Localization Algorithms in a
Wireless Sensor Network

Using Distance and Angular Data

by
Mahsa Najibi
B.Sc., Shiraz University, 2008

Thesis Submitted in Partial Fulfillment
of the Requirements for the Degree of

Master of Applied Science

in the
School of Engineering Science
Faculty of Applied Sciences

© Mahsa Najibi 2013
SIMON FRASER UNIVERSITY
Summer 2013

All rights reserved.
However, in accordance with the Copyright Act of Canada, this work may
be reproduced, without authorization, under the conditions for
“Fair Dealing.” Therefore, limited reproduction of this work for the
purposes of private study, research, criticism, review and news reporting
is likely to be in accordance with the law, particularly if cited appropriately.



Approval

Name: Mahsa Najibi
Degree: Master of Applied Science
Title of Thesis: Localization Algorithms in a Wireless Sensor Network

Using Distance and Angular Data

Examining Committee:

Chair: Dr. Bozena Kaminska
Professor

Dr. Rodney G. Vaughan
Senior Supervisor
Professor

Dr. Atousa Hajshirmohammadi
Co-Supervisor
Senior Lecturer

Dr. Jie Liang
Internal Examiner
Associate Professor

Date Defended: May,10, 2013




Partial Copyright Licence S F U

The author, whose copyright is declared on the title page of this work, has granted to
Simon Fraser University the right to lend this thesis, project or extended essay to users
of the Simon Fraser University Library, and to make partial or single copies only for such
users or in response to a request from the library of any other university, or other
educational institution, on its own behalf or for one of its users.

The author has further granted permission to Simon Fraser University to keep or make a
digital copy for use in its circulating collection (currently available to the public at the
“Institutional Repository” link of the SFU Library website (www.lib.sfu.ca) at
http://summit/sfu.ca and, without changing the content, to translate the thesis/project or
extended essays, if technically possible, to any medium or format for the purpose of
preservation of the digital work.

The author has further agreed that permission for multiple copying of this work for
scholarly purposes may be granted by either the author or the Dean of Graduate
Studies.

It is understood that copying or publication of this work for financial gain shall not be
allowed without the author’s written permission.

Permission for public performance, or limited permission for private scholarly use, of any
multimedia materials forming part of this work, may have been granted by the author.
This information may be found on the separately catalogued multimedia material and in
the signed Partial Copyright Licence.

While licensing SFU to permit the above uses, the author retains copyright in the thesis,
project or extended essays, including the right to change the work for subsequent
purposes, including editing and publishing the work in whole or in part, and licensing
other parties, as the author may desire.

The original Partial Copyright Licence attesting to these terms, and signed by this
author, may be found in the original bound copy of this work, retained in the Simon
Fraser University Archive.

Simon Fraser University Library
Burnaby, British Columbia, Canada

revised Fall 2011



Abstract

The applications of positioning in wireless sensor networks include patient
monitoring, asset tracking, and intelligent transportation including air traffic control.
Popular methods are: received-signal-strength (RSS); time-of-arrival (TOA); time-
difference-of-arrival (TDOA); and angle-of-arrival (AOA). Estimation is based on
nonlinear equations constructed from measurements and knowledge of the anchor node

geometry.

In this thesis, anchor-based line-of-sight TOA and AOA are reviewed, and new
techniques, namely DAOA (differential-angle-of-arrival) and hybrid TOA/DAOA are

proposed for rotating laser implementation.

For the TOA approach, a nonlinear Least Square Estimator (LSE) is applied to
one- and two-dimensional systems, then the equations are linearized and solved by
unconstrained/constrained LSE. This LSE procedure is also used for AOA. For DAOA,
all the anchors are placed on a circle in order to simplify the solution, and then LSE is
used to estimate an unlocalized node. The statistical accuracy of these methods, from
simulation, is presented graphically for simple read-and-use application.

Keywords: Localization algorithms; Time-of-Arrival measurement; Angle-of-Arrival
measurement; Differential-Angle-of-Arrival; Hybrid TOA/DAOA, Least
Squares Estimation
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Chapter 1. Introduction

Estimating the physical coordinates of a mobile station (MS) or a group of sensor
nodes is a fundamental problem in wireless sensor networks (WSNs) and is often called
localization [1][2][7]. This problem has received significant attention in the field of
wireless communications since the U.S. Federal Communications Commission (FCC)
requested the accurate location of all enhanced 911 (E911) callers to be automatically
determined in the United States [18]. Although the E911 service motivated the
development of cellular-aided positioning in the WSN field, accurate mobile positioning
information is one of the essential features for many other applications in third
generation (3G) wireless systems, but this tends to use GPS data. Some of these
innovative navigation and tracking applications are asset tracking, monitoring an
environment in dangerous regions, controlling traffic in streets, controlling an inventory in
storehouses, intelligent transport systems, patient monitoring and personnel
management in rescue operations [7][9][16]. Data gathered in most of these
applications require information of the sensor positions. In order to associate the data
with their origin, localization algorithms can help establish the positions of the sensors
[16]. Consequently, different localization algorithms have been proposed in the literature
[16][9]. An accurate location technique is far from trivial, and the meaning of “accurate”

in the context of location covers a wide range.

Wireless localization mostly relies on ray theory for wave propagation. Rays
cannot exist by themselves, but they are a useful model for propagation effects. The
bandwidth of the signal, B Hz, gives a time resolution of AT = 1/B seconds, and this in
term governs the distance resolution through the speed of light, i.e., Ad = C/AT'
Accurate distance resolution requires a high bandwidth. For wireless systems that use
radiowaves, the wide bandwidth is a biting constraint. However, radio waves can pass,
at least to some extent, through optical obstacles, such as walls. Optical systems,

implemented with lasers, can get round the bandwidth constraint. Rotating lasers are



now standard instruments for precision measurement of distance and angle for using in

location algorithms; but their rays cannot pass through walls, etc.

Wireless distance measurement also requires some form of time synchronization
between the transmitter and receiver(s). In radio systems, the synchronization is
possible using standard communications techniques, which include the communications
protocol. For example, in GPS, synchronization at the receiver can take several tens of
seconds, to several minutes, depending on the gain of the antenna. In GPS, the location
is calculated at the receiving terminal, and the transmissions are from multiple satellites.
In other systems, the device to be located transmits the location-signal and the receivers
are at known locations, and their signal reception information is coordinated so that the
algorithm can estimate (assuming ray theory) the location of the transmitter. This thesis
does not deal with specific communications technology or specific hardware, because
this itself is a specialist topic in communications. The focus here is on the algorithms
used for location. In short, it is assumed that the hardware can accurately estimate the
time of arrival of ray-like signals. This allows the location problem to become purely
geometric, and the algorithms use noisy distance and/or angle measurements between

the sensors. This is a typical approach in much of the location literature.

A large amount of research has been undertaken for the localization problem,
especially for indoor positioning. In most of this literature, ultra-wideband (UWB) radio
techniques can enable location algorithms to provide good absolute localization
accuracy, in principle [16]. But this assumes ray theory with no ray scattering in between
the sensors of the WSN. Also, for indoor situations, the device to be located, typically
the transmitter, is in close proximity to, and likely surrounded by, receiving sensors
whose positions are known. This configuration allows good absolute accuracy under the
usual assumptions of negligible scattering. But in practice, because of the ray
scattering, the relative accuracy is poor, i.e., the location error relative to the distance
between the other sensors. For example, for indoor sensors whose positions are known,
a typical spacing may be ten metres, and for a location accuracy requirement of one

metre, the relative location accuracy is about 10%.

For outdoor sensor networks, where the sensors can be spread widely, the

relative accuracy must be very high. For example, the distance between the known 3



sensors (base stations), may be 1km, and for a location accuracy of one metre, the
relative accuracy of the location systems must be 0.01%. There is still no well-accepted,
simple, accurate, and energy efficient approach suitable for solving the localization issue
in such WSNs [16]. Accurate positioning of a mobile station (MS) from its wireless
communications signals, such as cellular or other wireless sensor networks, has also
been the subject of much research owing to its usefulness and the challenges of making

it accurate.

Generally, large area wireless location is essentially solved with satellite
navigation systems, but there is still a need for terminals that do not have satellite
systems or do not have clear access to satellite signals. Even when there is clear
satellite access, such as for aircraft navigation, there is often a need for back-up
navigation systems. In commercial aircraft navigation, this need is a legal requirement.
The most popular satellite system is GPS (Global Positioning System) [26]. For a large
number of sensors in a WSN, GPS is considered too expensive since a WSN normally
implies low cost terminals [17]. GPS is unreliable (unavailable, or inaccurate) in
locations where there is no direct link with the satellite constellation or there is signal
interference from other users of the radio spectrum [27]. The WSN alternative solution is
to have a subset of sensor terminals, or nodes, which are aware of their own global
coordinates a priori by using either GPS or manual configuration [2]. Such nodes are
usually time-synchronized, and may be equipped with special capabilities such as
directional antennas [15]. These nodes are considered as the necessary prerequisites
of localization in a network, and are called beacons or anchor nodes [2]. Their known
locations help to compute other individual nodes’ locations, including MSs, using
techniques such as lateration, and angulation or a combination of these if the distances
and angles between pairs of anchors are known [17]. Techniques which are based on
the precise measurement of distance to three non-collinear anchors are called
trilateration. The use of more than three anchor receivers to locate a transmitter is
known as multilateration. Angulation or triangulation is based on information about
angles instead of distance. Here, the MS, or the unlocalized node, is the node whose
location has not yet been determined. The terms anchor nodes and unlocalized nodes
are used throughout this dissertation without further elaboration. It also should be

mentioned that in some circumstances in which the absolute locations of the anchors are



not available, the system is called anchor-free [15]. A number of algorithms has been
proposed in the literature, e.g. [25], that could locate an unknown sensor node in such a

network.

The most popular methods or measurements in the literature, e.g.
[71[9][16][28][32], for estimating the position of an unknown sensor are: received-signal-
strength (RSS); time-of-arrival (TOA); time-difference-of-arrival (TDOA); and angle-of-
arrival (AOA). The estimation is based on a set of nonlinear equations which is
constructed from these measurements, with knowledge of the BS geometry. Basically,
there exist two approaches for solving these nonlinear equations. One approach is to
solve them using nonlinear least squares (NLS). It just requires sufficiently precise initial
estimates for global convergence because the corresponding cost functions are
multimodal. However, the optimum estimation performance can be obtained from this
approach [7]. The second approach to solve nonlinear equations is to reorganize the
nonlinear equations into a set of linear equations and then use LS or WLS. In this case,

the real-time implementation is easier and global convergence is ensured [7].

Above, a ubiquitous classification has been used between indoor and outdoor
situations. An alternative classification is line-of-sight (LOS) and non-LOS (NLOS)
situations. This refers to an electrical line-of-sight, so that “LOS” implies Fresnel
clearance for all propagation paths. LOS is often confused with meaning an optical sight
path, as in a path visible to the eye. An optical sight path seldom implies that there is
LOS for radio waves. However, for laser frequencies, which are indeed optical, an
eyeballed sight path normally means LOS propagation. NLOS means that the multipath
propagation, or ray scattering, is significant. Here, signal energy arrives at the receiver
via the different paths, and usually there is no direct (LOS) path. As a consequence, the
“as the crow flies” distance is hard to relate to the derived time-of-flight of signals. NLOS
is often associated with indoor propagation, where walls, etc., form the multipath
scatterers. NLOS is also associated with many outdoor links, where buildings, etc.,
similarly form scatterers. For example, a direct path is seldom found in a cellphone link,
even if the cellphone is outdoors. On the other hand, in dealing with location within a
single indoor space, it is possible to have a clear direct path, i.e., LOS. For radio
signals, there will be reflections, or multipath, from the indoor structure as well, and this

can be difficult to suppress. If optical technology, i.e., lasers, is used, then the multipath

4



can be more easily suppressed, and a situation of essentially pure LOS is possible.

Rotating lasers are used for LOS indoor and outdoor location.

The remainder of this thesis deals with the LOS case. However, new work
undertaken by the author on NLOS location estimation, has contributed to a research
paper [24], but this is still under review and is not included in this thesis. The LOS is
normally a bad assumption in any radio link, but laser systems get round this problem,
as noted above. One application of motivating interest for this thesis is exactly this case:
a large indoor environment where 2D positioning is required on the floor to within

millimetres.

