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Abstract 

Tremendous effort continues to be devoted to elucidating the anomalous normal state of 

high-temperature cuprate superconductors. Experiments on underdoped cuprates have 

revealed a rich phase above the superconducting transition temperature (Tc) with the 

presence of electronic nematicity, charge-density-wave order, anomalous weak 

magnetic order, Cooper pairing, and superconducting fluctuations. A key finding has 

been the observation of nanoscale electronic inhomogeneity at the surface of 

Bi2Sr2CaCu2O8+δ by scanning tunneling microscopy (STM). Understanding the role 

played by the electronic inhomogeneity in the various observed phenomena requires 

answers to the following questions: (i) Is there a similar degree of electronic 

inhomogeneity in the bulk? (ii) Does the electronic inhomogeneity observed in 

Bi2Sr2CaCu2O8+δ have any relevance to other cuprate superconductors? To address 

these questions one needs a bulk technique that can distinguish between a spatially 

uniform and inhomogeneous system. The present thesis reports on the results of a 

muon spin rotation (µSR) study of the bulk of Bi2+xSr2-xCaCu2O8+δ , as well as pure and 

Ca-doped YBa2Cu3O7-δ, which together with prior measurements reveal a universal 

inhomogeneous magnetic-field response of hole-doped cuprates extending to 

temperatures far above Tc. In particular, the inhomogeneous line broadening above Tc is 

found to scale with the maximum value �����
 for each cuprate family, indicating that the 

inhomogeneity in the normal state is controlled by the same energy scale as Tc. Since 

the degree of chemical disorder is very different in the materials we have measured, the 

observed scaling constitutes strong evidence for an intrinsic electronic tendency toward 

inhomogeneity in the normal-state, from which bulk superconductivity emerges at lower 

temperatures.  

Keywords:  µSR; cuprate superconductors; normal state; spatially inhomogeneous 
superconducting fluctuations 
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This thesis is a contribution to a comprehensive study on the inhomogeneous magnetic 

field response in the normal state of cuprate high-Tc superconductors using the so-called  

“transverse-field muon spin rotation/relaxation” (TF-µSR) technique. Although the thesis 

includes previously obtained results on La2-xSrxCuO4 and YBa2Cu3O7-δ cuprates, the data 

for La2-xSrxCuO4 have been reanalayzed to allow for direct comparison to other cuprate 

families. New   TF-µSR and bulk magnetic susceptibility measurements were performed 

on Ca-doped YBCO as well as Bi2+xSr2-xCaCu2O8+δ single crystals. The terms TF-µSR, 

La2-xSrxCuO4, YBa2Cu3O7-δ and Bi2+xSr2-xCaCu2O8+δ are described later in the thesis.  

This thesis is organizad as follows: In the first chapter a brief introduction is given 

on superconductors. Then, cuprates are introduced as a group of high-Tc 

superconductors, where some of their properties most relevant to this thesis are 

described. Various experimental observations in the normal state of cuprates are 

described, and the questions which this study addresses are stated. In the second 

chapter, the main experimental technique used for this study (muon spin 

rotation/relaxation) is introduced. This is followed by an explanation of relevant fitting 

functions. The third chapter contains detailed information on the samples studied and 

the measurements performed. The fourth chapter contains data analysis and results, 

with a very brief explanation justifying the main findings of this study. The fifth chapter 

contains a comprehensive discussion of the results in the context of other experimental 

findings. The sixth chapter contains conclusions and thoughts on potential work for the 

future.  

 

 

 

 

 

 

 



 

1 

Chapter 1.  
 
Introduction 

Superconductors are materials that exhibit zero electrical resistance, and 

basically behave as perfect diamagnets when placed in a magnetic field. 

Superconductivity was discovered by Kamerlingh Onnes in 1911, when he observed a 

sudden drop in the resistivity of mercury to essentially zero below a critical temperature 

Tc ~	4.2 K [1]. Soon afterwards potential applications of these materials were envisioned, 

such as producing power cables with zero power loss. While there are some modern-

day applications [e.g. high-field superconducting magnets for magnetic resonance 

imaging (MRI) and high-energy particle accelerators, sensitive magnetometers, 

magnetic levitation devices, low-loss power cables, and electronic filters for cell phone 

relay stations], widespread use of superconductors has been inhibited by their low 

critical temperatures and critical currents. 

In 1986 Bednorz and Müller discovered bulk superconductivity in the non-

stoichiometric cuprate La2-xBaxCuO4-δ below a critical temperature of Tc = 30 K [2], which 

was sufficiently above the previously achieved high of Tc = 23 K for Nb3Ge [3]. Soon after 

this discovery other cuprates were found to superconduct at even higher temperatures, 

and a record high of Tc ~ 164 K was realized in the mercury-based cuprate 

HgBa2Ca2Cu3O8+δ under 31 GPa of pressure, and Tc ~ 134 K for ambient pressure [4-6]. 

For the past 28 years there has been an immense effort aimed at elucidating the 

microscopic mechanism responsible for “high-Tc superconductivity” in these cuprate 

systems. 

Superconducting cuprates contain two-dimensional CuO2 planes separated by 

charge reservoir layers. Substitution of atoms (e.g. Ba for La in La2-xBaxCuO4-δ) or 

instead the addition of oxygen interstitials, results in a transfer of holes into the CuO2 

layers. Electron-doped cuprate superconductors [7] also exist, but these differ in 
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significant ways and are not considered in this thesis. The undoped parent compounds 

(e.g. La2CuO4) are antiferromagnetic Mott insulators, in which the electronic conductivity 

vanishes as � → 0; contrary to the band-theory prediction that they are metallic. In a 

Mott insulator the electron-electron Coulomb repulsion (not included in the band theory 

of solids) is sufficiently large that a sizeable energy gap is created in the electronic band 

structure, which localizes the charge carriers [8]. An additional property of the Mott 

insulating state is an antiferromagnetic arrangement of localized Cu moments in the 

CuO2 layers (see Fig. 1.1) [9]. The Mott insulating state is gradually destroyed by hole-

doping, and superconductivity emerges in the range 0.05 < ( < 0.27, where ( is the 

number of holes per CuO2 unit cell. 

 
Figure  1.1 A CuO2 layer showing the antiferromagnetic arrangement of spins 

on the Cu ions, which is locally destroyed by the addition of doped 
holes. 

In this thesis three families of hole-doped cuprates are considered: YBa2Cu3O7-δ 

(YBCO), Bi2+xSr2-xCaCu2O8+δ (BSCCO) and La2-xSrxCuO4 (LSCO) (see Fig. 1.2). Two of 

these may be hole-doped by introducing extra oxygen atoms to oxidize the nearby Cu 

atoms in the CuO2 layers to higher valences. For Bi2+xSr2-xCaCu2O8+δ, δ represents the 

excess oxygen which may be added to random interstitial sites in the BiO layers. 

Alternatively holes may be added via a Sr deficiency. In both cases the distribution of 

holes is inhomogeneous. In La2-xSrxCuO4 holes are doped in the CuO2 layers by 

substituting some of the La atoms with Sr. At low doping levels, the dopants are 

randomly distributed making the sample electronically inhomogeneous. Hole-doping of 

YBa2Cu3O7-δ takes place via the addition of oxygen to the CuO chain layer lying between 

the BaO layers. The chain oxygen ions have a much higher mobility than cations such 
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as Sr2+. Consequently, YBa2Cu3O7-δ can be made with a highly homogeneous 

distribution of chain oxygen [10]. The fact that doping of holes into YBa2Cu3O7-δ results in 

a far more electronically homogeneous system than is the case for Bi2+xSr2-xCaCu2O8+δ 

or La2-xSrxCuO4, is of crucial importance to the central finding of this thesis, which is a 

magnetic-field induced intrinsic electronic propensity toward inhomogeneity in the 

normal-state of high-Tc cuprate superconductors. 

 
Figure  1.2 The crystal structures of the undoped parent compounds of (a) 

Bi2+xSr2-xCaCu2O8+δ, (b) YBa2Cu3O7-δ and (c) La2-xSrxCuO4. These 
figures are taken from Ref. [11]. 

Numerous phases and crossovers have been identified in the temperature-

versus-doping (� vs. () and temperature-versus-magnetic field (� vs. ") phase diagrams 

of cuprates. Figure 1.3 shows a simplified generic � vs. ( phase diagram of hole-doped 

high-Tc cuprates in the absence of an applied magnetic field [9, 12]. The “Néel” 

temperature �N which is the onset temperature for the antiferromagnetic (AFM) phase at 

low hole-doping is as high as room temperature, but decreases rapidly with increasing (. 

The superconducting phase has a maximum value of Tc at ( ~ 0.16, which is referred to 
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as “optimal” doping. This optimal doping concentration separates the so-called 

“underdoped” and “overdoped” regions of the phase diagram [9, 12]. In the heavily 

overdoped regime, hole-doped cuprates exhibit properties reminiscent of a normal Fermi 

liquid [13, 14]. In particular, they somewhat resemble conventional metals in possessing 

a large Fermi surface [14, 15].  

 
Figure  1.3 Schematic zero-field phase diagram of hole-doped cuprate 

superconductors in which “AFM” represents an antiferromagnetic 
phase below the Néel temperature (�N), “SM” stands for static 
magnetism in the form of short-range magnetic order or spin-glass-
like magnetism, and “SC” is the superconducting phase. The line 
labeled T* indicates the onset of a pseudogap in the electronic 
density of states. 

Early measurements on optimally and overdoped cuprates in the normal (non-

superconducting) state revealed that some properties of the normal region exhibit 

strange metallic behaviour extending to high temperatures. This is labelled as the 

“strange metal” region in Fig. 1.3. There are two key properties of this funnel-shaped 

region of the phase diagram existing above the superconducting phase. First, the in-

plane resistivity	��(�) seems to have two components, one that is linear in temperature, 

and another that is quadratic [16], rather than the pure quadratic temperature 
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dependence expected by Fermi-liquid theory. Second, the inverse Hall coefficient is 

linearly temperature dependent [17]. The Hall coefficient is the ratio of the electric field 

�h induced by the pile-up of moving charge on one side of a sample (due to the 

application of a transverse magnetic field #i) to the product of the current density of the 

charge carriers �; and the applied magnetic field #i, and is expected to be temperature 

independent. There are different theoretical proposals to explain these behaviours, but 

the nature of the current-carrying excitations in this region is not yet fully understood 

[18].  

Beyond the AFM phase, static magnetism (SM) persists in the form of short-

range magnetic order or spin-glass-like magnetism, coexisting with superconductivity 

(SC) at low temperatures for some portion of the underdoped regime [19-21] (e.g. up to 

( ~ 0.13 in La2-xSrxCuO4-δ [21], but only up to ( ~ 0.09 in YBa2Cu3O7-δ [22]). With further 

increased doping or temperature, fluctuating AFM spin correlations are present in some 

regions of the sample and persist to the upper critical doping of the superconductivity 

phase (i.e. ( ~ 0.3) [23]. A notable feature of the superconducting phase in a number of 

cuprates is a dip in Tc near ( ~ 1/8, where there are enhanced charge and spin 

correlations [9] that appear to compete with superconductivity. Lastly, the normal state 

contains a so-called “pseudogap” phase below a temperature �*, which decreases with 

increased ( as shown in Fig. 1.3. The source of the pseudogap and its connection to 

superconductivity are questions that have been the focus of studies on cuprates for the 

past 15 years. In the following sections a description of the pseudogap and other 

aspects of the generic hole-doped cuprate phase diagram are presented. 

1.1. Some properties of cuprate superconductors 

In a conventional superconductor electrons of opposite spin and equal and 

opposite momentum close to the Fermi surface form pairs (i.e. Cooper pairs) via their 

interaction with crystal lattice vibrations (i.e. phonon-mediated pairing). The pairing of the 

electrons lowers their energy, resulting in an energy gap ∆F	at the Fermi level such that 

an energy of 2∆F is required to break apart a Cooper pair. In the superconducting state, 

there is long-range phase coherence among the Cooper pairs. Although the Bardeen-

Cooper-Schrieffer (BCS) theory [24] that formally invokes this microscopic pairing 
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mechanism has provided a successful account of superconductivity in many classical 

“low-Tc” superconductors, it does not explain superconducting cuprates. Some ideas 

based on the proximity of the superconducting and antiferromagnetic phases, and the 

observed coexistence of short-range magnetic order and superconductivity in some 

portion of the underdoped regime, suggest a non-BCS pairing mechanism of possible 

magnetic origin [9, 25].  

In conventional superconductors that are described by BCS theory, the pairing 

wave function has s-wave symmetry, which is manifested as an isotropic energy gap at 

the Fermi surface. The energy gap occurring at the Fermi surface in cuprates is instead 

associated with a superconducting order parameter of �;��h� symmetry (d-wave). The 

corresponding energy gap function in k space is 

∆(	) =	∆F[cos(	;E) − cos	(	hE)].																																																																																																						(1.1)	

The d-wave gap has nodes at the Fermi surface, and the gap function changes sign 

under rotation by 90° (see Fig. 1.4) [26-33].  

The presence of gap nodes significantly alters the density of low-lying excitations in the 

superconducting state, and consequently the temperature dependences of the transport 

and thermal properties. For example, the temperature dependence of ����, which is 

proportional to the density of superconducting carriers ��, exhibits a limiting low-

temperature linear-� dependence due to quasiparticle excitations along the nodal 

directions [29] (see Fig. 1.5). Here �� is the a-b plane “magnetic penetration depth”, 

which is the length scale over which magnetic field directed along the c-axis 

exponentially decays with distance into a superconductor, due to screening by 

supercurrents. 
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Figure  1.4 The superconducting energy gap function	∆(�), its magnitude |∆(�)| 

and phase �. The top and bottom rows depict the situation for a 
conventional s-wave and an unconventional d-wave superconductor, 
respectively [33]. 

 

 
Figure  1.5 Schematic of the temperature dependence of the inverse-square of 

the magnetic penetration depth for s-wave and d-wave 
superconductors. 
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Another important property of hole-doped cuprates is that they are quasi two-

dimensional, with the superconductivity residing in weakly coupled CuO2 planes. 

Consequently, the magnetic penetration depth λ is highly anisotropic, as is the 

“coherence length” �F, which is the approximate spatial extent of a Cooper pair. While �F 

is on the order of 102 to 103 Å in conventional superconductors, cuprates have an 

extremely short in-plane coherence length of �� ~ 10 to 20 Å [34]. The c-axis (the 

crystallographic axis perpendicular to the CuO2 planes) coherence length �� is much 

smaller than this. The short coherence length allows for rapid spatial variations of the 

superconducting order parameter, such that superconductivity is locally weakened by 

small defects. 

The superconducting order parameter is a complex function, having both an 

amplitude and a phase. Upon increasing temperature above Tc, superconductivity may 

be destroyed by pairing amplitude fluctuations and/or phase fluctuations of the 

superconducting order parameter. In a conventional superconductor, where the 

superconducting carrier density �� is large, the typical energy scale for destroying the 

phase stiffness is much higher than that for the destruction of the pairing amplitude. 

Consequently, superconductivity is destroyed at Tc by the breaking of Cooper pairs, 

rather than a loss of long-range phase coherence, and Tc is proportional to ΔF. In 

actuality, pairing amplitude fluctuations characterized by weak diamagnetism have been 

detected in conventional superconductors over a very narrow range of temperature 

above Tc [35].  

In 1989 Uemura et al. observed a linear relationship between Tc and ����	(�	 → 0) 
measured by muon spin rotation (µSR), for a variety of underdoped cuprates. This 

implies that the superconducting transition temperature Tc is proportional to the zero-

temperature superfluid density �� (see Fig. 1.6) [36]. This relationship was considered by 

Emery and Kivelson in arguing that superconductors with low superconducting carrier 

density are characterized by poor supercurrent screening and small phase stiffness, 

making them susceptible to enhanced phase fluctuations [37]. As shown in Fig. 1.6, 

underdoped superconducting cuprates have rather large values of the magnetic 

penetration depth	��, and corresponding small superfluid densities. In other words, the 

superconducting state of underdoped cuprates is apparently destroyed by fluctuations of 
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phase-incoherent Cooper pairs, rather than the breaking of Cooper pairs. The Tc ∝ �� 
behaviour observed in the Uemura plot is evidence that phase fluctuations are indeed 

important in underdoped cuprates [36]. This can be justified theoretically as follows [38]: 

 
Figure  1.6 The Uemura plot, showing the superconducting transition 

temperature Tc versus the inverse-square of the in-plane magnetic 

penetration depth �����	(� → �) for various superconductors. The 
inset shows Tc versus the µSR depolarization rate �		(� → �) for hole-
doped cuprate superconductors extending into the overdoped 

regime, where �	 ∝ ����� ∝ ��. The inset figure is taken from Ref. [36]. 
Note that NbSe2 and MgB2 are conventional s-wave 
superconductors, which are described by BCS theory. The other 
compounds in the figure are high-Tc cuprate or iron-arsenic based 
superconductors. The underdoped cuprates exhibit �� ∝	��	(� → �) 
behaviour. This figure is adapted from Ref. [39]. 

The BCS superconducting order parameter may be written in the following form 

∆(&) = −∑ ���〈E��↓E�↑〉� ,                                                                                              (1.2) 
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where ��� are the matrix elements of the interaction potential in k space, and E��↓E�↑	is a 

Cooper pair annihilation operator. In real space the interaction potential is �(&l − &�) =
	−¡¢(&l − &�), where ¡ is a constant. It follows that the order parameter can be written as 

∆(&) = −¡〈%↓(&)	%↑	(&)〉 = 	 |£(&)| exp¤¥¦(&)§, 

such that 

∆∗(&) = −¡〈	%↑©(&)	%↓©(&)〉 = 	 |£(&)| exp¤−¥¦(&)§,																																																																					(1.3)	

where %↓(&)	%↑	(&) is a Cooper pair annihilation operator in real space. Defining a 

number operator �S =	%S©%S 	that counts the number of Cooper pairs, it is easy to show 

that ª�S 	, %«¬ = 	−¢S«%«¬  and ª�S 	, %«¬©  = 	¢S«%«¬© .  

Using Eq. (1.3) and the relation nS® = cos	k + 	¥	sin	k , one may also define a phase 

operator 

The relative phase between pairs is small in the fluctuation limit, and thus it is 

reasonable to assume  

k«	 ≈ sink« 	 = 	 n
S®° −	n�S®°

2¥ = −¡
2¥±£«±	¤%«↓%«↑ −	%«↑© %«↓© §, 

and 

cosφ« = nS®° +	n�S®°

2 = −¡
2±£«±	¤%«↓%«↑ +	%«↑© %«↓© §.																																																																								(1.4) 

The commutator between these phase and number operators is  

ªk« 	, �S = 	 −¡
2¥±∆«± ¤ª%«↓%«↑	, �S − 	ª%«↑© %«↓© 	, �S§	
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																= 	 −¡

2¥±∆«± 	¤%«↓ª%«↑	, �S + ª%«↓	, �S%«↑ − %«↑© ª%«↓© 	, �S − ª%«↑© 	, �S	%«↓© §	

																	= −¡
¥±∆«±	¢S«¤%«↓%«↑ +	%«↑© %«↓© §.																																																																																														(1.5)	

							 

Substituting Eq. (1.4) into the right-hand side of the above equation, one finds that  

ªk« 	, �S = 	¢S« −¡
¥±∆«± 	2

±∆«±
¡ cosφ« = 	2	¥	¢S«cosφ« .																																																																												(1.6)	

Thus, the uncertainties in � and k obey the relation 

 Δ�	Δk	 ≥ (1 2)⁄ ±2¢S« cos k«± ≈ 1.                                                                                 (1.7) 

A rough estimate of the uncertainty in the number of Cooper pairs is ∆�	~	��(0) [40], 

and thus  

∆k	~	 1
��(0).																																																																																																																																																(1.8)	

Therefore phase fluctuations are important in systems with a low zero-temperature 

superfluid density ��(0), such as is the case for underdoped cuprates, where ��(0) ∝ ( 

[38]. Upon decreasing temperature, the superconducting transition at Tc occurs when 

phase fluctuations are suppressed allowing for the Cooper pairs to form a long-range 

phase-coherent state. The stronger the phase fluctuations, the lower the value of Tc, and 

vice versa. From this argument one would expect £k ~ 1/Tc, which together with Eq. (1.8) 

results in the linear relation Tc ∝ ��(0) found experimentally in underdoped cuprates by 

Uemura et al. using µSR. 

1.2. Pseudogap 

Unlike in conventional superconductors, a normal metallic state does not exist at 

temperatures above Tc in hole-doped cuprate superconductors. In these materials a 
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strong suppression of the electronic density of states �(�) near the Fermi energy occurs 

above Tc within a temperature range Tc < �	< �*. This is referred to as a “pseudogap”, 

since unlike a true energy gap, �(�) does not completely vanish. The pseudogap 

temperature �* decreases with increasing (, but exactly where it vanishes is unclear. 

