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Abstract

When modelling diffusive systems with stochastic differential equations, a question about interpre-
tations of the stochastic integral often arises. Using simulations of a random Lorentz gas model, we
show that given only the diffusion coefficient, for a diffusive system without external force, the sys-
tem is underdetermined. By varying one free parameter, the prediction from different interpretations
can hold true. However, for a diffusive system satisfying detailed balance condition, we show that
it is uniquely determined by the equilibrium distribution in addition to the diffusion coefficient. We
propose an explicit method for simulating stochastic differential equations in this formulation. Our
numerical scheme introduces Metropolis-Hastings step-rejections to preserve the exact equilibrium
distribution and works directly with the diffusion coefficient rather than the drift coefficient. We show
that the numerical scheme is weakly convergent with order 1/2 for such systems with smooth co-
efficients. We perform numerical experiments demonstrating the convergence of the method for
systems not covered by our theorem, including systems with discontinuous coefficients.
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Chapter 1

Introduction

1.1 Backgroud

Diffusion is a very common phenomenon and it plays an important role in many subjects. Re-
searchers have been using various diffusion models for many processes such as particle motion,
energy transportation, chemical reactions, etc. One simple diffusive model is the evolution of con-
centration ¢(z, t) in one dimension under Fick’s law:

J(x,t) = _DW

which states that the local flux J(x,t) at position = and at time ¢ is proportional to the negative of
the gradient of the concentration with coefficient D. Here, D is a constant known as the diffusion
coefficient. Then, by conservation, we can obtain a partial differential equation (PDE) model for the
evolution of concentration with proper initial values and boundary conditions:

Oc(x,t) D 0%c(x,t)

ot 0x?
This is a continuum model, which implies that the system contains infinitely many particles. Inter-
estingly, it is possible to study the same process by only looking at the movement of a single particle
X (t) under appropriate assumptions [14]. The movement of X (¢) is related to the famous Brownian
motion [37] and X (¢) is governed by a stochastic differential equation (SDE) [30] (see Appendix A.2
and A.4 for their definitions),

(1.1)

dX (t) = V2DdB(t) (1.2)

As the models are describing the same physical process, it turns out that the SDE (1.2) uniquely
corresponds to the PDE (1.1) which is known as the Fokker-Planck equation (FPE) for the SDE (1.2)
[14] (see Appendix A.5 for the definition of the FPE). The described model is a diffusion process
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with constant diffusion coefficient.

A problem arises when one starts to model a diffusion process with a spatially dependent diffusion
coefficient (the diffusion coefficient is not a constant but depends on the space variable). Since the
Brownian motion is not of bounded variation, for a spatially dependent diffusion coefficient D(z),
the Lebesgue integral of the term \/2D(X (¢))dB(t) is not well defined any more. For the SDE

dX (t) = \/2D(X (t))dB(t) (1.3)

different interpretations (Ito, Stratonovich or Isothermal) of \/2D(X (t))dB(t) lead to different solu-
tions [30]. From the PDE model, if one only modifies Fick’s law to adapt to the variable diffusion
coefficient D(z), then the PDE (1.1) becomes the divergence form equation
Oc(z, t) 0 Oc(zx, t)
T Pl
However, this PDE is only equivalent to the SDE in one particular interpretation(the Isothermal
interpretation, see Table 2.2). As a result, the interpretation of the stochastic term /2D(X (t))d B(t)
cannot be determined arbitrarily. In reality, a modeler often needs additional information about
the process to choose the suitable interpretation. For instance, for realistic physical stochastic

systems with noise, since the noise often has finite correlations and white noise is only a idealized
approximation, the choice of Stratonovich integral is more appropriate [19]. However, for those
applications of stochastic integrals in finance, they often require that the process does not look into
the future (all decisions can only be made upon current and past information). In such situations,
It6 integral seems to be a better choice [37]. In this thesis, we look at this modelling problem from a
different point of view. The different behavior in the macroscopic and mesoscopic models imply that
the clues about how to build the model may be obtained by looking at microscopic level models.

1.2 Thesis Organization

In Chapter 2, we rephrase the modelling problem stated in the introduction with a concrete example:
a particle diffusing in a box with piecewise constant diffusion coefficients. We consider the equi-
librium distribution peq given piecewise constant diffusion coefficient D on each side of the box. A
discussion of a seeming paradox about the predictions from Statistical Mechanics and time change
is presented. To resolve this paradox, we run simulations of a microscopic deterministic Hamil-
tonian billiard system: the random Lorentz gas [10]. The system has two free parameters: disc
radius and free volume fraction. There is a one-parameter family of values of these parameters
that can generate the same effective diffusion coefficient. We will show how to choose these pa-
rameters to obtain arbitrarily good approximations to diffusive motion for the particle on each side
of the box. Using the degree of freedom in the choice of parameters, we show that the equilibrium
density of the particle is underdetermined by the diffusion coefficient on each side of the region.
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For a given diffusion coefficient, exploiting the flexibility in the parameter choice allows us to create
systems in which either the statistical mechanics prediction or the time-change prediction is correct.
Therefore, choosing a diffusion coefficient D is not enough to fully specify diffusive dynamics in
the absence of other assumptions. In particular, our results show that fixing D is not enough to
specify peq, the equilibrium probability density for the position of the particle. On the other hand,
diffusions that satisfy the detailed balance condition with respect to some invariant measure feature
prominently in many areas of physics, chemistry, and mathematical biology [45, 14, 4]. For such
systems, we propose a framework for modelling state-dependent diffusion with a known equilibrium
probability density. Rather than simply specifying a state-dependent diffusion coefficient, we specify
diffusion coefficient D(z) and an equilibrium density peq(2) which together with a detailed balance
assumption (no-flux in equilibrium) completely determine the dynamics. We conclude the chapter
by explaining the relation between our results and three different interpretations of state-dependent
diffusion: It6, Stratonovich and the isothermal convention [23].

In Chapter 3, we introduce a new method for the numerical simulation of diffusive dynamics which
makes use of our framework: the numerical method is expressed in terms of D(z) and peq(x) and
makes no reference to a drift term. The method consists of Euler-Maruyama steps for a purely
diffusive 1t6 SDE together with Metropolis rejections. The method is similar to the Metropolis- ad-
justed Langevin algorithm (MALA) [36],[5], except that there is no drift term in the Euler-Maruyama
step, and it is the Metropolis rejections that induce any drift in the trajectories. The advantages
of our method over the Euler-Maruyama method are that it samples space with the correct equi-
librium density peq(z) and since our numerical method does not calculate the drift term explicitly,
it is possible to handle the case when D(x) and peq(z) have discontinuities where the drift would
have a singularity. A proof of the convergence of the method with sufficiently smooth coefficients is
provided. Then we validate the numerical methods using several examples. For these examples,
the method shows that it preserves the exact equilibrium distribution and converges weakly even
with discontinuous coefficients.

In Chapter 4, we establish proof of the convergence using a different technique from the point
of view of Markov processes and martingale problems, which is more probabilistic in nature. As
developed by Stroock and Varadhan [42], the diffusion approximations can be done through the
martingale characterization in the limit. Though the key estimates in the proof in Chapter 3 cannot
be avoided, this way of proof gives a more fundamental reason for the convergence. Without giving
the convergence rate, the weak convergence of our numerical method is proved under conditions
with less smoothness of the coefficients.
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1.3 Publication and contributions of authors

The work in chapter 2 has been published in [43]: Paul Tupper developed the model and wrote the
manuscript, Xin Yang implemented the the code, ran the simulations.

The work in chapter 3 has been submitted : Paul Tupper developed the numerical scheme. Xin
Yang carried out the convergence proof, implemented the code and ran the simulations. Xin Yang
wrote the manuscript with extensive revisions by Paul Tupper.



Chapter 2

Modelling state-dependent
diffusions

2.1 A paradox of state-dependent diffusions

As shown in the introduction, specific choices need to be made when one wants to model a system
with state-dependent diffusions. In order to illustrate the situation, we begin with a seeming paradox
about the state-dependent diffusion.

Consider a particle diffusing in a two-dimensional box with reflecting boundary conditions. We show
a portion of a simulated trajectory of such a system in Figure 2.1. Suppose that in the left half of the
box the particle diffuses with coefficient D1, and that in the right half of the box the particle diffuses
with coefficient D, = 2D;. We assume that there are not external forces acting on the particle. Our
question is: does the particle spend an equal fraction of time on each side of the box in the long
run?

One answer is based on the statistical mechanics: the particle will spend an equal proportion of time
on each side of the box. The justification for this prediction is the principle of statistical mechanics
which states that ’'an isolated system in equilibrium is equally likely to be in any of its accessible
states’ [33, p. 54]. Since all states in the box are accessible, and there are an equal number of
states on each side of the box, the particle should spend an equal proportion of its time on each
side of the box.

Another answer is based on the idea of rescaling time in one side of the box: the particle will spend
less time on the side of the box where the diffusion coefficient is greater. The justification for this
prediction is that, in the absence of any drift, faster diffusion is equivalent to time passing more
quickly. Since the geometry is reflection symmetric, for every trajectory, its reflection will also be a
possible trajectory with the same probability. This means that the periods of time the particle spends
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(a) (b)

Figure 2.1: Simulation of particle diffusing within a box with reflecting boundary conditions. Points
are generated by the Euler-Maruyama method X, = X,, + \/2hD(X,,)N,,, where h = 0.5, N,,
are independent standard two-dimensional Gaussians, and D(z) is the state-dependent diffusion
coefficient. (a) D(z) = 1 and (b) D(x) = 2

on the right-hand side of the box will be shorter than those spends on the left hand side. Hence
the total time the particle spends on the right-hand side will be less. We show how this prediction is
a straightforward consequence of interpreting the particle’s motion as drift-free diffusion, where we
interpret the state-dependent diffusion coefficient using the 1t6 convention [14] A.4. We can write
the equation for the particle motion as

dz = b(x)dB(t) (2.1)

where x = (z1,x2) and B(t) is standard two-dimensional Brownian Motion. (Equivalently, we may
write this equation as (dz/dt = b(x)n(t)) where 5 is two-dimensional Gaussian white noise.) We
specify b(z) = by for 1 < 0 and b(xz) = by for z; > 0. Here b, = v2D, i = 1,2 where D; is the
corresponding diffusion coefficient. We enforce reflecting boundary conditions at the four walls of
the box. The (It6-)Fokker-Planck equation for p(z, t), the probability density of the particles position
attime t, is [14, p. 118]

0 1

5@ ) = SV - [V @)p(e,0)] = V- [V(D(@)p(a, 1))
The equilibrium density peq(x) satisfies

V(D(x)peq(x)) = const.

Reflecting boundary conditions for the diffusion correspond to homogeneous Neumann boundary
conditions J(z,t) -7t = V(D(z)peq(x)) - i = 0 (zero-flux) for the Fokker-Planck equation. With these
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boundary conditions, the unique equilibrium density is peq(x) = C/D(x) for some constant C. Thus,
since D, = 2D1, the particle spends half as much time on the right-hand side of the box as on the
left. (We discuss the relation of our question to other interpretations of (2.1) in 2.4).

Neither the statistical mechanics prediction nor the time-change prediction are definitive. The statis-
tical mechanics prediction relies on the principle of equal probability of all accessible states, which
needs to be independently justified for the mesoscopic level of description we are considering here.
The time-change prediction is not definitive since 1té6 stochastic differential equations (SDEs) are
themselves mesoscopic models whose use can only be rigorously justified by showing how they
arise as the coarse-scale limit of microscopic dynamics. Since the two predictions contradict each
other, at least one of them must be wrong for any given physical system. The approach by which
we resolve this apparent contradiction is to study a microscopic model of the box system we have
described above and then see what proportion of the time the particle spends on each side in simu-
lations of that system. If one prediction turned out to always be true for our model system, we could
use our result as a baseline for investigating under which more general situations the prediction was
still true. However, we will see that even for our simple system, there are parameter choices that
make the statistical mechanics prediction correct and parameter choices that make the time-change
prediction correct. This demonstrates that there is no a priori reason to conclude that one prediction
or another is correct, given only the diffusion coefficient D(x) for the system.

2.2 A model system for state-dependent diffusion

In 2.1, we described a two-dimensional system consisting of a single particle diffusing inside a
rectangular box and reflecting off the boundaries. The diffusion coefficient is twice as large on the
right-hand side of the box as the left. In this section, we demonstrate how to construct a family of
deterministic systems that approximates this behaviour on a coarse scale. In 2.2.1, we describe the
random Lorentz gas [10], a deterministic system that when given a random initial condition yields
constant-coefficient diffusion at a coarse scale. In 2.2.2, we show how to approximate the model
system in 2.1 by creating two adjacent domains of the random Lorentz gas within a bounding box.
In 2.2.3, we describe numerical experiments with the box system demonstrating that the fraction of
time a particle spends on each side of the box cannot be determined solely from the values of the
diffusion coefficient. In 2.2.4 , we explain how the result of the numerical experiments in 2.2.3 can
be predicted from properties of the dynamics of the microscopic system.

2.2.1 Random Lorentz gas

Consider infinitely many discs with positions fixed in R2. The centers of the discs are distributed
randomly with uniform density subject to the constraint that the discs do not overlap. We consider
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(a)

Figure 2.2: Portions of the trajectory of the random Lorentz gas with ¢ = 0.5 at two levels of
magnification, showing (a) the discs and (b) the trajectory of the moving particle.

a single point particle interacting with the discs in the following manner. Given an initial velocity
and an initial position not on a disc, the particle moves with constant velocity until it meets a disc.
Then it undergoes an instantaneous elastic reflection with the boundary of the disc, with the angle
of incidence equalling the angle of reflection. This model is the two-dimensional random Lorentz
gas [10], a mathematical formulation of a model originally due to Lorentz [26]. We will always con-
sider the case when the particle has initial velocity of magnitude 1. Figure 2 shows trajectories of
the random Lorentz gas at two different scales. The random Lorentz gas has two parameters: the
radius of the discs r, the number of the discs per unit area A\. The radius r can take any positive
value. The density A has a maximum value \., = 1/(r>v/12) corresponding to the close-packed
hexagonal pattern of discs. We define ¢ to be the free volume fraction, the proportion of the area
not occupied by discs. We have that ¢ = 1 — 7r2\. The free volume can take any value in [¢min, 1)
where ¢..in = 1 — 7/v/12 ~ 0.093, regardless of the value of r. The pair (r, ¢) provides an alter-
native parametrization of the random Lorentz gas, with the advantage that ¢ is dimensionless. For
¢ = ¢min , adjacent discs are touching and the particle remains in a small region of the plane for its
entire trajectory. For ¢ € (émin, 1), the probability that two discs are touching anywhere in the plane
is zero [10, p. 325] and motion of the particle is conjectured to be diffusive [10]. Specifically, if we
start the particle at initial position 2:(0) not coincident with a disc and give it initial speed 1 and uni-
formly distributed direction in [0, 27), then z(¢), the position of the particle at time ¢ is approximately
distributed as a Gaussian random vector with mean 0 and variance matrix 2D¢I . Here I is the 2 x 2
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identity matrix and D denotes the diffusion coefficient. This conjecture is supported by analytical
calculations [11][10] and numerical simulations [6][9].

