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Abstract 

This dissertation explores conceptions of infinity of undergraduate students using 

paradoxes of infinity as a research tool.  My particular attention is on the role of context 

in which each paradox is presented on students‘ attempts to address seemingly 

paradoxical situations. This dissertation is structured around four stand-alone papers 

with an introductory chapter and a concluding chapter. 

The first paper is a study on the struggles of a group of undergraduate liberal arts 

students in engaging with the super tasks in the Thomson‘s Lamp paradox, as well as 

the paradox of Green Alien, which is an isomorphic version of Thomson‘s Lamp 

presented in a fictitious setting. This study shows that the participants have a robust 

process view of the infinite iterative processes in the super tasks and that even the new 

totality stage in the APOS perspective is difficult for them to reach. Painter‘s Paradox 

and the struggles of a group of undergraduate Calculus students in engaging with this 

paradox is the focus of the second paper. Findings of this study indicate that the 

participants‘ difficulty in reconciling the finite volume of the infinitely long Gabriel‘s horn 

could be an epistemological obstacle or a didactic obstacle. The third paper explores 

how the thinking of a group of mathematics honours undergraduate students is affected 

by the context in Polygons Task. Data in this study suggests an extension of the ‗Same 

A-same B‘ intuitive rule of Tirosh and Stavy (1999) to an infinite sequence of objects. 

The last paper develops variants of the well-known Hilbert‘s Grand Hotel paradox by 

introducing room fees and discusses how these variants can be used in Calculus 

instruction.  

Participants found the cognitive conflicts elicited by the paradoxes difficult to resolve but 

they seem to improve their problem solving heuristics and metacognitive skills by 

engaging with the paradoxes. In Painter‘s Paradox, Thomson‘s Lamp and Green Alien 

many participants reduced the level of abstraction by contextualizing further and avoided 

resolution. Decontextualization seemed to be very difficult for the participants. Findings 

in this dissertation suggest that the context of a paradox could be a hindrance that 

diverts students‘ attention from addressing the situation mathematically.  
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Chapter 1.  
 
Introduction 

My fascination with infinity and paradoxes began when I learned one of Zeno‘s 

paradoxes, Achilles and the tortoise, from a friend when I was in grade 11. That time we 

had a big discussion on this among my friends. Then in my first year at the university 

(University of Colombo, Sri Lanka) I learned this from one of my professors.   

I was puzzled then and I am puzzled even now by this paradox. Zeno‘s 

paradoxes continue to create discussion, debate and controversy even to this day. They 

highlight the counter-intuitive nature of infinity. Hilbert said: ―Our principal result is that 

the infinite is nowhere to be found in reality. It neither exists in nature nor provides a 

legitimate basis for rational thought – a remarkable harmony between being and 

thought‖ (1926, p. 140). If the infinite is nowhere to be found in reality, how can we 

conceptualize infinity? How is infinity conceptualized in mathematics? 

At the University of Colombo, Sri Lanka I teach mathematics and have taught an 

introductory course in Topology many times in the last 15 years or so. In this course 

Cantor‘s theory of infinite sets is introduced. I have always wondered how Cantor came 

up with this beautiful but counter-intuitive theory.  I started my journey in mathematics 

education about ten years ago when I helped my wife in her minor dissertation for the 

Post Graduate Diploma in Mathematics Education. It has been a very interesting and 

rewarding journey so far. I have learned to look at my own thoughts and I am more 

aware of the struggles of my students in mathematics than before – a very profound 

change.  

I read Ami Mamolo‘s thesis Glimpses of Infinity – Intuitions, Paradoxes and 

Cognitive Leaps and wrote a critique in my second course in mathematics education at 

Simon Fraser University, which I took with David Pimm. I became fascinated by the 
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different ways learners engaged with paradoxes and their naïve and emergent 

conceptions of infinity. For another assignment in this course I did a small research 

project on the Ping-Pong ball conundrum using data from just one participant; this was 

my very first qualitative research experience.    

By this time I had decided to investigate conceptions of infinity using paradoxes 

as a research tool. How can I contribute to the existing research? What areas can I 

focus on? I wanted to focus on conceptions of infinitely small as the research literature in 

mathematics education showed that this is an area not well researched. First I collected 

some data on Thomson‘s Lamp paradox which involves an infinite iterative process of 

subdividing a time interval. At first, data did not seem to say much. Then the Green Alien 

problem was created by changing the context of Thomson‘s Lamp and data were 

collected from the same participants. As I began to see more in the data, sometimes by 

reshaping the data collection tools, I continued to develop as a researcher. The paper 

that was written using the data collected on these two paradoxes is the first of the four 

papers in this dissertation.  

In the research I did for my third paper, on the Classic Paradox of Infinity, I 

presented a task to a group of pre-service teachers and expected it to invoke cognitive 

conflicts in them.  But there were almost no indications of a cognitive conflict in their 

responses. Then, I changed the task with different research questions in mind and 

presented it to a different group of learners, mathematics honours undergraduate 

students, and gathered data that met my expectations.  

By the time I finished writing my third paper I had lot of data analysed but not 

used and many different tasks that were used in collecting these unused data. But the 

transformation within me as a researcher was very profound. Among other things, I 

learned the importance of having a data collection tool that can elicit responses helpful in 

answering the research questions.  
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Organization and structure 

Following the brief introduction which outlined my interest in mathematics 

education and paradoxes, and my struggles in doing the research the rest of this chapter 

outlines the structure of this dissertation. This dissertation consists of four stand-alone 

papers written on paradoxes of infinity focusing on conceptions of infinity and context. 

Next section briefly introduces these four papers, and this is followed by the section that 

traces the main themes in this dissertation. 

Chapters 2, 3, 4, and 5 are the four stand-alone papers – Exploring Conceptions 

of Infinity via Super-Tasks: A Case of Thomson’s Lamp and Green Alien, On Painter’s 

Paradox: Contextual and Mathematical Approaches to Infinity, On the Classic Paradox 

of Infinity and a Related Function and Hilbert's Grand Hotel With a Series Twist. Chapter 

6 is the concluding chapter. It summarises the conclusions from the four papers and 

discusses their implications in mathematics education.  

The four papers 

Exploring Conceptions of Infinity via Super-Tasks: A Case of 
Thomson’s Lamp and Green Alien 

What is a super-task? Laraudogoitia (2009) defined a super-task as an infinite 

sequence of actions or operations carried out in a finite interval of time. Philosopher 

James F. Thomson (1921–1984) argued that super-tasks are not possible by devising 

the following Thomson‘s (1954) Lamp paradox: 

Think of a reading lamp with an on/off switch button. Suppose the button can be 

pressed in an instant of time. Suppose at the start the lamp is off. After 1 minute the 

button is pressed and the lamp is on. After another 1/2 minute the button is pressed and 

the lamp is off. After another 1/4 minute the button is pressed and the lamp is on, and so 

on.  That is, the switch is pressed and the on/off position of the lamp is flipped when 

exactly one-half of the previous time interval elapses. At the end of the two minutes, is 

the lamp on or off? 
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What is the status of the lamp at exactly two minutes? Thomson (1954) argued 

that it cannot be on as it is never turned on without turning it off some time later. Also, it 

cannot be off as it is never turned off without turning it on some time later. According to 

Thomson (1954) this paradoxical situation shows that any super-task is impossible.  

 Mamolo and Zazkis (2008) used a super-task, the Ping-Pong Ball Conundrum, 

as a research tool to explore conceptions of infinity through the struggles of two groups 

of university students with different mathematical backgrounds in addressing the 

conundrum. Núñez (1994b) used one of Zeno‘s paradoxes, the Progresive Dichotmy 

Paradox, as a research tool. Though the Progresive Dichotmy Paradox is not a super-

task it involves an iterative sudivision as does the Thomson‘s Lamp. Núñez‘s (1994b) 

research with children showed that intuitions of infinity in the small related to iterative 

subdivision are highly labile and depend on the figural and conceptual context.  

This paper investigates conceptions of infinity with a focus on infinitely small and 

effect of context on such conceptions through the struggles of 38 undergraduate liberal 

arts students in their engagement with Thomson‘s Lamp and the following Green Alien 

problem, derived from the Thomson‘s Lamp by changing its context into an imaginary 

context: 

A Green Alien arrived in the Earth at midnight, November 5, and she has exactly 

1 day to spend on our planet. That is, she MUST leave at midnight, November 6; 

otherwise she will change into a pumpkin. However, she learns that FBI is after her, so 

at noon, November 5, she instantaneously changes her colour to pink (to blend in with 

the local girls). When the search intensifies, she changes the colour back to its original 

Green at 6 pm, and keeps changing it at half-intervals of the remaining time.    

The table below demonstrates this: 

Midnight (12 AM November 5) -- Green 

Noon (12 PM November 5) -- Pink 

6 PM -- Green 

9 PM -- Pink 

10h 30min PM -- Green 

11h 15min PM -- Pink 
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11h 37min 30 sec PM -- Green 

11h 48min 45 sec PM -- Pink 

…  

What colour is she at midnight, as she leaves the Earth?  

Participants‘ responses are analyzed using the theoretical framework of reducing 

abstraction by Hazzan (1999). Also, the theoretical frameworks APOS and Chernoff‘s 

(2011) distinction between platonic and contextualized situations are used to elaborate 

aspects of Hazzan‘s (1999) interpretation on the ways of abstraction. The following are 

the research questions: 

 What are the participants‘ naïve and informed ideas related to infinity? What 

particular challenges do they face? In particular, what ideas emerge in trying to 

coordinate the two attributes, the number of half time intervals and the duration of 

each half time interval?   

 How are participants resolving the paradoxes? In particular, do they attempt, and 

if so how do they attempt, to reduce the level of abstraction when dealing with 

infinity?  

 What is the effect of context on participants‘ emerging conceptions of infinity? 

The next paper explores challenges of a group of undergraduate students 

studying Calculus in resolving the Painter‘s Paradox.  

On Painter’s Paradox: Contextual and Mathematical Approaches to 
Infinity 

Gabriel‘s horn is the surface of revolution formed by rotating the curve x
y 1 for 

1x about the x-axis.  This surface and the resulting solid were discovered and studied 

by Evangelista Torricelli (1608-1647) in 1641. He showed that Gabriel‘s horn has a finite 

volume using curved indivisibles. Many mathematicians and philosophers in the 17th 

century found Torricelli‘s result paradoxical. Even Torricelli found his result paradoxical.  
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Many calculus textbooks mention Gabriel‘s horn. For example the following is an 

exercise on Gabriel‘s horn in the textbook Single variable calculus: Early 

transcendentals by Stewart (2011): 

 

Figure 1-1: An exercise in Stewart (2011) 

It can be shown using standard techniques in integral calculus that the Gabriel‘s 

horn has volume  and infinite surface area. The Painter‘s Paradox is the following: 

The inner surface of the Gabriel’s horn is infinite; therefore an infinite amount of 

paint is needed to paint the inner surface. But the volume of the horn is finite ( ), so the 

inner surface can be painted by pouring a   amount of paint into the horn and then 

emptying it. 

How can the inner surface of the Gabriel‘s horn be painted with a finite amount of 

paint if the inner surface has an infinite surface area? This is as paradoxical as the 

infinitely long Gabriel‘s horn having a finite volume. Though the Painter‘s Paradox has a 

realistic context, Gabriel‘s horn is a mathematical object created by rotating an ideal 

curve. But this realistic context could be misleading because with real paint the Gabriel‘s 

horn cannot be painted in the manner described in the paradox as real paint cannot 

reach its inners surface when the size of the paint molecules is too big compared to the 

diameter of the neck of the horn. In this case the decontextualization required may lead 

to different approaches to resolve the paradox as one could consider paint without its 

realistic physical properties, or throw away the context of paint and look at why Gabriel‘s 

horn having a finite volume is paradoxical.  
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How are the attributes surface area and volume defined for unbounded objects? 

Definite integrals are used in calculating area and volume of bounded regions. Area and 

volume of unbounded regions are calculated through improper integrals. Though the 

calculation of area and volume of unbounded regions through improper integrals is a 

generalization of the attributes area and volume of bounded regions this is not explicitly 

mentioned in Calculus textbooks. Also there is an intimate connection between the 

attributes area and volume of unbounded regions and infinite series, and so the counter 

intuitive aspect of the Gabriel‘s horn is tied with the paradoxical behaviour of infinite 

series. 

How all this play out in participants‘ engagement with the Painter‘s Paradox? The 

following are the research questions: 

 How do undergraduate calculus students attempt to resolve the Painter‘s 

Paradox? In particular, how do they deal with a solid, which is infinite in 

length/surface area but has a finite volume?  

 What challenges do they face? What mathematical and what contextual 

considerations do students rely on in dealing with the challenges? 

Participants‘ responses are analyzed using the theoretical construct 

epistemological obstacle by Brousseau (1983) and the inter-related theoretical 

frameworks platonic and contextual distinction by Chernoff (2011), and reducing 

abstraction by Hazzan (2008). 

The focus of the next paper is a group of mathematics honours students and 

their intuitive ways of thinking in engaging with a variant of the Classic Paradox of 

Infinity.  

On the Classic Paradox of Infinity and a Related Function 

The Classic Paradox of Infinity arises in the following task that can be described 

as follows:  
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Consider the following sequence of curves where the first curve is a semicircle 

on a line segment. Then by dividing the line segment into equal halves the second curve 

is formed from the semicircle over the left half and the semicircle under the right half; if a 

curve consists of 
n2  semicircles, then the next curve results from dividing the original 

segment into 
)1(2 n
 equal parts and forming the semicircles on each of these parts, 

alternatively over and under (See Figure 1-2).  Giaquinto (1994) noted that the curves 

get closer and closer to the original line segment, and so the lengths of the curves seem 

to approach the length of the original segment. But he explained that this is wrong.  

 

Figure 1-2: Wavy lines 

Suppose the length of the original segment, the diameter of the first semicircle, is 

d. Then the first curve has length )2/(d . The second curve has 

length )2/()4/()4/( ddd   . It is clear that all the curves have length )2/(d . So the 

limit of the lengths of the curves is )2/(d and it is not the length of the line segment. 

In the Stairway Task, a variant of the Classic Paradox of Infinity, Mamona (2001) 

wrote that as the staircases seem approaching the ramp there is a natural expectation 

that the length of the staircases should approach the length of the ramp. But this is not 

the case.  
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A Polygon Task was designed that highlights the paradoxical behaviour of the 

length attribute in the Classic Paradox of Infinity in contrast to the area attribute in a 

sequence of polygons. This task is based on the following sequence of polygons: 

 

Figure 1-3: Polygons 

Shaded area is the area under the curve 1 xy from 1x  to 3x . Polygon nP for 

...,3,2,1n is constructed on ]3,1[ by subdividing the interval into 
n2  equal subintervals 

as shown above.  

In this task the area of the polygons approaches the area of the trapezium but 

the perimeter (length) of the polygons does not approach the perimeter (length) of the 
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trapezium. This Polygon Task was presented to a group of mathematics honours 

undergraduate students to find answers to the following research questions:  

 How do learners of advanced mathematics deal with the different behaviours of 

the attributes of shape, area and length of the polygons in the Polygon Task? 

 How do they use their mathematical knowledge to reconcile the different 

behaviours of the different attributes of the polygons in the Polygon Task? 

Their responses are analyzed using the intuitive rule 'Same A-same B' by Tirosh 

and Stavy (1999). 

Next paper develops new paradoxes by adding more context to a well-known 

paradox, the Hilbert‘s Grand Hotel paradox.   

Hilbert's Grand Hotel With a Series Twist  

Hilbert‘s Grand Hotel has countable infinitely many rooms and they are all 

occupied. But it can accommodate any number of new guests, finite or countably infinite, 

without evicting any of the guests who are already occupying rooms in the hotel. This 

can be done by moving old guests to different rooms to make room for new guests. Let 

A be a proper subset of N, where N = {1, 2, 3, …}. Suppose that AN  is infinite. Then 

N and AN   have the same cardinality. Let )(: ANNf  be a one to one 

correspondence. Now by moving guest in room n to room )(nf all the old guests can be 

moved to rooms with room numbers in AN  . Now rooms with room numbers in A are 

vacant and new guests can be accommodated in these rooms. This is elaborated in the 

paper for several cases.  

We introduce a new twist to the Hilbert‘s Grand Hotel by charging 
n
1

 
Goldcrowns 

the occupant of room number n . Then in accommodating new guests by moving old 

guests to different cheaper rooms old guests have to refunded. With this twist many 

interesting questions can be asked and solved that involve convergence and divergence 

of infinite series. One such question is whether countably infinite number of guests can 
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be accommodated by refunding a finite amount of Goldcrowns. This paper presents a 

solution to this problem and discusses many other interesting scenarios involving infinite 

series.  

Tracing the main themes 

In this dissertation there are three main themes – paradox, conceptions of infinity 

and context. Each theme is elaborated below. 

Paradox 

Kleiner and Movshovitz-Hadar (1994) used the term paradox ―to mean an 

inconsistency, a counterexample to widely held notions, a misconception, a true 

statement that seems to be false, or a false statement that seems to be true‖ (p. 963). 

For example, the irrationality of square root 2 was a paradox to the Pythagoreans of the 

6th century B.C.E. as they believed that every line segment can be measured by a 

positive rational number. But for contemporary learners the irrationality of square root 2 

is not a paradox as the real number system is extended to include irrational numbers.  

As Quine (1976) said ―the argument that sustains a paradox may expose the 

absurdity of a buried premise or of some preconception previously reckoned as central 

to physical theory, to mathematics, or to the thinking process‖ (p. 1). For example, one 

can be 4n years old on one‘s nth birthday if he or she was born on February 29th – note 

that  the first birthday is the first February 29th  that occurs after the person was born. 

Though it sounds absurd when one realizes that February 29th occurs only in a leap year 

it is no longer a paradox. Now consider the following proof that 2 = 1:  

Let .1x Then .1122  xxxx Dividing both sides by 1x  we get 

.11x Since 1x  we have .12111   

Here not only the conclusion is absurd but the argument that sustains it is a 

fallacy as division by 1x  amounts to division by zero which is not defined.  Quine 

(1976) classified paradoxes as veridical, falsidical and antinomy. Veridical paradoxes are 
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truth telling paradoxes and falsidical ones are falsifying. For example someone is 4n 

years old on the nth birthday is a veridical paradox. False proof that 2 = 1 above is a 

falsidical paradox.  

What are antimonies? An antimony is an argument that produces a self-

contradiction by accepted ways of reasoning. Consider the sentence ‗This sentence is 

false‘. Here we have a sentence that is true if and only if it is false. Now consider the 

following: 

 Some sets, such as the set of all teacups, are not members of themselves. 

Other sets, such as the set of all non-teacups, are members of themselves. Call the set 

of all sets that are not members of themselves ―R.‖ If R is a member of itself, then by 

definition it must not be a member of itself. Similarly, if R is not a member of itself, then 

by definition it must be a member of itself. (Irvine, 2009) 

This is Russell‘s Paradox. This paradox in set notation is as follows: 

Let { / }R x x x  . Now in the definition of R, x can be any set as the proposition 

x x makes sense when x is a set. Then, R R R R   , a self-contradiction.  

Here is a linguist version of Russell‘s Paradox: In a certain village there is a male 

barber who shaves all and only those men in the village who do not shave themselves. 

Does the barber shave himself?  

Now, it follows that the barber shaves himself if and only if he does not shave 

himself. This appears to be an antimony but this can be easily resolved by saying that 

there is no such barber. So this paradox is not an antimony but it is a veridical paradox. 

Then one can say that Russell‘s Paradox is a veridical paradox that shows that there is 

no class whose members are all and only the non-self-members. But as Quine (1976) 

puts it ―[…] in our habits of thought [there is] an overwhelming pre assumption of there 

being such a class but no pre assumption of there being such a barber‖ (p. 14).  

Russell‘s paradox led to the axiomatic development of set theory. In Russell‘s 

Paradox R is a set by the Axiom of Comprehension, which says that for a given property 

P there is a corresponding set {x | P(x)}. In the standard axiomatization of set theory this 
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axiom is replaced by the Axiom of Restricted Comprehension, which says that for a 

given property P and a set A there is a corresponding set {x in A | P(x) }. Now, what 

constitutes a set? This is specified by axioms which avoid collections like R. ―The set A 

may be regarded as providing a context for the formation of the set associated with the 

property P‖ (Devlin, 2003).  

All of the paradoxes used in this dissertation have attributes that contradict 

widely held notions and beliefs by learners today in general. But they are all veridical 

paradoxes.  

Conceptions of infinity 

Aristotelian view that the potential infinity as an endless process exists but actual 

infinity as a completed entity does not exist prevailed until Cantor introduced actual 

infinity as a completed mathematical entity in his theory of infinite sets. An entity that 

encompasses an endless process also describes an actual infinity. From an APOS 

perspective conceiving actual infinity as an entity that encompasses an endless process 

is achieved through the mental mechanisms of interiorization and encapsulation, and the 

stages action and process resulting in a cognitive object. In the case of an infinite 

process, the object that results from encapsulation transcends the process and it is 

neither associated with nor produced by any step of the process. (Dubinsky, Weller, 

McDonald, & Brown, 2005a & 2005b). While most of the researchers have used APOS 

perspective in exploring conceptions of infinity through infinite iterative tasks (e.g., Weller 

et al., 2008; Dubinsky et al., 2008; Mamolo & Zazkis, 2008) some researchers (e.g., Ely, 

2011; Radu & Weber, 2011) have pointed out that this perspective is not adequate to 

make sense of learners‘ various reasoning strategies of such tasks.  

The following Tennis Ball Problem also referred as the Ping-Pong Ball 

Conundrum is the source of many infinite iterative tasks used in mathematics education 

research:  

Suppose you are given an infinite set of numbered tennis balls (1, 2, 3, …) and 

two bins of unlimited capacity, labeled A and B.  
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At step 1 you place balls 1 and 2 in bin A and then move ball 1 to bin B. 

At step 2 you place balls 3 and 4 in bin A and then move ball 2 to bin B. 

At step 3 you place balls 5 and 6 in bin A and then move ball 3 to bin B. 

This process is continued in this manner ad infinitum. Now assume that all steps 

have been completed. What are the contents of the two bins at this point? (Radu & 

Weber, 2011) 

The Tennis Ball Problem and its variations investigated with the APOS 

perspective (Dubinsky et al., 2008; Mamolo & Zazkis, 2008) showed that the learners 

required a single cognitive leap to encapsulate the process into an object. On such tasks 

Ely (2011) claimed that by viewing the learning of an infinite process as comprised of 

several important mental acts he could discern precise distinctions between the thinking 

of students who otherwise, for example with the APOS perspective, might have been 

viewed as thinking the same way. He further noted that ―treating the encapsulation of an 

infinite process as an undissectible cognitive leap allows us only to recognize and 

lament our students‘ lack of success, but does not position us to help them, other than to 

warn them not to trust their intuitions from the finite states‖ (p. 3). The emphasis that the 

encapsulation produces a transcendent object which does not have any of the 

characteristics of the process‘s finite states had some limitations on understanding 

students‘ thinking about the Tennis Ball Problem – he found many students adopted the 

infinitely-many-balls in bin A solution, a solution not considered as a normative solution 

to this problem in the literature, and these students did not obviously demonstrate an 

unencapsulated view (Ely, 2011).    

Radu and Weber (2011) introduced a set of rules to define the state at infinity for 

infinite iterative processes for which the intermediate states are described as sets of 

objects. Suppose an infinite iterative process has an initial set S0, together with an 

infinitely countable ordered set of actions Ai, where an action consists of finitely many 

operations on sets, and Sn (the intermediate state obtained after step n) is defined 

recursively to be the result of applying An to Sn−1. Then the state at infinity S∞ (the set 

resulting after all Ai‘s have been performed) is given by:  
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(R1) If an object x is an element of every set in some tail of the sequence of sets 

Si, then x is an element of S∞. (More precisely, if 

 SxSxmnNm n then,,: ) 

(R2) If an object x is not an element of any set in some tail of the sequence of 

sets Si, then x is not an element of S∞ . (More precisely, if 

 SxSxmnNm n then,,: ) 

 (R3) If there exists an object x such that neither R1 nor R2 is applicable to x 

(―oscillating object‖), then S∞ is undefined. Otherwise, S∞ is the collection of 

objects to which R1 applies. (p. 168) 

They note that alternative characterizations of the state at infinity are possible, 

especially with regard to oscillating objects (R3). Also, when students show reasoning 

inconsistent with this characterization of the state at infinity, they are not necessarily 

considered to be mathematically incorrect. According to this characterisation the state at 

infinity for the Tennis Ball Problem is the empty bin A as the nth ball is not in any one of 

the sets in the tail Sn, Sn+1, Sn+2, … . 

