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Abstract 

The objective of this research is analyzing the behavior of strongly coupled 

micro-resonating systems. In coupled resonator arrays, the additional degrees of 

freedom from coupling of the resonators to each other can be employed to enhance the 

sensitivity and selectivity of the sensor system. In order to achieve this, the effect of 

coupling strength on sensitivity of the system is investigated. It is shown that sensitivity 

of the sensor system to perturbations can be increased significantly through proper 

selection of the coupling coefficient between resonators.  

To date, the research on coupled resonant sensors has concentrated on weakly 

coupled systems which mostly depend on measurement of signal amplitudes. 

Conversely, strongly coupled resonant sensor systems, provide a frequency output with 

all the advantages of resonant sensing. It is established that by moving to the strongly 

coupled region, the sensitivity of the coupled system to the input is increased compared 

to uncoupled resonator systems. Moreover, a method for processing signals from a 

coupled resonator array is developed which relates the perturbation ratio to the relative 

change in eigenvalues before and after insertion of perturbation. The method is based 

on analyzing the relative differences between eigenvalues of the system, which is in 

contrast to the commonplace methods of focusing on individual modes of a the coupled 

system. Besides enhanced sensitivity, this property can be employed to reduce the 

effect of manufacturing tolerances on the sensor system response. The proposed model 

is experimentally verified using coupled resonator arrays fabricated through in-house 

and standard micro-fabrication processes 

Keywords:  Coupled Resonator Array; Strongly coupled system; Resonance; 
Perturbation; Eigenvalues; Eigenmodes. 
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1. Introduction 

1.1. Resonance 

In physical systems that exhibit an oscillatory behaviour, the energy is 

exchanged between different storage modes. For example, in mechanical systems 

energy transfers between the potential and kinetic domains while in electrical systems 

the energy transfers between the magnetic and electric fields. Many of such systems 

exhibit a frequency dependent response where this transfer of energy is optimum at 

certain frequencies (i.e., losses are minimum). Consequently, the system response 

shows peak(s) at these frequencies, which are known as the resonant frequencies of the 

system. Derivation, measurement, and analysis of resonant frequencies plays an 

important role in the analysis of a system response and behavior. A system that exhibits 

resonance is called a resonator. 

When the frequency of excitation is equal to the resonance frequencies of the system, a 

resonator shows an amplified response to the input. Vibration of a violin string is a well-

known example of the mechanical resonators. LC tanks in receivers in electronics [1], 

laser cavities in optics [2] and magnetic resonance imaging (MRI) in biomedicine [3] are 

all familiar applications of resonance and resonators. As it can be seen in Figure 1-1, a 

simplified model of a single resonator is a 2nd order system made of a mass-spring-

damper, which can be based on lumped or distributed parameters. Movement of this 

system is described mathematically by a single second-order ordinary differential 

equation (1-1). 



 

2 

 

 (1-1) 

where  is the equivalent effective mass of the particular resonance mode,  is the 

damping constant,  is the effective spring constant and  is the external force 

applied to the system. As shown in Figure 1-1,  is the time-varying variable that shows 

the position of the mass [4]. The characteristic equation of this system is 

0 (1-2) 

The roots of this equation are the resonant frequencies of the system. For a low-loss 

system, the system response exhibits an increased amplitude at resonant frequencies. 

The resonant frequencies of a lossless system (i.e., 0) are called its natural 

frequencies, , and are the roots of this equation: 

 

In general, the resonant frequencies of a 2nd order system are smaller than its natural 

frequencies. However, the two values approach each other as the amount of damping is 

reduced. For majority of micromechanical resonators, damping is low and natural 

0	 (1-3)

 

Figure 1-1: Equivalent lumped parameter Mass-Spring-Damper model of a resonator. 
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frequencies and resonance frequencies are very close together and are often used 

interchangeably. Since these resonators are the focus of this work, we ignore the effect 

of damping for most cases. 

The equation for undamped vibration of a multiple degrees of freedom (n) system is 

expressed as follows 

0 . (1-4) 

where  and  are the effective mass and stiffness matrices respectively, and 

 is the displacement vector. For harmonic vibration of the system, displacement is 

shown by 

⋮ ⋮ sin . (1-5) 

In equation (1-5),  is the maximum amplitude of vibration,  is the angular frequency of 

vibration and  is the phase shift. Substituting equation (1-5) in (1-4) yields: 

0   where  . (1-6) 

For non-zero solution, the following determinant should be zero.  

0 (1-7) 

Equation (1-7) is called the characteristic equation of the system and  are called 

the eigenvalues of the system while ’s are the resonant frequencies of the system. 

The corresponding vectors  for each eigenvalue  are called eigenvectors of the 

system (1-6). 
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1.2. Mode Shapes 

Mode shape is a pattern of movement in which all parts of the structure move 

harmonically with the same frequency that is the resonant frequency of the system. On 

the other hand, mode shapes are the visualization of eigenvectors with motional 

patterns. In resonator applications, these mode shapes can be classified in several main 

categories such as bulk, flexural, torsional, shear and surface acoustic wave modes. 

Some of the most significant modes shapes of resonators are shown in Figure 1-2. 

 

 In flexural mode resonators, direction of displacement is perpendicular to the bending 

stress in the structure and the vibration waves are of the transverse type. On the other 

hand, in bulk mode resonators, vibration waves are longitudinal standing waves. In 

Bulk Extensional Mode Torsional Mode 

Flexural Mode 

 

Surface Acoustic Wave 
Thickness Shear Mode 

 

Figure 1-2 : Some possible resonant mode shapes for different structures. 
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torsional mode resonators, displacement is rotational that creates shear stress in the 

resonator structure. Most flexural resonators use beams to produce the mechanical 

restoring forces. Bulk mode resonators, on the other hand, employ the whole structure 

as a distributed mass and spring system. In general, bulk mode resonators have higher 

stiffness and resonant frequencies compared to the flexural resonators [5], [6]. 

1.3. Quality Factor 

For damped oscillating systems, a measure of the energy dissipation is their 

mechanical quality factor (Q), which can be defined as the ratio of the average stored 

energy to the energy lost per cycle in the device [7], [8] 

2
,

 (1-8)

Hence, Q can be improved by reducing the dissipated energy per cycle with respect to 

total stored energy in the system. The major sources of energy dissipation in micro-

devices are air damping, anchor losses and thermo-elastic dissipation (TED). Vibrations 

of the resonator body lead to moving the gas in and out of the gap between the device 

and the fixed structures around it. This results in the formation of a substantial pressure 

field which induces a force on the moving plate inside the gap. Consequently, a portion 

of the device vibration energy is consumed to overcome this force, which results in 

energy loss. This effect is known as squeezed-film air damping [9]. Anchor loss 

concerns the vibration energy that is dissipated by transmission via the support 

structure. Consequently, the fixed structure (e.g. the substrate) absorbs part of the 

vibration energy of the resonator [10]. Thermo-elastic damping is a loss mechanism that 

occurs through a thermal non-equilibrium between different regions of the vibrating 
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structure. The energy dissipation arises from an irreversible heat flow caused by the 

temperature gradient. This damping is considered to be a significant loss mechanism in 

flexural resonators [11] [12]. Other mechanisms of energy loss may include intrinsic 

material damping, surface damping, and electrical loading [7] [8]. The overall quality 

factor can be obtained from 

1 1 1 1 1
. (1-9)

As it can be seen in equation (1-9), there might be a dominant energy damping source 

that effectively determines the Q of a microresonator [13], [14], [15]. A high quality factor 

is desirable since it translates to a higher resolution and sensitivity in sensors; low near-

carrier phase noise in oscillators [16] [17]; less insertion loss, superior stop-band 

rejection and dynamic range in filters [18], [19], [20].Therefore, it is necessary to 

minimize the dissipated vibration energy and enhance the amount of stored energy in 

the device in order to improve the Q-factor. It has been shown in Figure 1-3 that the 

damping properties will result in change of the magnitude of vibration. Experimentally, 

quality factor can be found from 

∆
 (1-10)

where f  is the resonant frequency (in hertz) and f  and 	f  are frequencies in which the 

power of vibration is half of the maximum at the resonant frequency and ∆  is the 

frequency difference (∆ ).  For most micromechanical resonators, ≫ 1 and is 

typically in the range of 103 to 106. 
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1.4. Resonant Sensing 

The natural resonance frequency (in units of Hertz) for a second-order 

mechanical system based on the equation (1-7) is obtained as [21], 

  . (1-11)

Resonant sensing is among the most precise and accurate methods to measure various 

quantities. In the sensing application, input measurand changes the mass or spring 

stiffness of the system that can be monitored by tracking the resonance frequency of the 

system.  Resonant sensing technique has the following advantages compared to other 

methods of sensing [22]:  

 

Figure 1-3: Effect of increasing Q on the frequency response. 
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1. High accuracy: Thanks to the ultra-accurate frequency references, it is possible 

to measure the frequency with ppm or ppb accuracy using off-the-shelf 

components. This accuracy cannot be achieved with other methods such as 

voltage or current measurement without resorting to sophisticated equipment, if 

at all possible. The only limiting factors in accuracy of frequency sensing 

techniques are the length of the counting period and resonance frequency short-

term stability [22]. 

2. High precision:  Noise has a direct effect on precision. Since noise amplitude 

does not change the resonance frequency, frequency measurements can be very 

precise.  

3. Large dynamic range: There is a wide range for frequency measurement and it 

can be extended from very low to high frequencies. However, for voltage sensing 

and other techniques, this dynamic range is limited. 

4. Ease of digitization: The quasi-digital nature of the frequency signal obviates the 

need for analog to digital conversion. 

1.5. Coupled Resonators System 

Despite the recent developments in resonant sensors, they often can detect one 

parameter at a time [23]. A method for solving this problem is to use an array of them 

where each resonator is sensitive to the particular parameter. These arrays of such 

resonant sensors are used to simultaneously detect multiple input signals. Examples for 

the application of such a multi-resonator system are electronic-nose and electronic-

tongue where resonators are covered with sensitive coatings that selectively bind to the 
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analyte molecules [24] [25] [26] [27]. However, when these sensors are isolated from 

each other, signals from each individual resonator should be processed separately to 

determine the concentration of different chemicals in a mixture [28].  Another solution 

that has been introduced in the recent years for sensing of multiple parameters is 

coupling of resonators. Coupling of sensors together has the following advantages 

compared to an array of separate resonant sensors: 

 Single measurement/device for multiple analytes 

 Simplifying the signal processing method 

 Increased sensitivity even for a single analyte 

Moreover, coupling of the resonators simplifies the fabrication process and leads to 

further miniaturization of such sensor systems.  

1.6. Objectives and Motivations 

In this thesis, several configurations of coupled resonator arrays (CRA’s) with different 

coupling strength ranging from weak to strong are introduced and compared together. 

However, the main objective is investigating the behaviour of strongly coupled 

resonating systems and using them to improve the sensitivity of resonance-based 

sensing systems. Strength of coupling between resonating sensors significantly affects 

the behaviour of the resonant systems. To date, the research on coupled resonant 

sensors has concentrated on weakly coupled systems which mostly depend on 

measurement of signal amplitudes. On the other hand, strongly coupled resonant sensor 

systems, provide a frequency output with all the advantages of resonant sensing. A 
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physics-based model needs to be developed to investigate the effect of perturbations on 

the eigenvalues (i.e., mode frequencies) of resonator arrays. The model proposed in this 

thesis has been experimentally verified using arrays of coupled micro-resonators 

fabricated through in-house or standard micro-fabrication processes.  

In the case of isolated sensors, signals from each individual resonator should be 

processed separately. Despite the progresses in the signal processing techniques, there 

is still significant interest in development of methods to simplify the signal processing of 

multi-sensor resonant systems. One of the advantages of using coupled microresonator 

systems compared to arrays of uncoupled resonators is the convenience in processing 

the output signal from the coupled array. Therefore, replacing several uncoupled 

sensors with a single-input single-output coupled system reduces the number of outputs 

and may lead to simplifications in interfacing to the sensor system. However, this 

necessitates the development of methods for processing signals from an array of 

coupled resonators to detect perturbations. The method proposed in this thesis is based 

on simultaneous monitoring of the relative changes in all eigenvalues of the system. It is 

further shown that the additional degrees of freedom from coupling of the resonators to 

each other can be employed to enhance the sensitivity and selectivity of the sensor 

system. Additionally, coupling can reduce the effect of manufacturing tolerances on the 

sensor system response.  

1.7. Thesis Outline 

The focus of this thesis is studying the behaviour of strongly coupled resonating 

systems and in particular investigating the application of such systems for sensing. It will 

be shown that compared to the single resonators and weakly coupled systems, 
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sensitivity of resonance frequencies to the input perturbation increases in strongly 

coupled systems.  

In Chapter 1 basic terms in vibration including eigenvalues, eigenvectors, mode 

shapes, and quality factor were defined. Advantages of resonance sensing techniques 

over the other sensing methods were discussed and coupling of resonators is introduced 

for multi sensing applications.   

Chapter 2 provides a survey of the literature on employing resonant microdevices 

for timing and sensing applications. Pioneer works in quartz crystal resonators, silicon 

based and ALN based microresonators as the most popular resonating systems are 

introduced. The difference between an array of uncoupled and coupled resonating 

system is discussed. It is also argued in this chapter that by coupling of microresonators, 

signal processing methods can be simplified.   

Chapter 3 lays the theoretical foundation for the analysis of coupled resonator 

systems. Weakly and strongly coupled systems are compared as well as the common 

techniques for coupling of mechanical microresonators. A technique to simplify 

modelling of complicated coupled system based on mechanical to electrical conversion 

and network theory is also introduced.   

In Chapter 4, the effect of external perturbation on characteristic of resonating 

systems is discussed. The difference between responses of a single uncoupled system 

is compared with the weakly and strongly coupled systems. It is shown in this chapter 

that by increasing the strength of coupling between resonators, sensitivity of eigenvalues 

to the external perturbations can be increased. 
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Chapter 5 is started with introducing electrical coupling techniques to achieve a 

tunable coupling value even after fabrication. Design, modeling and testing of an 

electrometer based on array of two electrically coupled microresonating systems is 

discussed. Moreover, design of an array of mechanically coupled microresonating 

systems based on overhang coupling is introduced. To prove the validity of our 

characterisation technique, resonance frequencies before and after insertion of 

perturbation are measured to estimate the perturbation value. 

Design, modeling and fabrication of a strongly coupled system are described in 

Chapter 6. All coupled systems that are discussed in literature so far have a weak to 

medium strength for coupling. It is shown that by increasing the strength of coupling, 

sensitivity of resonant frequencies to the input perturbation is improved.  

 Finally, conclusions of the results of this work are provided in Chapter 7 and 

possible improvements and future works are followed. 
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2. Literature Survey 

Micro Electro Mechanical Systems (MEMS) are miniature devices with combined 

mechanical and electrical elements. Critical dimensions of these devices are in the sub-

micron to few millimeters range and they are made with the microfabrication techniques. 

MEMS have elements with mechanical functionality that may or may not move [29]. 