Similar to the traditional triangle positioning algorithms, LOS propagation from
reference stations is assumed. (Most LOS algorithms are feasible for use in suburban
environments with few obstacles, and these algorithms remain the basis for NLOS
positioning algorithms [8][13][33].)

The geometric positioning problem is well known, and has two main steps, viz.,
ranging and localization. In the ranging step, for example, in the TOA approach, the
distances between an unlocalized node and different anchor nodes are measured. The
localizing step means computing the unlocalized node coordinates based on distance

estimates [13]. Figure 1-1 illustrates these two steps of localization.
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node
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Figure 1-1. General concept of localization (adapted from [13]).

1.1. One Categorization of
Sensor Network Localization Algorithms

Localization schemes can be categorized from different aspects. One category
depends on the mechanism used for the localization, so in this case localization
schemes can be divided into two general categories, according to [13], [21]. Normally,

the localization methods are referred to as

* Range-based (uses a direct range or angle measurement of some sort.)

* Range-free (does not use a direct measurement of range or angle, etc.)

Such a broad classification restricts classification to hardware requirements of
the localization schemes. The first category is based on calculating either distances or
angles of the anchors with their neighbors by using technologies such as TOA, TDOA,
RSS, and AOA. In the second category, only indirect distance measurements are used

sometimes called proximity sensing, allows the approximate localization [21].



1.1.1. Range-Based

In this category the concept of measuring the range of wireless signal
transmissions is important. Additional devices such as timers, signal strength receivers,
directional antennas, and antenna arrays are used. Range-based localization relies on
the availability of point-to-point distance or angle information. The obtained
measurements of different ranging techniques such as TOA, TDOA, RSS, and AOA are
the keys for range-based schemes for locating an unknown node [20][13]. Range-based
localization will normally produce higher localization accuracy than range-free.

1.1.2. Range-Free

Range-free does not require specialist hardware to directly measure distances or
angles among nodes in the system. Proximity detection (to sensors with known
postions) without a range estimation, serves to coarsely locate the device
[1][6][10][13][35]. This technique can be divided into two sub-categories: the local
technique and the so-called hop-counting techniques [15]. In the local techniques, a
node with unknown coordinates collects the proximity information of its neighbor anchor
nodes with known coordinates to estimate its own coordinate. In hop-counting, each
unknown node gathers the number of hops between its neighboring anchor nodes and
then seeks the smallest hop count to its neighboring anchor nodes using the designated
routing protocol [15]. The range-free category is included here for completeness, but is

not taken further in this thesis, because it is not accurate enough.

1.2. Different Measurements of the Location Metrics

A number of methods, e.g. AOA, TOA, and RSSI (received signal strength
indicator); have been published extensively for wireless positioning. In this section these

most popular methods are briefly reviewed.

RSS: The RSS approach (or Signal Attenuation-Based method) attempts to
calculate the mathematical model of signal path loss due to propagation [3]. This
method is not pursued after this section though, because it is seldom accurate enough

compared to the other methods [13]. The RSSI is a voltage at an anchor node receiver



representing the power of a known signal (a pilot for example) sent by the unlocalized
node. By using at least three anchors to resolve ambiguities (in a free space type
propagation model), the unlocalized node location can be estimated [13]. So,
mathematically, the RSS method does not have the technical complexities of TOA or
TDOA. However, any real-world radio propagation model does not give good sensitivity
for mapping RSSI to range and multipath makes the situation almost impossible for
reasonable accuracy [3]. It is intuitively obvious that narrowband channel RSS cannot
contribute reasonable relative accuracy from standard multipath propagation
considerations, and even in idealized LOS situations, an excessively high signal-to-noise
ratio (SNR) - i.e., one not found in typical mobile communications — would be required for
modest accuracy. Wideband RSS is also problematic, and again, an excessively high
SNR would be needed to gain reasonable relative distance estimation accuracy. Finally
the RSSI is the summation of all received power in the radio band of interest, so that
interference — signals from other users of the spectrum — will be included. In the ISM
(industrial, scientific and medical) bands, where the spectrum is unregulated, the
interference would cause havoc, even in perfect LOS propagation conditions.
Nevertheless, this has not stopped researchers attempting RSSI techniques for
localization, perhaps because of the conceptual simplicity. The RSSI signal,
corresponding to the total power in a frequency bound, is available on most receiver
chips, so it does not require additional complexity. In free-space, the inverse-square law

allows an estimate of the range.

The basic (without the several efficiency factors such as polarization mismatch,
impedance mismatch) Friis transmission equation relates the path gain to the received

power [14]:

Prec.(d) = Pirans. X Grx X Grx X Gpgtn » (1'1)

where d is the distance between the transmitter and the receiver. In free space, the
received power—distance relationship is from the path gain (inverse of path loss)

equation, Gpaen = (47d/2)~2, where A is the wavelength. For multipath situations, a

reference distance, dr, is used. By setting the reference distance to the wavelength, a



larger exponent, np, than for the free space path loss is applied to the excess distance,
so the mean multipath gain is:

—Nnp —np

= (47)72 (%) . (1-2)

The second equality follows from the choice d, = 1[14]. In log terms, the model of (1-1)

is often expressed in a different form, as [5]
d
Prec.(d) = Pr(dr) —10np lOQlo(d—) + X5, (1-3)
T

where P.(d,) is the free-space power at the reference distance (between the transmitter
and the receiver). In (1-3), X, is introduced as a statistical variation. X, is modelled as
a zero mean log normal random variable, which represents the so-called shadow fading
caused by electrically large obstacles (buildings etc.). The short-term or Rayleigh-like
fading from the multipath is not explicitly in these propagation equations, although it
could be included in the log normal term. So, an RSSI voltage (averaged over the short-
term fading and the shadow fading), representing measurement B.(d), allows, in

principle, the range to be estimated by:

Pr(dr)_Pr(d)
d=d,.10 10mp (1-4)

Figure 1-2 describes the distance calculation using RSS. It shows that RSS
decreases proportionally to the inverse of squared distance between two nodes (for
example, the unlocalized node and an anchor). So, this is the reason that RSS method

does not have an accurate result for far distances even in free space.



Signal Strength
'

RSS ===~
RSS o 1/D?

» Distance between
D 2 nodes

Figure 1-2. Representation scheme of RSS approach for distance estimation
(adapted from [21]). D=distance between two nodes.

TOA: In the measurement of absolute TOA, the distance between the MS (or
unlocalized node) and BS is taken as directly proportional to the LOS propagation time.
The time is determined from the measured one-way, or sometimes two-way (c.f. radar)
propagation time [7], [3]. For two-dimensional positioning, this provides a circle centered
at the BS on which the MS must lie. By using at least three BSs to resolve ambiguities
arising from multiple crossings of the lines of position, the MS location estimate is
determined by the intersection of circles [7]. Using TOA requires that all the participating
anchors and unlocalized node clocks be synchronized [13].

TDOA: The idea of TDOA is to determine the relative position of the mobile
transmitter by examining the difference in time at which the signal arrives at multiple
measuring units (BSs), rather than the absolute arrival time, TOA [3]. In principle, it does
not require a synchronization of all the participating anchors and unlocalized node - the
uncertainty between the reference time of the anchors and that of the unlocalized node
can be removed by a differential calculation. Therefore, only the anchors involved in the
location estimation process must be synchronized [13]. Each TDOA measurement
defines a hyperbolic locus on which the MS must lie and the position estimate is given by
the intersection of two or more hyperbolas [7]. So, an unknown target can be estimated

in 2D plane from the two intersections of two or more TDOA measurements [3][34].
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AOA: The AOA estimation method (also called Angulation Technique) requires
the BSs to have multi element antenna arrays for measuring the arrival angles of the
transmitted signal from the MS at the BSs. From each AOA estimate, a line of bearing
(LOB) from the BS to the MS can be drawn and the position of the MS is calculated from
the intersection of a minimum of two LOBs [7]. The advantages of AOA are that a
position estimate may be determined with as few as three measuring units for 3D
positioning or two measuring units for 2D positioning, and no time synchronization

between measuring units is required.

The disadvantages include the need for relatively large and complex receiving
antenna arrays and proper direction of arrival (DOA) estimation algorithms at the
anchors, and location estimate degradation as the mobile target moves farther from the
measuring units. For accurate positioning, the angle measurements need to be
accurate. In order to get high accuracy measurements in wireless networks, influences
of shadowing, multipath reflections arriving from misleading directions, or by the
changing directivity of the antennas must be minimized or discarded [3]. Recently, laser
techniques have enabled reliable and accurate angle measurement, and this makes

AOA feasible, at least for LOS situations.

1.3. The Field of Interest and Contribution of This Thesis

As mentioned earlier, different applications of localization in wireless sensor
networks make this problem scientifically interesting and many algorithms for positioning
have been proposed in the literature. This thesis considers a wireless sensor network
with a known number of anchors and one unlocalized node, and the whole system is

static for the duration of the location estimation.

Three cases are considered. First, only noisy distances of the anchors to the
unlocalized node are known. The popular TOA algorithm can be considered for this
case. Second, only noisy angles subtending the anchors from the unlocalized node are
known. Using the idea of AOA algorithm, a new technique, here named DAOA, is
proposed. DAOA is new and has not been discussed in the literature before as far as

the author is aware. Third, both noisy distances and noisy differential angles are known.
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This case is similar to the popular hybrid TDOA/AOA method. However, the known
angles are the angles between the anchors not the AOAs and the distances between the
nodes are calculated from TOA. This latter case is feasible using laser technology, at
least for LOS situations. It has not been discussed in the literature before, to the best

knowledge of the author.

Besides reviewing TOA, AOA, and hybrid TDOA/AOA technique, a new
contribution of this thesis is a technique which uses DAOA measurements for location
estimation. The other new contribution is applying angle and distance measurements in
a hybrid technique named TOA/DAOA. This latter technique turns out to perform better,
but only slightly better, than TOA method. LSE is used throughout this thesis. Also, as a
check, nonlinear LS is used for the estimation using TOA measurements and the results
are consistent with those from unconstrained/constrained LS presented in the literature.

1.4. Summary

Geometric range-based techniques for localization using distances (distance-
based) and angles measurements (angle-based) are investigated in this thesis. The first
goal of this thesis is to understand and implement an estimator (algorithm) for the
location in 2D where the distances (TOA) of the unknown node to known locations
(anchors) are given with known statistical accuracy. As an example to fix ideas, the 2D
area is square, with length 100 units. The accuracy will be expressed in these units, say
metres. Since the equations obtained from the measurements are nonlinear, the first
guess for the position estimation would be Nonlinear Least Squares Estimator (NLSE).
The nonlinear estimators were introduced for 1D and 2D localization. Also, the
unconstrained and constrained LS approach using TOA measurements is adapted from
the literature. The results from the simulations for both the nonlinear and the linear

unconstrained approach are consistent. So, the first goal has been attained.

A second goal is to introduce geometric localization techniques in 2D using
angular measurements of the bearing to the known sensors from the unknown sensor,
and specifically using differential-angle-of-arrival (DAOA) estimates. DAOA is a new

technique and there are no results from the literature that can be compared to the results
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presented here. It is motivated by the availability of rotating lasers which provide these
measurements. The location accuracy is presented graphically, and these serve as
reference performance nomograms, allowing, for example, the reader to get a feel for
the number of anchors required for a given accuracy, etc. The form of these graphs
seems to make sense, but they cannot be checked against existing results since no
previous results have been published. The calculations are for statistical ensembles of
randomly positioned anchors and unknown nodes. LS estimation is used. For DAOA, a
specific system configuration that anchor nodes are on a circle around the unknown
node is used. The circle configuration is not typical or realistic, but allows a simple
solution using the cosine law. It offers a feel for the DAOA accuracy, even if the
configuration is restricted. The formulation and solution of a general configuration for
DAOA is left for future work. The second goal has therefore been partially attained. The
design nomograms offer a statistically-derived feel for the performance of the new
technique, and they are a new and useful contribution to this relevant location problem.
However, these homograms are restricted to the configurations that have reasonably

simple solutions.

