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Abstract
In one-way car sharing systems picking up and returning the rental cars can be done at
different stations. In these systems, since the customer demand is asymmetric, operators
need to hire some staff to manually relocate the cars between stations to keep the system
balanced. In this thesis, we address the problem of designing optimal relocation strategies
for the one-way car sharing operators both in deterministic and stochastic settings. For
the deterministic case, we give a minimum cost network flow formulation. To model the
stochastic one, we use stochastic dynamic programming. Our theoretical results show that
the exact optimal policy to relocate the cars in a two-station case is a threshold type policy.
Based on this result, a heuristic algorithm is proposed to handle the m-station case. Our
heuristic significantly decreases the computational complexity of the problem.
Keywords: one-way car sharing systems; mathematical programming; threshold type optimal policy
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Chapter 1

Introduction
1.1

Motivation

Car sharing or car rental is a type of transportation system offering a shared vehicle service
to the customers. If someone needs a vehicle temporarily, they can rent one from a car
sharing system and return it when the rental period is over. The origin of car sharing
systems goes back to the 1940s in Europe when there were only very limited services offered
by car sharing operators [29]. However, the popularity of these systems has recently grown
resulting in a number of different car sharing systems all around the world [27, 28].
Car sharing systems can generally be divided into two main groups: (i) round-trip or
traditional and (ii) one-way car sharing systems [17]. Traditional car sharing systems often
offer different car sizes with affordable prices to their customers. In these systems, picking
up and returning the rental cars should be done at the same station. The customers in
traditional car sharing system are usually those who need a car for a few days or want to
go shopping in several places during the rental period. As an example, a study done in
Toronto [12] on the behaviour of customers in a traditional car sharing system shows that
most of the customers rent cars in order to do their grocery or other household shopping
materials.
There are three important weaknesses associated with traditional car sharing systems:
• They usually have a limited number of stations in each city.
• The availability of service is highly subject to making reservations well ahead of time.
• They significantly charge their customers, if they do not return the cars to the initial
rental station.
The second type of car sharing systems is one-way car sharing system. When compared
to traditional systems, these newer ones have many stations in their region and allow their
customers to return the cars to any arbitrary station. Moreover, customers are ideally not
1

required to do reservations in advance in these systems any more. Although the rental
rates in one-way car sharing systems are usually higher than in the traditional ones, the
flexibility of service of these systems make them mostly appropriate for frequent but rather
short distance trips. As a result, these systems can be very popular in small regions such
as city centres.
The simultaneous presence of these two types of car sharing systems in the market has
increased the demand of renting cars rather than owning them because of the following:
• The quality and variety of rental services are increasing every day. For instance, in
some cities (e.g., Vancouver), one can often find an available car to rent either for a
short or a long trip from a nearby station.
• The costs of ownig a car such as oil price, monthly insurance, and car maintenance
are high. Consequently, having a reliable car rental system with reasonable prices
encourages people to use alternatives such as public transportation to do their daily
activities and rent a vehicle for their specific purposes [32].
Having more customers results in more expenses for car sharing systems. Car maintenance and depreciation costs are two examples of these growing costs. In addition to
the extra expenses that all rental systems have in common, the freedom that one-way car
sharing systems give to their customers causes many operational issues for the system operators. One of the most important challenges that the system operators face is to ensure
the availability of cars at each station to serve their upcoming customers. This difficulty
is because (i) the customers do not make a reservation beforehand and (ii) the demand
is usually asymmetric in these systems. As a result, if the operators leave their systems
without any supervision, the stations with higher demand will become empty after some
time, while some other stations will be full of unnecessary cars.
To overcome the availability issue, various mechanisms have been proposed. One is to
use incentive mechanisms such as price flexibility to increase the number of trips from low
demand stations to high demand ones [2, 13, 20, 33]. Although incentive mechanisms seem
to help the operators balance the system, they do not guarantee reaching a convenient car
distribution in the system in general. Another way of keeping the system balanced is to
grant a central control unit the authority of accepting or rejecting the customer requests [17].
This unit makes rental decisions in order to help the system keep itself balanced. However,
this mechanism may not perform well when the number of customer requests is insufficient.
In addition, some customers may find their requests rejected even though there might be
available cars at some station.
Another mechanism that one-way car sharing operators use is to hire a number of staff
for manually relocating some of the cars between the stations. When a car sharing system
is operating, some of the useless cars are sometimes left in a station, while the operator has
2

run out of them at some other stations. When this happens, the operator manually moves
some of the cars to the empty station so that they can satisfy more requests and gain more
profit. The staff based mechanism can be an effective way to keep the system balanced.
However, it is very important to do the relocations in an optimal way. This is because:
1. Doing these relocations is very costly for the system operators. Note that beside the
regular costs of moving cars, such as oil price and depreciation costs, system operators
also have to pay the staff to perform these relocations.
2. If cars are moved between the stations in a wrong way, it is possible that the operator
misses some profitable requests because of the relocations.
In this thesis, we study the optimal ways of doing relocations. Our goal is to first come
up with a good mathematical model of the one-way car sharing systems. Then, based on
our model, the best choices for relocations are found and suggested to the operators in
one-way car sharing systems.

1.2

Problem Description and Contributions

In this thesis, we address the problem of designing optimal relocation strategies for the
one-way car sharing operators. In our analysis, a one-way car sharing system has a finite
operating time and region. The operating region consists of a number of stations with
a number of cars. The operating time of the system consists of several periods in which
customers request for cars. In addition, the system has some staff who can relocate cars
between these stations. In a one-way car sharing system, the system operator does two
main jobs at each period: (i) rentals and (ii) relocations. While renting the cars results
in revenue for the system, doing relocations incurs a cost to it. The goal of the system
operator is to get the optimal pay-off from the system during the whole operating time.
We consider two types of customer behaviour in the car sharing systems: (i) deterministic and (ii) stochastic. In the deterministic case, the operator knows the total demand of
customers for the whole operating time, while in the stochastic case, the operator knows
only some probabilistic information about the system’s upcoming demand such as the distribution function. In this thesis, we look at the one-way car sharing relocation problem
both in the deterministic and stochastic settings. In order to do that, we first model each
setting, and then, study (i) how to rent cars and (ii) how relocate them between the stations
to obtain the minimum cost.
Throughout this thesis, three main assumptions are made in the models:
1. Operating periods consist of two stages: (i) days during which customers travel and
(ii) nights during which the staff do relocations.

3

2. The total number of customer requests in each day is no more than the total number
of cars in the system.
3. Each car in the system can only be used once per day. In other words, each trip in
our car sharing system takes exactly one day.
While one would think that these assumptions make the model far from reality, they
reasonably match many of the real world scenarios. Consequently, their models can give us
a very good insight on the optimal way of performing relocations in a one-way car sharing
system [11, 14]. In this thesis, the problem of studying optimal strategies in the one-way
car sharing systems under these three assumptions is named day/night one-way car sharing
problem.
We analyze the deterministic framework with a new network flow formulation for our
problem. In our formulation, we calculate the optimal way of doing the rentals and relocations in the system. This formulation is an oversimplification of the problem. This is
because we want to extend our analysis to the stochastic case in which too many details of
the real world scenarios cannot be included due to the computational issues.
Assuming that customer demand is known before making the decisions for renting and
relocating the cars does not really seem to be realistic in one-way car sharing systems.
This is because, as mentioned before, customers are ideally not required to reserve cars
beforehand in these systems. Consequently, it is important to study different aspects of
one-way car sharing systems in a stochastic framework, even though computational tools
may be more limited in this case.
The main contribution of this thesis is in the modeling of the problem when the assumption of knowing the customer demand in advance is relaxed. We use stochastic dynamic
programming to model this problem. To the best of our knowledge, we are the first who
have tried to solve the problem of optimizing the relocations in one-way car sharing systems using dynamic programming and optimal control theory. In the stochastic analysis,
we first calculate the optimal way of doing rentals and relocations, given a distribution for
the customer demand over time. Next, we focus on finding the optimal ways for doing the
relocations. In order to do that, we assume that there is an oracle in the system, which
always accepts customer requests in order to get the best expected result until the end of
the operating time from the system. Having this oracle, we do not need to make rentals
decisions anymore. As is usually the case in stochastic dynamic programming, finding the
optimal solution for all possible states and demand realizations of the system is computationally intractable. In order to deal with this issue, we first prove that the objective
functions in our formulation are convex. Following that, a threshold type policy is obtained
for the problem . Our theoretical results show that when we have two stations, the exact
optimal policy for performing the relocations is a threshold type policy. Based on this
result, we propose a heuristic algorithm in order to handle the case with more than two
4

stations. Our heuristic algorithm significantly decreases the computational complexity of
the problem.

1.3

Related Work

One-way car sharing systems have been studied in the literature from various perspectives.
Based on the assumptions on the customer behaviour, the previous research studies can be
divided into two main groups: deterministic and stochastic. Researchers mainly modeled
the one-way car sharing system in the deterministic frameworks with mixed integer programming [6, 11, 17, 18]. They consider two main groups of decisions in their models: (i)
structural decisions such as the location and size of the stations, fleet size, etc. and (ii)
operational decisions such as rentals and relocations.
Correia and Antunes [11] studied the optimal way to select locations for some certain
depots and to perform relocations between them in the one-way car sharing system. They
assumed relocations do not happen during the day and vehicles need to be available at their
original positions for the next day. They considered three schemes for the car sharing organizations. In the first one, system operator had the total control over satisfying customer
requests. In the second one, all requests had to be satisfied by the system. In their last
scheme, there was no need for satisfying all the requests, but they could be rejected only if
there were no vehicles available at the pick-up stations.
Boyaci, Geroliminis and Zografos [6] studied the optimal fleet size, the number, and
location of the stations as well as the optimal way of performing relocations simultaneously.
They also conducted sensitivity analysis for different parameters to understand the effect
of them on the system model.
Although deterministic analysis results in a good insight about how one-way car sharing
systems should be controlled in details, a significant weakness in all of them is that they do
not consider the uncertainty of demand in the real world scenarios.
The research on the stochastic setting is mainly focused on finding the optimal strategies
for performing the relocations. These studies follow two different approaches: (i) simulationbased [8, 22, 24] and (ii) mathematical optimization methods. The simulation-based works
usually tried to simulate a certain real world scenario of a one-way car sharing systems in
order to find the optimal ways of doing relocations empirically.
Apart from the simulation-based techniques, people have also tried to use mathematical
optimization methods to solve the optimal relocations problem for one-way car sharing
systems.
Fan et al. [14] modeled the one-way car sharing problem using multi-stage stochastic
programming. In their model, they assumed that the relocation costs and rental revenues are
given and the travels take exactly one day for both customers and staff. They supposed that
at the beginning of each day, the car sharing operator knows the inventory in each station,
5

