

iteration (pn). The scaling coefficient of the selected dictionary member is the minimum

value of pn and the projection (inner product) of the residual error on the selected dic-

tionary member. Therefore, the selected locations depend on pn and pmax. Assume pn is

less than the inner product between the selected dictionary member and the residual error.

Then, the magnitude of the scaling coefficient of the n-th vector is equal to pn which is less

than the required magnitude (the inner product between two vectors). As a result, only a

small part of the selected dictionary member is removed from the desired vector, and the

selected dictionary member of the next iteration would be close to the selected dictionary

member at the n-th iteration in order to compensate the effect of power limitation. This

process continues until the selected dictionary members completely describe the desired

vector at the most correlated direction, and this forms the first cluster. After this step,

another dictionary member is selected, and again another cluster is formed. Therefore, the

CMP-based method arranges loudspeakers in different clusters for small pmax. When pmax

is large enough, after forming the first cluster around the ray-cut, the projection of the

desired vector on the selected dictionary member would be larger than the assigned power

(pn), so after several iterations the clusters do not form around the selected locations.

Lasso-based algorithm: The Lasso algorithm finds the coefficients of all ATF vectors and

updates them iteratively. For this purpose, at each iteration, to update the coefficients of

the n-th ATF, the error vector is calculated assuming that the corresponding coefficient to

the n-th ATF vector is zero. Then, the inner product between the error and the n-th ATF

vector is calculated. If it is less than a threshold, the corresponding coefficient to the n-th

ATF vector is set to zero, otherwise a coefficient is assigned to that ATF vector. Suppose

that all ATF vectors are orthogonal, in this case, the error vector, which is calculated

without considering the n-th ATF vector, is in parallel with the ATF vector. Therefore, the

inner product would be a large number, and a nonzero number is assigned to the n-th ATF

vector. Now suppose that there is a vector among the candidate ATFs with high correlation

with the n-th ATF vector. In this case, this vector plays the role of the n-th ATF vector
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in reconstruction, so the error vector would be nearly perpendicular to the n-th vector. It

means that the inner product would be a small number, and the coefficient assigned to the

n-th ATF is zero. Therefore, if there is another candidate vector whose correlation with

n-th ATF vector is large, the projection of the n-th ATF vector onto the error vector would

be small, and the corresponding coefficient would be zero. It is concluded that the Lasso

solver removes the ATFs which are correlated and focuses the whole power in one of them.

At lower frequencies, since the correlation among the ATF vectors are high, the selected

locations are dispersed. However, by increasing the frequency the selected locations are

more concentrated around the ray-cut.

The difference between Lasso-based and CMP-based methods is that in the CMP-based

method pmax is taken into account while in the Lasso-based method the selected locations

do not depend on pmax. Therefore, the configuration provided by the CMP-based algorithm

is more adaptable to constraints.

SVD-based method: Here, the inner products between the columns of the ideal ATF

matrix and the candidate ATFs are calculated. The columns of the ideal ATF matrix are

equal to a combination of the desired vector and its perpendicular vectors.

gideal
n =

N∑

j=1

(vg
nj)Hσg

j uideal
j .

The scaling coefficient of the desired vector is v∗
njσ1. This coefficient is large because σ1

is larger than other singular values. Hence, most of the selected locations are around the

“ray-cut.” However, for some values of vg
1j , the scaling coefficient of the desired vector is

not the largest which means that the selected locations would be further away from the

ray-cuts.

In addition, the SVD-based method approximates the covariance matrix. The covari-

ance matrix of the ideal matrix is equal to that of the benchmark configuration (shown

in Fig. 3.8(a)), and the effect of the covariance matrix in the approximation process in-

creases by increasing Nc. Therefore, increasing Nc leads to more similar placement to the

benchmark. Based on the intuition behind the optimum locations of loudspeakers, at lower

frequencies with large power the distance between loudspeakers increases. Therefore, for

this case, Nc should be a large number. In our simulations, Nc is selected experimentally

between 1 and 25 as given in Eq. (2.28). It means that as with the CMP-based method,

pmax is taken into account in this algorithm.

To show the effect Nc on the performance of SVD-based placement, the error with Nc = 1

is compared against the error when Nc is calculated from Eq. (2.28). The reproduction errors

are shown in Figs. 3.9(a) and 3.9(b) for f = 400 Hz and f = 700 Hz, respectively, as a

function of the maximum normalized power pmax. From Eq. (2.28), parameter Nc changes

between 1 and 23 as a function of pmax. The figures show that employing Nc, especially at

lower frequencies, and a larger pmax, improves the performance of the SVD-based method.
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Figure 3.9: Reproduction error of the SVD-based placement with Nc = 1 and Nc from
Eq. (2.28) at (a) f = 400 Hz and (b) f = 700 Hz.

3.5 Error performance

In this section, the SFR performance of the configuration of Fig. 3.1 under different condi-

tions will be investigated. In the first few experiments, it is assumed that the frequency and

amplitude of the primary source are fixed, while in the last three experiments, frequency

and/or amplitude of the primary source are changing.

In the first experiment, we compare the SFR performance of the five placement methods

– benchmark, SVD, CMP, Lasso, and GS – for a single-tone primary source located at

(0, 0, −8) m. The experiment is performed at various frequencies and power limits. Once the

placement is computed for a particular frequency and power limit, loudspeaker excitations

are obtained from Eq. (2.9). The results are shown in Fig. 3.10(a) versus frequency when

pmax = 0.3 and in Fig. 3.10(b) versus pmax at f = 700 Hz.

In all cases, the reproduction error increases at higher frequencies. This is because the

desired field pdes is undersampled at higher frequencies, so the synthesized field cannot

accurately reproduce it between the sampling points (recall the error field is over-sampled

to reveal this). Also, as expected, the error decreases as pmax increases, because higher

available power allows for better approximation of the desired field.

Based on the comparisons of Fig. 3.10 several observations can be made. First, the SVD-

based placement is better than the benchmark across the range of frequencies and powers,

except at very low frequencies and low power, where the benchmark is slightly better. The

reason is that under these conditions, SVD-based placement selects mostly locations near

the ray-cut (see Fig 3.8(g)), while the benchmark has more dispersed loudspeakers, which

helps reduce the error in certain parts of the listening volume. Second, the performance of

Lasso is better than SVD at higher frequencies, as is expected from [15], where it was shown

to offer solid performance in the case of undersampling. However, as pmax decreases, SVD

starts performing better than Lasso, especially at low frequencies. The reason is that the
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Figure 3.10: Error performance for benchmark, SVD-based, CMP-based, Lasso-based, and
the method in [58] versus (a) frequency at pmax = 0.3, and (b) versus pmax at f = 700 Hz.

SVD-based placement considers power limitation (in calculation of Nc), whereas Lasso does

not. Third, CMP is considerably better than Lasso in placing loudspeakers under power

limitation and at low frequencies. As the frequency and pmax increase, the performance

gap reduces. Finally, the performance of GS is worse than all other placements except the

benchmark. The reason is that GS-based placement method takes neither the desired field

nor the power limitation into account when selecting loudspeaker locations.

The reproduction error as a function of the size of the cubic listening area is shown

in Table 3.2 at f = 600 Hz and pmax = 0.5 for all placement methods. The performance

of all placement methods worsens as the size of the cubic region increases. The reason is

twofold. First, since the distance between sampling points is fixed (25 cm), the number

of sampling points increases as the size of the cubic region increases. Therefore, the num-

ber of equations in Eq. (2.4) increases while the number of unknowns remains the same,

so the system becomes more over-determined and overall error increases. Second, as the

size of the cube increases and becomes more similar to the dimension of the LR, ray-cuts

cover a larger portion of the LR and the loudspeaker placement produced by the different
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Table 3.2: Reproduction error in dB as a function of the dimension of the cubic listening
area (L) at f = 600 Hz and pmax = 0.5.

L (m) CMP SVD Lasso GS Bench.

0.5 −29.74 −31.85 −18.72 −27.85 −16.99
1.5 −12.47 −8.36 −10.38 −6.35 −4.84
2 −7.15 −4.86 −6.57 −4.86 −2.91
2.5 −4.80 −3.20 −4.33 −3.84 −1.82
3 −3.45 −2.28 −2.76 −3.10 −1.56

Table 3.3: Reproduction error in dB versus the frequency for various locations of the primary
source at f = 600 Hz and pmax = 0.5.

Location (m) CMP SVD Lasso GS Bench.

(1.9, 0, −7.7) −21.05 −14.86 −16.44 −11.94 −6.76
(0, −2.8, −7.4) −20.57 −15.29 −16.47 −9.16 −6.53
(3.2, 3.2, −6.5) −21.02 −14.73 −13.52 −7.86 −6.34
(4.8, 0, −6.8) −20.99 −13.62 −14.56 −8.64 −7.41
(4.1, −4.1, −5.4) −20.26 −13.43 −12.42 −7.22 −6.85

methods approaches uniform, so the performance becomes closer to that of the benchmark

configuration.

As mentioned above, power constraint plays an important role in SFR. However, evalu-

ation of the reproduction error without the power constraint offers insight on how different

placement algorithms work. Recall that the first term in Eq. (2.17) results from the power

constraint and the second term is created by the parts of the desired field that fall into the

null space of the ATF matrix, which cannot be reproduced even with unlimited power. In

the next experiment, the SFR systems that are designed without the power limitation are

examined. The excitation vector in all cases is obtained with γ = 10−6 in Eq. (2.9) (arbitrary

choice, not particularly sensitive). The reproduction error is shown in Fig. 3.11(a), while

the normalized power, ‖s‖2
2, is shown in Fig. 3.11(b) on the logarithmic scale. According to

this figure, the performance of the Lasso-based placement method is better than all other

placement methods when the power is not limited, which means that the ATFs selected

by Lasso better represent the desired vector. However, Lasso-based placement also needs

higher power, at higher frequencies, than CMP to achieve this reduced error, as shown in

Fig. 3.11(b). Another point of interest is that the consumed power by the GS-based method

is the least among the placement methods, because in this placement method, the columns

of the ATF matrix are selected to be less correlated, which results in a well conditioned

ATF matrix with large singular values and consequently lower consuming power.

In the next experiment, the performance of the placement algorithms is examined for

different locations of the primary source. The results are shown in Table 3.3. The distance

between the primary source and the origin is 8 m in all cases, and f = 600 Hz and pmax = 0.5
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Figure 3.11: Results without power limitation: (a) Reproduction error versus frequency, (b)
Total power versus frequency, for γ = 10−6 in Eq. (2.9), Lasso requires considerably higher
power.

are used in all cases. The CMP- and Lasso-based methods again outperform other methods

for all locations of the primary source. Among the placement methods, the performance

of the GS-based method is poorer because the selected locations by this algorithm do not

depend on the location of the primary source.

The next experiment examines the effect of the number of loudspeakers (N) and the

number of candidate locations (Nv) on the reproduction error under a power limit. Fig. 3.12(a)

shows the reproduction error as a function of N for the various placement methods when

Nv = 625. As expected, the performance of all placements improves as the number of

loudspeakers increases. CMP and SVD offer similar performance, with CMP being slightly

better. In short, for the configuration of interest, the performance of Lasso is between that

of SVD and benchmark for low and medium values of N , and becomes better than SVD,

CMP, and GS for large values of N .

Fig. 3.12(b) shows the reproduction error as a function of the number of candidate

locations Nv for SVD-, CMP-, Lasso-, and GS-based placement methods, when N = 25.

CMP outperforms SVD and GS, but the performance of Lasso oscillates between these two,

depending on the number of candidate locations. It turns out that when Nv is odd, and

one of the candidate locations coincides with the ray-cut (in this case, the origin), Lasso

selects that location for loudspeaker placement, and other locations are selected far from the

ray-cut (see Fig. 3.8(i)). If Nv is even then the ray-cut is not included among the candidate

locations. In this case Lasso forms a cluster of loudspeakers around the ray-cut, but this

reduces the number of loudspeakers available for other areas on the LR, which results in

more concentrated loudspeaker locations and improving the error performance under power

constraint. The opposite effect exists for Lasso in the absence of power limitation. For

example, in Fig. 3.11, the reproduction error of Lasso at f = 800 Hz is −33 dB when the

number of candidate locations is Nv = 25 × 25 = 625 (i.e., odd number and more dispersed
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Figure 3.12: Reproduction error at f = 800 Hz and pmax = 0.5 versus: (a) the number
of loudspeakers N when Nv = 625, (b) the number of candidate locations Nv when for
N = 25.

loudspeaker locations). However, if the number changes to Nv = 24 × 24 = 576 (more

concentrated loudspeaker locations), the error increases by 12 dB, to −21 dB, when there

is no power constraint. This demonstrates how Lasso is more sensitive to the initial set of

candidate locations than SVD, CMP, or GS.

So far, it has been assumed that the frequency and amplitude of the primary source are

fixed. In the next three experiments, the performance of the system will be evaluated for the

case when the frequency or amplitude of the primary source is variable, while its location

is fixed at (0, 0, −8) m. First, suppose loudspeaker locations are sought that would work

well over a range of frequencies of the primary source, say between 300 Hz and 1300 Hz.

Two ways can be envisaged to find the appropriate loudspeaker locations. 1) Find the

locations for more than N loudspeakers at each frequency individually, and then select the

N common locations among all the sets of locations found at various frequencies. If the

common set contains less than N locations, the closest locations among different sets are

added. 2) Another way is to select the locations for the mid-point of the frequency range.

The latter approach is employed in the experiment in Fig. 3.13. In this figure, the locations

are selected for f = 800 Hz, and the reproduction error is reported at other frequencies

by using the locations selected for f = 800 Hz. The excitation vector is computed from

Eq. (2.9) at each frequency. For comparison purposes, the thin dashed lines in this figure

show that the reproduction error achieved when the locations of loudspeakers are selected at

each frequency individually. As shown in the figure, locations selected for f = 800 Hz work

well at other frequencies as well. Another observation from this figure is the sub-optimality

of the placement algorithms. This can be seen at other frequencies, where the locations

selected at f = 800 Hz sometimes give rise to a smaller reproduction error compared to the

locations selected at the corresponding frequencies.
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Figure 3.13: Reproduction error for the primary source with variable frequency versus the
frequency, when pmax = 0.3. The solid lines show the error achieved by placement designed
for f = 800 Hz, while the thin dashed lines show the error achieved by placement designed
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Amplitude of primary source
6 7 8 9 10

E
rr

or
(d

B
)

-20

-15

-10

-5

CMP mid point
CMP
MP
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Figure 3.15: Reproduction error versus the frequency for two primary sources with variable
frequency, when pmax = 0.3.
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The locations selected by the Lasso-, GS- and SVD-based algorithms do not depend on

the amplitude of the primary source. However, the locations selected by the CMP-based

algorithm depend on the amplitude of the primary source because the approximation errors

Rnpdes (Algorithm 5) would change if pdes is scaled. To overcome this problem, one can also

choose the locations for the mid-point of the amplitude range, and update only the complex

excitation vector by Eq. (2.9) when the amplitude of the primary source changes. Another

possible way is to use the baseline MP algorithm without considering power limitations

for placement selection. Both methods are tested in Fig. 3.14, which shows the results

when the amplitude of the primary source is between 6 and 10. The reproduction error is

shown for the case when the loudspeaker locations are selected by CMP at the mid-point

of the amplitude range (in this case 8), selected by CMP at each amplitude separately, and

selected by the baseline MP algorithm. Based on this figure, the locations selected by CMP

at the mid-point of the amplitude range work reasonably well at other amplitudes as well.

They offer 3-5 dB lower error than the locations selected by the baseline MP, and essentially

the same performance as the amplitude-specific CMP placement in the upper half of the

amplitude range.

Therefore if the range of frequencies and amplitudes of the primary source is known, the

locations of loudspeakers can be determined for the suitably chosen representative points

within these ranges, such as midpoints. At operation time, the excitations of loudspeakers

change according to Eq. (2.9) to minimize the reproduction error.

In the next experiment, it is assumed that two primary sources are located at (0, 0, −8) m

and (0,
√

28, −6) m with equal complex amplitudes of
√

32. It is also assumed that the

frequencies of the sources may be changing between 300 Hz and 1300 Hz. Fig. 3.15 shows

the reproduction error versus frequency. As in the previous experiment, the locations of the

loudspeakers are optimized for the mid-point frequency of 800 Hz, and then the complex

excitation of the loudspeaker array are updated at each frequency based on Eq. (2.9).

Again, this experiment indicates that the CMP-based method works better than all other

placement methods even in the presence of multiple primary sources.

In the final experiment, the numerical robustness of the SFR system is investigated.

Let cond(A) be the condition number of matrix A. For each method, the SFR system’s

condition number in dB [78], 10 log10

(
cond(GHG + γI)

)
, is shown in Fig. 3.16(a) for a

single-tone primary source located at (0, 0, −8) when pmax = 0.3. The same parameter is

shown in Fig. 3.16(b) for a primary source with frequency range between 100 and 2000 Hz,

for which the loudspeaker locations are optimized at 800 Hz.

The lower the condition number, the more stable is the matrix inversion in Eq. (2.9).

According to this figure, the maximum condition number, which can be thought of as a

measure of system robustness [79], is comparable for all placement methods. Specifically,

the condition number reaches up to about 30dB, or around 103, which means that the

last 3 digits in the computation may be unreliable [80, 81]. The condition number of the
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Figure 3.16: System condition number with pmax = 0.3 for (a) locations optimized at each
frequency, (b) locations optimized at f = 800 Hz.

method from [58] is generally lower than other placement methods because in [58], the

loudspeaker locations are selected such that the resulting transfer impedance matrices are

linearly independent. The condition numbers of SVD- and CMP-based placements are

generally higher than other placement methods because, according to Fig. 3.8, the distance

between loudspeakers becomes small at low pmax, which makes the columns of the resulting

ATF matrix more similar and increases the condition number.

At this point, it is also worth mentioning that the filters for finding loudspeaker ex-

citations can be implemented in the time domain, as discussed in [78], rather than the

frequency-domain approach discussed in this thesis. Such time-domain filters can be de-

signed to be causal and stable, and employing such filters avoids the matrix inversion in

Eq. (2.9), which reduces computational complexity and improves system robustness. For

such systems, the results of the last experiment are irrelevant, but the results of the previous

experiments are still expected to hold.
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Figure 3.17: The 2-D configuration of interest for a sound field reproduction system.