Some experiments, such as heat capacity, resistivity and magnetic susceptibility studies 

[41] suggest �* vanishes at a quantum critical point beneath the Tc-versus-	( 

superconducting dome, while angle-resolved photoemission spectroscopy (ARPES) and 

scanning tunneling microscopy (STM) studies indicate that �* merges with Tc in the 

overdoped regime [42].  

Since superconductivity is precluded by the pseudogap over a wide range of 

doping, the cause of the pseudogap has been a fundamental issue of great debate. One 

scenario is that the pseudogap regime is a precursor to the superconducting state; 

where Cooper pairs form, but there is no long-range phase coherence. There is now a 

wide variety of experimental studies that have provided evidence for Cooper pair 

formation above Tc [43-54], as discussed in a later section (see Sec. 1.7). However, 

none of these studies are conclusive in establishing a direct connection between Cooper 

pair formation and the pseudogap. In fact, STM [55, 56] and ARPES [57, 58] studies 

show evidence for the presence of two gaps in the underdoped regime, which have been 

attributed to distinct pseudo and superconducting gaps.  

Figure 1.7 shows an example of STM spectra recorded for underdoped 

Bi2Sr2CaCu2O8+δ. A superconducting gap is defined from the low-energy kink contained 

within the wider pseudogap. The temperature and doping dependences of the observed 

gaps are different. ARPES measurements on underdoped Ba2Sr2CaCu2O8+δ and 

Ba2Sr2Ca1-xYxCu2O8+δ have identified a small gap having sharp coherence peaks near 

the nodal regions along the Fermi surface and a large energy gap near the antinodal 

regions. The gap size near the antinodal regions is temperature independent [27, 59], 

whereas near the nodal regions an energy gap opens up just below Tc that widens as the 

temperature is lowered further [58]. In addition the energy gap near the nodal regions 

tracks Tc as a function of 	(, whereas the energy gap near the antinodal regions tracks 

the pseudogap temperature �*(	() [60] (see Figs. 1.8 and 1.9).  
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Figure  1.7 STM spectra [i.e. differential conductance ¸¹ ¸º⁄ , which is 

proportional to the local density of electronic states »(¼)] showing 
the pseudogap and superconducting gap in an underdoped 
Bi2Sr2CaCu2O8+δ sample, taken at 20 K and at various locations on 
the surface of the sample. The low-energy kink near 25 mV 
(indicated by the arrow) indicates the presence of a pairing gap 
within the larger pseudogap. The inset shows the probability 
distribution of gap sizes associated with the pseudo gap and the 
pairing gap. This figure is taken from Ref. [55]. 

 

 
Figure  1.8 Doping dependence of ARPES spectra of underdoped          

Bi2Sr2Ca1-xYxCu2O8+δ (a) near the nodal, and (b) antinodal regions. 
The inset in (a) shows the corresponding locations for the two 
measurements on the Fermi surface, and the inset in (b) shows the 
temperature dependence of spectra recorded for T = 30 K and T = 50 
K at the antinodal regions. The gap size near the nodal regions 
increases with Tc, but decreases with increasing Tc near the 
antinodal regions. This figure is taken from Ref. [60]. 
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Figure  1.9 Pseudogap (¼½¾  = 2∆½¾  ) and superconducting (¼�¿ ~	À�Á�� ) energy 

scales for a number of hole-doped high-Tc cuprate superconductors,  
including Bi2Sr2CaCu2O8+δ and YBa2Cu3O7-δ as a function of hole-
doping x (Note: x is p in this figure). The data comes from ARPES, 
tunneling measurements [i.e. STM, and superconductor/insulator/ 
normal-metal (SIN), superconductor/insulator/superconductor (SIS) 
studies], Andreev reflection (AR), Raman scattering (RS) and heat 
conductivity (HC). This figure is taken from Ref. [42]. 

Hence a different interpretation of the pseudogap, compatible with the detection 

of two distinct energy gaps by STM and ARPES, is that it is associated with a symmetry-

breaking phase that competes with superconductivity. Support for this scenario includes 

a study by He et al. [61], using three different techniques, which provides experimental 

evidence for a true phase transition occurring at �* in optimally-doped 

Pb0.55Bi1.5Sr1.6La0.4CuO6+δ. Other experiments have also found evidence for a possible 

ordered phase within the pseudogap regime breaking different combinations of rotational 

[43, 62-64], translational [65-69] and time-reversal symmetries [70-73]. Various kinds of 

order associated with the pseudogap have also been theoretically proposed. These 

include a time-reversal symmetry breaking state consisting of ordered circulating charge 

currents in the CuO2 planes that preserve translational symmetry [74]. A similar orbital-

current-phase has also been proposed that breaks translational, rotational and time-

reversal symmetries [75]. The orbital-current patterns for these two models are shown in 

Figs. 1.10 and 1.11. The orbital magnetic moments associated with these loops are 
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detectable by spin-polarized neutron scattering, and such measurements on  

YBa2Cu3O7-δ [70, 76], HgBa2CuO4+δ [72] and underdoped La2-xSrxCuO4 [77] have 

revealed weak magnetic order below T* bearing some resemblance to the ordered 

orbital magnetic moments of the :ÂÂ circulating current phase of Ref. [78] [see Fig. 

1.10(b)]. On the other hand, µSR and nuclear magnetic resonance (NMR) 

measurements have found no evidence of any such magnetic order appearing in the 

pseudogap regime [79-82].  

Resonant ultrasound spectroscopy (RUS) measurements on YBa2Cu3O7-δ [83] 

have revealed evidence for a  thermodynamic phase transition entering the pseudogap 

region. The phase transition temperature is consistent with the onset of an unusual 

magnetic order found by neutron scattering experiments [70, 76]. Other candidate orders 

include charge-density-wave (CDW) fluctuations [84, 85], electronic nematic order [63] 

and spin fluctuations [68], which are discussed in later sections. 

 
Figure  1.10 Two different orbital circulating current patterns in the CuO2 planes, 

which have been proposed by C. M. Varma [78]. 
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Figure  1.11 Orbital circulating current pattern within the CuO2 planes proposed 

by S. Chakravarty et al. The associated magnetic moments point in 
and out of the page along the c-axis  [75]. 

1.3. Vortex state 

In addition to zero electrical resistance, all superconductors exhibit perfect 

diamagnetism when cooled below Tc in a low magnetic field. The diamagnetism is due to 

persistent screening currents around the perimeter of the sample, which produce a 

magnetic field with the same strength as the applied field, but in an opposite direction. 

This perfect diamagnetic response is called the “Meissner effect”, and it occurs below a 

temperature dependent critical field "�(�) in so-called “type-I” superconductors [see Fig. 

1.12(a)]. Cuprates are instead “type-II” superconductors, where the first-order transition 

at "�(�) from the superconducting to the normal state is replaced by a continuous 

increase in magnetic flux penetration starting at a lower critical field "�l(�). The 

magnetic flux through the superconductor increases up to an upper critical field "��(�), 
at which superconductivity is completely destroyed and the normal state occurs [see 

Figs. 1.12(b) and 1.13] [1, 86, 87]. Between "�l(�) and "��(�) the flux penetrates the 

sample in the form of a regular array of quantized-flux lines, called magnetic “vortices” 

[see Fig. 1.12(b)]. The periodic arrangement of static vortex lines is called a “flux-line” or 

“vortex” lattice. Each vortex carries one magnetic flux quantum, defined as 

ΦF = ℎB
2n = 2.07	 × 10�ÄG	cm�																																																																																																														(1.9)	
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Figure  1.12 Schematic È vs. � phase diagram showing the normal and 

superconducting regions of a (a) type-I and (b) type-II 
superconductor. The Meissner and vortex states are defined in the 
main text. 

 

 

Figure  1.13 (a) The dependence of the internal magnetic field É	(i.e. magnetic 
flux density) and (b) the dependence of the bulk magnetization Ê on 
the applied magnetic field È, for type-I and type-II superconductors.  

In cuprates, "�l(�) is very small compared to "��(�), and both quantities are 

highly anisotropic. For example, in YBa2Cu3O7-δ the maximum value of "�l(�) is a few 

hundred Gauss, whereas "��(�) for a field applied parallel to the c-axis is as high as  

150 T [88]. The large value of "��(�) is a consequence of the short superconducting 

coherence length �F (as "��(0)	~	1 �F�⁄ ). In the vortex state, persistent supercurrents 
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also flow around the individual vortices. The screening of magnetic flux by the 

supercurrents is not perfect, but rather the field decays outside of the vortex core on the 

length scale of the magnetic penetration depth �. The size of the vortex core is related to 

the Ginzburg-Landau coherence length �, which is distinct from �F and defined as the 

length scale for spatial variations of the superconducting order parameter [1]. In a type-II 

superconductor like the cuprates, �	 ≫ 	�. The magnitude of the superconducting order 

parameter, |%(&)|, varies from zero at the center of a vortex to a maximum value outside 

the vortex core. Figure 1.14 shows the spatial variation of the superconducting order 

parameter and the magnetic field for an isolated vortex. The internal magnetic field #(&) 
reaches its maximum value at the center of the vortex core, where both the order 

parameter and the density of superconducting carriers ��(&) ∝ |%(&)|2 are suppressed. 

 
Figure  1.14 Variation of the magnitude of the superconducting order parameter |Ì(Í)|	and the internal magnetic field É(Í) for an isolated vortex [1]. 

The vortex lattice of a real superconductor is not perfect, but rather there is 

always some degree of disorder due to defect pinning [1, 34]. There is an energy cost 

associated with the formation of each vortex, which is lowered by having vortices reside 

at sites where the superconducting order parameter is already suppressed. 

Consequently, impurities, structural defects and chemical vacancies can each pin 

vortices, creating disorder of the frozen vortex lattice that exists at low temperatures. 

1.3.1. Pancake vortices and the vortex liquid phase 

At low temperatures the vortices that form a lattice in a cuprate superconductor 

are essentially static. At elevated temperatures, thermal fluctuations of the vortices about 

their equilibrium positions become significant. In conventional superconductors, the 

vortex rigidity essentially maintains the periodic array of vortex lines at all temperatures 
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below Tc. On the other hand, in cuprates the vortex lines have less rigidity due to the 

combination of the small size of their cores (which makes them highly susceptible to 

pinning), and their layered crystal structure that makes them quasi two-dimensional (2-

D). In particular, for a magnetic field applied perpendicular to the layers, the supercurrent 

screening resides in the CuO2 planes, resulting in 2-D so-called “pancake” vortices that 

are electromagnetically coupled along the c-axis direction.  

The vortices in highly-anisotropic Bi2-xSrxCaCu2O8+δ are generally regarded as 

stacks of pancake vortices, whereas the vortices in less-anisotropic La2-xSrxCuO4 are 

much closer to being three-dimensional (3-D) vortex lines. In cuprate superconductors 

with extreme anisotropy, a pancake vortex in one layer can become displaced from 

those in adjacent layers by pinning to a non-superconducting region of radius greater 

than the vortex core. Because of the small vortex-core size, the pinning centers in 

cuprates are dominated by point defects, such as oxygen vacancies. At high field where 

the vortex density and hence the intraplane vortex interactions are strong, an entire 

lattice of pancake vortices may become displaced from the lattice of the pancake 

vortices in the adjacent CuO2 layers. Such a dimensional crossover to a quasi 2-D lattice 

occurs at low temperatures. When pancake vortices in adjacent layers are displaced 

relative to each other, there is an additional coupling via Josephson tunneling across the 

non-superconducting layer between CuO2 planes.  

Thermal fluctuations reduce the pinning strength by smoothing out the pinning 

potential. When thermal fluctuations become strong the thermodynamic phase transition 

defined by the upper critical field "��(�) is replaced by a vortex-lattice melting transition, 

where all positional correlations of the vortices are lost. This occurs when the mean-

squared thermal displacement of the vortices becomes a notable fraction of the inter-

vortex spacing [34]. The strength of thermal fluctuations is typically parametrized by the 

Ginzburg number mS, which is the ratio of Tc to the condensation energy "���Î of a 

coherence volume of size �Î. In conventional low-Tc superconductors, mS 	< 	 10�Ð 
whereas mS 	~	10�� in high-Tc cuprate superconductors [40, 89]. Consequently, thermal 

fluctuations are of minor importance in conventional bulk superconductors. 

Neutron scattering measurements on highly-anisotropic Bi2.15Sr1.95CaCu2O8+δ 

provided early direct evidence of vortex lattice melting in cuprates via a temperature 
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induced loss of Bragg scattering of neutrons from spatially correlated vortices [90]. In 

addition, transverse-field (TF) µSR measurements on Bi2.15Sr1.95CaCu2O8+δ provided 

evidence for vortex lattice melting via a dramatic reduction of the second moment of the 

internal magnetic field distribution (see Fig. 1.15). By measuring the magnetic field 

distribution as a function of applied field in this highly-anisotropic cuprate, a crossover 

from a 3-D vortex lattice to a 2-D vortex structure has also been observed [91]. 

Simulations that include thermal fluctuations indicate a crossover from a 3-D lattice to a 

2-D structure at magnetic fields above 10 mT (see Fig. 1.15) [92]. In a clean system the 

vortex-lattice melting transition is first-order. This has been verified for example by an 

observed discontinuous step in the bulk magnetization of YBa2Cu3O7-δ [93, 94] and 

Bi2Sr2CaCu2O8 [95, 96]. At lower temperatures where thermal fluctuations are reduced, 

the vortex-lattice melting field "'(�) is enhanced.  

Low temperature torque magnetometry measurements on La2-xSrxCuO4 by Li et 

al. [97] show that the magnetic field at which vortex lattice melting occurs in this 

compound is far below the upper critical magnetic field "��. Experiments on other 

cuprate superconductors also show that the vortex-liquid phase occupies a large fraction 

of the magnetic phase diagram (see Fig. 1.16). Figure 1.17 shows the phase diagram 

constructed from the torque magnetometry experiment on La2-xSrxCuO4. The effect of 

the applied magnetic field as well as hole-doping, on the vortex-lattice melting field "' is 

evident in this figure. This figure shows that below the lower critical doping for bulk 

superconductivity (x ~ 0.05) and the existence of a solid vortex lattice, a vortex-liquid 

phase exists [97]. It is important to note that although a vortex liquid exists at these low 

dopings, it is not expected to persist at high temperatures, as the depairing field for very 

low dopings is small and decreases with increasing temperature. 
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Figure  1.15 The normalized square root of the second moment of the internal 

magnetic field distribution of Bi2.15Sr1.85CaCu2O8+δ obtained from TF-
µSR measurements as a function of temperature at different 
magnetic fields (10 mT circles, 20 mT diamonds, 30 mT triangles and 
45 mT squares). The solid curves are the results of calculations for 
thermal fluctuations of the vortices in a 2-D vortex structure, which 
describe the experimental data below the melting transition 
temperature �Ñ. The rapid drop in the experimental data clearly seen 
at 30 mT and 45 mT is an indication of the melting transition. The 
dashed curves are the results of calculations for thermal 
fluctuations of a 3-D vortex lattice. This figure is taken from Ref. 
[92].  
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Figure  1.16 Generic vortex phase diagram of a clean high-Tc cuprate 

superconductor. In the real material the vortex phases are greatly 
influenced by disorder. 

 

 
Figure  1.17 The low-temperature magnetic field vs. hole-doping phase diagram 

of La2-xSrxCuO4 obtained from torque magnetometry measurements 
[97]. The dashed curves are the variation of the boundary between 
the vortex solid (vortex lattice) and liquid phases at different 
temperatures. Note that the x in this figure is equivalent to the hole-
doping Ò. As is shown, a vortex-liquid exists below a critical doping 
(x ~ 0.05)  for the onset of bulk superconductivity. This figure is 
taken from Ref. [97]. 
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1.4. Magnetism in cuprates 

The magnetic and superconducting properties of cuprates depend on the hole-

doping, (. There is a range of ( in the underdoped regime where superconductivity 

coexists with static magnetism on a nanoscale level [98, 99]. This coexistence has 

contributed to the belief that Cooper pairing in cuprates is mediated by a magnetic rather 

than an electron-phonon interaction [9, 25]. The schematic generic phase diagram 

displayed in Fig. 1.3 shows this coexistence region. Neutron scattering, nuclear 

magnetic resonance (NMR) and µSR experiments have shown that the application of a 

static external magnetic field may enhance or even induce spin correlations over a wider 

range of ( and temperature � [98, 99]. 

1.4.1. Magnetism at zero magnetic field 

As mentioned earlier, hole-doped cuprates are antiferromagnetic (AFM) Mott 

insulators. The Néel temperature decreases as holes are introduced into the sample, 

locally destroying the AFM arrangement of Cu spins and leaving isolated spins which are 

susceptible to thermal fluctuations. In zero magnetic field, static electronic moments 

persist beyond the AFM phase in the form of short-range magnetic order or spin-glass-

like magnetism in lightly doped superconducting samples at low temperatures [98].  

Zero field (ZF) µSR experiments have detected static magnetic moments at low 

temperatures in a narrow range of hole-doping in the underdoped regime of cuprates 

[22, 100-102] up to ( ~ 0.13 in La2-xSrxCuO4 [100, 102], but only up to ( ~ 0.09 in 

YBa2Cu3O7-δ [22, 101]. Combined ZF-µSR and TF-µSR studies have shown that this 

static magnetism coexists with superconductivity above (	~ 0.05 on a nanoscale level 

[101, 103, 104]. Elastic neutron scattering measurements on La2-xSrxCuO4 (( = 0.105, 

0.12 and 0.145) [21] and YBa2Cu3O6.45 [19] have also detected the existence of static 

magnetic order beneath the superconducting Tc-versus-( dome. The ZF-µSR studies on 

YBa2Cu3O7-δ [101, 103] show the onset temperature for short-range static magnetic 

order in the underdoped region decreases with increased hole-doping. Figure 1.18 

shows the magnetic phase diagram of YBa2Cu3O7-δ in which the frozen magnetic order 

appears below a freezing temperature Tf. On the other hand, similar studies on           

La2-xSrxCuO4 [100] show that a cluster spin-glass phase exists below a freezing 
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temperature �Ó. Figure 1.19 shows the magnetic phase diagram of La2-xSrxCuO4, in 

which the onset temperature for static magnetism decreases with increased doping, but 

is enhanced near ( = 1/8. 

 
Figure  1.18 Magnetic phase diagram obtained from ZF-µSR studies of 

YBa2Cu3O7-δ, where �Ô represents the Néel temperature of the AFM 
phase. Static short-range magnetic order, assumed to be AFM order, 
is observed below the spin freezing temperature �Õ. This figure is 
taken from Ref. [98]. 

 
Figure  1.19 Magnetic phase diagram of La2-xSrxCuO4 based on µSR, NMR and 

NQR (nuclear quadrupole resonance) experiments. The data points 
correspond to the onset temperature for static short-range magnetic 
order. Fluctuating magnetic correlations persist at higher 
temperatures and/or above Ò ~ 0.13. This figure is taken from Ref. 
[105]. 
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1.4.2. Field induced/enhanced magnetic order below Tc 

In the presence of an applied magnetic field, a specific kind of field 

induced/enhanced AFM arrangement of spins, namely spin-density-wave (SDW) order, 

has been observed in underdoped La2-xSrxCuO4 via neutron scattering measurements 

[20, 21, 106, 107]. The ordered magnetic moment has been observed to increase with 

increased magnetic field via the suppression of superconductivity above a doping-

dependent critical field (see Fig. 1.20) [21].   

 
Figure  1.20 Schematic magnetic field vs. hole-doping phase diagram of          

La2-xSrxCuO4 showing the regions of field-enhanced SDW order 
coexisting with superconductivity in the underdoped regime, as well 
as the transition to the SDW-ordered region as a function of hole-
doping. Here µ is the local ordered magnetic moment. This figure is 
taken from Ref. [21]. 

Such studies on underdoped YBa2Cu3O7-δ (δ = 0.67 and 0.65) show that a 6 T 

magnetic field applied parallel to the c-axis is not enough to enhance existing static SDW 

order via the suppression of the superconducting order parameter [108]. However, an 

enhanced neutron scattering signal was observed upon the application of an external 

magnetic fields in excess of ~ 4.2 T parallel to the c-axis of an underdoped YBa2Cu3O6.45 

sample [19]. Hence there are some variations in sample quality and corresponding 

uncertainty in the hole-doping range over which field-enhanced magnetic order is 

observed.  
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Figure 1.21 shows the temperature vs. hole-doping phase diagram of 

YBa2Cu3O7-δ in which the onset temperature for SDW detected by neutron scattering in 

the absence of an applied magnetic field and ZF-µSR studies is shown. Static SDW 

order is detected by neutron scattering experiments up to a hole-doping concentration 

not too far beyond the lower critical doping for bulk superconductivity. Beyond this, static 

magnetism occurs in the presence of an applied magnetic field. Although neutron 

scattering is not suitable for detecting short-range magnetic order, disordered 

magnetism or short-range magnetic order can be detected by TF-µSR. Figure 1.22 

shows schematic pictures of the region of magnetic field vs. hole-doping, where static 

spin-glass-like magnetism has been observed to coexist with superconductivity by low-

field TF-µSR. The spin-glass-like magnetism is detected in and around the vortex cores, 

where superconductivity is suppressed [109]. While the crossover to coexisting SDW 

order and superconductivity (SDW+SC) has been accurately determined by neutron 

scattering measurements on La2-xSrxCuO4 [21, 107], such is not the case for  

YBa2Cu3O7-δ. The samples studied in this thesis have hole-doping concentrations that 

place them to the right of the regions in the phase diagram where SDW order or spin 

glass-like-magnetism has been observed. Consequently, this kind of magnetism plays a 

minor role in the experimental observations of this thesis.  

