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Abstract

There has been much recent interest in Dirac fermions due to their physical realization
as low energy excitations in graphene. In this thesis we introduce birefringent relativistic
fermions, for which the chiral symmetry usually present for Dirac fermions is broken, and
there can be more than one Fermi velocity. We first introduce a lattice model of spinless
fermions that can arise from a scheme to introduce an artificial magnetic field for cold
atoms. This model has an unusual Hofstadter-like spectrum as a function of the flux per
plaquette. When there is an average of half a flux quantum per plaquette, the model has
Dirac points in its spectrum and exhibits low energy excitations with two different “speeds
of light”, i.e. birefringent fermions. We investigate the effects of several perturbations on
the spectrum such as staggered potentials and topological defects and we study the ordered
phases that can arise from interactions. We find that sufficiently strong nearest neighbour
interactions lead to a charge density wave phase but that next-nearest neighbour interactions
allow the possibility of other phases. We also study the response of birefringent fermions
to a magnetic field and discuss how both Landau levels and the Integer Quantum Hall effect

for regular Dirac fermions are modified for birefringent fermions.
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Chapter 1
Introduction

The idea that particles with integer spin condense into a single quantum state at sufficiently
low temperatures was first discussed by Satyendra Nath Bose in 1924 and then extended
by Albert Einstein [1, 2]. The first experimental realization of Bose-Einstein condensa-
tion took place in 1995 [3], utilizing a gas of rubidium atoms cooled to several hundred
nanokelvin at the University of Colorado JILA-NIST lab. The cooling of fermions to the
quantum degenerate limit followed the work on bosons [4, 5, 6]. These achievements ush-
ered in the field of quantum degenerate cold atoms and Eric Cornell, Carl Wieman and
Wolfgang Ketterle were awarded the 2001 Nobel Prize in Physics for their work on Bose-
Einstein condensation.

Optical lattices are light-induced periodic potentials which can be used to trap atoms in
a spatially regular array. The idea of combining a quantum degenerate gas with the periodic
potential of an optical lattice was developed during the 1990s [7, 8, 9, 10]. Atoms trapped
in optical lattices represent a system in some sense analogous to condensed matter systems
in the sense that quantum particles reside on a spatially periodic lattice. Hence, there has
been much interest in ultracold atoms in optical lattices from the condensed matter com-
munity. Once experimental techniques were established, a number of theoretical papers
were published predicting physics that might be observed in such systems (see Ref. [10]
and references therein), making use of analogies between cold atoms in an optical lattice
and condensed matter systems to suggest the simulation of phenomena that are not real-
ized in condensed matter settings, e.g. bosonic quantum Hall effects. In order to simulate

the phenomenon of the quantum Hall effect, which usually occurs when there is a strong
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magnetic field, the neutrality of atoms requires that any gauge fields generated be artificial.
This has led to many suggestions of schemes to generate such fields, which are reviewed
in Sec.1.2. Another area of activity is the idea of simulating Dirac fermions, which have
been the focus of much recent interest following the discovery of graphene [11], with the
goal of making use of the versatility of optical lattices to manipulate the properties of these

excitations.

1.1 Cold Atoms in Optical Lattices

Ultracold atoms in optical lattices provide model systems to investigate strongly interacting
quantum many-body physics through quantum simulation as proposed by Feynman [12,
13]. Other possible applications include quantum computing and quantum information
processing as the weak interactions between the neutral atoms in the ultracold atoms in
an optical lattice and the environment lead to long coherence times [14]. An experimental
advantage of using optical lattices is that it is possible to control the parameters of the
system, such as lattice depth and the interactions between particles with both high precision
and tunability [10].

Laser Beam

Cold atomic gas

Figure 1.1: Formation of a one-dimensional optical lattice by superimposing two travelling
waves [15]. Copyright 2008 by Nature.

Cold atoms can be cooled and consequently be trapped in optical lattices that are gen-
erated by superpositions of laser beams (illustrated for one-dimension in Fig. 1.1) [16].
The first step is to trap the atoms in a harmonic magnetic trap and then the optical lattice
is imposed on top of the harmonic trap. The optical lattice arises from the standing wave
due to the interference between two counterpropagating laser beams. Such a construction

can be generalized to two dimensions via overlapping two optical standing waves along
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orthogonal directions to create a square lattice potential, as shown in Fig. 1.2.

Figure 1.2: Two-dimensional optical lattice formed by superposition of two standing waves
[15]. Copyright 2008 by Nature.

For more complicated lattices or higher dimensions, additional lasers are required. The
main focus in this thesis will be two dimensional square lattices.
The physical basis for the confinement of cold atoms in an optical lattice is the dipole
force [17]:
F= %a(wﬁ [GIHE (L.1)

where |E (7)|? the time-averaged intensity of the electric field associated with the laser
beams and o(wy) is the polarizability of the atoms at the laser frequency ®;. The time-
average of the intensity enters Eq. (1.1) provided that the time scale for the motion of the
center-of-mass of the atoms is much larger than the inverse frequency of the laser beam
(1)[1 [17]. Moreover, the sign of the polarizability o(wy) dictates the direction of the
force. In the vicinity of an atomic resonance, the form of the polarizability is given by
o(or) ~ | {e|dz|g) |*/i(eo — ), where @y is the transition frequency and d: the dipole
operator in the direction of the field and the ground and excited states are denoted by |g)
and |e), respectively [17]. As one can see, Eq. (1.1) shows that depending on the sign of

the polarizability, the dipole force guides the atoms either towards nodes or antinodes of
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the intensity profile. Thus, one can use this property to locate the neutral atoms at specific
points in a spatially varying intensity profile /(7)[17]. The optical lattice potential for a

square lattice in two dimensions is of the form:
V(x,y) = Vo [cos? (kex) + cos® (kyy)] -

Due to quantum tunneling, atoms can move in an optical lattice even if the well depth of
the lattice is higher than the energy of the atoms. By increasing the depth of the optical
potential, the atomic wave function becomes more localized and consequently the on-site
interaction increases. The trap depth is linearly proportional to the laser power and typically
ranges from a few kHz up to 1 MHz (from the nanokelvin to the microkelvin regime) [17].
The many-body Hamiltonian for N interacting fermions, for the case of cold atoms, in the

presence of a trapping potential, Vex; # 0, in three dimensions is given by [10]:

A= [ dryix oy, ARG [ ot (2w (9 (D)W
= Ve (X) 5Vt Vet Vo (X )+2 - XY (X)W (X)W (X)Ws (X),

where Y (X) denotes a field operator for a fermion in a given internal atomic state [10] with
spin 6) =1, (1) and ay represents the p-wave scattering length.

In the regime of deep periodic potentials where the energy width of each band in the
lattice is much smaller than the gaps between energies of two consecutive bands, it is
possible to give a description of the properties of the atoms in terms of a tight-binding
model. This leads to the Bose-Hubbard model for bosons or the fermionic-Hubbard model

for fermions. The general form of the fermionic Hubbard model is:
H= —JZ ( ZTC]T—f—C cN) +UanTnl¢,

where (i, j) indicates nearest neighbour sites on the lattice and 6;6(6 jo) Tepresents the
fermionic creation (annihilation) operator of particles with spin ¢ =1, ). The hopping en-

ergy from one site to the other through the wells in the optical lattice is given by [10]:

hz
~ —/d3x [%V%p ’ Vq)n—i—l,c +¢n,0vext¢n+l70 )

where the ¢, s are the Wannier functions that are localized wavefunctions in the nth poten-

tial minimum [10]. The Bloch functions, Wn,c?,c(?) are connected to the Wannier functions,
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0, 5 5(7), via the Fourier transform on the lattice [17]:

<
=l

Vigo(7) = Y0, 5 o(Fe?E,
R

where R is the position the Wannier function is centred on. Since the Wannier functions
have an orthonormality relation for all bands » and sites R, they form a complete orthogonal
basis. Therefore, one may expand any operator in terms of the complete basis of Wannier
states. On the other hand, the on-site interaction energy per fermion on a single lattice site

for a given condensate wavefunction can be written as [10]:
_ 3 4
U=g [ 510,61

ATh?a

with g = [10] where a, represents the p-wave scattering length. As it is stated, cold
atoms can be trapped in optical lattices generated by laser beams, therefore, the ratio of the
on-site energy to the hopping energy can be varied by changing the intensity of the optical
lattice [16, 18, 19]. In the limit where the amplitude of the trapping potential of the lattice

Vo is much larger than the recoil energy E, = 12 k? /2m, namely Vp > E,, the tunneling
energy may be expressed by [17]:

4 v\ 3/4 v\ /2
J~—FE, 2 exp |—2 Y ,
\/E Er Er

and the on-site interaction energy reads as follows [17]:

= \/8/mka,E, (Vo E,)/*.

1.2 Artificial Magnetic Fields in Cold Atom Systems

Confining electrons in two dimensions in a strong magnetic field results in some fasci-
nating phenomena such as the integer and fractional quantum Hall effects. To date, the
integer and fractional quantum Hall effects have only been observed in fermionic systems:
two-dimensional electron gases (2DEGs), graphene and layered organic conductors [20].
An opportunity suggested by cold atoms is the possibility of realizing the quantum Hall

effects for bosons as well as for fermions. The exploration of such effects with cold atoms
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is complicated by the fact that atoms are electrically neutral and do not couple directly to
an applied magnetic field. This implies that any simulation of bosonic quantum Hall states
requires an artificial rather than a physical magnetic field. The artificial magnetic field can
be generated with or without a lattice and is achieved by ensuring that atoms aquire a phase
as they go around a closed path [21, 22]. Despite numerous proposals for schemes to real-
ize the integer quantum Hall effect (IQHE) and the fractional quantum Hall effect (FQHE)
for bosons [21], this has not yet been achieved experimentally.

Cold atoms offer the advantage of allowing access to other phenomena that are unreach-
able in condensed matter systems. To achieve a sufficiently large flux per plaquette in a two
dimensional electronic system to obtain a Hofstadter Butterfly spectrum, an experimentally
unreachable magnetic field on the order of 107 T is required. However, an equivalent flux
is within reach in cold atom systems [22, 38]. This has led to suggestions for schemes to
generate artificial gauge fields that couple to atoms in the same way as a magnetic field
couples to charged particles [21, 23, 24, 22, 25, 26, 27, 28, 29, 31, 33, 36]. Among the
proposals [21, 23, 24, 22, 25, 26, 27, 28, 29, 31] to couple atoms to an artificial magnetic
field, several have been implemented experimentally [33, 36, 38].

The idea behind all the schemes that have been suggested to generate an artificial mag-
netic field on a lattice is that the motion of particles can be described with a tight-binding
model where there is hopping between spatially localized single-particle states, represented
mathematically by elements in a hopping matrix. As a result, the magnetic field is realized
by the phase that is accumulated by the particle as it hops in a closed loop around a plaque-
tte on the lattice. The phase aquired by each element of the hopping matrix is known as the
Peierls phase [39]. The strength of the magnetic field in a lattice system can be measured
in terms of the magnetic flux through each plaquette. For a particle of a given charge e,
the phase aquired when the particle hops around a plaquette is 2ne¢/h = 21d /o, where
do = h/e is the flux quantum. This is illustrated in Fig 1.3.

The following subsections are devoted to introducing several proposals for methods
with which magnetic fields in neutral atoms can be generated with discussion of current
experimental results. Specifically, we first introduce rotating systems in which an artificial
magnetic field is created in a system composed of a rapidly rotating cloud of degenerate
neutral cold atoms. Second, we present the method of time-varying quadrupole potential

where the artificial magnetic field is achieved through a time-dependent quadrupolar po-
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|

Figure 1.3: Schematic picture of a magnetic flux, ¢, that goes through a plaquette.

tential applied in conjunction with modulation of nearest neighbour hopping as a function
of time. Third, we discuss Raman-assisted tunnelling in which two Raman lasers are used
in optical lattices to create an artificial magnetic field. Finally, we introduce the optical flux
lattices method where a particular laser configuration enables one to obtain an effective

magnetic field in an optical lattice.