Thanks to the scaling effects, micro-machining processes have improved the 

performance of numerous sensors while dramatically reducing their physical dimensions 

and cost. These scaling laws illustrate the fact that, for example, if the dimensions of a 

beam are reduced by a factor of α, its volume, and therefore its mass are reduced by a 

factor of α . On the other hand, stiffness of a beam is proportional to its dimensions 

[30]. For a simple beam, the effective spring constant varies linearly with the scaling 

factor. Therefore, by scaling down the dimensions of a beam, the effects of its own 

weight become negligible as the beam becomes stiffer. Consequently, the resonance 

frequency of micro-devices is higher than macro-scale devices by dimensions with the 

same aspect ratio. This increase in the resonance frequency results in better sensitivity 

or resolution. Furthermore, by reducing the dimensions of the sensor to the smaller 

scales, resonant devices can become faster while consuming less power. Beside the 

scaling effects, compatibility with the microfabrication steps used in making the 

electronics processes and reduced manufacturing cost (batch fabrication of large 

number of devices at the same time) are the other factors that have accelerated the 

growth of MEMS industry. 



 

14 

In case of micro-mechanical resonators, the resonant characteristics can be modulated 

in various ways. This modulation can be the change in the proof mass, spring stiffness, 

or shape of the resonator. Resonant sensing has been employed in different devices for 

monitoring the force [31], acceleration [32], rotation rate [33], viscosity [34], density [35], 

temperature [36], gas mixture [37], biological species [38], mass flow [39], pressure [40], 

etc. These devices are designed such that the measurand changes the natural 

resonance frequency of the system. For a biological sensor, for example, the resonator 

surface is coated with a sensitive layer that binds to the target markers. Consequently, 

molecules of the target material increase the mass of the sensitive layer and therefore, 

shift the resonance frequency of the resonator. 

The operation mechanism of the micro-resonator is based on excitation of a particular 

resonant mode of a structure with one of the common actuation techniques such as 

electrostatic [41], piezoelectric [42], thermal [43], or magnetic [44]. Moreover, the output 

of the resonator (i.e. a change in resonant frequency due to the external stimuli) can be 

detected with the readout techniques such as capacitive [41], piezoelectric [42], 

magnetic [44], piezoresistive [45], or optical [46] detection methods. Piezoelectric and 

capacitive transduction methods are the most common techniques used at micro-scales. 

In capacitive micro-machined resonators, electrostatic forces that act across the narrow 

gaps between the input electrode and movable body of the resonators are used for 

actuation. Movement of the resonator in the output gap generates a time-varying 

capacitance that can be converted to the current for detection purposes. Although micro-

machined resonators usually have a high quality factors, they still suffer from their large 

motional resistances (i.e., electrical signal loss from the input to output port). To address 

this issue, numerous studies have been focused on reducing the gap between the 
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resonator and electrodes [47] and also replacing the air gap with a solid gap. In this 

method, a material with a high dielectric constant is used to fill the gap between the 

resonator and electrodes [48]. While piezoelectric resonators often perform better than 

electrostatic resonators in terms of insertion losses, they require multi-layer fabrication 

processes which contribute to energy dissipation and reduce the quality factor of the 

resonance signal. Piezoelectric resonators have relatively larger electro-mechanical 

coupling coefficients that reduces the motional impedance significantly. Two well-known 

types of piezoelectric resonators family are Surface Acoustic Wave (SAW) resonators 

and Bulk Acoustic Wave (BAW) resonators. SAW resonators are utilized in a variety of 

sensory applications. Wohltjen and Dessy introduced the first gas sensor device based 

on SAW resonators [49]. Martin et al. showed that is possible to pick up perturbation as 

low as 10 ppm in the acoustic wave velocity due to mass loading for vapor detection 

applications [50]. The main areas for utilization of resonators are timing and sensing 

applications that are discussed in details here. 

2.1. Resonant Microdevices for Timing Application 

Resonators are used as the timing element in oscillator’s circuits. Oscillators 

consist of a timing reference and a gain element and generate a periodic signal which its 

frequency is defined by the resonator [51]. Oscillators can be divided to two major 

categories based on whether they utilize a mechanical or electrical resonator. 

Mechanical oscillators have better electrical performance than electrical oscillators but 

they are bulky and cannot be integrated with CMOS circuitry [52]. Quartz resonators, 

offer a high quality factor and temperature-stable signal that makes them one of the 

most popular mechanical resonators. Figure 2-1 shows a quartz crystal resonator as the 
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vibration element in a linear oscillator circuit. Linear oscillators need to satisfy 

Barkhausen stability criteria; i.e., 	 1∢2 . In this circuit, the amplifier gain 

compensates for the resonator losses and another block may be needed to have the 

correct phase around the loop. Nonlinearities of the system limit the operating signal 

amplitude of the circuit. 

The frequency range of quartz resonators starts from few kilohertz to hundreds of 

megahertz. Figure 2-2 shows a commercialized quartz resonator placed in the ceramic 

package close to its CMOS circuit. The whole system is packaged hermetically to protect 

it from environment variations. Solving the problem of bulky mechanical resonators, 

micro sized resonators have found a major market in the recent years. These small 

devices can be integrated with the CMOS process which makes them an ideal substitute 

for the conventional mechanical resonators. 

 

Figure 2-1: A linear oscillator realized with a mechanical resonator. 
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Tang et al. reported one of the first laterally driven comb drive resonators in 1989 with 

frequencies ranging from 18 kHz to 80 kHz (Figure 2-3) [41]. 

 

In 1993 Nguyen and Howe introduced the first micromachined resonator oscillator with 

combined MEMS and interface circuit. This oscillator was fabricated through a 

 
Figure 2-2: Epson Toyocom SG-310 series quartz-based oscillator [41] ©2012 IEEE. 

 
Figure 2-3: Laterally driven polysilicon comb drive microresonator [54] ©1989 IEEE. 
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combination of CMOS and surface micromachining processes. The frequency of 

oscillation was set by the polysilicon resonator (Figure 2-4). The applied DC voltage to 

the electrostatically driven resonators controlled the amplitude of vibration [53]. 

 

A key characteristic requirement for resonators in such applications is attaining a high 

quality factor, which leads to lower insertion losses and improved oscillator stability. The 

design of high-Q, high-frequency resonators is in particular pursued for timing 

applications. This has led to the use of ∙  product as another figure of merit to 

compare the performance of various resonators with each other [54]. Figure 2-5 shows 

the exponential growth in	 ∙  of the micromachined resonators [55]. Large motional 

resistance is one of the biggest challenges with silicon micro resonators with 

 
Figure 2-4: SEM of a comb drive microresonator with oscillatory circuit [55] ©1993 
IEEE. 
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electrostatic transduction. Piezoelectric materials such as ALN on the other hand, offer 

higher electromechanical coupling coefficient that reduces the motional resistance of the 

MEMS resonators from tens of Mohm to tens ohms. 

 

 For instance, Piazza et al. introduced contour mode piezoelectric resonators that could 

be easily interfaced with 50Ω systems (Figure 2-6).  

 

 
Figure 2-5: Exponential growth in ∙  of commercial resonators [57] ©2007 IEEE. 

(a) (b) 

Figure 2-6: (a) Schematic representation of one port contour mode ring-shaped ALN 
resonators. (b) SEM of the fabricated device [58] ©2006 IEEE. 
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One of the advantages of these types of resonators is that the center frequency can be 

defined through lithography process [6]. Beside contour modes, piezoelectric resonators 

can use different mode shapes such as thickness-extensional such as Film Bulk 

Acoustic Resonator (FBAR) [56] and shear modes [57]. In FBAR and shear modes 

resonators, the frequency of vibration is defined by the thickness of the film. 

2.2. Resonant Microdevices for Sensing Application 

Microresonators are employed in numerous sensing and signal processing 

applications. The operation of the microresonant sensors is predominately based on the 

change in natural frequencies of the mechanical structures due to the input measurand. 

Change in resonant frequency of the micromechanical resonators can be practically 

applied to many fields such as accelerometers, gyroscopes, filter/mixers, electronic 

nose/tongue, oscillators, micro-fluidic biological sensors, gas sensors, etc. The input 

measurand can be in the form of change or perturbation in the mass [58], effective 

spring constant [59], temperature [36], or applied stress [60] to the resonator. However, 

among these efforts, mass-sensitive sensors are the most well-known and widely used 

micro-mechanical resonant sensors. Equation (2-1) shows that change in mass and 

spring constant of a resonator change its resonance frequency. An example for this 

hybrid change is adsorption of the gas molecules in the resonator structure that besides 

changing its mass, affects its springs constant at the same time. 

∆
	

∆
2

∆
2

 (2-1)

If spring constant of the resonators is assumed to stay constant, equation (2-2) relates 

the change in resonance frequency to the mass variation. This equation shows that by 
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increasing the mass, resonance frequency is decreased and vice versa (Figure 2-9 (a)). 

Consequently, after processing the output signals, it is possible to relate the information 

from the frequency response of a system to the particular perturbation [61]. 

 

∆ ∆
2

 (2-2)

Gravimetric sensing is based upon measurement of weight and is a proven technique for 

the measurement of the thin layers of deposited materials. The pioneering work of using 

change in the resonance frequency as a quantitative mass-measuring method dates 

back to the 1959 (Figure 2-7). Sauerbrey used AT and BT cuts of a quartz crystal to 

detect the deposited mass on the surface of the quartz crystal microbalance (QCM) [62].  

 

In chemical sensing application, absorption of analytes into the thin sensitive film on top 

of the resonator changes the physical properties (e.g., mass) of the resonator structure, 

 
Figure 2-7: Schematic representation of the quartz crystal microbalance (QCM) [64]. 
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leading to the change in its resonance frequency [63]. As another example, this method, 

due to its high resolution, has been employed to detect the mass and viscosity of 

antigen–antibody reactions in biological applications [64]. Figure 2-8 shows the set-up 

for mass sensing using QCM resonator [65], [66]. In most cases, the surface of the 

resonator is covered with a sensitive coating that selectively bind to the molecules of 

analytes. The result of this biding is changing the mass of the film and therefore, its 

resonance frequency. Any change in the mass of the resonator can be detected by 

monitoring the shift in the resonance frequency. 

Micro-cantilevers are the most widely used micro-devices which can be used in both 

static and dynamic modes. In the static operation mode, deflection of the cantilever is a 

result of surface stresses as the result of the absorbed mass on the surface of the 

cantilever [67]. The difference in the stresses on the top and bottom surfaces generates 

a bending moment that causes deflection of the cantilever. In the dynamic mode of 

operation, which has more sensitivity comparing to the static mode, absorption of the 

species changes the frequency response of the system (Figure 2-9 (b)) [68]. 

 

Figure 2-8: Schematic representation of a QCM measurement setup. Reprinted with 
permission from [68]. Copyright 2004 American Chemical Society. 
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In the static mode, the generated stress is not necessarily related mutually with the 

amount of the absorbed mass while in the dynamic mode of operation both stress and 

pure change in the mass of the cantilever are measurable. Howe and Muller’s work is 

among the earliest attempts in using the dynamic response of the micro-structures for 

vapor sensing [69]. Their structure exhibited the responsively of 0.3 Hz/ppm by exposing 

to the xylene vapor. With the recent advances in micro-fabrication techniques and 

decreasing the size of micro-resonators, the ability of the sensor system to detect ultra-

small amounts of analytes has improved significantly. Attogram [61] and femtogram [70] 

[71] [72] level detection based on the change in resonance frequency has been achieved 

under the high vacuum and ambient pressures, respectively. Nano-Electro-Mechanical 

 

(a) 

 

(b) 

Figure 2-9: (a) Shift in resonance frequency as the result of change in the effective 
mass, (b) Single cell detection with microcantilever resonators [162]. 
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(NEMS) resonators that are working under ultrahigh vacuum pressure can extend the 

resolution limits of the mass sensors to the zeptogram level [73].  

Carbon nanotube-based nano-mechanical resonators realized the dream of a single 

atom resolution with gravimetric resonators (Figure 2-10) [74]. Bulk acoustic wave micro-

resonators have also been used in mass sensing applications. One advantage of bulk 

resonators compared to their flexural mode counterparts is their higher quality factor [5]. 

As it was mentioned earlier, higher quality factor results in lower noise and better 

frequency stability. Therefore, bulk mode micro resonators are better choices for mass 

sensing applications compared to QCM (not compatible with CMOS) and flexural 

resonators [75]. Figure 2-11 shows a polysilicon bulk mode resonator with quality factor 

of 6400 of a resonant frequency of 68.8	 . Mass resolution of this bulk microresonator 

is down to 8.7	 	  [76]. 

 
Figure 2-10: (a) TEM image of a double-walled carbon nanotube. (b) Schematic 
representation of the mass spectrometer setup. (c) Schematic representation of the 
mechanical resonance detection circuit [77].  
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On the other hand, change in spring constant of the resonator can also be used for 

sensing application. For example, as it has been shown in Figure 2-12 the output force is 

used to generate stress in the resonator structure and change its effective spring 

constant [59]. Equation (2-3) shows that this change in spring constant changes the 

resonance frequency of the resonator: 

 

 
Figure 2-12: A resonant micromachined magnetic field sensor [59]  ©2007 IEEE. 

 

(a) 
 

(b) 

Figure 2-11: SEM image of the bulk disc microresonator (a) before and (b) after 
depositing  . 	  of /  composite [79] ©1998 IEEE. 
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∆
	

∆
2

. (2-3)

And finally, as it was mentioned before, in some cases resonance sensing is based in 

change of mass and spring constant of the resonator at the same time. Chen et al. used 

a micro-cantilever to show that by simultaneous monitoring of bending and resonance 

frequency it is possible to decouple the effect of change in mass and spring constant 

from each other [77]. 

2.3. Arrays of Coupled Resonant Sensors 

In a coupled resonating system, resonators are connected to each other through 

different mechanisms of coupling such as mechanical, electrical or optical [78]. 

Resonators can be coupled together for different purposes. Reduction in motional 

impedance of a vibrating micro-mechanical resonator system was achieved by coupling 

of identical resonators so they made an equivalent system of parallel motional resistors 

[79]. Lin et al. used coupled resonators to reduce the undesired effects of the fluid-

structure interaction in mass detection techniques for biochemical sensing applications 

[80]. In this dual mechanically coupled resonators system, the electrical transduction is 

separated from the sensing platform that facilitates the integration of the sensor with the 

on-chip circuits [80]. Reduction in Motional resistance can be shown by equation (2-4) 

[79]: 

. (2-4)

where  is the motional impedance of the coupled system,  is motional 

resistance of individual resonators and  is the number of them. Demirci et al. used 
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transverse vibration in an array of seven corner coupled square plate resonators and 

could reduce the motional resistance from 2.8	 Ω to 480	Ω which is 5.9 times less than a 

single resonator (Figure 2-13) [81].  

