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Abstract

In this thesis, the development of a novel regenerative shock absorber sized for a passenger

car suspension system is studied. In the first phase, DC and AC rotary machines along with

charging circuits, to be used in the energy conversion stage of the proposed shock absorber

are analyzed. In this analysis, the rotary damping coefficients provided by these systems are

obtained following by experimental results.

In the second phase, the development of a novel regenerative shock absorber in a proof of

concept setting is presented. This system consists of a new linear-to-rotary conversion mech-

anism called algebraic screw, a gearhead, and a rotary machine. The design and analysis of

this system is presented. The linear damping coefficient provided by this shock absorber is ob-

tained. Experimental results are presented that evaluate performance of the proposed system

on a small-scale suspension system.

In the third phase, the development of a novel regenerative shock absorber sized for a

passenger car is presented. The shock absorber includes a simple and highly efficient motion

converter stage called ”two-leg mechanism”, a planetary gearhead, and a brushless three-phase

rotary machine. The design and analysis of the regenerative shock absorber is presented by

considering the linear damping coefficient and efficiency of the electromechanical device. The

performance of the regenerative shock absorber is evaluated under sinusoidal excitation inputs

for typical amplitudes and frequencies in a vehicular suspension system.

In the fourth phase, the effect of nonlinear terms of the shock absorber on linear damping

coefficient provided by this system is studied. Next, the idea of using a variable external

resistance, provided by the charging circuit, to compensate the nonlinear terms is presented.

Keywords : Regenerative shock absorber; motion converter; linear damping; efficiency
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Chapter 1

Introduction

1.1 Motivation for the Research

Transportation accounts for 25% and 28% of the total energy consumption in Canada and the

United States, respectively [1]-[3]. Considering that passenger travel accounts for 54% and

freight for 42% of transportation demand [2], it can be concluded that any improvement in

fuel efficiency of the vehicles, has a significant effect on decreasing the energy consumption and

emission.

In a combined city/highway driving, only about 14%-30% of the energy from the fuel is

used to overcome resistance from road friction and air drag, depending on the drive cycle. The

rest of the energy is lost to engine and inefficiencies, or used to power accessories, as depicted

in Figure 1.1. Therefore, the potential to improve fuel efficiency with advanced technologies is

enormous [4].

One of the advanced technologies to improve vehicle fuel efficiency is regenerative systems.

Among the two popular regenerative systems, i.e., regenerative braking and regenerative sus-

pension, regenerative braking has been studied in the literature [5]-[15], and has achieved great

commercialization success. Regenerative braking is currently utilized in different brands of cars

[16]-[18]. However, regenerative suspension, which is the subject of this thesis, has not put into

practice.

The main functionality of a vehicle suspension is to reduce the vibration disturbance from

road roughness, acceleration, deceleration, and cornering to the chassis for better ride comfort

and to maintain good tireground contact force for better vehicle handling and mobility. To

this end, traditional suspension systems consist of springs and viscous shock absorbers. Viscous

1



Figure 1.1: Energy requirements for combined city/highway driving [4].

shock absorbers dissipate the vibration energy into waste heat to achieve ride comfort and road

handling.

While a conventional shock absorber dissipates mechanical energy into heat with a fixed

damping coefficient, a regenerative shock absorber converts the mechanical vibration energy

into battery charge via an appropriate charging circuit. In addition, this type of shock absorber

can provide a variable damping coefficient through proper control.

In the process of studying regenerative shock absorbers, a fundamental question must be

answered: How much is the fuel efficiency improved by utilizing a regenerative shock absorber?

To answer this question, first we should study the potential for harvesting power from a shock

absorber of a typical vehicle.

Energy dissipated by conventional shock absorbers has been presented in different works

[19]-[27]. Segel and Pei analyzed the influence of highway pavement roughness on the vehicular

2



resistance to motion due to tire and suspension damping. They indicated that approximately

200W of power is dissipated by dampers of a passenger car at 30 mph [19]. Hsu looked into

the electrical active suspension and estimated that up to 400W of energy is recoverable at a

highway driving speed of 100km/hr [21]. Abouelnour and Hammad looked into the concept of

energy and electro-mechanic suspension. Their simulation studies based on a quarter car model

predicts that 150W of energy dissipated by shock absorbers can be converted into electrical

power at 100km/hr [22]. Kawamoto et al. modeled a ball-screw type electromagnetic damper.

Their experiments show that a 15.3W energy recovery from one shock absorber of a vehicle on

Class C road traveling at 80km/hr can be achieved, mainly from vibration above 2 Hz [24].

Zhang et al. tested a regenerative suspension with a ball screw and a three-phase motor on a

vibration test rig and obtained 11.7W for each shock absorber [25]. A main work in this area

was presented by Zuo and Zhang [27]. They performed a comprehensive assessment about the

available power in a vehicle suspension system, including analysis, simulation, and experiment.

They concluded that 100 – 400W of power is available from the shock absorbers of a typical

middle-sized passenger car traveling at 100km/hr on the good and average roads.

By considering the car engine efficiency of about 30% [28], [29], an alternator efficiency

of about 50% [28], and fuel energy density about 30 Mj/L [30], the fuel consumption saving

due to regenerative shock absorbers is obtained about 2%-6% [31]. Comparing the amount of

fuel saved by regenerative shock absorbers, with the amount of fuel saving due to regenerative

braking (4%-8%), we can conclude that, there is a potential for regenerative shock absorbers

commercialization [4], [12].

1.2 Background and Overview of the Present State of Technol-

ogy

Regenerative shock absorbers have been studied for about two decades to recover the vibra-

tion energy dissipated by traditional shock absorbers in suspension systems. Many researchers

explored different principles and designs of regenerative shock absorbers. Based on the energy

conversion stage mechanism, above systems can be classified into two main categories as follows.
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1.2.1 Regenerative shock absorber using a linear generator

The simplest design presented in the literature for regenerative shock absorbers is the linear one.

This type of regenerative shock absorber consists of a magnet assembly and a coil assembly,

mounted to two sides of the shock absorber. Any shock applied to the vehicle is directly

transmitted to the regenerative shock absorber; and causes a relative displacement between the

magnets and the coils. This relative displacement cuts the magnetic lines and generates electric

energy. The resulting counter electromotive force generated by the linear generator provides

the damping force [32]-[43].

Figure 1.2: Linear regenerative shock absorber.

Linear regenerative shock absorbers can be easily and reliably integrated into car suspension

systems. However, all of them presented in the literature are either too large for retrofit or

unable to provide enough damping force. For instance, the shock absorber presented in [32] has

reasonable dimensions to be retrofit in the suspension system of a passenger car but it can only

provide a damping coefficient of 940 N.s/m in short circuit condition. Another example is the

shock absorber presented in [33]. This system provides a damping coefficient of 1350 N.s/m,

but its dimensions are almost twice as big as a conventional shock absorber.

Use of magnet arrays were studied for the applications involving eddy current shock ab-

sorbers. Although this type of shock absorber can provide passive damping, the energy har-

vesting capability is not possible using such approach [44]-[47].

Application of linear machines in active and semi–active shock absorbers has been presented

in the literature [48]-[54]. However the objective of these systems is improving the ride comfort.

Furthermore, they not only cannot regenerate energy but also consume more energy to provide

better ride comfort.
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1.2.2 Regenerative shock absorber using a rotary generator

Compared to a linear machine, a brushless rotary machine is more cost-effective and is smaller

in size. For instance, the 1 kW cylindrical linear machine for a marine wave energy converter

presented in [55] has a mass of about 1800 kg with dimensions 3.3m × 1.3m, whereas a 1 kW

rotary machine equipped with a high-ratio gearing (see e.g., [56]) is in the order of 1%, in

volume and mass, when compared to the linear machine reported in [55]. Therefore utilizing

a rotary machine as the energy conversion device in regenerative shock absorbers could help

us to design a regenerative shock absorber that can meet the damping force and size criteria,

simultaneously. As the motion profile due to road roughness is a linear reciprocating signal, any

rotary regenerative shock absorber would need a mechanism to convert the linear motion into

a rotary one. Based on the utilized linear-to-rotary converter, the rotary regenerative shock

absorbers presented in the literature are categorized into three groups as follows:

1- Rotary regenerative shock absorber using hydraulic system

In this type of regenerative shock absorber, the vehicle shock causes the hydraulic piston of

the shock absorber to move up and down, making a hydraulic flux. After passing through

some hydraulic equipment, the hydraulic flux rotates hydraulic motor, which drives the rotary

generator. The counter electromotive force produced by the generator provides the system with

the required damping force. This type of regenerative shock absorber has drawbacks such as

low efficiency, large response time, and high cost due to the need for precision sealing, oil tank,

and pipelines. [57]-[62].

Figure 1.3: Regenerative shock absorber using hydraulic system.
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2- Rotary regenerative shock absorber using a ball screw-nut

In this type of regenerative shock absorber, a nut is connected to the casting of the shock ab-

sorber and has translational motion due to the shocks applied to the vehicle. This translational

motion is converted into a rotary motion via a ball screw system which rotates the screw. Since

the screw is connected to the shaft of a rotary generator, the generator rotates simultaneously.

In this system, the damping force is produced by the generator connected to an external load.

This type of shock absorber does not perform well at high frequencies and has considerable

friction in low frequencies [63]-[70].

Figure 1.4: Regenerative shock absorber using ball screw-nut.

Since a roller screw mechanism is similar but more precise compared to a ball screw mecha-

nism, use of this system as a motion converter was studied. The problem with this mechanism

is poor performance at high frequencies. In addition due to complexity, this system is not cost

effective [71],[72].

Figure 1.5: Roller screw.
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3- Rotary regenerative shock absorber using a rack-pinion

The principle of this type of regenerative shock absorber is shown in Figure 1.6. This system

is composed of a rackpinion, bevel gears, gearhead, and a generator. The generator is mounted

on the inner casting, and the outer casting is used to enclose the system. The rack is connected

to the end of the outer casting and drives the pinion when there is a relative motion between

two ends of the shock absorbers. Through bevel gears, the rotational motion of the pinion is

transferred by 90◦ to the rotational motion of the generator. The gearhead is used to magnify

the motion, and the generator connected to an external load provides damping for the system.

Figure 1.6: Regenerative shock absorber using rack-pinion.

Figure 1.7 shows a motion conversion mechanism of this type of shock absorber providing

unidirectional rotary motion. The key components of this system are two roller clutches which

transmit rotation only in one direction. As a result, the shaft of the rotary machine always

rotates in one direction. Backlash between gears, high friction, and use of several parts for

motion conversion are disadvantages of this type of regenerative shock absorber. [73]-[77].

Figure 1.7: Unidirectional motion conversion mechanism.
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Figure 1.8: Presented regenerative shock absorber.

1.3 Summary of Contributions and Outline of Dissertation

To alleviate the aforementioned problems, this thesis presents a novel regenerative shock ab-

sorber which meets three main criteria needed for a practical regenerative shock absorber i.e.,

linear damping coefficient, appropriate size, and mechanical efficiency, simultaneously. As shown

in Figure 1.8, this system consists of a simple and highly efficient motion converter called two-leg

mechanism, a gearhead, and a brushless permanent magnet rotary machine. From the energy

regeneration perspective, the motion converter converts translational motion due to road rough-

ness into rotary motion. Then, the planetary gearhead increases the rotary motion amplitude,

resulting in a higher voltage at the output of the generator. Finally, the generator and charging

circuit perform energy conversion. From the damping perspective, the rotary machine con-

nected to a charging circuit provides rotary damping which is amplified through the gearhead.

The motion converter then converts the rotary damping into a linear one.

The contributions of this thesis are summarized as follows:
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1.3.1 Chapter 2

This chapter presents an analysis about DC and AC rotary machines to be used as the energy

conversion stage of the regenerative shock absorber. First, a DC rotary machine connected to

an external resistor (to simulate a single phase charging circuit) is studied in electrical and me-

chanical domains and the rotary damping coefficient provided by the system is calculated. The

above analysis is extended to an AC rotary machine and the rotary damping coefficient pro-

vided by this machine connected to three external resistors (to simulate a three phase charging

circuit) is presented by an analytical expression. Considering that the system including the AC

machine, provides a higher rotary damping coefficient, this system is chosen to be used in the

presented regenerative shock absorber. Experiments are conducted to verify analytical results.

1.3.2 Chapter 3

In this chapter, the design of a novel regenerative shock absorber is studied. To this end, the first

step is studying the motion converter, referred to as algebraic screw. An analytical expression

describing the relationship between translational and rotational motions of the converter is

derived and the collision angle between legs is obtained. Then a regenerative shock absorber

using an algebraic screw mechanism, as a part of a car suspension system, is studied and

an analytical expression describing the linear damping coefficient provided by this system is

derived. Furthermore, the functionality of a quarter car using the presented shock absorber is

studied through simulations. Experimental results are presented in which a prototype of the

proposed shock absorber is used to verify the theoretical results.

1.3.3 Chapter 4

This chapter presents the design and implementation of a novel regenerative shock absorber

for a passenger-sized car. In this procedure, the results obtained in Chapter 2 and Chapter 3

are used, modified, and extended as follows. First, a novel motion converter, referred to as a

”two-leg mechanism”, is introduced and analyzed. This mechanism is simpler and smaller than

the algebraic screw mechanism presented in Chapter 2. Then a regenerative shock absorber

using the two-leg mechanism is presented and studied in terms of linear damping coefficient

and efficiency. Considering two main criteria, ( i.e., linear damping coefficient and efficiency),

a prototype shock absorber is designed and manufactured which satisfies the size limits. The

performance of the prototype in terms of damping and efficiency is evaluated on a test-bench
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under sinusoidal displacement.