Ely (2011) used the Basic Metaphor of Infinity (BMI) of Lakoff and Nu˜nez (2000) 

to develop his theoretical framework. The Basic Metaphor of Infinity is ―a single general 

conceptual metaphor in which processes that go on indefinitely are conceptualized as 

having an end and an ultimate result‖ (Lakoff & Nu˜nez, 2000, p. 158). It projects 

features of finite processes onto infinite processes and thereby imposes a final resultant 

state on infinite processes which is unique and follows every nonfinal state.   

According to Ely (2011) BMI is a useful framework for making sense of infinite 

processes. But ―it does not detail how different final states could be envisioned for an 

infinite process, and how a learner might choose between, refine, and develop these 

final states for a given infinite process‖ (p. 4). In his study he found that students seemed 

to perform many interesting cognitive acts after they envisioned a final state. He argues 

that ―an envisioned final state of an infinite process inherits a variety of other features 

that the learner metaphorically projects onto it, knowingly or unknowingly, from the finite 

states‖ (p. 4). He calls such a projection an infinite projection. Two such projections are 

labelling and counting. In Cantor‘s theory of sets labeling or indexing is projected in 
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comparing the size of infinite sets. In determining the size of a finite set labeling or 

indexing is not important and only the last number in counting matters.  

By attending to labeling rather than counting one can make sense of the empty 

bin A solution to the Tennis Ball Problem – the nth labeled ball is not in bin A after the 

nth step. By generating a list in which every ball eventually appears, and is accounted 

for and removed from bin A, and infinitely projecting a final state one can envision a final 

state where bin A is empty. The solution infinitely many balls in bin A is also produced by 

infinitely projecting – by infinitely projecting the number of balls in the bin at each finite 

state.  So, infinite projection can lead to two different final states.  

Radu and Weber (2011) examined student learning across many infinite iterative 

tasks that included the Tennis Ball Problem and some it‘s variations, 1/2 Marble Problem 

and the Lamp Problem. They used the phrase ―object-based reasoning‖ to refer to 

solutions consistent with the R1–R3 (given above) definition of the final state. They too 

found student reasoning that deviated from object based reasoning similar to in Ely 

(2011) where properties from the intermediary states are generalised to the final state.  

The 1/2 Marble Problem and the Lamp Problem are given in Radu and Weber 

(2011) as follows:  

The 1/2 Marble Problem Suppose you have an empty jar and outside of it you 

have two marbles labeled 1 and 2. At step 1, marble labeled 1 is put in the jar. At step 2, 

marble is removed from the jar and marble 2 is put in the jar. At step 3, marble 2 is 

removed from the jar and marble 1 is put back in the jar. In general, at step n, the marble 

currently in the jar is replaced by the marble that was outside of the jar. Assume ALL 

steps have been performed. What are the contents of the jar at this point? 

The Lamp Problem You have a lamp with a switch; the lamp is turned off. At any 

step n  1, you turn the lamp on if n is odd; otherwise, you turn off the lamp. Assuming 

all the steps have been performed, is the lamp on or off? 

 In 1/2 Marble Problem R1 and R2 are not applicable to marble 1 and marble 2. 

So the final state is not defined for this task. The Lamp Problem is isomorphic to the 1/2 

Marble Problem.  These two tasks were given to two undergraduate mathematics 
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honours students in the study of Radu and Weber (2011) – 1/2 Marble Problem was 

given first and then a few tasks later the Lamp Problem was given. One of the students 

eventually reached solutions based on object-based reasoning in both problems but the 

other student reached different solutions generalising properties from the intermediary 

states to the final state.  

Both 1/2 Marble Problem and the Lamp Problem are untimed versions of the 

Thomson‘s Lamp. As such they are not super tasks. In engaging with the Thomson‘s 

Lamp and the Green Alien a learner confronts actual infinity as an entity that 

encompasses an endless process within a finite time interval. A recent refinement to 

APOS theory added the mental mechanism detemporalization and the stage totality 

(Dubinsky, Arnon, & Weller, 2013). These mental mechanisms and structures are 

explained in chapter 2. With the new totality stage construct encapsulation of a process 

is no longer an undissectible cognitive leap in the APOS perspective and it seems that 

this new construct can address some of the issues raised by Ely (2011) and Radu and 

Weber (2011) about encapsulation in the APOS perspective. Research in mathematics 

education indicate that encapsulation of an infinite iterative process is challenging to 

learners in general. Is encapsulation always required in an infinite iterative process? 

In Painter‘s Paradox the Gabriel‘s horn is actually, not just potentially, infinitely 

long and has a finite volume. The variants of Hilbert‘s Grand Hotel paradox developed in 

this dissertation involve comparing actually infinite sets and infinite series with finite 

sums. What kind of challenges learners face or can be anticipated when they try to 

conceive actual infinity in different forms in these paradoxes? What can we learn by 

articulating these challenges? 

Fischbein, Tirosh, and Hess (1979) focussed on the intuition of infinity. They 

used ―the term intuition for direct, global, self-evident forms of knowledge‖ (pp. 5-6). 

They found that the intuition of infinite divisibility is ―very sensitive to the conceptual and 

figural context of the problem‖ (p. 31). Núñez (1994b) also confirmed their finding. 

Fischbein et al. (1979) concluded that there must be a specific intuitive mechanism that 

explains the incorrect answers on their task on the Classic Paradox of Infinity. What can 
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we learn about participants‘ intuitive thinking from their responses to the fabricated 

mathematical context of the Polygon Task, a variation of the Classic Paradox of Infinity? 

Context  

Paradoxes are always presented in a context. It could be a real life context or a 

fabricated mathematical context. A real life context makes a paradox appealing to 

learners. If a paradox is presented in a real life context then decontextualization or 

―strip[ping] the problem of everything that is not essential‖ (Richard Courant, as quoted 

in Ferrari, 2003, p. 1226) is usually required for engaging with the paradox at a deeper 

level. In the case of Thomson‘s lamp one has to think of it as a thought experiment and 

consider the endless subdivision of the time interval disregarding the context of time. In 

Painter‘s Paradox the Gabriel‘s horn should be considered as an infinitely long 

mathematical object.  

What is the effect of context in engaging with a paradox? Ferrari (2003) pointed 

out ―that contexts that are isomorphic (i.e. equivalent from a strictly mathematical 

viewpoint) may raise utterly different learning problems‖ (p. 1229). Findings of Radu and 

Weber (2011) indicated that the type of reasoning that students invoke when reasoning 

about infinite iterative processes may depend upon the context of the problem being 

solved. If so, what can we expect by changing the real life physics experiment context in 

the Thomson‘s lamp to an imaginary context? Can the context of a paradox lead to 

further contextualization?  According to Mamolo & Zazkis (2014) contextualization can 

be seen as reducing the level of abstraction according to Hazzan‘s (1999) interpretation. 

As learners try to reduce the level of abstraction in engaging with a paradox we could 

expect contextualization as one avenue of doing so. This could hinder the 

decontextualization required. Mamolo & Zazkis (2014) observed that contextual 

considerations are an aid or a hindrance or both in mathematical problem solving. So is 

the real life context of a paradox an aid or a hindrance or both in addressing or resolving 

it?  
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Final remarks 

In the three empirical studies done in this dissertation the main aim was to 

explore conceptions of infinity of students with different backgrounds through their 

engagement with the paradoxes and the effect of context of the paradoxes on such 

conceptions. Also, the role of paradoxes as a research tool as well as an instructional 

tool was explored. Movshovitz-Hadar and Hadass (1990 & 1991) first studied the 

potential of paradoxes as a vehicle for improved understanding of mathematical 

concepts through the constructive role of fallacious reasoning. Since their study many 

researchers (e.g. Núñez, 1994b; Mamolo and Zazkis, 2008; Weller et al., 2008; Ely, 

2011; Radu & Weber, 2011) have used paradoxes as a research tool. This dissertation 

contributes to the enhanced understanding of using paradoxes in research and 

instruction.  
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Chapter 2.  
 
Exploring Conceptions of Infinity via Super-tasks: A 
Case of Thomson’s Lamp and Green Alien 

This paper was written with Rina Zazkis. I am the first author. 

Abstract 

In mathematics education research paradoxes of infinity have been used in the 

investigation of conceptions of infinity of different populations, including elementary 

school students and pre-service high school teachers. In this study the Thomson’s Lamp 

paradox and a variation of it, the Green Alien, are used to investigate the naïve and 

emerging conceptions of infinity in a group of liberal arts university students and the 

effect of context on such conceptions. This study contributes to research on the use of 

paradoxes in mathematics education and to research on understanding infinity, with a 

focus on infinitely small quantities.  

Introduction 

The idea of infinity is likely one of the most challenging and intriguing in 

mathematics. However, it surfaces in a variety of different contexts, starting with 

enumerating natural numbers. Therefore, it is not surprising that students‘ conceptions of 

infinity have attracted interest of researchers in mathematics education. A variety of 

studies were conducted in an attempt to unravel students‘ struggle with seemingly 

counterintuitive results related to infinity. In particular, researches have attended to 

comparing infinite sets (e.g. Tsamir & Tirosh, 1999), determining limits (e.g. Mamona-

Downs, 2001), constructing infinite iterative processes (e.g. Brown, McDonald, & Weller, 
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2010), and considering infinity-related paradoxes (e.g. Dubinsky, Weller, McDonald, & 

Brown, 2005a, 2005b; Mamolo & Zazkis, 2008).  We contribute to this research by 

describing students‘ attempts in engaging with one particular paradox known as 

Thomson‘s Lamp. However, before introducing the paradox and the detail of our study, 

we provide a brief historical introduction of infinity and then turn to the use of paradoxes 

in mathematics education research, with a particular focus on paradoxes on infinity.  

On counterintuitive notion of infinity 

Human beings have struggled with, reflected on and wondered about infinity 

since the beginning of recorded history. As Hilbert (1926) pointed out ―From time 

immemorial, the infinite has stirred men's (sic) emotions more than any other question. 

Hardly any other idea has stimulated the mind so fruitfully. Yet, no other concept needs 

clarification more than it does‖ (p. 5). History shows that the ancient cultures had various 

ideas of infinity. In the 5th century B.C., Zeno of Elea devised paradoxes, known as 

Zeno‘s paradoxes, using infinite subdivision of space and time. Zeno‘s paradoxes 

continue to create discussion, debate and controversy even to this day. They highlight 

the counterintuitive nature of infinity. Aristotle (384-322 B.C.) introduced the dichotomy 

of potential infinity and actual infinity as a means of dealing with paradoxes of the infinite 

that he believed could be resolved by refuting the existence of actual infinity. One can 

think of potential infinity as a process, which at every instant of time within a certain time 

interval is finite. Actual infinity describes a completed entity that encompasses what was 

potential.  

In the late nineteenth century George Cantor (1845-1918) developed a 

mathematical theory that explains certain aspects of infinity. Cantor‘s mathematical 

theory of cardinality of infinite sets is based on the very simple idea of one to one 

correspondence. Two sets A and B have the same cardinality or, more informally, the 

same size or the same number of elements if there is a one to one correspondence 

between them. But this idea leads to very counterintuitive results. Two infinite sets can 

have the same cardinality, or more informally the same number of elements, even 

though one is a proper subset of the other. In fact, an infinite set can be defined as a set 

that has a one to one correspondence with a proper subset of itself. While the notion of 
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infinity introduces a variety of surprising and counterintuitive results, the surprise is 

explicitly highlighted when considering infinity-related paradoxes – to which we turn in 

what follows. 

Paradoxes of infinity 

In mathematics education research paradoxes have been used as a lens on 

student learning. Movshovitz-Hadar and Hadass (1990 & 1991) investigated the role 

mathematical paradoxes can play in the pre-service education of high school 

mathematics teachers. They concluded that ―a paradox puts the learner in an 

intellectually unbearable situation. The impulse to resolve the paradox is a powerful 

motivator for change of knowledge frameworks. For instance, a student who possesses 

a procedural understanding may experience a transition to the stage of relational 

understanding‖ (Moshovitz-Hadar and Hadass, 1991, p. 88). Commenting on their use of 

paradoxes in teaching they say that ―it stems from a philosophy of teaching mathematics 

through errors, conflicts, debates, and discussions, that leads to gradual purification of 

concepts‖ (Ibid., p. 89).  Sriraman (2008) used Russell‘s paradox in a 3-year study with 

120 pre-service elementary teachers and studied their emotions, voices and struggles as 

they tried to unravel the paradox. 

Recognizing the pedagogical value of paradoxes, and their usefulness as a 

research tool, several researchers focused on paradoxes of infinity. For example, 

Mamolo and Zazkis (2008) used the Hilbert‘s Grand Hotel paradox and the Ping-Pong 

Ball Conundrum to explore the naive and emerging conceptions of infinity of two groups 

of university students with different mathematical backgrounds. Núñez (1994b) used 

Zeno‘s paradox, the Dichotomy, in a progressive manner to investgate how the idea of 

inifnity in the small emerges in the minds of students aged 8, 10, 12, and 14. Núñez 

(1994b) concluded that conceptions of infinity in the large and infinity in the small are 

very different, especially for young learners. For example, though 8 years olds can 

conceive of the notion of endless in their consensual world they cannot see ―infinity in 

the small‖. We extend these studies, focusing on paradoxes and infinity in the small, by 

investigating university students‘ reactions to particular super-tasks: Thomson‘s Lamp 

paradox and one of its variations.  
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Thomson’s Lamp  

Paradoxes such as Achilles and the Tortoise and the Ping-Pong Ball Conundrum 

are super-tasks. ―A super-task may be defined as an infinite sequence of actions or 

operations carried out in a finite interval of time‖ (Laraudogoitia, 2009). Thomson (1954) 

devised the following paradox, known as the Thomson‘s Lamp, to show that super-tasks 

are impossible:  

Think of a reading lamp with an on/off switch button. Suppose the button can be 

pressed in an instant of time. Suppose at the start the lamp is off. After 1 minute the 

button is pressed and the lamp is on. After another 1/2 minute the button is pressed and 

the lamp is off. After another 1/4 minute the button is pressed and the lamp is on, and so 

on.  That is, the switch is pressed and the on/off position of the lamp is flipped when 

exactly one-half of the previous time interval elapses. At the end of the two minutes, is 

the lamp on or off? 

Thomson (1954) argued that the lamp cannot be on as it is never turned on 

without turning it off some time later. And the lamp cannot be off as it is never turned off 

without turning it on some time later. Therefore a contradiction arises and Thomson's 

lamp, or any super-task, is logically impossible. Benacerraf (1962) argued that the above 

reasoning is valid only for any instant between 0 and 2 minutes, but not at exactly 2 

minutes.  

Núñez (1994b) noted that in the Dichotomy (Zeno‘s paradox) there are two 

attributes that one has to iterate simultaneously, the number of steps one has to make 

and the distance that each of these steps cover. Similarly, there are two attributes that 

one has to iterate simultaneously in the Thomson‘s Lamp Paradox, the number of half 

time intervals and the duration of each half time interval. As the number of half time 

intervals increases, the duration of half time intervals decreases and it converges to 

zero. Coordination of these two attributes is a potential source of difficulty for a learner. 

We were interested in exploring how students address this difficulty and what 

explanation they provide in discussing the presented super-tasks.   
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Theoretical considerations 

As stated, conceptions of infinity in general, and those related to paradoxes in 

particular, are challenging for learners. A possible way to deal with a challenging 

situation is to reduce the level of abstraction required by a particular task. As such, 

Hazzan‘s (1999) framework of reducing abstraction appeared appropriate for our 

investigation.  As discussed below, components of this framework are related to the 

notion of contextualization (Chernoff, 2011) and APOS theory (Dubinsky, Weller, 

McDonald & Brown, 2005a).  

Reducing abstraction 

According to Hazzan (1999) there are three ways in which abstraction level can 

be interpreted: 

(1) Abstraction level as the quality of the relationships between the object of 

thought and the thinking person.   

(2) Abstraction level as reflection of the process–object duality 

(3) Abstraction level as the degree of complexity of the mathematical concept.   

As infinity is an abstract notion, it can be accessed by a learner at a lower level of 

abstraction that is required by a particular task.  To elaborate on (2), process-object 

duality, as related to the idea of infinity, we rely on the APOS theory (Dubinsky et. al., 

2005a), briefly summarized below. With respect (1), we note that a relationship between 

an object and person depends on the context in which mathematics is experienced. To 

focus on the notion of context, or contextual interpretation, we follow Chernoff (2011) in 

the distinction between platonic and contextualized situations.  

APOS theory view on infinity 

APOS theory (Dubinsky et. al., 2005a) suggests that an individual deals with a 

mathematical situation by using the mental mechanisms interiorization and 

encapsulation to build the cognitive structures actions, processes, objects and schemas 

that are applied to the situation.  A mathematical conception begins to form as one 
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applies actions on objects to obtain other objects. As an individual repeats and reflects 

on the action, it may be interiorized into a mental process. A process is a mental 

structure that can perform the same operation as the action being interiorized in the 

mind of the individual that allows him or her to imagine performing the transformation 

without having to execute each step explicitly. If the individual can act on the process 

and transform it explicitly in his or her imagination, then the individual has encapsulated 

the process into a cognitive object. A mathematical topic may involve many actions, 

processes and objects that need to be organized and linked into a coherent framework 

called a schema (Dubinsky et al., 2005a).  

APOS theory clarifies the distinction between potential infinity and actual infinity. 

Potential infinity is the conception of the infinite as a process. This process is 

constructed by beginning with the first few steps (e.g., 1, 2, 3 in constructing the set N of 

natural numbers), which is an action conception. Repeating these steps (e.g., by adding 

1 repeatedly) ad infinitum requires the interiorization of that action to a process. Actual 

infinity is the mental object obtained through encapsulation of that process (Dubinsky et 

al., 2005a).  

In the case of enumerating a large set, say the first 
100,00010  natural numbers, an 

individual can reflect on the last counting number as indicating the cardinality of the set. 

This cannot occur with an infinite set, because there is no last counting number. In the 

case of an infinite process, the object that results from encapsulation transcends the 

process, in the sense that it is not associated with, nor is it produced by, any step of the 

process. The subtle differences between the ―last object‖ and the ―transcendent object‖ 

may explain why it appears to be easier for an individual to think of or accept the 

existence of a large finite number and why her or his ability to see or to accept the 

existence of an actually infinite set is apparently more difficult (Dubinsky et al., 2005a).  

Researchers acknowledged the difficulty in transitioning from process to objects 

conceptions. Sfard suggested that this phenomenon ―seems inherently so difficult that at 

certain levels it may remain practically out of reach for certain students‖ (p. 1). Moreover, 

Dubinsky, Arnon, & Weller (2013) noted ―the difficulty with this progression [from process 

to object] may be particularly strong for infinite processes‖ (p. 251). Focusing on this 



  

26 

difficulty, they proposed the construct of totality, which is a stage in between the process 

and object stages. They also proposed the mechanism detemporalization ―by which an 

individual moves from thinking of a process as a sequence of continuing steps to being 

able to imagine these steps all at once‖ (ibid.) to progress from process to totality. They 

observed that students who did not make the transition from process to object were 

often ‗stuck‘ at the totality stage.  

Contextualization and Green Alien 

As mentioned, when considering abstraction level as the quality of the 

relationships between the object of thought and the thinking person, contextualization is 

a possible avenue for reducing abstraction.  In the discussion on contextualization we 

rely on the theoretical constructs introduced by Chernoff (2011) in distinguishing 

between platonic and contextualized situations. Chernoff distinguished between platonic 

and contextualized sequences in the relative likelihood tasks in probability. A platonic 

sequence is characterized by its idealism. ―For example, a sequence of coin flips derived 

from an ideal experiment (where an infinitely thin coin, which has the same probability of 

success as failure, is tossed repeatedly in perfect, independent, identical trials) would 

represent a platonic sequence‖ (p. 4). But, a contextualized sequence is characterized 

by its pragmatism. For example, ―the sequence of six numbers obtained when buying a 

(North American) lottery ticket (e.g., 4, 8, 15, 16, 23, 42)‖ (p. 4) would represent a 

contextualized sequence. 

While mathematical paradoxes are presented in a context, the resolution of the 

paradoxes at a deeper level requires a thought experiment and de-contextualization 

from the physical reality, that is, accepting the idea that a super-task can be completed 

in the given time interval.  

To explore the influence of the particular context in which paradoxes are 

presented on the participants‘ ways of reasoning we introduced the Green Alien 

problem, which is isomorphic to the Thomson‘s Lamp paradox, but the context is 

changed from the familiar light switching to science fiction.  



  

27 

A Green Alien arrived in the Earth at midnight, November 5, and she has exactly 

1 day to spend on our planet. That is, she MUST leave at midnight, November 6; 

otherwise she will change into a pumpkin. However, she learns that FBI is after her, so 

at noon, November 5, she instantaneously changes her color to pink (to blend in with the 

local girls). When the search intensifies, she changes the color back to its original Green 

at 6 pm, and keeps changing it at half-intervals of the remaining time.    

The table below demonstrates this: 

Midnight (12 AM November 5) -- Green 

Noon (12 PM November 5) -- Pink 

6 PM -- Green 

9 PM -- Pink 

10h 30min PM -- Green 

11h 15min PM -- Pink 

11h 37min 30 sec PM -- Green 

11h 48min 45 sec PM -- Pink 

…  

What color is she at midnight, as she leaves the Earth?  

Research questions 

In this article we study the struggles with the concept of infinity of a group of 

liberal arts university students using the Thomson‘s Lamp paradox and its isomorphic 

version, the Green Alien problem.  

 What are the participants‘ naïve and informed ideas related to infinity? What 

particular challenges do they face? In particular, what ideas emerge in trying to 

coordinate the two attributes, the number of half time intervals and the duration of 

each half time interval?   

 How are participants engaging with the paradoxes? In particular, do they attempt, 

and if so how do they attempt, to reduce the level of abstraction when dealing 

with infinity?  
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 What is the effect of context on participants‘ emerging conceptions of infinity? 

The study 

Participants  

Participants in our study were 38 undergraduate liberal arts students. At the time 

of the study, they were enrolled in a mathematics course designed to increase their 

mathematical literacy, with a particular emphasis on quantitative reasoning and 

deductive argumentation. Exploring the infinite was one of the topics in this course; the 

instructional approach was based on the ―Heart of Mathematics: An Invitation to 

Effective Thinking‖ text by Burger and Starbird (2010), which allowed ‗a soft and 

engaging‘ introduction to profound mathematical ideas. Students explored the Hilbert 

Grand Hotel paradox and the Ping-Pong Ball conundrum and were introduced to basic 

ideas of Cantorian set theory over 3 weeks, approximately 10 instructional hours. Given 

the extended discussions and students‘ fascination with the topic, their instructor (the 

second author) decided to extend the topic of paradoxes and include additional super-

tasks.  

Setting 

Extending the conversation on infinity and its counterintuitive nature, participants 

were introduced to the Thomson‘s Lamp paradox by the first author. They were invited to 

express their thoughts on whether the lamp was on or off after exactly two minutes. 

Then Thomson‘s argument that shows the logical impossibility of super-tasks was 

discussed. This was presented as yet another point of view, rather than an authoritative 

conclusion. Then an extended discussion, in which the participants had an opportunity to 

argue and convince each other followed. The whole instructional session on the 

Thomson‘s Lamp was audio recorded.  

Two weeks after the discussion on the Thomson‘s Lamp problem, the students 

were presented with the Green Alien problem, to which they were asked to respond in 

writing and justify their answers.  
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Results and analysis 

Our data consist of students‘ arguments in considering the Thomson‘s Lamp 

problem during classroom discussions and their written responses to the Green Alien 

problem.  We first considered the data set from the perspective of APOS theory 

(Dubinsky et al., 2005) and indicated whether the stage of totality (Dubinsky, Arnon & 

Weller, 2013) could be recognized in the participants‘ responses. We then attended to 

the particular instances of reducing abstraction (Hazzan, 1999).  In the next stage of 

analysis we identified several themes that appeared in participants‘ arguments during 

the classroom discussion and categorized their written responses according to these 

themes. As contextualization appeared to be one of the identified themes, we focused 

on contextualization and detected the influence of particular situations in which the 

paradoxes were presented on the participants‘ decision making.    

