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Abstract 

Many engineering problems involve high dimensional, computationally expensive, and 

black-box (HEB) functions such as complex finite element analyses or computational 

fluid dynamics simulations. Global optimization on HEB problems is challenging since it 

generally requires a large number of computationally expensive simulations. The aim of 

this thesis is to tackle optimization on HEB problems. 

Metamodels are mathematical models that are constructed to approximate black-box 

and expensive functions. Survey of existing techniques shows that metamodel-based 

optimization has potential to solve HEB optimization problems. High Dimensional Model 

Representation (HDMR) metamodeling is chosen from the literature, which is 

subsequently developed to Principal Component Analysis based HDMR in support of 

random non-uniform sampling. Also, an adaptively changing basis functions strategy is 

defined to ensure the orthogonality of basis functions with respect to existing samples in 

order to achieve the best approximation accuracy for Random Sampling HDMR. 

Variable correlations revealed through metamodeling are used for decomposing high 

dimensional problems into smaller sub-problems. Then, sensitivity analysis is used to 

quantify the intensities of the correlations. For problems in which all correlations are 

weak or there are a mix of weak and strong correlations, the proposed method is very 

effective in reducing the total number of function evaluations to achieve a similar 

accuracy. For problems whose correlations are all strong, the proposed method is not be 

advantageous.  

An optimization strategy based on iterative metamodel-supported decomposition is 

proposed in which the decomposition and optimization phases are performed 

simultaneously and iteratively, in contrast to a one-time decomposition-optimization 

process. The results show that except for the category of non-decomposable problems 

with all or lots of strong correlations, the proposed strategy improves the accuracy of the 

optimization results noticeably.  The developed algorithm is applied to a practical 

engineering problem to test its effectiveness in real-world applications. An optimal 

assembly planning problem with a 100-dimensional objective function is optimized using 

the proposed method. Comparison with other optimization methods results and the 

baseline values shows significant improvement in the obtained optimum with the same 

number of function calls. The results represent the state-of-the-art for optimization of 

HEB problems.  

Keywords:  high dimension; decomposition; HDMR; metamodeling; sensitivity 
analysis 
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Chapter 1.  
 
Introduction 

1.1. Motivation  

In engineering, a large number of optimization problems are of high dimension, and 

finding the optimal values of the design variables requires searching through a high-

dimensional design space [1]. High dimensionality causes intractability of systematic 

searching through such spaces. In addition, approximating functions of many variables 

using numerical methods becomes intractable, resulting in difficulties known as the 

“curse-of-dimensionality.” When the objective function is a black-box function, where no 

clear or explicit function or formula exists for mapping the inputs to the output, exact 

methods cannot be easily or reliably applied and thus finding the optimal solution 

becomes much more difficult. Objective functions evaluated via simulations, such as 

Finite Element Analysis (FEA) and Computational Fluid Dynamics (CFD), are examples 

of black-box functions. Proper techniques are required to efficiently handle such class of 

problems. Gradient-based methods are unsuitable for black-box problems because the 

gradient of the objective function does not exist and usually the gradients computed from 

CFD and FEA models are noisy, erroneous, and expensive [2]. Therefore, sampling-

based methods should be used instead. Evolution-based method, which are sampling-

based, are not suitable too because they usually need an excessive number of sample 

points. Another difficulty in optimization is the computational cost of the objective 

function evaluations. FEA and CFD simulations are often computationally expensive.  

Problems that are High Dimensional, Expensive, and Black-box are referred as HEB 

problems in the literature. In science and engineering, dealing with HEB problems is 

always challenging [3,4]. For an example, the wing configuration design of a high speed 

civil transport (HSCT) aircraft [5] is a HEB problem, including 26 variables, four 
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objectives, and four constraints, many of which are evaluated via expensive simulations, 

and thus considered black-box functions. 

For better understanding of HEB problems, a real-world problem is described and the 

optimization time is roughly calculated. A finite element model related to a real-world full 

vehicle frontal impact problem is used in [6] in which the simulation represents 80 � of 

real impact problem. It contains 75,500 shell elements. It is reported in [6] that every 

single analysis requires about 17 hours on CRAY J916/16 machine using 8 CPUs. The 

number of variables can vary based on the optimization purposes. As a rough 

calculation of optimization time, suppose that a non-gradient-based optimization 

algorithm is used for this purpose and 5,000 function evaluations are needed, which is a 

modest number for high dimensional optimization in general. Multiplying 5,000 by 17, we 

reach a very large number (85,000 ℎ�), which is almost 10 years. Note that if the 

problem has many input variables, the number of function evaluations required for 

optimization will grow exponentially.  

Shan and Wang [7] provided a detailed review of techniques for solving HEB problems. 

A variety of techniques have been developed for tackling challenges of high-

dimensionality. Decomposition was identified as one of the most promising approaches, 

which splits the original objective function based on a divide-and-conquer strategy. 

Through obtaining smaller subcomponents, and then optimizing each subcomponent 

separately, the required effort for optimization can be substantially reduced. Also, 

metamodels are often built in engineering to simplify computationally intensive 

simulations of physical systems or phenomena. Metamodels are mathematical models 

that are constructed to approximate the simulation models. Metamodel-based 

optimization algorithms are identified to have potential for solving HEB optimization 

problems, assuming new metamodels are developed for high dimension problems. 

1.2. Objectives of the Research 

In this thesis, the main goal is to provide an efficient optimization algorithm working for 

HEB problems. The first step is set to propose or identify a metamodel suitable for HEB 

problems. The second step is to develop a new global optimization strategy that 
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improves the state-of-the-art. Finally, the developed metamodel and optimization 

methods need to be applied and tested in real-world engineering applications.   

The main objective of this thesis can be summarized in developing an algorithm working 

for optimizing HEB problems and apply it to practical problems. The existing 

deterministic and stochastic methods cannot adequately optimize the HEB problems 

because increasing the number of variables causes exponential growth of the search 

space. Metamodel-based optimization algorithms have potential for HEB optimization, if 

there is a metamodel appropriate for high dimensional spaces. Therefore, the first 

objective is to develop a metamodel for high dimensional problems. Among the existing 

metamodeling techniques, High Dimensional Model Representation (HDMR) is identified 

as a promising metamodeling approach for HEB problems [7] and has potential for 

improvements. This step is done by modifying RS-HDMR metamodeling approach [8,9] 

and developing PCA-HDMR [10]. The second step in algorithm development section is 

developing a metamodel-based decomposition strategy for the purpose of decomposing 

the large scale problems into smaller sub-problems, which is accomplished with the 

decomposition algorithm [11]. In this step, HDMR is used as the metamodeling approach 

for finding the inner structure of the black-box function. It however does not exclude the 

use of other metamodeling techniques. Because of the limitations in decomposition, a 

new metamodel-based global optimization algorithm is developed that combines iterative 

decomposition and optimization steps [12].  

1.3. Structure of Dissertation 

To solve HEB optimization problems, the proposed work can be divided to five different 

sections: 1) literature review and related theory, 2) generating the best metamodel, 3) 

proposing a metamodel-based decomposition strategy, 4) building an independent 

global optimization algorithm which overcomes the disadvantages of the decomposition 

strategy, and 5) optimizing practical problems with the proposed methods. This thesis is 

organized into seven chapters: 

• Chapter 2 presents the methods available for tackling high dimensional 

expensive black-box functions. It reviews the literature on the existing methods 
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for optimization and metamodeling of high dimensional problems. The most 

promising strategy and metamodel are identified and their mathematical 

formulations are described. 

• Chapter 3 introduces the contributions of this work on building accurate 

metamodels for being used in optimization procedures. Adaptive Basis Functions 

RS-HDMR is introduced to reduce the errors when the basis functions are not 

orthonormal at existing sample points. PCA-HDMR is proposed to replace Monte 

Carlo summations of RS-HDMR to achieve accurate metamodels in non-uniform 

sampling cases. 

• Chapter 4 provides a metamodel-based strategy to decompose problems into 

smaller sub-problems for reducing the optimization cost resulting from high 

dimensionality. Metamodeling and sensitivity analysis are used to quantify the 

intensities of the correlations between the variables. High dimensional problems 

are decomposed following by an optimization scheme for optimizing the sub-

problems. 

• Chapter 5 proposes an algorithm to improve the limitations of the metamodel-

based decomposition strategy. The new method combines decomposition and 

optimization phases and iteratively improves the decomposition scheme. It does 

not need structured sampling and is more suitable for practical problems. 

• Chapter 6 applies the developed method in previous chapter to a real-world 

engineering problem. The case study is a 100-dimensional automotive assembly 

variation minimization problem. The results are then compared with the baseline 

assembly variation value and results from other optimization algorithms. 

• Chapter 7 summarizes the work has been done in this thesis and makes 

suggestions for future work. 
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Chapter 2.  
 
 Theory and Literature Review 

Global Optimization (GO) methods can be roughly classified into deterministic and 

stochastic approaches. Stochastic methods use random sampling; hence different runs 

might result in different outcomes for an identical problem. Efficient Global Optimization 

(EGO) [13], Genetic Algorithm (GA) [14], Simulated Annealing (SA) [15], and Particle 

Swarm Optimization (PSO) [16] are well-known representatives of this class. On the 

other hand, deterministic methods work based on a predetermined sequence of point 

sampling, converging to the global optimum; therefore different runs result in identical 

answer for the same optimization problem. Branch and bound [17] and DIRECT 

(DIviding RECTangles) [18,19] are examples of this category. As mentioned before, this 

work aims to optimize High-dimensional, Expensive, and Black-box (HEB) functions. In 

science and engineering, these three factors make the optimization procedure very 

challenging. A possible way of dealing with HEB problems is making use of metamodels. 

Metamodels are mathematical models often built in engineering to simplify 

computationally intensive simulations of physical systems or phenomena. They can be 

used directly by replacing simulations or they can be used in optimization processes for 

guiding them to better results. For example, Mode Pursuing Sampling (MPS) [20] is a 

metamodel-based optimization method that integrates a global metamodel with a local 

metamodel, dynamically interlinked by a discriminative sampling approach. It shows a 

very good performance for expensive black-box problems but has difficulties with high 

dimensionality.  

For better understanding of the HEB problem optimization, a practical engineering 

problem from a car company is described in more detail in this section. The goal is to 

optimize problems similar to this problem (having all characteristics of HEB). In HEB 
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optimization, the objective function is usually obtained by simulations in external 

software.  

Figure  2-1 shows the connection between the optimization algorithm and the simulation 

process, forming an optimization loop related to the dimension variation problem. 

 

Figure  2-1: Optimization loop of the dimension variation minimization problem 

At the right-hand side of the figure, 3DCS software [21] is shown that simulates and 

computes the assembly dimensional variation. The inputs to 3DCS are new locations for 

clamps, pins, holes and slots, and the outputs are the six-sigma variations at key 

locations that are used in the objective function evaluation. The outputs from 3DCS are 

the inputs for optimization. Then the optimization algorithm generates new locations for 

clamps, pins, holes and slots in the next iteration considering the constraints. The 

outputs from optimization, i.e., the next batch of candidate points (designs), then 

become inputs for 3DCS. The iterations will be terminated when the stopping criteria are 

met. In the following paragraphs, first different strategies used for tackling high 

dimensionality are reviewed and then different metamodeling approaches are reviewed 

for addressing the other two factors. 
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2.1. Strategies of Tackling High Dimensionality 

Various strategies are used for addressing high dimensionality in science and 

engineering fields [7]. Beside parallel computing and increasing computers powers, 

which are the clear choices in all conditions, reducing design space, screening 

significant variables, visualization, mapping and decomposing design problem into sub-

problems are the most commonly used strategies. Screening methods such as 

sensitivity analysis, analysis of variance (ANOVA), and principle component analysis 

(PCA) are used to judge the importance of input variables in design problems. Then, the 

less important input variables are removed and the problem is simplified by reducing the 

dimensionality [22–26]. Cross-validated Moving Least Squares (CVMLS) [27] method 

combines the variable screening with metamodeling. Shen et al. [28] developed 

Mahalanobis distance based dimension reduction algorithm. The dimension reduction 

approaches focus on compacting the design space so that fewer variables are 

accounted for, and the new variable set is a substitute of the original set [29]. The new 

set is determined in such a way that it can represent the characteristics of the original 

space well enough, in the sense that either the most important dimensions are 

preserved, or some of the dimensions are projected onto others [30]. Through applying 

these techniques, the more important components which hold for more of the total 

variation can be identified, and the least important components or variables, can be 

ignored as they would not remarkably affect the objective function values. Design space 

reduction in general refers to any method, which focuses on a sub-region of the design 

space [31]. Shrinking the ranges of design variables leads to the shrinkage of the design 

space and helps the optimization work more accurately. A common space reduction 

approach is sampling and evaluating a limited number of sample points then reducing 

the design space based on feedback information from modeling on these sample points. 

Note that screening itself is a special type of design space reduction because of omitting 

the consequent search space made by less important variables. Wang et al. [32] 

proposed the adaptive response surface method (ARSM), and the fuzzy clustering 

based approach [33], in which the design space is iteratively reduced. Shin et al. [34] 

used interval methods for design space reduction. Trust region based algorithms varies 

the variables bounds for reducing the search space during optimization [35,36]. 

Visualization is presenting design problems visually for the interacting user for decision-
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making. The key trends, the (non)linearity of the problem with respect to each variable, 

and correlation between variables are examples of the insights the user can benefit from 

when deciding about optimization parameters. Winer and Bloebaum [37,38] proposed a 

method that allows a designer to make decisions before, during, or after an analysis or 

optimization via a visual environment to steer the solution process. Mapping transforms 

a set of correlated variables into smaller set of uncorrelated variables to reduce 

dimensionality. Relative Distance Plane (RDP) mapping maps the data into a two-

dimensional coordinate system [39]. Kaski [40] used random mapping to reduce 

dimensionality. Rassokhin et al. [41] used combination of fuzzy clustering and neural 

networks for mapping data sets. Although all the mentioned methods are useful in 

different situations, decomposition is identified as one of the most promising approaches 

for tackling high dimensional problems. Also, it is realized that for decomposing high 

dimensional functions to smaller sub-problems, an understanding of the correlations 

between the variables of the black-box objective function is needed. Metamodeling is 

chosen as a means for predicting the function behavior in this regard. Different 

metamodeling approaches are reviewed and HDMR is selected to be used for 

decomposition in this work.   

Decomposition recommends sub-problems of smaller dimension that are optimized 

separately, instead of optimizing all the dimensions together. After optimization of sub-

problems, all subcomponents of the main input vector are recombined and the system is 

rebuilt through combination of obtained solutions [42]. In this way, the required effort for 

optimization is substantially reduced. The fact that the sub-problems generated by 

decomposition can be solved in parallel has made the partitioning and coordination 

strategies of interest for decades. The challenging issue is how to decompose a 

problem, as opposed to how to solve already partitioned problems. Analytical target 

cascading is a hierarchical, decomposition-based strategy for large-scale optimization 

[43], which optimizes the objective of each sub-problem while minimizing deviations 

between design targets. Then, the approach is evaluated on a U.S. medium size, two-

axle delivery truck [44]. Model-based decomposition is another strategy applicable to 

large design problems in form of an undirected graph for representing NLP problems in 

order to identify weakly-connected structures [45] . In this approach, the design model is 

represented as a hypergraph, and a hypergraph partitioning problem is used to 
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formulate the optimal model-based decomposition problem. The approach is applied to a 

powertrain design problem [46]. Michelena et al. [47] decomposed the problem into 

different partitions of variables and constraints using hierarchical overlapping 

coordination. Alison et al. [48] implemented partitioning and coordination strategies 

simultaneously by formulating them as an optimization problem. Other examples of 

studies in the area of decomposition and coordination strategies development for large 

scale problems include the following: using proper orthogonal decomposition (POD) to 

represent different aspects of sub-problems in design of a low-fidelity aeroelastic model 

[49]; using radial-basis function (RBF) artificial neural networks (ANN) with input 

variables to reduce the dimensionality of vector-valued coupling variables (i.e., decision 

variables that enable communication among the sub-problems in decomposition-based 

optimization of complex systems) [50]; techniques developed for large-scale convex 

optimization problems with a separable objective function [51]; and decomposition 

techniques such as primal-dual decomposition for nonconvex problems [52]. 

Cooperative Coevolution (CC) methods have also been proposed to leverage the 

capability of evolutionary algorithms (EA) in dealing with high dimensional problems by 

decomposing them into lower order problems. However, again the decomposition 

strategies used in CC have significant influence on their performance. Traditionally, 

decomposition strategies in CC were one-dimensional based and splitting-in-half [53–

55]. One-dimensional based strategy means decomposing a d-dimensional problem to d 

one-dimensional problems without considering the correlations among the variables that 

can be very inaccurate in non-decomposable problems. Splitting-in-half means 

decomposing the problem into two sub-problems with 
�� input variables. The main 

problem with this method is that the sub-problems themselves might be hard to optimize 

if d is large. Also, the variable dividing strategies and the inner structure of the problem 

would affect the results excessively. 

Yang et al. [56] used random grouping scheme plus an adaptive weighting system for 

decomposition in CC. Their method decomposes the problem into a pre-defined number 

of randomly-chosen sub-problems and optimizes them separately. After every iteration, 

weights are applied to each sub-problem and the weight vectors are evolved for the 

best, worst, and random members. The work has been elaborated in [57], adopting 
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particle swarm optimization (PSO) position rules using Cauchy and Gaussian 

distributions for sampling new sample points and adaptively determining the sizes of the 

random grouping. However, still the number of function calls before reaching an 

acceptable grouping scheme is too high for being used in computationally expensive 

problems. Mahdavi et al. [58] used metamodeling in CC decomposition but because of 

not considering the intensities of the correlations, the method is not capable of 

optimizing non-separable problems. Similar approach is used in [59] without using 

evolutionary algorithms. Radial Basis Function-HDMR (RBF-HDMR) metamodeling is 

used to find the internal structure of black-box function and if the problem variables are 

decomposable into groups, separated sub-problems are recommended for optimization 

[59]. Again, because of not quantifying the correlations intensities, weak correlations 

could result in sub-problems of a large number of variables.  

In [11], after building the metamodel, sensitivity analysis has been performed on the 

metamodel to quantify the correlations intensities. Then, weak correlations are omitted 

and a new decomposition scheme is generated with only strong correlations being used 

for decomposition. It is worth mentioning that decomposition and optimization steps have 

been performed separately in [11]. If the problem has non-decomposable structure with 

all strong correlations, the decomposition phase suggests one large group including all 

the variables for optimization. In this case, the sample points used for decomposition are 

basically wasted. Also, the rigidity of the two-step strategy in building only one 

decomposition scheme increases the possibility of missing the global optima, if the 

decomposition is not correct. On the other hand, to ensure adequate accuracy of the 

decomposition, extra expensive sample points are needed. Moreover, the metamodel 

used in [11], RBF-HDMR, needs structured sampling of the problem, which is often not 

achievable in engineering problems. 

2.2. High Dimensional Metamodeling 

Clear successes have been made in the last two decades by modeling problems of low 

dimensionality (d<=10, d is the problem dimensionality) in the context of engineering 

design optimization. Wang and Shan [60] listed roles of metamodeling in design 

optimization and reviewed the metamodeling techniques. Kriging [61], radial basis 
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function [62], neural network [63], and Multivariate Adaptive Regression Splines (MARS) 

[64] are common metamodeling techniques. One major problem with metamodeling is 

when the dimension of the problem grows, the cost of sampling a sufficient number of 

points for metamodeling increases exponentially. This difficulty is known as “curse of 

dimensionality” [7]. Recently the authors’ team reviewed relevant techniques to solve 

problems with High-dimensional, Expensive, and Black-box functions (HEB), in short 

HEB problems [7]. Among these techniques, High Dimensional Model Representation 

(HDMR) is identified as a promising metamodeling approach for HEB problems. HDMR 

is an approximation method, first introduced by Sobol [65], for representing high 

dimensional black-box functions. The general form of HDMR for a black-box function � 

with � input variables (��, ��,⋯ , ��) is: 

�(�) = �� +���(��)�
� � + � ��!"��, �!#�$�%!$� +⋯
+ � ��&�'⋯�(�$�&%⋯%�($�

"��& , ��' , ⋯ , ��(# + ⋯+ ���⋯�(��, ��, ⋯ , ��) ( 2-1) 

where:  

��: the zero-th order effect of �(�) 
��(��): the first-order effect associated with variable ��, independently. 

��!"��, �!#: the second-order effect associated with variables �� and �! together. 

��&�'⋯�("��& , ��' , ⋯ , ��(#: the l-th order effect of the correlation of variables ��& , ��' , ⋯ , ��(. 
���⋯�(��, ��,⋯ , ��): the residual d-th order interdependence of all variables on �(�) 
HDMR expression is a superposition of lower order functions, and usually in practice the 

first a few low order component functions are sufficient for approximation. Two main 
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types of HDMR are ANOVA-HDMR and cut-HDMR [66,67]. For obtaining the HDMR 

terms, first assume that a real, scalar function �(�) is defined on a unit hypercube: 

)� = *(��, ��,⋯ , ��): 0 ≤ �� ≤ 1, / = 1,2,⋯ , �1 ( 2-2) 

The variables should be rescaled such that 0 ≤ �� ≤ 1, / = 1,2,⋯ , �. For a general case, 

let’s define 2 as a product measure with unit mass and the following density: 

�2(�) = 	�2(��,⋯ , ��) =4�2�(��)�
� � ,		 

5 �2�(��)6& = 1,	 
�2(�) = 7(�)�� =4 7�(��)�

� � ��� 

( 2-3) 

Different measures of 2 in Equation ( 2-3) will make different types of HDMR. If the 

measure 2 is the ordinary Lebesgue measure and if the orthogonality conditions are 

satisfied, the HDMR is called AVOVA-HDMR and the component functions in Equation 

( 2-1) can be obtained as below [66]: 

�� = 5�(�)�� 

��(��) = 5�(�)4��889� − �; 

��!(��, �!) = 5�(�)4 ��889�,! − �; − ��(��) −	�!(�!)	 
⋮ 

( 2-4) 
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The orthogonality condition is [67]: 

5��&…�>(��& , ��' , … , ��>)	. �!&…!@(�!& , �!' , … , �!@)�� = 0 ( 2-5) 

For cases that at least one index is different between */�… /A1 and BC�…CDE, which can be 

derived from a requirement of HDMR component functions: 

5 ��&…�(	(��& , ��' , … , ��()��8 = 0	,									F = /�, … , /G�
�  ( 2-6) 

The integrals in Equation ( 2-4) are obtained using Monte Carlo approximation. The 

number of function evaluations used for L-th order ANOVA-HDMR is [66]: 

H × J� �!(� − /)! /!
L
� � M ( 2-7) 

where H is the number of sample points used in each Monte Carlo summation. The main 

drawback of ANOVA-HDMR is the computation of the integrals or equivalently the 

corresponding Monte Carlo summations. For each integration, a different set of sample 

points is needed in appropriate order. Therefore, numerous function evaluations are 

needed in a controlled manner. 

In Cut-HDMR, measure 2 in Equation ( 2-3) is taken as the Dirac function located at the 

point N = (N�, N�, … , N�) 
O(� − N) = P0 � ≠ N∞ � = N ( 2-8) 

Then, the measure will be defined as: 
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�2(�) =4O(�� − N�)����
� �  ( 2-9) 

The point “N” is called “cut” center. In this case, the components of function “f” in 

Equation ( 2-4) will be defined without using any integration. The location of the center is 

arbitrary if the expansion is converged [68]. Cut-HDMR is defined as a superposition of 

the function values on lines, plane and hyperplanes of higher other passing through the 

cut center. 

