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Abstract

In this thesis we describe a family of Jacobian varieties of non-hyperelliptic genus 2g curves that are
isogenous to a product of Jacobians of genus g curves in a specific way. For any hyperelliptic genus
g curve C' we construct a 2-parameter family of hyperelliptic genus g curves H with J(H)[2] iso-
morphic to J(C)[2], and a generically non-hyperelliptic curve A such that there is an isogeny from
J(C) x J(H) to J(A) whose kernel is the graph of the isomorphism taking J(H)[2] to J(C)[2].
This is accomplished by first showing that C' can be considered as a subcover of a Galois cover
of a P! that has A and H naturally arising as subcovers and then showing the naturally occurring
isogeny relations have the desired kernel. We also list some corollaries to the main result and pro-
vide a magma script to generate non-hyperelliptic genus 4 curves that have curious automorphism

groups.

Keywords: Jacobian variety; decomposition
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Chapter 1

Introduction

An abelian variety is a projective variety together with a morphism +: A x A — A and a distin-
guished point O such that its point set is a commutative group with the operation given by "+".
The group structure on an abelian variety can sometimes be used to recover arithmetic information
about the subvarieties that exist within it. Considering curves inside their Jacobian varieties lead to

Faltings’ famous (revised) proof of Mordell’s conjecture [10, Section E.1].

Theorem 1.0.1 (Faltings). A curve of genus g > 2 defined over a number field k has finitely many

k-rational points.

There are a number of ways in which abelian varieties can decompose into a product of abelian
varieties of smaller dimension. It can be a product itself or it can admit a finite morphism onto such a
product. Such a morphism is called an "isogeny". The factors of a decomposable abelian variety can
be analyzed to understand the original object much like other algebraic structures. Decomposability
of abelian varieties has a long history in mathematics that goes back at least to the computation of

abelian and elliptic integrals in the late 19th century [1, 17].

The modern study of the subject has led to a number of interesting geometric and arithmetic
results. There is a large body of work finding g-dimensional Jacobian varieties that are isogenous
to the product of g copies of one elliptic curve. Jacobians of this type are interesting for a number
of reasons, one reason of interest to number theorists and cryptographers is that over a finite field
Jacobian varieties of this type are closely related to Jacobians that have a maximal number of rational
points [11]. A paper by Ekedahl and Serre [6] shows that Jacobians of this type exist for many values

of g. Related work by Jennifer Paulhus [16] classifies the other isogeny types of Jacobian varieties
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of small genus. Her work also has applications to the computation of rank bounds on elliptic curves,

which is a topic of much interest in modern mathematics.

All abelian varieties can be assigned something called a polarization, which is not in general
preserved by isogeny. It is a natural and useful question to ask when a decomposition does respect
the polarization. Nils Bruin and Victor Flynn give an example of how such a decomposition can aid

in determining the existence of rational points on curves of genus < 2, see [2, 3].

In this thesis we show how an explicitly described family of hyperelliptic curves can be related

to Jacobian varieties that decompose in a way that respects polarizations. We prove

Theorem (Main Result). Let k be a field of characteristic not equal to 2. Let C'y be a hyperelliptic
genus g curve defined over k, and J(Cy) its Jacobian. Then there exists a two parameter family of

explicitly determined curves C'r of genus g and A of genus 2g such that

1. CF is hyperelliptic and there is an isomorphism of finite algebraic sets

¥ J(CF)[2] = J(Cp)[2]-
2. Ais a double cover of CF.

3. J(A) = J(Cy) x J(Cr)/A as polarized abelian varieties, where A is the (anti)-diagonally
embedded 2-torsion of J(C'y).

Our work was largely inspired by Everett Howe’s [11, Section 4] classification of genus 4 double
covers of genus 2 curves with a rational point since the decomposition type studied in this thesis
arises when a genus 4 curve is a double cover of a genus 2 curve. We remark that any genus 4 curve
that can be constructed from Howe’s technique can also be produced from our construction with the
right choice of C'y and p but not vice-versa. We differ from [16] since we allow non-elliptic factors
in the decomposition but we restrict the kernel of the isogeny from the product variety. We also
draw inspiration from the construction of Legendre [1]. Our construction generalizes [1] since we
do not require curves with a rational Weierstrass point. The techniques used in this thesis have also
been applied by Recillas [18] and Donagi [4] to find correspondences between Jacobian varieties

and Prym varieties.

In Chapter 2 of this thesis we provide an exposition of the necessary language required to state
and prove the main result. In Chapter 3 we prove the main result and then state some immediate

consequences. We also provide a small magma script that constructs one of the decomposition types
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in [16] explicitly. Finally in Chapter 4 we posit a future statement related to the main result that can

serve as a future direction of research.



Chapter 2

Background material

2.1 Prelude

In this chapter we present a terse review to the arithmetic geometry of curves and their Jacobians.
This chapter shall serve the purpose of refreshing the reader on the definitions. The chapter as a
whole serves to exposit on the language of arithmetic geometry to a point where the main question
can be well formulated as well as provide the necessary tools needed to prove it. Those interested in

the details are encouraged to refer to [9, 10, 19, 20], and Milne’s course notes [14].

2.2 Notation and persistent assumptions

This section serves as a shorthand glossary and establishes the conventions and notations in case the

reader should want to refer back to it.

If X is a set with finite cardinality then we denote the number of elements by #X or by | X]|.
The Klein 4-group, which is isomorphic to Z/27Z x Z/27Z, is denoted by V;. The dihedral group
of order 8 is denoted by D4. We let k denote an arbitrary field with characteristic not 2. We shall

always denote its algebraic closure as k.

We define affine n-space over k, denoted A}, to be the set of all n-tuples of elements of k.

An element P € A} will be called a point. We define projective n-space over k, denoted P} to

be the set of (n + 1)-tuples of k, excluding the all-zero tuple, modulo the relation (ag, ..., a,) ~
(Aag, ..., Aan), X € k*. A point P € [P} is one of these equivalence classes and is denoted P =
(ap :...:ap).
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For polynomials f; € k[z1,...,z,] welet V(fi,..., f;) C A denote their common zero locus
and call this an affine algebraic set defined over k. Similarly we let V/(f1,..., f;) C P7 denote the
common zero locus of homogeneous polynomials f; with coefficients in k and call this a projective
algebraic set defined over k. Any affine or projective algebraic set defined over k is also defined
over k. As a shorthand we emphasize that an affine algebraic set X C A7 is defined over k by
writing X C A7 and we use a similar shorthand for projective algebraic sets. Henceforth if we
make a statement regarding affine algebraic sets that has an analogue for projective algebraic sets

we shall use the term algebraic set. We denote the set of points of an algebraic set X by X (k).

An algebraic set X defined over k is said to be geometrically reducible if we can find non-empty
algebraic sets Y, Z defined over k such that X = Y U ZandbothY ¢ Z,Z ¢ Y. Otherwise X
is said to be geometrically irreducible or more commonly, we call X a variety. Since every variety
in this thesis is either an affine variety or a projective variety we identify a variety with its point set

over k.

Let X and Y be varieties defined over k. Fix a choice of co-ordinates x1,...,x, for X and
Y1, - .- yr for Y. We may describe any morphism ¢: X — Y by polynomial functions fi,..., f, in
the co-ordinates of X. A morphism of varieties defined over k is amorphism ¢ := (f1,..., fr): X —
Y such that each f; is a polynomial with coefficients in k. Similarly, a rational map defined over k
isamap ¢ := (f1,..., fr): X — Y such that each f; is a rational function that has coefficients in
k. A rational map ¢: X — Y is said to be dominant if there is are open sets Ux C X andUy C Y
such that ¢(Ux) = Uy. A function on a variety X defined over k is a rational map ¢: X — A}C
defined over k. The ring of rational functions on X defined over k, also called the function field of
X, is denoted by k(X). We also call k(X) the function field of X. We denote the identity map on
X by 1x and when it is clear from context we will drop the subscript. The identity map is always

defined over k.

The absolute galois group G}, := Gal(k/k) is the group of automorphisms of k that fix k. Let
X be a projective variety defined over k and let P := (wq : ... : w,) € X(k). We say P is a
k-rational point if there is a A\ € k such that each Aw; € k. If X is an affine variety defined over k

and P := (wo, ..., wy) € X (k) we say P is a rational point if each w; € k. The rational points of
a variety X defined over k are denoted X (k).

We say that a curve defined over k is a birational isomorphism (defined over k) class of varieties

defined over k of dimension 1. We call a particular representative a model of a curve. We call a
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model projective or affine if the representing variety is projective or affine respectively. Theorem
2.3.9 shows that any such class contains smooth projective models and any two such models are

isomorphic. Therefore we will often identify a curve with its smooth model.

Let X and Y be projective curves defined over k and let ¢: Y — X be a surjective morphism

of curves defined over k. There is a corresponding morphism of function fields ¢*: k(X ) — k(Y)

given by ¢*(f) := fo¢.

Definition 2.2.1. Let ¢: X — Y be a surjective morphism of curves defined over k. If
[k(Y) : ¢*k(X)] is a finite extension of fields then we call this quantity the degree of ¢ and ¢ is said
to be separable if [k(Y') : ¢*k(X)] is separable.

Let ¢ : C1 — (5 be a surjective morphism of models of curves and let P € Cs (k). We shall see
by a later result (Proposition 2.3.6) this automatically ensures ¢ is of finite degree. Then we call the
set ¢~ 1(P) the fibre over P. We also say that C is a cover of Cy and that ¢ is the covering map. A
double cover is a cover of degree 2.

We denote the group of automorphisms of a variety X by Aut(X). If 7: C — C'is a non-

constant morphism of curves then we denote the subgroup of automorphisms o € Aut(C') such that

moo = by Aut(é /C). An involution of a variety X is an automorphism p such that gopu = 1x.

2.3 Theorems regarding curves

In this section when we refer to a point on a curve we mean P € C'(k). We shall also assume that

every curve is defined over k.

Definition 2.3.1. Let P € C be a point. Then the local ring at P is defined by
Oc.p :={f € k(C) : 3U C C Zariski open such that P € U and f is regularon U} .

Proposition 2.3.2. If P is a smooth point of C then Oc,p is a discrete valuation ring.
Proof. See [20, Proposition II.1.1]. O

Recall that a generator for the unique maximal ideal of a discrete valuation ring is called a

uniformizing parameter or a uniformizer.
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Definition 2.3.3. Let f € k(C) and let ¢ be a uniformizing parameter at P. We define
ordp f := sup {d eZ:f -t OC”P}.

Definition 2.3.4. Let f € k(C') be a rational function of C. A zero of f is a point P such that
ordp f > 0. Similarly a pole of f is a point P such that ordp f < 0.

Proposition 2.3.5. Let C be a non-singular projective model of a curve. Then any f € k(C') has

finitely many poles and zeros. Moreover ) p. ordp(f) = 0.

Proof. See [20, Proposition II.1.2] for the first statement and [20, Proposition I1.3.1] for the second.
]

We conclude this section with some general theorems about curves which will come in handy later.

Proposition 2.3.6. Let m: C' — C' be a non-constant morphism of curves. Then T is surjective and

of finite degree.
Proof. See [20, Theorems 11.2.3, 11.2.4]. OJ

Definition 2.3.7. If 7: C — Cisa surjective morphism of curves then we refer to C as a cover of
C.

Proposition 2.3.8. Let ¢ : C — C' be a birational map. Then k(C) = k(C").
Proof. See [20, Theorem 11.2.4]. ]

Theorem 2.3.9. Let C be a curve.

1. Then there is a smooth projective curve X such that X is birationally equivalent to C.

2. If X and X' are smooth projective curves birationally equivalent to C then X' is isomorphic
to X.

We say X is a desingularization of C.

Proof. See [8, 7.5 Theorem 3]. ]

Proposition 2.3.10. Let ¢: C1 — Cs be a rational map of projective curves and let C1 be smooth.