Thomson’s Lamp, classroom discussion 

In the process of halving the remaining time in Thomson‘s Lamp, one has to deal 

with an infinite number of time intervals in a finite time interval. This can create cognitive 

conflict and tension. This state of cognitive conflict, according to Movshovitz-Hadar and 

Hadass (1991), creates uneasiness. Piaget called it a state of disequilibrium between 

assimilation and adaptation-accommodation. This state, and the tension it creates, 

stimulates an attempt to get out of it and achieve a new equilibrium. We present here 

some ideas that emerged in the classroom discussion that show the cognitive conflict 

and the various, at times implicit, ways of achieving equilibrium.  

An idea expressed and accepted by several students during the extended 

discussion was that ―it will never reach two minutes‖. This demonstrates students‘ 

interpretation of the infinite as an endless process. Equilibrium is achieved with this 

claim, as it frees students from deciding on the state of the lamp at the end of the 

process, that is, after 2 minutes, because this end is presumably not reached. However, 

having recognized the absurdity of this claim, some students struggled to reconcile the 

idea of infinitely many time intervals within two minutes.  
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For example, Jason‘s initial suggestion was to create a table showing the status 

of the lamp at 1, ½, ¼, 1/8, 1/16, 1/32, … time intervals and suggesting that ―from that 

formula you would be able to decipher if the lamp is on or off after two minutes‖. 

However, he was not able to determine a particular formula that could provide a solution. 

Towards the end of classroom discussion his ideas resembled Thomson‘s argument: ―If 

it is ‗on‘ at 2 minutes, at what point before that was it off? We cannot determine. And a 

similar argument holds if the lamp is off at 2 minutes.‖ Jason concluded, ―therefore, it is 

not possible to know whether it‘s on or off at 2 minutes‖. But he started his later claim by 

saying that ―there is no way of knowing whether it will be on or off because the numbers 

get too small, and will not reach 2 minutes‖. On one hand, Jason says it (time) does not 

reach 2 minutes but on the other hand he considers the status of the lamp at 2 minutes. 

Inconsistency in Jason‘s response shows the conflicting interpretations he is 

experiencing.  

We identify a similar conflict and inconsistency in Mina‘s views. At the beginning 

of the discussion she suggested ―you can halve something infinitely many times, 

therefore, it will never approach 2 … there is only so much time in a minute so you will 

approach 2 …‖. Later she shared ―… although logically one should be able to determine 

if it is on or off, the number of trials is incalculable and we cannot determine whether the 

light was on or off right before the two minutes‖. 

We recognize in Mina‘s response her general belief about mathematical solutions 

(―logically, one should be able to determine‖) and some reluctance in accepting the 

argument of impossibility (―we cannot determine‖). In both responses of Jason and Mina 

we note a conflict between acknowledging the fact that time passes regardless of our 

consideration of intervals, and ―not reaching 2 minutes‖. We note their attempt and 

difficulty in encapsulating the process of halving the remaining time. The inconsistency in 

students‘ claims can be attributed to their inability to consider the process in its totality, 

which is essential according to Dubinsky et al. (2013) in encapsulating the infinite 

process. We note in Jason‘s and Mina‘s responses their struggle between considering 

the elements of the process and the process as a whole. It appears that they have not 

achieved equilibrium in considering Thomson‘s lamp problem. 
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We further note these students‘ reference to numbers, rather than time intervals. 

Jason thinks of numbers that are ―too small‖. Mina‘s attention is on the ―number of trials‖ 

rather than on time intervals. We observe here students‘ attempts to reduce the level of 

abstraction by considering numbers, rather than considering very small time intervals, 

which are unfamiliar and hard to conceive. This switch from time intervals to numbers is 

in accord with type 1 of reducing abstraction level according to Hazzan (1999), the 

quality of the relationships between the object of thought and the thinking person, that is, 

the focus on the familiar. It can also be interpreted as type 3 of reducing the level of 

abstraction, that is, degree of complexity of a mathematical object, assuming that 

numbers are less complex than time intervals. The possibility of these different 

interpretations is in accord with Hazzan and Zazkis (2005) observation, that various 

―interpretations of abstraction are neither mutually exclusive nor exhaustive‖ (p. 103).   

Bruce‘s suggestion demonstrates a different avenue of reducing abstraction, 

referring to familiar properties of numbers when considering infinity, which is in accord 

with Hazzan‘s interpretation type 1. He claimed that ―infinity is neither odd or even‖, and 

this was the reason for his inability to determine the state of the lamp. This seems to 

stem from the fact that at 
1

1

2
1

k

n

k





 minutes, the lamp is on if n is odd and off if n is even. If 

infinity were a number then we can say that the lamp is on if this number is odd and off if 

it is even.  

A different way of achieving equilibrium is evident in Gilbert‘s claims. Rather than 

considering the particular task, he redirects his claims towards his general mathematical 

experience: ―mathematics and this argument have proven to blow my mind – simply 

thinking about how small this fraction of time can get without actually getting to where we 

are aiming (2 mins) is enough to make my pea brain expand‖. Gilbert‘s response shows 

a tension in dealing with infinitely small time intervals, but the resolution of the conflict 

was achieved by avoiding the solution: ―Thinking about these things expands my mind 

and my consciousness of the world around me. Even though it‘s theoretical, it‘s still a 

good exercise for my brain‖.  Reflecting on general (familiar) experience rather then 

elaborating on the particular (unfamiliar) problem is consistent with type 1 of reducing 

abstraction. 
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The Green Alien, written responses  

While only several students clearly expressed their views during the classroom 

discussion on Thomson‘s Lamp problem, we wondered whether these views were 

shared among other participants. As such, we designed the Green Alien problem and 

collected written responses from the 38 students in the class, which we present in this 

section. Guided by the theoretical framework, we identified several interwoven themes in 

students‘ responses, some of which also surfaced in the classroom discussion. The 

themes and their frequency of occurrence are presented in Table 1; note that in several 

works more than one theme was featured.  In what follows we exemplify how different 

themes surfaced in students‘ responses and analyze how particular responses can be 

interpreted as reducing abstraction.  

Table 1: Themes in students' responses to the Green Alien problem 

 

 

Out of 38 responses, six (16%) showed a clear contextualization. For example, 

one student wrote ―the poor alien will be changing back and forth so many times as the 

midnight comes nearer that she will feel sick and wish to go home to bed anyway‖. 

Another student suggested: ―although, I would predict that she would return to her planet 

green, so that her alien population would recognize her as one of theirs‖. He added, ―she 

will be switching colours for an infinite amount of time because time keeps halving and 

eventually she will be a specific colour but it would take too long to calculate‖. These 

attempts in contextualization of an imaginary situation are indications of reducing 

abstraction type 1, from unfamiliar (instantaneous change of colour) to the familiar (being 

recognized by peers, being tired). The use of humorous responses could be seen as a 

refuge, escaping the need to discuss the situation on the expected formal mathematical 

Theme Number of Responses 

Contextualization 6 (16%) 

Halving time goes on forever 4 (11%) 

Never reach midnight 8 (21%) 

Impossible to determine 15 (39%) 

Acknowledgement of paradox 9 (24%) 

Connection to Thomson’s Lamp 3 (8%) 
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level. We also note the reference to an ―infinite amount of time‖ rather than infinitely 

many time intervals that are infinitely small, which is yet another avenue of reducing 

abstraction by focusing on an idea which is arguably less complex than the one in the 

task.   

Three students suggested explicitly that halving time goes on forever. They 

seemed to be stuck in the process of halving the remaining time: ―there is no way to tell 

as mathematically, this process of switching can continue forever. The time remaining 

can be cut down into an infinite number of half intervals‖. Dealing with an infinite number 

of half intervals is so overwhelming for some (18% of students) that they concluded the 

time did not reach midnight. The excerpt below captures this idea. 

―But, as she is always approaching midnight, yet never really reaching midnight it 

is impossible to know what colour she will be when she leaves earth because she will 

never leave earth as there will always be a fraction of a second for her to exist within in 

that second to midnight.‖ 

What is striking in this particular response is that the suggestion that ―never really 

reaching midnight‖ is followed by the conclusion ―she will never leave earth‖. This 

demonstrates a very robust interpretation of the process of halving the remaining time, 

which – in this student‘s view – does not terminate and therefore time till midnight does 

not lapse.  

Some considered the situation as paradoxical: ―this is an example of a paradox 

because even though it will be eventually be midnight, we can create half intervals 

infinitely amount of times‖. Those who expressed the opinion that halving time continues 

forever and never reaches midnight often concluded that it is impossible to determine 

the colour.  

Gilbert was one of three (8%) students who suggested that halving time goes on 

forever. But he introduced an additional idea: ―since the time will continue to halve itself 

forever she will be both green and pink at her time of departure at midnight‖. The 

reference to ―both green and pink‖ can be seen as a halfway colour between green and 

pink. This view is in accord with taking ½ as the sum of Grandi‘s (1671-1742) series (S = 
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1 – 1 + 1 – 1 …) if green and pink are assigned 0 and 1 respectively, and turning pink is 

considered as adding 1 and turning green is considered as subtracting 1 (the n-th partial 

sum of the Grandi‘s series gives the color at 1

2
1

k

n

k

  days). It should be noted here that 

Gottfried Leibnitz (1646-1716) evaluated the sum of the Grandi‘s series as the average 

of 0 and 1. Though it is highly unlikely that Gilbert thought this way, his answer shows 

some signs towards considering the process of halving the remaining time in its totality.  

Discussion and conclusion 

Paradoxes of infinity have puzzled people for centuries, so it is not surprising that 

our students exhibited some confusion and presented arguments that lacked internal 

consistency. Also, most of the students struggled to coordinate the two attributes, the 

number of half time intervals and the duration of each half time interval. It is evident that 

only 15 students (39%) claimed that the colour of the alien at midnight was impossible to 

determine, presumably accepting the ‗normative‘ resolution. However, the reasoning 

behind this suggestion often relied on arguments suggesting that midnight cannot be 

reached. Thomson devised Thomson‘s Lamp problem to show the logical impossibility of 

super-tasks. But for these students, this super-task is impossible because midnight 

cannot be reached.  

The particular paradox discussed in this article relies on the idea of halving the 

time interval infinitely many times. Can something be halved indefinitely? Stavy and 

Tirosh (1999) explored this issue with learners in their study of intuitive rules. In fact, the 

answer depends on the interpretation of the question. If a line segment is divided in half, 

then the process can continue indefinitely, as a segment is an abstract mathematical 

object. If a piece of copper wire is divided, then the process must end when reaching an 

indivisible unit. However, what about time intervals? The added difficulty of the super-

tasks that students discussed was that they were presented in a context, but were to be 

considered platonically, that is, disregarding the context of time. This kind of de-

contextualization turned out to be very difficult for students. We wondered whether the 

fictitious context of an alien would provide a more accessible avenue to consider super-
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tasks than a ‗realistic‘ context of switching a lamp unrealistically fast, but our data in this 

study seem to be inconclusive in this regard. 

In the super-tasks investigated in this article, Thomson‘s Lamp paradox and 

Green Alien, to answer the question of the status of the lamp or the colour of Green 

Alien at the end of the given time period it is enough to consider what happens in the 

time interval [2 ,2]  for any 0 2.   It seems that the totality stage – which is a 

novel addition to the APOS theory (Dubinsky et al., 2013) – is sufficient for this, and that 

encapsulation is not essential as there is no object that results from an encapsulation of 

switching the light on and off in the Thomson‘s Lamp paradox, or changing colours in the 

Green Alien. But encapsulation of halving process of the remaining time is required for 

the realization that the super task can be completed in the given time interval.  

The formal aspects of infinity are counterintuitive. As such, it is not surprising that 

participants used various avenues of reducing the level of abstraction presented in the 

tasks. This included consideration of particular numbers, particular properties of 

numbers, familiar experience and attempts to contextualize the perceived paradoxical 

situation in a familiar environment.  

One may suggest that it is ―unfair‖ to have students struggle with paradoxes 

without letting them into the history and the rationale of their development. Our response 

is that the paradoxes were presented to students for elaboration and discussion, rather 

than for assessment, and such discussions have an important pedagogical value. In 

additional to our research goals, our main goal as educators was to expose students to 

super-tasks as an avenue for discussion and introduction of the aspects of mathematical 

thinking that they were not familiar with previously. As Sierpinska (1987) noted, ―to 

master the art of rational discussion, of reasonable argumentation, of conducting fruitful 

debates is something useful not only to future mathematician but also, and perhaps even 

more, to future humanists, be it politicians, economists, historians, philosophers or novel 

writers‖ (p. 396). The cognitive conflict and the resulting tension a learner experiences in 

thinking of the Thomson‘s Lamp or the Green Alien problems can be a powerful 

motivator to unravel the notion of ‗infinitely small‘ and understand its formal aspects. 

Coupled with the Grandi‘s series it can provide a rich task for liberal arts students to 
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explore, to struggle with, and to experience fascination with ideas and the formal aspects 

of infinity.  
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Chapter 3.  
 
On Painter’s Paradox: Contextual and Mathematical 
Approaches to Infinity 

This paper was written with Rina Zazkis. I am the first author.  

Abstract 

In mathematics education research paradoxes of infinity have been used in the 

investigation of students’ conceptions of infinity. We analyze one such paradox – the 

Painter’s Paradox – and examine the struggles of a group of Calculus students in an 

attempt to resolve it.  The Painter’s Paradox is based on the fact that Gabriel’s horn has 

infinite surface area and finite volume and the paradox emerges when finite contextual 

interpretations of area and volume are attributed to the intangible object of Gabriel’s 

horn. Mathematically, this paradox is a result of generalized area and volume concepts 

using integral calculus, as the Gabriel’s horn has a convergent series associated with 

volume and a divergent series associated with surface area. This study shows that 

contextual considerations hinder students’ ability to resolve the paradox mathematically. 

We suggest that the conventional approach to introducing area and volume concepts in 

Calculus presents a didactical obstacle. A possible alternative is considered.  

Introduction 

The study of paradoxes of infinity played an important role in investigating 

students‘ conception of infinity (e.g. Mamolo & Zazkis (2008), Núñez (1994b)). We 

extend this research by attending to a particular paradox, the Painter‘s Paradox, which 

was not yet examined in mathematics education research.   
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We start by introducing a peculiar object, Gabriel‘s horn. The dimensions of this 

object, which are in the heart of the above mentioned paradox, were first studied by 

Torricelli. To situate the paradox historically, we provide a brief overview of the 

development of the notion of infinity in mathematics and the debate around Torricelli‘s 

discovery.  To situate the study of the paradox in mathematics education literature, we 

provide a brief overview of paradoxes in mathematics and in mathematics education 

research. We then introduce the Painter‘s Paradox and follow up with the details of our 

study, in which a group of Calculus students were invited to consider the Painter‘s 

Paradox and address the perceived discrepancy.  

Gabriel and his horn 

Gabriel was an archangel, as the Bible tells us, who ―used a horn to announce 

news that was sometimes heartening (e.g., the birth of Christ in Luke l) and sometimes 

fatalistic (e.g., Armageddon in Revelation 8-11)‖ (Fleron, 1991, p.1). The surface of 

revolution formed by rotating the curve x
y 1  for 1x  about the x-axis is known as the 

Gabriel‘s horn (Stewart, 2011). This surface and the resulting solid were discovered and 

studied by Evangelista Torricelli (1608-1647) in 1641. It is unclear why this particular 

surface came to be known as Gabriel‘s horn.  However, if we attend to what the Bible 

says about Gabriel and his horn, then we have to ask whether the discovery of this 

surface by Torricelli was good news or bad news for mathematics. The answer depends 

on the time period in which this question is asked and the views of infinity in that time 

period.  

At the time of the discovery of Gabriel‘s horn in the 17th century the term infinity 

referred to unending processes.  The Greek mathematicians of antiquity, up to the time 

of Aristotle, used the term apeiron to refer to such processes as [endless] counting, 

successively halving a linear segment (as in Zeno‘s paradoxes), and evaluating an area 

by exhaustion. In the 4th century BCE Aristotle explained the idea of infinity as an 

[endless] process (Kim, Ferrini-Mundy, & Sfard, 2012). He introduced the dichotomy of 

potential infinity and actual infinity as a means of dealing with paradoxes of the infinite 

such as Zeno‘s paradoxes, that he believed could be resolved by refuting the existence 

of actual infinity. One can think of potential infinity as an endless process, which at every 
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instant of time within a certain time interval is finite. Actual infinity describes a complete 

entity that encompasses what was potential. Aristotle‘s potential/actual dichotomy 

dominated and influenced conceptions of infinity for centuries. Kant (1724–1804), for 

example, believed that we are finite beings in an infinite world. Therefore we cannot 

conceive the whole but only the partial and finite. Even more contemporary thinkers such 

as Poincaré (1854–1912) held largely Aristotelian views (Dubinsky, Weller, McDonald & 

Brown, 2005). Then in 1851 Bolzano's work The Paradoxes of Infinity was a serious 

attempt to introduce infinity into mathematics as an object of study. However, only 

following Cantor‘s theory of infinite sets (1874) actual infinity was established as a 

mathematical object of study (Luis, Moreno & Waldegg, 1991). But Netz and Noel (2011) 

point out that Archimedes used the notion of actual infinity in his mathematics. But the 

Greeks made a conscious decision to avoid using actual infinity.  

Torricelli’s infinitely long solid 

In 1641 Evangelista Torricelli showed that a certain solid of infinite length, now 

known as the Gabriel‘s horn, which he called the acute hyperbolic solid, has a finite 

volume. In De solido hyperbolico acuto he defined an acute hyperbolic solid as the solid 

generated when a hyperbola is rotated around an asymptote and stated the following 

theorem: 

THEOREM:  An acute hyperbolic solid, infinitely long [infinite longum], cut by a 

plane [perpendicular] to the axis, together with a cylinder of the same base, is equal to 

that right cylinder of which the base is the latus transversum of the hyperbola (that is, the 

diameter of the hyperbola), and of which the altitude is equal to the radius of the base of 

this acute body (Mancosu & Vailati, 1991, p. 54). 

He proved this theorem using curved indivisibles. 
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Figure 3-1: A cylindrical indivisible of Gabriel's horn at point P and the cylinder 
Torricelli constructed 

If one rotates a branch of the rectangular hyperbola x
y 1  around an asymptote, 

an infinitely long solid is generated as shown in the above figure. This infinitely long solid 

is made up of cylindrical indivisibles, the lateral surfaces like PQSR. The cylinder OADC 

is made up of circular indivisibles, the cross sections whose radius is AE. The surface 

PQSR has area  22
1

2  OP
OP

OPPQ and it is equal to the area of the 

cross section PN of the cylinder OADC. The arbitrarily chosen point P determines an 

indivisible in the infinitely long solid and an associated indivisible in the cylinder OADC. 

Since the indivisibles in the two figures, the infinitely long solid and the cylinder OADC, 

are equal, by the fundamental principle of the theory of indivisibles, the volumes of the 

two figures are equal. So the volume of this infinitely long solid is OA2 (Carroll, 

Dougherty, & Perkins, 2013; Mancosu & Vailati, 1991). Mancosu and Vailati (1991) note 

that Torricelli took for granted the equality of the indivisibles when OP  , that is, when 

the lateral surface degenerates into a straight line.  
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Mancosu and Vailati (1991) point out that the above theorem brings out the 

infinitistic nature of Torricelli‘s result. The notion of actually infinite length is present in 

the statement of the theorem. The theorem is about the proportion between an infinitely 

long solid and a finite cylinder. The proof makes sense if the hyperboloid solid is given 

as infinitely long in actu as the volume of a fixed determinate infinitely long solid with that 

of a finite cylinder is compared.  Also, the volume of the hyperbolic solid is not 

considered as the limit of a succession of volumes converging to that of the cylinder. 

―The most striking feature of Torricelli's result, then, is that the acute hyperbolic solid, 

although finite in volume, is not merely potentially but actually infinite in length‖ (p. 57).  

Torricelli‘s infinitely long solid gave rise to epistemological and ontological issues 

at the time of its discovery. It provided non-trivial knowledge about infinity. Also, as 

Torricelli himself put it "if one proposes to consider a solid, or a plane figure, infinitely 

extended, everybody immediately thinks that such a figure must be of infinite size" (Ibid., 

p. 58). Torricelli found his result paradoxical. He was not alone. His contemporaries too 

found the result paradoxical. It was so paradoxical and counterintuitive that ―even eighty 

years later Bernard de Fontenelle [1657-1757] commented, ‗One apparently expected, 

and should have expected, to find [Torricelli's solid] infinite‘ in volume‖ (Ibid., p. 50).  

Torricelli‘s infinitely long solid was a topic in the 17th century debate between the 

philosopher Thomas Hobbes (1588-1679) and the mathematician John Wallis (1616-

1703) on the role of intuition and visual thinking in mathematics. Hobbes insisted that we 

have ideas only of what we sense and of what we can construct out of ideas we sense. 

The ideas we sense directly from experience are of finite things. Therefore we cannot 

construct the idea of an infinite thing. He claimed that anything we conceive must be of 

finite magnitude, and so when mathematicians say infinite what they usually mean, or 

ought to mean is indefinite, that is, as great or small as we please. Hobbes believed that 

the volume of an infinitely long solid must exceed the volume of any finite solid. But, for 

Wallis, Torricelli‘s infinitely long solid did not create an issue as long as it was 

considered as a mathematical object. He shared Leibniz‘ opinion that it was just as 

spectacular as, for instance, the fact that the infinite series ...
32
1

16
1

8
1

4
1

2
1    is 

equal to 1 (Bråting, 2012; Mancosu & Vailati, 1991). 
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Pierre Gassendi (1592 –1655), a philosopher and mathematician, like Hobbes 

and other empiricists, viewed mathematics as dealing with quantity abstracted from 

matter and that mathematical concepts are obtained from sensation through a process 

of abstraction. But he maintained a clear separation between mathematics and physics. 

Though physicists are constrained by the material nature of the universe, 

mathematicians, especially geometricians, free themselves through this process of 

abstraction from the ―crassness, obstinancy and impediment of matter‖ (Gassendi, as 

quoted in Mancosu & Vailati, 1991, p. 61) and create a world in which, in contrast to the 

real one, there are no indivisible atoms but lines infinitely divisible into other lines, 

surfaces into other surfaces, and volumes into other volumes. 

And these are the suppositions from which Mathematicians, within the gates of 

pure and abstract Geometry and almost constituting a kingdom of their own, weave 

those famous demonstrations, some so extraordinary that they even exceed credibility 

[fidem], like what the famous Cavalieri and Torricelli showed [ostenderunt] of a certain 

acute solid infinitely long which nevertheless is equal to a parallelepiped or to a finite 

cylinder. (Ibid.) 

Gassendi concluded that the paradoxical nature of Torricelli‘s result points to the 

independence of geometry from physics, as Aristotle had long ago ascertained, and to 

its structural coherence and beauty. But Mancosu and Vailati (1991) point out that 

Gassendi‘s treatment of Torricelli‘s result is not satisfactory because of his silence about 

its bold infinitistic nature. They note that Gassendi, like other empiricists in the 

seventeenth century, maintained that when we say that something is infinite we ought to 

mean that we are unable to conceive its limits, and therefore one would expect him to 

make a finitistic reading of Torricelli‘s result.  

Isaac Barrow (1630–1677), a contemporary mathematician of Torricelli, 

discussed Torricelli‘s result in a lecture delivered in 1666 on the topic of proportion. This 

was in connection with the Aristotelian dictum that there is no proportion between the 

finite and the infinite. He explained that this dictum had been refuted only ―in part‖ and 

that ―there is no proportion between a finite magnitude or quantity and an infinite quantity 

or magnitude of the same genus‖ (Barrow, as quoted in Mancosu & Vailati, 1991, p. 65). 
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Barrow opined that the reality of geometrical entities is grounded in material existence. 

This view is compatible with the mathematical existence of Torricelli‘s solid only if it can 

actually be instantiated in a piece of matter. Barrow believed that space is infinite but the 

amount of matter in the universe is finite. This view leads to a possibility of building 

Torricelli‘s solid with a finite amount of matter in the infinite space, but it strained 

Barrow's view of geometrical reality to the point of rupture.  

Torricelli‘s solid raised the issue of the ontological status of geometrical entities 

and stretched some of the basic intuitive geometrical notions. As he himself pointed out,  

―in school tracts of geometry one finds figures limited in every side, and among all the 

solids of which ancient and modern authors have determined the measures with much 

effort, none, as far as I know, has an infinite extension‖ (Torricelli, as quoted in Mancosu 

& Vailati, 1991, p. 59). But Mancosu and Vailati (1991) acknowledged that Torricelli‘s 

solid is consistent with the definition of a solid given in Euclid; a solid is that which has 

length, breadth and depth; ―but it was apparently at odds with the intuitive universe of 

geometrical entities constituting the background of the early seventeenth-century 

geometer‖ (p. 59).  