3.6 2-D SFR configuration

In this section, the placement methods are tested in the context of 2-D SFR. The Loud-

speaker Region (LR) is a circle centered at the origin with a radius of 10 m, and the primary

source is at (12, 12) m with an amplitude of 4. The listening area is a 2.5 m × 2.5 m square

located at the center of the circle, and 121 sampling points for the desired field are dis-

tributed uniformly on a grid of 11×11. The reproduction error is sampled at 40, 000 points

on a 200×200 uniform grid in the listening area. The number of loudspeaker is N = 25 and

the number of candidate locations is Nv = 400, distributed uniformly around the circle. A

similar configuration was used in 2-D SFR simulations in [15].

Four loudspeaker placement methods are compared against a circular benchmark (CB)

configuration, in which 25 loudspeakers are placed uniformly around the circle. Fig. 3.18(a)

shows the reproduction error vs. frequency at pmax = 0.5, and Fig. 3.18(b) illustrates

the error vs. pmax at f = 700 Hz. According to both figures, CMP outperforms the

other methods. SVD-based placement works better than the Lasso-based one under power

limitation (Fig. 3.18(a)), but Lasso improves as the maximum power increases. In fact,

when pmax is high enough, the performance of Lasso-based placement approaches that of

CMP (Fig. 3.18(b)). The performance of the GS-based placement method is similar to CB

at low powers, and it improves by increasing power. All four placement methods provide

better SFR performance to that of CB.
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Figure 3.18: Reproduction error in 2-D SFR versus (a) frequency, at pmax = 0.5, and (b)
pmax, for f = 700 Hz.

3.7 Conclusion

The SFR error is a non-convex function in terms of the locations of the secondary sources.

In this chapter, first, a specific 3-D configuration of interest for SFR (Fig. 3.1) was used to

compare different placement methods. Omni-directional loudspeakers were used in a planar

array, and a cubic listening region was sampled over a fixed Cartesian grid. The system was

tested across a frequency range that made the desired field oversampled at one extreme and

spatially aliased at the other. The computational complexity of the placement algorithm

showed that Lasso is the most complex among four placement algorithms.

The effect of power on the reproduction error and the reproduced field outside the

listening area was investigated. The concept of ray-cut and the intuition behind the place-

ment methods were explained along with the behavior of each algorithm. Lasso-based

placement [15] does not take pmax into account in contrast to CMP and SVD algorithms,

which produce different placements for different pmax. The GS-based method selects the

loudspeaker locations regardless of the desired vector and is only based on the system

configuration. For this reason it has the poorest error performance among the placement

methods. The CMP-based method selects locations by looking at the correlation between

the the approximation error and the ATF from a particular location to the region of interest

by taking the power constraint into account. The selected locations form different clusters

around the most correlated ATFs with the error vector. The emergence of clusters is an

interesting phenomenon in CMP with low power limit, which occurs due to the inability of

a single selected ATF (dictionary member) to reduce the error sufficiently, so a similar ATF

is selected in the subsequent iterations to reduce the error further in the same direction.

Lasso effectively removes the correlated vectors and concentrates the energy in one of the

ATFs. Therefore, the selected locations are more dispersed at lower frequencies. Simulation

results indicated that the CMP-based placement outperforms the benchmark, the SVD-,
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Lasso-, and GS- based placements in terms of the reproduction error in various scenarios.

A feature of the CMP-based method is that it takes into account the available power of

the loudspeaker array and the power of the primary source, which is part of the reason

for its superior performance. The placement methods were also studied in an SFR system

without the power constraint, and it was found that the uniform placement offers some

advantages at low frequencies, below 300 Hz, while the performance of other algorithms

is better than uniform placement at higher frequencies. The performance of Lasso-based

placement method is better than other placement methods without power limitation.

Finally, a 2-D configuration was tested with the four placement methods, and the re-

sults have the same trend as in the 3-D SFR configuration. It means that the results are

applicable to various SFR configurations, but the improvement level may be variable from

one configuration to another.

In the next chapter, another system parameter, the radiation pattern of loudspeakers,

will be optimized by the CMP algorithm, and the system performance will be evaluated

when both placement and patterns of loudspeakers are optimized.
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Chapter 4

Pattern Selection

4.1 Introduction

Another important factor in sound field reproduction is the radiation patterns of the loud-

speakers. First, a novel algorithm is proposed to optimize the radiation patterns of loud-

speakers assuming that they are distributed uniformly. The candidate radiation patterns

are higher-order loudspeakers as opposed to omnidirectional patterns considered in the pre-

vious chapters. The order of all loudspeakers in the array is the same, but their harmonic

coefficients (to be described later in this chapter) are optimized using a Constrained Match-

ing Pursuit (CMP) algorithm. Therefore, the resulting radiation patterns may be different

from one loudspeaker to the next, and the array contains a diverse set of loudspeaker pat-

terns. This algorithm optimizes the radiation patterns based on the characteristics of the

primary source. Hence, the resulting radiation patterns do not operate well if the features

of the primary source change. To resolve this problem, a method is proposed to design

loudspeaker patterns before the system operation based on possible features of the primary

source during the system operation. It means that the patterns assigned to the loudspeakers

remain fixed during system operation (static DoFs), and only their complex amplitudes will

change as the features of the primary source (e.g. its frequency and location) change. The

proposed algorithms are given in Section 4.2.

In Section 4.3, a new method is presented for jointly optimizing loudspeaker placement

and radiation patterns. For a known primary source, the loudspeaker locations and patterns

are jointly optimized by the CMP method. The excitations of the designed loudspeakers

are then determined by direct approximation. Simulations for free space conditions show

that the new method yields a lower reproduction error under a power constraint compared

to other SFR methods for which only patterns or locations are optimized. The presented

method can also work offline based on the features of the primary source. The numerical

results are given in Section 4.4.1 for a primary source with fixed frequency and location and

in Section 4.4.2 for a primary source with variable frequency and location.
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Figure 4.1: The 3-D radiation patterns of the first-order loudspeakers with c equal to
[1, 0, 0, 0] (top left), [0, 1, 0, 0] (top right), [0, 0, 1, 0] (bottom left), and [1/

√
2, 0, 0, 1/

√
2]

(bottom right).

The contributions of this chapter are:

• Introducing a CMP-based pattern selection algorithm.

• Extending the pattern selection algorithm to work for a multi-frequency primary

source whose exact location is not known in advance.

• Introducing a joint optimization of placement and pattern algorithm.

• Comparing placement, pattern, and joint optimization algorithms for single tone and

multi-frequency primary sources.

4.2 Pattern optimization

4.2.1 Higher-Order Loudspeakers

2-D higher-order loudspeakers are first contemplated for SFR in [62]. Consider an array of

L-th order 2-D loudspeakers. The pressure created by the n-th loudspeaker in the array is

given by:

p(r, φ, rn, φn) =
L∑

l=−L

wn,lHl(k‖x − y‖2)eilβn , (4.1)

where y = (r, φ) and x = (rn, φn) are the 2-D locations of the observation point and the n-th

loudspeaker, respectively, in polar coordinates, Hl(·) is the l-th cylindrical Hankel function,

βn is the polar angle between (r, φ) and (rn, φn), k = 2π/λ is the wave number, λ is the
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wavelength, and wn,l’s are harmonic coefficients. H0(.) is the 2-D zeroth-order loudspeaker,

i.e., the ATF of an omnidirectional loudspeaker.

In [62], a circular array of higher-order loudspeakers is employed to recreate a desired

sound field on the surface of a disk. For this purpose, the coefficients wn,l are determined

based on the HOA method to minimize the reproduction error. If there are N loudspeakers

in the array, then using L-th order loudspeakers gives (2L + 1)N degrees of freedom, i.e.

(2L + 1)N coefficients wn,l available for manipulation. Clearly, higher-order loudspeakers

(L > 0) have the potential to make SFR more accurate compared to zeroth-order loud-

speakers (L = 0), since there are more degrees of freedom in the system. In the method

proposed in [62], for each change in conditions (e.g., change in the frequency of the desired

field, or the location of the primary source), all (2L + 1)N coefficients need to be updated.

In this thesis we are mostly interested in 3-D SFR. Let y = (r, θ, φ) be the observation

point in 3-D spherical coordinates. According to [47, 82], the pressure generated at that

point by an arbitrary acoustic source located at the origin can be written as

p(r, θ, φ) =
L∑

l=0

l∑

md=−l

Cl,md
· hl(kr) · Y md

l (θ, φ), (4.2)

where hl(kr) is the l-th order Hankel function, k is the wave number, Y md

l (θ, φ) is the spher-

ical harmonic function of order l and degree md, and Cl,md
’s are the harmonic coefficients.

The term corresponding to l = 0 is omni-directional. For the far-field propagation (kr ≫ 1):

hl(kr) =
eikr

kr
(−i)l+1. (4.3)

To be consistent with the formulations and notations of the previuos chapters and

Appendix C, we modify Eq. (4.2) for far-field propagation as follows:

p(f ; r, θ, φ) = s(f) · eikr

4πr
·

L∑

l=0

l∑

md=−l

C ′
l,md

Y ′md

l (θ, φ)

= s(f) · g(f ; r) · L(f, θ, φ),

(4.4)

where s(f) is the complex amplitude of the higher-order loudspeaker in [Pa·m], g(f ; r) is

the free space Green’s function, and L(f, θ, φ) =
∑L

l=0

∑l
md=−l C ′

l,md
Y ′md

l (θ, φ) is the radia-

tion pattern of the higher-order loudspeaker. In this equation C ′
l,md

=
√

4πCl,md
(−i)l+1/k

are called the expansion coefficients of the higher-order loudspeaker in this thesis, and

Y ′md

l (θ, φ) =
√

4πY md

l (θ, φ). For a fair comparison between the performance of a system

employing higher-order loudspeakers and a benchmark system employing omni-directional

loudspeakers, these systems should use the same input power. The ATF of an omni-

directional source is given by Eq. (1.4), which is equal to the l = 0 term in Eq. (4.4) with

C ′
0,0 = 1. In order to compare the performance of the two systems under the same power con-
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straint, the integrals of the radiation patterns of an omni-directional source (L(f, θ, φ) = 1)

and a higher-order loudspeaker (L(f, θ, φ) =
∑L

l=1

∑l
md=−l C ′

l,md
Y ′md

l (θ, φ)) should be equal

over the unit sphere. This leads to ‖c‖2
2≤ 1 where c is a (L + 1)2 × 1 vector containing the

expansion coefficients in increasing order of l and md. Under these conditions, the ATF

corresponding to the term (l, md) is g(f, r)Y ′md

l (θ, φ). Note that (r, θ, φ)’s are calculated

with respect to the location of the loudspeakers.

These loudspeakers can be realized as combinations of monopole sources. For example,

the first-order loudspeaker is a combination of one monopole and three dipoles, while each

dipole is composed of two monopoles placed very close to each other [47]. Fig. 4.1 illustrates

radiation patterns of several first-order loudspeakers (L = 1) for various values of C ′
md,l.

4.2.2 CMP-Based Pattern Selection

The CMP algorithm is used to seek the radiation patterns of loudspeakers while their

locations are fixed. For this purpose, the expansion coefficients of higher order loudspeakers

are determined to approximate the desired field using the CMP-based algorithm. Let c be

the expansion coefficients of loudspeakers in increasing order of l and md:

c = [C ′
0,0, C ′

−1,1, C ′
0,1, C ′

1,1, C ′
−2,2, ..., C ′

L−1,L, C ′
L,L]T .

Also let Bn be a M × (L + 1)2 matrix, corresponding to the n-th loudspeaker whose
elements are the terms hl(kr)Y ′md

l (θ, φ) evaluated at virtual sampling points, in increasing
order of l and md. This matrix contains the ATFs of each term in Eq. (4.2) from a given
loudspeaker location xn = (rn, θn, φn) to each of the virtual sampling points:

Bn =



h0(kr1,n)Y ′0

0(θ1,n, φ1,n) h1(kr1,n)Y ′1

−1(θ1,n, φ1,n) · · · hL(kr1,n)Y ′L
+L(θ1,n, φ1,n)

h0(kr2,n)Y ′0

0(θ2,n, φ2,n) h1(kr2,n)Y ′1

−1(θ2,n, φ2,n) · · · hL(kr2,n)Y ′L
+L(θ2,n, φ2,n)

...
...

. . .
...

h0(krM,n)Y ′0

0(θM,n, φM,n) h1(krM,n)Y ′1

−1(θM,n, φM,n) · · · hL(krM,n)Y ′L
+L(θM,n, φM,n))




.

(4.5)

Here, (rm,n, θm,n, φm,n) is the spherical coordinate of the m-th sampling point with respect

to the n-th loudspeaker location.

To find the radiation patterns of loudspeakers through the CMP-based algorithm, the

dictionary members are formed as follows: First, matrix Bn is formed for each loudspeaker

location, and its columns are placed in the set D as dictionary members. Since each B

has (L + 1)2 columns and there are N such matrices, set D initially contains N(L + 1)2

members.

In the CMP-based algorithm, each dictionary member is identified with a possible

higher-order pattern at a loudspeaker location. The algorithm, first, finds the most cor-

related dictionary member with the error field, which is initialized as the desired vector.
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Algorithm 6 Loudspeaker pattern optimization

Input: D ⊲ dictionary
Input: pdes ⊲ desired vector
Input: N ⊲ number of loudspeakers in the array
Output: {cn} ⊲ loudspeaker pattern coefficients

1: Set R1(pdes) = pdes.
2: for n = 1 to N do
3: Find d ∈ D that is most correlated with Rn

(
pdes

)
.

4: Find the loudspeaker location that d corresponds to.
5: Extract all members of D that correspond to this location and place them into set

B.
6: Apply the CMP-based algorithm (refer to Section 2.6.2) with Rn(pdes) as the desired

vector, B as the dictionary, maximum power equal to 1, and (L + 1)2 as the number of
iterations.

7: The output of this algorithm will be the coefficient vector cn, containing the expan-
sion coefficients of the n-th loudspeaker, and selected vectors {b(j)} from B.

8: Set p̂n =
∑(L+1)2

j=1 cn
j b(j), which is the ATF of the n-th selected loudspeaker.

9: Set D = D \ B.
10: To calculate the new error vector, find the corresponding coefficient to b(j) as α(j),

by solving Eq.( 2.42), where pn = pmax/N .
11: Compute the new error vector:

Rn+1(pdes) = Rn(pdes) − α(j)p̂n. (4.6)

12: end for
13: return {cn}.

The selected dictionary member corresponds to one of the loudspeaker locations. Matrix B

corresponding to the selected loudspeaker is considered as a new dictionary. In order to find

the expansion coefficients of the selected loudspeakers, the CMP-based algorithm is applied

with matrix B as dictionary, with pmax = 1 as power constraint, and the error vector as

the input vector. After that the expansion coefficients are calculated, the error vector is

updated, and this process continues until the expansion coefficients of all loudspeakers are

determined. The details of the CMP-based pattern selection algorithm is given in Alg. 6.

In fact, this algorithm is composed of two CMP algorithms. Step 6 is the inner part

which finds the expansion coefficients of loudspeakers by the CMP method. As mentioned

earlier the maximum power of the expansion coefficients is limited to 1. In the CMP

algorithm this power is distributed uniformly among the iterations. It means that for the

nt-th iteration, pnt = 1
(L+1)2 . This step finds the harmonic coefficients of the selected

loudspeaker (or the ATF of the selected loudspeaker), and returns the results to the outer

CMP algorithm. Then, in Step 10, the coefficients corresponding to the selected loudspeaker

(ATF) are obtained using the CMP equations in Section 2.6.2 in order to calculate the new

error vector in the outer loop.
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Algorithm 7 Extended loudspeaker pattern optimization

Input: {f1, f2, ..., fY } ⊲ frequencies of interest
Input: {xt

1, xt
2, ..., xt

W } ⊲ possible locations of the primary sources
Input: {nw,y} ⊲ number of loudspeakers per frequency-location pair
Output: {cn} ⊲ loudspeaker pattern coefficients

1: for y = Y to 1 do
2: for w = 1 to W do
3: Compute the sound pressure at frequency fy from a source at xt

w to each of the
M sampling points, and store the results in pdes.

4: Compute the matrix B at frequency fy for all remaining loudspeakers to all M
sampling points, and store its columns as dictionary members in D.

5: Run Algorithm 6 with D as the dictionary, pdes as the desired vector, and nw,y

as the number of loudspeakers.
6: Store the resulting pattern coefficients cn’s for the selected loudspeakers.
7: Remove the loudspeakers selected at this iteration from further consideration.
8: end for
9: end for

10: return {cn}

Algorithm 6 is the basic building block for loudspeaker pattern design. It assumes

that the location of the primary source is fixed and known in advance. This algorithm is

generalized in the next section to account for the whole frequency range of the primary

source and its various possible locations.

4.2.3 Multi-frequency pattern selection

In order to extend the loudspeaker pattern design algorithm to a more general setting, we

assume that although the exact parameters of the primary source are not available, some

side information is known about the primary source. Suppose that the frequency range and

the possible locations of the primary source are known in advance. Using this information,

the radiation patterns of loudspeakers can be designed during the design phase as static

DoFs, and only their complex amplitudes are optimized based on the exact locations of the

primary source.

In the extended algorithm, to account for various possible primary source locations, we

distribute W points {xt
1, xt

2, ..., xt
W } uniformly across the possible locations for the primary

source, as representative locations. In addition, to account for the frequency band of in-

terest, we distribute Y frequency points f1 < f2 < ... < fY across this range. The idea

is simple - select a different group of primary sources for each pair (xt
w, fy) and optimize

their patterns for that position-frequency pair using Algorithm 6. In particular, let nw,y be

the number of loudspeakers allocated to the pair (xt
w, fy), so that

∑W
w=1

∑Y
y=1 nw,y = N .