Then ¢ can be extended to a morphism on all of C1.
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Proof. See [20, Proposition 11.2.1]. O

Corollary 2.3.11. Let C'y, Cs be projective curves and let 61, C, be their respective desingulariza-

tions. If ¢: C1 — Cs is a birational morphism then there is a morphism qz : C~'1 — 5’2.

Proof. We notice that by definition 6’1, C, are birational to C1, Cq respectively and that by assump-
tion (1 is birational to C'>. Hence there is a birational morphism 5 : C1 — Co. By the preceeding
proposition 5 extends to a morphism.

O

2.4 Divisors

The following is a very brief treatment of Weil divisors. This is all we need since we only work with
smooth curves. We introduce the Picard group of a curve and survey some useful properties. We
also provide a couple of computational lemmas at the end of the section for use later. The reader

interested in this subject is encouraged to refer to [10] for a more complete reference.

Definition 2.4.1. Let X be a variety. A subvariety Y is said to be of co-dimension 1 if for every
variety Y C Z C X wehave Z =Y or Z = X.

Definition 2.4.2. Let X be a smooth projective variety. A (Weil) divisor of X is a formal Z-linear
combination D = Zyg y ay'Y such that all but finitely many of the ay are zero and each Y is a

codimension 1 subvariety of X. The free abelian group generated by the Y is denoted Div(X).

In other words, Div(X) is the group of divisors of X over k. In this thesis we exclusively focus
on divisors of curves, however it is possible to extend this notion to arbitrary projective varieties
as in [10]. We observe that since every codimension 1 subvariety of a curve must be a point that
every divisor on a curve can be written as the formal linear combination of k-points on the curve.

Throughout let C be a smooth projective curve.

Definition 2.4.3. Let D = ), apP be a divisor of C. Then the multiplicity of a point P in D is

the integer ap.
Definition 2.4.4. A divisor D = > pec apP is said to be effective if each ap > 0.

Definition 2.4.5. For adivisor D = ) p . apP onacurve X we define the degreetobe ) p - ap.
This is denoted deg(D).
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Definition 2.4.6. The degree map deg: Div(C') — Z is a morphism of groups, the kernel of which
are the degree 0 divisors. The subgroup of degree 0 divisors on C is denoted DiVO(C ).

Definition 2.4.7. Let 7: C' — C be a cover of degree d of curves defined over k and let P € C.

Then we have an induced inclusion of function fields 7*: k(C) — k(C'). We define the ramification
index of m at P by

ex p = ordp(m*(t))

where ¢ is a uniformizer of w(P). We say that 7 is ramified at P if e, p > 1 and unramified at P
otherwise. We say that 7 is ramified if there is a ramified point P € C and is unramified otherwise.

If the map 7 is clear from context then we use the notation ep.

Proposition 2.4.8. Let 7: C — C be a cover of curves. Then:

(a) Forall Q € C we have

Z ep = deg(m).

Per=1(Q)

(b) For all but finitely many P we have ep = 1.
Proof. See [20, Proposition 11.2.6]. O
By Proposition 2.4.8 (b) we define the following.

Definition 2.4.9. The ramification divisor of a cover : C—Cis

Ry = Z(ep —1)P.

PeC

Definition 2.4.10. For any function f € k(C) we define

div(f) = Z ordp(f) - P.

By Proposition 2.3.5 this is well defined and degree 0. A divisor of the form div f is called a

principal divisor.
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Proposition 2.4.11. Let f,g € k(C) and ¢ € k*. Then since each ordp is a valuation trivial on the

constant functions we have:
div(fg) = div(f) + div(g)

div <}> — div(f)

div(c) = 0.

The above proposition allows us to give the following definition.
Definition 2.4.12. We denote by Princ(C') the subgroup of principal divisors in Div®(C).

Definition 2.4.13. We define the Picard group Pic(C') by the exact sequence
0 —> Princ(C) —= Div(C) — Pic(C) — 0
Similarly, define Pic’(C') by the exact sequence

0 — Princ(C) — Div¥(C) L Pic’(C) ——=0

The group Pic(C) is the divisor class group of C'. We represent elements in Pic(C') by [D] and

call this the divisor class of D.

Definition 2.4.14. Let C , C' be smooth projective curves and let 7: C — C be a cover. Let D =
> pec npP be adivisor of C. We define the pullback of D, denoted 7*(D), as

(D) = Z Z eqnpQ

PeD n(Q)=P
where e is the ramification index of Q).

Lemma 2.4.15. There is an induced morphism
7™ Pic’(C) — Pic®(O).
Proof. 1t is straightforward to verify the claim that

7 (div(f)) = div(f o m) = div(7*(f))
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and hence the pullback of a principal divisor is again principal. Hence we get the induced map from
the diagram
0 — Princ(C) — Div’(C) — Pic’(C) —=0

0 — Princ(C') — Div?®(C') —— Pic?(C) —= 0
O

Definition 2.4.16. Let 7: C' — C be a cover of curves. Then we define the map 7y : Divo(é) —
DivY(C) by
T Z npP | = Z npm(P).
peC PeC

We call 7, the norm.

Definition 2.4.17. If ¢ € Aut(C/C) and D = . pe@ apP is a divisor then we have the group

action

0«(D) = Z apo(P).

The following appears as an exercise in [9] but proves to be useful to us later.

Lemma 2.4.18. Let C,C, 7 be as before and let P € C. If C/C is Galois then Gal(C/C) acts

transitively on the set

fibre over P := {Q e C(k):7(Q) = P} :

Proof. Label the points in the fibre over P by @1, ..., Q. By [19, Theorem II11.2.3] we find ¢; €
k(C') such that ordg, t; = d;; where d is the Kronecker delta. Since

Nmg,o(t)@) = [  a(e(@)

oc€Gal(C/C)

is invariant under Galois action and vanishes at ()1, it must vanish at each ). That is, for every point
such that 7(Q)) = P there is a o such that ¢;(0(Q)) = 0. Since ¢; had a unique root among the @

we are done. OJ

Remark 2.4.19. Our blanket assumption that char & # 2 guarantees that a double cover of curves

is always separable.



CHAPTER 2. BACKGROUND MATERIAL 12

Lemma 2.4.20. Let 7: C — C be a Galois cover of smooth projective curves of degree n. Let D

be a divisor on C and D a divisor on C. Then
(i) (w0 *)(D) = nD

(ii) (7% om,)(D) = o(D).

Proof.

(i) Let P € C(k). Then

Z eQQ

T eQP =nkP.
7T(Q) P

Now let D = agPy + ... + a, P, € Div(C). Then

T (D) = men*(aoPo + . .. + ap Py) = agmun™ (Py) + ... + apman™(Py)
=nD.

(ii) Let Q € C(k) and let 7(Q) = P. Then

@) = > Q.
n(@)=P

Since C /C'is Galois, the automorphisms act transitively on the fibre over P. Thus

Y. o@= D, [sab(@)|Q = > Q.

oeCal(C/C) Q'€0rb(Q) w(Q)=P

Now let D = apPy + ...+ a, P, € Div(C). Applying the same trick as before we obtain the

result.
O

Lemma 2.4.21. Let : C — C be a Galois cover of curves of degree n. Then there is an induced



CHAPTER 2. BACKGROUND MATERIAL 13

morphism of Picard groups 7, : Pic®(C) — Pic®(C) given by

. ([Sonr]) = [S et

Proof. First we show that 7, takes principal divisors to principal divisors. By the morphism 7 there
is an induced inclusion of function fields 7*. There is also the standard norm map Nm: k(é ) —
E(C)*. We claim that

k(C)* — Princ(C)

k(gm% PrinJ/c?C)

commutes. First we show this for functions g € 7*(k(C)) C k(C). We see by Lemma 2.4.20 that
T divg(g o m) = ndive g = dive Nm(g).

Now let § € k(C)* and let g = Nm(g). Then since m,(§) = m.(§7) for all ¢ € Aut(C/C) we

have
n-mediva(g) = Z medivg g7 = medivg Nm(g) = n-dive g.
oceAut(C/C)

So m, of principal divisors are still principal. Now consider the diagram

0 — Princ(C') — Div?(C') —— Pic?(C) —= 0
0 — Princ(C) — Div?(C') — Pic’(C') —=0

We get an induced map between Picard groups. O

2.4.1 Riemann-Roch and Riemann-Hurwitz Theorems

We introduce the standard results for working with projective curves and in particular also define the
genus of a curve. To that end we introduce a differential on a curve. At the end of this section we

provide some explicit computational tools that allow us to determine the data used in these formulae.

Definition 2.4.22. We define the k(C)-module of Kdihler differentials Q¢ as the free k(C') module
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generated by the symbols df for each f € k(C') modulo the relations:

d(f+g)—df —dg=0
dfg— fdg —gdf =0
da =20 for all a € k.

Proposition 2.4.23. Let C be a curve, let P € C, and let t € IQ(C ) be a unformizer at P.
(a) For every w € Q¢ there exists a unique function g € k(C'), depending on w and t, satisfying
w =g -dt.
We denote g by w/dt.
(b) Let w € Q¢ with w # 0. The quantity
ordp(w/dt)
depends only on w and P, independent of the choice of uniformizer t.

Proof. See [20, Proposition 11.4.3]. O
This motivates the following definition:

Definition 2.4.24. Let w be a differential on a smooth projective curve C, let P € C, and ¢ be a

uniformizer at P. Then we define
ordp(w) := ordp(w/dt).

Proposition 2.4.25. For a non-zero w € Q¢ we have ordp w = 0 for all but finitely many P.
Proof. See [20, Proposition 11.4.3]. O

Definition 2.4.26. Let w be a differential. Then its divisor is defined by
div(w) := Z ordp(w)P

which is a divisor by the above proposition. We call this a canonical divisor.
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Remark 2.4.27. Since any two non-trivial differentials are k(C')-multiples of each other we see
that their divisors are all linearly equivalent. Thus we see that for non-zero w € (¢ we have that

[divw] = k € Pic(C) is independent of w. We call « the canonical divisor class of C.
We now finally approach the Riemann-Roch Theorem.

Definition 2.4.28. To a divisor D on a curve X we associate a k-vector space called the Riemann-
Roch space of D defined by

L(D)={f € k(X) :div f + D is effective } U {0} .
Proposition 2.4.29. £(D) is a finite dimensional k-vector space.
Proof. See [20, Proposition 11.5.2b]. O
Definition 2.4.30. For notational convenience we define
¢(D) := dimy, L(D).
Remark 2.4.31. Let D be a divisor on C' and let f be a function. Then as vector spaces
L(D) = L(D +div f).

We mention this to point out that the statement of the next theorem is independent of the choice

of canonical divisor.

Theorem 2.4.32 (Riemann-Roch). Let D be a divisor on C and let k denote a canonical divisor.

Let (D) = dim L(D). Then there exists an integer g > 0 depending only on C' such that
(D) —l(k — D) =deg(D) — g+ 1.

Proof. See [20, Theorem I1.5.4]. ]
Definition 2.4.33. For a given C' the integer g in the above theorem is called the genus of C.

By substituting D = 0 and then D = & into the above theorem and observing that £(0) is the k

vector space of constant functions we obtain:
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Proposition 2.4.34. For ¢, g, k as above,

l(r) =g
deg(k) =29 — 2.

Theorem 2.4.35 (Riemann-Hurwitz). Let 7 : C — C be a cover of degree d such that the extension
of function fields k(C) /k(C) is separable and let ep be the ramification index of P € C. Then

K =T Ko+ Ra.
If in addition we know char(k) 1 ep for each P or char(k) = 0 then we take degrees to see

29(C) —2=4d(29(C)—2)+ > _(ep—1).
PeC

Proof. See [20, Theorem I1.5.9] and [10, Proposition A.2.2.8]. ]

2.4.2 Computing ramification
Computing ramification data from the function fields

In order to make use of the Hurwitz formula we shall require information about the ramification

divisor. This section highlights a means to obtain this.