1.3.4 Chapter 5

In this chapter, the effect of nonlinear terms of the two-leg mechanism, on the linear damping

coefficient of the proposed regenerative shock absorber is studied. In this work we use variable

external resistances, provided by the charging circuit, to compensate the two-leg mechanism

nonlinear terms. Experimental results are presented to evaluate analytical studies.

1.3.5 Chapter 6

The research accomplished in this thesis is summarized in this chapter. Based on the theoretical,

simulation, and experimental studies, general conclusions concerning the outcome of this thesis

are provided along with suggestions for future work.
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Chapter 2

Damping Analysis of Rotary

Machines

2.1 Introduction

The source of linear damping provided by the proposed regenerative shock absorber is the

damping provided by the rotary machine connected to the charging circuit. In other words, any

change in rotary damping coefficient provided by the rotary machine connected to a charging

circuit affects the functionality of the regenerative shock absorber in terms of damping coefficient

and efficiency. This chapter analyzes rotary machines connected to charging circuits and the

effect of parameters of these systems on the rotary damping coefficient. The organization of

this chapter is as follows.

In Section 2.2, a DC permanent magnet rotary machine connected to a single phase charging

circuit is studied. By comparing the results of electrical and mechanical domains, the rotary

damping coefficient provided by this system is obtained. In Section 2.3, the above procedure

is extended to an AC permanent magnet rotary machine connected to a three phase charging

circuit. Experimental results to evaluate the accuracy of the derived formula are presented in

this section.
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Figure 2.1: Single phase rotary generator connected to a simulated charging circuit (resistor
R).

2.2 Analysis of a DC Permanent Magnet Rotary Machine Con-

nected to a Charging Circuit

A permanent magnet DC motor is used as a generator in this study. This machine along with

a single phase charging circuit provides rotary damping for the regenerative shock absorber.

Meanwhile, this system captures energy originated from road vibrations and saves the energy

into a battery. The single phase charging circuit is modeled as a pure controllable external

resistor in this study [78]-[79]. To derive the formula describing the rotary damping coefficient

provided by a DC generator along with a charging circuit, this system should be studied in both

electrical and mechanical domains.

First let us study the system in the electrical domain. To this end, by considering that the

charging circuit is modeled as a pure controllable external resistor, the electric circuit of the

rotary generator connected to a charging circuit is modeled as shown in Figure 2.1. Referring

to Figure 2.1, we have

E = i(R+ r) (2.1)

where E is the induced voltage of the generator, i is the current of the circuit, r is the internal

resistance of the generator, and R is the controllable external resistor.
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Rearranging (2.1) results in

i =
E

R+ r
. (2.2)

The total instantaneous electrical power, including the part captured in the charging circuit

and the part lost in the internal resistance of the generator, can be expressed as follows

PE = Pcaptured(R) + Plost(r) = Ri2 + ri2. (2.3)

Substituting (4.39) in (2.3) and performing some algebraic manipulations yield

PE = Pcaptured(R) + Plost(r) =
E2

R+ r
. (2.4)

The relationship between the generator shaft rotary speed, γ̇, and induced voltage is as follows

E = ktγ̇ (2.5)

where kt is the torque constant of the generator. Substituting (2.5) in (2.4) yields

PE =
kt

2γ̇2

R+ r
. (2.6)

Equation 2.6 describes the total instantaneous electrical power, including the part captured in

the charging circuit and the part lost in the internal resistance of the generator, in the electrical

domain.

let us consider this system in the mechanical domain. The relationship between the generator

shaft rotary speed and torque applied to the shaft by the magnetic field of the generator, τE , is

as follows

τE = BRγ̇ (2.7)

where BR is the rotary damping coefficient of the generator connected to the charging circuit.

The summation of power lost and captured in the generator along with the charging circuit can

be calculated as follows

PE = τE γ̇. (2.8)

Substituting (2.7) in (2.8) results in

PE = BRγ̇
2. (2.9)
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Equation 2.9 describes the total instantaneous electrical power, including the part captured

in the charging circuit and the part lost in the internal resistance of the generator, in the

mechanical domain. Comparing (2.6) and (2.9) results in

BR =
kt

2

R+ r
. (2.10)

Equation 2.10 describes the rotary damping coefficient provided by a DC generator connected

to a charging circuit based on the parameters of the generator (kt, r) and charging circuit (R).

2.3 Analysis of an AC Permanent Magnet Rotary Machine Con-

nected to a Charging Circuit

Let us consider a brushless permanent magnet AC motor to be used as a rotary generator.

This machine along with a three phase charging circuit provides rotary damping and saves

energy in a battery. Similar to the previous section, the charging circuit of the AC machine

is simplified. Since the AC machine has three phases, the charging circuit is modeled as three

pure controllable external resistors [80]-[81]. To analyze the system in the electrical domain and

by considering the charging circuit as three controllable external resistors, the electric circuit

of the system is modeled as shown in Figure 2.2.

Figure 2.2: Three phase rotary generator connected to a simulated charging circuit (resistors
R).
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Referring to Figure 2.2, we have

e1 = i1(R+ r)

e2 = i2(R+ r) (2.11)

e3 = i3(R+ r)

where en (n = 1, 2, 3) is the induced voltage of the generator in each phase, in (n = 1, 2, 3) is

the current of each loop, r is the internal resistance of each phase of the generator, and R is

the controllable external resistor. Rearranging (2.11) results in

i1 =
e1

(R+ r)

i2 =
e2

(R+ r)
(2.12)

i3 =
e3

(R+ r)

The total instantaneous electrical power, including the part captured in the charging circuit

and the part lost in the internal resistances of the generator, can be expressed as follows

PE = Pcaptured(R) + Plost(r) = R(i1
2 + i2

2 + i3
2) + r(i1

2 + i2
2 + i3

2). (2.13)

Substituting (2.12) in (2.13) and performing some algebraic manipulations yield

PE = Pcaptured(R) + Plost(r) =
e1

2

R+ r
+

e2
2

R+ r
+

e3
2

R+ r
. (2.14)

Referring to Figure 2.2, we have

e1 = Em cos(ωet− 120)

e2 = Em cos(ωet) (2.15)

e3 = Em cos(ωet+ 120)

where Em and ωe are the amplitude and angular frequency of the induced voltage of the gen-

erator, respectively. Substituting (2.15) in (2.14) and performing some algebraic manipulations

yield

PE =
1.5× Em2

R+ r
. (2.16)

The relationship between the generator shaft rotary speed, γ̇, and amplitude of the induced

voltage is as follows

Em = ktγ̇ (2.17)
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where kt is the torque constant of the generator. Substituting (2.17) in (2.16) results in

PE =
1.5× kt2γ̇2

R+ r
. (2.18)

Equation 2.18 describes the total instantaneous electrical power, including the part captured in

the charging circuit and the part lost in the internal resistances of the generator, in the electrical

domain.

Let us consider this system in the mechanical domain. The relationship between the gener-

ator shaft rotary speed and torque applied to the shaft by the magnetic field of the generator,

τE , is as follows

τE = BRγ̇ (2.19)

where BR is the rotary damping coefficient of the generator connected to the charging circuit.

The summation of power lost and captured in the generator along with the charging circuit can

be calculated as follows

PE = τ γ̇. (2.20)

Substituting (2.19) in (2.20) results in

PE = BRγ̇
2. (2.21)

Equation 2.21 describes the total instantaneous electrical power, including the part captured in

the charging circuit and the part lost in the internal resistances of the generator, in mechanical

domain. Comparing (2.18) and (2.21) results in

BR =
1.5× kt2

R+ r
. (2.22)

Equation 2.22 describes the rotary damping coefficient of an AC generator connected to a

charging circuit based on parameters of the generator (kt, r) and charging circuit (R).

Comparing (2.10) and (2.22) shows that for the same parameters of rotary generators (kt, r),

the rotary damping coefficient provided by an AC generator is 50% higher than the one provided

by a DC generator. The higher rotary damping coefficient provided by the rotary generator

along with the charging circuit helps to use a gearhead with smaller gearing ratio; and smaller

gearing ratio causes higher mechanical efficiency in the gearhead [82]. Since mechanical efficiency

of the regenerative shock absorber has a direct relationship with the mechanical efficiency of the
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Figure 2.3: Utilized AC rotary machine (a) Without pinion (b) With pinion.

gearhead, it can be concluded that using an AC rotary generator results in higher mechanical

efficiency for the regenerative shock absorber. In addition, AC rotary generators can take

advantage of brushless technology. In this technology the rotary generator loses the brushes

which causes lower friction and offers higher mechanical efficiency [83]-[85]. Similar to the

efficiency effect of the gearhead, higher mechanical efficiency of the rotary generator results in

a higher mechanical efficiency in the regenerative shock absorber. To summarize, it can be

said that, using a brushless AC rotary generator results in higher efficiency because of taking

advantage of brushless technology and reduction in gearing ratio of the gearhead. Therefore, in

this work a brushless AC rotary generator is utilized. It should be noted that the mechanical

efficiency of the suggested regenerative shock absorber and its relationship with the mechanical

efficiencies of different parts of the system will be discussed in details in Section 4.4.

To avoid complexity in the system in terms of connecting the generator shaft to the gearhead,

the AC rotary generator is picked such that it is capable of being connected to a planetary

gearhead via a pinion attached to its shaft. Figure 2.3 shows the utilized AC rotary machine

with and without the pinion.
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Figure 2.4: Dynamo experimental setup.

2.3.1 Experimental Results

In this section, accuracy of Equation 2.22 describing the rotary damping coefficient of an AC

generator connected to a charging circuit was verified experimentally. In these experiments

a dynamo setup shown in Figure 2.4 was used. In this setup, a DC motor driver (MOTOR-

SOLVER, LLC, 250 watts), powered by a power supply, was used to provide different torques.

The shaft of the driver was connected to the shaft of the utilized AC permanent magnet rotary

machine (Maxon ECmax 40-283873) via a torque meter (Interface T8-2-A7A). Therefore, any

torque provided by the driver was transfered to the shaft of the rotary machine and measured

by the torque meter. The measured torques were shown via the indicator (Interface 9834) con-

nected to the torque meter. Another parameter to study the rotary damping coefficient, is the

rotary speed of the rotary machine shaft. To measure this parameter, a laser photo tachome-

ter (Neiko 20713A) shown in Figure 2.4 was used and different rotary speeds corresponds to

different torques were measured .
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Table 2.1: Parameters of the used rotary machine (Maxon ECmax 40-283873).

Parameter Value

Phase to phase terminal resistance, rp 7.19 Ohm

Torque constant of the rotary machine, kt 0.126 Nm/A

Before analyzing the experimental results and comparing them with theoretical results,

one issue about the rotary machine must be clarified as follows. Referring to Equation 2.22,

parameters of the rotary machine affecting the rotary damping coefficient are torque constant,

kt, and internal resistance of each phase, r. But referring to data sheet of the utilized rotary

machine, provided parameters are torque constant, kt, and phase to phase terminal resistance,

rp, shown in Table 2.1. Therefore by utilizing the phase to phase terminal resistance of the

machine, rp, internal resistance of each phase of the machine, r, should be calculated. To this

end and by considering that the winding of the machine is ∆, the internal circuit of the machine

is modeled as shown in Figure 2.5.

Figure 2.5: Rotary machine winding.

Referring to Figure 2.5 and utilizing parallel and series rules of resistances, we have

rp =
(r + r)× r
(r + r) + r

. (2.23)

Rearranging (2.23) results in

r = 1.5× rp. (2.24)

Equation 2.24 shows the relationship between phase to phase terminal resistance, rp, and inter-

nal resistance of each phase, r, of the rotary machine.

19



•Rotary Damping Coefficient for External Resistors of R = 5 Ω

For the first set of experiments, the utilized rotary machine (Maxon ECmax 40-283873) was

connected to three external resistors of R = 5 Ω similar to the pattern shown in Figure 2.2.

Using Equation 2.22, Equation 2.24, and Table 2.1 the rotary damping coefficient provided by

this system is calculated as follows

BRT (R=5) =
1.5× 0.1262

7.19× 1.5 + 5
= 1.51× 10−3N.m.s

Then, using the set up shown in Figure 2.4, ten experiments for different rotary speeds were

conducted. The results of the experiments provided in Table 2.2 show three different torques

for each rotary speed.

Table 2.2: Experimental results for external resistors of R = 5 Ω.

γ̇ (rad/s) τf (N.m) τf+E (N.m) τE (N.m)

1 11.1 0.03 0.048 0.018

2 20.3 0.03 0.063 0.033

3 29.1 0.03 0.076 0.046

4 33.3 0.03 0.083 0.053

5 45.8 0.03 0.105 0.075

6 50.9 0.03 0.112 0.082

7 60.3 0.03 0.127 0.097

8 69.7 0.03 0.144 0.114

9 81.1 0.03 0.159 0.129

10 83.2 0.03 0.166 0.133

In the first experiment, τf , is related to open circuit condition in which the external resistors

are disconnected from the rotary machine. In this case, the measured torque is the torque due

to friction in different parts of the rotary machine. As it can be seen in Table 2.2, the torque

due to friction is constant for different rotary speeds. This observation is in agreement with the

theory indicating the independency of friction to the speed. The second one, τf+E , is related

to the condition that the external resistors were connected to the rotary machine. In this case

the measured torque, τf+E , is the summation of the torque due to friction, τf , and the torque

due to magnetic field of the generator, τE . Therefore, τE , which is the torque due to magnetic
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field of the generator is calculated as follows

τE = τf+E − τf (2.25)

By applying regression method on the experimental results of shaft rotary speed, γ̇, and

torque due to magnetic field, τE , the rotary damping coefficient is obtained as shown in Figure

2.6.

Figure 2.6: Experimental results showing the rotary damping coefficient for R = 5 Ω.