ANOVA-HDMR is beneficial for statistical purposes but the main drawback in using 

ANOVA-HDMR is the need to compute lots of integrals. Usually Monte Carlo 

summations are used for computing the integrals that need numerous function 

evaluations. Different from ANOVA-HDMR, no integral is included in cut-HDMR 

component calculations. Cut-HDMR is a superposition of the function values on lines, 

planes and hyperplanes.  Generally, HDMR is used for two main purposes. The first is to 

generate an approximation for a black-box function. For this purpose, cut-HDMR is often 

used due to the simplicity of implementation. However, cut-HDMR requires well-

structured sample points and is not accurate on hyperplanes that are not sampled in. 

The second purpose is sensitivity analysis in order to identify important variables and 

correlations [24], for which ANOVA-HDMR is more suitable.  

Wang et al. [69] proposed an adaptive moving least square (MLS-HDMR) model in 

which HDMR is coupled with a local approximate model and the DIviding RECTangles 

(DIRECT) optimization method is used to improve the efficiency of the metamodel.  

Shan and Wang [68,70] developed a radial basis function (RBF) based HDMR (RBF-

HDMR) to build a metamodel for HEB functions with adaptive sampling. One modified 

Cut-HDMR is Multicut-HDMR that uses multiple reference points to construct the 

metamodel [71]. Another modified HDMR is Regularized RS-HDMR [72] that uses a 

method to generate a smoother function. Hybrid high dimensional model representation 

(HHDMR) [73], Lumping-HDMR [74], Indexing-HDMR [75], Factorized HDMR [76,77], 

Factorized Indexing-HDMR [78] and Chebyshev-HDMR [79] are other modified versions 

of HDMR.  
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Random Sampling-HDMR (RS-HDMR) is a modified version of ANOVA-HDMR [80] and 

uses orthonormal basis functions to build the approximation of black-box functions. The 

main advantage of RS-HDMR in comparison with ANOVA-HDMR is that all Monte Carlo 

summations can be performed using only one set of sample points in RS-HDMR. 

However, in ANOVA-HDMR different sets of sample points are needed for different 

integrals of component functions. The other advantage of RS-HDMR is that randomly 

scattered data can be used for its component calculations but ANOVA-HDMR needs 

regular inputs (controlled points) that may not be available in some problems. This 

advantage remains true when comparing RS-HDMR with cut-HDMR because the latter 

also requires regularized sampling. Another advantage is that RS-HDMR gives a 

mapping function between inputs and outputs but plain ANOVA-HDMR and cut-HDMR 

only give tables of points at the end. Finally, because of using basis functions in 

constructing RS-HDMR, by changing basis functions, different approximation can be 

built using the same set of data and the best one can be selected. Therefore, it seems 

that RS-HDMR is the best metamodel, working for high dimensional space and random 

sampling. However, it has some disadvantages that motivated the author of this study to 

generate a new HDMR-based metamodel (PCA-HDMR).  

2.2.1. Random Sampling HDMR 

RS-HDMR is proposed by Alis and Rabitz [80] as a modified version of HDMR that 

provides a mapping between input variables and system output using only one set of 

sample points (i. e., H function evaluations) randomly scattered in the space. The RS-

HDMR is built as a linear combination of basis functions: 

�(�) = S� +��S�8T�8(��)A
8 �

�
� � +��S�!8T�!8 "��,�!#AU

8 �
�
�%! +⋯

+	 � �S�&�'…�V8 T�&�'…�V8 "��& , … , ��V#
AUU
8 �

�
�&%�'…%�V

 

( 2-10) 
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where BT�8(��)E8 �A
 is a family of linearly independent bases for univariable functions of �� 

on [0	1] and BT�!8 "��,�!#E8 �AY
 is similarly defined as a family of linearly independent bases 

for bivariate functions of �� and �! on [0	1]�. Similarly, a set of basis functions can be 

defined for any higher orders of correlations k with the following condition satisfied. S�&�'…�V8  is the coefficient of the k-th basis function of L-th order component function. �, �Y, 
�YY are the number of used basis functions for first, second and L-th order components, 

respectively and � is the dimension of the problem. Although the basis functions can be 

defined in different ways, Alis and Rabitz [80] suggested the product of uni-variable 

basis functions for higher correlations: 

T�&�'…�(8 "��& , … , ��(# = T�&8&"��&#T�'8'"��'#…T�(8((��() 
F ≡ (F�, F�, … , FG) 

( 2-11) 

The coefficients related to RS-HDMR expansion can be calculated by: 

S� = 5 �(�)�� ≈ 1H[�,�]\ ��]��(^), ��(^), … , ��(^)_ ,`
^ �  

S�8 = 5 �(�)	T�8(��)�� ≈ 1H[�,�]\ ��]��(^), ��(^), … , ��(^)_T�8"��(^)#,`
^ �  

S�!8 = 5 �(�)T�!8 (��, �!)�� ≈ 1H[�,�]\ ��]��(^), ��(^), … , ��(^)_T�!8 (��(^), �!(^))`
^ �  

⋮ 

( 2-12) 

where H is the number of used sample points and d is the dimension of the problem. 

The complete proof on how to obtain the coefficients can be found in Ref. [80]. The 

sensitivity analysis can be performed easily using the RS-HDMR coefficients [81]. 

Different sets of bases can be used for RS-HDMR approximation that may lead to 
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different approximation. Li et al. [82] compared three types of basis functions 

(orthonormal polynomials, cubic B spline, and polynomials) with direct Monte Carlo 

integrations and concluded that orthonormal polynomials provide the best accuracy. In 

another research, Li et al. [83] used product of lower order functions to build higher order 

component functions. Note that if the basis function shapes are similar to the black-box 

function, the model will be more accurate than otherwise.  

Using Monte Carlo approximation instead of the corresponding integrals causes some 

errors that may lead to loss of accuracy in the RS-HDMR model [84]. Several attempts 

are made to improve the accuracy of Monte Carlo approximations. In Ref. [85] a 

correlation method is used for reducing the Monte Carlo summation error. The error can 

be decreased by either increasing the sample size or decreasing the variance of the 

function. The latter approach models the difference between the approximation model 

and the black-box function and adaptively modifies the model coefficients. Li and Rabitz 

[86] used the ratio control variate method to reduce the Monte Carlo integration error 

and therefore to improve the RS-HDMR accuracy. Although using the mentioned 

methods RS-HDMR accuracy can be improved, the fundamental error of using Monte 

Carlo summation to approximate integrals still exists. This error increases if the sampling 

is not performed uniformly in the space. 

2.2.2. Radial Basis Function HDMR (RBF-HDMR) 

Recall Equation ( 2-1) as the general representation of HDMR. RBF-HDMR is briefly 

described here and readers are referred to [70] for details. A radial basis functions (RBF) 

model is shown as: 

�a(�) =�b�c(|� − ��A|)e
� �  ( 2-13) 

where |. | is a p-norm distance, ��A is the sampled points of input variables (the centers of 

RBF approximation), and f is the number of sample points. A thin plate spline is 

summed up with a linear polynomial g(�) in [70] for the distance function in the following 

form: 



 

18 

�a(�) =�b�e
� � |� − ��A|�hi7|� − ��A| + g(�) ( 2-14) 

�b�e
� � j(�) = 0, ( 2-15) 

		g(�) = jk = lj�, j�,⋯ , jmnlk�, k�,⋯ , kmno ( 2-16) 

g(�) is a polynomial function and j is the vector of basis of polynomials, chosen as (1, ��,⋯ , ��), including only linear variable terms (q=d+1). RBF models are used in 

approximating component functions in a Cut-HDMR.  RBF-HDMR has five main steps as 

follows [70]: 

1. A random point is chosen as the cut center. The zero-order effect can be 

obtained by evaluating the black-box function at the cut center.  

2. For the first-order component functions, samples are taken in close 

neighborhood of the two ends of the corresponding variable. The left and right 

point values are obtained through evaluating those two ends, and the first-order 

component function is modeled by a one dimensional RBF model.  

3. The linearity of the built component function should be checked at this stage. In 

case of nonlinearity for the approximation model, the center point and the two 

end points are used for re-constructing the component function. A random value 

in the variable range is generated to test the accuracy of the component function. 

In case of insufficient accuracy of the approximation function, the component 

function is reconstructed by the test point and the evaluated points. The process 

of sampling-remodeling shall be continued iteratively until convergence.   

4. A new point is formed through randomly combining the sampled values for each 

input variable. Then the function values predicted by the model will be compared 

to those obtained from expensive simulation. If these values are close enough, 
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then the modeling process terminates, as there are no higher order terms in the 

underlying function. If not, step 5 will be implemented.  

5. New points will be formed in 2D planes by using the combination of sampled 

variable values for any pair of input variables. One of the new points is randomly 

selected to test the first-order RBF-HDMR model. There will be two cases: either 

the model passes through the new point or not. In the first case, no correlation of 

the variables is detected, and the process continues with the next pair of input 

variables. In the second case, the aforementioned point and the evaluated points 

will be chosen to construct the second-order component function. The process of 

sampling-remodeling will continue iteratively for all possible correlations among 

pairs of variables until convergence. 

Through adaptive sampling and modeling, two matrices can be output by RBF-HDMR as 

the by-product, which help to reveal the inner variable and structure of the black-box 

function. A component correlation matrix (CCM) is defined as  

ppf�×� = l�!n, / = 1,2, … , �; C = 1,2,… , � ( 2-17) 

Where �! = 1 if ��!(��, �!) exists in an HDMR formula for a particular problem; otherwise 

�! = 0. The zero and one elements scatter in the CCM depending on the 

characteristics of the underlying black box function. A CCM can be reorganized by 

changing the order of rows and columns to exhibit patterns of correlations or to extract 

portions of the rows and columns for generating sub-correlation matrices. A structure 

matrix is defined to capture the inner structure of the resultant RBF-HDMR of a black 

box function. An example is shown in Equation ( 2-18): 

rf�×s =
tu
uu
uv0	1	0	0…0	1…0…0…10	0	1	0…0	1…0…0…10	0	0	1…0	0…0…0…1…0	0	0	0…0	0…0…1…10	0	0	0…1	0…0…1…1wx

xx
xy
 ( 2-18) 
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where	� is the dimensionality of the input variable vector �; and z denotes the number of 

to-be-decided component terms. Each row corresponds to a variable ��. Each column 

corresponds to one of the component terms in the RBF-HDMR. Each element in the 

structure matrix takes "0"or"1" ; "0" means that the variable is sampled at	��|;"1" means 

that the variable is sampled at non-��| locations. For example, the column [0�, 0�, … , 0�]o 

denotes the constant component term ��; [0�, 0�, … , 1� , … , 0�]o represents the first-order 

component term ��(��); [0�, 0�, … , 1� , … , 1!, … , 0�]o indicates the existence of the second-

order component term ��!(��, �!), and the last column indicates the existence of a d-

dimensional correlation component term ���…�(��, ��, … , ��). 
Both CCM and SM matrices form the basis for our decomposition strategy. Optimization 

is then applied to the decomposed problems. RBF-HDMR, however, only provides a 

matrix of one/zero elements.  The intensity of variable correlations is unknown, which 

hampers effective decomposition for many problems. We overcome this limitation by 

using the RS-HDMR to quantify the variable correlations. 

2.3. Sensitivity Analysis 

The global sensitivity is a tool for studying a mathematical model [87]. Obtaining 

sensitivity indices using HDMR expansion was first introduced by Sobol [65], which 

defines variances as: 

}(~) = 5��(�)�� − ��� 
		}�&…�> = 5��&…�(� ���& …���( 

( 2-19) 

}(~) =� � }�&…�(
�

�&%⋯%�(
�
G � = 	 � }D�

�\��
! � 	 ( 2-20) 
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The ratios in Equation ( 2-21) are called global sensitivity indices. r�&…�( 	are nonnegative 

and their sum is equal to one. 

r�&…�( = }�&…�(}  ( 2-21) 

� � r�&…�(
�

�&%⋯%�(
�
G � = 1 ( 2-22) 

Sensitivity indices (SI) are used to rank input variables and their correlations. A small 

value of r�&…�( shows that the combination of variables ��& , ��' , … , ��( does not play an 

important role and can be eliminated from the HDMR expansion, with small loss in 

accuracy. After determining all coefficients S�8 and S�!8  in RS-HDMR, }�� and }�!� can be 

obtained by using the orthonormality property of the basis functions, shown in Equations 

( 2-23) and ( 2-24). This representation makes the SI computation much easier, as the SI 

will be equal to the sum of the squared coefficients in the polynomial approximation of 

RS representation [81,82]. 

}�� = 5 ���(��)����
� ≈ 5 ��S�8T�8(��)A

8 � �� ����
� =�"S�8#�A

8 �  ( 2-23) 

}�!� = 5 5 ��!�"��, �!#����
�

�
� ��! ≈ 5 5 ��S�!8T�!8 "��,�!#Á

8 � �
�
����

�
�
� ��! =	�"S�!8 #�Á

8 �  ( 2-24) 

Before proceeding to the main contributions, a brief introduction of the optimization 

algorithm used in this work is needed. This work applies the Trust Region based Mode 

Pursuing Sampling (TRMPS) method to solve decomposed sub-problems, which is 

presented in the following sub-section. 
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2.4. Trust Region based Mode Pursuing Sampling  

TRMPS is a stochastic metamodel-based optimization algorithm [88], which applies the 

concept of trust regions for both the global and local optimization strategies in 

combination with the Mode Pursuing Sampling (MPS) algorithm. For the global strategy, 

TRMPS uses two trust regions that dynamically vary in size to guide sampling as well as 

focus of the metamodel construction. For these two trust regions, two hyper cubes called 

trust region S (���) and trust region B (���) are defined. ��� is initially smaller than ���, 

and ��� occupies the volume of B minus the volume of S, as shown in Figure  2-2. 

 

Figure  2-2: Behavior of dual hyper cubes [88] 

As the optimization progresses, if a better solution is found at an iteration, then ��� 
expands and ��� shrinks. If no better solution is found within a number of iterations, 

then ��� shrinks and ��� expands. This dynamic behavior is to balance exploration and 

exploitation in the algorithm. In each iteration, all points in each region are used to 

construct a Radial Basis Function (RBF) metamodel in each of the two trust regions. The 

formulation of RBF used is: 

 �a(�) =�k�‖� − ��‖�
� � 		, ( 2-25) 
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where 	 is the number of sample points used in modeling; k� is the weight of the 

function or the objective function value at point ��; and the set of points �� are the 

expensive points used to build the model. Random sample points are seeded in each 

trust region and the respective metamodel is used to generate objective value 

predictions for all new samples. The discriminative sampling method of Fu and Wang 

[89] is then used to select samples to evaluate with the black-box objective function. 

Then, a quadratic response surface model is constructed using z88 expensive samples 

closest to the current optimum: 

 � = b� +�b����
� � +�b����� +�

� � ��b�!���!�
! ��%! 	, ( 2-26) 

 z88 = (� + 1)(� + 2)2 + 1 − � ( 2-27) 

where q is the output of the response surface model, bs are the model coefficients, and 	� is the dimensionality. This model is used for the local optimization stage of the 

algorithm, where a trust-region based local optimizer is used to find the optimum of the 

response surface model. The result of the local optimization is evaluated with the 

expensive black box. If the local optimum meets certain convergence criteria as outlined 

in [88], then the algorithm converges. Otherwise, the trust regions are updated and the 

process iterates. Figure  2-3 below shows the general process of TRMPS. 

The parameters used for TRMPS are identical to those used in [88], also shown in the 

table below. It should be mentioned that the method is named TRMPS2 in the original 

paper [88] and it is called TRMPS in this work for convenience.  

Table  2-1: TRMPS parameter settings [88] 

���s ���� 
Stall 

Iterations 
F^������;s ��,�s����G ��,�s����G 

0.01 1 5 0.7 0.25 1 
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Figure  2-3: Condensed flow chart of TRMPS 

2.5. Summary 

In this chapter, the background needed for this work is presented. Approaches that have 

been used to tackle high dimensional problems are reviewed. Reducing design space, 

screening significant variables, visualization, and decomposition are the commonly used 

methods. Decomposition is identified as the most promising one. However, 

decomposing a black-box problem is not possible unless a reasonable approximation of 

the objective function exists. Therefore, metamodeling is chosen as a means for 

predicting the correlations between black-box function’s input variables and their 

intensities. It is realized that to develop a suitable metamodel-based optimization 

algorithm for HEB problems, a high dimensional metamodeling methodology needs to be 

developed first. Therefore, metamodeling techniques are studied. The popular 

metamodeling approaches are mentioned and their pros and cons are described. Then, 

the most suitable metamodeling approach for high dimensional problems, HDMR, is 
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introduced. RBF-HDMR and RS-HDMR are introduced as approaches that have 

potential for being used in optimization. Sensitivity analysis and Trust Region based 

Mode Pursuing Sampling method which are used in this work are also briefly described.  
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Chapter 3.  
 
Metamodeling for HEB Problems 

In case of non-uniform sampling or having some sub-regions with different density of 

sample points, the RS-HDMR model will have a large error in both the dense and sparse 

regions [8]. Therefore, using the existing RS-HDMR method for modeling a black-box 

function with existing non-uniform sample points may lead to poor approximation. Also, 

the metamodel used in optimization algorithms should be able to accept non-uniform 

samples since the optimization process is expected to generate such data. In this 

section, two new strategies are developed for building suitable metamodels for HEB 

problems with non-uniform samples. First, the orthogonality of the basis function is 

studied and the basis functions are adaptively changed to make them orthogonal to each 

other, based on the existing sample points. Second, the coefficient calculations method 

in RS-HDMR is replaced by using singular value decomposition. A new metamodel 

method called PCA-HDMR is introduced. 

3.1. Adaptive Basis Functions (ABF) 

As mentioned before, RS-HDMR component functions are approximated using basis 

functions. Different basis functions may result in different approximations and 

accuracies. Using orthonormality conditions, the orthonormal polynomials for the domain [0,1] are calculated as: 

c�(�) = √3(2� − 1) ( 3-1) 

c�(�) = 6√5(�� − � + 16) ( 3-2) 
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c�(�) = 20√7(�� − 32�� + 35� − 120) ( 3-3) 

The orthonormality conditions are: 

5 c�8(��)����
� = 0					F = 1,2,… ( 3-4) 

5 lc�8(��)n�����
� = 1					F = 1,2, … ( 3-5) 

5 c�8(��)c�G(��)����
� = 0					F ≠ h ( 3-6) 

The orthonormal functions obtained above are used as the basis function for the first 

order components. For the second order components, the multiplications of the first 

order ones are used. As mentioned before, the coefficients can be approximated by 

Equation ( 2-12). The accuracy of the orthonormal polynomial approximation depends on 

the order of polynomials, maximum order of the components, and the number of sample 

points in Monte Carlo integration. 

In general, the orthogonality of the higher order component functions with respect to the 

lower order ones in RS-HDMR guarantees the best accuracy of the approximation with a 

given set of sample points [84]. The problem is that the basis functions in Equations 

( 3-1)-( 3-3) are obtained based on the continuous integrations in orthonormality 

conditions. In practice, however, the integrations are approximated by Monte Carlo 

summations [80] and the basis functions may not satisfy the conditions. Therefore, the 

integrals may have some small errors [84] and the resultant RS-HDMR approximation 

cannot guarantee the best accuracy. The error can be more significant if the number of 

sample points is not large in Monte Carlo summations, as it is often the case for HEB 

problems. The Monte Carlo integration and the errors are shown as: 
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5 c�8(��)����
� ≈ 1H�c�8"��(A)#`

A � = �8� ≠ 0,					F = 1,2,… ( 3-7) 

5 lc�8(��)n�����
� ≈ 1H�lc�8"��(A)#n�`

A � = �8� ≠ 1, F = 1,2,… ( 3-8) 

5 c�8(��)c�G(��)����
� ≈ 1H�c�8"��(A)#c�G"��(A)#`

A � = �8� ≠ 0 ( 3-9) 

The errors in Equations ( 3-7)-( 3-9) indicate that the basis functions in Equations ( 3-1)-

( 3-3) are not orthonormal for the set of sample points. In this situation, the higher order 

basis functions that are made by multiplication of the first order ones are not orthogonal 

to each other or to the first order ones either. In the proposed method, before every RS-

HDMR approximation, the sample points are used to construct a specific set of 

polynomial basis functions that are orthonormal with respect to the given set of points. 

General polynomial functions with general coefficients are considered as the basis 

functions and the orthonormality conditions are used to find the coefficients. The basis 

function is defined by general polynomials: 

c��(��) = S��� �� + S���  

c��(��) = S��� ��� + S��� �� + S���  

											⋮ 
c��(��) = S��� ��� +⋯+ S��� �� + S���  

( 3-10) 

c�8(��) is the polynomial of order F of the input variable �� and S8G�  represents the 

coefficient of the term in the polynomial of the order F with the power of h for the input 

variable ��. Instead of using integrals in Equations ( 3-4)-( 3-6) to build the basis functions, 

their Monte Carlo approximations are used. Note that when the integrals in Equations 
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( 3-4)-( 3-6) are used to build the basis functions, the polynomials will remain the same for 

all variables as defined in Equations ( 3-1)-( 3-3). But in our proposed method by using 

the Monte Carlo summations, the basis functions will be built for each variable 

separately. Thus, if the problem has � variables and the orthonormal basis functions 

have a maximum power of ,  × � functions will be built. The Monte Carlo summation 

related to Equations ( 3-4)-( 3-6) for the first order polynomial can be expanded as: 

1H�"S��� ��(A) + S��� # = S��� 1H
`
A � ���(A)`

A � + S��� = 0 

1H�"S��� ��(A) + S��� #� = S��� � 1H
`
A � ���(A)�`

A � + 2S��� S��� 1H���(A)`
A � + S��� � = 1 

( 3-11) 

The equations can be solved for the coefficients and the results as: 

S��� = � 1�� − ��� ,						S��� = � ����� − ��� ( 3-12) 

Where �� and �� are defined as: 

�� = 1H���(A)`
A � ,						�� = 1H���(A)�`

A �  ( 3-13) 

The coefficients are calculated for the second order polynomial similar to the first order 

one (the calculations are omitted for brevity): 

S��� = �1f		,									S��� = S��� ×  	,									S��� = S��� × ~ ( 3-14) 

where 
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f =  �¡� + �� + 2 p� + 2 ~�� + 2~�� + ~� 
~ = − �� − ��,   = ¢£¤�¥¦��£¤ 

k = S��� p� + S��� ��, b = S��� �� + S��� ��, § = S��� �� + S���  

p� = �̀ ∑ ��(A)�À � , ¡� = �̀ ∑ ��(A)©À �  

( 3-15) 

Higher order functions can be obtained using the similar procedure. In the following 

section, some test problems are used to test the new method. In the method, before 

building the RS-HDMR coefficients, specific basis functions are constructed for each 

variable and the new functions are used to approximate the test functions. Although 

using the adaptive basis functions improved RS-HDMR models accuracy, it still does not 

give the best approximation. In the next section, PCA-HDMR will be introduced that can 

guarantee the best approximation in the sampling points.  

3.2. Results and Discussions for Adaptive Basis Functions 

Before presenting the results, it is needed to define some concepts: the benchmark 

functions, sampling type, and accuracy metrics. The standard benchmark functions 

selected [90,91] for the methods are given in Appendix A. The uniform and non-uniform 

sampling schemes are defined in Appendix B. Finally, the accuracy metrics are 

presented with their definitions in Appendix C. The RS-HDMR approximation process is 

highly dependent on the sample points that are chosen to build the model. To reduce the 

influence of random sampling, the approximation procedure is performed ten times for 

each test problem and the mean of the R-squared, Relative Average Absolute Error 

(RAAE), and Relative Maximum Absolute Error (RMAE) are used to compare the new 

adaptive basis function approximation with the standard one. 