 



 

27 

 
Figure  1.21 Temperature vs. hole-doping phase diagram of YBa2Cu3O7-δ (YBCO). 

�Ö×Ø  is the onset temperature for spin-density-wave order measured 
by neutron scattering and ZF-µSR. �* is the pseudogap onset 
temperature determined by Nernst and resistivity measurements 
and Tc is the superconducting transition temperature. This figure is 
taken from Ref. [110]. 

 
Figure  1.22 Schematic illustration of the magnetic field (È) versus hole-doping 

(Ò) phase diagrams for (a) YBa2Cu3O7-δ and (b) La2-xSrxCuO4 at zero 
temperature, showing regions of coexisting SDW order and 
superconductivity (SC), as well as regions of static spin-glass-like 
magnetism (SG) coexisting with superconductivity [99]. 
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1.4.3. Field induced/enhanced magnetic order above Tc 

The magnetic field response of cuprates at temperatures above Tc became of 

great interest after experiments by Xu et al. on La2-xSrxCuO4 showed that a sizeable 

magnetic field results in a Nernst effect in the normal state. Later it was shown by torque 

magnetometry that the Nernst effect is accompanied by field-enhanced diamagnetism at 

temperatures far above Tc [44, 111]. Subsequent experiments have focused on 

determining the origin of this large normal-state Nernst signal (discussed later in Sec. 

1.7).  

As mentioned earlier, SDW order below Tc is enhanced by increasing the applied 

magnetic field. However, neutron scattering measurements showed that this is not the 

case in the normal state [20]. Instead the magnetic neutron scattering intensity, and in 

particular the ordered magnetic moment, is unchanged by an applied magnetic field 

above Tc (see Fig. 1.23). 

 
Figure  1.23 The temperature dependence of the ordered magnetic moment 

squared in the superconducting and normal states of La1.9Sr0.1CuO4 
at different applied magnetic fields, where ÙÁ is the Bohr magneton. 
This figure is taken from Ref. [20]. 

The normal state of the La-based cuprates La1.88Sr0.12CuO4, La1.875Ba0.125CuO4 

and La1.75Eu0.1Sr0.15CuO4 was studied by Savici et al. [112] with TF-µSR. Field-enhanced 

inhomogeneous line broadening was observed in the normal state, where ZF-µSR 

measurements show evidence of static electronic moments at lower temperatures. On 

the other hand, similar studies on optimally-doped (Bi, Pd)2Sr2CaCu2O8, overdoped    
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La2-xSrxCuO4, and underdoped samples of YBa2(Cu2.979Zn0.021)O7 that do not exhibit 

quasi-static electronic moments at zero field, do not show field-induced magnetism 

above Tc. While neutron scattering [113, 114] studies on La2-xSrxCuO4 suggest that AFM 

spin fluctuations persist up to ( ~ 0.27, the effect of magnetism on the TF-µSR line width 

is observable at "	= 7 T only up to ( ~ 0.185 [115].  

In the heavily-overdoped regime of the hole-doped cuprates, a Curie-like 

temperature dependent contribution to the magnetic susceptibility has been reported, 

which seems to be a property of most heavily-overdoped cuprates [116-121]. TF-µSR 

studies on heavily-doped La2-xSrxCuO4 show a temperature dependent magnetic field 

response extending far above Tc [112, 122-124], resembling a Curie-like term in the 

magnetic susceptibility [115]. In fact, there appears to be a Curie-like contribution even 

at lower dopings, which becomes more pronounced with increased hole-doping [115]. 

NMR studies of overdoped Tl1-xPbxSr2CaCu2O7 [116] and Bi2Sr2CaCu2O8+δ [117] suggest 

that the source of this Curie-like behaviour is paramagnetic moments localized in the 

CuO2 planes. It has been argued that these paramagnetic moments are due to an 

increased number of holes entering the Cu 3d orbitals [115, 125], which neutralize 

existing Cu spins, therefore destroying the AFM order. With increased doping more 

isolated Cu spins are liberated. The further addition of holes may neutralize some of the 

free Cu spins, causing a reduction of the Curie-like paramagnetism at dopings above   

(	~ 0.3 [115]. 

1.5. Charge order 

The contents of this section are mainly adapted from a review paper by Sonier 

[126]. Charge-ordering has recently been established to be a common phenomenon of 

hole-doped cuprates. In several underdoped cuprates over a limited range of (, 

fluctuating charge order has been observed below a doping dependent onset 

temperature, �ÚÛ, which is higher than the superconducting transition temperature [84, 

85, 127-132]. Although in Bi2+xSr2-xLaxCuO6+δ, �ÚÛ coincides with the pseudogap 

temperature �* [129], it is well below �* in other cuprates. The charge order is known to 

compete with superconductivity, as X-ray scattering experiments show that the peak 

scattering intensity associated with the charge order increases as the temperature is 
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lowered below �ÚÛ, but decreases significantly below Tc [84, 85, 130]. In addition, 

application of a magnetic field perpendicular to the CuO2 planes has been shown to 

increase the scattering intensity below Tc, but has no effect above Tc (see Fig 1.24) [65, 

85, 133]. This is understood as being due to suppression of superconductivity by the 

magnetic field in and around the vortex cores below Tc. There is some experimental 

evidence for this assertion, which includes the detection of electronic modulations in the 

vortex cores of Bi2Sr2CaCu2O8+δ by STM [65] and nuclear magnetic resonance (NMR) 

measurements of the field dependence of the charge order in the solid vortex state of 

YBa2Cu3O7-δ [133]. 

 
Figure  1.24 Temperature dependence of the X-ray diffraction peak intensity 

associated with charge order in YBa2Cu3O6.67 for different applied 
magnetic fields. This figure is taken from Ref. [85]. 

A specific kind of order, called “stripe order”, has been detected by neutron 

scattering measurements in certain underdoped La-based cuprates. Alternating 

commensurate charge and spin-density-wave orders (see Fig. 1.25) have been 

observed in La2-xBaxCuO4 and La2-x-yNdySrxCuO4 around ( = 1/8. The stripe order is 

observed where superconductivity vanishes or is strongly suppressed, in zero magnetic 

field [69, 134].  
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In other cuprates, Tc is slightly suppressed near ( = 1/8, but there is no evidence 

of the presence of both spin and charge orders, or the occurrence of long-range static 

charge order in zero field. However, there is an enhanced X-ray scattering intensity 

associated with charge order in (Y,Nd)Ba2Cu3O7-δ near ( = 1/8 [84]. On the other hand, 

application of a large magnetic field sufficient to partially or completely suppress 

superconductivity results in long-range static charge order, as shown by NMR 

measurements on YBa2Cu3O7-δ in the vicinity of ( = 1/8 [135] (see Fig. 1.26).   

 
Figure  1.25 Schematic illustration of stripe order. Arrows indicate the direction 

of the ordered static spins [9]. 

 
Figure  1.26 Phase diagram of underdoped YBa2Cu3O7-δ, showing a field-induced 

static charge order region, where superconductivity is destroyed by 
the application of a large magnetic field (28.5 T). This figure is taken 
from Ref. [135]. 
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A notable feature of the charge order observed in most underdoped cuprates is 

that is short-range. The charge order is very weakly correlated along the c-axis with a 

correlation length of less than one unit cell. In YBa2Cu3O7-δ the in-plane correlation 

length is doping dependent [84] and increases with decreasing temperature to a 

maximum of Ü� ≈ 10	nm at Tc for ( 	≈ 1/8 [85]. The in-plane correlation length for 

charge order in Bi2Sr2-xLaxCuO8+δ is Ü� ≈ 2 − 3	nm, but does not change much with 

temperature or doping [129]. Charge order detected by STM experiments on 

Bi2Sr2CaCu2O8+δ  also has a short in-plane correlation length [130].  

In summary, the charge-density-wave order observed in the normal state of 

cuprates is independent of the applied magnetic field [85] (see Fig. 1.24). In some 

compounds where superconductivity is fully suppressed around ( = 1/8 the charge order 

is static and long range [69, 133-135]. In the superconducting phase it is apparently 

short-range and fluctuating [84, 129, 130]. 

1.6. Electronic nematic order 

Electronic nematic order occurs when electrons tend to align along a preferred 

direction, while their positions are uncorrelated. In a nematic ordered phase, the system 

loses its rotational symmetry, while conserving translational symmetry, and is symmetric 

only upon rotations of 180° [136]. Electronic nematicity has been observed in cuprates 

setting in above the charge order onset temperature. Experimental evidence for 

electronic nematicity [137] comes from anisotropic charge transport measurements on 

YBa2Cu3O6.45 [63], resistivity measurements of underdoped La2-xSrxCuO4 and 

YBa2Cu3O7-δ [62], inelastic neutron scattering measurements on YBa2Cu3O7-δ [63, 64], 

and low-temperature STM measurements on Bi2Sr2CaCu2O8+δ, Ca1.88Na0.12CuO2Cl2 and 

Bi2Sr2Dy0.2Ca0.8Cu2O8+δ [66, 67]. In general, neither the detected electronic nematic 

order nor charge order appear to coincide with the onset of the normal-state pseudogap.   
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1.7. Superconducting correlations 

Another experimentally identified feature of the normal-state of cuprates is the 

presence of superconducting correlations [37]. Evidence for vortex-excitations and 

hence superconducting fluctuations persisting in cuprates above Tc has come from 

Nernst effect measurements by Xu et al. [48]. In the Nernst experiment, the sample is 

subjected to an applied magnetic field " perpendicular to a temperature gradient ∇� 

across the sample (see Fig. 1.27). In the superconducting state, the applied magnetic 

field is sufficient to generate vortices in the sample. In the vortex liquid phase, vortices 

exist as highly mobile excitations that rapidly flow to the cooler end in response to the 

temperature gradient. In general, the appearance of an electric field due to the motion of 

the vortices perpendicular to both the direction of the applied magnetic field and the 

direction of the temperature gradient is the “Nernst signal”. A large Nernst signal 

detected in cuprates at temperatures far above the superconducting transition 

temperature (50 – 100 K above Tc) has been interpreted as an evidence for the presence 

of vortices, as it is unusual for the quasiparticle contribution to be so large. However, 

subsequent studies of YBa2Cu3O7-δ [43, 45] and La2-xSrxCuO4 [138] which claim to 

accurately separate the vortex and quasiparticle contributions to the Nernst signal 

suggest that the vortex contribution persists only to 10 – 25 K above Tc. As the 

temperature is lowered through Tc, the vortex-Nernst signal persists in the vortex liquid 

phase, but vanishes at the vortex liquid-to-solid transition [43, 45-48]. The doping 

dependence of the vortex Nernst signal in the normal state of different cuprates seems 

to follow Tc. 

In conventional low-Tc superconductors, fading diamagnetic regions associated 

with amplitude (or Gaussian) fluctuations of the superconducting order parameter persist 

for a very narrow range of temperature above Tc. The diamagnetic susceptibility due to 

Gaussian fluctuations is extremely small [35], whereas fluctuating diamagnetism 

detected in cuprates above Tc is much stronger [44, 111, 139-142]. The large 

diamagnetic response of cuprates above Tc, which is strongly �	dependent with no linear 

dependence on ", has been argued to be specific to the Cooper pairing [44]. The 

diamagnetism detected by torque magnetometry measurements in different cuprates 

also exhibits a doping dependence similar to the above mentioned Nernst-effect signal, 
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and is detected over the same range of temperature above Tc as the Nernst signal [44, 

111]. 

 

 

Figure  1.27 Schematic of the geometry of Nernst measurements. Ý� is a 
temperature gradient, È is an applied magnetic field and v denotes 
the velocity of the vortices. The symbol Þ represents the electric 
potential difference created across the sample due to vortex motion. 
This figure is taken from Ref. [47]. 

The presence of Cooper pairs lacking long range phase coherence at 

temperatures high above Tc has also been confirmed by infrared spectroscopy 

measurements on RBa2Cu3O7-δ (R =Y, Gd, Eu) [52], as well as by a.c. conductivity 

measurements in the THz [49, 51] and GHz [50, 53, 54] frequency range on 

Bi2Sr2CaCu2O8+δ, La2-xSrxCuO4 and YBa2Cu3O7-δ. In the a.c. conductivity experiments a 

residual fluctuating Meissner effect in the normal state is detected, associated with 

phase stiffness occurring over very short time scales. The intermittent Cooper pairing 

detected by a.c. conductivity is only over a temperature range of 15 to 20 K above Tc, 

which is far below the onset temperatures of the Nernst-effect and fluctuation 

diamagnetism [50, 51, 53, 54].  

Another type of experiment indicating the presence of Cooper pairing at 

temperatures above Tc is STM measurements on Bi2+xSr2-xCaCu2O8+δ (with ( < 0.22) 

[55], which show the existance of nanometer-sized regions with a gap in the local 

density of states. The observed gap above Tc scales with the superconducting gap ∆F, 
persists to temperatures above the detection of diamagnetism by torque magnetometry, 

and spatially varies. The onset temperature of what has been argued to be pairing gap is 
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doping dependent, and apparently peaks in the underdoped region, where there is some 

difficulty in separating the contributions of the pairing gap and the wider pseudogap in 

the STM spectra [55].  

Although all of the above experiments provide evidence for the occurrence of 

Cooper pairs lacking long-range phase coherence in the normal state, there is 

disagreement on the range of temperature over which superconducting fluctuations 

persists above Tc. This is likely due to the different degrees of sensitivity of the different 

techniques to the effects of residual Cooper pairing or superconducting correlations. The 

occurrence of superconducting fluctuations in cuprates far above Tc is significant, since 

finding a way to suppress the fluctuations is one possible route to achieving room-

temperature superconductivity. At present it seems that this is equivalent to suppressing 

competing (charge) order. 

1.8. Granular superconductivity 

A granular superconductor is one in which spatially isolated microscopic 

superconducting grains couple via Josephson tunneling currents. Upon lowering the 

temperature, the superconducting order parameter develops in individual grains, with 

each grain exhibiting a diamagnetic magnetization. However, the order parameters for 

different grains at high temperatures are initially out of phase, because of thermal 

fluctuations. In particular, at high temperatures the thermal energy 	K� exceeds the 

Josephson coupling energy �«. The macroscopic superconducting state is ultimately 

established at lower temperature (i.e. 	K� ~ �«), where the phases of the order 

parameter in different grains become locked [143, 144]. 

Although structurally cuprates are not granular, the doped holes may become 

segregated into hole-rich and hole-poor regions, resulting in coexisting superconducting 

and non-superconducting regions [145, 146]. Experimental evidence for granular 

superconductivity in cuprates includes the following: (i) It has been observed that a 

supercurrent runs through a thick layer of an underdoped cuprate sandwiched between 

two superconductors in a superconductor-normal-superconductor (SNS) junction at 

temperatures above Tc
N
. Here Tc

N is the Tc for the underdoped cuprate serving as the 
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normal material in the SNS junction, and S is a superconductor with Tc > Tc
N. [147-150]. 

This has been argued to be evidence for the existence of superconducting regions in an 

otherwise normal state [151]. (ii) As mentioned, a sizeable and temperature-dependent 

diamagnetic response persisting to temperatures high above the superconducting 

transition temperature Tc has been observed in different cuprates by bulk magnetization 

and torque magnetometry [44, 111, 139, 140, 142, 152-154]. This can be explained by 

the existence of superconducting domains in the normal state [139, 151]. The observed 

diamagnetism is orders of magnitude larger and has a different magnetic field 

dependence than the diamagnetism generally associated with conventional Gaussian 

Ginzburg-Landau (GGL) fluctuations of the superconducting order parameter. Cabo et 

al. [142] have argued that this diamagnetism above Tc is either due to phase fluctuations 

or superconducting domains. The observation of similar anomalous diamagnetism in the 

inhomogeneous conventional superconductor Pb55In45 suggests that it is not due to 

phase fluctuations [142]. The normal-state diamagnetism is significantly reduced in a 

more homogeneous Pb92In8 sample and is completely absent in pure Pb. 

There are other experiments on different cuprates suggestive of superconducting 

regions embedded in a non-superconducting state. An STM experiment on          

Bi2+xSr2-xCaCu2O8+δ has been argued to provide evidence for the existence of 

nanometer-sized regions with a pairing gap above Tc [55, 144]. ARPES [155] and NMR 

[156] measurements also provide evidence of strong bulk electronic disorder in     

Bi2+xSr2-xCaCu2O8+δ. These experiments suggest that this material can be appropriately 

modelled as a granular superconductor. Moreover, scanning SQUID microscopy has 

detected diamagnetic domains in La2-xSrxCuO4 persisting up to 80 K [157]. Bulk SQUID 

magnetization measurements on Y1-xCaxBa2Cu3O7-δ [153] and La2-xSrxCuO4 [154] also 

provide evidence of diamagnetism due to superconducting domains at temperatures 

above Tc.  

It has been argued [151] that the coexistence of diamagnetism and a finite 

resistivity in the normal state, as well as the above mentioned experiments, suggest that 

at high temperatures doped cuprates contain phase-incoherent superconducting islands 

embedded in a normal metallic state. Upon decreasing the temperature, the size and 

number of these islands grow and at Tc these superconducting domains merge to form a 

single phase-coherent macroscopic superconducting state. It is also argued that the 
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intrinsic temperature at which the Cooper pair formation occurs in superconducting 

patches is close to room temperature. In this picture, cuprates are considered to be 

room temperature superconductors, but with a low percolation temperature [151].  

1.9. Open questions addressed in this thesis 

The main questions of fundamental interest considered in this thesis are: (i) Is 

the nanoscale electronic inhomogeneity observed by STM [55] at the surface of 

Bi2Sr2CaCu2O8+δ above Tc also present in the bulk? (ii) Does this spatial inhomogeneity 

have any relevance to other cuprate superconductors?  

To address these questions one needs a bulk technique that can distinguish 

between uniform and inhomogeneous superconductivity.  In principle, µSR may be used 

to detect the inhomogeneous magnetic field resulting from superconducting patches of 

varying degrees of fluctuating diamagnetism.  
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Chapter 2.  
 
Experimental method-µSR 

Muon Spin Rotation/Relaxation/Resonance (µSR) are experimental techniques 

that use nearly 100% spin polarized muons to locally probe gases, liquids or solids. The 

three meanings of “R” in the acronym distinguish between variations of the experimental 

geometries and setups, and the corresponding observable. The applications of µSR in 

this thesis are restricted to the case where R means “Rotation”, the meaning of which 

will become evident later in this chapter.  

A primary application of µSR utilizes the magnetic moment of the positive muon 

(μ2) to measure the internal magnetic field distribution of a sample. This version of µSR 

is sensitive to weak internal magnetic fields (~ 10¯3	.K/atom), which include dipolar fields 

emanating from the host nuclei, and static or fluctuating fields associated with electron 

magnetic moments in the sample. In contrast to X-ray and neutron diffraction techniques 

scattering is not involved in µSR. Rather, spin-polarized positive muons are implanted in 

the sample, where they generally come to rest at interstitial sites due to electrostatic 

interaction with the host ions. In the case of high-Tc cuprate superconductors, there is 

good evidence that the muon instead forms a hydroxyl-like bond with one of the oxygen 

ions [158]. The implanted muon precesses about the local magnetic field # with Larmor 

frequency Z5 =	[5#, where [5/2w = 135.5342 MHz/T is the muon gyromagnetic ratio. By 

monitoring the time evolution of the muon spin polarization ß(R) via detection of decay 

positrons from an implanted muon ensemble, information on the local magnetic or 

hyperfine fields is acquired [34, 159].  
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2.1. Muon properties and production of a spin-polarized 
surface muon beam 

The muon is an unstable lepton, having the properties listed in Table 2.1. It is a 

spin S = 1/2 particle, with a magnetic moment approximately 3.18 times greater than that 

of the proton. With a mean vacuum life time of approximately 2.2 µs, the positive muon 

(μ2) decays spontaneously into a positron, an electron neutrino (4M), and a muon anti-

neutrino (4̅5) as follows: 

μ2 →	e2 + υM +	υ5͞	 (2.1)						 	 	

Table  2.1. Muon, electron and proton properties 

Particle µ
+
 p+ e- 

Spin ½ ½ ½ 

mass [kg] 1.883531475(96) × 10��Ð 1.672621777(74)	× 10��Ä 9.10938291(40)	× 10�Îl 

gyromagnetic 
ratio 

 γ [rad s-1 T -1] 

8.52167	× 10Ð 2.675222005(63)	× 10Ð 1.760859708(39)	× 10ll 

magnetic 
dipole 

moment [µB] 
4.84197044(12 ) × 10�Î 1.521032210(12)	× 10�Î -1.00115965218076(27) 

Mean life time 
τ[s] 

2.20 × 10�â ∞ ∞ 

All of the listed numbers except the μ2 gyromagnetic ratio are the CODATA recommended values in the 
concise form [160]. The μ2 gyromagnetic ratio is calculated from CODATA2010 values and converted to SI 
units. 