1.2.1 Rotating Systems

One of the first suggestions for achieving artificial magnetic fields for cold atoms was to ro-
tate a Bose-Einstein condensate [36, 40, 41]. The generation of a Bose-Einstein condensate
in ultracold atomic gases in experiment is either through the condensation of atomic bosons
[42, 43], or fermionic pairs [17]. In the case of neutral atoms in a rotating atomic system,
where a lattice is not involved, although the charge neutrality gives rise to no Lorentz force
acting on the particles, an equivalent effect can be provided by the Coriolis force. For a par-
ticle with velocity v the Coriolis force, ﬁc =2my x ﬁ, that results in the frame of reference
of a rotating system has the same mathematical structure as the Lorentz force, Fp = qv X B,
for the case of a charged particle in a magnetic field. The Hamiltonian for N identical in-
teracting neutral particles, such as a system of atomic gas, that are confined in a harmonic

trap with natural frequencies ® and ®, and with a symmetric potential about the z axis is
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Fiber output

[+1)

Figure 1.4: Schematic diagram of the rotating optical lattice for a triangular (on the top
left) and square (on the top right) optical lattices. Bottom left and bottom right are pictures
of vortex lattices on triangular and square optical lattices respectively [40]. Copyright 2006
by the American Physical Society.

given by [23]:

N 2
1
; 2M 2 ( +yl) _M(DHZI +l<ZjV ri —

The Hamiltonian in the rotating frame about the z-axis with an angular frequency Q=02
is given by [23]:
Ho=H-QL,

where the one-body term can be simplified to [23]:

P, — MQ x 7|2 1
M l +§M(@¢ 92)(x12+y1‘2)+2M03”Zz

HY =
The kinetic energy term has exactly the same mathematical structure as for a particle mov-
ing in a uniform magnetic field aligned along the z-direction. Experimentally, applying a
rotation to a Bose-Einstein Condensate gives rise to the observation of quantized vortices
[17, 37, 44, 45].
In the lattice case, one experimental set-up is such that the initial state is a non-rotating
condensate in a static lattice. The lattice is then rotated at an increasing rate, generating

a rotating system where one is able to create an effective magnetic field as above. The
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authors of Refs. [40] and [41] did an experimental study of rotating optical lattices on a
sample of 3’Rb kept in a Bose condensed phase. The rapid rotation of the sample gives
rise to the formation of quantized vortices which order themselves into a vortex array. This
is illustrated in Fig. 1.4. The experiment was done on both triangular and square optical
lattices with large lattice spacing in order to lower the strength of interparticle interactions.

The downside of the method of rotating ultracold atoms is that the strength of the arti-
ficial magnetic field is limited by instabilities that result from the centrifugal force. This is
due to the fact that once the rotation frequency and the frequency of the atomic trap equal
each other, the trapping is cancelled by the centrifugal force that is present in the rotating
frame [46]. Another problem is from heating; in the laboratory frame, any static pertur-
bation whose wavelength is less than that of the order of the radius of the rotating cloud
can cause heating as it can excite collective modes of the rotating gas [23]. Additionally,
in order to use rotations, the cold atom system must be held in a trap with axial symmetry.
This limits the experimental configurations that may be used, and suggests that alternative

methods for generating an artificial magnetic field rather than rotation may be desirable.

1.2.2 Time-varying Quadrupole Potential

Serensen et al. suggested a scheme to create an artificial magnetic field on a lattice by
using a combination of modulation of hopping in time in the presence of a time-varying
quadrupole potential. The scheme suggested in Ref. [21] requires two steps to generate an
artificial magnetic field. First, a time-varying quadrupolar potential V () =V, sin(o¢ )£y (£
and y are position operators) is applied to the system and second, the hopping is modulated
as a function of time. During the course of one oscillation of the quadrupolar potential,
hopping in the x-direction is turned on for a very short period of time T < 7y = %” at times
t = nto, where n is an integer, and hopping in the y-direction is turned on for time T around
t = (n—|— %) to. The time dependence of the hopping and the potential are illustrated in

Fig. 1.5, and the mechanism by which flux is introduced is illustrated in Fig. 1.6.
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Figure 1.5: Modulation of the hopping in the x and y directions as a function of time during
the course of one period that creates an effective magnetic field [21]. Copyright 2005 by
the American Physical Society.

Figure 1.6: Tunneling in the x- (on the left) and y- (on the right) directions is followed by
a positive potential in the first and third quadrant (on the left) and second and fourth (on
the right), and hence atoms will experience a lower potential by moving in the direction of
the dashed arrows. When the dashed arrows are combined together, they make a circular

cyclotron motion [21]. Copyright 2005 by the American Physical Society.

Due to the periodic oscillation in the Hamiltonian, the time evolution operator after m
periods may be written as U (t = mty) = U(t = 1p)™. An effective Hamiltonian describing

the time evolution results [21]:

~ T i i2moux
Hegr ~ _JZ [C)H_Lycx,y +cx7y+lcx7y€ +h.C] ,
X,y
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where the parameter o = V,,/Th® acts as an effective magnetic flux and the effective
tunneling strength is represented by J. We give more details about this scheme and consider

a particular modification in Chapter 2.

1.2.3 Raman-Assisted Tunneling

The idea of using Raman-assisted tunnelling to generate an artificial magnetic field was
suggested by Jaksch and Zoller [22]. In the simplest scheme to implement this proposal,
two Raman lasers are used to transfer atoms from one state to another and to make them
hop between different sites. The means by which one generates a non-zero flux through

plaquettes of a lattice is illustrated in Fig. 1.7.

Figure 1.7: A pair of Raman lasers with wave vectors 751,2 and frequency difference ®; —
o, = A/h, with A the amplitude of the staggered potential offset, give rise to an effective
flux +0 per plaquette with alternating sign along the x-direction [38]. The black and white
dots refer to two different internal states of the atoms. Copyright 2011 by the American
Physical Society.
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The mathematical description of the experimental setup is similar to the Hamiltonian
of a system of charged particles hopping on a lattice that are subjected to an external per-
pendicular magnetic field [38]:

Y By, T i
H=— Z(K(R)aﬁaﬁﬂjx + Jaﬁaﬁﬂiy) +H.c,,

—

R

where dy and Jy are the lattice spacings in the x and y directions and J and K (R) are the
hopping integral and Raman-induced hopping integral respectively [38]. Non-vanishing
flux is induced in the lattice by adjusting laser parameters, e.g. choosing different wave-
lengths for the Raman lasers or using different angles between the two laser beams, and
results in a nontrivial phase that atoms acquire when they hop around a closed path.

The authors of Ref. [22] showed that the experimental setup of Raman-assisted tunnel-
ing might be used to realize the fractal energy bands of the Hofstadter butterfly, which, as
noted earlier, is out of reach for electrons in condensed matter systems. Another advantage
of using Raman-assisted tunneling compared to condensed matter systems is that the pa-
rameters entering the Hamiltonian can be controlled and varied more conveniently and over
a wider range [22]. This method has very recently been implemented by Aidelsburger et
al. [38] to generate effective magnetic flux per four-site plaquette of @ and —m, alternating
along the x-direction (Fig. 1.7). Fig. 1.8 shows the experimental realization of the scheme

and the good agreement between the theoretical curve and the data from experiment.

0.2
02|% [ T -
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0.1 04 02 0 02 04 _
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= - _
g ° :
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@
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02 -
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(X /dx

Figure 1.8: Cyclotron orbits of the average particle position that is obtained from the mean

atom positions [38]. Copyright 2011 by the American Physical Society.
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The simplest version of this method has the drawback that the flux between the neigh-
bouring sites alternates, hence, one cannot maintain a uniform magnetic field through the

lattice. Proposals to rectify this are given in Ref. [22].

1.2.4 Optical Flux Lattices

A very recent suggestion as to how to induce artificial magnetic fields for trapped atoms
is the use of optical flux lattices [47]. The basis of this idea is that one can generate an
effective magnetic field through the adiabatic movement of optically dressed atoms through
space in the presence of an appropriate optical potential.
The Hamiltonian for this method describes an atom with two available levels moving

in optical fields within the rotating wave approximation [47]:

N I

H= %1 +VM(7),
with [ the identity matrix, V the energy of the optical potential and M (¥) a 2 x 2 matrix
which may be written as M = M (7) - 6 [47]. One of the advantages of this method is that
optical flux lattices can be implimented easily as they require a small number of lasers in
their setups [47]. Moreover, this method may make the realization of the fractional quantum
Hall effect of bosons possible. The reason for this is that this method has the potential to

lead to much higher mean flux densities than other proposals [47].

1.3 Dirac Fermions in Condensed Matter and Optical Lat-

tices

The two-dimensional carbon allotrope, graphene, which is a single one-atom-thick sheet of
carbon atoms arranged in a honeycomb lattice, was fabricated and investigated by Andre
Geim and Kostya Novoselov, for which they received the 2010 Nobel Prize in Physics. The
low energy excitations in graphene may be described as Dirac fermions due to the rela-
tivistic form of their dispersion and they arise due to the symmetries of the lattice. The
band structure of graphene, illustrated in Fig. 1.9, has 6 Dirac points located at the edge of

the Brillouin zone; of these six points, only two are inequivalent and are indicated by the
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Figure 1.9: Electronic energy dispersion in graphene and close up of one of the Dirac points
which shows that the low energy excitations are linear in momentum space [30]. Copyright
2009 by the American Physical Society.

vectors K and K’ in Fig. 1.10. This gives graphene and other systems in which relativis-
tic Dirac fermions are realized unique electrical properties and has made them potential
candidates in many applications such as in high mobility, high-frequency transistors and
dye-sensitized solar cells [48, 49, 50, 51, 52, 53]. These applications stem from the com-
bination of mechanical properties of graphene such as strength and elasticity, which result
from sp? hybridized carbon atoms, along with high electronic and thermal conductivities
that result from its unique band structure, which is the fact that valence and conduction
bands touch each other at the edges of the Brillouin zone and the density of states becomes
zero at its Fermi level. Other marvelous properties of graphene also make it a strong can-

didate for industrial applications [54].
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Figure 1.10: Brillouin zone of graphene illustrating the locations of the inequivalent Dirac
points K and K’ [30]. Copyright 2009 by the American Physical Society.

A number of recent experimental developments and theoretical suggestions indicate
that it may be possible to tailor the settings in which Dirac fermions appear and the prop-
erties of Dirac cones as a form of “Dirac cone engineering”. In particular, two groups
have demonstrated Dirac fermions arising in artificial settings [32]. Second, several groups
have made suggestions for achieving birefringent Weyl fermions that can have an unusual

properties [55]. We review these efforts and proposals below.
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Figure 1.11: Left: Honeycomb optical lattice in which ultracold potassium atoms sit. The
arrangement of the lattice is generated via a combination of two interfering laser beams and
a separate laser beam. Right: the energy as a function of momentum showing the Dirac
points [35]. Copyright 2012 by Nature.

1.3.1 Artificial Dirac Fermions

Besides investigations of systems with a naturally occuring Dirac dispersion relation, re-
cently there has been work to generate Dirac fermions in artificial settings: tunable optical
lattices and graphene assembled with an STM tip [32, 34, 35]. In Ref. [32], Tarruell et al.
studied optical lattices in which they continuously adjusted the geometry to create square,
triangular, dimer and honeycomb structures [32], allowing for continuous evolution of the
Dirac-like low energy excitations. Figure 1.11 shows the engineering scheme and the Bril-
louin zone with its associated Dirac point. The position of the Dirac points in the Brillouin
zone for the two-dimensional ultracold Fermi gas of potassium atoms were manipulated by

varying the lattice anisotropy as is depicted in Fig. 1.12.

1.3.2 Birefringent Weyl Fermions

Lan et al. [55, 56] have proposed a scheme for a tight binding model which can be en-
gineered in an optical lattice. In their proposed scheme, the low-energy excitations of the

half-filled lattice are described by massless fermions that are described by the following
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Figure 1.12: First and second Brillouin zones of the tunable honeycomb lattice with ad-
justable geometry, indicating the positions of the Dirac points [32]. Copyright 2012 by

Nature.

Weyl-like Hamiltonian:

H=v f§ - P,

with vy the Fermi velocity and S and P spin and momentum operator, respectively. This
system shows a semimetallic phase for half odd integer spin and a metallic phase for integer
spin, with the metallic phase containing a flat zero-energy band. In the large spin limit, in
the semimetal phase, where the spin is half odd-integer, the dispersion can be described as
a collection of spin-1/2 species, with each species possessing a different effective speed of
light. Therefore, the low-energy excitations are characterized by relativistic spin-1/2 Dirac-
Weyl fermions that are propagating at different velocities. A consequence of this would be
birefringent Klein tunnelling across a potential barrier [55]. Klein tunneling allows for the
penetration of relativistic particles through potential barriers without exponential damping,
unlike the case for non-relativistic particles. The schematic overview of Klein tunneling

for a spin-3/2 Dirac-Weyl fermion incident on a potential barrier is depicted in Fig. 1.13.



CHAPTER 1. INTRODUCTION 18

Figure 1.13: Klein tunneling for a spin-3/2 fermion with energy E, barrier width is D
and height V;y that follows the outer cone [55]. Copyright 2011 by the American Physical
Society.

1.4 Summary

As discussed in this introduction, cold atoms in optical lattices have the potential for real-
izing physical situations that have not been achieved in condensed matter systems, either
through bosons on a lattice in strong artificial magnetic fields or artificial Dirac fermions.
In this thesis we explore themes that follow from the ideas introduced in this Chapter.
In Chapter 2, we follow up on the scheme for an artificial magnetic field discussed in
Sec.1.2.2 and show how with a small modification, it can lead to an effective lattice model
with tunable spatially periodic modulation of the artificial magnetic field and the hopping
amplitude and an unusual Hofstadter-like spectrum. In Chapter 3, we study the limit of the
tight-binding model that emerges in Chapter 2 when there is an average of half a flux per
plaquette and find that the spectrum of low-energy excitations can be described by massless
Dirac fermions in which the usually doubly degenerate Dirac cones split into cones with
different “speeds of light”, which can be tuned to give a single Dirac cone and a flat band.