The RS-HDMR approximations are built to the second order and two basis functions are 

used in building each model. The numbers of sample points are chosen for each 
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function separately, using trial-and-error in a way that the performance metrics values 

are reasonable. The choice depends on the complexity of the test function, the number 

of inputs and the range of the inputs. Nevertheless, the same number of sample points is 

used for the two approximation models for each test function. Table  3-1 shows the the 

number of sample points that are used in constructing RS-HDMR and ABF RS-HDMR 

for each function. Figure  3-1 to Figure  3-3 show mean R-squared, mean RAAE and 

mean RMAE values over 10 different runs related to the benchmark functions for both 

standard and new adaptive basis functions when the sample inputs are non-uniformly 

distributed.. The results show that for almost all problems the RS-HDMR approximations 

are better when using new adaptive basis functions (ABF) in comparison with the 

standard ones. 

 

Figure  3-1: R-squared values of the benchmark functions, non-uniform 
sampling 
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Figure  3-2: RAAE values of the benchmark functions, non-uniform sampling 

 

Figure  3-3: RMAE values of the benchmark functions, non-uniform sampling 

Table  3-1: Number of sample points used for the benchmark functions, non-
uniform sampling 
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Another comparison that is performed for testing the new method is when the sample 

data is tried to become uniform by deleting the sample points in the dense sub-spaces. 

The approach of removing the biased sample points from the domain will be called 

“filtering method” in this thesis. For any group of sample points, the idea is to first check 

the uniformity of their distribution according to the Lilliefors test [92]. Lilliefors test 

evaluates the normality in the distribution of number of sample points among the pre-

defined filled sub-spaces. If the number of sample points scattered normally, it can be 

concluded that sample points are distributed uniformly (or pseudo-uniformly) through the 

domain. Once the uniformity is checked, if it fails to be statistically significant, randomly 

selected points will be removed at each agglomerated sub-space. Assuming the number 

of points located in these sub-spaces should be more or less similar, a criterion is set as 

the limit (mean + standard	deviation) of the distribution of the number of sample points in 

the sub-spaces. If any of subspaces are filled with more number of sample points than 

the defined limit, sample points will be removed randomly from the over limit subspaces 

until the total number of points reaches the limit resulting in a relatively uniform 

distribution. Subspaces that contain less points than or equal to the limit are not 

considered and only subspaces with higher number of points than the limit value will be 

subjected to removal. The filtering procedure will be repeated on the remaining sample 

points until the distribution satisfies the uniformity criteria. After performing the filtering 

steps on the data, the results of mean R-squared and mean RAAE and mean RMAE 

values are calculated and presented in Figure  3-4 to Figure  3-6. The numbers of input 

sample points, shown in Table  3-2, are fewer than the values in Table  3-1 because of 

deleting points. 
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Figure  3-4: R-squared values of the benchmark functions, filtered samples 

 

Figure  3-5: RAAE values of the benchmark functions, filtered samples 
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Figure  3-6: RMAE values of the benchmark functions, filtered samples 

Table  3-2: Number of sample points used for the benchmark functions, filtered 
samples 

No. 1 2 3 4 5 6 7 8 9 zD 145 768 312 614 181 2808 2064 3883 4445 

The general conclusion from the results in comparison with non-filtered results is that the 

accuracy decreases if the sample points are generated non-uniformly. Another 

observation is that the amount of accuracy drop with non-uniform data is in general less 

for the proposed model as compared with the standard model. For example, for the first 

test function R-squared of RS-HDMR using the standard basis functions is decreased 

from 0.732 in uniform sampling to 0.474 in non-uniform sampling, which means 35% of 

decrease. But using new basis functions, R-squared value decreases from 0.863 to 

0.747 that means 13% decreasing. More results can be found in [8,9]. It should be 

mentioned that the disadvantage of using ABF RS-HDMR and filtering methods is that 

they need more computation time in comparison with the plain RS-HDMR. The 

calculation of coefficients of basis functions and computations for finding filtering 

candidates add more time to RS-HDMR computation time. However, the added time is 

negligible in comparison with expensive function value calculations.  
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3.3. Principle Component Analysis HDMR 

3.3.1. Principle Component Analysis 

Principal Component Analysis (PCA) is a technique to analyze data by transforming 

multi-variable data to a set of new orthogonal variables so that the importance of the 

variables is revealed. PCA was originated in 1901 [93], but the term Principal 

Component was formally used in 1933 [94]. PCA has four main goals [95]: 1) extracting 

the most important part of data, 2) decreasing the size of data, 3) obtaining the structure 

of data, and 4) simplifying data description. These goals are obtained by introducing new 

variables called principal components, which are linear combinations of existing 

variables. The first principal component accounts for the largest variation in the data. 

The second principal component is computed in a direction that has the second largest 

variation and is also orthogonal to the first component. The other components are 

specified similarly. Higher order components must be orthogonal to all the lower order 

components.  New values of the data in new coordinates are called factor scores. PCA 

can be performed using Singular Value Decomposition (SVD). Suppose that a data 

matrix µ is of		H × �; then the SVD of the matrix can be shown as: 

µ = g∆·o ( 3-16) 

In which g is an H × ¸ matrix called left singular vectors, · is a � × ¸ matrix called right 

singular vectors, ¸ is the number of eigenvalues, and ∆ is the diagonal matrix of singular 

values. Factor scores (F) can be obtained using the multiplication of matrices P and ∆: 

º = g∆ ( 3-17) 

· gives the coefficients that can be used for linear transformation between the previous 

and new variables, and can be interpreted as the projection matrix between the raw data 

and factor scores [95]. In this thesis, PCA properties are used as an application along 

with HDMR to identify the best linear combination of basis functions to build the 

approximation with minimum variation from the black-box function. 
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One salient feature of PCA is that the new components are ordered by the amount of 

variations in the observations. In other words, the component with the maximum 

possible variation is the first component with the largest singular value and the one with 

minimum possible variation is the last component with the smallest singular value. Also, 

all the components are orthogonal to each other. In fact, SVD provides a rotation of the 

coordinates in a way that the variation of data is maximum along the first and minimum 

along the last coordinates. Geometrically, for an example, Figure  3-7 shows a 2D data 

set including 20 sample points, shown by black circles. The original coordinates are 

shown by solid lines. After performing the SVD, the coordinates are rotated using the · 

matrix. The dashed axis shows the first new coordinate (with maximum variation) and 

the dotted axis shows the last one (with minimum variation). It can be seen in the figure 

that data are located along the dashed axis. Thus, if someone has to model the system 

with only one coordinate, the dashed coordinate has the most influence on the variation 

and the dotted one can be removed with the least possible error. In the special case that 

all the sample points are located on the dashed axis, the system can be modeled using 

only one independent variable without any error. 

 

Figure  3-7: The geometric representation of PCA 

3.3.2. Proposed PCA-HDMR Strategy 

It is noted that the transformation in PCA is performed with linear combinations of 

existing variables. Recall that the RS-HDMR approximation is a linear combination of the 
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orthogonal basis functions. The proposed approach, called PCA-HDMR, then tries to 

build such linear combinations of the basis function so that components of HDMR are re-

ordered according to their importance. Then the last component, which should have the 

least variation, is set to be zero to find the most efficient set of HDMR model coefficients. 

Also, other components include information of the black-box function that can be used in 

metamodeling. This will be further explained in the next section.  

For a RS-HDMR, suppose that the approximation is truncated at the ¸-th order. 

Therefore, the HDMR structure is: 

�(�) = S� +��S�8T�8(��)A
8 �

�
� � +��S�!8T�!8 "��,�!#AU

8 �
�
�%! +⋯

+	 � �S�&�'…�V8 T�&�'…�V8 "��& , … , ��V#
AUU
8 �

�
�&%�'…%�V

 

( 3-18) 

The original coordinates are the input variables [��, … , ��]. A new set of coordinates are 

defined as a gathering of all the existing basis functions in the approximation with 

different input variables. The black-box function � is added to the new coordinate set as 

well. The new coordinate set Φ can be represented as: 

Φ = [Φ�, Φ�, … ,ΦL , �] 
Φ� = [T��(��),… , T�A(��)	] 

Φ� = ¼T��� (��, ��),… , T(���)�AU (����, ��)	½ 
⋮ 

ΦL = ¼T�…L� (��, … , �L),… , T(��L¾�)…�AUU (���L¾�, … , ��)½ 

( 3-19) 
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ΦL shows all combinations of the ¸-th order bases and input variables. However, if there 

is a priori knowledge that some of the combinations of variables do not exist, then they 

can be removed from both the HDMR structure and the new coordinate set Φ. In this 

work, the function is considered to be completely black-box without any a priori 

knowledge. Therefore, the approximations are performed using all the possible 

combinations of the bases and input variables until the specified truncating order. For 

simplicity of representation, the bases are numbered from the first to the last one as 

shown in Equation ( 3-20).  For example, the first ψÀ,À �..Á×Â are from Φ�, followed by the 

terms in Φ�, and so on. 

ΨÄ = [ψ�, ψ�, … , ψ�, �Å] ( 3-20) 

where ψ�, ψ�, … , ψÆ	are all the combinations of basis functions used in the 

approximation and �Å is rescaled value of � over the existing sample points that can be 

calculated as: 

�Å = 2 × [� − /z(�)][Ç�(�) −/z(�)] − 1 ( 3-21) 

The scaling is to bring the f values to be within the interval of [-1 1], so that the range of 

function values is comparable with those of the basis functions. If all the possible 

combinations are considered, the number of bases will be: 

 =� �!(� − /)! /!
L
� �  ( 3-22) 

Also all of the components are subtracted by their average value to place the origin of 

the new coordinate system at the center: 

Ψ = [ψ� − ψ�ÈÈÈÈ,ψ� −ψ�ÈÈÈÈ, … , ψ� − ψ�ÈÈÈÈÈ, �Å − �Å̅] ( 3-23) 
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where ψ�ÈÈÈÈ,ψ�ÈÈÈÈ, … , ψÆÈÈÈÈÈ are the average values of the bases ψ�, ψ�, … , ψÆ	 over the existing 

data and similarly �Å ̅ is the average value of �Å. It is clear that the new set of coordinates 

has ( + 1) members. Assume that N sample data exist for building the approximation. 

The original data can be shown as a N ×d matrix. The data is transformed to the new set 

by computing all bases and � values, and putting them in the matrix Ψ. After 

transformation, the new dataset is a N × (m + 1) matrix. If the SVD procedure is 

performed on the new data matrix, the corresponding right singular vectors matrix Q will 

be a set of linear transformations between the coordinates (basis functions) with the 

property that the first one accounts for the maximum variation and the last one accounts 

for the minimum variation. In other words, the last column will be the linear combination 

that gives the minimum possible amount of variation. Set the linear combination in the 

last column to be zero, one can have: 

k�(ψ� − ψ�ÈÈÈÈ) + k�(ψ� −ψ�ÈÈÈÈ) + ⋯+ k�(ψ� −ψ�ÈÈÈÈÈ) + k�¾� ]�Å − �Å̅_ ≈ 0 ( 3-24) 

where [α�, α�, … , αÆ¾�]Í is the last column of Q. Therefore the approximation model �Å 
can be found by the following: 

�Å = �Å̅ + 1k�¾� 	[−k�(ψ� − ψ�ÈÈÈÈ) − k�(ψ� − ψ�ÈÈÈÈ) − ⋯− k�(ψ� − ψ�ÈÈÈÈÈ)] ( 3-25) 

3.3.3. Advantages of the Proposed Strategy 

The PCA-HDMR approximation coefficients are calculated using the procedure 

presented above and it offers a number of advantages as compared with RS-HDMR. 

The most important advantage is that the new method does not use any integral 

approximation. Therefore, the errors coming from the integral approximations are 

eliminated. Second, uniform sampling is no longer needed because Monte Carlo 

approximation is not used in the new method. If the density of the sampling is changed 

in some sub-regions, it will affect the approximation accuracy much less in comparison 

with RS-HDMR and again it comes from not using any integrals. Moreover, the ratio of 

the minimum singular value to other singular values can determine the accuracy of the 
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approximation before building the model. If the last column of the matrix · that is used 

as coefficients of Equation ( 3-24) corresponds to a very small singular value, it means 

that the black-box function � can be well built using linear combination of bases for the 

given points. The third advantage of PCA-HDMR is that being accurate with non-uniform 

sampling and having no singularity issue make the PCA-HDMR a method that can 

accommodate samples of different weights. This means that a user can emphasize a 

region by repeating sample points falling into the region without incurring new sample 

points. In other words, PCA-HDMR can not only function as a global model, but also a 

local metamodel in a concentrated region. We call this the ability as “zoom in, zoom out,” 

which shows great promises for supporting optimization of HEB problems.     

On the other hand, the proposed method may seemingly have some disadvantages than 

RS-HDMR.  First the SVD procedure may be slow as it may involve large size matrices 

with very large amount of data. Second, if some sample points are added to the data, 

PCA should be performed again for updating the model while in RS-HDMR a simple 

summation could adaptively update the model. Both disadvantages can be easily 

eliminated. For the first one, in PCA-HDMR procedure, only the projection matrix · and 

singular value matrix ∆ are used, not the left singular vector matrix g. Therefore, if 

matrixes · and ∆ can be obtained using other calculations, SVD can be removed from 

the procedure. If µ in Equation ( 3-16) is a H × ( + 1) matrix including  bases and the 

black-box function values in H sample points, then · and ∆� are eigenvectors matrix and 

eigenvalues matrix of µoµ, respectively. Thus, instead of using SVD, it is sufficient to 

calculate the eigenvalues and eigenvectors of µoµ, which is always a ( + 1) × ( + 1) 
matrix. The second disadvantage is also avoided by only calculating eigenvalues and 

eigenvectors of µoµ instead of SVD matrices. New points can be added adaptively to 

update µ, and the remaining work is to calculate the eigenvalues and eigenvectors of µoµ, not to perform the more costly SVD. Therefore, using SVD can be replaced by the 

mentioned algebraic calculations. In the testing section, the above-mentioned procedure 

is used instead of SVD. 

Until now, just the last column of eigenvector matrix, corresponding to the smallest 

eigenvalue, is used for building PCA-HDMR model. If the coefficients of the basis 

functions are fixed in the whole approximation region, the last column guarantees the 
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best combination of the basis functions for approximating the black-box function. If the 

basis functions are chosen as polynomials up to the second order, PCA-HDMR using 

only the last column gives the least square coefficients, which is mathematically 

equivalent to the Response Surface Method (RSM) with second order polynomials. 

PCA-HDMR however is not limited to polynomial basis functions or second order. 

Moreover, in smaller sub-regions of the space, with PCA-HDMR one can use not only 

the last column of the eigenmatrix to obtain other combinations of the basis functions, 

which may give better approximations in sub-regions. In fact, if the last eigenvalue is not 

zero, it can be concluded that the approximation using just the last column is not 

necessarily the best for all sub-regions. In other words, other columns of eigenvector 

matrix have useful information of the black-box problem that can be used for 

metamodeling. If the difference between the smallest and the second-smallest 

eigenvalues is large, it indicates that the second last column (assuming columns are 

sorted in descending order according to their eigenvalues) has small effect on the 

approximation but if the two eigenvalues are close to each other, both of the 

corresponding eigenvectors are important. The same observation can be made for other 

eigenvalues and eigenvectors. The effect can be shown visually in Figure  3-7. The 

dotted line corresponds to the eigenvector with the smallest eigenvalue and shows the 

minimum variation from the original function in the whole approximation space. If all the 

sample points were located on the dashed line, it could be concluded that using the 

dotted direction in PCA-HDMR guarantees the best approximation in all sub-regions for 

the existing sample points. However, now that the sample points are not located exactly 

on the dashed line, it indicates that the dashed direction should be used for modeling in 

some sub-regions. The elegance of PCA-HDMR is that it reveals other directions’ 

information that can be used for approximation.  

The model is built with combinations of different component PCA-HDMR models with 

weights to be found in every sub-region. Equation ( 3-26) shows the PCA-HDMR 

metamodel using more than one eigenvector columns: 

�ÎÏ¢�ÐÑeÒ = S��ÎÏ¢�ÐÑeÒ& + S��ÎÏ¢�ÐÑeÒ' + S��ÎÏ¢�ÐÑeÒÓ +⋯∑S�  ( 3-26) 
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where �ÎÏ¢�ÐÑeÒ£ shows the PCA-HDMR model built using the (m+2-i)-th column of the 

eigenvector matrix (i-th component PCA-HDMR) and S� is the corresponding weight of 

the column approximation in the sub-region. �ÎÏ¢�ÐÑeÒ& is the PCA-HDMR component 

that  uses only the last eigenvector of the PCA-HDMR matrix, as shown previously. The S� values show the importance of the component PCA-HDMR metamodels in the sub-

regions. In this work, S� is set to be equal to one and other S� values are changing 

between zero and one. For every single test point, a specified number of closest sample 

points around the point (H�G;A�) are considered and the S� values are chosen in a way 

that the error between model values and original values become minimum. Changing H�G;A� affects the accuracy of the model. Choosing the best H�G;A� value depends on the 

density of the sample points in the space. In this work, 2 × � was used in which � is the 

number of variables. However, more intelligent ways can be used for selecting H�G;A� 
which is left as future works. Different methods can be used for minimizing the error. In 

this work, the values are simply changed between zero and one and the best values are 

selected. S� values are chosen one-by-one from S� to SL in which ¸ is the number of 

terms (component PCA-HDMR) used for metamodeling. Therefore, S� values are 

specified separately by order of their importance. Other methods such as optimizing S� 
values together can be used as well. 

If just the last eigenvector is used for metamodeling, and if only up to second order 

polynomial basis functions are used, the final PCA-HDMR metamodel will be the same 

as RSM metamodel. RSM can be therefore considered as a special case of PCA-

HDMR. However, PCA-HDMR has more advantages that cause its superiority as 

compared with RSM: 

The most important difference between PCA-HDMR and RSM is the information PCA-

HDMR reveals about the other combinations of basis functions. The property makes 

PCA-HDMR model working in both global and local regions. The results related to use of 

other eigenvectors in metamodeling will be shown in the results section. 

Because of using HDMR structure and the orthogonality of the HDMR components, all 

the HDMR properties are inherited in PCA-HDMR model. One of them is decomposing 

the effect of different variables. The effect of independent variables and the joint effect of 
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the variables are obtained separately, similar to Equation ( 2-1). The next one is the 

efficient and easy computation of sensitivity indices, as mentioned in [80]. Any 

orthonormal basis functions can be used in PCA-HDMR. Using the basis functions 

similar to the shape of the black-box function improves the accuracy of the metamodel. 

In conclusion, the advantages of RS-HDMR in approximating black-box functions are 

retained in PCA-HDMR and new advantages are added to more accurately calculate the 

coefficients. 

3.4. PCA-HDMR Results and Discussions 

In this section, PCA-HDMR is tested with a number of benchmark functions of different 

dimensionalities and different variable correlations. Then the proposed method is applied 

to an engineering problem. The model accuracy is evaluated using three error metrics 

and the results are compared with the RS-HDMR approximation with the same basis 

functions, sample points, and test points. The benchmark functions are treated like 

black-box functions. The input sample data are generated using pseudorandom values 

drawn from the standard uniform distribution on the interval [0,1] scaled to the interval 

between lower bounds and upper bounds. Note that each variable has its own lower 

bound and upper bound that should be used in scaling the variable. For investigating the 

effect of non-uniformity in the PCA-HDMR modeling, two different types of sample data 

are generated, which are explained in Appendix B. 

3.4.1. Benchmark Functions Results 

For testing the method accuracy, three different metrics (R-squared, RAAE, and RMAE, 

see Appendix C) are calculated for each modeling using the same sample and testing 

points for both PCA-HDMR and RS-HDMR. Before testing multi-dimensional problems, a 

simple 1-D problem is chosen and its PCA-HDMR and RS-HDMR model building 

procedures are explained step by step and the results are compared.  An exponential 

function (�(��) = Ô�& , 0 ≤ �� ≤ 2) is selected for this purpose. 
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It is assumed that the function is not known and the goal is to approximate the function 

with a PCA-HDMR and a RS-HDMR model. For the first try, a set of H = 11 uniformly 

distributed points between the lower and upper bounds of the problem X� = *0 0.2 0.4				0.6 0.8 1				1.2 1.4 1.6				1.8 21 are chosen. The points should 

be rescaled to [0, 1]. The scaled set of points is X�A = *0 0.1 0.2				0.3 0.4 0.5				0.6 0.7 0.8				0.9 11. Two polynomial orthonormal 

basis functions are used to build the models: 

c��(��) = √3(2�� − 1) 
c��(��) = 6√5(��� − �� + 16) 

( 3-27) 

The corresponding black-box function values at the set X are: 

F = *1 1.2214 1.4918				1.8221 2.2255 2.7183				3.3201 4.0552 4.9530				6.0496 7.38911. 
For RS-HDMR model, the coefficients in Equation ( 3-18) should be calculated using the 

Monte Carlo summations: 

S� ≈ 111�� ]��(^)_��
^ � = 	3.2951 

S�� ≈ 111�� ]��(^)_	c�� Ú��(^) − hÛ�ÜÛ� − hÛ� Ý
��
^ � = 111�� ]��(^)_c�� Ú��(^) − 02 − 0 Ý��

^ � = 2.1163 

	S�� ≈ 111�� ]��(^)_ 	c�� Ú��(^) − hÛ�ÜÛ� − hÛ� Ý
��
^ � = 111�� ]��(^)_c�� Ú��(^) − 02 − 0 Ý��

^ � = 1.3547 

( 3-28) 

Where, ÜÛ� and hÛ� are upper and lower bounds for ��, respectively, which are zero and 

two in this problem. Therefore, the approximated model can be found as: 
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�Ò��ÐÑeÒ(��) = S� + S��c�� Þ �� − hÛ�ÜÛ� − hÛ�ß + 	S��c�� Þ �� − hÛ�ÜÛ� − hÛ�ß = 

= 4.5438��� − 5.4221�� + 2.6588 

( 3-29) 

For PCA-HDMR, the first Φ matrix is  Φ = [c��, c��, �]. Then, the Ψ matrix is built using 

simple mathematical operations as Ψ = ¼(ψ� − ψ�ÈÈÈÈ), (ψ� − ψ�ÈÈÈÈ), �Å − �Å̅½. Eigenvalues and 

eigenvectors of matrix ΨoΨ are calculated and the minimum eigenvalue is found to 

be	à = 0.0069 and the corresponding eigenvector is á = [0.4800, 0.1198, −0.8690]. 
Therefore, Equation ( 3-25) can be written as: 

�Å = −0.2815 + 1−0.8690	â−0.4800Þψ� Þ�� − 02 − 0 ß − 0ß
− 0.1198Þψ� Þ�� − 02 − 0 ß − 0.2236ßã ( 3-30) 

After substituting ψ� and ψ� by orthonormal bases mentioned in Equation ( 3-27) and 

rescaling �Å to the real range using Equation ( 3-21), the approximate function is obtained 

as: 

�ÎÏ¢�ÐÑeÒ(��) = 1.4771��� − 0.1019�� + 1.1252 ( 3-31) 

Figure  3-8 shows RS-HDMR and PCA-HDMR approximations of the exponential 

function as well as the original function. It can be seen from the figure that PCA-HDMR 

works well and better than RS-HDMR. The sample points are shown in the figure by 

circles. For comparing the results numerically, the three metrics mentioned above are 

calculated for both approximations. R-squared uses the modeling points but 10 randomly 

chosen test points at *1.859, 1.740, 0.531, 1.018, 0.981, 0.083, 0.809, 0.757, 0.334, 1.6991 
are used for RAAE and RMAE calculation and the results are shown in Table  3-3. 
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Table  3-3: Comparison of RS-HDMR and PCA-HDMR accuracies (exponential 
function, uniform sampling) 

 R-squared RAAE RMAE 

RS-HDMR 0.6451 0.5091 0.9565 

PCA-HDMR 0.9979 0.0303 0.0537 

 

Figure  3-8: Black-box function (Solid), RS-HDMR approximation (Dash-dotted) 
and PCA-HDMR approximation (Dotted) for 1D exponential function 
and random uniform sampling 

For examining the effect of non-uniform sampling, the same procedure of building 

approximation model is performed for both RS-HDMR and PCA-HDMR using non-

uniform sample points at Xs� = *0 0.2 0.3				0.4 0.5 0.6				0.7 0.8 1.8				1.9 21 
and the results are shown in Figure  3-9. Similar to previous case, the defined metrics are 

calculated for them using the same test points, and the results are shown in Table  3-4. 