A stronger and more formal statement of the conjecture is stated in the language of weak conver-
gence [2]. Specifically, let x(t) denote the position of the moving particle at time ¢ . Fix z(0) to be
some point not coincident with a disc and let the initial velocity be chosen as above. It is conjectured
that

x(nt)

\/2D, ,B(t
\/ﬁ = ,® ( )
as n — oo, Where B(t) is standard two-dimensional Brownian motion , D, 4 is the diffusion coef-
ficient which depends on r and ¢, and = denotes weak convergence in the space of continuous
functions [2]. Such a result holds for the certain periodic Lorentz gasses [7] [35], but remains open

for the random Lorentz gas. (We chose for our study not to use the standard periodic Lorentz gas
with discs centred on a hexagonal lattice since for large enough ¢ the particle undergoes superdif-
fusive motion in this case.) A scaling argument shows that, for fixed ¢, D, ; is proportional to » . To
see this, letting |-| denote the Euclidean norm and letting (-} denote the average, observe that the
coefficient D can be obtained by the Einstein-Smoluchowsky equation,
. z(t)]?
D= tllglo : Z(fc)i‘ >’

where d = 2 is the dimension in this case. If we rescale space by a factor R, we increase both
the size of the discs and the distance the particle travels by a factor of R, without changing ¢. So
(Jz(t)|?) increases by a factor of R? . To maintain the speed of the particle as 1, we also have to
rescale time, increasing ¢ by a factor R. The net effect on the ratio (|z(t)|?)/4t is to increase it by a
factor R [38]. So

Dyg =1f(9) (2.2)

for some function f of ¢. Figure 2.3 shows the relation between f(¢) and ¢ that was computed
using the techniques described in [9]. It appears that the function f(¢) is continuous on its domain,
it is monotonically increasing, f(¢) — 0 as ¢ — ¢min and f(¢) goes to infinity as ¢ — 1. Indeed,
calculations from kinetic theory show that f(¢) ~ 37/[16(1 — ¢)] in the ¢ — 1 limit [46] [6]. Given
any fixed diffusion coefficient D > 0 there is a one-parameter family of choices of r, ¢ such that
D =D,,:forany ¢ € (¢min,1), just choose r = D/f(¢).

2.2.2 Box with two domains

In order to investigate the main question about the different predictions, we take a rectangular box
and divide it into two equal regions. Each region is filled with randomly placed discs, with different r
and ¢ on each side. As in the Lorentz gas, the centers of the discs are placed uniformly at random
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Figure 2.3: The ratio of diffusion coefficient versus disc radius D/r as a function of free volume
fraction ¢ for the random Lorentz gas.

with the condition that they not overlap with each other. Discs can intersect with the walls of the box
but not the dividing line between the two sides of the box. Figures 2.4 and 2.5 show two examples
of such configurations of discs. The dynamics of the point particle are the same as in the infinite
random Lorentz gas, with the added condition that the particle reflects off the walls of the box.
Suppose we are given diffusion coefficients D1, D> > 0. We can choose r1, ¢1 and ry, ¢ such that
D, = D,, 4, and D, = D,, 4, . For small enough ry, rs , the dynamics of the particle in this system
will be well-approximated by a particle that diffuses with coefficient D; on the left-hand side of the
box and diffuses with coefficient D, on the right-hand side of the box. With appropriate choices of
the parameters, we can investigate the question of the proportion of time the particle spends on
each side of the box.

2.2.3 Numerical experiments

We start the particle off at some position in the box not on a disc with velocity of magnitude 1 and
randomly chosen direction. The motion of the particle is simulated with an event-driven simulation,
computing a trajectory that is accurate up to the errors of floating point arithmetic [9]. Periodically
(with a fixed time interval At) the position of the particle is recorded. At the end of a long trajec-
tory, we compute the number of times the particle is on the right-hand side of the box divided by
the number of times the particle is on the left-hand side of the box. We consider two choices of



CHAPTER 2. MODELLING STATE-DEPENDENT DIFFUSIONS 11

Figure 2.4: Set-up 1. Free volume fraction is the same on each side ¢; = ¢,. Scatterer radius on
right (b) is twice that on left (a): 2r; = o, leading to 2D; = D-

Figure 2.5: Set-up 2. Free volume fraction is twice as big on left (a): ¢ = 2¢». Scatterer radii are
chosen so that 2D, = D,
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set-up g 01 Dy 9 2 D, time on the right/time on the left
1 03 05 009 06 05 0.18 0.99
2 0.09 060 047 0.75 0.30 0.093 0.50

Table 2.1: The parameters used in each side of the box in the two set-ups, and the ratio between
amount of time spent by the particle on the right-hand side of the box and the left-hand side of the
box in each set up

parameters on each side of the box, or set-ups, each of which leads to the effective diffusion co-
efficients satisfying D, = 2D; . We have contrived the set-ups so that in set-up 1 in Figure 2.4,
the statistical mechanics prediction is correct, and that in set-up 2 in Figure 2.4, the Time-change
prediction is correct. The parameters for each set-up are summarized in Table 2.1. In the first set-up
¢1 = ¢2 = 0.5 and 2r; = o = 0.6. We show the position of the discs in the box in figure 2.4. Over a
trajectory of length 5 x 10° time units the ratio between the occupation times is approximately 1, as
we show in table 2.1. This result agrees with the statistical mechanics prediction.

In the second set-up 2¢5 = ¢; = 0.60 and 8.3r; =~ ro = 0.75. We show the position of the discs in
the box in Figure 2.5. Over a trajectory of length 7 x 10° time units the ratio between the occupation
times is approximately % , as we show in table 2.1. This result agrees with the time-change predic-
tion. Thus, by fixing the parameters appropriately, both the statistical mechanics prediction and the
time-change prediction can be seen to be correct for the given mesoscopic behavior.

2.2.4 Analysis and discussion

We first explain that, given the properties of random Lorentz gas, the results of the simulation in
the previous subsection are predictable. We first note that the system is ergodic. The ergodicity of
periodic Lorentz gas is shown by [40], since it is equivalent to dispersing billiards on the torus. Our
system is not dispersing because the walls of the box are not convex, but [40, Section 9] shows how
ergodicity still holds in this case by unfolding the box to obtain a periodic domain. Ergodicity implies
that the duration of time that the particle spends in a region of phase space is proportional to the
volume of the region. For our system, this implies that the amount of time spent by the particle on
each side is proportional to the free volume fraction ¢ on each side. For fixed ¢, the parameters r
and D are irrelevant to the proportion of time the particle spends on each side of the box. In set-up
1 Figure 2.4 above, ¢; = ¢, so the ratio of times spent on each side of the box is equal and the
statistical mechanics prediction is correct. In set-up 2, 1 = 2¢2, and so the particle spends twice
as much time on the left-hand side of the box, and the time-change prediction is correct. Despite
appearances, the principles of statistical mechanics are not violated in set-up 2. There are two ways
to reconcile the apparent contradiction. Firstly, one can say that at the microscopic scale statistical
mechanics is not violated because there are not an equal number of states on each side. The num-
ber of states is proportional to the free volume fraction on both sides, and so the system spends
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more time where the free volume fraction is higher. The other way of reconciling the disagreement
is at the mesoscale. Suppose we divide the box into many rectangular cells of equal area, each
much smaller than the whole box, but much larger than the size of the discs. Each cell corresponds
to a mesoscopic state which the particle may be in. Since the system is in the microcanonical en-
semble (no exchange of energy with the outside) the probability of the system in equilibrium being
in a particular mesoscopic state is determined by the entropy of that state, where the entropy of a
mesoscopic state is proportional to the logarithm of the amount of microscopic states it contains.
The greater free volume fraction on the left in set-up 2 implies that mesoscopic states have greater
entropy there, and so the system will spend more time on the left-hand side of the box. On the other
hand, in set-up 1, the time-change prediction proves to be wrong. This means that the motion of
the particle in the box is not well-described by the drift-free [t6 SDE (2.1). Since, by the properties
of the uniform random Lorentz gas, (2.1) is a good model for the dynamics of the particle within
each of the two regions of constant disc radius r , it must be that the equation is no longer a good
model at the boundary of the two regions. We see that there are choices of ¢, ,r; and ¢, ,r2 such
that either the Time-change prediction or the statistical mechanics prediction are correct, while still
D, = 2D, . Indeed, for any D; and D, , parameters can be chosen to induce arbitrary ratios be-
tween the times spent on the left-hand side and the right-hand side. Although for generic values
of the parameters in our Lorentz gas model neither prediction will be valid, we point out that the
statistical mechanics prediction holds for a natural set of parameter settings, whereas the same is
not true of the time-change prediction. For the time-change prediction to be correct, it is necessary
for the ratio between ¢; and ¢, to match the ratio between D, and D; . We see no natural way
that the parameters in our model may be set for this matching to occur. On the other hand, for the
statistical mechanics prediction to be correct it is necessary that ¢; and ¢, be equal. There is at
least one case where this condition approximately holds for a naturally occurring system. Consider
a situation in which both ¢, ¢ &~ 1. This requires no fine tuning, only that the discs take up a small
fraction of the total volume. Choosing r; and r; to be unequal leads to different diffusion coefficients
on each side, but the particle still spends approximately equal proportions of time in each region.
Likewise, in any physical system where a particle diffuses by interacting with small, sparsely placed
scatterers, we expect the statistical mechanics prediction to be correct.

Ouir justification for studying a particular microscopic system is threefold. Firstly, there is a solid an-
alytical understanding of the random Lorentz gas on which we can base our simulations. Secondly,
our purpose is not to conclude that a particular style of mesoscopic modelling is always the cor-
rect one, but to show that postulating a state-dependent diffusion rate is not enough to fully specify
mesoscopic behavior. For this objective, it is enough to show that multiple mesoscopic behaviors
are possible for a single class of simple models, as we do in this chapter. Finally, we have resorted
to a purely deterministic microscopic model, rather than a stochastic microscopic model (such as
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Langevin dynamics or a random walk) to avoid concerns that the method used to introduce ran-
domness at the microscopic level somehow biases the results at the mesoscopic level. This last
point distinguishes our work from similar discussions of [45] and [31]. These authors show that
spatially inhomogeneous random walks, with natural choices of parameters, can lead to either pre-
diction holding true at the mesoscopic level. Similarly, our conclusions closely parallel those of [21],
in which the same question is answered using a random-walk model on a one-dimensional lattice.
There, following the earlier work of [32], they show that choosing how the random walk behaves at
the interface of two regions of differing diffusion coefficient leads to different equilibrium probability
densities for the system. In [21], the authors explain how to determine the correct interface behavior
of the random walk model using experimentally measurable quantities. Our approach differs in that,
in our model, the interface behavior is determined indirectly through the microscopic dynamics that
we describe.

2.3 A proposal for modelling with state-dependent diffusion

The numerical simulation in 2.2.3 demonstrates that the equilibrium density peq(z) is not deter-
mined solely by the local diffusion rate D(z), even in situations with no external forces acting on
the particle. This raises the practical issue of how to model systems with state-dependent diffusion.
Ideally, mesoscopic diffusive models would be derived from microscopic models via an asymptotic
technique, such as the van Kampen system-size expansion[45, ch. XI.3]. But in many circum-
stances, deriving a realistic microscopic model may be impractical. Instead, in this section, we
describe a more phenomenological approach. We assume that the modeller posits an isotropic
state-dependent diffusion rate D(xz) and an equilibrium density peq(z). We then derive a drift coef-
ficient a(x) for an I1t6 SDE with diffusion coefficient D(x) that gives the desired peq(x). In 2.3.2, we
show how the Lorentz gas system of 2.2.3 can be modelled at a mesoscopic level in this way.

2.3.1 A modelling framework for state-dependent diffusion

We model the diffusion in k spatial dimensions by the 1t6 SDE

dX(t) = a(X (£))dt + /2D(X (£))dB(t), (2.3)

where we will determine a(x) in terms of pgq(2) and D(z). Here B(t) is standard k-dimensional
Brownian motion. (In alternate notation, we write this equation as dX (t)/dt = a(X (¢t))++/2D(X (¢))n(t)
where 7 is k-dimensional Gaussian white noise.) The Fokker-Planck equation for this system is

0

5:0@.0) = =V - la(@)p(a, O] + AD@)p(a,t)] = =V - () (2.4)
where J(z) is the probability flux. Since the problem is underdetermined as stated, we need to
impose extra constraints. The constraint that we consider is the detailed balance condition which
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implies that the probability flux vanishes in equilibrium. This is one conclusion of the detailed bal-
ance condition from a macroscopic (PDE) point of view. A formal description of the detailed balance
condition is in Section 3.3. One typical type of systems is a closed, isolated physical system where
the solution satisfying detailed balance condition is known to be the thermal equilibrium distribution
(see [45, ch V.6, ch. XI.4] for precise criteria on systems under which this condition holds). We
choose a(x) so that J(z) is zero in equilibrium:

J(2) = a(x)peq(x) + V[D()peq()] = 0.