Definition 2.4.36. Let F be a field. A discrete valuation on F' is amap v: F' — Z U {400} such
that

(i) v(a) = +ooif and only if a = 0,
(i) v(ab) = v(a) + v(b),
(iii) v(a+b) > min(v(a), v (b)), and
(iv) there exists an element ¢ € F™* such that v(t) = 1.

The pair (F, v) is called a discrete valuation field.

Let C be a smooth projective curve and k(C') its function field. Let P € C be a point and
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Oc,p C k(C) the associated local ring. This gives rise to a discrete valuation on k(C') by defining
vp(f):=ordp f.

In the form of a proposition:

Proposition 2.4.37. To each point P € C(k) on a smooth projective curve we can associate a
discrete valuation vp of k(C) with vp(a) = 0 for all a € k. Additionally, we see that the associated
discrete valuation ring Oc,p contains k and the fraction field of Oc,p is k(C).

Proposition 2.4.38. Let C' be a smooth projective curve and let O, be a discrete valuation subring
of k(C) containing k such that the fraction field of O, is k(C). Then there is a point P € C (k)
such that v = ordp f.

Proof. See [8, Corollary 7.1.4]. O

The main advantage of this is that we can compute ramification of a cover of curves directly
from the associated function fields. We state a well known result which allows us to easily compute

the ramified places of a separable double cover.

Corollary 2.4.39. Let m: C — Cbhea separable cover of smooth projective curves and let k:(é ) =
k(C)(\/f) for some non-zero f € k(C'). Then

P € C is ramified < ord,p)(f) is odd.

Proof. For notational convenience we write k(C) as an extension of k(C) since 7*k(C) C k(C).
Let P € C(k) be a point and P := 7(P). Since C is smooth Og p is the integral closure of O¢ p
in k(C). (See [8, Problem 7.20].)

First we assume that ord 5 5 f is either 0 or 1. Notice
p(T) =T~ f

is the minimal polynomial for /f over O¢,p. Let S be the free Oc p module generated by {1,/ }
and note that S C (’)5 p - By [7, 1.4 Proposition 6ii] and [7, 1.3 Proposition 4i] we have

Nmk(é)/k(C) (Pl(\/f)) Oc,p = (4f)Oc,p C Disc(S/Oc¢,p)
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where Disc(C'/O¢ p) is the discriminant of S over O¢ p (See [7, 1.3 Equation 4]). If ordc p f = 0
then 4f is a unit and the discriminant contains O¢, p. Thus Disc(S/ Oz ﬁ) = Oc¢,p and by [7, 1.5
Theorem 1] the extension k(C)/k(C), as discrete valuation fields with discrete valuations ords 5

and ord¢, p (respectively), is unramified. That is, for a uniformizer t € O¢ p we have
orda pt= 1.

Therefore P is an unramified point of 7. Otherwise, if ordc p f = 1 then f is a uniformizer for

Oc,p. We see that
2. Orda7ﬁ \/} = ordaﬁf > 1.

Since ord \/f is an integer we have that ords 5 f > 1. Thus P is a ramified point of .

We now address the general case. Let ¢ be a uniformizer for O¢, p and write f = ut*™" where

u € O p,m € Z,and r € {0,1}. Then since f - t=2m € O¢, p and

2 2
(VI-em) = =0
we have that v/f - t~™ is integral over O¢ p. Hence it is in (’)5713. We replace f with f-¢t~2™ in the
previous argument to complete the proof. 0
Hyperelliptic curves

Definition 2.4.40. A curve C is called hyperelliptic if g(C) > 0 and there is a degree 2 map
7: C — PL

Remark 2.4.41. If g(C) > 1 then 7 is determined up to an automorphism of IP'. This is quite inter-
esting but we do not require this result. The alert reader will notice that we refer to "the hyperelliptic

involution" instead of "a hyperelliptic involution".

Remark 2.4.42. Recall the characteristic of k is not 2. Thus for any hyperelliptic curve C' defined

over k we can find a squarefree f € k[z] such that
X =V~ f) CA}

is an affine model of C.
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Any separable double cover of curves is automatically Galois. In particular a hyperelliptic curve
C is a double cover of the projective line, so there is an automorphism of C' corresponding to

changing the branches of this cover.

Definition 2.4.43. Let C be a hyperelliptic curve double covering P!. The involution of C over P!

is called the hyperelliptic involution.

Hyperelliptic curves are interesting because they are very easy to construct and it is very easy to

find the ramification locus of the map : C' — P!, as demonstrated by the corollary below.

Corollary 2.4.44. The ramification index of a point P € H with respect to the quotient by hyperel-
liptic involution on a hyperelliptic curve is 2 if P is invariant under the hyperelliptic involution and

is I otherwise.

Proof. Since the degree of the quotient map is 2 that means the ramification index of each point is

either 1 or 2. By Proposition 2.4.8 we see that the result is immediate. 0

2.5 Abelian varieties

In this section we make precise what types of objects we are classifying and describe Jacobian
varieties. For a deeper look into the theory of abelian varieties the reader is encouraged to refer to
[13] or [14].

2.5.1 Definition and properties of abelian varieties

Definition 2.5.1. Let A be a smooth projective variety defined over £ and O some distinguished

point over k£ on A. Furthermore suppose there are morphisms

+:AxA — A
-1]: A —A
satisfying the usual associativity, inverse, and identity conditions. Then we call the quadruple

(A,O,+,[—1]) an abelian variety. We will refer to this data by A when the group structure is

clear from context.

We should point out that [14] begins with a different definition and then shows that the definition

given here is equivalent.
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Theorem 2.5.2. The triple (A(k),+, O) defines a commutative group.

Proof. See [14, Corollary 1.1.4].
]

Definition 2.5.3. We say that a morphism ¢: A — B of varieties is a morphism of abelian varieties
(A,+4,04,-14) = (B, +p5,0B, —1p) provided that $(O4) = Op and (P +4 Q) = ¢(P) +5
»(Q) forall P,Q € A.

Remark 2.5.4. The fibre over Op characterizes the fibre structure of the map ¢. For any point
P € B choose a @ such that ¢(Q)) = P. Then by additivity of ¢ we have that

¢ (P)={Q €A:Q +a[-1]aQ € o7 (Op)}.

Since ¢ is a morphism on the level of groups we call ¢~ (Op) the kernel.
We highlight a particularly useful family of morphisms.

Definition 2.5.5. The multiplication by m morphism, denoted [m], is defined by
[m|P:=P+...+P.
—_——
m times

Its kernel is called the m-torsion of A and is denoted A[m)].

Remark 2.5.6. Since [m] is a morphism, {O4} is Zariski-closed, and the pullback of a Zariski-
closed set by a morphism is also Zariski-closed, we see A[m] can be given the structure of an
algebraic set. By [14, Theorem 1.7.2] # A[m] is finite.

We shall now proceed to define an important type of morphism of abelian varieties and show
that this gives rise to a type of invariant known as the isogeny class. We then sharpen this informally

so that we may frame our motivating classification question in the correct language.

Definition 2.5.7. An isogeny of abelian varieties ¢ : A — B is a surjective morphism of abelian

varieties with finite kernel. If an isogeny exists we say that A is isogenous to B, denoted A ~ B.

Lemma 2.5.8. Let U C A be a non-empty Zariski-open set. Then the collection of translates of U

JUr={QeA:Q-PecU}

pPeU
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is an open cover of A.
Proof. Tt suffices to show that there is a translate U’ of U containing the identity since 0 € U’
implies () € U(i?. Observe that since [—1] is an automorphism we have

Un-1u

is an open set. Since A is a variety, the intersection of any two non-empty open sets is again non-
empty so we may pick a point P € U N [—1)U. Immediately 0 € Up and the rest of the result
follows. U

Lemma 2.5.9. A ~ B is an equivalence relation.
Proof. See [14, Remark 8.6]. ]

Lemma 2.5.10. Let ¢: A — B and 7: A — C be isogenies defined over k such that
T*(k(C)) C ¢*(k(B)) C k(A). Then there exists an isogeny 1p: B — C defined over k such that

T=1o0d.

Proof. Since ¢ and 7 are isogenies they are surjective (and hence dominant). So ¢*(k(B)) = k(B)
and 7*(k(C)) = k(C). Thus there exists a rational map ¢: B — C' such that 7 = 1) o ¢ on the
open set for which ¢ is defined. In particular, this means that whenever P, @, P + @@ € U we have

V(P +Q) = v(¢(P) +¢(Q)) = 7(P'+ Q) = ¥(o(P)) + ¥(d(Q")) = ¥(P) +¥(Q).

On each open set Up we define ¢p by

Yp(Q) == ¢(Q — P) +¢(P)
and define
b = (Up,¥p) pev-
To clarify the above definition, we mean for each Up and each () € Up that

P(Q) = ¥p(Q).

We see this is well defined since QZ(Q) is independent of the choice of open set containing (). By

Lemma 2.5.8 the open sets are a cover of C. It is not much more work to show that {/; is a legitimate
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morphism from B to C such that 7:!; . 1. Finally,

$(05) = ¥(0p) +¥(0p) = ¥(0p) = Oc

and zz is surjective since 7 = {5 o ¢ is. Thus IZ : B — (C'is an isogeny. O
Definition 2.5.11. The isogeny class of A is the (~)-equivalence class of A.

Next we introduce the product abelian variety. We will need a couple of definitions before proceed-

ing.

Proposition 2.5.12. Let X,Y be projective varieties defined over k. Then there is a projective

variety Z unique up to isomorphism such that

(a) There are morphisms w1, 7y defined over k such that m1: Z — X and wo: Z — Y are surjec-

tive.

(b) For any projective variety V' admitting morphisms ¢1, @2 into X and Y (respectively) there

exists a unique morphism ¢: V. — Z such that the following diagram commutes:

X
1

T

V——7
W
Y

Proof. See [19,1.5.1] or [8, 6.4.6]. O

Definition 2.5.13. The Z produced by the above theorem is called the product variety of X and Y

and we write Z = X X, Y.

Proposition 2.5.14. Let 7 = X x, Y. If P € X(k) and Q € Y (k) are smooth points then
(P,Q) € Z(k) is a smooth point as well.

Proof. It suffices to check smoothness locally so we choose affine open sets U,., U, containing P, ()

respectively and notice that U, x U, is an affine open subset of Z containing P, (). Then

Oz(Ux x3 Uy) = Ox (Uy) ®5 Oy (Uy).
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(See [19, Examples 1.2.1.5, 1.2.2.4]). By Ox (U,) we mean the affine co-ordinate ring of the affine
variety U,. We then verify that

Oz,pq)(Uz x5 Uy) = Ox p(Uz) ®f, Oy,q(Uy).
and that for the associated maximal ideals
dimy, M p, ) /Mip ) = dimg Mp /M3 + dimy, Mo /MG = dim X + dim Y = dim Z

so smoothness is verified. O

Proposition 2.5.15. Let (A,O4,+a4,[—1]4), (B,Op, +B,|—1]B) be abelian varieties. Let

C=A4 Xk B
OC = (OA,OB) eC
+c = (+a,+B)

[~le = ([=1a, [-1]B).
Then (C,Oc¢,+c,[—1]c) is an abelian variety defined over k.

Proof. We remark that since A and B are smooth projective varieties defined over k then so is C.

‘We need to show that

e ¢ is a morphism on the level of varieties.

Since C' is the product object, there is a map +¢ such that the following diagram commutes:

%

+a A
o
C
\f
s B

e [—1]c is a morphism.
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As before we see commutativity of the diagram

[-1]a A

,1}
S
¢ C
NN\
" 1B

B—— B

gives us the result.

e (O is the identity.