Table  3-4: Comparison of RS-HDMR and PCA-HDMR accuracies (exponential 
function, non-uniform sampling) 

 R-squared RAAE RMAE 

RS-HDMR -0.7555 1.2195 2.0329 

PCA-HDMR 0.9993 0.0407 0.0947 
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Figure  3-9: Black-box function (Solid), RS-HDMR approximation (Dash-dotted) 
and PCA-HDMR approximation (Dotted) for 1D exponential function 
and random non-uniform sampling 

By comparing R-squared, RAAE, and RMAE of the approximations in uniform and non-

uniform cases, it is concluded that the RS-HDMR model accuracy is significantly 

affected by non-uniformity of samples. R-squared values of PCA-HDMR show that the 

model accuracy is good with non-uniform sample points. However, RAAE and RMAE 

values are increased in the non-uniform sampling case because of lack of information in 

some sub-regions but are still showing good accuracy and much better than that of RS-

HDMR. 

For comparing the accuracy of PCA-HDMR with RS-HDMR, different benchmark 

functions with different number of input variables are selected [90,91] and the model 

accuracies are compared. The benchmark functions as well as the variable ranges are 

shown in Appendix A. The appendix table contains two other parameters, Hp and rjÇSÔ. 
The first one, NC, is the number of coefficients that should be calculated for building 

PCA-HDMR and RS-HDMR models, which can be obtained as:  
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Hp =�]�/ _
L
� � 	�� ( 3-32) 

where ¸ and � are the maximum order of correlation between the variables and the 

number of bases in the model, respectively. Note that the number of data points should 

be equal or more than the number of coefficients (unknowns). Therefore, for building 

PCA-HDMR model, at least Hp sample points are needed. The variable rjÇSÔ shows 

the existing space that the model is being built in and is obtained using multiplication of 

the variable ranges in each function. This parameter is one of the criteria showing the 

difficulty of the problem. 

Table  3-5 shows the R-squared, RAAE and RMAE values related to the approximation 

of the benchmark function #10 mentioned in the appendix, using both PCA-HDMR and 

RS-HDMR for completely random data (sampling type 1) and random non-uniform data 

(sampling type 2). Two different numbers of sample data are selected and the 

approximations are built 20 times. First and second order basis functions are used (� =2) and the maximum number of correlations is two (¸ = 2). The number of sample points 

used for the approximations are shown by NSP in the table. The values reported in 

Table  3-5 include the average and standard deviation of the 20 runs. As can be seen 

from the table, for sampling type 1, R-squared values of PCA-HDMR are much closer to 

one than the values of RS-HDMR. This is because PCA-HDMR finds the coefficients 

that minimize the variation of the model from the black-box function. For calculating 

RAAE and RMAE values, 200 random test points are used. RAAE and RMAE values of 

PCA-HDMR are closer to zero than the values of RS-HDMR. The standard deviation 

values of PCA-HDMR are also less than the values of RS-HDMR. All the benchmark 

functions are tested in the same manner as for function #10 with similar results; detailed 

results are omitted for brevity. The PCA-HDMR models are more accurate than RS-

HDMR for all the cases for a given set of sampling points (R-squared) and for most of 

the cases with new test points (RAAE and RAME). For ease of comparing the results 

and brevity, just the average values related to the first ten benchmark functions (using 

one NSP value) are shown by plots in Figure  3-10 to Figure  3-12. Note that the chosen 

numbers of sample points are more than the Hp values for all the functions. 
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Table  3-5: Comparison of RS-HDMR and PCA-HDMR accuracies (benchmark 
function 10, sampling types 1 and 2) 
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Figure  3-10 shows the R-squared values without negative values. By looking at R-

squared definition, the value is always less than one and the distance from one shows 

the accuracy of the model. Therefore, the negative values of the results show poor 

models built by RS-HDMR and are not shown in the figure. As anticipated using the 

properties of PCA, all R-squared values are closer to one in PCA-HDMR than RS-

HDMR. R-squared values show that function #4 is a very difficult one in modeling. 

Figure  3-11 and Figure  3-12 respectively show RAAE and RMAE values related to the 

first ten benchmark functions for both RS-HDMR and PCA-HDMR approaches. It can be 

seen that RAAE and RMAE values are less in PCA-HDMR than RS-HDMR in all the 

cases except for the function #4. As stated before, PCA-HDMR gives the best RS-

HDMR model with respect to sample points, not necessarily the model with the best 

extrapolation capability when tested with new test points. Function #4 is an example of 

this statement. However, RAAE and RMAE values are very close in this case.  

 

Figure  3-10: R-squared values of the first ten benchmark functions (average of 20 
runs, sampling type 1) 
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Figure  3-11: RAAE values of the first ten benchmark functions (average of 20 
runs, sampling type 1) 

 

 

Figure  3-12: RMAE values of the first ten benchmark functions (average of 20 
runs, sampling type 1) 
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Comparing the R-squared, RAAE and RMAE values of sampling type 1 and 2, the RS-

HDMR approximations with sampling type 2 have very poor R-squared values and large 

errors, but the PCA-HDMR approximations are still good. The observation can be 

explained by the use of Monte Carlo summations in RS-HDMR that are accurate only 

with uniform sampling. Therefore, PCA-HDMR makes better approximations than RS-

HDMR with non-uniform sample points for a given set of sample points for all the cases, 

and better model accuracy at new test points for most of the cases. 

Again for the ease of comparing the results, RAAE and RMAE values related to the first 

ten benchmark function are plotted in Figure  3-13 and Figure  3-14, respectively. Similar 

to the uniform sampling case, the values are better in PCA-HDMR than RS-HDMR for all 

the cases except for function #4. In almost all the cases, the values are worse than the 

uniform sampling case (sampling type 1) in both RS_HDMR and PCA-HDMR but the 

differences are small for PCA-HDMR. Almost all the R-squared values became negative 

in RS-HDMR using sampling type 2 and it means that non-uniformity of the sampling has 

huge effect on RS-HDMR.  Because almost all the R-squared values of RS-HMDR are 

negative, R-squared values are thus not shown graphically. 

 

Figure  3-13: RAAE values of the first ten benchmark functions (average of 20 
runs, sampling type 2) 
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Figure  3-14: RMAE values of the first ten benchmark functions (average of 20 
runs, sampling type 2) 
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Table  3-6: Comparison of RS-HDMR and PCA-HDMR accuracies for function #6 
with different NSP 
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To study the impact of the number of sample points, one of the benchmark functions 

(function #6 with 10 variables) is selected. The results are presented in Table  3-6. By 

increasing the number of sample points, the RS-HDMR model is getting more accurate 

with sampling type 1 and the metrics values are getting close to those of PCA-HDMR. 

However, with sampling type 2, RS-HDMR model is very inaccurate in comparison with 

PCA-HDMR model even with a large number of sample points. 

As mentioned in previous section, with PCA-HDMR, the user can put weights on certain 

regions and make the approximation more accurate in these regions by repeating 

sample points. Assume that a multi-model black-box function is needed to be modeled 

only with the first and second order basis functions. It is clear that RS-HDMR cannot well 

model the function due to the multi-modal shape of the function. But PCA-HDMR can 

zoom in small regions and model it accurately only with the first and second order basis 

functions. For having a weight of ä on a region, one can simply repeat ä times in ΨÄ	the 

samples falling into the region (Equation ( 3-20)). To demonstrate this concept, a 

sinusoidal function (�(��) = sin(��)) is selected in a specific range (−å ≤ �� ≤ å): 

Figure  3-15 shows the original function as well as different PCA-HDMR models for the 

function. A set of H = 11 uniformly distributed points between the lower and upper 

bounds of the problem are used as the modeling points. Due to the multi-modality of the 

sine function, the normal PCA-HDMR cannot model it well globally and due to its origin 

symmetry just a line is used for modeling (dash-dotted). A weight of 10 is put on the last 

6 points (second half including the mean) and the result is shown by the dashed curve. It 

can be seen that the curve is more similar to the second half of the original function. The 

dotted line shows the PCA-HDMR model with a weight of 1000 on the last 6 points. The 

metamodel curve becomes very close to the original function, but just in the region �� ≥ 0. In other words, the metamodel “zoomed in” to the region 0 ≤ �� ≤ å. Note that 

when the weight is put on a specific region, the model becomes worse in other regions. 

For example in the sine example, when the weights are put on the region 0 ≤ �� ≤ å, 

then the other half (−å ≤ �� < 0) became far from the original function. It is not shown in 

the figure due to its scale. 
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Figure  3-15: Sine function (Solid), normal PCA-HDMR approximation (Dash-
dotted), PCA-HDMR with weight 10 after � ≥ � (Dashed) and PCA-
HDMR with weight 1000 after � ≥ � (Dotted) 

Until now, all the PCA-HDMR models were built using only the last eigenvector. 

However, as mentioned in previous section, PCA-HDMR gives out more information 

about the shape of the function that can be used in metamodeling. For showing the 

effect of other eigenvectors on metamodeling, a one dimensional sinusoidal function 

(�(��) = sin(��) , −2å ≤ �� ≤ 2å) is considered as the black-box function and PCA-

HDMR models with a combination of different numbers of eigenvectors were built.  

The original function and the PCA-HDMR model using just the last column are shown in 

Figure  3-16 (a). The x values are normalized to be between zero and one. First order 

and second order orthonormal polynomial basis functions are used for metamodeling 

using 100 random sample points. It can be seen that polynomial basis functions are not 

good choices for this function and the approximation is poor. The next PCA-HDMR with 

the second last eigenvector is added to the metamodel using Equation ( 3-26). For every 
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corresponding S� value is changed between zero and one to find the minimum error in 

the chosen points.  

Figure  3-16 (b) shows the original function, and PCA-HDMR approximation with both �ÎÏ¢�ÐÑeÒ& and	�ÎÏ¢�ÐÑeÒ'. It can be seen that the shape of the function is well 

predicted by the approximation in some sub-regions. It can be seen that the second last 

eigenvector is important for this approximation and improves the model. Because two 

basis functions are used for building the PCA-HDMR matrix, it has three eigenvectors 

that can be used in the approximation. The next term �ÎÏ¢�ÐÑeÒÓ is added to the model. S� is fixed to the best value obtained before and S� is changed between zero and one.  

Figure  3-16 (c) shows the results including the approximation using three component 

PCA-HDMR models. Comparing with  

Figure  3-16 (b), the metamodel is improved when the third component PCA-

HDMR,	�ÎÏ¢�ÐÑeÒÓ , is added to the approximation. 
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 (a)  

(b)  

(c)  

Figure  3-16: PCA-HDMR results using different number of components 
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Because the sample points are randomly chosen, the same metamodeling process is 

repeated ten times and the results are shown in Table  3-7. RAAE and RMAE values are 

obtained using 200 test points similar to the previous examples. All three measurement 

metrics are improved when new terms are added to the PCA-HDMR model and the 

small standard deviation shows that the metamodel is robust as well.  

Table  3-7: Comparison of PCA-HDMR results using different number of 
components (1D sinusoidal function) 

 
R-squared RAAE RMAE 

Ave STD Ave STD Ave STD 

PCA-HDMR, 1 
Component 

0.07581 0.0810 0.8010 0.0310 1.8514 0.1180 

PCA-HDMR, 2 
Components 

0.56329 0.0360 0.4290 0.0566 1.7058 0.1760 

PCA-HDMR, 3 
Components 

0.94494 0.0187 0.1769 0.0319 0.7436 0.1336 

The next example presented here is a two dimensional sinusoidal function (�(��, ��) =sin(��) sin(��) , −å ≤ ��, �� ≤ å). Similar to previous examples, first and second order 

basis functions are used for the metamodeling. 200 randomly scattered sample points 

are chosen for building PCA-HDMR matrix. For adding the new component PCA-HDMR 

terms, the closest four sample points around the test points are chosen and the error is 

minimized. Table  3-8 shows the average and standard deviation of the results of 10 

independent runs. R-squared, RAAE and RMAE values are all improved when the new 

terms are added to PCA-HDMR model. 
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Table  3-8: Comparison of PCA-HDMR results using different number of 
components (2D sinusoidal function) 

 
R-squared RAAE RMAE 

Ave. STD Ave. STD Ave. STD 

PCA-HDMR, 1 
Component 

0.3859 0.0424 0.6816 0.0584 3.5567 1.5725 

PCA-HDMR, 2 
Components 

0.5792 0.0502 0.5213 0.0414 1.8606 0.3684 

PCA-HDMR, 3 
Components 

0.7415 0.0481 0.4041 0.0499 1.6257 0.2610 

PCA-HDMR, 4 
Components 

0.8163 0.0418 0.3449 0.0458 1.5944 0.3100 

3.4.2. Engineering Problem Results 

After testing the method with benchmark functions, an engineering problem is selected 

to study the effectiveness of the method in practice. A three-part assembly variation 

problem, shown in Figure  3-17 is chosen from [96] and both PCA-HDMR and RS-HDMR 

models are built for the variation of its specific key characteristic (KC) and the results are 

compared. The parts can be assembled together in different ways. In this example, at 

the first step, part A and part B are assembled and then, part C is joined to the 

subassembly of part A and part B. The fixture locations are input variables of the 

problem. The distance between the lower left corner of part A and the upper right corner 

of part C defines the KC and the six-sigma variation of the KC is the objective function to 

be approximated. 
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Figure  3-17: Three-part assembly problem and the related fixtures [96] 
Note. Adapted from [96], p. 156 

First the model is created in 3DCS software [21] with defined dimensions, 400 mm 

length and 200 mm width. Holes, slots and pins are defined with diameter equal to 10 

mm for holes and 9 mm for pins. Tolerances are defined for hole, slot, and pin sizes with 

a range of +/- 0.5 mm with normal distribution. Three holes and three slots exist in the 

model and for defining each of them X and Y coordinate values are needed. Therefore, 

the problem has 12 input variables in total. The six-sigma value of the specified KC is 

obtained from Monte Carlo simulation in 3DCS, which is considered a black-box function 

that should be modeled.  

The potential locations for holes and slots are defined by a grid of points with increments 

of 10 mm and at least 10 mm away from the edges. Again, different numbers of random 

points are selected and RS-HDMR and PCA-HDMR models are built. The results are 

presented in Table  3-9. By increasing the number of sample points, R-squared value of 

RS-HDMR is increased and the RAAE value is decreased. RMAE value varies by 

increasing the NSP. It means that the model is getting more accurate overall with more 

points. The R-squared value is decreasing in PCA-HDMR with the increasing number of 

sample points. It is expected because PCA-HDMR tries to find the coefficients in a way 

that the model becomes close to all of the sample points.  By increasing the number of 
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sample points it becomes harder to do that. The same phenomenon can be observed in 

most of the benchmark function tests. However, the R-squared values of PCA-HDMR 

are clearly better than that of RS-HDMR. By comparing the RAAE values of Table  3-9, it 

can be concluded the PCA-HDMR model is getting more accurate by increasing the 

number of sample points. Again, RMAE value of PCA-HDMR, similar to RS-HDMR, 

varies with the increasing sample points and it means that the model compromises 

between the global and local accuracy. By increasing the number of sample points, the 

global accuracy is increased but the model becomes less accurate in one or some local 

regions. In general, comparing the R-squared, RAAE and RMAE values of two methods 

in all the NSP values, it can be seen that PCA-HDMR is doing a better job than RS-

HDMR. 

Table  3-9: Comparison of RS-HDMR and PCA-HDMR accuracies for the three-
part assembly problem 

NSP 
R-squared RAAE RMAE 

RS-HDMR PCA-HDMR RS-HDMR PCA-HDMR RS-HDMR PCA-HDMR 

500 -2.5751 0.6878 1.6012 1.4363 7.5942 7.5084 

1000 -1.2096 0.5313 1.3747 0.7996 7.6629 4.0883 

2000 -0.6484 0.4360 0.9387 0.5061 6.7493 6.6233 

5000 -0.2883 0.3638 0.6462 0.4229 4.5317 4.1593 

10000 -0.0458 0.3666 0.5430 0.3995 6.5530 6.3246 

20000 0.0007 0.3557 0.5161 0.3740 5.6276 5.8543 

40000 0.0441 0.3484 0.4644 0.3339 10.3197 10.1934 

3.5. Summary 

In this chapter, the contributions have been made in metamodeling for HEB problems 

are presented. As mentioned in Chapter 2, RS-HDMR is identified as a good metamodel 

which works in high dimension. However, using RS-HDMR has two disadvantages that 

may affect the accuracy of the approximation. RS-HDMR is an integral-based method 

and the component functions coefficients are obtained using integrals that are computed 

by Monte Carlo summations. The Monte Carlo summations are accurate only if the 

number of sample points is sufficient and the points are distributed uniformly. However, 

in practice, the sample points may not be distributed uniformly (especially during 
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optimization) and this may cause an inaccurate approximation model. Next, if the density 

of sample points changes in different sub-regions of the design space, the RS-HDMR 

model becomes worse. In specific, if a sub-region has denser sample points, the 

approximation model is poor for either the sub-region or outside of the sub-region. 

Again, this disadvantage comes from the integral-based nature of RS-HDMR and the 

simulation-based approach to approximate the integrals.  

In this chapter, two different approaches are proposed to cope with these 

disadvantages. First, new and adaptive orthonormal basis functions with respect to a 

given set of sample points are proposed for RS-HDMR approximation. The method is 

called ABF RS-HDMR [8]. Second, the idea of using orthonormal basis functions for 

building metamodel is used but the coefficients are calculated without any integrals. 

Principal component analysis is used for this purpose and the method is named PCA-

HDMR [10]. Several benchmark problems with different numbers of variables are 

modeled using both methods and the results are compared with RS-HDMR results. Both 

ABF RS-HDMR and PCA-HDMR built more accurate models than RS-HDMR for a given 

set of sample points. After identifying and building accurate metamodels, the 

metamodels are used for optimizing HEB problems. High dimensional problems are 

decomposed using a novel metamodel-based strategy, explained in the next chapter. 
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Chapter 4.  
 
Metamodel-based Decomposition 

Given a well-established metamodeling strategy for HEB problems, this chapter explores 

the possibility of decomposition with the metamodeling technique. The proposed 

decomposition method uses sensitivity analysis on an efficient metamodel to predict 

suitable sub-problems of the original high-dimensional problem. These two chapters 

build the foundation for the new optimization algorithm to be described in Chapter 5, 

which employs the metamodeling technique developed in Chapter 3 and the 

decomposition technique developed in this chapter. 

4.1. Metamodel-based Decomposition Strategy 

The proposed decomposition methodology uses both the RBF-HDMR and sensitivity 

analysis to obtain the quantified variable correlations for decomposition. RBF-HDMR 

determines the correlation between input variables and provides an approximate model 

of the function for sensitivity analysis. In this stage, if RBF-HDMR reveals that the 

problem is decomposable, the independent correlated groups of variables are optimized 

separately, instead of optimizing the original undecomposed problem [59]. The space 

reduction strategy saves lots of sample points in finding the optima in the high 

dimensional design space. The challenge is that in many problems, the input variables 

are not completely decomposable. In this condition, RBF-HDMR results cannot 

recommend any decomposition of the design variables. However, there might be some 

variables that weakly connect some of the variable groups. Sensitivity indices play the 

role of distinguishing unimportant joint relationships and also unimportant variable 

groups to reduce the optimization effort without significantly sacrificing the accuracy. 

There are two main assumptions for the targeted problems. First, samplings of different 

variables are independent events and the occurrence of one does not affect the others. 
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Second, the problems are fully defined and there is no uncertainty or hidden variables. 

Recall that the Structure Matrix (SM) is a � × z matrix introduced in Equation ( 2-18), 

showing the correlations of the input variables that are generated in HDMR expansion. 

In our proposed decomposition algorithm, two sub-algorithms including SM modification 

and grouping are implemented. After decomposing the original problem, a systematic 

optimization scheme is designed to optimize all the resultant sub-problems. Figure  4-1 

shows a flowchart of the decomposition procedure before the optimization. 

4.1.1. Modified Structure Matrix  

In this algorithm, the structure matrix (SM) will be modified using sensitivity indices. After 

performing RBF-HDMR procedure and constructing SM, the variation rated to each 

column is calculated using Equations ( 2-23) and ( 2-24) on the RBF-HDMR metamodel. 

The following steps are performed in order to decompose a given high-dimensional 

problem into sub-problems. 

Step 1: SM and CCM are calculated for identifying the main groups of correlated 

variables. For example, if the aforementioned matrices of a function are as shown in 

Equations ( 4-1) and ( 4-2), 

 

 

( 4-1) 
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 ( 4-2) 

then the identified variable groups will be  

*��, ��, ��, �ç, �è, �é, �ê, ���1*�©1*�ë1 
Step 2: Matrix S is a square matrix composed of sensitivity indices values for the 

Structure Matrix. The matrix S is obtained from building a RS-HDMR on the obtained 

RBF-HDMR model and using the Sobol method. One example of matrix S is shown 

in Equation ( 4-6) (see below). The diagonal elements show the sensitivity indices of 

the variables, corresponding to the second highlighted segment of the SM shown in 

Equation ( 4-1). The off-diagonal elements represent the sensitivity index values for 

variable correlations, corresponding to the middle highlighted part of Equation ( 4-1). 

As the diagonal elements of S relate to individual variables, they will remain the 

same in the modified SM. Note that other sensitivity analysis methods can be used 

for generating S matrix besides the Sobol method. 

Step 3: Based on the sensitivity index values calculated for the variable correlations, 

if the value is less than r��s, it implies that the corresponding correlation is 

negligible. Such correlation can be neglected for further consideration. Otherwise, it 

means that the correlation in the column is important and the underlying variable 

should be kept in its variable group. Then the next column (/ = / + 1) should be 

examined. r��s is the maximum sensitivity index value that can be neglected and will 

be specified based on the problem. The value of r��s	can be defined by the user 

based on accuracy requirements of the problem. Some suggestions are made for the 

selection of r��s in the next section. 
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Step 4: The modified SM will include the first set of columns of SM as well as those 

columns in the second set which have sensitivity index values more than r��s. In this 

study, no more than the second order columns are considered for SM modification. 

The modified SM can facilitate further decomposition of a problem and identification 

of variable groups with fewer variables.  

4.1.2. Grouping 

After the SM modification, the modified structure matrix (MSM) that only has important 

columns will be regrouped using the Depth First Search (DFS) method [97], as adopted 

from Graph Theory. The DFS algorithm identifies bi-connected components in 

undirected graphs, and helps to identify strongly connected components of the graph, 

and therefore can be similarly applied to identification of stronger correlations. In the 

DFS approach, each variable is checked for correlation with other variables. Assuming 

that the search starts from variable A, when a new variable (namely C) is identified as 

correlated with variable A, then variable C will be the next variable to be checked in 

terms of correlation with other variables. In this way, a depth first search is implemented. 