Solving for a(z) gives

1
a(r) = peq(x)v(D(x)Peq(x))

VD(z) + D(z)V In peqg(z). (2.5)

Thus given an equilibrium density peq(2) and diffusion coefficient D(x) the appropriate 1t6 SDE is

dX(t) = (VD(X(t)) + D(X(t))VIn peq(X(t))) dt + /2D(X (t))dB(t). (2.6)
The Fokker-Planck equation of (2.6) is
9 _ 3 p(,t)
Gioe) = V|~V (A0 ) + V(D@1 27)

which is the special isotropic case of [45, XI.4.14]. Therefore we have a formulation in terms of D
and peq only. The advantages of this change of perspective are two-fold: (i) in many circumstances
it is more natural to model the system in terms of peq and D, such as when peq is available from
experimental data but « is not [39], (ii) there are situations in which D and peq are well-defined but
a is singular, such as when D or peq has a jump discontinuity. In this case, defining algorithms
in terms of D and peq allows us to avoid working with a singular drift . Note that if peq(z) is
constant with respect to x, which corresponds to the Statistical Mechanics Prediction being true,
then a(xz) = VD(z) and (2.6) reduces to

dX(t) = VD(X(t))dt + /2D(X (t))dB(t).

On the other hand, to obtain a drift-free 1t6 SDE in this framework requires D(z)peq() to be constant
in &, which means that peq(z) is determined completely by D(z).

2.3.2 Connection to the Lorentz gas model

We explain the connection between the framework of 2.3 and the microscopic Lorentz gas model
of 2.2. Given an instance of our random Lorentz gas model with two domains, what are the corre-
sponding functions D(z), peq(z) in (2.7), the mesoscopic equation for p? Suppose on the left-hand
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side of the box the Lorentz gas model has parameters r; and ¢; and on the right it has parameters
ro and ¢o . The diffusion coefficients on each side, D, and D, are determined by the relation (2.2).
To determine the equilibrium probability density of the particle on each side, let 24 be the total area
of the box, so that each side has area A. We know that p.,; , the probability density on side 4, is
proportional to ¢; , and thus peq.1/peq,2 = ¢1/02 . We also know that since the total probability must
be 1, peg 1A+ peg2A = 1. Solving for p., ; gives

G
LT A(dr + ¢2)

for i =1,2. We define D(x) and peq(x) for « = (21, z2) in the box by

Dy, forz; <0, Peq.1, forazy <0,
D(z) = D f peq(z) = I
o, forxzy >0, Peq,2> for x1 > 0.

These functions determine a(zx), the drift coefficient in (2.3), via (2.5). The drift a(x) is zero every-
where except along the line x; = 0 where it is not defined. We determine the appropriate boundary
conditions for p along the boundary line z; = 0. In order for the right-hand side of (2.7) to be well
defined, we require p(x)/peq(z) to be continuous. So for any = along the boundary line we must
have

pla”) _ pla®)
Peq(T7)  peq(z™)

where z~ denotes taking the limit from the left, and =™ denotes taking the limit from the right. For
our particular choice of peq , this gives

Peg,1 Peg,2
The second boundary condition comes from assuming continuous flux across the boundary line:

0 pla7)
01 peq(z—)

9 plz™)

= D(1'+)peq (x+)67xl Peq (Q?"‘)

D(a™) peq(z™)

For our particular choices of D and peq , Since peq is constant away from the line x; = 0, this gives
the boundary conditions
0 0
Di—p(z7) = Dy—p(z™
15y P(e7) = Do)

A possible direction for further investigation is to consider Lorentz gas models where disc radius
r and free volume fraction ¢ vary smoothly with = , and to determine what D(z) and peq(x), and
hence a(z).
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2.4 Discussion: Ito, Stratonovich, or Isothermal

We conclude by discussing our results in the context of the apparent ambiguity between It6, Straton-
ovich, and Isothermal interpretations of stochastic integrals [24][47]. For the purposes of discussion,
we consider a particle moving in one spatial dimension whose position at time ¢ is X (¢). We assume
that X (¢) is a Markov stochastic process with continuous sample paths. We model the motion of
the particle with the stochastic differential equation (SDE)

dX(t) = a(X (t))dt + b(X (t))dB (2.8)

where B(t) is standard Brownian motion. We call a(x) the drift and b(x) the diffusion of the SDE.
As is well known [45, 14], unless we specify a particular interpretation, the SDE (2.8) does not
unambiguously define the stochastic process X (¢). To see this, we integrate (2.8) over [0, T] to get

T T
X(t)—X(O):/O a(X(t))dzH—/O b(X(1))dB(2).

The first term on the right has a unique interpretation as a Riemann integral, but the second term
cannot be simply viewed as a Riemann-Stieltjes integral, since B(t) is not of bounded variation. If
we compute the second term as the limit of Riemann sums, the answer depends on where in each
subinterval the argument b(X (¢)) is evaluated. For example, choosing h = T'/N, t,, = hn and letting
B, = B(t,) and X,, = X(t,), suppose we take the integral with respect to B to be

T N-1
| PR30 = i 370K (B B
where
X =(1— )Xo+ aXpsi. (2.9)

Famously, unless b(z) is a constant, the limit depends on the choice of « [47]. If we choose a = 0,
we obtain the It6 interpretation of the integral, which yields a stochastic process X (¢) with Fokker-
Planck equation

0 0 1 0% 5

ap(%t) = " la(z)p(z,t)] + 5022 [b(x)?p(z,1)] -
If we choose @ = 1/2, we obtain the Stratonovich interpretation of the integral, which yields a
process X (t) with Fokker-Planck equation

z,t) = (x)p(z,t) + %b(m)b’(w)p(m,t) 352 [b(z)?p(, )] -

~55 |

ap(

Note that the Fokker-Planck equation shows that the Stratonovich interpretation of the SDE with
drift a(x) and diffusion b(x) yields the same stochastic process as the It6 interpretation of the SDE
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., | Interpretations  of Fokker-Planck Equation for a = 0 Special  Properties
Stochastic Integral whena =0
A 0 1%,
0 1t6 %"= 2522 [b%p] (X(t) — X(0)) =0 for all ¢.
1/2 Stratonovich 9,10 bé [bp] Standard chain rule applies
o’ = 202 "ox P PP
0 19 (4,0 B
1 Isothermal %’ =392 {b axp} Peq = CONSt.

Table 2.2: Summary of some properties of the Itd, Stratonovich and isothermal interpretations

with drift a(z) + b(z)d' (z)/2 and diffusion b(z) [14, p. 99]. Finally, if we choose o = 1 we obtain the
anti-Ité or Isothermal interpretation [24, 47], which yields a process with Fokker-Planck equation

0 102

Do) = fa@hplet) + b)Y @hpla, 0] + 5 2oy bl 1)]

In this case, the Isothermal interpretation of the SDE with drift a(z) and diffusion b(x) gives the
same stochastic process as the It6 interpretation of the SDE with drift a(z) + b(x)b'(x) and diffusion
b(z) [24].

As we can see in the various Fokker-Planck equations above, if we fix a(x) and b(z), varying
the parameter « gives different stochastic processes for the motion of the particle. This fact may
make it seem like there should be a physically correct choice of the parameter a. We argue that
this is misleading. For any fixed « the range of stochastic processes that can be captured by an
appropriate choice of a(z) and b(x) is the same. For example, suppose we fix a choice of a(z) and
b(x) and choose to interpret (2.8) with a given a € [0, 1]. The process defined is identical to what we
would obtain with the It6 interpretation (o = 0) of the SDE with drift a(z) + ab’(x)b(z) and diffusion
b(x).

Though the families of stochastic processes described using each convention are the same, it may
still be the case that some choice of « is more natural or convenient for some purposes than others.
Frequently, the rationale is based on the idea that if the drift is zero, then X (¢) should have certain
properties. For example, if one wants (X (¢) — X(0)) = 0 for all t when a(z) = 0, regardless of b(z),
then the It6 convention with o« = 0 in (2.9) guarantees this. If one wants that when a(z) = 0 the
equilibrium density is constant, then the Isothermal convention with o = 1 in (2.9) guarantees this.
We summarize the properties of the various interpretations of the SDE (2.8) when a(z) = 0 in the
following table. The question we posed in Section 2.1 may be rephrased as follows: in the absence
of external forces, and given a diffusion b(x) = 1/2D(z), what is the correct choice of parameter o
and drift a(z) to model the motion of the particle? A natural way to approach the problem is to inter-
pret the absence of external forces as meaning that a(z) = 0. Then the problem boils down to the
choice of «: the Statistical Mechanics Prediction follows from taking « = 1, and the Time-Change
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Prediction follows from taking « = 0. The results in Section 2.2.4 showed that neither answer is
justified universally.

In Section 2.3 we recommended a different approach. We fix o and then choose a(x) to generate
the desired equilibrium distribution. As we have explained here, the choice of « is not crucial once
we allow a non-zero a(x). Accordingly, we have chosen « = 0, corresponding to 1t6 calculus. This is
the main choice in the mathematics literature, and numerical methods such as the Euler-Maruyama
method take a particularly simple form with it. Once we have made this choice of «, we are free to
choose a(x) appropriately. In Section 2.3 we chose a(z) to ensure a given equilibrium density.
Beyond the particular needs of the present work, we believe the framework we describe in Sec-
tion 2.3 provides a natural and flexible way to model diffusive systems. In situations where a
researcher is confident for physical reasons that the equilibrium probability is constant, then our
framework takes a simple form. One area in which the proposed framework in Section 2.3 could be
used is cellular biology. Although earlier models of chemistry in the cytoplasm of cells assumed that
chemical species were well-mixed and thus ignored diffusion, more recent models have taken the
geometry of the cell and the diffusion coefficient of various molecules into account [44]. Effective
diffusion coefficients of a molecule in a cell differ from that in water owing to the crowding effect
of other molecules. One approach is to model the motion of a molecule as diffusion with constant
coefficient, but then have the effective diffusion be modified by interaction with other particles which
are also included in the model [34]. Another is to not include the crowding particles in the model,
but to model their effect with a modified diffusion coefficient [17]. Given the inhomogeneity of the
cytoplasm, we can expect that this effective diffusion coefficient of the molecule (and its equilibrium
probability density) will vary with location within the cell. Our framework and numerical method are
developed with this latter situation in mind.



Chapter 3

A Metropolized integator for SDEs

We shall propose a numerical method for SDEs which utilizes the formulation (2.6) in Chapter 2.
Before we get to the new numerical method, let’s have a brief introduction to numerical methods for
SDEs and Metropolis-Hastings Algorithm. A detailed introduction could be found in [18] and [8].

3.1 Numerical Methods for solving SDEs

3.1.1 The Euler-Maruyama Method

Like solving ODEs and PDEs, in most cases, analytic solutions cannot be obtained for SDEs. Hence
people seek numerical methods for computer simulations. The simplest numerical method for SDEs
is the Euler-Maruyama method, which can be treated as an extension of the forward Euler method
for time dependent ODEs. Consider an SDE in one dimension

dX = a(X,t)dt + b(X,t)dB(t)

or in the integral form

X(t):X(O)+/O a(X(s),s)ds—i—/O b(X (s), s)dB(s) (3.1)

where B(t) is the one dimensional Brownian motion with initial condition X (0) = z,. If we approxi-
mate the integrands by (X (0),0) and b(X(0), 0), then we obtain the Euler-Maruyama method. Let
h be the time step length and X,, be the numerical solution at ¢ = nh. The Euler-Maruyama method
takes an explicit iteration

Xni1 = Xp +a(Xn, tn)h +0(Xn, t,) (B((n+ 1)h) — B (nh))
The term (B ((n + 1)h) — B (nh)) could be calculated by a Gaussian random variable with mean

0 and variance h. In matlab, this is simply dB=sqrt (h)*randn. Higher accuracy methods can be

20
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obtained by including higher order terms in the stochastic expansion of the integrands in (3.1). We
discuss the concept of accuracy and convergence in 3.1.2.

3.1.2 Modes of convergence: Strong convergence and weak convergence
of numerical methods

The way to measure error in numerical methods for SDEs is more complicated than that for ODEs.
In the SDE case, we need to measure the difference between random variables or stochastic pro-
cesses. Strong convergence and weak convergence are two types of convergence that are fre-
quently used for numerical methods for SDEs. If X, is the numerical solution from some numerical
method approximating the exact solution X (nh), then

et = E|X,, — X (nh)|
is the strong error. If we have
e.}sltrong S Chp

uniformly for all nh < T, for some constants C, p > 0 when h is sufficiently small, then we call the
numerical method is strongly convergent with order of accuracy p. Let

e = [E(f(Xn) — f(X(nh)))]

be the weak error where f is from some class of test functions which are often chosen from poly-
nomials. If we have

et < CphP

uniformly for all nh < T, for some constant p > 0 and Cy depending on the test function f only
when h is sufficiently small, then we call the numerical method is weakly convergent with order of
accuracy p. As a example, EM has the strong accuracy 0.5 and weak accuracy 1.

3.2 A Numerical Method for Sampling: The Metropolis-Hastings
Algorithm

The Metropolis-Hastings Algorithm is a way to generate random variables with distributions approx-
imating a given distribution. One important application is to calculate the integrals for expectations
in high dimensions which it usually hard to use standard quadrature rules to deal with. The standard
Monte Carlo method provides a convenient way to compute such integrals, but the convergence rate
depends on the distribution chosen and sampling random variables with arbitrary distributions is not
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simple. The Metropolis-Hastings Algorithm uses a Markov Chain to give proposal moves and then
introduce random rejections with a designed probability. Then the Markov Chain with rejections will
be converging to some random variable with the given distribution, therefore, after a large number
of iterations, the distribution of the observations generated from the simulation is approximately the
target distribution. Given a known transitional probability ¢(z,y) for a Markov Chain X,,, from state
X, = z to state X,,;; = y with some initial state X, = =, and a target distribution =(z), the MH
method takes the following procedure:

e generate X, from the Markov Chain with a known transitional probability ¢(X,,, X )

e generate ¢ from uniform distribution in [0, 1]

e compute

: “(X;+1)Q(X;+11Xn) ) : *
min : ,1 if 71(X0n)q(Xn, X >0
a(X,,L,X;H) _ { ( T(Xn)a(Xn X 1) (Xn)a( +1)

1 otherwise
e accept X,; | with probability a(X,,, X7, )

x )Xo if & < a(Xn, X5 1)
i X, otherwise.

3.3 Detailed Balance and Metropolis-Hastings Algorithm

If we expect a Markov chain to converge, we need to ask first if it has a stationary distribution. Given
the process defined on R?, we call 7*(x) a stationary distribution for a Markov chain, if

7 (dy) = [ Pladyr(da)

where P(z,dy) is the transitional distribution. A sufficient condition for the Markov chain to have
a stationary distribution 7* is the detailed balance condition (in Markov processes, this is the re-
versibility) with respect to 7*.