the demand for the upcoming day, and the distribution for the future demand. According
to these assumptions, the operator decided which customer requests should be satisfied and
which relocations need to be performed during the operating time to achieve a higher profit
from the system. Note that in their model, they assumed that relocations/rentals happened
simultaneously which was not proved to be a profitable assumption.
Nair and Miller-Hooks [21] looked at the problem as a stochastic mixed integer program
with joint chance constraints. Their model generated partial plans for relocating cars between stations throughout the day. In their work, they defined a level-of-service constraint
which was a threshold for the probability of satisfying a demand. They assumed that the
goal of the operator in the system was to serve all of the demand, so he/she had no control
over the rentals.
It is also worth mentioning that in the literature, there are similar operational problems
studied for bike sharing systems [1, 3, 9, 25, 26, 30]. As in car sharing systems, bike sharing
systems have several stations from which customers can pick up the bikes and return them
to any station they want. The asymmetry in customer demand of these systems causes
similar operational problems for the bike sharing systems.
Shu et al. [30] is an example of one of the works in which bike sharing systems are
studied. In their work, they tried to develop a stochastic network flow model for the
problem. They focused on finding the optimal number of needed bikes and also the optimal
way to distribute them among the stations in order to maximize the number of satisfied
requests. They assumed that the costumers come to the stations randomly and bicycles
are allocated to them on a first come first serve basis. They also studied the impact of
relocation strategies on the number of bikes and docks required in the system. However,
they did not consider any kind of cost such as relocation cost. Similar to [14], they also
assumed that any travel between two stations took exactly one period of time.
In spite of the fact that there are some similarities between bike sharing and one-way car
sharing systems, there is a number of differences between them making it essential to study
their problems separately. One of the major differences is that in bike sharing systems,
the operators can use trucks to move many of the bikes among the stations at the same
time. Consequently, a single truck can perform a number of relocations, while in the case of
one-way car sharing systems, only one car at a time can be moved. Furthermore, because
of the nature of the bike sharing systems, the total inventory and the length of the trips are
very different from the similar parameters in the car sharing systems. As a result, different
assumptions are required in order to model the car and bike sharing systems and we cannot
use the same strategies for these systems.

6

1.4

Thesis Organization

The main methodologies used in this research are introduced in Chapter 2. In Chapter 3, we
go over the deterministic model of the day/night one-way car sharing problem. Chapter 4 is
dedicated to the explanation of the stochastic model of the problem and related theoretical
results. In order to evaluate the efficiency of our model, the numerical results will be
presented in Chapter 5. The thesis will be concluded in Chapter 6 where the future works
will also be discussed.

7

Chapter 2

Preliminaries
In this chapter, we discuss the main methodologies used in this thesis. We start with defining
the standard mathematical optimization problem and some of its special cases such as the
convex optimization and the linear programming problems. Next, we review the concepts
of dynamic programming and optimal policy.

2.1

Mathematical Optimization Problem

In this section, we define the standard mathematical optimization problem [7], and
discuss some of its properties.
Definition 2.1.1 The standard form of the mathematical optimization problem is the following:
min f0 (x)

(2.1)

subject to:
fi (x) ≤ bi ,
hi (x) = 0.

i = 1, 2, ..., m

(2.2)

i = 1, 2, 3, ..., p

(2.3)

In this mathematical formulation, the function f0 (x) : Rn −→ R in (2.1) is called the
objective function. The functions fi (x) : Rn −→ R for i ∈ {1, 2, ..., m} in (2.2) and
hi (x) : Rn −→ R for i ∈ {1, 2, ..., p} in (2.3) are known as the constraint functions.
Also, the zeros in (2.3) and the parameter bi ∈ R are the right hand side constraint of
the problem. Note that the relations (2.2) and (2.3) are limiting Rn into a smaller region
in which we need to solve the problem. The region specified by (2.2) and (2.3) is named
the feasible region of the problem. The goal of all mathematical optimization problems is
to find the optimal value of the optimization variables, i.e. a vector x, which is in the
feasible region and gives the minimum value of the objective function.
8

2.1.1

Duality

Let us start this section by the following definition:
Definition 2.1.2 ([7]) For every mathematical optimization problem given by (2.1) and
(2.2), the corresponding Lagrange dual function g(λ) is defined as follows:
g(λ, ν) = inf L(x, λ, ν) = inf
x ∈ D

where D = (

Tm

i=0 dom(fi ))

x ∈ D

f0 (x) +

λi fi (x) +

i=1

Tp

∩(

m
X

i=0 dom(hi )).

p
X

!

νi hi (x) ,

(2.4)

i=1

The function L : Rn × Rm −→ R is the

Lagrangian associated with the problem, and λi s and νi s are Lagrange multipliers of
the dual function.
Theorem 2.1.3 ([7]) For any given λ and ν, the function g(λ, ν) is a lower bound for the
optimal value of the original optimization problem. In other words, for any λ ∈ Rm and
ν ∈ Rp : g(λ, ν) ≤ f0 (x).
As a result, we can have the following definition:
Definition 2.1.4 ([7]) The maximization problem given below, derived based on the standard form given by (2.1) and (2.2), is called the Lagrangian dual problem:
max g(λ, ν)

(2.5)

λ ≥ 0.

(2.6)

subject to:

Usually, the original and the Lagrangian dual problems are respectively called as the primal
and dual problems.
Definition 2.1.5 ([7]) The difference between the value of the primal and dual problems
is called the duality gap. Strong duality holds for a mathematical optimization problem,
if the duality gap is zero.

2.1.2

Convex Optimization Problems

In general, the mathematical optimization problems are NP-hard problems, except for the
convex optimization problem [7] which can be solved more efficiently. This is because convex
functions have some additional properties helping us find their optimal values expeditiously.
In this section, we first give a formal definition of convexity of a set and a function. Then,
we introduce the convex optimization problem accordingly.

9

Definition 2.1.6 ([7]) A set S ⊆ Rn is a convex set, if for any x, y ∈ S and 0 ≤ θ ≤ 1,
the following relation is satisfied:
θx + (1 − θ)y ∈ S.

(2.7)

Definition 2.1.7 ([7]) A function f : Rn −→ R is a convex function, if
1. its domain, dom(f ), is a convex set, and
2. for any x, y ∈ dom(f ) and 0 ≤ θ ≤ 1, the following relation is satisfied:
f (θx + (1 − θ)y) ≤ θf (x) + (1 − θ)f (y).

(2.8)

Proposition 2.1.8 ([7]) Zero function and linear functions are convex.
Proposition 2.1.9 ([7]) Non-negative weighted sum preserves convexity.
Proposition 2.1.10 ([7]) If f : Rn −→ R is a convex function, A ∈ Rn×m , and b ∈ Rn
the function g : Rm −→ R defined as follows is a convex function:
g(x) = f (Ax + b)

(2.9)

where dom(g) = {x|Ax + b ∈ dom(f )}.
Definition 2.1.11 ([7]) A mathematical optimization problem, is called a convex optimization problem if every fi (x) ∀i ∈ 0, 1, ..., m is a convex function.
Convex optimization problems have an important property. To specify this property, we
first introduce the following definition of a local optimum:
Definition 2.1.12 ([7]) A point x1 is local optimum for the mathematical optimization
problem, if it is in the feasible region, and is the optimal point in its neighbourhood in the
feasible region.
Theorem 2.1.13 ([7]) In convex optimization problems, a local optimal in the feasible
region is also the global optimum.
This property reduces the convex optimization problem to the problem of finding a single
local optimal solution.

2.1.3

Linear Programming

We present the linear programming problem [23] and some of its useful properties in this
section. The linear programming problem is a special case of the convex optimization
problem, which is defined as follows:
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Definition 2.1.14 In a convex optimization problem, if every fi (x), i ∈ {0, 1, ..., m} is a
linear function, the problem is called a linear programming problem.
In terms of computational complexity, linear programming problems are efficient optimization problems. In fact, there are a couple of algorithms designed to solve them in polynomial
time. Any arbitrary linear programming problem can be written in the canonical form as
shown in below:

min cT x

(2.10)

Ax = b,

(2.11)

x ≥ 0.

(2.12)

x

subject to:

Dual of a Linear Program
We describe the dual of a linear programming problem, and state some of its useful properties.
Theorem 2.1.15 ([7]) Given a linear programming problem in the canonical form, its
Lagrangian dual problem is the following:
max bT v

(2.13)

AT v ≤ cT ,

(2.14)

v

subject to:

v ≥ 0,

(2.15)

where vi s are the lagrange multipliers.
Theorem 2.1.16 ([7]) For any given linear programming problem, strong duality always
holds.

2.1.4

Mathematical Optimization Problems with a Piecewise Linear Objective Function

In the following, we extend the result of the previous section to a more general case, where
instead of a linear program, we have an optimization problem with a piecewise linear
objective function and linear constraints. In order to do that, we first define a piecewise
linear function:
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Definition 2.1.17 ([5]) Function f : Rn −→ R is a piecewise linear function if:
• it is a continuous function.
• there is a finite set f1 , f2 , ..., fm of linear functions Rn −→ R such that for each
x ∈ Rn , f (x) = fi (x) for some i ≤ m.
Based on this definition, the following three properties of piecewise linear functions are easy
to see:
Proposition 2.1.18 Summation of a group of piecewise linear functions is a piecewise
linear function.
Proposition 2.1.19 If f is a piecewise linear function, then a.f is also a piecewise linear
function for any a ∈ R.
Proposition 2.1.20 If f (y) is a piecewise function with respect to y and y = x1 + x2 +
x3 + ... + xn , then g(x1 , x2 , ..., xn ) = f (x1 + x2 + x3 + ... + xn ) is also a piecewise linear
function with respect to xi s.
Theorem 2.1.21 ([16]) For any optimization problem with a piecewise linear objective
function and linear constraints:
• There is a corresponding dual problem which is a linear program.
• Strong duality holds for the primal and dual problem.
For a linear programming problem defined by (2.10), (2.11) and (2.12), one can define a
function y(b) in the following form:
y(b) = min cT x

(2.16)

Ax = b,

(2.17)

x ≥ 0.

(2.18)

x

subject to:

The following theorem states a very useful property of the function y(b), which will be used
later in this thesis:
Theorem 2.1.22 ([19]) Given a linear programming problem in the canonical form, the
relation y(b) defined as a function of right hand side constraints, b is a convex and piecewise
linear function.
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The function y(b) can also be defined for an optimization problem with a piecewise linear
objective function and linear constraints. The following theorem shows that similar to the
previous case, y(b) is a convex and piecewise linear function when the objective function is
piecewise linear.
Theorem 2.1.23 Given an optimization problem with a piecewise linear objective function
and linear constraints, the relation y(b) defined as a function of right hand side constraints,
b is a convex and piecewise linear function.
Proof According to Theorem 2.1.21, there is a dual linear program for the optimization
problem having a piecewise linear objective function and linear constraints. Also, since by
Theorem 2.1.21, strong duality holds for this problem, the optimum value of this dual problem is equal to the optimum value of the original problem. Therefore, by Theorem 2.1.22,
we conclude that y(b) is a convex and piecewise linear function. 4

2.1.5

Integer Linear Programming

An integer programming problem [34] can be defined as follows:
Definition 2.1.24 In a linear programming problem, if the decision variables only take
integer values, the problem is called an integer linear programming problem.
Unlike linear programming problems, the integer programming problem is NP-hard. However, many real world optimization problems force us use integer values. We will introduce
the minimum cost network flow problem, which is an important example of the integer linear programming problems in the next Section. The minimum cost network flow problem
is used later in this thesis. For further reading about integer linear programming, we refer
the reader to [34].