Referring to Figure 2.6 we have

BRE(R=5) = 1.61× 10−3N.m.s

Error between theoretical and experimental results is calculated as follows

Error(R=5) = (
1.61× 10−3 − 1.51× 10−3

1.61× 10−3
)× 100 = 6.2%

The previous set of experiments was repeated for external resistors of R = 10 Ω, R = 15 Ω,

and R = 20 Ω. The following are the results of these sets of experiments.
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•Rotary Damping Coefficient for External Resistors of R = 10 Ω

BRT (R=10) =
1.5× 0.1262

7.19× 1.5 + 10
= 1.15× 10−3N.m.s

Table 2.3: Experimental results for external resistors of R = 10 Ω.

γ̇ (rad/s) τf (N.m) τf+E (N.m) τE (N.m)

1 21 0.03 0.056 0.026

2 28.6 0.03 0.066 0.036

3 41.6 0.03 0.082 0.052

4 46.3 0.03 0.088 0.058

5 55.6 0.03 0.099 0.069

6 62.1 0.03 0.108 0.078

7 75.9 0.03 0.125 0.095

8 79 0.03 0.128 0.098

9 95.3 0.03 0.149 0.119

10 100.5 0.03 0.156 0.126

Figure 2.7: Experimental results showing the rotary damping coefficient for R = 10 Ω.

BRE(R=10) = 1.25× 10−3N.m.s

Error(R=10) = (
1.25× 10−3 − 1.15× 10−3

1.5× 10−3
)× 100 = 8.7%

22



•Rotary Damping Coefficient for External Resistors of R =15 Ω

BRT (R=15) =
1.5× 0.1262

7.19× 1.5 + 15
= 0.923× 10−3N.m.s

Table 2.4: Experimental results for external resistors of R = 15 Ω.

γ̇ (rad/s) τf (N.m) τf+E (N.m) τE (N.m)

1 26 0.03 0.055 0.025

2 29.6 0.03 0.059 0.029

3 40.6 0.03 0.069 0.039

4 41.6 0.03 0.070 0.040

5 57.2 0.03 0.085 0.055

6 65.5 0.03 0.095 0.065

7 72.8 0.03 0.101 0.071

8 84.2 0.03 0.111 0.081

9 90.5 0.03 0.116 0.086

10 94.6 0.03 0.120 0.090

Figure 2.8: Experimental results showing the rotary damping coefficient for R = 15 Ω.

BRE(R=15) = 0.962× 10−3N.m.s

Error(R=15) = (
0.962× 10−3 − 0.923× 10−3

0.923× 10−3
)× 100 = 4.2%
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•Rotary Damping Coefficient for External Resistors of R = 20 Ω

BRT (R=20) =
1.5× 0.1262

7.19× 1.5 + 20
= 0.735× 10−3N.m.s

Table 2.5: Experimental results for external resistors of R = 20 Ω.

γ̇ (rad/s) τf (N.m) τf+E (N.m) τE (N.m)

1 31.6 0.03 0.055 0.025

2 44 0.03 0.065 0.035

3 53.8 0.03 0.073 0.043

4 62.4 0.03 0.080 0.050

5 67.8 0.03 0.083 0.053

6 75.6 0.03 0.09 0.06

7 78.4 0.03 0.093 0.063

8 82 0.03 0.096 0.066

9 88.9 0.03 0.101 0.071

10 101.5 0.03 0.110 0.08

Figure 2.9: Experimental results showing the rotary damping coefficient for R = 20 Ω.

BRE(R=20) = 0.796× 10−3N.m.s

Error(R=20) = (
0.796× 10−3 − 0.735× 10−3

0.735× 10−3
)× 100 = 8.3%
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Figure 2.10: Experimental and theoretical results of rotary damping coefficient, BR, versus
external resistor, R.

Figure 2.10 shows the experimental and theoretical results of the rotary damping coefficient

provided by the rotary machine connected to different external resistors. Referring to this figure,

there is a good match between results obtained from theory and experiment proving accuracy

of Equation 2.22. The sources of small errors between experimental and theoretical results are

measurements by the mentioned torque meter and tachometer. By using more precise measuring

tools the errors can be decreased.

2.4 Summary and Conclusions

In this chapter, analytical expressions describing the rotary damping coefficients provided by

DC and AC rotary machines connected to charging circuits were derived. Then considering that

the rotary damping provided by the AC rotary machine is 50% higher; and AC rotary machines

have higher efficiencies, this type of rotary machine was chosen for this work. Furthermore,

validity of the equation describing the rotary damping coefficient of an AC rotary machine

connected to a charging circuit was examined. The results demonstrated the accuracy of this

equation.
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Chapter 3

Regenerative Shock Absorber Using

an Algebraic Screw

3.1 Introduction

This chapter presents the development of a novel regenerative shock absorber. This system

consists of a simple and highly efficient linear-to-rotary conversion mechanism called, algebraic

screw, a gearhead, and an AC rotary machine connected to three external resistors (to simulate

the effect of a three phase charging circuit). In this system, the rotary machine is connected to

three external resistors which provides rotary damping. The resulting rotary damping is then

increased by using a gearhead. Finally, the algebraic screw converts the rotary damping into a

linear one. It should be noted that, the objective of this chapter is to study linear damping; and

the regenerative shock absorber for a passenger– scale car will be studied in the next chapter.

The organization of this chapter is as follows. The algebraic screw mechanism is introduced

and studied in Section 3.2. In Section 3.3 dynamics of the suggested regenerative shock absorber

is analyzed by utilizing a one-degree-of-freedom model of a quarter car, and the analytical

expression describing the linear damping coefficient provided by the shock absorber is derived.

Section 3.4 presents simulation results to verify the accuracy of the analysis conducted in Section

3.3. In Section 3.5 the performance of the shock absorber is evaluated experimentally. Finally,

summary and conclusions are presented in Section 3.6.
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Figure 3.1: Schematic diagram of the algebraic screw

3.2 Kinematic Analysis of the Algebraic Screw Mechanism

The algebraic screw mechanism was first introduced and used as a robotic joint [86]-[90]. This

kinematic mechanism consists of two equilateral triangular plates connected to each other via

six legs. As depicted in Figure 3.1, each leg of the algebraic screw has two ball-joint anchor

points: The first one is located on the vertex of each triangular plate and the second one is

located on the midpoint edge of the other plate.

The algebraic screw mechanism reported in the literature, has two disadvantages as follows.

First, the formula describing the separation of the algebraic screw plates as a function of the

rotation angle between plates is correct only for a specific geometry of the algebraic screw. This

specific geometry, which is a constraint in algebraic screw design, states that the length of each

leg must be equal to the height of the triangles. This constraint leads to bigger dimensions in

the size of the algebraic screw. By removing this constraint, a smaller algebraic screw can be

designed for a specific stroke of the shock absorber and less space is needed to fit this mechanism

in a suspension system. The second disadvantage of the previous works is the lack of study

about collision between legs. In these works collision was not considered and there is not any

prediction about the angle in which legs collide each other.

In this work, the constraint between length of each leg and height of the triangles has been
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Figure 3.2: Projections of p on X and Y axes

removed and a comprehensive formula describing the separation of the algebraic screw plates as

a function of the rotation angle between plates is presented. In addition, the collision between

legs is studied and the collision angle is obtained.

Referring to Figure 3.1, let us obtain a formula describing the separation of plates, δ, as a

function of the rotation angle θ. To this end, considering Figure 3.1 we have

l2 = δ2 + p2 (3.1)

where δ is the projection of l on the Z axis and p is the projection of l on the XY plane.

Referring to Figure 3.2, the projection of p on the X and Y axes, as a function of the triangle

height, h, and θ, respectively, are given by

pX =
h

3
sinθ, pY =

2h

3
− h

3
cosθ· (3.2)

Utilizing the geometrical relationships p2 = p2X + p2Y and h = a
√
3
2 , where a is the length of the

triangle side, and (4.2) results in

p2 =
a2

12
(5− 4 cos θ)· (3.3)
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Substituting (4.3) in (4.1) yields

δ =

√
l2 − a2

12
(5− 4cosθ)· (3.4)

Equation 3.4 describes the separation of the algebraic screw plates, δ, as a function of the

rotation angle between plates, θ, without any constraint in the geometry of the algebraic screw.

From (3.4), when θ = 0, the algebraic screw is fully extended and δ reaches its maximum value.

Since the force applied by a linear shock absorber is proportional to the speed between two

sides of the shock absorber, and the algebraic screw is used as a linear-to-rotary converter in

the suggested regenerative shock absorber, it is necessary to obtain the relationship between

the translation and rotary speeds of the two plates of the algebraic screw. This relationship will

be used in Section 3.3 and explained in details. To this end, taking a derivative of (3.4) and

performing some algebraic manipulations, yield

δ̇ = − a2sinθ

6
√
l2 − a2

12 (5− 4cosθ)
θ̇· (3.5)

Equation 3.5 describes a nonlinear kinematic relationship between the translation and rotary

speeds of the two plates of the algebraic screw. Let us define the relative linear and rotary

motions by δ̃ and θ̃, respectively, as follows

δ − δ0 = δ̃ (3.6)

θ − θ0 = θ̃ (3.7)

where δ0 and θ0 are the static equilibrium points of δ and θ, respectively. Substituting (3.6)

and (3.7) into (3.4), linearization about θ0, and taking a derivative result in

δ̇ = −cθ̇ (3.8)

where c is the slope of the nonlinear relationship between δ̇ and θ̇ given by

c =
a2sinθ0

6δ0
· (3.9)

The process of linearization and taking derivative of (3.4) is presented in Appendix A.

Equations 3.5 and 3.8 will be utilized in Section 3.3 to obtain the formula describing the

linear damping coefficient provided by the regenerative shock absorber.
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Figure 3.3: Schematic diagram of the algebraic screw to analyze collision.

3.2.1 Collision between legs of algebraic screw

Since both triangular plates rotate around same axis, which passes through the centroids of

them [88], [89], there is symmetry in rotation of the algebraic screw plates. Therefore to study

the collision between legs, any two adjacent legs can be considered. To find the collision angle,

a coordinate system is attached to the centroid of the upper plate as shown in Figure 3.3, then

the coordinates of midpoints of two adjacent legs are obtained in this coordinate system, the

angle in which these two midpoints become coincident is the collision angle, θc.

In Figure 3.3, two adjacent legs and their spherical joints are shown. The notations used in

this figure and their meanings are as follows:

1u : Spherical joint of the leg 1 on the upper plate

1l : Spherical joint of the leg 1 on the lower plate

2u : Spherical joint of the leg 2 on the upper plate

2l : Spherical joint of the leg 2 on the lower plate

Projection of leg 1 on xy plane, and its relationship with the height of the triangular plates
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Figure 3.4: Projection of leg 1 on xy plane, and its relationship with the height of the triangular
plates and rotation angle.

and rotation angle are shown in Figure 3.4. Considering Figure 3.3 and Figure 3.4, for the

spherical joints 1l and 1u we have

x1l = 0

y1l = −2h

3
z1l = −δ

x1u = −h
3
sinθ

y1u = −h
3
cosθ

z1u = 0

Then, the coordinate of the midpoint of leg 1 is calculated as follows

x1m =
x1l + x1u

2
= −h

6
sinθ

y1m =
y1l + y1u

2
= −h

3
− h

6
cosθ

z1m =
z1l + z1u

2
= −δ

2
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Figure 3.5: Projection of leg 2 on xy plane, and its relationship with height of the triangular
plates and rotation angle.

Projection of leg 2 on xy plane, and its relationship with the height of the triangular plates

and rotation angle, are shown in Figure 3.5. Considering Figure 3.3 and Figure 3.5, for the

spherical joints 2l and 2u we have

x2l =
h

3
cos30

y2l = −h
3
sin30

z2l = −δ

x2u =
2h

3
cos(θ + 30)

y2u = −2h

3
sin(θ + 30)

z2u = 0

Then, the coordinate of the midpoint of leg 2 is calculated as follows

x2m =
x2l + x2u

2
=
h

6
cos30 +

h

3
cos(θ + 30)

y2m =
y2l + y2u

2
= −h

6
sin30− h

3
sin(θ + 30)

z2m =
z2l + z2u

2
= −δ

2
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Finally, by equalizing the coordinates of the midpoints of leg 1 and leg 2, the collision angle is

obtained as follows

x1m = x2m ⇒ θc = 120

y1m = y2m ⇒ θc = 120

z1m = z2m ⇒ θc = anyangle

As it can be seen, the collision angle is θc = 120. It should be noted that, in our analysis,

to calculate the collision angle, the diameter of legs was assumed to be zero. Therefore the

obtained collision angle, θc = 120, is theoretical estimates. To avoid collision between legs in

practical applications of the algebraic screw, the theoretical collision angle should be used as

the criterion. Then, by considering the diameter of legs and manufacturing limits, practical

value of the collision angle can be obtained.