First we show that Oc +¢ P = P +¢ O¢ = P. By definition we have m4(O¢) = O4 and
WB(Oc) = Op. Since
WA(P) + 0y = WA(P)

WB(P) +Op = WB(P)
and C' = A x;, B, we must have that

P—l—OC:P.

A similar proof works for the other equality.

e - is associative.

Again we have for P, ), R € C that

Ta(P) + (ma(Q) + ma(R)) = (ma(P) + 74(Q)) + ma(R)

m3(P) + (158(Q) + 75(R)) = (7(P) + 75(Q)) + 75(R).
Therefore P + (Q + R) = (P + Q) + R.

e [—1]¢ is inverse.

Same trick.
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Definition 2.5.16. A k-isogeny factor of an abelian variety C' defined over k is a non-zero abelian
variety A defined over k such that there exists an abelian variety B defined over & such that there is

an isogeny ¢: A x B — C defined over k.

2.5.2 Definition and properties of the Jacobian

In this section we will define the Jacobian variety of a curve as the abelian variety with the same
group structure as the Picard group of the curve and discuss how maps of curves give rise to induced

morphisms of their Jacobians. Again the interested reader is directed to [14, Section III].

Theorem 2.5.17. Let C be a smooth projective curve. Then there is an abelian variety called the

Jacobian of C' such that in a natural way:
J(C)(k) = Pic®(C).

By natural we mean that given a surjective morphism of curves w: C — C we have 7*: J(C) —

J(C) and 7y: J(C) — J(C) are morphisms as abelian varieties.
Proof. See [14, Theorem III.1.2, Remark III.1.4a]. ]
Theorem 2.5.18. If C is a smooth projective curve then dim J(C) = g(C).

Proof. See [14, Proposition I11.2.1]. O

2.5.3 Polarizations, principal polarizations, and polarized isogenies

The purpose of this section is to emphasize that the decompositions of Jacobian varieties as prin-
cipally polarized abelian varieties are indeed quite stringent and worth pointing out whenever they
occur. We only need formal properties of polarizations so the definitions we state here are incom-
plete. A proper treatment of polarizations and the definition of the dual abelian variety is beyond the

scope of this thesis but can be found in [13] or [14].

Proposition 2.5.19. If A is an abelian variety then there is a dual abelian variety denoted AY. We
also call AV the Picard Variety of A and denote it by Pic(A).

Proposition 2.5.20. Let A be an abelian variety and A" its dual. Then

dim A = dim AY.
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Proof. See [14, Remark 1.8.7¢]. ]
Proposition 2.5.21. Let A, B be abelian varieties. Then (A x B)Y = AV x BY.
Proof. See [13, Proposition IV.4.7]. ]

Definition 2.5.22. A polarization is a special type of isogeny A\: A — AV. A polarization is said
to be principal if # ker A = 1. A pair consisting of an abelian variety and a specified (principal)

polarization is called a (principally) polarized abelian variety.
Proposition 2.5.23. If A € Hom(A, A) is a polarization and n € 7Z is nonzero then n\ # 0.
Proof. See [14, Lemma 1.10.6] or [14, Lemma 1.10.18]. ]

Proposition 2.5.24. If ¢: A — B is an isogeny of abelian varieties then there is an induced isogeny
¢V BY — AV of the same degree.

Proof. See [14, Theorem 1.9.1]. ]

Definition 2.5.25. Let (A, A4), (B, Ap) be polarized abelian varieties. Then an isogeny ¢: A — B

is said to respect polarizations if there are non-zero n, m € Z such that the diagram

deg Ap-(deg ¢)*

) n o
commutes. As it turns out - = + deg s

. We say ¢ is a polarized isogeny.
Proposition 2.5.26. The map [n|: A — A respects polarizations.
Proof. Direct from definitions and the fact that [n]} = [n]av. O

Polarized abelian varieties, together with morphisms of abelian varieties respecting polariza-
tions, define a category. We discuss some of the properties of this category in that there are products

and the universal property of quotients.

Proposition 2.5.27. Let (A, \a), (B, Ap) be polarized abelian varieties. Then (A x B, A4 ® Ap)

is the product object in the category of polarized abelian varieties.
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Proof. This is immediate from the fact that A x B is the product object in the category of abelian

varieties and the choice of polarization on A x B. O

Proposition 2.5.28. Let o: (A, \a) — (B, Ap) and B: (A, 4) — (C, A\c) be isogenies of prin-
cipally polarized abelian varieties such that 5*(k(C)) C a*(k(B)). Let v: B — C be the unique

morphism such that B = v o a. Then ~y respects polarizations.

Proof. Let no, = dega and ng = deg 8 = deg~y - dega. Since deg « divides deg 3 there is an
m € Z such that ng = mn, =: n. Since « and 3 respect polarizations and 3¥ = " o v we have
that

nig =a’ omlgoa
nia=pB"oAlcop
=a'yY o Ao ona.

So a¥(vY o Acoy—mAp)a = 0. Since « is surjective we see that «V (7Y o A\g oy —mAg) = 0
and hence Im(yY o A\c o v — mAg) C kera”. But o is an isogeny of degree n,, (Proposition
2.5.24) so

0= [na](7Y 0o Ac oy — mAB).

It follows that

nam)\BB\/

Y A
NaA
« CC\/

commutes. O

We end this section by noting Jacobian varieties can be considered as polarized abelian varieties

and state the some important results regarding polarizations on Jacobian varieties.

Proposition 2.5.29. The Jacobian variety of a curve C admits a canonical principal polarization

coming from C, denoted by Ac.

Proposition 2.5.30. Let m: C — C be a morphism of curves and 7 : J(C) — J(C) the induced
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map on the Jacobians. Let A\, Ac be the canonical polarizations on J(C'), J(C) respectively. Then

J(C)—=J(C)Y
-l
A5t
J(C)=—J(C)Y
commutes.
Proof. See [15, Section 1]. ]

Proposition 2.5.31. Let C be a curve defined over k and let P € C(k). Then there exists a morphism
jp: C — J(C) defined by

jp(Q) :=[Q — P]
where [Q — P is the point on J(C) corresponding to the element [Q — P] € Pic®(C). (See Theorem
2.5.17.)

Proof. See [10, Theorem A.8.1.1]. ]

Theorem 2.5.32 (Torelli). Let C and C' be smooth projective curves over an algebraically closed
field k, and let jp: C — J and jpr: C' — J' be the maps of C and C' into their Jacobians
defined by points P and P’ on C and C'. Let 3: (J,\¢) — (J', A\¢cr) be an isomorphism from the
canonically polarized Jacobian of C' to that of C'.

(a) There exists an isomorphism o: C — C' such that jpr o « = £ o jp + ¢ for some c in J' (k).

(b) Assume that C has genus > 2. If C is not hyperelliptic, then the map «, the sign +; and c are
uniquely determined by 3, P, P'. If C' is hyperelliptic, the sign can be chosen arbitrarily, and

then o and c are uniquely determined.

Proof. See [14, Theorem III.12.1]. ]

2.5.4 Decompositions of the Jacobian

Up until now we have merely treated the Jacobian variety as an abstract group and mentioned that
the group aspects we had talked about correspond to geometric operations. We now discuss decom-

positions of Jacobian varieties as abelian varieties.



CHAPTER 2. BACKGROUND MATERIAL 29

Definition 2.5.33. Let A, B and C be nontrivial principally polarized abelian varieties. We say that
C decomposes as polarized abelian varieties into A and B if there exists a polarized isogeny ¢ such
that

¢p: Ax B—C.

We highlight the particular type of decomposition we are interested in.

Definition 2.5.34. Let ¢: A x B — C be a decomposition as polarized abelian varieties of C' into
non-trivial principally polarized abelian varieties. Suppose that ¢): A[n] — B]n] is an isomorphism

both as abstract groups and as algebraic sets. If
ker ¢ = {(a, —1(a)) € Aln] x B[n] : a € Aln|}

we say that C is the principally polarized abelian variety obtained by gluing A and B along their

n-torsion.

2.6 Endomorphisms of abelian varieties

Let A be an abelian variety.

Definition 2.6.1. An endomorphism of A is a morphism of abelian varieties ¢: A — A such that

$(04) = 04 and ¢(z +y) = (x) + ¢(y).
e The identity morphism 1 is an endomorphism. It is defined over k.

e The trivial morphism 0 defined by 0(z) = 04 is also a morphism defined over k.

Proposition 2.6.2. If ¢, are endomorphisms of A then ¢ + 1, ¢ o ¢ are also an endomorphisms.

Proof. The ring criteria are straightforward to check and the composition of morphisms of abelian
varieties is also a morphism of abelian varieties. Thus we conclude ¢ o v is an endomorphism of
abelian varieties. All that is left to assert is that ¢ + 1) is a morphism as varieties. But we see by the
diagram

AN A A Aaa o

that ¢ + 1 is a composition of morphisms of varieties. On the level of groups we see that for
PQeA
(¢ +1)(0a) = ¢(0a) +1¥(04) = Oa
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(@ + )P+ Q) = d(P) +d(Q) + ¢(P) +9(Q) = (¢ + ¥)(P) + (¢ + ¥)(Q).

O]

Proposition 2.6.3. There exists an endomorphism [—1]| which satisfies the inverse properties that

one would expect. Namely for any endomorphism ¢ we have [—1]o¢ = ¢po[—1]| and ¢p+[—1]op = 0.

Proof. Since A is an abelian variety there is an inverse morphism [—1]4. Let P € A. Then
(¢ +[-1]ad)(P) = ¢(P) + [-1]ad(P) =0

¢([-1]aP) + ¢(P) = ¢(P + [-1]aP) = ¢(0) = 0.

These lead to the natural definition:

Definition 2.6.4. The endomorphism ring of an abelian variety End(A) is the ring with ring struc-

ture (0, 1, +, o) specified above.

End(A) gives us a lot of useful information about A. Since abelian varieties are projective we

get the following lemma:
Lemma 2.6.5. Let ¢ € End(A). Then ¢(A) is a sub-abelian variety of A.

Lemma 2.6.6. Let C,C be curves, 7: C — C, and o € Aut(C/C). Then the action of o, on
Div®(C) induces an endomorphism of J(C) by

o«([D]) = [ox(D)].

Moreover, Ty, 0 0y = Ty and o4 o T = T*.

Proof. First we have to show that o, (Princ(C)) C Princ(C). Let

div(f):==D =Y apP

PeC

be a principal divisor. Then

0.(D) =Y apo(P).

PeC
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We see 0, (D) is exactly div(f oo 1), which is a well defined function of C. Thus o acts compati-
bly on divisor classes. We also infer that 0. ([0]) = [0] and that o.([D]+[D']) = 0.([D])+ox([D’]).
Sinceo: C — C by Theorem 2.5.17 we assert that o is a morphism on the level of varieties. Since

7 oo = 7, we have that

Ty O Oy Z apP | = Z apm(oP) = m, Z apP

PeC pPeC PeC

We also see that

orom" (ZCLPP>—0'* Z Z eqnp@

pPeC PeCr(Q

—Z Z eqnpo(Q

PeCn(Q

But m oo = 7, so points in the fibre over P go to points in the fibre over P. Thus o, on™ = 7*. O
Remark 2.6.7. The morphism in End(J(C')) induced by o is denoted by o..

Definition 2.6.8. Let R be a (not necessarily commutative) ring. An idempotent of R is an element

€ € R such that €2 = e.

Endomorphism rings give us all the information we need to determine the isogeny factors of an
abelian variety. This is due to the classical result of Kani and Rosen [12], which we state with the

aid of the following lemma.

Lemma 2.6.9. End(A) is torsion-free. Equivalently, the map End(A) — End(A) ®z Q given by

¢ — ¢ @ 1 is an injection.
Proof. See [14, Lemma 1.10.6]. O

Theorem 2.6.10 (Kani-Rosen). Let A be an abelian variety. Let €1, ... e, € End(A) ®z Q be
idempotents. Then idempotent relations correspond to isogeny relations between abelian varieties.