2.1.6

Minimum Cost Network Flow Problem

In this section, we introduce the minimum cost network flow problem [10]. The minimum
cost network flow problem can be considered as a special case of the integer linear programming problem, which can be used in order to formulate a number of real world problems
such as the transportation problem. The linear programming formulation of a minimum
cost network flow problem for a graph, G(V, E), is the following:

min

X

cij xij

i,j
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(2.19)

subject to:

X

lij ≤ xij ≤ uij

∀i, j ∈ V,

(2.20)

X

∀i ∈ V.

(2.21)

xij −

j

xki = bi

k

In this formulation:
• The optimization variable xij is the value of flow that can go through the arc (i, j) of
G.
• The parameter cij in (2.19) stands for the cost per unit of flow through arc (i, j) .
• The constraint (2.21) is known as the conservation flow constrains of the problem. In
this constraint, if bj is a positive number, node j is called a source, if it is a negative
number, node j is called a sink. Note that for the remaining nodes, bj must be zero.
• The parameters lij and uij in (2.20) are the limits on the arc (i, j) forcing it to have
an upper and a lower bound on the amount of its flow.
• The goal is to find a flow that minimizes the total cost going through the arcs which
satisfies all the constraints of the problem such as conservation flow constraints.
The following theorem states a very useful property of the minimum cost network flow
problem:
Theorem 2.1.25 ([10]) In the minimum cost flow problem defined by (2.19), (2.20) and
(2.21), the optimal solution is always integer if the parameters lij and uij are integer.
Therefore, if we formulate the minimum cost network flow problem using integer linear
programming, it can be solved in polynomial time using the algorithms designed for solving
linear programming problems.

2.2

Stochastic Dynamic Programming

The dynamic programming method [4, 31] can be used to study the problems requiring
decisions to be made sequentially over time. Since making decision for short periods of time
is usually easier than making long term decisions, subproblems of the dynamic programming
method in this case are determined by looking at the problems with shorter operating
periods. In the time-based dynamic programming problems, we have a set of states and
several time periods. At each specific state during the operating period, a decision should
be made. Based on this decision, the system goes to another state which results in a cost.
The goal of a dynamic program is to minimize the whole resulting cost throughout the
operating time of the system. The time-based dynamic programs can have an infinite or
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a finite time horizon, and their timing can be either continuous or discrete. Here, we only
consider finite horizon discrete time dynamic programs.
Time-based dynamic programming formulations can be divided into two different versions: deterministic and stochastic. In the deterministic case, the outcome of our decisions
for every state and every possible decision is precisely known. However, in the stochastic
case, there is a randomness associated with the outcome of our decisions. This randomness
can result from either the cost that we expect from the system or the state we will reach
after making a decision.
In general, a discrete time stochastic dynamic programming formulation can be characterized by the following parameters:
• t ∈ {1, 2, ..., N } : the index of time,
• wt : the states of the system,
• yt : the decision variables,
• θt : a random parameter which specifies the randomness of the system,
• gt (wt , yt , θt ) : a cost function. Note that the cost incurred at each step accumulates
over time, and
• ft (wt , yt , θt ) : a probabilistic function that describes how the states are updated in the
system. For example, this function can be wt+1 = ft (wt , yt , θt ) = wt + yt − θt where
θt is a random variable.

2.2.1

Optimal Policies

As is mentioned above, the dynamic programming method can be used to solve the problems
in which the goal is to optimize the resulting expected cost in the system by making decisions
over time. In these problems, in order to achieve the optimal expected cost, the best decision
for every possible state at every time period should be known. One proposed way to present
an optimal solution of such problems is to specify some rules for decision making rather
than assigning an exact optimal decision at each state and time period. Such a rule is called
a policy for the problem. Accordingly, we give the following formal definition:
Definition 2.2.1 ([4]) A policy is a function, µt (wt ), which takes the state wt at the
operating period t, and returns a value for the decision variable. An optimal policy, µ∗ ,
is a policy which optimizes the resulting expected cost of the system.
One way to calculate the optimal policy is to use the dynamic programming method. In
general, finding an optimal policy at every possible state of the system is a computationally
intractable problem. However, there might be cases in which the optimal policy has some
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additional properties. For instance, if one knows that the optimal policy for a problem
is a well-known function (e.g., a linear function), finding the optimal policy can be done
by finding the corresponding coefficients of the linear function, either theoretically or computationally. Knowing that the optimal policy has a structural property can significantly
decrease the computational complexity of the problem of finding the optimal policy. One
famous example is piecewise linear or threshold type policy. This kind of policy is
very useful because it has a very simple structure and is easy to represent. In fact, we only
need to find a small number of parameters to build an optimal policy of this kind.
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Chapter 3

Deterministic Model
In this chapter, we discuss car relocations in the day/night one way car sharing problem
in the deterministic framework. In our deterministic framework, it is assumed that the
demand is known in advance for the whole operating time. We start our analysis by studying
the optimal decisions for rentals and relocations assuming that the operating period only
consists of one day and one night. For this simple case, it is assumed that the initial and
final distributions of cars among stations are given. We model this case using integer linear
programming. Next, we state and formulate a multi-period version of the problem using
the minimum cost network flow problem. The network flow formulation is an extension of
the single-period formulation, which admits time efficient solution algorithms.

3.1

Single-Period Model

Problem Statement
In the day/night one way car sharing problem, the initial and final distribution of the cars,
the number of stations, and the corresponding costs/revenues of rentals/relocations in the
system are given. Based on this information, we want to decide which requests to satisfy
and which relocations to perform in order to minimize the resulting cost in the system.

Problem formulation
To formulate this problem, we need three groups of decision variables xij , yij , and ei . The
variable xij indicates the number of cars given to the customers from the station i to station
j during the day. The variable yij denotes the number of relocations from the station i to
station j at night. In addition, ei indicates the number of cars in the station i which are
not given to any customer. The reason that we need to separately define ei is that when
we are deciding about rentals, two similar cases can happen. There might be a case where
we decide not to give some of the cars at some station to any customer. This can happen
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either because the customer requests are not beneficial for us or we may not receive enough
requests. There also might be another case where we decide to give a car to a customer who
will return the car to the same station. In both cases, the number of cars at the station
remains unchanged after the rental period. However, keeping a car at a station might result
in a cost for us, while renting it to a customer yields us revenue. Therefore, in our models we
need to define two distinct groups of decision variables to be able to specify the differences
between those cars that we keep at one station and those we give to customers who will
return them to the same station.
We use the following notation in our formulation:

• Input parameters:
– m: The number of stations.
– S = {s1 , s2 , ..., sm }: The initial distribution of cars among stations, where sk
shows the number of cars at the station k in the beginning.
– w = {w1 , w2 , ..., wm }: The final distribution of cars among stations, where wk
shows the number of cars that are at the station k at the end.
– cij : The cost of relocating a car from the station i to station j.
– cri : The cost of keeping a car at the station i.
– rij : The revenue of renting a car from the station i to station j.
– dij : The demand of customers from the station i to station j.
• Decision variables:
– xij : The number of satisfied requests from the station i to station j.
– yij : The number of relocations from the station i to station j.
We can express the problem as the following linear program:

min

X
i,j

cij yij +

X

cri ei −

i

X
i,j
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rij xij

(3.1)

subject to:
0 ≤ xij ≤ dij

∀i, j,

(3.2)

xki + ek

∀k,

(3.3)

wk =

X

yik

∀k,

(3.4)

yki =

X

xik + ek

∀k,

(3.5)

sk =

X
i

i

X
i

i

ei ≥ 0, yij ≥ 0.

(3.6)

In this formulation, the constraint (3.2) ensures that we do not give more cars to customers
than the demand. The constraint (3.3) ensures that we will neither keep nor rent more cars
than our inventory at each station. The constraint (3.4) together with (3.6) ensures that
we put as many cars as required at each station. Note that yii is the number of those cars
relocated to the same station with zero cost(remaining cars). Finally, the constraint (3.5)
together with (3.6) ensures that we do not relocate cars more than the inventory of each
station at the beginning of the night. This inventory may be supplied from two sources:
(i) those cars that we kept at each station and (ii) those cars brought to the station by the
customers at the end of the day. This formulation fits a network flow problem whose more
general form will be discussed in Section 3.2.

3.2

Multi-Period Model

In the multi-period problem, we have several time periods still divided into days and nights.
With respect to the given information about initial and final points, different cases of the
problem can be defined. In our formulation, it is assumed that the initial and the final
distribution of the cars are not given. Based on this assumption, we also need to decide
about the optimal initial and final distributions.

Problem statement
In the multi-period day/night one way car sharing system, the following information is
given: the total number of cars and stations, the demand in each period and all of the
corresponding revenues/costs of rentals/relocations. In order to minimize the cost resulting
from the car sharing system, at each time period, it is required to decide how many cars
should be assigned to each station, which customer requests should be satisfied, and which
relocations should be performed.
As mentioned before, two different approaches can be utilized in order to formulate the
multi-period problem: minimum cost network flow and dynamic programming.
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Minimum Cost Network Flow Formulation
In this section, we first formulate our problem using integer linear programming. Similar
to what we had for the single period case, we define:
• Input parameters:
– t ∈ {0, 1, 2, 3, ...T }.
– m: The number of stations.
– n: The number of cars.
– dijt : The demand of customers from the station i to station j at the period t.
– cijt : The cost of relocating a car from the station i to station j at the period t.
– ri0 : The cost of keeping a car at the station i.
– rij : The revenue of renting a car from the station i to station j.
• Decision variables:
– xijt : The number of satisfied demands from the station i to station j at the
period t.
– yijt : The number of relocations from the station i to station j at the period t.
– eit : The number of cars left at the station i during the day at the period t. Note
that sit ∈ {s1t , s2t , ..., smt } is the number of cars at the station i at the beginning
of the period t and sit = eit +

P

k

xkit .

Accordingly, the formulation is written as:
min

X

cijt yijt +

X

i,j,t

ri0 eit −

i,t

X

rij xijt

(3.7)

i,j,t

subject to:
0 ≤ xijt ≤ dijt
skt =

X

xkit + ekt

(3.8)
∀k, t

(3.9)

∀k, t

(3.10)

∀k, t

(3.11)

∀t

(3.12)

i

skt =

X

yik(t−1)

i

X

ykit =

X

i

xikt + ekt

i

X

skt ≤ n

k

eit ≥ 0, yijt ≥ 0.