The set of unconsidered variables (which might be correlated with other unexplored 

variables) is stored for iterative search for identifying all the correlations [97].  
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Figure  4-1: Decomposition flowchart 

As shown in the flowchart, the sensitivity analysis is performed on the metamodel (RBF-

HDMR), not on the expensive objective function. This saves a large number of function 

calls and it is shown in the results later that it yields reasonable accuracy. Note that 

other metamodeling methods can be used instead of RBF-HDMR in the proposed 

algorithm. However, using RBF-HDMR has some advantages over other methods. First, 

RBF-HDMR showed excellent performance in modelling the problems with many input 

variables [70] and its sampling is very frugal due to its adaptive sampling strategy. 

Second, after testing RBF-HDMR performance using different benchmark functions, it is 

concluded that even if the RBF-HDMR model is not very accurate in all sub-regions, the 

correlations between the variables and their intensities are identified very well. This 

property comes from the hierarchical nature of RBF-HDMR, which tests all the 
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correlations one-by-one and samples in the corresponding sub-spaces based on the 

complexity of the correlation. 

In summary, the proposed algorithm of our study includes an initial grouping of the 

variables based on the Structure Matrix from RBF-HDMR, and then to identify less 

significant correlations through the Sensitivity Index values obtained through RS-HDMR. 

One of the limitations in using RBF-HDMR metamodeling in engineering problems is that 

it needs structured samples, which are not always available for all engineering problems 

and it is not amenable for optimization, which tends to bias the search to the “interested” 

area.  

4.1.3. Decomposition-based Optimization  

The rest of the procedure consists of decomposing the original problem into sub-

problems of fewer variables, and performing the optimization on each sub-problem 

separately. Figure  4-2 shows the flowchart of optimizing the sub-problems. 

 

Figure  4-2: Optimization flowchart 

The optimization of the sub-problems starts from the first group (/ = 1) and is repeated 

until all the groups are optimized (/ = zì^;�DA). For optimizing each sub-problem, the 
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variables in all other sub-problems are set to constant values. For optimizing the first 

sub-problem, these constant values in other groups are equal to the corresponding 

variables’ averages based on their upper and lower bounds. After optimizing each sub-

problem, the variables are set to the obtained optimum locations of the variables in 

optimization of the following groups. In other words, as shown in Figure  4-2, if sub-

problem #	/ is being optimized, then the variables of the sub-problems that have been 

optimized before (7�iÜj	# < /) are set to their optimum locations, while for other groups 

(7�iÜj	# > /) the average values are still set as constant. After all the variables are 

optimized, their values are combined and defined as the optimum point. 

As shown in the flowchart, the sub-groups of variables from decomposition are optimized 

one-by-one using a selected optimization method, which can be any global optimization 

method selected by the user. Note that the function that is used for optimization of sub-

problems is the black-box function, not the metamodel, and the purpose is to avoid the 

influence of any potential metamodeling errors at this stage. The results of the 

decomposition-based optimization for a number of test problems are reported in the next 

section, and comparison has been made between the decomposed case and the original 

problem in terms of the optimization results, as well as the efficiency of the proposed 

algorithm in obtaining close results to those of optimizing the original problem. 

Considering the assumption that the targeted functions are computationally expensive, 

the number of function evaluations is used as the cost measure for the proposed 

algorithm. 

4.2. Decomposition Results and Discussions 

In this section, eight test problems [90,91] and an engineering problem are chosen to 

test the suggested decomposition algorithm.  

4.2.1. Test Functions Results 

The test problems are shown in the Appendix A.  Different categories of problems are 

identified during the testing: 
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(1) Completely decomposable problems (Type 1): In these problems, after identifying 

the structure using RBF-HDMR, the sub-problems are small enough to optimize. 

Then, the algorithm will be similar to the one used in [59]. Sensitivity analysis is not 

needed but if the sensitivity analysis is performed, the problems can be decomposed 

to smaller sub-problems. Problems 1 and 2 are of this type. 

(2) Non-decomposable with very weak correlations (Type 2): These problems are not 

decomposable but the correlations are too weak to be identified by RBF-HDMR. 

Therefore, again, the problem is identified to be decomposable after using RBF-

HDMR. Problem 3 is of this type. 

(3) Non-decomposable with a mix of weak and strong correlations (Type 3): In these 

problems, the decomposition algorithm is performed as mentioned in the previous 

section. RBF-HDMR identifies the correlations. Then, the weak correlations are 

removed from structural matrix using sensitivity analysis and optimization is 

performed for smaller sub-problems. Problems 4-7 are of this type. 

(4) Non-decomposable with strong correlations (Type 4): This type of problems has 

correlations with similar significance. Problem 8 is of this type. 

The decomposition and optimization steps mentioned above are presented for one of the 

problems (Problem 7) and the rest are shown only with the final results. The test 

problem is shown in ( 4-3): 

�(�) = (�� − 1)� + (��� − 1)� + 10� (10 − /)"��� − ��¾�#�ê
� �  

−3 ≤ �� ≤ 2, / = 1,⋯ ,10 

( 4-3) 

The analytical optimum point and the optimum function value for this problem are: 

�∗ = [1	1	1	1	1	1	1	1	1	1],															�∗ = 0 ( 4-4) 
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It is clear that the variables are correlated in groups of two. However, the function is 

considered as a black-box function and the structure should be obtained using RBF-

HDMR. SM and CCM related to the function are obtained using RBF-HDMR and are 

shown in Equation ( 4-5). 
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( 4-5) 

The number of function evaluations used for RBF-HDMR is H�e = 160. Note that H�e 

value depends on the complexity of the function and is not defined by the user. It is clear 

from CCM that all the variables are correlated. Therefore, if the decomposition is 

performed without using sensitivity indices [59], then only one group of 10 variables will 

be identified. In this work sensitivity indices are used to identify weak correlations in the 

next step. Note the sample points used to obtain the sensitivity indices are from the 

RBF-HDMR model, not the original expensive objective function. The sensitivity indices 

are put in a matrix named r shown in Equation ( 4-6).  
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tu
uu
uu
uu
uv
0.2759 0.0717 0.0003 0.0004 0.0004 0.0005 0.0004 0.0002 0.0004 0.00040.1545 0.0675 0.0011 0.0002 0.0008 0.0002 0.0003 0.0008 0.00030.1249 0.0364 0.0004 0.0004 0.0004 0.0002 0.0009 0.00070.0486 0.0377 0.0006 0.0005 0.0008 0.0003 0.00040.0550 0.0258 0.0009 0.0003 0.0006 0.00030.0347 0.0125 0.0003 0.0009 0.00040.0152 0.0090 0.0003 0.00070.0007 0.0040 0.00050.0006 0.00140.0002wx

xx
xx
xx
xy
 

 

r¢s�Gð� =

tu
uu
uu
uu
uv
0.0464 0.1701 0 0 0 0 0 0 0 00.1034 0.1344 0 0 0 0 0 0 00.0811 0.1029 0 0 0 0 0 00.0614 0.0756 0 0 0 0 00.0445 0.0525 0 0 0 00.0304 0.0336 0 0 00.0190 0.0189 0 00.0103 0.0084 00.0043 0.00210.0008wx

xx
xx
xx
xy
 

( 4-6) 

The diagonal elements r�� and non-diagonal ones r�! show the sensitivity indices related 

to the variables and variable correlations, respectively. It is clear that the sensitivity 

matrix is symmetric. Since the sensitivity analysis is performed on the RBF-HDMR 

model, when the accuracy of the metamodel increases, the decomposition outcome will 

become more realistic. For studying the effect of the accuracy on the decomposition 

results, the sensitivity indices in matrix r are compared to the analytical sensitivity 

indices in matrix r¢s�Gð�, shown in Equation ( 4-6). For calculating r¢s�Gð�, the procedure 

that is explained in background section for sensitivity analysis is followed and all the 

integrations are performed analytically. Note that in this work, we consider the 

correlation between the variables and neglect the weak ones.  The sensitivity indices 

related to the correlations are the ones above the diagonal components. The 

comparison shows that for the diagonal elements, except for r��, rèè and réé, the S 

matrix shows similar  SI values as r¢s�Gð�. More importantly, both matrices show the 

strong correlation between the two neighbouring variables, i.e., those SI values are at 

least one order of magnitude larger than others, as is the case with the analytical 

equation. This is a desired property, since we are interested in the variable correlations. 

The elements of r corresponding to the zero’s in r¢s�Gð� also have very small values. 
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The comparison between the two matrices indicates that r and r¢s�Gð�	 will lead to 

similar variable decomposition results.  

At this stage, a value should be chosen for r��s and the columns on SM that have the 

sensitivity index smaller than r��s should be removed from the SM to obtain MSM. If r��s is chosen to be very small, the procedure will be very conservative and the MSM 

will be so close to SM that may result in groups with high number of variables. On the 

other hand, if a large number is chosen for	r��s, only very strong correlations will be 

retained and all others are removed, and the groups will have a small number of 

variables but it may lead to large errors in optimization results because the decomposed 

problem might be very different from the original problem. Thus, the choice of r��s 

strongly affects the algorithm efficiency and effectiveness. The designer has an effective 

role in balancing the trade-off between the probability of reaching a more accurate result 

and using fewer number of sample points. 

The r��s value is varied between 0 and 0.02 and the decomposition is done based on r��s values and r matrix. Figure  4-3(a) shows the number of sub-problems from the 

decomposition using different values of	r��s. By increasing the 	r��s value, first the 

variable ��� becomes an independent group, therefore the decomposed problem has 

two groups. Increasing the r��s will lead to further independent groups �ê, �é and �è. 
More details on the decomposition and the corresponding optimizations are presented in 

the following paragraphs. A similar graph is drawn for the problem based on r¢s�Gð� 
matrix that is shown in Figure  4-3(b). The figure shows the same behaviour as 

Figure  4-3(a).  The groups that are formed by increasing the r��s value are exactly the 

same in both subfigures of Figure  4-3. However, because of the difference between the 

values related to the sensitivity analysis in the two matrices, the groups are obtained 

with different r��s values. 
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(a) 

 

(b) 

Figure  4-3: Number of groups after decomposition versus ���� value for 
Problem 7; a) based on S, and b) based on ���	
�� 

When r��s = 0, the problem is the same as the undecomposed problem, which is 

optimized using the Trust Region Mode Pursuing Sampling method (TRMPS) [98] and 

the average of optimum function value using ten runs is �∗ = 2.064 with an average 

number of function evaluations, Hºñ = 7137. If r��s = 0.006 is chosen, three groups will 
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be obtained. The non-diagonal values on r matrix are replaced by zeros and the 

modified SM and the corresponding CCM are obtained by using the decomposition 

procedure. 

The decomposed problem has three groups of variables	7� = *��, … , �é	1, 7� = *�ê1, 7� =*���1. The first group 7� is optimized by assuming the rest variables take the middle 

value within their respective bounds. Though other values could be used as well, but 

according to a study by [99], the points closer to the center of a search space are more 

likely to be closer to the unknown solution. Therefore, the center of the variable range is 

used in our study. TRMPS optimization [98] is used with a difference coefficient (a 

convergence parameter used by TRMPS) equal to 0.1 (the same as undecomposed 

case). The results are: 

�ì�∗ = [0.5641 0.2403 0.109 −0.0091 0.1647 −0.0092 −0.0911 0.0809] ( 4-7) 

TRMPS used Hì� = 2503 function evaluation for obtaining the optimum point. The 

optimum points obtained in Equation ( 4-7) are used as the constant values of variable �� 
to �é and the group 7� is optimized. Again ��� is set to be average of the design range. 

The obtained optimum point is: 

�ì�∗ = [0.0043],        Hì� = 9 ( 4-8) 

Hì� is the number of used function values for optimization of Group 2. Similar procedure 

is performed for the last group and the results are: 

�ì�∗ = [0.0909],       Hì� = 9 ( 4-9) 

Therefore, the final optimum point obtained using the decomposed problem and the 

corresponding function value is: 
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�∗ = [0.5641			0.2403			0.109			 − 0.0091			0.1647… 

																			…	− 0.0092			 − 0.0911			0.0809			0.0043			0.0909], �∗ = 4.0691 

( 4-10) 

The total number of function evaluations is the summation of all the function evaluations 

that are used during the procedure, including RBF-HDMR and TRMPS and the last test 

for the optimal solution: 

H = 160 + 2503 + 9 + 9 + 1 = 2682 ( 4-11) 

Note that the function evaluations in RS-HDMR are not included because RS-HDMR 

uses the model built by RBF-HDMR and no expensive function call is invoked. The 

procedure is performed ten times and the results are summarized in Table  4-1. 

Table  4-1: Results of the decomposition-based optimization for the example 
problem 

r��s  
Run 
#1 

Run 
#2 

Run 
#3 

Run 
#4 

Run 
#5 

Run 
#6 

Run 
#7 

Run 
#8 

Run 
#9 

Run 
#10 

Average 

0.006 
�∗ 1.700 6.708 3.299 4.437 2.399 5.371 4.805 3.340 1.773 2.025 3.586 H 1298 1388 4049 2615 2141 1584 3823 3524 3523 2694 2663. 

0.01 
�∗ 4.014 1.107 6.542 1.152 1.853 1.243 2.833 1.639 5.485 2.777 2.865 H 1529 2328 1002 2242 2064 1990 566 1617 950 1606 1589.4 

0.02 
�∗ 1.280 1.302 1.804 1.557 2.060 2.762 1.356 1.693 2.212 4.222 2.025 H 1664 1214 708 810 931 1221 1377 1550 811 610 1089.6 

From Table  4-1, it is clear that for r��s = 0.006, the average total cost is  2663.9 number 

of function evaluations (NFE’s), which is significantly decreased as compared to 

optimization of the original undecomposed problem through TRMPS algorithm with 7137 

NFE’s. However, the average optimum function value is slightly increased from 2.062 to 

3.5863.   

A similar procedure is performed using	r��s = 0.01. Four groups 7� = *��, … , �è	1, 7� =*�é1, 7� = *�ê1, 7© = *���1 are identified. The results are again presented in Table  4-1 for 

10 runs.  The average number of function evaluations is less than the previous case, 
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and the average of the obtained optimum values is also lower. For the last test, r��s =0.02 is selected, which results in five groups: 7� = *��, … , �ë	1, 7� = *�è1, 	7� = *�é1, 	7© =*�ê1, 	7ç = *���1. Again, both cost and obtained optimum value are decreased. Three 

reasons can be thought of for this. First, TRMPS converged earlier in the previous cases 

due to the relatively larger design space for the first group. The randomness of the 

method can be a second reason. It could also be because the smaller sub-problems 

could be more effectively solved for the last case and as such better solutions are 

obtained with less cost. Note that there is no guarantee that further increase of the r��s 

value will lead to better results. Therefore, the designer should select a value that 

satisfies the design goals in terms of obtaining better optimization solution or minimizing 

the computational cost. Table  4-2 shows the decomposition groups of the test problems 

using different r��s values, along with the numbers of function evaluations in the RBF-

HDMR procedure. The number of samples used in generating RBF-HDMR model 

depends on the complexity of the function and the number of correlations that are 

automatically identified by the RBF-HDMR metamodeling steps.  
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Table  4-2: Sub-problems after decomposition 

No. 
RBF-HDMR 

NFE 
r��s Groups 

1 261 0 
*��, �ë, ���	, ��ë	1*��, �è, ���	, ��è	1*��, �é, ���	, ��é	1 *�©, �ê, ��©	, ��ê	1*�ç, ���, ��ç	, ���	1 

2 181 

0 
*��, ���	1*��, ���	1*��, ���	1*�©, ��©	1*�ç, ��ç	1 *�ë, ��ë	1*�è, ��è	1*�é, ��é	1*�ê, ��ê	1*���, ���	1 

0.0461 
*��1*���1*��, ���	1*��, ���	1*�©, ��©	1*�ç1*��ç1 *�ë, ��ë	1*�è1*��è1*�é, ��é	1*�ê, ��ê	1*���1*���1 

3 81 0 
*��1*��1*��1*�©1*�ç1*�ë1*�è1*�é1 *�ê1*���1*���1*���1*���1*��©1*��ç1*��ë1 

4 3631 0.0011 *��1*��1*��1… *��é1*��ê1*���1 
5 1371 

0.0067 *��, ��, �©, �ç, �ë	, �é, �ê, ���	1*��1*�è1 
0.0070 *��, �©, �ç, �ë, ���1*��, �ê	1*��1*�è1*�é1 

6 411 
0.0024 *��, �©, �ç, �ë, �è	, �é, �ê, ���	1*��1*��1 
0.0054 *�é, �ê, ���	1*��1*��1*��1*�©1*�ç1*�ë1*�è1 

7 160 

0.006 *��, ��, ��, �©, �ç, �ë	, �è, �é1*�ê1*���1 
0.01 *��, ��, ��, �©, �ç, �ë	, �è1*�é1*�ê1*���1 
0.02 *��, ��, ��, �©, �ç, �ë1*�è1*�é1*�ê1*���1 

8 10269 
0.0070 *��, ��, ��, �©, �ç, �ë	, �é, �ê, ���, ���, ���1*�è1 
0.0085 *��, ��, ��, �©, �ç, �é, �ê, ���, ���1*�ë1*�è1*���1 

Table  4-3 shows the summary of the optimization results for decomposed and 

undecomposed problems after ten different runs, using the TRMPS optimization method. 

The averages and standard deviations of the optimum function values of the ten runs are 

shown in Table  4-3. Also, the average values of the total number of function evaluations 

(for both decomposition and optimization) are reported separately for decomposed and 

undecomposed optimizations. The same criteria are used for optimizing both 

decomposed and undecomposed problems (with same TRMPS parameter settings). The 

maximum number of function evaluations is set to be 30,000 and the optimization 

process is terminated if reaching this number of evaluations.  
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Table  4-3: Optimization results of decomposed problems using TRMPS 

No. 

Decomposed Undecomposed 
Analytical 

f* ���� average 
Standard 
Deviation 

NFE average 
Standard 
Deviation 

NFE 

1 0 5.786 2.2451 858.3 1.1209 0.3379 27654.3 0 

2 
0 0 0 366.2 

0 0 462.3 0 
0.0461 8.822664 0 389.2 

3 0 25.88048 0.005991 419.5 26.26199 0.881029 777.8 25.875 

4 0.0011 0.9337 1.5185 4131.7 21.2187 7.2383 30034.5 0 

5 
0.0067 2.3751 4.1289 5250.6 

2.9995 4.9858 7461 0 
0.0070 2.3775 0.5949 1504.2 

6 
0.0024 53994.4 162486.2 2999.5 

3.68E+08 1.16E+09 12146.1 0 
0.0054 2.62E+08 8.06E+08 623.9 

7 

0.006 3.58628 1.69887 2824.9 

2.06446 0.71766 7137 0 0.01 2.86513 1.91186 1750.4 

0.02 2.02546 0.90129 1250.6 

8 
0.0070 -46794.8 54069.68 10854.2 

-99739.2 71312.46 797.7 -354294 
0.0085 -40912.5 27609.13 10642.3 

As mentioned before, Problems 1 and 2 are decomposable. Therefore, as expected, 

RBF-HDMR identified the structure and even with r��s = 0, the problem can be 

decomposed. Problem 1 is a 20-variable problem that is decomposable to five groups 

with four input variables in each group. The optimization results of the undecomposed 

case show that in most of the runs the maximum number of function evaluations is met. 

Therefore, the average of the number of function evaluations is very high (27654.3). The 

number of function evaluations for the decomposed problem is significantly less than the 

undecomposed one (around 1/32 of the latter). Although the optimum function value in 

the decomposed case is higher than that of the undecomposed case, they are both good 

results considering the vast range of the objective function values. 

Problem 2 is the other decomposable problem whose structure is identified using RBF-

HDMR as shown in Table  4-2. The problem is decomposed to 10 groups of two 

variables. The results show that both decomposed (r��s) and undecomposed 

optimization reach to the analytical optimum but the NFE’s is less for the decomposed 

problem. Note that the sensitivity analysis procedure can be applied to decomposable 



 

82 

problems such as Problems 1 and 2 as well. For instance, for Problem 2 with r��s =0.046, the problem is broken down into 14 groups. However, the results show that both 

the optimum value and NFE’s are higher than the previous cases. If the r��s value 

increases further, all the input variables are ultimately identified as independent ones, 

which makes the optimization inaccurate.  

As mentioned before, Problem 3 is not decomposable but the correlations are too weak 

to be identified by RBF-HDMR. Therefore, RBF-HDMR gives a completely decomposed 

structure and there is no need to use sensitivity analysis. As shown in Table  4-3, the 

obtained optimum value and the NFE’s both decrease after the decomposition. It means 

that the correlations are very weak and optimizing the input variables separately makes 

the results better with less cost.  

In Problem 4, all the input variables are correlated and RBF-HDMR gives a completely 

non-decomposable structure. But after performing the sensitivity analysis, it is evident 

that the existing correlations are weak and even with very small r��s value, the problem 

becomes decomposable. Figure  4-4 shows the number of groups versus the r��s value 

and it can be seen that for values of r��s higher than 0.0011, the problem is completely 

decomposable. Since 0.0011 is a very small number, it can be concluded that optimizing 

the variables separately gives results with good accuracy. The results show that for all 

10 runs of undecomposed problem, the maximum function evaluation criterion is met 

and the average NFE’s is very high. But in the decomposed problem, NFE’s is 

significantly less than that of the undecomposed one (around 1/7). Moreover, the 

obtained optimum value of the decomposed problem is significantly better than the 

undecomposed optimum value.  
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Figure  4-4: Number of groups after decomposition versus ���� value for 
Problem 4 

Problems 5, 6 and 7 are Type 3 problems. Problem 5 is decomposed using two different r��s values and the results of the optimizations using TRMPS are presented in 

Table  4-3. In both cases, the obtained decomposed optimum values are less than the 

undecomposed one and also, the numbers of function evaluations are less, as 

compared to the undecomposed case. At first look, Problem 6’s optimum value seems to 

be very far from the analytical solution. The problem is very sensitive to the input 

variables and small changes in the variables make significant changes in the function 

value (the function value range is very large). The large amount of standard deviation 

shows that the optimization process does not work well at some runs. Using r��s =0.0024, the problem is decomposed into three groups, which leads to a better 

optimization as shown in Table  4-3. The optimum value shows much more improvement 

and the NFE’s is around 
�© of the undecomposed case. Another tested value for the 

decomposition is r��s = 0.0054 that leads to eight groups of variables that are optimized 

separately. The obtained optimum value is in the same range as the undecomposed 

optimum value, but the NFE’s is significantly less than that of the undecomposed case 

(around 1/19).  The optimization for Problem 7 was explained in detail earlier. 
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The last problem is of Type 4 and all the correlations have the same significance. The 

first important issue is the large number of function evaluations used in RBF-HDMR to 

build the metamodel (10,269 sample points are used) owing to the existence of all the 

possible correlations. Two different r��s values are tested.  The obtained optimum value 

is improved as compared to the undecomposed case, but the improvement is not as 

significant as in other test problems. Since the NFE’s is increased, it can be concluded 

that the procedure may not be suitable for highly correlated problems. 

For studying the effect of the decomposition on optimization processes using other 

optimization algorithms, DIviding RECTangles (DIRECT), a well-known method originally 

by Jones [19] and Gablonsky [100] is selected and all the above optimizations are 

repeated and their results are reported in Table  4-4. All the decomposition processes are 

the same and the only difference between the optimization results in Table  4-3 and 

Table  4-4 is the optimization algorithm that is used for them (TRMPS for Table  4-3, and 

DIRECT for Table  4-4. Besides being widely recognized, DIRECT was chosen also 

because it does not require parameter tuning and it is deterministic, which makes it a 

good reference as it is not exposed to randomness.  