Paradoxes in mathematics  

―A paradox has been described as a truth standing on its head to attract 

attention. Undoubtedly, paradoxes captivate. They also cajole, provoke, amuse, 

exasperate, and seduce. More importantly, they arouse curiosity, stimulate, and 

motivate‖ (Kleiner and Movshovitz-Hadar, 1994, p.1). A paradox, in its use, is a 

statement that contradicts commonly held notions.  

Paradoxes in mathematics have a long history. Zeno‘s paradoxes seem to be 

earliest in the recorded history and they appeared in the 5th century BCE.  Zeno of Elea 

(ca. 490 BCE – ca. 430 BCE) devised arguments, known as Zeno‘s paradoxes, 

apparently to defend the doctrine of his teacher Parmenides that there is only one, not 

many, in the way of truth and that motion and change are impossible. The most famous 

of Zeno‘s paradoxes, Achilles and the Tortoise, ―says that the slowest moving object 

cannot be overtaken by the fastest since the pursuer must first arrive at the point from 
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which the pursued started so that necessarily the slower one is always ahead‖ (Kline, 

1972, p. 36). Quine (1976) noted that ―more than once in history the discovery of a 

paradox has been the occasion for major reconstruction at the foundations of thought‖ 

(p. 3), and this was certainly the case with Zeno‘s paradoxes. As mentioned earlier, in 

the 4th century BCE Aristotle introduced the dichotomy of potential infinity and actual 

infinity as a means of dealing with paradoxes of the infinite, such as Zeno‘s paradoxes. 

Another example is Russell‘s paradox, discovered in 1901, that arises if { / }R x x x   

is considered as a set as it leads to R R R R   . Russell‘s paradox shook the 

foundations of mathematics and created a crisis, and led to axiomatic development of 

set theory.  

Torricelli‘s infinitely long solid, a paradox according to all accounts of the views of 

it held in the seventeenth century, brought to light the inadequacy of the empiricist notion 

of infinity for seventeenth-century mathematical developments. Later in the century John 

Locke admitted that inadequacy in a long discussion of the empiricist view of infinity 

(Mancosu & Vailati, 1991).  

Paradoxes in mathematics education research 

In mathematics education research paradoxes have been used as a lens on 

student learning. Movshovitz-Hadar and Hadass (1990; 1991) investigated the role 

mathematical paradoxes can play in the pre-service education of high school 

mathematics teachers. They concluded that 

 ―A paradox puts the learner in an intellectually unbearable situation. The impulse 

to resolve the paradox is a powerful motivator for change of knowledge frameworks. For 

instance, a student who possesses a procedural understanding may experience a 

transition to the stage of relational understanding‖ (Movshovitz-Hadar and Hadass, 

1991, p. 88).  

Núñez (1994b) used Zeno‘s paradox, the Dichotomy, in a progressive manner to 

investigate how the idea of infinity in the small emerges in the minds of students aged 8, 

10, 12, and 14. He concluded that before the age of 12 there is a profound and striking 
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ontological difference between infinity in the large and infinity in the small. For example, 

though 8 year-olds can conceive of the notion of endless in their consensual world they 

cannot see the distinction ―infinity in the small‖. Mamolo and Zazkis (2008) used the 

Hilbert‘s Grand Hotel paradox and the Ping-Pong Ball Conundrum to explore the naive 

and emerging conceptions of infinity of two groups of university students with different 

mathematical backgrounds; undergraduate students in Liberal Arts Programs and 

graduate students in a Mathematics Education Master‘s Program. They found that the 

liberal arts students were more likely to find the idea of a bounded infinite set, such as 

infinitely many time intervals within a finite time interval, problematic. They noted that 

this difficulty exemplifies the resistance towards actual infinity and it may also be 

attributed to specific challenges regarding the ―infinitely small‖ in comparison to infinitely 

large.    

Painter’s Paradox 

Robert (2005) says that the paradox of Gabriel's horn is a favourite topic of many 

Calculus teachers. The paradox of Gabriel's horn, to which he refers, is not Torricelli‘s 

infinitely long solid that aroused astonishment and created disbelief among 

mathematicians and philosophers alike in the seventeenth century. It is the Painter‘s 

Paradox given below: 

The inner surface of the Gabriel’s horn is infinite; therefore an infinite amount of 

paint is needed to paint the inner surface. But the volume of the horn is finite ( ), so the 

inner surface can be painted by pouring a    amount of paint into the horn and then 

emptying it. 

In Calculus textbooks Gabriel's horn having infinite surface area and finite 

volume is not discussed as paradoxical. For example Single variable calculus: Early 

transcendentals by Stewart (2011) talks about Zeno‘s paradoxes, but surface area and 

volume calculations of Gabriel‘s horn are given as exercises without any comment.  

However, in the textbook Calculus – A Complete Course by Adams and Essex 

(2010), the above Painter‘s Paradox is mentioned in a slightly different way in the 

section Volumes by Slicing – Solids of Revolution. An example elaborates on how to 
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―Find the volume of the infinitely long horn that is generated by rotating the region 

bounded by x
y 1

 
and 0y  and lying to the right of 1x  about the x-axis‖ (p. 393). 

After showing that the volume of the horn is   cubic units, it is noted:  

It is interesting to note that this finite volume arises from rotating a region that 

itself has an infinite area: 



1

/ xdx . We have a paradox: it takes an infinite amount of 

paint to paint the region but only a finite amount to fill the horn obtained by rotating the 

region. (How can you resolve this paradox?) (p. 393) 

While the paradox is mentioned, the resolution is not elaborated upon. Using the 

disk method the volume of the Gabriel‘s horn can be calculated by 


1

21 )( dx
x
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is the cross sectional area of the horn perpendicular to the x-axis. This improper 

integral converges to  : 
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The volume of the Gabriel‘s horn can also be calculated using cylindrical shells 

too:  
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This is similar to Torricelli‘s method of finding the volume using indivisibles.  

The surface area of the horn is given by the improper integral: 
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Therefore the surface area is infinite.  

Is an infinite amount of paint needed to paint the inner surface of the Gabriel‘s 

horn? According to Stewart (2011), ―we want to define the area of a surface of revolution 

in such a way that it corresponds to our intuition. If the surface area is A, we can imagine 

that painting the surface would require the same amount of paint as does a flat region 

with area A‖ (p. 569). Painting a surface means applying a coat of paint on the surface. 

So the amount of paint needed refers to the volume of paint. To paint a flat surface of 

infinite surface area with a uniform thickness c one needs an infinite amount (volume) of 

paint as the amount needed to paint a finite area A is cA and 


cA
A
lim . So intuitively 

one can see that an infinite amount (volume) of paint is needed to paint the inner surface 

of the Gabriel‘s horn, as the surface area of the Gabriel‘s horn is infinite.  

Painter‘s Paradox highlights the paradoxical nature of Torricelli‘s infinitely long 

solid having finite volume and infinite surface area. Though Calculus textbooks do not 

discuss Gabriel‘s horn having infinite surface area and finite volume as paradoxical, 

some Calculus textbooks acknowledge this by mentioning the Painter‘s Paradox. 

The concepts of area and volume in Calculus 

How are the concepts of area and volume dealt with in Calculus textbooks? In 

Stewart‘s Single variable calculus: Early transcendentals (2011), which offers a 

conventional approach, the topic of area starts with an area problem: finding the area of 

the region that lies under the graph of )(xfy   from ax   to bx   where ba   and 

f is a nonnegative real valued continuous function. Without defining explicitly the 

concept of area, and assuming that this is part of the prior knowledge of the reader, the 

area of a rectangle is taken as the product of its length and width. Then the area of a 

region with straight edges can be found using rectangles. But the area of a region with 

curved sides has to be approximated by rectangles through a limit process. So the area 

problem is solved by defining the area of the region that lies under the graph of 

)(xfy   from ax   to bx   where ba   and f  is a nonnegative real valued 

continuous function as the limit of Riemann sums  
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i
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where bxxxa n  ...,,, 10 is a partition  of ],[ ba ,  

1 iii xxx  and 
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for ni ...,,2,1  are sample points for the partition. 

The limit is taken over all possible partitions and sample points. This limit is 

denoted by the definite integral 
b

a
dxxf )( .  

A similar approach is adopted for volume. For example, the textbook authors 

Adams and Essex (2010) indicate: ―we will not attempt to give a definition of volume but 

will rely on our intuition and experience with solid objects to provide enough insight for 

us to specify the volumes of certain simple solids‖ (p. 390). By taking the volume of a 

rectangular box with length l, width w, and height h as lwh, the volume of a bounded 

solid is first approximated by Riemann sums and then defined by a definite integral as 

the limit of Riemann sums. Similarly arc length and area of a surface of revolution are 

defined by definite integrals.  

Generalized area and volume 

In Calculus books the definite integral is generalized to include integration over 

infinite intervals and of unbounded integrands. These integrals are called improper 

integrals. One or two examples of calculating area under the graph of a function over an 

infinite interval, and of an unbounded function are done or discussed as motivation to 

introduce improper integrals. But the emphasis is on improper integrals, not on finding 

areas or volumes of unbounded regions. Commenting on the volume calculation of the 

Gabriel‘s horn in Calculus – a complete course by Adams (2002), Bråting (2012) notes 

that the textbook does not explain that this kind of volume calculation through an 
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improper integral generalizes the volume concept to an infinite object. He further 

comments that,  

[…] one problem of not mentioning that the volume concept has been 

generalized could be that students believe that we calculate a volume of an ―everyday 

object‖. Another problem could perhaps be that students think that it is possible to 

intuitively based on ―everyday objects‖ understand [sic] that the volume of the above 

horn [Gabriel‘s horn] is finite (p. 5).  

Even in Adams and Essex (2010), a later edition of the textbook, the 

generalization of the volume concept, or the area concept, through improper integrals is 

not explained. This seems to be the rule rather than the exception in Calculus textbooks. 

It is the same with Single variable calculus: Early transcendentals by Stewart (2011), the 

textbook used by the participants of this study.  

The limit of Riemann sums in the area problem, i

n

i

i
n

xxf 





)(lim

1

, looks like the 

sum of an infinite series, and some Calculus textbooks discuss sigma notation, including 

infinite summation


1n

na , just before the area problem is discussed. But in Calculus 

textbooks, even the ones that discuss sigma notation and 


1n

na , infinite series is 

discussed in a later section, after area and volume sections, including the sections that 

cover areas and volumes of unbounded regions, and with no apparent connection to 

area and volume calculations.  Such connection is introduced in the integral test, which 

links convergence of improper integrals of certain functions over infinite intervals with 

convergence of infinite series. In the integral test the proof is done using area 

calculations. In this test the convergence or divergence of the improper integral of a 

continuous, positive and decreasing function f over the interval ),[ N , where N is a 

positive integer, is tied with the convergence or divergence of the infinite series 
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even when the improper integral diverges. The integral test can be stated as: 


N
dxxf )(  

is convergent if and only if 


Nn

na is convergent.  

This is hardly surprising because in calculating the area by a definite integral, the 

underlying idea is the sum of infinite series in the guise of Riemann sums. In Gabriel‘s 

horn the surface area is associated with the divergent infinite series 


1

1

n

n and the volume 

is associated with the convergent infinite series


1

1
2

n
n

.  This contradicts the intuitive 

expectation that for a horn generated by rotating a curve around the x-axis has either 

infinite surface area and infinite volume or has finite surface area and finite volume. The 

following two examples are consistent with such an expectation.  

Example 1. The horn generated by rotating the curve
2

1

1

x

y   for 1x  around the 

x-axis has infinite surface area and infinite volume. The volume is given by 
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Example 2. The horn generated by rotating the curve 2

1

x
y   for 1x  around the 

x-axis has finite surface area and finite volume. The volume is given by 
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and the surface area is given by  
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Computing the area or volume of an unbounded region by improper integrals is a 

generalization of the attributes of area and volume. These unbounded regions, like the 

Gabriel‘s horn, are actually infinite in length. Gabriel‘s horn, as Torricelli himself pointed 

out, is an extension of our idea of a solid that has finite dimensions. In generalizing area 

and volume concepts to these extended solids through improper integrals the notion of 

an infinite sum or sum of an infinite series is used indirectly and it is almost hidden. But it 

is apparent in the integral test.  

Historically, the notion of an infinite sum or sum of an infinite series took a long 

time to develop and there were many epistemological obstacles that had to be 

overcome. For example Grandi‘s series, 1 – 1 + 1 – 1 + … , provoked controversy 

among the leading mathematicians in the eighteenth century. This series is divergent 

according to the modern definition of convergence of a series, but Leibnitz argued that 

since in the sequence of partial sums is 1, 0, 1, 0, … the values 0 and 1 are equally 

probable and therefore their arithmetic mean ½ is the most probable value for the sum. 

This was accepted by James Bernoulli, John Bernoulli, Daniel Bernoulli, Lagrange and 

Poisson. Even Euler argued that the sum should be ½ but he used power series in his 

argument (Kline, 1972; Bagni, 2005).  

Painter’s Paradox, generalised attributes and infinite series 

 In summary, the Painter‘s Paradox is based on the fact that Gabriel‘s horn has 

infinite surface area and finite volume. The paradox emerges when we attribute finite 

contextual interpretations of area and volume to an intangible object of Gabriel‘s horn. 

This is what underlies the Painter‘s Paradox.  Mathematically, this paradox is a result of 

generalized area and volume concepts using integral calculus, as the Gabriel‘s horn has 

a convergent series associated with volume and a divergent series associated with 

surface area. Linking the volume and the area of Gabriel‘s horn to infinite series may 

settle the paradox, or at least connect the perceived paradox to the counterintuitive fact 

that some infinite increasing series are converging, while others are diverging.  
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The study 

We begin this section by introducing the participants and providing a very brief 

summary of some of their skills acquired in the Calculus course and relevant to our 

study. We then introduce theoretical considerations that guided our analysis and present 

our research questions. The subsequent data analysis is structured according to the 

themes identified in the data.  

Participants and the setting 

Participants in our study were 12 undergraduate students enrolled in a Calculus 

course. They used to frequently visit the Calculus workshop in which the first author 

worked as a teaching assistant. This role included helping students with their 

assignments and addressing their course related questions. At the time of the study the 

participants were familiar with integral calculus techniques in calculating volumes and 

surface areas of surfaces of revolution. They were using the textbook Single variable 

calculus: Early transcendentals by Stewart (2011). They could set up an integral and 

calculate the area bounded by the curves y = f(x), y = g(x), and the lines x = a, x = b 

where f and g are continuous functions and )()( xgxf  on ].,[ ba  Also they could set up 

an integral and calculate the volume (by disc or cylindrical shell methods) or surface 

area of the solid generated when this region is rotated around the x axis. They also 

could calculate volume or surface area of unbound regions, like Gabriel‘s horn.  

The participants were presented the Painter‘s Paradox with detailed 

mathematical justifications of computing the volume and surface area of the Gabriel‘s 

horn and showing that its volume is finite while the surface area is infinite. The volume 

calculation using only the disc method was given, as this method seemed to be simpler 

than the cylindrical shell method. The participants were asked to respond in writing 

explaining the perceived paradox. The Task is presented in Figure 3-2. 
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Figure 3-2: Gabriel's Horn Task 

Shortly after completing the Task the participants were interviewed by the first 

author. The interviews aimed at probing the participants‘ written responses and seeking 

additional articulation of their explanations.  The interviews were audio recorded and 

transcribed. 
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Theoretical considerations 

We rely on several theoretical frameworks in our data analysis – epistemological 

obstacles by Brousseau (1983), platonic and contextual distinction by Chernoff (2011), 

and reducing abstraction by Hazzan (2008).  

Epistemological obstacles 

Brousseau‘s theoretical construct of epistemological obstacles is based on the 

assumption that knowledge is an optimal solution in a system of constraints. In his view, 

knowledge is a solution to a problem independent of the solver. He characterized 

epistemological obstacles as ―those [obstacles] that cannot and should not be avoided, 

precisely because of their constitutive role in the knowledge aimed at. One can 

recognize them in the history of the concepts themselves‖ (Brousseau, as quoted in 

Radford, Boero, & Vasco, 2000, p. 163). Brousseau (1983) classified sources behind 

students‘ recurrent and non-aleatorical mistakes in learning mathematics as follows: 

(1) an ontogenetic source (related to the students' own cognitive capacities, 

according to their development); 

(2) a didactic source (related to the teaching choices); 

(3) an epistemological source (related to the knowledge itself). 

So, epistemological obstacles arise from the third source. Brousseau suggests 

that they can be detected through a confrontation of the history of mathematics and 

today‘s students‘ learning mistakes. Combining history and psychogenesis Sfard (1995) 

noted:  

Indeed, there are good reasons to expect that, when scrutinized, the phylogeny 

and ontogeny of mathematics will reveal more than marginal similarities. At least, this is 

what follows from the constructivist view according to which learning consists in the 

reconstruction of knowledge. (p. 15)  



  

55 

We consider the area-volume relationship of the Gabriel‘s horn as an 

epistemological obstacle, as it created a considerable debate among mathematicians at 

the time.   

Contextualization 

We also rely on the theoretical constructs introduced by Chernoff (2011) in 

distinguishing between platonic and contextualized situations or objects. Chernoff 

distinguished between platonic and contextualized sequences in the relative likelihood 

tasks in probability. A platonic sequence is characterized by its idealism. ―For example, a 

sequence of coin flips derived from an ideal experiment (where an infinitely thin coin, 

which has the same probability of success as failure, is tossed repeatedly in perfect, 

independent, identical trials) would represent a platonic sequence‖ (p. 4). But, a 

contextualized sequence is characterized by its pragmatism. For example, ―the 

sequence of six numbers obtained when buying a (North American) lottery ticket (e.g., 4, 

8, 15, 16, 23, 42)‖ (p. 4) would represent a contextualized sequence. 

Gabriel‘s horn is a mathematical object. It is formed by rotating a breathless and 

infinitely long curve. But Painter‘s Paradox is presented in a ‗realistic‘ context and its 

resolution requires de-contextualization from the physical reality, which is assuming that 

the paint can reach every part of the Gabriel‘s horn and time is not a factor.  

Reducing abstraction 

Hazzan (1999) introduced a framework of reducing abstraction, initially 

considering students‘ work in an abstract algebra course. The main tenet of this 

framework is that when individuals engage in novel problem solving situations, their 

attempts to make sense of unfamiliar and abstract concepts can be described through 

different means of reducing the level of abstraction of those concepts. That is, reducing 

the level of abstraction is a mental activity of coping with abstraction. In an attempt to 

deal with a situation, students may approach a task on the lower level of abstraction than 

the level expected by the teacher or the task itself. Hazzan‘s descriptive framework 

utilizes different concepts of abstraction and elaborates on three ways: 
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(1) Abstraction level as the quality of the relationships between the object of 

thought and the thinking person.   

(2) Abstraction level as reflection of the process–object duality 

(3) Abstraction level as the degree of complexity of the mathematical concept.  

Here we focus mainly on interpretation (1), which acknowledges that different 

people may approach mathematical objects on different level of abstraction. This is 

consistent with Hershkowitz, Schwarz and Dreyfus (2001) perspective that emphasises 

the learner‘s role in the abstraction processes. They claim that ―abstraction depends on 

the personal history of the solver‖ (p. 197). The tendency to interpret unfamiliar within 

familiar terms and experiences, which are more concrete to an individual, is consistent 

with this interpretation. Further, Mamolo and Zazkis (2014) considered contextualization 

as a possible way of reducing the level of abstraction by shifting from an unfamiliar (or 

less familiar) to a familiar situation.   

As mentioned above, the paradox is presented in a ‗realistic‘ context, but de-

contextualization of a paradox from the physical reality is essential for its resolution. 

However, in analysing the paradox students may attend to it in different levels of 

abstraction. Relying on a familiar context and bringing into consideration contextual 

elements reduces the level of abstraction in considering the task.  

Research questions 

Using the theoretical considerations presented above, our study looks at 

students‘ attempts at resolving the Painter‘s Paradox. Painter‘s Paradox is different from 

other paradoxes of infinity used in mathematics education research to explore 

conceptions of infinity as it does not involve infinite subdivision of space or time. This 

paradox involves a solid, which is not bounded from every side and has finite volume. 

Our study explores the specific challenges faced by students in resolving the Painter‘s 

Paradox. We address the following interrelated research questions: 
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 How do undergraduate calculus students attempt to resolve the Painter‘s 

Paradox? In particular, how do they deal with a solid, which is infinite in 

length/surface area but has a finite volume?  

 What challenges do they face? What mathematical and what contextual 

considerations do students rely on in dealing with the challenges? 

Data analysis  

We examined all students‘ written responses to the task as well as their further 

explanations, elaborations or clarifications in the interviews. After a preliminary analysis 

of data several interwoven themes were identified; their frequency of occurrence is 

presented in Table 1. Note that more than one theme was present is some of the 

responses.  

Table 2: Themes in students' responses 

 

 

 

 

 

We now present further analysis of the data according to the above themes. 

Epistemological obstacles 

In identifying the theme of epistemological obstacles, we looked for any firmly 

held notions that indicate that the infinitely long Gabriel‘s horn should have infinite 

volume. Half of the students had trouble dealing with Gabriel‘s horn having a finite 

Theme Subthemes Number of 
Responses 

Epistemological obstacles  6 

Inadequacy of 
mathematics 

 

Calculus will be developed further 1  

   3 Paradoxes are part of mathematics 2 

 

Contextualization 

Horn cannot be filled in a finite time 3  

8 Paint will get stuck 4 

Cannot paint as the horn cannot be seen  1 
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volume. Like the seventeenth century mathematicians and philosophers they reacted in 

disbelief. For example, Sean wrote:  

 “if it is infinitely long it’s going to have infinite volume. So I don’t know how we 

are getting a finite volume”.  

Bruce acknowledged the counterintuitive nature of the result: 

 “It goes against something that really is intuitive. Like in our minds we all know 

that if something has a finite volume usually it has a finite surface area”.  

This tendency to extrapolate from real life experiences of finiteness to an 

unbounded Gabriel‘s horn seemed overwhelming in spite of their experience and 

familiarity with convergent improper integrals. For example, one of the results the 

students were familiar with is that dxpx


1

1  is convergent for p>1, where dxpx


1

1  is the 

area under the curve 
px

y
1

 for 1x . However, participants did not rely on this 

knowledge in discussing the paradox. 

Kevin‘s resistance to accepting Gabriel‘s horn having finite volume is captured in 

the following interview excerpt: 

Interviewer:  What is paradoxical about this horn?  

Kevin:  Paradox is about the that integral 1/x ur geometrical shape of 1/x ur at 

infinity ah infinite area either, either cross sectional area or surface area of revolution but 

finite volume. 

Interviewer:  Why is it paradoxical? 

Kevin:  Because we can‘t imagine this geometrical figure it does not make sense 

to us, when I try to integrate this 1/x up to very large numbers I get, I got larger, larger 

area cross sectional area of the shape but I always get this finite volume so.., and 

humans cannot apprehend this idea. 
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Interviewer:  Can you tell me more why humans cannot apprehend this?  

Kevin:  Because …, we have I personally have this idea of relation between cross 

sectional area of a shape and its volume and in my understanding if I add some more 

and more area I should also add some volume.., and I can not imagine this situation 

where I keep adding this area and this area gets very very large but my volume stays the 

same. 

Kevin seems to think that if you keep adding to something it has to get very large. 

He also has difficulty in seeing that a positive increasing infinite series can converge.  

These students‘ reactions are in fact predictable, especially when we turn to Sfard‘s 

(1995) observation:   

[…] natural resistance to upheavals in tacit epistemological and ontological 

assumptions, which so often obstructed the historical growth of mathematics, can hardly 

be prevented from appearing in the classroom. (p.17)  

We recognize in the ideas presented by Sean and Kevin a reducing of 

abstraction level by referring to a familiar and less complex situation. They refer to their 

experience with volume and area of finite objects, which present less complexity than 

infinitely long intangible object of Gabriel‘s horn. 