(3.13)

The first four constraints in this formulation are the same as the ones defined for the
single-period case. The only difference is the time indices showing the changes over time in
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the system. For the multi-period case, we also need to have (3.12) in order to make sure the
number of cars assigned to the stations at each period is not more than the total number
of the cars.
Theorem 3.2.1 The integer linear programming formulation defined by (3.7)-(3.13) can
be solved in polynomial time.
Proof The integer linear programming formulation given above can be reduced to a minimum cost network flow problem, which will be characterized below. As a result, the problem
can be solved in polynomial time.
• For every station at each time period we first assign three nodes in the network, one
for the beginning of the day, one for the beginning of the night, and one for the end
of the night. Then, the following connections are made:
– all nodes at the beginning of the days to all nodes at the beginning of nights of
the same time periods.
– all nodes at the beginning of the nights to all nodes at the end of nights of the
same time periods.
– all nodes at the end of the nights to all nodes at the beginning of the next time
periods.
• The flows are the number of cars moving between stations.
• We add a source to the network and connect it to the first group of nodes at the
beginning of the day of the first time period. The supply of this source is the total
number of cars in the system. In addition, a sink is added to the network and every
node at the end of the last period is connected to this sink. The demand of this sink
is also the total number of cars in the system.
• The cost per flow for each arc corresponds to the cost of relocating or the negation of
the revenue of renting the car from the starting station to the final one.
• The lower bound of each edge is zero. The upper bound is the total number of cars
and dijt for the relocation and rental edges, respectively.
An example illustrating the above-mentioned process is shown in Figure 3.1. In this
graph, the nodes specify the stations at each stage of the operating periods and the upper
bound of the arcs are shown by their corresponding numbers. If we write the conservation
flow constraints for the vertices (stations) at the end of night, at the beginning of day, and
at the end of day, the relations (3.9), (3.10), and (3.11) can be inferred accordingly. Finally,
if we set maximum outgoing flow of the source node equal to n, we get (3.12). After solving
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the minimum cost flow problem, if the outgoing flow from this node was less than n, it can
be concluded that the system could have a smaller number of cars. 4. It is also worth
mentioning that since the graph in our network flow formulation is a bipartite graph, it can
be reduced to the Hitchcock problem [15], which is a special case of minimum cost network
flow problem and can be solved in a very effiecient time.

d_ij(t-1)

n

n

d_ijt

n

n

n

Source

Sink

Day (t-1)

Day t

Night (t-1)

Night t

y_ij(t-1) x_ijt

x_ij(t-1)

Period (t-1)

y_ijt

Period t

Figure 3.1: The network flow structure for the determinstic model at periods t − 1 and t.
The dashed lines show the periods before t − 1 and after t.
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Chapter 4

Stochastic Model
In this chapter, we develop a framework to analyze the day/night one way car-sharing
problem when the customer demand is stochastic. Similar to the deterministic version,
the modelling starts with a single-period case and then it is extended to the multi-period
one. As before, it is assumed that (i) relocations only happen over night and (ii) each
rental/relocation takes exactly one day/night.
As in the deterministic version, a time period in the stochastic model consists of two
stages: rental and relocation. However, this time each period starts with the relocation
stage, i.e., the beginning of night when the operator knows the current distribution of cars
among the stations and makes decisions about relocations. These decisions are made to
optimize the expected cost of the remaining periods until the end of the operating time.
Then, in the morning, the rental stage starts in which the actual demand becomes known
and the operator decides to either accept or deny the customer requests. Based on these
decisions, cars are moved among stations. This is when a period ends in our model.
In order to model our stochastic multi-period problem, we use a dynamic programming
approach. As mentioned in Section 2.2, dynamic programming is usually a good mathematical tool to model real world problems over time. However, if a dynamic programming
formulation does not have the desirable properties such as convexity, it is often computationally intractable. In this chapter, after presenting the dynamic programming formulation
of our problem, the following two important properties are discussed:
• The mathematical optimization problems which will be defined later are convex optimization problems for each stage.
• There can be simple policies for performing relocations that can obtain a resulting
expected cost close to optimal.
Sections 4.1 and 4.2 of this chapter are dedicated to the mathematical formulations of
the single- and multi-period day/night one way car sharing problem. In Section 4.3, it
is shown that solving our dynamic programming formulation at every stage is a convex
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optimization problem. Therefore, we can find the optimal values of our objective functions
more efficiently. Although the convexity property helps us run our dynamic program much
faster, finding the optimal values for a real world problem is still time consuming. In
Section 4.4, to derive some theoretical results, it is assumed that the decisions in the rental
stages will be done by an oracle. This oracle always performs rentals in order to get the
best expected result until the end of operating time. Therefore, the system operator only
need to decide about relocations. Following this assumption, a simplified two-station case
is discussed. It is shown that a threshold type policy introduced in Section 2.2.1 is the
optimal policy for relocations. Based on this result, a heuristic algorithm is proposed in
Section 4.5 to approximate the optimal ways for performing the relocations in a general mstation case. Our heuristic algorithm significantly decreases the computational complexity
of our problem.

4.1
4.1.1

Single-Period Problem
Problem Statement

In the day/night car sharing system, the initial and final distributions of cars, all corresponding costs/benefits of renting a car from the station i to station j, keeping it at the station
i, and relocating it from the station i to station j are given. Let fij (x) be a probability
mass function representing the probability that x customers request for a car from station
i to station j. The question is, what is the optimum way of renting cars and performing
relocations at the minimum expected cost for the system?

4.1.2

Problem Formulation

We use the following notation for the problem formulation:
• Input parameters:
– m : The number of stations.
– S = {s1 , s2 , ..., sm } : The initial distribution of cars among stations.
– W = {w1 , w2 , ..., wm } : The final distribution of cars among stations.
– cij : The cost of relocating a car from the station i to station j, such that
i, j ∈ {1, 2, ..., m}
– rij : The revenue of renting a car from the station i ∈ {1, 2, ..., m} to j ∈
{0, 1, 2, ..., m}. The cost of keeping a car at the station i during day is denoted
by ri0 .
– dij : The random variable denoting the customer demand from the station i to
station j. Also, D = [dij ] is a random matrix formed by the dij s.
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– fij (x) : The probability mass function of dij .
– P [D = D] : The probability that a specific realization of the demand, D, happens. It is assumed that the customer demand from different stations are independent from each other. So, P [D = D] =

Q

i,j

fij (dij ).

• Decision variables:
– xij : The number of satisfied demands from the station i ∈ {1, 2, ..., m} to station
j ∈ {0, 1, ..., m}. Note that xii denotes the number of accepted requests from the
station i to itself and xi0 is the number of cars left at the station i during the
day.
– yij : The number of relocations from the station i to station j.
According to the description of a time period in the stochastic model, decisions about
relocations and rentals are made at two distinct times. Therefore, two different objective
functions are needed for each of these decisions. In this section, a linear program is defined to
find the optimal value of xij in the rental stage. Then, an optimization problem is proposed
in order to obtain the optimal value of yij , which minimizes the cost of the relocation stage.
Rental Stage
Let K = {k1 , k2 , ..., km } and W = {w1 , w2 , ..., wm } be the distributions of cars among
the stations after the relocation and rental periods, respectively. Based on the problem
statement, when we want to decide about xij , W and the actual demand, d, are known.
Consequently, the following linear program is proposed to find the optimal value of xij :





U (K, W, D) = min −
xij

X

rij xij 

(4.1)

i,j

subject to:
0 ≤ xij ≤ dij

∀i, j,

(4.2)

xli = kl

∀l,

(4.3)

xil = wl

∀l.

(4.4)

m
X
i=0
m
X
i=0

In this formulation, the rental costs are simply defined as the the negated rental revenues
in the objective function. The constraint (4.2) basically keeps the number of rentals less
than the demand in each station. The constraint (4.3) ensures that the operator does not
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rent more cars than its inventory at each station. Finally, the constraint (4.4) forces the
system to have the given distribution of cars after the rental period.
Relocation Stage
For the relocation stage, we try to find an optimal way of performing the relocations based
on what we have for the rental stage so far. According to the problem statement, the general
form of the objective function is as follows:
Resulting cost of the relocation stage = (cost of relocating the cars)
+ (expected cost of the next day),
where cost of relocating cars is given by

P

i,j

yij cij . Regarding the expected costs of the

next day, we note that:
• No matter what the customer demand is at the rental stage, decisions about rentals
are made in order to minimize the cost of the system.
• Decisions about rentals highly depend on (i) the resulting distribution of cars among
station after relocations and (ii) the actual realization of the demand.
Considering these points, we write the following mathematical program for the relocation
stage:

X
min  yij cij +
yij

i,j


X

P [D = D]U (K, W, D)

(4.5)

all possible D

subject to:
m
X
i=1
m
X

yli = sl

∀l,

(4.6)

yil = wl

∀l,

(4.7)

i=1

where the objective function (4.5) is the summation of the costs of relocating cars and the
expected cost of the rental stage over all possible realizations of the demand. Given the
realization of the customer demand, D, the function U (K, W, D) returns the resulting cost
of the rental stage starting from K to W . In addition, the constraint (4.6) ensures that the
operator does not relocate more cars than the current inventory of each station. Finally,
the constraint (4.7) gives the resulting distribution of cars among stations after performing
the relocations.
While the expectation term in (4.5) may have a simple summation form, it requires a lot
of computation. This is because we are summing over all possible realizations of customer
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demand, and the number of these realizations is exponential. There are various approaches
in the literature to deal with this issue. In this thesis, we use sampling methods in order
to estimate the expected values. In these methods, one can only sample a limited number
of possible realizations of demand, and estimate the value of the desired expectation using
these samples.

4.2

Multi-Period Problem

4.2.1

Problem Statement

In the day/night car sharing system, there are T operating periods. Each period starts
with a night when the relocations are performed and ends with a day when customers
rent cars. The distribution of cars among stations at the beginning of each period, all the
corresponding costs/benefits of renting a car from the station i to station j, keeping it at the
station i, relocating it from the station i to station j are given. Let fijt (x) be a probability
mass function representing the stochastic behaviour of the customer demand at the period
t. The questions is, what is the optimal way of renting cars during the day and performing
relocations at nights to have the minimum expected cost from the system?

4.2.2

Problem Formulation

We use dynamic programming to model our problem. In our model, it is assumed that as
time goes on, decisions are sequentially made at each stage to minimize the expected cost
of the system until the end of the operating time.
Let Wt = {w1t , w2t , w3t , ..., wmt } and Kt = {k1t , k2t , k3t , ..., kmt } be the states of the
system before and after the relocation stage of the period t. Similar to the single-period
case, we make decisions of two different kinds at each period:
• First, we look at the current state Wt , and make decisions about the relocations.
Based on these decisions, the staff move cars between the stations and the system
goes to Kt .
• Then, as the day begins, the actual demand becomes known and decisions about
renting the cars are made. Following these decisions, customers move cars between
the stations, and the system goes to the state Wt+1 .
In order to develop our dynamic program, we define the following functions for each
group of the decision variables:
• Vt (Wt , yijt ) : The resulting cost of the system from period t on, after the decisions
about relocations, yijt , are made, where Wt is the state of the system. In order to
initialize the dynamic program the value of VT +1 is set to zero.
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• Vt∗ (Wt ) : The optimal value of Vt (Wt , yijt ) over all possible yijt .
• Ut (Kt , D, xijt ) : The resulting cost of the system from period t on, after the decisions
about renting cars, xijt , are made, where Kt is the current distribution of cars among
stations and D is a realization of customers request.
• Ut∗ (Kt , D) : The optimal value of Ut (Kt , D, xijt ) over all possible xijt .
The above defined values can be calculated as follows:
Vt (Wt , yijt ) =

X
i,j

P (D = D)Ut∗ (Kt , D)

X

yijt cijt +

(4.8)

all possible D

subject to:
m
X

ylit = wlt

i=1
m
X

yilt = klt

∀l, t,

(4.9)

∀l, t.