DIRECT does not have a quality-related convergence criterion besides the maximum 

number of function evaluations. Therefore, a new convergence criterion was 

implemented to allow for automatic convergence of the algorithm. The criterion 

terminates the algorithm when the level of improvement of the optimum solution from 

one iteration to the next decreases and is less than a user specified threshold. The level 

of improvement is measured using a parameter defined as � = ó£ô'�ó£�∗∆óõö÷, where / is the 

current iteration number, �� is the function value at the given iteration, ���� is the function 

value at the iteration / − 2, and ∆���� is the maximum difference in function value 

between two iterations encountered during the optimization so far. The value 0.001 is 

selected heuristically as the tolerance of the convergence criterion for the decomposed 

problems. After optimizing the decomposed problems, the obtained optimum function 

values are set as references for undecomposed problems. In this way, the optimum 

values of both decomposed and undecomposed methods are in the same order and 

then the number of function evaluations can be compared. Changing the tolerance value 

affects the optimization results. Increasing the value leads to early convergence with 
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probably worse results. On the other hand decreasing the value may lead to more 

accurate optimization results with more function evaluations. Note that the simulations 

show that for three cases (Problems 1, 3 and 4), the undecomposed problem requires 

large NFE’s to reach the same accuracy as the decomposed solution. Therefore, a cap 

of 100,000 function evaluation is defined and the procedure is terminated in the iteration 

that the number of function evaluations crosses this value. The results show that in most 

of the cases, the NFE’s are less for the decomposed procedure than that in the 

corresponding undecomposed ones. Because of having different convergence criteria 

when using TRMPS and DIRECT, the quantitative comparison of Table  4-3 and 

Table  4-4 is not possible. However, the qualitative comparison shows that they have 

similar trends for different types of problems. The proposed algorithm achieves better 

optimization results in the first three types of problems except for Problem 5 in which the 

NFE value is increased when the decomposition is used.  

While a complete comparison between optimization methods includes comparing the 

objective function values as well as the optimal design variables, this work did not list all 

the optimal variable values for two reasons. First, because of the stochastic nature of 

TRMPS, the optimization is performed 10 times for each benchmark function and the 

average objective function is reported.  However, the concept of averaging of design 

variable values is meaningless. Second, some of the benchmark functions have more 

than one optimal solution. In such cases, different runs may converge to different 

optimum solutions, which make the comparison difficult. 

 

 

 

 

 



 

86 

Table  4-4: Optimization results of decomposed problems using DIRECT 

No. 
Decomposed Undecomposed Analytical 

f* øùúû f-value NFE f-value NFE 

1 0 0.041 1407 0.444985 100259 0 

2 
0 19.95 1336 19.8109 8385 0 

0.0461 19.9499 1309 19.8109 8385 0 

3 0 25.8753 610 25.87567 101263 25.875 

4 0.0011 5.95E-04 4726 0.103071 107021 0 

5 
0.0067 4.3295 1529 3.8503 577 0 

0.0070 4.3097 1531 3.8503 577 0 

6 
0.0024 5.88E+05 725 1.81E+05 623 0 

0.0054 0.0809 816 0.092201 2235 0 

7 

0.006 1.4935 1282 1.494167 1773 0 

0.01 1.4923 1013 1.494167 1773 0 

0.02 1.4908 784 1.494167 1773 0 

8 
0.0070 -3.54E+05 25998 -3.54E+05 25381 -354294 

0.0085 -3.54E+05 16686 -3.54E+05 25381 -354294 

As shown in the benchmark functions results, different values of SÆÀý will result in 

different optimization results. SÆÀý = 0 represents the undecomposed case. When a very 

small SÆÀý value is selected, the probability of reaching the analytical minimum (though 

with a large number of sample points) is more than when a large number is selected. On 

the other hand, increasing the SÆÀý value leads to decreasing the search space and 

therefore fewer sample points with likely poorer optimum. This trade-off affects the 

optimization result. The optimal SÆÀý depends on the complexity of the problem and the 

intensity of variable correlations in the objective function. Therefore, there is not a unique 

value that can be recommended for all the problems. However, there is a general rule 

that can help the designer select a good value. Fortunately, plotting the number of 

groups versus SÆÀý value (As shown in Figure  4-3, Figure  4-4 and Figure  4-6) does not 

need any new objective function simulation. Therefore, the plots are computationally 

cheap to generate. The plots show the behaviour of the function when varying the SÆÀý 

value, and they can help the designer to select an appropriate number. If the problem is 

completely decomposable with a small SÆÀý value, the designer can assume that the 

decomposition has a small effect on reaching the optimal result and he or she can take 

advantage of the main effect of decomposition (decreasing the number of function 
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evaluations). On the other hand, if the function had only one group until reaching a 

bigger SÆÀý value, the designer should know that decomposing decreases the probability 

of reaching the analytical optimum. However, he or she might still use it to have a 

solution (even not a perfect one). In cases that the number of groups increases gradually 

(Figure  4-3), the need to have either accurate or cheaper optimization helps the designer 

to select a SÆÀý value. More intelligent ways can be used for selecting the optimal SÆÀý 

which is left as a direction for future work. 

4.2.2. Decomposition/Optimization of Design Problem 

The design problem is to minimize the tip deflection of a stepped cantilever beam 

subject to constraints, as shown in Figure  4-5. The problem is a modified version of that 

from [101,102]. 

  

Figure  4-5: Stepped cantilever beam with d steps 

To test the proposed algorithm, a cantilever beam with � = 10 step is chosen with g = 50000	H force on the tip. ñ = 200	þgÇ and ��GG;� = 35 × 10è	gÇ are selected as the 

properties for the used material. For each step beam, there exist three variables for the 

optimization, the width (Û�), height (ℎ�) and length (h�) of each step of the beam. 

Therefore, 30 input variables exist in the minimization problem that the following order is 

chosen for defining the problem [103]: 

µ = [Û�, ℎ�, h�, Û�, ℎ�, h�, … , Û��, ℎ��, h��] ( 4-12) 

The objective is to minimize the tip deflection (O), expressed as the summation of all the 

deflections  
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O = 5 g	���ñ�� ���G\
� +5 g	(���� + h�)�ñ���� �����G\ô&

� +⋯
+5 g	(�� + h� + h� +⋯+ h�)�ñ��G&

�  

= gh��
3ñ ÚÛ�ℎ��12 Ý

+ g
3ñ ÚÛ���ℎ����12 Ý l(h��� + h�)� − h�

�n 

+⋯+ g
3ñ ÞÛ����12 ß

[(h� + h� +⋯+ h�)� − (h� + h� +⋯+ h�)�] 

= g3ñ� � 12Û�ℎ�����h!�
! � �� − � � h!�

! �¾� ���	�
� �  

( 4-13) 

where g is the concentrated load, ñ is the material elasticity modulus, and �� is the 

moment of inertia about the neutral axis. There are 2 × � + 1 constraints in the problem, 

where � is the number of steps. First, the bending stress in all � steps should be less 

than the allowable bending stress (��GG;�). The constraints for each step beam can be 

described as: 

6g∑ h!�! �Û�ℎ�� ≤ ��GG;�																												/ = 1,2,… , � ( 4-14) 

In addition, the aspect ratios of all cross sections form another set of � constraints that 

can be shown as: 

ℎ�Û� ≤ ��																																													/ = 1,2,… , � ( 4-15) 
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where �� is the aspect ratio. The last constraint is that the total length of the cantilever 

beam should be more than a specified value: 

�h��
� � ≥ ¸��s		 ( 4-16) 

¸��s is the minimum required length that is expected for the beam. In brief, the 

minimization problem can be rewritten as: 

O = �(µ) = g3ñ� � 12�����	������ �����!��
! � �� − � � ��!��

! �¾� ���	��
� �  ( 4-17) 

Subject to: 

6g�����	������ ���!��
! � ≤ ��GG;� 

���������� ≤ ��			/ = 1,2,… ,10 

���!��
! � ≥ ¸��s 

/ = 1,2,… ,10 

( 4-18) 

�� = 25 and ¸��s = 6	 are selected as the aspect ratio and minimum length for the 

beam. The following bounds are selected for the variables: 
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0.01	 < Û� < 0.05	 

0.30	 < ℎ� < 0.65	 

0.50	 < h� < 1.00	 

/ = 1,2,… ,10 

( 4-19) 

Using the standard format of optimization problems: 

0.01 − ����� < 0 

����� − 0.05 < 0 

0.30 − ����� < 0 

����� − 0.65 < 0 

0.50 − ��� < 0 

��� − 1.00 < 0 

/ = 1,2, … ,10 

( 4-20) 

In total 1471 sample points are used for RBF-HDMR metamodeling. The SM and CCM 

matrices are omitted due to the size of the matrices. Figure  4-6 shows the number of 

groups versus r��s values. 



 

91 

 

Figure  4-6: Number of groups after decomposition versus ���� value for 
cantilever beam problem 

Similar to Problem 4, for r��s = 0.0020 it reaches to 29 groups and for r��s = 0.0029, 30 

decomposed groups are obtained. It means that the correlations are very weak and can 

be neglected. Therefore, two cases, undecomposed and completely decomposed, are 

tested for this problem using TRMPS optimization method, and the results are 

compared. Note that the number of function evaluations for the decomposed case 

includes the sample points that are used for RBF-HDMR.  

Table  4-5: Optimization results of the stepped cantilever beam problem 
(Average for 10 runs) 

 f ∗ (meters) NFE 

Decomposed 0.0163 1768.7 

Undecomposed 0.0188 2946.5 

As can be seen from Table  4-5, the obtained optimum function value in decomposed 

case is less than that in the undecomposed case. Moreover, the decomposed case uses 

less NFE’s in comparison with the undecomposed one.  The metamodel-based 

decomposition strategy [11], has five main disadvantages: 

1. RBF-HDMR metamodeling needs structured samples, which are not always 

available for engineering problems and not amenable for optimization. 
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2. To find the structure of the objective function and the sensitivity of the 

correlations, a certain number of sample points is needed, which is in addition to 

the optimization costs. 

3. When the problem is complicated, to find all the correlations, RBF-HDMR needs 

an excessive number of sample points that may go even beyond the allowed 

sampling budget. 

4. In cases when all correlations are strong and the problem is deemed non-

decomposable, the metamodeling basically wastes the valuable sample points 

without helping the optimization. 

5. In cases when the decomposition is not accurate, optimization may miss the 

global optima and there is no chance to improve the decomposition scheme. 

The mentioned disadvantages are addressed in next section by developing a 

metamodel-supported iterative decomposition. 

4.3. Summary 

In this chapter, a new metamodel-based decomposition approach is introduced. RBF-

HDMR and RS-HDMR approaches are integrated to quantify the variable correlations to 

aid the problem decomposition for HEB problems. RBF-HDMR is used for building a 

surrogate of the black-box function and RS-HDMR is used for sensitivity analysis and 

predicting the intensities of the variable correlations. Based on the quantified 

correlations, a wider range of problems could be possibly decomposed and solved than 

otherwise. An accompany optimization scheme is also developed to facilitate the 

optimization on decomposed sub-problems as a system. For problems with all weak or a 

mix of weak and strong correlations, the proposed method is very effective in reducing 

the total number of function evaluations while reaching a similar accuracy as 

optimization on the original problem. For problems with all strong correlations, the 

proposed method meets its limit. There are few limitations in using the proposed 

metamodel-based decomposition method for real engineering problems. The structured 
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sampling in RBF-HDMR and the two stage decomposition/optimization strategy without 

iterative feedback are the most important limitations of the proposed method. In the next 

chapter, a new optimization strategy is proposed that combines decomposition and 

optimization phases. The proposed method iteratively improves the decomposition and 

does not need structured sampling. 
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Chapter 5.  
 
Optimization on Metamodel-supported Iterative 
Decomposition (OMID) 

This chapter builds on the PCA-HDMR metamodeling technique (developed in Chapter 

3) and the decomposition technique (described in Chapter 4) to develop a novel 

optimization technique, OMID, on the basis of metamodel-supported iterative 

decomposition for HEB problems. Different than the decomposition technique, described 

in Chapter 4, OMID does not have two separate steps for decomposition and 

optimization phases. The two phases are iteratively repeated to ensure improvement of 

the proposed decomposition scheme. 

5.1. Proposed Method 

In this section, steps of OMID algorithm are presented. The main idea of the proposed 

algorithm is decomposing the problem to smaller sub-problems iteratively during the 

optimization process, based on the knowledge of the problem obtained until the current 

iteration.  

In this chapter, PCA-HDMR’s capability of working with non-uniform samples is 

employed. RBF-HDMR sampling is omitted and instead the samples used during the 

optimization process are reused to build a PCA-HDMR model for the purpose of 

sensitivity analysis. Figure  5-1 shows the flowchart of OMID. Besides the initial sampling 

unit, the algorithm has four main units which are repeated during the optimization 

process and are shown in the figure: Correlation Identification (CI), Metamodeling 

Prediction (MP), Sub-problem Optimization (SO), and Global Search (GS). 
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Figure  5-1: OMID Flowchart 

The procedure starts with generating initial samples points (µ�s��). The samples are 

randomly scattered in the search space and used to build a PCA-HDMR metamodel. 

There is a trade-off between the efficiency and accuracy when choosing the number of 

initial sample point (H�s��). If H�s�� increases, the initial estimation of the variable 

correlations and their intensities will be more accurate but the total cost of the algorithm 

will increase as well. On the other hand, if a small number is chosen, a few first iterations 
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are not going to properly predict the correlations and their intensities. In this chapter, the 

number of initial samples is set to be a linear function of the number of variables 

(H�s�� = 10 × �). 

As shown in the figure, except at the first iteration in which CCM matrix is set to be an 

identity matrix, the rest are using the last updated CCM from the previous iteration. All 

the sample points evaluated by the black-box function until the current iteration are given 

to the CI unit to update the CCM matrix. A pseudo code below summarizes how the CI 

unit works. The output is the updated CCM matrix. 

• Select the number of correlations to be added z�;^^. 
• Set zero elements of CCM equal to one, one-by-one. 

• Build the corresponding partial PCA-HDMR metamodels. 

• Record the R-squared values. 

• Select the z�;^^ elements with the maximum R-squared values. 

• Build partial PCA-HDMR with CCM including all z�;^^ elements. 

• Perform sensitivity analysis on the model. 

• Neglect the correlations with sensitivity indices less than r��s 

• Report the updated CCM 

The first step of the CI unit is selecting the number of correlations to be added to CCM. 

For adding one correlation,  z�;�D × z��A�A sample points are needed, where z�;�D  and 

z��A�A are the order of components and number of one-variable basis functions used to 

model the component, respectively. In this work, both values are equal to two. It means 

that PCA-HDMR goes to second order correlations and two basis functions (first and 

second order polynomials) are used. However, sometimes adding too many correlations 

leads to having all-correlated variables (i.e. no subgroup is identifiable) too, which 

defeats the purpose of decomposition. Therefore, two filtering steps are used to avoid 

premature saturation in updating CCM. The first filter is capping the number of added 

correlations (z�;^^). Theoretically (
`��	�öõ@(>s��õ@×s�ö>£>) correlations can be added to CCM at 

every iteration but the number is capped to be the number of variables. In this way, even 

if the previous iteration used too many sample points because of the complexity of the 

sub-problems, the CCM is not going to lead to the all-correlated stage. In cases that 
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there is priori knowledge of the structure/complexity of the problem, z�;^^ can be tuned 

accordingly. The second filtering step happens in sensitivity analysis section that is to be 

explained later in this section. 

The next step in the CI unit is setting, one-by-one, the zero elements of the CCM from 

the previous iteration equal to one, and then building the corresponding PCA-HDMR 

metamodel for each newly added variable correlation. After building all partial PCA-

HDMR models, the R-squared values of the metamodels are recorded. Assuming that 

there are z� zero elements in the CCM matrix, z� partial PCA-HDMR metamodels are 

built and z� R-squared values are recorded. The closer the value of R-squared to one, 

the more accurate is the approximated model. Therefore, the metamodels with higher 

values of R-squared are more likely to be the ones with most important correlations. z�;^^ of the tested CCM elements with the greater R-squared values are selected as the 

candidates of new correlations and are added to the previous iteration’s CCM. 

The last step of the CI unit is the sensitivity analysis of the selected correlations. As 

mentioned before, to avoid premature saturation, it is tried to pick the best correlations 

and complete the CCM gradually. Moreover, in cases with mostly separable variables, it 

is not desirable to add new correlations to the problem structure. Therefore, at this 

stage, the sensitivity analysis is performed on the added correlations in order to filter 

unimportant ones. This is the second filtering step mentioned previously. A partial PCA-

HDMR is built using all the sample points with a CCM consist of previous iteration’s 

correlations plus the selected correlations from the last step. Sensitivity analysis is 

performed and the correlations with small sensitivity indices, known as weak 

correlations, are deleted from CCM. Similar to [11], a parameter called r��s is defined 

which can be constant or varying during the algorithm. Different from [11], r��s is not 

determined by the user manually, because the decomposition is performed several times 

during the algorithm and decomposition and optimization phases are intertwined in 

OMID. r��s is defined in this work as below: 

r��s = 0.1� × ��Ô� ( 5-1) 
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The value is inversely related to the number of variables because, the number of 

correlations increases with the problem dimensionality and the summation of all 

sensitivity indices is equal to one. r��s is also set inversely propositional to the iteration 

number of the process. The process starts with a large r��s value, which means it only 

accepts very strong correlations. Therefore, at first few iterations, sub-problems would 

have smaller size (i. e., less number of variables in a group). By progressing the 

algorithm, r��s decreases and the algorithm accepts weaker correlations and leads to 

sub-problems with more input variables. At this stage, a limit can be considered for the 

maximum number of variables that a sub-problem can have, depending on the method 

used for sub-problem optimization. In this work, the maximum number of variables in 

sub-problems is set to be ten. It is assumed that with the specified number of sample 

points for sub-problem optimizations (20 × �), the used optimization algorithm works well 

for problems of ten or less  number of variables. This limit can change, by changing the 

optimization algorithm or changing the number of allowed sample points.  

An updated CCM is the output of the CI unit and is used for grouping the variables. Note 

that at the first iteration (/ = 1), all variables of the problem are assumed separable (i. e., 

there is no strong correlation among variables). Therefore, the CCM matrix is set equal 

to the identity matrix of size �, the problem dimensionality, and the CI unit is bypassed. 

Therefore, the problem is broken to d one-variable sub-problems. The CCM matrix 

resets to the identity matrix every three iterations. This is to first refresh the saturated 

CCM matrices. Reaching sub-problems with a large number of input variables is against 

the decomposition. Second, this is to re-judge the previously selected correlations with 

the new available information. In other words, it is a way to come back to already 

selected correlations and delete those are incorrectly chosen. Usually at the first few 

iterations, the number of sample points is not enough for correctly judge about the 

correlations. Refreshing the CCM matrix improves the correlation selection accuracy. 

Before proceeding to the Sub-problem Optimization (SO) unit, a partial PCA-HDMR 

metamodel is built based on the CCM matrix. At the first iteration, because of not 

considering any correlation between the variables, a first order PCA-HDMR is built. 

Then, a large number of random sample points are generated and the metamodel is 
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evaluated at them. The point with the minimum metamodel value is evaluated by the 

black-box objective as a prediction for the actual optimum point.  

The next step is optimization of the sub-problems. At this stage, any algorithm can be 

used for optimization of the sub-problems (TRMPS is used in this work). Except for the 

first iteration at which the variables are considered as separable, at the rest of the 

iterations, the sub-problems may have more than one variable. In these cases, the sub-

problems are optimized in the SO unit based on their number of variables. The 

optimization starts with the sub-problem with the largest number of variables and 

continues until all the sub-problems are optimized. In each case, the sampling budget is 

a linear function of the number of variable in the sub-problems (20 × �). When optimizing 

the first sub-problem, the variable of the rest of the sub-problems are set to be constant 

values. The constants are chosen to be their best location so far. For the first iteration 

(/ = 1) which there has not been any optimization before, the best sample point during 

the initial sampling and the MP unit is chosen for this purpose. For other iterations, the 

best optimum locations found during previous iterations are selected.  

After optimizing the sub-problems, contour-based discriminative sampling [89] is 

performed (Global Search unit) for two main reasons: 

1. Global search: all the sub-problems optimizations using TRMPS are performed in 

sub-spaces of the entire region that act as the exploitation phase. Contour-based 

discriminative sampling searches in the entire search space with the goal of 

finding new desirable search regions (exploration). 

2. Un-biasing the metamodeling data: although PCA-HDMR works with non-uniform 

sampling, concentration of all the samples in small sub-regions can affect the 

accuracy of the metamodel in other regions. Therefore, contour-based 

discriminative sampling which is performed in the entire search space will help 

maintain the global accuracy of PCA-HDMR.  

Again, there is a trade-off between accuracy and efficiency in choosing the number of 

points used in the GS (H��). Increasing this number will increase the probability of 

finding favorable search regions (i. e., better exploration) but will also increase the total 
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cost of optimization. In this work, H�� is set to be a linear function of the dimensionality 

(H�� = 5 × �). However, if priori knowledge of the problem is available, the number could 

be changed accordingly. For example, if it is known that the objective function is 

multimodal with lots of local minimas, H�� should be increased to empower the 

exploration phase, with the goal of not trapping in local minimum regions.  

Different stopping criteria can be chosen according to the application in which the 

algorithm is used. In this work, the number of sample points is used as the stopping 

criterion that makes easier the algorithm comparisons with other methods. It is worth 

mentioning that after every TRMPS run of in sub-problems, the total number of used 

sample points is compared with the criterion. If the number is more than or equal to 

(Hºñ��� − H��), the rest of the sub-problems are not optimized and the algorithm jumps 

to the GS unit. 

5.2. OMID Results 

In this section, different types of benchmark functions and a real-world engineering 

problem are chosen to test the OMID algorithm. The test problems [90,91], as defined in 

Appendix A, are chosen with different functional shapes, number of variables, and 

intensities of variable correlations. Four different categories of problems are identified 

according to intensities of variable correlations [11]: 

1. Decomposable problems (Type 1): in these problems, variables are correlated in 

sub-problems that are of small scale. In other words, without ignoring any 

correlation, the problems are decomposable to small sub-problems. Test problem 

1 (in Table  5-2) is of this type. 

2. Non-decomposable with weak correlations (Type 2): in these problems, variables 

are correlated and non-decomposable. However, the variable correlations are too 

weak. In other words, the correlation terms are not as important as independent 

terms and good results can be obtained by just optimizing the variables 

separately. Test problem 2 (in Table  5-2) is of this type.  
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3. Non-decomposable with a mix of weak and strong correlations (Type 3): in these 

problems, the variables are all correlated but the intensities of the correlations 

are different. OMID algorithm (CI unit) identifies the intensities and ignores the 

weak correlations based on the r��s criterion and the decomposed sub-problems 

are optimized. Test problems 3-14 (in Table  5-2) are of this type. 

4. Non-decomposable with strong correlations (Type 4): This type of problem has 

correlations with similar strong significance. Test problems 15-17 (in Table  5-2) 

are of this type.  

Table  5-2 and Table  5-3 shows the results of OMID algorithm compared with TRMPS, 

GA, and DIRECT. The tests are repeated 10 times for each benchmark function, and the 

averages of the obtained optimum values (fval), number of function evaluations (nfe) as 

well as the standard deviation (STD) of the optimum values are presented. The 

benchmark functions are shown in Appendix A. Because DIRECT is deterministic and all 

runs give same results, there is no standard deviation to report. Note that the maximum 

number of function evaluations is set to be 5,000 for TRMPS, GA, and DIRECT. 

However, TRMPS converged before reaching 5,000 function evaluations in some cases. 

For OMID, the maximum number of function evaluations is set to be the value that 

TRMPS used. In this way, the comparison is fair between TRMPS and OMID algorithm 

and also both of them are using less number of sample points than GA and DIRECT. 