 

Moreover, increasing the power handling and therefore, reducing the phase noise are 

other advantages that researchers could obtain by coupling of resonators together. Lin 

et al. used an array of coupled circular resonators to match up the resonance 

frequencies of individual resonators and combine their outputs to reduce the phase 

noise [82].  Coupled systems have several resonance peaks where each peak is related 

to a specific mode shape of the coupled system. Another application of coupled micro-

resonating systems is in RF filters. Nguyen reported a passband filter by utilizing of a 

fully monolithic array of two coupled micro-resonators and tuning their resonance 

frequencies with the applied dc voltage (Figure 2-14) [83]. Insertion loss, bandwidth, 

 

Figure 2-13: SEM image of seven mechanically corner coupled rectangular 
microresonator [84] ©2006 IEEE. 
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center frequency, rejection, Impedance and ripple are all the specifications of electrical 

filters that can be set by changing the configuration of coupled elements.  

 

Changing the strength of the spring between resonators tunes the bandwidth and 

frequency separations while increasing the number of resonators in the array reduces 

the ripple and results a smoother passband. 

Besides the timing and signal processing applications, coupled microresonator systems 

are also used in sensing applications. When sensors are isolated from each other, 

signals from each individual resonator should be processed separately [28]. Therefore, 

for detection of several targets at the same time, the requirements for signal processing 

hardware increase accordingly [84].  As it was mentioned earlier, one of the advantages 

of using coupled microresonator systems compared to arrays of uncoupled resonators is 

the convenience in processing the output signal from the coupled array. In a system of 

coupled micro-resonators, a single-input single-output (SISO) measurement can provide 

 
Figure 2-14: SEM image of two comb drive microresonators that are connected 
together by a mechanical spring [86] ©1998 IEEE. 
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all the information about the system [85] [86] [87]. Figure 2-15 shows the coupled micro-

cantilever array that was used by DeMartini et al. for multianalyte detection and 

identification applications.  

 

In this case, if the CRA is perturbed by the external stimulus, a simple analysis will let 

the user determines the resonators which have been affected as well as the amount of 

perturbations. Changes in resonance frequencies and amplitude of vibration are the 

main mechanisms of utilizing CRA for multi sensing application. In CRA, any change in 

the electro-acoustic properties of each resonator will affect the acoustic properties of the 

whole resonating system [88] [89] [90].   

In sensing applications, the external parameter that need to be sensed (e.g. absorption 

of analyte to the surface of resonators and change their mass) perturbs the properties of 

 

Figure 2-15: Microscope image of four coupled microbeams and the measurement 
laser setup [88]. 
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coupled system. After insertion of perturbation, depending to the strength of the coupling 

between resonators, amplitude of vibration and/or resonant frequencies of the coupled 

system can be affected. There are different techniques such as inverse eigenvalue and 

perturbation analysis to relate the perturbation in resonators properties to the frequency 

response of the system [88], [91], [92]. In this approach, resonance frequencies of the 

system before and after the change in the system properties are compared against each 

other.  

On the other hand, depending on the strength of the coupling between resonators, 

eigenvectors (representative of amplitude of vibration) are also affected. Under specific 

conditions, change in amplitude of vibration can be more sensitive than shift in 

resonance frequencies of the coupled system. These systems have significantly lower 

coupling strength between resonators compared to systems that their resonance 

frequencies are more sensitive to the perturbation than their eigenvectors. In systems 

with low coupling strength, resonance frequencies of the system are designed to be 

close to each other. Oscillation of these types of coupled systems with identical 

resonators results in a localized system that due to its interesting characteristics has 

been studied by several research groups. In 1958, Anderson studied the spatial 

attenuation in diffusion of electrons in disordered lattices for the first time [93]. It can be 

shown that in propagation of a wave in an array of identical resonators, a similar 

phenomenon happens. Hodges was the first to use Anderson’s idea in the acoustic 

systems [94]. In an array of periodic and similar resonators, vibration energy will transfer 

from one resonator to the adjacent one. However, due to manufacturing tolerances and 

other non-ideal factors, the system is not perfectly periodic where, for instance, the 

dimensions of resonators can be slightly different. Therefore, the energy-carrying waves 
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cannot transfer completely from one resonator to the other one and the wave will be 

partially reflected. In this case, there are some small regions inside the system with 

concentrated energy. This confinement of energy is called Anderson localization or 

mode localization.  

For sensing applications, mode localization is used by inserting some periodicity-

breaking disorder or mistuning in the coupled array to increase the sensitivity of the 

system by orders of magnitude. This mistuning can be done either by changing the mass 

or spring constants of the resonators. The amount of vibration localization not only 

depends on the amount of mistuning but also on the strength of the coupling between 

the resonators. Spletzer et al. broke the periodicity of the coupled micro-resonators by 

mistuning the mass of resonant cantilevers and measured the change in eigenmodes of 

the system instead of the change in their eigenvalues [87]. They showed that this 

ultrasensitive method could increase the sensitivity by at least two orders of magnitude 

compared to the methods based on monitoring the changes in eigenvalues (resonance 

frequencies) of the system. Decreasing the ratio of the coupling stiffness to the 

cantilever stiffness, they could increase the relative change of eigenstates by orders of 

magnitudes more than the change in relative eigenvalues. Thiruvenkatanathan and 

Seshia implemented the vibration localization idea on an array of coupled micro-

resonators with mistuning in spring stiffness of them [95]. They also demonstrated that 

orders of magnitude improvement in sensitivity of eigenstates of the system can be 

achieved by decreasing the coupling value between the resonators. However, in some 

applications the localization of energy increases the amplitude of vibration drastically 

that follows by failure of the system, and should be eliminated [96] [97]. Figure 2-16 
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shows the effect of disturbing the mass of the first resonator in an array of two weakly 

coupled resonators. 

 

 

(a) 

 

(b) 

Figure 2-16: (a) SEM image of two overhang coupled microcantilevers with the 
attached microsphere. (b) Amplitude vs. frequency and phase vs frequency curves 
before and after insertion of perturbation in the system [89].  
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It will be shown in Chapter 4 that by reducing the strength of coupling between 

resonators, the relative change in eigenstates of a weekly coupled system can be larger 

than the relative change in eigenvalues. As it can be seen, amplitude of vibration is 

affected considerably more than the resonance frequencies of the system. However, for 

practical implementation for example, other parameters should also be considered such 

as sensitivity and resolution of the measurement technique. Sensitivity indicates that 

how much the output signal is changed as the input measurand changes and is defined 

as follows 

. (2-5) 

Resolution of a sensing system is the minimum increment in the input signal that can be 

detected in the output signal: 

	 	  (2-6) 

In analog systems, output resolution is limited to the amount of noise in the system 

output. For digital systems, minimum increment in signal additionally depends on the 

least significant bit (LSB).  

Although change in eigenmodes of the coupled system can be more sensitive than 

resonance frequencies, the resolution of measurement equipment also need to be 

considered. It should be mentioned that the available techniques for measuring the 

amplitude of vibration are not as accurate or precise as techniques for measuring the 

change in resonance frequencies [98]. All of the coupled microresonating systems that 

are studied so far have a weak or relatively weak of strength in couplings between 

resonators. However, strongly coupled microresonator systems have not studied before. 



 

34 

In these systems strength of the coupling between resonators is relatively higher 

compared to other coupled systems.  

It is shown later in Chapter 4 that in this strongly coupled systems, shift in resonance 

frequencies are more sensitive than change in amplitude of vibration. These systems are 

the focus of this thesis and it is shown that for mass sensing applications, sensitivity of 

the output signal (change is eigenfrequencies) can be increased and pass the sensitivity 

of a single uncoupled system. One of the biggest challenges here is getting such a 

strong coupling between resonators. In Chapter 6, a new design is introduced to push 

the strength of the coupling between resonators to the strongly coupled region. Besides 

enhancing sensitivity, these strongly coupled systems benefits from using frequency 

measurement techniques compared to the amplitude measurement techniques in weakly 

coupled systems.  
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3.   Coupling at Micro-scales 

In this chapter, different techniques for mechanical coupling of microresonators 

are introduced. Electrically coupled microresonating systems will be discussed in 

Chapter 5. Strength of the coupling between microresonators in the coupled systems 

significantly affects their performance. Based on the strength of coupling, CRA’s can be 

divided into two main categories that are weakly and strongly coupled systems. 

Definitions for each of these coupled systems and the boundary between them are 

presented in section 3.2. Finally, electric network theories are employed at the end of 

this chapter to simplify the modelling of the complicated coupled systems. In this case 

just it is necessary to find the ABCD matrix for each element in the system and then 

cascade them together and build the model of the whole coupled system. 

3.1. Coupling of Microresonators  

Solving the characteristic equation for undamped vibrations of a single resonator, 

results in two conjugated resonant frequencies: 

ω , . (3-1) 

In arrays of separate resonators, each resonator adds a pair of conjugated 

eigenfrequency to the system. However, as it is shown in Figure 3-1 (a) and (b), adding 

the coupling element, K , between resonators affects these frequencies and separates 

them from each other. In case of identical resonators, the frequency of  remains the 
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same as the resonant frequency of each of the individual resonators while the 

frequencies of  increase based on the strength of the coupling (Figure 3-1 (c)).  

 

(a) 
 

(b) 

 

(c) 

 Figure 3-1: (a) In phase and out of phase movement of two coupled mass-spring-
damper systems. (b) Frequency spectrum of a coupled system with identical resonators.  
(c) Effect of coupling strength on frequency separation for two identical coupled 
resonators where increasing the coupling strength moves the second resonant 
frequency to higher frequencies. 
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For an array of non-identical resonators, an increase in the coupling strength expands 

the frequency separation between the resonant peaks and in this case both resonance 

frequencies change. The resonance frequencies of a coupled system with identical 

resonators are: 

1
2

 
(3-2)

1 2  

Where κ  is the coupling ratio, and K  is the spring constant of the coupling 

element. In mechanically coupled resonators, K  is positive; therefore, f  value is smaller 

than f . These resonance frequencies correspond to the in-phase and out-of-phase 

movements of resonators, respectively. As an example, for an array of two coupled 

microcantilever resonators, cantilevers can move either in same direction or the opposite 

directions. In Figure 3-2 cantilevers are coupled to each other through their common 

base, one of the most popular methods for coupling of resonators in the micro-world. 

 

 

(a)  

(b) 

Figure 3-2: (a) In phase and (b) out of phase movement of two coupled cantilevers. 
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The above frequency analysis can also be used for higher orders system. For example, 

in array of three identical resonators, as shown in Figure 3-3, equation of motion is, 

0
2

0
0. (3-3)

The nontrivial solution for equation (3-3) is obtained from: 

0
2

0
0 (3-4)

or, 

3 4 3 8 3

4 3 0. 
(3-5)

Solving equation (3-5) results in three different resonance frequencies. The first one is 

similar to a single resonator  , while the other two resonance frequencies 

are given by: 

 

Figure 3-3: Lumped model for a coupled array of three identical resonators. 
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√1  , 

√1 3  . 

(3-6)

Figure 3-4 demonstrates three mode shapes of an array of three coupled micro-

cantilevers that are connected through the overhang (common support). 

 

For CRA with identical resonators, the first mode shape relates to the in-phase 

movement of the resonators. All resonators move in the same directions in the in-phase 

mode and therefore, effective mass and spring constant of the resonators does not 

change. Therefore, changing the coupling value for the in-phase mode does not affect 

the resonance frequency. However, other resonance frequencies are affected 

significantly by changing the coupling strength. 

 
(a) 

 
(b)  

(c) 

 
(d) 

Figure 3-4: (a), (b), (c) Different mode shapes of an array of three identical cantilevers 
with common overhang. (d) Frequency response of the coupled system. 
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3.2. Comparison of Weakly and Strongly Coupled 
Resonating Systems  

In coupled system, resonators can be either weakly or strongly coupled to each 

other. For an array of weekly coupled resonators, resonant frequencies of different 

modes are close to each other [86], [99].  On the other hand, in strongly coupled 

resonator arrays, the spring constant of the coupling element is noticeably higher, which 

increases the separation between resonant frequencies. Each of these systems has its 

own specifications that are discussed in this section. It is helpful now to define a 

boundary between the strongly and weekly coupled systems. Remembering the case of 

two identical resonators, Figure 3-5 shows that an increase in the coupling ratio (κ), the 

first resonance frequency does not change as mentioned before.  

 

However, the second resonance frequency changes significantly when the coupling ratio 

is higher than 1 ( 1). For reference, when the strength of coupling is more than the 

 
Figure 3-5: Effect of increase in the coupling strength ( ) on the eigenvalues of two 

coupled identical resonators  
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effective strength of resonators (i.e., 1), we call the system strongly coupled. 

However, this boundary between the weakly and strongly coupled systems is not exactly 

defined and always there is a gray area where 0.1 1. 

If properties of resonators (e.g., their effective masses, ) are perturbed (i.e., 

), eigenvalues and eigenvectors of the system will be affected. The effect of 

this perturbation on the response of the system depends on the coupling ratio, κ.  It will 

be discussed later in Chapter 4 that sensitivity of the coupled system to the perturbation 

in mass can be improved by increasing the strength of the coupling value. Therefore, in 

many sensing applications, it is advisable to replace a single resonator with a coupled 

system even if a single parameter is to be measured. In this case, some of resonators 

may not involve in the sensing mechanism but there are connected to each other to 

make a strongly coupled system, hence increasing the sensitivity.  

As discussed in section 2.3, mode localization in the weakly coupled resonating system 

has been studied by several researchers. In weakly coupled systems, the strength of the 

coupling spring is relatively low. In Chapter 4, it is mathematically proved that by 

decreasing the strength of the coupling spring, the sensitivity of the eigenvectors 

(amplitude of vibration) to the input perturbation increases by orders of magnitude. We 

call a system weakly coupled if: 

≪ 1.  (3-7)

In section 4.2.2 it will be shown that in the system of identical periodic resonators, 

relative change in eigenstates of a weakly coupled system can be larger than relative 

change in its eigenvalues. However, these types of systems are not the scope of this 

thesis and have been studied before.  
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3.3. Mechanically Coupled Systems 

In mechanically coupled resonators, elastic elements are connected to each 

other to create a multi-degree of freedom system. Characteristics of coupled system and 

the frequency separation between resonant peaks depend on the design of coupling 

elements. Mechanically coupled microresonators have attracted attention of many 

researchers in recent years. Choosing the coupling method and its strength are the most 

important criteria in designing of coupled systems. For RF filters, for instance 

extensional beams have been used for this purpose. The length of coupling beam is 

chosen to be equal to half wavelength of the center frequency of individual resonators 

[100]. As it is shown in Figure 3-6, there are various methods that can be used to 

connect the resonators together mechanically besides extensional beams [101]. As an 

instance, in case of flexural coupling beams, resonance frequencies of beams should be 

set equal to resonance frequencies of resonators to maximize the energy transmission 

between resonators. Figure 3-6 demonstrates some of the possible coupling methods for 

microsystems.  

Location of the coupling depends on the operating mode shape that is expected from the 

coupled system. As an example, in the case of coupled square resonators in Figure 3-6 

(b), coupling through corners is a viable option for extensional mode vibration [102].  