The algorithms for these new techniques are kept simple because the
computation time becomes important for a dynamic situation, i.e., one where the sensors
are moving, and a finite time is available to get the location estimation completed. All the
location algorithms presented here all converge within a few milliseconds using a
standard PC. |If brute force algorithms are used, the non-linear solutions may take

several minutes, and this would be too slow for most applications.

In the hybrid method, both distances and angles measurements are used
together. TDOA/AOA method is reviewed briefly and the new TOA/DDAOA method is
formulated. Therefore, the third goal has been attained.
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Chapter 2. Localization Algorithms Using the
Distances Data (TOA Measurements)

This chapter includes some geometric linear techniques for the localization of an
unknown sensor node using distances measurements between that node and anchors.
The new nonlinear Least Squares approaches for 1D and 2D and the Cramer-Rao-
Lower-Bound for 1D are then developed. LOS propagation is assumed, following the
approach of much of the literature, to establish geometric equations for position
determination. In addition, TOA requires that all the participating anchors and

unlocalized node clocks to be synchronized [13].

This chapter is organized as follows. Section 2.1 introduces more detail about
TOA. Section 2.2 describes different estimators for a general case of using M anchors
for localization.  Section 2.3 presents new nonlinear algorithms using distance
measurements in 1D and 2D. In section 2.4 the nonlinear equations are reorganized
into a set of linear equations. So, the constrained and unconstrained Least Squares
location algorithms using TOA measurements are reviewed. In order to evaluate the
localization algorithm performances, simulation results are provided. Conclusions are

drawn in section 2.5.

2.1. Introduction of TOA

As mentioned earlier, some nodes could be equipped with their location, e.g.
through GPS [18]. These nodes become anchors, which play important roles in a
wireless sensor network. One major role is aiding the location calculation of the
unlocalized nodes, and the other role is to present the static coordinates of the WSN.
However, some research, e.g. [31], shows the use of mobile anchors in localizing nodes
can reduce the costs of hardware and deployment effort. The idea of using a mobile

anchor is that more nodes get access to the anchor’s signal and position, and that would
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increase the location accuracy. In fact, a mobile anchor broadcasts its accurate location
in the same way as a static anchor, but it represents many virtual static anchor positions.
According to [19], one issue about using mobile anchors is that the anchor needs to
follow the best path to maximize the improvement in location-estimation accuracy. In

this thesis, the anchors are static.

In sensor networks, TOA measurements are made between each anchor and the
unknown node, in order to locate the unknown node [18]. Figure 2-1 describes the
distance calculation using TOA with two nodes. It shows that the distance between two
nodes (for example, the unlocalized node and an anchor) is directly proportional to the
one-way propagation time of the signal traveling between two nodes [3][7].

D :C.(tz & tl) =c.At

Figure 2-1. Representation scheme of TOA approach for distance estimation
(adapted from [21]). D=distance between two nodes,
c=signal (light) speed in free space, At=propagation time.

So, for M anchors (or BSs), the TOA measured at the i-th one, is (here without

noise)

tt=—, i=12..,M, (2-1)

where d; is the range between the i-th BS and a node, and c is the speed of light. The
time is estimated using a timer at the synchronized terminals. The synchronization is
often part of existing hardware in a wireless network, with the clocks being stiff phase-
locked-loops which are updated via the wireless protocol. If no such protocol exists,

then the synchronization must be arranged by introducing it, and this is a difficult task.
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The only alternative is to have frequency/time standards at each end of the link (such as
expensive Rubidium standards). This thesis does not consider the details of the
synchronization. In the presence of noise (but no multipath), the range measurement
based on t; is denoted by ¢4 ;, modeled as [29]:

Troai = di + Nroa; = Ve —x)2+ -y + Nroai
(2-2)
i=12,..,M,

where nrp,; is the range error in rrpa;, (x,¥) and (x;,y;) are the coordinates of
unlocalized node and the i-th anchor respectively. In two-dimensional (2D) positioning,
the range rrp,; provides a circle centered at the i-th BS on which the unlocalized node

must lie. In the vector form, equation (2-2) can be expressed as [7]:

Troa = froa (x) + Nroa, (2-3)
where
Troa = [Troa1Troaz2 - TTOA,M]T ’ (2-4)
Nroa = [Nroa1 Nroaz2 - nTOA,M]T ’ (2-5)

Ve —x)?+ (v —y)?)
Froa(®) = \\/(x — x3)? + 0 — ¥2)? ‘ (2-6)

Vo —x)2+ (v — ym)?

where x =[x Y]T.

The estimation of the unlocalized node is determined by the intersection of circles

centered at the anchors. By using at least three anchors as shown in Figure 1-1, the
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ambiguities arising from multiple crossings of the lines of position is resolved [7].
Section 2.1.1 also reviews a closed form algorithm for the case of using three anchors.
As mentioned in the beginning of this chapter, using TOA in this thesis is based on the
assumption of the synchronization of all the participating anchors and unlocalized node
clocks. Now another assumption is invoked, which holds throughout this chapter, that
the distances of the anchors to the unknown point are known with known statistical

errors.

2.1.1. Closed Form for Two-Dimension LocalizatioUsing Three
Anchors

It is recalled that the geometry of the distances using TOA measurements is a
circle centered at the i-th anchor. In order to locate the unlocalized node, the circles of
different anchors need to cross. At least three anchors are needed for resolving the
ambiguities arising from multiple crossings of the circles. Suppose in Figure 2-2,d,, d,,
and d; represent the range measurements or in other words distances between anchors
to the unknown node. The geometry of these distances result in three circles passing

through the unlocalized node.

J

Figure 2-2.  Localization of atarget using three anchors (adapted from [4]).

The closed form for the location can be obtained if the following three equations

solve jointly [4]:

di=~Gi— 02+ @i—-y?*, =123 (2-7)
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where (x;,y;) is the known position of the i-th anchor, and (x,y) is the position of the

unknown node. By solving equation (2-7), x and y can be obtained as follows

2 =¥y + 2 — ¥3)72

= 0 — )0 — v + (i — ) 0 — )] (-8)
Y= 3G, - afiC)z(;zx—l)yy;)i(&_—x;:)y ol (2-9)
where
yi= %5 — x5+ y;— yi+ di— d3, (2-10)
Vo= x{— x5+ yi — yi+ di— di. (2-11)

For the problem addressed in this thesis, d;, d,, and d; are known and they are
not dependent on the position of the unknown point. Therefore, equations (2-8) and
(2-9) can be considered as the closed form for the unlocalized node [4]. For a general

case of having M anchors, an estimator should be used to localize the unknown node.

2.2. Estimators for Localization Using Different
Measurement Techniques

The general idea for an estimator in the range-based schemes, for example, for
using TOA is [18]:

0= arg minGZp(ri -0 —-kil); i=12,..,M, (2-12)

ieM

where 0 = [x,y]" and k; = [x;,y;]7 are the coordinates of the unknown and the i-th

anchor nodes respectively. M is the total number of the anchors or the BSs. 8 is the
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estimation of the 8 and ||@ — k;|| denotes the norm operation over a vector which is the
distance between the unknown node and an anchor. r; is the noisy range measurement
from the unlocalized node to i-th anchor. According to [18], r; — ||@ — k;]|| is called the i-
th residual for a particular 8. p(.) is the objective (cost) function. For different criteria,
different estimators can be used in order to minimize this cost function. For example,
when the posterior conditional probability density function (PDF) of the location, given
the measurement (fy (@|r)) is known, the minimum mean square error (MMSE)

estimator is used (0 is a random variable):

Bumss = E(OIT} = fs 6 f,(8lr) do, (2-13)

where vector r is the range measurement and S is the region in which the unknown node

would reside, in other words it corresponds to all the possible values of 8 [18].

Using a maximum likelihood estimator (MLE) without a priori information about
the distribution of the range or range difference measurements in (2-12), a probability
model for (2-12) can be considered. 8,,, is an estimation of location which is calculated
as [18]:

aMLE = arg maxg fr (r|6), (2-14)

where f,.(r|@) is the conditional probability density function (PDF) of the measurements

given the location 6.

Taking the residual as Gaussian for simplicity, MLE has a similar result as the
least square (LS) estimator which can solve p(.) for the optimal solution. In addition,
there is still no need for a priori information about the distribution of the range or range

difference measurements in (2-12) [18].

Examples of other proposed localization algorithms include Bayesian techniques
and Kalman filtering, but since LSE is a common and reliable technique for the current

case study, it is used throughout this thesis.
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2.3. Nonlinear Localization Algorithms
Using Distance Measurements

2.3.1. Localization in One-Dimension
Using Nonlinear Least Squares Estimator

In order to estimate the position of the unknown node from a set of nonlinear
equations featuring the TOA measurements, more attention is now directed to
minimizing the sum of squares of nonlinear equations. One of the approaches to tackle
this problem is the least-squares algorithm [3]. Below, the estimation of the unlocalized
node is proposed to be undertaken using nonlinear least squares (NLS). For
simplification the procedure is applied to the one-dimensional case first and then TO the

two-dimensional case.

Procedure

The noisy distance between two points in 2D coordinates is:

(x—x)*+ @ —y)*=d}f +n (2-15)

where (x,y) and (x;,y;) are the location of unknown node and i-th anchor respectively,
d; is the distance between them and n; is the additive Gaussian noise. So, the one-
dimensional topology is that all the anchors and the unknown node are on a straight line.
It is assumed that the distances between the known points (anchors) and the unknown

one are measurements. In one-dimensional case, the noise is:

n; = (x —x;)% —d? . (2-16)

The Least Squares Estimation can be used to estimate the unknown node in the

following form:
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M
XIns = argminy J; | = [(x — xi)z - diz]z (2-17)

=1

The expansion of /] can be found in Appendix A (see (A.1)-(A.6)). In order to
minimize J, its derivative with respect to x (see (A.7)) should be set to zero. The
calculation ends up with a cubic equation of x which has one real root. The solution of
this root is used for the simulation:

b 23 (=b? + 3ac) u
=——— - 2-18
x 3a 3au +3><21/3a ’ ( )
where u is:
(—2b3 + 9abc — 27a*d + \/4(=b? + 3ac)? + (—2b3 + 9abc — 27a%d)? )'/3. (2-19)

The parameters of (2-18) and (2-19) are defined in Table 2-1. ((A.8) and (A.9) show x
and u with the substituted parameters.)

It is obvious that if the system was noiseless, the estimated result would be the
exact position of the unknown node. Now noise is added, and it is taken as zero-mean
Gaussian with variance of o2 because of convenience rather than any underlying
physical mechanism. A closed form geometric solution could be obtained for the one-
dimensional case. However, the cubic equation makes it hard to calculate the
expectation of error for evaluating the performance of the estimator. Therefore the
Cramér—Rao Lower Bound (CRLB) is derived as a benchmark of the location accuracy.
It provides a lower bound on the variance of the unbiased estimator with which the
algorithms can be compared [9]. The Cramér—Rao lower bound has the lowest possible
mean squared error and there is no lower error variance among all unbiased methods.
Appendix B provides the details on the derived CRLB for the one-dimensional case of

the problem.
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Table 2-1.

Definitions of the parameters in equations (2-18) and (2-19)

Parameter Definition
a M : Number of anchors
-31L v
b X1
where v = [ i | ; x; is the x coordinate of i-th anchor.
XM
2vT v +15yp-D'D:
x? d,
¢ visthe sameasabove,p =| : |,andD =| : ] ; d; is the distance of i-th anchor
XI%/] dM
to the unknown node.
DT(v © D)-pTv:
d

v, p and D are the same as above and © is an element-by-element multiplication
operator.

Simulation Results

The Mean Square Error (MSE) is used to study the estimator’s accuracy. Figure
2-3 shows the decreasing MSE with increasing number of anchors from 4 to 20. (The
MSE for 3 anchors is also calculated and it is 0.057.) For the simulation, the anchors are
placed randomly along 100 units line. The number of realizations for the estimation is

10* and the Gaussian noise variance is 0.1. According to the derived formula (see

Appendix) for the CRLB in 1D, (%2), the number of anchors and the noise variance are

important for the CRLB. The distance between the empirical curve and the CRLB gives

the performance of the estimator.
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Figure 2-3.  Mean square error vs. number of anchors in 1D
using nonlinear LS estimator.