Although muons are produced in different particle decays and a variety of high 

energy processes, µSR requires a large number of muons with low enough energy to 

stop in samples having thicknesses typically much less than 1 cm, and often in single 

crystals on the order of 0.01 cm thick. An intense low-energy muon beam suitable for 

µSR is generally produced using a 400 MeV to 1 GeV proton beam from an accelerator. 

The µSR experiments reported in this thesis were performed on the M15 beamline at 

TRIUMF, where a continuous beam of spin-polarized positive muons (μ2) is generated 

by the spontaneous decay of positive pions (w2) at rest. The w2 are created by the 
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interaction of the proton beam with protons or neutrons in a primary graphite production 

target. These collisions yield negative, neutral, and positive charged pions as follows: 

p	+	p	→	n	+	p	+	w2	

p	+	p	→	p	+	p	+	w°																																																																																																																																				(2.2)	

p	+	n	→	n	+	n	+	w2	

p	+	n	→p	+	p	+	w�	

p	+	n	→p	+	n	+	w°																																																																																																																																					(2.3)	

The lower threshold energy for producing pions through the above interactions is 

approximately 180 MeV, but the pion production cross section is very small near this 

energy. In order to get large production cross sections, the proton energies must be at 

least 500 MeV, but no more than 2.0 GeV where saturation happens [161]. The neutral 

pion (w°) decays into two energetic photons. The w�	stop in the production target and are 

captured by nuclei at a rate much faster than their decay into μ¯. The w2 also stop in the 

target in which they are produced, and have a short mean life time of ~ 26 ns. They 

decay at rest into a positive muon and a muon-neutrino governed by the weak 

interaction.  

π2 →	µ2 +	υµ	 	(2.4) 

The positive muons are isotropically emitted from the w2 decaying at rest. The μ2 

generated from π2 stopped on the downstream side of the graphite target can escape 

the target, and be collected into a beam.  

Conservation of linear momentum requires that the positive muon and the muon-

neutrino be emitted in opposite directions. Since π2 has spin S = 0, and both the μ2	and 

45 have spin S = 1/2, the spins of the decay muon and muon-neutrino must be anti-

parallel. Due to non-conservation of parity in the weak interaction, the helicity of the 

muon-neutrino is fixed at -1. The fixed -1 helicity of the neutrino means that its spin is in 

a direction opposite to its linear momentum and hence is “left-handed” (see Fig. 2.1). 

This property and the conservation of angular momentum impose that the muon from the 
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pion decay also has its spin anti-parallel to its momentum direction (see Fig. 2.2). By 

collecting muons emerging from π2 at rest on the downstream side of the graphite 

production target within a narrow solid angle a “surface muon” beam is produced with 

nearly 100% spin polarization directed opposite to the beam linear momentum.  

The kinetic energy of the surface muons is ~ 4 MeV, and the surface muon beam 

has a spread in linear momentum centered about the average value (5= 29.8 MeV/c (in 

the rest frame of the π2). The positive muons lose their kinetic energy very quickly when 

implanted in a sample, via electrostatic interactions that do not alter their spin state. 

Hence the thermalization of the muons in a sample does not diminish the high initial spin 

polarization [159]. 

 
Figure  2.1 The original and mirror image of a particle of non-zero spin resulting 

from particle decay governed by the weak interaction. The mirror 
image state is absent due to parity violation. 

 
Figure  2.2 Parity violation in the decay of a positive charged pion (ä2) at rest. 

Note that the decay positive muon (μ2) and muon neutrino (åÙ) are 

left-handed. The mirror image corresponds to decay into a right-
handed muon and a right-handed neutrino. This latter decay does 
not occur. 

The typical stopping range for surface muons in units of density times distance is 

100 – 200 mg/cm2 (e.g. the mean stopping range in carbon is 120 mg/cm2). This 
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requires samples to be a minimum of a few hundred microns thick, and consequently 

surface muons are used to study the bulk. The muon stopping distribution in the sample 

depends on the momentum spread of the muon beam, and the thickness and density of 

the sample. If the stopping range greatly exceeds the target thickness, one can degrade 

the kinetic energy of the incoming surface muons by placing additional material in front 

of the target. Thin samples may be studied by selecting a lower beam momentum, 

although this comes at the expense of lower beam intensity and higher background 

contributions from muons stopping upstream of the sample. Nevertheless, using a 

surface muon beam, samples with density as low as 10 mg/cm2 can be studied [161].  

2.2. Positive muon decay 

Parity violation also plays an essential role in the ability to detect the time 

evolution of the muon spin polarization ß(R) in the sample. The decay of the positive 

muon (see Fig. 2.3) is also governed by the weak interaction, and hence parity 

conservation is violated. Due to the latter, there is an anisotropic spatial probability 

distribution for positron emission from the muon decay (see Fig. 2.4). 

 
Figure  2.3 Decay of a positive muon at rest, into a positron (æ2), muon-neutrino 

(åÙ) and muon anti-neutrino (å̅Ù). The muon decay is governed by 

conservation of both linear and angular momentum and complete 
parity violation, as described in the main text.  

The probability distribution function for positron emission is given by 

8(�, :) = 1 + EF(�)	cos	:	,	 	 	 																																																 (2.5)	

where : is the angle between the direction of the emitted positron and the direction of 

the muon spin, and EF(�) is an asymmetry factor, which increases with the value of the 
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positron kinetic energy. The kinetic energy of the positron emitted from the μ2 decay 

varies continuously between � = 0, where the traveling neutrinos carry all the kinetic 

energy, and ���� = 52.3 MeV, where the neutrinos travel together, but anti-parallel to the 

positron.  

 
Figure  2.4. Angular distribution of positrons ç(¼, è) from positive muon decay 

for various positron kinetic energies between ¼ = � and ¼ = ¼éêë = 
À�.ì MeV. The horizontal arrow indicates the direction of the muon 
spin at the time of decay. Note, ç(�,è) = � and ç(¼éêë, è) = 	�	 +
¿í�è  as given by Eq. (2.5). The red curve is for �� = �/ì.				

The maximum kinetic energy of the positron is calculated by applying relativistic 

conservation of energy. To simplify the calculations we treat the electron-neutrino and 

the muon-antineutrino as a single particle travelling anti-parallel to the positron. The 

relativistic energy of a particle is related to its rest energy	îB�, and linear momentum ( 

via the relation  

� = ï(îfB2)2 + ((fB)2.																																																																																																																									(2.6) 
Applying conservation of energy to the μ2 decay gives 

�5 = �ð + �M 																																																																																																																																															(2.7)	

ï¤î5B�§� + ¤(5B§� = ï(îfB2)2 + ((fB)2 +ï(îðB2)2 + ((ñB)2	,																																										(2.8) 



 

44 

where µ, n and ò denote the µ2, e+ and neutrino-antineutrino pair, respectively. Taking 

ÒÙ= 0, Òó = −Òæ and îñ = 0, Eq. (2.8) becomes 

î5B� =	(fB + ï(îfB2)2 + ((fB)2.																																																																																																					(2.9) 

The kinetic energy of the positron is given by the difference between the positron energy 

and its rest energy 

�f =	ï(îfB2)2 + ((fB)2	–	îfB�.																																																																																																					(2.10) 

Combining Eq. (2.9) and Eq. (2.10) to eliminate (fB gives  

�f =	î5B� −	îfB� −	ï�f� + 	2îf�fB�, 
  

which can be rearranged as follows 

¤î5B� −	îfB� −	�f§� =	�f� + 	2�f	îfB�,  

leading to 

�f =	12	î5B� +	îf�
2î5

	− 	îfB�.																																																																																																										(2.11) 

Taking î5 = 105.66 MeV/c2 and îf = 0.511 MeV/c2, yields the maximum positron kinetic 

energy ���� = 52.3 MeV. 

When only positrons with � = �f≡ ����  are counted, EF = 1 in Eq. (2.5). However, the 

detectors used in a µSR experiment are not actually sensitive to the positron kinetic 

energy, and consequently they sample all positron energies with equal probability. In this 

case EF = 1/3, which is the ideal experimental limit. Typically EF ≤ 0.25. The angular 

distribution of positrons emitted from positive muon decay for the case of EF = 1/3 is 

shown in Fig. 2.4. As the muon spin direction changes so does the orientation of the 

angular distribution of positrons in Fig. 2.4. Hence the time dependence of the decay 
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positron count rate in a detector at a fixed position allows one to monitor the time 

evolution of the muon spin polarization	ß(R)	in the sample.  

2.2.1.  Beamline and transport channel 

The main task of a muon beamline is to collect and transmit muons from the 

primary production target to the sample, and in doing so deliver an intense beam with a 

small spot size, well-defined energy, low foreign particle contamination, and high muon 

spin polarization. As charged particles, muons can be guided or deflected by magnetic 

and electric fields. A transport channel for muons is comprised of an evacuated beam 

pipe, quadrupole magnet triplets as “magnetic lenses” for focusing the muon beam, and 

dipole bending magnets that change the trajectory of the positive muons, and exclude 

uncharged particles (neutrons, gamma rays) and other particles  of opposite charge (i.e. 

π�, e�). A dipole bending magnet may also be used in combination with variable slits to 

select a particular momentum range, and hence act like a “magnetic prism”. A 

quadrupole magnet focuses the beam (with linear momentum in the z direction) in the x 

direction (y direction), but defocuses the beam in the y direction (x direction). To achieve 

focusing on both the x and y axes, a set of three quadrupole magnets is typically used 

(i.e. a “triplet”). In addition, electrostatic or magnetic kickers are sometimes used to 

deflect some fraction of the muons.   

Removing contaminants from the muon beam is necessary as positrons arising 

from the w° decay and in-flight μ2 	 decay accompany the muons to the sample 

downstream. The resulting positrons have a velocity close to that of the speed of light 

(i.e. òM/c ≈ 1, in contrast to ò5/c = 0.24 for surface muons). The M15 beamline at 

TRIUMF is equipped with dual crossed-field separators (Wein filters), which act as 

velocity selectors by applying perpendicular static electric and magnetic fields to the 

muon beam (see Fig. 2.5). In order to maintain a straight moving muon beam through 

this beamline element, the Lorentz force exerted by the static magnetic field must be 

equal in magnitude and opposite in direction to the Coulomb force exerted by the static 

electric field on the positive muons. The same combination of electric and magnetic field 

results in a net force on the contaminant positrons, and hence deflects them out of the 

muon beam.  
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Figure  2.5 Schematic configuration of a crossed-field separator (Wein filter), 

where the direction of the uniform static magnetic field Á	is into the 
page and the uniform static electric field ö is downward. The 
magnitude of the applied magnetic field is tuned to give a zero net 
force ÷ö + ÷Á on the positive muons, which results in an upward net 
force on the positrons due to them having a higher velocity (øù >> 
øÙ). The net effect is a separation of positrons from the positive 

muon beam. The muon spin shown by arrows (which is anti-parallel 
to the muon’s velocity before entering the separator) rotates about 
B. 

The Lorentz force resulting from a static magnetic field applied perpendicular to 

the muon linear momentum causes significant deflection of the muon beam for fields in 

excess of ~ 0.01 T. Consequently, for µSR experiments in high magnetic field, the 

magnetic field is usually directed parallel to the muon beam. In the case of transverse-

field (TF) µSR, which is described in Sec. 2.5, this requires a rotation of the initial muon 

spin polarization ß(0) such that it is perpendicular to the beam direction. When operated 

at high voltage using Argon as a dielectric between the electrostatic separator plates, the 

spin polarization of the muon beam can be rotated by ~ 45°. The M15 beamline is 

equipped with dual ö × Á separators, so that a nearly 90° spin rotation may be achieved. 

Hence the separators are used for both rotation of the muon beam polarization and 

removal of positron contamination [162] .  
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2.2.2. Detectors and event recording 

Scintillator detectors are used for detection of both muons and positrons in a µSR 

experiment. When a charged particle passes through a scintillator detector it causes 

ionization and deposits energy. Some of this energy is converted into an ultra violet (UV) 

light pulse. Each detector is connected to a clear plastic UV-transmitting light guide, 

which transmits the light pulse to a photomultiplier tube by total internal reflection. The 

photomultiplier tubes convert the light pulses into electrical pulses, which are 

subsequently processed with fast electronics to generate time histograms.  

A muon passing through the muon scintillator detector placed before the sample 

(see Fig. 2.6), triggers the start of an electronic clock. The μ2 stops in the sample at 

essentially time 	t = 0, as the time it takes for the muon to get to the sample is negligible. 

In the sample the muon Larmor precesses about the local magnetic field until it decays 

and emits a positron. A pair of positron detectors may be used as in Fig. 2.6, or two 

orthogonal pairs of positron detectors may be used to cover a greater solid angle. Once 

the decay positron is detected the electronic clock stops, and the elapsed time is stored 

as an increment in the corresponding bin of a time histogram. In high magnetic fields, 

high-timing resolution is necessary to resolve the corresponding high Larmor precession 

frequency Z5 =	[5#. This is not achievable at pulsed muon facilities, where the timing 

resolution is limited by the pulse width. At TRIUMF the muon beam is continuous, and 

the timing resolution is limited by the detectors.  

There is a possibility that a decay positron will not be detected, as the detectors 

do not cover the 4w steradian solid angle of a sphere centered at the sample. Therefore 

the states of the positron detectors are monitored for a fixed gate time of ~ 12 µs after 

the μ2 is detected. If no positron is detected during this time, the event is excluded and 

the next muon passing through the muon detector is monitored. If more than one 

positron is detected during the gate time (a situation referred to as “pile up”), identifying 

the μ2 parent is ambiguous and the event is discarded. To reduce the amount of pile up, 

the rate of the incoming muons is limited by tuning beam line elements. If the μ2 does 

not stop in the sample, it is detected by a so-called “veto counter”, situated behind the 

sample (note that this is not shown in Fig. 2.6). Muons passing through or missing the 

sample trigger the veto counter and are discarded [163].  



 

48 

 
Figure  2.6 Schematic configuration of a transverse-field (TF) µSR experiment 

for the special case where the initial muon spin polarization is 
rotated by 90° to be perpendicular to the muon linear momentum. 
The applied magnetic field ú is perpendicular to ß(û = �). A μ2 
passing through a thin muon counter starts an electronic clock (û = 
0), which subsequently stops when the emitted positron is detected 
by one of the surrounding æ2 detectors. The event is recorded in the 
appropriate time bin of a time histogram. This figure is courtesy of J. 
E. Sonier. 

2.2.3. Asymmetry spectrum 

The muon polarization evolves in time according to the distribution of the internal 

magnetic fields sensed by the muons during their life time. The purpose of a typical µSR 

experiment is to elucidate the nature of the internal fields via detection of the decay 

positron count rate. The recorded decay events are stored in suitable time bins (Δt = 

48.8 ps for the TF-µSR measurements reported in this thesis), which generates a time 

histogram. The time histogram	�S(R)	of the decay positron count rate in the ¥ü{ detector is 

described by  

�S(R) = 	�SF	n�ü ýþ� 	[1 + EF	`(R)] + #S ,																																																																																													(2.12)                                             
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where �SF is a normalization constant, EF is the maximum precession amplitude, #S is a 

time-independent random background (associated with uncorrelated muon decay 

events), and `(R) is the time evolution of the muon spin polarization  

`(R) = m(R)cos(Z5R + 	:S)	,																																																																																																																(2.13)		

where m(R)	is a relaxation function that accounts for a sample-induced loss of 

polarization with time, and :S is the initial angle of the muon spin polarization direction 

with respect to the axes of the ¥ü{	 detector. Generally :S is non-zero, as the muons will 

precess around any external magnetic field during their flight towards the sample. The 

background signal #S 	includes dark noise in the photomultiplier tubes, detection of 

cosmic rays, and positron contamination from in-flight decay μ2 outside of the sample. 

By placing a second opposing positron detector directly on the other side of the sample, 

the following additional histogram is recorded.  

��S(R) = 	U	�SF	n�ü ýþ� 	[1 − V	EF	`(R)] + #�S ,																																																																																	(2.14) 

where the precession phase for the second detector is shifted by 180° (see Figs. 2.7 and 

2.8), giving rise to the negative sign in the equation. The new parameters in this 

equation are defined as U = 	��SF �SF⁄  and V =	E�SF ESF⁄ . The parameters U and V are 

typically close to 1, and with this assumption the idealized asymmetry spectrum is 

defined as		

r(R) = [�S(R) − 	#S] − [��S(R) − #�S]
[�S(R) − 	#S] + [��S(R) − #�S] .																																																																																												(2.15)	

The reason for introducing r(R) is to eliminate the muon decay factor 

�SFexp¤−R �5⁄ §, which contains no information about the sample. Ideally the two 

opposing detectors are identical and the histograms recorded by the two counters differ 

only by a phase. Assuming identical positron detectors, substituting Eq. (2.12) and Eq. 

(2.14) into Eq. (2.15) results in the following relation for the asymmetry spectrum 

r(R) = 	 EF	`(R).                 (2.16) 
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Figure  2.7 Theoretical simulation of the raw count rate for a pair of opposing 
positron detectors calculated using Eqs. (2.12) and (2.14). This 

simulation assumes ��= 0.25, »�� = � × ��À, � = 0.85, � = 0.85, and É� 
= É�� = 2000, and �Ù �Ù⁄ = 0.01 T. 

When the two opposing positron detectors differ for example in efficiency, U ≠ 1 and the 

base line of r(R)	 is shifted. Since EF depends on the positron energy, V ≠ 1 if the 

detectors sample different ranges of positron energy. In these non-ideal cases the 

asymmetry spectrum is formed in the same way, although the resulting expression 

explicitly contains the parameters U and/or V. 
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Figure  2.8 Experimental TF-µSR raw count rates. Each signal is for a single 

detector. The top panel shows the histogram counts for the “Left” 
positron detector and the bottom panel shows the histogram counts 
for the opposing “Right” detector. These signals are for a NbSe2 
sample placed in a magnetic field of É = 0.01 T at � = 5 K. 

2.3. Total magnetic field at the muon site 

As discussed earlier, the presence of a net magnetic field Á at the muon site 

results in Larmor precession of the muon spin at a frequency Z5 = [5#. In general there 

are various contributions to the net magnetic field at the muon site. Besides the 
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contribution from an external magnetic field Áf�g that one may apply to the sample, there 

are internal magnetic fields resulting from different sources, including dipolar magnetic 

fields Á	
� associated with nuclear and electronic magnetic moments, and a contact 

hyperfine field Á� due to a net spin density of polarized conduction electrons 

overlapping the muon.  

In describing the total dipolar magnetic field Á	
� sensed by the muon, rather 

than calculate the dipolar field sum over the entire sample, it is generally useful to 

consider a fictitious sphere centered around the μ2 (i.e. a Lorentz sphere), and calculate 

the dipolar field contribution inside the sphere, while treating the rest of the sample as 

having a uniform magnetization. The latter is approximated by the sum of a Lorentz field 

Á� generated by fictitious charges on the inner surface of the Lorentz sphere, and the 

demagnetizing field Á	f� of the sample. The net magnetic field at the muon site is then 

Á = Áf�g +Á� + Á� +Á	
� − Á	f�.                                                                            (2.17)	
The Lorentz field and the demagnetization field depend on the sample magnetization M, 

and are given by 

Á	f� = −��																																																																																																																																											(2.18) 

Á� = 4w
3 �,																																																																																																																																																(2.19)				

where � is a shape dependent demagnetization factor. If the magnetization is due to the 

applied external field, the ratio of the magnetization over the external field is the bulk 

magnetic susceptibility �g�g. That is	

� = �g�g	Áf�g.                                                                                                          					(2.20)  

2.4. Transverse-field muon spin rotation (TF-µSR) 

The µSR experiments performed in this study utilized the so-called transverse 

field (TF) technique. In this configuration the direction of the initial muon spin is 

perpendicular to the direction of the applied field (as shown in Fig. 2.6). This technique 

may be used to study the magnetic response of a material in the bulk. For example, it 
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has proven especially useful for determining the distribution of magnetic field in the 

vortex state of type-II superconductors [34]. In this thesis, TF-µSR is applied to 

investigate the magnetic response of the normal state of hole-doped high-Tc cuprates, in 

an effort to obtain information about the superconducting correlations above Tc.  

2.4.1. TF-µSR fitting functions 

 2.5.1.1.     Static magnetically ordered moments 

When the magnetic field at the muon site does not change over the measured 

time range (0 to ~ 10 µs), the magnetic field is considered to be static. When there is 

long-range static magnetic order, muons stopping at the same site in the crystallographic 

unit cell experience the same magnetic field Á (see Fig. 2.9). Taking the initial muon spin 

polarization to be in the x-direction (which is perpendicular to the beam momentum in the 

z-direction, and the configuration used for our experiments), if all of the muon spins 

precess in the same magnetic field Á oriented at an angle : with respect to the initial 

muon spin polarization PPPP(0),	 the time evolution of the muon spin polarization in the x 

direction is 

;̀(R)	=	cos2	:	+	sin2	:	cos([5#R + k),		                                                                                           (2.21)  

where Z5 = [5# and k is the initial phase of the muon spin polarization, influenced by 

Larmor precession in the external field during the flight time of the muon to the sample. 