The used sample points in all tests are 5,000 in GA and it is thus not reported in the 

table. In some cases, it is seen in the table that DIRECT goes beyond 5,000 sample 

points and it is because we let the algorithm complete the last iteration. The main 

comparison is between TRMPS and OMID because the sub-problems of OMID are 

optimized by TRMPS. GA and DIRECT are chosen to compare OMID with these well-

known methods in the literature. GA parameter settings are the same as those used in 

[88] and shown in Table  5-1. 

Table  5-1: GA parameter settings 

Crossover Fraction Mutation Fraction Population Size Stall Generation Limit 

0.6 0.05 100 49 
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Table  5-2: OMID algorithm results compared with TRMPS 

   TRMPS2 OMID 

# Problem Optimum fval Mean nfe Mean fval STD Mean fval STD 

1 20D SUR-T1-16 0 5000 0.745 0.362 0.201 0.1075 

2 F16 25.875 700 25.9276 0.1485 25.8852 0.0064 

3 10D PUR-T1-13 0 4153 9.84 26.2 0.0000 0.0000 

4 20D PUR-T1-13 0 5000 8.399e5 1.45e6 0.805 1.6064 

5 30D PUR-T1-13 0 5000 3.189e8 3.55e8 657 1184.4169 

6 10D SUR-T1-14 0 5000 1.086 0.201 1.2207 0.2734 

7 20D SUR-T1-14 0 5000 2.192 0.848 2.41 1.4306 

8 30D SUR-T1-14 0 5000 3.536 1.536 54.8 106.0589 

9 10D SUR-T1-14 Modified 0 5000 1.14 0.3195 1.18 0.0779 

10 20D SUR-T1-14 Modified 0 5000 11.7 9.4373 9.27 9.8144 

11 30D SUR-T1-14 Modified 0 5000 56.2 16.18926 22.8 31.3537 

12 10D Zakharov 0 3532 0.371 0.764 0.203 0.1661 

13 20D Zakharov 0 5000 0.235 0.1888 123 66.4936 

14 30D Zakharov 0 5000 31.03 14.71 284 72.0840 

15 10D Rosenbrock 0 3828.33 5.548 1.99 19.7823 29.4380 

16 20D Rosenbrock 0 5000 17.98 1.41 41.2 29.7582 

17 30D Rosenbrock 0 5000 21.53 7.54 117 59.4922 
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Table  5-3: OMID algorithm results compared with GA and DIRECT 

  GA DIRECT OMID 

# Problem Mean fval STD nfe fval Mean fval STD 

1 20D SUR-T1-16 1.169 0.6658922 5381 152.4 0.201 0.1075 

2 F16 45.3 4.182 5355 26.37 25.8852 0.0064 

3 10D PUR-T1-13 1.418 0.3853 5151 1.36 0.0000 0.0000 

4 20D PUR-T1-13 31.35 24.91 5245 5.28 0.805 1.6064 

5 30D PUR-T1-13 243.6 130.4 5149 252 657 1184.4169 

6 10D SUR-T1-14 9.979 23.447 23903 9.75e9 1.2207 0.2734 

7 20D SUR-T1-14 7.97e5 9.71e5 8919 8.58e13 2.41 1.4306 

8 30D SUR-T1-14 7.510e8 7.152e8 8071 1.01e16 54.8 106.0589 

9 10D SUR-T1-14 Modified 3.0580 2.1545 5101 1.4593 1.18 0.0779 

10 20D SUR-T1-14 Modified 54.8852 29.4094 5017 5.9331 9.27 9.8144 

11 30D SUR-T1-14 Modified 499.5408 225.3103 5089 171.8373 22.8 31.3537 

12 10D Zakharov 1.83 1.73 5139 34.99 0.203 0.1661 

13 20D Zakharov 28.6 122.88505 5175 109 123 66.4936 

14 30D Zakharov 8.067 2.776 5317 179.6 284 72.0840 

15 10D Rosenbrock 6.30 1.3931 5139 7.85 19.7823 29.4380 

16 20D Rosenbrock 44.73 19.915 5331 17.89 41.2 29.7582 

17 30D Rosenbrock 99.83 24.21 5605 27.9 117 59.4922 

The result of problem 1 (SUR-T1-16) shows that OMID works well for Type 1 problems. 

The average function value is reduced from 0.745 by TRMPS to 0.201 by OMID.  Both 

OMID and TRMPS are remarkably better than GA and DIRECT for this problem. For 

better understanding of the procedure, the sub-problems’ variables considered in OMID 

in each iteration is studied, for one of the independent runs. By looking at the problem 

formulation, it is clear that the variables are correlated in groups of four and the problem 

consists of five independent sub-problems (��, �ë,	���,	��ë) , (��, �è,	���,	��è), (��, �é,	���,	��é), (�©, �ê,	��©,	��ê), (�ç, ���,	��ç,	���). Figure  5-2 shows the decomposed sub-

problems assumed and optimized by OMID during different iterations of a single run for 

SUR-T1-16. In this figure, different pattern fills of the variables’ rectangles represent 

different groups of variables and the blank rectangles mean independent variables. 

As mentioned before and can be seen in the figure, the first iteration starts with 

optimizing the variables independently. After the first iteration is completed, the 
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optimization points are reused for identifying the important correlations. At iteration 2, the 

sub-problems assumed by OMID are (��, �ë,	�è,	�ê, ���, ���,	���,	��©,	��ç,	��ë), (��,	��, 	�ç,	��è,	���), (	�é,	���, 	��é), (	�©,	��ê), which are different from the actual sub-problems. 

At iteration 3, sub-problem #2 is also connected to sub-problem #3 and the algorithm 

optimized three sub-problems. Iteration 4 is the one that the CCM matrix is reset and the 

new sub-problems are getting more accurate. As mentioned in the previous section, the 

CCM matrix is reset every three iterations and new correlations are made, based on the 

existing sample points so far. It is the reason why the numbers of variables in groups are 

increasing when the iteration grows until third iteration but at iteration 4, the numbers of 

variable in groups are less than that at iteration 3.  

At iteration 4, predicted ten different sub-problems are (	���,	��ç), (	�ê,	��©), (	�é,	���), 
(	�è,	���), (	�ë,	���), (	�ç,	���), (	�©,	��ê), (	��,	��é), (	��,	��è), (	��,	��ë) which are shown 

with different pattern fills in Figure  5-2. At the first look, it seems that the CI missed lots 

of correlations and instead of five sub-problems, the unit assumed ten smaller sub-

problems. But by a closer look at the problem formulation, it can be seen that there are 

two summations with second order terms and two summations with fourth order terms. 

The correlations found by OMID are exactly the fourth order correlations. In other words, 

the OMID found the most important terms and neglected the less important (second 

order) terms, based on the formulation defined by Equation ( 5-1) for r��s criterion. It is 

clear that if greater value of r��s is considered as criterion, more correlations would be 

retained and sub-problems with more variables would be identified. As shown in 

Table  5-2 and Table  5-3, the chosen criterion is working properly and OMID obtained 

smaller average optimum value than TRMPS with a smaller standard deviation and they 

are both better than GA and DIRECT results. The number of function evaluations in 

DIRECT is more than 5,000, because we let the DIRECT to complete the last iteration, 

but still works reaches a poorer optimum than OMID. As shown Figure  5-2, although r��s is decreased from iteration 4 to iteration 5, iteration 5 keeps almost the same sub-

problems and just combines two groups together.  

Iteration 6 connects a few groups together and predicts the sub-problems (�ê, ��©,	�é,	���, ���, ��ç,	��,	��ë, ,	��,	��é),(�ç,	���, 	�è,	���), (	�ë,	���) , (	�©,	��è) , (	��,	��ê). 
Iteration 7 is again the reset iteration (third iteration after iteration 4), which returns to the 
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same pattern as iteration 4 and iteration 8 keeps the same pattern. Note that based on 

Equation ( 5-1), the r��s criterion is proportional to the reverse of the number of 

iterations. Iteration 9 again combines a few groups and then iteration 10 resets it to the 

same pattern as iteration 8, which is kept in the last iteration as well.  

 

Figure  5-2: Decomposed sub-problems during OMID procedure for problem #1 

Problem 2 is of Type 2. The correlations are not identified by RBF-HDMR metamodeling 

in [11]. The reason why the number of sample points is not 5,000 in this problem is that 

TRMPS converges around 700 sample points with good results. We let GA and DIRECT 

continue until 5,000 sample points but still they cannot reach favorable results in 

comparison with TRMPS and OMID. For being fair in comparing the results, OMID is 

constrained to 700 sample points similar to TRMPS and got better and more consistent 

results than TRMPS.  
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Problems 3 to 14 are of Type 3. By looking at the function PUR-T1-13 (Problems 3 to 5), 

the importance of the correlations among the variables is increasing when their index 

number (�) is increasing. For example, the correlation between variables (��, ���) is 

much more important (i.e. higher sensitivity index) than the correlation between variables 

(��, ��). It can be seen by comparing the coefficients of the terms having variables (��, ���) with the coefficients of the terms having (��, ��). As shown in Table  5-2 and 

Table  5-3, OMID yields much better results than TRMPS, GA, and DIRECT in all 10-, 

20- and 30-dimensional cases for this problem. 

By looking at the function SUR-T1-14 (Problems 6 to 8) formulation, it is clear that the 

variables are all correlated with variables beside them like a chain (i. e., variable �� is 

correlated with variables ���� and ��¾�, if exists) and coefficients of the terms, � − �, is 

decreasing linearly by increasing the variable index number (�). As shown in Table  5-2 

and Table  5-3, OMID does not work as well as TRMPS but works better than GA and 

DIRECT. Also, the difference between the average of TRMPS and OMID results is 

increasing with the increasing dimensionality. In 10-, 20- and 30-dimensional problems, 

the differences between OMID and TRMPS results are 0.1347, 0.218 and 51.264, 

respectively. Two reasons are thought for why OMID results are worse than TRMPS in 

higher dimensional cases. First, when the number of variables increases, because of 

OMID setting a maximum of ten variables in a group, the number of correlations that are 

neglected increases and consequently the approximation error by decomposition 

increases. Second, the coefficient, z − /, is changing linearly, which means the 

difference between the intensities of correlations is not decreasing rapidly. In other 

words, the neglected correlations (i.e. the correlation of variables ��� to ���) in the 30-

dimensional case are not significantly less important than the kept correlations. To 

validate the assumption, a modified version of function SUR-T1-14 is designed and 

tested using the same algorithms. The structure of the function is the same as SUR-T1-

14 with a difference in the coefficients of the terms of the summation; (z − /) is changed 

to â]s� − /_� + 1ã (See the problem in Appendix). The problem has two main differences 

from the original SUR-T1-14. First, the intensity of the correlations is more important 

when the variable indices are either very small or very large. The middle range variable 

correlations (e.g. correlation of  ��ç and ��ë variables in 30-dimensional case) are less 
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important. Second, the coefficient function is a second order function rather than being 

linear. This will make the difference between the correlation intensities more significant 

than the original function.  

 

Figure  5-3: Decomposed sub-problems during OMID procedure for problem #10 

Figure  5-3 shows the decomposed sub-problems optimized by OMID during different 

iterations of a single run for the 20-dimensional modified SUR-T1-14 (problem #10). 

Again, different pattern fills are used for representing different groups of variables in sub-

problems and the blank rectangles show independent variables. The process starts with 

20 independent variables being optimized at iteration 1. Iterations 2 and 3 assume a 

group of variables (��, ��, ��, �©, �è, ��ë, ��è, ��é, ��ê, ���) and the rest of the variables 

are considered to be independent. It is clear that in the first few iterations, the 

decomposition result is not accurate because of not having enough sample points. 



 

108 

However, the main group includes the most important variables. Iteration 4 resets the 

CCM matrix and uses the updated sample points for decomposition and as shown in the 

figure, two main groups of variables exist (��, ��, ��, �©), (��ë, ��è, ��é, ��ê, ���) and the 

rest are considered independent. As it continues, at iteration 10 after three resets of 

CCM, the groups are almost the same as the ones in iteration 4, which shows the 

importance of the grouped variable correlations in comparison with the rest of the 

correlations. The results show that OMID works better than TRMPS, GA, and DIRECT in 

all 10-, 20- and 30-dimensional modified cases. The results also validate our hypothesis 

that the poorer performance of OMID as compared to TRMPS on the original SUR-T1-14 

is mostly due to the limitation of � ≤ 10 for all sub-problems set in OMID. 

Problems 12 to 14 (Zakharov) have a structure with a combination of strong and weak 

correlations, and also all the variables are correlated with each other. As shown in 

Table  5-2 and Table  5-3, OMID works better than TRMPS, GA, and DIRECT in the 10-

dimensional case but worse than them in 20-dimensional and 30-dimensional cases. 

The same two reasons for SUR-T1-14 should apply in this case as well. The problem 

again would have only one main group of variables and when the number of variables 

increases, the approximation error by decomposition increases because of neglecting an 

increasing number of correlations. Also, similar to SUR-T1-14, the coefficient which 

makes the correlation intensities different is changing linearly with respect to the 

variables index. This property indicates that the intensities of the kept and omitted 

correlations are not much different. Another reason that can be thought for this case is 

the number of correlations existing in the structure. By looking at the structure, it can be 

seen that there are important (4-th order) correlations among every two, three, and four 

variables. For having maximum ten variables in a group, lots of important correlations 

would be omitted that can affect the accuracy of the optimization results. 

The last function is Rosenbrock (problems 15 to 17) in which all the correlation 

intensities are important and in most of the cases, OMID couldn’t find better results than 

TRMPS, GA, and DIRECT. However, OMID is found more efficient than the previously 

proposed metamodel-based decomposition method [11]. In the previous method [11], an 

excessive number of sample points would have been used to find if the problem is 
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decomposable or not. Because OMID progressively reuses the optimization sample 

points, it doesn’t waste any sample points and reaches a reasonable solution.  

5.3. Summary 

In this chapter, the optimization strategy based on the decomposed problem structure, 

mentioned in the previous chapter, is improved. The two-step method mentioned in 

Chapter 4 may miss the global optimum due to its rigidity or requirement for extra 

expensive sample points to ensure adequate decomposition. This work develops a 

strategy to iteratively decompose high dimensional problems within the optimization 

process. The sample points used during the optimization are reused to build a PCA-

HDMR metamodel for quantifying the intensities of variable correlations by sensitivity 

analysis. At every iteration, the predicted intensities of the correlations are updated 

based on all the evaluated points and a new decomposition scheme. Optimization is 

performed on the iteratively updated sub-problems from decomposition. The proposed 

strategy is applied for optimization of different benchmark and results are compared to 

direct optimization of the undecomposed problems. After testing with benchmark 

functions, OMID is applied to a real-world engineering problem. The problem is an 

assembly variation minimization problem, explained in the next section. 



 

110 

Chapter 6.  
 
Application to Assembly Planning Optimization  

6.1. Problem Description 

The quality of sheet metal assemblies is affected by propagation of dimensional and 

geometric tolerances through the assembly process. Tolerance analysis shows the 

relationship between the tolerances of parts and the final assembly errors. The analysis 

indicates that with the same amount of tolerances of parts, the positions of the locators 

play important roles in the final assembly dimensional quality. The locators include 4-

way holes, 2-way slots, and clamps that ensure the parts are positioned properly before 

welding. In addition to the part size tolerances, the locators themselves introduce new 

variations to the final assembly. The effects of locator variations on the final assembly 

dimensional variances can be minimized by selecting optimal positions of these locators.  

The goal is to optimize the locators’ positions for the auto body assembly. A dimensional 

analysis software tool, 3DCS Analyst [21], is used to simulate the assembly process and 

the final assembly quality measures are obtained for different configurations of the 

locators during the optimization process. The optimization algorithm is coded in 

MATLAB, which calls 3DCS to create an optimization loop. The loop is shown in 

Figure  6-1. During the optimization process, the algorithm iteratively nominates new sets 

of locator configurations that are subsequently simulated in 3DCS. The overall assembly 

variation (i.e. the optimization objective function) is then returned to the optimizer, which 

suggests new configurations (design variable values). 
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Figure  6-1 : Optimization flowchart of the automotive assembly variation  

A 3DCS Design of Experiments (DOE) script is used to send batches of experiments (or 

candidate configurations) from the optimizer (written in MATLAB) without launching the 

3DCS GUI. A ten-part assembly problem is selected as the case study. For optimization, 

hole, slot, and clamp locations are considered as design variables. Therefore, the 

number of optimization variables depends on the number of parts in the assembly and 

the number of locators on each part. For example, for the automotive assembly, each 

part has one hole, one slot, and three clamps. With ten parts, there are a total of 50 

entities to be optimized. Furthermore, the location of each entity includes two 

coordinates in the assembly plane. Therefore, the optimization problem has 100 

variables. As mentioned in the Introduction section, in the context of simulation-based 

design, usually a problem with dimensions more than ten (d>10) is considered as a high-

dimensional problem, when the problem is computationally expensive. On the other 

hand, the objective function (i.e., variances at key product characteristic points on the 

final assembly) of the optimization problem is calculated using 3DCS via Monte-Carlo 

simulation. Thus, this optimization problem involves High-dimensional, Expensive, and 

Black-box (HEB) functions. Moreover, the parts often have complex geometries with 
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curved edges and three dimensional features. Therefore, it is difficult to define the 

possible position of locators as a continuous planar space. To overcome this difficulty, a 

discrete set of feasible locations is defined for each part. Therefore, the combination of 

locations of entities (on each part) defines the search space. It is also found that since 

the objective function involves the variances at more than 200 key characteristic (KC) 

points, the optimization is essentially a multi-objective problem. By summing all the 

objectives into one function, the problem is turned into a single-objective but multimodal 

function. That means the objective function has many local optima and is a “choppy” 

function, which increases the difficulty for optimization. It is also observed that there are 

many possible designs that yield to similar objective function values. The assembly is 

modeled in 3DCS. Different design scenarios were selected for optimizing the assembly 

and its subassemblies, and the results were analyzed.  

Figure  6-2 shows the automotive assembly and its subassemblies and parts. The 

assembly includes ten parts from five assembly stations which are tagged on the figure.  

 

Figure  6-2: Assembly sequence of the assembly problem 
Note. Used with permission 

Each part has its own hole, slot, and three clamps that are used for locating it on the 

assembly fixture. Therefore, the problem has 50⨯2=100 design variables for 

optimization. Note that for each variable only two dimensions (X and Z) vary. The Y 
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dimension is determined by the X and Z locations on the part.  In defining an 

optimization problem, the objective function should be defined clearly. In sheet metal 

assembly problems, the goal is to minimize the final assembly error. The overall error is 

usually defined by a combination of measurements at KC points on the assembly, whose 

variations from nominal values affect the final dimensional quality of the product. For ten-

part assembly, 224 KC points are specified on the assembly. The six-sigma of the 

variation of the measure points from their nominal positions are calculated by 3DCS 

using Monte Carlo simulations. The objective function is a weighted sum of squares of 

the six-sigma values at all KCs. In our studies, all KC points are weighted equally. In 

practice, engineers can give more weight to some of the points if so desired.  

To fully define the problem, constraints must also be defined. If the problem is defined in 

continuous spaces, three main constrains exist: 

1- A minimum value should be specified for the distance of holes, slots and clamps 

from the parts’ edges. 

2- Holes, slots, and clamps are on the specified assembly parts during optimization 

(or stay within the geometric boundaries of each part).  

3- Holes, slots, and clamps should not collide with each other. 

However, in this project, a set of possible locations are defined for each part as the 

acceptable points. Considering that the potential points are defined at feasible locations, 

the only remaining constraints are collisions with each other. Table  6-1 shows the 

number of potential points specified on the ten-part assembly by the associated 

company for the use in optimization. 

Table  6-1: Number of potential points on ten-part assembly parts 

Part V327 V330 V331 V332 V333 V334 V335 V336 V337 V338 

Number  of points 1646 8485 1536 2076 813 2799 7071 3289 3999 3083 

The assembly is modeled in 3DCS, as shown in Figure  6-3. 
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Figure  6-3: The problem assembly, modeled in 3DCS 

Two different case studies for optimization of the assembly station (ten-part problem) 

and two different case studies of the Station 2 sub-assembly (three-part problem) are 

presented. Each simulation requires almost 5 second for the ten-part problem and 

almost 2 seconds for the three-part problem on a core i7 computer. For ten-part 

problem, in the first case, the entire Station 5 was optimized using 10,000 DCS calls, 

beginning with a random point. Next, the assembly was optimized using 10,000 

samples, but the initial samples include the default configuration as a starting point 

(baseline). The objective function is the same in both cases:  it is the sum of squares of 

the six-sigma (6STD) of 224 KC measure points, which are distributed throughout the 

assembly (as shown in Figure  6-4 by blue circles). Also, the potential points are shown 

by small dots (colored by parts).  

�;�! =�(6r�¡)����©
� �  ( 6-1) 
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Figure  6-4: Location and 6STD of KC measure points, ten-part problem 

The same tests are performed on the three-part problem and in both cases, the objective 

function is the same: the sum of squares of 14 KC measure points, distributed 

throughout the assembly (as shown in Figure  6-5 by blue circles). Again, the potential 

points are also shown by small dots with the same colors chosen for the parts. 

 

Figure  6-5: Location and 6STD of KC measure points, three-part problem 
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6.2. Results and Discussions 

As mentioned before, for the ten-part assembly optimization, the entire station is 

optimized using 10,000 3DCS calls. By multiplying the number of potential points on 

each part, shown in Table  6-1, the problem has 2.0717 × 10�è� possible solutions, which 

makes the exhaustive search impossible. It should be mentioned that exhaustive search 

is performed using 10,000 random sample points and the result was worse than even 

the baseline value. The reason for selecting the limit of 10,000 sample points for 

optimizing the ten-part problem is to reach the end of optimization in a feasible time. By 

increasing the maximum number of function calls, the optimization result is expected to 

be more accurate and robust. This optimization was repeated ten times to remove the 

statistical randomness in the results. The results are summarized in Figure  6-6 showing 

the average of the ten runs of TRMPS, OMID, and also the baseline objective function 

value. Due to confidentiality, the results are shown relative to the baseline value by 

percentage. TRMPS reached a fixture layout with objective function value equal to 

54.96% of the baseline, while OMID reached to 19.7%. The default, optimal 

configurations found using TRMPS and optimal configuration found using OMID are 

shown in Figure  6-7, Figure  6-8, and Figure  6-9, respectively. Note that the assembly is 

projected on the XZ plane in the figures. 

 

Figure  6-6: Ten-part problem - TRMPS and OMID, results as a percentage of the 
baseline value  
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Figure  6-7: Ten-part problem – Baseline configuration 

 

Figure  6-8: Ten-part problem – Optimal configuration for all ten parts, TRMPS.  
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Figure  6-9: Ten-part problem – Optimal configuration for all ten parts, OMID 

The distributions of optimum locations found by TRMPS and OMID, related to all ten 

runs, are shown in Figure  6-10 and Figure  6-11, respectively. Clearly, the positions of 

locators in multiple trails vary significantly. Two reasons can be thought for not having 

robustness in solutions. First, the large 100 dimensional design space results in a huge 

number of combinations of locators. The number of possible combinations of the hole, 

slot, and clamp locations can be found by multiplying the number of possible locations of 

each locator. Searching in the huge design space makes the optimization results very 

susceptible to variance. Second is the multimodal nature of the objective function. For 

instance, the same objective function value can be obtained using different locator 

configurations, as it is simply a sum of many variances. Multimodal optimization 

problems are especially challenging because of the many local minima that can trap the 

optimization algorithm. It becomes clearer when comparing the standard deviation of the 

results from TRMPS and OMID. TRMPS results have standard deviation of 20.01%, 

while OMID obtained standard deviation of 4.76%. Although OMID obtained very small 

standard deviation, still the positions of locators are different on the assembly body. It 

shows that the objective function is multimodal. 
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Figure  6-10: Ten-part problem – Optimal configurations for all parts for ten runs, 
TRMPS 

 

Figure  6-11: Ten-part problem – Optimal configurations for all parts for ten runs, 
OMID 

To study the effect of the prior knowledge of the baseline configuration, the ten-part 

problem optimization was executed (with all ten parts) using the baseline configuration 

as a starting point. This means that the initial configuration of locators is placed into the 

solution set during initial sampling. In other words, the optimization can only yield the 
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same or better result than the baseline. This is in contrast to cases before, in which the 

optimization starts from a random solution, assuming there is no a priori knowledge of a 

baseline. The averages of the results are shown in Figure  6-12 comparing to baseline 

value. The average is lower than optimizing with a random starting point in TRMPS case 

and is 36.18% of the baseline value, while in OMID case it is slightly larger than that with 

the random samples (19.95% of baseline value). The standard deviations of both cases 

are reduced. TRMPS obtained standard deviation of 5.48% that is remarkably better 

than the previous case and also OMID obtained 1.78% that is again better than the 

previous case. It can be seen that in both cases OMID reached lower and more 

consistent results than TRMPS. 