Inadequacy of mathematics 

Rather surprisingly, three participants treated this paradoxical situation as a 

consequence of the inadequacy of mathematics. Kevin expressed a belief that in a 

―more complicated‖ Calculus we will not have this paradox: 

I feel like this part of Calculus is not perfected yet. I mean, people always tend to 

think that their contemporary science is very good, but then new generations of 

scientists prove them wrong. You know that math is just a language created by humans 

to describe certain aspects of life. And human brain is not perfect, so there is no reason 

why math must work perfectly in every possible situation. I believe that in the future 
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someone can come up with a new more complicated Calculus, that will not have such 

paradoxes in it. Maybe it won't even be based on numbers like our math is. 

Unlike Kevin, Bryan is not seeking a different Calculus, but rather refers to a 

similar situation within mathematics. Bryan‘s response seems to suggest that the 

paradox is in the mathematics itself, as a similar paradoxical situation exists in infinite 

series. Bryan wrote that ―the paradoxical situation is correct as defined by the solutions‖ 

and that it reminded him of the paradoxical situation that arises in the summation of an 

infinite geometric series:  

“a geometrically infinite series never ends in the amount of terms in the series, 

however, the sum of all of all these terms is a finite number”.  

His ideas resonate with Wallis‘s, who shared Leibniz‘ opinion, as mentioned 

earlier, that Torricelli‘s solid having a finite volume was as surprising as the infinite series 

...
32
1

16
1

8
1

4
1

2
1    being equal to 1.  

As stated above, one way of reducing abstraction is by changing the quality of 

the relationships between the object of thought and the thinking person through 

connecting the unfamiliar to the familiar. Here Kevin refers to the familiar notion that 

mathematics is an evolving and growing body of knowledge and, implicitly 

acknowledging that some problems in mathematics waited for centuries for their 

solutions, he leaves the resolution of the paradox to scientists of future generations. 

However, for Bryan, a familiar connection refers back to previously experienced 

seemingly paradoxical situations.   

Contextualization 

The paradox itself is presented in a contextual setting of painting the horn. 

However, several responses indicate further contextualization of the paradox, that is, 

adding contextual considerations that are not present in the description of the paradox.  

 Three students suggested that the horn cannot be filled in a finite time. David 

wrote and further reiterated that “you can never fill the horn with paint since the horn is 
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 long. Time must be a factor”.  The time factor is an additional contextualization to 

demonstrate that the set task is impossible to carry out in reality.  

Alysa suggested that the horn cannot be painted “because paint molecules will 

get stuck in the horn”. And while Alysa referred to molecules in her explanation, Peter 

mentioned ―atomic level‖. For Peter, the horn cannot be painted because at the atomic 

level you cannot see the surface: 

 that surface.., when it goes to that atomic level…, the size of that atom of 

Hydrogen that surface is going to be invisible.., you can’t see it anymore.., we can’t see 

it.., how can you paint something you can’t see? I can only paint something that we are 

used to seeing color yellow blue so they have to have some kind of size when it goes 

smaller than the size of some microscopic.., we can’t see any more so we can’t see it.., 

we can’t paint it! 

Peter‘s response shows a very strong form of contextualization – atoms are 

invisible, one cannot paint what he can‘t see – and highlights the difficulty in 

decontextualizing the Painter‘s Paradox.   

Bryan attempted to explain paradoxical finite volume - infinite surface area 

situation by connecting it to tangible and familiar Silly Putty he used to play with. ―What I 

most often do is roll the Silly Putty into a long cylindrical roll of Silly Putty and continue to 

do so until I had a very thin roll of Silly Putty‖ he wrote. He explained how a finite volume 

can have an infinite surface area: ―using a finite amount of Silly Putty, we could 

theoretically roll the silly putty to an infinitely thin thickness, and length [infinite surface 

area] […] Therefore, a finite amount of material can have an infinite surface area.‖ 

By referring to a familiar toy with unusual physical properties Bryan seemed to 

have unraveled the paradox. However, in the interview conducted immediately after the 

written task he doubted the idea that the horn could be painted with a finite amount of 

paint. He acknowledged that the mathematics is correct.  But he added that it does not 

make sense: ―that is impossible! […] if you were to paint this room and it is growing 

infinitely large, you know you have only 3.14 litres of paint, it does not make sense‖. The 

bold headed ―that is impossible” was claimed in disbelief. Bryan seemed to be in an 
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intellectually unbearable situation, or in a cognitive conflict, in spite of his earlier 

observation that a finite amount of material can have an infinite surface area.  

We note that by adding unintended contextual features students reduce the level 

of abstraction in an attempt to explain the paradox: Students consider painting a horn 

not as a ―thought experiment‖ that relates to a mathematical object (unfamiliar) but as a 

realistic task to be competed in a finite time interval using a real paint (familiar). They 

refer to familiar experience (Silly Putty) and interpret the resulting calculation with 

familiar measurements (3.14 litres). Furthermore, in their attempts to deal with infinitely 

small quantities they refer to familiar, or at least previously explored, concepts, such as 

atoms and molecules.   

A possible resolution? 

While comparisons to ―familiar and very small‖ concepts, such as atoms and 

molecules‖  led Alysa and Peter to reject the idea that the horn can be painted,  Bruce‘s 

consideration  of ―infinitely small‖ hints at a possible resolution, which we consider in this 

section. 

After noting that Gabriel‘s horn having a finite volume and infinite surface area is 

counterintuitive (this was noted above as epistemological obstacle), Bruce added: ―If the 

math is right which we are told that it is then … because often times arrive at a paradox 

so from my experience like dealing with stuff from Physics I know … I am not too foreign 

to the idea of something being one thing and at the same time another thing.‖ In this 

claim Bruce acknowledges a possibility of a paradox in mathematics and a connection to 

a familiar situation in Physics related to a change in states of matter.  

At the end of his lengthy written response Bruce wrote about the connection 

between area and volume, and Riemann sums. He noted that the area and volume are 

defined using Riemann sums. To say that the volume is finite, he wrote, is to say that the 

[Riemann] sum converges. And to say that the surface area is infinite is to say that the 

[Riemann] sum diverges. His thinking is captured well in the following excerpt:  
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I think the reason we define 3D volume and surface area this way is because it 

makes intuitive sense. But not all Riemann sums are well behaved – some diverge and 

our intuition stops us from accepting so called paradoxes, like Gabriel’s Horn, as reality 

in the world of abstract mathematics. 

Bruce‘s written response is in accord with mathematical decontextualized 

resolution of the Painter‘s Paradox presented above.  During the interview, when asked 

to elaborate on his ideas, Bruce took a different approach. He suggested that there 

could be two kinds of paint, one that occupies volume and one that covers surface area. 

This was his apparent attempt to achieve an equilibrium focusing on the dimensional 

difference between the surface area and volume.  

Bruce then reduced the abstraction of the paradoxical finite-volume-infinite-

surface area situation by connecting it to something tangible:  

… some finite things can occupy infinite surface area, like let’s say I have a cube 

let’s say I squash with some kind of really strong plate, so that no matter how thick it is it 

can always become thinner then the surface area… Yeah, it would be finite volume but it 

would spread over an infinite surface area if you think of painting that way [...] what is 

thickness of an area it would have to be infinitely thin… 

We note that the level of abstraction in his description is reduced by referring to 

the process of making something ―thinner‖ and noting that ―it can always become 

thinner‖, rather than to a related ―infinitely thin‖ object.  Bruce seems to have made a 

connection between his observation ―some finite things can occupy infinite surface area‖ 

and painting the infinite surface area of the horn with a finite amount of paint. The above 

segment in the transcript happened at the very end of the half an hour interview and the 

bold headed yeah was emphatic. This seems to be an indication of a new realization. 

Bruce used the words infinitely thin repeatedly in explaining how a finite volume can 

have infinite surface area, and this seems to show the emergence of conceptions of 

infinitely small in his thinking. 

Bruce‘s written response connects the resolution of the paradox to the infinite 

series on which the calculation of the integral is based. However, his new realization and 
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his reference to ―infinitely thin paint‖ is in accord with an additional resolution, suggested 

in Gethner (2005). Gethner (2005) explains that the Painter‘s Paradox is based on the 

―realistic‖ consideration that the thickness of paint is the same on the whole painted 

area, as is reasonable to assume in painting a wall. The alternative resolution does not 

reject contextualization, but includes an imaginary context, a ―mathematical‖ paint of 

infinitely thin layers. The inner surface of the Gabriel‘s horn can be painted with 

 amount of paint (or less) if the thickness of the paint layer at x is smaller than or equal 

to
x
1 . With this assumption the paint, when poured into the Gabriel‘s horn, can reach 

every point of the infinite surface area. So the amount (volume) of paint needed in this 

case, that is, if the thickness of the paint at layer x is less than or equal to 
x
1 , is less than 

or equal to the volume of the horn, which is  .  

Discussion and conclusion 

Painters Paradox is an example of a seemingly paradoxical situation that 

involves infinity and can be resolved with the help of Calculus. In what follows we 

consider this paradox within other paradoxes that have similar attributes.  We then turn 

the discussion on to the particular results of this study, focusing on the cognitive conflict 

presented by the paradox and participants‘ reactions to the paradox in their attempt to 

resolve the cognitive conflict.  We conclude with some implications for teaching 

Calculus. We suggest a possible emphasis in Calculus instruction that could deepen 

students‘ understanding of frequently used approaches to determine surface area and 

volume of objects resulting from rotating graphs of functions.  

On paradoxes and context 

Though there is no rigorous conventional definition for the term paradox, its use 

in mathematics may refer to a sound argument that leads to a contradiction, also known 

as antinomy, or a statement that is counterintuitive or seemingly unacceptable. Among 

various kinds of known paradoxes, we note a distinction between logical fallacies and 

counterintuitive, inconsistent, puzzling or seemingly absurd situations, in which there is 

no apparent mathematical contradiction.  The well-known Liar‘s Paradox (e.g., ―I am 
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lying‖), or self-referential statements (e.g., ―The least natural number not definable in 

fewer than thirteen English words.‖) and their variations are examples of the former. The 

Painter Paradox, as well as most paradoxes involving infinity, is an example of the latter.  

In this kind of paradoxes a seemingly paradoxical situation is connected to the 

counterintuitive aspects of infinity, especially when the ―story‖ of the paradox in 

embedded in a semi-realistic context. Consider for example the story of Achilles and the 

tortoise paradox. While the situation of Achilles being unable to reach the tortoise is 

counterintuitive, the conventional resolution abstracts the story of the ―race‖ and 

considers the converging geometric series. This points to the general heuristics: 

resolution of some of the paradoxes involves decontextualization, that is, consideration 

of the ―givens‖ outside of the story line.  This is indeed the case in the conventional 

resolution of the Painter‘s Paradox. 

Painter‘s Paradox highlights the counterintuitive aspect of the Gabriel‘s horn, or 

the Torricelli‘s infinitely long solid, having a finite volume and infinite surface area. Of 

note is that the Gabriel‘s horn is not the only mathematical object, which is both finite 

and infinite when different dimensions are considered. Koch‘s snowflake, based on 

Koch‘s curve, is another example of a mathematical object that has both finite and 

infinite attributes in different dimensions. To elaborate, the area of this fractal is 

calculated by a convergent series and its perimeter is given by a divergent series. So 

Koch‘s snowflake has a perimeter of infinite length that encloses a finite area.  Of 

interest here is that the finite attribute (area) is of a higher dimension than the infinite 

attribute (length or perimeter).  This is similar to the case of Gabriel’s horn, where the 

finite attribute (volume) is of a higher dimension than the infinite attribute (surface area). 

Cognitive conflict and different ways to deal with tension 

Painter‘s Paradox, as well as any other mathematical paradox, presents a 

cognitive conflict to a learner.  Movshovitz-Hadar and Hadass (1991) indicate that ―as 

long as a person can not resolve a paradox, he or she is in a state of cognitive conflict‖ 

(p. 80). Cognitive conflict, according to Piaget, is a state of disequilibrium between 

assimilation and adaptation-accommodation. This state is ordinarily inconvenient and 

creates tension. All of the participants seemed to be experiencing a cognitive conflict 
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dealing with the Painter‘s Paradox. Students faced the seemingly paradoxical claims that 

an infinitely long solid has a finite volume and an infinite surface area, and the 

counterintuitive nature of this realization was reinforced by the story of paint. In students‘ 

thinking cognitive conflicts apparently emerged between competing real life intuitions, 

and logical and mathematical entailments of the paradox.   

Movshovitz-Hadar and Hadass (1991) point out that the state of cognitive conflict 

and the tension it creates stimulates an attempt to get out of it and achieve a new 

equilibrium with a more advanced mental structure. While all students attempted to 

achieve equilibrium, their chosen approaches to deal with the situation differed.  

Participants, while experiencing cognitive conflict in trying to resolve the paradox, 

appeared to ease the resulting tensions by bringing in a variety of considerations. As 

shown above, some participants referred to the impossibility of the presented situation 

and in such echoed epistemological obstacles experiences by mathematicians of the 

17th century. Others acknowledged the paradox, but accepted it as a part of not yet fully 

developed mathematics (see Kevin above) or connected the paradox to other seemingly 

paradoxical situations. For example, Bryan made an important connection when he said 

that the paradoxical situation in the Gabriel‘s horn reminded him of the paradoxical 

situation that arises in the summation of an infinite geometric series. However, this 

connection to convergent series was not fully developed as it served as an additional 

example of counterintuitive nature of mathematics, rather than a phenomenon that 

explains and resolves the paradox.  

A majority of participants added contextual considerations, suggesting that it was 

impossible to paint the horn due to time limits, thickness of paint, or the painter‘s ability 

to see the object. These attempts to bring in realistic considerations point to students‘ 

tendency to attack the task on a reduced level of abstraction, without explicit attention to 

the fact that the presented object does not exist in the physical reality.  So rather than 

resolving the paradox mathematically, these participants rejected the viability of the 

presented ―story‖.  

Bruce appeared to be the only participant who generated ideas in accord with 

decontextualized resolution that attends to convergent and divergent series, as well as 
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with the alternative resolution that introduced imaginary-magic context of infinitely thin 

paint applied at not uniform paint layers (thickness of the paint layer at x is less than or 

equal to
x
1 ).  

Decontextualization of Painter‘s Paradox seemed to be difficult as the majority of 

participants found various ways of contextualizing the paradox further and in such 

avoiding its resolution. But the ability to consider something decontextualized of its 

context is an important skill to acquire in mathematics. In fact, Mamolo and Zazkis 

(2008) in their study of several paradoxes of infinity, argued for an instructional approach 

that helps students separate their realistic and intuitive considerations from conventional 

mathematical ones.   

Contextualization and abstraction 

In applying a theoretical lens of reducing abstraction, we noted that 

contextualization is one possible avenue of reducing abstraction. When abstraction is 

considered as a quality of relationship between the object of thought and the thinking 

person, a context helps in the shift towards a familiar, or a more familiar, situation.  

However, a conventional resolution of the paradox involves abstracting the context and 

considering the situation stripped from the contextual story of a painter. The tension 

between contextualization and abstraction can serve as a platform for further 

exploration, as well as for an extended pedagogical attention. 

In addition to the context of the story of paining the horn, there are contextual 

elements of area and volume that influenced the participants‘ reactions. That is to say, 

while the participants attempted to elaborate and contextualize further the story of a 

painter, the elements of area and volume were ―taken as shared‖. That is to say, some 

shared understanding of these attributes was assumed as not requiring any explanation 

or elaboration.  This could have been yet another implicit contextualization and reducing 

the level of abstraction by considering area and volume of familiar finite objects, rather 

than attributes as related to an abstract imaginary object of the horn.  We note that 

understanding of generalized attributes of volume and area could be the key for 

resolving the paradoxical situation of the Painter‘s Paradox. However, attention to this 
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subtlety requires a considerable attention in approaching definite integrals in the study of 

Calculus. We attend to this issue in the next section.  

Obstacle, not only epistemological 

Associating a finite attribute with something infinite, as in the case of Gabriel‘s 

horn, is clearly an epistemological obstacle as the difficulty of our participants replicates 

the development of the mathematical knowledge through history. But this also can be 

seen as a didactic obstacle, as Calculus textbooks – and consequently many instructors 

– do not emphasize that calculating areas and volumes of unbounded regions through 

improper integrals generalizes the concepts of area and volume to unbounded regions. 

Bråting (2012) noted that one problem of this lack of explanation could be that students 

might think that it is possible to understand that Gabriel‘s horn has finite volume based 

on intuitions developed by dealing with everyday objects.  

The observation made by Bryan – that the infinitely long Gabriel‘s horn having a 

finite volume is as paradoxical as a geometric series with infinitely many terms adding up 

to a finite number – is an excellent starting point in drawing an analogy between the two 

situations.  However, the volume of the Gabriel‘s horn is not given by the sum of a 

decreasing geometric sequence, but by the convergent series

 



1

1
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n

. The connection to 

converging series is a key to understanding why Gabriel‘s‘ horn has a finite volume.  

A useful didactic approach in Calculus teaching would be to reinforce the 

connection between definite integrals and Riemann sums, so that Calculus students 

would understand and remember why definite integral gives area and volume, and not 

just apply the calculation as a rule without reason. What is badly missing in Calculus 

textbooks is the explicit attention to the idea that using integrals in calculations of area 

and volume of unbounded regions is a generalization of these attributes, area and 

volume, to unbounded regions. Didactic attention to the connection between such 

generalizations and infinite series is essential for students to be able to strive for and 

derive paradox resolution, rather than accept paradoxes as inadequacies of 

mathematics. 



  

69 

Of course, the viability of the suggested approach is a subject for future 

investigation. Painter‘s Paradox, as well as other paradoxes of infinity, will keep offering 

puzzling engagement, regardless of one‘s ability to derive a conventional resolution. 

However, the ability to resolve the paradox by rejecting the context and applying 

concepts of Calculus does not diminish its attractive nature. We believe that the 

experienced conflict and the achieved equilibrium may add to the appreciation of 

mathematical beauty.   
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Chapter 4.  
 
On the Classic Paradox of Infinity and a Related 
Function 

Researchers have identified engagement with mathematical paradoxes as a 

potential driving force in acquiring of deepening understanding of mathematical ideas 

(e.g. Movshovitz-Hadar and Hadass, 1990 &1991). In accord with this view, we describe 

undergraduate students‘ engagement with a task that can be seen as paradoxical, but 

can also serve as a vehicle for examining one‘s intuitions in relation to certain 

mathematical concepts and properties.   

However, before introducing the details of this study, we provide a brief overview 

of the use of paradoxes in mathematics education, with particular attention to what 

Lakoff and Núñez (2000) described as ―A Classic Paradox of Infinity‖ (p. 325) and its 

variations. 

Paradoxes in mathematics education  

―A paradox has been described as a truth standing on its head to attract 

attention. Undoubtedly, paradoxes captivate. They also cajole, provoke, amuse, 

exasperate, and seduce. More importantly, they arouse curiosity, stimulate, and 

motivate‖ (Kleiner and Movshovitz-Hadar, 1994, p.1). A paradox is a statement that 

contradicts commonly-held notions.  

Paradoxes in mathematics have a long history. Zeno‘s paradoxes seem to be the 

earliest in recorded history and they appeared in the 5th century BCE.  Zeno of Elea (ca. 

490 BCE – ca. 430 BCE) devised arguments, known as Zeno‘s paradoxes, apparently to 

defend the doctrine of his teacher Parmenides, which states that there is only one, not 
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many, in the way of truth and that motion and change are impossible. The most famous 

of Zeno‘s paradoxes, Achilles and the Tortoise, ―says that the slowest moving object 

cannot be overtaken by the fastest since the pursuer must first arrive at the point from 

which the pursued started so that necessarily the slower one is always ahead‖ (Kline, 

1972, p. 36).  

Movshovitz-Hadar and Hadass (1990, 1991) investigated the role that 

mathematical paradoxes can play in the pre-service education of high school 

mathematics teachers. In resolving a paradox a learner can be in a cognitive conflict; a 

state of disequilibrium between assimilation and adaptation-accommodation.  The state 

of cognitive conflict, according to Movshovitz-Hadar and Hadass (1990, 1991), can 

create tension and uneasiness. This state, and the tension and uneasiness it creates, 

stimulates an attempt to resolve it and achieve a new equilibrium with a more advanced 

mental structure. Findings in this study indicated that engaging with the challenges 

embedded in a paradox and working on its resolution ―can improve students‘ awareness 

of problem-solving heuristics and meta-cognitive strategies‖ (p. 285).  

After Movshovitz-Hadar and Hadass (1990, 1991) several studies in mathematics 

education research were done using paradoxes as a lens on student learning. For 

example, Núñez (1994b) used one of Zeno‘s paradoxes, the Dichotomy, to investigate 

how children, aged 8, 10, 12, and 14 years, develop the idea of infinity in the small. He 

found that there is a profound and striking ontological difference between infinity in the 

large and infinity in the small before the age of 12, and it seems that between ages 10 

and 12 certain intuitions of infinity in the small related to iterative subdivision emerges 

which remain highly labile afterwards depending on the figural and conceptual context. 

He noted that it would be of interest to investigate intuitions of infinitely small by altering 

contextual factors in the Zeno‘s dichotomy paradox.  

Mamolo and Zazkis (2008) explored the naive and emerging conceptions of 

infinity of two groups of university students with different mathematical backgrounds 

using the Hilbert‘s Grand Hotel paradox and the Ping-Pong Ball Conundrum. They 

observed changes in participants‘ intuitive approaches to infinity-related problems 

through their engagement with the paradoxes, and articulated these changes. But they 
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also suggested ―that a formal mathematical view of infinity implied in conventional 

resolutions of the paradoxes may not be reconcilable with intuition and ‗real life‘ 

experience‖ (p. 180).  

A classic paradox of infinity 

The philosopher of mathematics Marcus Giaquinto (1994) investigated whether 

visual thinking can be a means of discovery in elementary analysis. He argued that 

visualizing becomes unreliable whenever it is used to discover the existence or nature of 

the limit of some infinite process. One example he discussed is a task that Lakoff and 

Núñez (2000) called A Classic Paradox of Infinity. In this task a sequence of curves is 

considered. The first curve is a semicircle on a line segment. Then by dividing the line 

segment into equal halves the second curve is formed from the semicircle over the left 

half and the semicircle under the right half; if a curve consists of 
n2  semicircles, then the 

next curve results from dividing the original segment into 
)1(2 n
 equal parts and forming 

the semicircles on each of these parts, alternatively over and under (See Figure 4-1).  

Giaquinto (1994) wrote that ―obviously the curves get ever closer to the original line 

segment, so the limit of the lengths of the curves seems to be the length of the original 

segment. But this is wrong‖ (p. 802).  Suppose the length of the original segment, the 

diameter of the first semicircle, is d. Then the first curve has length )2/(d . The second 

curve has length )2/()4/()4/( ddd   . It is clear that all the curves have 

length )2/(d . So the limit of the lengths of the curves is not the length of the line 

segment.  
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Figure 4-1: Wavy lines 

Fischbein, Tirosh, and Hess (1979) used the same task in their study on 

students‘ intuition of infinity. They asked 470 primary (grades 5 and 6) and junior high 

school (grades 7, 8 and 9) students the following questions regarding this task: (1) What 

will happen to the length of the wavy line as we shorten the length of each sub-

segment? (2) What will happen to the sum of the areas determined by the semicircles as 

we shorten the length of each sub-segment? The answer to the first question is that the 

length remains constant ( )2/(d ) and the answer to the second question is that the area 

approaches zero. In this task each figure has a constant perimeter ( dd )2/( ) and the 

area trapped in each figure approaches zero. The authors of this study found that 

students who affirmed that the sum of the areas remains constant increased from 37% in 

grade 5 to 62% in grade 9.  Also the high achievers affirmed the same wrong solution, 

i.e. the sum of the areas remains constant, more often than the low achievers. 

Fischbein, Tirosh, and Hess (1979) concluded ―so we are led to believe that beyond the 

mathematical knowledge of the pupils there is, in this case, a specific intuitive 

mechanism (similar to the Piagetian conservation mechanism), which is responsible for 

their solutions‖ (p. 35).  
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Lakoff and Núñez (2000) noted that though conceptually we can form infinite 

sequences of curves limits are not defined for such sequences. Limits are defined for 

sequences of numbers. But a curve can be conceptualized as a set of ordered pairs in 

the Cartesian plane. With this conceptualization a sequence of curves is replaced by a 

sequence of sets of ordered pairs of numbers. For example, in the task of Giaquinto 

(1994) mentioned above, suppose we select the x-axis along the line segment (length d) 

with the origin being at the left end point of this segment (see figure 1) and the sequence 

of curves is given by }{ nf . Then each curve 
nf  is represented by 

]},0[/))(,{( dxxfx n  . For each fixed ],0[ dx , { )(xfn
} is a sequence of numbers and 

it converges to 0. Using the limit-set metaphor – the limit of a sequence of sets is the set 

of the limits of the sequences – we see that the limit of the sequence of 

]},0[/))(,{( dxxfx n   is ]},0[/)0,{( dxx  . Here ]},0[/)0,{( dxx  represents the line 

segment. So a limit of a sequence of curves can be conceptualized as a limit of a 

sequence of numbers and the line segment can be seen as the limit of the sequence of 

curves in this task. Thus the limit-set metaphor is one of the sources of the paradox.  