However, corners in the Lame' mode are nodal points and it is not possible to have a 

strong coupling through corner coupling. Therefore, in this case coupling the resonators 

at the middle of their sides is a better option for Lame' mode.   
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Overhang coupling is one of the most popular coupling methods in MEMS as seen in 

Figure 3-6 (d) [85]. This picture demonstrates an array of cantilevers connected through 

the same anchor base. Strength of coupling in this case depends on the length of the 

overhang and also the distance between resonators. Similar to overhang coupling, two 

(a) 

 
(b) 

 
(c) 

 
(d) 

(e) 

Figure 3-6: Popular coupling techniques for mechanical coupling of resonators. 
Coupling elements are circled in each case. (a) Narrow mechanical beam between 
resonators. (b) and (c) Connecting bulk resonators with mechanical springs. (d) 
Overhang coupling of cantilevers through common overhang. (e) Double Ended Tuning 
Fork (DETF) resonators are actually two coupled beam resonators with common ends. 
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clamped-clamped beams in Figure 3-6 (e) are connected from both ends with same 

anchors [103]. Beams in this configuration move laterally in their flexural mode and 

anchor loss in out-of-phase movement is minimum due to the symmetry. One of the 

biggest advantages of mechanical coupling of micro-resonators is reducing the 

fabrication complexity and simplicity. In other words, when a mechanically coupled array 

is fabricated, resonators are connected and no further action is needed to couple them 

together. However, no tuning is possible. 

3.4. Modelling of Coupled Systems based on Electrical 
Network Theories 

Modelling the coupled system is a complex task. For mechanically coupled 

resonators, the coupling element can be just a thin beam connecting resonators together 

or a common anchor base plate which is difficult to model precisely. Modelling of the 

coupling element in each case is different depending on the mode shape. In this section 

a method for modeling the coupled systems based on the conversion between the 

mechanical and electrical systems and utilizing network theories is introduced. 

Converting mechanical systems to their electrical equivalent networks allows analysis of 

the structures using electrical network theory and circuit simulators [104] [105]. Table 1 

shows the conversion between the mechanical and electrical systems. Each micro-

resonator in the mechanical domain can be modeled with its motional resistance (R ), 

inductance (L ), and capacitance (C ) in electrical domain. Figure 3-7 illustrates the 

conversion of the Mass-Spring-Damper model of a micro-resonator to its equivalent RLC 

model in the electrical domain. Exchange of energy between the mechanical and 

electrical domains is modelled through electro-mechanical coupling factor. 
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This factor is necessary to convert input excitation voltage to the force on the resonator 

body and also convert the mechanical displacement of the resonator to an electrical 

output signal. 

 Figure 3-8 shows the typical operational configuration for a micro-mechanical resonator 

with electrostatic transduction. In this Figure,  and  are the electro-mechanical 

coupling factors describing the coupling of energy between the electrical and mechanical 

domains. For example, in case of electrostatic transducers, we have: 

   where    (3-8)

Similarly,  

Figure 3-7: Bilateral conversion between mechanical and electrical lumped model of a 
resonator. 

Table 1: Conversion between the mechanical and electrical domains. 

Mechanical Systems Electrical Systems 

Displacement ( ) Electric charge (q) 

Velocity ( ) Current (i) 

Force ( ) Voltage (V) 

Damping ( ) Resistance (R) 

Mass ( ) Inductance (L) 

Compliance ( ) Capacitance (C) 
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   where   (3-9)

where 	 and 	 are the capacitances between the body of resonator and 

input/output electrodes respectively and  is the  bias voltage. Conversion from the 

mechanical to electrical domain results in, 

1
 (3-10)

where ,  and  are the motional resistance, inductance, and capacitance of the 

equivalent circuit, respectively as follows [106], 

,					 ,  (3-11)

and  is the motional current that shows the movement of the resonator: 

 (3-12)

For coupled systems, we can replace the coupling element between the resonators with 

a spring between them in the lumped mechanical model (Figure 3-9). Therefore, model 

 
Figure 3-8: Typical configuration for a mechanical resonator with electrostatic 
transduction mechanism. 



 

47 

of the coupled system consists of individual mass-spring-dampers that are connected 

together by coupling springs. To have a more accurate model, coupling region can be 

modelled with a system of springs when dealing with complicated coupling elements. 

However, a single coupling spring is studied in this thesis for brevity.  

In our case, the main reason for converting from the mechanical to the electrical domain 

is the ability to take advantage of electrical Network theories. Network theory enables 

the study of several cascade resonators (i.e., RLC circuits) and the coupling elements 

between them, and thus providing a simple means to derive the characteristic equation 

of the coupled system. Figure 3-10 shows the ABCD matrix that is used to describe a 

two port network.  

 

 

Figure 3-9: Approximation of the coupling between resonators with a single coupling 
spring  . 

 
Figure 3-10: Transmission ABCD matrix of two port network.
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The ABCD matrix can be shown as follows, 

.  (3-13)

where 

  
(3-14)

  

The advantage of representing electrical network with their ABCD matrices is the 

simplification of analysing cascaded systems. If ABCD matrices of several cascaded 

electrical Networks are known, the complete mode is obtained by multiplying their ABCD 

matrix together (Figure 3-11).  

 

. ⋯ .  (3-15)

After converting a single microresonator’s mass-spring-damper to RLC elements, the 

coupled systems should be analyzed. For higher order systems, a coupling spring 

connects the mass-spring-damper systems together and results in higher order system. 

These higher order systems can be approximated as a combination of several 2nd order 

systems (single resonator’s model) [107]. As an example of the higher order systems, an 

array of three coupled resonators shown in Figure 3-12, is modeled. The resulting 

 

Figure 3-11: Cascading two port networks to model the complicated higher order 
systems. 
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characteristic equation is a polynomial with degree on 2n that n is the number of 

resonators in the system. The coupling elements ( ) that connect the resonators to 

each other, are replaced with their electrical equivalent model; i.e., shunt capacitors. The 

equivalent circuit can be analysed analytically or numerically using a circuit simulator 

such as LTSpice [108].  

This technique greatly simplifies the process of building an analytical model for a CRA, 

especially for systems with a large number of resonators.  

 

Figure 3-12: Modeling of three identical microresonators using network theory. 
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4. Effect of Perturbation on Coupled Micro-
Resonating Systems 

In this chapter, the effect of changes in properties of resonators on frequency 

characteristics of coupled systems is studied. Coupled system can be made of either 

weakly or strongly coupled resonators. The most important parameter in designing a 

coupled system is the strength of coupling between resonators as in sensing 

applications, sensitivity of the system to the input measurand strongly depends on the 

coupling strength. In this chapter, it is demonstrated that by increasing the strength of 

coupling in array of strongly coupled resonating systems, it is possible to increase the 

sensitivity of the coupled system to the input perturbation.  

4.1. Uncoupled Resonating Array  

In array of uncoupled resonators, perturbation in properties of each resonator 

only affects the resonance frequency of that specific resonator. For uncoupled system, 

each resonator can be modelled as a simple mass-spring-damper system as shown in 

Figure 1-1. For sensing applications, external measurand changes the effective mass or 

spring of the resonator. For the multi-sensing applications, the number of outputs 

increases and signal processing requirements increase accordingly (Figure 4-1). 
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Since in the microresonating systems, working with quality factor is easier than the 

damping constant, replacing   in equation (1-1) results in 

0 . (4-1)

Roots of this characteristic equation for a system with high quality factor (4 ≫ 1) are 

as follows 

,
∗

2
1 1 4 ≅

2
. (4-2)

where  and the imaginary parts are resonance frequencies of the system. 

Superscript (∗) indicate the response of the system in absence of perturbation. If 

perturbation in the effective mass is modelled as an added mass, → , 

roots will be 

, 2
1 1 4 1 δ

1 δ
≅

2 1 δ 1 δ
	. (4-3)

 

 

Figure 4-1: Shift in resonance frequency of each resonator does not affects other 
resonators [176]. 
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where δ  is the perturbation parameter. Figure 4-2 demonstrates the shift in 

resonance frequency with respect to the perturbation parameter, δ . Perturbation in 

spring constant of the resonators, ε , can also shift the resonance frequency of the 

resonators. In this case, perturbation parameter is 	 as in Figure 4-2.  

 

It can be seen that for uncoupled systems, perturbations in mass and spring constant 

result in same amount of resonance frequency shift but in different directions. 

 

Figure 4-2: Effect of the mass and stiffness perturbation values on normalized 

frequency response (with respect to ∗  ) of a single resonator. 
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4.2. Perturbation in the Coupled Systems 

In presence of perturbations in a CRA, several or all of the resonant frequencies 

of the coupled system are affected [89]. In this section, the effect of perturbation on 

coupled resonant systems is investigated. As an example, Figure 4-3 illustrates the 

mode frequencies and mode shapes of an array of three identical coupled resonators.  

When the mass of the first resonator increases, all resonance frequencies move to the 

left. Furthermore, the first and second resonance frequencies change more than the 

third one. On the other hand, if the mass of the second resonator increases, the second 

resonance frequency does not change while the first and third resonance frequencies 

decrease. Mode shapes (i.e., eigenmodes) of the system can explain the reason behind 

this signature behaviour of the system. For instance, in the second mode of vibration, 

the second cantilever stays stationary and changing its properties does not affect the 

second resonance frequency.  However, all cantilevers vibrate in the first and third 

modes shapes as it is shown in Figure 4-3. To show the effect of perturbation on 

 

Figure 4-3: Effect of change in mass of the first and second cantilevers in array of 
coupled resonators that is compared with an unperturbed system. 
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coupled systems, let us consider an array of two coupled resonators shown in Figure 

4-4. In case of unperturbed system ( 	 0), the characteristic equation of the 

system is: 

 

2

0	. 
(4-4)

Solving this equation gives in resonance frequencies of the system. In case of added 

perturbation to the effective mass of the first resonator, the characteristic equation of the 

system is:  

2 0 (4-5)

The effect of perturbation in effective mass of the first resonator on the first (in-phase) 

and second (out-of-phase) resonance frequencies of an array of two identical resonators 

is shown in Figure 4-5. It can be seen that in coupled systems ( 0), the sensitivity of 

both eigenvalues to the input perturbation in mass is increased by increasing the 

strength of the coupling spring. As it was discussed before, relative difference between 

resonance frequencies is relatively independent of environmental and fabrication errors. 

 
Figure 4-4: Lumped model for inserting of perturbation in mass of resonators in the 
coupled systems. 
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(a) 

 

(b) 

Figure 4-5: Effect of mass perturbation on the (a) first and (b) second 

normalized (with respect to ∗  ) resonance frequencies in an array of 

two coupled identical resonators for different values of coupling strength. 
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Figure 4-6 shows the effect of perturbation ( ) in effective mass on ( ) for 

different values of coupling ratio’s ( ). 

Similar analysis can be applied to the case of perturbation in effective spring constant of 

resonators. Effect of perturbation in the effective spring of the first resonator ( ⟶

) on the first and second resonance frequencies of two identical coupled 

resonators is shown in Figure 4-7. 

In case of perturbation in spring constant of resonators, sensitivity decreases with 

increasing the coupling strength and a single uncoupled resonating system performs 

better. As it will be discussed later in section 4.2.1, in array of weakly coupled systems 

measuring the amplitude of vibration can address this drawback.  

 
Figure 4-6: Effect of mass perturbation on normalized relative difference between 
resonance frequencies ( ). The relative change in the eigenvalue of an 

uncoupled system (i.e., 
∗

 ) is also shown for comparison ( ). 
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(a) 

 
 

(b) 

 
Figure 4-7: Effect of spring perturbation on the (a) first and (b) second normalized 

(with respect to ∗  ) resonance frequencies in an array of two coupled 

identical resonators for different values of coupling strength. 
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4.3. Effect of Perturbation on Weakly Coupled Systems 

To investigate the effect of perturbations on an array of weakly coupled systems, 

let us rewrite the solution for characteristic equation of an array of two identical 

resonators as follows 

∗ 1, ∗ 1

√2

1
1

 

(4-6)

λ∗ 1 2 , X∗
1

√2

1
1

.

where ∗’s are eigenvalues and ∗’s are eigenvectors of the characteristic equation. 

Equation (4-6) shows the eigenvalues and eigenvectors for the in-phase and out-of-

phase motions respectively. Superscript (∗) shows the response of the unperturbed 

system. For small perturbations in a larger CRA, eigenvalue perturbation method can be 

used to derive the eigensolution for the unperturbed system and results in 

∗ 	 Δ , ∗ Δ  (4-7)

where i 1,2, … , n and n is the number of resonators in the CRA.  For perturbations in 

effective mass of the  resonators, (i.e. → ε ), substituting (4-7) in 

K X λ M 	X results in the relative change in normalized eigenstates (recall that 

X X 1) [86]: 

| ∗|
∗

1
4
1

ε
.  (4-8)

For perturbations in spring constant of the  resonators, (i.e. → ε ), we 

have [95] 

| ∗|
∗

ε

4
. (4-9)
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On the other hand, the relative change in eigenvalues for perturbation in effective mass 

is as follows 

∗

∗

ε

2
. (4-10)

And for the case of perturbation in effective spring constant, the relative change in 

eigenvalues is: 

∗

∗

ε

2
. (4-11)

As seen from equation (4-8), the relative change in eigenstates strongly depends to the 

ratio of the coupling and coupling springs. Therefore, by reducing the coupling ratio, , 

i.e. making a weaker coupled system, sensitivity of the eigenstates increases 

significantly. As described in Section 2.3, there are some small regions within this 

weakly coupled system where the energy is concentrated, and therefore, they are called 

localized systems. In localized systems, insertion of disturbance will change the 

eigenvectors of the system and amplitude measurement techniques are often employed 

for detecting the external perturbations. Figure 4-8 demonstrates the effect of disturbing 

the mass of the first resonator in an array of two weakly coupled resonators. In this 

figure, amplitude of vibration is affected considerably more than the resonance 

frequencies of the system. Quality factor is another parameter that limits the minimum 

achievable resolution in array of weakly coupled systems. In practical applications, 

resonance frequencies cannot be too close to each other and the minimum distance 

between them should be larger than the half-width of resonance frequencies [99]. 

Therefore, by considering the resonance frequencies of two identical resonators, the 

following equation can be obtained. 
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						 2 	 ⟹
2

2  (4-12)

When the resonance frequencies are close to each other, equation (4-12) can be 

approximated with 

. (4-13)

Considering that the half width of resonance is , it can be concluded that 

⇒
1
. (4-14)

Equation (4-14) imposes a practical bandwidth limitation on the design of the weakly 

coupled systems and it shows that having a high quality factor is mandatory for using 

this techniques.  

 
Figure 4-8: Domination of vibration amplitude change compared to the shift in 
resonance frequencies for arrays of weakly coupled system ( . ). 
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The sensitivity of a polynomial to changes in its coefficients can be investigated and 

used to study the behaviour of the vibrating systems. Sensitivity of the polynomial roots 

to a change in its coefficients has been studied over several decades. In this case, we 

look at the characteristic equation of the system as a polynomial with variable 

coefficients that are defined by properties of resonators. The question is “When the 

coefficients of a polynomial perturb and change to the new values, what will be the 

change in the roots of that polynomial?”. The situation sometimes can be ill-conditioned. 