 

Figure  6-12: Ten-part problem - TRMPS and OMID, results as a percentage of the 
baseline value, the case with baseline knowledge 

The three-part station plan problem is optimized with the previously mentioned objective 

function. For this case, 5,000 function calls were executed per trial. The results are 

shown in Figure  6-13 below. The results are very consistent, noting the very small value 

of standard deviation (3.13% in TRMPS and 0.22% in OMID). 
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Figure  6-13: Three-part problem - TRMPS and OMID, results as a percentage of 
the baseline value 

Figure  6-14 shows the resulting optimum configuration found by TRMPS and the 

baseline configuration together. The white and colorful entities show the baseline 

configuration and the optimum configuration, respectively. The optimum configuration 

shows that the holes and slots (as the in-plane locators) are better to have large 

distances on the parts. Also, the clamps (as the out of-plane locators) should build a 

triangle with maximum side length. Both observations are logical from a geometrical 

point of view. Figure  6-15 shows the optimum configuration found by OMID to be 

compared with TRMPS configuration. Also, Figure  6-16 shows the distributions of 

optimum locations found by OMID, related to all ten runs. It can be seen that even with 

very small standard deviation (0.22%), the positions of locators in multiple trails vary, 

which shows the multimodal nature of the objective function. It can be seen that in the 

three-part problem case OMID reached lower and more consistent results than TRMPS. 
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Figure  6-14: Three-part problem – Optimum (filled and bold shapes) found by 
TRMPS and baseline configurations (white filled and non-bold 
shapes) 

 

 

Figure  6-15: Three-part problem -Optimum found by OMID 
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Figure  6-16: Three-part problem – Optimal configurations for all parts for ten 
runs, OMID 

6.3. Summary 

After building an iterative strategy to decompose and optimize high dimensional 

problems, in this chapter, the auto body assembly locators’ positioning optimization 

project is successfully carried out. A ten-part assembly was modeled in 3DCS software 

and automation/optimization was performed to search for the optimal location 

configuration. OMID and TRMPS are used to optimize the assembly and different 

scenarios are tested. The results from these tests are discussed and the 

insights/knowledge gained about the auto-body assembly is presented. It was shown 

that by using mathematical tools and design optimization, better solutions could be 

identified as compared to a baseline configuration.  
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Chapter 7.  
 
Conclusions and Future Work 

7.1. Conclusions 

In this thesis, a metamodel-supported decomposition-based optimization strategy is 

proposed to tackle high dimensional, expensive, and black-box problems. After 

reviewing different metamodels for approximation of high dimensional, black-box 

functions, RS-HDMR is identified as an approach that has potential to be used in 

optimization algorithms. A new method is proposed to get more accurate RS-HDMR 

approximation with respect to existing sample points. It is noted that approximating the 

integrals in RS-HDMR with Monte Carlo summation may make the standard basis 

functions not satisfying the orthonormality conditions. Therefore, the integrals may have 

some small errors and the resultant RS-HDMR approximation cannot guarantee the best 

accuracy. The error can be more significant if the numbers of samples are small in 

Monte Carlo summations. In the proposed new method, before every RS-HDMR 

approximation, new polynomial basis functions are built using the existing sample points. 

General polynomial functions are considered as the basis functions and the 

orthonormality equations are used to find the coefficients for the polynomials. Therefore 

new adaptive basis functions are built to be orthonormal with respect to the given 

sample points. The coefficients can be adaptively changed with the addition of new 

sample points and thus the basis functions are adaptive to the samples. Different 

performance metrics are calculated for RS-HDMR using both standard and new adaptive 

basis functions in different test problems. The results show that the models that are built 

using the new basis functions have less error. Also, when the number of sample points 

is scarce, the advantage of the proposed method is more dramatic. Moreover, it is 

concluded that if the sample points are non-uniformly distributed then the accuracy of 

the RS-HDMR modeling will decrease. The loss of accuracy is less in the RS-HDMR 
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approximation using new adaptive basis function than the standard model. It is noticed 

that the errors come from the RS-HDMR coefficients calculations using integrals. 

A novel metamodeling approach is then developed with the ability of accepting non-

uniform sampling, while inheriting HDMR properties including orthogonality of the 

components, efficiency, and decomposition of different variables/correlations. Rooted in 

the RS-HDMR structure with orthogonal basis functions, the proposed Principal 

Component Analysis (PCA) based HDMR, PCA-HDMR, finds the best basis function 

coefficients. In this approach, the sample data are first transferred to another space 

containing all bases and the black-box function. PCA is performed on the new data and 

therefore the linear combination of bases with minimum variation is identified and 

coefficients of the bases are calculated. Theoretically, based on SVD calculations, PCA-

HDMR yields the most accurate model among all possible RS-HDMR models with the 

same sample points. Different performance metrics are defined to test the accuracy with 

both the modeling points and test points, and also the accuracy in global and local 

regions. The method is compared with RS-HDMR with benchmark functions of different 

numbers of input variables and a high dimensional engineering problem. It is concluded 

from the results that PCA-HDMR generates more accurate model than RS-HDMR for all 

the cases for a given set of sampling points, as well as for most of the cases at new test 

points. Moreover, two types of sampling are tested and results are compared. Changing 

from completely random uniform to random non-uniform sampling, RS-HDMR model 

falls apart but such a change has a small effect on the PCA-HDMR model. This finding 

can be explained by the nature of RS-HDMR that is integral-based and uses Monte 

Carlo summation for approximation. If the sampling differs from being uniform, the 

integrals and the corresponding Monte Carlo summations become inaccurate and 

therefore the model becomes inaccurate as well. In addition, PCA-HDMR allows a user 

exerting more weights in a local region by simply repeating the sample points falling into 

the region. Lastly, the usage of more than one component PCA-HDMR terms leads to 

more accurate models, which makes PCA-HDMR a metamodel suitable for both global 

and local regions. Higher accuracy, flexibility of taking non-uniform sampling, and the 

ability of local intensification, make PCA-HDMR promising to support optimization for 

HEB problems.  
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RBF-HDMR and RS-HDMR approaches are integrated to quantify the variable 

correlations to aid the problem decomposition for high-dimensional expensive black-box 

(HEB) problems.  If just RBF-HDMR is used, only the decomposable problem can be 

solved. However, based on the quantified correlations, obtained by sensitivity analysis, a 

wider range of problems can be decomposed and solved. An accompanying optimization 

scheme is also developed to facilitate the optimization of the decomposed sub-problems 

as a system. The method was applied to different test problems from four different 

categories according to their decomposability level. Two different optimization methods, 

DIRECT and TRMPS, were used for optimizing the sub-problems and the original 

problems. The results showed that for problems with clear decomposable structures, 

applying RBF-HDMR alone is sufficient. For problems in which all correlations are weak 

or there are a mix of weak and strong correlations, the proposed method is remarkably 

effective in reducing the total number of function evaluations, with a similar accuracy. 

For problems whose correlations are all strong, the proposed method will not be 

advantageous. The next work continues to improve the optimization strategy based on 

the decomposed problem structure. 

A metamodeling-supported iterative decomposition strategy is proposed to optimize high 

dimensional, expensive, and black-box problems. This approach starts with optimizing 

the input variables independently and iteratively builds metamodels and judge about the 

intensities of the existing correlations. PCA-HDMR metamodeling approach provides the 

ability of reusing the existing sample points generated during previous optimization 

iterations. The decomposition and optimization processes are intertwined to provide the 

efficiency for global optimization of high dimensional problems. The method is applied to 

test problems with different dimensionalities from the same four different categories 

based on their inner structures and correlations intensities. The results of the method are 

compared with three different optimization methods, TRMPS, GA, and DIRECT. The 

results showed that for problems with weak correlations and the problems with 

strong/weak combination of correlations, the proposed method is remarkably more 

accurate than other methods, with same number of used sample points. For problems in 

which all correlations are strong or the intensities are close to each other, the method is 

not advantageous. However, because of doing decomposition and optimization phases 

together, even if the problem is non-decomposable, the proposed method still finds 
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acceptable results, sometimes better than GA and DIRECT. This factor is stated as 

opposed to the previous works which separate decomposition and optimization phases 

that cause waste of sample points if the problem is not decomposable. A 100-

dimensional assembly variation problem is optimized using the proposed method and 

the results are compared with TRMPS results and original values. The results show 

significant improvement in the obtained optimum, with the same number of sample 

points.  

7.2.  Future Research 

Based on the experience gained and results obtained in this research, the following 

research may be considered for future work. 

7.2.1. Improving the High Dimensional Metamodel 

PCA-HDMR has the ability of accepting non-uniform sampling and the HDMR properties 

are inherited in PCA-HDMR. It finds the best basis function coefficients in all the possible 

RS-HDMR models. However, there is a limitation in using it for high dimensional 

problem. A minimum number of sample points should be used to be able to perform 

singular value decomposition. An improvement in building PCA-HDMR metamodel is 

building the model adaptively by gradually adding the component functions in a standard 

HDMR formula. The suggested approach is using cross-validation during the 

metamodeling and adding the component functions one-by-one. In this way, the less 

important component functions are omitted from the model. This issue will improve the 

metamodeling approach from two different aspects: 1) the number of needed sample 

points decreases because the complete set of the component function is not used 

anymore, and 2) the errors from the unnecessary terms are eliminated. The procedure is 

almost done in OMID algorithm but it can be used as a metamodeling approach and be 

used independently. 



 

128 

7.2.2. Improving the Decomposition Strategy  

Future research on OMID will be improving the optimization strategy by intelligently 

choosing the decomposition parameters and the used optimization methods. The 

minimum acceptable sensitivity index of the correlations, r��s, is a very important factor 

that can change the optimization results. In the current version, the criterion is set to 

change by the iteration number and dimensionality, and it is the same for all the 

problems. However, if the behaviors of the objective function of an individual problem 

are known, more specifically chosen criterion might work better than the existing general 

criterion. To address this issue, more intelligent rules should be defined based on the 

feedbacks from the problem behaviors. The number of sample points used in 

optimization of sub-problems, number of sample points in global sampling unit, and 

maximum number of variable in sub-problems are other parameters that can be chosen 

by feedbacks. Also, the optimization method used in solving the sub-problems can vary 

based on the feedbacks. In the current version, all the sub-problems are optimized using 

TRMPS. However, different methods can be used for different sub-problems based on 

the dimensionality of the sub-problem and the problem behavior. 

7.2.3. Applying the Methods to Different Applications  

Although metamodel-based decomposition and OMID methods are tested using several 

benchmark functions and a few engineering problems, it would be helpful using them in 

a wider scope of applications. High dimensional non-rigid assembly variation problem 

and high dimensional shape optimization problem are candidate case-studies that the 

decomposition strategies can potentially significantly reduce the optimization cost. 
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Appendix A.  
 
Benchmark Functions 

Table A-1: Test functions related to adaptive basis functions method 

No. d Function 
Variable 
Ranges 

1 2 � = 100	(�� − ���)� + (1 − ��)� −2 ≤ �� ≤ 2, 
2 3 � = (�� + ��)� + (�� + ��)� −2 ≤ �� ≤ 2, 
3 4 � = −�� + �� + �� + �© −2 ≤ �� ≤ 2, 
4 5 � = (�� − ��)� + (�� − 1)� + (�© − 1)© + (�ç − 1)ë −2 ≤ �� ≤ 2, 
5 2 � = 4��� − 2.1	��© + 13��ë +	���� − 4	��� + 4	��© −2 ≤ �� ≤ 2, 
6 8 �(�) =� [100(��¾� − ���)� + (1 − ��)�]è

� �  −2 ≤ �� ≤ 2, 
7 10 �(�) = â� /�(�� − 1)���

� � ã� −3 ≤ �� ≤ 3, 
8 10 �(�) =� [100(��¾� − ���)� + (1 − ��)�]ê

� �  −2 ≤ �� ≤ 2, 
9 10 

�(�) = (�� − 1)� + (��� − 1)�+ 10� (10 − /)"��� − ��¾�#�ê
� �

 

−3 ≤ �� ≤ 2, 
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Table A-2: Test functions related to PCA-HDMR method 

No
. 

d Function Variable Ranges NC space 

1 2 � = 100	(�� − ���)� + (1 − ��)� −2 ≤ �� ≤ 2, 8 16 

2 2 � = 4��� − 2.1	��© + 13	��ë +	���� − 4	��� + 4	��© 
−2 ≤ �� ≤ 2, 8 16 

3 3 � = (�� + ��)� + (�� + ��)� −2 ≤ �� ≤ 2, 18 64 

4 4 � = −�������© −2 ≤ �� ≤ 2, 32 256 

5 5 � = (�� − ��)� + (�� − 1)� + (�© − 1)© + (�ç − 1)ë −2 ≤ �� ≤ 2, 50 1024 

6 10 �(�) = (�� − 1)� + (��� − 1)�+ 10� (10 − /)(��� − ��¾�)�ê
� �

 

−3 ≤ �� ≤ 2, 200 9.7e+6 

7 10 �(�) = â� /�(�� − 1)���
� � ã� 

−3 ≤ �� ≤ 3, 
 

200 6e+07 

8 20 �(�) = � [100(�� − ��¾��)� + (�� − 1)�]��
� �  

−3 ≤ �� ≤ 5, 800 1.1e+018 

9 20 �(�) =� [100(��� + ��¾ç)� + (�� − 1)�ç
� + 90(��¾��� + ��¾�ç)� + (��¾�� − 1)�+ 10.1[(��¾ç − 1)� + (��¾�ç − 1)�]+ 19.8(��¾ç − 1) × (��¾�ç − 1)] 

−3 ≤ �� ≤ 5, 800 1.1e+018 

10 20 �(�) = � [(�� + 10��¾ç)� + 5(��¾�� − ��¾�ç)�ç
� + (��¾ç − 2��¾��)© + 10(�� − ��¾�ç)©] 

−2 ≤ �� ≤ 5, 800 7.9e+016 

11 30 �(�) = 1 − Ô�j ¼� �ë�� �£'Ó|
& ½ 0 ≤ �� ≤ 3.5, 1800 2.1e+016 

12 30 �(�) = (�o��)�, � = �/Ç7(1,2,3, … ,30) −2 ≤ �� ≤ 3, 1800 9.3e+020 

13 30 �(�) = � [100(��¾� − ���)� + (1 − ��)�]�ê
� �  

−2 ≤ �� ≤ 2, 1800 1.1e+018 

14 50 

�(�) = �o�� − 2�� , � =
tu
uu
uu
v 		1 −1−1 2 −1−1 2 			

0
−1	⋯										⋯ ⋯ 0

0 			 ⋯ ⋯ ⋯−1 2 −1−1 2 wx
xx
xx
y
 

0 ≤ �� ≤ 25,	
 

5000 7.8e+069 

15 20 �(�) = � �����
� + â� ��	�	�£

��
� ã� + â� ��	�	�£

��
� ã© 

0 ≤ �� ≤ 5, 800 9.5e+013 
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Table A-3: Test functions related to decomposition-based optimization method 

No. Function Variable Ranges 

1 �(�) =� [(�� + 10��¾ç)� + 5(��¾�� − ��¾�ç)�ç
� + (��¾ç − 2��¾��)© + 10(�� − ��¾�ç)©] 

−3 ≤ �� ≤ 2,/ = 1,⋯ ,20 

2 �(�) =� [100(�� − ��¾��)� + (�� − 1)�]��
� �  

−3 ≤ �� ≤ 2,/ = 1,⋯ ,20 

3 �(�) =��Ç�!"��� + �� + 1#"�!� + �! + 1#�ë
! �

�ë
� �  

Ç�!

=

tu
uu
uu
uu
uu
uu
uu
v1 00 1 0 11 00 00 0 1 00 1

0 00 0 1 11 00 00 0 1 01 00 00 0 0 00 00 00 0 0 00 0
1 10 1 0 00 10 00 0 1 00 1

0 00 1 0 00 01 10 0 0 01 0
0 00 0 0 10 00 10 0 0 01 00 10 0 0 10 00 00 1 1 00 0
0 00 0 0 11 01 00 0 0 01 00 00 0 0 00 00 00 0 0 00 0

0 00 0 0 00 00 00 0 0 00 00 00 0 0 00 00 00 0 0 00 0
0 00 0 0 00 00 00 0 0 00 0

1 00 1 0 10 00 00 0 1 00 1
0 00 1 0 10 01 00 1 0 00 00 00 0 0 00 00 00 0 0 00 0
1 10 1 0 00 00 00 0 1 00 1wx

xx
xx
xx
xx
xx
xx
y

 

−1 ≤ ��, �! ≤ 1, /, C = 1,2,⋯ ,16 

4 �(�) = (�o��)�, � = �/Ç7(1,2,3, … ,30) −3 ≤ �� ≤ 2,/ = 1,⋯ ,30 

5 �(�) =� �����
� + â� ��	�	�£

��
� ã� + â� ��	�	�£

��
� ã© 

−3 ≤ �� ≤ 2,/ = 1,⋯ ,10 

6 �(�) = â� /�(�� − 1)���
� � ã� 

−3 ≤ �� ≤ 2,/ = 1,⋯ ,10 

7 �(�) = (�� − 1)� + (��� − 1)�+ 10� (10 − /)"��� − ��¾�#�ê
� �  

−3 ≤ �� ≤ 2,/ = 1,⋯ ,10 

8 �(�) = ����…	������ −3 ≤ �� ≤ 2,/ = 1,⋯ ,12 
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Table A-4: Test functions related to OMID method 

Name d Function Variable Ranges 

SUR-T1-16 20 �(�) =� [(�� + 10��¾ç)� + 5(��¾�� − ��¾�ç)�ç
� + (��¾ç − 2��¾��)© + 10(�� − ��¾�ç)©] 

−2 ≤ �� ≤ 5 

F16 16 �(�) =��Ç�!(��� + �� + 1)"�!� + �! + 1#�ë
! �

�ë
� �

 

Ç�! =

tu
uu
uu
uu
uu
uu
uu
v1 00 1 0 11 00 00 0 1 00 1

0 00 0 1 11 00 00 0 1 01 00 00 0 0 00 00 00 0 0 00 0
1 10 1 0 00 10 00 0 1 00 1

0 00 1 0 00 01 10 0 0 01 0
0 00 0 0 10 00 10 0 0 01 00 10 0 0 10 00 00 1 1 00 0
0 00 0 0 11 01 00 0 0 01 00 00 0 0 00 00 00 0 0 00 0

0 00 0 0 00 00 00 0 0 00 00 00 0 0 00 00 00 0 0 00 0
0 00 0 0 00 00 00 0 0 00 0

1 00 1 0 10 00 00 0 1 00 1
0 00 1 0 10 01 00 1 0 00 00 00 0 0 00 00 00 0 0 00 0
1 10 1 0 00 00 00 0 1 00 1wx

xx
xx
xx
xx
xx
xx
y

 

−1 ≤ �� ≤ 1 

PUR-T1-13 10, 20, 
30 �(�) = â� /�(�� − 1)�s

� � ã� 
−3 ≤ �� ≤ 3 

SUR-T1-14 10, 20, 
30 

�(�) = (�� − 1)� + (�s − 1)� + z� (z − /)(��� − ��¾�)�s��
� �  

−3 ≤ �� ≤ 2	 
SUR-T1-14 

Modified 

10,20, 
30 

�(�) = (�� − 1)� + (�s − 1)�+ z� Þ]z2 − /_� + 1	ß (��� − ��¾�)�s��
� �  

−3 ≤ �� ≤ 2 

Zakharov 10,20, 
30 �(�) =� ���s

� + â� ��	�	�£
s
� ã� + â� ��	�	�£

s
� ã©

 

−5 ≤ �� ≤ 10 

Rosenbrock 10,20, 
30 �(�) = �(100(��¾� − ���)� + (�� − 1)�)s��

� �
 

  

−5 ≤ �� ≤ 5 
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Appendix B.  
 
Sampling Types 

Two different types of sample data are generated: 

1. Random uniform samples: in this case, the sample points are generated 

completely randomly without any preference for them in the entire feasible space. 

MATLAB command rand(.) is used for generating the random points separately 

for every input variable and they are scaled separately bases on the variables 

bounds. 

2. Random non-uniform samples: in this case, again MATLAB command rand(.) is 

used for generating the sample points in [0,1] and then the values are scaled. 

However, 80% of the points are sampled in the entire feasible region and 20% 

are sampled in the region with ��� < � where ��� is the sample random value 

before scaling. The value � is calculated for each problem in a way that the 

region with ��� ≤ � entails 10% of the entire region volume. Thus, 10% of the 

entire space has a higher density in comparison with the remaining 90%. The � 
value can be obtained with a very simple equation: 

� = �Ç�/i�� (B-1) 

In which, � is the dimensionality of the problem. In adaptive basis functions method, �Ç�/i is equal to 0.2 and in PCA-HDMR the values is equal to 0.1. 
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Appendix C.  
 
Accuracy Measurement Metrics 

For testing the methods accuracy, three different metrics are defined: 

1) R-squared 

�� = 1 − ∑ l�"�(A)# − �a"�(A)#n�À �∑ l�(�(A)) − �̅(�(A))n�À �  (C-1) 

where �"�(A)# and �a"�(A)# are the black-box function and the approximated model 

function at the sample point x(Á), respectively. �̅"�(A)# denotes the mean of the black-box 

function over the H sample points in approximating the black-box function. The R-

squared indicates the overall accuracy of the approximated model with given sample 

points. The closer the value of R-squared approaches one, the more accurate is the 

approximation model. However, R-squared is not sufficient for comparing accuracies of 

two models because it only shows the accuracy with respect to modeling points, not the 

model’s extrapolation ability.  

2) Relative Average Absolute Error (RAAE) 

���ñ = ∑ ��"�(�)# − �a(�(�))�s� � z ∗ r�¡  (C-2) 

where �"�(�)# and �a"�(�)# are the black-box function and the approximated model 

function at z test points x(�), respectively. STD denotes the standard deviation of the 

black-box function prediction at the test points.  RAAE indicates the overall accuracy of 

the approximated model in the entire design range, computed at random test points. The 

smaller is RAAE value, the more accurate is the approximation. Both R-squared and 

RAAE show the average accuracy in the entire space but in some cases the maximum 

amount of error in local regions is worthy of study. 
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3) Relative Maximum Absolute Error (RMAE) 

�f�ñ = max	(��(��) − �a(��)�, ��(��) − �a(��)�,⋯ , ��(�s) − �a(�s)�)r�¡  (C-3) 

In this metric, the maximum amount of error at random test points is divided by the 

standard deviation. Note that this error is a local metric and again the smaller RMAE 

value, the better is the approximation. 
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