For example, for 10 anchors, MSE is around 0.018 and 0.01, for the empirical LS
and the CRLB, respectively. It is also shown that for using more anchors, the

performance of the estimator would be closer to the CRLB.

Another way to study the accuracy is the comparison of MSE versus SNR
(signal-to—noise-ratio). A distance-to-noise-ratio (DNR) is introduced here which is the

ratio between the squared mean of the distance, u3, and the noise variance o?. So,
2
DNR is calculated from 1010g%. Figure 2-4 shows the MSE versus DNR (dB) in one-

dimensional case for 10 and 20 anchors and variance noise of 0.1 to 10. The figure
gives a feel for the accuracy. For example, for DNR = 25 dB, if 10 anchors are used, the
MSE is 0.5. Similarly if an accuracy of 0.3% is required, then for 20 anchors, DNR must
be about 24. Note that the “range noise” variance, 2, does not depend on the distance
(range), so physically its value is governed by the receiver noise process, and not a

decrease of range sensing signal strength.
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Figure 2-4.  Mean square error vs. DNR (dB) in 1D using nonlinear LS estimator.
The “Distance” is from the squared mean distance between
the unlocalized node and the anchors averaged over
an ensemble of 10* uniformly anchors distributions
along a 100 units line.

Comparing the estimator performance to the CRLB reveals that by decreasing

the noise variance, the empirical curve becomes closer to the CRLB.

2.3.2. Localization in Two Dimensions Using NLSE

In the 2D case, all the anchors and the unknown node are in the x — y plane. All
the steps mentioned for the one-dimensional localization can be repeated for the
proposed two-dimensional case using nonlinear LS as well. Again, the noisy distances
between the node to be located, and the anchors, are the observations. The only
difference of the 2D case with the 1D is that now there are two cubic equations after

taking derivatives of | with respect to x and y.
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Procedure

Consider @ as the coordinates of the unknown node (8 = [x,y]”), the cost

function (J) for 2D becomes:

M
B=argming J ; ] = ) [ =x)? + (= y)* = ], (2-20)

After some vector calculations (details can be found on (A.10)-(A-14) in Appendix A), the
derivations with respect to x and y are derived (see (A-15)-(A-18) for details). Then x

and y can be obtained by finding the roots of the following two simultaneous equations:
y2Mx—15v)+ yAL, wOw) - 2x1L,w+ wlv) + f(x) =0; (2-21)
xXMy— 1w+ xAL vOw) - 2y1L v+ wlv)+ g(y) =0; (2-22)
where f(x) and g(y) are:

fx)=Mx3-3x21Lv+x2vTv+1"p+ wiw—-DTD) —pTv—wl (v
Ow)+ DT (D O v); (2-23)

giy) =My? -3y21Lw+yCw'w+1%,q+v"v—-D"D) — q"w
—v"wOw)+DT(D Ow); (2-24)

where x and y are the position of the target or unknown node. Other parameters are the
same as defined in Table 2-1. In addition w is a column vector consists of y coordinates

1
of the anchors (w =

)-

Ym
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Apparently there is no closed form solution for the 2D equations (2.21) and
(2.22). Numerical solution is required, and standard MTLAB routines are used here to

solve both equations simultaneously.

Simulation Results

For each observation in the simulations, the anchors are located uniformly in
x — y plane in a 100 by 100 square area. For example, Figure 2-5 shows one realization
of 10 anchors and the unlocalized node. A random constellation of anchors is

considered with random noises for the distances, in each simulation run.
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Figure 2-5.  One realization of 10 anchors and the unlocalized node
in a 100 by 100 square area.

Figure 2-6 shows the performance of the estimator (i.e., the numeric solution
above) for 2D by applying different number of anchors from 4 to 20 anchors for 10*

observations. (The MSE for 3 anchors is also calculated to be 0.49.)

For each observation, the anchors are uniformly distributed in a 100 by 100

square and the Gaussian noise variance is 0.1.
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Figure 2-6. Mean square error vs. number of anchors in 2D using nonlinear LS
estimator. Noise variance is 0.1, and DNR=41 dB.

The figure shows that using more than about 10 anchors sees diminishing
returns for the location accuracy. As sample tie-points, 4 anchors give an MSE of 0.28,
and 7 anchors give an MSE of less than 0.1. (10 anchors give MSE about 0.07, and 20
give 0.03))

As mentioned earlier, another way to view the accuracy is to plot MSE versus
DNR (dB). The result is shown in Figure 2-7 for 10" observations and the noise variance
varies from 0.1 to 10. For the same DNR, the estimator using 20 anchors has a lower
MSE.
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Figure 2-7. Mean square error vs. DNR (db) in 2D using nonlinear LS estimator.
The “Distance” is from the squared mean distance between
the unlocalized node and the anchors averaged over
an ensemble of 10* uniformly anchors distributions
in a 100 by 100 square.

The range of MSE in 2D case is larger than MSE range in 1D, because there are
noises in both x and y directions. By increasing DNR to around 41 MSE decreases to

zero. This point corresponds to the lowest amount of noise variance which is 0.1.

The reason is that the approach in much of the literature is to work with linear
formulations.  This is perhaps because these are faster in implementation and
simulation. A nonlinear estimator could not be found by the author for comparison with

the nonlinear LS estimator proposed in this thesis.

2.4. An Unconstrained/Constrained Least Squares
Approach for Positioning Using TOA Measurement

In this section the nonlinear equations are reorganized into a set of linear
equations and then the LS estimator is used. The development of unconstrained and

constrained LS location algorithms using TOA measurements in this section (2.4) is
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adapted from [29]. The distance between the unlocalized node and the i-th anchor is

denoted by rr(,4; from equation (2-2), and without considering the noise, this would be:

N~

Troa: = [(x —x)* + (y — y:)?12, i=12,.. M. (2-25)

Recalling that (x, y) is the position of the unlocalized node and the known coordinates of

the i-th anchor is (x;, ;).

2.4.1. Algorithm Development

Squaring both sides of (2-25) yields [29]:
Tioa; = (02 +y%) = 2xx; — 2yy; + (x7 + 7). (2-26)
An intermediate variable, R, is used here to linearize (2-26) in terms of x, y and R? [29].

R= ¥y @-27)

It is clear that R is the distance between (x,y) and the reference origin. So, by using this

intermediate variable, (2-26) will change to:
xx; +yy; — 0.5R? = % (xF +y7 —71304:) ,i=12,..,M. (2-28)
(2-28) can be represented in matrix-vector form as:

A6 =h, (2-29)
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where

2 2 .2
X{ + Vi —Ttoa1
A: , b: — H

5 (2-30)

x1 y]. _05 X
: : P, 0=1Y

Xy yu —0.5 R?

2 2 2
Xy + Y — TToam

Since the third element of 6, R?, is the function of the first two elements, so 8 should be
estimated by Constrained Least Squares (CLS) (which is suggested by [29] and will be
discussed later in this section). However, if R is considered as an unknown parameter,

for the linear model A8 = b, @ can be estimated (unconstrained) as:
0= (ATA) AT b. (2-31)
where the cost function is [29]:
J = (A6 — b)T (46 — b), (2-32)

The simulation results for this unconstrained approach are shown in Figure 2-8
and Figure 2-9. In general, the CLS estimate of @ is obtained by minimizing the cost
function subject to the following constraint in (2-33). The constraint is a matrix

characterization of the relation in (2-27):

q"0+6"PO=0, (2-33)
such that
1 0 0 0
P=10 1 0], q=[0]. (2-34)
0 0 O -1
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Now the method of Lagrange multipliers is used to minimize a function subject to a

constraint. The cost function is

J=0TATA60+ b"b—20"ATb+21(q"0+6" PO), (2-35)

where 4 is the corresponding Lagrange multiplier. In order to minimize J, its derivative

with respect to 0 is taken,

0
£=2ATA0—2ATb+ A(g+2P0) =0, (2-36)

and its root should be found which leads to:

(2ATA+2AP)0 =2A"b— Aq. (2-37)

So, the constrained estimated of @ is:

0= (2ATA+2AP)"'(2ATb - Aq) . (2-38)

The parameter 4 is still unknown in the 8. So, (2-38) is substituted into (2-33):

q" 2ATA+24P) 1 (2ATb — Aq) +
(2-39)
(2A7b — 2q)T(2ATA +2AP)"1 P (2ATA + 2AP)"1(2ATb — Aq) = 0.

A can be determined numerically from equation (2-39) and then it is substituted in (2-38)

in order to find 8.

So far all the elements of the minimization algorithm in the LS estimator are

considered with the same weight. In some literature, e.g. [29], a weighting matrix is used
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to get a better performance. The estimates of @ based on the WULS (weighted

unconstrained least squares) are obtained by:

0= (AT 1) 1(ATw- 1 b). (2-40)

where the weighted cost function is [29]:

J= (40 — b)T ¥~ (46 — b), (2-41)

For the WCLS (weighted constrained leas squares), the estimates of @ are
computed by minimizing the (2-41) subject to (2-33). In fact (2-40) and (2-41) are similar
to (2-31) and (2-32) respectively with ¥~ as their corresponding weighting matrix.
According to [7] the optimum value of this weighting matrix is determined based on the
BLUE (best linear unbiased estimator) as follows. For sufficiently small measurement

errors, the value of %, ; in (2-15) can be approximated as

r%OA,i = (d;i + nroa)? = df + 2 (d)* nroa; » i=12,...M. (2-42)

The difference between the estimate of the squared distances and the true value
squared is defined as the disturbance [7] (same as the error energy):

& = Tfoa;i— df = 2d;Nyoay, i=12,.,M. (2-43)

In vector form, {¢;} is expressed as

€= [2dinroa1 ,2dy Nroan, s 2 dy Nroam ]T- (2-44)

The optimum weighting matrix uses the covariance matrix of the disturbance in the form

of
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PO =E{ee"} = ssT O Cproa . (2-45)

where

s=[d;, dy ... dy", (2-46)

where the distances {d;} are known. Since all the measurement errors are considered

uncorrelated, the covariance matrix of that would be a diagonal matrix:

Ir 072"0A,1 0 0 ]l
2

Cnros = | 0 GT.OA’Z 0 | (2-47)
l 0 0 GTZ"OA,M J

So, the ideal weighting matrix for the TOA-based algorithm is:

[ d%U%OA,l 0 0 ]
2.2
Y ~ss"T O Cpron = 0 dZU.TOA'Z 0 (2-48)
l 0 0 dl%/lo-?z“OA,M J
Considering (2-35) and (2-38) with the corresponding weighting matrix:
J= 0TATY 140+ b"Y b - 20"A"WY b+ 2 (q70 + 67 PO), (2-49)
0= (2ATP"14+22P)" (2AT¥P b - Aq), (2-50)

where A4 is the corresponding Lagrange multiplier and can be determined from the

equation of (2-39).
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Simulation Results

In this section the simulation results of the algorithms are provided. Figure 2-8
presents the performances of the unconstrained, weighted unconstrained and
constrained least square estimators for different number of anchors from 4 to 20. (The
MSE for 3 anchors is also calculated for ULS, WULS, and CLS which are 6.37, 5.41, and
0.51 respectively.)

0.45 T T T T L T T

"""""" Unconstrained

—®— Weighted Unconstrained ||

0.4F
% Constrained

0.35%°
0.3
0.257%

0.2

Mean Square Error

0.1

0.05

4 6 8 10 12 14 16 18 20
Number of Anchors

Figure 2-8.  MSE vs. number of anchors in 2D using ULS/WULS and CLS
estimators. Noise variance=0.1 and DNR=41dB.

The constrained algorithm compared to the unconstrained algorithm, has a lower
MSE for 4 to 8 anchors. For 8 to 12 anchors the performance shows a slightly lower
MSE, and for more than 12 anchors, these two algorithms have the same performance.
This difference is not significant, especially considering the greater computational
complexity of the constrained algorithm. Therefore for simplicity is preferred to apply the
weighting matrix to the unconstrained form. As expected, the weighted unconstrained

estimator results in a lower MSE compared to the constrained, and the unweighted,
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unconstrained estimators. It turns out that the latter two have very similar performance

for large number of anchors.