But does a set of ordered pairs of numbers in the Cartesian plane that represents 

a curve uniquely determine the number called its ―length‖? Lakoff and Núñez (2000) 

argued that it need not be so. A curve is not just a set of ordered pairs of numbers. For 

such a set to constitute a curve there must be a relation associated with it that 

characterizes its properties such as length, curvature etc. This relation is not unique. 

Different relations on the same set of ordered pairs of numbers produce different curves. 

For example, when ]},0[/)0,{( dxx   is assigned a length different from d it is a curve 

different from the line segment with length d. So if ]},0[/)0,{( dxx   is assigned length 

)2/(d  there is no paradox. But the authors also pointed out that many mathematicians, 

as well as students of mathematics, identify a curve as a set of ordered pairs of numbers 

in the Cartesian plane and believe that there is a unique relation that characterizes its 

properties such as length, curvature etc.  

The belief that there is such a unique relation is evident in Giaquinto (1994) and 

Fischbein, Tirosh, and Hess (1979). But this is not clear in Mamona (2001) who 

introduced the following stairway task, a variant of the Classic Paradox of Infinity: 
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Imagine a stairway with just two steps, with rise and tread both 1 meter. 
From the original stairway we construct another with twice the number of 
steps, by halving the rise and tread. Following the same process 
inductively, we may construct a whole family of staircases. What can we 
say about the perimeter of the staircases? What is the final result of the 
inductive process? (p. 271) 

See figure 4-2: 

 

Figure 4-2: Staircases 

She pointed out that in this task there are two infinite processes. One is the 

sequence of geometric objects (staircases) and the other is a sequence of numbers 

obtained through measuring the length of each staircase and formed in a 1:1 

correspondence with the sequence of staircases. The sequence of numbers is a 

sequence of constant term 4. ―[…] if a student does conceive of a limit object [for the 

sequence of staircases], it is likely to be one out of two forms; the first a staircase with 

an ‗infinite number‘ of steps of ‗infinitesimal size‘, the second a ramp of constant slope‖ 

(p. 272). ―The infinitesimal staircase is a construct that is not supportable in standard 

analysis […] According to standard analysis, the ‗correct answer‘ is the ramp of slope 1‖ 

(p. 273). The answer that a student selects may well depend very much on the wording 

of the question. As previously observed in Mamona (1987), Cornu (1991) and Tall 

(1992) the phrase ‗final result‘ would certainly bias the answer towards a staircase with 

‗infinitesimal steps‘. If the ramp of slope 1 and length 22  is seen as the limit object, 

then ―the natural expectation that the limit object should yield the limiting value for the 

related number sequence is not realized in this case‖ (p. 273).  Many students might see 

this as paradoxical. Mamona (2001) cautioned against using tasks like this in the 

development of the limit concept of sequences when students are at the preliminary 
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stage of understanding the concept. For example, the calculation of the area of the circle 

by regular polygons is a more appropriate task (Mamona, 2001).  

It is not clear what Mamona meant by the limit object. As mentioned earlier ―[…] 

limits are defined precisely for sequences of numbers, not sequences of curves‖ (Lakoff 

& Núñez, 2000, p. 333). Here the limit object refers to a geometrical shape. So what is 

the meaning of ―according to standard analysis, the ‗correct answer‘ is the ramp of slope 

1‖ (Mamona, 2001, p. 273)? Even Giaquinto (1994) did not explain what is meant by 

―obviously the curves get ever closer to the original line segment […]‖ (p. 802).  

In the next section we introduce a mathematical interpretation of the notion ―the 

curves get ever closer to the original line segment‖ which is slightly different from the 

limit-set metaphor and point-wise convergence found in Lakoff and Núñez (2000) 

explained above.  Then we present our task derived from the stairway task and a priori 

analysis of it. Next we discuss our theoretical framework and present the main study.  

‘Limit object’ and ‘correct answer according to standard analysis’ 

In the stairway task the sequence of geometric objects is a sequence of curves. 

Each curve can be seen as a graph of a function. The graph of a function f  is the set of 

ordered pairs }ofdomain/))(,{( fxxfx   in the Cartesian plane. Then this sequence 

of geometric objects can be seen as a sequence of functions. If this sequence of 

functions converges uniformly to a function then the graphs can be seen approaching 

the graph of the limit function. If one uses the metaphors offered by Lakoff and Núñez 

(2000), then here the limit-set metaphor is used with uniform convergence instead of 

point-wise convergence. We can see the staircases in the above task as functions as 

follows. Select x-and y-axes as in figure 4-3. Then each staircase is the graph of a 

function as labeled in the figure. Figure 4-4 is figure 4-3 rotated 45 degrees clockwise. 

Now, )(max}/)()({max
]22,0[]22,0[

xfNnxfxf N
x

n
x 

  and this maximum goes to zero. So 

given 0  by choosing an integer N such that 


)(max
]22,0[

xf N
x

we have 

 )()( xfxf n for all ]22,0[x and for all Nn  . So the sequence of functions 
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}{ nf converges uniformly to 0f on ]22,0[ . This can be taken as the meaning of ―the 

curves get ever closer to the original line segment‖ and ―according to standard analysis, 

the ‗correct answer‘ is the ramp of slope 1‖.    

 

Figure 4-3: Staircase with x- and y-axes introduced 

 

Figure 4-4: Figure 4-3 rotated 45 degrees clockwise 

Mamona (2001) wrote that ―the natural expectation that the limit object should 

yield the limiting value for the related number sequence is not realized in this case‖ (p. 

273).  More clearly put this says the following:  

Suppose that }{ nP is the sequence of staircases and P is the straight line with 

slope 1 in the stairway task of Mamona, and F and L are the shape and the length 

attributes of these curves respectively. Then: 
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If )( nPF approaches )(PF then we naturally expect that )( nPL should approach 

).(PL
 

In other words we expect the length attribute (L) to behave same as the shape 

attribute (F). Giaquinto (1994) expressed a similar expectation implicitly. Fischbein, 

Tirosh, and Hess (1979) believed that there could be ―a specific intuitive mechanism‖ (p. 

35) that can explain participants‘ incorrect answers to the area question in their wavy line 

task. We wondered what this specific intuitive mechanism is. Also, we were interested in 

finding out how students with advanced mathematical knowledge deal with the 

paradoxical situation in the stairway task. By closely examining the stairway task of 

Mamona (2001) and the wavy line task of Fischbein, Tirosh, and Hess (1979) we 

created a variation, a polygon task, as we intended to turn the conversation to area and 

perimeter rather than shape and length.  In this task }{ nP is a sequence of closed curves 

(polygons in which one side is a staircase) and P is a closed curve (trapezoid) such that 

)( nPA approaches )(PA  but )( nPS  does not approach )(PS where A and S denote the 

area and perimeter respectively.  The Polygon Task is presented next. 
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Figure 4-5: Polygons 

The shaded area is the area under the curve 1 xy from 1x  to 3x . The 

polygon nP for ...,3,2,1n is constructed on ]3,1[  by subdividing the interval into 
n2  

equal subintervals as shown above. Let the area of nP
 
be nA and the perimeter of nP be 

nS .  

(a) What is n
n

A


lim ? Please explain your answer.  

(b) What is n
n

S


lim ? Please explain your answer. 
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(c) What is the relationship between n
n

S


lim and the perimeter of the shaded 

area? Please explain your answer.  

Let nf  be the function of the boundary of nP above the graph of 1 xy  rotated 

and shifted as shown below. 

 

Figure 4-6: Graphs 

Does  nf
 
converge uniformly to 0f  on ]221,1[  ? What are your thoughts 

on parts (c) and (d)? 

In this task, nA  is a sequence of upper sums for  
3

1
)1( dxx where norm of the 

partitions decreases to zero. So n
n

A


lim  = 
3

1
)1( dxx area of the shaded trapezium = 

6. But }{ nS is a constant term sequence with term 12. So 12lim 


n
n

S  and it is not equal 

to the perimeter of the shaded trapezium which is 8 + .22  Note that here nn APA )(  

and nn SPS )( where A and S denote area and perimeter respectively. So we have 

)( nPA approaches )(PA  but )( nPS
 
does not approach )(PS .  

Similar to the stairway task P can be seen as the limit object of the sequence of 

circumscribed polygons nP . In the polygon nP only the boundary of nP
 
above the graph of 
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1 xy  changes with each iteration – the other parts of the boundary of nP do not 

change. The sequence of functions }{ nf where nf  is the function of the boundary of 

nP above the graph of 1 xy  rotated by 45 degrees clockwise and shifted down by 2 

units converges uniformly to 0f  on ]221,1[   since 

)(max}/)()({max
]221,1[]221,1[

xfknxfxf k
x

n
x 

 and this goes to zero. This convergence 

may provide strong support for the belief that the shape of the polygons approaches the 

shape of the trapezium. 

Theoretical considerations 

Tirosh and Stavy (1999) observed that many students‘ responses in conceptually 

unrelated situations, which the literature describes as alternative conceptions, can be 

viewed conforming to one intuitive rule 'Same A-same B'. This rule manifests with a 

specific perceptual or logical input when two objects or systems to be compared are 

equal in respect to one quality or quantity ( 21 AA  ) but different in respect to another 

one ( 21 BB  ). A common incorrect response in such situations regardless of the 

content domain is 21 BB  because 21 AA  .  

In the mathematics education literature, there are many reports of studies that 

have found many students and adults think that shapes with the same perimeter must 

have the same area. These studies interpreted this as resulting from a misunderstanding 

of the relationship between the concepts of area and perimeter. But Tirosh and Stavy 

(1999) proposed that this could also be seen as resulting from an application of the 

intuitive rule 'Same A (perimeter)-same B (area). 

In the context of probabilistic thinking, Schrage (1983) and Fischbein and 

Schnarch (1997) asked students to compare the likelihood of getting heads at least twice 

when tossing three coins with the likelihood of getting heads at least 200 times out of 

300 times. According to the law of large numbers, as the sample size increases, the 

relative frequencies tend towards the theoretical probabilities. As a result, the probability 
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of getting at least two heads in tossing three coins is greater than that of getting at least 

200 heads out of 300 tosses. But a substantial number of students in each grade level 

(grades 5, 7, 9 and 11) responded that the probabilities are equal with increasing 

frequency with age. These students argued that the probabilities are the same 

because
300

200

3

2
 . The authors of these studies explained this as a result of not taking 

the sample size into consideration in calculating probabilities. Tirosh and Stavy (1999) 

proposed that this can also be explained using the ‗Same A-same B‘ rule as the logically 

deduced equivalence in ratios through the proportion scheme activates the intuitive rule 

'Same A (proportion)-same B (probability)'. This is an example that suggests that the 

activation of the intuitive rule 'Same A-same B' is not limited to conservation tasks. But 

―the question whether there are other cases in which a logically deduced equality 

activates the use of the rule 'Same A-same B' is still open‖ (p. 62).  

This rule has the characteristics of an intuitive rule as Fischbein (1987) described 

it. The response 'Same A-same B' seems self-evident – respondents perceived the 

statements they made using this rule as being true without needing of any justification. It 

is used with great confidence and perseverance which often resists formal learning that 

contradicts it. This rule also has attributes of globality (tendency to apply it to diverse 

situations), and coerciveness (alternatives are often not accepted). Tirosh and Stavy 

(1999) suggest that this rule could be one of a small set of universal and innate 

primitives or it could be an overgeneralization from everyday life successful experiences.  

We hypothesize that there is a natural expectation that )( nPS
 

should 

approach )(PS in the Polygons Task as )( nPS
 

appears as approaching )(PS  is 

analogous to the original stairway task, as one of the sides of the polygons is indeed the 

staircase. What role could the fact that )( nPA  approaches )(PA  play in such an 

expectation?  



  

83 

Research questions 

Using the theoretical considerations presented above we look at struggles of a 

group of mathematics honours undergraduates dealing with different attributes of the 

polygons behaving differently in the Polygon Task. 

 How do learners of advanced mathematics deal with the different behaviours of 

the attributes of shape, area and length of the polygons in the Polygon Task? 

 How do they use their mathematical knowledge to reconcile the different 

behaviours of the different attributes of the polygons in the Polygon Task? 

The study 

Participants and the setting 

Participants in our study were 6 mathematics honours undergraduate students 

enrolled at one of the main universities in Sri Lanka; three were in their third year and 

the other three were in their fourth and final year. They were selected based on their 

superior grade point averages.  At the time of the study the third year students were 

taking a second course in Topology taught by the author. In this course Topology by 

James Munkres was used. Final year students were taking a course in Measure Theory 

based on the textbooks Real Analysis by H. L. Royden and Measure Theory and 

Integration by G. De Barra. All the students had taken a course in Riemann integration 

and knew uniform convergence of functions. Sean had taken some MOOC courses 

including the one Introduction to Mathematical Philosophy offered by Ludwig Maximilian 

University of Munich. Two of the final year students, Sean and Jason, had won bronze 

medals at the International Mathematics Competition for University Students held in 

Bulgaria in 2013. Sean is currently pursuing a PhD in mathematics at a top 20 university 

in mathematics in the USA. All of the participants‘ mother tongue is Sinhalese. At the 

university their medium of instruction is English. Their spoken English abilities vary from 

moderate to good. But they all can read and write English reasonably well.  
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All the students were given the Polygons Task and their written responses were 

collected. Later they were interviewed by the author and the interviews were audio 

recorded and transcribed. Interviews were of about half hour duration and questions 

were asked to clarify their written responses. Interviews were conducted in English.  

Results and analysis 

Here we present an analysis of the written data and transcribed interview data 

from the recordings of the participants. All the participants answered part (a) correctly. 

They gave various explanations for their answer in part (a). All but one wrote the 

connection to Riemann upper sums in some form – four of them noted that }{ nA
 
is a 

sequence of Riemann upper sums for the function 1)(  xxf  and therefore its limit 

should be equal to the integral of f from 1 to 221 , and one wrote that the limit is the 

integral of f from 1 to 221  without justification. One participant argued by showing 

in writing that the area above the line 1 xy  inside the polygon
nP goes to zero.  

Written answers to (b) and (c), and participants‘ explanations in the interviews on 

these two parts show that some hesitated in concluding that 12lim 


n
n

S
 
and some had 

doubts over their calculations. Mathematically there cannot be any ambiguity in the 

answers to these two parts: In part (b) the answer is 12 because }{ nS  is the constant 

term sequence of 12, and in part (c) the answer is 228lim 


n
n

S
 
(perimeter of P, the 

trapezium).  These answers can be explained mathematically by providing calculations 

that show that nP  has perimeter 12 for each n and P has perimeter 228 . Data show 

that all of them know that the limit of a constant term sequence is the constant itself, and 

they calculated the perimeters nP  and P correctly. So it seemed after a preliminary 

analysis of data that all of them had some expectation that n
n

S


lim , i.e. )(lim n
n

PS


, should 

be S(P). That is, they seem to have expected that )( nPS
 
approaches S(P). Then this 

expectation was analyzed further and the following table presents subthemes in data 
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that were identified according to this expectation. How this was done is clear from the 

data categorized under these subthemes.  

Table 3: Subthemes in students' responses 

 

 

 

 

 

 

 

As the table shows, all six participants initially expected that )( nPS
 
approaches 

S(P). We now look at data categorized under each subtheme and analyze the 

appearance of ―same A – same B‖ intuitive rule or its extension in students‘ responses.  

Following the initial expectation 

Oliver‘s expectation that )( nPS
 
approaches S(P) seems very strong. He wrote: 

my argument at first was if the upper sums for the given partitions converge to 

the area under the graph then it is quite obvious that the perimeters should converge to 

the perimeter of the trapezium. Thus 228lim 


n
n

S
 
looked to be an obvious fact for 

me. But it was apparent that if each partition was considered individually then the 

perimeter sequence is a constant sequence of 12. I was put in doubt as this looked to be 

a contradiction. But the concept of uniform convergence indeed proved that the 

sequence of perimeters should ultimately converge to that of the trapezium.  

Theme Subthemes Number of 
Responses 

Expectation that 

)( nPS approaches S(P). 

Following the initial expectation 

Resistance of this expectation to mathematics is 
sufficient for the conclusion that 

)( nPS approaches S(P). 

Oliver All 

Suppressing the initial expectation 

 Resistance of this expectation to mathematics 
lingers but it is not sufficient for the conclusion 

that )( nPS approaches S(P). 

Ami, 
Jason 

Ignoring the initial expectation 

This expectation gives in to mathematics and for 

the conclusion that )( nPS does not approaches 

S(P). 

Emily, 
Jack, 
Sean 
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It seems that since the limit of the area sequence is the area of the trapezium, 

i.e. )( nPA approaches )(PA , Oliver expected the limit of the perimeter sequence to be 

equal to the perimeter of the trapezium, i.e. )( nPS approaches S(P). This seemed an 

―obvious‖ fact for him. When he was asked in the interview why it was obvious to him, he 

described it as a gut reaction. He further said 

I think that the fact that upper sums converge to the area [of the trapezium] 

triggered me to think that perimeters should converge to this [perimeter of the trapezium] 

as well […] initially I did not even bother to calculate [perimeters]  first I wrote it [equality 

of limit of perimeters and perimeter of trapezium] then cut it because I noticed that it was 

wrong. 

When he looked at each partition (polygon) he realized that the perimeter 

sequence is a constant sequence of 12, so )( nPS
 
does not approach S(P). Then he was 

in doubt, but the uniform convergence proved him that the sequence of perimeters 

should converge to the perimeter of the trapezium. In reply to the question of how he 

would have thought if the last part was not given in the question he said:  

I would have thought there was something wrong with my mathematical 

knowledge […] intuitively I would have suggested this should converge to [perimeter of 

trapezium] but I wouldn't have had any idea how and what mathematical concept can 

prove it.  

We see here that what he describes as ―intuitively‖ knowing that )( nPS  

approaches S(P) was self-evident to him and it persevered and resisted his formal 

learning that the limit of a constant term sequence is that constant itself. It was coercive 

enough not to accept the alternative, which is that )( nPS
 
does not approach S(P). It 

seems like a manifestation of an intuitive rule that led Oliver to believe that )( nPS
 

approaches S(P). This intuitive rule has the resemblance of ‗Same A-same B‘ rule. The 

behavior of )( nPA
 
led Oliver to believe that )( nPS has the same behavior: ‗Same )( nPA -

same )( nPS ‘. This is a variation of ‗Same A-same B‘ rule which applies to an infinite 

iterative process in this case.  
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Suppressing the initial expectation 

Like Oliver, Ami and Jason too had the same expectation that )( nPS approaches 

S(P). But they concluded that )( nPS
 
does not approach S(P). However, their doubts over 

this conclusion seemed to linger.  Ami thought that )( nPS approaches S(P) because 

)( nPA
 
approaches A(P). But it is not the case was a big contradiction to her – “[…] when 

I calculated the limit of perimeters I got 12. I thought definitely trapezium should be 12. I 

was not even thinking of calculating it […]‖. At first she doubted her calculations and 

thought that some extra lengths were calculated.  In the interview she repeatedly said 

that she felt that something was not correct – ―I feel like we counted twice … I mean 

whether the lines were overlapped […] there is a big gap between actual answer and 

12‖. She talked about how she uses pictures in solving problems and said she now feels 

that ―pictures might lead us to the wrong path sometimes‖. Jason too found that )( nPS  

not approaching SP) was very contradictory – “[…] may be staircases don’t approach the 

straight line. But it does not affect area […] never got a problem like this!‖. He thought 

that they should do so just like )( nPA approaches A(P). Like Ami, he too doubted the 

calculations, but his doubt was persistent throughout the interview – ―something wrong 

with the calculations! […] it seems like we are calculating twice […] points may collapse 

on each other and make the line […] that’s why the lengths are not equal‖. He wondered 

what happens at infinity – “[…] may be because you are going to infinity may be it is 

getting different somehow”.  

Ignoring the initial expectation 

Emily, Jack and Sean overcame their initial expectation that )( nPS
 
approaches 

S(P) through various arguments that are presented below. Emily wrote “it feels like they 

[ n
n

S


lim
 
and the perimeter of the trapezium]should be the same. But it is not” in 

part (c). In the interview she said she thought something tricky was going on when she 

came to part (c).  She felt there should be equality because she felt that the figures were 

getting closer. But in part (d) she wrote: 
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}{ nf
 

converges to 0f on ]21,1[  uniformly, so it would seem like the 

perimeter of the trapezium should coincide with n
n

Slim . But it does not. So even if }{ nf
 

converges uniformly to 0, it does not mean that the curve should overlap with the x-axis.  

She seems to think that )( nPS
 
does not approach S(P) because in (d) staircases 

don‘t overlap the x-axis.   

Jack “was amazed at the first sight”. Then he wrote “the way this problem [is] 

created convinced me to believe that there should be some problem with the calculation 

or the method we used to calculate those limits”. He did all the calculations in the 

problem correctly. So what in the problem that could make him believe so? At the end of 

his comments he wrote that “it is after some thoughts I realized that we expect those two 

values [limit of the perimeters and the perimeter of the trapezium] to be equal but there 

is no reason to happen that”. So initially he expected that )( nPS
 
should approach S(P). 

This may have been due to the ‗Same )( nPA -same )( nPS ‘ rule as he said in the 

interview: “I think because of their area ... polygon’s areas are approaching trapezium’s 

area I think that could be why I thought like that”.  

He explained that he first thought that in uniform convergence every aspect of 

the functions in the sequence must converge to that of the limit function – “[…] after 

doing the third part my question was why are they not equal. After 4th part and after 

seeing and doing ... my question was why should they be equal”. Jack, unlike Oliver, 

realized by last part that what he thought earlier, that )( nPS
 
approaches S(P), is not 

correct. “It’s like a fallacy” he explained:  

It [the task] is well constructed mathematically […] if we thought that these two 

[the limit of the perimeters is equal to the perimeter of the trapezium] should be equal 

then 4th part tells that they should be not equal […] if last part is asked without asking 

first 3 parts I will not think that they should be equal.  
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Further he said if he did only the first three parts, he would see that the two are 

not equal but not see why. The fact that )( nPA
 
approaches A(P) seemed to have 

triggered Jack to apply the ‗Same )( nPA -same )( nPS ‘ rule, but eventually he rejected it.  

Sean did not have any doubts about the calculations. But he too expected that 

)( nPS
 
approaches S(P): “First thought when I saw the picture on the drawing  without 

thinking mathematically or anything […] felt that the perimeter would be the same. When 

I examined closely using mathematics […] the length is a constant”. On his thoughts on 

parts (c) and (d) he said he could not visualize what happens using uniform convergence 

for this particular instance. Commenting on instances where a sequence of functions 

converging to a function and lengths of graphs of the functions converging to the length 

of the graph of the limit function at the same time, he said it was natural and can be 

visualized from the drawing itself. In (d) we could visualize that functions go to zero “but 

it does not provide any explanation why these lengths keep constant. From that picture I 

can’t figure out why lengths keep constant […] but mysteriously it remains a constant”.  

Discussion and conclusion 

In the polygon task approximating the area under a curve using areas of 

circumscribed polygons (Riemann upper sums) is a familiar situation for all the 

participants. But looking at the perimeters of these circumscribed polygons is an 

unfamiliar situation. All the participants initially expected that the perimeters of the 

circumscribed polygons should approach the perimeter of the trapezium, i.e. )( nPS
 

should approach S(P). This expectation was apparently triggered by the fact that )( nPA  

approaches A(P). This is a consequence of the fact that Riemann upper sums approach 

the area under the curve. The familiar figures of circumscribed polygons approximating 

the area under the curve may convey the idea that the limiting figure of these 

circumscribed polygons is the trapezium, i.e. the shapes of the polygons approach the 

shape of the trapezium. This perceptual input from the figural context seems to be 

embodied in the fact that )( nPA  approaches A(P). Participants‘ initial expectation that 
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)( nPS
 
should approach S(P) seemed to persevere to varying degrees their formal 

training in mathematics that shows that )( nPS
 
does not approach S(P).   