This means that roots can be extremely sensitive to the perturbation in coefficients and a 

small change in the coefficients of polynomial results in a large perturbation in its roots 

[109]. Sensitivity analysis can provide some insight into this problem and relate the 

change in the k  coefficient of the polynomial to the change in its i 	root. Characteristic 

equation of coupled microresonating systems is as follows 

, ⋯ . (4-15)

where roots , , ⋯, 	  satisfy , 0 and  are unperturbed coefficient. If 

perturbation changes the coefficient  in 

, (4-16)

the change in coefficient of the polynomial changes all roots , , ⋯, 	  to the new 

values , , ⋯, 	 . Using Taylor series about and  results in 

, ,
, ,

	 . 

(4-17)

For small perturbations, higher orders terms are negligible. Moreover, ,  and 

,  are both equal to zero. Therefore, 
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0 0
, ,

. 
(4-18)

Using equation (4-18), the value of  can be obtained from: 

,

,
		. (4-19)

 For the case that ’s are functions of  and , using chain rule,  can be derived as: 

,
. .

,
. .

,
			. (4-20)

Equation (4-20) shows the sensitivity of roots of the characteristics equation to the 

perturbation in mass and spring constant of resonators in a coupled array. 

4.4. Effect of Perturbation on Strongly Coupled Systems 

For the first time, we are going to show in this section that in strongly coupled 

resonating systems, shift of resonant frequencies can be more sensitive than a single 

uncoupled resonator. Using equation (4-4) as the characteristic equation of two coupled 

resonators, the characteristic equation is: 

.  
(4-21)

Replacing equation (4-21) in (4-20), the sensitivity of each root of characteristic equation 

to the perturbation in the  effective mass or stiffness can be obtained. The sensitivity 
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in mass of a resonant sensor is defined as the rate of shift in resonant frequencies as a 

small mass is added to the effective mass of the resonator. 

	
dω
dM

.  (4-22)

Recalling ( ) as the resonant frequency of a single resonator, the mass 

sensitivity for an uncoupled resonant system is defined as follows 

dω
dM

ω
2M

.  (4-23)

 As it can be seen in Equation (4-29), sensitivity in mass depends to the resonant 

frequency and effective mass of the resonator. Similar analysis can be done to find the 

mass sensitivity for a CRA. For each resonant frequency of the CRA mass sensitivity is 

defined as the rate of change in that frequency regard to the added mass as the external 

perturbation in the system. However, it is better to normalize it and have a dimensionless 

parameter to compare it for different systems. Therefore the normalized sensitivity is 

defined as the sensitivity in resonant frequencies of the CRA divide by the sensitivity of a 

single uncoupled resonant system.  

	
.  (4-24)

Figure 4-9 compares the effect of sensitivity of the resonance frequencies of an array of 

identical resonators to the perturbation in mass of them as a function of coupling ratio,  

and is compared with single resonator sensitivity (dotted line). The first resonance 

frequency is independent of the coupling strength and it is shown with a dashed line in 

Figure 4-9. However, the sensitivity of the second resonance frequency (solid line) 

increases significantly with increasing the strength of the coupling between resonators. 
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Therefore, by moving from the weakly coupled region to the strongly coupled region, 

sensitivity of the second eigenfrequency to the perturbation in mass of resonators 

increases. The difference between resonance frequencies (ω ω ) is another 

important parameter to be investigated. Sensitivity of relative difference between 

resonance frequencies is also shown in Figure 4-9 (dashed-dotted line). The idea is 

based on the analysis of relative differences between the eigenvalues of the system 

which is in contrast to the commonplace methods of focusing on individual modes of a 

CRA. Besides enhanced sensitivity, measuring the difference in eigenfrequencies can 

be employed to reduce the effect of manufacturing tolerances on the sensor system 

response through proper design of the coupling elements. However, the influence of 

common-mode disturbances, such as temperature variations, is also reduced. 

This analysis can be expanded to higher orders resonating systems. Figure 4-10 

demonstrates the effect of coupling strength on sensitivities of relative difference 

between resonance frequencies in an array of three coupled identical resonators.  As it 

can be seen, coupling ratio ( ) strongly affects the sensitivity of eigenvalues to 

perturbation. Sensitivity of relative change in the resonant frequency of an uncoupled 

resonator of similar dimensions is shown for comparison. Applying the same 

perturbation results in a significantly larger sensitivity when the relative changes of the 

mode frequencies is monitored. For example, sensitivity of the relative change between 

the third and first modes of resonance when the 2nd resonator of the CRA is perturbed by 

the same amount shows an improvement of better than five-fold for strong coupling. If 

the first resonator is affected instead, sensitivity of the relative change between the first 

two eigenfrequencies shows two-fold improvement.  
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(a) 

 
 

(b) 

Figure 4-9: Effect of change in coupling strength on normalized mass sensitivity in a 
symmetric CRA of two resonators and its comparison with a single uncoupled 

resonator, . (a)   as the mass of the first resonator mass changes and (b)  for 

the change in the mass of the second resonator.
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(a) 

 
 

(b) 

Figure 4-10: Effect of change in coupling strength on normalized mass sensitivity in a 
symmetric CRA of three resonators and its comparison with a single uncoupled 

resonator, . (a)   as the mass of the first resonator mass changes and (b)  for 

the change in the mass of the second resonator. 
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These results show that by increasing the coupling ratio (i.e., strongly coupled systems), 

the sensitivity of the CRA array to perturbations increases significantly. During the CRA 

operation, the signal processing interface monitors the relative changes in all of the 

resonant frequencies of the system and can determine the amount and location of the 

perturbations based on the collective response of the system. 

A similar analysis can be conducted to investigate the effect of coupling strength on 

sensitivities of resonance frequencies to the perturbation in the mechanical spring 

constant, . In this case  should be replaced with  in equation (4-4). 

The sensitivity in spring constant of a resonant sensor can be defined as the rate of shift 

in resonant frequencies as effective spring of the resonator is changed. 

dω
dK

.  (4-25)

Therefore, effective spring sensitivity for an uncoupled resonant system is defined as : 

dω
dK

ω
2K

.  (4-26)

 The normalized sensitivity is defined here as the sensitivity in resonant frequencies of 

the CRA divide by the sensitivity of a single uncoupled resonant system.  

	 	
.	 (4-27)

 Figure 4-11 show the effect of coupling strength on sensitivities of resonance 

frequencies to the perturbation in the mechanical spring constant for the cases of a 

coupled resonating systems with identical resonators. As can be seen in Figure 4-11, 

sensitivities of roots to the perturbation in mechanical spring constant are less than a 

single uncoupled resonator and therefore, strongly coupled systems are not useful in this 

case. Effect of asymmetry and non-identical resonators on sensitivity of resonance 
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frequencies is investigated below. As shown in Figure 4-9, for identical resonators, both 

resonators have similar behaviour. It can be shown that in array of coupled identical 

resonators, half of the resonators have the same frequency response (shift in resonance 

frequency) to the perturbation. As an example, in array of five coupled identical 

resonators the behaviour of the first and last resonator and also 2nd and 4th resonators 

are similar. Non-identical resonators and insertion of asymmetry in system provides a 

method to have unique responses when any of the resonators is perturbed. Figure 4-12 

demonstrates the effect of perturbation in effective mass of the resonators in array of two 

non-identical resonators by increasing effective mass of the second resonator by 5% 

(i.e. 1.05 ). 

Based on all considerations in designing coupled resonating systems, it is possible to 

change the sensitivities of all resonance frequencies to the perturbation by adding 

asymmetry in the system. Figure 4-12 also shows that by increasing the coupling 

strength, sensitivities of roots to the perturbation in resonators 1 and 2 become closer to 

each other until they approach to the same value in high coupling strength values.  

Figure 4-13 show the effect of coupling strength on sensitivities of resonance 

frequencies to the perturbation in the mechanical spring constant for the cases of 

asymmetric coupled resonating systems ( 1.05 ). As can be seen here too, 

sensitivities of roots to the perturbation in mechanical spring constant is still less than a 

single uncoupled resonator. Therefore, for designing coupled resonating system, we 

should consider that coupling increases their sensitivity to the perturbation in mass. 

However, for perturbation in mechanical spring constant, sensitivity decreases in the 

strongly coupled region and weakly coupled or uncoupled systems can provide higher 

sensitivities. 
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(a) 

 
 

(b) 

Figure 4-11: Effect of change in coupling strength on normalized effective spring 
sensitivity in a symmetric CRA of two resonators and its comparison with a single 

uncoupled resonator, . (a)   as the effective spring of the first resonator changes 

and (b)  for the change in the effective spring of the second resonator. 
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(a) 

 
 

(b) 

Figure 4-12: Effect of change in coupling strength on normalized mass sensitivity in a 
asymmetric CRA of two resonators and its comparison with a single uncoupled 

resonator, . (a)   as the mass of the first resonator mass changes and (b)  for 

the change in the mass of the second resonator. 
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(a) 

 
 

(b) 

Figure 4-13: Effect of change in coupling strength on normalized effective spring 
sensitivity in a asymmetric CRA of two resonators and its comparison with a single 

uncoupled resonator, . (a)   as the effective spring of the first resonator changes 

and (b)  for the change in the effective spring of the second resonator. 
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4.5. Designing of Coupled Systems for Sensing 
Applications 

We have established that by increasing the strength of coupling and moving to 

the strongly coupled region, it is possible to increase the sensitivity of the coupled 

system to the input measurand compared to a single resonator or uncoupled resonator 

systems. It should be mentioned that size of a coupled resonating system is not 

noticeably bigger than a single resonator especially if the packaging is considered. 

Therefore, even for sensing applications with single measurand, it is better to replace the 

single uncoupled resonator with an array of coupled resonators. In mass sensing, only 

one of resonators need to be employed in the actual sensing action and others are used 

just for coupling and getting advantages of coupled systems properties. In this section 

we develop a formula that relates the perturbation ratio (δ ) to the relative 

change in eigenvalues before and after insertion of perturbation. Considering equation 

(4-4) as the characteristic equation of an array of two coupled resonating system, the 

sum of roots in the quadratic equation is: 

∗ ∗ . (4-28)

On the other hand, for the case of perturbed CRA of identical resonators (e.g. 

perturbation in mass of the first resonator shown in Figure 4-4) the sum of roots in new 

characteristic equation is: 

. (4-29)

Subtracting equation (4-29) from (4-28) results in  
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∗ ∗

		. 
(4-30)

One of the characteristics of identical coupled resonators is that the first eigenvalue 

remains unchanged and is equal to a single resonators eigenvalue. Therefore,  

∗  (4-31)

Rearranging equation (4-30) results in 

∗ ∗ 1
1

1
. (4-32)

Equation (4-32) can be re-written as follows 

1
1 ∗

∗ ∗ . (4-33)

It should be mentioned that the key parameter in equation (4-33) is the ratio between the 

coupling spring and resonator effective spring constants (κ). This analysis can also be 

used for higher order systems. For instance in array of three identical resonators 

characteristic equation (3-5) is rewritten as follows 

3 4 3 8 3

4 3 0 
(4-34)

For simplicity, arrays with identical resonators are formulated but for non-identical 

resonating arrays results are similar. Newton identities provide relations between the 

coefficients of the characteristic equation and power sums of its roots [20]. The general 

form of the characteristic equation of a mechanical system is: 
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1  (4-35)

 

where a , λ and s are the coefficients, roots, and the independent variable, respectively. 

Newton identities relate coefficient of this polynomial to the power sums of its roots: 

⋯ 1  (4-36)

where: 

 

2  

⋮ 

 (4-37)

Therefore, for polynomial in equation (4-34) one can obtain: 

∗ ∗ ∗
3 4 3 4

. 
(4-38)

For the case of perturbation in mass of the first resonator, equation (3-4) should be 

modified as follows 

0
2

0
0		. (4-39)

Characteristics equation of this system can be obtained as 
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4 3 3 2

3 3 8

3 4 3 0	. 

(4-40)

Using Newton identities, for equation (4-40) summation of roots are obtained as follows 

4 3 3 2
		. (4-41)

Subtracting equation (4-41) from (4-38) results in 

∗ ∗ ∗ 3 4
 

4 3 3 2
1

1

1
		. 

(4-42)

Equation (4-42) results in same conclusion as equation (4-33) as 

1
1 ∗

∗ ∗ ∗ . (4-43)

For the case of perturbation in mass of the second resonator, the following equation is 

obtained. 

0
2

0
0 (4-44)

From equation (4-44), the summation of eigenvalues can be obtained as follows 

4 3 2
. (4-45)

Subtraction squares of eigenvalues before and after perturbation results in 
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∗ ∗ ∗

3 4 4 3 2

1 2
1

1
		. 

(4-46)

Hence, 

1
1 2 ∗

∗ ∗ ∗ . (4-47)

By comparing equations (4-43) and (4-47) one can conclude that for the same amount of 

perturbation in mass, adding perturbation to the second cantilever results in higher 

variation in the output. It should be mentioned that output is defined as sum of relative 

changes in eigenvalues, i.e. λ∗ λ λ∗ λ λ∗ λ . Moreover, it should be 

noted that the second eigenvalue remains unchanged for the case of perturbation just in 

the second resonator. Therefore, λ∗ λ 0 and equation (4-47) is simplified as follows 

1
1 2 ∗

∗ ∗  (4-48)

As it is shown in equations (4-33), (4-43) and (4-48), a relationship can be found that 

relates the perturbation factor (δ ) to relative change in square of resonance 

frequencies before and after perturbation for array of two and three coupled resonators. 

The result of this analysis can be extended to higher orders coupling systems. The 

practical application of these formulas is in design of the coupled resonating systems. In 

this case, frequency response of the system before and after insertion of perturbation is 

measured and output is defined as follows 

	 ∗ . (4-49)
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Equations (4-33), (4-43) and (4-48), or the extended version for higher order systems, 

are then used to find the perturbation value, δ . To investigate the effect of the coupling 

strength on this new output	signal, we have 

	 	 ∗ 1 . ∗

1
. (4-50)

where parameter α depends on the perturbation location in the array. For the first and 

last resonators α  is 1 and for other resonators α  is equal to 2. For instance, as it is 

shown in equations (4-33)and (4-43), α is 1 for the case of perturbation in the first 

resonator in arrays of two and three coupled resonators. For array of three coupled 

resonators and perturbation in the second resonator as in is shown in equation (4-48) α 

is 2. As an another example, in CRA of 6 resonators, α for perturbation in the 1st and 6th 

resonators is 1 and for perturbation in 2nd, 3rd, 4th and 5th resonators is 2. An important 

observation from equation (4-50) is that by increasing the coupling ratio (κ) the output 

increases proportionally. Therefore, by moving to the strongly coupled region, sensitivity 

of the output signal improves. 

 

Table 2: Dependency of  value in Equation (4-50) to the perturbation location. 

CRA 
number 

1st 
Resonator 

2nd 
Resonator 

3rd 
Resonator 

4th 
Resonator 

5th 
Resonator 

6th 
Resonator 

2 1 1     

3 1 2 1    

4 1 2 2 1   

5 1 2 2 2 1  

6 1 2 2 2 2 1 
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The other important parameter in designing of the CRA’s is the number of resonators in 

the coupled system. Figure 4-14 illustrates the effect of increasing the number of 

resonators on the frequency response of the system.  