3.3 Modeling of the Regenerative Shock Absorber Using an

Algebraic Screw

To analyze the regenerative shock absorber using the algebraic screw mechanism, the system

is studied as a part of suspension system of a quarter car. A one-degree-of-freedom (1-DOF)

model of a quarter car is shown in Figure 3.6. The equation of motion for the model is obtained

by using the Lagrangian formulation as follows

d

dt
(
∂T

∂ż
)− (

∂T

∂z
) +

∂U

∂z
+
∂RD
∂ż

= F (3.10)

where z = x − y is the relative displacement between the absolute displacement x and base

excitation y; F = 0 due to zero external forces; and T , U , RD are the energies due to kinetic,

potential, and damping effects, respectively. The term T is given by

T =
1

2
mmẋ

2 +
1

2
mtẋ

2 +
1

2
Itθ̇

2 +
1

2
Ig θ̇

2 +
1

2
Irγ̇

2 (3.11)

where mm is the mass of the upper body shown in Figure 3.6 representing a quarter of the

sprung mass of a vehicle body; mt and It are the mass and moment of inertia of the algebraic

screw plates, respectively; and Ig, Ir are the moments of inertia of the gearhead and the rotary

machine, respectively; and γ̇ is given by

γ̇ = nθ̇ (3.12)
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Figure 3.6: One-degree-of-freedom model of the quarter car.

where n is the gearing ratio of the planetary gearhead. Substituting (3.12) in (3.11) results in

T =
1

2
mmẋ

2 +
1

2
mtẋ

2 +
1

2
Itθ̇

2 +
1

2
Ig θ̇

2 +
1

2
Irn

2θ̇2. (3.13)

The potential energy U is given by

U =
1

2
K(x− y)2 =

1

2
Kz2 (3.14)

where K is the stiffness coefficient, representing the stiffness of the mechanical parts of the

suspension system. Furthermore, the damping effect RD is given by

RD =
1

2
BRγ̇

2 +
1

2
Bf ż

2 (3.15)

where BR is the rotary damping due to the rotary machine connected to external resistors

(discussed in Section 2.3), and Bf is the equivalent viscous-damping coefficient due to friction

in different parts of the system[91], [92]. Substituting (3.12) in (3.15) results in

RD =
1

2
BRn

2θ̇2 +
1

2
Bf ż

2· (3.16)

Since the absolute displacement x and base excitation y are measured from static equilibrium

level, we have

z = δ − δ0. (3.17)
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Differentiating (3.17) with respect to time results in

ż = δ̇· (3.18)

Substituting (3.5) into (3.18) yields

ż = − a2sinθ

6
√
l2 − a2

12 (5− 4 cos θ)
θ̇· (3.19)

Hence, rearranging (3.19) and substituting in (3.13) results in

T =
1

2
(mm +mt)ẋ

2 + (It + Ig + n2Ir)
18[l2 − a2

12 (5− 4 cos θ)]

a4sin2θ
ż2· (3.20)

From (3.19) and (3.16) we have

RD = (
18[l2 − a2

12 (5− 4 cos θ)]n2BR

a4sin2θ
+
Bf
2

)ż2· (3.21)

Now, substituting (3.14), (3.20), and (3.21) into (3.10) and performing some algebraic manip-

ulations yield

(mm +mt + (It + Ig + n2Ir)
36[l2 − a2

12 (5− 4 cos θ)]

a4sin2θ
)z̈

+(
36[l2 − a2

12 (5− 4 cos θ)]n2BR

a4sin2θ
+Bf )ż +Kz = −(mm +mt)ÿ. (3.22)

Using the linear approximation given by (3.8) results in

(mm +mt +
It + Ig + n2Ir

c2
)z̈ + (

n2BR
c2

+Bf )ż +Kz = −(mm +mt)ÿ. (3.23)

Let us define M , BEP , B, and m as follows

M = mm +mt +
It + Ig + n2Ir

c2
(3.24)

BEP =
n2BR
c2

(3.25)

B = BEP +Bf (3.26)

m = mm +mt (3.27)
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Substituting (3.24), (3.25), (3.26), and (3.27) into (3.23) yields

Mz̈ +Bż +Kz = −mÿ (3.28)

In (3.26), the total linear damping coefficient B consists of BEP and Bf . BEP is the linear

damping coefficient originated from electrical part of the rotary machine connected to the

external resistors (discussed in Section 2.3), and Bf is the linear damping coefficient due to

friction in different parts of the system. Substituting (2.22) into (3.25) results in

BEP =
1.5× n2kt2

c2(R+ r)
. (3.29)

Equation 3.29 describes the linear damping coefficient originated from electrical part of the

rotary machine connected to the external resistors based on the effect of different components.

According to (3.29), c is the parameter related to the algebraic screw mechanism; n is the effect

of gearhead; kt and r are related to the generator; and R is the effect of the external resistors

(simulated charging circuit).

As a simple model, road roughness profile can be described by a sinusoidal function [73],

which means in Figure 3.6, the base excitation can be given by

y = Y sin(ωt) (3.30)

where Y and ω represent the amplitude and frequency of the base excitation, respectively.

Substituting (3.30) into (3.28) and solving (3.28) yields [91], [92]

z = Z sin(ωt− φz) (3.31)

where φz is the phase difference between the base excitation and relative displacement, and Z

is the amplitude of the relative displacement given by

Z =
mY ω2√

M2(ω2
n − ω2)2 +B2ω2

(3.32)

and ωn =
√

K
M .

Solving (3.32) in terms of B results in

B =

√
m2Y 2ω4 −M2Z2(ω2

n − ω2)2

Z2ω2
· (3.33)

If ω = ωn, (3.33) is changed to

B =
mωY

Z
. (3.34)

Thus, knowledge of the base excitation profile and the amplitude of relative displacement

can be utilized to calculate the damping coefficient by using (3.33) or (3.34) .
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Figure 3.7: Designed prototype of the algebraic screw.

3.4 Simulation Results

Using the SimMechanics toolbox of MATLAB, a Simulink model of a quarter car shown in

Figure 3.6 was developed and used for two objectives : Evaluate the accuracy of Equation 3.29

describing the linear damping coefficient provided by the shock absorber, and evaluating the

effect of algebraic screw nonlinear terms on relative displacement described by Equation 3.32.

The procedure of developing the Simulink model and used dimensions are as follows.

First, to have reasonable dimensions for the Simulink model, a Solidworks model of the

algebraic screw shown in Figure 3.7 is designed. To design the Solidworks model, the limits of

rotation angle and translational motion are considered as follows.

To avoid collision between legs, by utilizing the theoretical collision angle of 120 degrees

(discussed in Section 3.2.1), and considering the manufacturing limits and diameter of each leg,

the practical rotation angle between the algebraic screw plates is obtained to be 105 degrees.

Based on published literature [27], [73], [95], the usual stroke of the shock absorber for a

regular road is between 0.5 cm and 1 cm, rarely increasing to 1.5 cm. In this work, a stroke

between 0.5 and 1 cm is called working area and the stroke between 1 cm and 1.5 cm is called

safety area.
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Table 3.1: Dimensions of the designed algebraic screw.

Parameter Value

Algebraic screw leg length, l 5.9178 cm

Length of the triangle side of the algebraic screw , a 7.56 cm

Figure 3.8: Nonlinear and linear mapping around the operating point describing the separation
of the algebraic screw plates, δ, versus rotation angle, θ.

By utilizing Equation 3.4, and considering the working and safety areas, the algebraic screw

mechanism is designed to convert 3 cm of peak-to-peak translational motion (2×1.5 cm of

stroke) into 105 degrees of rotation, providing a motion range of δ1 = 2.5 cm to δ2 = 5.5 cm.

Table 3.1 shows the dimensions of the designed algebraic screw mechanism.

For the motion range of algebraic screw, the static operating point is calculated as δ0 =
2.5+5.5

2 = 4 cm. By using Equation 3.4, the corresponding rotation angle to the static operating

point is calculated equal to θ0 = 75 degrees. Figure 3.8 illustrates the nonlinear mapping and

its linearized approximation around the operating point in the working and safety areas of the

device.

By substituting parameters of the algebraic screw shown in Table 3.1, and information on

the static equilibrium point of the algebraic screw in Equation B.9, the slope of the nonlinear
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relationship between δ̇ and θ̇ is calculated as follows

c =
a2sinθ0

6δ0
=

0.07562 × sin75

6× 0.04
= 0.023m.

This parameter will be used to calculate the linear damping coefficient provided by the shock

absorber.

By utilizing the dimensions of the designed algebraic screw provided in Table 3.1, a Simulink

model of this device was developed. To complete the Simulink model of the regenerative shock

absorber, a gearhead with a gearing ratio of 4.3:1 and a rotary damper with rotary damping

coefficient of BR = 0.00281N.m.s (instead of the rotary machine connected to the charging

circuit discussed in Section 2.3) was added to the model. Using Equation 3.25 the linear

damping coefficient provided by the Simulink model is calculated as follows

BEP =
n2BR
c2

=
4.32 × 0.00281

0.0232
= 100N.s/m

It should be noted that in (3.25), the linear approximation given by (3.8) was used, therefore the

calculated linear damping coefficient is a fixed number (BEP = 100N.s/m) which is accurate as

long as the regenerative shock absorber works around the operating point. However, because

of the nonlinear terms of the algebraic screw, the linear damping coefficient provided by the

Simulink model is variable, fluctuating about BEP = 100N.s/m. The suggested regenerative

shock absorber is always used as a part of the suspension system. The main functionality of

a suspension system is the vibration control of the relative displacement, z, between car seats,

x, and wheels, y. Therefore, in simulation results, our main focus would be on the relative

displacement.

To complete the Simulink model of the quarter shown in Figure 3.6, stiffness coefficient, K,

and mass of a quarter car, mm, must be chosen appropriately. To this end, let us consider Table

3.2 showing the parameters of a real quarter car. By comparing the linear damping coefficients

of a real quarter car (1500 N.s/m) and Simulink model (100 N.s/m) it can be noticed that the

other parameters should be scaled down by the factor of 15. Table 3.3 shows the parameters of

the Simulink model of the quarter car.

To simplify the Simulink model, friction, mass, and moment of inertia of the algebraic screw

plates, inertia of the gearhead, and inertia of the rotary machine, was ignored in this model.

By considering the values of these parameters equal to zero in formulations provided in Section

3.3, we have M = m = mm and B = BEP .
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Table 3.2: Parameters of a real quarter car.

Parameter Value

Mass, mm 450 Kg

Stiffness coefficient, K 30000 N/m

Damping coefficient, B 1500 N.s/m

Table 3.3: Parameters of the Simulink model of the quarter car.

Parameter Value

Mass, mm 30 Kg

Stiffness coefficient, K 2000 N/m

Damping coefficient, B 100 N.s/m

Applying different base excitation profiles, the Simulink model was evaluated in working and

safety areas and the results are shown in Figures 3.9 to Figure 3.12. In these figures, modeling

refers to a quarter car system in which a linear shock absorber with a fixed damping coefficient

of B = 100N.s/m was used and simulation refers to the explained Simulink model of the quarter

car in which the suggested regenerative shock absorber was used. As it can be seen in Figures

3.9 and 3.10, modeling and simulation results of force-displacement loops do not match, which is

due to nonlinearity of the algebraic screw. However, as explained before, our main focus would

be on the results of relative displacement. Using Figures 3.11 and 3.12, accuracy of Equation

3.25, and effect of algebraic screw nonlinear terms on relative displacement can be evaluated as

follows:

Figure 3.11 (a) shows that the modeling and simulation results completely agree. In addition,

in both systems mass, stiffness coefficient, and base excitation profile are the same. Therefore

it can be concluded that the linear damping coefficient provided by the suggested regenerative

shock absorber around the equilibrium point (up to 5 mm of stroke) is equal to the linear

damping coefficient provided by a linear shock absorber. This fact proves accuracy of Equation

3.25, in which parameter c which is the slope of the nonlinear relationship between δ̇ and θ̇,

was used. Moreover, this fact can be confirmed by Figure 3.8 showing that nonlinear and linear

mappings match up to 5 mm of displacement from equilibrium point.

Figures 3.11 (b) and (c) show that by increasing the relative displacement up to 10 mm,

no big difference between simulation and modeling results can be seen. This fact proves that
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despite the existence of nonlinear terms in algebraic screw, the suggested regenerative shock

absorber can work properly in working area.

By considering Figure 3.12, showing the system in the safety area, it can be noticed that

simulation results show smaller relative displacements compared to the modeling results for the

positive stroke. Regarding this difference, one should consider two points: First, the Simulink

model of the regenerative shock absorber utilizing the designed prototype, shown in Figure 3.7,

includes nonlinearity of the algebraic screw but the modeling is based on the linear approx-

imation provided by Equation B.9. Hence, the difference between simulation and modeling

results is due to the difference between nonlinear and linear mappings shown in Figure 3.8.

Secondly, this differences means error=12.5−11.2
12.5 × 100 = 10% for the stroke of 12.5 mm and

error=15−13
15 × 100 = 13% for the stroke of 15 mm; considering that a shock absorber rarely

works in safety area and these errors are small enough, they can be ignored for the application

of usual passenger cars. It should be noted that, by utilizing a more linear mechanism, e.g.

two-leg mechanism which will be introduced in the next chapter, the error between modeling

and simulation results can be decreased.

Regarding the simulation results, two points should be elaborated: First, in the simulation

model, all of the parameters of the quarter car were scaled down by the same factor. Thus, the

obtained results for the proof of concept scale are applicable for a real quarter car. Secondly, in

the quarter car, the shock absorber works along with a mass and a spring. Since the mass and

spring are linear, they eliminate some of the nonlinear terms of the damping force originated

from the algebraic screw. Thus the obtained results are correct only for the combination of

mass, stiffness coefficient and damping coefficient shown in Table 3.2 and Table 3.3. For any

other combination simulation should be repeated.

3.5 Experimental Results

To evaluate the performance of the system experimentally, the algebraic screw shown in Figure

3.7 was fabricated. The physical model of the algebraic screw is shown in Figure 3.13. Then

a proof of concept regenerative shock absorber including the built algebraic screw, a 4.3:1

planetary gearhead (Maxon GP52C 223081), and a rotary permanent-magnet machine (Maxon

EC-max 40-283873) connected to three external resistors was developed. Table 3.4 shows the

parameter values of the developed prototype of the shock absorber.
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Figure 3.9: Simulation and modeling results of the force-displacement loops for the amplitude
of (a) 5 mm, (b) 7.5 mm, (c) 10 mm.
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Figure 3.10: Simulation and modeling results of the force-displacement loops for the amplitude
of (a) 12.5 mm, (b) 15 mm.

43



Figure 3.11: Simulation and modeling results in working area for the relative displacement of
(a) 5 mm, (b) 7.5 mm, (c) 10 mm.