Oliver‘s initial expectation was persistent enough to resist his formal training and 

not to accept the alternative that )( nPS
 
does not approach S(P). Doubts of Ami and 

Jason over calculations persisted though they accepted this alternative. Emily‘s 

resolution came through her misconception that )( nPS does not approach S(P) because 

in (d) staircases don‘t overlap the x-axis.  Jack overcame his doubt and resolved that in 

uniform convergence every aspect of functions in a sequence need not converge to that 

of the limit function. Sean did not have any doubts about his calculations. He concluded 

that )( nPS
 
does not approach S(P) but described the situation as a mystery. All of them 

seemed to have initially applied the ‗Same )( nPA -same )( nPS ‘ rule in spite of their 

formal training in mathematics. This rule, which is in the form of ‗Same )( nPA -

same )( nPB ‘ where A and B are two different attributes of objects
nP , is an extension of 

the ‗Same A-same B‘ rule.  

The rule ‗Same )( nPA -same )( nPB ‘ seemed to be self-evident and coercive to 

some participants. So they have the characteristics of an intuitive rule as Fischbein 

(1987) described it. The ‗Same )( nPA -same )( nPB ‘ rule was activated by the logically 

deduced equality of the limit of Riemann upper sums and the area under the curve. So 

this answers positively the question of Tirosh and Stavy (1999) on whether there are 

cases other than the proportion-probability example above in which a logically deduced 

equality activates the use of ‗Same A-same B‘ rule.  

The polygon task involves an infinite iterative process of geometric objects. The 

attributes, shape, area and perimeter, of each polygon behave differently at their limit 

with respect to the corresponding attributes of the trapezium. Participants intuitively 

applied an extension of the ‗Same A-same B‘ rule in dealing with the paradoxical 

behavior of these attributes. This polygon task is very different from the tasks Tirosh and 

Stavy (1999) describe in their paper and it requires advanced mathematical knowledge. 
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This shows that the globality of this rule is much more than the diversity of the tasks 

described in Tirosh and Stavy (1999).   

Fischbein, Tirosh, and Hess (1979) believed that a specific intuitive mechanism 

(similar to the Piagetian conservation mechanism) should account for the incorrect 

constancy answers to the second question in their task on the Classic Paradox of 

Infinity. In this task the first question is on the lengths of the wavy lines and the second 

question is on the areas trapped between the diameter line segment and the wavy lines.  

Since the lengths of the wavy lines are a constant the ‗Same )( nPA -same )( nPB ‘ 

intuitive rule can explain the incorrect constancy answers to the second question.  
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Chapter 5.  
 
Hilbert’s Grand Hotel With a Series Twist 

This paper was coauthored with Ami Mamolo and Rina Zazkis. I was the first 

author. This was published in International Journal of Mathematical Education in Science 

and Technology (Wijeratne, C., Mamolo, A., & Zazkis, R. (2014). Hilbert's Grand Hotel 

with a series twist. International Journal of Mathematical Education in Science and 

Technology,45(6), 904-911).  

Abstract 

This paper presents a new twist on a familiar paradox, linking seemingly 

disparate ideas under one roof. Hilbert’s Grand Hotel, a paradox which addresses 

infinite set comparisons is adapted and extended to incorporate ideas from calculus – 

namely infinite series. We present and resolve several variations, and invite the reader 

to explore his or her own variations. 

Introduction 

In undergraduate mathematics, infinity appears in two seemingly unrelated 

places: in calculus when considering limits of functions and series, and in set theory 

when considering cardinality. In this paper we present several variations of the classic 

paradox, Hilbert‘s Grand Hotel, which were designed in order to develop ideas of 

convergence and divergence of infinite series – specifically, we aim to connect under the 

same roof the two aforementioned approaches to infinity. The use of paradoxes, such as 

Zeno of Elea‘s famous Dichotomy Paradox – that which is in motion must arrive at the 

half-way point before arriving at the destination – is discussed in calculus texts and 
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lessons to introduce the idea of geometric series (e.g. Stewart, 1999). We extend this 

approach as informed by the findings of Movshovitz-Hadar and Hadass (1990) who 

noted paradoxes are an effective pedagogical tool to elicit cognitive dissonance and 

provoke change in learners‘ understanding. In this paper we present novel exercises for 

connecting and developing ideas regarding infinite series suitable for undergraduate 

students and recreational mathematicians.  

Difficulties with infinite series are commonplace in university mathematics 

courses, and can be related to different aspects of the topic, including its close 

connection to infinite sequences. For instance, Mamona (1990) and Przenioslo (2006) 

found students had difficulty thinking of sequences as functions. Ervynck (1994), 

reflecting on his many years of teaching experience, suggested this difficulty was 

because ―students‘ fundamental concept of a function is weak‖ (p.93).   He further 

suggests that their limited interpretation of this abstract concept is unlikely to change if it 

has proven to help them ―be successful in tests and ‗finals‘ [as] this is the unique 

objective of a large majority of them [students]‖ (p. 95).  Beaver (2011) argued that 

problems involving sequences and series carry different conceptual challenges than 

many other problems in calculus as their solutions involve arguments which require 

more logical supporting work. Such logical reasoning requires training, ―like weight lifting 

to an athlete, like practicing scales and vocabulary to a musician, like reading to a 

second grader‖ (Beaver, 2011, p. 529). As such, the mathematics instructor is motivated 

to provide students with a variety of opportunities to develop and refine their reasoning 

with sequences and series as the underlying logical structure has wide-reaching 

applicability in (and beyond) mathematics courses. Martinez-Planell, Gonzalez, 

DiCristina, and Acevedo (2012) found that constructing the notion of an infinite series as 

a sequence of partial sums was also quite challenging, even for graduate students in 

mathematics. They recommended that students be faced with more situations that make 

use of the sequence of partial sums than are typically found in undergraduate studies in 

order to develop a more robust understanding of the concepts. They also suggested that 

valuable learning could occur if students are faced with problematic situations, designed 

to produce cognitive conflict, after being introduced to the notion of an infinite series and 

its sum. Similarly, Lindaman & Gay (2011) used telescoping series in their study on 

improving the instruction of infinite series, because it is one type of series where the 
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definition of series convergence as a limit of partial sums is used directly to show 

convergence. 

The variants of Hilbert‘s Grand Hotel paradox that we develop below, some of 

which involve telescoping series, can serve as a means to foster robust understanding 

by provoking cognitive conflict, as an unusual review of convergence and divergence of 

infinite series, or alternatively as an introduction to these ideas. 

Hilbert’s Grand Hotel and some familiar variants 

Let us start by reminding the reader of the classical paradox and its resolution. 

Hilbert‘s Grand Hotel has infinitely many rooms and they are all occupied. One evening, 

an extremely important guest arrives – and we let students worry whether this is the 

Queen of England or B.B. King – and the hotel manager has to find accommodation for 

this new guest. Of course, no evicting guests or room-sharing is allowed.  

The standard mathematical solution vacates room number 1 for the celebrity, 

where the previous occupant of room number 1 is relocated to room number 2, and all 

the other guests are relocated to the room numbered one greater than their original 

room. More formally, the solution makes use of the bijection f(n) = n + 1 to relocate all of 

the guests. Research has shown that undergraduate students struggle with this solution 

(e.g. Mamolo & Zazkis, 2008), but that the paradox invites debate and discussion that 

fosters an understanding of the formal resolution. Sierpinska (1987), in her detailed 

study of humanities students‘ epistemological obstacles related to infinity in calculus, 

noted the importance of such experiences, suggesting that ―to master the art of rational 

discussion, of reasonable argumentation, of conducting fruitful debates, is something 

useful not only to future mathematicians but also, and perhaps even more, to future 

humanists‖ (p. 396).  In our teaching experiences, such debate and discussion occur in 

students‘ resolutions of well-known extension to Hilbert‘s Grand Hotel. One such popular 

extension deals with a number (k) of celebrities that arrive, resulting in hosting them in 

rooms numbered 1 to k and in relocation of other guests (via the bijection f(n) = n + k). 

However, in another extension an infinite bus arrives carrying an infinite number of 

passengers who need accommodation.  One possible resolution uses the bijection f(n) = 
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2n, wherein each guest is relocated to the room twice the number of their original room, 

leaving infinitely many odd-numbered rooms to accommodate the passengers in the 

bus.  

These debates of our students revolve around a seeming anomaly of infinite 

sets.  Namely, each of these variants exploits the fact that a set with infinitely many 

elements can be put into one-to-one correspondence with one of its proper subsets. It is 

this fundamental property of infinite sets that guarantees that every original and new 

guest will have a room in the hotel following the relocation. In lay terms, this means that 

both infinite sets, that of original guests and the set of original + new guests have the 

same ‗size‘ (formally, the two sets have the same cardinality), and as such allows the 

accommodation of as many as countably infinite new guests without evicting any of the 

original patrons. The consistent use of one-to-one correspondence (or bijection) in 

comparing infinite sets is a cornerstone to Cantor‘s Theory of Transfinite Numbers 

(Cantor, 1915), as it resolves the discrepancies when comparing sets by strategies such 

as the ‗inclusion‘ method (where a set which can be seen as ‗included‘ in another must 

be smaller in ‗size‘). Part of students‘ struggle with Hilbert‘s Grand Hotel, as well as with 

other questions that rely on the comparison of infinite sets, is attributed to the conflicting 

results obtained when comparing sets by the inclusion method versus through one-to-

one correspondence. Tsamir (2003) pointed out that even sophisticated mathematics 

students who had studied set theory ―still failed to grasp one of its key aspects, that is, 

that the use of more than one … criteria for comparing infinite sets will eventually lead to 

contradiction‖ (p.90). As such, these questions and paradoxes can offer powerful 

learning experiences, both in terms of concepts of infinity and sets, and also in terms of 

important aspects of mathematical reasoning.    

Further, Hilbert‘s Grand Hotel and its variants have engaged learners of both 

sophisticated and novice mathematical backgrounds, encouraging reflection on prior 

knowledge, stimulating debate, and uncovering tacit ideas that influence interpretations 

and resolutions of the paradoxes. Movshovitz-Hadar and Hadass (1990) observed that 

the ―impulse to resolve the paradox is a powerful motivator for change of knowledge‖ 

(p.284) and may provoke ―a transition to the stage of relational [deep conceptual] 

understanding‖ (ibid). In our experiences, the attempts to resolve these paradoxes have 
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invited students to make conjectures, challenge and refute ideas, seek generalizations, 

and take ownership for ideas presented – activities that are in line with academic 

practices of mathematicians (Moschkovitz, 2002). We view the negotiation of paradoxes 

as powerful means for students to engage with mathematics in sophisticated ways and 

propose the following paradox variants to encourage such mathematical activities 

around the notions of convergence and divergence of infinite series.  

Introducing room fees  

In this section we develop several variations to Hilbert‘s Grand Hotel that parallel 

the aforementioned formulations. To connect the above ideas with infinite series, we 

introduce a novel twist. Suppose that the Grand Hotel underwent renovations such that 

occupants of different rooms were charged different amounts for their accommodations. 

Room number 1, the most lavish and fabulous of rooms, cost 1 Goldcrown. Room 

number 2 (which is still pretty fabulous, but lacks a Jacuzzi bathtub and pay-per-view) 

costs ½ Goldcrown, room number 3 costs 1/3 Goldcrown, and room number n costs 1/n 

Goldcrown, for every n ∈ N.  

When all the rooms are occupied, what is the revenue? Here we have a 

divergent series, and this question may be used to either introduce the notion or as 

reminder of a previously known fact: 

The series 


1

1

k k
is divergent (so the revenue must be infinite). 

Celebrities arrive: 1, 2, … , k or infinitely many 

However, as in the classical story, an important guest arrives and the hotel 

manager decides to give him room number 1. So the guests will relocate to the next 

numbered room, as before. Now, since room number n was more expensive than room 

number (n+1) a new question arises. What is the expected refund that the manager will 

have to pay all the guests who have to move to cheaper rooms?  
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In this question, occupants have to be refunded the difference in cost between 

the original room and the one newly assigned. At first glance, the intuition might be that 

the refund is rather large, maybe even close to the initial revenue. In our teaching 

experience, most students initially believe the refund to be infinite, a common argument 

being that: ‗There is no way to calculate the total refund as the number of guests is 

infinite. If the manager has to pay each guest the amount will grow infinitely high … 

Paying an infinite number of people will cost an infinite amount of money.‘  In fact, 

however, the total refund is 1 Goldcrown as  

1 1 1
1 1

1

( ) 1
n

l l n

l
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1
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Similarly to the variation on the classical problem, we can ask now, what if two 

celebrities arrive? Or what if k celebrities arrive? Addressing the latter, we know that as 

before, the occupant of room number n relocates to room number n + k. As such, his 

refund must be the difference between 1
n

and 1
n k

. In this case, the total value of the 

refund is 1 1 1
2 3

1 ...
k

     Goldcrowns, since the nth partial sum of 1 1

1
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telescoping sum:  
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lim(1 ... ( ... )) 1 ...
k n n n n k k

n
   


              .  

However, all the previous calculations – as simple as they are – are unnecessary 

if we adopt the following point of view: Before the celebrity arrived, every room was paid 

for. After the Queen is settled in her room, and refunds have been issued, still, all the 

rooms are paid for, other than room number 1. Therefore, the refund (or revenue lost) 

must be one Goldcrown – the cost of accommodating our new important guest for free. 

Such a view may be generalized to make sense of the calculations for the case of k 

important new guests. This point of view is helpful in provoking students to look beyond 
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their initial reactions and to stimulate debate about the approach, calculations, and 

resolutions. 

Our next step is to accommodate infinitely many guests. If we let them – as in the 

classical case – move to odd-numbered rooms – what is the refund? 

Not surprisingly, the refund is now infinite, as: 

.
2

1
)

2

11
(

11
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But this begs the question: must a refund to infinitely many guests be infinite in 

amount? Now the above refund can be written as 1 1
2

1 1

n n

n n

 

 

  , which informally can be 

thought of as ―infinity minus infinity‖. ―Infinity minus infinity‖ is of course undefined. In the 

case of accommodating k celebrities the refund is 1 1

1 1

n n k

n n

 



 

  , which is also ―infinity 

minus infinity‖, and we saw earlier that this is equal to the sum 1 1 1
2 3

1 ...
k

    , which is 

a finite amount. Having seen this previous result, it is natural for a student to be 

unsatisfied with having to give an infinite refund, even when accommodating infinitely 

many guests.  The instinct seems to be that the hotel manager would want to minimize 

revenue lost. We suggest this may be an attempt to extrapolate finite experiences to the 

infinite case, and note that a fruitful debate can arise if the idea is planted that in 

accommodating infinitely many new guests the refund could be either infinitely many 

Goldcrowns, or it could be a finite amount of Goldcrowns…. Depending of course, on 

how clever our manager is! 

The manager’s new task 

Can our clever manager find a way to accommodate an infinite (but countable!) 

number of new guests, such that the refund for original guests is finite?  
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We present below our own deliberations on this question as well as some ideas 

for classroom implementation. When put to students, this problem invites them to 

conjecture whether different solutions exist, and which solutions students prefer and why 

so. For example, rather than using the familiar bijection f(n) = 2n, students might ask 

what if we relocated guests by using f(n) = 3n, or f(n) = 10n?  In these cases, the 

mathematics unfolds similarly:  

The refund would be 
11 1

1 1

( ) k
n kn kn

n n

 



 

      if the bijection f(n) = kn is 

used.  However, our manager is equally unhappy with this alternative, and it soon 

becomes clear that the challenge is to create a method of accommodating new guests 

so that the series of refunded Goldcrowns is convergent.

 

In our experience with these paradoxes, the exploration for an appropriate 

convergent series can sometimes overshadow the original question. For instance, 

drawing on familiar convergent series, the suggestion that if the new guests were sent to 

rooms numbered with powers of 2, then the refund would be:   
1

2
1

1n

n





 , seems at 

first to work well. Similarly, if we let the new guests occupy rooms numbered with 

triangular numbers, this yields a finite refund:  

2

2

2 2
( 1) 3

1 1

n n n
n n


 



 

   . 

While these suggestions indeed exemplify convergent series, and could be 

familiar to students, they are not in accord with the storyline. That is to say, for the 

convergent series offered, the assumption must be that occupants were asked to leave 

their rooms to accommodate the new guests – which explains why each occupant 

receives a refund corresponding to his room number.  
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However, in our previous solutions, the occupants were not asked to leave, but 

rather were relocated to a new (less fabulous) room. Thus the refund would be the 

difference between the new room and the original room (rather than the cost of the 

original room). Consider for example reallocating guests to rooms with only square 

numbers. In this case, the refund would be 2

1 1

1 1

n n
n n

 

 

  . However, since 
2

2

1
6

1
n

n






 the 

refund has to be infinite and we can formally see this from the fact 

that 2 2

11 1

1 1

( ) ( )n
n n n

n n

 



 

   and by comparing the latter series with the harmonic series. Of 

course, if the prices of the rooms to which guests were relocated add up to a finite 

number, then the refund will be infinite. As such, a different look at convergence and 

divergence of series is needed. 

The challenge remains: Is it possible to relocate guests to accommodate 

infinitely-many newcomers such that every guest has his own room and the refund to the 

original guests is finite?  

One way to keep the manager happy 

In what follows we suggest a solution, and we invite readers (and their students) 

to find additional and alternative ones.  The idea behind this solution is partitioning N, the 

set of natural numbers, into sets 
kA for k = 1, 2, 3 … and relocating the occupant of 

room number n in 
kA to room number n + k. But a judicious partitioning of N is required.  

Let  for  . It is easy to see that the 

sets
kA are disjoint and 

1

k

k

A N




 . Let :f N N  be defined by  for 

kn A for k  . It is easy to see that this function f is well defined and one-to-
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one. Now, ,  for ,  for  , … . 

Therefore , , , , , , … . Note that 

the range of f is  (the occupied room).  Therefore, asking 

the person who is in room number  to move to room number  we can 

accommodate infinitely many new guests (without eviction) because after this new room 

arrangement, rooms with numbers in the set  will be vacant. Now the 

refund would be: 

 

.  

This refund is finite as the series is convergent. To see this, consider the 

following calculations: 
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Let us now compare the latter series with 2

1

1
k

k





 using the limit comparison test: 

we will compare the series 
1
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   is convergent, then 
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    is convergent.  Hence 
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   is also convergent 

by the comparison test because we saw before that: 
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. 

Concluding remarks: Hilbert, Cantor, and Newton under one 
roof 

The importance of series and sequences in and beyond calculus stems from 

Newton‘s early description of functions as sums of infinite series (Lavine, 1994). Student 

difficulties understanding infinite series are well-documented (e.g. Martinez-Planell, et 

al., 2012), and our paper offers instructors problems which can be used to uncover, 

explore, or address such difficulties. The paradoxical nature of infinite series – 

particularly ones for which a finite sum exists – are encountered early in university 

students‘ experiences with calculus, and can, in our perspective, be used to advantage. 

The counterintuitive aspect of an endless calculation summing to a finite number is the 

basis for some of the earliest recorded paradoxes. Zeno‘s paradoxes highlighted the 
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inherent anomalies of the infinite, and had such a profound impact on mathematics and 

mathematical thought that Bertrand Russell attributed to them ―the foundation of a 

mathematical renaissance‖ (1903, p. 347). 

The intrinsic appeal of addressing and resolving paradoxes can be a powerful 

motivator, and one which can challenge and extend student thinking (e.g. Mamolo & 

Zazkis, 2008). The paradoxes developed in this paper make use of a familiar context – 

hotel accommodations and relocations, purchases and refunds – to frame notions of 

convergence and divergence as they apply to infinite series and sets. An important 

contribution of our ‗twist‘ is in connecting seemingly disparate occurrences of infinity in 

undergraduate mathematics under the same roof. The scenarios we developed offer 

interesting problems for exploration, and can be further tweaked, depending on the 

sophistication and willingness of the student, to create more or less challenging 

interpretations and resolutions. Our problems contribute a means of stimulating 

mathematical debate, fostering a culture of conjecture and justification, or might simply 

be a fun mental playground for the curious type. 
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Chapter 6.  
 
Conclusion 

This dissertation consists of four stand-alone papers written on paradoxes of 

infinity (presented in chapters 2, 3, 4, and 5) that focussed on conceptions of infinity and 

context.  This chapter begins with summarises of each of the four papers. Then the 

contributions of this dissertation are presented. Next I look at the limitations of the 

dissertation and conclude by briefly looking back at my struggles and outlining future 

directions for research.   

Summary of the four papers 

This dissertation used several paradoxes of infinity as research tools, and also 

developed some variants of known paradoxes and explored their potential as an 

instructional tool. Thomson‘s Lamp, Green Alien, Painter‘s Paradox, Polygon Task and 

Hilbert‘s Grand Hotel Paradox were used as research tools to explore conceptions of 

infinity and the effect of context.  

The first paper explored the conceptions of infinity of a group of liberal arts 

students‘ engagement with two super tasks, Thomson‘s Lamp, and the Green Alien, 

which is an isomorphic version of the Thomson‘s Lamp set in an imaginary context. In 

trying to coordinate the two different attributes of the paradoxes, the number of half time 

intervals and the duration of the half time intervals, participants were seemingly 

presented with cognitive conflicts and they tried to ease the created tension in different 

ways. Participants seemed to ease their tensions by trying to reduce the level of 

abstraction that included further contextualization. Many participants did not seem to 

succeed in decontextualizing the paradoxes from their context of time, and concluded 

either the halving time goes on forever, or midnight or two minutes is not reached.  
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The second paper focussed on the struggles of a group of undergraduate 

students in resolving the Painter‘s Paradox. In spite of their familiarity with integral 

Calculus techniques about half of the participants reacted in disbelief to Gabriel‘s horn 

having a finite volume and infinite surface area. This is similar to the reactions of the 17th 

century mathematicians and philosophers to the same result. This raised the possibility 

that this is an epistemological obstacle learners have to overcome. The participants 

reduced the level of abstraction of the paradox through contextualization by connecting it 

to familiar situations. They did not consider painting the horn as a thought experiment. 

More than half of the participants concluded that the horn cannot practically be painted. 

The Classic Paradox of Infinity brings up the problematic in considering the limit 

of a sequence of curves in its shape and length.  In the third paper a group of 

mathematics honours undergraduate students engaged with the Polygon Task, which is 

a variant of the Classic Paradox of Infinity. In the Polygon Task the area of the polygons 

approaches the area of the trapezium. But the perimeter of the polygons does not 

approach the perimeter of the trapezium. Participants in this study initially expected the 

length attribute to behave as the area attribute and this expectation seemed like an 

extension of the 'Same A-same B' intuitive rule of Tirosh and Stavy (1999). The 

coerciveness of this expectation for each participant varied.  

In the last paper several new paradoxes were developed by adding a context of 

room fees to the Hilbert‘s Grand Hotel paradox. The variants of Hilbert‘s Grand Hotel 

developed in this paper connected seemingly disparate ideas of comparing infinite sets 

through one to one correspondences, and convergence and divergence of series. There 

are many research studies that report student difficulties in understanding infinite series. 

These variants can be used by instructors in Calculus to foster a deeper understanding 

of infinite series in their students.   

Contributions 

This dissertation contributes in the areas of research in mathematics education, 

theory in mathematics education and instruction in Calculus. These contributions are 

presented here classified under these three main areas.  
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Contributions to research in mathematics education 

Further insights into learners’ struggles with infinity 

The infinite iterative processes presented in the Thomson‘s Lamp and the Green 

Alien invoked a robust process view of infinity among the participant liberal arts students. 

Participants did not seem to reach the object stage in the APOS perspective. Though 

this is in line with reported research on such processes in the literature (Mamolo and 

Zazkis, 2008; Dubinsky, Weller, Stenger, & Vidakovic, 2008), the participants‘ struggles 

with the processes of switching the lamp on and off in Thomson‘s Lamp, or the alien 

changing colours in Green Alien, indicated that even the new totality stage in the APOS 

perspective is difficult for learners to reach.  

The processes of switching the lamp on and off in Thomson‘s Lamp, or the alien 

changing colours in Green Alien do not encapsulate into an object at the end of the time 

period. Seeing the whole process as a totality is sufficient to determine the status of the 

lamp or the colour of the alien at the end of the time period. These processes are not as 

complicated as the processes in the super tasks that have been used in mathematics 

education research so far (e.g. Mamolo and Zazkis, 2008; Dubinsky et al., 2008).  So 

Thomson‘s Lamp and Green Alien can be good tasks for investigating students‘ 

difficulties with the totality stage in super tasks.  