Figure 2-9 shows MSE of the unconstrained, weighted unconstrained and
constrained least square estimators versus DNR (dB) in 2D using TOA measurements

for 10 and 20 anchors.

7 T T T T

Unconstrained, N=10
Weighted Unconstrained, N=10
Constrained, N=10

"""" Unconstrained, N=20

----- Weighted Unconstrained, N=20
Constrained, N=20

Mean Square Error

45
Distance to Noise Ratio (dB)

Figure 2-9. MSE vs. DNR (dB) in 2D using ULS/WULS and CLS estimator.
The “Distance” is from the squared mean distance between
the unlocalized node and the anchors averaged over
an ensemble of 10* uniformly anchors distributions
in a 100 by 100 square.

The LS estimator using more anchors results in a lower MSE. As seen above,
the constrained and the unconstrained estimator have similar performance and the
weight matrix improves the result of the estimator. The 10” realizations are on a 100 by

100 square and the noise variance varies 0.1 to 10.
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2.5. Conclusions

In this chapter Least Squares was used as the estimator for the positioning.
Computer simulations using MATLAB were conducted to evaluate the performance of
the localization algorithm using TOA-based information. First, based on intuition, a new
Nonlinear Least Squares Estimator (NLSE) was developed to estimate the position of an
unknown node among some anchors. The Cramer-Rao lower bound (CRLB) was
derived for the 1D case and the simulation result showed that for small levels of
uncorrelated noise, the algorithm could attain almost zero bias, and the empirical curve
became closer to the CRLB. Then, the algorithm was extended for the 2D case too.
The NLSE takes longer than the LS estimator because of the need to solve two
equations simultaneously, but it could get lower MSE.

The main idea of LS is to linearize the equations obtained from the TOA
measurements. Then, constrained least squares (CLS) and weighted unconstrained
least squares (WULS) were considered in order to solve the linear equations in an
optimum manner. Lagrange multipliers were also used during this problem solving. It
was suggested in the literature to apply the weight matrix to the constrained LS which
would provide better performance than the unconstrained approach. However, the
improvement of the constrained over the unconstrained algorithm was not that
substantial, especially in view of its increased complexity. For simplicity the weighting

matrix was applied to the unconstrained algorithm.

Comparison of these algorithms showed that weighted unconstrained LS could
have lower MSE than the constrained, and the unconstrained LS. Also, the proposed
nonlinear estimators could get similar results as the unconstrained estimator which was

adapted from the literature.
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Chapter 3: Localization Algorithms
Using the Angular Data
(AOA and DAOA Measurements)

Angle-of-arrival is another common location metric which is described and used
for location estimation in many papers. In recent years, mainly due to the improvements
and more presence of the antenna arrays using in the BSs of wireless communication
networks, AOA measurements have attracted more attention in positioning problems
[16][11]. Unfortunately, antenna arrays are not electrically compact devices. Optical

frequencies (lasers) allow physically compact wireless AOA arrays.

In this chapter geometric techniques are reviewed for the localization of an
unlocalized node using AOA information. Besides, a new angular measurement named
DAOA is introduced in this chapter and a geometric algorithm is proposed for that. LOS
propagation is assumed from the reference stations in order to establish geometric
equations for position determination. All the clock of the anchors and the unlocalized

node are synchronized.

This chapter is organized as follows. Section 3.1 introduces more detail about
angle-based localization. Section 3.2 presents a closed form algorithm for AOA
localization using two anchor nodes. In section 3.3, the unconstrained and weighted
unconstrained least squares location algorithms using absolute AOA measurements are
reviewed. In section 3.4, a new algorithm using differential AOA measurement is
proposed to locate the unlocalized node. In order to evaluate the localization algorithm
performances, simulation results are provided with each algorithm. Conclusions are

drawn in section 3.5.
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3.1. Introduction of Angle-Based Localization

Generally, AOA is the angle between the propagation direction of a signal and a
reference direction, which is known as orientation [10][36]. The angle measurement
indicates either the angle between two anchors from a reference node or the angle to a

reference direction, or axis [20]. Both categories are considered in this chapter.

Angular measurements can support a TOA localization process or allow the
nodes to be localized solely based on the angle information [20]. One common
approach to obtain AOA measurement is to equip each sensor node with an antenna

array or multiple receivers [10]. These requirements increase the cost of measurement.

Figure 3-1, represents three BSs and their axes. It shows that the AOA of the
transmitted signal, for example, by C (or A) to B is a (or 8). v is the heading angle or the
orientation of the system that is formed by the sensor axis and North, in a clockwise
direction. y defines a fixed direction against which the AOAs are measured [10][17]. In
other words, this orientation or y is the angular displacement of the sensor-based
coordinate system and the geographic coordinates. The AOA is called absolute AOA
whenever the orientation is zero or pointing to North, otherwise, it is called relative [10].
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Figure 3-1.  Definition of AOA (adapted from [17]). (Node B with its heading and
incoming angles from A and C).

The position of the unlocalized node can be estimated by using at least two lines
of bearing (LOB) which are drawn from the anchor node to the unlocalized node. This
estimate is undertaken for each AOA measurement [7][20].

There is also an option to combine the angle information from AOA with
knowledge of distances from TOA measurements. This is called a hybrid technique
which should increase the accuracy of the localization and is reviewed in the next
chapter of this thesis. This improved accuracy makes AOA technique an attractive
positioning method despite its cost and difficulty of deploying large (i.e., directional)

antennas [20].

Requirement of large and complex antenna arrays and direction of arrival
estimation at the BSs are some of the disadvantages of AOA algorithms. In order to
have an accurate positioning, the angle measurement needs to have consummate
accuracy. Therefore, using optical technology can be an option for angular

measurements.
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3.2. Closed Form for AOA Localization Using Two Anchors

For AOA measurements, two anchors are sufficient to determine the position of
the unlocalized node by intersecting two lines, which is called triangulation (Figure 3-2)
[4][36].

(x1y1)

xy)

(x2,y2)

 /

Figure 3-2.  Definition of triangulation (adapted from [4]). The angles measured
by the reference nodes (black nodes) determine two lines,
the intersection of which yields the target position.

Let ¢; and ¢, denote the angles measured by anchors 1 and 2 to the same axis,

respectively. Then, the following two equations are solved for the position of the target

[4]:

Yy — N Yy = Y2
= dt = -
x—x, and tan @, x—x, (3-1)

which yields the x and y position of the unknown point:

_X tang, — xy tang; +y; — ¥2
tan @, — tan ¢4

(3-2)
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_ (2 — x) tangitan @, + yitan g, — ystan ¢, (3.3)
y tan @, — tan ¢,

So, just having the position information of two anchor nodes leads to a closed form of

localization of the third node.

3.3. Using Absolute Bearing Measurement of AOA for More
than Two Anchor Nodes

In this section, the sensor coordinates are aligned with geographic coordinates.
So, the absolute bearing refers to geographic coordinates. In the previous section, the
AOA localization algorithm was considered using just two anchors. However, in general,
in order to present a formula for the AOA of the transmitted signal from the MS at the i-th

BS, equation (3-1) can be used, and for M BSs is:

Y=Y ,
tan(p;) = v xl, , 1=12,..,M. (3-4)
14

Equation (3.4) shows that ¢; is the angle between the line of bearing (LOB) from the i-th
anchor to the unlocalized node and the x-axis, and it is recalled that with the sensor
coordinates aligned with geographic coordinates, then the sensor axis is also along the
x-axis [7]. The measurement of AOA is denoted by {a4p4;} Which is modeled with

additive noise [7]:

Y=Y

aAOA,L- = @; + nAOA,i = tan_1< ) + nAOA,i , i = 1,2, ,M (3—5)

i

where nyp 4 ; is the noise in aypy ;.
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Equation (3-5) can also be expressed in vector form as:

Auoa = faoa (X) + nypu, (3-6)

where

Qpoa = [aAOA,l ®a04,2 - aAOA,M]T' (3-7)

Y= Y1, ]
x—xl)

1Y =Y
tan 1(—==
faoa(x) = (x — xz)

[ tan~1(

(3-8)

-

5’—YM)
X —xy |

tan™1(

where x =[x y]T.

For the development and analysis of the proposed (in [7]) location algorithm
using AOA, an assumption is now made about the measurement error, viz., that it is
sufficiently small (i.e., high SNR case) and modeled as zero mean Gaussian. The noise

covariance matrix is denoted C;, 404 [7].

3.3.1. Algorithm development [7]

In order to make the calculations simpler, the a,p,; measurements are

considered, for now, without noise [7], i.e.

Sin(aAOA,i) _ Y=Y

cos(@uoai) X—%i

tan(apa;) = , i=12,..,M. (3-9)

Rearranging the above equation yields
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X Sin(aAOA,i) -y COS((ZAOA,i) =X Sin(aAOA,i) —Yi COS(aAOA,i)!
(3-10)
i=12,..,M.

The same matrix-vector form as for TOA in the previous chapter is used here for AOA:

Hx =k, (3-11)
where
Sin(aAOA,l) - COS(aAOA,l)
Sin(aAOA,M) - COS(“AOA,M)
X1 Sin(aAOA,l) -V COS(“AOAJ)
’— ; (3-13)

XM Sin(aAOA,M) —Ym COS(“AOA,M)

Location of the unlocalized node (x = [¥ ¥]T) can be estimated using LSE. At

this point, all the measurement elements are equally weighted. However, the LS

estimator will perform better if different weights are used. The performance, with and

without a weighting matrix (i.e., WLS), is shown here [7]. The LS estimator is

X =argmin,(Hx — k)T(Hx — k) = (HTH)"'H"k (3-14)

Equation (3-14) is similar to equation (2-31) which was the solution in [7] for the

unconstrained approach for using TOA measurements in the previous chapter.

Finding an optimum weighting matrix, @1, is determined in [7] based on the

BLUE technique. The estimated position of the unlocalized node is
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X = argmin,(Hx — k)TQ 1 (Hx — k)
(3-15)
— (HTQ'H)"'HT 0 k.

Following [7], by considering small errors, and expanding sin and cos functions in

(3-10) such that sin(ngpa;) & Naga; and cos(ngpa;) = 1, the equation reduces to

x sin(d)i + nAOA,i) -y COS(‘l)i + nAOA,i)
= x; sin(Pinaoai) — Vi cos(di + Naoai), (3-16)

i=12..,M.
In order to determine the optimum L, the residual error in a,g,4; is required [7], i.e.
6; = Mypai [(x —x) cos(@) + (v —ydsin(¢)), i =12,..,M. (3-17)
In vector form, {6;} is
[ Maoan [(x —x1) cos(¢1) + (v — y1)sin(¢y)] 1
5= ™oaz2 [(x — x2) cos(¢2) + (¥ — y2)sin(¢2)] . (3-18)
oam [(x — xp) cos(Py) + (v — yu)sin(py)]

Thus the inverse of the optimum weighting matrix is:

0° = E{66"} = mm" O Cpi0- (3-19)
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where

(x —x1) cos(p1) + (v — y1)sin(ey) dy
m = (x — x3) cos(¢2) + (v — y2)sin($2) — d:Z ] (3-20)

(x = xw) cos(bw) + O — ya)sin(d)) L

m is determined as (3-20) because cos(¢;) = (x;_@ and sin(¢;) = (y;—_yi) [7].

In summary, the various measurements of angle are weighted inversely to their
noise power. This means that those measurements with high SNR are emphasised, and
those with low SNR are de-emphasized. The combination technique is also called
maximum ratio combining, which gives the best resultant SNR of all linear combinations.

The output SNR is the sum of the measurement SNRs.

Simulation Results

In this section simulation results are provided. Figure 3-3 shows the behaviors in
the form of MSE of the LS estimator and the weighted LS, versus number of anchors.
Since matrix H in AOA has dimension M x 2, in order to have full rank matrix, M should
be greater than or equal to 2. (The MSE for using 3 anchors is 5.6 and 5.2 for LS and
WLS respectively.) Noise is Gaussian with variance of 2 degrees® and the anchors are

uniformly distributed over a 100 by 100 square area.
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Figure 3-3. MSE vs. number of anchors for LS/WLS using AOA measurements.
A square of 100 by 100 contains the uniformly distributed anchors.
Angle noise is Gaussian with variance of 2 degrees?.

