
CONTRIBUTION OF NON-LINEAR STRUCTURE TO

THE KINETIC SUNYAEV-ZELDOVICH POWER

SPECTRUM

by

Yang Liu

M.Sc., Shandong University & University Of Chinese Academy Of Sciences, 2010

B.Sc., Shandong University, 2007

a Thesis submitted in partial fulfillment

of the requirements for the degree of

MASTER OF SCIENCE

in the

Department of Physics

Faculty of Science

c© Yang Liu 2013

SIMON FRASER UNIVERSITY

Spring 2013

All rights reserved.

However, in accordance with the Copyright Act of Canada, this work may be

reproduced without authorization under the conditions for “Fair Dealing.”

Therefore, limited reproduction of this work for the purposes of private study,

research, criticism, review and news reporting is likely to be in accordance

with the law, particularly if cited appropriately.



APPROVAL

Name: Yang Liu

Degree: MASTER OF SCIENCE

Title of Thesis: CONTRIBUTION OF NON-LINEAR STRUCTURE TO THE

KINETIC SUNYAEV-ZELDOVICH POWER SPECTRUM

Examining Committee: Dr. J. Steven Dodge, Chair

Associate Professor

Dr. Levon Pogosian, Senior Supervisor

Associate Professor

Dr. Andrei Frolov, Supervisor

Associate Professor

Dr. Howard Trottier, Supervisor

Professor

Dr. Dugan O’Neil, Internal Examiner

Associate Professor

Date Approved: February 6, 2013

ii



iii 

Partial Copyright Licence 
 

  

 



Abstract

In the last two decades, a satisfactory standard cosmological model has been established.

On the other side, a wealth of new precise data from various astronomical observations is be-

coming available, leading to increased interest in details of the CMB foreground physics. In

this thesis we investigate a very promising foreground effect, the kinetic Sunyaev-Zeldovich

(kSZ) effect, and calculate its contribution to the CMB power spectrum. The kSZ effect is

due to the interaction of CMB photons with a moving structure between the observer and

the surface of last scattering, such as a cluster of galaxies, that contains ionized gas and

moves with a certain peculiar velocity. The strength of the effect is determined by both

the non-linear density distribution of matter inside clusters and the peculiar velocity which

is governed by the linearly perturbed matter density around them. We analyze the rela-

tive importance of the the linear and non-linear contributions to the kSZ considering only

gravitational interactions. We find that the non-linear contribution significantly changes

the power spectrum at very small scales, thus we believe including baryonic physics, which

also governs the nonlinear evolution of the structures, is necessary. The effect of baryons is

to redistribute matter toward the centres of halos, which can be dramatic when the baryon

component is allowed to cool. We calculate this deviation as well as its impact on the kSZ

CMB power spectrum.
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Chapter 1

Introduction

Cosmology studies the origin, evolution and destination of our Universe (or Multiverse) as

well as the natural laws behind it, based on scientific observations and experiments.

By studying ancient calendars, science historians believe that the history of Cosmology is

as long as the history of civilization. Time flies by. It has, once again, became one of

the most quickly developing branches of Physics due to the launch of various observational

projects. Those cosmological observations enabled human beings to enter the era of precision

cosmology. More specifically, grouped by general approaches, there are six categories of

observations:

• Traditional Telescope Observations

Use not only visible light, but the spectrum ranging from radio to gamma-rays. How-

ever, ground-based observations are limited by atmospheric effects

• Redshift Surveys

Scan and map the 3D distribution of matter by counting numbers of galaxies, such as

2dFGRS[1], SDSS [2]

• Cosmic Microwave Background (CMB) Experiments

Measure the relics of a time when the universe was hot and dense and extract the

abundant information encoded in it, such as COBE [3], WMAP [4], Planck [5]

• Cosmic Neutrinos Background

Carries plenty of information but may be impossible to extract, could be a future

1
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window

• Gravitational Waves

Detection of the disturbance of the space - time

• Cosmic Ray Observation

Detect the randomly distributed ultra high energy particles rather than electromag-

netic waves, mostly relevant to astrophysical phenomena

The first two approaches are most important in exploring the evolution history of the uni-

verse, in which telescope observations and redshift surveys focus on local effects and can

probe relatively late celestial physics, while CMB experiments measure global statistical

features and can reach a much earlier stage of the evolution history of the universe. In fact,

combining these two very different approaches by considering their junction is a motivation

of our work.

Cosmic Neutrinos Background is a potential treasure that we are far away to from taking

advantage of. The last two approaches, Gravitational Waves and Cosmic Rays, on the other

hand, are of importance to theories of high energy physics, especially in Gravity quantiza-

tion and string theory.