(4.10)

i=1

And for each D = [dij ],




Ut (Kt , D, xijt ) = −

X

∗
(Wt+1 )
xijt rijt  + Vt+1

(4.11)

i,j

subject to:
0 ≤ xijt ≤ dij

∀i, j,

(4.12)

xlit = klt

∀l, t,

(4.13)

xilt = wl(t+1)

∀l, t,

(4.14)

m
X
i=0
m
X
i=0

where Vt∗ and Ut∗ are obtained by solving the following optimization problems with the
same constraints:
Vt∗ (Wt ) = min Vt (Wt , yijt )

(4.15)

Ut∗ (Kt , D) = min Ut (Kt , D, xijt )

(4.16)

yijt

xijt

The constraints (4.9), (4.10), (4.12), (4.13), (4.14) are defined similar to the constraints in
the single-period formulation. However, the objective functions (4.8) and (4.11) are slightly
different from the single-period case. The function (4.8) is the summation of the cost of
relocations and the optimal expected cost after relocations until the end of the operating
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time. The function (4.11) is the cost of renting cars and the optimal cost after the rental
period.

4.3

Convexity Analysis of The Dynamic Programming Formulation

In this section, we prove the convexity of the following functions:
• Vt (Wt , yijt ) with respect to yijt .
• Ut (Kt , D, xijt ) with respect to xijt
• Vt∗ (Wt ) with respect to Wt .
• Ut∗ (Kt , D) with respect to Kt .
As mentioned before, it is important to know that we only require to solve a convex
optimization problem for finding the optimal value of the objective function at each stage.
This is because without having the additional property of convexity, it is almost impossible
to find the optimal values of the functions Vt and Ut defined by (4.8) and (4.11), in the
previous section.
In order to show that relations (4.15) and (4.16) are convex optimization problems for
each t, we need to check the convexity of (i) the constraints of our mathematical formulations
and (ii) the objective functions. The constraints in our formulation are linear, so, they are
convex. For the objective functions, we first show their piecewise linearity in Theorem 4.3.1.
Then, using this property, the convexity of these functions is proved in Theorem 4.3.2.
Theorem 4.3.1 The objective functions Vt (Wt , yijt ) and Ut (Kt , D, xijt ) are piecewise linear
functions with respect to yijt and xijt .
Proof We prove this theorem by induction on t. The functions UT and VT +1 are considered
as the base cases. The function VT +1 is a zero function, so it is piecewise linear. Moreover,
since VT∗+1 (Wt+1 ) equals zero, UT is a (piecewise) linear function.
For the induction step, we assume that Vt is a piecewise linear function. Having this,
we first prove the piecewise linearity of Ut−1 and then extend the argument to show that
Vt−1 is piecewise linear as well. For Ut−1 , we have:
Ut−1 (Kt−1 , D, xij(t−1) ) = (−

X

xij(t−1) rij(t−1) ) + min(Vt (Wt , yijt )),

i,j

yijt

(4.17)

According to the constraint (4.14), the set Wt plays the same role as the vector b in Theorem 2.1.23. By this theorem, the minimization term in (4.17) is a piecewise linear function
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with respect to Wt . In addition, wkt is a linear function of xij(t−1) . Thus, by Propositions 2.1.18 and 2.1.20, Ut−1 is also a piecewise linear function with respect to xij(t−1) .
For Vt−1 , we have:
X

Vt−1 (Wt−1 , yijt−1 ) =

yij(t−1) cij(t−1)

i,j

X

+

P (D = D) min Ut−1 (Kt−1 , D, xij(t−1) ), (4.18)
xij(t−1)

all possible D

Similar to the previous case, based on the constraint (4.10) and our knowledge that Ut−1 is
a piecewise linear function, we understand that Kt−1 plays the same role as the vector b in
Theorem 2.1.23. Consequently, with the same argument as for Ut−1 , and since P [D = D] is
a real number, and by Proposition 2.1.19, we conclude that Vt−1 is also a piecewise linear
function with respect to yij(t−1) . 4
Theorem 4.3.2 The objective functions Vt (Wt , yijt ) and Ut (Kt , D, xijt ) are convex functions with respect to yijt and xijt .
Proof We prove the convexity of Vt and Ut inductively. As the base cases, we have VT +1
and UT . Function VT +1 always equals zero, so it is a convex function. Furthermore, from
the previous proof, we know that UT is a linear function and thus, is convex.
For the induction step, we assume that functions Vt and Ut are convex functions and
show the convexity of Vt−1 and Ut−1 , respectively. In order to show that Ut−1 is convex, it
suffices to prove that the minimization function in (4.17) is a convex function with respect
to xij(t−1) . By Theorem 4.3.1, we know that Vt is a piecewise linear function. Also, the set
Wt is the right hand side constraint vector of the minimization function in (4.17). Thus, by
Theorem 2.1.21, it can be inferred that the objective function of the dual of the minimization
term can be written as follows:
φ(Xt−1 ) = max [IXt−1 v]

(4.19)

v

where Xt−1 = [xij(t−1) ] is a m × m matrix, I is a 1 × m unity vector and v is a m × 1 vector
indicating the dual’s optimization variables. Observe that for any two functions f (x) and
g(x), maxx (f (x) + g(x)) ≤ maxx f (x) + maxx g(x). Therefore, we write:
θφ(X1 ) + (1 − θ)φ(X2 ) = θ max[ IX1 v] + (1 − θ) max[IX2 v]
v

v

(4.20)

= max[θIX1 v] + max[(1 − θ)IX2 v]

(4.21)

≥ max[I(θX1 + (1 − θ)X2 )v]

(4.22)

= φ(θX1 + (1 − θ)X2 )

(4.23)

v

v

v
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As a result, φ(Xt−1 ) is a convex with respect to xij(t−1) . Finally, by Proposition 2.1.9,
the sum of this convex and piecewise linear function with the linear term

P

i,j

xij(t−1) rij(t−1)

is also a convex function, which results in the convexity of Ut−1 with respect to xij(t−1) .
For Vt−1 , we already know that Ut−1 is both convex and piecewise linear. Furthermore,
based on the constraint (4.10) Kt−1 is the right hand side constraint of the minimization
term in (4.18). Therefore, with a similar argument as for Ut−1 , we conclude that this
minimization term is a convex function. Moreover, since P [D = D] is always nonnegative
and

P

i,j

yij(t−1) cij(t−1) is a convex function, by Proposition 2.1.9, we conclude that Vt−1 is

a convex function with respect to yij(t−1) . Consequently, the proof is complete. 4
As mentioned in Chapter 2, knowing that Vt (Wt , yijt ) and Ut (Kt , D, xijt ) are convex
functions helps us solve the minimization problems at each stage, efficiently. Without this
additional property, running the dynamic program even for one period of time is basically
not possible.
Theorem 4.3.3 The objective functions Vt∗ (Wt ) and Ut∗ (Kt , D) are convex functions with
respect to Wt and Kt .
Proof According to (4.9) and (4.13), Wt and Kt are the right hand side constraints of the
minimization problems defined by (4.15) and (4.16), respectively. In addition, by Theorem 4.3.1, the functions Vt (Wt , yijt ) and Ut (Kt , D, xijt ) are piecewise linear functions for
any t. As a result, by Theorem (2.1.23), we conclude that Vt∗ (Wt ) and Ut∗ (Kt , D) are convex
functions with respect to Wt and Kt . 4
Theorem 4.3.3 will be used in the next section to find the optimal policy of the two
station car sharing problem.

4.4

Verifying The Optimality of Two-Threshold Type Policy
For The Two Station Car Sharing Problem

In this section, we address the problem of finding an optimal policy for performing the
relocations in the two-station version of the day/night one way car sharing problem. We
assume that there is an oracle in the system, who accepts customer requests in order to
get the best expected result until the end of the operating time. So, xijt is not a decision
variable anymore. Having this assumption, it is shown that when there are only two stations
in the system, characterizing the optimal policy for performing relocations is possible using
a threshold type policy. Although having only two stations seems to be unrealistic, it is
going to help propose a heuristic for a general m-station version of the problem.
For the two-station version, the following observations can be made:
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1. Since there are only two stations and a constant number of cars in the system, each
state can be uniquely determined by the number of cars in one of the stations at
period t. Therefore, the state and decision spaces have only one dimension. In our
formulation, the state space for the given number of cars, n, is specified by the number
of cars at station 1 and is denoted by wt , where wt ∈ {0, ..., n}.
2. In the two station case, relocations at period t can be specified by a single decision
variable yt defined as the number of cars that we relocate from station 1 to station 2,
i.e., yt = y12t − y21t . Since at each period t, the number of cars at station 1 is wt and
at station 2 is n − wt , yt can vary between −n + wt and wt .
We begin characterizing the optimal policy by stating the following theorem:
Theorem 4.4.1 In the two staion one way car sharing problem, the functions Vt0∗ (wt ) and
Ut0∗ (wt , D) defined below are convex functions with respect to wt .
Vt0∗ (wt ) = Vt∗ (wt , n − wt )

(4.24)

Ut0∗ (wt , D) = Ut∗ (wt , n − wt , D)

(4.25)

where wt is the number of cars at station 1 , n − wt is the number of cars at station 2, and
V ∗ and U ∗ are defined by (4.15) and (4.16),
Proof By Theorem 4.3.3, Vt∗ (w1t , w2t ) and Ut∗ (w1t , w2t , D) defined by (4.15) and (4.16) are
convex functions with respect to (w1t , w2t ). By Proposition 2.1.10, the functions Vt∗ (w1t −
w2t , −w1t − w2t + n) and Ut∗ (w1t − w2t , −w1t − w2t + n, D) are also convex. If we set w2t = 0,
we get:
Vt∗ (w1t , −w1t + n) = Vt0∗ (w1t )

(4.26)

Ut∗ (w1t , −w1t + n, D) = Ut0∗ (w1t , D)

(4.27)

So, the proof is complete. 4
We can characterize the optimal policy in the two-station case by the following theorem:
Theorem 4.4.2 In the day/night one way car sharing problem where we only have two
stations, the total optimal policy can be characterized in the following two-threshold type
structure:

µ∗t (wt ) =


0
0


 wt − St , if wt < St

if S 0 ≤ w ≤ St

0,

t
t


 w − S , if w > S
t
t
t
t

where µ∗t (wt ) is the optimal policy of the problem.
32

(4.28)

Proof Following the above assumptions, we can rewrite the recursion (4.8) to calculate Vt0∗
defined by (4.24) as in below:

Vt0∗ (wt ) = min c|yt | + E[Ut0∗ (wt − yt , D) ],


yt

(4.29)

where Vt0∗ and Ut0∗ are defined by (4.24) and (4.25) and the values of yt can vary between
(−n + wt , wt ). Note that a zero yt means that we do not relocate any cars, a positive one
means that cars are being moved from the station 1 to 2 and a negative one means that
cars are being moved from station 2 to 1. We assume that the problem is solved once for
yt ∈ (0, wt ) and once for yt ∈ (−n + wt , 0). Clearly, only one these strategies can be optimal
at each time and the optimal strategy would be the one that results in the smaller cost at
each time.
Let zt = wt − yt , when yt is nonnegative, |yt | equals yt . Therefore, we can define the
following optimization problem based on the equation (4.29):

Vt0∗ (wt ) =

min

[G1t (zt ) + cwt ]

0≤zt ≤wt ≤n

(4.30)

where
G1t (zt ) = −czt + E[Ut0∗ (zt , D)]

(4.31)
(4.32)

By Theorem 4.4.1, and Propositions 2.1.9, E[Ut0∗ (zt , D)] is a convex function. This implies
that G1t is also convex. Therefore, St can be defined as below:
St = arg min G1t (zt )
0≤zt ≤n

(4.33)

When we have the constraint zt ≤ wt , based on the convexity of the function G1t (z), the
optimal value of the minimization problem (4.30) can be obtained by one of the following
cases:
1. If wt ≤ St , the feasible region only includes the values equal or smaller than St .
By (4.33), the values of G1t (zt ) for any zt in this feasible region is larger than G1t (St ).
In addition, we can not have any local optimum in this region. Therefore, the more
we decrease zt , the larger G1t (zt ) becomes. Thus, the optimal value for zt equals the
biggest value in the feasible region which is wt .
2. If wt > St , since St is in the feasible region of the minimization problem, based on
(4.33), the optimal answer for zt equals St .
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By substituting the optimal values of zt by wt − yt , we get:
(

yt∗

=

µ∗t (wt )

=

if wt ≤ St

0,

wt − St , if wt > St

(4.34)

When yt is nonpositive, |yt | equals −yt and we can write:

Vt0∗ (wt ) =

[G2t (zt ) − cwt ]

(4.35)

G2t (zt ) = czt + E[Ut0∗ (zt , D)]

(4.36)

min

0≤wt ≤zt ≤n

where

Similar to G1t , G2t (z) is a convex function. So, we can define:
St0 = arg min G2t (zt ).

(4.37)

0≤zt ≤n

Accordingly, the optimal value of the minimization problem defined by (4.35) can be obtained by one of the following two cases:
1. If wt ≥ St0 , the values in the feasible region are equal or greater than St0 . Therefore,
the optimal value for zt is wt .
2. If wt < St0 , then St0 is in the feasible region of the minimization problem, thus, the
optimal zt equals St0 .
By substituting the values of zt by wt − yt , we get:

(

yt∗ = µ∗t (wt ) =

0,

if wt > St0

wt − St0 , if wt ≤ St0

(4.38)

This equation could also be derived by assuming that the problem is being solved when
station 2 indicates the state of the problem and yt0 = −yt is the decision variable. With this
assumption, the optimal policy for this case has the similar structure and we can write:
(

0∗

yt = µ∗t (n − wt ) =

if n − wt < St

0,

(n − wt ) − St , if n − wt ≥ St

(4.39)

If we set S 0 = n − St , we have:
0∗

yt = µ∗t (wt ) =

(

0,

if wt > St0

St0 − wt , if wt ≤ St0
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(4.40)

Therefore:
yt∗

0∗

= −yt =

(

µ∗t (wt )

=

0,

if wt > St0

wt − St0 , if wt ≤ St0

(4.41)

which is the same as (4.38).
In order to derive (4.28), we observe that the value of St0 defined by (4.37) can not be
bigger than the value of St defined by (4.33) for any state, wt , in the system. We prove this
observation by contradiction. If S 0 > S, then by (4.31) and (4.36) we have:
cS 0 + E[Ut0∗ (S 0 , D)] < cS + E[Ut0∗ (S, D)]

(4.42)

−cS + E[Ut0∗ (S, D)] < cS 0 + E[Ut0∗ (S 0 , D)].

(4.43)

and

If we sum them up, we get:
c · (S 0 − S) < c · (S − S 0 ) < 0

(4.44)

which is impossible since c > 0 and S 0 − S > 0.
As a result, according to equations (4.34) and (4.41), the optimal value of the system
can be obtained from one of the following cases:
• wt ≤ St0 : In this case, the policy is zero when yt is nonnegative and is nonzero when
yt is negative. Therefore, by (4.30) and (4.35), we have:
Vt0∗ (wt ) = min{E[Ut0∗ (wt , D)], c|wt − St0 | + E[Ut0∗ (St0 , D)]}

(4.45)

= min{E[Ut0∗ (wt , D)], cSt0 + E[Ut0∗ (St0 , D)] − cwt }

(4.46)

= cSt0 + E[Ut0∗ (St0 , D)] − cwt

(4.47)

Thus, the optimal cost is obtained when yt is negative.
• S 0 t ≤ wt ≤ St : In this case, the policy for both a nonnegative yt and a negative one
is zero. So, the optimal policy equals zero as well.
• St ≤ wt : In this case, the policy obtained by a nonpositive yt is zero, while the policy
obtained by a positive yt is nonzero. By (4.30) and (4.35), we get:
Vt0∗ (wt ) = min{E[Ut0∗ (wt , D)], c|St − wt | + E[Ut0∗ (St , D)]}

(4.48)

= min{E[Ut0∗ (wt , D)], cSt + E[Ut0∗ (St , D)] + cwt }

(4.49)

= cSt + E[Ut0∗ (St , D)] + cwt

(4.50)
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Therefore, the cost resulting from a positive yt is the optimal cost.
Consequently, if we combine (4.34) and (4.41), we get (4.28). 4

4.5

The Heuristic Algorithm For The m-Station Case

In the previous sections, we came up with a convex dynamic program for the day/night
car sharing problem. Also, it was mentioned that the additional convexity property makes
finding the optimal solution of our formulation more efficient. However, due to the big size
of input data in the real world problems, running our dynamic program still takes a very
long time. In order to handle this difficulty, a heuristic algorithm can be used to find a way
of performing the relocations much faster and yet obtains a solution close enough to the
optimal resulting cost.
In this section, we propose a heuristic algorithm to find a way for performing the relocations for each state and time period. This heuristic algorithm is designed based on the
previous section in which it was shown that when there were only two stations in the system, a threshold type policy was the optimal policy for moving the cars among the stations.
For a general m-station case, since our objective functions are convex and piecewise linear,
similar to the two station case, we expect to have a piecewise linear optimal policy. For this
case, the exact policy will be too complicated to characterize because we have more dimentions. However, we claim that a simple two-threshold type policy can be proposed for every
individual station in the m-station case such that relocating cars among the stations based
on these thresholds will make the total resulting cost of the system very close to optimal.
We anticipate that because the two-threshold type policy is optimal for the 2-station case,
our heuristic algorithm gives a reasonable output for the general case. The accuracy of this
heuristic algorithm will be tested in Chapter 5.

The Algorithm
Our heuristic algorithm consists of two stages: stage (i) in which a lower and an upper
bound is calculated for each station using dynamic programming, and stage (ii) in which the
relocations are decided based on the calculated thresholds. Remember that the thresholds
obtained by stage (i) are assumed to be time independent. Therefore, they can be used for
any arbitrary length of operating time in stage (ii). In the heuristic algorithm, we assume:
• As before, Wt = {w1t , w2t , w3t , ..., wmt } and Kt = {k1t , k2t , k3t , ..., kmt } are the states
of the system before and after the relocation stage of the period t.
• The initial distribution function for the states of the system in the first period is given.
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Stage (i): Finding The Sets of Thresholds
The heuristic algorithm is designed to decide about relocations much faster than when
solving the problem optimally. However, it is important to have reasonable sets of thresholds
in the this algorithm. Let l and u be the sets of lower and upper bounds, in order to calculate
the optimal values for li s and ui s, the dynamic programming method can be used by defining
the following functions:
00

• Vt (Wt , l, u) : The resulting cost of the system from period t on, after the decisions
about relocations are made for station i based on li ∈ l and ui ∈ u. The initial value
of VT00+1 is zero.
• P (l, u): The cost at period t resulting from the defined minimum cost network flow
problem where li ∈ l and ui ∈ u are the thresholds for station i.
00

• Ut ∗ (Kt , D) : The resulting cost of the system from period t on, after the decisions
about renting cars, xijt s, are made optimally when the relocations are performed
based on the threshold type policy. The variable Kt is the current distribution of the
cars among the stations and D is a realization of the customer request.
Consequently, we rewrite (4.8) and (4.11) as in below:
00

00

P (D = D)Ut ∗ (Kt , D),

X

Vt (Wt , l, u) = P (l, u) +

(4.51)

all possible D

and



00

Ut ∗ (Kt , D) = min (−
xijt

X

00

xijt rijt ) + Vt+1 (Wt+1 , l, u)

(4.52)

i,j

Assuming that the initial distribution function of the states in the system is given, we
can evaluate each l and u as in below:
(l∗ , u∗ ) = arg

min

00

0≤li ≤ui ≤n

E[V1 (Winitial , l, u)]

(4.53)

where the expectation is taken over the initial distribution of the states denoted by Winitial .
In Algorithm 1, the pseudocode for stage (i) is presented for more clarification.