In particular,

(a) If e € End(A) ®z Q is an idempotent then we may find an m € Z such that m - ¢ € End(A).

Moreover me(A) is also an abelian variety.
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(b) if >, € = 1 then there is an integer m such that

A~meAx...xmeA

and conversely, if A ~ By X ... X B, then we may find idempotents €1, . . . , €, and integers m;
such that
m;€; (A) ~ Bi

and

A~mielA X ... X mpeA.

2.7 Final preliminaries

This last section covers some technical lemmas and contextual results which we isolate here in order

to improve readability of the next chapter.

2.7.1 Motivating facts for the case g = 2

The following results classify all principally polarized abelian varieties of dimension 2. This greatly
simplifies the types of decompositions that we need to consider since we are only looking for Jaco-

bian factors.
Proposition 2.7.1. Every genus 2 curve is hyperelliptic.

Proof. Observe that the Riemann-Roch space of the canonical divisor has dimension 2. Choosing a

basis (f, g) we see that the map
(f9):C—P

P = (f(P):g(P))

is surjective and extends to a morphism on all of C. Both f and g are degree at most 2 since this
is the degree of the canonical divisor so the map has degree at most 2. The map has degree greater
than 1 since g(C') > 0. O

Theorem 2.7.2. Every principally polarized 2-dimensional abelian variety is either the Jacobian

variety of some hyperelliptic curve C or is a product of elliptic curves 1 x Es.

Proof. See [21, Satz 2]. O
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2.7.2 Representing 2-torsion points on hyperelliptic Jacobians

In this section we shall provide a concrete specification of the 2-torsion of the Jacobian of a hyper-
elliptic curve. We will represent these 2-torsion classes by divisors supported on special points of

the curve that are easy to identify.

Definition 2.7.3. A Weierstrass point on a genus 2 curve is a point P such that
((2P) > 1.

This is a bit of an awkward definition for our purposes, so we provide a practical criterion

Theorem 2.74. Let 7: C — P}c be a hyperelliptic curve with hyperelliptic involution v. Then
P € C'is a Weierstrass point if and only ifep > 1.

Proof. Let t be a uniformizer for 7(P) € PL. The reverse direction is easy since (1,1) C L(2P).
For the forward direction let P € C' such that P # ¢(P). Then

L(2P), L(2u(P)) C L(2(P + 1(P))).

So by the Riemann-Roch theorem
L(2(P +u(P))) = 3.

Clearly L(2(P +(P))) = (1, 1, t%) Any k-linear combination of these functions has equal valua-
tions at P and ((P) so
L(2P) = L(2P)NL(2P + 2.(P)) = (1).

O]

Theorem 2.7.5 (Hilbert 90). Let L/ K be a finite cyclic extension of fields with Gal(L/K) = (o)

and let f € L. Then Nmyp, /i (f) = 1if and only if there is a g € L such that f = g%.

Proof. See [5, 14.2 Exercise 23]. O

Lemma 2.7.6. Let 7 : C — C be a double cover of curves with Aut(C/C) = (o). Then for any
divisor class [D] € J(C) with 0,|D] = [D] we may find a divisor D' of C (not necessarily defined
over k) such that 0. D' = D" and [D] = [D'].
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Proof. Let D be a representative for [D]. Since o.[D] = [D] we have that 0,.D — D = div f for

some f € k(C). Then
div f7+divf =0

and in particular f - f7 is a constant which we may assume to be 1. Since the Galois group is a finite

cyclic extension and the norm of f is 1 we may apply Hilbert 90 to find g € k(C') such that

g
f=2.
Now
oD — D = div(g) — div(¢?)
= oD +div(g?) = D + div(g).
Taking D' = D + div(g) completes the proof. O

Lemma 2.7.7. Let C be a hyperelliptic curve and [D] € Pic®(C)[2]. Then we can find a represen-
tative D € DivO(C ) such that D is supported only on the Weierstrass points of C.

Proof. Let o be the hyperelliptic involution and observe that a 2-torsion class must satisfy o ([D]) =
—[D] = [D]. Moreover the cover 7w: C' — P! is finite and cyclic, so by the previous lemma we can
find a divisor D’ such that

D' = Z a;f; + 7 (a)

0; Weierstrass points

where a € Div(P!). Since 7*(a) ~ deg(a) - 6; we are done. O



Chapter 3

Curves of genus 2g with decomposable

Jacobians

3.1 Introduction

In this chapter we shall make use of the terminology and machinery referenced in the previous

chapter and prove the main result of this thesis.

Definition 3.1.1. Let G and H be finite abelian groups and let ¢»: G — H be an isomorphism. We

call the subgroup
A = {(g,h) €eGxH:h= w(g)_l}

the anti-diagonal of G x H.

Definition 3.1.2. Let S, be the symmetric group on 2 elements. Let V' be a variety, let M be a set
of varieties, and let P, be the set of pairs in P}(k) x P}(k)/S2 such that

Q) P # P,
(ii) either P;, P are both k-rational points or P; is the quadratic conjugate of P5.
Then a two parameter family (associated to V') is the image of a map of sets p: {V'} x Py — M.

Remark 3.1.3. The definition we use for a two-parameter family is sufficient to state the main
result but lacks the requirements for ¢ to be continuous and for independence of the parameters. It

is beyond the scope of this thesis to provide a full treatment of parameter families.

35
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Theorem (Main Result). Let k be a field of characteristic not equal to 2. Let C'y be a hyperelliptic
genus g curve defined over k, and J(Cy) its Jacobian. Then we may find a two parameter family of
explicitly determined curves Cr of genus g and A of genus 2g such that

1. CF is hyperelliptic and there is an isomorphism of finite algebraic sets

V2 J(CF)[2] = J(Cp)[2]-
2. Ais a double cover of C.

3. J(A) =2 J(Cy) x J(CF)/A as polarized abelian varieties, where A is the (anti)-diagonal of
J(Cp)[2] x J(Cr)[2].

Proposition 3.1.4. Let A be a genus 2g double cover of a hyperelliptic genus g curve C'r, which
double covers PL. Let §) be the Galois closure of AP and assume that A # Q). Then Gal(Q/PL) =
Dy. Moreover, there is a choice of Cy and parameters as in the above theorem where we recover A
and Cp.

It is useful to know when this occurs for a number of reasons since J(A) decomposing in this
way may allow us to say something interesting about either A or one of the component Jacobians.

We list some potential applications:

e The endomorphism ring of J(A) can inherit special properties of the endomorphism rings of
J(CF) and J(C¥).

o We can show any principally polarized abelian of dimension 2 arises as an isogeny factor (de-
fined over k) of a Jacobian of a genus 4 curve. More generally, we can show any hyperelliptic
g-dimensional Jacobian arises as an isogeny factor defined over k& of some Jacobian of a genus

2g-curve.

The proof of the main result will proceed as follows. First we shall review the historical literature
both to show the inspiration for the main construction and to show potential applications for it.
We then provide the main construction for the curves A and C'r and calculate some necessary
information. We will prove the main result and finally list some of its corollaries and potential

future directions.
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3.2 Construction 1: Legendre

The identification of Jacobian varieties that are gluings of smaller Jacobian varieties has seen a
number of historical uses. See for example [1, 3]. One hopes with a generalized construction the
techniques already present in the literature can be considerably extended. Out of historic respect and
conceptual insight we review the classical construction to show the origin of the method employed

by this thesis.

For f € k[z] a square-free quintic, a € k such that f(a) # 0, and d € k non-zero we let

Proposition 3.2.1. Let L = k(z)(/f,\/d(z — a)). Then L/k(z) is Galois with Galois group V.

Proof. Since d(z — a) is not a square multiple of f(x) we have

Vi —a) & k(z)(V/]).

Thus [L : k(Cy)] = [L : k(C2)] = 2 and [L : k(z)] = 4. Since every separable extension of
degree 2 is Galois, we see that L/k(C1) and L/k(C2) are both Galois. Hence L is Galois over
k(C1)Nk(Cy) = k(x). Finally, since k(C7) # k(C2) we see that L does not have a unique subfield
of index 2. Thus Gal(L/k(z)) is not cyclic and so Gal(L/k(x)) = Vj. O

Let 2 be the curve corresponding to the composite field of k(C1) and k(C3). By Proposition

3.2.1 we have the familiar diagram of Figure 3.1.
Q
e
V

[P)l

C 1 CQ

&
a
Figure 3.1: Subcover structure of Q/P?.

Lemma 3.2.2. Let V and 2 be as in Figure 3.1. Then g(V') = 0,9(Q) = 4.



CHAPTER 3. CURVES OF GENUS 2G WITH DECOMPOSABLE JACOBIANS 38

Proof. From function fields we see k(V') = k(z)(yz) = k(z)(\/d(z — a) f(x)?) is ramified at two
points, a and oo. Since this is a degree 2 extension we have that V' = Pk.

Notice that there is a single Weierstrass point P on C'; lying over oo and that there are two points
on (' lying over infinity. Thus there are at least two points on {2 lying over oo since €2 is a cover of
Cy. Thus a~}(P) = B~ 1p~1({oo}) contains at least two points, so no points over P are ramified.
Hence k() = k(C1)(y/d(x — a)) is ramified at only two points. Thus from the Riemann-Hurwitz
formula g(2) = 4.

O

Lemma 3.2.3. Ler ), C1, Cy be as in Figure 3.1. Then J(C1)[2] = J(C2)[2]. Moreover; if A is the
anti-diagonal of J(C1)[2] x J(C3)[2] then J(Q2) = J(C1) x J(Cq)/A.

Proof. Let a: Q@ — J(Cy), B: Q — J(C2), T be the nontrivial automorphism of ©2/C1, and o
be the non-trivial automorphism of Q2/C5. By Lemma 2.6.6 there are endomorphisms 7, 0, €
End(J(€2)). By Lemma 2.6.6 we see that ., o 7 = «,.. Hence Im(1 —7,.) C ker(a,) and

1-7=1-7+ (147 + 0x + 047) — (L +0,7) = 1 40, € End(Q).
We see ker(a,) C Im(1 +0,) = Im(8*). Similarly ker(8,) C Im(a*). Therefore

J(C1) x J(C9)

w

2] J(Q)

(a*zﬁ*)
J(C1) x J(Cq)

commutes.
We now proceed to compute the kernel which must be contained in J(C1)[2] x J(C2)[2]. Notice
that f € k(PL) has a divisor of the form

divf=601+...4+ 05 — b

where the 6; are the points corresponding to the roots of f(z) onPL. Let D :=6; + 6; — 6y — 6, €

DiVO(IP’:lﬂ) for arbitrary i, j, k,l € {1,...,5}. Since all of these points lie under ramification points
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of both 7 and p we see that the divisors

Dy = %W*(D) _ % (207 1(0:) + 201 (6;) — 20 (6y) — 271 (6)))

1, 1
DQ::*p (D):§

5 (2071 (6:) +2071(6;) — 2071 (61) — 207 (61))

are well defined. It is also clear that for the map ~y :  — P, that
a*([D1]) + B¥([D2]) = ~*([D]) = [0].

Thus it is immediate that ker(a* 4+ %) is the anti-diagonally embedded 2-torsion since the Dy, Do
generate J(C1)[2], J(C2)[2] respectively.
O

We intend to produce a generalization of this construction. One particular restriction of Legen-
dre’s construction is that we insist both C; and C have a rational Weierstrass point (over co and

over « respectively). Not every genus 2 curve has to have a rational Weierstrass point.

3.3 Diagrams associated to a Galois covering

The main technique we will use to construct Jacobians of genus 2¢g curves that arise as a gluing of
Jacobians of genus g curves is to construct Galois covers which have these objects as isogeny factors
and see if these can be recognized as isomorphisms. If A/P. is not already Galois then the Galois
closure (£2) of the tower of double covers A — H — P over P. will have Gal(Q/P!) = D,. We

give names to the automorphisms and the curves arising from (2.