These gapless birefringent Dirac fermions arise because of broken chiral symmetry
in the kinetic energy term of the effective low energy Hamiltonian. We characterize the
effects of various perturbations to the low-energy spectrum, including staggered potentials

and topological defects. In Chapter 4, we also study the effects of nearest-neighbour and
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next-nearest neighbour interactions on a square lattice for birefringent Dirac fermions. In
particular, we identify order parameters that can arise in the Hartree-Fock approximation
and determine the phase boundaries as a function of the birefringence parameter, . In
Chapter 5, birefringent fermions in magnetic fields are considered. Chapter 6 is devoted
to conclusions and future directions. Some of the work in Chapter 2 and 3 has previously
been published by the author in collaboration with Malcolm Kennett, Kamran Kaveh and
Peter Smith [57].



Chapter 2

Spatially Periodic Artificial Magnetic
Fields

In 1976 Douglas Hofstadter predicted that the allowed energy levels of electrons in a two-
dimensional square lattice subject to a uniform perpendicular magnetic field have a fractal
structure [58]. This fractal structure of eigenvalues as a function of flux per plaquette is the
famous Hofstadter butterfly spectrum and is shown in Fig. 2.1. In this chapter, we consider
a protocol for inducing an artificial magnetic field for neutral cold atoms that leads to a
tight binding Hamiltonian with a tunable Hofstadter-like spectrum. The particular spec-
trum arises from the combination of hopping and an artificial magnetic field that are both
periodically modulated in the x and the y directions. The presence of spatial periodicity in
the amplitude as well as the phase of the hopping is the key difference between the model
we consider here and previous work on the spectrum of particles in the presence of mag-
netic fields that are periodic in both the x and y directions [59, 60, 61, 62, 63, 64, 65]. This
difference facilitates the unusual Dirac-like excitations that we discuss in Chapters 3 and 4.
As emphasized in Chapter 1, there have been numerous theoretical proposals for schemes
to realize artificial magnetic fields with cold atoms, several of which have been imple-
mented experimentally. The particular scheme discussed here may not be as easily imple-
mented as e.g. Raman-assisted tunnelling [38], but the tight-binding model we obtain and
its associated physics are independent of the particular choice of scheme used to generate
the artificial field.

We first review the proposal of the realization of an artificial magnetic field made by

20
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Figure 2.1: The fractal Hofstadter butterfly spectrum. The vertical and horizontal axes rep-
resent energy, from —4J to 4J, and the magnetic flux per plaquette, from O to 1, respectively
[58]. Copyright 1976 by the American Physical Society.

Sgrensen et al. [21] in more detail than in Sec.1.2 and then present a modification of
Sgrensen et al.’s proposal. We determine the effective Hamiltonian and the Hofstadter-like
spectrum that emerges from this scheme. Most of the material presented in this chapter was
published previously in Ref. [57] in collaboration with Malcolm Kennett, Kamran Kaveh
and Peter Smith. The author’s contribution to this work was in deriving the effective tight-
binding model and initial numerical investigations of its spectrum both in the absence and
presence of a trap. More extensive numerical results were obtained by Peter Smith and the

figures displayed in this chapter were generated by him.
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2.1 Realization of an Artificial Magnetic Field

In this section, we further discuss the scheme presented by S¢rensen et al. [21] and then in-
troduce our modification of their proposal. We then present a series of Hofstadter butterflies
one can obtain by changing the tunable parameters of the problem. We end the chapter with
a discussion of the effects of trapping potentials that are relevant for cold atom realizations

of this physics.

2.1.1 Proposal by Sgrensen et al.

Serensen et al. [21] proposed a scheme for realizing effective magnetic fields in two-
dimensional neutral bosonic cold atom systems in an optical lattice. They proposed mod-
ulating the hopping in the x and y directions as a function of time and simultaneously ap-
plying a time varying quadrupole potential V (¢) = V,, sin(or )£y. This strategy is shown in
Fig. 1.5, where Tx(y) are hopping operators describing hopping in the x(y) directions respec-
tively. Specifically, hopping in the x direction is turned on for a short time T < #y around
t = nty, and tunnelling in the y direction is turned on for a short time T around 7 = (n+ %)to

withn =0,1,2,..., and fp = 2nt/®. The operators for hopping in the x and y directions are
To=-7Y) (6};1 Gy h.c.) and Ty =—7Y" (6; si1Cry —i—h.c.), respectively.
X,y X,y

The time evolution operator in the Schrodinger picture after m periods of the quadrupo-
lar potential is U(t = mty) = [U(t = ty)]", where U = T{exp (5 [dI'H('))} (T is the
time ordering operator). To see the procedure in more detail, calculate the time evolution

operator during one period #y explicitly:

N T . 2i . iT . 2i o T
U(t=ty) =exp —ﬁTx exp &quxy exp —ETy exp —&quxy exp —ﬁTx ,

where we noted

o an
/ Vypsin(n)idr =2V, "
0

Introducing o0 = ﬁ in order to simplify notation and setting the lattice constant to unity,

we can simplify the expression for U by noting
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exp (2imoky) c;ych’y exp (—2inaky) = CI,erle’y exp (2miow) .
This identity can be used to evaluate the time evolution operator after m periods, which
in the limit % < 1 may be written as

N it ~
U(t =mtg) = exp (—EHeff) )

where

2 AT A AT A 2Ti0LX
Her =~ —JZ [cxﬂ’ycx’y + Cryr1Caye + h.c.] ,
X,y

as presented by Sgrensen ef al. [21]. The physical interpretation of He¢r is that it describes
the behavior of a charged particle on a lattice with a magnetic flux of ady, where P is
the phase aquired by the particle going through each unit cell, and hence the procedure
introduces an effective artificial magnetic field in the lattice [21]. The form of the Peierls

phase in the Hamiltonian is the one obtained from the Landau gauge.

2.1.2 Modification of Sgrensen’s proposal

The approach to obtain an artificial magnetic field for cold atoms in an optical lattice sug-
gested by Sgrensen et al. [21] discussed in Sec 2.1.1 was presented in the context of the
Bose-Hubbard model, but ignores interactions and is not specific to bosons. The same pro-
cedure could equally well be applied to fermions. We consider a model of spinless fermions

(corresponding to only one available hyperfine state for cold atoms) with Hamiltonian

ﬂ:—jg’j}(éjéﬁré;&), 2.1)
where 6? and ¢; are fermionic creation and annihilation operators respectively at site i,
i = 6;6,- is the number operator, and the notation (i, j) restricts the sum in the hopping
term to nearest neighbours only. There can be no Hubbard-like interaction for spinless
fermions, and since nearest neighbour interactions in an optical lattice system are weak,
we postpone our discussion of interactions to Chapter 4. We assume the fermions hop on a

square lattice and set the lattice constant to unity.
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Our modification to the proposal in Ref. [21] is that we allow hopping to be turned
on in both the x and y directions simultaneously, but with different strengths, rather than
exclusively in just the x or the y direction. When hopping is turned on in the x-direction
at time ¢ = ntg, hopping is also turned on in the y-direction with an amplitude 0 < < 1
relative to the hopping in the x-direction. At time t = (n+ %), hopping is turned on in
the y direction, and hopping in the x-direction is turned on with amplitude P relative to the

hopping in the x-direction as illustrated in Fig. 2.2.

Figure 2.2: Time dependence of the hopping and the quadrupolar potential during the

course of one period of the quadrupolar potential.

As before, the time evolution operator after m periods may be written as U (t = mt) =
U(t =1y)", and

O (1 = mtg) = o3 (BTATy) 2miosy ,— 7 (Tt BTy ) ,—2mioks ,— 35 (BT+Ty) "” 2.2)

where o =V, /Tho as before. To lowest order in 7t/ we can write this in the form

_ [Hefft

U=e 1,

where the effective Hamiltonian is
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A= L {[(1+ 89 &l 60y he] + [(B+ @) el 6yt he ]}, @)
Xy
with Jo =17 /19. 2
The effective Hamiltonian implies that the artificial magnetic field is modified from
Ref. [21]. A more conventional way to write the effective Hamiltonian is in the form
Aar ==Y [tje it e[ +ne.] . (2.4)
ij
This form makes clear that the Hamiltonian has spatially varying hopping and a spatially
varying artificial vector potential. We can hence identify the amplitude of the hopping in

the x and y directions:

= J \/1 + B? + 2B cos(2mary), (2.5)

|t 1y

lteyil = Joy/1+ B2+ 2Bcos(2ma), 2.6)

and the components of the vector potential.

in(2
A, — Etan_l ( sin(2moy) )7

e B+ cos(2may)

R B sin(2mowx)
Ay = P 1 <1~|—Bcos(2nocx)> '

Having the components of the vector potential, we may calculate that the magnetic field,

B=Vx K, is directed along the z direction, with

h 2 270w 1 27
B.— (omo) | (P FPeos@mo) 1 +Peos@moy) ) 2.7)
e \ 1+B2+2Bcos(2mox) 1+ B2+ 2Pcos(2mary)
. . s . 2nh
It is worth noting that if in the above expression we set B = 0, then B, = ———a\, corre-
e

sponding to a uniform flux of a® through each unit cell and the hopping t,1 1y =ty 11 =
Jo 1s spatially uniform, which is exactly the situation considered by Se¢rensen et al. Ad-
ditionally, if B = 1, then there is no magnetic field, however, the hopping is still spatially

periodic.

2There are additional terms that appear in the effective Hamiltonian of the order of (tJ )2 and higher,

which are truncated here. A brief discussion of these is presented in Appendix A.



CHAPTER 2. SPATIALLY PERIODIC ARTIFICIAL MAGNETIC FIELDS 26

| ]
3 Suiey SR ||g||m=- |
30 i |

: |
L i it

0 0.050.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
o

eldg
o

Figure 2.3: Spectrum as a function of o for a 197 by 197 lattice when 3 = 0.25. Due to the
periodic hopping and non-zero artificial magnetic field, the spectrum has some similarities

with the Hofstadter spectrum.

2.2 Hofstadter Spectrum

The magnetic field we derived in Eq. (2.7) has contributions from a spatially uniform piece

2nhoc

with magnitude === and a piece that is spatially periodic in both the x and y directions. As

noted above, if 3 = 0, the hopping amplitude is Jy and the field is uniform with strength
2“h°‘ , corresponding to a flux of ady per plaquette as found in Ref. [21] leading to a Hofs-
tadter spectrum as illustrated in Fig. 2.1. If f = 1, then B, = 0, but the hopping parameters
are still spatially periodic. At [ intermediate between 0 and 1, both the hopping and the
magnetic field are spatially periodic in x and y. This illustrates the essential difference
between the model we consider and previous work on quantum particles in a periodic mag-
netic field on a lattice in that there is spatial periodicity of 1/a in the amplitude of the
hopping as well as its phase. For finite B the spectrum as a function of o is reminiscent of
the Hofstadter spectrum. This characteristic of our model is illustrated for B = 0.25,0.50

and 1.00 in Figs. 2.3, 2.4 and 2.5. Interestingly, the strongest echo of the Hofstadter butter-
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fly is seen when B = 1.

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
o

Figure 2.4: Energy spectrum as a function of o for a 197 by 197 lattice when 3 = 0.5.

Cold atoms in optical lattices also experience a trapping potential of the general form:
Vtrap = ZV(?i)éj'-éia
i

where V (7;) is the magnitude of the trapping potential at site 7; [66]. This trapping potential
breaks the translational symmetry of the lattice and might be expected to have some effects
on the existence or observability of a Hofstadter spectrum. If we consider a harmonic
trapping potential in two dimensions of the form V (x,y) = vo(x? 4 y?), where the parameter
vo controls the strength of the trap and the positions on the lattice x and y are measured in
units of the lattice constant, the parameter that controls the relative strength of the trap is
vo/Jo. Exact diagonalization calculations by P. Smith [66] suggest that for both the model
considered here and the Hofstadter butterfly, signatures of the Hofstadter spectrum should
be visible in the density of states versus position even for vo/J ~ 0.001, corresponding to

a strong harmonic trap.
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Figure 2.5: Spectrum as a function of o for a 197 by 197 lattice when B = 1: there is no
artificial magnetic field, yet due to the periodic hopping, the spectrum has some similarities

with the Hofstadter spectrum [57]. Copyright 2011 by the American Physical Society

2.3 Summary

In conclusion, in this chapter, we discussed a particular scheme for realizing an unusual
tight-binding model in a cold atom system. We presented the resulting Hofstadter butterfly-
like spectra associated with this model for several values of the parameter 3. The lattice
model given in Eq. (2.3) has a very interesting limit when there is an average of half a
flux quantum per plaquette (oe = 1/2). We will discuss this limit of the model and the low

energy birefringent fermionic excitations that arise in Chapter 3.