44



Figure 3.12: Simulation and modeling results in safety area for the relative displacement of (a)
12.5 mm, (b) 15 mm.
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Figure 3.13: Physical model of the algebraic screw.

Table 3.4: Parameter values of the developed prototype.

Parameter Value

Phase to phase resistance of the rotary machine, r 7.19 Ohm

Torque constant of the rotary machine, kt 0.126 Nm/A

Rotor inertia of the rotary machine, Ir 101× 10−7kg.m2

Gearing ratio of the gearhead, n 4.3

Inertia of the gearhead, Ig 12× 10−7kg.m2

Algebraic screw leg length, l 5.9178 cm

Length of the triangle side of the algebraic screw , a 7.56 cm

Inertia of the algebraic screw plate, It 0.6× 10−4kg.m2

Mass of the algebraic screw plate, mt 0.25 kg

Furthermore, the prototype of the regenerative shock absorber was tested using a mass-

spring experimental setup shown in Figure 3.14. The experimental setup includes a sprung

mass (mm = 6.3kg), four parallel springs (K = 6800N/m) and a base connected to a hexa-

pod. In the experimental setup, the hexapod (Mikrolar P2000) was used to shake the system,

the displacement signal was measured by a displacement sensor (MLT Series 101.6 mm from

Honeywell), and a dSPACE 1104 real-time board along with a host computer system was used

for data acquisition and analysis. The main purpose of conducting experiments is to verify

Equation 3.29. All of the parameters of Equation 3.29 are shown in Table 3.4 except c and

R; as calculated in the previous section c = 0.023m, and R was changed for different sets of

experiments as follows.
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Figure 3.14: Mass-spring setup connected to the hexapod and the prototype.

•Linear Damping Coefficient for External Resistors of R = 5 Ω

Using Equation 3.29, the linear damping coefficient for R = 5 Ω is calculated as follows

BEPt(R=5) =
1.5× 4.32 × 0.1262

0.0232 × (1.5× 7.19 + 5)
= 53N.s/m

By utilizing the setup shown in Figure 3.14, the linear damping coefficient will be obtained

from experimental results. Since Equation 3.29 shows only the damping due to the electrical part

of the shock absorber (not friction), the effect of friction should be excluded from experimental

results. To this end, the experiments were conducted in three steps.

In the first step, the base was oscillated at a frequency of ω and an amplitude of Yf in open

circuit condition and amplitude of relative displacement, Z, was measured. Since the circuit

is open, the only force that affects the system is friction and the obtained linear damping

coefficient is due to friction. The frequency of the oscillation is 29.83 rad/s which is equal to the

natural frequency of the system and the oscillation amplitude Yf = 0.9mm and corresponding
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amplitude of relative displacement Z = 4.6mm are shown in the first and second columns of

Table 3.5. Using Equation 3.34 the linear damping coefficient due to friction, Bf , is calculated

as follows and shown in the third column of Table 3.5.

Bf =
mωYf
Z

=
6.55× 29.83× 0.0009

0.0046
= 38N.s/m

Table 3.5: Experimental results for R=5 Ω corresponds to BEP=53 N.s/m.

Yf (mm) Z (mm) Bf (N.s/m) Yf+EP (mm) B (N.s/m) BEP (N.s/m)

0.9 4.6 38 2.2 93 55

0.95 5.5 34 2.5 89 55

1 6.4 30.5 2.85 87 56.5

Equation 3.35 shows the equivalent viscous-damping coefficient due to friction

Bf =
4β

πωZ
(3.35)

where β is the hysteretic damping constant [91], [92]. Referring to this equation, linear damping

coefficient due to friction depends on excitation frequency, ω, and relative displacement, Z. This

fact should be considered in the second step of the experiments.

In the second step, the external resistors were connected to the rotary machine and the

previous procedure repeated. Therefore, the obtained linear damping coefficient, B, is due to

friction and electrical part of the system. It should be noted that since the linear damping

coefficient due to friction depends on excitation frequency and relative displacement, in this

step the excitation frequency was kept equal to the excitation frequency of the first step (ω=

29.83 rad/s) and the base excitation amplitude, Yf+EP , was increased such that the relative

displacement did not change. The base excitation amplitude Yf+EP = 2.2mm is shown in the

forth column of Table 3.5. Using Equation 3.34 the linear damping coefficient due to friction

and electrical part of the system, B, is calculated as follows and shown in the fifth column of

the table.

Bf+EP =
mωYf+EP

Z
=

6.55× 29.83× 0.0022

0.0046
= 93N.s/m

In the final step, first by rearranging Equation 3.26 we have

BEP = B −Bf (3.36)
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Then, by using Equation 3.36, the linear damping coefficient due to electrical part of the system

is calculated as follows and shown in the sixth column of the Table 3.5.

BEP = 93− 38 = 55N.s/m

To decrease the error of the results, the mentioned experiment was repeated for Yf = 0.95 mm

and Yf = 1 mm and the obtained results are shown in the third and forth rows of the Table

3.5. The average of the calculated linear damping coefficients due to electrical part, BEP , was

calculated and used to verify the theory.

BEPe(R=5) =
55 + 55 + 56.5

3
= 55.5N.s/m

Error between theoretical and experimental results is calculated as follows

Error(R=5) = (
55.5− 53

53
)× 100 = 2.5%

The relative displacement, Z, in open circuit condition and for the case that the rotary machine

is connected to the external resistors are shown in Figure 3.15.

The previous set of experiments was repeated for external resistors of R = 10 Ω, R = 15 Ω,

and R = 20 Ω. The following are the results of these sets of experiments.

•Linear Damping Coefficient for External Resistors of R = 10 Ω

BEPt(R=10) =
1.5× 4.32 × 0.1262

0.0232(1.5× 7.19 + 10)
= 40N.s/m

Table 3.6: Experimental results for R=10 Ω corresponds to BEP=40 N.s/m.

Yf (mm) Z (mm) Bf (N.s/m) Yf+EP (mm) B (N.s/m) BEP (N.s/m)

0.9 4.6 38 1.88 80 42

0.95 5.5 24 2.15 76 42

1 6.4 30.5 2.4 73 42.5

BEPe(R=10) =
42 + 42 + 42.5

3
= 42.2N.s/m

Error(R=10) = (
42.2− 40

40
)× 100 = 5.5%
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Figure 3.15: Relative displacement corresponding to (a) Yf = 0.9 mm, (b) Yf = 0.95 mm ,(c)
Yf = 1 mm in open circuit condition, and (a) Yf+EP = 2.2 mm, (b) Yf+EP = 2.5 mm ,(c)
Yf+EP = 2.85 mm for the case that the rotary machine is connected to external resistors of
R=5Ω. 50



•Linear Damping Coefficient for External Resistors of R = 15 Ω

BEPt(R=15) =
1.5× 4.32 × 0.1262

0.0232(1.5× 7.19 + 15)
= 32N.s/m

Table 3.7: Experimental results for R=15 Ω corresponds to BEP=32 N.s/m.

Yf (mm) Z (mm) Bf (N.s/m) Yf+EP (mm) B (N.s/m) BEP (N.s/m)

0.9 4.6 38 1.68 71 33

0.95 5.5 34 1.92 68 34

1 6.4 30.5 2.1 64 33.5

BEPe(R=15) =
33 + 34 + 33.5

3
= 33.5N.s/m

Error(R=15) = (
33.5− 32

32
)× 100 = 5%

•Linear Damping Coefficient for External Resistors of R = 20 Ω

BEPt(R=20) =
1.5× 4.32 × 0.1262

0.0232(1.5× 7.19 + 20)
= 27N.s/m

Table 3.8: Experimental results for R=20 Ω corresponds to BEP=27 N.s/m.

Yf (mm) Z (mm) Bf (N.s/m) Yf+EP (mm) B (N.s/m) BEP (N.s/m)

0.9 4.6 38 1.56 66 28

0.95 5.5 34 1.78 63 29

1 6.4 30.5 1.95 59.5 29

BEPe(R=20) =
28 + 29 + 29

3
= 28.7N.s/m

Error(R=20) = (
28.7− 27

27
)× 100 = 6%
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Figure 3.16: Experimental and theoretical results of the linear damping coefficient, BEP , versus
external resistor, R.

Figure 3.16 shows the experimental and theoretical results of the linear damping coefficient due

to electrical part of the regenerative shock absorber.

Referring to Figure 3.16 there is a good match between experimental and theoretical results

proving accuracy of Equation 3.29. The sources of small errors between experimental and

theoretical results are as follows: measurements by the displacement sensor and data acquisition

system, data reading, and lack of ability to recognize the exact natural frequency .These errors

could be taken care of by using more precise devices and more developed softwares.

3.6 Summary and Conclusions

In this chapter, first the algebraic screw mechanism was introduced and a comprehensive formula

describing the separation of the algebraic screw plates as a function of the rotation angle was

derived. In addition collision between legs of the algebraic screw was studied. Then a proof

of concept regenerative shock absorber using algebraic screw was studied; and the formula

describing the linear damping coefficient provided by this system was derived. Furthermore,

the accuracy of the model was evaluated by simulation and experimental results. Both results

show good agreement with the analytical results.
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Chapter 4

Regenerative Shock Absorber Using

a Two-Leg Mechanism

4.1 Introduction

This chapter presents analysis, modeling, simulation and experimental results of a novel regener-

ative shock absorber, sized for a passenger car suspension system in terms of physical dimension

and damping coefficient. This system consists of a simple and high efficient linear-to-rotary con-

version mechanism called two-leg mechanism, a gearhead, and an AC rotary machine connected

to three external resistors (to simulate the effect of a three phase charging circuit). There are

three main differences between the work presented in this chapter and the proof of concept

regenerative shock absorber using an algebraic screw, presented in the previous chapter. First,

in this chapter a two-leg mechanism is used as the motion converter device which is simpler,

has smaller dimensions, and bigger collision angle compared to the algebraic screw mechanism.

Secondly, in this chapter the regenerative shock absorber is designed for a passenger car suspen-

sion system in terms of size and damping coefficient, while in the previous chapter size was not

considered and the provided damping coefficient was small. Third, in this chapter the efficiency

of the shock absorber is analyzed and evaluated through experiments.

The regenerative shock absorber presented in this chapter is shown in Figure 4.1. It consists

of three main parts: a two-leg mechanism, a gearhead, and an AC brushless permanent magnet

rotary machine. The performance of each of these parts can be explained from two perspec-

tives: energy regeneration and damping. From energy regeneration perspective, the two-leg
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Figure 4.1: Designed regenerative shock absorber.

mechanism converts translational motion due to road roughness into rotary motion. Then the

planetary gearhead increases the rotary motion amplitude, resulting in a higher voltage at the

output of the generator. Finally, the generator and charging circuit perform energy conversion

and save energy in a battery. From the damping perspective, the rotary machine connected to a

charging circuit provides rotary damping, then this damping is increased through the gearhead,

and at the end the two-leg mechanism converts the rotary damping to linear one needed for the

suspension system.

The organization of this chapter is as follows. Section 4.2 describes the kinematic design of

the linear-to-rotary motion converter, referred to as the two-leg mechanism. The dynamics of

the regenerative shock absorber is studied in Section 4.3. Section 4.4 provides an analysis of

the power and efficiency of the proposed system. Simulation results are provided in Section 4.5.

Experimental results about the linear damping coefficient and efficiency of the shock absorber

are presented in Section 4.6. Summery and conclusions are presented in Section 4.7.
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Figure 4.2: Schematic diagram of the two-leg mechanism.

4.2 Kinematic Analysis of the Two-Leg Mechanism

The two-leg mechanism presented in this section converts translational motion due to vibrations

into rotary motion. This kinematic mechanism consists of two rectangular plates, connected to

each other via two legs, as shown in Figure 4.2.

Referring to Figure 4.2, let us obtain a formula describing the separation distance of plates,

δ, as a function of the rotation angle, θ. From Figure 4.2, we have

l2 = δ2 + p2 (4.1)

where δ is the projection of l on the Z axis and p is the projection of l on the XY plane.

Furthermore, considering Figure 4.3, the projection of p on the X and Y axes as a function of

the rectangle length, 2a, and rotation angle θ are given by

pX = asinθ, pY = a− acosθ. (4.2)

Utilizing the geometrical relationship p2 = p2X + p2Y results in

p2 = 2a2(1− cosθ). (4.3)
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Figure 4.3: Projections of p on X and Y axes.

Substituting (4.3) in (4.1) yields

δ =
√
l2 − 2a2(1− cosθ). (4.4)

From (4.4), when θ = 0 the two-leg mechanism is fully extended and δ reaches its maximum

value.

Since the force applied by a linear shock absorber is proportional to the speed between two

sides of the shock absorber, and the two-leg mechanism is used as a linear-to-rotary converter

in the suggested regenerative shock absorber, it is necessary to obtain the relationship between

the translation and rotary speeds of the two plates of the two-leg mechanism. This relationship

will be used in Section 4.3 and explained in details. To this end, taking a derivative of (4.4)

and performing some algebraic manipulations, yield

δ̇ = − a2sinθ√
l2 − 2a2(1− cosθ)

θ̇. (4.5)

Equation 4.5 describes a nonlinear kinematic relationship between the translational and rotary

speeds of the two plates in the two-leg mechanism.

Let us define the relative linear and rotary motions by δ̃ and θ̃, respectively, as follows

δ − δ0 = δ̃ (4.6)

θ − θ0 = θ̃ (4.7)

where δ0 and θ0 are the static equilibrium points of δ and θ, respectively. Substituting (4.6)

and (4.7) into (4.4), linearization about θ0, and taking a derivative result in

δ̇ = −cθ̇ (4.8)
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Figure 4.4: Schematic diagram of the two-leg mechanism to analyze collision.

where c is the slope of the nonlinear relationship between δ̇ and θ̇ given by

c =
a2sinθ0
δ0

· (4.9)

The process of linearization and taking derivative of (4.4) is presented in Appendix B.