Lemma 3.3.1. Let K, L, M be fields and let M /K and L/M be Galois extensions of degree 2. If
L/K is not Galois then there is a degree 2 extension L/ L such that L] K is Galois and Gal(L/K) =
Dy.

Proof. Let L = M («) and let p be the minimal polynomial of o over M. Let o be the nontrivial
automorphism of M /K. Then o acts on p by acting on the coefficients of p. Let 3 be a roots of p”
and define L' := M (p).

If L’ = L this is a contradiction, since then both (o) and Aut(L /M) are subgroups of Aut(L/K).
This would imply o € Aut(L/M) and so fixes M, a contradiction.
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Define L := M (o, 5). We see that [L : M(a)] = 2 and that L is the splitting field of the
polynomial p - p° whose coefficients are in M. Thus L /M is Galois and there are two distinct
degree 2 sub-extensions of L/K, M(a) and M(8). Therefore Gal(L/M) = V,. But p - p” is o

invariant and so has coefficients in K. We conclude L /K is Galois and furthermore:
i) )Gal(i/K)) -
(i) Gal(L/K) has a V; subgroup,

(iii) Gal(L/K) is non-abelian since L/K is not Galois.

Therefore Gal(L/K) = Dy, O

3.3.1 Models

The following are affine models for the curves corresponding to €2 and its subcovers. By Theorem
2.3.9 we may find a smooth projective model in place of these objects and note that since the Jaco-

bian is determined by the function field that we can use the information provided by these models.

Cr: V( F(z)) C A{(z,y)

Ay V(y* — F(x),2{ —r +y) € Aj(z,y,21)
Ay V(y® = F(x),25 —r —y) C Aj(2,y, 2)
Q: V@ —F@),2i —r+y,2 —r—y) € Ag(z,y, 21, 22).

We remark that the given affine model of C is a double cover of A} by the map ¢: (z,y) — (z).
Let P! be the corresponding PP}, double covered by C. If A; is not Galois over P}, then, by Lemma
3.3.1, the curve €2 is Galois over ]P’,lC with Galois group isomorphic to D4. The automorphisms of €2
over IPU}€ are generated by

L=

( ) = (

p:= (y,21,22) = (v, —21, 22)
Ti= ) = (
( ) = (

TL=
where 32 = F, z% =7r—1, z% =1+ y. Observe

(TL)Z(y, 21, 22) = TL(—?/, 22, _Zl) = (y7 —Z1, _ZQ) = pT(ya 21, 22)'
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Since (7¢)? is an element of order 2, 7 is of order 4. We also note that p and 7 commute. We also

note that tp = 7.

" \<pL>/

Dy

Figure 3.2: Subgroup structure of Aut(£2/P'). Arrows denote inclusion.

We relate the subgroups in Figure 3.2 to their quotient curves (and corresponding fixed fields) in

Figure 3.3 through the usual correspondence of Galois theory.

AQ Al ‘7 Yl Y2

\%

Figure 3.3: Subcover structure of 2.
We compute the genera of Y7 and X.

Lemma 3.3.2. Let Q,Cr, A1,Y1, X, PL be as in Figure 3.3 and let g = g(CF). Let t: Ay — Cp,
¢: Cp — PL &Y, — X, andn: X — P. be the covering morphisms as in Figure 3.3. If T is
ramified at two points Py, Py such that ¢(m(P)), ¢(m(Py)) € PL are distinct points which are not
zeros or poles of F', then g(A1) = 2g,9(Y1) = g and g(X) = 0.
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Proof. By the Riemann-Hurwitz formula we have

29(A1) —2=2(29(Cr) ~2) + 3 (ep — 1) = 49(Cp) — 2.
PeAq

Thus g(A;) = 2g. The function z;12z2 € k() is invariant under both ¢ and p7 and not invariant
under 7. Thus 2122 € k(X) and 2129 & k(x). But

2120 =/ (r—y)(r+y)=Vr2-F.

By Corollary 2.4.39 we have that dive,, (r — y) = np, P1 + np, P> + 2D where both np, and np,

are odd. Since r* — F = Nmy, (¢, /k() (r — y) We have
divp: (r* — F) = np,¢(P1) + np,¢(P2) + 2D.

Since k(X) = k(z)(vr? — F) it follows from Corollary 2.4.39 that the cover 7 is ramified at two

points. By the Riemann-Hurwitz formula
29(X) —2=2(29(P}) —2)+2=—-2.
Thus g(X) = 0.

The function w := z1+22 € k() is invariant under ¢ but not under p7. Thus k(Y1) = k(X)(w).
Observe that

w? = 2(r + 2129).

Let D = divx (r 4 2122). Since 7(2122) = —z122 we have
TF*(D) = diVPi Nmk(X)/k(:p) (7’ + 2’12’2) = din; F.

Thus the number of points of odd multiplicity in D is at least the number of points of odd multiplicity
in divps F'. Since all of the ramification points of 2 — PL lie over points of odd multiplicity in
divps F, ¢(m(P1)), or ¢(m(F2)), the number of points of odd multiplicity in divx D is equal to
the number of points of odd multiplicity of divp: F. Therefore by Corollary 2.4.39 the number of
ramification points of ¢ and £ are equal. By the Riemann-Hurwitz formula we conclude ¢g(Y1) =
g. O
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Lemma 3.3.3. Let Y1, X be as in Lemma 3.3.2. Then X has a rational point and is isomorphic to
Pl

Proof. See [10, Exercise A.4.12b]. O

3.4 Construction of a dihedral cover of P}

Lemma 3.4.1. For each genus g curve C' separably double covered by a genus 2g curve A there
exists a function z € k(A) such that k(A) = k(C)(\/z) and the divisor of z is of the form

div(z) =1-P —1—1'132—1—2(D+ —Df)

where D, D™ are effective and Py, P, € C(k).

Proof. Let z be a function such that k(A) = k(Cr)(y/z). By the Riemann-Hurwitz formula the

cover is ramified at two points so we write
le(Z) =P +P+ 2(D+ — D_>

with DT and D~ effective.

Remark 3.4.2. The divisor D~ — D™ is both degree 1 and defined over k.

3.4.1 Norm construction

In this section we provide a construction that shows how, given hyperelliptic genus g curve C'y, to
obtain pairs (A, Cr) of curves defined over k such that A is a double cover of Cr ramified at 2
points and C'r is a hyperelliptic genus g curve. The primary utility of this lemma is the principle
given by Kani-Rosen (2.6.10) that a common Galois cover 2 of C'y,Cr and A will give rise to
isogeny relations between J(Cy), J(CF) and J(A). We will proceed with a careful computation to

determine the exact isogeny relations.

Lemma 34.3. Let P, P, € IP)}~C be points such that Py # P». Assume either Py and P, are k-
rational points or P is the quadratic conjugate of P>. Then there is an involution y: IP’%C — IP’/%€
defined over k that fixes P and Ps.



CHAPTER 3. CURVES OF GENUS 2G WITH DECOMPOSABLE JACOBIANS 44

Proof. Fix a choice of co-ordinates (z : z) for }P’}C. We may assume up to translation that Py, P, are

in the set

{(z:2) ePy:2#0}

sowelet P = (a:1),Py = (b: 1) for some a,b € k. If P, and P, are rational then a + b, ab € k.

If P, and P, are quadratic conjugates then a and b are conjugate, that is
(t—a)(t—0) € kt].

So a + b, ab € k. We see the morphism y: P} — P} defined by

a+b 2
wx:z) = (x:2)
—2ab —a—b
is defined over k. A simple calculation shows that p fixes P; and P, and is an involution. O

Lemma 3.4.4. Let R = P + P € Div(P}) be a degree 2 divisor such that Py and Ps fulfil the
conditions of Lemma 3.4.3. Let i be the involution fixing Py and P,. Then we may find m: IF’}C — IP’}C
such that

(i) there is an element x € k(P}) such that k[t, i*(t)] is an integral extension of k[z],
(ii) m(k(PL)) = k(z), 7 has degree 2, and R is the ramification divisor of .
Proof. If p fixes oo then p*(t) = ¢ — t for some ¢ € k. Define the rational map
: P,lg — P
(t:1) — (@u(t): 1)

By Theorem 2.3.10 we see that 7 extends to a double cover. Let = := 7*(t) = t(c — t) and notice

that both ¢, 1*(¢) are roots of

p(T) =T? — T + z € k[z][T).
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So (i) is satisfied in this case. If 1 does not fix co then we define the rational map

m: P} — Pi

(t:1) _><t+;2[“(t):1>.

By Theorem 2.3.10 we see that 7 extends to a double cover. Let z := 7*(t) = (tﬂ‘; ®) ) Ifcek

we see that
divP}C(t—c) =(c:1)—

divpr p*(t) = p(0) — p(0).

Since p does not fix co we may choose ¢ such that (¢ : 1) = pu(00). If 1(0) # oo then
divgy (t — (1) = 1(0) — 00 = divgy (¢ — ©) + )
for some « € k. Since t, p1*(t) € k(t) we can find d € k such that
(t - Y (t) = dl(t — ) + .

So (t — ¢)(u*(t) — d) = da € k. Both (t — ¢) and (p*(t) — d) are roots of

p(T) =T? — 2T — do € k[z][T).
If 14(0) = oo then tu*(t) € k and both ¢, ;* (¢) are roots of

p(T) = T? — 2T — tu*(t) € k[=][T].

In each case we have satisfied (i).

Observe that k() is contained in the subfield fixed by p*. Hence since [k(t) : k(x)] = 2 we see
Ek(x) is the fixed field of p*. Since the quotient map 7 is ramified at its fixed points and u has order

2, we are done. O]

Lemma 3.4.5 (Norm construction). Let C: w? — f(t) be an affine model of a hyperelliptic genus
g curve where f is a squarefree polynomial in t. Let R = P, + P» € DiV(P}C) be a degree 2
divisor such that Py and Ps fulfil the conditions of Lemma 3.4.3. Let u,m be as in Lemma 3.4.4.
Denote the preimage of @ by P} and denote the image of T by PL. whose function fields are denoted
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by k(t), k(x) respectively. If the points of odd degree multiplicity in divp f and the points of odd

degree multiplicity in divpg f* are disjoint then:

(i) The hyperelliptic curve defined by the affine model Cp := V (y* — ANmy) 52 (f)) C AZ

has genus g.

(ii) Let 3: Cp — PL be the cover extending the rational map 3(x,y) = (x : 1). There is a double
cover a: A — Cp such that A has genus 2g and the ramification divisor of «, denoted R,
satisfies

Biar(Ra) = mu(Ryr).

Proof. Let
. f+fop » f—fop
= =T

In particular pu(r) = r, u(q) = —q, and f = r+q. Since [k(t) : k(x)] = 2 and q is not fixed by p we
see that k(t) = k(x)(q). Since ¢ vanishes at both P and P we write divpi (¢) = np Pr+np, P,+D

with D not supported at P; or P». Hence since div]p% q is invariant under p we have that

divpr Nmy () /k(e) (q) = divp (—¢%) = np, m(P1) + np,m.(P2) + 2D/
= F*(Pl) + 7T*(P2) — 200 + Q(D, + OO)

We infer from Corollary 2.4.39 and the fact k(t) = k(z)(1/¢?(z)) that both np, and np, are odd.

Since the divisor class group of P! is Z we rewrite this as
divp: (h(z)) + 2 divp: (g(x))

where h, G € k(z). In light of this we rewrite Ny ;) /(2)(q) = d - h(x)q(x)? with d € k. We may
assume that d = 1 by setting h(z) := d - h(z). Now define

F(z) == ANmy() /() (f) = 4 - (f*) = 4r(2)? — 4h(z)g(z)*.