Pattern design is then performed via Algorithm 7.
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Note that the output of Step 5 in Algorithm 7 is not only the loudspeaker pattern

coefficients, but also the indicies (or, equivalently, locations) of the selected loudspeakers.

In the first iteration, n1,Y out of N loudspeakers are selected and their patterns designed; in

the second iteration n2,Y out of the remaining N − n1,Y loudspeakers are selected and their

patterns designed, and so on. In the last iteration, since only nW,1 loudspeakers remain, no

loudspeaker selection takes place and the only step is pattern design.

Therefore, in this algorithm, in contrast to Algorithm 6, the radiation patterns of the

loudspeakers are designed ahead of time before system operation. After designing the

radiation patterns, they will be placed in the loudspeaker array, and during the system

operation only the complex amplitudes of loudspeakers change to minimize the reproduction

error. Algorithm 6 takes the radiation patterns of loudspeakers as dynamic DoFs while

Algorithm 7 regards them as static DoFs. It can be concluded that the performance of

Algorithm 6 would be better than that of Algorithm 7 because the number of dynamic

DoFs is much larger. However, the complexity of Algorithm 7 is much lower than that of

Algorithm 6 which makes it practical to work in real-time scenarios.

The radiation patterns designed in Algorithm 7 can be implemented by combining sim-

ple (and sufficiently small) monopole loudspeakers in a specific configuration array [47]

(chapter 6, page 198). The implementation can be considered a microelectronics design

challenge, where printed loudspeakers and their array weights are integrated into a single

device. Another way to implement higher order loudspeakers is to approximate the desired

pattern by off-the-shelf loudspeakers in a specific configuration. However, the issue of im-

plementation is beyond the scope of this thesis. These loudspeakers are built and tested for

2-D SFR in [83–85].

4.3 Joint optimization of placement and patterns

4.3.1 CMP-based joint optimization

Locations and radiation patterns of an SFR system were optimized in Sections 2.6.4 and

4.2.2 respectively using the CMP algorithm. In this section, a new algorithm is proposed

to jointly optimize both locations and radiation patterns of the loudspeakers based on the

CMP algorithm.

As in placement methods, Nv ≫ N locations are placed densely on the LR. For each

candidate location, as in the pattern selection algorithm, a higher order loudspeaker is

considered. Therefore, there are (L+1)2 dictionary members for each loudspeaker locations,

and the total dictionary members are:

D = {b1,1, b2,1, ..., b(L+1)2,1, b1,2, b2,2, ..., b(L+1)2,2, ..., b1,Nv , b2,Nv , ..., b(L+1)2,Nv
} (4.7)
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Table 4.1: Number of dictionary members.

(N, Nv, L) Placement Pattern Joint

(25, 400, 2) 400 225 3600

(25, 100, 5) 100 900 3600

(100, 900, 5) 900 3600 32400

(25, 400, 5) 400 900 14400

where L is the loudspeaker order, bj,nv is the j-th column of Bnv , and Bnv is formed based

on Eq. (4.5) considering that the location of the loudspeaker is at the nv-th candidate

location. In this algorithm, the total number of dictionary members is Nv(L + 1)2, which

can be large number. For example for Nv = 900 candidate locations and L = 5-th order

loudspeakers, the number of dictionary members is 32400, which is much larger than the

number of sampling points M (or size of vectors). From [64], a larger dictionary results in

better representation. It means that the performance of the proposed method is expected to

be better in comparison with the pattern selection algorithm with N(L+1)2 and placement

methods with Nv dictionary members. The number of dictionary members for different

values of N , Nv, and L is given in Table 4.1 for three proposed algorithms.

It should be noted that, although the number of dictionary members increases by in-

creasing Nv for the placement algorithm, the performance will not improve considerably.

The reason is that the dictionary members are the ATFs of the candidate locations. For

a fixed LR, by increasing the number of candidate locations (dictionary members) the dis-

tance between candidate locations decreases, and the correlation between the ATFs of the

neighboring location increases. It implies that at a specific frequency, increasing the number

of candidate locations does not add independent members to the dictionary anymore. How-

ever, increasing the number of dictionary members in the pattern and joint optimization

algorithms by increasing L improves the system performance, because increasing the order

of the loudspeakers increases the number of spherical harmonics which are spatially orthog-

onal. Hence, the system performance enhances since the number of independent dictionary

members increases.

The details of the joint optimization algorithm are given in Algorithm 8.
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Algorithm 8 Loudspeaker pattern and location optimization

Input: D ⊲ dictionary

Input: pdes ⊲ desired vector

Input: xv
j ⊲ coordinate of j-th candidate location

Input: N ⊲ number of loudspeakers

Output: A ⊲ selected loudspeaker locations

Output: {cn} ⊲ inner coefficients of loudspeakers

1: Set R1pdes = pdes

2: Set Ajoint = {∅}
3: for n = 1 to N do

4: Find d ∈ D that is most correlated with Rn
(
pdes

)
.

5: Find the loudspeaker location that d corresponds to.

6: Set Ajoint = Ajoint ∪ {xv
n}, where xv

n is the n-th selected location.

7: Extract all members of D that correspond to this location and place them

into set B.

8: Apply the CMP-based algorithm with Rn(pdes) as the desired vector, B

as the dictionary, maximum power equal to 1, and (L + 1)2 as the number of

iterations.

9: The output of this algorithm will be the coefficient vector cn =

[cn
1 , cn

2 , ..., cn
(L+1)2 ], containing the harmonic coefficients of the n-th loudspeaker,

and selected vectors {b(j)} from B.

10: Set p̂n =
∑(L+1)2

j=1 cn
j b(j) as the ATF of the n-th selected loudspeaker.

11: Set D = D \ B.

12: To calculate the new error vector, find the corresponding coefficient to b(j)

as α(j), by solving Eq. 2.42, where pn = pmax/N .

13: Compute the new error vector:

Rn+1(pdes) = Rn(pdes) − α(j)p̂n.

14: end for

15: return {c1, .., cN }.

16: return Ajoint.
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In this algorithm, first the most correlated vector with the desired field is found. This

vector corresponds to the location of a loudspeaker. Second, in order to find the expansion

coefficients of the selected loudspeaker, the CMP based method is applied with the dictio-

nary members corresponding to the selected loudspeaker (location) and the desired field

as inputs. Third, the expansion coefficients of the selected loudspeaker are calculated via

the CMP algorithm and its corresponding ATF is computed. Fourth, the updated error

vector is calculated, and the selected location and its corresponding dictionary members

are removed from the dictionary. This process continues until the N locations out of Nv

candidate locations are found.

4.3.2 Multi-frequency joint optimization algorithm

It should be noted that Algorithm 8 optimizes the radiation patterns and locations of the

loudspeakers when the frequency and location of the primary source are fixed. The joint

optimization consists of finding, at each iteration, the term hl(kr)Y ′l
md

(θ, φ) (across all

remaining candidate locations and all patterns) that is most correlated with the current

approximation error, and running CMP over the corresponding sub-dictionary.

This algorithm can also be extended through Algorithm 7 to optimize the patterns and

locations based on the features of the primary source (its frequency range and possible loca-

tions) before the system operation as static DoFs and update only the complex amplitudes

of loudspeakers during the system operation as dynamic DoFs. For this purpose, in Step

5 of Algorithm 7, Algorithm 8 should be employed, and the locations selected by the joint

optimization algorithm should be returned as output as well.

4.4 Experimental results

The error performance of the configuration shown in Fig. 3.1 is examined for the following

four systems: System 1 (S1) is a benchmark system with N omni-directional loudspeakers

placed uniformly on the LR. System 2 (S2) consists of N omni-directional loudspeakers

whose locations on the LR are determined using Algorithm 5. System 3 (S3) consists of N

higher-order loudspeakers placed uniformly on the LR, where only the radiation patterns

are designed by Algorithm 6. System 4 constis of N loudspeakers whose radiation patterns

and locations are optimized by Algorithm 8.

First, the numerical simulations are performed assuming that the location and frequency

of the primary source are fixed in Section 4.4.1. Then the system performance is tested

for a primary source with variable frequency and location of the primary source in Section

4.4.2.
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Figure 4.2: Comparison of the error performance among the proposed algorithms for (a)
pmax = 0.3 over the frequency range, (b) f = 700 Hz by changing the maximum normalized
power.

4.4.1 Single tone frequency

In these experiments the frequency range of the primary source is between 200 Hz and

2000 Hz. In the experiments of this chapter (in contrast to the previous chapter), the

sampling points are arranged around the cubic listening area. The reason is that based on

the KH integral, reconstruction of a sound field on the surface of an enclosed volume results

in sound field reproduction inside that volume. The distance between the neighboring

sampling points is 25 cm, and the total number of sampling points is 98. In this situation,

the sound field is under-sampled for frequencies greater than 686 Hz. However, the error

is evaluated on 8000 points inside the cubic listening area which are distributed uniformly

with a distance of 5 cm, so the results are reliable for frequencies less than 3 KHz since the

error field is over-sampled. Unless otherwise stated, the number of candidate locations is

100, and the order of loudspeakers is L = 5.

The error performance as a function of frequency and the maximum normalized power is

shown in Fig. 4.2. Fig. 4.2(a) compares the performance of the four systems for pmax = 0.3

over the frequency range, and Fig. 4.2(b) compares the error at f = 700 Hz by varying the

maximum normalized power. According to Fig. 4.2(a), at f = 900 Hz the performance of

the joint optimization algorithm (System 4) is better than System 1 by 20 dB, System 2

by 17 dB, and System 3 by 13 dB. In addition from Fig. 4.2(b), the performance of System

4 (joint optimization algorithm) for pmax = 0.2 is the same as the System 3 (pattern

algorithm) for pmax = 0.8, System 2 (placement algorithm) for pmax = 1, and System 1

(benchmark) for pmax greater than 1. It means that the joint optimization method results

in the same performance in the listening area while it reduces power wastage outside of the

listening area.
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Figure 4.3: Error performance of the placement and pattern algorithms for (a) Nv = 400,
and Nv = 900.

Furthermore, from Fig. 4.2, the performance of the pattern selection algorithm is better

than the placement-only algorithm because the number of independent dictionary members

in the pattern selection algorithm is greater than those of the placement-only method.

Increasing the number of candidate locations increases the number of independent dictionary

members at higher frequencies, so the performance of the placement method would be

better at higher frequencies. As explained earlier, if the number of candidate locations

increases further, the performance of the placement algorithm does not improve any more.

To show this effect, the error performance of the placement algorithm is shown in Fig. 4.3

for Nv = 400 and Nv = 900, and it is compared against the error performance of the pattern

selection algorithm. Comparing this figure with Fig. 4.2(a) reveals that the performance of

the placement-only algorithm improves at higher frequencies when the number of candidate

locations changes from 100 from 400, while it does not get better when the number of

candidate locations increases from 400 to 900.

In the next experiment the error performance is shown in terms of the length of the

cubic listening area and frequency. In this test, the number of sampling points is kept

fixed by increasing the length of the listening area. Therefore, the distance between the

sampling points increases, and the frequency for which aliasing occurs decreases. Therefore,

the system performance degrades by increasing the length of the cubic listening area. To

compare the error performance, these graphs are shown in Fig. 4.4 for frequency 1500 Hz

versus the length of the cubic listening area, and versus frequency when the length of

listening area is 0.5 m. As shown in Fig. 4.4(b), the error performance of System 3 and 4

are close together at lower frequencies since the Nyquist distance between loudspeakers are

large (in meter) at lower frequencies. It implies that the locations obtained by System 4

are close to that of System 3 in which the distance between the loudspeakers is large.
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Figure 4.4: Comparison among the proposed algorithms versus (a) Length of the listening
area at f = 1500 Hz and pmax = 0.5, and (b) Frequency for 0.5 m×0.5 m×0.5 m cubic
listening area at pmax = 0.5

The locations of the loudspeakers selected by System 2 (placement-only method) and 4

(joint optimization method) are shown for Nv = 900, frequencies 600 Hz and 1600, and max-

imum normalized power 0.1 and 1 in Fig. 4.5. It can be concluded that, at lower frequencies,

the distribution obtained by the joint optimization algorithm is more dispersed than that

of the placement-only method. The reason is that in the joint optimization algorithm after

selecting the n-th location, the CMP algorithm is applied to find the radiation patterns

of the selected loudspeaker. The ATF of the selected loudspeaker is a linear combination

of a set of dictionary members and it can better represent the error vector in comparison

with employing only omni-directional loudspeakers. Hence, the selected ATF can explain

the error vector better, so the selected ATF at the next iteration will be less similar to

the previous one which results in increasing distance between the selected loudspeakers.

At higher frequencies, both methods cluster the loudspeakers around the ray-cut, because

the neighboring ATFs are not similar at these frequencies, and the optimum locations are

clustered around the ray-cut as discussed in Section 3.4.
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Figure 4.5: Loudspeaker placement produced by System 2 (left column) and System 4 (right
column) for f ∈ {600, 1600} Hz and pmax ∈ {0.1, 1}.

The performance of Systems 3 and 4 for different loudspeaker orders is evaluated in

Fig. 4.6 for pmax = 0.1. According to this figure, the higher order results in better perfor-

mance because the number of orthogonal dictionary members increases. The higher order

loudspeakers, on the other hand, are more complicated for implementation. The perfor-
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Figure 4.6: Error performance versus the order of loudspeakers in (a) System 3 and (b)
System 4, for pmax = 0.1

mance of Systems 3 and 4 for different loudspeakers orders is evaluated in Fig. 4.6 for

pmax = 0.1. According to this figure, the higher order results in better performance because

the number of orthogonal dictionary members increases. The higher order loudspeakers, on

the other hand, are more complicated for implementation.

The optimized far-field radiation patterns of 4 loudspeakers located at (0, 0), (1.5, 1.5),

(0, 1.5), and (1.5, 0) are shown in Figs. 4.7(a), 4.7(b), 4.7(c), 4.7(d) respectively for z > 0.

These radiation patterns are obtained for f = 800 and pmax = 0.1 using the pattern

selection algorithm (System 3). According to these figures, the main lobes of the optimized

loudspeakers are in the direction of the listening area which results in good error performance

under constrained power since the most portion of the power is focused in the listening area.
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Figure 4.7: Optimized radiation patterns of loudspeakers located at (a) (0, 0), (b) (1.5, 1.5),
(c) (0, 1.5), and (d) (1.5, 0) in System 3.

The radiation patterns of the loudspeaker array for the four systems are given in Fig. 4.8

for f = 600 Hz, pmax = 0.5, L = 5, and Nv = 900. These patterns can explain why these

systems have different performance under power limitation. According to this figure, half of

the power flows into half-space z < 0 for Systems 1 and 2 because of using omni-directional

loudspeakers which radiate equal power in all directions. However, for Systems 3 and 4,

where the radiation patterns are optimized, a significant part of the power is concentrated

in half-space z > 0 in which the listening area is located.

On the other hand, comparison between the radiation patterns of Systems 1 and 2 and

between Systems 3 and 4 show the benefit of the placement method. In the benchmark con-

figuration, although the main lobe is toward the listening area, there exists strong side-lobes

in other directions. The number of side lobes and their corresponding power significantly

decreases in the placement method. Also, System 3 (pattern selection algorithm) has a

main lobe in the direction of the listening area with a large half power beam-width, which

results in power wastage around the listening area. However, the half power beam width of

System 4 is smaller than that of System 3.
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Figure 4.8: Radiation patterns of (a) System 1, (b) System 2, (c) System 3, (d) System 4
for f = 600 Hz and pmax = 0.5.

In the last experiment, the reproduction error is tabulated in Table 4.2 for different

locations of the primary source for f = 1000 Hz and pmax = 0.5. According to this table

for all cases, the joint optimization algorithm outperforms the other systems by more than

12 dB.

4.4.2 Multi-frequency primary source

The performance of the four systems when the location and frequency of the primary source

are unknown is investigated in this section by applying Algorithm 7. In this algorithm, the

locations and patterns of the loudspeakers are taken as static DoFs, and they are optimized

before system operation. In our experiments we assume that the frequency range of the

primary source is less than 2000 Hz.
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Table 4.2: Reproduction error for different locations of primary source

Location System 1 System 2 System 3 System 4

(1.94, 0, −7.76)) −1.85 −8.16 −9.95 −24.22

(0, −2.8, −7.49) −2.39 −8.11 −12.54 −24.86

(2.73, 1.82, −7.2) −1.35 −8.27 −9.98 −24.83

(3.26, 3.26, −6.53) −2.97 −8.28 −12.57 −24.12

(4.11, −4.11, −5.48) −3.63 −8.60 −13.53 −25.49
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Figure 4.9: Reproduction error in terms of (a) frequency for pmax = 0.5, (b) maximum
normalized power at f = 600 Hz, when the location of primary source is known while its
frequency is unknown in the design phase.

First, the reproduction error is examined at different frequencies with pmax = 0.3. The

location of the primary source is fixed at (0, 0, −8), and the frequency for which the loud-

speakers are optimized is sampled at {100, 300, 600, 1000, 1500} Hz. Therefore, the patterns

and (or) locations of the 5 loudspeakers are optimized for each frequency. After the design

phase, the error performance is evaluated in Fig. 4.9(a) when pmax = 0.5 and the frequency

of the primary source is changed between 100 and 2000 Hz, and in Fig. 4.9(b) for f = 600 Hz

and pmax between 0.1 and 1. According to this figure, the joint optimization algorithm out-

performs the other systems across the whole frequency range, with error performance gains

between 3–10 dB relative to the next best system at mid and higher frequencies.