The Painter‘s Paradox presented an actually infinitely long mathematical object, 

the Gabriel‘s horn. The struggles of the Calculus students in reconciling with the finite 

volume of the Gabriel‘s horn indicated that they experienced an epistemological obstacle 

with respect to this result. This is similar to what happened historically, as 

mathematicians and philosophers had similar struggles in the 17th century with the same 

paradoxical result.  

Further insights on how learners engage with paradoxes 

Cognitive conflicts elicited by the paradoxes were difficult for participants to 

resolve, but they seemed to improve their awareness of problem solving heuristics and 

metacognitive skills in general, confirming the findings of Movshovitz-Hadar and Hadass 

(1990). In arguing about the status of the lamp or the colour of the green alien at the end 
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of the time period, or making sense of infinitely long Gabriel‘s horn having a finite 

volume, some of the participants used heuristic approaches. For example, in the Green 

Alien, one participant said that the alien will be both green and pink at her time of 

departure. In the Painter‘s Paradox, two participants made sense of a finite volume 

having infinite surface area by thinking of continuously rolling silly putty or repeatedly 

crushing some material into an infinitely thin thickness.     

In engaging with the paradoxes, participants had to think about their views of 

infinity. I myself thought a lot about the Classic Paradox of Infinity, my favourite one of 

the paradoxes discussed in this dissertation. What is the limit curve of the wavy lines? 

Even though the sequence of functions of the wavy lines converges uniformly to the 

function of the line segment I had a hard time thinking that the limit curve is the line 

segment. It seems like a mystery. I have a feeling that the limit curve of the wavy lines is 

a fractal.  

Participants in the Polygon Task became aware of their expectations and some 

realized the fallacy of their expectations. Such awareness may thus help students reflect 

on their own understandings of infinity, especially in the different contexts it appears in 

these paradoxes. In that sense, my research findings suggest that there may be value in 

giving these paradoxes to students as a way of developing their conceptions of infinity—

this is a finding that has not been proposed in the existing literature.  

Participants often reduced the level of abstraction of the paradoxical situations to 

resolve their cognitive conflicts. Many of them reduced the level of abstraction by 

contextualizing further and avoided resolution. But this kind of contextualization 

sometimes led to paradox resolution. Stripping of unnecessary details in this context, or 

decontextualization, is a form of abstraction (Ferrari, 2003). How does one reduce the 

level of this kind of abstraction? A contextualized approach in the Painter‘s Paradox may 

involve disregarding some of the realistic properties of paint, or adding an imaginary 

context. The latter way was my own approach to this paradox. It seems that Hazzan‘s 

(1990) theoretical framework of reducing abstraction could be refined for research on the 

paradoxes I used in order to account for this different kind of reducing abstraction.  
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Enhanced understanding of the role of context in paradox resolution 

Arcavi (2000) wrote that a context, even a fabricated one, can help to make 

sense and guide the solution of a problem. The fabricated mathematical context of 

Polygon Task apparently helped some participants to realize their misconceptions while 

it led another participant to follow his expectation and accept an incorrect answer. In the 

Painter‘s Paradox, the context seemed to have helped at least one participant to 

generate ideas in resolving the paradox in the contextualized approach. But more than 

half of the participants contextualized further and concluded that the horn cannot be 

painted. The isomorphic contexts of Thomson‘s Lamp and Green Alien also seemed to 

have led participants to contextualize further and avoid further engagement with them. 

The decontextualization required in the Painter‘s Paradox, Thomson‘s Lamp and Green 

Alien was difficult for participants and they did not think of Gabriel‘s horn as a 

mathematical object or disregard the context of time in Thomson‘s Lamp and Green 

Alien. So findings in this dissertation suggest that the context of a paradox is more a 

hindrance than an aid in resolving it.  

The Painter‘s Paradox brought out a tension between contextualization and 

decontextualization as there are both a contextualized approach and a decontextualized 

mathematical approach in resolving the paradox. What to retain of the paint context 

seemed to be a delicate question. Contextualization often occurred when participants 

tried to make sense of the problem by reducing the level of abstraction. 

Decontextualization is also making sense of the problem. But this kind of sense making 

seemed to be too difficult for the participants.  

The participants‘ epistemological obstacle in reconciling the finite volume of the 

Gabriel‘s horn was partly due to their inability to see Gabriel‘s horn as a mathematical 

object. When they considered it contextually, their finite contextual interpretations came 

up. Historically too this was partly the reason that underlined the debates about the 

counterintuitive properties of Gabriel‘s horn as evidenced by Wallis‘s remark mentioned 

earlier that Torricelli‘s infinitely long solid did not create an issue for him as long as it was 

considered as a mathematical object. It seems that Chernoff‘s theoretical framework of 

platonic and contextual distinction did not adequately capture this epistemological 

obstacle.  
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How can one overcome this epistemological obstacle? One way is to see the 

volume of the horn as being related to a convergent series. Also, one could see the 

volume calculation of the horn through APOS. First the volume of the horn truncated by 

the plane perpendicular to the x-axis containing the point )0,(a  is computed. This 

volume is )1( 1
a

 . When one repeats this action for increasing values of a and reflects 

on it, this action of computing the volume of the truncated Gabriel‘s horn can be 

interiorized into a process. For each increasing value of a there corresponds a truncated 

Gabriel‘s horn with volume ).1( 1
a

  When one evaluates the limit of )1( 1
a

  as a tends 

to   one sees the entire process as a totality. Further, with more reflection, one may 

encapsulate the above process into the cognitive object of Gabriel‘s horn with volume .   

Even though it seems like there is no process associated with the Gabriel‘s horn, 

APOS can be used in the above manner to highlight the fact that students need to 

overcome the epistemological obstacle in reconciling the finite volume of the Gabriel‘s 

horn. Though the evaluation of integrals over an unbounded interval such as ),1[  has a 

process, the process of taking the limit of integral over ],1[ a  as a tends to infinity, this 

process is not emphasised in evaluating such integrals. I think if this process is 

emphasised as described above in the case of the Gabriel‘s horn, and which the lens of 

APOS draws attention to, then it could be easier for students to better understand 

evaluation of such improper integrals. This is an area that could be further researched, 

that is, to find out how effectively APOS can be used to help guide new didactical 

strategies for teaching Calculus. 

Contributions to theory in mathematics education  

The intuitive rule of 'Same A-same B' of Tirosh and Stavy (1999) is an intuitive 

mechanism that often gets triggered when learners deal with two attributes A and B of 

two objects or systems. When there is equality with respect to the attribute A this rule 

manifests and learners conclude the equality with respect to the attribute B. In the 

mathematics education literature it has not been reported whether there are any 

extensions of this rule to the limit of an infinite sequence of objects nP . The ‗Same 
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)( nPA -same )( nPB ‘ intuitive rule suggested and formulated in this dissertation is such 

an extension.  

Findings on the Painter‘s Paradox indicate that the epistemological obstacle in 

reconciling the finite volume of the Gabriel‘s horn is partly explained by Chernoff‘s 

contextual and platonic distinction. This relationship between the two theoretical 

frameworks is a new revelation and it requires further investigation.  

Contributions to instruction in Calculus 

One contribution in this area is the development of new variants of known 

paradoxes:  the Green Alien, the Polygon Task and the ―pay-for room‖ in Hilbert‘s Grand 

Hotel. These variations can be used as instructional tools to develop a deeper 

understanding of sequences and infinite series.  

The attributes surface area and volume of unbounded regions are generalization 

of the same attributes of bounded regions through improper integrals. As such the 

underlying notion of these attributes is Riemann sums and therefore they are connected 

with infinite series. This connection explains that the Gabriel‘s horn has a finite volume 

since the 2-series (


1

1
2

n
n

) is convergent. As this connection is not emphasized in 

Calculus textbooks and Calculus instruction students may have difficulty understanding 

such results. So a useful didactic approach in Calculus instruction would be to 

emphasize this connection.  

Is there a role for paradoxes in Calculus instruction? Some Calculus textbooks 

use paradoxes to introduce mathematical concepts. For example, Single variable 

calculus: Early transcendentals by Stewart (2011) used Zeno‘s Paradox Achilles and the 

Tortoise to introduce the limit of a sequence and the sum of a series. Similarly Green 

Alien can be used to introduce Grandi‘s series in a thought-provoking manner. Grandi‘s 

series and historically divergent views of its sum is excellent material to foster a deeper 

understanding of the sum of an infinite series. Also, the ―pay-for room‖ variants of 
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Hilbert‘s Grand Hotel can be used as non-routine problems on convergence and 

divergence of series in developing a robust understanding of these concepts. 

The Painter‘s Paradox can be used to highlight the connection between surface 

areas and volumes of bounded and unbounded regions, Riemann sums and infinite 

series. Also, this paradox can help students extend their notion of a solid as Gabriel‘s 

horn is actually an infinitely long solid different from the solids they encounter in their 

Calculus courses. A brief historical account of Torricelli‘s infinitely long solid and the 

philosophical debates about its counter-intuitive properties would help students 

overcome their epistemological obstacle in reconciling those properties.  In a more 

advanced Calculus course, the Polygons Task can be used to help students see that in 

a sequence of objects not every attribute of the objects behaves in the same way.  

Limitations 

There were some limitations in the three empirical studies I did. One limitation is 

choosing a convenient sample of participants in the study on Painter‘s Paradox. In this 

sample the participants were some of the students who frequently visited the Calculus 

workshop I worked. This workshop served as a help center for students in a large 

Calculus class. Since they were the students who came regularly for help they could be 

weaker students in Calculus.  

Another limitation is in the data source in the study on Thomson‘s Lamp and the 

Green Alien.  The data on the Green Alien is only written data. If interviews were 

conducted on the Green Alien they would have provided more in-depth data for a better 

data analysis.  

Looking back 

I started my research with a focus on conceptions of infinitely small. This is an 

area where very few researches have been done (e.g., Núñez, 1994a & 1994b) 

compared to conceptions of infinitely large. But as the research progressed I had to 
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move in different directions by reshaping my data collection tools. This was necessary 

as some of my data collection tools did not elicit responses that would answer the 

research questions I had in mind. I think this was due to my lack of experience in 

anticipating what to expect in student responses. Given what I now know, I would have 

spent more time in designing data collection tools and checked their effectiveness with 

one or two participants. Even though this was disappointing and frustrating I learned the 

true nature of research in mathematics education in the process. When I look back at my 

journey in this dissertation it seems like an adventurous journey through an unknown 

obscure land.  

Future directions 

My study suggests research questions for further investigation. One research 

question is whether an imaginary context makes a super task more accessible. This can 

be investigated using the Thomson‘s Lamp and the Green Alien with an appropriate 

research design. Also, the role of the new totality stage in APOS theory in determining 

the state of the lamp at two minutes in the Thomson‘s Lamp paradox with different 

populations can be investigated. This investigation could also provide further empirical 

support for the totality stage.  

In Chapter 3 a didactic approach on instruction in Calculus on the topics of area, 

surface area and volume of unbounded regions was outlined. Another direction of 

research is to carry out a teaching experiment with this didactic approach.  

Also, what some of the participants in the study on Painter‘s Paradox expected – 

infinitely long Gabriel‘s should have infinite volume and if the Gabriel‘s horn has a finite 

volume then its surface area should be finite – seems to suggest that this is a variation 

of the ‗Same A-same B‘ intuitive rule. This should be further investigated.  

The direction I would go from here is clear. After a long journey in mathematics 

education that took me through a dissertation I look forward to doing more research in 

mathematics education. My fascination with infinity and paradoxes is still vibrant. But I 
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am more fascinated by how we understand mathematics. On the elusive experience of 

understanding, Anna Sfard (1994) quoted Paul Halmos:  

. . . one afternoon something happened. I remember standing at the 
blackboard in Room 213 of the mathematics building talking with Warren 
Ambrose and suddenly I understood epsilon. I understood what limits 
were, and all of that stuff that people were drilling in me became clear. I 
sat down that afternoon with the calculus textbook by Granville, Smith, 
and Longley. All of that stuff that previously had not made any sense 
became obvious . . . (p. 44). 

This shows me that understanding is a complex phenomenon and as a teacher I 

feel the need to study this at a deeper level.  



  

114 

References 

Adams, R. A., & Essex, C. (2010). Calculus: a complete course. Pearson Addison-
Wesley. 

Arcavi, A. (2000). Problem-driven research in mathematics education. The Journal of 
Mathematical Behavior, 19(2), 141-173. 

Bagni, G. T. (2005). Infinite series from history to mathematics education. International 
Journal for Mathematics Teaching and Learning, 1473-0111. 

Beaver S. (2011). A pre-bridge course: the natural role of sequences and series. 
PRIMUS, 21(6), 512-529 

Benacerraf, P. (1962). Tasks, super-tasks, and the modern eleatics. The Journal of 
Philosophy, 59(24), 765-784. 

Bråting, K. (2012). Visualizations and intuitive reasoning in mathematics. Montana 
Mathematics Enthusiast, 9(1&2), pp. 1-18 

Brousseau, G. (1997). Theory of Didactical Situations in Mathematics. Dordrecht, 
Netherlands: Kluwer.  

Brousseau, G. (1983). Les obstacles épistémologiques et les problèmes en 
mathématiques. Recherches en Didactique des Mathématiques, 4(2), 165-198 

Brown, A., McDonald, M., & Weller, K. (2010). Step by step: Infinite iterative processes 
and actual infinity. Research in Collegiate Mathematics Education VII, 7, 115.  

Burger, E.B. & Starbird, M. (2010). The heart of mathematics: An invitation to effective 
thinking. 3rd edition.  Wiley.  

Carroll, M. T., Dougherty, S. T., & Perkins, D. (2013). Indivisibles, Infinitesimals and a 
Tale of Seventeenth-Century Mathematics. Mathematics Magazine, 86(4), 239-
254. 

Cantor, G. (1915). Contributions to the Founding of the Theory of Transfinite Numbers 
(translated by P. Jourdain, reprinted 1955). New York: Dover Publications Inc. 



  

115 

Chernoff, E. (2011). Investigating relative likelihood comparisons of multinomial 
contextual sequences. Proceedings of CERME 7. 
Available: http://www.cerme7.univ.rzeszow.pl/index.php?id=wg5 

Chernoff, E. J. (2012). Recognizing revisitation of the representativeness heuristic: an 
analysis of answer key attributes. ZDM - The International Journal on 
Mathematics Education, 44(7), 941-952. 

Dubinsky, E., Arnon, I., & Weller, K. (2013). Preservice teachers‘ understanding of the 

relation between a fraction or integer and its decimal expansion: The case of 9.0  

and 1. Canadian Journal of Science, Mathematics and Technology Education, 
13(3), 232-258. 

Devlin, K. (2003, November). Contexts of Paradox. Retrieved from 
https://www.maa.org/external_archive/devlin/devlin_11_03.html 

Dubinsky, E., Weller, K., McDonald, M. A., & Brown, A. (2005a). Some historical issues 
and paradoxes regarding the concept of infinity: An APOS-based analysis: Part 
1. Educational Studies in Mathematics, 58, 335-359. 

Dubinsky, E., Weller, K., McDonald, M. A., & Brown, A. (2005b). Some historical issues 
and paradoxes regarding the concept of infinity: An APOS-based analysis: Part 
2. Educational Studies in Mathematics, 60, 253-266. 

Ely, R. (2011). Envisioning the infinite by projecting finite properties. The Journal of 
Mathematical Behavior, 30(1), 1-18. 

Ferrari, P. L. (2003). Abstraction in mathematics. Philosophical Transactions of the 
Royal Society of London. Series B: Biological Sciences, 358(1435), 1225-1230. 

Fischbein, E., D. Tirosh, and P. Hess. (1979). The intuition of infinity. Educational 
Studies in Mathematics, 10, 30-40. 

Fleron, J. F. (1999). Gabriel's wedding cake. College Mathematics Journal, 30, 35-38.  

Gethner, R. M. (2005). Can you paint a can of paint?. College Mathematics Journal, 
36(5), 400-402. 

Giaquinto, M. (1994). Epistemology of visual thinking in elementary real analysis. The 
British journal for the philosophy of science, 45(3), 789-813. 

Hazzan, O. (1999). Reducing abstraction level when learning abstract algebra concepts.  
Educational Studies in Mathematics, 40(1), 71–90. 

Hazzan, O., & Zazkis, R. (2005). Reducing abstraction: The case of school mathematics. 
Educational Studies in Mathematics, 58(1), 101-119.  



  

116 

Hershkowitz, R., Schwarz, B. B. & Dreyfus, T. (2001). Abstraction in context: Epistemic 
actions. Journal for Research in Mathematics Education, 32, 195-222. 

Hilbert, D. (1926). On the infinite. In P. Benacerraf & H. Putnam (Eds.). Philosophy of 
Mathematics Selected Readings (pp. 134-151). New Jersey: Prentice-Hall, Inc. 

Irvine, A. D.( 2009, May 27). Russell's Paradox. Retrieved from 
http://plato.stanford.edu/archives/spr2013/entries/russell-paradox/  

Kim, D. J., Ferrini-Mundy, J., & Sfard, A. (2012). How does language impact the learning 
of mathematics? Comparison of English and Korean speaking university 
students‘ discourses on infinity. International Journal of Educational Research, 
51, 86-108. 

Kline, M. (1990). Mathematical thought from ancient to modern times (Vol. 3). Oxford 
University Press, USA. 

Kleiner, I., & Movshovitz-Hadar, N. (1994). The role of paradoxes in the evolution of 
mathematics. The American mathematical monthly, 101(10), 963-974. 

Laraudogoitia, J. P. (2009, November 11). Supertasks. Retrieved from 
http://plato.stanford.edu/archives/spr2011/entries/spacetime-supertasks/ 

Lakoff, G., & Núñez, R. E. (2000). Where mathematics comes from: How the embodied 
mind brings mathematics into being. Basic books. 

Lavine, S. (1994). Understanding the Infinite. Cambridge: Harvard University Press. 

Lindaman B.  & Gay S. (2012). Improving the instruction of infinite series. PRIMUS, 
22(5), 373-385  

Luis, E., Moreno, A., & Waldegg, G. (1991). The conceptual evolution of actual 
mathematical infinity. Educational Studies in Mathematics, 22(3), 211-231. 

McDonald, M. A., & Brown, A. (2008). Developing notions of infinity. In Carlson, M. P., & 
Rasmussen, C. (Eds.). Making the connection: Research and teaching in 
undergraduate mathematics education (pp. 55-64). USA: MAA.  

Mamolo, A. & Zazkis, R. (2008). Paradoxes as a window to infinity. Research in 
Mathematics Education, 10(2), 167-182. 

Mamolo, A., & Zazkis, R. (2014). Contextual Considerations in Probabilistic Situations: 
An Aid or a Hindrance?. In Probabilistic Thinking (pp. 641-656). Springer 
Netherlands. 

http://plato.stanford.edu/archives/spr2013/entries/russell-paradox/
http://plato.stanford.edu/archives/spr2011/entries/spacetime-supertasks/


  

117 

Mamona-Downs, J. (2001). Letting the intuitive bear on the formal; A didactical approach 
for the understanding of the limit of a sequence. Educational Studies in 
Mathematics, 48(2-3), 259-288.  

Mamona, J. C. (1990). Sequences and series—sequences and functions: students‘ 
confusions. International Journal of Mathematical Education in Science and 
Technology, 21, 333–337. 

Mancosu, P., & Vailati, E. (1991). Torricelli's infinitely long solid and its philosophical 
reception in the seventeenth century. Isis, 82(1), 50-70. 

Martinez-Planell, R., Gonzalez, A.C., DiCristina, G., & Acevedo, V. (2012). Students‘ 
conception of infinite series. Educational Studies in Mathematics. First Online. 

Moschkovich, J. (2002). An introduction to examining everyday and academic 
mathematical practices. Journal for Research in Mathematics Education, 
Monograph, Vol.11, 1 – 11. 

Movshovitz-Hadar, N., and Hadass, R. (1990). Preservice education of math teachers 
using paradoxes. Educational Studies in Mathematics, 21, 265-287. 

Movshovitz-Hadar, N., and Hadass, R. (1991). More about mathematical paradoxes in 
preservice teacher education. Teaching & Teacher Education. 7(I). 79-92.  

Netz, R. & Noel, W. (2011). The Archimedes Codex. Hachette UK. 

Núñez, R. (1994a). Subdivision and small infinities: Zeno, paradoxes and cognition. 
Proceedings of the 18th Conference of the International Group for the 
Psychology of Mathematics Education, Lisbon, 3, 368-375. 

Núñez, R. (1994b). Cognitive development and infinity in the small: paradoxes and 
consensus. In Proceedings of the Sixteenth Annual Conference of the Cognitive 
Science Society (pp. 670-674). Hillsdale, NJ: Lawrence Erlbaum Associates. 

Przenioslo, M. (2006). Conceptions of a sequence formed in secondary school. 
International Journal of Mathematical Education in Science and Technology, 
37(7), 805–823. 

Quine, W. V. O. (1976). The ways of paradox, and other essays. Harvard University 
Press. 

Radford, L. (1997). On psychology, historical epistemology and the teaching of 
mathematics: Towards a socio-cultural history of mathematics. For the learning 
of mathematics, 17, 26-33. 



  

118 

Radford, L., Boero, P., & Vasco, C. (2000). Epistemological assumptions framing 
interpretations of students understanding of mathematics. In Fauvel, J., Maanen, 
J. A., & van Maanen, J. A. (Eds.), History in mathematics education: An ICMI 
study. (pp. 162-167). Dordrecht, Netherlands: Kluwer Academic Publishers.  

Radu, I., & Weber, K. (2011). Refinements in mathematics undergraduate students‘ 
reasoning on completed infinite iterative processes. Educational studies in 
mathematics, 78(2), 165-180. 

Russel, B. (1903). The Principles of Mathematics. (Reprinted 1996) Norton. Electronic 
version http://fair-use.org/bertrand-russell/the-principles-of-mathematics/ 

Sfard, A. (1991). On the dual nature of mathematical conceptions: Reflections on 
processes and objects as different sides of the same coin. Educational Studies in 
Mathematics, 22(1), 1-36. 

Sfard, A. (1994). Reification as the birth of metaphor. For the learning of mathematics, 
44-55. 

Sierpińska, A. (1987). Humanities students and epistemological obstacles related to 
limits. Educational Studies in Mathematics, 18(4), 371-397. 

Sriraman, B.  (2009). Mathematical paradoxes as pathways into beliefs and polymathy: 
an experimental inquiry. ZDM Mathematics Education, 41, 29–38. DOI 
10.1007/s11858-008-0110-3 

Stavy, R & Tirosh, D. (1999). Intuitive rules in science in mathematics: the case of 
―everything can be divided by two‖. International Journal of Science Education, 
20, 1257-1269. 

Stewart, J. (1999). Single Variable Calculus, Fourth Ed. Pacific Grove, USA: 
Brooks/Cole Publishing Company. 

Stewart, J. (2011). Single variable calculus: Early transcendentals. Brooks/Cole 
Publishing Company.  

Struik, D. J. (Ed.). (1969). A source book in mathematics, 1200-1800 (Vol. 11). Harvard 
University Press. 

Tall, D., & Katz, M. (2014). A cognitive analysis of Cauchy‘s conceptions of function, 
continuity, limit and infinitesimal, with implications for teaching the 
calculus. Educational Studies in Mathematics, 86(1), 97-124. 

Thomson, J. F. (1954). Tasks and Super-Tasks. Analysis, 15(1), 1-13. 

Tirosh, D., & Stavy, R. (1999). Intuitive rules: A way to explain and predict students' 
reasoning. Educational studies in Mathematics, 38(1-3), 51-66. 

http://fair-use.org/bertrand-russell/the-principles-of-mathematics/


  

119 

Tsamir, P., & Tirosh, D. (1999). Consistency and representations: The case of actual 
infinity. Journal for Research in Mathematics Education, 213-219. 

Tsamir, P. (2003). Primary intuitions and instruction: The case of actual infinity. In A. 
Selden, E. Dubinsky, G. Harel, & F. Hitt (Eds.), Research in collegiate 
mathematics education V (pp.79-96). Providence: American Mathematical 
Society. 

Weller, K., Stenger, C., Dubinsky, E., & Vidakovic, D. (2008). Infinite iterative processes: 
The tennis ball problem. European Journal of Pure and Applied 
Mathematics, 1(1), 99-121. 