Recall there are no points with odd multiplicity in both div]ptl fand div]p% f*. In particular since
P, and P, are fixed by u they have multiplicity zero in divp% f. Moreover for each point P € P} (k)
atmostone of { P, ;u(P)} can occur in divp: f with odd multiplicity. Since divpy F' = . divpr f we
see the number of squarefree roots of I and f is the same, so the hyperelliptic curve Cf : y? — F(z)

also has genus g.
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All that is left to do is to show that (77) is satisfied. Let

Define A by the affine model
A= {(z,y,w) € A} : (z,y) € Cpand w? = 2r(z) — y}

and notice that k(A) = k(CF)(w). Proceeding we have

Nmy, () k() (w?) = 4r(2)? = F = 4h(z)§(z)?
50 divps Nmy(cp) /k(z) (w?) = me(Ry) 4 2D'. Since k(A) = k(Cr)(w) we note that

o (Ro) = odd multiplicity terms of dive, (w?),
so this cover is ramified at 2 points. We now compute the genus g(A). By Riemann-Hurwitz

2g(A) — 2 =2(29(Cp) —2) + 2

and so g(A) =2, g(Cr) = 2g. O

Lemma 3.4.6. Let A,Cy,CF, P}, PL.q, f,w be as in Lemma 3.4.5. Let Q be the Galois closure of
C over PL. Then Gal(Q)/PL) = Dy and k(A) C k(12).

Proof. By Lemma 3.3.1 we have that Gal(2/PL) & D,. Let
p(T) = (T = f(£))(T* — (1)) € K(Q)[T).
We see that f(t) + f4(t) = 2r(z) € k(z),
p(T) =T = (f(t) + f1(t))T* + F(x) € k(=)[T],

and p(T) is irreducible over k(). But p(1/f(t)) = 0, so p(T) splits in k(). Letwy = /f(t), w2 =
f#(t) and observe these are roots of p(7"). We have that wiwe = /f - f* = y and so k(Cr) C
k(). Finally, let
B(T) = T2 — (2r(2) — y) € K(Q)(T).
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We see that

plwy —wg) = wf + w% —wywz — (2r(z) —y) =0,
so any root of p lies in k£(2). But by definition p(w) = 0, so it follows that k(A) C k(£2). O

It turns out that ramification divisors of covers give us slightly more information about the as-
sociated Jacobians than just their dimensions. We make a few useful observations here before pro-

ceeding.

Proposition 3.4.7. Let ), A, and Cy be as in Lemma 3.4.6. Then the covers ) — Cyand Q — A

are ramified.

Proof. First consider
Q= C f Xp1 C fou

TN

“ \ l/ / o
P}

and looking at the corresponding function fields we have the following diagram

k()(T) LQICVIRND) k(t)(VTF)

k(t)

Since we chose p such that there are no points of odd multiplicity in both diV]ptl f and diV]ptl is
we have that divp% (f - f*) has 4g + 4 points with odd multiplicity. Hence V- P} is ramified at
4g + 4 points so g(V') = 2g + 1. By symmetry the ramification divisors of v and £ have the same
degree. Now by Riemann-Hurwitz

ko = Ky + R
ko = kcy + Ry

kQ = Ko + Re.
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Taking degrees and solving the resulting linear system we find that 7 is unramified and =y, 7 are each
ramified at 2g 4+ 2 points. Let a: €2 — A be the double cover in Lemma 3.4.6. By the Riemann-

Hurwitz formula

29(2) —2=2(29(V) - 2)
(29(Q) = 2) — 2(29(A) = 2) = D (eap — 1)

PeQ

Since g(A) = 2g we conclude g(2) = 4g + 1 and « is ramified. O

Corollary 3.4.8. For Q and V as in Proposition 3.4.7 we have that g(Q?) = 49 + 1 and g(1~/) =
29+ 1.

Remark 3.4.9. The technical conditions of Lemma 3.4.5 ensure that quotienting by p creates a

squarefree polynomial and thus Cr has exactly the ramification data needed to have genus g.

3.5 Verifying J(Cr) x J(Cf)/A = J(A)

3.5.1 Computing with endomorphisms of .J(£2)

The following helpful lemma appears in [15, section 3]. Since we only need the double cover version

we prove this directly.

Lemma 3.5.1 (Mumford). If 7 : C > Cisa ramified cover of prime degree then ©*: J(C') —

J(C) is an embedding.

proof for degree 2. Observe that since 7, o 7 = [2] that
ker 7* C J(C)[2].

Suppose for non-zero [D] € J(C)[2] that #*([D]) = [0]. Then by definition there is a function
f € k(C) such that
div f = 7*(D)

and in particular
divNm(f) = mn*(D) = 2D

since D was a non-principal divisor f ¢ k(C). Hence because [k(C) : k(C)] = 2 is prime we have
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Thus the ramification divisor of 7 is given by
7+(Rx) = odd multiplicity terms in div Nm(y/f)

of which there are none, so the ramification divisor is trivial. O

We notice in our diagram that each of J(Cy), J(D), J(CF) must all embed into J(£2). This
means that we can use endomorphisms of J(€2) to construct maps explicitly between these objects.
We first show how to identify each of these in J(£2) and then proceed with the main result. The
following lemma will aid in this process.

Lemma 3.5.2. Let 7: C — C be a double cover with Galois group Gal(C/C) = (o). Then
™ J(C) = Im(1 +0) C J(C). Moreover if 7 is ramified the map 7*: J(C) — Im(1 +0) is an
isomorphism.

Proof. The first equality is the definition of 7* and the containment 7*(.J(C)) C J(C) is also
straight from the definition. That the map is injective follows from Lemma 3.5.1. By definition
of m* the map is also an isogeny onto its image. By the proof of Lemma 2.5.9 we see 7* factors

through multiplication by 1 so it is an isomorphism. O

Lemma 3.5.3. Let m: C — C be a ramified double cover with Galois group Gal(C/C) = (o).
Then

1+0 =7*om, € End(J(C)).
Proof. The first equality follows immediately from Lemma 2.4.20. That it is an endomorphism

follows from the fact it is a sum of endomorphisms. O

By applying the above lemma twice we obtain

Corollary 3.5.4. Let C —2> (' P C be ramified double covers with Gal(C/C) = (o, 7) =
02 X 02. Then

(L+0)(1+7) =a*B" 0 Brax € End(J(C)).
Proposition 3.5.5. Let
m: A— Cp
a: ) — A
v Q— Cf
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be the covering maps as in Lemma 3.4.6 with corresponding maps on the Jacobians 7, w,, o, . . . | 4.

Then the following diagram commutes.

J(Cp) x J(CF)

2] J(A)

/@r*)

J(Cf) X J(CF)

Proof. By composing we get a map

(Ve (Qay ™ +7%) e (Qny* +7%))

J(Cy) x J(CF) J(Cr) x J(CF) -

Since for isogenies ¢, 1), p we have ¢(1) + p) = ¢ + ¢p it suffices to check that

(i) T = [2]
(i) Ty =0
(7i7) e T =0
(iv) mwatan® = [2].

(i) Given by Lemma 2.4.20.

(i) Let [D] € v*J(C¢) = Im(1 +¢). Then we may find a class [D'] € J(Q) such that [D] =
(1 +¢)[D’]. Now by Corollary 3.5.4

o' o (mea) (L +0)[D']) = (L +p)(L+7)(L +)[D']
=M +p+7+1+pr+pi+ 710+ pri)[D].

We recognize this as the pull back of a P. divisor class and so it must be trivial. Since o*7* is

an embedding we have (7. )[D] = 0.

(iii) Let [D] € o*n*(J(CF)) = Im((1 +p)(1L +7)). As before write [D] = (1 +p)(1 +7)[D'].

Now as before

V(L +p) (L +7)[D]) = (L +1)(L+p) (L +7)[D'] = 0.
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Since v* is an embedding we have . ([D]) = 0.

(iv) Notice that
Yoy = [2] =yt oy — 1y
= (o — 1)y
=%((L+p) = L)y"

Let [D] = (1 +¢)[D'] € v*J(Cf) = Im(1 +¢). Now

Py () (L +1)[D']
= p(L+)(p)(1 +0)[D']
= (1 +p7e) (1 +2)[ D]
= (L 4+ p7 + pT1)[D'].

52

Again this is the pullback of a P} class and is trivial. Since p* is an embedding we conclude

e @y —[2] =0 = vty = [2].

O

Proposition 3.5.6. Let «,y, ™ be as in Proposition 3.5.5. Then the isogeny o,y* + ©* respects

polarizations.

Proof. By Proposition 2.5.30 we may replace (7*)" by )\CFTI'*Azl and make similar substitutions

for av, and 7. It follows that
(7™ + 7)Y = (Acy X Acy) 0 (e, m) o ALl

Now by Proposition 3.5.5 we have that

(cy™ + 7)Y Aa(ar* + 1) = (Ae; X Acp) 0 (e, m) 0 A o Ag o (v + 1)

= ()\C'f X )\CF) o (’Y*CK*,ﬂ'*> o (Oé*’}’* + ﬂ*)
— (A¢, X Ac,)[2.

Thus ai,v* 4 7* respects polarizations.
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3.5.2 Kernel data

In order to finish the main result we must identify the kernel of a,v* + 7*. Notice that the kernel
must be contained in J(Cy)[2] x J(CFr)[2] so we restrict our attention there. First we show how to

explicitly write down representatives of 2-torsion classes on hyperelliptic curves.

Lemma 3.5.7. Let 0; € Cy be a Weierstrass point. Then there exists a point 51 € Cr such that
7 (B) = a1 0:):

Proof. Since 0; is a Weierstrass point of C'¢, both 6; and v~ (6;), are fixed by p7. Moreover, §; € P}
is disjoint from the ramification locus of P} — PL. Thus since p acts trivially on A we can push
down to get that a(y~1(6;)) is fixed by 7 € Aut(A/CF). But then a(y~1(6;)) is a cover of 7~ 1(Y)

for some Y C CF. Since 7~ (Y') cannot contain a ramification point of m we see
‘7_1(91)‘ =2> }W_I(Y)‘ >1

and so the cover is degree 1. Moreover, since ‘7‘('_1 (Y)‘ = 2 and intersects trivially with the ramifi-

cation divisor we see that

Corollary 3.5.8. The map
¥ J(Cp)[2] = (7" J(CF)) [2]

[D] = (%)~ o™ ([D])

is an isomorphism.

Proof. It is immediate from Lemma 3.5.7 that

[y (0 = 0;)] = [7"(0; — ;)]

Since the [0; — 53] generate J(C'r)[2] by Lemma 2.7.7 the map we have written down is a surjection
of finite abelian groups and their finite underlying algebraic sets. The algebraic sets are of equal

cardinality so it is an isomorphism. O
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Proposition 3.5.9. Let i) be the isomorphism above and let
A= {([D], [-1]¥([D])) € J(Cp)[2] x J(Cp)[2] : D € J(Cy)[2]} .

Then A = ker(au o v* 4 7).

Proof. That A is contained in the kernel is easy to show. For equality we let ([D'], [D]) € J(Cy)[2]x
J(Cr)[2]. Then

(™ +7°)([D'], [D]) = (ey™ + 7 )([D'] = [D'], [D] + ¢[D]) = (sy™ +7)(0, [D] + ¢[D'])
= ([D] + ¢[D']).

Since 7* is injective this is [0] if and only if [D] = [—1]y([D']). O

This in conjunction with Proposition 3.5.5 gives

Proposition 3.5.10. J(Cy) x J(CFr)/A =2 J(A). Which is to say that J(A) is obtained as a gluing

of hyperelliptic Jacobian varieties of dimension g along their 2-torsion.

3.6 Proof of the main result

In this section we give a proof of the main result.