In the next experiment, the locations of the primary source range between (−4, ±0.5, −8)

and (+4, ±0.5, −8). In this experiment, the frequency for which the loudspeakers are opti-

mized is sampled only at {100, 1500} and the possible locations of the primary source are

(0, 0, −8), (0, 0, −4), (0, 0, +4), (0, 0, −2), and (0, 0, +2). Therefore two or three loudspeak-

ers are designed for each frequency bin and sampled location. Again, after the design phase,

the frequency and location of the primary source are changed and the reproduction error

90



0 500 1000 1500 2000
Frequency(Hz)

-40

-30

-20

-10

0
E

rr
or

(d
B

)

S1
S2
S3
S4

(a)

0 0.5 1
p

max

-20

-15

-10

-5

0

E
rr

or
(d

B
)

S1
S2
S3
S4

(b)

Figure 4.10: Error performance for (a) pmax = 0.3 across the frequency (b) f = 800 in terms
of pmax, when the exact location and frequency of the primary source is not given in the
design phase.

is shown in Fig. 4.10(a). In this figure, each curve shows the average reproduction error

at the corresponding frequency when the location of the primary source is changing across

30 positions between (−4, ±0.5, −8) and (+4, ±0.5, −8), and the error bars show the max-

imum and minimum errors at each frequency for pmax = 0.3. As shown in this figure, the

reproduction error is less than −10 dB for frequencies less than 1000 Hz, 600 Hz, 600 Hz,

300 Hz in the System 4, System 2, System 3, and System 1 respectively. Fig. 4.10(b) shows

the error performance versus the maximum normalized power at f = 800 Hz. According to

the figure, the error of System 4 for pmax = 0.1 is equal to that of System 2 for pmax = 0.9,

System 3 and System 1 for pmax > 1. Hence, for the same reproduction error, controlling

the sound field outside the listening cube is much easier in System 4 compared to the other

three systems.

The reproduction error of the proposed algorithms is shown at f = 800 Hz and pmax =

0.3 versus the locations of the primary source in Fig. 4.11 when the locations of the primary

source is changing between (−4, 0.25, −8) and (+4, 0.25, −8). According to this figure and

Fig. 4.10, the performance of the placement-only algorithm is less sensitive to the location

of the primary source. The reason is that the radiation patterns of the loudspeakers are

composed of one omni-directional pattern for the placement-only method while they are

higher order patterns in the pattern selection and joint optimization algorithms.

4.5 Conclusion

A new method to optimize the radiation patterns of the loudspeakers was introduced in

this chapter using higher order loudspeakers. The expansion coefficients of the loudspeakers

were found by the Constrained Matching Pursuit algorithm. The patterns designed by the
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Figure 4.11: Reproduction error at f = 800 Hz and pmax = 0.3 versus the location of the
primary source.

proposed algorithm depend on the features of the primary source. In this chapter, another

method was introduced to optimize the patterns (or locations) of the loudspeakers before

the system operation when the exact location and frequency of the primary source are not

known. With this method, the patterns (locations) of the secondary sources are fixed during

the system operation, so the complexity of the run-time optimization decreases.

In addition, a joint placement and pattern optimization algorithm was proposed, which

leads to improved system performance. The proposed method optimizes both locations

and patterns of the loudspeakers by employing two stages of the CMP algorithm. The

error performance of the benchmark configuration, placement, pattern selection and joint

optimization algorithms were compared on the 3-D SFR configuration presented in the

previous chapter.

According to our simulation results, the performance of the joint optimization method

was better than those of the other algorithms. Depending on the frequency and the num-

ber of dictionary members, the performance of the placement-only and pattern selection

algorithms were different. At lower frequencies, the performance of the pattern selection

algorithm was better than that of the placement-only method. However, at higher frequen-

cies, with sufficient number of dictionary members (candidate locations), the performance

of the placement-only algorithm was better. In addition, since at lower frequencies, the

optimum placement approaches that of the benchmark, the performance of the pattern

selection and joint optimization algorithm was similar.

The error performance of the proposed methods were compared when the locations of the

primary source and its frequency were not exactly known in advance. In these simulations,

the number of dynamic DoFs is fixed for all methods while the number of static DoFs is

different. Therefore, all methods were compared under the same system complexity. The
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results of this comparison confirmed that the joint optimization algorithm outperforms other

methods under different conditions since the number of static DoFs is larger in this method.

In the next chapter, the proposed placement and pattern algorithms will be applied to

an SFR system for immersive communication. For this application, the psycho-acoustic

features of the human ear are considered in sound field reproduction.
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Chapter 5

SFR for Immersive Communication

5.1 Introduction

Immersive communication systems promise a greatly improved user experience through the

use of advanced technologies tailored to various human senses, such as sight, hearing, and

touch. This chapter focuses on 3-D audio for immersive communication. At the transmit-

ting end, the incident sound field is captured via a microphone array and active talkers

are detected through a novel algorithm operating in the frequency domain. The detected

information is transmitted to the receiving end, where a 3-D sound field from virtual sources

corresponding to active talkers is synthesized around listeners’ heads using a direct least

squares approximation approach.

In the audio system introduced in this chapter, the microphone and loudspeaker ar-

rays are located on the perimeters of the concentric squares. The goal of this immersive

communication system is to remove the perception of the physical distance between the

two communicating ends. The system overview along with the system model for audio

immersive communication is given in Section 5.2.

At the transmitting end, the sound field is captured using an array of microphones.

The recorded sound field is processed using our proposed method in conjunction with a

monitoring system in order to detect the locations of the talkers. The proposed algorithm

works based on the Least Square algorithm, and it can be implemented in real-time. The

details and error analysis of this algorithm are presented in Section 5.3.

The SFR is an important part of immersive communication. As 3-D video provides

visual localization of sound sources in the (virtual) 3-D space, the role of the SFR is to

complement the visual information by providing the correct auditory localization of sound

sources. Sound field synthesis is accomplished via a loudspeaker array at the receiving end.

The higher order loudspeakers are employed in the SFR system, and their radiation patterns

are optimized by the pattern selection algorithm. To reproduce a sound field naturally, the
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Figure 5.1: Illustration of an immersive communication system.

human’ psycho-acoustic features are considered in determining the loudspeakers excitations.

Section 5.4 describes the SFR method.

The performance of the proposed algorithm is examined in Section 5.5 using objective

and subjective tests. The detection error rate in the active talker detection algorithm

and reproduction error along with Interaural Level Difference (ILD) and Interaural Phase

Difference (IPD) errors in the SFR algorithm are the quantitative variables for the objective

test. Since the best way for quality judgment in an immersive communication system is

obtained by subjective testing, the reproduced sound field at the receiving end is recorded

and judged by the subjects.

The contributions of this chapter are:

• Employing a new loudspeaker and microphone configuration in sound field capture

and rendering

• Introducing a new algorithm to localize the active talkers

• Error analysis of the proposed algorithm and finding an error bound to reduce the

detection rate in this algorithm

• Designing the radiation patterns of the loudspeaker before system operation by the

multi-frequency pattern selection algorithm, and reproducing the sound field based

on the psycho-acoustic phenomena, i.e. the Head related Transfer Function of the

listeners

5.2 System overview

Fig. 5.1 depicts an immersive communication system. Two rooms are equipped with the

necessary hardware, such as 3-D displays, texture and depth cameras, microphone and

loudspeaker arrays, and connected to each other via a link with a sufficiently high rate and

low latency to support the two-way real-time transfer of the necessary information. There

are several participants in each room.
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Figure 5.2: The concept of a virtual extension for immersive communication: Virtual Room
1 becomes a virtual extension of Room 2.

Video screen

Figure 5.3: Microphone (red) and speaker (blue) arrays for SFR.

The goal of the immersive communication system is to make the participants feel as if

the physical distance between the rooms has vanished and the two screens, shown in Fig. 5.1,

have merged. To the participants, it should appear as if the screen that they are watching

is an open window to the other room. Conceptually, each room should be seen as a virtual

extension of the other room, as illustrated in Fig. 5.2. In this figure, one “talker” in room

1 is addressing two listeners in room 2. The immersive communication system makes it

appear to the two listeners, whose head positions are indicated by the right-most dots, that

the talker’s head is located at the position indicated by left-most dot in the virtual room

1. The sound field generated around the heads of the two listeners should be the same as

the one generated by a source at the left-most dot. For concreteness, the microphones and

loudspeakers are arranged in concentric rectangular arrays around the screen, as shown in

Fig. 5.3, and other setups can be deployed without changing the methodology.

The target application of this immersive communication system is video conferencing,

so the following assumptions are considered in our simulations: (1) The signals received
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by the microphones are either speech or ambient noise, and (2) The two conference rooms

are quiet, and there is no outside noise source. (3) The talkers are simply modeled as

omni-directional sound sources, which is a reasonable approximation for face-to-face con-

versation [86]. We will assume that through the use of texture and depth cameras, the 3-D

positions of the talkers’ and listeners’ heads can be estimated via existing algorithms for

face and lip detection [87, 88]. The effect of lip localization errors on the sound capture

portion of the system is studied in Section 5.3, and the error tolerance is derived.

It is important to realize that transmitting only the pressures detected by the micro-

phones is insufficient to achieve an immersive effect as illustrated in Fig. 5.2(a), since this

would not create the virtual source at the required 3-D position in the virtual room. The

actual position(s) of active talkers must be transmitted as well. Since all participants are

being tracked by face and lip detection, what remains to be determined is which of them

are active talkers at any given time. This is discussed in Section 5.3.

The detected locations of the active talkers are transmitted to the other end, where they

are used to synthesize the sound field around the listeners’ heads. In practice, the sound

and position information must be compressed prior to transmission. There are a number

of methods for multichannel audio compression [89], while 3-D positions of the talkers’

heads can be encoded as point clouds [90], or even transmitted losslessly if the number of

participants is small. However, since compression, transmission, echo cancellation (e.g. [91])

and their details are beyond the scope of the present work, we will simply assume that

this information is available error- and echo-free at the receiving end, where it is used to

synthesize the sound field.

5.3 Active Talker Detection

Let N1 and N2 be the number of participants in rooms 1 and 2, respectively. Each room

has N loudspeakers and M > max(N1, N2) microphones. The participants in room 1 are

the “talkers," and those in room 2 are the “listeners.” There exists many methods for

voice activity detection [92–95], finding the direction of arrival [96–98], and extracting the

signals corresponding to the active talkers by beamforming methods [99,100]. In [101], these

processes are combined for the purpose of active talker detection. The system described

in [101] can be deployed in our scenario as well. However, in videoconferencing applica-

tion, cameras are able to provide additional (and usually much more accurate) information

about the locations of the talkers. Using this information, the signals corresponding to the

active talkers can be detected more precisely compared to the approach in [101], as will be

demonstrated later in Section 5.5.1.
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5.3.1 Finding complex amplitudes

For reference, the physical link equations for room 1 and room 2 are explained in Ap-

pendix C. Let pm,n(t) in [Pa] be the pressure caused by the n-th talker at the m-th

microphone. The signal is sampled (8 kHz for conventional telephone-quality speech, or

16 to 44.1 kHz for wideband speech) and processed using the short-time Fourier transform

(STFT) with frame length of 1024 and frame shift of 256. The resulting frequency-domain

signal, pm,n(f) in [Pa], is:

pm,n(f, xn, ym) = an(f) · Tn(f, θm, φm) · g(f ; ‖xn − ym‖2)

· Mm(f, θn, φn),
(5.1)

where an(f) is the complex amplitude (the pressure caused by the talker) in [Pa·m], gm,n(.)

is the free space Green’s function between m-th microphone and n-th loudspeaker in [m−1],

Tn(f, θm, φm) is the dimensionless radiation pattern of the talker, and Mm(f, θn, φn) is

the dimensionless receiving pattern of the microphone. In this equation, (θn, φn) are the

elevation and azimuth angles of the n-th talker with respect to the m-th microphone, and

(θm, φm) are the corresponding angles of the m-th microphone with respect to the n-th

talker. The free space Green’s function between xn and ym is given by Eq. (1.4).

Each talker is modeled by an omni-directional sound source, so Tn(f, θm, φm) = 1.

We consider the cardioid microphones in the simulations with Mm(f, θr, φr) = 1/2(1 +

cos(θr)) [102] assuming that all microphones are matched in their patterns. It should be

noted that the sensitivity analysis on the microphone patterns is not part of our simulations.

The pressures sensed by all microphones are collected in p(f) = [p1(f), p2(f), ..., pM (f)]T ,

where pm(f) =
∑

n pm,n(f) is the total pressure from all sources sensed by the m-th

microphone. The relationship between sound signals and microphone readings at f is

p(f) = G(f)a(f), where a(f) = [a1(f), a2(f), ..., aN1(f)]T and the (m, n)-th element of

the G(f) is gm,n · Tn · Mm. Dropping f from the notation, as in [38]:

p = Ga. (5.2)

It is worth mentioning that in order to calculate the pressure caused by a sound source

at an arbitrary point in space, the Green’s function (gm,n) should be multiplied only by the

radiation pattern of the sound source (Tn), while in order to calculate the pressure sensed

by a microphone, the receiving pattern of the microphone (Mm) should be considered as

well.

Ideally, the complex amplitudes of participants’ speech signals would be computed by

pseudo-inverting Eq. (5.2):

a = (GHG)−1GHp. (5.3)
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Since M ≫ N1, Eq. 5.3 leads to a unique solution for a. That is, this equation gives the

complex amplitudes of the talkers speech signals at each time frame, across all frequency

components.

In developing the active talker detection algorithm, we use the following facts: (1) most

of the energy of the speech signal is concentrated at frequencies below 4 kHz [103], and

(2) the average Sound Pressure Level (SPL) at a distance of 1 m (which corresponds to

‖xn − ym‖2= 1 in Eq. (1.4)) over the frequency range of the speech signal is between 40 dB

to 60 dB. The complex amplitudes a in our system correspond to the sound pressure at

1 m. Hence, when a participant is talking, there is a high probability that the resulting

pressure at 1 m (which is proportional to the magnitude of the complex amplitude) in a

number of low frequency bins exceeds 40 dB SPL at 1 m. Therefore, at the core of active

talker detection is the comparison of the components of a with a suitably chosen threshold

T for frequencies below 4 kHz. If at least for K ′ frequency components, the coefficients

(components of a) corresponding to a talker are greater than the threshold, the talker is

detected as active talker. After detection, the corresponding location to the active talker

along with its complex amplitude across the whole frequency range is sent to room 2 for

SFR. In order to reduce the effects of noise and increase the detection rate, the signal is

preprocessed by a smoothing filter as in [93, 94]. Specifically, the signal is smoothed by

a Hanning window, and the number of neighbors in the smoothing process for time and

frequency components is found by the method proposed in [93].

The detection method outlined above works well if there is no error in the talkers’

locations provided by the face and lip tracking system. However, face and lip position

estimates in practice are not perfectly accurate, so errors may be introduced in xn in

Eq. (1.4). Such errors will not influence the denominator of Eq. (1.4) very much, because

they are usually much smaller than ‖xn − ym‖2, the distance between the talker and the

microphone. However, the phase in the numerator is sensitive: a 2 cm error in the location

of talker’s lip centroid estimate would result in a 20 degree phase error in gm,n at 1000 Hz,

and a 71 degree phase error at 3400 Hz. Such errors mean that a from Eq. (5.3) will contain

errors as well. Since active talker detection relies on thresholding of a, errors in a may result

in erroneous detection. In the following subsection we analyze the effect of errors in G on

a, and we find a bound for the maximum error in the lip detection that does not cause error

in the active talker detection process. The resulting new active talker detection algorithm

is also presented.

5.3.2 Error analysis

Let ‖xn − ym‖2= rm,n be the distance of the n-th active talker from the m-th microphone,

and let x̃n = xn + ǫ be the lip position estimated by the camera system, where xn is the

true position and ǫ is the position estimate error. Assuming omni-directional sources and
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microphones, the “noisy” element of the ATF matrix is:

g̃m,n =
eik(rm,n+ηm,n)

4π(rm,n + ηm,n)
≈ eikrm,n · eikηm,n

4πrm,n
= gm,nnm,n (5.4)

where ηm,n is the error in rm,n induced by ǫ, which introduces a multiplicative noise term

nm,n in the ATF matrix. Let G̃ = G ⊙ N be the “noisy” ATF matrix formed based on

the participants’ lip position estimates, where G is the true ATF matrix (involving true lip

positions), N is the noise matrix containing multiplicative terms due to lip position errors,

and ⊙ is the element-wise multiplication. Evaluating Eq. (5.3) with G replaced by G̃ leads

to ã = a + e, where a = (GHG)−1GHp and e = [e1, e2, ..., eN1 ]T represents the errors in

complex amplitudes caused by incorrect lip position estimates.

As mentioned above, finding active talkers and their complex amplitudes amounts to

comparing the components of ã with a threshold value T . If |ãj |> T for one frequency

component, the j-th participant is recognized as an active talker, otherwise she is assumed

to be silent and ãj set to zero. The question we aim to answer here is how much the error

in G̃ affects the detection of active talkers.

For the moment, assume the first participant is the only active talker, so a = [a1, 0, 0, ..., 0]T

and ã = [a1 + e1, e2, ..., eN1 ]T . Note that Eq. (5.3) is also the solution of the following Least

Squares (LS) problem:

ã = arg min
ao

‖G̃ao − p‖2
2. (5.5)

In this equation, ao is a dummy vector (argument of the error function), and ã is the

vector that minimizes the error function. Therefore, Eq. (5.3) minimizes the ℓ2-norm of the

difference between p and G̃ã.

Let gj , g̃j , and nj be the j-th columns of G, G̃, and N, respectively, and let v be the

microphone noise converted to pressure (i.e., multiplication of microphone electrical noise,

which is in volts, by the inverse transfer function of microphone, see Appendix C). Then

the total pressure sensed by the microphones is :

p = Ga + v = a1g1 + v.

Let p̃ = G̃ã. It can be rewritten as:

p̃ = G̃ã = (a1 + e1)(g̃1) + e2g̃2 + ... + eN1 g̃N1 = a1g̃1 + G̃e (5.6)

The above equation can be expressed as:

p̃ = a1g1 + a1n′
1 + G̃e = p − v + a1n′

1 + G̃e (5.7)
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where n′
1 = g1 ⊙ (1 − n1). Solving for p and substituting into ‖G̃ao − p‖2

2 gives

‖G̃ao − p‖2
2 = ‖G̃ao − p̃ + a1n′

1 − v + G̃e‖2
2= ‖G̃ (ao − ã + e) + a1n′

1 − v|22
= ‖G̃ (ao − a) + a1n′

1 − v‖2
2= ‖G̃eo + a1n′

1 − v‖2
2.