 

As is shown, the first resonance frequency does not change by increasing the number of 

resonators in an array of identical coupled resonators. The other important observation 

is for when all resonators are similar to each other in an array. If the number of 

resonators is multiplied by an integer, all roots of the original CRA will be seen in the 

larger array. For example all roots of an array that consists of four resonators can be 

seen in an array of eight resonators. This will simplify the modelling of CRA. For 

example modelling of 2 and 3 CRA is straightforward and the analytical solutions exist. 

For CRA of 4 resonators, the solution for CRA of two can be used. In this cased two of 

eigenvalues are similar to CRA of 2. Then by having these two roots other two roots can 

be calculated analytically. 

Figure 4-14: Effect of increasing the number of resonators in an array of identical 
resonators. 
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The other example is CRA of 6 resonators. This CRA have common eigenvalues with 

CRA of 2 and 3. CRA of 6 has 3 common eigenvalues with CRA of 3 and has 2 common 

eigenvalues with CRA of 2. However, the first eigenvalue is common between all of 

them. Therefore, 4 eigenvalues can be found from analytical solution, for CRA of 2 and 

3. Then the other two unknown eigenvalues can be calculated analytically.  However, for 

prime numbers greater than 3 such as CRA of 5 and 7, the only common eigenvalue 

with lower order CRA’s is the first eigenvalue and therefore, the analytical solution 

cannot be found. For CRA’s with more than 6 resonators the number of unknown 

eigenvalues will be more than 2 or 3 and the analytical solution cannot be found 

anymore. Therefore, in this thesis the maximum number of resonators in CRA is defined 

to be 6 resonators and CRA’s of 2 and 3 (i.e. fundamental CRA’s) are analyzed in more 

details. It should be noted that for higher orders CRA’s, numerical methods can be used 

to find the roots at the expense of computational complexity. 
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5. Micromachined Weakly Coupled Systems  

This chapter introduces the experimental results for two CRA’s with mechanical 

and electrical coupling respectively.  In the first CRA, resonators are connected to each 

other through a common base; i.e., overhang coupling. To build a sensor, electrostatic 

forces are used in the other CRA to electrically couple the resonators and build a 

micromachined electrometer. However, the strength of coupling in both cases are low 

and they are categorized as weakly coupled CRA systems. Design and experimental 

results for a CRA with strong coupling is provided in Chapter 6. 

5.1. Perturbation in Mechanically Coupled Systems 

We first investigate the frequency response of an array of overhang coupled 

resonators. Figure 5-1 shows an array of seven microcantilevers with an overhang 

coupling mechanism.  

 

 

Figure 5-1:  A CRA with seven overhung coupled resonators.
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Coupling between resonators is achieved through a common overhung base for all of 

them at their fixed end, which is then anchored to the substrate. This configuration is one 

of the most popular configurations in MEMS for coupling of microresonators together 

[85], [86], [110].  Coupling in this configuration is not strong and can be categorized in 

the range of weak to medium. The coupling strength is defined by overhang plate 

dimensions and the distance between cantilevers. 

5.2. Fabrication 

A series of test devices were fabricated using the PolyMuMPs process provided 

by MEMSCAP [111]. Figure 5-2 shows the cross section view of layers that are used in 

this process. 

 

It should be mentioned that oxide layers are sacrificial and will be removed in the 

releasing process. The second polysilicon layer (i.e., poly1) was used to realize the 

cantilevers that are suspended above a bottom electrode with a 2  gap (figure 5-3-(a)).  

 

Figure 5-2: Cross section view of the layer which are used in PolyMuMPs process.  
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(a) 

 
 

(b) 

Figure 5-3: (a) Split electrodes for measuring the outputs of individual resonators in 
array of three coupled resonators.  (b) Optical microscope image of the fabricated array 
of a CRA with seven coupled resonators.  
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Electrical contacts to the devices and electrodes were achieved using the top metal layer 

in PolyMUMPS process. Each resonator is a micro-cantilever with dimensions of 

75 10 2 . Different arrays of resonators with 2, 3, 5, and 7 coupled 

cantilevers were fabricated. In each array, the length of one of the cantilevers was 

slightly (i.e. 1%) changed to modify their mechanical properties. 

5.2.1. Testing and Characterization 

The fabricated devices were packaged in an 84 pin ceramic PGA package. 

Cantilevers were driven into resonance by applying a sinusoidal voltage form VNA at a 

pressure of 5mTorr (figure 5-4). Experiments were performed inside a vacuum chamber 

using a Rohde & Schwarz ZVB4 network analyzer in a configuration as shown in Figure 

5-5. 

 

A 15V DC bias voltage was applied with the output source power of the network 

analyzer set to -20dBm (~30mV peak). Voltages were applied between the bottom 

electrodes (made from Poly0 layer) and the resonator bodies as the top electrode (made 

 

Figure 5-4: The experimental setup for testing the coupled micro-resonators. 
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from Poly1 layer). Therefore, in the gap between the electrode and resonator, 

electrostatic forces moved the cantilevers up and down. This vertical movement of 

cantilevers changed the gap between them and the electrode underneath and as the 

result, a variable ac current was generated at the output. A transimpedance amplifier 

with a 100kΩ gain was used to amplify the current signal from the sense electrodes of 

the micro-resonators and finally it amplified signal was sent to the other port of the VNA. 

By sweeping the frequency of the VNA, resonance frequencies of the CRA were 

detected. While this arrangement will let simultaneous measurement of signals from all 

resonators, it has the drawback that some of the vibration modes may not produce a 

detectable signal. 

 

 

Figure 5-5: Vacuum chamber that is used to increase the quality factor of the 
microresonating systems in our experiments.  
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For example, Figure 5-6 illustrates the second vibration mode of a three-resonator 

system simulated in Coventorware software, where the first and third resonators move in 

opposite directions while the second resonator remains stationary [112]. If a single 

bottom electrode is used, this mode will not be detected electrostatically as the currents 

produced by the movements of the first and third resonators cancel each other.  

 

To circumvent this issue, we also included devices with individual bottom electrodes, or 

split electrodes, as shown in Figure 5-3-(b), for example. Another method that can be 

used is just placing electrode under some specific resonators in such a way to have the 

complete harmonic information of the system while saving the number of necessary pins 

for connecting to pads. Finally, some asymmetry can be designed into the structure of 

the CRA to avoid the problem of symmetric movement and ambiguities. Frequency 

sweeps of three coupled cantilevers is shown in Figure 5-7. As it can be seen, when the 

mass of the first cantilever changes, all resonance frequencies are detectable. Table 3 

shows the eigenfrequencies of the three coupled resonators system while second 

vibrational modes are hidden (empty cells). 

 

Figure 5-6: In second mode shape of three overhung coupled microcantilevers first and 
second cantilevers moves in opposite directions and the second one does not move. 
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By using split electrodes, the second mode of vibration for the unperturbed system and 

the perturbed in the second cantilever were found to be 375  and 374 , 

respectively.  

 

 

Figure 5-7: Measured normalized (to frequency of an uncoupled device) frequency 
spectrum from a three-cantilever CRA for the undisturbed system as well as for cases 
where the masses of resonators 1 and 2 are changed.

Table 3: Measured resonance frequencies of the three-cantilever CRA.  

Device First mode Second mode Third mode 

Unperturbed system 370.6 - 379.3 

Perturbation on the first cantilever 367.4 373.55 378.77 

Perturbation on the second cantilever 366.4 - 377.9 
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5.2.2. Deriving Characteristic Equation based on Network Theories  

Modelling of overhang is not as simple as beams and cantilevers. Figure 5-8 (a) 

shows two cantilever resonators that are coupled to each other through a common base.  

 

The system can be modelled as a plate with cantilevers attached to it. Figure 5-8 (b) 

shows the rectangular plate-beam model for overhang system where parameters , , 

,  and  are defined in the figure. For linear free vibration, Lagrangian of this 

system is as follows [113], 

2 1

			 1 	 	  

̅  

(5-1)

 

Subscripts  and  are used to define density ( ), thickness ( ), modulus of elasticity ( ) 

of beams and plate respectively and normalized parameters are: 

 

(a) 
(b) 

Figure 5-8: (a) Schematic representation of the overhang coupling [180]. (b) Definition of the 
parameters for modeling of the overhang coupling. 
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,			ζ
x L

, , w ,  

w ,
Ω
Ω

, Ω , ,
2

,

, , ̅ , , 	. 

(5-2)

 ,  are displacements of the plate and resonators 1 and 2, respectively. If 

the movement of the resonator 1 is considered to be in form of 

ϕ ζ
(5-3)

where ϕ  satisfies the clamped-free boundary condition and A  and A  are found from 

boundary conditions and the connection point that beams are anchored to the overhang 

plate. Utilizing the Lagrangian of the system and using Rayleigh-Ritz equation, the 

modal response of the system can be obtained by setting the derivation of the 

Lagrangian with respect to unknown parameters (b ) equal to zero: 

0 .
(5-4) 

This results in a system of coupled linear equations that can be solved to find the 

resonance frequencies and mode shapes of the system. As it can be seen, exact 

modelling of this type of coupling due to plate-cantilevers interaction is not simple and 

network theory and FEA methods can be used instead. Figure 5-9 shows the electrical 

equivalent model of a CRA with three identical cantilevers that were fabricated. Network 

theory was used to extract the characteristic equation of the system as: 

(5-5) 
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where K  to K  are coefficients of the characteristics equation and  is the independent 

parameter. For the case where all resonators are similar and under similar boundary 

conditions, their equivalent electrical parameters (i.e., motional resistance, capacitance, 

and inductance) will be the same. Coefficients a  are functions of L , C , R R  and 

coupling capacitor (C ) and are found from: 

1

I	

3 3 4
	

6 8
	

4 3 8
L

3
L

	

8 3 3R

L
	

3 4

L C C

1

L

(5-6) 

Motional impedance, inductance and capacitance of each resonator have been 

extracted from experimental results as explained in Appendix A. These values are 

 

Figure 5-9: Modeling of three identical microresonators using network theory. 
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4 Ω	,	3092	  and  59	  respectively. However, still we need to find a method to 

calculate the strength of the coupling spring between them. A simple method is using 

finite element analysis (FEA) to obtain the resonance frequencies of the system and 

then match it with the coupled system characteristic equation to calculate the unknown 

coupling value ( ). After matching the experimental eigenfrequencies of the system with 

the theoretical model,  is calculated to be 3.4	 .  

To validate the results of section 4.3, perturbation was induced to the system by 

increasing the length of some cantilevers intentionally (by 1%). The amount of 

perturbation in the system can then be estimated by substituting the measured 

resonance frequencies of the unperturbed and perturbed devices in equation (4-43). The 

results estimated that mass of the first resonator is perturbed by  	 4.34 10 	 . 

Having the density of polysilicon ( 2330 ), the change in mass of cantilevers can be 

related to an approximate change in their length since the width and thickness of the 

structure are known. Consequently, the change in length of the cantilever is found to be 

∆ 0.9 , which is close to the designed value of 0.75 . The difference between the 

designed and calculated values is due to the change in cantilevers stiffness by 

increasing their length. An increase in the length decreases the stiffness of cantilevers, 

which also reduces the resonance frequency, and therefore, leading to overestimation of 

the added mass in our technique. To improve the precision of the model, one can also 

take into account the variations in the effective spring constant of the resonators. 

Another parameter was introduced to take into account the change of the cantilever 

stiffness. After solving the equations again, change in length of cantilever is found to be 

0.69 . 
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5.3. Perturbation in Electrically Coupled System 

Tuning the coupling value after fabrication is a desired feature in array of 

micromachined CRAs. For mechanically coupled resonators, the strength of the coupling 

is fixed and cannot be changed on the fly [114] [115]. In other words, once 

microresonators are fabricated and connected together mechanically, it is not possible to 

change the coupling between them anymore. Fabrication errors can make the 

performance of the coupled system to differ from the expected one during the designing 

stage. Electrically coupled microresonators provide a solution for this challenge. Several 

configurations for electrical coupling of microresonators have been introduced [116], 

[117], [99], [118]. Passive electrical elements can be added easily to the coupled system 

to provide coupling between microresonators. Shunt capacitors can provide simple 

adjustment and extend the tunability range to ultra high frequencies. Electrical filters are 

the best example for this type of coupling where changing the shunt capacitors tunes the 

bandwidth and resonant peaks separations. 

5.3.1. Electrostatic Coupling 

Electrostatic coupling uses electrostatic forces for coupling of resonators 

together. Unlike the passive shunt component, electrostatic coupling does not need any 

extra component to be added to the system. In this type of CRA, coupling strength can 

be modified after fabrication [116], providing more flexibility in designing of CRA’s. For a 

resonator with parallel plate electrostatic actuators that move along the y-axis (normal 

movement), equation of motion is:  

 	  (5-7)
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where V is the electric potential difference between electrodes, A ( Wd) is the area of 

electrodes and g  is the initial electrostatic gap. Using Taylor’s series expansion results 

in: 

	 	
1
2 g

1
2
g

⋯  (5-8)

It can be seen by looking at the right side of equation (5-8) that there is a term that acts 

similar to a spring force. This term is called electrical stiffness, K , and is defined as: 

g
 (5-9)

Equation of motion can be rewritten as: 

	 	
1
2 g

 (5-10)

where K  is the electrical stiffness that reduces the effective stiffness (i.e. K K ) of 

the system, and therefore, changes its resonance frequencies. One of the advantages 

that can be used from this effect is tuning the resonance frequency after fabrication to 

the desired value. However, it should be mentioned that changing the bias voltage the 

affects the transmission amplitude of the output signal as well, which can be important in 

RF applications [119]. Several configurations can be used to implement the electrostatic 

coupling. Ayazi et al. fabricated two identical microresonators few micrometers apart 

(Figure 5-10) [117]. In the gap between them, electrostatic forces couple 

microresonators together. The sidewalls of two resonators act similar to two parallel 

plates in the form of a capacitor. In this case, electrostatic forces act similar to the 

coupling beam in the mechanical coupling methods. Therefore, strength of electrical 

coupling depends on the difference in bias voltage of resonators, gap size, effective area 

and permittivity of the dielectric material between them. 



 

93 

 

However, in configuration shown in Figure 5-10, resonators should be fabricated close to 

each other that might not be possible in some cases due to the fabrication restrictions. 

 

The configuration demonstrated in Figure 5-11 is more flexible in terms of fabrication 

and adds the possibility of biasing the coupling component separately. Several research 

groups have employed this configuration of electrically coupled micro-resonators [116]. It 

should be mentioned that besides the electrostatic forces between resonators and 

 

Figure 5-10: Electrical coupling of two microresonator without the coupling beam in 
between. 

 

Figure 5-11: Electrical coupling of two microresonator with coupling beam in between. 
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coupling beam, capacitance between the coupling beam and the substrate also affects 

the coupling strength.  

5.3.2. Micromachined Electrometer Design based on CRA 

This section introduces an application for CRA system to build a micromachined 

electrometer with high resolution and wide dynamic range [120]. The sensor is made of 

electrically coupled microresonators. The input signal modifies the coupling strength 

between microresonators, and hence, results in a change in the location of the resonant 

peaks. Schematic view of this electrically coupled system is shown in Figure 5-12 where 

two double-ended tuning fork (DETF) resonators are electrostatically coupled through a 

coupling beam.  