Theorem (Main Result). Let k be a field of characteristic not equal to 2. Let C'y be a hyperelliptic
genus g curve defined over k, and J(Cy) its Jacobian. Then there exists a two parameter family of

explicitly determined curves Cr of genus g and A of genus 2g such that

1. CF is hyperelliptic and there is an isomorphism of finite algebraic sets
¥ J(Cr)[2] = J(Cy)[2]

2. Ais a double cover of C.

3. J(A) = J(Cy) x J(Cr)/A as polarized abelian varieties, where A is the (anti)-diagonally
embedded 2-torsion of J(C'y).

Proof. The norm construction (Lemma 3.4.5) gives a two parameter family of (A, Cr) such that C'p
is hyperelliptic and A is a double cover of C'r, so (2) has been proven. Corollary 3.5.8 shows that
Y: J(CF)[2] = J(Cy)[2] is an isomorphism, thus we have proven (1). Proposition 3.5.10 gives
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that J(A) = J(Cy) x J(CF)/A as abelian varieties and Proposition 3.5.6 shows the isomorphism

respects polarizations. This completes (3) and finishes the proof. O

3.7 Corollaries

One immediate consequence of this construction is:

Corollary 3.7.1. Any Jacobian of a hyperelliptic genus g curve arises as an isogeny factor of some

Jacobian of a genus 2g curve where the isogeny ¢ is defined over k.

3.7.1 MAGMA script

We provide a MAGMA script to demonstrate how our construction can be used to create non-
hyperelliptic genus 4 curves with larger than expected automorphism groups. First we construct
a genus 2 curve Cy isogenous to a product of elliptic curves by using a technical lemma. Then with
a careful choice of involution ;. we apply the norm construction (Lemma 3.4.5) to obtain a genus
2 curve C'r which is also isogenous to a product of two elliptic curves. We apply the main result
to see that J(A) is isogenous to a product of four elliptic curves. We verify with MAGMA that the
automorphism group of A is larger than Z/27Z.

First we shall require two technical lemmas that ensure the correctness of the program. One
lemma allows us to generate genus 2 curves isogenous to a product of elliptic curves and the other

gives a family of © such that the curve produced by the norm construction also has this property.

Lemma 3.7.2. Let a,b, c € k* be distinct elements. Let C be the hyperelliptic genus 2 curve defined
by the affine model
C:y? — (2® —a)(z? = b)(2* — ¢).

We claim that J(C') is isogenous to a product of elliptic curves.

Proof. The quotient of C' by the map n((z,y)) = (—x,y) gives the elliptic curve
By =9y —(z—a)(z—b)(z—c).

Thus we obtain the idempotent relation in End(J(C)) ®z Q

(595,
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By Theorem 2.6.10 we see J(C') ~ E; x A. Comparing dimensions we see dim A = 1 so A must

be an elliptic curve. O

Lemma 3.7.3. Let C and 0 be as above. Let yi be an involution of P} and let 7w: P} — PL be the
quotient by pi. Assume that un = nu and 7. (f) is a square-free polynomial of degree 6. Then the
genus 2 curve Cg defined by the affine model

V(y? - m(f))

is isogenous to a product of elliptic curves.

Proof. We need only show that 77 pushes down to an involution on C, i.e, that it is an involution on

the roots of 7. (f). Write

6
m(f)=F- =] = ai)(t — pas).

i=1

Since p and 7 commute

6
me ()" = T =7 ai)(t = n~" pai)

=1

6
=[]t —n"ai)(t — p(n'as))
i=1
so 7 acts on the roots of 7. (f) € k[z] as well. Thus (z,y) — (nz,y) is an automorphism of

Cr:=V(y* = m(f)(@)).
O
Corollary 3.7.4. Let Cy and 1 be as above. We apply the main result to obtain the isogeny relation
J(A) = J(Cy) x J(Cp)/A ~ Ei x Ey x B x Ej.

We now explain some of procedural details of the script. Given C'; and y the script creates C'r
and A based on the explicit formulae given by the norm construction (Lemma 3.4.5). We see that A

must have an extra involution since C'r has an extra involution.
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Example

Our example computation was done over the finite field k£ := F9;. We chose

= —=1)(t> — 4)(t* — 9) and p to be the involution j(t) := 174. Our computation gives

Cy=V(w - f)
Cp = V(y? — (6525 + 22 + 1122 + 78))
g(x) = 512% + 522 + 3622 + 52
A=V (y* + 362 + 992 + 9022 + 23,502° + 492" + 6522 + 49 + 100y + 2?) C A},

We assert g(C'r) = 2 in the program. The MAGMA command "AutomorphismGroup" assures
us that Aut(A) = Vj.
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Future directions

We discuss some of the future directions of research we can pursue from this point. Specifically we
focus on the converse to the main theorem. We conjecture that the construction of the main theorem

is the only way the Jacobian of a non-hyperelliptic genus 4 curve A decomposes like
A — J(Cr) x J(Cy) = J(A)

where A is the graph of the 2-torsion subgroup of J(C't). We provide a rough outline of the argu-

ment.

4.1 Converse to the main theorem

Suppose A is a genus 4 curve which is a double cover of a genus 2 curve C. Notice since C' is
hyperelliptic it is a double cover of a P1. If A/P! is Galois then it is hyperelliptic. Otherwise, the
Galois closure of A/P! is dihedral and so A can be constructed from the norm construction. If we
can show that J(A) decomposing according to our restrictions implies that A is the double cover of
a genus 2 curve then the converse to the main result will follow. The ideal tool to investigate this

conjecture is the Torelli theorem. Throughout let

1. Bi, Bs be principally polarized abelian varieties of dimension 2 such that there is an isomor-
phism ¢ : B1[2] — B3[2].

2. A= {(D,—¢(D)) C B1[2] x Bs[2] : D € By[2]}

58
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Proposition 4.1.1. Let ¢: By x By — J(A) be the morphism of principally polarized abelian

varieties as in the main result and let
= ]lBl @[—1]32: By X By — By X Bs.

Then there is a non-trivial involution on J(A) respecting the polarization.

Proof. By Proposition 2.5.27 we see 7’ respects polarizations. Moreover 7’ fixes the kernel of ¢.
Since char(k) # 2 and deg ¢ is a power of 2 (See [14, Theorem 1.7.2]) we see that
k(B1 x Ba)/¢*k(J(A)) is a separable extension of degree #A. Let K /k be a finite extension such
that each P € A is a K-rational point and let L := K(B;j x Bj). Then the map tp: By X By —
By x Bs given by

tp(z):=x+ P

is an automorphism (as varieties) of By x By/J(A) defined over K. Thus each t}, is an automor-
phism of L/¢*K (J(A)), so the extension is Galois. Notice for any f € 7*¢*K(J(A)) we have
that f is fixed by each t},, so f € ¢* K(J(A)). Hence (¢ o 7")*K(J(A)) = ¢*K(J(A)), so

(90 7)k(J(A)) = ¢"k(J(A)).
By Proposition 2.5.28 there is a unique 7 respecting polarizations such that

By x By —"~ J(A)

commutes. Finally we see that since 7’ is non-trivial so 7 is also non-trivial. O
We see by combining Corollary 4.1.1 with Torelli’s theorem that A must double cover a curve C.

Lemma 4.1.2. Let ¢: By x By — J(A) be as before and let 7: J(A) — J(A) be the induced
involution. Then there is a non-trivial isomorphism o.: A — A such that o, = 7 or a, = —7.

Proof. Let Py € A(k) be a point and let j: A — J(A) be the morphism

j(P) =[P = Ry
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as in Proposition 2.5.31. Note that j is not necessarily defined over k. By the Torelli theorem
(Theorem 2.5.32) there is a ¢ € J(A) and a: A — A such that

ja==x71j+c

Without loss of generality we may assume the sign is positive. We see by evaluating both sides at
Py that ¢ = jo(FPp). Let D € j(A) and write D = [P — Py] = j(P). Then

7D =71jP
= ja(P) = ja(R)
= [a(P) = Ryl = [a(Fo) — F]
= . D.

So 7 = a, when restricted to j(A) and since elements of j(A) generate (as a group) J(A)(k) (See

[10, Theorem A.8.1.1]) we have 7 = «. Finally, since 7 is nontrivial « is also nontrivial. OJ

The only thing left to verify is that g(C') = 2.

Lemma 4.1.3. Let ¢: By x By — J(A) and T be as before. Let ov: A — A be the induced
involution and let C' := A/« be the double covered curve. Then g(C) = 2.

Proof. Without loss of generality assume that 7 = a, (so by abuse of notation we write 7 = «).
Let m: A — C be the quotient map. Then as usual there is the induced morphisms of Jacobians
7w J(C) — J(A). Since m,m* = [2] we see 7* has finite kernel. Since (1) = Aut(A/C) we have
by Lemma 3.5.2 that 7*J(C') = Im(1 +7). We also observe that

B1 X B2 J(A)
1 +T/l/ i]l +7
2]B1 — > TIm(1 +7)

commutes. But ¢ o [2] has finite kernel. Hence since 7*: J(C') — Im(1 +7) and

¢ o[2]: By — Im(1 +7) are isogenies onto Im(1 +7) we see
dim J(C) = dim(B;) = 2.

So g(C) = dim(B;) = 2. O
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4.2 Other future directions

Let J22 be the set of genus 4 curves whose Jacobians are decomposable according to our restric-
tions. Since every genus 2 curve is hyperelliptic we can vary the admissible choices of C'y for
the norm construction (Proposition 3.4.5) across the whole family of genus 2 curves Ms. We can
also vary p across the set of all choices of involutions, which we shall call Confs ]P’,i. The norm

construction gives a map of sets given by polynomial equations
0:U = Jop

where U C My x Confa IP’,i is the subset of pairs satisfying the technical conditions of the norm

construction. We can ask how well ¢ classifies the objects in /2 2. We conjecture that

Conjecture 4.2.1. For each J € Im(y) the set o~1(J) is finite.
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Appendix A

MAGMA script

A.1 "Elliptic_Decomposition.m"

//This code builds a pair of genus 2 curves that both cover two elliptic

//curves.

d := 14;
:= FiniteField(101);

_<t>:=PolynomialRing (k) ;

//This is our starting x-line on the bottom.
KPX<X>:=FunctionField (k) ;
_<TP1>:=PolynomialRing (KPX) ;

//This is our t-line constructed as an extension of KPX.
KPT<T> := ext<KPX|TP1"2 - XxTP1 + d>;
_<TP2>:=PolynomialRing (KPT) ;

//and this is our involution by design

muT := d/T;
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//We verify that we have done things correctly so far.
assert Genus (KPT) eq O;

assert X eqg (T + muT);

//We give an f used to construct C_f.

f o= ((L)"2=-1)*((t)"2-4)x((t)"2-9);
fT := Evaluate(f,T);
KCf := ext<KPT| TP2"2 - £fT>;

assert Genus (KCf) eq 2;

//We identify our invariant and orbiting bits

finv := 1/2%(Evaluate(f,t) + Evaluate (f,muT));
forb := 1/2%(Evaluate(f,T) - Evaluate (f,muT));
//Construct F, r(x) = finv

F := Norm(fT);

r := (1/2)xTrace (fT);

//We construct a hyperelliptic genus 2 curve from F
KCF<Y>:=ext<KPX|TP1"2-F>;
_<TCF>:=PolynomialRing (KCF) ;

assert Genus (KCF) eqg 2;

//This is the genus 4 curve.

KD1<Z>:=ext<KCF |TCF"2- (r-Y) >;

assert Genus (KD1l) eq 4;

//Here we build a model of the curve.

P3<x,w,y,z> := ProjectiveSpace(k, [1,1,3,31);

D := Curve (P3, [ Numerator(y*2 - w"6*xEvaluate (F,x/w)),
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Numerator (z*2 - (w'6*xEvaluate (g, x/w)) — w*3xy)]);

//Now we check the automorphism groups.
AutomorphismGroup (KCF) ;
AutomorphismGroup (KCL) ;
AutomorphismGroup (KD1) ;

//These all seem to be unusually large as expected.

assert IsHyperelliptic(D) eq false;
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