Since cos : = 	#; #⁄   and sin : = ï#h� +#i� #�  (see Fig. 2.9), the time evolution of the 

muon spin polarization may be written as 

 ;̀(R)	=	#;� #�⁄ + [(#h� + #i�) #�]⁄ 	cos([5#R + k).																																																																						(2.22)	

Figure 2.10 shows the time evolution of muon spin polarization described by Eq. (2.22). 

If there is more than one muon stopping site in the crystallographic unit cell, muons 

stopping at different sites experience and Larmor precess around different magnetic 

fields. In this case, each magnetically inequivalent muon site contributes an expression 

of the form of Eq. (2.22), which are added together to give  �̀(R).  
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Figure  2.9 Schematic configuration of muon spin precession around a local 

magnetic field Á, where ÖÙ shows the initial direction of the muon 

spin along the �-axis (which is parallel to the initial muon spin 
polarization ß(�), and è is the angle between ÖÙ and the total 

magnetic field BBBB. The time-independent component of the muon spin 

polarization ��(û)				  is proportional to ¿í��è, and the time-dependent 
component is proportional to ����è [see Eq. (2.21)]. Note that the 
local field Á includes Áæë�	and the other fields given in Eq. (2.17). 

 
Figure  2.10 Theoretical simulation of the time evolution of the muon spin 

polarization given by Eq. (2.22), for φ = 0 and a uniform internal 
magnetic field É = 10.1 mT with É�, É� and É� components equal to 1 

mT, 1  mT and 10 mT, respectively.  



 

55 

2.5.1.2.     Gaussian field distribution  

For the case of randomly oriented static magnetic moments, even muons at the 

same stopping site in the crystallographic unit cell may experience different local 

magnetic fields. In this situation the corresponding distribution of local magnetic fields 

must be considered to calculate the time evolution of the muon spin polarization 

monitored in the x-direction. In this case 

;̀(R) = 	��(#)	ªcos�	:	 + 	sin�	:	cos¤[5#R§�#,																																																																							(2.23) 

where �(#) is the magnetic field distribution sensed by the muon ensemble. 

Muons stopping in a dense system of randomly oriented static magnetic moments, 

sense a Gaussian distribution of magnetic field. An example is the distribution of dipolar 

magnetic fields generated by the host nuclear spin system. An applied field adds to each 

dipolar field of the distribution, resulting in a field distribution centered about Áf�g as 

follows [163, 164]:  

�(#) = 	¤[̂ √2wΔ⁄ §	Î × 

exp �−[5�¤#i − #i,f�g§�
2∆� � exp �−[5�¤#h −#h,f�g§�

2∆� � exp �−[̂�¤#; −#;,f�g§�
2∆� � .																		(2.24) 

where ∆� [5�� = 〈(ΔB)�〉 = 〈(# − 〈#〉)�〉 is the squared second moment of the distribution 

of field at the muon site. Note that Eq. (2.24) is for a general orientation of the external 

field.  

When a strong magnetic field is applied parallel to the z-direction, the net local 

field B at the muon site is also parallel to û, and the z-component of the muon spin does 

not precess (see Fig. 2.11). In this situation the precession is in the _j-plane and the 

muon spin polarization in the monitored x-direction evolves with time according to 
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Figure  2.11 Schematic configuration of muon spin precession around an 

external magnetic field Áæë� applied in the z direction. ÖÙ shows the 

initial direction of the muon spin along the x-axis. As shown, the 
precession of the muon spin around the local magnetic field is in the ��-plane. 

;̀(R) = 	� �(#�)
�
�� cos¤[5#iR + k§�#i ,																																																																																											(2.25) 

where the Gaussian distribution is centered about the external magnetic field, such that 

�(#i) = ¤[5 √2w	∆⁄ § exp¤−[5�(#i − #f�g)� 2∆�⁄ §. Substituting the Gaussian distribution 

function for  �(#�) into Eq. (2.25) leads to 

;̀(R) = 	 [5√2w	∆� exp �−[5�(#i −#f�g)�
2∆�  �

�� cos¤[5#iR + k§�#i. 																																												(2.26) 

Defining #i − #f�g = !, then �#i = �! and the cosine function may be written as follows 

cos¤[5#iR + k§ = cos¤[̂ (#f�g + !)R + k§	

																															= cos¤[5#f�gR + k§ cos¤[5!R§ − sin¤[5#f�gR + k§ sin¤[5!R§. 
Substituting into Eq. (2.26) gives 
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�̀(R) = [5√2w	∆	� exp �−[5�!�2∆�  �
�� cos¤[5#f�gR + k§cos¤[5!R§�! 

 

											−	 [5√2w	∆� exp �−[5�!�2∆�  �
�� sin¤[5#f�gR + k§sin¤[5!R§�! .																																												(2.27) 

The second term is zero as the function under the integral is an odd function. Thus 

The second term is zero as the function under the integral is an odd function. Thus 

;̀(R) = 	 [5√2w	∆ cos¤[5#f�gR + k§� exp �−[5�!�2∆�  �
�� cos¤[5!R§�!.																																										(2.28) 

Defining [5! = L, then �! = ¤1 [5⁄ §�L, cos¤[5!R§ = cos(LR), and 

;̀(R) = 	 [5√2w	∆[5 cos¤[5#f�üR + k§� exp �−L�2∆� �
�� cos(LR)�L.																																															(2.29) 

Using the following integral relation 

� exp	(−_�) cos(E_)�_ = 	√w exp �−E�4  ,�
��  

Eq. (2.29) becomes 

;̀(R) = 	 1√2w	∆√2w	∆	cos¤[5#f�gR + k§exp 	�−¤√2	∆	t§�
4 � 

											= 	 exp �−∆�t�2  cos¤[5#f�gR + k§.																																																																																									(2.30) 

Figure 2.12 shows a plot of Eq. (2.30). The damping of the oscillating polarization 

function is described by the relaxation function m�(R) = exp(−∆�t� 2⁄ ).  
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2.5.1.3.     Lorentzian field distribution  

In the case of a dilute system of randomly oriented static magnetic moments, the 

field distribution is close to a Lorentzian lineshape. A Lorentzian distribution has no 

second moment and the full width of the magnetic field distribution at half maximum 

∆#"#$% is instead considered. In the transverse-field situation 

�(#�) = 1
w	

E
E� + (#i −#f�g)� 																																																																																																														(2.31) 

where E = ∆#"#$%. It follows that the time evolution of the muon spin polarization along 

the x-direction is 

;̀(R) = 	 1w� 	
�
��

E
E� + (#i −#f�g)� cos¤[5#iR + k§�#�.																																																																(2.32) 

Defining #i − #f�g = !, such that #i = #f�g + !, Eq. (2.32) becomes 

;̀(R) = E
w	� 	

�
��

1
E� + !� cos¤[5(#f�g + !)R + k§�!																																																																																							 
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Figure  2.12 Theoretical simulation of the time evolution of the muon spin 
polarization function described by Eq. (2.29) with & = � and É = 2 

mT for (a) ∆= 0.4 ����. (b) ∆ = 0.2 ����.  The black curves are the 
Gaussian relaxation function 'ë(û) = æë½(−∆�û� �)⁄  which is the 
envelope of the simulated polarization function.  
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											= E
w	� 	

�
��

1
E� + !� cos¤[5#f�gR + k§ cos¤[5!R§	�! 																																																																																 

											− E
w	� 	

�
��

1
E� + !� sin¤[5#f�gR + k§ sin¤[5!R§ �!.																																																														(2.33) 

The second term is once again zero as the function under the integral is odd.	Using the 

following integral expression,  

� cos(E_)�_(� + _�
�
�� = w( exp(−E(), 

leads to a simple pure exponential relaxation function as follows 

;̀(R) = E
w cos¤[5#f�gR + k§	� 	

�
��

1
E� + !� cos¤[5!R§	�! 																																																																																				

											= E
w cos¤[5#f�gR + k§wE exp¤−E[5R§	 

											= cos¤[5#f�gR + k§exp¤−E[5R§ 

											= exp(−�R)cos¤[5#f�gR + k§.																																																																																																		(2.34) 

where � = E[5 and m;(R) = exp(−�R) is an exponential relaxation function. Figure 2.13 

shows theoretical simulations of Eq. (2.34). A wider field distribution (larger a) results in 

more rapid damping (larger �) of the TF-µSR polarization function. 
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Figure  2.13 Theoretical simulation of the time evolution of the muon spin 

polarization function described by Eq. (2.34) with & = � and É = 2 

mT. (a) λ = 0.3 ����, and (b) λ = 0.05 ����.  The black curves indicate 
the exponential relaxation function 'ë(û) = 	æë½(−�û), which is the 
envelope of the simulated polarization functions.  
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2.5.1.4.     Fluctuating magnetic moments : Dense system 

In addition to relaxation of �̀(R) by a static distribution of magnetic fields a loss of 

polarization may be caused by thermal fluctuations of the local magnetic field, causing 

muon spin flips. Fluctuations of a system characterized by a Gaussian distribution of 

fields, has a TF-µSR relaxation function of the following form [163] 

m;(R, �) = exp )−∆��� *R� − 1+ exp )−R�+,+ ,																																																																																	(2.35)	
where 	1 �⁄  is the fluctuation rate of the local field B at the muon site and Δ is the 

Gaussian relaxation rate defined below Eq. (2.24). 

The relaxation of the muon spin polarization in the fast fluctuating limit is determined by 

using  

limý→F	exp	 )− R�+ ≈ 0, 

In which case 

m;(R, �) ≈ exp )−∆��� *R� − 1,+ = exp(	−∆��R − ∆���) ≈ exp 	(– �R),																																			(2.36)	

where � = ∆��. The relaxation rate in this case depends on both the second moment 

∆� [5��  of the Gaussian distribution in the static limit and the fluctuation rate 1 �⁄ . Note 

that as the fluctuation rate 1 �⁄  increases, the dynamic exponential relaxation rate � 

decreases. Comparing Eq. (2.34) to Eq. (2.36) we see that dilute static moments 

(corresponding to a Lorentzian distribution of internal magnetic field) and dense fast 

fluctuating moments (having a Gaussian distribution of internal magnetic field in the 

static limit), both lead to an exponential relaxation of ;̀(R). In general, these two different 

scenarios are indistinguishable in a TF-µSR measurement and longitudinal-field (LF) 

µSR must be used to determine whether the internal fields are static or dynamic. 

In the static limit however 

	exp	 )− R�+ = 1 − R� + R�
2�� − RÎ

6�Î 	… 																																																																																																		(2.37) 
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Substituting the first three terms of Eq. (2.37) into Eq. (2.35) and considering the static 

limit (�	 → ∞)  

m;(R, �) = limý→� exp �−∆��� 0R� − 1 + 	1 − R� + R�
2��1 = exp �−∆�R�2  ,																																			(2.38) 

one sees that Eq. (2.35) is consistent with the pure Gaussian relaxation function of Eq. 

(2.30). 

 

2.5.1.5.     Fluctuating magnetic moments : Dilute system 

For a dilute system of randomly oriented magnetic moments (corresponding to a 

Lorentzian distribution of internal magnetic field), in which the fluctuation rate is greater 

than the static-limit relaxation rate ¤1 �⁄ > E[5§, the TF-μSR relaxation function is given 

by [163] 

m;(R) = exp2−32E�[̂��� *exp )−R� +− 1+ R�,4 .																																																																									(2.39) 
Eq. (2.39) in the fast fluctuating limit (� → 0) reduces to the following 

m;(R) = exp )−ï2E�[5��R+ .																																																																																																																	(2.40) 
 

2.5.1.6.     Phenomenological stretched exponential relaxation  

Some of the TF-µSR signals shown later in Chapter 4 have been fit to a 

polarization function having the following phenomenological stretched exponential 

relaxation function 

m;(R) = expª−	(x	R)5.																																																																																																																										(2.41) 
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Here x is the relaxation rate of the TF-µSR signal and V is a variable power. Fits to Eq. 

(2.41) allow for potential deviations from a pure Gaussian or pure Lorentzian field 

distribution, but lack a unique physical interpretation. 

2.4.2. The rotating reference frame (RRF) 

By considering the complete set of four positron detectors arranged around the 

sample in our experiments, the muon polarization function for two orthogonal pairs of 

positron counters is a complex function  

6̀(R) = ;̀(R) + ¥ h̀(R),                                                                                                             (2.42)	

where �̀(R) is monitored by “Left” and “Right” counters, and h̀(R) is monitored by “Up” 

and “Down” counters. The two components ;̀(R) and h̀(R) differ only by a phase of 90°. 
The x and y components of 6̀(R) are related to �(#�) via the relations 

;̀(R) = m;(R)� �(#i) cos¤[5#R + k§�#i
�
F

,																																																																																		(2.43)	

and 

h̀(R) = m;(R)� �(#i) cos 7[5#R + k − w
28�#i�

F
	

											= m;(R)� �(#i) sin¤[5#R + k§�#i
�
F

.																																																																																			(2.44)	

	
	In large magnetic fields where the frequency of the muon spin precession is high, it is 

necessary to fit the asymmetry spectrum in a rotating reference frame. To do this, the 

complex muon polarization function is multiplied by exp(¥Z99"R). The rotating reference 

frame frequency Z99" is chosen so that the absolute difference between the average 

muon spin precession frequency, ±〈Z5〉 − Z99"±, is small enough to give several 

oscillations over the fitted time range. There are two benefits in doing this. First, the 

quality of the accumulated data can be visualized, and second, it packs the data in fewer 

and wider time bins, which enhances the fitting speed [34]. The TF-µSR signals 
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measured for this thesis were fit in a rotating reference frame, as the applied magnetic 

field and resulting muon spin precession frequencies in the laboratory reference frame 

are rather high. 	

2.4.3. Specifics of high-field TF-µSR 

There are some technical limitations of TF-µSR experiments at high magnetic 

field to consider: 

 (i) As mentioned earlier, a magnetic field H applied perpendicular to the muon beam 

momentum exerts a Lorentz force that deflects the muons. For fields higher than ~ 0.01 

T, this deflection is significant. To circumvent this problem, the magnetic field is 

generally applied parallel to the muon beam momentum. In this configuration the muon 

spin polarization must be rotated by 90° to be perpendicular to H. This is possible by 

using the Wein filters described in Sec. 2.3.1.  

(ii) For high applied magnetic field, the frequency of the muon Larmor precession is also 

high (948.74 MHz for H = 7 T), necessitating the need for a narrower time-bin width in 

the decay-positron time histogram to fully capture the oscillating signal. On the other 

hand, the timing resolution of the electronics and the detectors determines the lower limit 

of the bin width, and thus limits the maximum measurable magnetic field. As a 

consequence, the amplitude of the TF-µSR signal decreases with increasing magnetic 

field. (see Sec. 3.2.1).  

(iii) The muon spins Larmor precess around the external magnetic field during the flight 

time to the sample. If all the muons see the same external magnetic field this precession 

is uniform. However, if the magnetic field is non-uniform, the initial muon spin 

polarization is not preserved and is reduced by muon spin dephasing. Consequently, 

high-field TF-µSR requires a superconducting magnet with a high degree of field 

homogeneity. This is more easily achieved with a wide, warm-bore magnet that is long. 

Unfortunately, for good timing resolution the light guides that connect the scintillator 

detectors to photomultiplier tubes located outside of the magnet bore must be short, and 

this means the magnet bore must also be short. In principle this limitation can be 
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overcome by using “shim coils”, which are coils with an adjustable current to correct for 

the field inhomogeneity of the main coil.  

(iv) The decay positrons undergo cyclotron motion in the field of the magnet. The radius 

of this cyclotron motion is inversely proportional to the magnetic field. Hence at high 

fields the positron detectors have to be placed much closer to the sample. For this 

reason the HiTime spectrometer used for the TF-µSR measurements of this thesis has a 

unique compact design, with the positron detectors (as well as the veto counter) 

positioned inside a small He-gas flow cryostat (see Sec. 3.2.1) [99].   

2.5. Fast Fourier transform (FFT) 

The TF-µSR asymmetry spectrum is a measurement in the time domain, 

containing information about the distribution of muon spin precession frequencies in the 

sample. Often one desires a visual representation of the corresponding internal 

magnetic field distribution. The fast Fourier transform (FFT) of the complex muon 

polarization function 6̀(R), which is defined as follows  

�(#) = � 6̀(R)expª−¥¤[5#R + k§�R
�
F

																																																																																													(2.45) 
 is a good approximation of the actual internal magnetic field distribution, but is broader 

than the real field distribution in the sample. The TF-µSR signal is recorded over a short 

finite time interval, with the number of counts diminishing with time. Consequently, the 

frequency spectrum contains noise, which is usually eliminated by “apodization”, 

whereby the asymmetry function is multiplied by a weighting function (for example a 

Gaussian function) varying between 0 and 1, such that 

�(#) = � 6̀(R)exp¤−�:�R� 2⁄ §expª−¥¤[5#R + k§�R
�
F

																																																																(2.46)	
Here �: is the apodization parameter for a Gaussian weighting function. This procedure 

broadens �(#), and can completely smear out any sharp features. Generally the 

apodization parameter �: is chosen to optimize between smoothing of the spectrum 

noise and minimizing the additional broadening. More accurately, the integral in Eq. 

(2.45) should be replaced with a sum, due to the limited number of recorded events [34].  
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2.6. Muon Knight shift 

In the strong field limit where the external magnetic field is large compared to the 

internal local field, the frequency of Larmor precession of the muon is determined by the 

external applied field #f�g. For a random distribution of magnetic moments, the mean 

value of the internal fields is zero. However, the applied field causes magnetization of 

the sample by destroying the randomness of the moment orientations, leading to a small 

internal field that adds to the applied field at the muon site. Thus the observed spin 

precession frequency will be slightly shifted from the precession frequency of a muon in 

the external field in vacuum (i.e. Z5F =	[5#f�g). A frequency shift also occurs from the 

contact interaction of the muon with polarized conduction electrons, and/or the 

diamagnetic response of a superconductor. The fractional field shift that results after 

removal of the macroscopic Lorentz and demagnetizing fields is the so-called muon 

Knight shift, defined as  

;5 =	 (# − #� −#	f�) − #f�g
#f�g 	= #5 −#f�g

#f�g .																																																																																	(2.47) 

The muon Knight shift characterizes the magnetic response to the applied field and is a 

measure of the local magnetic susceptibility �<�=. Typically the muon Knight shift is 

comprised of multiple terms 

;5 =	;F + ;	
� 	∝ �<�=�<.																																																																																																																					(2.48)	
Here	;F is a temperature independent term from the Pauli spin paramagnetism of the 

conduction electrons, and is specifically due to the contact hyperfine interaction between 

the muon and the electron cloud around it. This component of the muon Knight shift is 

defined as 

;F = (8 3⁄ )w.Kª�2¤&5§ − ��¤&5§ − #f�g
#f�g	 = (8 3⁄ )w��(&)�F.																																																				(2.49)	

Here �2¤&5§ and ��¤&5§ are the densities of spin up and spin down electrons at the muon 

site &5, �F is the Pauli spin susceptibility, related to the undisturbed average conduction 

electron spin density, and �� is the spin density enhancement factor of the conduction 
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electrons in the presence of the positive muon. The latter parameter must be provided 

by theory. The second term, ;	
�, is temperature dependent and is due to the interaction 

between the muon and localized magnetic moments that produce a net magnetic dipole 

field at the muon site. This term can be written as 

;	
� = 1
#� Á. 	r>??@f	.�A	. Á,																																																																																																																									(2.50) 

where 	r>??@f	 is an effective dipolar coupling tensor, and �A	. Á is the field induced localized 

magnetic moment [165]. A distribution of magnetic susceptibility ¢�<�=�< in a sample will 

cause a corresponding spread in the muon Knight shift ¢;. In a polycrystalline sample 

the dipolar fields are averaged to zero thus the Knight shift can give information about 

the contact hyperfine field. However in single crystalline samples dipolar fields may also 

contribute to the Knight shift.   
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Chapter 3.  
 
Experimental details 

3.1. Sample preparation 

The cuprate samples used in this study are all plate-like single crystals. The pure 

and Ca-doped YBa2Cu3O7-δ single crystals were grown by R. Liang, D. A. Bonn and W. 