 

 

Figure 5-12: Schematic representation of the charge sensor with the electrostatic 
switch for disconnecting the coupling beam from the voltage source.  
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Biasing the coupling beam modifies the coupling strength between microresonators. The 

coupling beam can be biased through an electrostatic switch. When the switch is closed, 

the coupling beam is connected to the voltage source and when it is opened, the 

electrostatic charge stays on the coupling beam. 

Using opposite polarities for the bias voltages of the resonators leads the resonance 

frequencies to move away from each other. This produces a differential signal with high 

sensitivity compared to devices made from a single resonator. In addition to the high 

sensitivity, another advantage of this sensor is its robustness against manufacturing 

tolerances and interfering parameters such as temperature variations. Test devices were 

fabricated from a 25μm thick, single crystal silicon layer in the SOIMuMPS process from 

MEMSCAP (Figure 5-13) [111].  

 

Stack of the handle layer, buried oxide and 25μm single crystal silicon are the available 

layers in this process. An optical image of the fabricated device is shown in Figure 5-14. 

 

Figure 5-13: Cross section view of the layers in SoiMuMPs process. 
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Devices were etched in the top silicon layer (with 2μm minimum feature size) and 

anchored through the oxide layer to the substrate. Backside Deep Reactive Ion Etching 

(DRIE) of the substrate following with the wet etching of the oxide layer were used to 

release the structures. Electrical contacts to the devices and electrodes were achieved 

by the top metal layer of the SOIMUMPS process. The coupling beam can be biased 

through an electrostatic switch that has been shown in Figure 5-15. The strength of the 

coupling is a function of the bias voltages, physical feedthrough capacitances between 

the electrodes and substrate, and the dimension of the electrostatic gap. Changing the 

V , modifies the coupling strength and results in changing the resonance frequencies 

of the system.  

 

Figure 5-14: Optical microscope image of the fabricated charge sensor in the 
SOIMuMPS process. 
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5.3.3. Theory and Analytical Modeling 

For direct coupling between resonators that is demonstrated in Figure 5-10, the 

coupling spring is the result of electrical softening effect: 

(5-11)

 

Figure 5-15: SEM of the electrostatic switch that is used in the charge sensor design. 
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where  and  are the biased voltages of resonators. On the other hand, when there is 

a coupling pad between resonators, coupling spring is affected by the capacitance 

between the pad and substrate, , (see Figure 5-16).  

 

Galayko et al. derived an analytical formula for the effective spring constants of an array 

of electrically coupled resonators with high impedance bias voltage on the coupling 

electrode [47], [119]. They used three springs to model the electrostatic coupling effect 

in this configuration. Biasing the middle electrode adds extra springs to the system. As it 

can be seen in Figure 5-16, two of these springs represent the electrical softening effect 

(K ) between each resonator and the biased pad and the third spring (K ) represents the 

effect of capacitance (C ). The strength of these springs is a function of the physical 

 

Figure 5-16: Modeling of the electrical coupling of a system with high impedance 
biased coupling beam.
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feedthrough capacitances between the electrodes and substrate as well as the 

dimension of the electrostatic gap. These springs can be found from [119]: 

g
 

(5-12)
g

 

K
V V . V V

g
C
C

 

where V  and V  are the bias voltages of the resonators (i. e.		 V ) and  V  is the 

bias voltage of the coupling beam respectively, g  is the gap between the resonators, C 

is the capacitance of this gap, and C  is the parasitic capacitance. As it can be seen in 

equation (5-12), changing V , modifies all three spring constants K , K  and K  that 

results in shift of resonance frequencies. The electrometer was fabricated on 25μm SOI 

wafer with 2μm electrostatic gap which results in relatively large C  compared to C. 

Therefore, the coupling springs K  is negligible compared to K and K . In this case, the 

model shown in Figure 5-17 can predict the behaviour of this system with good 

accuracy. 

 

 

Figure 5-17: Simplified model for the electrical coupled microresonators with a large 
parasitic capacitance in the coupling point. 
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In this model, tuning is mostly done through the electrical softening effects. However, if 

initial gap size  and the parasitic capacitance  are reduced, the effect of coupling 

spring cannot be ignored anymore. 

5.3.4. Experimental Results 

Fabricated devices were packaged in an 84 pin ceramic PGA package and 

placed inside a vacuum chamber at an operating pressure of few . Port 1 of the 

vector network analyzer (VNA) was used to drive the resonators while the signal at the 

output of the amplifier was connected to Port 2. The data was obtained for 

80 . The relatively large voltage needed here is due to the limit on the minimum gap 

distance (i.e., 2µm) in the fabrication technology, and can be reduced significantly if 

devices with smaller gaps are fabricated.  

To use the device, the electrostatic switch is closed and then is opened to bias the 

coupling beam with V . The resonators are biased with the  voltages and the input 

signal V  is applied to actuate the resonators. In this configuration, the resonators start 

to vibrate and the locations of the resonant peaks are determined by the voltage 

(charge) on the coupling beam. The sensor output is the difference between the 

resonant frequencies of the coupled resonator micro-system. As shown in Figure 5-18, 

opposite values of bias voltages results in opposite shift in resonance frequencies and 

improving the sensitivity of the differential signal. Moreover, Figure 5-19 shows the effect 

of the sense charge on the separation between the resonant peaks that is compared 

with the theoretical results. Having the material properties, area and thickness of the pad 

between resonators, we can easily convert the applied voltage to the electrical charge 

(Figure 5-20).  
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Figure 5-18: Frequency response of the electrically coupled resonators that are biased 
with opposite voltages for charge sensing application. 

 

Figure 5-19: Change in the difference between resonance frequencies ( ) respect 
to the input charge (dashed line is fitted). 
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As it can be seen in Figure 5-20, experimental and theoretical results show similar 

behaviour. However, there is a discrepancy between them that might be due to the 

fabrication errors and change in the dimensions of devices that is not considered in 

theoretical analysis. The other parameter can be change in effective coupling strength 

between resonators due to the error in estimation of parasitic capacitance, . 

 

Figure 5-20: Comparison between the theoretical and analytical results for change 
sensing application (dashed lines are fitted). 
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6. Strongly Coupled Micro-Resonator Systems 

In this chapter we will discuss the design, fabrication and testing of strongly 

coupled microresonators. It was discussed in section 5.2 that the electrical coupling 

cannot create a strong coupling between resonators. Therefore, mechanical coupling is 

the best method to achieve strong coupling, which can, for example, increase the 

frequency shift of the system in sensing applications. Overhang coupling is one of the 

most convenient techniques in MEMS for fabrication of mechanically coupled 

microresonating systems. However, this technique cannot usually provide the required 

strength in coupling but is a good option to build weakly coupled systems for mode 

localization applications.  

Several configurations for mechanical coupling of microresonators were designed and 

simulated. The results showed that the thin coupling beams in Figure 3-6-(a) are good 

choices for strong coupling of resonators. As it can be seen in Figure 6-1, using two 

coupling beams in this configuration results in a symmetric design that decreases 

torsional and other unwanted mode shapes. Strength of coupling depends on the length 

(L ) and width (W ) of the coupling beam and its position with respect to the center of 

resonators (X ). To investigate the effect of perturbations in this strongly coupled system,  

two tiny dimples are added to the design. In the basic design, both dimples were 

designed with the same dimensions to have symmetry in the system.  In the second 

design, the length of one of the dimples was slightly increased representing an external 

perturbation in the system in form of an added mass. 
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6.1. Design and Modelling 

For modelling of our strongly coupled system, we start with two coupled resonators that 

are connected with flexural coupling beams (Figure 6-2) [121]. Governing differential 

equations for displacement of this coupled system can be solved to find the resonant 

frequencies of the coupled system. However, as discussed in section 3.4, modelling of 

the coupled systems can be significantly simplified by using network theory. Modelling of 

the clamped-clamped beams is simple and straight forward. The next step is finding the 

transmission matrix of the coupling beam element and cascading it with the transmission 

matrix of the clamped-clamped resonating beams to build the model of the overall 

coupled system.  

 
Figure 6-1: Schematic model of two resonators coupled by flexural beams which 
shows the important parameters for designing the coupled system. The dimensions of 
the designed strongly coupled system in this chapter are , , 

, , . . 
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Figure 6-3 shows the ABCD matrix of coupling beam in its flexural mode with force and 

velocity as the input/output. 

 

Equation (6-1) shows components of the transmission matrix for coupling beams [122]:  

. . 2 .

. 1 . .
(6-1)

where: 

 

Figure 6-2: Definition of the important parameters in modelling of the designed strongly 
coupled system.  

 

Figure 6-3: ABCD matrix for the flexural coupling beam with force and velocity input-
output. 
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b sin , cos , B sinh , cosh  

X
x
L
, α 	 	  

(6-2)

Here,  ω is frequency, A , L  and I  are the cross section, length and geometric moment 

of inertia of the coupling beam. In the first two in-phase and out-of-phase mode shapes 

that are shown in Figure 6-4. Velocity is maximum at the center of the resonators and 

decreases by moving toward anchored points. Therefore, an important parameter here is 

the location of the coupling beam, . If all of the coupling beams dimensions are kept 

 

(a) 

 

(b)

Figure 6-4: (a) In phase and (b) out of phase mode shapes of the proposed strongly 
coupled system modelled in ANSYS. 
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constant, their location alone determines the coupling strength and the separation 

between resonant peaks.  As the coupling beam moves from the center of the beam 

resonators toward the anchors, coupling becomes weaker and the resonance 

frequencies approach each other. Figure 6-5 shows the effect of changing the location of 

the coupling beam between resonators on the coupling strength ratio, . Therefore, 

coupling strength can be controlled through a single design parameter, . 

 

As can be seen in Figure 6-5, by choosing the coupling location ( ) less than a quarter 

length of the beam resonators ( ), coupling ratios higher than 1 are achievable. 

Therefore, based on our previous definition of weakly and strongly coupled systems in 

Section 3.2, the CRA can be considered as strongly coupled in such cases.  

To change the strength of coupling between beam resonators, the location and length of 

the coupling beam were changed in different designs. Five different devices were 

 

Figure 6-5: FEM results showing the effect of coupling beam location (normalized to the 
length of resonators, ) on strength of coupling between two clamped-clamped beam 
resonators (dashed line is fitted). 
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designed with different values for the location and length of the coupling beams to 

change the coupling ratio,	 . Table 4 shows the simulated results for the coupling ratios 

and resonance frequencies of the designed strongly resonant system. 

Table 4: Simulated resonance frequencies of five different devices with different coupling 
ratios.   

Device 

No. 

Location of the 

coupling beams , 

( ) 

Length of the 

coupling beams 

(μm) 

κ f ∗ f ∗ 

1 87.5 20 0.165 479568 553215 

2 38.75 20 0.562 478575 697695 

3 50 20 1.25 476629 893415 

4 50 16 1.6 474181 972228 

5 50 12 2.06 471577 1067673 

 

As discussed in Section 3.1, changing the coupling strength for the first resonant mode 

should not affect the resonant frequency of the first in-phase mode of the CRA. However 

as shown in Table 4, from device 1 to 5 these values decrease. The main reason for this 

change is the effect of the mass of the coupling beams while in theory they were 

considered to be mass-less. From device No.1 to No.3, location of the coupling beams is 

close to the center of resonant beams which increases the effective mass of the 

resonators. On the other hand in device No.3 to No.5, the length of the coupling beams 

was increased that again increases the effective mass of the resonators, and therefore, 

decreasing their first resonance frequencies. 
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6.2. Effect of Perturbation 

Considering the microfabrication tolerances, the final dimensions of the 

microdevices may be different from the designed values. To investigate this effect, the 

change in resonance frequencies of the first and second modes after adding the external 

perturbation to the middle of resonators is studied (Figure 6-6). For controlled 

perturbations in our resonator system, tiny dimples were added in the middle of beam 

resonators (as shown in Figure 6-1). 

 

For reference, change in resonant frequency of a single uncoupled resonator due to the 

same amount of perturbations is shown in Figure 6-6. These results reaffirm that by 

increasing the strength of the coupling between resonators, the shift in the second 

 

Figure 6-6: FEM results showing the effect of coupling strength on resonance 
frequencies of our strongly coupled microresonating system (Figure 6-1 dimensions). 
Dashed lines are fitted to simulation results. 
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resonant frequency increases considerably by increasing the coupling value while the 

shift in the first resonant frequency remains constant.  

To investigate the vulnerability of our design to the microfabrication tolerances, a 10% 

reduction in thickness of devices was studied in ANSYS. The result is shown in Figure 

6-7, indicating that a change in thickness of fabricated devices, does not significantly 

alter the behaviour of the system. 

 

Lateral dimensions of microdevices may also be different from designed values. The 

most important parameter is the width of the coupling beams between microresonators. 

To investigate this effect, width of the coupling beams was changed by 10% in ANSYS.   

The results are shown in Figure 6-8 and are compared to the results of a system with no 

tolerance in the resonators width (i.e., 5  vs 4.5 ).  It can be seen 

that in this case, too, by increasing the coupling ratio, our strongly coupled system still 

 
Figure 6-7: Effect of variation in thickness of the microfabricated coupled system by 
10% on performance is simulated and compared with the original system with the 
nominal designed thickness value. (Dashed lines are fitted).
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shows higher shift in resonant frequency compared to a single uncoupled resonator 

(Figure 6-8).   

 

6.3. Design of the Strongly Coupled Resonant Array 

The analytical results shown in Chapter 4 proved that increasing the coupling 

ratio, improves the sensitivity of CRA’s to the change in their effective mass.  Therefore, 

the performance of the strongly CRA design in Figure 6-1 has to be evaluated for 

sensing applications. Similar to Figure 4-9 here also the sensitivity of the strongly CRA, 

, is normalized to the sensitivity of a single uncouple resonant sensor, : 

dω
dM

ω
2M

. (6-3)

 

Figure 6-8: FEM simulation results confirm that the proposed strongly coupled system 
with coupling beam width variations by 10% shows the same behaviour as the original 
system (dashed lines are fitted). 



 

112 

Figure 6-9 compares the FEM simulation and analytical results for ratio of the designed 

strongly CRA and a single resonant sensor sensitivities for different values of coupling 

ratio, .  

 

Figure 6-9 shows that in high values of coupling ratio (devices 4 and 5) where coupling 

beams are getting shorter and closer to the center of beam resonators, sensitivity for the 

CRA exceeds that of a single resonant sensor. One of the reasons behind the small 

discrepancy between the theoretical and simulation results comes back to the unwanted 

torsions in resonant beams. As can be seen in Figure 6-4, for the second out-of-phase 

resonant mode, beams are not moving completely up and down. Depending on the 

location of the coupling beams, torsional movements can be seen in second mode that 

is not considered in the theoretical analysis. 

 

Figure 6-9: Comparison of theoretical and simulated results for normalized to 
sensitivity of a single resonator,  mass sensitivity of the first and second resonant 
modes of the designed strongly coupled system (dashed lines are fitted). 
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6.4. Fabrication 

 

Our strongly coupled devices were fabricated through an in-house fabrication 

process. It should be mentioned that one of group members, Amin Rasouli, for the first 

time developed this process within the cleanroom of the School of Engineering Science 

at Simon Fraser University. Amin also fabricated the devices presented in this chapter.  