Chapter 3
Birefringent Dirac Fermions

There has been much recent interest in systems in which low energy excitations can be
described using Dirac fermions [67, 68]. The main result in this chapter is that for the
lattice model we introduced in Chapter 2, when there is an average of half a flux quantum
per plaquette, at half filling, the low-energy degrees of freedom can be described by a Dirac
Hamiltonian with the unusual property that the doubly degenerate Dirac cones for massless
fermions splits into two cones with distinct slopes. This is analogous to a situation in which
there are two speeds of light for fermionic excitations, similar to birefringence of light in
crystals such as calcite (Fig. 3.1). This is a consequence of the fact that chiral symmetry is
broken in the kinetic energy rather than via mass terms. We discuss the meaning of broken
chiral symmetry in this model and explore the effects of various perturbations to the non-
interacting theory, such as staggered potentials and topological defects. We postpone the

discussion of interaction effects to Chapter 4.

3.1 Tight-binding Model

We start from the tight-binding Hamiltonian we introduced in Chapter 2, when there is an
average of half a flux quantum per plaquette (i.e. o = 1/2). The expression for the effective

Hamiltonian then reads:

Her=—Jo) [(1+ Bem'X)c;y Gy Fhe] +[(B+e™)c! LGy thel, 3B
X,y

29
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Figure 3.1: Birefringence of light and formation of split beams of light in calcite [69].

In the above Hamiltonian, if x is even, then the hopping in the y direction will be Jo(1+f) =

J4, and if x is odd, then the hopping along the y direction will be Jo(1 —B) =J_. If y is

even, then the hopping along the x direction is Jo(1 4 ) = J, and for y odd, the hopping

along the x direction is —Jo(1 — ) = —J_. These four values of the hopping are the only

ones allowed, which allows us to reduce the problem to a tight-binding model with a 4 site

unit cell illustrated in Fig. 3.2 in which the 4 sites of the plaquette are labelled as A, B, C,

and D.

Rewriting the hopping Hamiltonian in terms of Fourier transformed fermionic operators

Cix = chxelk-r,”
k

where X = A, B,C or D leads to

0 —2Jcosky, —2Jcosk, 0
A Z‘Plt —2J, cosky 0 0 2J_cosky .
X —2J cosky 0 0 —2J_cosky
0 2J_cosk, —2J_cosk, 0

with ‘P,{ = (Cra,Crp,Crc,Crp) and the lattice constant set to unity.

The energy eigenvalues are

€+ + = £2J4 \/cosz(kx) + cos?(ky),

(3.2)

(3.3)
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Figure 3.2: Unit cell of tight binding model with hopping parameters indicated [57]. Copy-
right 2011 by the American Physical Society.

as illustrated in Fig. 3.3.
We note that when B = 1, J_ = 0, so there will be a flat band at € = 0 and a dispersing
band associated with J.. It is also worth noting that near the points (k, = +1/2,k, = +1/2)

in the Brillouin zone, e.g. when k, = /2 — 8k, and k, = /2 — 8k, the energy eigenvalues

Sk/:t,:l: = :i:z.]j:\ / Sk)% + Sk%,

for small values of Ok, and &k, as illustrated in Fig. 3.4. This shows that in the vicinity of

read:

the four points K = (+m/2,£7/2) at the corners of the Brillouin zone, the energy spectrum
has a Dirac form, and hence there will be Dirac cones with two different Fermi velocities
corresponding to hopping energies J1.. When [ = 0, the two slopes are identical, whereas
as B — 1, the J_ band becomes flat, and the J; band remains as a cone. When 3 =1,
the A, B, and C sites form a Lieb lattice, which is well-known to have a dispersion with
a single Dirac cone and a flat band [70, 71, 72]. There have been recent suggestions on
how to implement the Lieb lattice for cold atoms in optical lattices [70, 72]. When 8 # 1,
the underlying Dirac structure of the problem is exposed, allowing us to understand this
unusual dispersion from a symmetry point of view.

It is worth mentioning that in a hexagonal lattice such as graphene, whose low energy

excitations can be described as four component Dirac fermions, there are two inequivalent
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Figure 3.3: Energy dispersion showing the four bands of Eq. (3.3). Note the four Dirac
points at the corner of the Brillouin zone.

Dirac points at the corners of the Brillouin zone whereas in the square lattice model we
study,! the Dirac points at the four corners of the Brillouin zone are equivalent, meaning
that they are related by a reciprocal lattice vector.

C . . .= T T . . .
In the vicinity of the Dirac point K = (5, 5) , we may write the normalized eigenstates

1 1 0 0
. 1 —sin0 - 1 sin© - 1 cos0 - 1 —cos0
Y)i=— ,lII = — ,‘I’ = — ,\P -
! V2 | —cos6 2 V2 | coso 3 V2 | —sin® 4 V2 sin©
0 0 1 1

with k, = ]75\ cos6 and k, = ]75] sin® and where ¥ and ¥ correspond to eigenvalues e,
and €, _ respectively and W3 and ¥4 correspond to the eigenvalues €, _ and €__ respec-
tively.

The linear combination ¥ 4 ¥, corresponding to fast (J, ) excitations, has non-zero am-
plitude only on the A sites, and the linear combination ¥3 4+ ¥4 has nonzero amplitude only

on the D sites corresponding to slow (J_) excitations. Any other state will break up into

IRef. [73] demonstrates Dirac points in a square lattice model closely related to our model — the structure
of the hopping is such that it is not left-right and up-down symmetric when the parameter m # 0 which leads

to a gap in the spectrum, in contrast to our model in which hopping is left-right and up-down symmetric.
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Figure 3.4: Energy dispersion illustrating the two Dirac cones with distinct Fermi velocities
[57]. Copyright 2011 by the American Physical Society.

both fast and slow fermionic excitations, analogous to fast and slow modes in an optically

birefringent medium.

3.2 Dirac-like Hamiltonian

Expanding the Hamiltonian around the Dirac point K = (1/2,7/2), we can write

0
Jiky 0 0 —J k
Jike 0 0 Jok

(3.4)
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with & = K — (m/2,m/2). Hy can be cast in terms of Pauli matrices as follows:
H, =2Jy ch ((51 X (53) —|—l~€xB ((51 ®12) +/~€y (12 ®61) +/~€yl3 ((53 ®Gl)] , 3.5

where we introduce a non-standard representation of the gamma matrices: Yo = 63 X O3,
Y1 =02®Db, Y =0302,Y3 =—01® and Y5 = —63 ® 61 = YoY1Y2Y3- The matrices 7y,
Y1, Y2, and 3 respect the Clifford algebra y, v +WYu = 25,,\,.2 This allows us to write the
Hamiltonian as Hy = Hy+ PH; where

Ho = 2Jo [(ivow1) ke + (ivo12) by ]

and
H =2Jy [Y3/~CX+Y5]~€y] .

In the limit B = 0, A has the form of a Dirac Hamiltonian with eigenvalues Ej; = +2Jy|k|.
When B # 0, the eigenvalues of H are Ej, = +2J. |k|.

3.3 Chiral Symmetry

The dimension of the minimal representation of a Clifford algebra in 2+1 dimensions is 2,
allowing for the 2 x 2 Pauli matrices as a choice for the y matrices. For a two dimensional
time reversal symmetric system on the lattice, where the square of the time reversal operator
is equal to the identity, it has been shown that it is algebraically necessary to have a minimal
dimension of 4 [74]. Hence, we have a non-minimal 4 x 4 representation which leads to a
freedom in the choice of the Yy matrix, i.e. a matrix with (70)2 = I, that anticommutes with
v1 and v,. Candidates for vy are {Yo,Y0Y3,Y0Ys,Y1Y2}. The matrices {Yo,YoY3,YoYs} form
a triplet and 71y, forms a singlet with respect to the SU(2) “chiral”’-symmetry group with
generators {%73, %75, %735} (where y35 = 13Ys5). Each different choice of Yy corresponds
to a different labelling of the four sites in the unit cell. The elements of the chiral group

generate transformations between each labelling. For example, the generator Y5 translates

2This notation differs from the notation used in Ref. [57]. Namely, we have used a Euclidean metric Suv

rather than Minkowski metric g,y .
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the plaquette indices to the labelling of the neighbouring lattice cell along the y-direction,

whilst 3 translates the plaquette indices to the neighbouring cell in the x-direction:

CA CB CA cc

i CB . CA iT CB .| ¢»
e'2’s =i , el =i (3.6)

cc —CD cc CA

CD —Cc )] CB

Similarly, 35 translates the plaquette one lattice cell along the x- and one lattice cell along

A ¢ A
L ] [ ] L ]
il
I
¥s 135
B D B
[ ] | L )
I
—
13
L ] ® L
A C A

Figure 3.5: Illustration of relabelling symmetries generated by Y3, Y5 and V3s.

the y- direction.

CA —CD
i CB . —Cc
£/1357/2 —
cc CB
¢D CA

The symmetries due to the above rotations are illustrated in Fig. 3.5.

When B = 0, the elements of the chiral group are symmetries of H;. When B # 0, the
presence of the y3 and Y5 terms in Hj breaks the chiral symmetry and shifts along either
the x- or y-directions do not leave Hy invariant. This manifest chiral symmetry breaking is
inherently different from the conventional notion of spontaneous chiral symmetry breaking

in field theoretical models which is the signature of mass generation.
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An additional discrete symmetry of the Hamiltonian (which arises from the hopping
structure in Hy) that holds even when B # 0 is

(1173 +127s),

I I
I'= 5 (23 +7175) — 3

which corresponds to a reflection about the diagonal AD in the unit cell, with ¢4 — cq,

¢g — cc, cc — cg and cp — —cp. The action of I' on Hy is to exchange k, and k,,.

3.4 Staggered potential

Staggered on-site potentials are a natural perturbation to Hy in the context of cold atoms on
an optical lattice. The most general form of a staggered potential that we can write down

takes the form

Ax 0 0 0
0 Ag 0 0
0 0 Ac 0 |’
0 0 0 Ap

where A, is the staggered potential on site x. It is convenient to rewrite the contribution to

the Hamiltonian in terms of y matrices as
Ar = Y W} [Aols + Aryo+ Aa (13 + iva¥s) + As (13 — iv2Ys)] Wi, (3.7)
k

where we made use of the basis {/,Yo,7Y173,iY2Ys } for 4 by 4 diagonal matrices, recalling
that

1 0 0 0 1 0 0 0 10 0 0
0 -1 0 0 , 0 10 0 , 01 0 0
"“lo o Z1o] ™o o010 | " o0 21 0
00 0 1 0 0 0 —1 00 0 -1
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A C A C A C
Figure 3.6: The three staggered potentials A1, A and A3 on the four sites of a square lattice.

We may set Ag = 0 since this can be compensated with a uniform shift of the chemical
potential. The remaining three non-trivial terms, Aj, Ay and A3 are illustrated in Fig. 3.6.
The A term violates chiral symmetry in the usual way, meaning that it introduces a “mass”

term in the energy spectrum, but is Lorentz invariant and introduces a gap in the dispersion

Ep = +4/A2+ 43K, (3.8)

A comparision of the spectrum when A; = 0 and when A; # 0 is shown in Fig. 3.7.

of the fermions

Figure 3.7: Energy spectrum as a function of k when A; # 0 and A; = 0.

When 3 = 1 there are flat bands at E = £A that intersect the J; bands only at (k,k,) =
(0,0). The birefringence property discussed above is unaffected by the A; term. We com-

bine 7yy3 and iy»Ys5 into a Lorentz invariant term (A,) and a Lorentz violating term (A3).
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There are two cases in which we have obtained simple analytic solutions for the spectrum:
Case I): A; # 0, Ay # 0, A3 =0, for which

Aok /(81 + M)+ 412K

Ek = )
—ho (A1~ A2 +412 42

Case II): A; # 0, A, =0, Az # 0, for which

As+ \/ (A1 —A3)? +4J2K2 + 472 K2

Ek: —A:I:\/(A A2 212 212
3 1+ 03)2+ 4T3+ 47213

In case I) the dispersion is isotropic in momentum space and there are flat bands when
B = 1, whereas in case II), the dispersion is anisotropic in momentum space, with the
anisotropy governed by P through J.. In both cases, there is a shift in the spectrum and at
least one set of massive modes (however in both cases there can be a set of massless modes

whose dispersion is given by the upper half of a cone if A = A, 3 and Ag = FA23).