Equations 4.5 and 4.8 will be utilized in Section 4.3 to obtain the formula describing the

linear damping coefficient provided by the regenerative shock absorber.

4.2.1 Collision between legs of two-leg mechanism

To find the collision angle, a coordinate system is attached to the centroid of the lower plate of

the two-leg mechanism shown in Figure 4.4, then the coordinates of midpoints of the legs are

obtained in this coordinate system, the angle in which these two midpoints become coincident

is the collision angle, θc. In Figure 4.4 the legs of the two-leg mechanism and their spherical

joints are shown. The notations used in this figure and their meanings are as follows:

1u : Spherical joint of the leg 1 on the upper plate

1l : Spherical joint of the leg 1 on the lower plate

2u : Spherical joint of the leg 2 on the upper plate

2l : Spherical joint of the leg 2 on the lower plate
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Figure 4.5: Projection of leg 1 on xy plane, and its relationship with the length of the rectangular
plates and rotation angle.

Projection of leg 1 on xy plane, and its relationship with the length of the rectangular plates

and rotation angle are shown in Figure 4.5. Considering Figure 4.4 and Figure 4.5, for the

spherical joints 1l and 1u we have

x1l = 0

y1l = a

z1l = 0

x1u = asinθ

y1u = acosθ

z1u = δ

Then, the coordinate of the midpoint of leg 1 is calculated as follows

x1m =
x1l + x1u

2
=
a

2
sinθ

y1m =
y1l + y1u

2
=
a

2
+
a

2
cosθ

z1m =
z1l + z1u

2
=
δ

2
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Figure 4.6: Projection of leg 2 on xy plane, and its relationship with the length of rectangular
plates and rotation angle.

Projection of leg 2 on xy plane, and its relationship with the length of the rectangular plates

and rotation angle are shown in Figure 4.6. Considering Figure 4.4 and Figure 4.6, for the

spherical joints 2l and 2u we have

x2l = 0

y2l = −a

z2l = 0

x2u = −asinθ

y2u = −acosθ

z2u = δ

Then, the coordinate of the midpoint of leg 2 is calculated as follows

x2m =
x2l + x2u

2
= −a

2
sinθ

y2m =
y2l + y2u

2
= −a

2
− a

2
cosθ

z2m =
z2l + z2u

2
=
δ

2
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Finally, by equalizing the the coordinates of midpoints of leg 1 and leg 2 the collision angle

is obtained as follows

x1m = x2m ⇒ θc = 180

y1m = y2m ⇒ θc = 180

z1m = z2m ⇒ θc = anyangle

As it can be seen the collision angle is θc = 180. It should be noted that in our analysis to

calculate the collision angle, the diameter of each leg was assumed to be zero. Therefore the

obtained collision angle, θc = 180, is the theoretical collision angle. To avoid collision between

legs in practical applications of the two-leg mechanism, first the theoretical collision angle should

be used as the criterion, then by considering the diameter of legs and manufacturing limits the

practical collision angle can obtained.

As mentioned before, the collision angle between each two adjacent legs of the algebraic

screw is 120, while the collision angle between legs of two-leg mechanism is 180. The bigger

rotation angle for a fixed translational motion helps the regenerative shock absorber to have a

higher efficiency; this point will be explained in details in Section 4.3.

4.3 Dynamics of the Regenerative Shock Absorber

The main functionality of a shock absorber in a suspension system is to provide a damping

force to the system characterized by linear damping coefficient. In this section, an analytical

expression describing the linear damping coefficient provided by the regenerative shock absorber

is derived. It should be noted that, the obtained linear damping coefficient in this section

includes the effect of electrical part of the shock absorber and friction of different parts of the

shock absorber together.

One method of evaluating the functionality of a shock absorber is to excite it by a sinusoidal

displacement and obtain the force-displacement loops [91]. In this section, performance of the

suggested regenerative shock absorber under sinusoidal excitation is discussed, then obtained

analytical results will be used to verify the experimental results obtained in Section 4.6.
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Figure 4.7: The regenerative shock absorber under sinusoidal excitation.

4.3.1 Linear Damping Coefficient Provided by the Regenerative Shock Ab-

sorber

To obtain the linear damping coefficient, BL, of the device, consider Figure 4.7 which depicts

the regenerative shock absorber excited by displacement x from equilibrium point. The input

power to the shock absorber, Pinput, is given by

Pinput = BLẋ
2 (4.10)

where ẋ is the excitation speed. The input power is split into two parts as follows. The term

Plost(f) is the power loss due to friction in the two-leg mechanism, planetary gearhead and rotary

machine; and the term PE is the power at the AC generator connected to the charging circuit.

Therefore, we have

ηtlηghηgPinput = PE (4.11)

where ηtl is the efficiency of the two-leg mechanism, ηgh is the efficiency of the gearhead, and ηg

is the efficiency of the generator. It should be noted that, as the casting and two-leg mechanism

work together to provide motion conversion, the friction effect of the casting is considered in

two-leg mechanism efficiency.
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Substituting (4.10) and (2.21) into (4.11) results in

ηtlηghηgBLẋ
2 = BRγ̇

2. (4.12)

The relationship between γ̇ and θ̇ is given by

γ̇ = nθ̇ (4.13)

where n is the gear ratio of the planetary gearhead. Since the displacement x is measured from

equilibrium point, we have

x = δ − δ0. (4.14)

Differentiating (4.14) with respect to time results in

ẋ = δ̇· (4.15)

Substituting (4.5) into (4.15) yields

ẋ = − a2sinθ√
l2 − 2a2(1− cosθ)

θ̇· (4.16)

Substituting (4.13) and (4.16) in (4.12) and performing some algebraic manipulations result

in

BL =
[l2 − 2a2(1− cosθ)]n2BR

ηtlηghηga4sin2θ
. (4.17)

Using the linear approximation given by (4.8) we have

BL =
n2BR

ηtlηghηgc2
. (4.18)

Substituting (2.22) in (4.18) yields

BL =
1.5× n2kt2

ηtlηghηgc2(R+ r)
. (4.19)

Equation 4.19 describes the linear damping coefficient, BL, provided by the shock absorber.

According to (4.19), c and ηtl are the parameters related to the two-leg mechanism; n and ηgh

are the effects of gearhead; kt, r, and ηg are generator parameters; and R is the effect of the

charging circuit.

It should be noted that, the difference between Equation 4.19 and Equation 3.29 is the

friction effect of two-leg mechanism, gearhead, and generator on linear damping coefficient

which is covered by term ηtlηghηg in Equation 4.19.
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4.3.2 Regenerative Shock Absorber Under Sinusoidal Vibration

In this section, the kinematics and dynamics of the proposed system under sinusoidal displace-

ment are presented; and the obtained results will be utilized to analyze experimental data

reported in Section 4.6. Referring to Figure 4.7 and using the Lagrangian formulation, the

equation of motion for the system is obtained as follows

d

dt
(
∂T

∂ẋ
)− (

∂T

∂x
) +

∂U

∂x
+
∂RD
∂ẋ

= F (4.20)

where x is the displacement, F is the force provided by the shaker, and T , RD are the energies

due to kinetic and damping effects, respectively. The term T is given by

T =
1

2
mcẋ

2 +
1

2
mtẋ

2 +
1

2
Itθ̇

2 +
1

2
Ig θ̇

2 +
1

2
Irγ̇

2 (4.21)

where mc is the mass of the casting; mt and It are the mass and moment of inertia of the two-leg

mechanism, respectively; and Ig, Ir are the moments of inertia of the gearhead and the rotary

machine, respectively. Rearranging (4.16) and substituting (4.13) and (4.16) in (4.21) leads to

T =
1

2
(mc +mt)ẋ

2 + (It + Ig + n2Ir)
l2 − 2a2(1− cos θ)

a4sin2θ
ẋ2· (4.22)

Using the linear approximation given by (4.8) results in

T =
1

2
(mc +mt +

It + Ig + n2Ir
c2

)ẋ2. (4.23)

Let us define meq as

meq = (mc +mt +
It + Ig + n2Ir

c2
). (4.24)

Substituting (4.24) in (4.23) yields

T =
1

2
meqẋ

2. (4.25)

The damping effect RD is given by

RD =
1

2
BLẋ

2. (4.26)

Hence, substituting (4.25) and (4.26) in (4.20) leads to

meqẍ+BLẋ = F . (4.27)
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By considering the displacement function as follows

x = X sinωt (4.28)

the acceleration is obtained as

ẍ = −ω2X sinωt = −ω2x (4.29)

Hence, substituting (4.29) in (4.27) yields

−meqω
2x+BLẋ = F (4.30)

Equation 4.30 describes the motion of the shock absorber under sinusoidal base excitation. In

this equation, the coefficient of x is the equivalent stiffness defined by

Keq = −meqω
2 (4.31)

Referring to (4.31), the mass and inertia of moving parts of the shock absorber, represented by

meq, result in a frequency dependent equivalent stiffness term given by Keq. This phenomenon

is observed in experimental results presented in Section 4.6.

4.4 Power and Efficiency Analysis

The objective of this section is to investigate the influence of system parameters on the power

output and efficiency of the system. The amount of input power of the shock absorber is given

by

Pinput = BLẋ
2. (4.32)

The portion of input power that is lost due to friction in the two-leg mechanism, gearhead, and

generator is given by

Plost(f) = (1− ηtlηghηg)Pinput. (4.33)

By defining the mechanical efficiency as

ηMech = ηtlηghηg (4.34)

and substituting (4.34) into (4.33) we have

Plost(f) = (1− ηMech)Pinput. (4.35)
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The remaining component of input power, i.e., electrical power, that reaches the generator and

charging circuit is obtained as follows

PE = ηMechPinput. (4.36)

The electrical power is split into two parts. One part is lost in the internal resistance of the

generator and the other part is captured by the charging circuit. Therefore, we have

PE = Pcaptured(R) + Plost(r). (4.37)

Referring to Figure 2.2, the portion of power captured in the charging circuit is calculated as

follows

Pcaptured(R) = Ri21 +Ri22 +Ri23 (4.38)

in which

i1 = Im cos(ωet− 120)

i2 = Im cos(ωet) (4.39)

i3 = Im cos(ωet+ 120)

where Im is the amplitude of the current. Substituting (4.39) into (4.38) results in

Pcaptured(R) = 1.5×RI2m. (4.40)

Using the same procedure, the power lost in the internal resistance of the generator is calculated

as

Plost(r) = 1.5× rI2m. (4.41)

Therefore, the electrical efficiency of the shock absorber is obtained as follows

ηElec =
Pcaptured(R)

Pcaptured(R) + Plost(r)
=

R

R+ r
. (4.42)

Considering the mechanical efficiency ηMech and electrical efficiency ηElec, the total efficiency

of the regenerative shock absorber is obtained as follows

ηRSA = ηMechηElec. (4.43)

The obtained results in this section will be used in Section 4.6 to pick appropriate parts for the

suggested regenerative shock absorber and to evaluate the experimental results.
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Figure 4.8: Designed prototype of the two-leg mechanism.

4.5 Simulation Results

The purpose of this section is to evaluate the functionality of the suggested regenerative shock

absorber as a part of a quarter car with the parameters shown in Table 3.2. To this end, a

Simulink model of a quarter car shown in Figure 3.6 was developed using the SimMechanics tool-

box of MATLAB. The procedure of developing the Simulink model is similar to the procedure

explained in Section 3.4 with the following differences.

To avoid collision between legs, by utilizing theoretical collision angle which is 180 degrees

(discussed in Section 4.2.1) and considering the manufacturing limits and diameter of each leg,

the practical rotation angle between the two-leg mechanism plates is obtained to be 150 degrees.

By utilizing Equation 4.4, and considering the working and safety areas (explained in Section

3.4), the two-leg mechanism is designed to convert 3 cm of peak-to-peak translational motion

(2×1.5 cm of stroke) into 150 degrees of rotation, providing a motion range of δ1 = 1.5 cm to

δ2 = 4.5 cm. Table 4.1 shows the dimensions of the designed two-leg mechanism.

For the above motion range of two-leg mechanism, the static operating point is calculated

as δ0 = 1.5+4.5
2 = 3 cm. By using Equation 4.4, the corresponding rotation angle to the static

operating point is calculated equal to θ0 = 105 degrees. Figure 4.9 illustrates the nonlinear

mapping and its linearized approximation around the operating point in the working and safety

areas of the device.

By substituting parameters of the two-leg mechanism shown in Table 4.1, and information

of static equilibrium point of the two-leg mechanism in Equation 4.9, the slope of the nonlinear
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Table 4.1: Dimensions of the designed two-leg mechanism.

Parameter Value

Two-leg mechanism leg length, l 4.5 cm

Two-leg mechanism rectangle length , 2a 4.3 cm

Figure 4.9: Nonlinear and linear mapping around the operating point describing the separation
of the two-leg mechanism plates, δ, versus rotation angle, θ.

relationship between δ̇ and θ̇ is calculated as follows

c =
a2sinθ0
δ0

=
0.02152 × sin105

0.03
= 0.0148cm

This parameter will be used to calculate the linear damping coefficient provided by the shock

absorber.

By utilizing the dimensions of the designed two-leg mechanism provided in Table 4.1, a

Simulink model of this device was developed. To complete the Simulink model of the regener-

ative shock absorber, a gearhead with a gearing ratio of 26:1 and a rotary damper with rotary

damping coefficient of BR = 0.000486N.m.s (instead of the rotary machine connected to the

charging circuit discussed in Section 2.3) was added to the model. Using Equation 4.18 and

by ignoring the friction in the system which means ηtlηghηg = 1, the linear damping coefficient

provided by the model is calculated as follows

BL =
262 × 0.000486

0.01482
= 1500N.s/m
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At the end, by adding the mass (mm = 450kg) and the spring (K = 30000N/m) the one-degree-

of-freedom (1-DOF) model of a quarter was completed.