Stage (ii): Deciding About Relocations
After the sets of thresholds are found, to decide about relocations at the time period t, the
algorithm calculates pit for the station i based on li and ui as follows:

37

pit =




 li − wit ,

if wit < li

0,
if li ≤ wit ≤ ui


 w − u , if w > u
it
i
it
i

(4.54)

Then, it neglects those stations with pit = 0 and forms a minimum cost network flow
problem for the remaining nodes as below:
• The nodes with pit > 0 are source nodes.
• The nodes with pit < 0 are sink nodes.
• Every source node is connected to every sink node with an arc.
• The cost per flow for arc (i, j) is the cost of relocating a car from the station i to
station j.
• The lower and upper bounds for the flow of each arc are 0 and pit of the arc’s source
node, respectively.
• When

P

i pit

does not equal to zero, a phantom source for a negative sum or a phantom

sink for a positive sum is added and connected by zero-cost arcs to every node in the
network. This is because the conservation flow constraints must always hold in the
minimum cost network flow problem.
After solving the minimum cost network flow problem, the cars are relocated based on
the calculated flow of each arc. In reality, when we want to relocate the cars, the flow
of the phantom source and sink including their arcs are neglected. Thus, the relocations
corresponding to the neglected flow are not performed.
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Algorithm 1 The dynamic programming algorithm to find l∗ and u∗ .
1:

2:
3:
4:
5:
6:
7:
8:
9:

Input: number of cars(n), number of periods(T ), number of stations(m), cost matrix(C),
revenue matrix(R), distribution of customer demand(P (D = D)), initial distribution of
the states(P (Winitial = W )).
Output: the sets of best possible thresholds. (l∗ ,u∗ )
00
VT +1 (WT +1 , l, u) ← 0
for 0 ≤ li ≤ ui ≤ n do
for t = T : −1 : 1 do
for all Wt do
for all D do
 P

00
00
Ut ∗ (Kt , D) ← minxijt (− i,j xijt rijt ) + Vt+1 (Wt+1 , l, u)
for all Wt do

10:

pit ←

11:
12:
13:



 li − wit ,

if wit < li
0,
if li ≤ wit ≤ ui

 w − u , if w > u
it
i
it
i

Calculate P (l, u) by the minimum cost network flow problem using pit and C.
P
00
00
Vt (Wt , li , ui ) ← P (l, u) + all possible D P (D = D)Ut ∗ (Kt , D)
(l∗ , u∗ ) ← arg min0≤li ≤ui ≤n

P

W

P (Winitial = W )V100 (W, l, u)]
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Chapter 5

Numerical Results
In this chapter, we present the results of our numerical experiments. In Section 5.1, the
running time of the deterministic model is analyzed. The stochastic model is studied in
Section 5.2 in which we first evaluate the dynamic programming defined by (4.7)- (4.16) for
a three-station case and then analyze the two-station case defined in Section 4.3. In conclusion, the proposed heuristic algorithm for a three-station case is evaluated in Section 5.2.3.

5.1

Deterministic Model

In this section, we measure the running time of finding the optimal values in the deterministic model proposed in Chapter 3 for different number of cars, stations, and operating
periods. The model is implemented in MATLAB R2014b and tested on a laptop with an
Intel Pentium(R) N3530 @ 2.16GHz × 4 Quadcore CPU and 3.7 GiB of RAM. In order to
solve the optimization problem, the IBM ILOG CPLEX tool is utilized. The input revenue
and cost values are chosen uniformly at random, which are assumed to be in the interval
of [1, 10]. In addition, the customer demand is generated by taking samples from discrete
uniform distribution on the interval of [1, n]. Each experiment is done 20 times and the
reported time is the average over all running times obtained from the system.
In Table 5.1, the number of cars and stations is fixed, while the number of periods
changes. Remember that by increasing the number of periods, we are actually increasing the
number of decision variables in the linear programming formulation defined by the relations
(3.7)–(3.13). The resulting average values show that (i) it takes only a few milliseconds for
the computer to solve the deterministic model and (ii) the average running times slightly
change with respect to the number of periods. These observations confirm that the running
time of the model is polynomial in the number of stations. However, when the number
of periods exceeds 80, our computer runs out of memory because it cannot initialize the
network flow formulation vectors in the Cplex solver anymore. Consequently, the solving
process fails to start.
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Number of cars=100, Number of stations=10
Number of periods
Running time(s)
40
0.4852856
50
0.72859075
60
1.04222235
70
1.38080965
80
2.00929005
90
Out of Memory
Table 5.1: The average running time for different number of periods.
In Table 5.2, we fix the number of cars and periods, and test the effect of increasing
the number of stations on the running time of the system. Similar to the previous case,
it takes only a few milliseconds to solve the model and the running time of the system is
also polynomial in the number of stations. This is because when the number of stations
increases in the system, the number of constraints and decision variables increases in the
network flow formulation. Again, due to the memory limitation of our computer, we could
not continue increasing the number of stations, arbitrarily.
Number of cars=100, Number of periods=30
Number of stations
Running time(s)
1
0.03850645
5
0.08710755
10
0.2998784
15
0.8052173
20
1.7709849
25
Out of Memory
Table 5.2: The average running time for different number of stations.
In Table 5.3, it is shown that the running time of the system is almost independent of the
number of cars. This is because the computational complexity of the linear programming
formulation is not a function of the values of each parameter, but only depends on the
number of variables and constraints in the problem.

5.2

Stochastic Model

The dynamic programming proposed in Section 4.2 is first evaluated in Section 5.2.1. Moreover, the two station case is tested and Theorems 4.3.2, 4.4.1, and 4.4.2 are verified through
some numerical examples in Section 5.2.2. Finally, the heuristic algorithm is analyzed in
Section 5.2.3.
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Number of stations=20, Number of periods=30
Number of cars
Running time(s)
10
1.7754501
50
1.7910669
100
1.7709849
500
1.78206435
1000
1.82224765
10000
1.8017887
Table 5.3: The average running time for different number of cars.

5.2.1

Evaluating the Dynamic Programming Formulation

In order to evaluate our dynamic programming formulation and the sampling method, we
use an example of the system with 6 cars, 3 stations and 4 periods where the distribution
for customer demand is the following:
• The realization of demand at each station and period can be {0, 1, 2}.
• The realizations of demand are uniformly distributed.
Furthermore, we assume that the cost and revenue matrices are:


0 2 4







[cij ] = 
 2 0 3 .

4 3 0



10 30 40







[rij ] = 
 20 50 40  .
10 20 50

For this example, we first calculate the exact value of the optimal expected cost resulting
from the system. Remember that based on the defined distribution, we can have 39 = 19683
different realizations of customer demand. Next, we try to use a number of samples from
the defined distribution to estimate the value of the expected cost.
Figure 5.1 is the plot of the resulting cost of the system for different number of samples
taken uniformly at random from the distribution of the customer demand. In this figure,
when we have small numbers of samples (500-5000), the optimal cost of the system changes
with high variance and does not necessarily give a good approximation of the exact expected
cost. However, as the number of samples is increased (5000-15000), the estimation becomes
closer to the exact cost of the system. Note that in general, the samples are important
to guarantee an accurate estimation of the expected values in the sampling methods. We
leave the study of proper sampling from different distributions in the one way car sharing
problem as a future work.
42

-710
Exact cost
Estimated cost

-711
-712

Optimal cost

-713
-714
-715
-716
-717
-718
-719
0

5

10

15

20

25

30

*500=# samples

Figure 5.1: Plot of the optimal cost resulting from the system versus the number of samples.

5.2.2

Two-Station Case

We first check the properties of the dynamic programming model proposed in Chapter 4
for the two-station case of the car sharing problem. Then, we also study the effect of
changing the relocation cost on the structure of the optimal policy. We show that although
for deriving our theoretical results, we assume that the decision variables are continuous in
the models, our results still hold when the variables are discrete.
-Convexity of Objective Functions and the Structure of the Optimal Policy
The convexity of function Vt in Theorem 4.3.2 and functions Ut∗ and Vt∗ in Theorem 4.4.1
is tested when the variables are discrete. Unfortunately, the function Ut in Theorem 4.3.2
cannot be visualized due to the large number of its input variables. So, plotting its structure
is skipped. We also analyze the threshold type structure of the optimal policy (derived in
Theorem 4.4.2) for performing the relocations in the two-station case. In Section 4.4, in
order to derive the theoretical results, it was assumed that there was an oracle performing
the rentals. However, here, this oracle is simulated by manually solving the problem of
finding the optimal way of renting the cars at each stage defined by (4.11) and (4.16).
In order to run the experiments, it is assumed that there are 11 cars and 4 periods in
the system. Furthermore, with respect to the customer demand distribution, the cost, and
revenues, we design the following three test cases. Then, we plot the functions Vt , Ut∗ , Vt∗ ,
and the optimal policy in each these test cases.
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• Test case 1: The customer demand has a Poisson distribution function and the cost
and revenues are assumed to be as given below:
c = [10]
and
"

[rij ] =

10 30
20 35

#

.

• Test case 2: The customer demand has a uniform distribution function and the cost
and revenues are similar to the first test case.
• Test case 3: In this test case, the distribution function for the customer demand is
either Poisson or uniform at each period and the cost and revenues in the system are
generated uniformly at random at each period.
Moreover, similar to the previous section, we use 1000 two by two matrices as samples, generated randomly from each of the above-mentioned distribution functions for the
realizations of the demand.
Test case 1
The data used in this test case as the customer demand matrices is generated by independently sampling from a Poisson distribution function with λ = 5 at each period of time. In
Figure 5.2, the function V1 (y1 ) is plotted for every state as an example of Vt (yt ). In this
figure, the state number is denoted by i. Therefore, i = i0 means that there are i0 cars at
station 1 and n − i0 cars at station 2. As it can be seen from this figure, even though V1 (y1 )
is a discrete function, it has a convex behaviour at all of states and Theorem 4.3.2 holds.