3.4.1 Staggered Hopping

In addition to staggered potentials, another case where one can obtain analytic expressions
for the dispersion is if there are mass terms of the form iyyys and i'yyYs. Physically these
correspond to staggered hopping. Roy et al. [76] have shown that a Hamiltonian of the

following form:
Hy = ioy1kx + MYoY2ky — Byske — Bysky — mivoys,

has the energy spectrum:

m*k?
e = ey | (1 B2k +m? £2BIKH [1+ 7,

which does not preserve the property of birefringence. However, it is worth noting that for

the case where k = 0, there is a gap of 2m in the spectrum and that the minimum energy
can occur at a non-zero value of k [76]. One can show that an analogous calculation with
mass term iYoYs yields a result similar to that for the term 7yyys but with mk, replaced by

mksy.
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3.5 Topological Defects

Zero energy modes can arise when there are topologically non-trivial mass terms in sys-
tems that are described by the Dirac Hamiltonian [76]. As we saw in Sec.3.4, the term A}y
generates a gap in the energy spectrum in the Dirac-like Hamiltonian under study.

The simplest topological defect we may construct is of the domain wall type, by choos-
ing Aj(x) to be a function of position, so that A;(0) = 0 and limy_Aj(x) = A; and
lim,_,_Aj(x) = —A;, where A; is a constant with smooth interpolation between these

limits. The real space Dirac equation becomes

—FE — Al 2J+lay 2J+lax 0 \|fA
2J1idy, —E+A 0 —2J_io
+10y + Aq 10x VB 0. (39)
2J4i0x 0 —E+A;  2J_idy v
0 —2J_idy 2J-idy —E—A 7

If B = 0, the solutions are well known [75]. When 3 # 0, we can find zero energy bound

states with different spatial extents for the 4 solutions:
v (x> — e Jo dsAq(s) Uy Yo (x) — e Jo dsA (S)l/t_,

where u; = (1,0,7,0), u— = (0,—i,0,1), and K+ = 1/2J1. The K4 are the the inverse of
the characteristic length scales for the zero modes in the presence of the domain wall.

In addition to the domain wall defects studied here, another class of defects, namely
vortices, was studied by Roy ef al. [76]. They constructed simultaneous vortices in the
kinetic energy (via ) and in the mass terms #Yyys and iYopYs (corresponding to staggered
hoppings in Sec.3.4.1). They found that the ratio of the length scales associated with states
centered on vortex and antivortex topological defects can vary arbitrarily with B without
affecting the fractionalization of quantum numbers such as charge [76]. This mirrors the
two different lengthscales for zero modes found here for domain wall defects. Roy [77]
has also demonstrated that two lengthscale behaviour may be found for zero modes of
special topological defects in graphene when there is both a real and a pseudo magnetic
field present.
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3.6 Summary

In this chapter, we started from the tight-binding Hamiltonian derived in Chapter 2 for
the case where an average of half a flux quantum per plaquette. We showed that the low
energy excitations of this Hamiltonian are birefringent fermions, with two distinct Fermi
velocities, that remain massless despite breaking chiral symmetry. This is because chiral
symmetry is broken in the kinetic energy rather than with a mass term. We studied the
effect of staggered potentials on the birefringence property and found that Lorentz invariant
staggered potentials preserved the birefringence property. We finally discussed the unusual

zero modes that can result for birefringent fermions in the presence of a topological defect.



Chapter 4
Interacting Birefringent Fermions

The model we considered in Chapter 3 has no interactions between fermions. Interactions
between fermions can lead to a range of possible phases. In this chapter, we study the
model introduced in Chapter 3 when there are repulsive interactions between fermions (we
consider lattice interactions but we do not worry about physical implementations of these
interactions). Including nearest neighbour and next nearest neighbour terms, we search for
possible ordered phases. We focus on low energy physics and treat interactions at a mean
field level for a half-filled system. There has been some previous work on the effect of
interactions in models similar to this one, such as the Lieb lattice (the § = 1 limit of the
model studied here) in two dimensions at one-third, [78], but the work in this thesis is the
first to consider 3 # 0 and 1. In Ref. [79], it was also shown that when spin-orbit coupling is

taken into account, topologically nontrivial insulating phases may arise on the Lieb lattice.

4.1 Nearest-neighbour Interactions

The simplest interaction term for spinless fermions (e.g. a single occupied hyperfine level)
is that of nearest neighbour interactions as the Pauli principle forbids the presence of an
on-site Hubbard term in the Hamiltonian. We introduce such a term, assuming that all

interactions have the same magnitude, Vj:
Hie=Vo Y Aiftj, @.1)
(i.J)

41
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where (i, j) labels a sum over nearest neighbours. In the context of cold atoms, one might
expect Vp to be weak and we will address the stability of the birefringent semi-metal to
these interactions. We have seen that birefringent fermions arise as low-energy excitations
of the tight binding model introduced in Chapter 3, and since we are interested in the effects
of interactions on birefringent fermions, we will also focus on the low energy limit of Hjy,.

Replacing fermionic annihilation operators, c;, with fields y;, we may write the full
Lagrangian as L = Lo + Lg + Lint, where the non-interacting terms Lo + Lg are (having set
2Jp to unity)

Lo+Lg= {Z F)Yu0uW(F) + iBY(F)Y0v30xW(7) + iBY(F) Y050y W (7 )} (4.2)
and Liy is obtained from Hj,,. We can represent the generating functional as an imaginary

time path integral over Grassmann-valued fields y and .

z= [1D¥][Dvle ", (4.3)
: B : o :
where the action S = / dt L, with T the imaginary time.
0

The term L, contains quartic terms. The approach we shall take to decouple these quar-
tic terms is to introduce Hubbard Stratonovich fields so that the action becomes quadratic in
the y fields. The Hubbard Stratonovich fields we consider correspond to order parameters
that can be obtained through either a Hartree or a Fock decomposition of the interaction
term. Before introducing Hubbard Stratonovich fields, recall that the Lagrangian for the

interaction term can be written in terms of the number operators as follows:
Ling = =2V Y_ [nanp +nanc +ngnp +nenp), (4.4)
;.'
when we consider only slow spatial variation in ny4, np, nc, and np, which is equivalent to

ignoring scattering between Dirac cones. It is useful to note that

nang +nanc+ngnp+ncnp = — [(na+ng+nc+np)* — (na—ng—nc+np)?]

Bl— B

|(Fv0w)* — (Fw)*] (45)
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The expectation values (py) and (Pyoy) correspond to order parameters that arise in the
Hartree channel. The first is staggered charge density wave order of the sort A; illustrated

in Fig. 3.6 and the second renormalizes the chemical potential. We note that

(Wy) = [(na) — (np) — (nc) + (np)],
and
(Wyoy) = [(na) + (np) + (nc) + (np)].

The Fock terms are a little more complicated but may be obtained from Li,; in Eq. (4.4)

and may be summarized as:

Lrock = 2V0 Y W [Corvov1 + Gt + Co3 703 + Caivs + Co2Yov2 + Caiva + CosYoys + Csivs] W,
' (4.6)

where the {’s can also be related to expectation values of the y’s. We also note that:

(WYoviw)* + (T w)* + (Wovs W) + (Wiysw)* = —8 [nanc +npnp)
and
(FY0v2¥)* + (i w)* + (WYovsW)* + (Wiysw)® = —8 [nang +nenp) .

Introducing Hubbard-Stratonovich fields ¥, ¢, and {;}, where the mean field values
x o< (Wy), ¢ < (Pyoy) and {; encompasses the 8 Cs introduced above, we get

N ORIN(€
z= [1onDel [Tl f

i

[Dw Dyl @)

where
B
S = [ a5 [ &% o
B
S0 = 37 [ @ [ o2

0

B
gl = [ e [ &% L@,

B
Sl w] = /0 dr (Lo+Lg),
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and

B
Smix = /0 dt / d*X [y + i0Wyow + Cor Wy ¥ + S0 (v )W + Lo Wyors v
FGU(iv3) W+ Lo Uo7V + S W (iv2) W + CosWyoys ¥ + Csy(iys ) v -

A point to note in the action is that the coefficients of S[x], S[¢] and S[C;] differ by a factor
of 2 from the value they would take if the Hubbard-Stratonovich fields corresponding only
to Hartree terms or only to Fock terms were introduced into the action. The reason for this

factor of 2 is that we treated Hartree and Fock terms with equal weight. Ultimately, if there

is only one non-zero order parameter, then the critical value of the coupling, v should be
C

multiplied by 2.
We can integrate out the fermion fields to obtain the effective action for the Hubbard-
Statonovich fields:

p
- | drd*% yM
/[@\I}][Q)\p]e /0 ymy — detM — eMn(detM) _ Tr(inM)
We may then write the generating functional as:

~Slx)-slal= ) S[G] — SolW, W] — S

~S[x)-slo)- Y_S[Ci] + Tr(InM)
= [ionipel[]1D%e ,. ,

1

z = [109(Dy] [1D0[De [T1DG)e

where the matrix M

M = v0,+iB(YoY39x +Y0Y59y) + X + i0Y0 + Co1Yov1 + Ciiv1 + Co3voys + G3ivs + oo Yoy2
+8oiv2 + CosYoys + Csiys

= Ggl + %+ 9+ Corvoy1 + Gy + Cozvoys + G3iv3 + Co2Yoy2 + C2iv2 + CosYoys + Csivs,
4.8)

where

Gy = Y0+ iB(Y0Y39x +Y0Y59y),
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is the inverse of the free propagator. M is thus the inverse of the full propagator in the

presence of different types of ordering.

4.1.1 Saddle Point Equations

The simplest level of analysis to determine whether there is ordering or not for the various
order parameters listed in Eq. (4.8) is to find equations that can be solved to determine the
mean field phase transitions to these orders using the Saddle Point Approximation.

For each Hubbard-Stratonovich field F, the saddle point equation is given by S—Ii =0. We

can summarize these equations as follows:

o -1

= Tr(M ™), (4.9)
L e (4.10)
Vo

S e, “.11)
Vo

where
Li € {Yov1, 71,7073, 13, YoY2, Y2, Y0 Vs, 15 } -

In order to calculate M~!, we express M in momentum space

M = vk, +iB(Yoysiki +YoYsikz) +x +idYo + Co1YoY1 + Ciivi + Co3Yo 3
+G3173 + Co2Yov2 + Caty2 + CosYoys + Csiys,

and note that MM ~! = I. Hence, we need to solve:

X1 +i(ko + )0 + ikt + Ci)vi +i(k2 + C2)v2 +Yov3(Cos — Bk1) +Yovs(Cos — Pk2)
+Co1¥ov1 + CoxYov2 + Gaiys + Csiys| M =1

Solving the system of 10 saddle point equations simultaneously is a rather intimidating

task, and not the simplest approach to understand the effects of interactions. The strategy
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we shall take is to find the transitions for each order parameter individually, by searching
for a solution in which all other Hubbard-Stratonovich fields are set to zero.

Now, for the case where only the % or ¢ order parameters are non-zero, we must solve:

{xI +i(ko +0)Yo + iviki + ivaka — Broyski — Byoysko } M1 = 1.

Hence, the saddle point equation for ¥ is:

w_, / &’k X + (ko +0)* + (1+ B kP
v (270 12 + (ko +0)> + (1 = B)2[k[][x2 + (ko +0)2 + (1 + B)?[K[2].

If we set ¢ = 0 and send x, — 0, then the critical interaction strength for ¥ ordering is:

1_1 %%/@ 1 N 1
21 |2+ kg4 (=B 22+ kg +(1+B)2RP [

Ve 2J) 2n2n
We determine the critical interaction strength for ordering in the Hartree channel ) from:

11 ! A k? k?
—:—2/dx/dk{2 2 7.2 T2 7_ 2 }’
Ve 8m2J)o1Jo X2 HE[(1=B)*+x2B2—PB)] x>+ K[(1+B)* —x*B(2+P)]

by keeping terms that persist as  — 0 and scale with the cutoff A, where ko = kx and
k|2 = k2(1 —x2). Hence,

1
1B
1_A L (VBB ! | V/BEB
Ve 4m | (1-B)\/B2—B) 1-B 200+B)v/B2+B) |, 1+B

B(2+P)

1
In the limit B — 0, this reduces to V. = Pl which, if Fock terms are not included
c
1 A
in the decomposition of Hjy is renormalized as noted previously to V.o in complete

agreement with previous results [80]. The other auxiliary field, o, ‘Which is physically

equivalent to a shift in the chemical potential, gives us the following integral:

0 1 fakdh [ dio ! !
Vo 2/ 212z 27t(k0+¢){(k0+¢)2+(1—5)2|§]2+(k0+(l))2+(1+ﬁ)2|%|2}.

If ¢ = 0, the integrand on the right-hand-side is odd in ko, and hence the integral van-

ishes, Hence, ¢ = 0 is a consistent solution of the equation for all Vj.
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There are eight possible order parameters, {;, in the Fock channel. Similarly to the
Hartree channel, we will take the approach of solving for the critical interaction for each of
these order parameters separately.