By applying different base excitation profiles, the Simulink model was evaluated in working

and safety areas and the results are shown in Figure 4.10 to Figure 4.13. In these figures,

modeling refers to a quarter car system in which a linear shock absorber with a fixed damping

coefficient of B = 1500N.s/m was used and simulation refers to the explained Simulink model

of the quarter car in which the suggested regenerative shock absorber was used.

As it can be seen in Figures 4.10 and 4.11, modeling and simulation results of force-

displacement loops do not match, which is due to nonlinearity of the two-leg mechanism. How-

ever, as explained before, our main focus would be on the results of relative displacement.

Figure 4.12 shows that the modeling and simulation results completely agree. Considering that

in both systems, mass, stiffness coefficient, and base excitation profile are the same, it can be

concluded that the suggested regenerative shock absorber can work properly in working area.

By considering Figure 4.13, showing the system in the safety area, it is noticed that simula-

tion results show smaller relative displacements compare to the modeling results at the positive

stroke. One should consider two points: First, the Simulink model of the regenerative shock

absorber utilizing the designed prototype shown in Figure 4.8, includes nonlinearity of the two-

leg mechanism but the modeling is based on the linear approximation provided by Equation

4.9. Hence, the difference between simulation and modeling results is due to the difference

between nonlinear and linear mappings shown in Figure 4.9. Secondly, this difference means

error=12.5−11.7
12.5 × 100 = 6.5% for the stroke of 12.5 mm and error=15−13.5

15 × 100 = 10% for the

stroke of 15 mm; considering that a shock absorber rarely works in safety area and these errors

are small enough, they can be ignored for the application of usual passenger cars.

Regarding the simulation results, it should be noted that, in the quarter car the proposed

shock absorber works along with a mass and a spring. Since the mass and spring are linear

parts, they eliminate some of the nonlinear terms of the damping force originated from the

two-leg mechanism. Thus, the obtained results are correct only for the combination of mass,

stiffness coefficient and damping coefficient shown in Table 3.2. For any other combination

simulation should be repeated.
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Figure 4.10: Simulation and modeling results of the force-displacement loops for the amplitude
of (a) 5 mm, (b) 7.5 mm, (c) 10 mm.
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Figure 4.11: Simulation and modeling results of the force-displacement loops for the amplitude
of (a) 12.5 mm, (b) 15 mm.
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Figure 4.12: Simulation and modeling results in working area for the relative displacement of
(a) 5 mm, (b) 7.5 mm, (c) 10 mm.
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Figure 4.13: Simulation and modeling results in safety area for the relative displacement of (a)
12.5 mm, (b) 15 mm.
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Figure 4.14: Physical model of the two-leg mechanism.

4.6 Experimental Setup and Results

To evaluate performance of the system shown in Figure 4.1, first the two-leg mechanism designed

in Section 4.5 and shown in Figure 4.8 was manufactured. The physical model of the two-leg

mechanism is shown in Figure 4.14. Then considering (4.19) and (4.43), a prototype regenerative

shock absorber was manufactured. The prototype shown in Figure 4.15 has a diameter of 7.6 cm

and includes the mentioned two-leg mechanism, a planetary gearhead (Maxon GP52C223087),

and a rotary permanent-magnet (PM) brushless machine (Maxon ECmax40-369146). Table 4.2

shows the parameters of this prototype.

Figure 4.15: Developed damper prototype: (a) With casting, (b) Without casting.
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Table 4.2: Parameters of the prototype.

Parameter Value

Internal resistance of the rotary machine, r 0.124 Ohm

Torque constant of the rotary machine, kt 0.0145 Nm/A

Rotor inertia of the rotary machine, Ir 53.8× 10−7kg.m2

Gearing ratio of the gearhead, n 26

Inertia of the gearhead, Ig 9.1× 10−7kg.m2

Two-leg mechanism leg length, l 4.5 cm

Two-leg mechanism rectangle length , 2a 4.3 cm

Inertia of the two-leg mechanism plate, It 4.5× 10−5kg.m2

Mass of the two-leg mechanism plate, mt 0.1 kg

Mass of the casting, mc 0.4 kg

The experimental setup for evaluating the performance of the shock absorber is shown in

Figure 4.16. In this setup, a hexapod (Mikrolar P2000) was used to excite the shock absorber.

The force and displacement signals were measured with a load cell (L204-200 from Omega) and

a displacement sensor (MLT Series 101.6 mm from Honeywell), respectively. A dSPACE 1104

real-time board along with a host computer system is used for data acquisition and analysis.

Using (4.19), the damping coefficient provided by the shock absorber can be calculated.

All of the parameters of this equation can be obtained by using (4.9), Figure 3.8, and Table

4.2, except mechanical efficiency of the system which will be obtained through measurements.

Referring to (4.34) the mechanical efficiency of the shock absorber is comprised of the mechanical

efficiency of the rotary machine, the gearhead, and the two-leg mechanism.

Using data sheets of the rotary machine and gearhead, one can estimate the mechanical

efficiency of these parts. In addition, by considering the efficiency of the ball joints of the

two-leg mechanism the mechanical efficiency of the two-leg mechanism can be estimated [81].

Finally, using (4.34) the mechanical efficiency of the shock absorber is estimated to be equal to

0.9.

Next, three external resistors of R = 0.6 Ω were connected to the rotary machine similar to

the pattern shown in Figure 2.2. Using (4.19), the linear damping coefficient provided by the

shock absorber is calculated as follows
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Figure 4.16: Experimental setup.

BL =
1.5× n2kt2

ηtlηghηgc2(R+ r)
=

1.5× 262 × 0.01452

0.9× 0.01482 × (0.6 + 0.124)
= 1500N.s/m

The provided linear damping coefficient by the shock absorber (BL = 1500 N.s/m) is close

to the damping coefficient of a typical passenger car.

Based on [27], [73], [95], when a passenger car travels on a regular road with a speed higher

than 30 km/hr, the amplitude of excitation is mostly between 5 mm to 10 mm with an excitation

frequency above than 1 Hz. Therefore, the prototype was tested with sinusoidal displacement

inputs for different amplitudes and frequencies in the above ranges.
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4.6.1 Linear Damping Coefficient

If a shock absorber is excited under a sinusoidal displacement profile, the force-displacement

loop is an ellipse [91]. This concept is used in this work, to evaluate the functionality of the

shock absorber from damping perspective.

Figure 4.17 shows the force-displacement loops of the suggested regenerative shock absorber

for different amplitudes and frequencies when a sinusoidal excitation is used. The area of each

loop represents mechanical work ∆W in one cycle. Hence, the linear damping coefficient can

be calculated as follows

BL =
∆W

πωX2
(4.44)

Using (4.44) for different loops shown in Figure 4.17, the experimental average linear damp-

ing coefficient is obtained as BLE
= 1720N.s/m. The reason of difference between calculated

linear damping coefficient (1500N.s/m) and obtained one from experiments (1720N.s/m) is as

follows. To calculate the linear damping coefficient provided by the shock absorber, the mechan-

ical efficiency of the shock absorber was estimated as 0.9, resulting in a linear damping coefficient

of 1500N.s/m. However, the average mechanical efficiency obtained from experiments is about

0.78 (as discussed in 4.6.2), which results in a linear damping coefficient of 1720N.s/m. It

should be noted that by changing the external resistors, R, the average experimental damping

coefficient can be regulated.

Next, let us study the inertial effect of the moving parts of the damper as evidenced by

(4.24). Considering the numerical data given in Table 4.2, we obtain meq = 17kg, which is

relatively small when compared to the quarter mass of a vehicle (e.g., about 400kg for a small

car). Thus one interpretation of the effect of meq is adding to the sprung mass of the vehicle.

In this work, the effect of meq is interpreted as producing a negative stiffness term shown in

equation (4.31), which corresponds to the non-zero diagonal slopes in the force-displacement

curves in Figure 4.17.

Due to certain limitations in materials used and manufacturing imperfections, there was a

clearance of 0.5mm inside the housing of ball joints in the manufactured two-leg mechanism.

This clearance resulted in fluctuations at each end of the force-displacement loops. This problem

can be solved of by using better materials and more precise manufacturing methods.
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Figure 4.17: Force-displacement loops for amplitudes of (a) 5 mm, (b) 7.5 mm, and (c) 10 mm
at different frequencies.

77



Figure 4.18: Force-displacement loop at a frequency of 1 Hz with an amplitude of 5 mm.

4.6.2 Efficiency of the Regenerative Shock Absorber

Referring to (4.42) the electrical efficiency of the system is simply obtained as follows

ηElec =
0.6

0.6 + 0.124
= 0.83.

But to evaluate the mechanical efficiency of the shock absorber experimentally, a two- step

procedure is needed as follows. First, the total efficiency is calculated as

ηRSA =
Pout(ave)
Pinput(ave)

(4.45)

where Pout(ave) is the average of output electrical power and Pinput(ave) is the average of input

mechanical power in one cycle. Then by rearranging (4.43) the mechanical efficiency is given

by

ηMech =
ηRSA
ηElec

. (4.46)

Regarding Pinput(ave) in (4.45) it can be said that, the area of each force-displacement loop

is the input mechanical work ∆W in one cycle, hence the average of input mechanical power in

one cycle is given by

Pinput(ave) =
∆W

T
(4.47)

where T is the period of excitation.

Figure 4.18 shows the force-displacement loop at a frequency of 1 Hz with an amplitude of

5 mm. Utilizing (4.47) in Figure 4.18, we have Pinput(ave) = 0.91W .
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Figure 4.19: Instant voltage of each external resistor at a frequency of 1 Hz with an amplitude
of 5 mm.

Figure 4.20: Instant electrical power in each external resistor at a frequency of 1 Hz with an
amplitude of 5 mm.

To calculate Pout(ave), first the instant electrical power in each external resistor is calculated

based on the recorded voltage and resistor value as follows:

Pinstant =
V 2

R
(4.48)

where V is the instant voltage. Then the average of output electrical power in three external

resistors is given by

Poutput(ave) = 3×
∫ T
0 Pinstant dt

T
. (4.49)

Figure 4.19 and Figure 4.20 show the instant voltage and instant electrical power of each

external resistor at a frequency of 1 Hz with an amplitude of 5 mm, respectively. Utilizing

(4.49) in Figure (4.20), we have Pout(ave) = 0.54W .
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Figure 4.21: Mechanical efficiency of the shock absorber for different amplitudes.

Utilizing (4.45) the total efficiency of the shock absorber at a frequency of 1 Hz with an

amplitude of 5 mm is calculated as ηRSA = 0.54
0.91 = 0.59. As mentioned before, the electrical

efficiency of the system is 0.83, thus using (4.46) the mechanical efficiency of the shock absorber

at a frequency of 1 Hz with an amplitude of 5 mm is calculated as ηMech = 0.59
0.83 = 0.71.

By using the same procedure the mechanical efficiency for different amplitudes and frequen-

cies was calculated and the results are shown in Figure 4.21. As it can be seen in this figure,

0.71 < ηMech < 0.84 with an average value of 0.78.

There are several works about regenerative shock absorbers in the literature, but among

all of them mechanical efficiency was only studied in [73]. Based on this study the mechanical

efficiency ranges from 0.33 to 0.63 with different vibration frequencies with an amplitude of 10

mm and a damping coefficient of 1800 N.s/m.

Referring to Figure 4.21 the mechanical efficiency is increased as a result of increasing the

amplitude and excitation frequency; the reason of this fact can be explained by studying the

mechanical efficiency as a function of friction. To this end, first the mechanical efficiency of the

shock absorber is described by

ηMech =
Pinput(ave) − Pf(ave)

Pinput(ave)
(4.50)

where Pf(ave) is the average of lost power due to friction in one cycle. Then dependency of

Pinput(ave) and Pf(ave) to the amplitude and excitation frequency are investigated as follows.
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Dependency of the average of input mechanical power, Pinput(ave), to the amplitude and

excitation frequency is explained as follows. Since the shock absorber is tested under sinusoidal

displacement excitation, any increase in the amplitude and excitation frequency increases the

speed between two sides of the shock absorber. In addition the net damping force is given by

FD = BLẋ where BL is the linear damping coefficient and ẋ is the speed between two sides of the

shock absorber. Therefore the net damping force, representing the average of input mechanical

power, is increased proportional to the excitation amplitude and frequency increase.

Dependency of the average of lost power due to friction, Pf(ave), to the amplitude and

excitation frequency is explained as follows. The kinetic friction force is given by Ff = µkN

where µk is the coefficient of kinetic friction and N is the normal force between surfaces.

Considering the structure of the shock absorber shown in Figure 4.1, the normal force in the

spherical joints and bearing of the gearhead are increased as the amplitude and excitation

frequency is increased. However, the normal force between castings of the shock absorber and

the normal forces in the generator parts are not frequency dependent and would remain constant.

Therefore, it can be said that the friction force representing the average of lost power due to

friction does not increase proportional to the excitation amplitude and frequency increase.

From the two previous paragraphs we can conclude that, by increasing the amplitude and

frequency excitation the ratio of lost power due to friction to the input power is decreased; then

by considering Equation (4.50) resulting in increased mechanical efficiency.

4.7 Summary and Conclusion

In this chapter, the design and implementation of a novel regenerative shock absorber for a

passenger-sized car were studied. First, appropriate performance of the shock absorber as

a part of a suspension system, was demonstrated through simulation. Then, A prototype

shock absorber was manufactured and its performance was evaluated on a test-bench under

sinusoidal displacement. The results demonstrate that the regenerative shock absorber can

provide the same level of damping for a passenger-sized car while meeting the size requirement.