Let S,, = S, x S, where S, and S, are measurable sets in R?. Then the detailed balance condi-
tion with respect to a probability distribution 7 for a Markov process with the transitional probability
distribution P? is

/ 7(dx) P! (x, dy) = / 7(dx) P (z, dy)
Say Sya

This is describing the "microscopic (detailed) balance” of transitions that the probability of going
from S, to S, should be the same as the probability of going from S, to S,. In the case where



CHAPTER 3. A METROPOLIZED INTEGATOR FOR SDES 23

the proposal step is given by some continuous distribution, we can assume that the composite
transitional distribution P(z, dy) has a continuous component and a discrete component:

P(x,dy) = p(z,y)dy + ()0 (dy)

where p(z,z) = 0, 0,(dy) = 1 if 2 € dy and 0 otherwise. r(z) = 1 — [ p(x,y)dy is the probability that
the chain remains at . Then for a Markov chain with transitional distribution P(x, dy), the detailed
balance condition with respect to #* can be expressed in the form of

7 (z)p(x,y) = 7" (y)p(y, *)

This is saying that the probability of transition from state z to y is the same as the probability of
transition from state y to x. To see how the detailed balance condition implies the existence of a
stationary distribution, we use a formal computation: for any measurable set A

/P(x,A)w*(:U)dx:/Rd/Ap(;v,y)w*(x)dydx—l—/Rd r(z)0z(A)m* (z)dx

= [ [ o ety [ @ @de = [ 1= r@) ey [ o @de= [ 7@

A
The Metropolis-Hastings Algorithm is constructed to satisfy the detailed balance condition with re-
spect to the target distribution 7 by adjusting the transitional probability. Loosely speaking, if the
Markov chain that generates the proposal step satisfies

m(z)g(z,y) > 7(y)q(y, z)

then jumps going from z to y occur too often to have 7 as a stationary distritbution. By introducing
an acceptance probability of the move «, the Markov chain with rejection has transitional probability

m(x)q(z, y)a(r, y) = min (7(x)q(z, y), 7(z)q(z,y)) = 7(y)q(y, v)a(y, x)

Therefore, the detailed balance condition with respect to = is satisfied and the chain has a stationary
distribution 7. A sufficient condition for the convergence of Metropolis-Hastings Algorithm from the
theory of Markov processes is the aperiodicity and irreducibility of the proposal chain. This is
generally not hard to achieve: for example, the proposal move from the Brownian motion satisfies
the condition.

3.4 Metropolis-adjusted Langevin Algorithm

Though the convergence of Metropolis-Hastings algorithm is guaranteed, the speed of convergence
may still be a problem. A slow convergence rate will hugely affect the efficiency of the sampling.
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One solution to this is to construct a better Markov chain that gives proposal steps. Roberts and
Tweedie considered and showed that the Langevin equation

X = %v In peg(X)dt + dB(t) (3.2)

possesses a unique stationary distribution p., and the distribution of X () converges to p., expo-
nentially [36]. However, Roberts and Tweedie also pointed out that for naive time discretizations like
the Euler-Maruyama scheme (EM) or Milstein’s method, they will typically not preserve the correct
equilibrium density. They also showed that these methods may not be ergodic at all even though
the underlying diffusion is exponentially ergodic. Therefore, they proposed Metropolis-adjusted
Langevin algorithm: an algorithm takes proposal steps by the Euler-Maruyama method and then
uses rejections according to Metropolis-Hastings algorithm to preserve the exact stationary distri-
bution.

Let h be the step length of the numerical discretisation, the iteration of MALA takes the following
procedure:

1
Xop1=Xn+ §V1npeq(Xn)h + B((n+1)h) — B(nh) (3.3)
where B is standard d-dimensional Brownian motion. X, is given by

X _ Xovr i <an(Xn, X5iq),
s X, otherwise,

where

(o) = min (1, BNl

" n(2,Y) peq()
and &,,n > 1 is an independent, identically distributed sequence of random variables, uniform on
[0,1] and independent of B. Here

2
Qh<x7y) = \/2171_7 eXp <_ ($ + %vlnpeq(m)h - y) /2h>

is the transition probability density for X%, being at y given that X,, is at 2. Since Roberts and
Tweedie were only interested in sampling the equilibrium distribution, they did not analyze the con-
vergence of the Metropolized scheme as a numerical integrator. Bou-Rabee and Vanden-Eijnden
[5] showed that MALA as an numerical integrator for SDEs is not only ergodic with respect to p.,
but also converges to the solution of the SDE strongly.

3.5 Our numerical method

If D and p., are smooth, then MALA is both a convergence method and a method that preservers
the given stationary distribution for the SDE (2.6). However, in the model problem in 2.1, both D and
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peq have discontinuities in which case the drift term in (2.5) has a singularity and needs to be defined
as a distribution. On the other hand, for SDEs that have variable diffusion coefficients and satisfy
the detailed balance condition with respect to a known equilibrium distribution, in 2.3 we proposed
a framework for such systems in which, instead of a diffusion coefficient and a drift coefficient, a
modeller specifies a diffusion coefficient and a equilibrium distribution, and then assumes detailed
balance with respect to this equilibrium distribution. Therefore, it is possible to work directly with the
diffusion coefficient and equilibrium distribution, rather than the drift coefficient.

Our method is a variant of the MALA scheme. Instead of using a convergent scheme for the
SDE, we only use the diffusion coefficient to give a trial step and then use the Metropolis-Hastings
rejection procedure to guarantee the correct equilibrium density. Therefore the drift is enforced only
indirectly through the rejection step. The motivation for this idea is that for any SDE the infinites-
imal drift is uniquely determined by the infinitesimal diffusion, the equilibrium distribution, and the
detailed balance condition [43]. Therefore, if we have a Markov chain that approximates a diffusion
process with the correct diffusion coefficient and the correct equilibrium distribution, and also satis-
fies the detailed balance condition, we expect that the process also has approximately the correct
drift coefficient.

For our scheme, since the trial step is given with the correct diffusion and the Metropolis-Hastings
rejection process provides the detailed balance with respect to the correct equilibrium density, we
expect that it converges to the correct solution to the stochastic differential equation. A similar theo-
rem appears in [4] for general self-adjoint diffusions (where the density is not necessarily integrable).
In this chapter, we will show directly that the process has the correct drift and diffusion in the limit of
steplength going to zero, when the coefficients are sufficiently smooth. In particular, we show that
the scheme is weakly convergent with order of accuracy 1/2 under appropriate conditions.

Though our results here are for smooth coefficients, the main motivation for our scheme is to to
handle instances of (2.6) where D has jump discontinuities. Other work has developed numerical
schemes for similar classes of problems. The reference [22] proposes a method for such systems
that does not make explicit use of the equilibrium distribution and hence does not preserve it ex-
actly. However, their method could be adjusted with a Metropolis-Hastings step in order to do so.
Another approach is to resolve the jump discontinuities in D by developing a separate procedure for
when the state of the system approaches the discontinuity. This approach is taken by [13, 25, 28]
for one-dimensional systems, who make use of the theory of skew Brownian motion to resolve the
discontinuity.

Here we define our algorithm from [43] for approximating the solution of (2.6). Let h be the step
length. The trial step is given by

X', =X, +/2D (n+ 1)) — B(nh)]. (3.5)
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This is accepted with probability «,

X,y = X:;Jrl, if &n < ap (Xn,X;+1)7 (3 6)
nr X,, otherwise.

where &, satisfies uniform distribution on [0,1] and «y, is the acceptance probability for Metropolis-
Hastings rejection procedure [36] from state X, to X, with the expression

— min (1. 2 2)pea(y)
O‘h(xvy) = (L Qh($7y)peq(x)> (37)

and ¢, (z,y) is the transitional probability density determining the trial step (3.5)

_ 1 (v —y)?
an(z,y) = W exp <— hD(x) ) . (3.8)

This choice of ay, and ¢;, in the Metropolis-Hastings rejection process guarantees that the process
Xn,n=0,1,2,...satisfies detailed balance with respect to the density p.,. The Metropolis rejection
procedure guarantees that the process X,,,n > 1 has peq(x) as its equilibrium density. On the
other hand, in any region of the state space where D(z) and peq(x) are constant with respect to
x, ap is 1 and so the method reduces to the Euler-Maruyama method for the constant coefficient
diffusion without drift. Notice that the algorithm only requires the ratio of the equilibrium density at
different positions. The method may also be applied to problems with non-normalizable equilibrium
distribution (i.e. the equilibrium distribution is no more a probability distribution).

3.6 Numerical Simulations

In this section we validate our method with the following numerical experiments. We chose 1-
dimensional examples of (2.6) with the following features:

1. Smooth diffusion coefficient D and equilibrium density p.,, for which we have an exact solu-
tion.

2. Smooth and periodic diffusion coefficient D and equilibrium distribution p., = 1 which is not
normalizable.

3. Geometric brownian motion, for which we have a non-normalizable p., and degenerate D.
4. Piecewise constant D and uniform p., in [-1, 1].

The motivation of these examples is to demonstrate the convergence of the numerical scheme for
some problems not necessarily satisfying the conditions of Theorem 3.
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3.6.1 Example 1: SDE with smooth coefficients.

We first test the method on a SDE for which we have a closed-form solution,

X = —%dt + /1= X2dB. (3.9)

Comparing with (2.6), we can see that this is the case when the diffusion coefficient is

1— 22
D(w) = —

and the equilibrium density is

1
pal) =

in the domain |z| < 1. If the initial condition is X (0) = 3, then it has the exact solution

1
27

X(t) = sin(B(t) + %).

The equation (3.9) does not satisfy the conditions of Theorem 3 because D is not bounded away
from zero and % In(peq(z)) approaches infinity at z = +1.

Firstly, we numerically verify that this method keeps the exact equilibrium density p., and approxi-
mates the given diffusion coefficient. To compute these statistical quantities of the trajectories, the
domain (—1,1) is cut into 20 equally spaced subintervals [z;,z;+1),7 = 0,...,19. The density is
computed by dividing the number of times that the particle is in the particular interval over the total

number of time steps. The effective diffusion coefficient is computed as in [43]:

(Xket1)n — Xin)?
D(z;) =
(fﬂ ) thlen[gilﬂalwrl) 2h

The SDE is simulated with different time step lengths over a total time interval of length 7" = 1000.
With these parameters we plot the values of p.,(x) and D(x) over the domain |z| < 1 in Figure 3.1.
The error bars show estimates of standard error due to the finite time simulation. As we can see
from Figure 3.1, the numerical method produces the correct distribution for all the time step lengths,
while the effective D is converging to the exact curve as the time step length is decreasing.

In order to check the weak accuracy of the numerical scheme, we measure the mean error at
time T' = 1 with test function f(z) as in [18],

en = [E(f(Xnn)) —E(f(X(T)))] (3.10)

The expectation E(f(Xnp)) is approximated by the average values of f(X ;) over a number of
M = 107 trajectories. Figure 3.2 shows the error versus the time step length with test functions

f(x) = z and f(x) = 22. For these test functions, the exact solutions are EX (1) = ﬁ E(X(1))? =
i — 1= The plot shows the accuracy is of order 3.
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Figure 3.1: Plot of the computed equilibrium density (left) and diffusion coefficient (right) for Example
1.
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Figure 3.2: The weak error of the scheme for Example 1 with test function f(z) = z and f(z) = 2%
The error bars in this plot are smaller than the symbol size.
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3.6.2 Example 2: SDE with smooth coefficients.

Here we consider the case with smooth diffusion coefficient D = sin(z) 4 2 and uniform equilibrium
distribution p., = 1. Using (2.6), this gives the SDE

dX (t) = cos(X)dt + /4 + 2sin(x)dB

with initial condition X (0) = 0. Here, p.4 is not normalizable since the domain is infinite, therefore we
do not have a probability density at equilibrium. However, computationally, since we only simulate to
finite time, we can still look at the probability distribution of X (7T') and its expectation and moments
are well defined. For this SDE, since we do not have the exact solution, we measure the error by
subtracting the results from time step length h/2 from 4, i.e.

= [E(F (Xu(T)) — E(f(Xn/a(T)))| @.11)

The expectation is approximated by the average over M = 4 x 10° trajectories. Figure 3.3 shows
the error plot compared with the error from Euler-Maruyama (EM) scheme. The EM method shows
the expected weak accuracy of order 1. Our method shows the weak accuracy of order % for the
test function f(x) = x2. Furthermore, we observe super-convergence with apparent order 1 for test
function f(x) = x. A closer look at the leading v/A term in the error shows that its coefficient in this
case is comparably smaller than the next term due to the effect of f(z) being odd. Therefore, when
h is not small enough, the error is dominated by the order h term.

3.6.3 Example 3: Geometric Brownian Motion.
For this example, we test our scheme on geometric brownian motion
dX(t) = aXdt + bXdB

with @ = 1, b = 1 are constants. The initial condition is X, = 1. We have the exact solution

2

X(t) = Xogexp ((a - l;) t+ bB(t)) = Xpexp (;t + B(t))
with expectation
E(X(t)) = Xoexp(t).

Firstly we need to rewrite the equation in the form of (2.6). Notice that even though geometric
brownian motion does not have an equilibrium density, we can still formally let

1
D= 5X2, Peqg = 1

to get the same form of SDE as we want. Figure 3.4 shows the weak error with test function
f(z) = x attime t = T = 1 compared with the error from the Euler-Maruyama scheme. The
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Figure 3.3: The weak error of the numerical schemes: Euler-Maruyama (EM) and our scheme (MH)
in Example 2 with test functions f(z) = x, 22
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Figure 3.4: The weak error of the numerical schemes: Euler-Maruyama (EM) and our scheme (MH)
in Example 3 with test functions f(z) = «. Error is measured using (3.10).
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error is measured over M = 5 x 10° trajectories, using (3.10) and (3.11). As a result, though
geometric brownian motion does not satisfy the conditions in Theorem 3, the numerical simulation
still demonstrates that we can expect convergence in this case with weak accuracy of order %

3.6.4 Example 4: SDE with piecewise constant diffusion coefficient.

Here we numerically demonstrate the convergence of the method for the simple case where

D) 1 ifz <0,
€Tr) =
2 ifx>0,

and

0 otherwise.

peq(x):{ 1 ifze[-1,1],

Equation (2.6) with this choice of D(xz) and peq(2) models a particle diffusing on the interval [—1, 1]
with reflecting boundary conditions at +1 and a piecewise constant diffusion coefficient. The re-
flecting boundary conditions are conveniently implemented by our choice of peq(x).