Figure 3-3 shows how increasing the number of anchors, up to 12, lowers the
MSE, for this geometry. Diminishing returns cut in when more than about 12 anchors
are used and, as expected, WLS has better performance than the LS estimator for the
same noise variance. This is akin to maximum ratio combining of the observations and

equal gain combining of the observations.

Figure 3-4 shows the MSE of the LS estimator and the WLS, using 20 anchors,

versus angle noise variance.
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Figure 3-4. MSE vs. angle noise variance (in degrees?) for
LS/WLS using AOA measurements.

It illustrates how increasing the angle noise variance causes a larger estimation error.

3.4. Differential Angle of Arrival measurement (DAOA)

In some systems, a new scenario of using angular information can be described
for localization of the unknown node. In the previous sections of this chapter, algorithms
for using AOA measurements were reviewed. In this section, a new algorithm is
proposed using DAOA. The unlocalized node is supposed to be at the centre of a
circular locus of anchors. The estimation of the unlocalized node’s location is studied
here by using the angle subtending two anchors from the unlocalized node. These
angles can be considered as the differential AOA between two anchors which is why it is
called DAOA. DAOA has the advantage of not needing to know the absolute angles
(i.e., orientation, cf., Figure 3-1) of the sensors. The DAOA measurement is motivated

by using rotating laser technology.
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By using the triangulation technique (cosine law), the distances between nodes
(nodes A and B in Figure 3-5) which are not in the same transmission direction, can be

computed. From Figure 3-5, the cosine law is:

c2=a?+b*—-2abcos(y). (3-21)

\'oa IB/
A @ : —@ B

Figure 3-5. Representation of DAOA. A and B are the anchors, and Cis the
unlocalized node. y is the DAOA. In order to solvein closed form,
“a” should equal “b”.

For a closed form solution, a circular configuration must be assumed for the
anchors, i.e., the anchors are all on a circle with the unlocalized node at the centre. For

node C (with (x, y) coordinates) being the unknown node in Figure 3-5, and a=Db, then

c? = 2a® — 2a’%cos(y) , (3-22)

which leads to

CZ

az = m . (3-23)
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If (x;,x;) is considered as the coordinates of node B, for more nodes, the coordinates of
node A would be denoted by (x;.4,yi+1) and the M-th point has the coordinates

of (xu, yu)- S0, (3-23) becomes

2

Ciit1
(x—x)*+ (@ -y)?= = ,
' ' 2(1 - cos(¥ii+1))

(3-24)

where y; ;41 and ¢; ;4; denoted the angle and distance between i-th and (i + 1)-th anchor

node respectively. Expanding the left side of equation (3-24) gives:

2
C. .
x? +y? —2xx; — 2yy; + (2 +y2) = 2(1 cgl:(; ) o
— cos(Vii+1
Rearranging (3-25) gives:
) 1 ) 2 1 Ci2,i+1
xxi +yyi = 05R: =5 (< +38) — 3\ 050
[ 2
1 2 (3-26)
xXxX; + Vy; — 0.5R? = §<x12 + Yiz - 2(1— czl;()/' '+1))>’
Ll
RZ — xz + yz.

Now, (3-26) has a familiar form, viz., like equation (2-28) for TOA measurement. So,
X

matrix-vector form of A@ = b in (2-29) is useful here again. Vector 8 = [y ‘ is the same
RZ

as before, but matrix 4 and the vector b change to:
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2
C12
2(1—cos(y1,2))

xi +yf —

N| =

Xq y, —05
: : b=

2
CM-1,M
2(1- COS(YM—LM))

Xm-1 Ym-1 —0.5

1
i (3-27)

|r
[xI%/I—l + Vi1 —

Similar to TOA, the DAOA can be solved by unconstrained LS similar to (2-31)
with 4 and b in (3-27). Since it was shown in the previous chapter that constrained LS
had almost the same simulation result with higher complexity, it is not considered as an

option in this section and unconstrained LS is used as the estimator here.

Figure 3-6 shows the MSE against the number of anchors for the simulation
result of the unconstrained LS using DAOA measurements. The angle noise is
Gaussian with variance of 4 degrees’. Since matrix A in DAOA has (M —1) x 3
dimension, in order to have full rank matrix, (M — 1) should be greater than or equal to 3.

Thus, M should be greater than or equal to 4.
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Figure 3-6. MSE vs. number of anchors for unconstrained least square
estimator using DAOA measurements. Anchors are on a circle
with radius 10 around the unknown node, and angular noise
variance of 4 degrees?.

This figure shows that adding more than 8 anchors to the system would change
the performance only slightly. For example, when 10 anchors are used, the MSE is
about 0.05, and for 20 anchors, the MSE is about 0.02. It is emphasized that these

results stem from a specific arrangement for the anchors.
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Figure 3-7. MSE vs. angle noise variance for unconstrained least squares
estimator using DAOA. Anchors are on a circle
with radius 10 around the unknown node.

In Figure 3-7, angle noise variances of 2 to 16 degrees® are used to show the
impact on the accuracy. Tie points are: for a noise variance of 8, the MSE is about 0.1

and 0.03 for LS estimator using 10 and 20 anchors respectively.

3.5. Conclusions

In this chapter, localization of an unknown node in a wireless sensor network
using angle-based observations was presented. The unknown sensor was assumed to
be capable of detecting angles of the incidence signal from the anchors. Least Squares
used as the estimator and computer simulations using MATLAB were used to evaluate

the algorithms.
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The algorithm which was reviewed for AOA measurement used unconstrained
and weighted unconstrained LS estimator. WLS could achieve a better result compared
to LS.

A new DAOA-based positioning method has been introduced in this chapter. The
remarkable feature of this method was its capability of accurate localization from purely
DAOA information, which is a new concept. The significance is that DAOA can be easier
to obtain than AOA in some situations. The algorithm was evaluated using a specific
deployment (circular) of the anchors; however this is not a fundamental limitation. But
this specific situation also provided a closed-form solution to the location problem.
Simulation results showed that applying more than 8 anchor nodes on a circle sees

diminishing returns for the location accuracy.
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Chapter 4. Localization Algorithms
Using Hybrid Technique

The combination of different positioning techniques should be able to improve
accuracy and loosen constraints on the physical layout of the localization problem. In
the literature this type of combination of techniques is also called data fusion or hybrid
technique [18]. Another motivation of employing a hybrid technique is to reduce the

number of required anchors for a given localization performance [22].

In this chapter, the TDOA/AOA hybrid technique is reviewed and a new
TOA/DAOA technique is introduced. Since TDOA measurement and its formulations
have not described in the previous chapters of this thesis, in section 4.1 it is briefly
reviewed. In section 4.2 and 4.3, hybrid localization techniques comprising TDOA/AOA
and TOA/DAOA are discussed respectively. Hybrid localization in three-dimensions is
an interesting problem which is reviewed in section 4.4. Finally, conclusions are drawn

in section 4.5.

4.1. Review of TDOA Algorithm

The idea of TDOA is to determine the relative position of the unknown node by
examining only the difference in time at which the transmitted signal arrives at different
anchors, rather than the absolute arrival time of TOA [3]. (Clearly if the pairs of absolute
TOAs are known, then their TDOAs can be calculated.) The unknown sensor does not
need to be synchronized with the anchors, but the anchors must be tightly synchronized
[13]. There are methods, e.g. [3][23], for measuring the TDOA. Each TDOA
measurement defines a hyperbolic locus on which the unlocalized node must lie. A 2D
target location estimate is given by the intersection of two or more locii as shown in
Figure 4-1 [3].
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R>-R;

Figure 4-1. Positioning based on TDOA Measurements (adapted from [3]). A, B,
and C are anchors and P is the unknown node.

The intersection of two hyperbolas formed from TDOA measurements of three
anchors (A, B, and C), gives the location of the unknown node (for example, node P in
Figure 4-1).

4.1.1. TDOA Formulation

TDOA is the difference in TOAs of the transmitted signal from the unknown
sensor at a pair of anchors. So, if the first anchor is assigned as a reference point, the

range measurements based on the TDOAs are of the form [3][7]

Trpoa; = (di —d1) + Nrpoay

= \/(x —x)2+(—yi)?:— \/(X —x1)%+ (= y1)? + rpoais (4-1)

i=23,..,M.

where the range error, nrppa; , can be obtained from the difference of two TOA noise.
So, Nrpoai 1S  Nroai —Nroai-1, & = 2,3,..., M. In vector form, the range

measurements in (4-1) become [7]:
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Trpoa = frooa (X) + Nrpoa, (4-2)

where
Trpoa = [Trpoaz2 Trooas - TTDOA,M]T’ (4-3)
Nrpoa = [Mrpoaz Nrpoas - nTDOA,M]T , (4-4)
[Vr—2x)2+ =20 = (x —x)2 + (v —y1)? ]
frooa(®) = | V=232 + = y3)? =V —x)* + 7 —y1)? ! (4-5)
LG =)+ 0=y - =22+ & =y

where x =[x y]T.

4.1.2. Algorithm Development

For high SNR, the corresponding nonlinear equations which are obtained from
TDOA measurements can be linearized. The technique is commonly called spherical
interpolation (SI) that solves the linear equations using LS estimator [30]. The procedure

is the same as what was described for TOA measurements in chapter 2.

In order to develop the CLS/ULS mobile positioning estimator using the TDOA

data as it is discussed in [7], equation (4-1) can be considered without noise.

Trpoa; = —x)2+ (v —y)? —J(x —x1)? + (¥ — y1)2. (4-6)

Rearranging the above equation leads to
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Trpoai t Ve —x)2+ 0 —y1)2 =y —x)2 + (v — y:)?

i=23.,M. (4-7)
An intermediate variable, R, is introduced here which has the form
Ry =d; = \/(x —x1)%+ (v —y)> (4-8)

Squaring both sides of (4-7) and using R, , then rearranging the equation gives the

following set of linear equations [7]

(x—x)x; —x)+ =y @i —¥1) + Trpoai R1

(4-9)
1 2 2 2 .
-5 [(xi —x)*+ i —y1)° — rTDOA,i]: i=23,..,M.
(4-9) in matrix form is
G =h, (4-10)
where
X2 —X1 Y2—Y1 Trpoaz
G = : : : ’
XM —X1 Ym—Y1 Trpoam
(4-11)

1 (x; —=x1)* 4+ (Y2 — y1)* — TTZDOA,Z
h=: =

5 :
(e —x1)2 + vy —y1)* — TTZDOA,M

)

also 9 is the parameter vector which consists of the unlocalized node location as well as

Ri(® = [x—x,y — }’1»R1]T)-
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LS is used to solve (4-10) in the presence of noise, and to estimate the location

of the unlocalized node [30]:

9 = argming (69 — h)T (GY — h) = (G"6)"1G"h, (4-12)
where
X — Xq
I= |y —»m (4-13)
Ry

without utilizing the known relationship between x, y, and R, [7].
In order to improve the Sl estimator, the LS cost function in (4-12) can be solved
subject to the constraint [7]:

9729 =0, (4-14)

where X is diag(1,1,-1).
As mentioned earlier in the previous chapters, using WLS helps to improve the
estimation. So, using ¥~ as a symmetric weighting matrix changes the LS to [7]

9 = argming(G9 — h)TY"1(G9 — h), (4-15)

Finding the optimum weighting matrix procedure is similar to TOA and AOA

mentioned in the previous chapters and it is not mentioned here again.

4.2. Hybrid TDOA/AOA

It has been mentioned in the literature, e.g. [23], that combining different

techniques can improve location performance and/or reduce the number of receiving
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anchors in the system. Among various hybrid schemes, the most popular one is to use
the TDOA and AOA measurements simultaneously [17][22][23].

To perform TDOA/AOA mobile positioning, (3-10) is now rewritten by adding

Y1 €05(Qu04:) — X1 Sin(@apa;) ON both sides [7]:

(x —x9) Sin(aAOA,i) --—y) COS(aAOA,i)

(4-16)
= (x; —x1) Sin(aAOA,i) - i) COS(“AOA,L’)' i=12,..,M.