N. Hardy in the Department of Physics and Astronomy at the University of British 

Columbia, Vancouver, Canada via a self-flux method in fabricated BaZrO3 crucibles, 

which are inert to the starting Y2O3-BaO-CuO melt. The YBa2Cu3O7-δ single crystals 

fabricated in this way have 99.990 - 99.995 % purity and a very high degree of 

crystalline perfection [166]. The crystals were post-annealed in a tube furnace under 

ultra-pure, ultra-dry oxygen flow to achieve the desired oxygen content, which was 

determined by using the known dependencies of oxygen content on temperature and 

pressure. Single crystals from the same growth batch were assembled into mosaics 

consisting of 6 to 10 single crystals for the TF-µSR experiments. Typical sample sizes 

were 5 × 5 × 0.1−0.2 mm3. Table 3.1 shows characteristics of the pure YBa2Cu3O7-δ 

single-crystal samples, as well as two Ca-doped samples also studied. A 

superconducting quantum interference device (SQUID) magnetometer was used for 

measurements of Tc. Zero-field µSR measurements on some of these samples (¢ = 0.5, 

0.43, 0.2 and 0.02) show no evidence for static Cu spins [167]. 

The Bi2+xSr2−xCaCu2O8+δ samples studied are of similar dimensions, and consist 

of 1 or 2 single crystals grown via the traveling solvent floating zone (TSFZ) method 

[168] at the National Institute of Advanced Industrial Science and Technology, Tsukuba, 

Ibaraki, Japan. According to the sample growers, M. Ishikado and H. Eisaki, sample 

compositions of Bi2+xSr2−xCaCu2O8+δ with x = 0.1 to 0.15 were fabricated from powders of 

Bi2O3, SrCO3, CaCO3, and CuO as starting materials. After pre-melting the 
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polycrystalline rod, crystal growth was carried out in air and at a feed speed of 0.15 to 

0.20 mm/h for about 3 weeks. The doping level was adjusted by tuning the excess 

oxygen content. The underdoped Bi2+xSr2−xCaCu2O8+δ sample was annealed at 570 °C 

under flowing N2 gas with less than 10 ppm oxygen concentration for 72 hours (h). 

Overdoping was achieved by annealing at 400 °C under an oxygen partial pressure of 

2.3 atm for 72 to 250 h. The optimally-doped Bi2+xSr2−xCaCu2O8+δ sample was annealed 

in air at 720 °C for 24 h. Table 3.2 shows characteristics of the Bi2+xSr2−xCaCu2O8+δ 

samples, none of which have been measured by ZF-µSR. 

Table  3.1. Characteristics of the pure YBa2Cu3O7-δ and Y1-xCaxBa2Cu3O7-δ 
samples. 

B X Tc [K] Ò 

0.54 0 53.6 0.089 

0.50 0 59.0 0.103 

0.43 0 62.5 0.113 

0.33 0 66.0 0.120 

0.20 0 84.5 0.141 

0.07 0 94.1 0.165 

0.02 0.05 75.0 0.205 

0.01 0.05 70.0 0.214 

 

Oxygen deficiency δ, calcium content x, superconducting transition temperature Tc, and hole 
concentration ( for the pure and Ca-doped YBa2Cu3O7-δ single crystals investigated in this thesis. The 
values of Tc were determined by low-field DC magnetic susceptibility measurements, and the values of 
( come from a relationship between Tc and the c-axis lattice constant [169]. 
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Table  3.2 Characteristics of the Bi2+xSr2−xCa2Cu2O8+δ samples. 

Tc [K] Ò 

58 0.0943 

90 0.16 

85 0.186 

80 0.197 

 

The Tc	 values were determined by low-field DC magnetic susceptibility measurements. The hole 

concentration ( was determined from the empirical parabolic relation 1 − ��/����� = 82.6(( – 0.16)2  

given in Ref. [170], where �����
 = 90 K. 

3.2. Transverse-field muon spin rotation experiments 

The TF-µSR experiments were carried out on the 21 m long M15 surface muon 

channel at TRIUMF using the so-called HiTime spectrometer. This beam line is 

equipped with four dipole bending magnets that direct the muon beam from the 

production target into the experimental area, five sets of quadrupole magnet triplets that 

guide and focus the beam, and two separators (“Wein filters”) that remove beam 

contaminants and provide a mean to rotate the spin of the muons perpendicular to the 

beam momentum. Each separator (or spin rotator) rotates the spin of the incoming muon 

beam up to a maximum of almost 45°, so that the dual spin rotators facilitate a nearly full 

90° rotation. The muons in the M15 channel have a momentum range of 19 MeV/c to 40 

MeV/c. Variable slits are provided in three locations along the M15 beam line channel to 

control the beam momentum acceptance and the incoming muon rate. The latter was 

limited to not much more than 3 × 104 μ2/s to avoid the “pile-up” problem described in 

Sec. 2.3.2.  
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3.2.1. HiTime spectrometer 

The HiTime spectrometer is specifically optimized for high-field TF-µSR 

measurements with the magnetic field ú applied parallel to the beam and the initial 

muon spin polarization ß(0) transverse to ú. The magnet is a superconducting split 

solenoid, which can apply a maximum magnetic field of " = 7 T via a 77 A persistent 

current. The spectrometer has four positron counters (labeled L, R, U, and D) and a 

muon veto counter (labeled V) on which the sample is directly mounted using Apiezon 

grease (see Fig. 3.1). The plastic scintillators of the four decay positron detectors 

surround the sample, with the sample position being halfway along their length. The veto 

scintillator is a cube with dimensions 0.9 × 0.9 × 0.92 cm3, which can reasonably 

accommodate samples ≤ 7 mm wide [162].  

 
Figure  3.1 Head on view of the positron and veto counters of the HiTime 

spectrometer. The sample shown in the figure is sitting on the 
plastic scintillator of the veto detector (V), and is surrounded by left 
(L), right (R), up (U) and down (D) positron detectors. The positron 
and veto scintillators and light guides are contained within a 4He-gas 
flow cryostat, whereas the muon detector (not shown) is positioned 
external and upstream of the cryostat. This photograph is courtesy 
of C. V. Kaiser. 

The positron and veto counter arrangement in Fig. 3.1 is contained within a 4He-

gas flow cryostat of inner diameter ~ 4.92 cm. The incoming muon counter is upstream 

and outside of the cryostat. The cryostat is a hybrid between a gas-flow and cold-finger 

cryostat (as the 4He flow is through a ring around the sample) and is equipped with a 

phase separator in the transfer line, allowing the sample temperature to reach as low as 

1.7 K. Even so, the measurements in this thesis did not go below 2.3 K to avoid lower 
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momentum muons stopping in a dense cloud of 4He before the sample. The compact 

counter arrangement of HiTime is necessary, because the decay positrons undergo 

cyclotron motion with a radius inversely proportional to the magnetic field (~ 1.3 cm 

radius at " = 7 T), and hence will only reach counters placed in close proximity to the 

sample.  

3.2.1.1. Timing resolution 

HiTime has high-timing resolution to resolve high muon spin precession 

frequencies (e.g. ~ 948.78 MHz at ú = 7 T). A timing resolution of ~ 170 ps is achieved 

by the following: (i) Thick scintillators are used (in which positrons deposit more energy) 

to provide more photons in a fixed period of time. (ii) Short, low attenuation light guides 

are used, which reduce the signal broadening from total internal reflection of the light 

pulses traveling from the scintillators to the photomultiplier tubes. (iii) Photomultiplier 

tubes are generally affected by magnetic field, which alters the direction of motion of 

electrons causing a loss of gain. Tubes in which the distance between the photocathode 

and first dynode is large are more adversely affected by high magnetic field. Thus 

conventional photomultiplier tubes cannot be exposed to high magnetic field. HiTime 

instead utilizes mesh-type photomultipliers, composed of many fine meshed electrodes 

stacked in close proximity. This reduces the adverse effect of magnetic field on timing-

resolution. Nevertheless, the photomultiplier tubes are positioned outside of the magnet 

bore to enhance their efficiency. It is worth noting that next-generation high-field µSR 

spectrometers are utilizing solid-state photo-detectors that are insensitive to magnetic 

field [171]. 

The timing resolution, or the uncertainty of the decay-time measurement, limits 

the maximum frequency that can be measured and thus limits the maximum applied 

magnetic field. With increasing magnetic field, the initial amplitude of the TF-µSR signal 

decays [99, 172] according to 

r¤45§
r(0) = exp C−¤w2.355�45§�

4 ln2 D ,																																																																																																											(3.1) 
where r¤45§ is the amplitude of the TF-µSR signal of average precession frequency 

45 = Z5 2w⁄ , and � is the timing resolution. Figure 3.2 shows the field dependence of the 
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TF-µSR signal amplitude of pure Ag measured using HiTime. The fit to Eq. (3.1) yields a 

time resolution of � = 194 ps. 

 

Figure  3.2 Plot of the amplitude E	versus magnetic field É (in Tesla) for pure Ag 
measured with the HiTime spectrometer. The fit is to the Gaussian 
function of Eq. (3.1), where the fitted parameter is the timing 
uncertainty � = 0.194 ns. The maximum amplitude at zero magnetic 
field is E = 0.228. This figure is courtesy of D. Arseneau. 

To summarize, the compact design of HiTime is such that the photomultiplier 

tubes are outside of the superconducting magnet, and connected to the detector 

scintillators placed very close to the sample by short light guides. To make this possible, 

the cylindrical magnet bore is short, which is not favourable for producing a highly 

homogeneous magnetic field. Hence there is some compromise that is made in the 

design. One advantage of the short magnet bore is that the muons precess less in the 

external magnetic field (which has some transverse inhomogeneity) before arriving at 

the sample, and hence tend to stay more or less in phase maintaining the initial spin 

polarization. 
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3.2.2. Experimental set up 

The magnetic field ú was applied parallel to the B-axis of the sample and to the 

beam momentum (the û-direction). A 9 mm diameter collimator was mounted on the end 

of the beam-pipe snout to reduce the diameter of the muon beam traveling towards the 

sample. Nearly 100% spin-polarized positive muons were implanted into the sample with 

the initial muon spin polarization ß(0) 	= 	`(0) _t transverse to ú (see Fig. 3.3). As 

explained earlier, the μ2 first passes through a thin plastic scintillator (external muon 

counter) which creates a start pulse for an electronic clock. The beam diverges 

somewhat as it passes through the muon counter and subsequent cryostat window. The 

muons are implanted one-by-one in the sample, where they come to rest and Larmor 

precess in the local magnetic field Á. The time evolution of the muon spin polarization 

ß(R), which is affected by both static and fluctuating internal magnetic fields, is 

monitored via the detection of the decay positrons (e2). The detection of a decay 

positron stops the electronic clock, and the corresponding elapsed-time bin of the 

positron-detector histogram is incremented. For HiTime the recorded time evolution of 

the muon spin polarization is the complex function (described earlier in Sec. 2.5.2). 

6̀(R) = ;̀(R) + ¥ h̀(R),																																																																																																																														(3.2) 

where ;̀(R) is determined from the decay events recorded by the opposing U and D 

positron detectors, and h̀(R) is determined from the event time histograms of the 

opposing L and R positron detectors. In addition to the recorded signals of the U/D and 

L/R pairs being 90° out of phase (ideally), the amplitudes of the corresponding 

asymmetry spectra are in general different, so that 

r;(R) = EF/G ;̀(R),																																																																																																																																			(3.3) 

and 

rh(R) = E�/9 h̀(R).																																																																																																																																				(3.4) 

The complex asymmetry for the four-positron counter arrangement of HiTime is defined 

as 
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rH(R) = r;(R) + ¥rh(R).																																																																																																																												(3.5) 

 
Figure  3.3 Schematic of the TF-µSR experimental arrangement, showing the 

muon and four positron detectors, as well as the initial direction of 
the muon spin polarization ß(û = �) = �(�)	�I. In the HiTime 
spectrometer, the veto counter is placed immediately behind the 
sample, where it serves also as a sample holder. The applied 
magnetic field ú = È �t, is perpendicular to the initial muon spin 
direction. When the �2 passes through the muon detector, the 
electronic clock (TDC = time-to-digital converter) starts, and later 
stops upon the detection of the decay positron (æ2) by any of the 
positron detectors surrounding the sample. This figure is courtesy 
of J. E. Sonier. 

The sample covered approximately 40 to 60 % of the face of the veto scintillator 

(see Fig. 3.1). In the 4He-gas flow cryostat, the samples are close to the end of a sample 

chamber, consisting of a tube with a sealed beam window. The sample chamber has a 

heater located upstream of the sample. The He flow required to decrease the sample 

temperature is adjusted through a needle valve at the end of a transfer line. By 

optimizing the amount of helium flow through the needle valve, good temperature control 

is achieved by automated changes in the heater power. A Lakeshore 330 temperature 

controller was used for this purpose. There are also external heaters surrounding the 
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cryostat, which are mainly used to sharply increase the sample’s temperature and/or 

warm the sample up to room temperature. Three different thermometers with low 

magnetic-field induced errors were used to monitor the temperature. Two of these were 

Cernox thermometers with 0.10 K minimum and 325 K maximum temperature limits, and 

excellent accuracy above 1 K in the presence of a magnetic field. One of the Cernox 

thermometers is located near the heater and the other close to the sample position. The 

third one was a GaAlAs thermometer located near the sample, which is designed for a 

temperature range of 1.4 K to 500 K, and has fair accuracy in a magnetic field. In 

general there is a small temperature gradient between the heater and sample 

thermometer positions.   

3.3. Susceptibility measurements 

Bulk DC magnetic susceptibility measurements for " = 7 T were performed on 

the Bi2+xSr2−xCaCu2O8+δ and YBa2Cu3O7-δ single crystals using a Quantum Design 

SQUID magnetometer at SFU. In the case of YBa2Cu3O7-δ single crystals reliable data 

was not achieved, as these small samples apparently have some flux stain on the 

surface that produces a Curie-like behaviour. Bulk magnetic susceptibility 

measurements on La2-xSrxCuO4 single crystals were previously performed by a former 

student in the group and are not reproduced here. Each single crystal measured was 

mounted in slits cut in a long polyethylene straw, and attached to the straw using a 

minute amount of GE varnish. The applied field was directed parallel to the B-axis (i.e. 

perpendicular to the CuO2 layers). The temperature dependence of the DC magnetic 

susceptibility, ��(�), of the Bi2+xSr2−xCaCu2O8+δ samples (see Fig. 3.4) resemble 

previous high-field measurements on this compound [173]; including a Curie-like 

contribution visible in the susceptibility of the ( = 0.197 sample. As discussed in Sec. 

1.4.3, the Curie-like component appears to be a common feature of heavily-overdoped 

cuprates.   
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Figure  3.4 Temperature dependence of the bulk DC magnetic susceptibility of 

the Ò = 0.094, 0.16, 0.186, and 0.197 Bi2+xSr2−xCaCu2O8+δ single 
crystals for an external magnetic field HHHH = 7 T applied parallel to the 
c-axis (perpendicular to the CuO2 planes) The Curie-like behaviour 
of the Ò = 0.197 sample above Tc resembles previously reported 
measurements on Bi2+xSr2−xCaCu2O8+δ near this hole-doping [173]. 
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Chapter 4.  
 
Data analysis and results 

The results of high TF-µSR measurements on YBa2Cu3O7-δ, Bi2+xSr2−xCaCu2O8+δ 

and La2-xSrxCuO4 single crystals at different temperatures and magnetic fields are 

presented in this chapter. Measurements were carried out on the cuprate samples at 

temperatures below Tc under field-cooled conditions. This was done to generate the 

most uniform vortex lattice for the purpose of determining the qualitative hole-doping 

dependence of the superfluid density. At temperatures above Tc, the TF-µSR signal for 

all samples was found to be independent of whether the measurements were recorded 

under field-cooled or zero-field cooled conditions.  

4.1. Fitting of the TF-µSR signal 

The TF-µSR asymmetry spectrum r(R) = EF`(R) is formed by combining the 

accumulated histograms of opposing positron detectors (see Fig. 3.3). For a H = 7 T 

magnetic field, the Larmor precession frequency of the muon spins is 45 = ¤[5 2w⁄ §# =
Z5/2w	~ 948.74 MHz, corresponding to a very small period T	~	1.054 ns and 1,054 

oscillations per microsecond. A small bin size of 48.8 ps/bin was hence used to generate 

the raw decay-event time histograms, and the histogram length was fixed to be 10 µs (a 

total of 204,800 bins). As mentioned in Sec. 2.5.2, for such small periods of oscillation 

requiring small time bins to be used in the data collection, the rotating reference frame 

(RRF) is used to provide a better visualization of the asymmetry spectrum with a 

reasonable number of oscillations over the desired time period, and to pack the data into 

fewer bins to enhance the fitting speed. At " = 7 T, a rotating reference frame frequency 

of Z99"/2w	 =	948.148 MHz was used. 
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Typical TF-µSR asymmetry spectra are presented in Fig. 4.1. Fast Fourier 

transforms of these signals for YBa2Cu3O6.93 are shown in Fig. 4.2. Note that the error 

bars in Fig. 4.1 are purely statistical, and are due to the short finite life time of the 

muons. For T < Tc, the relaxation of the TF-µSR signal is dominated by the spatial-field 

inhomogeneity created by the vortex lattice, which results in a broad asymmetric internal 

magnetic field distribution �(#) [see Figs. 4.1(a) and 4.2(a)]. In contrast, the relaxation 

rate is greatly reduced for �	> Tc and �(#) is narrow and symmetric [see Figs. 4.1(b) and 

4.2(b)]. 

The TF-µSR asymmetry spectra generated from the time histograms of the U 

and D positron counters, and the L and R positron counters, were fit to the following 

relations 

r;(R) = 	 EF/G	 ;̀(R) = 	EF/G	m(R)	cos¤Z5R	 + 	k§, and 

rh(R) = 	 E�/9	 h̀(R) = 	E�/9	m(R)	sin¤Z5R	 + 	k§.																																																																												(4.1) 

The relaxation function was assumed to be of the form 

m(R) = mJK=(R)	m�g�fL(R),                                                                                               (4.2) 
where mJK=(R) is a temperature-independent function due to the distribution of random 

nuclear dipole fields, and m�g�fL(R) is a phenomenological function describing the signal 

relaxation of the TF-µSR signal by other internal sources.  

For YBa2Cu3O7-δ and Bi2+xSr2−xCaCu2O8+δ, mJK=(R) = exp(−∆�R�/2), as is usually 

the case for a dense system of randomly oriented magnetic moments (see Sec. 2.5.1.2). 

However, ZF-µSR measurements show that the nuclear contribution for La2-xSrxCuO4 

deviates somewhat from a pure Gaussian function [82], and the relaxation of the TF-µSR 

signal at T = 200 K has the functional form m;(R) = expª−(xR)5, with 1.72 ≤ V	≤ 1.87 

[115]. Consequently, mJK=(R) = exp(−�R)z was assumed for La2-xSrxCuO4, where � and � 

are the values of x and V determined at T = 200 K in Ref. [115]. For temperatures T < 

0.5 Tc, the internal magnetic field distribution �(#) for all samples is asymmetric due to a 

static arrangement of vortices, and satisfactory fits of the TF-µSR signal were achieved 

with m�g�fL(R) = exp[−(xR)5 	], where 1.1 ≤ V ≤ 1.8. However, at higher temperatures 
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�(#) is symmetric, and fitted values of V are close to 1. Hence we fit the TF-µSR signals 

for all samples above Tc to the complex asymmetry function 

rH(R) = mJK=(R)exp(−xR)	ªEF/G cos¤ω^R	 + 	k§ + ¥ E�/9sin¤Z5R	 + 	k§																																		(4.3)	

 

Figure  4.1 Representative TF-µSR signals at È = 7 T. (a) and (b) TF-µSR 
asymmetry spectra for optimally-doped (p = 0.165) YBa2Cu3O7-δ 
(YBCO) at �	= 2.7 K and T = 120 K. The two signals which differ in 
phase by 90°, come from the two pairs of opposing detectors shown 
in Fig. 3.3 (i.e. Up and Down, and Left and Right). The solid curves 
through the data points are fits described in the main text. (c) and (d) 
are same as (a) and (b), but for optimally-doped (p = 0.16) 
Bi2+xSr2−xCaCu2O8+δ (BSCCO) at T = 2 K and T = 120 K, respectively. 
(e) and (f) are TF-µSR asymmetry spectra for over-doped (p = 0.197) 
Bi2+xSr2−xCaCu2O8+δ at T = 2.5 K and T = 120 K. The error bars are 
statistical and due to the limited life time of the muons. 
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Figure  4.2 Representative TF-µSR signals. (a) Fourier transform (with Gaussian 

apodization) of the TF-µSR asymmetry spectra for optimally-doped 
(Ò = 0.165) YBa2Cu3O7-δ at È = 7 T and � = 2.7 K, which provides a 
visual depiction of the internal magnetic field distribution �(É) 
sensed by the muon ensemble. (b) Same as (a), but for �	= 120 K. 
The frequency (horizontal axis) is related to the local internal 
magnetic field via the relation åÙ = (�Ù �N)⁄ É.  

For static fields, larger x signifies a broader distribution of the internal magnetic fields 

and is often referred to as “inhomogeneous line broadening”. In the presence of local 

field fluctuations during the muon life time, motional narrowing reduces the magnitude of 

x.  	