Figure 3.5 shows the results of simulating (2.6) with these choices of D(z) and peq(z) using the
method we have described. To show results, we divide the interval [—1, 1] into 20 equal subinter-
vals, and plot the density for the amount of time the particle spends in each subinterval. We also
plot the effective diffusion coefficient for each bin, which we define to be the average observed value
of (X,+1 — X,,)?/2h over the trajectory, for all n such that X, lies in the given bin. Simulations were
conducted with ~ = 0.01,0.001,0.0001 and for trajectories long enough so that standard statistical
errors in the plots are smaller than the symbols used. We see that for all values of i the equilibrium
density peq(z) is correctly reproduced. The effective diffusion coefficient converges to D as h goes
to zero.

The weak error in this example is calculated using formula

= [ESCOT) - [ f)ple o
e
where p(x, t) solves the corresponding Fokker-Plank equation,

Op(x,t) 0 0
Wy _ 2 (D@)axp(x,t))

with homogeneous Neumann boundary conditions a%peq(ac,t) = 0 at x = +1 and initial condition
p(x,0) = é(x) where §(x) is the delta distribution. This divergence form PDE is solved numerically
using Crank-Nicolson(CN) scheme with a very fine mesh. The expectation is approximated by
averaging over M = 4 x 106 trajectories. Figure 3.6 shows the convegence of the method with
test functions f(z) = z and f(z) = 2% In each case we see order } convergence despite the
discontinuity of D at x = 0.
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Figure 3.5: Equilibrium density peq and local diffusion coefficient D for method (3.5) applied to a

simple one-dimensional SDE. Shown are results for h = 0.01 (dotted), » = 0.001 (dashed), and
h = 0.0001 (solid), along with the exact values for the SDE.

3.7 Weak convergence of the method

Firstly, we exhibit some sufficient conditions on D and p., for the ergodicity of the SDE (2.6) and the
numerical scheme in Theorem 1 and Theorem 2. The convergence to the equilibrium p,, of (2.7) is
shown using the idea of relative entropy and the logarithmic Sobolev inequality [1]. As we show in
Theorem 2, the numerical method is ergodic and has the correct equilibrium distribution because of

the use of the Metropolis-Hastings method. We then show in Theorem 3 that the numerical method
converges weakly with order 1/2 for smooth p., and D.

We will let H(p1]p2) be the relative entropy of p; with respect to p, where

Hiplpa) = [ orfo)m 2,

The reason to use relative entropy is due to the Csiszar-Kullback inequality

1
H(p1|p2) > 5”/’1 — pallis.

(3.12)
Therefore, once we have convergence in the relative entropy, we will have convergence in L.

Another useful functional I(p1|p2) called the entropy dissipation functional is defined by

o 21 CO ey 1 CO
Lple2) = /Rd”l( Vi @ V@

Theorem 1. Suppose

1. The known equilibrium probability density p., € C*(R?) is positive p.,(z) > 0 and satisfies

V21Inpe, < —Aly4, where I, is the identity matrix of dimension d and A\ > 0 is some positive
constant.
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Figure 3.6: The weak error of the numerical scheme in Example 4 with test functions f(z) = z, 2.
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2. H(p(z,0)|peq(z)) < o0. i.e. the initial condition of (2.7) has finite relative entropy with respect
fo the equilibrium density pq.

3. The diffusion coefficient D € C?(R%) and D is bounded below by some positive number:
inf D(x) = Dpin > 0.

4. The surface integral

v

Peq

lim Dpeg dr=20 (3.13)

R—+o00 |z|=R
then p(x,t) in (2.7) converges to p., exponentially fast in relative entropy.

H(p(xa t)|p€q) S 672t/\DminH(p(x7 0)‘/06(1)
Hence, p(z,t) — peg(x) in L' ast — oo.
Proof. Let g = p—’:q. Assuming p is a solution to (2.7), g will satisfy

99 _ V- (DpegVy)
ot Peg

Let ¢(g) = glng — g + 1, then through direct calculation, H(p|peq) = [pa #(9)peqdx and

d 00(g) 0g / 0 p
o) = = 7. dr = — D 1 . 1 d < Dmin 1 )| pe
—dtH(p|p q) = B> 8tp qdz . p| Vin per Vin ped T (p(2,1)]peq(x))

where the surface integral from integration by parts vanishes because of (3.13). By Theorem 1
in [27] (See Theorem 9 in Appendix B), Condition 1 here guarantees that the logarithmic Sobolev
inequality with parameter A holds

1
H(plpeq) < ﬁI(P‘Petﬂ

As a result,

d
ZrH (plpeq) < =2X\Dunin H (plpeq)

We get the exponential convergence in relative entropy which will imply exponential convergence in
L' by (3.12). O

Remark: Theorem 1 also works when p,, is only positive in some connected open set D C R¢
provided that condition 4 is replaced by zero-flux boundary conditions on 9D. By restricting the
domain inside the region, p., Will be strictly positive inside the domain and there’s no problem of
dividing by zero. A discussion about relaxing the uniform convexity of In p., in condition 1 can be
found in [27].
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Theorem 2. Suppose the diffusion coefficient D is bounded below by some positive number:
inf D(z) > 0 and suppose v is the equilibrium probability distribution with density p.,. Let the
numerical scheme defined in (3.5), (3.6) generate a Markov chain with n-step transitional proba-
bility distribution P™(x,-). Then P™(x,-) converges to the equilibrium probability distribution v(-) in
total variation norm as n — o i.e. :

sup{|P"(x, A) — v(A)| : for all measurable set A} — 0, uniformly in x

Proof. The proof follows from [20, 41] (see Theorem 10 in Appendix B). We only need to show that
the chain generated by the numerical method is p.,-irreducible and aperiodic. These two conditions
are satisfied since 1) our proposal step is given by Gaussian random variables which gives a positive
probability to any set with positive Lebesgue measure, 2) the acceptance rate ay,(z, y) in Metropolis-
Hastings rejection step will always be positive as long as p.,(y) is positive. Hence the transitional
distribution of the Markov chain with rejections generated by the numerical method will have a
positive probability of jumping into any set where p,, is positive. O

Now we show the main result of this chapter that the scheme is weakly convergent. We rewrite
the time stepping of the scheme in the form

XnJrl = Xn + A(Xna h; X*+17 g’ﬂ)

n

where

A(X»,” h’ X:‘+1’ fn) = ( ;:+1 o Xn)llfn<0¢h(Xn7X:1+1)

is the increment of the numerical scheme in a single step. We shall use A to denote the increment
of the exact solution in a single step.

Theorem 3 (Weak convergence of the scheme). Let ||-||» be the 2-norm for matrix and V? be the
Hessian. Suppose that

1. the coefficients a(x) = VD(x) + D(z)V Inpe,(z) and b(z) = /2D(x) of equation (2.6) are
continuous, satisfy a Lipschitz condition

la(z) — a(y) + [b(x) = b(y)| < K [z —y|

and together with their partial derivatives with respect to x of order up to and including 3 have
at most polynomial growth.

2. |V2D(z)||2 and ||[V21n pe4()||2 can be bounded by some polynomial in = and the diffusion
coefficient D(z) is bounded away from zero: inf(D(x)) > 0.



CHAPTER 3. A METROPOLIZED INTEGATOR FOR SDES 38

3. the function f(x) together with its partial derivatives of order up to and including 3 have at
most polynomial growth.

We assume the initial condition X (0) = z is fixed. For uniform discretization t;, = hk, k =1,..,N
withty = T the total time, the following inequality holds for all k :

E(f(X(tx)) — F(Xp))| < CRY/2.

We prove Theorem 3 by analyzing the local error of the scheme. Bou-Rabee et al. [4] have
shown a similar result about a more general class of Metropolized integrators applied to a class of
equations including our (2.6). Their method consists of the use of a Runge-Kutta type integrator
for the trial step followed by a Metropolis-Hastings decision to accept or reject the step. In general,
their trial step uses the gradient of the diffusion coefficient, but also allows our choice of using
only the diffusion coefficient itself as a special case (corresponding to G, = 0 in their notation). In
the following estimates of the local error, we use the same techniques as [4], making precise the
dependence of the remainder term on x in order to guarantee global convergence. We also have a
slightly less restrictive condition on p., () in that derivatives of In p.,(z) do not need to be bounded.

Proof. We are going to apply Theorem 2.1 of [29, p. 100] (see Theorem 11 in Appendix B) to
show the weak convergence of the scheme. The condition (a) of their theorem corresponds to
our condition 1 which is the requirement on the smoothness and the growth of the coefficients a
and b. The condition (c) there corresponds to our condition 3 which is the requirement on the
smoothness and the growth of the test function f. Their condition (d) is a uniform a priori bound on
the moments of the numerical scheme which is guaranteed by our Lemma 1. What remains to be
shown is their condition (b): bounds on the moments of the increments of the numerical method.
For convenience, we use O(z, h?) to denote a quantity that can be bounded by K (z)h? where
K, (z) is some polynomial or a matrix of polynomial entries.

The condition (b) in Theorem 2.1 of [29, p. 100] has two requirements. Firstly, all the third moments
of the increment in the numerical scheme must be O(X,,, h3/?), i.e.

3
Ex, (H |45 !) < Ky (X)) b2
j=1

Here A% isthei; € {1, ..,d} component of A and K; (x) is a function with at most polynomial growth.
Then, the difference between the first and second moments of the approximated increment and the
exact increment needs to be O(X,,, h%/?), i.e.

Jj=1 Jj=1

S KZ(Xn)hB/gv s = 132
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Here K,(z) is also a function with at most polynomial growth.
For the first requirement, since

|A(Xp s X241, 60)| = ’(X;;+1 = Xlg, <o (xxe| < ‘ 2D (X,) (BY ((n+ 1)h) — BY (nh)))’

1)

therefore

3
Ex, (H A !) < (2D(X,))¥2h%/?
j=1

By the Lipschitz condition on b(z) = /2D(z), (2D(X,))3/? will be bounded by some polynomial.
For the second requirement, consider the solution after one time step from the initial condition. Let
A(X(0),h) = X(h) — X (0) be a column vector of the increment of the exact solution.

Ex, (A(Xo, h; X7, &) — A(Xo, h)) = Ex, (X] — Xo)an(Xo, X7) — (X (h) = Xo))
Ex, (A(Xo, h; X7, 1) AT (Xo, b X7) — A(Xo, h) AT (Xo, )
= Ex, ((X{ — Xo)(X] — Xo)"an(Xo, X7) — (X(h) — Xo)(X(h) — Xo)")
By Theorem 4, we have
Ex, (X7 = Xo)an(Xo, X7)) = a(Xo)h + O(Xo, h*/?)
Ex, (X7 — Xo)(X; — Xo) an(Xo, X7) = 03(Xo) Iy + O(Xo, h*/?)

Let £f(z) = aT(z) - Vo f(z) + 2b(z)A, f(x) be the infinitesimal generator of the 1t diffusion (2.6).
By lto-Taylor expansion [29, p. 99] , we have the expansion componentwise

h
Ex,(X(h) — Xo)! = a'(Xo)h + Ex, (h/o cai(X(t))dt> (3.14)

h
Ex, (X (h) = Xo)(X (k) = Xo0)")" = b*(Xo)hIj +Ex, (h/o L (a"(X(1) - (X7(t) — X7(0))) dt) +

h
Ey, (h/o c (aj(X(t)) (X)) — X7(0)) + ;bZ(X(t))) dt) (3.15)

Since the integrands in the remainder terms in (3.14) (3.15) are combinations of products of X, a,b
and their derivatives, by assumptions on their growth, the integrands can only have at most polyno-
mial growth in X. We can find m large enough, s.t.

Ex, <h / ' cai(X(t))dt>
0

h
<hEX0/ Ol + | X (8)[2™)de
0
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for some constant C;. Theorem 4 in [15, p. 48] (see Theorem 13 in Appendix B) shows that the
moments of the solution could be uniformly bounded by the moments of the initial condition, i.e.

Ex, /h C1(1+ X ()[™)dt < hEx,C(1 +[X(0)]*™) = hC(1 + | X(0)]*™)
0

The constant C in the last inequality only depends on T', m, K. The same process applies to the
remainder in (3.15). As a result, (3.14) (3.15) becomes,

Ex,(X(h) — Xo)" = a'(Xo)h + O(X(0),h?) (3.16)
Ex, (X (h) — Xo)(X(h) — Xo)T)7 = b*(Xo)hI{ + O(X(0),h?) (3.17)

Hence, we have the weak local error,
| Bxo (A(Xo, 15 X7, &1) = A(Xo, h))| < O(X(0), h*/?)
| Ex (A(Xo, b X7, &) AT (Xo, h; XT) — A(Xo, h) AT (Xo, h))| < O(X(0), h*/?)
Therefore, by Theorem 2.1 in [29, p. 100], the method is convergent with order of accuracy
i O

Lemma 1. Suppose the assumptions in Theorem 3 are satisfied. Then for every even number 2m
the 2m-moment of the numerical solution E | X,|*™ exist and are uniformly bounded with respect to
k=1,..,N,ifand only if E| X,|*™ exists.

Proof. The result follows from Lemma 2.2 in [29] (see Theorem 12 in Appendix B), if the magnitude
of A in one step is well-behaved. By using Theorem 4, the expectation of A is of order h

|Ex, A(Xp, h; X1, Ens1)| = ‘Exn ((X;ZH - Xn)]lsn,mh(Xn,X;H))‘
= |EXn (X1 — Xn)ah(XnaX;+1))| < K1+ |Xu|)h

n

while |A| is of order h!/?

2D(X,)h

_ X5, - X,
’A(Xnah§Xr*L+17£n+1)| < |X:+1 _Xn’ < |n+1

2D(X,)h

and 5#% satisfies standard normal distribution hence has moments of all orders. Then by

Lemma 2.2 in [29], the moments of the numerical solution at time ¢;: E| X
formly bounded. O

|*™ exist and are uni-
Theorem 4. With the definitions and assumptions in Theorem 3, we have the following,

Ex, (X{ — Xo)an(Xo, X{) = a(Xo)h + O(Xo, h*/?)
Ex, (X7 — Xo)(X7 — Xo)Tan(Xo, X7) = b*(Xo)hla + O(Xo, h¥/?)