Figure 6-10 shows different structural layers available in this process. The process starts 

with a Silicon-On-Insulator (SOI) wafer with a 2.5μm device layer and 1.5μm buried 

oxide. The device layer is selectively doped to realize piezoresistors. A nitride layer is 

used for passivation and the layers are etched in a Reactive Ion Etching system.  

 

After opening the contact windows through the nitride layer, Cr-Au is deposited and 

etched to realize the contact areas. The structures are finally released in vapor HF. 

Figure 6-11 shows an optical microscope image of a fabricated device. 

 

Figure 6-10: Cross section view of different layers which are used in fabrication of 
designed strongly coupled system (This process was developed by Amin Rasouli in 
engineering science cleanroom of Simon Fraser University. 
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Dimples were used in both unperturbed and perturbed systems to increase the 

symmetry (Figure 6-12).   

 

 

Figure 6-11: Optical image of the fabricated strongly coupled system.  

 
(a) 

 
(b) 

Figure 6-12: Adding dimple to the middle of beam resonator as representatives for 
perturbation in mass: (a) same size for both dimples, (b) increasing the length of one of 
dimples. 
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In the perturbed system, the length of one of dimples was increased slightly. The 

advantage of adding dimples in the middle of beam resonators is that they do not affect 

the stiffness of resonators, and therefore, only affect their effective mass.  

The devices are actuated by applying an AC+DC signal to the substrate. Doped 

piezoresistors were patterned at each end of the resonating beams to sense the output 

signal through piezoresistive transduction. In this design, two electrodes are placed 

beside the beam resonators for the possible electrostatic detection of out of plane 

movements. However, piezoresistive transduction is more reliable for detection of both 

modes in our case. Figure 6-13 shows a close up view of the doped region for realizing 

the resistors on beam resonators. 

 

 

Figure 6-13: Microscope image shows the close view of the doped regions at the end of 
the beam resonators. 
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Figure 6-14 shows three different locations for the coupling where the coupling strength 

decreases as it becomes closer to the anchor area. Decreasing the length of the 

coupling beam on the other hand, increase the coupling strength. 

 

6.5. Test and Characterization 

Experiments were performed inside a vacuum chamber using a Rohde & Schwarz ZVB4 

network analyzer in a configuration as shown in Figure 6-15. Port 1 of the VNA was used 

 

 

(a) 

 

(b) 

(c)  (d) 

Figure 6-14: Change in (a) location and length of the coupling beam for modifying the 

coupling ratio,  (b) ,  (c) 
.

,  (d) ,  
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to drive the resonators while the signal at the output of the amplifier was connected to 

Port 2. Figure 6-16 shows the output signal from the coupled resonating system. 

 

As it can be seem both resonance frequencies of in-phase (first resonance frequency) 

and out-of-phase (second resonance frequency) can be measured with piezoresistive 

sensing technique. The resonators are biased with the DC voltage (V ) that is added to 

the input signal V  and both are applied to the substrate pad to actuate the resonators 

from underneath. This creates out-of-plane movements of the beam resonators which 

changes the resistance of the doped resistors at the anchor points. Another DC voltage 

(i.e. V 10	Volt) is applied to one end of the doped resistor through a 1 Ω resistor to 

create the bias current for piezoresistive sensing. Vibration of beam resonators changes 

the resistance of the doped region, and therefore, the current is changed. A 

transimpedance amplifier with a 1kΩ gain was used to amplify the current signal from 

the other end of the doped resistor and convert the current to the output voltage (V ). 

Figure 6-15: Experimental test set-up for testing the coupled system with piezoresistive 
transduction method. 
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Table 5 lists the measured first two resonance frequencies for five different devices with 

progression in their coupling ratio from 0.17 to 1.50. The results are shown for the 

original unperturbed and perturbed systems. 

 

(a) 

 

(b)

Figure 6-16: Measured frequency spectrum from a strongly coupled microresonating 
system with piezoresistive sensing technique (a) Mode 1 and  (b) Mode 2. 
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Table 5: Measured resonance frequencies of five different devices with different coupling 
ratio before and after insertion of perturbation in the system. 

Device 

No. 
 

Resonance frequencies before 

perturbation (Hz) 

Resonance frequencies after  

perturbation (Hz) 

∗ ∗ 
∗

∗    

1 0.17 471731 547606 1.161  466451 542220 1.162 

2 0.45  455709  626919  1.375  452296  624596  1.380 

3 0.90 459295 768759 1.674  456224 764037 1.675 

4 1.15 456177 827855 1.815  450839 817483 1.813 

5 1.50 453810 908225 2.001  458352 903938 1.972 

 

As can be seen, the first unperturbed resonant frequencies are different for tested 

devices. As discussed in Section 6.1, the main reason is the change in effective mass of 

the beam resonators due to the mass of the coupling beams. Due to the fabrication 

tolerances, the variation in resonant frequencies is often observed in MEMS devices 

across the chip even for similar devices. To provide a better insight, all resonance 

frequencies were normalized to of the first resonance frequency of the same device. 

Figure 6-17 and Figure 6-18 compare the theoretical and experimental results for the 

ratio of the resonance frequencies in the unperturbed (similar size for both dimples in 

Figure 6-1) and perturbed (increasing the length of one of dimples) systems respectively. 

It should be mentioned that the FEA simulation results for the coupling ratio, , was 

extracted and used in theatrical lumped model to increase the accuracy in modeling of 

the coupled region. It can be seen, for both the unperturbed and perturbed sets of 

devices, simulation and experimental results are compatible with each other. 
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Figure 6-17: Comparison between the experimental and theoretical results that shows 

the unperturbed resonance frequencies ratio 
∗

∗
 for different values of the coupling 

ratio, , (dashed lines are fitted).

 

Figure 6-18: Effect of increasing the coupling ratio, , on resonance frequencies ratio 

 for the perturbed coupled system (dashed lines are fitted lines). 
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Sensitivity of the resonant frequencies difference of mode 1 and 2 ( ) as the 

output signal to the mass change Δ 46 ) is shown in Figure 6-19. 

 

The experimental results shown in Figure 6-19 confirm that in strongly coupled system, 

increasing the coupling ratio improves the sensitivity of the second resonance frequency 

to the external mass perturbation in the system. It must be noted that the results are 

applicable to the design of resonant sensor systems with significantly higher sensitivities 

with single or multiple input perturbations.  

 

Figure 6-19: Experimental results shows the effect of coupling ratio, , on the mass 
sensitivity of the resonant frequencies difference ( ) for the fabricated strongly 
coupled system (dashed line is the fitted line), The expected simulated sensitivity for an 
uncoupled resonator is also shown for comparison. 
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7. Conclusions and Future Works 

In this thesis, the effect of coupling strength on the performance of coupled 

resonant sensors was studied. The existing literature has mostly focused on weakly-

coupled systems, where perturbations cause large changes in amplitudes of signals. 

However, this technique is limited to the accuracy and resolution of the amplitude 

measurement techniques. I demonstrated that by increasing the coupling strength, it is 

possible to improve the sensitivity of the system response to perturbations by taking the 

shift in resonant frequencies as the system output. 

Arrays of coupled microresonating systems were introduced as alternative designs for 

multi-analyte sensing applications. Compared to arrays of uncoupled resonating 

systems, a single-input-single-output (SISO) coupled system can simplify the required 

signal processing and also increase the sensitivity of the system. Different coupling 

techniques were introduced and compared with each other. The main classification of 

coupled system is based on the strength of coupling between resonators. We defined a 

boundary between weakly and strongly coupled systems. 

Sensitivity analysis was used to study the behaviour of the coupled systems. The result 

of sensitivity analysis showed that in array of strongly coupled system, sensitivity of the 

eigenvalues to the input perturbation increases compared to the weakly and uncoupled 

systems. It is discussed that even for single measurand sensing applications, an 

uncoupled resonant sensor can be replaced with a coupled one to increase the 
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sensitivity of the system. Moreover, a model was developed to relate the eigenvalues of 

the system to the perturbations for sensing applications. 

Several configurations of coupled microresonators were fabricated in commercial 

microfabrication processes (SOIMuMPS and PolyMuMPS provided by MEMSCAP) and 

also an in-house fabrication process to experimentally validate our theory. The 

fabricated devices had a wide range in coupling strength from weakly to strongly coupled 

systems. However, the main focus of this thesis was investigating the behaviour of the 

strongly coupled resonant systems. Experimental results demonstrated the increased 

sensitivity of strongly coupled resonant systems to perturbations.  

The research during my PhD has resulted in following publications: 

Journal papers: 

1- M.S. HajHashemi, M.A. Rasouli, and B. Bahreyni, “Squeeze-film Damping in 

High-order Bulk Microresonators”, Journal of Sensors and Actuators A: Physical, 

vol 216, pp 266-276, May 2014. 

2- M.S. Hajhashemi, A. Amini, and B. Bahreyni, “A Micromechanical bandpass 

filter with adjustable bandwidth and bidirectional control of centre frequency”, 

Journal of Sensors and Actuators A: Physical, vol 187, pp 10-15, Nov 2012. 

3- M.S. Hajhashemi, B. Bahreyni, “An analytical model for characterization of 

disturbances in systems of coupled micro-resonator arrays”, IEEE Sensors 

Journal, vol 12, no 7, pp 2510-2516, Jul 2012. 
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Conference papers: 

1- M.A. Rasouli, M.S. HajHashemi and B. Bahreyni, “Higher-order lamé-mode 

square microresonator with improved quality factor and f-Q product for low 

vaccum applications”, Proceedings of the 17th International Conference on Solid-

State Sensors, Actuators and Microsystems, Transducers '13, Barcelona, Spain, 

pp. 498-501, June 2013. 

2- M.S. Hajhashemi and B. Bahreyni, “A differential electrometer based on 

coupled microresonators”, IEEE Sensors Conference, Taipei, pp. 1-4, Oct 2012. 

3- Y.F. Wang, M.S. Hajhashemi, and B. Bahreyni, “A capacitive relative humidity 

sensor using polymer nanoparticles”, IEEE Sensors Conference, Taipei, pp. 1-4, 

Oct 2012 

4- M.S. HajHashemi and B. Bahreyni, “Analytic model for perturbation analysis 

in coupled resonator system for electronic nose applications”, Proceedings of the 

16th International Conference on Solid-State Sensors, Actuators and 

Microsystems, Transducers '11, pp. 2490-2493, Beijing, China, pp. 2410-2413, 

June 2011.  

5- M.S. Hajhashemi and B. Bahreyni, “Temperature–stable differential micro–

resonators for timing applications”, ASME 2010 IMECE, pp. 305-308, November 

2010. 

6- M.S. Hajhashemi and B. Bahreyni, “A novel  mechanical signal processing 

technique for detection of perturbation in coupled microresonators, ASME 2010 

IMECE, pp. 507-511, November 2010. 
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7.1. Future Works 

This research laid the foundation for using strongly coupled resonant systems for 

sensing applications. The results of the research are applicable to both single and 

multiple-input systems. Building upon this foundation, the future research can include: 

1- Studying the effect of asymmetry in strongly coupled CRA: It is shown in this 

thesis that asymmetry changes the behaviour of the CRA in response to the 

external perturbations. However, the effect of asymmetry needs to be further 

investigated to find the optimized CRA configuration.  

2- Development of a coupled-resonator system for single input: In Chapter 4, it 

was concluded that even for a single sensing application, replacing the single 

uncoupled system with a strongly CRA leads to higher sensitivity.  This 

conclusion can be applied to sensing application. 

3- Development of multi-input sensor systems based on coupled resonators: 

This could be a multi-gas sensor system based on coupled SAW resonators. 

4- Development of the required electronic circuitry for the sensors: In real 

sensing applications, all the required frequency measurement equipment 

needs to be replaced with a proper oscillating circuitry. 
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Appendix A. Solving the System of Equations for 
Finding the External Perturbation Value 

In this section a method is introduced to relate the frequency response of a 

coupled resonant system to the coefficients of its characteristic equation. Therefore, by 

using this method, all unknown parameters of a multiple-inputs system in the sensing 

applications can be found. In this case, the amount of perturbation/s and its/their location 

can be calculated, even if more than one resonator in the coupled array is perturbed. 

Eigenvalues of an array of coupled resonators are roots of the characteristic equation of 

the system. This characteristic equation can be found by multiplying the conjugate 

complex roots of the system together. These roots can be obtained experimentally. The 

general form of the characteristic equation of a mechanical system of order n is given by: 

2

01

 
(A-1) 

where a , λ  and s are the coefficients, roots, and the independent variable of this 

polynomial, respectively. The roots of the characteristic equation are conjugate pairs 

which imaginary portions (i.e., resonance frequencies): 

2 (A-2) 

where ω 2πf  and Q  are the resonant frequency of the i 	 mode and the quality factor 

for that mode, respectively. The resonant frequencies of a system can be experimentally 

measured and by substituting them in equation (A-1), the characteristic equation of that 
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system can be constructed. If ω , , ,.. are eigenvalues of the system, characteristic 

equations of the system for arrays of two and three coupled resonators are: 
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(A-3) 

In Section 5.1.3, we also extracted the characteristic equation of this coupled resonating 

system based on theory of electrical equivalent model and network theories. By 

comparing the characteristic Equations (5-6) and (A-3) and equating their coefficients, a 

system of nonlinear equations is obtained that need to be solved to find the unknown 

parameters of the system such as coupling capacitance (C ). For example in an array of 

three coupled identical resonators without perturbation in the system we have: 
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 (A-4) 

However, in case of mass perturbed system (ε , ε  and ε  added to the 

equivalent inductance of the system for the perturbation in the first, second and third 

resonators mass respectively), we have: 

2 3 ⋯
1

3
4

	

(A-5) 
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Appendix B. Extraction of RLC parameters from 
Experimental Results 
 

To find the equivalent RLC components for each micro-cantilever, we used the 

experimental frequency response of the system (s21 reflection parameters). Equation 

(B-1) relates the RLC parameters to the measurement results. 

 
 

(B-1) 

1
  

where V  is the input voltage as it is shown in Figure B-1 and  i  is the current in the 

resonance peak.   

 

 

Figure B-1: Extracting  parameters from experiment. 



 

139 

For using equation (B 1), we need to know the resonance frequency (ω_0) and quality 

factor (Q) that can be simply read from the spectrum data. The first step is using input 

power to the network analyzer (in dbm) and find the V .  

10
1

(B-2) 

where P  is the input power from the VNA and R is the 50Ω resistor. In the next step by 

having the s21 parameters of the network analyzer (i.e. the response at port 2 due to the 

signal at port 1), we have: 

10 Log 20 Log (B-3)

Substituting s21 parameter in equation (B-3) results V  in Figure B-1. Remembering 

that the amplifier is virtually grounded, i  is obtained from: 

(B-4)

Now equation (B-1) is used to calculate the resistance (R ), and then other components, 

L  and C . For the coupled system, in Figure B-2 each resonator is electrically modelled 

with RLC components and the coupling between them is shown with a shunt capacitor 

(C ).  

 

 

Figure B-2: Modeling of the electrical coupled resonators with RLC components and a 
connecting shunt capacitor as the coupling element model.
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