44

-1000

-1000

-1100

-1200
-1300
-10

0

yt

-1200
0

yt

i=4

-1000

i=5

-1000

-1200
0

-1300
-10

10

yt
-1050

i=9

-1050

-1150
0

yt

10

-1100
-1200
0

-1200
-10

-1300
-10

10

i=10

10

yt

10

i=11

-1050
-1100

-1150
0

0

yt

-1100

Vt
-1150

10

i=7

-1000

yt

-1100

Vt

-1100

-1200
-10

-1300
-10

10

yt

i=8

i=6

-1200
0

0

yt

Vt

-1050

-1300
-10

10

-1100

Vt
-1200

0

yt

-1100

Vt

-1100

-1300
-10

-1300
-10

10

-1200

Vt

-1000

-1100

Vt

-10

i=3

-1000

Vt

-1200
-20

i=2

-1100

Vt

-1100

Vt

-1000

i=1

Vt

i=0

Vt

-900

-1200
-10

-1150
-1200
0

yt

10

0

10

20

yt

Figure 5.2: Plot of the function Vt (yt ) at the first period, when the customer demand has
a Poisson distribution with λ = 5.
Figure 5.3 and 5.4 are the plots of Vt∗ (wt ) and Ut∗ (wt ) for every period of time. In these
figures, as wt changes, Vt∗ and Ut∗ form convex functions, which verifies Theorem 4.4.1.
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Figure 5.3: Plot of the function Vt∗ (wt ) when there are four periods in the system and the
customer demand has a Poisson distribution with λ = 5.
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Figure 5.4: Plot of the functions Ut∗ (wt ) when there are four periods in the system and the
customer demand has a Poisson distribution with λ = 5.
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Finally, Figure 5.5 shows the optimal policy at each period. The threshold type structure
that the optimal policy has in this figures at every period verifies Theorem 4.4.2. We can
also observe since the size of problem is small, the structure of the optimal policy at every
period happened to be the same in Figure 5.5 which does not need to be true for a general
case.
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Figure 5.5: Plot of the optimal policy when there are four periods in the system and the
customer demand has a Poisson distribution with λ = 5.
Test case 2
We repeat the above experiment with the assumption that the customer demand has a
uniform distribution on the interval of [1, n]. Similarly, the samples for the customer demand
have been taken independently at each period. In Figure 5.6, it is observed that although
comparing to the previous test case, the values of V1 (y1 ) slightly change, the structure of
this function still verifies Theorem 4.3.2.
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Figure 5.6: Plot of the function Vt (yt ) at the first period, when the customer demand has
a Uniform distribution.
In Figures 5.7 and 5.8, we plot the functions Vt∗ (wt ) and Ut∗ (wt ) for test case 2. Here
again, the convex structure of these functions verifies Theorem 4.4.1.
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Figure 5.7: Plot of the function Vt∗ (wt ) when there are four periods in the system and the
customer demand has a Uniform distribution.
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Figure 5.8: Plot of the function Ut∗ (wt ) when there are four periods in the system and the
customer demand has a Uniform distribution.
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Figure 5.9 shows the optimal policy for doing the relocations in test case 2. Similar to
Figure 5.5, this figure also confirms Theorem 4.4.2. Similar to the test case 1, due to the
small size of the problem, the optimal policy happens to be the same at every period.
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Figure 5.9: Plot of optimal policy when there are four periods in the system and the
customer demand has a Uniform distribution.
Test case 3
The third experiment is done assuming that the demand distribution function is Poisson
with λ = 5 at period 1, uniform on the interval of [1, n] at period 2, Poisson with λ = 2
at period 3 and again uniform on the interval of [1, n] at the last period. Furthermore, the
cost and revenues in the system are also generated uniformly at random. Figures 5.10, 5.11,
and 5.12 show that the changes in the distribution functions, the cost, and the revenue of
the system do not influence the structure of the functions Vt , Ut∗ , and Vt∗ . Therefore, these
figures verify Theorems 4.3.2, 4.4.1 as well.
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Figure 5.10: Plot of the function Vt (yt ) at the first period, when the customer demand has
a different distribution at each period.
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Figure 5.11: Plot of the function V ∗ (wt ) when there are four periods in the system and the
customer demand has a different distribution at each period.
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Figure 5.12: Plot of the function U ∗ (wt ) when there are four periods in the system and the
customer demand has a different distribution at each period.
Figure 5.13 indicates the optimal policy at each period in the test case 3. Unlike the
previous cases, in this figure, even though the size of problem is still small, since we also
change the cost and revenues of the system at each period, the optimal policy slightly
changes at each period. Note that the threshold type structure of the optimal policy can
still be observed at every period.
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Figure 5.13: Plot of optimal policy when there are four periods in the system and the
customer demand has a different distribution at each period.
-Effect of the Relocation Cost
In this section, we monitor the effect of changing relocation cost on the structure of the
optimal policy in two-station car sharing problem when the are 10 cars in the system and
the optimal cost is calculated by the dynamic programming defined in Section 4.2. The cost
and revenues are the same as in test case 1, and the data for customer demand is generated
by sampling the Poisson distribution with λ = 5 in this experiment.
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Figure 5.14: Plot of different optimal policies at the first period when the relocation cost
changes in the system.
In Figure 5.14, the optimal policy at the first period is plotted for 4 different relocation
costs. In this figure, when the relocation cost is zero, the system naturally tends to move
some of the cars at every state to a more profitable state. However, as the cost of relocations
increases (e.g., the top right plot), the system still tends to relocate cars. However, it also
prefers to keep cars at some specific states. When the cost of relocations equals to 20, it
can be seen that it is only optimal if we move the cars from the station 1 to 2 because the
station 2 is more profitable. Finally, when the cost of relocation becomes larger, the model
does not perform any relocation at any state because it does not improve the resulting
cost(e.g., the bottom right plot).

5.2.3

Evaluating the Heuristic Algorithm

In this section, we examine the accuracy of the resulting cost of our heuristic algorithm
compared to the optimal cost obtained by the dynamic programming given in Section 4.2.
In addition, we study the improvements that performing relocations cause in the system
by comparing the resulting cost of the heuristic algorithm and the optimal cost with the
resulting cost of the system when no relocations happen.
The heuristic algorithm was implemented in MATLAB R2014a and tested on a computer with an Intel(R) Core(TM) i7-3770 CPU @ 3.40GHz CPU and 15.46 GiB of RAM.
The optimal sets of lower and upper bounds for the heuristic algorithm are calculated from
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a system with 6 cars, 3 stations, and 4 periods as examples. These bounds can be later
used for other problems with different inputs. Also, the initial distribution of the states is
assumed to be uniform and the number of samples used to estimate the expected values
in (4.51) is only 100. In order to calculate the best set of thresholds for our heuristic algorithm, every possible set of thresholds should be individually evaluated using the dynamic
programming formulation defined in Section 4.5. In order to do that, we need to run the
dynamic programming for each fixed set of thresholds and take the average of the resulting
values for the first period, V1∗ , over the initial distribution of the states. Therefore, we need
to run the dynamic program as many times as the number of possible sets of the thresholds
to find the optimal one. In Section 4.4, we assumed that there was an oracle who wisely
rented the cars. Since this process is done manually in this evaluation, we choose a small
number of cars and samples to reduce the computational complexity of the algorithm.
Regarding to the distribution of the customer demand, we define 6 test cases in which
the corresponding realizations at each period are sampled from:
• Test case 1: a Poisson distribution function with λ = 2,
• Test case 2: a Poisson distribution function with λ = 3,
• Test case 3: a Poisson distribution function with λ = 4,
• Test case 4: a uniform distribution function,
• Test case 5: a Poisson distribution function with a random λ at odd periods and a
uniform distribution function on interval of [1, 6] at even periods.
• Test case 6: a Poisson distribution function at every period, where λ is chosen
uniformly at random from the interval of [1, 4] at each period.
For each of these cases, the corresponding cost and revenue matrices are the following. Since
we have a small size problem, to make sure that the relocations happen for several times
during the process, the relocation costs are chosen to be small in comparison to the revenues
of renting the cars.
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Table 5.4 illustrates the result of comparing the expected costs of the optimal dynamic
programming to the dynamic programming designed in Section 4.5 for calculating the
55

thresholds in the heuristic algorithm. The costs reported in this table are calculated by
taking the average over the resulting cost for every state at period 1, assuming that the
initial distribution of the states is uniform. This table shows that when there is only 6 cars
and 4 periods in the system, our heuristic algorithm almost results in the optimal expected
cost for each state. However, when we use different distribution functions for customer
demand at each period, the difference between the accuracy of our heuristic algorithms
becomes worse.
Number of stations=3, Number of cars=6, Number of periods=4
Optimal
Heuristic
Distribution λ
Difference
cost
cost
Poisson
2
-897.8
-897.6
0.2
Poisson
3
-1002.3
-1002.1
0.2
Poisson
4
-1057.0
-1056.4
0.6
Uniform
-1036.2
-1036.1
0.1
Different1
-1026.4
-1025.3
1.1
Different2
-1019.1
-1007.9
11.2
Average
-1006.5
-1004.2
2.3
Table 5.4: Comparison between the resulting cost of the heuristic dynamic programming
and the optimal cost.
Table 5.5 shows the optimal thresholds for each of the stations for all 6 test cases. In
this table, it can be observed that the lower and upper bounds for each state are usually the
same, which means the system rarely decides to neglect a station in the relocation stages.
This is because the costs in the system are smaller than the revenues. So, the systems tend
to do more relocations. Also, the number of cars in the system is only 6 such that the range
in which the thresholds can change is small.
Number of stations=3, Number
Test case
l1
u1
1
2
2
2
2
2
3
0
1
4
1
1
5
1
2
6
1
2

of cars=6, Number of periods=4
l2
u2
l3
u3
3
3
0
1
4
5
0
0
6
6
0
0
5
5
0
0
5
5
0
0
5
5
0
0

Table 5.5: The optimal thresholds for the heuristic algorithm.
After finding the optimal lower and upper bounds for the stations, we run the heuristic
algorithms with the calculated thresholds for the 6 test cases assuming that there are 30
periods in system. In Table 5.6, we compare the expected cost of each state for the optimal
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dynamic programming, the heuristic algorithm with the calculated thresholds, and the
system with no relocations. Our numerical experiments show that:
• Regardless of performing the relocations optimally or based on the heuristic algorithm,
they strongly help the system reduce the resulting expected cost.
• Although the thresholds are calculated using a system with only 4 periods, the resulting cost of the heuristic algorithm is still reasonable.
• When the changes in customers demand increases, the performance of the heuristic
algorithm decreases(Test case 6).
Number of stations=3, Number of cars=6, Number of periods=30
Test case

Initial cost

Optimal cost

Improvement

Heuristic cost

Improvement

1

-6390.3

-6732.5

-342.2

-6732.5

-342.2

2

-7084.3

-7451.8

-367.5

-7451.4

-367.1

3

-7482.5

-7941.1

-458.6

-7939.6

-457.1

4

-7338.2

-7777.1

-438.9

-7777.1

-438.9

5

-7003.2

-7415.0

-411.8

-7308.2

-305.0

6

-6495.7

-6903.6

-407.9

-6641.4

-145.7

Average

-6965.7

-7370.2

-404.5

-7308.4

-342.7

Table 5.6: Comparison between the initial, the optimal, and the heuristic cost when there
are 30 periods in the system
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Chapter 6

Conclusions and Future Work
In this thesis, we modeled the day/night one way car sharing system in both deterministic
and stochastic frameworks. In the deterministic framework, we studied the optimal way of
renting the cars during the day, and relocating them during the nights to minimize the total
cost resulting from the system during the operating time. This problem was modeled using
integer linear programming. We showed that this problem can be solved in polynomial time
because it matched a minimum cost network flow problem.
In the stochastic framework, the problem was modeled by the stochastic dynamic programming method. It was proved that when our decision variables were continuous, the
objective functions defined for finding the optimal way of renting and relocating the cars
were convex. Next, we proved that in a simple two-station case of the problem, if an oracle
wisely rented the cars during the days, a threshold type policy could be used to find the
optimal way of relocating the cars during the nights. Based on this result, we proposed
a heuristic algorithm to find a way for relocating the cars during the nights for a general
m-station case. Our numerical experiments showed that the heuristic algorithm resulted in
a good approximation of the optimal cost in the system.
The followings are some potential directions that can be used to extend this work:
• One can relax the assumption that each travel takes exactly one day in the system
and reformulate the system in order to handle multiple rentals in one day. As a result,
the cars returned in the middle of the day can be rented to another customer for the
rest of the day, which results in more profit for the system.
• The capacity of each station was not considered as a parameter in our model. In the
real world situations, the capacity of stations is limited. Therefore, there might be
a case in which the number of customers intending to return the cars to a specific
station is more than its capacity. A future direction is to revise the model such that
each station has limited capacity.

58

• In order to make the model closer to real world scenarios, the problem needs to
be analyzed and modeled assuming that the operator does not have any control on
accepting or rejecting the customer requests during the rental periods and customers
are served on a first-come, first-serve basis.
• Our model was based on assuming that the number of periods in the system is finite.
One future direction is to analyze the system in the case where the number of periods
is infinite.
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