Combining (4-9) and (4-16) into a single matrix-vector form yields [7]

BY =w, (4-17)
where [7]
_ G _[h
B=lg 0, w=[i} (+18)
_ [ (xz — x1) Sin(aAOA,Z) E 2 —y1) COS(aAOA,Z) ] )
l= . , (4-19)
l(xM —Xx1) Sin(aAOA,M) - Om—y1) COS(aAOA,M)J

where 0, is an M x 1 column vector with all zeros and G and h are the same matrix and
vector as defined in (4-11) and H defines in (3-12). Then 9 is solved by

9 = arg ming(B9 —w) "W (B9 —w) = (BTW1B) "' BTw'w, (4-20)

where W1 is the weighting matrix. The constrained LS estimate of 9 is obtained by

minimizing the cost function in (4-20), subject to [7]
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9T = 0. (4-21)

Parameters ¥ and 9 are the same as defined before. The details on this
technique are similar to the TDOA or TOA techniques.

4.3. Hybrid TOA/DAOA

In this section, a new hybrid algorithm is developed for localization. The noisy
distances between the anchors to the unknown node (TOA measurements) and the
DAOA measurements, are used for this algorithm. Figure 4-2 depicts the situation.

The distances between the anchors to the unknown node are found from
propagation time measurement. The angles between the anchors would be measured
using a laser. In fact, the DAOA and hybrid TOA/DAOA are introduced in this thesis
motivated by using rotating laser technology.

The cosine law (3-21) is again used. Similar to the previous chapters, all the
anchors are assumed to be distributed uniformly over a 100 by 100 square. The
measurement noises are zero-mean Gaussian with variance of 0.1 for distances, and

angular variance of 2 degrees?.
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2 (Xa,Ya)

(X1,y1)

(xs,Ys)

Figure 4-2. Representation of an unknown node and some randomly distributed
anchors. y;jis DAOA and c;; is the distance between i-th and j-th

anchor. d; is the distance of i-th anchor to the unknown node.

The distances between two consecutive random anchors (c;;+4) can be

calculated as below

Ci2,i+1 =X —x)*+ @ —y)*+ (= x01)2 + V= Yi): —

‘ (4-22)
2d;d; 4 cos(yi'iﬂ), i=12,..,M,

where (x,y) and (x;, y;) are the unknown node and an anchor coordinates respectively.
d; is the noisy distance of the i-th anchor to the unknown node and y; ;;, is the noisy

DAOA between i-th and i + 1-th anchor. Expanding (4-22) and rearranging it shows in
(4-23),(4-24), and (4-25).
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lipr = X2+ xf = 2xx; + Y2+ yf = 2yy; + 2%+ xfy = 2xX4q Y7+ yi
= 2yYiy1 — 2d;idi1c08(Viiv1), =12, M. (4-23)

Ci2,i+1 =2R* + (xlz + xi2+1 + Yiz + Yi2+1) = 2x(x; + xi41) — 2y (Vi + ¥Vit1)
- Zdidi+1005()’i,i+1)v i = 1,2, ...,M, (4_24)

where R? = x2 + y2. The purpose of these manipulations is to find a familiar form from

earlier chapters. Rearranging (4-24),

x(x; + Xi41) T Y + Yig1) =

2
C"' 1
R* + O-S(xiz +xfy ¥+ yi2+1) —d;idiy105(Yii+1) — ”2+ ) (4-25)

i=12,..,M.

Equation (4-25) is the matrix-vector form like A@ = b in chapter 2,, where @ is a vector

consisting of unknown node coordinates (8 = [x y R?]7), and A and b matrices are:

X1+ X Y1ty -1
Apy_1x3 = : : :

Xy—1+t Xy Yu-1+tym -1
(4-26)
0.5(xf + x5 + y{ + y5 — cf) — didycos(yy1 )
by_1x1 =75 :
0-5(951%4—1 + xl%l + 3’1%/1—1 + 3’1%1 - CI%/I) — dy-1dycos(Yy-1,m)

The advantage of this hybrid technique compared to DAOA is that no specific
layout of the anchors is required, i.e., it means that there is no need to have the anchors

specifically on a circle around the unknown node for a closed form solution.
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An unconstrained LS estimator is used now to estimate the unknown node
position. This estimator ( 8 = (ATA)~'AT b ) is the same as that used in the previous
chapters. The simulation result for the hybrid technique is shown in Figure 4-3. It is
compared against the TOA technique which was used in chapter 2. The reason that the
DAOA is not included in this comparison is that its anchor nodes do not have the same
constellation as the other two algorithms (TOA and proposed hybrid TOA/DAOA). Fair
comparison is only possible with identical anchor constellations. The simulations are
undertaken for 10* observations and the results are averaged. Distance noise variance
is the same as it was for TOA (0.1), and the angle noise variance is 2 degrees®.

Hybrid
TOA

Mean Square Error

5 10 15 20
Number of Anchors

Figure 4-3. MSE vs. number of anchors in hybrid TOA/DAOA comparing to TOA.
Distance noise variance=0.1, and angle variance=2 degrees?.

The figure shows that the purely TOA technique has better performance than the
hybrid. But any extra measurements, here the angle measurements, should improve the
hybrid technique according estimation principles. The current algorithm — the LS - does
not account for the different noise variances of the different (TOA and DAOA)

measurements. The above figure is for the LS estimator which does not have prior
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knowledge of the noise (noise covariance matrix), and this is why the results for the
hybrid technique are less accurate than those for the purely TOA technique.

Having essentially noiseless angle measurements (very low angular noise

variance) is not out of reach these days because of laser techniques. When the angle

noise is zero, the proposed hybrid TOA/DAOA has a slightly better result than TOA
technique for using more than eight anchors, as illustrated in Figure 4-4.
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Figure 4-4.

20

MSE vs. number of anchors in hybrid TOA/DAOA comparing to TOA.
DNR=41, distance noise variance=0.1, and angle variance=0.

The results are presented here are to assist with future work for the case when

the noise covariance is known. (Here the noise variance is known for the numerical

experiments of the simulations, but it is not assumed to be known in the estimator, and
this is also the case used in the cited literature.)
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4.4. Considering the Localization Problem in
Three-Dimensions

So far the localization problem is described in 2D. Paositioning in 3D is also
demanding. In this section 3D localization is briefly reviewed. The localization algorithm
is the same as previous chapters except adding the third dimension to the calculations of
the linear LS estimation algorithm. Figure 4-5 shows the notation for the position of the
anchors and the unlocalized node in 3D. Here, (x,y,z) is the unknown node’s
coordinates, while (x;,y;,z;) is the known coordinates of the i-th anchor. ¢; and «;
denote the azimuth and zenith angles, respectively. In the other words, ¢; is the
azimuth angle of the projection of the unknown node on the x — y plane, and «; is the

zenith angle of the unlocalized node. They can be shown as

= -1 y_yl) = _1<Z_Zi>
¢; = tan <—x =) Q; = cos 4 ) (4-27)

where d; is the distance between the unknown node and the i-th anchor. The

calculation for d; is similar to the 2D case in (2-7):

di=Jx—x)2+@—-y)*+(z—2)?% i=12,., M. (4-28)

In the presence of noise, the distance and angles measurements become [12]

dAi = di + Tl&i, {D\i = @; + Tl@i, ’di = Qq; + Tlai; (4'29)

where ng ,ng, and ng, are the measurement errors of d;,¢;, and a; respectively.
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Unknown
node
(x,y,2)

Anchor

(1,1, 21) =
@i \\\\\“»\\\\

Figure 4-5. Representation of an unknown node and the anchor positions
in 3D space.
44.1. Linear LS Method

Recalling from the previous chapters, the estimator for positioning the unlocalized
node is LS. In order to develop this algorithm for the 3D case, only distance information
is considered first.  Then, the estimation algorithm is derived for the hybrid

measurements when both the distance and angle measurements are available.

Estimation Based on Distance Measurements

Equation (4-28) has a nonlinear form, so in order to apply the LS estimator using
only distances information, the equations are linearized. Squaring both sides of (4-28)

and considering low noise in distances yields [12]

—x)2+ (G —y)?+ @ —z)?~di) i=12,..,M. (4-30)

In order to produce a familiar form of the matrix-vector, the first anchor is taken as a

reference node. Now a new element is introduced as follow [12]:
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gipn® O —x)x+ Qi —y)y+ (zi—z)z, 1=23,..,M. (4-31)
where g; 1 is:
gix = 0.5[(x% +y,® +2%) = (r® +y1® +2%) +df - d]. (4-32)
Equation (4-31) can be written in a matrix-vector form as:
MB ~ g, (4-33)

where

Xo—=X1 Y2—="V1 22— 273 X
M: H H H ]' B:|:y:|[ g:
z

92,1
: : ] (4-34)
Xy — X1 YmMm— Y1 Zm — 241

Im1

Now the linear LS estimator is used to define the estimate of the position of the
unknown node. It minimizes the sum of the squares of the difference between the two

sides of each equation in (4-31). That is, [12]

M
B = argming Z wi_1 (6 = x)x + s = y)y + (2 — 21)2 — gi1)% (4-35)

=2

where {w;} are the weights which emphasize different elements of the measurements.
The weighting concept is giving larger weights to the parameter measurements which
are more reliable. For example, larger weights are assigned to the parameters of the
anchors with a higher received signal power (the higher signal-to-noise). In some cases
when a priori information on the distance estimation is not available, the weights may be
chosen to be unity. The weighted LS (WLS) solution to (4-33) is given by
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B=MWM) MWwg, (4-36)

where M should be full column rank (i.e., three in this case), to have a inverse matrix

and the diagonal weighting matrix is

W(M—l)X(M—l) = diag{wl! W2, ey WM—1} ’ (4'37)

Hybrid Estimation Based on Distance and Angle Measurements

When both distance and angle measurements are available, equations (4-27)
and (4-28) change to [12]:

x = x; + d;sin@;cosP;, vy =y; + d;sin@;sing;, (4-38)
z =~z +dicosq, i=12,..,M.

where the approximation is for the high SNR case. The interesting point when both the
distance and angle measurements are available is that the unknown node can be
localized by using only one anchor. When the LS estimation is applied to localize the
unknown node’s coordinate, the same form as (4-36) can be used, but with the following

matrices [12]:

M3y x3 = diag{ly, 1y, 1y},
Winxam = diag{wy, wy, ..., wsp},
Gamx1 = [x1 + dlsinc?lcoquL e, Xpg + dyySin@ycosyy, (4-39)
y; + diSin@;singy, ..., yy + dySin@ysing,,,

Al + dlcosd\l, ey Iy + dMCOS&M ]T.
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45. Conclusions

In this chapter, the hybrid TDOA/AOA was reviewed. The same LS approach as
previous algorithms discussed in chapters 2 and 3 is used. This hybrid technique is
considered in the literature as a better algorithm with higher accuracy for localization.
However, the goal of this thesis was to use an algorithm using TOA/DAOA as the
measurements. This new proposed hybrid localization algorithm was undertaken in a

similar manner of previously discussed algorithms.

The simulation result for the proposed TOA/DAOA technique was compared to
the unconstrained TOA technique obtained in chapter 2. The noise variance of the
distance measurements were the same (0.1) for both techniques. DAOA noise in this
hybrid algorithm was 2 degrees®. With this level of angle noise, the performance of the
hybrid could not beat the TOA method. However, for the second comparison, the angle
noise was set to zero and the result showed the slightly better performance for hybrid
algorithm than the TOA algorithm.
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Chapter 5: Conclusions and Future Work

5.1. Summary and Conclusions

Accurately positioning an unknown node in a wireless sensor network is very
difficult. All the nodes are equipped with the transmitters and receivers to communicate
between each other. Based on the positioning application, this problem can be
categorized. One category is range-based localization in a static sensor network, and
this is the subject of this thesis. Various measurement techniques (such as RSS, TOA,
TDOA, AOA, hybrid TDOA/AOA) have been proposed and discussed in the literature.
The focus here was on TOA, AOA, DAOA and hybrid TOA/DAOA.