Furthermore, vibration energy is harvested with a mechanical efficiency measured between 0.71

and 0.84.
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Figure 4.22: (a) Force-displacement loop, (b) Instant voltage of each external resistor, (c)
Instant electrical power in each external resistor at a frequency of 1 Hz with an amplitude of
7.5 mm.
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Figure 4.23: (a) Force-displacement loop, (b) Instant voltage of each external resistor, (c)
Instant electrical power in each external resistor at a frequency of 1 Hz with an amplitude of
10 mm.
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Figure 4.24: (a) Force-displacement loop, (b) Instant voltage of each external resistor, (c)
Instant electrical power in each external resistor at a frequency of 2 Hz with an amplitude of 5
mm.
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Figure 4.25: (a) Force-displacement loop, (b) Instant voltage of each external resistor, (c)
Instant electrical power in each external resistor at a frequency of 2 Hz with an amplitude of
7.5 mm.
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Figure 4.26: (a) Force-displacement loop, (b) Instant voltage of each external resistor, (c)
Instant electrical power in each external resistor at a frequency of 2 Hz with an amplitude of
10 mm.
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Figure 4.27: (a) Force-displacement loop, (b) Instant voltage of each external resistor, (c)
Instant electrical power in each external resistor at a frequency of 3 Hz with an amplitude of 5
mm.
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Figure 4.28: (a) Force-displacement loop, (b) Instant voltage of each external resistor, (c)
Instant electrical power in each external resistor at a frequency of 3 Hz with an amplitude of
7.5 mm.
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Figure 4.29: (a) Force-displacement loop, (b) Instant voltage of each external resistor, (c)
Instant electrical power in each external resistor at a frequency of 3 Hz with an amplitude of
10 mm.
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Chapter 5

A Case Study About Nonlinear

Terms of the Two-Leg Mechanism

5.1 Introduction

As mentioned in Chapter 4, the linear damping coefficient provided by the proposed shock

absorber is not a constant, which is due to nonlinear terms of the two-leg mechanism. The

effect of two-leg mechanism nonlinearity was discussed in Section 4.5. It was noticed that the

maximum error of the relative displacement, due to nonlinearity of the two-leg mechanism, is

about 10% which can be ignored in the application of usual passenger cars.

However, there are some applications for the proposed regenerative shock absorber such

as suspension system of luxury passenger cars, suspension system of trucks, and suspension

system of driver’s seat of tracks, in which the variable linear damping coefficient provided by

the shock absorber could not be applicable. In this chapter, we study compensating the effect

of the two-leg mechanism nonlinear terms on linear damping coefficient, by utilizing a variable

external resistance provided by the charging circuit through appropriate control.

5.2 Nonlinear Terms Analysis

Let us see how the nonlinear terms of the two-leg mechanism affects the linear damping coeffi-

cient, and as a result the damping force applied by the presented regenerative shock absorber.

To this end, consider Figure 5.1 showing the force-displacement loops at a frequency of 1 Hz
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Figure 5.1: Force-displacement loops at a frequency of 1 Hz for different amplitudes by utilizing
fixed external resistance.

for different amplitudes, where the external resistance is constant (These loops are from experi-

mental results explained in the previous chapter). From this figure, the force-displacement loop

is symmetric for an amplitude of 5 mm. However, by increasing the amplitude, the vertical

diameter of the loops are shifted to the left which is due to the nonlinear relationship given by

(4.4). Referring to Figure 4.9, for the amplitude up to 5 mm from the equilibrium point, the

nonlinear and linear mapping are very close; therefore the linear damping coefficient is almost

a constant, and as a result the force-displacement loop is symmetric. But by increasing the

amplitude, the nonlinear mapping becomes separated from the linear mapping, which means

the linear damping coefficient is a variable. As a result the damping force applied by the shock

absorber is not symmetric and the vertical diameter of the loops are shifted to the left.

The objective of this section, is to compensate the nonlinear terms of the two-leg mechanism

by a variable external resistance sent from charging circuit. As a result, the linear damping

coefficient provided by the shock absorber would be constant, and the force-displacement loops

would be symmetric. To this end, consider Equation 4.17, in which the nonlinear kinematic

relationship between the translational and rotary speeds of the plates in the two-leg mechanism

is utilized. By substituting (2.22) in (4.17) we have

BL =
1.5n2k2t [l

2 − 2a2(1− cosθ)]
ηtlηghηga4sin2θ(R+ r)

. (5.1)

Referring to (5.1) by controlling the external resistance, the amount of linear damping coefficient

can be controlled. Solving (5.1) in terms of R results in

R =
1.5n2k2t

[
l2 − 2a2(1− cosθ)

]
BLηtlηghηga4sin2θ

− r (5.2)
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Figure 5.2: Experimental setup.

As the displacement measurement is more common and easier compared to the measurement

of angular position, (5.2) can be further simplified by performing some algebraic manipulations

and utilizing (4.4) and (4.14) as follows

R =
n2k2t

BLηtlηghηg
× 6(x+ δ0)

2

4a2[l2 − (x+ δ0)2]− [l2 − (x+ δ0)2]2
− r (5.3)

Equation 5.3 demonstrates the relationship between the external resistance sent from the charg-

ing circuit and linear displacement. Utilizing this relationship, for any desired linear damping

coefficient, BL, an appropriate resistance, R, at each position, x, can be calculated.

5.3 Experimental Setup and Results

To evaluate the mentioned theory, the manufactured shock absorber was connected to a charging

circuit equipped with a controller, and tested in the setup shown in Figure 5.2 under sinusoidal

displacement.
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Figure 5.3: Variable external resistance for constant linear damping coefficient under different
base excitation amplitudes.

In this setup, displacement is measured by the displacement sensor and sent to the charging

circuit, then the charging circuit applies the corresponding external resistance to each displace-

ment, based on Equation 5.3.

In the experiments, the desired linear damping coefficient was 1720 N.s/m, and the mechan-

ical efficiency of the system was considered equal to 0.78 which is the average of mechanical

efficiency presented in Section 4.6.2. Results of these experiments are shown in Figure 5.3 and

Figure 5.4 as follows.

Figure 5.3 shows the amount of external resistance for different amplitudes. As it can be

seen in this figure, for the amplitude of 5 mm the external resistance fluctuations are very small,

which is due to the closeness between linear and nonlinear mapping up to 5 mm from equilibrium

point. However, by increasing the amplitude, the nonlinear mapping becomes separated from

linear mapping, therefore the external resistance, fluctuates more to compensate the nonlinear

effects of the two-leg mechanism.

Figure 5.4 shows the force-displacement loops for different amplitudes. Compare to the

loops shown in Figure 5.1, the vertical diameter of the loops for the amplitudes of 7.5 mm

and 10 mm have been shifted to the right and the loops are symmetric. This change proves

that the nonlinear terms of two-leg mechanism have been compensated by the variable external

resistance, therefore the linear damping coefficient provided by the shock absorber is constant.

It should be noted that, this chapter was accomplished in collaboration with a colleague
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Figure 5.4: Force-displacement loops at a frequency of 1 Hz for different amplitudes by utilizing
variable external resistance.

with electrical engineering background. In this collaboration my colleague was in charge of

electrical engineering materials specially the charging circuit equipped with a controller and I

was in charge of mechanical engineering materials as explained. Therefore in this dissertation,

only the mechanical engineering materials were explained in details.

5.4 Summary and Conclusion

In this chapter, the effect of two-leg mechanism nonlinear terms, on linear damping coefficient

provided by the presented regenerative shock absorber, was studied and it was noticed that

these terms make the linear damping coefficient variable. Then the theory of using a variable

external resistance, provided by the charging circuit, to compensate the two-leg mechanism

nonlinear terms was presented; and at the end the accuracy of this theory was verified through

some experiments.
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Chapter 6

Summary, Conclusions, and

Suggestions for Future Work

6.1 Summary and Conclusions

In this thesis, the idea of a novel regenerative shock absorber for a passenger car was presented.

To this end, first rotary damping coefficients provided by DC and AC rotary machines connected

to appropriate charging circuits were studied. An AC rotary machine connected to external

resistors (to simulate charging circuit) was evaluated in a dynamo system, experimentally. The

experimental results show a good match with theoretical results. Then, a proof of concept

regenerative shock absorber using algebraic screw was introduced, and analytical expression

describing linear damping coefficient provided by this system was derived. The prototype of

this system was developed and evaluated in a mass-spring setup. The experimental results

demonstrate accuracy of theoretical results. Furthermore, the design and implementation of a

novel simple regenerative shock absorber for a passenger-sized car was studied. A prototype

shock absorber was manufactured and its performance in terms of damping coefficient and

mechanical efficiency was evaluated on a test-bench under sinusoidal displacement. The results

demonstrate that the regenerative shock absorber can provide damping and a physical size

that are commensurate with those of a passenger car. Meanwhile, vibration energy can be

regenerated with a measured mechanical efficiency between 0.71 and 0.84.
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6.2 Future Research

Based on the experience gained and results obtained in the course of this research, the following

activities may be considered for future work.

6.2.1 Strength of Materials Analysis

The scope and contribution of current work was investigation of the kinematics and dynamics

of the proposed regenerative shock absorber. However to utilize this system in real applications,

a comprehensive analysis concerning strength of materials issues such as stress, buckling, and

fatigue in different parts of the system is needed and would be worthwhile studying in any

future developments.

6.2.2 Manufacturing Improvement

Among the parts utilized to manufacture the presented shock absorber, generator and gearhead

were bought off the shelves. These parts have high efficiencies; and they are compact and

light enough. However, the two-leg mechanism and the casting were built in an academic

machineshop, thus there are some imperfections in these parts which cause the mechanical

efficiency to be decreased. Moreover these parts are bulky and heavy. By utilizing better

materials, optimized sizes and more precise manufacturing methods, a better version of the

presented regenerative shock absorber in terms of mechanical efficiency, weight, and size can be

manufactured. Thus, manufacturing improvement could be a topic of future work.

6.2.3 Two-leg mechanism Modification

Based on the theory presented in this work, bigger rotation angle of motion converter, causes a

smaller need in gearing ratio; and smaller gearing ratio results in higher mechanical efficiency in

the regenerative shock absorber. One way of having bigger rotation angle in two-leg mechanism

is using a bended legs in this system, however in this situation a special spherical joint to lead

each leg in a special path is needed. A study about bended legs and corresponding spherical

joints is worth to be a subject of a future work.
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6.2.4 Other Vehicular Applications

In this work a comprehensive study about damping and efficiency of a novel regenerative shock

absorber was presented. Although the obtained results were used to design and manufacture a

shock absorber for a passenger car, they can be used as a solid ground for other applications

such as suspension system of trucks, suspension system of driver’s seat of trucks, and suspension

system of driver’s seat of boats. Each of the mentioned applications is worth a topic for future

work.

6.2.5 Ocean Wave Converter

The subject of this study is capturing energy from a car shock absorber motion, which is a

one dimensional vibration. Considering that the ocean waves are modeled as three dimensional

vibrations, this system can be extended to three dimensions and be used as a ocean wave energy

coveter.
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Appendix A

Equation A.1 describes the separation of the algebraic screw plates, δ, as a function of the

rotation angle between plates, θ.

δ =

√
l2 − a2

12
(5− 4cosθ)· (A.1)

Let us define the relative linear and rotary motions by δ̃ and θ̃, respectively, as follows

δ − δ0 = δ̃ (A.2)

θ − θ0 = θ̃ (A.3)

where δ0 and θ0 are the static equilibrium points of δ and θ, respectively.

To linearize (A.1) around θ0, the first order of Taylor series of δ at θ0 is utilized as follows

δ = δ0 +
dδ

dθ (θ=θ0)
(θ − θ0) (A.4)

where

δ0 =

√
l2 − a2

12
(5− 4cosθ0) (A.5)

dδ

dθ (θ=θ0)
= − a2sinθ0

6
√
l2 − a2

12 (5− 4cosθ0)
= −a

2sinθ0
6δ0

. (A.6)

Substituting (A.6) into (A.4) and performing some algebraic manipulations results in

δ = δ0 +
a2sinθ0

6δ0
θ0 −

a2sinθ0
6δ0

θ. (A.7)
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Equation (A.7) is the linear approximation of (A.1) around θ0. Taking a derivative from (A.7)

results in

δ̇ = −cθ̇ (A.8)

where c is the slope of the nonlinear relationship between δ̇ and θ̇ given by

c =
a2sinθ0

6δ0
· (A.9)
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Appendix B

Equation B.1 describes the separation of the two-leg mechanism plates, δ, as a function of the

rotation angle between plates, θ.

δ =
√
l2 − 2a2(1− cosθ) (B.1)

Let us define the relative linear and rotary motions by δ̃ and θ̃, respectively, as follows

δ − δ0 = δ̃ (B.2)

θ − θ0 = θ̃ (B.3)

where δ0 and θ0 are the static equilibrium points of δ and θ, respectively.

To linearize (B.1) around θ0, the first order of Taylor series of δ at θ0 is utilized as follows

δ = δ0 +
dδ

dθ (θ=θ0)
(θ − θ0) (B.4)

where

δ0 =
√
l2 − 2a2(1− cosθ0) (B.5)

dδ

dθ (θ=θ0)
= − a2sinθ0√

l2 − 2a2(1− cosθ0)
= −a

2sinθ0
δ0

. (B.6)

Substituting (B.6) into (B.4) and performing some algebraic manipulations results in

δ = δ0 +
a2sinθ0
δ0

θ0 −
a2sinθ0
δ0

θ. (B.7)

110



Equation (B.7) is the linear approximation of (B.1) around θ0. Taking a derivative from (B.7)

results in

δ̇ = −cθ̇ (B.8)

where c is the slope of the nonlinear relationship between δ̇ and θ̇ given by

c =
a2sinθ0
δ0

· (B.9)
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