The equation we need to solve for the critical coupling associated with (o is then:

ot _ [dkedky [dko Cot (—kg — (1 = B2k + 5, +2(k3 +43))
Vor ) amam ] am (SR (1 BKE+ G))7 + 4BRRIKE + Gy (1 42))
Therefore:

1 1 1 A 2 cos 0

— = — [ d dk K> |2k*(1—x* do—————

Vor (27:)3/1 x/o [ (1-x7) 0 ¢a2+b200s2¢

27
+(2K2x% + [, — K2x* — (1 = BHK*(1 —Xz)])/o m} ;

where
a* = [(5; —Kx% — (1= PHK*(1 —x%)]* + 4Pk (1 — ) + 445, k%7,

and
b? = 485, k(1 — x%).

Integrating over azimuthal angle, ¢, we have:

1 1 /1 p /Adk{ K {1 a 1+k2(k2x2+C(2)1—(1—[32)(1—x2)k2)}
P — X — .
Vo (2m)2J-1 " Jo 202, Va? +b? ava® +b?

Expand the integrand for small {y;, then as {o; — 0, the first term gives a contribution

proportional to A, and the second gives a A independent contribution from d(k). Keeping

terms proportional to A.

L:A/ldx BZ+(1_Bz)x2
Vo 2m2Jo R (1 B2)(1-a2) + 4B (1 2)

We can write the denominator in the form B2(B? —4) (x> — v, )(x* +7v_), where

_@-3), [P, 0-pp
*“X&—®+¢®L4v+wm—wy
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and

N R N e )

[Note: for 0 < B < 1, y+ are both greater than zero.]

(B-3) \/(82—3)2 (1-B)?

Thus, we have:

1 _ A 1 1 {W+O—WW1‘ ~VE| BP0 1}
Vor 202 B2(B% —4) (v +71-) 27+ I+ VTt N Nl

For the case of {,, the integral over azimuthal angle gives the same result as in the case

of o1, hence the critical coupling Vi = Viyz. The overlap between the results for the order
parameters (o and {(, has roots in the symmetry in the Hamiltonian. As we see next, this
symmetry also results in a common expression for the couplings V3 and Vs for the order
parameters {3 and Cs.

The equation for the order parameter associated with (3 is:

G [dkedky [ dko (K3 + (1= B)[k|> + G +2P2%k2) 3
vs ) amam ) am (< — (1= B kP - G + 4B (G kP + G3R2)

The integral to be solved is then:

_3 o /dx/ kzdk/2“d¢{ (K + G+ (1= B2)(1—x)k?)  2%2(1 — )cos¢},

a’?+b%cos? o a’?+b%cos?o
where
— (R + B+ (1= B2 (1 =32k + 4B (1 — ),
and
b* = 4Bk (1—x).

The integrals over azimuthal angle, ¢, may be evaluated using

/2“ do S50 cos ¢ P 1 a
a*+ b2 cos? ¢ b a2 +b?)’

and
2n do 1 B 21
0 @00 a2+t




CHAPTER 4. INTERACTING BIREFRINGENT FERMIONS 49

Thus,
11 1 A (2 + G+ (1B (1—x)Kk?)  2B%K*(1—x?) a
=) %), "2””‘{ PN TR {l‘m”'

Keeping lowest order terms in {3 and taking the limit {3 — 0, we determine that

1A 1 1 {1ln‘l—\/y_+
Vs 2m BB —4) (v +v-) 2 [T+

where Y1+ were defined previously.

1,1 }
- tan ,
VY- V-
For {5, we have:

G _ [dkedky [dko  (Kg+(1—B%)[k” + &5 +2B%)Cs
Vs 21 21 ) 21 (—kg— (1 —B2)|k|? — §3)% + 4P (kg k> + C3k3)
which leads to the same result as for 3.
There are four other order parameters that arise for the Fock channel. The saddle point

equations for ;, £y, o3 and (s all lead to solutions that vanish identically.

o1 transition

tof {5 transition
I X transition

051

Figure 4.1: Competition between the order parameters of the Hartree channel, %, and that
of the Fock channel, {y; and 3.

A comparision of the plots of the critical couplings for the Hartree channel, ), and the
Fock channels, {y; and {3 that is depicted in Fig. 4.1 shows that the critical couplings for the
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Hartree channel, , is more sensitive than {y; of the Fock channel. On close examination of
Fig. 4.1, we see that for 0 < 3 < 1, V) < V3 < Vjy, so for B # 0, 1 the leading stability is to
a charge density wave. When [ = 1, there is a flat band and the analysis here is insufficient
to discriminate between correlated states. For 3 = 0, Vy = V3 (as shown more clearly in
Fig. 4.2) and so we need to consider both orders simultaneously to discriminate between

them.

{stransition

06

04

I L L 1
0.2 0.4 0.6 0.8 Lo

Figure 4.2: Competition between the order parameters of the Hartree channel, ¥, and one

of the Fock channels, (3.

Now, consider the situation in which both % and {3 may be non-zero. Then

_

=Tr(M~!
Vo (M),

and

4
46 _ Tr(ipzM 1)
Vo

are the saddle point equations to be satisfied and M includes both 7 and 3:
M = xI + iyoko + iv1k1 + ivaka + C3iv3 — Bk1YoYs — Bk2Yos-

We need to solve MM 1 =1, i.e.

(X + iyoko + iyik1 + iyaka — Bk1Yoys — Bkayoys + iy M~ =1
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Hence we have:

X &k 1 -
onf Sdlge 0], e
and ¢ 3
3 d’k 17 -
Vo = C3/WE _X2+k(2)+(1 —B2)|k|2+2[52k%—|—t.§} ; (4.13)
where

— } 2 — —
A= 2= G i — (1= BARE| "+ 4B2IRI + 402 (k3 + KP?) + 4B + 4
Now, if % # 0, then we can combine Eqs 4.12 and 4.13 to write:

Voo 2V

d*k 2p%*k3
SISy C/ p 2 (4.14)
The only solution to this equation is {3 = 0, since the integral on the right-hand-side is
always positive. Hence, it is not possible to have coexistence of {3 and ¥ order for  # 0.
We now focus on 3 = 0 and consider the situation where {3 # 0, x — 0 and determine V.

From above,

i _/anq)/ / " k2 C3 k2x2—|—k2( 22]

: 4.15
Vo | 813 122+ 2(1—22)+ O 19

which leads to
1
— = dk———
Vy 4m2 / / k2 + C3]
1 A
- ——§jf AT .
21 Jo (k2 + C3]
A 1 an (A)
2n2 G G
Similarly, when B = 0 and we take  # 0, {3 — 0, we find

1 A 1 [A
—=——>——tan | — |.
Vs 2m2 oy X
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Hence, we are not able, at the level of our analysis to determine whether charge density
wave ordering from ¥ or {3 (or (s, recalling they are equivalent) ordering, which corre-

sponds to circulating currents

Cs o —% [<\Vjﬂlfc> - <\IIZ\I/A> - <W£WD> + <W1T)\VB>] :
and )
s o< 5 [(waws) — (whw )+ (whwo) — (whue)]
wins out at = 0. Given that the Hartree term wins out for any finite B, we suspect that it

also wins out at 3 = 0. Moreover, we expect the degeneracy to be lifted by keeping higher

order terms in momentum expansion.

4.1.2 Symmetry Relations between Order Parameters

It is important to appreciate the additional discrete symmetry in the Hamiltonian Hj, which
holds even when B # 0, that we defined in Chapter 3:

]
~3 (N3 +12Ys) -

The effect of I on various gamma matrix combinations is as follows:

I'= % (273 +717s)

it = s DysD ! =1,
Dyl = vy Tyopl'=yon.

This illustrates why the action of I" on Hj is to exchange k, and k. It also illustrates that
the order parameter pairs 3, {s and (o1, op should have the same critical coupling since

they can be transformed into each other.

4.2 Next Nearest Neighbour Interactions

In addition to nearest neighbour interactions, we now consider next-nearest neighbour in-
terations,

By =Uo Y, A,
<L, >
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where we assume the strength of the interaction is the same for all neighbours and
< i, j > indicates that i and j are next nearest neighbours. This leads to a contribution to

the Lagrangian in the low energy limit of
Lo = =400 L { WL P W) (F1wo (7) + (AW EVEPWe®) ). (4.16)
?
We can decompose this interaction term into Hartree and Fock parts as follows:

(whwa ) whwo+viwa (whwo ) + (Wiws ) viwe +whws (wie)
—y} <\|f1§wA> vp -V, <WZWD> WA — v <WZWB> ye -y <w§w> V5.

Writing this in the form:

v Ny = PNy,
gives:
<Ypwp > 0 0 — <YpYa >
N 0 <yiwe>  — <vylyg> 0
0 —<Vpye> < Vhvp> 0
— <Viyp > 0 0 <yhya >

Recall the definitions

Op 0 . —L 0 . —03 0 . 0 —0n
= 5 l = N 1 = N l = 5
Yo 0 —oy Y173 0 b Y2Y5 0 —o; Y172 5 0
. 0 —i0] X 0 —i02 X 0 (o)
[ = ,1 = ,1 = .
Y35 i 0 Y273 o, 0 Y175 B

We can then see that y(yN)y takes the form

W {80Y0 +mols + C13(iv173) + Cas5(i2Ys) + Cis(i1Ys) + C23(iv2¥3) 4 C35(iv3¥5) + Cra(iviv2) W,

where &) and my are the chemical potential shift and the charge density wave ordering we

had for the nearest neighbour interactions in Sec. 4.1, respectively. The additional Hartree
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terms

Ci3 o (na—np+nc—np),

Cas o< (na+ng—nc—np),

correspond to broken rotation by m/2 symmetry, which can be related to the staggered
potentials introduced in Chapter 3. Namely, {;3 corresponds to A, +Ajz and {>5 corresponds
to Ap — Az for the staggered potentials illustrated in Fig. 3.6. The Fock terms correspond to

next-nearest neighbour hopping:
Gs o = [(Whwo )+ (whwa ) — (whwe) = (wiws)
G o [(whw )+ (whwa ) + {(whwe )+ (wews))
s = [{whvo) — (whwa) — (i) + (vioun)].

G o —o [(wiwn) = (whwa )+ (whwe ) — (wiws )|

i

The parameters {15 and {3 generate real next-nearest neighbour hopping and at the mean-
field level, {35 and {;, correspond to imaginary next-nearest neighbour hopping, as is illus-
trated for {35 for the A and D sites for hopping amplitude o in Fig. 4.3 (there will also be
similar hopping between B and C sites). Such hopping leads to a term iotsin(kya) sin(kya)

in the Hamiltonian Hj.
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D D

- -

Figure 4.3: Imaginary next-nearest neighbour hopping for {35 for the A and D sites for
hopping amplitude o.

In order to incorporate these terms into the path integral, it is useful to note that the

Hartree terms correspond to the decomposition.

nanp+npgnc = g[(”A +ng+nc—np)*+ (na—ng—nc+np)* — (na —ng+nc—np)*
—(na+ng—nc—np)?]
= é [(@70w)* + (W9)* — (Fimvsy)* — (Finysw)’]
and the Fock terms to

nanp +npne =~ ¢ (P vsw)* + (Piy3w)* + (Wivs1s W) + (Finvw)?] -

Using this knowledge, we can decouple the interaction term in the action by introducing an
additional 6 Hubbard-Stratonovich fields: 3, {ps, {15, {23, {35 and {;o. This will lead to

6 additional terms in Sp;x

B
Smix = /0 df/dzf{z;m‘?i\(ﬂ:s\lf-i- CosWin2Ys W+ Cis Wiy ysy
03PV + C3sWiysys W + Cayiviva v},

with additional terms in the action for each of the new fields {;

B
S[t] = Uio /0 v / PEG(E )]
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The actions for ) and ¢ are modified to:

B
St = e [, 4 [P

provided Vy > Uy, and

B
S[0] = Vo~|2—Uo/0 dr/dzf[q)(z,r)]z.

The saddle point equations become:

4X — tI‘(M_l),
Vo — U
% = tr(iyoM "),
4G; _ . ) . .
7%) - tr(FlM 1)7 for Fi S {’YO’YI 9 lYl ) YOY37 lY&YOYZ; ZY27YOYS7 Z’YS} ’
4G; _ ) . ) . . .
7%) = w(iM™Y), for I € {iy173, 17275, Y15, (Y23, 135, 1Y1Y2 ) -

4.17)

As before, we investigate the transitions for each of the new order parameters separately
initially, by setting all other order parameters to zero and focusing only on one saddle point

equation. We now calculate the appropriate M~! for each of these order parameters.

For {3:
M = ikoYo + ik1Y1 + ikaYa — Bk1Yoys — BkaYoYs +iC13Y17Y3,
hence,
1 .
M = 1 { [—ké — (1= B*)[k|* = &i5 | I = 2iBkaGi3v2 + 2ik1 (Bko — iG13)ys + Zinokz“Ys}

x {ikoYo + ikiy1 4 ikaY2 + Bk1Yoys + BkaYoys — iC1311Y3}

with

- 2 -
A= kG — (1= B2~ Ch| "+ 4B K12 — 40 — B3) ¢ — 8iBkokiL .
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For (»s:
M = ikoYo + ik1y1 + ikay2 — Bk1Yoys — BkaYoys +iCas2 s,
hence,
N N R T P N R L . . .
M~ = < k= (1 =PB)|k|” = Cas| I —2iBk1Casy1 + 2iBkok1ys + 2ika (Bko — iCr5)Ys
x {ikoYo + ikiy1 + ik2ys + BkiYoys + Bk2Yoys — iCasY2Ys )
with

- 2 d .
A==k — (1= B2~ Gs| + 4B K12 — (B3 — k3)CBs — 8iBkok3Los.