4.2. Relaxation rate results 

Figure 4.3 shows representative data for the temperature dependence of x below 

Tc. The dominant contribution to x below Tc is the spatially inhomogeneous field created 

by static vortices, which depends on the inverse square of the in-plane magnetic 

penetration depth	 ��, the spatial arrangement of vortices and the strength of the 

interplane coupling of vortices.  
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Figure  4.3 (a) Temperature dependence of the TF-µSR relaxation rate O for 

Bi2+xSr2−xCaCu2O8+δ (BSCCO) at È = 7 T (solid circles). (b) Blow-up of 
the high temperature data from (a). Also shown is data for the Ò = 
0.094 sample at È = 0.5 T (open purple triangles). The arrows 
indicate the zero-field values of Tc determined from the temperature 
dependence of the bulk magnetic susceptibility by crystal growers. 
(c), (d) Representative results for pure and Ca-doped YBa2Cu3O7-δ 
(YBCO) at È = 7 T. The data at Ò = 0.103 is from Ref. [123]. Solid 
curves are guides to the eye. The error bars are purely statistical. 

As shown in Fig. 4.4, the hole-doping dependence of x for YBa2Cu3O7-δ and 

Bi2+xSr2−xCaCu2O8+δ at low temperatures resembles the doping dependence of ���� (see 

Figs. 4.5 and 4.6) [174, 175]. The value of x is significantly smaller for 

Bi2+xSr2−xCaCu2O8+δ than for YBa2Cu3O7-δ, partly because of extreme electronic 

anisotropy that permits significant wandering of the vortex lines along their length [176]. 

However this does not imply that ���� is significantly smaller than in YBa2Cu3O7-δ. 
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Figure  4.4 Doping dependence of the TF-µSR relaxation rate O for È = 7 T and � 
= 0.11 ��éêë, where ��éêë = 90, 94.1 and 38 K, for Bi2+xSr2−xCaCu2O8+δ 

(BSCCO), YBa2Cu3O7-δ (YBCO), and La2-xSrxCuO4 (LSCO), 
respectively. The YBa2Cu3O7-δ data for Ò ≤ 0.141 are from Ref. [123]. 
For visual purposes O for Bi2+xSr2−xCaCu2O8+δ has been multiplied by 
a factor of 2. Solid black curves are guides to the eye. The error bars 
are purely statistical. 

For La2-xSrxCuO4 below Tc, the observed decrease of x with increased hole-

doping in the range 0.145 ≤ ( ≤ 0.176 (see Fig. 4.4) is opposite to the behaviour of 

����(() (see Fig. 4.7) [177]. This is explained by the results of a small-angle neutron 

scattering study of La2-xSrxCuO4 that shows enhanced vortex-lattice disorder below ( ∼ 

0.18, occurring near a state of coexisting superconductivity and spin-density-wave 

(SDW) order [178]. Such random frozen disorder of the rigid vortex lines in La2-xSrxCuO4 

broadens �(#) and enhances x. The upturn of x at higher doping also opposes the 

behavior of ����((), which decreases beyond ( ∼ 0.21 [177]. This is due to Curie-like 

paramagnetism that dominates x in heavily-overdoped La2-xSrxCuO4, but is also present 

in the underdoped regime [115, 124]. This contribution is evident in the temperature 

dependence of x for optimally-doped La2-xSrxCuO4 presented in Fig. 4.8(c). There is a 

similar Curie term discernible in the bulk magnetic susceptibility of the ( = 0.197 

Bi2+xSr2−xCaCu2O8+δ sample (see Fig. 3.4), which may contribute somewhat to x at this 

doping.  
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Figure  4.5 Hole-doping dependence of the critical temperature Tc and the 

inverse-square of the in-plane magnetic field penetration depth 

� ����⁄ 				 extrapolated to zero temperature for Bi2+xSr2−xCaCu2O8+δ 
(Bi:2212). The latter was determined by ac susceptibility 
measurments. This figure is taken from Ref. [174]. 

 
Figure  4.6 Doping dependence of the inverse-square in-plane magnetic field 

penetration depth � ����⁄ 				 for YBa2Cu3O7-δ extrapolated to zero 
temperature. This data comes from low TF-µSR measurements on 
single crystals. This figure is taken from Ref. [175]. 
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Figure  4.7 Hole-doping dependence of the inverse-square in-plane magnetic 

field penetration depth � ����⁄ 				 extrapolated to zero temperature for 
La2-xSrxCuO4 (LSCO) films using the imaginary part of the measured 
resistivity. Note that the strontium concentration � is equivalent to 
the hole-doping concentration Ò. This figure is taken from Ref. [177]. 

Shifting attention to the normal state, Figure 4.8 shows the high temperature 

behaviour of x for optimally doped samples of the three studied cuprate families 

Bi2+xSr2−xCaCu2O8+δ, YBa2Cu3O7-δ, and La2-xSrxCuO4 as well as the bulk magnetic 

susceptibility of Bi2+xSr2−xCaCu2O8+δ and La2-xSrxCuO4 at " = 7 T parallel to the B-axis. 

The bulk magnetic susceptibility data of  La2-xSrxCuO4 at " = 7 T is taken from Ref. 

[115]. 

Figure 4.9 shows a comparison of the hole-doping dependence of x for the 

various compounds at � = 1.3 �����, where ����� is the maximum Tc for each family. 

Despite Bi2+xSr2−xCaCu2O8+δ possessing a higher degree of chemical disorder than 

YBa2Cu3O7-δ, there is good agreement between the data sets for these two compounds. 

This observation suggests that the primary source of x above Tc is intrinsic, although the 

hole-doping dependence of x for La2-xSrxCuO4 is very different.  
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Figure  4.8 High-temperature behaviour of the TF-µSR relaxation rate O, (solid 

circles) for optimally-doped (a) Bi2+xSr2−xCaCu2O8+δ (BSCCO), (b) 
YBa2Cu3O7-δ (YBCO) and (c) La2-xSrxCuO4 (LSCO). Curves are guides 
to the eye. Also shown is the bulk magnetic susceptibility (light-blue 
curves) for the Bi2+xSr2−xCaCu2O8+δ (BSCCO) and La2-xSrxCuO4 
(LSCO) samples at È = 7 T applied parallel to the �-axis. The bulk 
magnetic susceptibility data of  La2-xSrxCuO4 at È = 7 T is taken from 
Ref. [115]. Reliable bulk magnetic susceptibility data for YBa2Cu3O7-δ 
(YBCO) single crystals was not achieved. The error bars are purely 
statistical. 
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Figure  4.9 Doping dependence of the TF-µSR relaxation rate O for È = 7 T and T 

= 1.3 ��éêë,, where ��éêë = 90, 94.1 and 38 K, for Bi2+xSr2−xCaCu2O8+δ 

(BSCCO), YBa2Cu3O7-δ (YBCO), and La2-xSrxCuO4 (LSCO), where O is 
a pure exponential relaxation rate. The Bi2+xSr2−xCaCu2O8+δ (blue 
diamonds) and YBa2Cu3O7-δ (green circles) data are for T = 120 K, 
and the La2-xSrxCuO4 data (solid red triangles) for � = 50 K. Unlike in 
Fig. 4.4 , the Bi2+xSr2−xCaCu2O8+δ data is not rescaled. The dashed 
line is a linear fit of the La2-xSrxCuO4 data for Ò ≥ 0.19, which is 
dominated by a Curie-like contribution. This figure clearly shows 
that O for Bi2+xSr2−xCaCu2O8+δ and YBa2Cu3O7-δ at temperatures above 
Tc have similar hole-doping dependences. Curves and lines are 
guides to the eye. The error bars are purely statistical. 

As shown in Ref. [115], x for La2-xSrxCuO4 exhibits a dominant (-linear 

dependence above Tc in the heavily-overdoped regime, with a slope (�x/�() that 

weakens with increasing �. Figure 4.10 shows the hole-doping dependence of x for La2-

xSrxCuO4 at " = 7 T above Tc (solid red circles) obtained from fits of the TF-µSR 

asymmetry spectra of Ref. [115] to Eq. (4.3). The values of x in Fig. 4.10 differ from 

those in Ref. [115] due to the removal of the nuclear dipole contribution to m(R), which 

must be done to compare the residual relaxation rate to the values for YBa2Cu3O7-δ and 

Bi2+xSr2−xCaCu2O8+δ. The linear growth of x that seems to begin above ( = 0.19 at �	= 40 

K is seen to begin at lower hole-doping at higher temperatures. This linear term is 

attributed to the Curie-like paramagnetism [115, 124]. Subtracting this linear contribution 

from the hole-doping dependence of x at each temperature (yielding the open red circles 



 

89 

in Fig. 4.10) results in a collapse of the Λ data for La2-xSrxCuO4 at " = 7 T onto a 

universal curve shared with Bi2+xSr2−xCaCu2O8+δ and YBa2Cu3O7-δ (Fig. 4.11). For the 

range of comparison 0.145 ≤ ( ≤ 0.176, the applied field of "	= 7 T corresponds to 

approximately one tenth of the upper critical field "�� for all three compounds [88, 179]. 

The universal behaviour for x suggests that Tc and the source of the inhomogeneous 

magnetic-field response above Tc are controlled by the same energy scale. 

 

Figure  4.10 Hole-doping dependence of the exponential relaxation rate O	for La2-

xSrxCuO4 from fits to Eq. (4.3) (solid red circles) at different 
temperatures above Tc. The solid black line in each panel is the best 
fit of the data at Ò	 ≥ 0.19 to a straight line. Note that for 
temperatures above �	= 80 K this straight line fit to the data Ò ≥ 0.19 
passes through data points below Ò = 0.19. Subtracting the straight 
line fit from O yields the open red circles, assumed to be the 
relaxation rate O due to sources other than the Curie-like 
paramagnetism.  
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Figure  4.11 Doping dependence of the exponential relaxation rate				 O, for  

Bi2+xSr2−xCaCu2O8+δ (BSCCO), YBa2Cu3O7-δ (YBCO) and La2-xSrxCuO4 
(LSCO) at T = 1.1, 1.3 and 1.7 ��éêë, where ��éêë = 90, 94.1 and 38 K, 
for Bi2+xSr2−xCa2Cu2O8+δ (BSCCO), YBa2Cu3O7-δ (YBCO), and La2-

xSrxCuO4 (LSCO), respectively. The Ò-linear dependent contribution 
to the data for La2-xSrxCuO4 (LSCO) has been subtracted, as 
described in the main text and is shown in Fig. 4.10. The solid 
curves are guides to the eye.  
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Chapter 5.  
 
Discussion 

Possible sources of the normal-state inhomogeneous magnetic response 

observed in our TF-µSR experiments on hole-doped cuprate superconductors are 

discussed in this chapter. Specifically, the influence of charge order, remnant AFM 

correlations and/or superconducting fluctuations on the TF-µSR signal are considered. 

Before discussing the potential influence of the above mentioned sources, it is 

worth mentioning that the mean-free path of electrons in optimally-doped UBC-grown 

YBa2Cu3O7-δ single crystals has been reported to be as large as 4 µm [180]. 

Consequently, it may be surprising to some that a significant inhomogeneous magnetic 

response is observed in YBa2Cu3O7-δ above Tc. However, the estimated mean-free path 

of 4 µm is in zero applied magnetic field and at temperatures far below Tc. One of the 

reasons that the mean-free path is so long at low temperatures is that the 

superconducting gap suppresses the available phase space for the quasiparticles to 

scatter into [181]. In fact the scattering rate of optimally-doped YBa2Cu3O7-δ increases 

rapidly above 20 K [180], indicating a large reduction of the mean-free path with 

increasing temperature well before the normal state is reached. Moreover, experiments 

observing quantum oscillations in the magnetoresistance of underdoped YBa2Cu3O7-δ 

indicate a significant reduction of the mean-free path in the presence of an applied 

magnetic field [182]. For example, at 35 T the mean-free path of YBa2Cu3O6.5 at low 

temperatures is roughly only 0.016 µm [183]. Thus, although the mean-free path of our 

samples at temperatures above Tc is unknown, the inhomogeneous magnetic response 

observed in the normal state of YBa2Cu3O7-δ by TF-µSR is not necessarily incompatible 

with the long mean-free path of this compound deep in the superconducting state.  
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5.1. Relationship to charge correlations 

As mentioned earlier, the positive muon μ2 has a spin angular momentum of 1/2 

and hence does not possess an electric quadrupole moment. Therefore the positive 

muon does not sense CDW order directly, but rather couples to the host nuclei through 

magnetic dipolar interactions. Nuclei with spin greater than 1/2 couple to the local 

electric field gradient, which is in general modified by the presence of the positive muon, 

changes in lattice structure, and/or occurrence of charge order. The coupling of the 

nuclei to the electric field gradient of the μ2 is temperature-independent unless the muon 

starts to diffuse (In cuprates this may happen above �	~ 200 K [184]). On the other 

hand, since the charge order correlations observed in hole-doped cuprates builds up as 

the temperature is lowered, the coupling to the host nuclei has a temperature-dependent 

influence on the magnetic-dipolar coupling of the nuclei with the positive muon. This in 

turn may affect the nuclear inhomogeneous broadening of the internal magnetic field 

distribution and the corresponding relaxation of the TF-µSR signal.  

Such magnetic dipolar broadening depends on both the nuclear electric 

quadrupole interaction with the local electric field gradient and the Zeeman interaction 

between the nuclear spins and the applied magnetic field ú. The Zeeman interaction is 

the only one that depends on the magnetic field and in high magnetic fields, the nuclear 

spins are quantized in the direction of ú. In this so called “Van-Vleck” limit [185], the 

relaxation of the µSR signal due to the dipolar interactions between the muon and the 

nuclear spins depends only on the direction of the applied magnetic field and not its 

magnitude. Considering the Van-Vleck limit for pure Cu which is reached at " ~ 0.5 T 

[186], any effect of charge order at the fields applied in our experiments (i.e. "	 ≥	0.5 T) 

unlikely affects the TF-µSR signal of hole-doped cuprates. Even if the Van-Vleck limit is 

not reached in our experiments, the charge-order above Tc is short-range and hence 

only has an effect on a fraction of the host nuclei. Hence the effect on the TF-µSR signal 

is expected to be negligible. 

Previous measurements on YBa2Cu3O7-δ revealed a clear reduction of the 

exponential TF-µSR relaxation rate x above Tc near ( = 0.12 [123], where more recent 

X-ray scattering measurements at " = 0 show enhanced incommensurate CDW 

correlations [84], and nuclear magnetic resonance experiments at " = 28.5 T show static 
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commensurate CDW order [135]. The development of static charge order or a slowing 

down of charge order fluctuations near ( = 0.12 should cause an enhancement of the 

value of x if the experimental relaxation is due to the sensitivity of the muon to the 

effects of charge order on the host nuclei. In addition, while x above Tc increases with " 

(see Fig. 5.1), even fields well in excess of 7 T have no effect on the CDW fluctuations 

above Tc (see Fig. 1.24) [85]. Hence, although CDW order competes with 

superconductivity in cuprates (see Sec. 1.5). CDW correlations cannot be the source of 

the residual inhomogeneous line broadening observed in the TF-µSR data presented 

here. 

 

Figure  5.1 Temperature dependence of O				 for the Bi2+xSr2−xCaCu2O8+δ (BSCCO) 
sample with Ò = 0.094 at two different magnetic fields (0.5 and 7 T). 
This figure shows that the relaxation rate O	 above �c (indicated by 
the arrow) increases with increasing magnetic field. Solid curves are 
guides to the eye. 
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5.2. Influence of magnetism 

As discussed in Sec. 1.4.2, field-enhanced SDW order is observed in La2-

xSrxCuO4 above a doping-dependent critical field [20, 21, 106, 107]. The increase in the 

ordered magnetic moment is greatest near (	~ 0.125 (see Fig. 1.20). However, like the 

CDW order discussed in the previous section, magnetic fields of the magnitude 

considered in our experiments (" ≤ 7 T) have no observable effect on the SDW order 

above �c (see Fig. 1.23) [20]. Therefore, SDW correlations, which are observed only in a 

narrow low-doping range, cannot be the source of the inhomogeneous line broadening 

that is observed by TF-µSR over the wide doping range of 0.089 < ( < 0.214.  

Having said this, SDW order is not the only way that electron magnetic moments 

can cause inhomogeneous line broadening of the TF-µSR signal. In the absence of an 

applied magnetic field it is known that there is a distribution of quasi-static internal 

magnetic field in lightly-doped cuprates generated by remnant antiferromagnetic Cu-spin 

correlations, which causes a relaxation of the ZF-µSR signal [100-102] (see Sec. 1.4.1). 

Consequently, our experiments were intentionally limited to samples of higher doping. 

Even so, increasing the strength of the applied magnetic field extends the observable 

TF-µSR relaxation to higher temperatures and higher dopings via polarization of 

fluctuating Cu spins. However, this contribution to the TF-µSR relaxation rate is known to 

decrease with increased doping ( [112], which is contrary to the behaviour of x in the 

underdoped regime (see Fig. 4.9). Likewise, the Curie-like paramagnetism observed in 

overdoped samples (see Sec. 1.4.3) causes a temperature-dependent relaxation rate 

that increases with increasing ( [115, 124], which is observed in La2-xSrxCuO4 but not in 

YBa2Cu3O7-δ or Bi2+xSr2−xCaCu2O8+δ (see Fig. 4.9). These observations indicate that 

existing electronic magnetic moments contribute negligibly to x	above	Tc.	

5.3. Spatial variations of the Pauli magnetic susceptibility 

The local pairing inferred from STM measurements [55] on Bi2+xSr2−xCaCu2O8+δ 

above Tc is characterized by a distribution of gap sizes and a partial suppression of the 

density of states at the Fermi energy �(�"), which vanish inhomogeneously with 
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increasing temperature. In a conventional metal the Pauli spin susceptibility �F 

associated with the conduction electrons is given by 

�F = .K��(�").                                                                                                             (5.1) 
Here .K is the Bohr magneton. The Pauli spin susceptibility in regions of the sample with 

a partially suppressed density of states at the Fermi level will be different than in other 

parts of the sample. Consequently, variations of �(�") in the sample cause an 

inhomogeneous distribution of Pauli spin susceptibility. As mentioned earlier, the 

temperature independent term of the muon Knight shift ;F is proportional to the Pauli 

spin susceptibility (see Sec. 2.7). Spatial variations in �F in turn cause a spread in the 

associated Knight shift as follows 

 ¢;F	 = E∗¢�F. 																																																																																																																																										(5.2) 

Here E∗ is an effective hyperfine coupling constant that depends on the details of 

the inhomogeneous susceptibility. The spread in ;F	 values constitutes a distribution of 

internal magnetic field sensed by the muon ensemble, which in turn causes relaxation of 

the TF-µSR time-domain signal. Yet any such contribution to the relaxation rate x must 

be minor, since above Tc the depletion of �(�") in the underdoped regime is dominated 

by the spatially inhomogeneous pseudogap. Even so, x does not track the pseudogap 

temperature T* as a function of hole-doping, but instead roughly tracks Tc. This is evident 

in Figs. 5.2 and 5.3, where the variation of x above Tc with temperature and hole-doping 

for YBa2Cu3O7-δ and Bi2+xSr2−xCaCu2O8+δ are summarized. Specifically, these figures 

show the variation of x with temperature and hole-doping for our samples at " = 7 T, 

showing that x roughly tracks Tc. These figures also show that x persists above the 

pseudogap temperature �* at high dopings, but vanishes below �*	 in the underdoped 

region; indicating an origin not solely related to the pseudogap phase. 
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Figure  5.2 Contour bar graph of the variation of O with temperature and hole-

doping in pure and Ca-doped YBa2Cu3O7-δ for È = 7 T, achieved by 
interpolation of the O vs. � data sets. The black connected circles 
indicate the temperature ���Qíé at which O has the arbitrary value 

0.02 ����. Also shown is the pseudogap temperature �* from 
resistivity measurements (solid red line) extrapolated to higher 
doping (dashed red line) [43]. 

 

Figure  5.3 Contour bar graph of the variation of O with temperature and hole-
doping for Bi2+xSr2−xCaCu2O8+δ, where the black circles indicate the 
temperature ���Qíé at which O has the arbitrary value 0.02 	����. Also 
shown in this figure is the pseudogap onset temperature T*				from 
tunneling spectroscopy [188].  
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5.4. Influence of superconducting correlations 

Distinct from the mentioned effects of magnetism, the observed weak field-

induced exponential normal-state relaxation rate x roughly follows Tc. This observation is 

the first indication that x	is associated with the existence of superconducting correlations 

above Tc. Additional evidence includes the suppression of x	 	 in YBa2Cu3O7-δ near ( = 

1/8, where Tc is somewhat suppressed (see Fig. 5.2), as well as the universal scaling of 

x with the maximum value of Tc for each cuprate family (see Fig. 4.11). Moreover, there 

is a similarity between the doping dependence of x	and the temperature at which pairing 

correlations or superconducting fluctuations are detected above Tc by other techniques 

(see Figs. 5.4 and 5.5) 

Figures 5.4 and 5.5 show the hole-doping dependence of Tc and the onset of 

superconducting-like correlations in the normal states of YBa2Cu3O7-δ and 

Bi2+xSr2−xCaCu2O8+δ inferred from torque magnetometry measurements of diamagnetism 

[44, 111], and superconducting fluctuations detected by a vortex Nernst-effect [43, 45, 

46] and magnetoresistance (MR) measurements [187]. Also shown is the pseudogap 

onset temperature T* determined by resistivity and tunneling spectroscopy 

measurements [43, 188]. Figure 5.5 also shows the temperature above which STM 

measurements find less than 10 % of the surface of Bi2+xSr2−xCaCu2O8+δ contains 

nanometer-sized regions with pairing-like gaps [55]. 