(5.8)

Hence, LS minimization in Eq. (5.5) results in the solution ã = a + e such that the error

vector e minimizes the ℓ2-norm of the difference between G̃e and −a1n′
1 + v. This means

that the resulting error vector can be written as:

e = (G̃HG̃)−1G̃H(−a1n′
1 + v). (5.9)

Let G̃ = UΣVH , where U, Σ, and V are the SVD matrices of G̃. Based on [39], and

using the relationship in (5.9), the ℓ2 norm of the error vector is given by:

‖e‖2
2=

N1∑

j=1

1
(σj)2

|cj |2, (5.10)

where σj is the j-th singular value of G̃, and cj is the projection of −a1n′
1 + v onto the

j-th column of U, denoted uj . Since U is a unitary matrix, |cj |2≤ ‖uj‖2
2·‖(−a1n′

1) + v‖2
2≤

|a1|2·‖n′
1‖2

2+‖v‖2
2, so we obtain the following bound:

‖e‖2
2≤

N1∑

j=1

1
(σj)2

(
|a1|2·‖n′

1‖2
2+‖v‖2

2

)
= (|a1|2·‖n′

1‖2
2+‖v‖2

2) · ‖G̃+‖2
F , (5.11)

where G̃+ = (G̃HG̃)−1G̃H is the pseudo-inverse of G̃, and ‖·‖F is the Frobenius norm.

Recall that our working assumption is that only the first participant is an active talker.

Hence, for accurate active talker detection, we must have |a1 +e1|> T and |ej |≤ T for j ≥ 2.

Assuming |a1|≥ |e1| (signal stronger than “noise”), the first condition can be rewritten as

|a1 +e1|≥ |a1|−|e1|> T , or |a1|> T + |e1|. Hence, if |e1| satisfies the same condition as other

ej ’s, that is |e1|≤ T , then accurate detection will be achieved if |a1|> 2T . From the above

discussion we see that the necessary and sufficient conditions for active talker detection are

that the errors in lip detection (“noise”) be bounded (|ej |≤ T for all j) and the signal be

strong enough (|a1|> 2T ). For our simulations, this threshold is found as a function of the

low end of the typical sound pressure level of speech at a distance of 1 m, which is 40 dB

SPL [104]. From Eq. (5.2), the pressure amplitude at a distance of 1 m from the talker is

equal to the magnitude of the complex amplitude divided by 4π. Hence, the threshold is

set to T = 1/2 · 4π · 20 · 10−6 · 1040/20, where 20 · 10−6 · 1040/20 = 40 dB SPL is the low end

of the typical sound pressure level of speech.

Using the condition |ej |≤ T for all j, we can work backwards and find out the maximum

error in the lip detection algorithm that would still allow accurate active talker detection.
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Since |ej |≤ T for all j, we have that ‖e‖2
2≤ N1T 2. Based on Eq. (5.11), this will hold if

‖n′
1‖2

2<
N1T 2

|a1|2·‖G̃+‖2
F

− ‖v‖2
2

|a1|2 . (5.12)

Let vm be the noise at microphone m. If the noise at different microphones is independent

and identically distributed (iid) with zero mean and variance σ2
v , then by the law of large

numbers

‖v‖2
2=

M∑

m=1

(vm)2 ≈ σ2
v · M.

The squared magnitude of the received signal at m-th microphone is equal to |pm|2=

|a1|2/(4πrm,1)2 where rm,1 is the distance between the m-th microphone and the first par-

ticipant, which is the only talker. Therefore, |a1|2= |pm|2(4πrm,1)2. Substituting into

Eq. (5.12) results in:

‖n′
1‖2

2<
N1T 2

|a1|2·‖G̃+‖2
F

− σ2
v · M

|pm|2(4πrm,1)2
<

N1T 2

|a1|2·‖G̃+‖2
F

− M

2SNRmic(4πrmin)2
. (5.13)

where SNRmic = (0.5|pm|2)/σ2
v is the microphone’s signal to noise ration (0.5|pm|2 is the

received signal energy), and rmin = min
m,n

{rm,n} is the minimum distance between micro-

phones and participants. Hence, a sufficient condition for accurate detection is that the

ℓ2-norm of the “noise” component on the ATF vector of the active talker (n1) satisfies the

above inequality.

Let ǫ = ‖ǫ‖2 be the norm of the lip position error vector. The maximum value of

ǫ, call it ǫmax, that satisfies the above inequality, gives the maximum inaccuracy in lip

position estimate that would still allow accurate active talker detection. This value can be

computed numerically from Eq. (5.13). In Section 5.5 we will examine how ǫmax obtained

from Eq. (5.13) compares with experimentally obtained values via Monte Carlo simulations.

Now that we know how accurately lip positions must be detected in order to achieve accurate

active talker detection, we develop an algorithm that performs active talker detection. Let R

be the maximum lip position error from the lip detection algorithm. Since lips are part of the

face, this error can be upper-bounded by the accuracy of face detection. We used R = 3 cm

in our simulations, unless otherwise stated. If R ≤ ǫmax, then simply thresholding ã is

enough to achieve accurate active talker detection. In the more challenging case, R > ǫmax,

we can subdivide a sphere of radius R, centered at the detected location, into smaller sub-

spheres of radii ǫmax, and test the possibility that the lip centroid is in each of the smaller

sub-spheres. This idea is illustrated in Fig. 5.4 and formalized in Algorithm 9, where x̃j is

the (possibly inaccurate) initial estimate of the lip centroid of the j-th participant obtained

from the lip detection algorithm.
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Algorithm 9 Active talker detection

Input: p ⊲ pressure measured by the microphones
Input: x̃j ⊲ detected lips centroids
Input: R ⊲ max. lip position error
Input: ǫmax ⊲ max. tolerable position error
Output: A ⊲ set of active talkers
Output: â ⊲ complex amplitudes of active talkers

1: For each frame:
2: Set A = ∅.
3: Consider a sphere of radius R centered at each x̃j .
4: Pack smaller sub-spheres of radius ǫmax inside the spheres of radius R. Let Ns be the

total number of sub-spheres around all x̃j ’s.
5: Using Eq. (1.4), construct the M × Ns ATF matrix Gs that describes sound pressure

transfer from each of the Ns sub-sphere centers to each of the M microphones.
6: Compute as = (GH

s Gs + γI)−1GH
s p. This is the combination of complex amplitudes at

sub-sphere centers that would have caused measured pressures p at the microphones,
and where γ is a regularization parameter and I is the identity matrix. In our simula-
tions, γ = 0.001.

7: for j = 1 to N1 do
8: Let aj = [aj1 , aj2 , .., ajNc

]T be the components of as that correspond to the sub-
spheres around x̃j , where Nc is the number of sub-spheres per talker.

9: if at least for K ′ frequency components, |∑Nc

jk=1 ajk
|> T then (In our simulations,

K ′ = 30. )
10: The j-th participant is declared an active talker.
11: Set A = A ∪ {j}.
12: else
13: The j-th participant is not an active talker.
14: end if
15: end for
16: For all frequency components in the current frame, using Eq. (1.4), construct the M ×

(|A|·Nc) ATF matrix Gc that describes sound pressure transfer from all of the selected
sub-sphere centers of active talkers to each of the M microphones.

17: Compute b = (GH
c Gc + γI)−1GH

c p.
18: Calculate the complex amplitude of each active talker as âj =

∑Nc
n=1 bj

n, where bj
n’s are

the elements of b that correspond to the j-th active talker.
19: Put the complex amplitudes of active talkers in vector â.
20: return A, â.
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Figure 5.4: Illustration of the initially detected (red) and the correct lip centroid. A 10 cm
cube around an ear is also illustrated.

5.4 Sound field reproduction

After finding the locations and complex amplitudes of the active talkers, they are sent to

room 2 for sound field reproduction. This section treats loudspeaker radiation patterns

as static DoFs, similar to [15, 38, 39] which are found by the pattern selection algorithm

proposed in Chapter 4. Algorithm 6 is the basic building block for loudspeaker pattern

design. It assumes that the locations of the speaker and the listeners are fixed and known in

advance. Such an assumption is reasonable, for example, when the rooms are outfitted with

fixed seats, such as media rooms or some conference rooms, which constrains the possible

positions of participants. More generally, however, there will be a certain volume of space

in the rooms that provides comfortable viewing of the 3-D display, and this entire volume

should be taken into account when designing loudspeaker patterns. An example is given in

Fig. 5.5, where the volume of interest is illustrated as a red rectangular parallelepiped. In

addition, Algorithm 6 optimizes the patterns for one frequency of the desired field. While

such patterns should be close to optimal at neighboring frequencies, they deviate from

optimal as the frequency of interest becomes significantly different from the one used in the

design. To avoid it, Algorithm 7 is deployed here for more general setting as follows. First,

to account for all possible listeners’ positions in the volume of interest, we distribute the

virtual sampling points across the entire volume of interest (red parallelepiped in Fig. 5.5):

{yl
1, yl

2, ..., yl
K}. Note that K, the number of sampling points during the design phase, i.e.

before the system operation, the system operation, will be different from and usually much

larger than the number of sampling points during the system operation. This will increase

the dimension of the desired field vector pdes. Next, as in Section 4.2.3, to account for

various possible active talker locations, we distribute W points uniformly across the volume
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Figure 5.5: Possible locations of listeners’ heads in room 2.

of interest, as representative locations and to account for the frequency band of interest

(which is typically taken as 300 Hz to 3400 Hz for human speech [104]), we distribute Y

frequency points across this range. It may also be possible to extend the design to a region

exterior to the red parallelepiped in Fig. 5.5 and force the sound field to be reduced in the

exterior in order to diminish undesired reverberation, as discussed for 2-D case in [105].

The radiation patterns of the loudspeakers are optimized before the system operation.

During the system operation, in order to reproduce the sound field around the listener’s

heads, the complex amplitudes of the loudspeakers are optimized as dynamic DoFs. In the

proposed model, the listeners’ locations are detected by the monitoring system, and two

cubic regions around the listeners’ heads are considered as listening areas, see Fig. 5.4. Mv

sampling points are distributed uniformly in each cubic region. Hence, the total number of

sampling points is Ms = 2Mv · N2. In the previous chapters, the complex amplitudes of the

loudspeakers were determined such that the reproduction error is minimized at the sampling

points. In this chapter, the complex amplitudes of loudspeakers are optimized to minimize

the error perceived by the listeners. The perceived error is defined as the perceived (by

the listener) difference between the sensed desired field and the sensed reproduced field. To

calculate these fields, the Head Related Transfer Function (HRTF) of the listeners should

be taken into account in calculation of the complex amplitudes of the loudspeakers. In

the following, first, the HRTF is described briefly, and then the complex amplitudes of the

loudspeakers are optimized for SFR.

HRTF is defined as:

H(f) =
Fe(f)
Fn(f)

(5.14)

where f is the frequency, Fe is the Fourier transform of the received signal at the eardrum,

and Fn is the Fourier transform of the signal at the same point without considering head.

In [106] the human head is considered as a rigid sphere, and HRTF is found by solving wave
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equation of a rigid sphere as follows:

H(ρ, µ, θ) = − ρ

µ
e−iρµ

∞∑

mh=0

(2mh + 1)Pmh
(cos(θ))

hmh
(µρ)

h′
mh

(µ)
(5.15)

where ρ = r/a is the normalized distance to the source, a is the radius of the rigid sphere

(head), µ = ka = 2πfa/C is the normalized frequency, and θ is the angle of incidence with

the corresponding ear. In our simulations, we employed the HRTF from Eq. (5.15).

At low frequencies whose wavelength is comparable with the size of a human head

the magnitude of the HRTF does not change significantly at the two ear canals. In this

situation, the phase difference between the two ears localizes the sound source. This cue

is called the Interaural Phase Difference (IPD), and the corresponding time difference in

receiving signals by the two ears is referred to as Interaural Time Difference (ITD). For a

single tone source, the ITD can be measured by the phase difference between the sounds

at the two ears. However, when the source frequency increases and the phase difference

reaches 180◦, the source location based on this phase shift becomes ambiguous [107]. This

angle can be calculated in terms of the frequency and azimuth angle of the source relative

to the listener’s head. Let φ be the relative elevation angle of a point source to the listener’s

head. For a source which is located far enough from the human head, the distance between

the two ears at the azimuth angle φ is:

∆d = a(sin(φ) + φ), (5.16)

The corresponding phase shift is k∆d, so the frequency above which the phase difference

is ambiguous is:

famb =
C

2a(φ + sin(φ))
. (5.17)

This parameter is calculated for the numerical experiment in Section 5.5.

On the other hand, at higher frequencies whose wavelength is smaller than the size of

a human head, the rigid sphere (human head) scatters the wave, and the contralateral ear,

would be in a sound shadow. Therefore, at these frequencies the magnitude of HRTF is

larger in the ipsilateral ear in comparison to that of the contralateral one. This phenomenon

is called Interaural Level Difference (ILD) which is the most important clue in sound local-

ization at higher frequencies. Here, the contralateral ear refers to the one that is further

away from the source, and the ipsilateral erar is the one which is closer to the sound source.

In SFR for immersive communication, the sound field should be created such that the

listeners feel that they are in the same environment with the talkers. Hence, the listeners

should be able to localize the talker. It means that the ITD and ILD of the reproduced field

should be as close as possible to those of the desired field. Therefore, in finding the complex

amplitudes of the loudspeakers, the elements of the desired field and the ATF matrix at
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the sampling points should be modified by the receiving pattern of the human ear. For

this purpose, the perceived ATF matrix G2 is calculated form the loudspeaker array to the

listening areas. The (ms, n)-th element of this matrix is the ATF from the n-th loudspeaker

to the ms-th virtual sampling point multiplied by the receiving pattern of the Human head,

Head-Related Transfer Function (HRTF) [106]. In addition, the elements of the perceived

desired vector pdes
2 are modified as:

pdes
2 (m) = pdes(m)Hm(ρ, µ, θ). (5.18)

where pdes(m) and pdes
2 (m) are the desired field and the desired field sensed by the listener

at the m-th sampling point, and Hm(.) is the HRTF of the m-th listener when the sound

source is placed at the active talker’s location (for link equation, see Appendix C). The

optimal excitation vector sopt is then found by the Least Squares solution as:

sopt = (GH
2 G2 + λI)−1GH

2 pdes
2 , (5.19)

Therefore, instead of reproducing the sound field at the sampling points, the sound field

sensed by the listeners is reproduced in the listening areas. This method results in preser-

vation of the localization cues and reproduction a more natural sound field, which is the

main requirement of an immersive communication system. The HRTF-based reproduction

error along with ILD and IPD errors are examined in the next section for the proposed

configuration.

5.5 Numerical experiments

In our experiments, the (width × height × depth) of room 1 is (5m × 3m × 3m) and for

room 2 it is (6.4m × 3m × 5m). The video screen is assumed to fit within a 2 m×2 m frame,

so M = 300 cardioid microphones are distributed uniformly in a 2m × 2m peripheral array

with SNRmic of 30 dB, and N = 48 loudspeakers are uniformly distributed on a larger

2.5m × 2.5m peripheral array, as illustrated in Fig. 5.3. The order of loudspeakers is L = 5

in all experiments unless otherwise is stated.

The screen and the two arrays are placed on the x-y wall at a distance of 0.1m from the

wall. The origin is in the center of the x-y wall, so z > 0 represents points in room 1 while

z < 0 represents points from room 2 mapped to the virtual extension of room 1, as shown

in Fig. 5.2. In the experiments where listeners’ locations are assumed fixed and known,

the listening volume consists of two 10cm × 10cm × 10cm cubes located around the ears of

each listener, as shown in Fig. 5.4. Unless otherwise stated, all simulations are performed

for reverberant rooms, and the reverberation is modeled by the image source model [108].

In our configuration, the microphone and loudspeaker arrays are installed on the wall, so

that wall should be considered as a rough surface. This implies that the reflections from
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Table 5.1: Computational complexity and execution times of the proposed algorithms.

Complexity Time (sec)

Algorithm 9 O(N1N3
s + MN1N2

s ) 5 × 10−5 to 2.5 × 10−2

Algorithm 6 O(MsL4N + MsL2N2) 0.4
SFR operation O(N2Ms + N3) 2.5 × 10−4

that wall are not coherent, so these reflections are modeled by an incoherent image source

method proposed in [109]. All image sources whose power is greater than or equal to 1%

of the power of the actual source are retained. As an example, for the reflection coefficient

of 0.7, the number of retained image sources is 6 in each direction, or 2197 in total. The

reflection coefficients are assumed to be independent of angle of incidence and frequency.

The computational complexities of Algorithms 9 and 6, as well as the SFR operation-

time complexity (solving Eq. (5.19)) are listed in Table 5.1. The corresponding execution

times per frequency component of an un-optimized MATLAB implementation on a 3-GHz

Intel Core 2 Quad Q9650 processor are also shown. Algorithm 9 and SFR should be

performed in real time, while Algorithm 6 is the offline algorithm for loudspeaker pattern

design. The execution time of Algorithm 9 is between 5×10−5 seconds for lower frequencies

(Ns = 8 per user) and 2.5 × 10−2 seconds for higher frequencies (Ns = 216 per user)

which is calculated for Mv = 27, N2 = 2, Ms = 108, N1 = 2, L = 5, N = 48. In

Table 5.1, the complexity and execution time is shown per frequency component. If the

speech signal is sampled at 8 kHz and the frame length of STFT is 1024, there are 1024

frequency components for each 0.128-second segment. Hence, (un-optimized) MATLAB

implementation of Algorithm 9 and SFR would not work in real time on a current commodity

processor such as a single 3-GHz Intel Core 2 Quad Q9650 processor, but real time operation

would be possible on parallel processors. Optimized, embedded implementations would be

more efficient.

Section 5.5.1 presents the objective evaluation of the proposed algorithms for active

talker detection and SFR, and Section 5.5.2 compares our SFR system with three other

SFR systems [42,60,61].