CHAPTER 3. A METROPOLIZED INTEGATOR FOR SDES 41

Proof. For convenience, let z = X,, y = X7, and we can rewrite the conditional expectation in the
integral form,

B, (X = Xo)on (Yo, X0) = [ (v = a)one.s)an )y (318
Ex, (X7 — Xo)(X] — Xo)" o (Xo, X{) = /Rd (y—2)(y — ) an(@,y) - qu(@, y)dy (3.19)

Introducing a change of variable, let e = v/h, y — x = ez. Therefore the transition probability density
changes into

1 G 1
T, Y)dy = ———=—e MPEdy = ——=x—
@Yl = T Y D)

which is independent of e. Let

22
e D@ dz =: q(z,2)dz

a(z,z,€) = min (1, q(x + €2, 2) peg(z + ez))

(@, 2)peq()

After the change of variable, (3.18) and (3.19) become,

/ (y — 2)an(@,y) - g (@, y)dy = ¢ / cale, 2, q(a, 2)dz (3.20)
R4 R4

/ (- o)y — ) (ne.y)) - an(e, y)dy = € / 22" (ale, 2 ))a(x, 2)dz (3.21)
Rd Rd

Let

B(z, z,€) = min (LeXp <6VzQ(x,z) 2 6Vggpeq(:c) . z))

Q(Iv Z) peq(x)

be an approximation for a(z, z, €). The motivation of 3 is discussed in Lemma 2. First we study the
order of the error in drift. Applying the fact that [,, zq(z, z)dz = 0 which follows from the symmetry
of ¢, we obtain

e/ za(x, z,e)q(x, z)dz = e/ z(a(z, z,€) — 1)q(z, 2)dz.
R4 R
By Lemma 2 and Lemma 3, we can obtain

e/Rd z(a(z, z,€) — 1)g(x, 2)dz = e/Rd 2(B(x, z,€) — gz, 2)dz + e/Rd z(a(z, 2z, €)
—B(, 2,€))q(w, 2)dz = a(x)e* + O(z, )
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Use Lemma 2 and Lemma 3 for (3.21),
62/ 228 (a(x, 2,€)) - q(z, 2)dz = 62/ 22t q(x, 2)dz + 52/ 227 (B(x, 2, €) — 1) - gz, 2)dz +
R4 Rd R4

€ /]Rd 220 (a(x, 2,€) — Bz, 2, €))q(z, 2)dz = b(z)I%€* + O(x, )

Recall that € = v/h, therefore we have the desired bounds for local error. O

Lemma 2 (Estimates of a(z, z,¢€) and S(z, z,¢€)). With previous definitions, we have the following
estimates. Let g(z) € R be polynomial in z, then

< K(x)ée?

/ 9(2) (2, 2,€) — B(z, 2, €))q(z, 2)dz
JRdA

where K (x) has polynomial growth.

Proof. Rewrite « in exponent form,

Q@ + €2, 2) peg (z + €2) ))

(2, 2)peq ()

a(z, z,€) = min (1, exp (ln

A Taylor expansion for the exponent about € = 0 gives

dot e plete) _ [ Vaalwn) | Vopulw) | o
@@ p( (@) T peglay T )>

Therefore 3 is obtained by keeping only the leading order e terms.

2 S8)

B(x, z,€) = min (1, exp (e

R(z, z, €) is the remainder given by

R(z, 2, ¢) // 9% 1n ( :1:+77z z)p(,q(ernz dndé — // < Tszg ))>w_$+zdnd§+
//( TvD (w))? n (:Zz( g w)z) SDz(w)( - VD(w ))) o dnag

w=xr+nz
/ / ( peq w) z(zTV;Peq(w”z) dnde
peq peq(w) w=x+e€z

Consider the function h(z) = min(1, exp(z)). Since h(z) is piecewise smooth, it is not hard to see
that h(x) is globally Lipschitz with Lipschitz constant 1. Therefore,

|CY(CC,Z7€) —B(ZU,Z,€)| < |R(‘T7Za€)|
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Therefore, with the assumptions that inf D(z) > 0, ||[V2D(z)|| bounded by some polynomial,
[ V2 In pe, ()| bounded by some polynomial, we obtain

|R(x, z,€)| < Ki(x,2)e?

Here K;(z,z) is some polynomial in z, z. Furthermore, since for fixed z, ¢(z, z) is a multivariate
Gaussian, we can calculate its absolute moments [16, p. 3371,

P ds — %d(?D(x))”/z(p— DI ifpiseven
/Rd = \/g%d@D(m))P/?(p—l)u if p is odd

where S¢ is the surface area of the unit hypersphere in R¢. Since b(x) = /2D(x) has at most
polynomial growth, therefore,

< K(x)é?

/ 9(2) (@, 2,¢) — B(a, 2, ¢))q(, =)dz
Rd

For K (z) has at most polynomial growth. O

Lemma 3. With previous definitions,

< K(z)€ (3.22)

/ zq(x, 2)(B(x, z,€) — 1)dz — a(x)e
Rd

< K*(x)e (3.23)

/ g(2)ae, 2)(Blx, 7€) — 1)dz
Rd

where K (x),K*(x) are polynomials in x

Proof. Since
B(z,z,€) —1 = min (0,exp (GVI(](%Z) = Evzpeq(:r) . z) B 1>
q(z, 2) Peq(T)
B (eXP (evxq(m’z) 2y Yepeal). Z) - 1) Lo
q(z, 2) Peq(T) y

Here the region is defined by,

e = (¢ (o (Fogr =+ T ) 1) <o)

_ {Z ‘ <qu(x,z) C 2 T Vipeqg(w) - 2) < O}
q(z, 2) peq(x)
Therefore we can expand 3(z, z, ¢) — 1 in the integrand in domain €, ) about e = 0
qu(x, Z) TR v:cpeq(x) B
zq(x, z T,2,€ —1dz=/ zq(z, z (exp(e + € —1)dz
/R R R i e

= zq(x, 2z 6V$q(x,z)~z evxpeq(m)'z 2Rz 2 (e i
_‘/Q(z 0) e )< q(z, 2) N Peq() + € R(z, 2, £( )))d
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where €2 R is the remainder given by,

Veq(z,2) - 2
q(z,2)

Rz 60) = exo (&
with 0 < £(e) < e. Notice that

Vaq(z,2) - 2 Vapeq(w) - 2
@2 pal) )

2q(z, %) <e

is an even function in z. On the other hand, the integral domain €2, o) satisfies ;. 0) U (—Q(z,0)) =
R*. Hence the integral without ¢ R term becomes

/Q(zm 2l 2) <6qu($7z) -z N 6Vgg,oeq((gc)) . z) @

q(a:,z) Peq\T
_ € 2oz Vaq(z,2) 2 | Vapeg(z) -2 »
S 2 /Rd a(=:2) ( q(x, 2 Peq(T) > !
€ 2Tz
=3 /Rd 2(VIn(peq(x)) - 2 — gVIH(D(:r)) -z - TV(sz)) 2)q(x, z)dz

= (VD(z) + D(z)VInpey(z)) e = a(x)e

Then we need to show the remainder term is indeed of order ¢2. Since in the domain Q(2,0)»

Vaeq(z,2) 2 Vapeq(x)-2z Vaq(z,2) 2 Vapeq(x) 2z
T E R e <0,thereforeexp(§ D) +¢& e )<1.

/nw 2a(@, 2) (@, 2,€(c))dz
b1 (eXp (P e ) (T Ty )) "

< [, oo (T Tt

< [ o) (B2 T

As shown in Lemma 2, the term ‘ Veglr2)z | Yerealt)2 | could be bounded by a polynomial K (w, 2)
and since the integral [;. |2|" ¢(x, z)dz could be bounded by a polynomial K;(z), therefore there

exists a polynomial K (z)

< K(x)

/ z2q(x, z)R(x, z,&(€))dz
Qa0)
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A similar proof works for the other inequality (3.23). By Taylor expansion,

/Rd 9(2)q(z, 2)(B(z, z,€) — 1)dz

=€

/Q(m) 9(2)q(z, z) exp <§vm3((;f: z)) 2, gvszg; : z> (qu(cc, 2z Vapey(z)- Z) N

Veq(x,2) -2 Vipeq(z) -2
< [ lo@latez) |TEEEE  Tepealt)
Rd q(x,z) Peq\T

dz < K*(x)e

which concludes the proof.



Chapter 4

Diffusion Approximations

Theorem 3 shows the weak convergence of the numerical method (3.5),(3.6) by direct calculations
of local errors. This is of course not the unique way to show the convergence. In this chapter we
will show the weak convergence of our method using the idea of diffusion approximations from a
more probabilistic point of view. This idea provides us a more intuitive justification of the conver-
gence of the method by showing that 1) the numerical method generates a Markov chain that is
approximating some diffusion process, 2) the rejection from Metropolis-Hastings algorithm does not
change the diffusion term, 3) the correct drift is guaranteed since the process generated by the
numerical method satisfies the detailed balance condition. Though the rate of convergence can not
be obtained in this way, the advantage of the proof is that the conditions on the smoothness of the
coefficients in Theorem 3 can be relaxed. Though we show the convergence for coefficients with
some smoothness (see Theorem 7), it is believed that the diffusion approximations may be a better
way to obtain results for the discontinuous coefficients cases.

4.1 Diffusions and The Martingale Problem

Since the It6 integral is a martingale [30] (see A.3 for the definition), the solution to a (Ito-)SDE is
also associated with a martingale. Firstly, we define the generator of an It6 diffusion [30, p. 117].

Definition 1. Let X, be an Ité diffusion in R%. The (infinitesimal) generator A of X, is defined by

Af(z) = lim —Emf(XtZ — f(x);

Here the conditional expectation is taken on Xy = x and all the functions f such that the limit exists
for all « form the domain of the operator D 4,

z € R?

Then the following theorem associates an 1t6 diffusion to the corresponding martingale [30, p.
140].

46
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Theorem 5. If X, is an It6 diffusion in R? with generator A, then for all twice continuously differen-
tiable functions with compact support: f € C2(R?), the process

— F(X) - / AF(X,)dr

is a martingale with respect to M the filtration generated by M,

To simplify the concepts, we can identify each w € Q in the sample space with the trajectory
mapping

wi = wlt) = X7 ()

Therefore the underlying probability space (2, M, P*) is identified with ((R%)[>°), B, P*) where B is
the Borel o-algebra on (R?)[0:°°)_ In fact, the converse of the theorem is also true in the sense the
following definition.

Definition 2. Let L be a semi-elliptic differential operator with its graph A of the form

{(faLf Zaz Z Ua Oz )‘fecoo(Rd)}

where the coefficients a; and b;; are locally bounded Borel measurable functions on R<. Given an

initial distribution ;. for X, on R?, we say that a stochastic process X, on some probability space
(Q, F,P) solves the martingale problem (A, 1) with respect to a filtration G,, if the process

M, = f(X,) - / g(X,)dr,

0

is a P-martingale with respect to G, for all (f,g) € A. And the martingale problem is called well-
posed if there is a unique process X, in the sense of finite dimensional distributions that solves
the martingale problem (A, ). If this is true for all initial probability distributions n, we say that the
martingale problem for A is well-posed.

Stroock and Varadhan [42] showed that the SDE
dXt = G(Xt)dt + b(Xf)dBt

has a unique weak solution X, if and only if the martingale problem for the graph of L

L= o + 5 0 g o "

is well posed. Hence, the existence and uniqueness of the weak solution to the corresponding SDE
has been formulated in terms of the well-posedness of the martingale problem.
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4.2 Approximating Diffusions

The following theorem from [12, p. 355] to show the convergence of Markov chains to an It6 diffu-
sion.

Theorem 6. Leta : RY — R? be continuous and let b> be a continuous, symmetric, nonnegative
definite, d x d matrix-valued function on R?. Let

A= (15 =Y aoif + 5 S Wud0uf) - [ € CR(RY)

and suppose that the martingale problem for (A, ;1) has a unique solution for each ;1 € P(RY). Let
pn(z,dy) be the transitional distribution on R¢, and set

1

=7 (y — z)pn(z, dy)
ly—z|<1

ap(z)

e =5 [ e

y—z|<1

Suppose foreachr > 0and ¢ > 0

sup |ap(z) — a(z)| — 0 (4.1)
|z|<r
sup ‘bi(x) - bQ(m)’ -0 (4.2)
|| <r
and
sup 3oz {y Iy — 7] > €)) >0 (43)
|z|<r

LetY,* be a Markov chain with transition function p;, and define X" (t) = Y[Z y- If the distribution of

YJ* = u, then X" (t) converges in distribution to the solution of the martingale problem for (A, ).

We use Theorem 6 to show the main result of this chapter, Theorem 7: the weak convergence
of the numerical method (3.5),(3.6).
The proof takes two steps:

1. the Markov chains generated by the process (3.5),(3.6) are converging to an Itd diffusion with
the same diffusion coefficient as the SDE (2.6),

2. the limiting process satisfies the detailed balance condition with respect to the known equilib-
rium density peq.

Therefore, the limiting process will have the correct drift by the discussion in Section 2.3.

Theorem 7. Suppose
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e b(x) =+/2D(x) is Lipschitz in |x| < r with constant L1,
o Vlnpeqg(x) is Lipschitz in |x| < r with constant Lo,

e VD(z) is Lipschitz in |z| < r with constant Ls and D(z) is bounded away from 0: inf D(x) =
K > 0.

Then the numerical method (3.5),(3.6) generates a process X, (t) converging weakly to the solution
of the SDE (2.6).