As is mentioned in the introductory chapter, CDW order seems to compete with 

superconductivity (see Sec. 1.5). Figure 5.6 shows the onset of charge order in   

YBa2Cu3O7-δ from resonant X-ray scattering measurements [131] in the absence of an 

applied magnetic field, the onset of static charge order detected by NMR when bulk  

superconductivity is fully suppressed by high magnetic field [135], as well as the onset of 

short-range spin order detected by ZF-µSR [189]. As shown in this figure, CDW peaks 

near ( = 1/8, where Tc is slightly suppressed. 
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Figure  5.4 Superconducting fluctuation onset temperature �ÖR÷ in YBa2Cu3O7-δ 

inferred from Nernst-effect and magnetoresistance measurements 
[43, 45, 46], as well as the pseudogap temperature �* from resistivity 
measurements (solid red line) extrapolated to higher doping (dashed 
red line) [43], Also shown in this figure is the data point denoted by 
�S�ê which shows the onset temperature of diamagnetism detected 
by torque magnetometry [44] and the exponential relaxation Λ = 0.02 

����, which is shown in Fig. 5.2. The dashed and dotted curves are 
guides to the eye. 

The doping dependence and universal scaling of x	with ����� suggest that the 

inhomogeneous field response above Tc is associated with superconducting correlations. 

Like the vortex Nernst signal [48] and diamagnetism observed by torque magnetometry 

[44, 111], x for T > Tc is reduced with increasing temperature and enhanced by an 

increase in the external magnetic field. The diamagnetism and vortex-like Nernst signal 

above Tc have been attributed to superconducting fluctuations (SCFs), which are 

observed by ac conductivity measurements over a narrow range of temperature above 

Tc on a frequency scale of 0.01 - 10 THz [49, 51, 53]. At somewhat higher temperatures, 

our experiments show x varying on the order of 0.01 - 0.1 µs−1 (see Fig. 4.11). 
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Figure  5.5 Superconducting fluctuation onset temperature �ÖR÷ in 

Bi2+xSr2−xCaCu2O8+δ inferred from Nernst measurements [46]. Tdia 
denotes the temperature at which torque magnetometry 
measurements detect the onset of diamagnetism [111] and T* is 
from tunneling measurements [188]. The �Òéêë curve indicates the 

temperature above which STM measurements on Bi2+xSr2−xCaCu2O8+δ 
find less than 10 % of the sample surface containing nanometer-
sized regions with pairing-like gaps [55]. Also shown is the 
exponential relaxation Λ = 0.02 ����, which is shown in Fig. 5.3. The 
dotted curves are guides to the eye. 

As explained in Sec. 2.5.1, relaxation of the TF-µSR signal may result from either 

a static internal distribution of magnetic field or magnetic fluctuations. Considering for a 

moment x to be a dynamic exponential relaxation rate due to fast fluctuations of the 

local magnetic field (see Secs. 2.5.1.2 and 2.5.1.4) then 

 x = [5�〈(¢#)�〉/4,                                                                                                         (5.3) 

where 4 = 1 �⁄  is the fluctuation frequency and 〈(¢#)�〉 is the second moment of the 

internal magnetic field distribution �(#) in the static limit (4 → 0). Note that a larger 

fluctuation frequency results in a smaller exponential relaxation rate. 	
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Figure  5.6 The charge order onset temperature Tco inferred from resonant X-ray 

scattering measurements on YBa2Cu3O7-δ [131]. Also shown in this 
figure are the onset of static charge order detected by high field 
NMR measurements [135], and the onset temperature for short-
range spin order Tso from ZF-µSR experiments [189]. The pseudogap 
onset temperature T* obtained from resistivity measurements [43] is 
also shown.  

For superconducting diamagnetic field fluctuations of frequency 0.01 THz, a dynamic 

relaxation rate of magnitude x = 0.01 µs-1 corresponds to a line width in the static limit of 

 T〈(¢#)�〉 = ïxò [5�⁄ 	 

																				= T(0.01 × 10âs�l)(0.01	 ×	10l�Hz)/(8.516 × 10Ð Hz T⁄ )� = 	0.012	T.    

Likewise, for 0.01 THz fluctuations, a dynamic relaxation rate 	x = 0.1 µs-1 corresponds 

to 

T〈(¢#)�〉	=	T(0.1 × 10âs�l)(0.01	 ×	10l�Hz)/(8.516 × 10Ð Hz T⁄ )� = 	0.037	T.									
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Thus the measured range 0.01 < x < 0.1 µs−1 in our TF-µSR experiments corresponds to 

a static line width of 0.012 < T〈(¢#)�〉 < 0.037 T if x is a dynamic relaxation rate. 

However, according to the Uemura plot (see Fig.1.6), the Gaussian relaxation rate of 

hole-doped cuprates in the frozen vortex state does not exceed 5 µs-1. This corresponds 

to a static line width of  

 T〈(¢#)�〉 = � [5⁄ = (5 × 10âs�l) (8.516 × 10ÐHz/T)⁄ = 0.006 T.                                 	

Thus the lower limit value of 0.012 T exceeds the line width of �(#) associated with the 

frozen vortex lattice below Tc. It follows that if the vortex liquid inferred from the Nernst 

signal above Tc is uniform in the sample, it is not detectable by µSR. This conclusion is 

supported by a TF-µSR study of the sizeable vortex-liquid regime of Bi2+xSr2−xCaCu2O8+δ 

below Tc [92], which shows that the TF-µSR line width is severely narrowed by thermal 

vortex fluctuations. In stark contrast to the field dependence of x above Tc (see Fig. 5.1), 

the TF-µSR line width in the vortex-liquid phase of Bi2+xSr2−xCaCu2O8+δ is reduced by 

stronger applied magnetic field and upon warming collapses before Tc is reached (see 

Fig.1.15).  

Although homogeneous SCFs do not produce µSR line broadening, spatially 

varying SCFs can. Inhomogeneous SCFs may occur in the bulk from a competition 

between superconductivity and some other kind of fragile order. One candidate is 

fluctuating stripes, which are characterized by a dynamical unidirectional modulation of 

charge, or both spin and charge [190]. In this environment inhomogeneous line 

broadening will result from muons experiencing distinct time-averaged local fields 〈#(R)〉S 
in different parts of the sample. Such will be the case for muons stopping inside regions 

exhibiting different degrees of fluctuation diamagnetism. As shown in Fig. 5.3, x tracks 

the pairing gap coverage in Bi2+xSr2−xCaCu2O8+δ inferred from the STM experiments of 

Ref. [55]. Hence it is reasonable to assume that the patches of the sample exhibiting a 

pairing gap also exhibit fluctuation diamagnetism. Since the density of these patches 

becomes rather small at temperatures high above Tc, it is suitable to consider a 

Lorentzian distribution of time-averaged diamagnetic fields. Figure 5.7 shows a 

schematic illustration of the magnetic field distribution �(#) associated with randomly 

distributed fluctuating diamagnetic patches detectable by µSR. As shown in the figure, 

patches exhibiting different degrees of fluctuation diamagnetism contribute different 
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time-averaged fields to the magnetic field distribution �(#). The magnetic field from the 

non-diamagnetic regions of the sample is the cause of #F in Fig. 5.7.  

Theoretical justification for this picture is a phenomenological model developed 

by de Mello and Sonier, which yields a half-Lorentzian internal magnetic field distribution 

from diamagnetic patches in an electronically inhomogeneous system [191]. Figure 5.8 

shows a representative charge density map assumed in their work, in which charge is 

segregated into regions with high (red) and low (blue) charge densities. The spatial 

variation of charge gives rise to local reductions in the potential energy, which are 

assumed to facilitate Cooper pairing. The regions of Cooper pairing are also assumed to 

be superconducting, and hence exhibit diamagnetism. Figure 5.9 shows a simulation of 

the magnetic field distribution �(#) from Ref. [191] for optimally-doped 

Bi2+xSr2−xCaCu2O8+δ at � = 100 K and " = 7 T. When the superconducting diamagnetic 

regions are considered to be completely isolated, the theoretically calculated relaxation 

rate x is incompatible with the experimental results. On the other hand, the addition of 

Josephson coupling between the superconducting regions results in good agreement 

with the experimentally observed dependence of the relaxation rate x on hole-doping. 

Although the theoretical model of Ref. [191] assumes static diamagnetism, the 

qualitative dependence of x on ( is expected to be similar for the case of 

inhomogeneous fluctuating diamagnetism.  

A Lorentzian distribution of internal magnetic field results in an exponential 

relaxation of the TF-µSR signal (see Sec. 2.5.1.3). A half-Lorentzian distribution of 

internal magnetic field will also result in an exponential relaxation. In the real material, 

the field distribution shown in Fig. 5.7 is symmetrically and significantly broadened by the 

dipolar fields of the nuclear moments and by slowly fluctuating dipolar electronic 

magnetic moments that may exist. Note that because of this additional broadening, as 

well as line broadening associated with apodization, the FFTs above Tc do not resemble 

a half-Lorentzian field distribution (see Fig. 4.2). 
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Figure  5.7 Schematic of the contribution to the distribution of magnetic field 

�(É) detected by muons from randomly distributed fluctuating 
diamagnetic patches inside the sample. In the non-diamagnetic 
regions of the sample, the magnetic field is uniform and causes a 
large spike at É�. Due to the fluctuation diamagnetism, inside each 
patch the implanted muons experience a time averaged magnetic 
field 〈É(û)〉�,,,, which is smaller than É�. Broadening of the field 
distribution due to nuclear and electronic moments is not shown in 
this figure which is taken from Ref. [126]. 

  
Figure  5.8 Simulated charge density map for optimally-doped 

Bi2+xSr2−xCaCu2O8+δ . The red and blue coloured regions are high and 

low charge density patches with varying dimensions of 12 to 40 Å 
along the white line. This figure is taken from Ref. [191]. 
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Figure  5.9 Theoretically calculated distribution of the internal magnetic field 

�(É) of optimally doped Bi2+xSr2−xCaCu2O8+δ at � = 100 K and È = 7 T 
(neglecting nuclear and electronic moment contributions) assuming 
inhomogeneous superconductivity occurs in charge-segregated 
regions like that shown in Fig. 5.8. The simulated field distribution 
assumes half width half maximum (HWHM) of 0.7 G as determined 
from the measured experimental relaxation rate. The red curve is a 
fit to a Lorentzian field distribution. The inset shows the spatial 
variation of the internal magnetic field É along the white line shown 
in Fig. 5.8. The field decreases in the superconducting patches. This 
figure is taken from Ref. [191]. 

For example, the relaxation rate for the optimally doped (( = 0.16)  Bi2+xSr2−xCaCu2O8+δ 

sample at 160 K is x = 0.066 μs�l, which corresponds to a half Lorentzian field 

(frequency) distribution having a FWHM of x [5 =	⁄  0.388 G (~ 0.06  MHz) (see Sec. 

2.5.1.3). On the other hand, the Gaussian relaxation rate associated with the nuclear 

magnetic dipole moments is £	 = 0.2182 μs�l, which corresponds to a Gaussian field 

(frequency) distribution of width Δ [5 =	⁄ 2.516 G (~ 0.34 MHz) (see Sec. 2.5.1.2). Hence 

the Gaussian dominates. 

The TF-µSR polarization function for such an inhomogeneous system may be 

described by 

;̀(R) = mJK=(R)mf<(R)ªV	exp(−�R) cos¤[5〈#(R)〉WWWWWWWW	R§ + (1 − V) cos¤[5#FR§,																												(5.4) 
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where mJK=(R) is the temperature independent relaxation function due to the nuclear 

dipolar fields, mf<(R) is a temperature dependent relaxation function accounting for the 

dipolar fields of localized electronic moments, V is the volume fraction of the 

superconducting diamagnetic regions, 〈#(R)〉WWWWWWWW is the mean value of time-averaged 

magnetic fields of all diamagnetic regions, and #F is the average field in the non-

diamagnetic regions of the sample. In addition, the diamagnetic regions are assumed to 

cause an exponential relaxation exp(−�R), consistent with a half-Lorentzian distribution 

of magnetic field. Equation (5.4) suggests that an appropriate analysis of the TF-µSR 

spectra above Tc is a fit to a two-component function. However, when the applied 

magnetic field is large, as in our experiments, the shift of the magnetic field in the 

diamagnetic regions is very small compared to the applied field, and therefore 〈#(R)〉WWWWWWWW ≈
#F. In addition, the width of the distribution of time-averaged diamagnetic fields 〈#(R)〉S is 

small. Hence the corresponding relaxation rate � is also small, and one can assume 

exp(−�R) ≈ 1 − �R. With these approximations Eq. (5.4) can be rewritten as follows 

;̀(R) ≈ mJK=(R)mf<(R)ªV(1 − �R) cos¤[5#FR§ + (1 − V) cos¤[5#FR§																																													 
         = mJK=(R)mf<(R)ª−V�R cos¤[5#FR§ + cos¤[5#FR§ 

         =	mJK=(R)mf<(R)(1 − V�R) cos¤[5#FR§ 
         ≈ mJK=(R)mf<(R)exp(−xR)cos¤[5#FR§,                                                                (5.5) 

where x = Vλ. When the electronic magnetic moments are rapidly fluctuating mf<(R) =
exp(−�M�R) (see Sec. 2.5.1.4). Thus, one can write Eq. (5.5) as 

;̀(R) = mJK=(R)exp[−(x + �M�)R]cos¤[5#FR§.																																																																																		(5.6) 

Hence, in general the single relaxation due to inhomogeneous fluctuation diamagnetism 

is indistinguishable from that due to fast fluctuating electronic spins. However, it is 

reasonable to assume �f< ≈ 0 in our experiments, as at the hole-dopings considered the 

existing electronic magnetic moments fluctuate too fast to couple to the muon spin and 

cause relaxation. The experimentally obtained exponential relaxation rate x in the 

present study is attributed solely to the diamagnetism associated with inhomogeneous 
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superconducting fluctuations. Supporting experimental evidence for this includes the 

doping dependence of the relaxation rate x (T > Tc) at " = 7 T shown in Figs. 5.2 and 

5.3. This behaviour is incompatible with the relaxation rate being dominated by 

electronic magnetic moments. This is because the effect of the increased fluctuation rate 

of the electronic moments as the hole-doping is increased is a monotonic decrease of 

the µSR signal relaxation, rather than the observed peaking of x in the underdoped 

region. Moreover, x seems to track Tc, which in YBa2Cu3O7-δ includes dipping near ( = 

1/8 where superconductivity is suppressed [123] (see Fig. 5.2).  
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Chapter 6.  
 
Conclusions and outlook 

This thesis has described and interpreted an observed universal inhomogeneous 

magnetic field response in the normal state of hole-doped cuprate high-Tc 

superconductors by the TF-µSR technique. Prior experimental evidence for 

superconducting correlations above Tc has mainly come from bulk-response methods, 

incapable of distinguishing between spatially homogeneous and inhomogeneous 

systems. As discussed in this thesis, nanometer-size regions with pairing gaps inferred 

from STM measurements in the normal state of Bi2+xSr2−xCaCu2O8+δ diminish with 

increasing temperature. Our measurements are explained by similar patches of pairing 

in the bulk, which must sustain some degree of phase coherence to cause the observed 

magnetic response. Since it is known by various experiments that superconducting 

fluctuations occur above Tc, the diamagnetism in the patches must be fluctuating. As 

shown in Sec. 5.4, the fluctuation rate is too large to cause TF-µSR line broadening in a 

homogeneous system, but it has been argued here that inhomogeneous line broadening 

results from superconducting patches contributing different time-averaged diamagnetic 

fields.  

When the superconducting patches become dilute or the Josephson coupling 

between them is lost, the diamagnetic response of the sample weakens and presumably 

becomes undetectable by most bulk probes. This could be the reason that the 

temperature at which diamagnetism was first detected by torque magnetometry and bulk 

magnetic susceptibility measurements is far below the temperature at which an 

inhomogeneous magnetic response is still detectable by TF-µSR. The µSR technique 

has some important features which make it uniquely sensitive to a magnetic system of 

this kind. In particular, the positive muon is a pure local magnetic probe with a large 

gyromagnetic ratio, which combined with the large initial spin polarization and detection 

scheme of µSR makes it possible to detect dilute weak magnetism. In a system of 



 

108 

inhomogeneous superconducting fluctuations, the muon ensemble randomly probes the 

diamagnetic regions and the associated distribution of time-averaged magnetic field in 

the entire sample. However, in cuprates the muon begins to diffuse at � ~ 200 K, and 

hence is not useful for determining a precise onset temperature for superconducting 

correlations.  

 The TF-µSR measurements presented here extend the information provided by 

STM in several ways. First, our measurements provide information on superconducting 

correlations above Tc via the detection of the inhomogeneous line-broadening of the 

magnetic field distribution in the bulk (rather than at the surface); not only in 

Bi2+xSr2−xCaCu2O8+δ, but also in pure and Ca-doped YBa2Cu3O7-δ, as well as at different 

dopings. Second, although a pairing gap is identifiable in the STM differential 

conductance spectrum of overdoped samples, in underdoped samples it is difficult to 

separate a pairing gap from the wider pseudogap. Our TF-µSR measurements on the 

other hand show that the doping dependence of the inhomogeneous line broadening 

roughly tracks Tc (see Figs. 5.2 and 5.3) and scales with ����� for a given cuprate family. 

These observations indicate that the spatially inhomogeneous magnetic response above 

Tc is associated with superconducting correlations that persist to high temperatures. 

Also, considering the fact that high quality YBa2Cu3O7-δ single crystals result from 

electronically homogeneous doping compared to the Bi2+xSr2−xCaCu2O8+δ and La2-

xSrxCuO4 compounds, the universal curve displayed in Fig. 4.11 suggests there is an 

intrinsic electronic propensity toward inhomogeneity in the normal-state of high-Tc 

cuprate superconductors; where even weak disorder of the kind found in YBa2Cu3O7-δ is 

sufficient to spatially pin a non-uniform electron liquid.  

Although different techniques suggest different onset temperatures (��J�fg) for 

superconducting correlations, they are more or less consistent in showing that the hole-

doping dependence of ��J�fg roughly tracks Tc, and diverges from the pseudogap 

temperature �* in the underdoped region. This behaviour indicates that the pseudogap 

is not directly related to Cooper pairing, but may instead be related to a generic 

electronic phase separation that results in charge ordering in the underdoped regime. 

Although our results do not provide any direct information about charge ordering in 

cuprates, they support a scenario in which the pseudogap is a mixture of at least two 

distinct regions; i.e. one region containing superconducting fluctuations and another 
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supporting CDW fluctuations. A phenomenological model [191] in which spatial 

variations of the charge density confine superconducting correlations to spatially 

segregated regions yields a doping dependence of the TF-µSR relaxation rate in good 

qualitative agreement with the data presented in this thesis. 

While the TF-µSR results presented here strongly favour an interpretation 

involving inhomogeneous superconducting fluctuations, current instrumentation 

limitations prevent a determination of whether the magnetic response above Tc is 

diamagnetic. In principle one can determine this via TF-µSR muon Knight shift 

measurements (see Sec. 2.7). However, field inhomogeneity of the current HiTime 

superconducting magnet makes it difficult to resolve small frequency shift. Also, as the 

diamagnetic shift between the reference material CaCO3 (which is a non-magnetic 

material with a temperature independent relaxation signal) and the sample is very small, 

one may benefit from applying a larger magnetic field to increase the absolute frequency 

shift (i.e. proportional to # − #f�g). However, the HiTime spectrometer is limited to " = 7 

T, which is insufficient to create a frequency shift large enough to overcome the line 

broadening. In reality, the reference signal which comes from CaCO3 placed directly 

behind the sample is contaminated with the expelled magnetic field from the sample, 

and thus has a significant temperature dependent relaxation. Hence, improvements in 

the existing high-field TF-µSR spectrometer at TRIUMF are required. A useful alternative 

may be the recently employed high-field µSR spectrometer at the Paul Scherrer Institute 

(PSI) in Switzerland, which can provide a more homogeneous and higher magnetic field 

(10 T).  

In summary, the TF-µSR measurements reported in this thesis have revealed a 

universal inhomogeneous magnetic field response in the normal state of hole-doped 

cuprates, which roughly tracks Tc and scales with ����� for each cuprate family. Possible 

origins of these behaviours were discussed, ultimately arriving at the conclusion that the 

experimental observations are indicative of inhomogeneous superconducting 

fluctuations. The TF-µSR data is in good qualitative agreement with a phenomenological 

theory of spatial variations of the local charge density giving rise to superconducting 

correlations in spatially segregated regions at high temperature [191]. However, 

determining whether the inhomogeneous magnetic field response above Tc is 

diamagnetic requires advancements in current µSR instrumentation. 
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