5.5.1 Objective evaluation

First, we examine the active talker detection method from Section 5.3, especially the max-

imum tolerable error ǫmax from Eq. (5.13). To do so, we assume the reflection coefficients

of all the walls in room 1 are equal, and there are two participants in this room (N1 = 2),

whose true lip centroid coordinates in meters are (1, 0, −1) and (0.5, 0, −1), respectively. In

the first test, one of these participants is actively talking and the other is silent. At each

frequency, the talker’s complex amplitude is generated randomly in phase and amplitude

such that the resulting pressure at 1 m is in the range of 40 dB SPL to 60 dB SPL. At the
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same time, her lip centroid position is perturbed by ǫ meters. Active talker detection is per-

formed by thresholding ã, as discussed in Section 5.3.2. An error event occurs when either:

1) the silent participant is detected as an active talker, 2) both participants are detected as

active talkers, 3) neither participant is detected as an active talker. We increase ǫ until the

first error event occurs, at which point the corresponding ǫ is recorded (See Fig. 5.6(a)).

The simulation was repeated 10, 000 times at each frequency. The smallest ǫ at which

an error was detected is denoted by ǫ1. The experiment is repeated with both participants

simulated as active talkers, by randomly choosing their amplitudes as phases as described

above. In this case, an error event occurs when either: 1) only one participant is detected

as an active talker, or 2) neither participant is detected as an active talker. Again, the

smallest ǫ at which an error event occurs is denoted by ǫ2 at each frequency. The minimum

of ǫ1 and ǫ2 at each frequency bin is shown in Fig. 5.6(a) for the reflection coefficients of 0.1,

0.5 and 0.9 in room 1. ǫmax from Eq. (5.13), for free space propagation, is shown as the blue

solid curve. Since ǫmax is the largest theoretically predicted ǫ that would not compromise

active talker detection, no error events should be recorded for ǫ < ǫmax, and the curves

in Fig. 5.6(a) confirm this. ǫmax provides a useful parameter for system design. If the lip

detection algorithm is highly accurate and its error in finding the lip centroids is less than

ǫmax, simple thresholding of vector ã, as discussed in Section 5.3.2, is sufficient to detect

active talkers and there is no need to run Algorithm 9.

The second experiment examines the performance of Algorithm 9 assuming that the lip

position error in the z-direction is much smaller than the error in the x-y plane. The talkers’

locations and complex amplitudes are the same as in the previous experiment. A crucial

parameter of the algorithm is set in Step 4, where the radius of sub-spheres is specified. By

default, this is set to ǫmax to ensure accurate detection. Here we examine what happens

as this radius changes. In this experiment, lip detection accuracy is R = 3 cm. A random

radial perturbation of up to 3 cm is added to the true location of the lip centroid 100 times,

and for each perturbed location, we run Algorithm 9 for various values of the sub-sphere

radius between 0.2 cm and 2 cm. For each value of the sub-sphere radius and each perturbed

location, the experiment is performed 100 times, giving a total of 10, 000 runs for each sub-

sphere radius. The rate of detection error events is measured at 1500 Hz and 3000 Hz in a

reverberant room with a reflection coefficient of 0.9. The results are shown in Fig. 5.6(b).

As seen in the figure, the error rate goes to zero as the radius of sub-spheres decreases.

In fact, the error rate approaches zero even for sub-sphere radii larger than ǫmax, as could

have been expected from the results in Fig. 5.6(a). This means that ǫmax (from Eq. 5.13)

is a safe choice for the sub-sphere radius. The two horizontal lines in the figure indicate

the error rates obtained at the corresponding frequencies by simply thresholding vector ã

directly, without using Algorithm 9. Hence, without the help of Algorithm 9, active talker

detection would face an error floor.
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Figure 5.6: (a) Maximum tolerable error versus frequency for reverberant room, (b) Detec-
tion error rate of Algorithm 9 versus radius of sub-spheres.

In the third experiment, with the same parameters as above, it is assumed that the first

talker is active. Then, 10 recorded speech files1 sampled at 44100 Hz with 3 sec length

are considered as the signals corresponding to the first talker. In the simulation, these are

played out from the position of the first talker’s lips ((1, 0, −1) m, as above) and sensed

by the microphone array. Assuming the lip position error is R = 3 cm, the output SNR is

calculated in three ways: 1) by the beamforming method from [101]; 2) from Eq. (5.3); and

3) by Algorithm 9. The R = 3 cm lip position error in this simulation is equal to the 3%

error in time delay of propagation associated with the direct path in the formulation of [101].

In [101], the direct-path signal is considered the desired signal while the reverberations are

considered interference. Table 5.2 shows the results. As seen in the table, knowing the

system geometry and thus the ATF even approximately (with an error of R = 3 cm),

gives an average 3 dB advantage to Eq. (5.3) compared to the approach of [101]. A more

systematic search for possible lip centroid locations in Algorithm 9 further improves the

output SNR dramatically.

To assess our SFR system performance quantitatively, the HRTF-based error (in dB) is

calculated as follows:

Error (dB) = 10 log10

||pdes
2 − G2sopt||22

||pdes
2 ||22

. (5.20)

In addition, in order to provide a quantitative measure for the sense of immersion, we also

investigate how well the listeners are able to localize the virtual sources of reproduced sound

fields by computing two important parameters, the Interaural Time Difference (ITD) and

the Interaural Level Difference (ILD). For frequencies less than 1500 Hz, the ITD plays a

1http://www.voxforge.org/

110



Table 5.2: Output SNR (dB) for the third experiment.

Speech sample [101] Eq. (5.3) Algorithm 9

1 15.02 17.64 46.15
2 14.84 17.21 45.51
3 18.03 21.40 49.13
4 17.41 19.88 47.71
5 18.92 22.79 50.19
6 17.71 20.30 48.01
7 16.58 19.15 47.17
8 14.35 16.43 44.81
9 20.55 24.43 51.00
10 18.68 22.15 49.47

Average 17.21 20.14 47.91

more important role in sound localization, while at higher frequencies, the ILD and the ITD

of the signal envelope are more important [110,111].

In our simulations, the normalized ILD (IPD) error is calculated as follows. The desired

ILD (IPD) is calculated at all pairs of the virtual sampling points (each pair corresponds to

the two ears of one listener) and arranged in a (Ms/2 = 2MvN2/2)×1 vector ILDdes. Then,

the ILD (IPD) after sound field reproduction is calculated at the same pairs of sampling

points and arranged in another vector ILDrep. Finally, the ILD error (in dB) is calculated

as:

ILD (IPD) Error (dB) = 10 log10

||ILDrep − ILDdes||22
||ILDdes||22

. (5.21)

In the next set of experiments, the performance of the SFR system will be investigated in

two different scenarios. In these scenarios the radiation patterns are designed ahead of time

assuming free space conditions, but they are employed for reverberant rooms. Therefore,

the derived radiation patterns are independent of the room size and the material used in

the room (reflection coefficients), and they only depend on the relative possible locations of

talkers and listeners. The reflection coefficients of all walls are considered to be equal.

In Scenario 1, two listeners are located at (−1.5, 0, 2) and (1.5, 0, 2), and two talkers

are located at (1, 0, −0.5) and (−1, 0, −0.5). Both the listeners’ and talkers’ positions are

assumed to be known in advance. In each cube around the listeners’ ears, the number of

virtual sampling points is Mv = 27. The loudspeaker radiation patterns are optimized for

the two possible locations of the talkers (W = 2) and for 12 frequency bins (Y = 12),

specifically fy is changing between 200 Hz and 4000 Hz in steps of 345 Hz. The number of

loudspeakers assigned to each position-frequency pair is nw,y = 2. The designed radiation

patterns are examined in five different reverberant rooms with reflection coefficients of 0,

0.2, 0.4, 0.6, 0.8. The average, minimum, and maximum errors across all five rooms are

shown in Fig. 5.7 when the second talker is active. The average error is shown as the
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curve, while minimum and maximum errors are shown as error bars. In this experiment

pmax = 10−4.

According to Fig. 5.7(a), the optimized system outperforms the benchmark by 20 to

3 dB for frequencies less than 4 kHz for which the expansion coefficients of higher-order

loudspeakers are optimized, in terms of the HRTF-based error. As seen from Fig. 5.7(b),

the ILD error is smaller in the optimized system, and in both systems the ILD error is less

than 10 dB for frequencies less than 2500 Hz.

It should be noted that, based on the relative locations of the listeners and talkers, the

IPD is ambiguous for frequencies above 1102 Hz, but it represents the true ITD for lower

frequencies. As shown in Fig. 5.7(c), the IPD error of the optimized system is improved

between 3 dB to 40 dB for this frequency range in comparison with the benchmark.

Note that both systems perform better at lower frequencies. The reason is as follows.

There are Ms = 2N2Mv = 2 · 2 · 27 = 108 virtual sampling points (size of pdes), and only

N = 48 loudspeakers (size of sopt). Hence, the system in Eq. (5.19) is under-determined.

However, at low frequencies, the pressure values do not differ much at neighboring virtual

sampling points, which leads to linearly (almost) dependent equations in Eq. (5.19) and

consequently makes the number of linearly independent equations closer to the number of

unknowns. At higher frequencies this is no longer the case, so the performance suffers.

In Scenario 2, the listeners’ locations are not known exactly in advance. They are

presumed to be somewhere in the red parallelepiped in Fig. 5.5, whose volume is de-

limited by (±1.6, ±0.05, 2 ± 0.05). In this case, K = 200 virtual sampling points are

distributed across the volume of possible listeners’ locations (50 samples uniformly in x-

direction and 2 samples uniformly in y and z-direction) to optimize the expansion coefficients

of loudspeakers using Algorithm 7. In this scenario several possibilities are also consid-

ered for the talkers locations. Specifically, 6 possibilities (W = 6) are considered for the

talkers’ locations: xt
w ∈ {(1, 0, 0), (1, 0, −1), (1, 0, −2), (−1, 0, 0), (−1, 0, −1), (−1, 0, −2)},

eight frequencies of interest (Y = 8) are considered in the loudspeaker pattern design

(fy ∈ {500, 1000, 1500, 2000, 2500, 3000, 3500, 4000} Hz), and nw,y = 1 loudspeaker is as-

signed to each location-frequency pair.

Fig. 5.8 shows the results. To generate the results, two listeners are placed at (−1.5, 0, 2)

and (1.5, 0, 2), an active talker is at (−1, 0, −1/2), and pmax = 10−4. As in the previous

experiment, the results are presented for five reverberant rooms with reflection coefficients

between 0 and 0.8. Again, the optimized system achieves better performance compared

to the benchmark at lower frequencies because the expansion coefficients are optimized at

these frequencies. For this arrangement, again the IPD is ambiguous for frequencies greater

than 1102 Hz, and the IPD error of the optimized method outperforms the benchmark in

this frequency range (Fig. 5.8(c)) .

As mentioned earlier, the ITD is important for sound localization at frequencies less than

1500 Hz. In the next experiment, the sound field is recreated using the loudspeaker patterns
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Figure 5.7: (a) HRTF-based reproduction error, (b) ILD error, and (c) IPD error for Sce-
nario 1.

from Scenario 2, with an active talker at (−1, 0, −0.5) and two listeners at (−1.5, 0, 2) and

(+1.5, 0, 2) in a reverberant room with reflection coefficients of 0.65. For each listener, the

ITD is calculated by finding the time index that maximizes the Interaural Cross Correlation

(IACC) coefficient between the signals at the two ears [112]. The results of this experiment

are shown in Fig. 5.9 for pmax = 10−4. According to this figure, the optimized system allows

the synthesized field to match the desired ITD for both listeners, while the benchmark

configuration does not perform as well as the optimized system.

The next experiment shows the reproduction error and the ILD error of the optimized

system in Fig. 5.10 in terms of the length of the cubic listening area across the frequency

range when the reflection coefficients of walls are R = 0.5 and pmax = 10−4. In this test, the

radiation patterns designed for the second scenario are used, and the number of sampling

points is fixed for all sizes of the cubic listening area. The results of this test show that

the precise approximation of the ear locations results in less reproduction and ILD errors

across the whole audio range. For example, when the length of listening area is 2 cm the
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Figure 5.8: (a) HRTF-based reproduction error and (b) ILD error, and (c) IPD error for
Scenario 2.

reproduction error is less than −20 dB and the ILD error is less than −10 dB for frequencies

less than 10 KHz.

5.5.2 Comparison with other SFR systems

In this section, first, the performance of our SFR system with the optimized radiation pat-

terns will be compared against the SFR methods in [60,61]. These two methods work based

on the Kirchhoff Helmholtz (KH) integral to design the radiation patterns of loudspeak-

ers. In these methods, monopole and radial dipole loudspeakers are located all around the

listening area on a surface of a sphere. In [60], as in our proposed method, the radiation pat-

terns of loudspeakers are designed in advance, and during the system operation only their

excitation (weights) vectors change based on Higher Order Ambisonics (HOA). Therefore,

in this method there is one static DoFs per loudspeaker, and the number of dynamic DoFs

is equal to the number of loudspeakers. In [61], the radiation patterns of all loudspeakers
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Figure 5.9: ITD for the listener located at (a) (−1.5, 0, 2), (b) (+1.5, 0, 2) across the fre-
quency range.
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Figure 5.10: (a) HRTF-based error and (b) ILD error of the proposed method versus the
length of the cubic listening area.

change during the system operation. It implies that this method has no static DoFs, but

the number of dynamic DoFs is twice the number of loudspeakers. To find the radiation

patterns (or excitation vector), the HOA technique is employed in this paper as well.

For comparison, we assume that the listening area is a sphere whose center is at

(0, 0, 2.25) with a radius of 30 cm, and the primary source is at (−1, 0, −0.5). The number of

loudspeakers in [60,61] is 144, and they are located on a concentric sphere with the listening

area with a radius of 1.5 m. For our method, loudspeakers are arranged in a rectangular

array (Fig. 5.3) on the x-y plane, with the center at the origin, so its distance to the center

of the spheres is 2.25 m. To find sopt in Eq. (5.19), the number of virtual sampling points

(dimension of pdes
2 ) in the spherical listening area is 125 in case (a), and 27 in case (b) and

case (c). However, once the field is synthesized, the error is calculated at 1000 points in the

listening area. To be consistent with the methods in [60,61], the simulations are performed
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in free-space conditions, the HRTF is not considered for sound field reproduction, and no

power constraint is taken into account. Fig. 5.11 shows the results of a comparison of three

cases.

Case (a): Fig. 5.11(a) is obtained using the same default parameters employed in the

simulations in each paper. For the methods from [60,61], the number of loudspeakers is 144,

and the truncation order in HOA is 10. In our method, the number of loudspeakers is N =

48, their order is L = 5, and the number of sampling points to specify the desired field is 125.

The radiation patterns for our system are the ones designed in Scenario 2 (Section 5.5.1).

Based on Fig. 5.11(a), the methods from [60,61] perform better than our method, however

at the expense of higher complexity and using 3 times as many loudspeakers (144 vs. 48).

Case (b): Since the comparison in case (a) can be argued to be unfair due to different

run-time complexities of the systems involved, for the simulations in Fig. 5.11(b), the num-

ber of dynamic DoFs in the three systems is made approximately equal. Specifically, the

number of dynamic DoFs remains 48 in our method, as in case (a), with 48 loudspeakers.

The number of loudspeakers for the system from [60] is reduced to 49 to make its number

of dynamic DoFs equal to 49. Finally, since the system in [61] has two dynamic DoFs per

loudspeaker, we reduce its number of dynamic DoFs to 25, making the total number of its

dynamic DoFs equal to 50. Further, to (approximately) match the size of matrices involved

in the computation of driving signals for the loudspeakers (Eqs. (5.19) in our case, (29)

in [60], (23) in [61]), we set the number of sampling points to specify the desired field to 27

in our case, and set the truncation order of HOA to 4 for [60,61]. This makes the run-time

complexity of the three systems almost the same. The reproduction error for this case is

shown in Fig. 5.11(b). According to this figure, our system outperforms the other two,

especially at low frequencies.

Case (c): In this case, we attempt to match the overall (not just run-time) complexity

of the systems involved by matching their total number of DoFs, static plus dynamic.

For our system we set the number of loudspeakers to N = 48 and the loudspeakers are

composed of one monopole and one dipole (same as in [60, 61]), with the dipoles aligned

with the z-direction. The gain coefficients of the monopoles and dipoles are found through

Algorithm 6 ahead of time as in Scenario 2 (Section 5.5.1). Therefore, there is 1 static

DoF per loudspeaker, and the total number of static DoFs is 48. The number of dynamic

DoFs is also equal to 48 (the number of loudspeakers), so the total number of DoFs is

48 + 48 = 96. For the system from [60], the number of loudspeakers is set to 49. As

mentioned above, for [60], both the number of static DoFs and the number of dynamic

DoFs is 1 per loudspeaker, so the total number of DoFs is 49 + 49 = 98. In the system

from [61], the number of static DoFs is zero, but the number of dynamic DoFs is 2 per

loudspeaker. Hence, setting the number of loudspeakers to 49 makes the total number

of DoFs equal to 98 in this system as well. With these parameters, the total number of

DoFs (static plus dynamic) is approximately the same in all systems. However, the run-time
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complexity of [61] is higher, since it has (approximately) twice the number of dynamic DoFs

as the other two systems.

As in case (b), we set the number of sampling points to specify the desired field to

27 in our system, and set the truncation order of HOA to 4 for [60, 61]. The results are

shown in Fig. 5.11(c), from which we see that our system again outperforms [60,61] across

the frequency range, but with a smaller margin than in case (b). The performance of all

three systems is now closer to each other, which is not surprising, considering that the total

number of DoFs have been approximately matched.

From this comparison, it can be concluded that the methods in [60, 61] outperform

our approach when they employ a larger number of loudspeakers (static and/or dynamic

DoFs) at lower frequencies. However, when the number of dynamic DoFs is matched, our

approach works better. When the total complexity (static+dynamic DoFs) is matched

among the three systems, their performances become more similar, but our method still

has some advantage at lower frequencies. In addition, one practical advantage of our SFR

approach is that it utilizes a rectangular array of loudspeakers, as shown in Fig. 5.3, which

is easier to install than the spherical arrays utilized in Fig. [60, 61].