Proof. We use the same change of variables as in (3.20) and (3.21). Leth = 2 and y — = = ez.
Then

1 1
an(@) = ~ / (y — 2)pn (. dy) = - / 2a(z, 2, €)q(w, 2)dz
hJjy—z1<1 € Jpz1<z

i@ =g [ o = [ el gt )

lz|<%

and

prla(yily—al =€) = [ alwzdale2)dz,

‘Z‘Z;
For condition (4.3)
1 1 1
sup —pu(z,{y: |y —z[ > &}) = sup a(z,z,€)q(z, 2)dz < sup — q(z, z)dz
lej<r P jz|<r € J]z)>£ jej<r € Jjz2 £

1 /D
= sup —erfc <W> — 0.

|e|<r € €

Since we want to show b7 (z) and ay(z) are converging to some continuous functions, we are go-
ing to show the equicontinuity and then apply the Arzela-Ascoli theorem. Recall that a family of
continuous functions G on compact metric space (S, A) is equicontinuous if and only if

Ve > 0,Vz € 5,36 > 0,Vy € S,Vg € G, A\(z,y) <0 = |g(z) —g(y)| <e.

For condition (4.2), firstly we show the equicontinuity of b7 (z):
For V|z| < r, Vi > 0, let B(x,~) be an open ball centered at « with radius v > 0 such that for
Yy € B(x,~), we have

|b%($) - bi(y)| = |/| - zZT(a(:zz7z,e)q(z,z) —a(y,z,6)q(y, z))dz

< +

/ - ZZT(a(:c, z,€) — aly, z,€))q(x, z)dz / o zzTa(y, z,6)(q(z, 2) — qly, 2))dz
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Then, using Lemma 6, the first term on the right hand side of the inequality has the following upper
bound.

’/ o 22T (alz, 2,€) — aly, z,€))q(x, 2)dz
</| ., (0@l + VD@ 92(2)] + las()| ey — al) aler )z < Kafa)ly —al

where K (x) is a continuous function of « independent of k or e. Using Lemma 5, the second term
has upper bound,

‘/ - zz"aly, 2, €)(q(x, 2) — qy, 2))dz

_22 (|VD(z)
SM/ |z|" e 1R (’
sl<E D?(x)

where K> (x) is also a continuous function of = independent of » or e. As a result,

< / Vet 2) —atw, ) e
zgg

(14 VD)) |y—x|) @ — yldz < Ka(o) |y — 1

|07 (2) = Ui ()] < (Ki(z) + K2(2)) [y — 2| < (Ki(2) + Ka(x))y

So we can choose v small enough to make the difference of b2 (z) — b7 (y) smaller than ) for all k.
Hence, b7 () is equicontinuous for all |z| < r. For a fixed z, since 0 < a < 1, the integrand in b7 ()
is dominated

|27 (a(@, 7, )a(, 2)| < 27 q(x,2)|

Since
v (x) = / 220 q(x, 2)dz = 2D(x) Iy
R

Therefore, by the Arzela-Ascoli Theorem [3, p. 190], b2 (z) — 2D(z)I; uniformly in z as h — 0. As
a result

sup |bj.(z) — b*(z)| — 0
x| <r

For condition (4.1), similarly we show the equicontinuity of ay (x):
For V|z| < r, Vn > 0, let B(z,v) be an open ball centered at = with radius v > 0 such that for
Yy € B(x,~), we have

an(@) — an(y)] =+

/ - 2(a(z, z,€)q(x, 2) — aly, z,€)q(y, 2))dz

1
+ -
€

1
<=
€

[ ot ottt

/| o za(y, z,€)(q(z, 2) — q(y, 2))dz
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Then, using Lemma 6, the first term in the inequality has the upper bound

1

€

/I o 12| ((lg1(2)] + |[VD(2)] |g2(2)| + |g3(2)| €) |y — z|) q(z, 2)d=

< K3(x) ly — |

/I - 2(a(z, z,€) — aly, 2, €))q(w, 2)dz| <

where K3(z) is a continuous function of = independent of & or €. Using Lemma 5 and Lemma 7, the
second term has the upper bound

1

€

1

€

/| e W29l 2) —aly, 2)dz

/ 20y, 2 6) — )(q(e, 2) — qly, 2))d

[z|<E

< / 12 9y, 2) la(e, 2) — a(y, =) d= < Ka(@) |y — 2]
|z]<E

where K, () is also a continuous function of = independent of h or . Even though we have ¢(y, z)
not depending on z in the above integral, since g(y, z) is a polynomial while y is close to . Therefore
it is always possible to find a larger function K,(z) depending on z as the upper bound as long as
x is in some compact set.

As aresult,

lan(z) — an(y)| < (Ks(z) + Ka(z))y

Hence, ay(x) is equicontinuous for all |z| < r. On the other hand, using Lemma 7, a,(z) can be
shown uniformly bounded by some constant U for |z| < r

<

1
ap(x)| = — z(a(x,z,€) — 1)q(x, 2)dz
jan () 6‘/'Z|§:(< )~ (e, 2)

/ 29(e, 2)qla, 2)dz| < U
[z]<Z

Therefore, by the Arzela-Ascoli Theorem [3, p. 190], ax(x) is relatively compact. For any conver-
gent subsequence {an,(z)}, h; — 0, it is converging uniformly to some continuous function a(x).
Therefore, after applying Theorem 6. This subsequence is converging to a solution to a martingale
problem with coefficients a, b2, i.e., the solution from the numerical method is converging to an It6
diffusion (A.2) with drift @ and diffusion b. To show furthermore that ¢ = « is unique for all con-
vergent subsequences, we shall use the detailed balance condition. As shown in Section 3.3, the
Metropolized integrator preserves the exact equilibrium density peq and satisfies the detailed bal-
ance condition with respect to peq. Let S,, = S, x S, where S, and S, are measurable sets in R%.
Then the detailed balance condition for the transitional probability distribution P} of the numerical
method is

J

peq() Pl (z, dy)dz = /S pea() Pl (z, dy)dz

Ty
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which means the transitions from S, to S, is the same as the transitions from S, to S, for ¢t = nh,
n = 1..N. Here P}(z,dy) denotes the transitional probability density from state = to dy after a fixed
amount of time ¢ = nh for time step length h. By a change of variable, we obtain

/S Peal2) Pl (z dy)d = / pea(y) P (y, dx)dy (4.4)

oy Say
The weak convergence of the numerical solution to diffusions implies that the distribution
peq(z) Pl (x, dy)dx = peq(x)P'(x, dy)dx weakly. By the equivalent definitions of weak convergence
[37, p. 117] (see Appendix ??), for any measurable set ¥ such that the boundary 9% has zero
measure under peq(z) P! (z, dy)dz, we have

lim peq(x)Pﬁ(m,dy)dx:/peq(x)Pt(x,dy)dx.
h—0 b)) »

Since the diffusion coefficient is bounded away from zero, the density of P? satisfies a second order
parabolic equation(the Fokker-Planck equation). As a result, P!(z,dy) = p'(z,y)dy is Lebesgue
measurable and pt(x,y) is continuous both in =,y for all ¢ > 0. Therefore, by taking » — 0 and
letting S, have boundaries with Lebesgue measure zero, (4.4) becomes

| rea@)P s = [ paalo)P'(0rde)dy = [ peolo)P' ()i (4.5)
S.

Ty Say Sya
Since diffusions have continuous paths, (4.5) suffices to show that the limit process have no net
probability flux under the density peq [14, p. 119], i.e. J = 0in (2.4). From the discussion in 2.3,
J = 0 implies that the drift has the unique expression a(z) = VD(z) + D(z)V In peq(z) = a(z).
Thus, all limits of the convergent subsequence are the same as a(x). Therefore, as h — 0, there is
a continuous function a(z),

sup |a(z) — a(z)] = 0
jal <r

and the limiting diffusion solves (2.6). O

Lemma 4. With the assumptions in Theorem 7, we have the following estimates for the smoothness
of D, Y2 and Y2

1.

D() - Dly)| < £, Y22E) + V2D W)

5 |z — y|

VD(z) _ VD)
D) ~ Dly)

< (Cr+Co|VD(2)]) ly — =
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‘VD(IE) VD(y)

D2(z) ~ D2(y) ‘ < (C3 + Ca|VD(2)]) |y — =]

Proof. For the first inequality, we have

D) — D) = ‘ V2P VDG (/550 - /3D))

_ 1, Y20 + VD) |

-

For the second inequality, by direct calculation,

VD(z) ‘ 1
D(z) D(z)D(y)

D(y)VD(z) — D(z)VD(z )l) +5 (|D(x)VD(x) — D(z)VD(y)])
\L V2D(x) + /2D (y) ) . D(I;D(y) (D) ale — 53]

2 |$—y‘
1 1
< m (IVD(z)Ly |z —y||) + m (IVD(z)Ly |x — yl|]) + m (|Ls(z —y)|)

< (C1+Co |VD(2)|) |y — =

|D(y)VD(z) — D(x)VD(y)|

Therefore VD((I is locally Lipschitz. For the third inequality, by direct calculation,

‘VD(x) ~ VD(y)
D2(x)  D*(y)
1

Y
71 2 xT) — X x 5 2 X
< rmpiy) [P @VDE) = DX@)VD@)|) + 5o s (D@ VD) - DX@)VD(y))

(D(z) + D(y))(v/2D(=) + /2D(y)) )

< ey 1P WVDE - D@ VD0)

|z —y

VD(ac)

Therefore e is locally Lipschitz. O

Lemma 5. With the assumptions in Theorem 7, |q(x, z) — q(y, z)| has the following upper bound,

VD(x)
D2 ()

22
l4(2, 2) — qly, 2)| < Me—ix (

U+ [FD@D =l ) o
for some positive constant M .

Proof. Using mean value theorem and by direct calculation

VD) |
D(¢)

2 4 2 52
o(o.2) —aly2) = (-3t T 4 aapie)te o L T oy
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Since we have inf D = K and VD, B L satisfying Lipschitz conditions as shown in Lemma 4,

i(22) - aty.2)| = |(Gamr)te i (|56 4 v oD@ - ol )| 1ol
Hanryte i 2 (1528 4 o camp@ply ol )| 1o -l
< oot (| T2+ @ 1D - ol o

For some constant M > 0 O

Lemma 6. With the assumptions in Theorem 7, a(x, z, €) satisfies a Lipschitz condition in x
la(z, z,€) —aly, z,€)] < (191(2)] + [VD(2)] |g2(2)| + lgs(2)| e)e |y — x|
with g1,92,93 are polynomials.

Proof. Let

oz, z,€) = min q(z + €2)peq(x + €2) = min(é&(z, z, €
(#:2€) ( q(, 2) peq () ’1) (&lz,26), 1)

then

la(z, z,€) — aly, z,€)| = ’min(elnd(z’z’e), 1) — min(e™ @9 1)

< |1HCA¥(JU, 2, E) - lnd(yv 2, E)|
Since,

Ind(z,z,€) =Ing(r + ez, 2) — Ing(x, 2) + In peq(x + €2) — In peqg(z)

2 Vq(z +(z2) 2 Vpeq(z +¢2)
_/0 (x—|—<zz dc + / peq(z + C2) @t ) %
7/67£l.Z~VD(x+CZ)7 22(2-VD(z +(2)) de+ / z - Vpeq 33+Cz)dC
o 2 D(z +(z) 4D?(z + (z) Peq(T + (2)

|hl(3((l‘, 2, 6) - lnd(y7 2, €)| <

[ -5 (st - s w
[ (e - T )«
[ o (s - St ) ac

+

+

Therefore, using Lemma 4

VD(z+¢z) VD(y+(z))
D(z+¢2) D(y+ (=)

‘ < (Cr+C2 [VD(x +C2)|) |y — 2| < (C14+C2 [VD(2)|+Ls [C2])) |y — |
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’ VD(z+¢z) VD(y+¢z))

T = T < (CotCa 9D + I by o] < (CotCa VD@4 La )y ~ o

’Vpeq(erCZ) _ Vpeq(y +¢2)
Peq(r + (2) Peq(y + C2)

< Loy — |
Hence,
|a(z, z,€) — aly, z,€)| < (l91(2)[ + [VD(x)[ [g2(2)] + |ga(2)] €)e |y — x|
O

Lemma 7. With the assumptions in Theorem 7, (a(x, z, €) — 1) /€ is uniformly bounded by a polyno-
mial in x, z for all €

|z, z,€) — 1| < g(x, 2)e
with g a polynomial in x, z.

Proof. The proof of the uniform boundness is similar to the proof of the Lipschitz condition in Lemma
6 Let

ax, z,€) = min 6z + 2)peq( + €2) = min(&(x, z, €
(0.2:) = min (AL 1) i 2,0).)

then
In &(z,z,€) 1

|z, z,€) — 1| = ’min(e € 1) — min(e?, 1)

< |lné(x, z,e) — 0]
Since,

Iné(x, z,€) =Ing(z + ez, 2) — Ing(z, z)—i—lnpeq x + €z) — In peq(z)

/ 2 Vq(z + (2 2) / 2 Vpeq(z +¢2)
= A+ | ———F———=—d¢
0 (35‘1'(22 peqx+CZ
_[" d z2-VD(@@+(z) 2%(z-VD(z + (2)) z - Vpeq(x + (2)

= [ -3 et D%z + C2) d“/o pealz+C2)

Therefore, using Lemma 4

VD(z+¢z) VD(x))
D(z +¢z) D(x)

| < (C1 + Co [VD(@))) |21 € < (C1 + Co [VD()]) |2] €

VD(z+(z) VD(x))

AD2(x +(z)  4D2(x) < (C3+Cs|VD(2)]) [2[ ¢ < (C5 + Cs[VD(2)]) [2] €
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Vpeq(z + (2) _ Vpeq()
Peq(m +(2) peq(x)

< Lz |2)[ ¢ < La|z)|e
Hence,

la(z, z,€) — 1| < gz, 2)e
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Chapter 5

Summary and Conclusion

This thesis builds upon the work of my graduate research in Simon Fraser University with my senior
supervisor Dr. Paul Tupper. Our main goals are to build up 1) a new formulation of the SDE to cor-
rectly model diffusive systems with variable diffusion coefficients in the absence of external force,
2) a numerical method that utilizes the new formulation to solve the SDE.

We firstly show that for diffusive systems with variable diffusion coefficients, the physical systems
cannot be fully described solely by the diffusion coefficients even if there are no external force. The
justifications are from both theoretical discussions of different interpretations of stochastic integrals
and a concrete microscopic computational simulation of the Lorentz gas model. Therefore, a drift
term which is not from external force should come with the diffusion. The computational simulation
also reveals that there is a family of parameters producing the same diffusion coefficients but giving
different long time behaviors. Hence, we suggest to choose the equilibrium distribution combined
with the detailed balance condition as well as the diffusion coefficient to describe a diffusive system.
The underlying drift is uniquely determined by the diffusion coefficient and the equilibrium density
with the detailed balance condition.