For {;s:
M = ikoYo + ikiy1 + ikaYa — BkiYoys — Bk2Yoys + iCisyiys,
hence,
1 .
Mt = [ = (1 BAR — G| 1+ 2Bk Gusva + 24(Bhoka — ki 1) + 2iBhoki s |
x {ikoyo + ik1y1 + tkayo + Bk1Yoys + BkaYoys — iCisyiYs )
with

- 2 -
A== (1= BRG]+ 4B K — 4(1 — BRI — 8iBkoki aLrs.

For C23Z
M = ikoYo + ikiY1 + ikaYa — Bk1Yoys — BkaYoYs + C23iY273,
hence,
_ 1 5 ' . ‘ .
M = A { [_k% — (1= B?) k> = G3 | T+ 2iBkalosvi + 2i(Bkoki — ikaGa3)vs + 2sz0sz5}
X {ikOYO + ik1y1 + ikaya + Bk1YoYs + BkaYoys — C23 i’Y2Y3} ,
with

- 2 - -
A== (1= BORP — 3|+ 4B RI2 —4(1 — B) RI2C3; — 8iBRokikaCas.
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For (35:

M = ikoYo + ikiy1 + ikays — BkiYoys — BkaYoys + C3siv3Ys,
hence,

= [ (- BIRR — ] 1+ 2Bk + 2iBhokors |
x {ikoYo + ikiy1 + ikav2 + BkiYovs + BkaYoYs — C3sivavs )
with
A= [ (1= PRP - ] +ap k.

For {12:

M = ikoYo +iki1 + ikaYa — Bk1YoYs — PkaYoYs + Ciaiviva,
hence,

_ 1 - )
M= Z{ [—k% — (1B |k* - C%z] I —2kyC1ov1 + 2k1 CioY2 + 2iB(kok1 + k2C12) Y3
+2iB(koka — k1812)vs HikoYo + ikiy1 + ikaya + Bk1Yoys + BkaYoys — CiaiviYe ),

with )
A== (1= B2~ Ch| + 4B K12 — 41 — B KPC.
Having these results for the inverse propagators in hand, we now turn to the resulting six

saddle point equations:

4G . -1
Uo = tr(zyl'y3M )
of S Ca{[B (B Ch] - 28 - p23) - 2iBkok?
21)3 N 2 R ) ’
GO [ 4 (1 BRI+ G|+ 4BRIRP — 4K — B2H3) G, — 8iBkokIBLss
% = tw(ipysM )
0

Y

/ i Gs{ [+ BRP+ G| + 282 )} - 20Bkokd
(

2m)3 > 2 > _
P[4 (= B2)RR + G|+ 4B2R3IRI2 +4(BK% — ) s — BiBRok3Los
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4815 . -
3 M
Us tI‘(l’Yl’Y5 )
. St Gs{ B+ =BRP+ G| 20— 823 | — 2iBrokiko
B 21)3 > 2 . .
G (134 (1 BRI+ |+ BR3P — 41 — BT —BiBhokikaCs
4@23 . 1
2 M
Us tl‘(l’Yz’Y3 )
B /d37€ Con {3 + (1 = B KIZ+ 835 — 21— B)R3 } — 24Bkokiky
B 2n)3 - 2 - :
B (134 (1 BRI+ |+ 4B2R3IRP — 4(1 — B3, —BiBhokikatoy
4
% = (M)
0
dk I3+ (1B [k + G
= 4C35/(27E)3 ~ 2 o
16+ (1= B[R + G5 |+ 4B2A3 P2
and
4
% = tr(i’Yl'YzM_l)
0

a3k B—(1-BHk?+E,
42 (2n)3 1,5 7 Rk 207 Z10r2
[ko + (1 =P?)[k|]>+ 83, | +4B%kG|Kk[> —4(1 —B?)|k|>CT,

Now, we noted that the form of the saddle point equation for ¥ only holds if Vo > Uyp. If
Vo < Uy, then there will not be ordering in .

We now solve the saddle point equations for the critical couplings by investigating the
value of U for which the order parameter vanishes.
For {;3, we find, making use of similar manipulations to the case of nearest neighbour

interactions, that

1A N /1
U_m‘z_arzw(w—zt){ S T R l<ﬁ>}'

We find that the gap equation for {»5 is identical to that of {;3 up to the transformation

Y

Y
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ki < kp and {3 <— {55, hence Uss = Uy3. Similar arguments give U5 = Uz and

L1 A LT et ()

Uis Us 2@BE-4) (1 +7) | 2 |[T+y7
We also find
oA 1 1 {(1—BZ+BZY+)IH‘1_\/ﬁ _(I_BZ_BZY)tan—I(L)}
Uss 2m2 B2(B%—4) (y+ +7v-) 2+ T+ V- VviI-) )’
and

1 A1 1 (1—BZ+(2—52)Y—)tan1< 1 )
Uiz 212 B2(B2 —4) (v4 +7v-) V-

(B 2-B1s) }

2\
In Fig. 4.4, we plot the critical values for each order parameter as a function of 3, with

i
T+

ln‘

where v and y_ were defined previously.

the exception of Uj,, which is always negative, as is not of interest to us here as we only
consider repulsive interactions. We note that for small 3, broken rotation symmetry ;3
or {»5 wins out, but at a critical B, ~ 0.343, circulating current order of the {35 becomes
the favoured order. This shows an unusual feature for birefringent fermions, that in the
presence of birefringence a phase that would otherwise not be favoured for regular Dirac

fermions at § = 0 is stabilized at finite [3.

4.3 Phase Diagrams

From our investigations of nearest neighbour and next nearest neighbour interactions, we
were able to find the phase diagram of birefringent fermions as a function of nearest-

neighbour interaction strength Vj and birefringence parameter [3, as illustrated in Fig. 4.5.
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Figure 4.4: Competition between order parameters for the next-nearest neighbours in units

of the cutoff versus f3.
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Figure 4.5: The critical potential for the Hartree channel, 7, in units of the cutoff versus f.

For next nearest interactions, the phase diagram is as illustrated in Fig. 4.6.
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' circulating current (s

Birefringent semi-metal

0.343 1

Figure 4.6: Schematic phase diagram for the next nearest neighbour interaction strength as

a function of f3.

We have not investigated the transition between charge density wave ordering, broken
rotation symmetry and the circulating current phase. Combining the phase diagrams in-
cluding nearest neighbour and next nearest neighbour interactions, we can see that these

will depend on U, V and B. Fig. 4.7 shows the phase diagam at small § schematically.

vA
22
Aﬂ ’ A3
BR
A
CD
Birefringent Semimetal/
VA

Figure 4.7: Schematic phase diagram for small § when there are both nearest neighbour

and next-nearest neighbour interactions.

whilst Fig. 4.8 shows the phase diagram for larger .
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Figure 4.8: Numerically determined phase diagram for B > [, calculated at § = 0.50.

In the case of {35 and 7y order, we have considered the competition between the orders

when B > B, by solving the equations:

V()—U() 27’52 0 0 A ’
Gs  Gos

A 1
2 2 2N\1.2 2122 2
= = i _ 1_
U 2n2/o dk/o Ak [—x*+ (1= BH)k* + P2k + G35]

where
A== (1— PR — B2 — Bs]” + 42K + 4B (1 — 22),
simultaneously. The numerical solution of these equations for § = 0.5 is shown in Fig. 4.8

and solutions for larger B will be qualitatively similar.

4.4 Summary

In this chapter, we studied the effects of nearest and next-nearest interactions on birefrin-
gent fermions and saw the possible phases that can result from the interacting Hamiltonian

terms. We only studied the repulsive interactions between the spinless fermions and the
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calculations were done at a mean-field level but both Hartree and Fock channels were con-
sidered. We showed that for the nearest neighbour interactions, the Hartree term wins out
and gives rise to charge density wave ordering. For next-nearest neighbour interactions,
there is charge density wave ordering and broken rotation symmetry for small 3, with a
transition to circulating order at larger 3. This illustrates the richness of possible phases
that can arise for birefringent fermions that are not present for regular Dirac fermions,

especially when there are both nearest neighbour and next-nearest neighbour interactions.



Chapter 5

Birefringent Fermions in a Magnetic
Field

The spectrum of both non-relativistic and relativistic fermions in a magnetic field has long
attracted attention as a theoretical problem since the discovery of Landau levels. More
recently, electronic properties of two-dimensional electron gas systems in a strong mag-
netic field became of experimental interest due to the discovery of the integer and frac-
tional quantum Hall effects [81, 82]. Quantum Hall physics has also been seen for Dirac
fermions in graphene [83]. This motivates us to study birefringent fermions coupled to a
magnetic field. In this chapter, we obtain the generalization of Landau levels for birefrin-
gent fermions and their wavefunctions in the Landau gauge and discuss their consequences

for the Integer Quantum Hall effect.

5.1 Birefringent Fermions in a Magnetic Field

Whilst we originally derived birefringent fermions in a tight binding model with an artificial
magnetic field, we are free to ask what the spectrum of birefringent fermions looks like
when a magnetic field is present, without asking about specific tight-binding models that
might be required to realize them. Hence, we now derive the Landau level energy spectrum

by coupling a magnetic field to the effective Hamiltonian. We recall that in zero field

65
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He =27 [(y0y1+iﬁy3)kx+ (sz—l—iﬁys) ky}. .1)

To include a magnetic field, we transform to real space and make the the minimal coupling
assumption k—k+A (we have set 1 = 1 and the charge to unity). We use the Landau
gauge A= (0,xB,0). We will seek the Landau levels by solving the eigenvalue problem
(E—H)¥Y=0.

Noting that the system is translationally invariant in the y-direction, we make the fol-

lowing ansatz for the eigenstates:

fi
Yix,y)=e¢e"
) f3
fa
. ky+Bx . 0 d
We also make the change of variables § = W’ which implies P \/Ei
Rescaling the energy to € = E /2Jo\/B, we obtain the eigenvalue equation
d
€ —(14B)& i(l+B)a— 0
s p) f
(1+B)§ —€ 0 i(1-B)=z
3 % N Y (5.2)
—i(l+B)5g 0 & (-pg || B
o€ f
. J 4
0 ip-ls (B-1E e

By treating this as a system of four simultaneous equations and through judicious combi-
nation of the four equations we may obtain the following differential equation for fi:
2

2
@~ (1-BPE (1B g | [ (1488 + (14 B | i~ (1- B 0.
To solve this equation, we try a solution of the form f; = H,(§) exp (—%&2) , where H,(§)

is the ™ Hermite polynomial (we will not bother with normalization constants) and we

arrive at the following equation for the energy

et —202n+1)(1 +p>)e +4n(n+1)(1 —p*)?*=0.
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It is straightforward to solve this equation to find the generalization of Landau levels for

birefringent fermions, which depends on the integers n and the parameter [3.

Enp = j:\/(2n+ D(1+p2)+ \/(2n—l— 1)2(14B2)2 —4n(n+1)(1 — B2)2.

To connect to standard Landau levels, first consider f = 0. Doing so, we arrive at

e= i\/m, and € = ++/2n, as we would expect, in contrast to non-relativistic Landau
levels with energies €, = (n+ 1/2) (in the same units). In Fig. 5.1, we show the energy
levels as a function of 3 for n = 0,1,2,3,4,5. Note that in the limit § — 1, half of the
levels go to € = 0 (the flat band found at € = 0 when B = 0) and the other half go to
e=4,/2(2n+1).

Figure 5.1: Energy spectrum (g, ) as a function of § forn =0,1,2,3,4,5.

Having found f}, we can then find f4 from

2

fi= (5 [E- 0492+ (4B g | 1
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1
Taking f; = H,(§) exp <—§§2) , f4 can be determined as:

fi= (5 [ - 0 BP+ 20)] Hr@exp (382

when [ is non zero, noting that we can write €, g = 41/ fu =/ 12— an,

with f, = (2n+1)(1+B?) and g, = 4n(n+1)(1 — B?)2, we get the general form of f; as

follows:
fo= (5) [£VR - 2Bn 0 Hu@ewn (-382).

with the £ depending on the particular energy eigenvalue. We can obtain f, from f; and

fa through

efy= (11 P)Ef +i(1 - B)%ﬁt,

and f3 may also be obtained from fi and f4 using

;—éfﬁ(l—ﬁ)&ﬁ.

Following through the solutions for f7, f3, f4 for each of the energy eigenvalues, we

efs = —i(1+P)

find the following eigenfunctions, which are summarized below.