117



Frequency (Hz)
1000 2000 3000 4000

E
rr

or
 (

dB
)

-80

-60

-40

-20

0

ours
[60]
[61]

(a)

Frequency (Hz)
1000 2000 3000 4000

E
rr

or
 (

dB
)

-40

-20

0

ours
[60]
[61]

(b)

Frequency (Hz)
1000 2000 3000 4000

E
rr

or
 (

dB
)

-40

-30

-20

-10

0

[60,61]
ours

(c)

Figure 5.11: Performance comparison in terms of the reproduction error of our SFR method
and the methods in [60] and [61] when (a) default parameters from each paper are used,
(b) the number of dynamic DoFs is matched, (c) the total number of DoFs is matched.

In the next experiment, the performance of our proposed structure is compared against

a linear array of loudspeakers employing Wave Field Synthesis (WFS) to find loudspeaker

driving functions [42]. In the first case, a linear array of 48 dipole loudspeakers is located

between (−1.25, 0, 0) and (+1.25, 0, 0). It is assumed that two listeners are located at (0, 0, 2)

and (0, 0.5, 3), and the active talker is at (+1, 0, −1/2). For our structure, 48 loudspeakers

with the order of L = 5 (proposed method) and L = 0 (benchmark) are located around

the screen, and the radiation patterns are the ones selected in Scenario 2. Hence, the

number of dynamic DoFs in the three methods (linear array, proposed and benchmark)

are equal. Fig. 5.12(a) shows the results of this comparison in free space, without taking

power limitation and HRTF into account. Based on this figure, the proposed method and

the benchmark outperform the linear array across a range of frequencies because the two

listeners are not in the same plane, hence the field produced by the linear array does not

provide a good approximation for the desired sound field.
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Figure 5.12: Performance comparison in terms of the reproduction error of our SFR method
against a linear array + WFS when (a) the number of dynamic DoFs is matched, (b) the
number of dynamic DoFs in WFS method is matched with the total number of DoFs in our
method.

In the second case, a linear array of 200 loudspeakers is located between (−3, 0, 0) and

(+3, 0, 0) and again WFS is used to find the driving functions. The number of dynamic

DoFs for this array is therefore 200. For the proposed structure, 20 loudspeakers of order of

2 are used. The number of static DoFs is 9 per loudspeaker (180 for the whole array) and

the number of dynamic DoFs is 20. Hence, while the number of dynamic DoFs in the linear

array is equal to the total number of DoFs (static and dynamic) in our structure, it is 10

times higher than the number of dynamic DoFs in our structure, resulting in 10 times the

run-time complexity. The results of this comparison are shown in Fig. 5.12(b). According

to this figure, the proposed structure has better performance at frequencies up to about

2700 Hz. Again, the reason is that the linear array of loudspeakers cannot provide a good

approximation for the 3-D sound field.

Finally, the effects of changing the number of static and dynamic DoFs in our method are

investigated. First, the HRTF-based reproduction error in Scenario 2 is shown in Fig. 5.13(a)

when there are N = 48 loudspeakers in the array, and their orders are L = 2 and L = 5.

Therefore, there is a factor of 4 difference in the number of static DoFs ((L + 1)2) between

these two cases. In Fig. 5.13(b), the order is L = 5, while the number of loudspeakers

is N = 12 and N = 48, so in this case there is a factor of 4 difference in the number of

dynamic DoFs. These results show that increasing the number of dynamic DoFs (number of

loudspeakers, N) has a larger effect on improving the system performance than increasing

the number of static DoFs (loudspeaker order, L). Intuitively this makes sense, because the

static DoFs are assigned based on the global parameters such as the range of locations of

the listeners and talkers, and the range of frequencies of interest, while dynamic DoFs are

updated based on the exact desired sound field.
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Figure 5.13: Performance comparison in terms of HRTF-based reproduction error of our
SFR method in free space for (a) the same number of dynamic DoFs (N = 48), different
number of static DoFs (L = 2 and L = 5), (b) the same number of static DoFs (L = 5),
different number of dynamic DoFs (N = 12 and N = 48).

5.5.3 Subjective testing

In this section we describe two subjective tests conducted to assess the quality of the sound

field produced by the proposed SFR method. These tests involved 12 participants (7 males,

5 females) aged between 22 and 36, all with normal hearing. All participants were trained

before the test, and they passed the pre-screening and post-screening phase [113, 114]. In

the first test, 10 audio excerpts (5 male voice recordings and 5 female voice recordings), each

5 seconds long, were played to the participants using stereo headphones (Sony MDR-NC7).

The participants were asked to assess the quality and the sense of the direction with a

grade between 1 (bad quality) and 100 (excellent quality) in comparison with the reference

signal. A schematic of the user interface along with the grading scale is shown in Fig. 5.14.

The four audio files include the reference (original), anchor (low pass filtered version of the

reference clip [113]), one sound file produced by the radiation patterns designed in Scenario

2 (Section 5.5.1), and the sound file created by the benchmark system.

It is assumed that the active talker is at (−1, 0, −0.5), the listener is located at (1.5, 0, 2),

and the reflection coefficient of all walls is 0.7. For six of the 10 audio excerpts the maximum

power was set to pmax = 10−5 and for the other four pmax = 10−3. To create the reference

signal, the original audio clip is played at the talker’s location in virtual room 1, and the

sound field is sampled at positions of the listener’s ears in room 2. Although in our objective

evaluation the HRTF of a human head was obtained by solving a wave equation on the rigid

sphere, it is not truly correct to employ that function in the subjective test because HRTF

varies from one person to another.
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Figure 5.14: User interface employed in the subjective test.

In our test, the individualized HRTF for each participant is derived by the method

described in [115] which finds the closest HRTF to each subject. This method uses the

CIPIC database [116] which is composed of 40 HRTFs from 40 different subjects (left and

right ears). The method proposed in [115], first, measures the anthropometric information

of the subjects, such as pinna height, pinna width, and cavum concha height. Then this

information is arranged in a vector, and the closest HRTF to the subject is found by the

classification method in [115].

After finding the individualized HRTF, the two sampled sound signals are recorded and

played to the participants via stereo headphones by applying the individualized HRTF in

Eq. (5.19). The sound files for our SFR system and the benchmark system are created

by sampling the sound field produced by the loudspeaker array (with higher order sources

in our method, and omni-directional sources in the benchmark) at the same two locations

(listener’s ears) as the reference. Again, the sampled signals are recorded and played out

via stereo headphones.

Following the recommendations in [113], for each of the 10 excerpts, the participants

were asked to grade the quality and sense of direction for all four sound files by moving the

slide bars shown in Fig. 5.14. They were able to play the audio files as many times as they

wanted and in any order, until they reached a final decision. They knew that the reference

signal was included among the six test files, but were not told which one was the reference

signal.

Fig. 5.15 shows the average score across all audio sequences, subjects, and excerpts

, as well as the 95% confidence interval for each score [113]. These scores are given in

Appendix B. As seen in this figure, on average, the participants evaluated the quality of

our proposed method “Excellent” while the average grade was “Good” for the benchmark

configuration.

In the second test one single tone audio file with a frequency of 500 Hz is considered as

the reference file. Six audio files were played for subjects for comparison with the reference

file. The amplitude of the single tone frequency is equal in all audio files while their
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Figure 5.16: The number of subjects who reported the direction of arrival has changed
versus the IPD error.

phases at the two ears are replaced by those recreated by our proposed structure when

the order of loudspeakers is 0. To create these six files, the number of loudspeakers was

N ∈ {4, 8, 12, 20, 24, 48} with IPD errors in the range of −10 dB to −46 dB. The subjects

were asked whether or not they felt the direction of sound had changed in comparison with

the reference signal. The number of subjects reporting the change in the direction of the

sound versus the IPD error is shown in Fig. 5.16. These results suggest that the IPD error

of −10 dB is highly audible, whereas IPD errors below −16 dB seem to be mostly inaudible.

Relating this back to the IPD error results in Figs. 5.7(c) and 5.8(c), we can conclude that

the optimized system extends the range of frequencies over which the IPD error is inaudible

by up to 1000 Hz compared to the benchmark SFR system.

5.6 Conclusion

The performance of the audio layer of an audiovisual immersive communication system

was studied through numerical and subjective experiments under a variety of conditions.
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At the transmitting end, active talker detection was analyzed. A bound on the maximum

tolerable error in lip detection that would allow accurate active talker detection was derived

analytically, and subsequently verified via simulation.

At the receiving end, the sound field from active talker(s) was synthesized to match

the virtual positions of the talker(s) in the 3-D visual scene. The radiation patterns were

designed by the pattern selection algorithm presented in Chapter 4. In order to preserve the

ILD and ITD after sound field reproduction, the excitations of loudspeakers were derived

by applying the HRTF to the ATF matrix and the desired vector. The fidelity of the SFR

system is measured by the HRTF-based reproduction error, the IPD and ILD errors. The

simulation results show that the fidelity of the sound field produced by the optimized loud-

speakers is better than that produced by a benchmark system employing omni-directional

loudspeakers.

In contrast to the simulations of the previous chapters, all simulations were performed

for reverberant rooms. Error reduction in the range of 2-20 dB was observed for the rever-

berant rooms. In addition, the quality of the sound produced by the optimized system was

evaluated as “Excellent,” while the benchmark received a grade of “Good”, in the subjective

tests.

The next chapter concludes this thesis. The deficiencies of the proposed methods, and

their possible solutions will be introduced as possible future work.
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Chapter 6

Conclusions and Future Work

6.1 Summary and conclusion

The goal of this thesis was to improve the quality of sound field reproduction systems. The

approach was to optimize the static degrees of freedom (locations and patterns of loud-

speakers) rather than choosing them intuitively. For this purpose, in Chapter 1, various

methods of the SFR systems were reviewed and notable papers in this field were summa-

rized. Wave Field Synthesis, Higher Order Ambisonics, and Direct Approximation are three

main methods in finding the excitation of loudspeakers in SFR. The Direct Approximation

method is used in this thesis since it is applicable to any geometry. Loudspeaker placement

and pattern optimization are two other approaches for SFR that minimize the sound field

reproduction error. Motivating applications of SFR systems were also presented with a

special focus on immersive communication.

In Chapter 2, selecting the appropriate locations of the loudspeakers on the loudspeaker

region was investigated. The main issue in finding the optimum locations is that the repro-

duction error is not convex in terms of the locations of the loudspeakers, so an algorithm

is required to find good, albeit sub-optimal, loudspeaker locations. The existing placement

methods, i.e., Gram-Schmidt-based and Lasso-based placement methods, were summarized

in this chapter. Two methods for loudspeaker placement were presented. The first method

sought the locations of loudspeakers with the help of an “ideal” non-realizable ATF matrix

obtained after singular value decomposition of the ATF of a benchmark loudspeaker con-

figuration. The locations of loudspeakers were then selected such that their realizable ATF

matrix approaches the ideal one. The second method was based on the Constrained Match-

ing Pursuit (CMP) algorithm. This iterative method produces a sparse representation of the

input vector in terms of the dictionary members under power constraint. Here, the ATF

of the candidate locations were considered as dictionary members, and the desired field

was considered as the input vector. In contrast to the existing placement methods, these

placement methods considered power constraint in selecting the locations of loudspeakers.

124



In Chapter 3, the performances of the four placement algorithms were compared. First,

the role of power limitation in reproducing the sound field inside and outside the listening

area was studied. A higher power limit leads to a more accurate sound field inside the

listening area, and excess field outside of the listening area. Second, the optimum locations

of the loudspeakers in terms of the frequency and maximum normalized power were studied.

These depend not only on the frequency but also on the maximum normalized power. At

lower power, the optimum placement was more clustered around the ray-cut, however, at

higher power, the placement was more dispersed. Then, the selected locations by each of

the four algorithms were presented for a specific and useful scenario, and the reasons of

their behavior were given based on the mathematical process in each algorithm. Finally,

the error performance of the placement methods was evaluated for frequencies less than

2000 Hz for different values of the maximum normalized power and the size of the listening

area. The results of this comparison were that the performance of the CMP-based method

is better than other placement methods. This is because it takes the power constraint into

account. Without power limitation, the Lasso outperformed other placement methods.

In Chapter 4, the radiation patterns of higher order loudspeakers were optimized to

minimize the SFR error. The expansion coefficients of the loudspeakers were found based

on the Constrained Matching Pursuit algorithm. Then, a multi-frequency version of the

pattern selection algorithm was presented which worked based on the frequency range and

possible locations of the primary source. Joint optimization of the placement and pattern

algorithm was also introduced. This algorithm was based on two CMP-based algorithms

for optimizing the pattern and locations of loudspeakers. The outer CMP algorithm finds

the locations of the loudspeakers, then in order to find the expansion coefficients of the

higher order loudspeaker, the selected loudspeaker was fed into the inner CMP algorithm.

Finally, the performance of the placement-only, pattern selection, and joint optimization

methods were compared for a single tone and for multi-frequency sources. For a single

tone primary source, the quality of the joint optimization method was better than other

methods because the number of dynamic DoFs in this method was larger than that of the

other methods. For a multi-frequency scenario, the locations and expansion coefficients

of loudspeakers were fixed during system operation, so the dynamic DoFs of all methods

were equal. In this case, although the complexity of all methods was the same, the joint

optimization method outperforms other algorithms because it had a larger number of static

DoFs, i.e., DoFs in the design phase.

In Chapter 5, the pattern selection algorithm was employed to design the radiation

patterns of the loudspeakers for SFR application in immersive communication. To reproduce

the sound field, in one room the sound field was captured by an array of microphones, and

the talkers’ locations were detected with the help of a video-based monitoring system. The

effect of the detection error of the lip centroid on the discrimination algorithm was studied,

and an error bound was derived. A new algorithm was proposed to find the talkers’ exact
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locations and to separate their corresponding audio signals based on the calculated error

bound. After this step, the audio signals of the talkers along with their corresponding

locations were transmitted to the receiving room for sound field reproduction. At the

receiving end, the radiation patterns of loudspeakers were optimized ahead of time based

on the possible fixed locations of the talkers and listeners and the speech frequency range.

During system operation, the sound field was reproduced around the listeners’ heads by

considering the human head as a rigid sphere and applying its transfer function, which

includes the receiving pattern, on finding the complex amplitudes of the loudspeakers. The

performance of this SFR method was compared with sound field reproduction with the HOA

and WFS methods. In the HOA method, the secondary sources were located on the surface

of a sphere, while in the WFS method a linear array of loudspeakers was used for SFR. The

comparison showed, for a larger number of loudspeakers, the HOA method outperformed our

presented method. However, under the same conditions, the performance of our method was

better than the HOA method. In addition, the performance of our method was much better

than that of the WFS methods when the listeners were at different heights, as expected.

In contrast to the simulations of the previous chapters, all simulations were performed for

a reverberant room which was modeled using the image method. Since the SFR method

was used for immersive communication, the performance of the SFR system was evaluated

not only by measurement of the reproduction error but also by the ILD and IPD errors

which model how well a listener can localize a sound source. The quality of the system was

assessed through subjective testing as well. For this purpose the sound field was recreated

based on the personalized HRTF of each subject, and all 12 subjects evaluated the quality

of the reproduced sound field as “Excellent".

6.2 Future directions

As future work, the following problems may be considered:

1- Improving the performance of the multi-frequency algorithm: The multi-

frequency algorithm proposed in Chapter 4 optimizes the radiation patterns (and locations)

of a group of loudspeakers for a given primary source location at one frequency. For this

purpose, the frequency range and possible locations of the primary sources were sampled

uniformly. However, these points can be selected based on the probability density function

of the primary source locations and the frequency spectrum of the primary source. This

selection may reduce the average error.

2- Introducing a new multi-frequency algorithm: In the multi-frequency algo-

rithm presented in Chapter 4, the patterns and locations of a group of a secondary sources

were optimized for a predetermined location of the primary source at one frequency. It

means that this group of secondary sources lead to good performance for the frequency and

location for which they were optimized. In other words, they were not necessarily the best
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for the other locations and frequencies. A contribution in this direction is an algorithm

in which each secondary source is optimized for all possible locations and frequencies of

the primary source. One idea is using the dictionary learning approaches [117, 118] to find

the best vectors for approximating all desired fields. By this approach we can approximate

the desired field and assign the most suitable radiation pattern to loudspeakers from the

different members of the dictionary.

3- Implementation of higher order loudspeakers: The main issue with employing

higher order loudspeakers is that the loudspeakers have complicated patterns which may be

difficult for implementation in practice. Hence, working on this issue makes the usage of this

algorithm in real world scenarios practical. To do so, one way is to simplify the obtained

radiation patterns such that they can be implemented with existing radiation patterns.

Another way to avoid using higher order loudspeakers, in the pattern selection algorithm

is to modify this algorithm. For this purpose, a set of available loudspeaker patterns can

be considered as dictionary in the pattern selection algorithm. With this method, each

loudspeaker in the array can be replaced by one or a combination of dictionary members

(available loudspeakers).

4- Multi objective optimization: To reproduce a sound field for immersive com-

munication, one tries to reproduce the sound field such that the localization clues do not

change. In the method presented in Chapter 5, the human head was treated as a rigid

sphere, and the ATF matrix and the desired field were modified by considering the HRTF.

With this method, the ILD and IPD of the reproduced field were close to those of the desired

field. Another possibility is finding the complex amplitudes of loudspeakers such that the

reproduction error, the ILD error, and the IPD error are all minimized. For this purpose,

the cost functions are the reproduction error, the ILD and ITD errors (as defined in Chap-

ter 5) at the sampling points. This problem can be solved by multi-objective optimization

methods [119–122], and the results are expected to lead to less ILD and IPD errors.

5- Modeling a furnished room: The experiments of Chapter 5 were simulated for a

reverberant room. However, the effect of furniture was not considered in our simulations.

Introducing a model for a furnished room and applying it on our proposed methods would

give us better intuition as to how the proposed algorithm will work in real world scenarios.

6- Coupling between loudspeakers: In the modeled SFR system in this thesis and

most of SFR literature, it is assumed that all loudspeakers in the array work independently

and they do not have any effect on each other. However, any mutual coupling between

loudspeakers has influence on the SFR performance, and they should be considered in a

modeled SFR system.