In chapter 2, the focus was on localization algorithms using TOA measurements.
A new nonlinear estimation method was presented in order to apply to a one-
dimensional network topology. This estimator had a good performance compared to the
derived Cramer-Rao bound. The nonlinear least squares estimator was presented in
order to use for two-dimension case as well. The simulation results were presented
graphically as useful design information. A Distance-to-Noise-Ratio (DNR) was
introduced as a parameter in chapter 2 in order to evaluate the performance of the

estimators. DNR is the ratio between the squared mean of the distance, u3, and the
2

noise variance, o2, and it calculated from 10log%. So, this is the obvious analogy of
n

SNR as used in other signal processing disciplines. Also in chapter 2, the nonlinear
equations were reorganized into a set of linear equations in order to reduce the
complexity (of NLSE). The constrained and unconstrained Least Squares (ULS) location
algorithm using TOA measurements were reviewed. The simulation results for ULS
were essentially the same as those of NLSE, and the weighted ULS having a slightly
lower MSE.
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In chapter 3, angular measurements of the nodes were considered for the
localization algorithms. The unconstrained and weighted unconstrained least squares
location algorithms using absolute AOA are also reviewed. A goal of this thesis was to
develop a localization algorithm which considers the angles between the anchors and
the unlocalized node, i.e., the Differential-Angle-of-Arrival. This was a new
measurement technique developed in this thesis motivated by using rotating lasers.
Triangulation (cosine law) was used to calculate the distances between nodes. For
simplicity in the simulations, the anchors were confined to being on a circle around the
unlocalized node, and LS estimation was used for the unlocalized node location.
Simulations showed that using more than 8 anchors had reached diminishing returns.

In chapter 4, localization algorithms using hybrid technique were investigated. A
short review on TDOA measurement was provided. In addition, TOA and DAOA
techniques from the previous chapters were incorporated to develop a new hybrid
technique. Least Squares was used for the estimation of the unknown node. The
simulations for the proposed TOA/DAOA technique were compared to unconstrained
TOA technigue obtained in chapter 2. With the chosen simulation noise variances (0.1
for the distance noise variance, and 2 degrees? for the DAOA noise variance) the LS
estimator used in the hybrid method could not beat the LS estimator that used purely
TOA. With zero angular noise, the hybrid algorithm was essentially the same as the

pure TOA for more than 8 anchors.

5.2. Future Work

Throughout this thesis, LOS signal propagation was assumed in a static sensor
network consisting of for example, 10 to 20 anchors. There was one unlocalized node
among these anchors. There were also two other assumptions throughout this thesis. In
chapter 2, the distances between the anchors and the unlocalized node were given with
a certain noise variance. In chapter 3, the angle subtending two anchors from the
unlocalized node was known with a certain noise variance. For the hybrid algorithm,
both noises were considered. So, this thesis did not deal with the real experimental
measurements and the presented results were all based on the simulations. With these

assumptions in mind, the following directions beckon:
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Considering NLOS signal propagations:

LOS propagation is not always available in the systems. Due to reflections and
diffractions of the signals, one of the major error sources in mobile location is
NLOS error propagation. It degrades the localization or tracking accuracy
significantly. Therefore, algorithms which could discard the NLOS
measurements or formulate the positioning and tracking problem with NLOS
are required. Positioning with NLOS propagations is a major challenge, and is

a fertile area for more research.

Knowing the exact coordinates of just a few number of anchors and
calculate the other anchors positions:

In some situations the exact coordinates of some of the anchors is not
available. Finding these anchors’ coordinates from the known coordinates of
the other anchors is a good direction for future work. Also, Investigation of

anchor-free localization schemes remains a major challenge, e.g. [25].

Considering DAOA for generalized constellations of anchors:
The DAOA simulations were confined to a specific, circular configuration for
simplicity. The obvious extension here is to generalize this layout and

determine the sensitivity to the geometric situation.

Extension of the localization algorithms for estimating of more than one
unlocalized node:

Localization of one static node can be used iteratively in order to locate more
unknown nodes. Whenever an unknown node is localized, it can be
considered as a new anchor for the system and helps to improve the accuracy
of localizing other unknown nodes. Such iterative schemes can be an

extension to this research.
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Extension of the localization algorithms for estimating of a mobile
unlocalized node:

The unknown node was static in this thesis. However, localizing a mobile
station is an interesting problem. Positioning a mobile target (tracking) is
another extension to this research. A trajectory can be determined and
different algorithm can be applied for the localization. Kalman filtering has
been a traditional choice, but the sensitivity to the non-gaussian noise
compromises this approach.

Extension of the localization algorithms for N dimensional localization:
N-dimensional location where N is greater than the usual -cartesian
coordinates is possible in a mathematical sense. This type of calculation is
not applicable to physical situations, but may have applications in multi-

dimensional systems such as data bases.
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Appendix A.

Mathematical Calculations of NLSE

In one-dimension localization, expanding the cost function (J) in equation (2-17) is as follows:

M
J =) (=)t +df - 20— x)PdD) (A)

=1

M M M
] = z:(x2 +x7 — 2xx;)% + Z di — ZZ(xdi —x;d;)?. (A.2)
i=1 i1 i1

For convenience, the summations can be considered as multiplications of two vectors. So, the
following vectors are introduced here to use in the calculations:

d1 Xq xf yf 1
;],vzls],wz 2],q=[il,1M=[sl. *3)
dy XM Xy Vii 1

In terms of multiplications, (A.2) changes to

Y1

o
1

vpz

Ym

M
J = 12?1 +p — 2x0l7lIx*1 + p — 2xv] + Z d?
= (A.4)
—=2|lxD —v O D|I"||lxD —v © D|

M
=Mx*+p"p + 4x?v v + 2x%1, p — 4x31, v — 4xpTv + Z at —
= (A.5)

2(x2D™D + (w ©® D)"(v ® D) — 2xDT (v ©® D))

M
= Mx*+p"p +4x*vTv + 2x%15, p — 4x31L, v — 4xpTv + Z d} —2x?DTD
i1 (A.6)
- 2w OD)TWwOD)+4xDT(v © D),
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where © means the inner product of corresponding elements of two vectors. So, the derivative
of J with respect to x would be:

g—i = 4Mx3 + 8xv"v + 4x1Y p — 12x215, v — 4p"v — 4xD"D + 4D (v © D)

(A7)
=Mx3—3x2(1Lv) + xQvTv+ 1L p-D'D) + DT(w O D) —p"v.

Since the cost function must be minimized, this derivative is set to zero. The real root of this
cubic equation is:

3L v) 2V (-(-3(15; v)?+3M(2vTv+17p-DTD)) u (A8)
EE 3Mu 3x21/3M '

X

where u equals:

[—2(-3(ALv)* + M (=315 v)(2v"v + 1 p — D'D) — 27M*(D" (v © D) — p"v)
+ (4{-(-3A5v)2+3MQ2v"v+ 1L;p — D'D)}?

+ {-2(=315Lv))* + M (=31 v))(2v"v + 15;p — D'D)
1 (A.9)
— 27M2 (D" © D) — pTV)P)? .

In two-dimension localization, expanding the cost function () in equation (2-20) is as follows:

M
J= Z[(X —x)*+ =)t + 20 — x) (v — y)? + df — 2d7 (x — x;)?

4

(A.10)
—2d7(y — y)?]

M

M M u
= z:(x2 +x? — 2xx)% + Z(yz +y7 = 2yy)* + ZZ(JC - x)?(y —y)? +Z df
- —y i=1 i=1

i=1 i

M M (A.12)
—2) B -x)? -2 ) diy - y)?
i=1 i=1
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M

M M
= Z(x2 +xf—2xx)? + ) (VP +yP—2yy)P+2 Z(xy —xy; — yx; + x;)?
=1 i=

i=1 i i=1

M M M (A.12)
+ Z df =2 Z(xdi —x;di)? =2 Z(}’di - ¥;d;)?
i=1 i=1 i=1
= ||x%1y +p — 2xv||T||x%1y + p — 2xv||
M
+1y? 1+ g = 29wl ly* 1y + g = 2ywll + ) d?
i=1
+ 2llxyly —xw —yv + v Q w||"|lxyly —xw —yv + v O w|| (A.13)
— 2||Dx — DOV||"||Dx — DOV|| - 2||Dy — DOW||"||IDy — DOW||
= Mx*+p"p + 4x?v v + 2x210p — 4x310 v — 4xpTv + My* + q"q + 4y*wTw
M
+2y%1Lq — 4315w — 4yq"w + Z d}
i=1
+2(Mx%y? + x2w'w + y2v"v + (0 O w)T (v O w) — 2x2y15w
= 2xy?1v + 2xy15,(v O w) + 2xywTv — 2xw” (v O w)
A.l4
—2yv" (v O w)) — 2(D"Dx% + (DOV)"(DOV) — 2DTx(DOWV)) (A-14)
—2(D"Dy? + (DOW)T(DOW) — 2DTy(DOW)) .
Derivations of ] with respect to x and y are:
a] — 3 T T 24T T
x 4Mx° + 8xv' v + 4x1yp — 12x°1,v —4p' v
+2(2Mxy? + 2xwTw — 4xy1fw — 2y*15v + 2y15,(v O w) (A15)

+2ywTv —2w" (v O w)) — 2(2xD"D — 2DT(DOW))
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=2y Mx— 15v)+2y AL wOw) — 2x 1L w+ wl v) + f(x);

a
% = 4My3 + 8ywTw + 4y17,q — 12y?15,w — 4q"

+2(2Mx%y + 2yv"v — 4xy1jv — 2x2 15w + 2x15,(v O w)
+ 2xwTv = 2v" (v O w)) — 2(2yD"D — 2DT (DOW))

=2x2(My— 1Iw)+ 2x (AL, (w O w) — 2y 1L v+ wT v) + g(y);

where f(x) and g(y) are as below:

f)=2Mx3 - 6x?1Lv+2x2vTv+ 14 p+ ww—-DTD)— 2pTv
- 2wT (wOw) + 2DT (D O v);

gy) =2My® - 6y? 1, w+2y2w'w+ 14, q+ v"v— D" D) - 2q"w
—2vT (wOw)+ 2DT (D O w).
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Appendix B.

Calculation of CRLB for 1D Localization

From estimation theory, suppose 6 is an unknown deterministic parameter which is to be
estimated from measurements x with the conditional probability density function of f(x|68). The

variance of any unbiased estimator, 8 , is then bounded by the inverse of the Fisher information
function 1(6):

1
varg(0) = Ok (B.1)
where
1(6) =E [(Ll 1;‘(9x |9)> ] =-F [762”161;(;'9)]. (B.2)

Now, varyz(8) needs to be determined for NLSE in 1D case. Suppose u; as the distance
measurement between unknown node and an anchor in 1D case:

u; = |A _le +ni B (Bg)

where A is the coordinates of unknown node, Z; is the anchor, and n; the Gaussian noise.
Distribution of u; is the same as its noise:

-1
fu(w]A) = exp o (i~ 14— 2,172} (B.4)

1
V2ma?
where ¢? is the noise variance. Then for M anchors the distribution would be:

M
Fulul) = exp - ) (1A~ 2] ®5)
u (27TO'2)M 20.2 £ 14 i . B
Knowing that In(ab) = In(a) + In(b), taking In(.) from both sides of (B.5) changes it to:

(B.6)

Inf=1In <¥> —ii(ui —1A=Z)%
J@ra2)M) 20° P
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In order to obtain the Fisher information function, second derivative of (B.6) must be taken.

Recalling dd—u lu| = ﬁ u’, the first derivative of (B.6) with respect to 4 is:
6lnf Z( 14— ZI)(A 2 _ 1i -A+Z (B.7)
“o A=71 " L TA=Z] | 0 |

By taking another derivate from (B.7) with respect to A, first and third terms would be zero:

(A —2z)*
0 iuim—za _i“f'f“zl’" A=zl _,
A\L 1A-Zz] ) & (A—1Z,)? -
(B.8)
M
d
a<22i>=°
i=1
So, 21/ has the form
042
0Pinf 1, . _ =M 5o
T = D= (B9)

Now, as (B.2) shows the expectation of (B.9) has to be taken ( —E o lnf —E[ M]) Then

substituting it in (B.1) determines a bound for the variance of the estimatlon. So, ﬁ is considered

as the CRLB in 1D case, where M is the number of known points or anchors and 2 is variance of
the noise.
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