Then we propose a numerical method that takes advantage of the new formulation in terms of the
diffusion coefficient and the equilibrium density. The numerical method uses the Euler-Maruyama
method for the drift-free SDE to give a proposal step and then uses Metropolis-Hastings algorithm
to introduce rejections which generate drifts implicitly. The detailed balance condition is automat-
ically satisfied by the Metropolis-Hastings algorithm. Therefore, no explicit calculation of the drift
term is required. As a result, we are able to deal with the cases where the drift may have singu-
larity when the diffusion coefficient and the equilibrium density are not smooth enough. Another
important advantage is that the equilibrium density is preserved exactly by the numerical method
which means that the numerical method is capable of simulating long time behavior. We show that
the numerical method is % order accurate by error analysis for smooth coefficients and it is also
validated to be convergent by computational experiments even for coefficients that are less smooth
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than those stated in the conditions of the convergence theorem and for equilibrium densities that
are not normalizable.

Finally we use diffusion approximations as an alternative way to justify the weak convergence of
the numerical method. This way of proof, as a complement to the previous error analysis, shows
the weak convergence without giving any rate and requires less for smoothness of the coefficients.
Since the well-posedness of the corresponding martingale problems can be obtained under the
conditions of diffusion coefficients being continuous and positive and drift coefficients being mea-
surable, we can use diffusion approximations and the martingale problem to investigate the weak
convergence of the numerical method for discontinuous coefficients in the future study.
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Appendix A

Preliminaries

Here are some basic materials in stochastic processes and SDEs. Most contents can be found in
[37, 30].

A.1 Measure-theoretic Probability

Probability is some number (between 0 and 1) denoting the possibility that some event happens.
To represent the idea mathematically, Measure-theoretic Probability assumes that the events are
the subsets of some non-empty set X. Then the probability of one event A € X happening is P(A)
where P is a map from subsets of X to a real number p € [0, 1]. Therefore, the idea of probability
naturally grows upon the measure theory.

Definition 3. A probability space or a probability triple is (2, F,P) with following property.
e () is a non-empty set called the sample space;
e F is the o-algebra which consists of subsets of (), containing ) itself and the empty set §;
e P is a mapping from F to [0, 1], with P(0) = 0 and P(Q?) = 1, such that P is countably additive.

This definition allows us to study the possibility of any event A as long as A is measurable
(A € F). A more interesting to study is one experiment that is built on the event A € F. By thinking
of the sample space 2 as the set of all possible outcomes of some experiment, then a random
variable assigns a numerical value to each of these outcomes.

Definition 4. Given a probability triple (0, F,P), a random variable is a function X from () to the
real numbers R, such that

{we X(w)<z}eF, zeR
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Therefore, a random variable X (w) is a measurable function on (2, 7,P). This definition could
be easily extended to X taking values in multiple dimensions by thinking X as a measurable function
from (Q, F,P) to (R4, B, \).

A.2 Stochastic Processes

To study the relation or evolution of random variables, we introduce a collection of random variables
called stochastic process.

Definition 5. A stochastic process is a parametrized collection of random variables

{Xt}teT
defined on a probability space (2, F,P) and assuming values in R?

Here the parameter T' is a subset in R and is usually describing the time. T could be discrete
(T = {i;3 € N}) or continuous (T" = [0,00)). Note that for each ¢ € T fixed we have a random
variable

w— Xi(w); we.
One the other hand, fixing w € Q we can consider the function
t— Xi(w); teT.

We shall call this a path or trajectory of X;. Let’s look at a famous example of stochastic process:
Brownian motion or Wiener Process.

Definition 6. Brownian motion (Wiener Process) is a continuous time stochastic process By, t €
[0, 00) that satisfies,

e B, isa Gaussian process: forall0 < t; < ty--- < t; the random variable Z = (By,,- - , By, )R™
has a multinormal distribution;

e independent increments: for all0 <ty <to--- <ty, B, By, — By, -, B, — By,_, are inde-
pendent;

e continuous paths: P({w; B(w) is continuous}) = 1

The construction of Brownian motion is not trivial. [30, p. 11] provides one way to show the
existence and continuous paths using Kolmogorov’s extension theorem and Kolmogorov’s continuity
theorem.
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A.3 Martingales

Martingales are important stochastic processes which are originally used to describe fair games.
The ’fair’ is shown through conditional expectations which says that expectation of a stochastic pro-
cess X, at time ¢ conditioned on the process at some previous time ¢’ < ¢, (use history information
at and before #' to predict the future value at t) is X, : E(X¢| X7, (f < t')) = Xy. Since the conditional
expectation conditioned on random variables is defined by the conditional expectation conditioned
on the o-algebra generated by the random variables. The information is equivalently described by
an increasing family of o-algebras which is called a filtration.

Definition 7. A filtration on some measurable space (2, F) is a familiy M = {M;}(t > 0) of
o-algebras M, C F such that

0<s<t=M,C M,
And a process X; is said to be adapted to a filtration M if and only if X is M measurable for all s.

Definition 8. An n-dimensional stochastic process M;, (t > 0) on some probability space (2, F,P)
is called a martingale with respect to a filtration M, if

1. M; is M;-measurable for all ¢
2. E|M;| < o forallt

3. E(Ms|My) =M, foralls >t

A.4 Stochastic Calculus and SDE

Stochastic Calculus starts with problems (differential equations) with random terms. For example,
in process with random fluctuations, people like to consider problems with noises,

%( = a(X,t) + 'noise’

However one cannot start unless the term 'noise’ is well-fined. To describe the noise mathematically,
we may associate the term with a function of time W;. A famous idealized model for the noises is
the white noise where one may expect W, to satisfy a stationary normal distribution for all ¢ and for
t1 # to, Wy, and W,, are independent. However, it turns out there does not exist any "reasonable”
stochastic processes satisfying these property. One intuitive explanation is that the W, here looks
like the derivative of a Brownian motion while Brownian motions are nowhere differentiable.

If we rearrange the derivative in differential form and treat the term W;dt = dB;

dXt = G(Xt, t)dt + Wtdl‘, = Cl(Xt, t)dt + dBt
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Therefore, by formal notation fttf dB; = B, — By,, we have managed to deal with the noise term.
However, this method fails if one wants to use variable coefficient for dB, term. i.e. for a equation:

dXt = G(Xt, t)dt + Wtdt = CL(Xt, t)dt + b(Xt, t)dBt (A1)

the defintion of the integral for the last term fttf b(X:,t)dB; needs to be thoroughly discussed. For
example, in one dimenson, a limit of Riemann-like sum could be defined as:

T N-1
/O BX(0)AB(E) = lim 37 b(X;)(Bunsn — Bun)
n=0
where
X;=(1-a)X(nh)+aX(nh+h)

with discretization ¢,, = nh, t; = T. The choice of a = 0 leads to the It6 integral. The limit here is
in the sense of L2 in the product space of [0, 7] x Q with weight dt - P(dw).

A important property of the Itd integral is that it is a martingale. i.e. M;(w) = f(f f(s,w)dBs a
martingale with respect to the filtration generated by B;. By the martingale representation theorem
[30, p. 53], the inverse is also true.

Though we have expressed X, in terms of stochastic integrals, since the integrand depends on X4,
we haven't really solve the equation yet. One may ask a question that given an initial condition Z
and a Brownian motion By, does there exist a process X; satisfying the SDE (A.1) and is adapted
to the filtration generated by Z and B;? This process X; will be called a strong solution to (A.1)
since the version of the Brownian motion is given in advance. However, if one only ask for a pair of
process (X;, B;) and they are both adapted to another filtration #; (with the initial condition Z to be
‘H. measurable). Then the solution is called a weak solution. This definition is weaker since X; may
not be adapted to the filtration generated by B, and Z any more. And there does exist the case that
only weak solutions exist but not strong solutions.

A.5 The Fokker-Planck Equation and the It6 Diffusion
Consider a n-dimensional stochastic process X; satisfying SDE
dXt = G(Xt7t)dt+b(Xt,t)dBt (A2)

Let p = p(x,t|zo,t0) be the conditional probability density when X; = = and X, = o, then p
satisfies the PDE

op dai(z,t)p | 1= [z, t)(b(x, 1)) plij
ot Z o0x; + 2 Z O0x;0x;

2%
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with initial condition p(z, to|zo,t0) = d(x — xo) Where §(x — z¢) is the delta distribution. Hence,
for the same process, the two descriptions from the SDE and the PDE are to be regarded as
complementary to each other.

We call the solution to (A.2) the (It6) diffusion with a to be the drift coefficient and b or sometimes
1607 to be the diffusion coefficient. If the coefficients a and b do not explicitly depend on ¢, the
diffusion is called time homogeneous.

A.6 Weak convergence

Given a mesurable space (2, F), if the probability measures P, and P satisfy

/Q fdpP, — /Q fdp

for every bounded continuous real function f on . Then we say that the sequence P, converges
weakly to P and write P, = P. In applications, people use equivalent versions of the definition
to check the weak convergence. If the distributions of a sequence of random variables X,, con-
verge weakly to the distribution of some random variable X. Then we call the sequence of random
variables X,, converges to X in distribution (or weakly) and denote it as X,, = X.



Appendix B

Useful Theorems

We put the theorems used in this thesis from the literatures here.

Theorem 8 (The Arzela-Ascoli Theorem, this statement is taken from [3]). Given (S, d) a compact
metric space, A set A C C(95) is relatively compact if and only if it is composed of equicontinuous
function and there exists an M > 0 such that

lzllcsy < M, forallz € A

A is said to be composed of equicontinuous functions if and only if: Ve > 0, Vp € S, there exists a
§ >0, such thatVp' € S,Vx € A, d(p,p') < & implies |x(p) — z(p')| < .

Theorem 9 (Bakry and Emery 1985, this statement is taken from Theorem 1 in [27]). Lete~" be
(the density of) a probability measure on R"™, such that D?V > \I,, where I,, is the identity matrix
for dimension n and D? is the Hessian. Then e~V satisfies a logarithmic Sobolev inequality with
constant \.

Hple™) < 55 1(ple™)
where H (p1|p2) is the relative entropy of the density p, with respect to the density ps

Hiplp) = [ ol 220

and I(p1|p2) is the entropy dissipation functional is defined by

o L) R 1 COR
I(p1|p2) ~—/de1( V1 (@) Vi pQ(x)d .
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Theorem 10 (Meyn and Tweedie 1993, this statement is taken from [20]). Suppose a Markov chain
has the transition kernel P given by

P(z,dy) = p(z,y)dy + r(x)d,(dy)

where ¢, is the delta distribution and r(x) is the probability of staying at z. If P is irreducible and
aperiodic then

lim [[P"(z, ) = 7(-)[rv="0

n—-+oo

for m-almost all x.

The following materials are taken from [29, Ch. 2]. Consider the system,

dX = a(t, X)dt + Eq: o (t, X )dw, (t) (B.1)

r=1
where X, a, o are vectors of dimension d with components X7, a?, 0. Assume that the functions
a(t,r) and o,(t, z) satisfy a global Lipschitz condition with respect to x: for all ¢t € [to,T], z € R¢,
y € R? the following inequality holds for some positive constant K:

la(t, z) — a(t,y)| + Z lor(t,z) — or(t,y)| < K |2 —yl. (B.2)

r=1

Here and below |z| denotes the Euclidean norm of the vector x.

Definition 9. We say that a function f(x) belongs to the class F, written as f € F, if we can find
constants K > 0, k > 0 such that for all x € R¢ the following inequality holds:

|f(x)] < K (14 |2[%) (B.3)

If a function f(s,z) depends not only on z € R? but also a parameter s € S, then we say that f(s, )
belongs to TF (with respect to the variable x) if an inequality of the type (B.3) holds uniformly ins € S.

Along with the system (B.1), we consider the approximation
Xio(t+h) =2+ A(t, 2, h; €) (B.4)

where ¢ is a random variable (in general, a vector) having moments of a sufficiently high order,
and A is a vector function of dimension d. Partition the interval [to, T] in to N equal parts with step
h=(T—1ty)/N:tg <ty <...<tn,tgr1 — tx = h. According to (B.1), we construct the sequence

XO = Xo = X(t0)7 Xk+l = Xk + A(t7Xkah7€k)7 k= 0,1,.. '7N -1 (BS)

while & for k > 0 is independent of Xy, X1,..., Xy, &0,...,&—1. Wewrite A = X —z = X, ,(t +
h)—2,A=X—2=X,,(t+h)—z. Let X(t) = Xy, ,(t) be a solution of (B.1) and X;, x,(tx) = Xx
is the approximation.



APPENDIX B. USEFUL THEOREMS 69

Theorem 11. Suppose that

1. the coefficients of equation (B.1) are continuous, satisfy a Lipschitz condition (B.2) and to-
gether with their partial derivatives with respect to x of order up to 2p + 2, inclusively, belong
toF;

2. the method (B.4) is such that

< K(x)hP™ s=1,2,...,2p+1, K(z) €F,

g | S )
j=1 j=1

2p+2

E([] A%)| < K(x)h*™, K(z) € F;
j=1

3. the function f(x) together with its partial derivatives of order up to 2p + 2, inclusively, belong
foF;

4. for a sufficiently large m (specified below) the expectations E |X k ]27" exist and are uniformly

bounded with respectto N andk =0,1,..., N.

Then, forall N and all k = 0,1,..., N the following inequality holds:

|Ef(Xt0,Xo (tk)) - Ef(Xto,XU (tk))| < th’
i.e., the method (B.5) has order of accuracy p in the sense of weak approximations.

Theorem 12. Suppose that for h < 1,
[EA(tk, z, b, &)| < K(1+ [z]h),

|Alty, . b, &)| < M(&)(L+ |2])h*

where M (&) has moments of all orders. Then for every even number 2m the mathematical ex-
pectations E | X, |2m exist and are uniformly bounded with respectto N and k = 1,2,..., N, if only
E|Xo|*™ exists.

Theorem 13 (Gihman and Skorohod, this statement is taken from Theorem 4 in [15]). Assume the
coefficients of (B.1) satisfy the global Lipschitz condition (B.2) and that E | X,|*" is finite. Then we
can find a constant C' depending only on m, K and T for which

E|X7™| <E(1 + | Xo|*™) exp(Ct)
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