7- System implementation: All SFR methods in this thesis were modeled SFR, and

they were not implemented in real world scenarios. The next important step of this project,

is implementation of the placement and pattern selection algorithms and evaluation of these

methods by subjective testing.
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Appendix A

Proofs

A.1 Proof of Lemma 2.5.1

Proof. (Lemma 2.5.1): Since U is a unitary matrix, any M dimensional vector can be
written as a linear combination of its columns. Apply this to the i-th column of Ug, ug

i :

ug
i =

M∑

k=1

akuk = Ua, (A.1)

where a = [a1, a2, ..., aM ]T . Since ug
i is a unit vector, as are uk’s, the ℓ2 norm of a is equal

to 1, that is ‖a‖2
2= 1. In addition, the i-th column of Ug is the i-th eigenvector of GGH ,

and its corresponding eigenvalue is (σg
i )2, that is:

GGHug
i = (σg

i )2ug
i . (A.2)

Now replace G with UΣVH and ug
i with Ua on the left hand side of (A.2) to obtain

GGHug
i = GGHUa

= UΣVHVΣHUHUa = UΣΣHa,
(A.3)

and also replace ug
i with Ua on the right hand side of (A.2) to obtain

(σg
i )2ug

i = (σg
i )2Ua. (A.4)

The expressions in (A.3) and (A.4) must be equal, so

UΣΣHa = (σg
i )2Ua. (A.5)

Multiply both sides of equation (A.5) by UH from the left:

UHUΣΣHa = (σg
i )2UHUa. (A.6)

Since UHU = I, this implies
ΣΣHa = (σg

i )2a, (A.7)
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which can be rewritten as: 


σ1
2a1

σ2
2a2
...

σN
2aN

0
...
0




=




(σg
i )2a1

(σg
i )2a2
...

(σg
i )2aN

(σg
i )2aN+1

...
(σg

i )2aM




. (A.8)

This equation holds if:

1. ak’s are zero for k > N .

2. σk
2ak = (σg

i )2ak for k ≤ N , which holds under one of the following conditions:

(a) All ak’s are equal to zero. Based on equation (A.1), it means that i-th column
of Ug, which is the i-th eigenvector of the GGH , is equal to zero, which is not
possible.

(b) σk
2 = (σg

i )2 for all k = 1, 2, ..., N . This equality is not true in general because
σk’s are selected to be monotonically non-increasing, but otherwise arbitrary.

(c) There exist an index j for which σj
2 = (σg

i )2, and ak = 0 for k 6= j. According
to equation (A.1), it means that ug

i = ajuj , and since ‖a‖2
2= 1, aj is equal to

either 1 or −1.

In conclusion, equation (A.8) holds only if conditions 1) and 2c) hold. This means that
ug

i , which is the i-th eigenvector of GGH , is either parallel or anti-parallel with the j-th
column of U (that is, ug

i = ±uj) for j ≤ N , and in addition, σg
i

2 = σj
2. Thus, since all

eigenvectors are perpendicular to each other, there is a one to one correspondence between
the eigenvectors of GGH and uj ’s with j ≤ N : for any fixed i, there is an index j such that
uj = ±ug

i and σj = (σg
i )2.

Now the question is what exactly is the correspondence between ug
i ’s and uj ’s? The answer

lies in the correspondence between σg
i ’s and σj ’s. Since both of these sequences are arranged

in non-increasing order, mapping in order is the only possibility. Therefore, Σ = Σg and
ui = ±ug

i .

A.2 Proof of Theorems 2.5.2 and 2.5.3

Proof. (Theorem 2.5.2): For the initial ATF matrix G, since Ug is a M × M unitary
matrix, every M dimensional vector can be expanded in terms of its columns. Hence,
pdes =

∑M
i=1 cg

i ug
i , where cg

i = (ug
i )Hpdes, and consequently

∑M
i=1 |cg

i |2 = ‖pdes‖2
2. In

addition, since the singular values are arranged in non-increasing order and γ > 0, we
have:

γ2

((σg
1)2 + γ)2

≤ γ2

((σg
2)2 + γ)2

≤ ... ≤ γ2

((σg
N )2 + γ)2

< 1.
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Using this in (2.17) implies:

‖pdes − Gs‖2
2 =

N∑

n=1

γ2

((σg
n)2 + γ)2

|cg
n|2 +

M∑

m=N+1

|cg
m|2

≥
N∑

n=1

γ2

((σg
1)2 + γ)2

|cg
n|2 +

M∑

m=N+1

|cg
m|2

=
γ2

((σg
1)2 + γ)2

N∑

n=1

|cg
n|2 +

M∑

m=N+1

|cg
m|2.

(A.9)

Now use the fact that
∑N

n=1 |cg
n|2 = ‖pdes‖2

2−∑M
m=N+1 |cg

m|2 in (A.9) to obtain:

‖pdes − Gs‖2
2≥

γ2

((σg
1)2 + γ)2


‖pdes‖2

2−
M∑

m=N+1

|cg
m|2

+

M∑

m=N+1

|cg
m|2 =

γ2

((σg
1)2 + γ)2

‖pdes‖2
2+

(
1 − γ2

((σg
1)2 + γ)2

)
M∑

m=N+1

|cg
m|2

≥ γ2

((σg
1)2 + γ)2

‖pdes‖2
2= ‖pdes − Gideals‖2

2,

(A.10)

where the second inequality follows due to 0 ≤ γ2

((σg
i

)2+γ)2 ≤ 1, and the last equality is from

equation (2.25). Hence, for the same excitation vector s (and therefore the same input
power), the reproduction error of Gideal is no larger than that of the initial ATF matrix G.

Proof. (Theorem 2.5.3): Let eg(s) = ‖pdes −Gs‖2
2 and eideal(s′) = ‖pdes −Gideals′‖2

2. Recall
from (2.26) that for the optimal excitation vector of the ideal ATF matrix

‖s′‖2
2=

(σg
1)2

((σg
1)2 + γ)2

‖pdes‖2
2.
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The normalized power in equation (2.16) can be rewritten as follows:

‖s‖2
2 =

N∑

n=1

(σg
n)2

((σg
n)2 + γ)2

|cg
n|2 =

N∑

n=1

(σg
n)2 + γ − γ

((σg
n)2 + γ)2

|cg
n|2

=
N∑

n=1

1
((σg

n)2 + γ)
|cg

n|2 −
N∑

n=1

γ

((σg
n)2 + γ)2

|(cg
n)|2

=
N∑

n=1

1
((σg

n)2 + γ)
|cg

n|2 − 1
γ

N∑

n=1

γ2

((σg
n)2 + γ)2

|cg
n|2

+
1
γ

M∑

m=N+1

|cg
m|2 − 1

γ

M∑

m=N+1

|cg
m|2

=
N∑

n=1

1
((σg

n)2 + γ)
|cg

n|2 +
1
γ

M∑

m=N+1

|cg
m|2 − eg(s)

γ
.

(A.11)

As mentioned before,
∑N

n=1 |cg
n|2 = ‖pdes‖2

2−∑M
m=N+1 |cg

m|2 and the sequence 1
(σg

n)2+γ
is

monotonically non-decreasing in n, so the first two terms of the above equation satisfy in
the following inequalities:

N∑

n=1

1
(σg

n)2 + γ
|cg

n|2 +
M∑

m=N+1

|cg
m|2 ≥

N∑

n=1

1
(σg

1)2 + γ
|cg

n|2

+
M∑

m=N+1

|cg
m|2 =

1
(σg

1)2 + γ


‖pdes‖2

2−
M∑

m=N+1

|cg
m|2



+
M∑

m=N+1

|cg
m|2 =

1
(σg

1)2 + γ
‖pdes‖2

2

+
M∑

m=N+1

|cg
m|2

(
1 − 1

(σg
1)2 + γ

)
≥ 1

(σg
1)2 + γ

‖pdes‖2
2.

(A.12)

Now let the reproduction error of Gideal and G be equal, that is eg(s) = eideal(s′) =
γ2

(σ2
1+γ)2 ‖pdes‖2

2. Replacing this value of eg(s) in (A.11) and combining equations (A.11)

and (A.12) results in:

‖s‖2
2 =

N∑

n=1

1
((σg

n)2 + γ)
|cn|2 +

1
γ

M∑

m=N+1

|cg
m|2 − eg(s)

γ

≥ 1
(σg

1)2 + γ
‖pdes‖2

2− γ

((σg
1)2 + γ)2

‖pdes‖2
2

=
(σg

1)2

((σg
1)2 + γ)2

‖pdes‖2
2= ‖s′‖2

2.

(A.13)

Therefore, for the same reproduction error, the input power required by Gideal is no larger
than that of G.
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A.3 Proof of Theorem 2.6.1

Proof. (Theorem 2.6.1): Let βn be defined as

βn =
pn

|(b(n))HRna|2 . (A.14)

The approximation error vector at the n-th iteration is Rn+1a = Rna − αnb(n). Therefore
the squared ℓ2 norm of the error vector at the n-th iteration is:

‖Rn+1a‖2
2= ‖Rna‖2

2+|αn|2−2 Re
(
(αnb(n))HRna

)
. (A.15)

The value of αn is given in (2.42). There are two cases:
√

pn ≤ |(b(n))HRna| and
√

pn >

|(b(n))HRna|. If
√

pn > |(b(n))HRna| for all n, then CMP reduces to MP in each iteration,
so we can simply use the tighter upper bound in (2.38) to prove the theorem. Otherwise,
there is at least one n such that

√
pn ≤ |(b(n))HRna|. For all such n’s, βn ≤ 1, so we have

βmin = min
n

{βn} ≤ 1. (A.16)

Now focus on any particular n. First, consider the case
√

pn ≤ |(b(n))HRna|, and replace
the corresponding value of αn from (2.42) into (A.15). After algebraic manipulation, this
leads to

‖Rn+1a‖2
2= ‖Rna‖2

2−√
pn

(
2|(b(n))HRna|−√

pn

)
. (A.17)

Since
√

pn ≤ |(b(n))HRna|, the term in the bracket is at least as large as
√

pn, which leads
to the following inequality:

‖Rn+1a‖2
2 = ‖Rna‖2

2−√
pn

(
2|(b(n))HRna|−√

pn

)

≤ ‖Rna‖2
2−pn.

(A.18)

Note that I in (2.39) is bounded as 0 < I ≤ 1, which means

pn = βn|(b(n))HRna|2 ≥ I2βn‖Rna‖2
2≥ I2βmin‖Rna‖2

2, (A.19)

and this in turn means that the right-hand side of (A.18) is bounded by:

‖Rn+1a‖2
2≤ ‖Rna‖2

2−pn ≤ ‖Rna‖2
2

(
1 − βminI2

)

≤ ‖Rn−1a‖2
2

(
1 − βminI2

)2

≤ ...

≤ ‖R1a‖2
2(1 − βminI2)n

= ‖a‖2
2(1 − βminI2)n.

(A.20)
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Next consider the case
√

pn > |(b(n))HRna|. In this case, the CMP algorithm selects the
same value of αn as MP, and here the corresponding bound from MP [64] can be used:

‖Rn+1a‖2
2 = ‖Rna‖2

2−|(b(n))HRna|2

≤ ‖Rna‖2
2

(
1 − I2

)

≤ ‖Rna‖2
2

(
1 − βminI2

)
,

(A.21)

where the last inequality is due to the fact that βmin ≤ 1. This is the same as the first
inequality in (A.20). Following the same chain of inequalities, we again obtain

‖Rn+1a‖2
2≤ ‖a‖2

2(1 − βminI2)n. (A.22)

Therefore, in both cases, an upper bound on the error in CMP is given by (A.22). Taking
the square root, we obtain

‖Rn+1a‖2≤ ‖a‖2

(
1 − βminI2

)n/2
. (A.23)

Now let pmin = minn{pn} and note that |(b(n))HRna|2≤ ‖Rna‖2
2≤ ‖a‖2

2. Therefore,
from (A.14), βmin ≥ pmin/‖a‖2

2. Using this in (A.23) leads to

‖Rn+1a‖2≤ ‖a‖2

(
1 − pmin

‖a‖2
I2
)n/2

, (A.24)

which proves the theorem.
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Appendix B

Subjective test results

Table B.1 shows the results of the subjective test explained in Section 5.5.3. In this table,
the scores of each row correspond to a subject for the benchmark configuration and the
proposed method, and the scores of each column correspond to an audio excerpt.

Table B.1: Subjective test scores

Sample 1 2 3 4 5 6 7 8 9 10

S01-ours 91 93 85 84 86 90 94 96 100 100

S01-bench 75 73 80 63 63 64 67 70 82 86

S02-ours 93 89 88 79 80 80 80 81 100 95

S02-bench 85 89 50 60 60 82 79 81 90 81

S03-ours 88 87 99 68 76 79 81 100 97 88

S03-bench 40 49 60 61 62 66 68 89 83 80

S04-ours 70 97 71 72 74 75 78 99 95 79

S04-bench 51 77 57 58 60 52 60 86 88 55

S05-ours 100 87 90 87 75 79 100 83 92 94

S05-bench 85 77 40 40 53 49 80 60 77 84

S06-ours 85 89 95 70 71 73 81 86 72 74

S06-bench 86 87 48 45 84 41 56 86 41 39

S07-ours 94 93 91 77 77 79 82 85 82 85

S07-bench 87 83 85 45 47 57 62 47 71 83

S08-ours 89 100 92 96 54 100 100 55 81 82

S08-bench 29 81 59 55 29 80 89 32 32 45

S09-ours 96 93 96 66 68 68 81 85 73 74

S09-bench 82 85 89 50 50 62 62 73 66 69

S10-ours 45 94 86 100 48 48 92 56 98 47

S10-bench 24 81 47 83 29 37 81 42 47 44

S11-ours 90 86 87 100 100 91 79 62 71 76

S11-bench 76 68 66 89 83 82 37 28 42 49

S12-ours 57 59 87 95 73 63 58 63 62 91

S12-bench 35 37 81 83 48 38 37 48 40 83
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Appendix C

Acoustic Link Equation

This appendix first explains the physical link equation between a loudspeaker and a sampling
point. This link equation is used for the SFR systems in Chapters 2 to 4. Then, the physical
link equation is explained for the immersive communication model explained in Chapter 5
between the talkers and microphones in room 1, and between the loudspeakers and listeners
in room 2.

C.1 Link Equations between a loudspeaker and a sampling
point:

Let xn = (xn, yn, zn) be the location of the n-th loudspeaker and ym = (xm, ym, zm) be
the location of m-th sampling point. Let Vn(f) be the input voltage of the loudspeaker in
[V], Ln(f, θm, φm) be the dimensionless radiation pattern of the n-th loudspeaker, E(f) in
[Pa·m/V] be the transfer function of the loudspeaker (which converts voltage to pressure of
the loudspeaker at 1 m), and gm,n(f ; ‖xn − ym‖2) be the free space Green’s function. The
pressure at ym is formulated by:

pm,n(f, xn, ym) = V l
n(f) · E(f) · Ln(f, θm, φm) · g(f ; ‖xn − ym‖2)

= sn(f) · Ln(f, θm, φm) · g(f ; ‖xn − ym‖2),
(C.1)

In this equation, (θm, φm) are the spherical angles of the m-th sampling point with respect
to the n-th loudspeaker. Following the convention of other literature, we consider the
complex amplitude as the input to the loudspeaker, i.e., sn(f) = Vn(f) · E(f) in [Pa·m] is
the complex amplitude of the input to the loudspeaker in our formulation.

C.2 Link Equations for the immersive communication model
in Chapter 5

This section explains the physical link equation between the talkers and microphones in
room 1, and between the loudspeakers and listeners in room 2.

146



Room 1: Let x̂n = (x̂n, ŷn, ẑn) be the location of the n-th talker in room 1 and ŷm =
(x̂m, ŷm, ẑm) be the location of the m-th microphone. Let an(f) be the complex amplitude
(the pressure caused by the n-th talker at 1 m) in [Pa·m], Tn(f, θm, φm) be the dimensionless
radiation pattern of the talker, and gm,n(f ; ‖x̂n − ŷm‖2) in [m−1] be the free space Green’s
function. In this thesis, as in other SFR literature, we work with the pressure, and the
pressure sensed by the m-th microphone due to n-th talker is:

pm,n(f, xn, ym) = an(f) · Tn(f, θm, φm) · g(f ; ‖x̂n − ŷm‖2) · Mm(f, θn, φn), (C.2)

where Mm(f, θn, φn) is the dimensionless receiving pattern of the microphone, (θn, φn) are
the spherical angles of the n-th talker with respect to the m-th microphone, and (θm, φm)
are the spherical angles of the m-th microphone with respect to the m-th talker. The voltage
produced by m-th microphone is:

Vm,n(f, x̂n, ŷm) = pm,n(f, x̂n, ŷm) · W (f)

= an(f) · Tn(f, θm, φm) · g(f ; ‖x̂n − ŷm‖2) · Mm(f, θn, φn) · W (f),
(C.3)

where W (f) in [V/Pa] is the transfer function of the microphone that converts the pressure
sensed by the microphone to the output voltage.

Room 2: Let x̃n = (x̃n, ỹn, z̃n) be the location of the n-th loudspeaker in room 2 and
ỹm = (x̃m, ỹm, z̃m) be the location of the m-th sampling point around a listener’s head.
Let sn(f) be the complex amplitude of the n-th loudspeaker in [Pa.m], Ln(f, θm, φm) be
the dimensionless radiation pattern of the loudspeaker ,and gm,n(f ; ‖x̃n − ỹm‖2) be the free
space Green’s function. According to Eq.(C.1), the pressure at m-th sampling point, in
absence of the Human Head, is equal to sn(f) ·Ln(f, θm, φm) ·g(f ; ‖x̃n − ỹm‖2). In presence
of the Human head, the pressure at ỹm is formulated by:

pm,n(f, x̃n, ỹm) = sn(f) · Ln(f, θm, φm) · g(f ; ‖x̃n − ỹm‖2) · Hm(f, θn, φn), (C.4)

where Hm(f, θn, φn) is the dimensionless receiving pattern of the human head (Head Related
Transfer Function of the listener). In this equation (θn, φn) are the spherical angles of the
loudspeaker with respect to the sampling point (human head), and (θm, φm) are the spherical
angles of the sampling point with respect to the loudspeaker.
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