For n # 0 and € # 0 and eigenvalue

8"7““" - \/(2n+ 1)(1 _|_B2) + \/(Zn—i— 1)2(1 +B2)2_4n(n+ 1)(1 _[32)27
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the eigenfunction is
1

fo= He 2

= () { (B2 260+ 1)~ | 2100
(2B<zn+1>m)f1n+l<a>}e%§2,

= (gege) {a+pr-bein -7 -s] aHn<a>—<1+B>2Hn+1<a>}e%éz,

k= () -] e

For the energy eigenvalue:

En—t = —\|fat\/f7 — &n:

h o= (m) { [<1+B>2+2B<2n+1>— \/fr%—gn} £ (2)
1
- (ZB(Zn+ - \/f,z—gn) H,,H(a)}eigz,

= (g ) {|a B -2 -7 -] aHn@)—<1+B>2Hn+1<a>}e‘%§2,
k= () -] e 2

For the case of the energy dispersion

&nt— = Jn— \/ f;12 — 8ny
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1
fl = Hn(&)e 2 )
h o= (m) { [<1+B>2+2B<2n+1>+\/f,$—gn} £, (8)
1
- (2B<2n+ 1) + \/ fr% _gn) Hn—l—l(&)}e_iiza

—i

= (g ) {[a+pr-2pen /57— e - (1+B)2Hn+1(§)}e%&2,

r = (=g) [\/ﬁJrZB(ZnH)]Hn(é)e_%&Z-

Finally, for energy dispersion

&n—— = — Jn— \/ fr%_gfh

we have

1,
ho= HEe 2"

r = (aepe—) { (B2 280+ 1)+ /7 ] )
_ (2B(2n—|— 1)+ \/ﬁ) Hy11(8) }e%?,
f = (gape—) {[0+pr -2+ /57— e - <1+B>2Hn+1<a>}e‘%§2,

fi = (1:1[52) [\/ﬂmﬁ(znﬂ)}m(i)eégz.

For n = 0, the energy is either € = 0 or € = +/2(1 + 2). In the expressions above, for
/> and f3, we divided by €. This is clearly inappropriate when € = 0. Hence we consider
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the case n = 0 separately. When the energy dispersion is € = &y 4 = 1/2(1 + B?), then the
set of eigenfunctions are:

1
i = eizéa
1
_ 1 gy e*‘gz
£ = (e ) e+ 0-prake 27

o= (g )arpze 2,

w= (1 )(1—6)55‘&’2.

where we noted Hy(§) = 1 and H,(§) = 2&. Also for the energy dispersion:

€0,—+ = —/2(1+p?),

_1§2
fii = e27,
%)
£ o= (;) {4Bé+(1—B)22&}65&,
(1+PB)eo,—+
%)
i -5
no= (g )apee 2
€0,—+
1
o= (y15)0-B e
= —Be .
! 1+
For the case of the energy dispersion €y = gy __ = 0, one eigenfunction is
o
fl = e 2 y
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Now, when € = 0, f; and f3 decouple from f; and f; in Eq. (5.2), in which case we either
have a solution with f, f4 # 0, f> = f3 = 0 or vice versa, in which case we obtain

fi=ify=ie 512

5.2 Integer Quantum Hall Effect in Birefringent Fermions

The integer quantum Hall effect in graphene shows plateaux at 6 = +(4n + 2)e? /h, which
is a result of the four fold degeneracy (two from spin and two from valley degrees of
freedom) for the n # 0 Landau levels and two fold degeneracy for the n = 0 Landau level.
In our model, when J = 0, one would expect to see an integer quantum Hall effect with
conductivities 6 = fe? /I with f = 4(2n+ 1), since for spinless fermions, the system lacks
spin degeneracy, but there is still a two-fold degeneracy for n # 0 associated with the doubly
degenerate Dirac cones. When 3 # 0, the breaking of degeneracy of the Dirac cones implies
that the integer quantum Hall effect will also be modified so that conductivities for all non-

zero integers should be present, i.e. 6 = fe?/h with f = +(n+1).

5.3 Summary

In this chapter, we studied birefringent fermions coupled to a magnetic field and obtained
the generalization of Landau levels for birefringent fermions. We also discussed conse-
quences of fermion birefringence for the integer quantum Hall effect and the fact that

fermion birefringence allows for more quantum Hall states than regular Dirac fermions.



Chapter 6
Conclusions and Future Directions

In this thesis, birefringent fermions have been introduced as the low energy excitations in a
particular tight binding model that emerged from a scheme to realize an artificial magnetic
field for cold atoms in an optical lattice. In Chapter 3, we developed the theory of non-
interacting birefringent fermions. In particular, the low energy theory was discussed and
the appropriate Dirac-like Hamiltonian was analyzed.

We showed that the model displays the unusual property that chiral symmetry is bro-
ken in the kinetic energy rather than via mass terms. Moreover, we show that this has the
consequence that the doubly degenerate Dirac cones split into two cones with two sepa-
rate slopes, analogous to a situation in which there are two speeds of light for fermionic
excitations, similar to birefringence of light in crystals such as calcite. In Chapter 4, we
considered both nearest neighbour and next-nearest neighbour interactions at the mean field
level. We showed phase diagrams as a function of birefringence parameter 3, and found that
in the presence of both nearest neighbour and next nearest neighbour interactions, fermion
birefringence can stabilize a circulating current phase that is not favoured for regular Dirac
fermions. Finally, we considered the effect of a magnetic field on birefringent fermion and

its implications for the integer quantum Hall effect.

6.1 Future Directions

There are a number of future directions that could be pursued from the work in this thesis.

One generalization would be to consider fermions with spin and to study the effects of
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on-site Hubbard interactions, which could require an approach similar to those used to
study QED3 in high temperature superconductors [84]. Another might be to consider the
combined effect of a magnetic field and interactions and possible phases that might arise
in such a case. One might also wonder if we can generalize birefringent fermions to higher
dimensions than two? To answer that question, we consider a tight binding model for
spinless fermions on a cubic lattice in three dimensions, similar to that discussed by Hosur
et al. [85]. The unit cell is illustrated in Fig. 6.1. There is nt-flux through each of the faces
of the cube and two sides with hopping amplitude J_ and two with J. for each plaquette of

the cube too. With the labelling in Fig. 6.1, one can define an 8-component fermion with

fM=(c],ci,ci,ci.cl.clcic,

)T _']—

2
, Jy Y
J. E T

Figure 6.1: Unit cell of a three-dimensional tight-binding model with birefringent

fermionic excitations.

and the tight binding Hamiltonian may be written as
H=) f, L Hy fr.
k

The non-zero elements of hopping matrix, Hy, are

Hys = J,cosky, Hig = —J_cosky,, Hig = —J_cosk;, Hys = Jycosk,, Hys = J_cosky,
Hy; = —J_cosk;, Hys = Jycosk,, Hy; = Jycosky, H3g = —J cosky, Hys = Jycosk,,
Hy7; = J_cosky, and Hyg = J_ cosk.
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This may be written in terms of the Pauli matrices in the following form:

H, = JCOSkx(Gl®12®12)+JBCOSkx(61®12®G3)+JCOSky((52®Iz®(52)
+JBcosky (61 ®03R61) +Jcosk; (02 ®02 R6G1) +JPcosk (61 @61 ®0O1).

To find the spectrum, we square the Hamiltonian, which yields
0 - M 0 |
0 M,

M]j = 8014—|—81(12®G3> —82((53@(53) —83((53 ®]2) +(X1(G3®(51 —|-12®(51)

where
+0u (01 ®0; —0r,®062)+03(01 @ — 01 R03),

and

M, = gols+¢ (Lh®03)+€(03®03)+€3(03RD5)+0(0300] —hL®06Y)
+0(01 ® 61 +062®02) +03(01 ®63 — 61 ® ),

with

g0 = J2(1 4 B?)[cos? ky + cos? k, + cos? k],

g1 = 2BJ% cos? ky, €2 = 2BJ? cos? ky,

€3 = 2BJ? cos? k;, oy = 2BJ% cosky cosky,

o = 2BJ% cosky cosk;, 03 = 2BJ? cos ky cosk;.

We can diagonalize the 4 x 4 matrices M ,j and M, separately and find that the eigen-

values of Hy are E = +J(1 £ ) \/ cos? ky + cos? ky + cos? k, each with 2-fold degeneracy
implying a low energy spectrum around the 8 Dirac points K = (£m/2,+m/2,+7/2) of

g5 = £J1|q|, with § = k — K. Future work on this model could involve studying possible

ordered phases from interactions and their dependence on the birefringence parameter.



Appendix A

Terms neglected in the derivation of the
tight-binding model

In deriving the effective Hamiltonian, Eq. (2.3), we kept only the lowest order terms in

Jt/h. The relevant next order terms are:

21 h

A1,)1

11]itJ : ; .
i B 2mioy T 2mioxy .
Z {e CX1+17y1CXI-/YI + Be CX17y1+1CX1 Al +H.c ’

it
+ﬁ‘] Z {C;L-ZJrl 7Y2Cx27}’2 + C;LYZH Cijyz + H.C}

X2,Y2

bl
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which can be evaluated to be:

Zﬂ:zocyl T '{' 2Tioy T
Z Z x1+1 y1 Xy x2+1,yzcx27m] te [ x1+1 12151 Cxy y2+1cx2 YZ]
X17y1 X2,y2

2oy 1.1 + 2Tioy T
+e [Cx1+1,ych1,y17Cx2,y2CX2+17y2] te [ x1+1 V1 xla)’l’ xz,yz x27)’2+1]

—2miotyy [ .1 + —2Tioty| T
+e [Cxl,ylcx1+l7y1’CXQ+1,y2Cx27y2] te [cxl,ylcx1+17)’17 x3,y2+1 x2,y2]

—2Tioy; .1 T —2mioy [ T T
te (€1 Cxit Ly 5 €y o Cra b Ly ] € (€1 Cxit Lyt 5 €y Cxa 1]

2mioy 1.1 T 2Ti0x] T

+Be [Cxl 11601y Cxy 11 yzcxz,yz] +Pe [ 1 y1+lcx17)717CX2,y2Cx2+17y2]
2miowey [ .1 T 2o ’r

+B [ xl,y1+lcx1 Y1 XZ,yzcx2>y2+1] + Be [ x1 y1+1cx1:y17 X2,Y241 x27)’2]

—2miox) | .T T 2miox) T
+B€ [cxl,ylcxl 7yl+17cxz+1,y2cx27y2] + Be [Cxl ylcxlvy1+17 xp,y2+1 szz]

—2mioxy 7. T T 20X T
+Be [thylcx] ,y1+17cx27y2cxz+17yz] + Be [Cxl ylcxl,y1+17 xz,yzcxz,y2+1]

Now, {cq, ¢, } = 84, and so we have:

T T
CxuyaCxp:Yb 2 Cxpye Cxaya

_ T T _F i
= Cxu a9 Cxe e Cxa.Ya T CxeyeCxa:YaCxa,ya Cxb Vb
T AT AT _ i
Cxu Ya {be e 6)’b Ve Cxc Ve be Vb }de Vd Cxc Ve {Sxa Xa Sya Vd Cxq WYa de Vd }be Vb

= Oy 0

T _ T
YbsYe Cx, »Ya de Yd Sxa Xd Sya Vd Cxc e be RYA
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Therefore, the additional terms are

I oni f i t t
_ v Ty o o
AR? Z ¢ Cxi+1y1Cxy =1,y — Cxr 20 Cxyyy T Crit Ly €y yy—1 ~ Ot Ly +1€x
X1,)1
+c cJr —cC cl +c cT —cC clf
x1+1y1€x 41,y X111 %1,y x1+1,y1€x y+1 x1+1Ly1—16x y,
—2miay; T o T i . +
+e Clelcxl,yl CX1+17ylcx1+l,y1 +Cx17ylcxl+1,y1—1 Cx17y1+1cx1+1,y1
i i i i
O 1€ 42, ~ Cr—1y1Cx 41y T3 Cr 1y +1 ~ Cxiyi—1Cx 41y,
+Be?m | ¢ ¢ —Cx oy Ch L Fe ! —c el
1 y1+H1C — 1y T G Cxpyy T G181y T Car—Lyi+16x
i i i i
+cx1 7)’1Cx1,y1+1 - th)’lcxl,yl + Cxiy Cxl yi—1 Cx17y1+2cx1,y1

— 270X T ¥ + +
+B€ cxlvylcxl—l,y1+l — Cxi+1y Cxl,yl—H +Cx1 Y1 Cxl,yl - cx17y1+1cx1,y1+1

oo i i _ i
+Cx1 1Cx CXI—L)’ICxl y1+1 + th)’lcxhyl—l—Z Cxp 7)71—1cx17y1+1

We have not investigated all of these terms, but note that at least those which correspond to
next nearest neighbour hopping from sites A to D or B to C will preserve the birefringent

property of the spectrum.
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