As a subject in physics, cosmology is based on experiments, However, rather than simple

induction from experiments results, cosmology relies more on theoretical extrapolations not

only because the energy scale is far higher than human’s reaches but also because we can

not re-create the universe and do the observation as in other areas of physics.

This is the reason why cosmology is often about “models”, either proposing a new yet rea-

sonable one or verifying it with the data from variety of experiments mentioned above. Our

work belongs to the later, which is using the CMB power spectrum to constrain models of

gravity.

Fortunately, the experiment’s results are compatible with the high energy theories and their

extrapolations, and we now have a standard model of cosmology except there are still three

unknown components. These are inflation, dark matter and dark energy. We know their

effect on the evolution of the universe but little about their physical character.
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More specifically, the observations strongly support a spatially flat Universe which is ac-

celerating at the present day, consisting of approximately 73% dark energy, 23% cold dark

matter (CDM), 4% baryons as well as negligible radiation. To explain why the space is so

flat and some other problems in Big Bang theory, scientists introduced Inflation, a special

period of time when the Universe was expanding exponentially. Soon, an unexpected yet

significant byproduct of inflation was found: it provides the Universe with the seeds for

today’s inhomogeneous large scale structure. During Inflation, tiny quantum fluctuations of

space-time background were stretched out of horizon and became frozen. The simplest in-

flationary paradigm provides an adiabatic, Gaussian and nearly scale-invariant fluctuations

which are consistent with the CMB observations.

When these fluctuations reenter the horizon at late times, curvature perturbations work as

potential wells making CDM and baryons collapse, leaving two important signatures on the

sky that we can observe today. One is the imprint on the CMB, where acoustic oscillation

peaks are generated in the angular power spectrum. The other is the cosmic structure that

we observe today, which would be amplified by gravitational instability to produce non-

linear structures, such as galaxies and clusters.

Now we have the Friedmann-Robertson-Walker (FRW) metric as space and time back-

ground; we have scale invariant primordial perturbations as initial conditions; we have par-

ticle components such as CDM, baryons, photons, neutrinos, which could have interactions

governed by the four basic forces. Putting these together and using Conservation Equations,

Einsteins Equations of General Relativity, one can get physical observables compatible with

today’s experiment’s results which surely is a big triumph of the most fundamental physics

theories as well as their extrapolations.

In this standard procedure, the key points connecting the observation results and the the-

oretical predictions are two spectrums. First, telescope observations and redshift surveys

[6, 7, 8] are used to infer the matter power spectrum, P(k), which shows the distribution of

the matter density fluctuations on different scales to a fairly high precision. Second, CMB

experiments, such as the satellite observations (WMAP [9, 10, 11] and Planck [12]), ground-

based telescopes (ACBAR [13], BICEP-II [14], QUIJOTE [15], PolarBear [16], QUIET [17]),

balloon-borne experiments (EBEX [18] and Spider [19]), similarly, measure power spectrum,
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Cl of the CMB temperature fluctuations, which shows temperature fluctuations on different

angular scales. Various authors have developed codes, such as CMBFAST [20] and CAMB

[21], to compute the linear part of the power spectrum widely used in testing models. These

two power spectra were tightly correlated in the very early stage since the beginning of the

Universe(beginning of the Big Bang usually refer to the end of the reheating after inflation).

But after the decoupling of matter from radiation, they were considered to evolve indepen-

dently in the simplest picture.

However, beyond this simplest picture there is plenty of interesting foreground physics, be-

cause after last scattering, the photons traveling across the Universe respond not only to the

perturbations in the space-time metric but also to the charges (although the ratio of charge

density to cross-section is generally very small). These corrections to photon’s motion are

extremely tiny, yet, we are in an era that the experiments mentioned above just had or

are going to have the ability to distinguish this level of small variations. This makes the

corresponding research very active and exciting.

The photons traveling through the universe from the last scattering surface can interact

with all kinds of matter via the gravitational force:

• The Integrated Sachs-Wolfe Effect [22]

Photons falling into a gravitational potential will gain energy. If the potential evolves

with time, the energy lost climbing out of that potential well will be different from that

gained before, leading to a net anisotropy. The gravitational potential φ is constant

when matter dominates the energy budget. However, this in not true (φ̇ 6= 0)both in

the early(“Early ISW Effect”) and late(“Late ISW Effect”) times where radiation and

dark energy make a large contribution respectively.

• The Rees-Sciama Effect [23]

As photons pass through the time-changing potentials formed by non-linear structures

due to the growth and movement of its bound, anisotropy occurs. This effect is

typically very small. People use Rees-Sciama as well as the late ISW effect to explain

the mystery “cold spot” in the WMAP.

• The Gravitational Lensing [24]
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In addition to the energy gained and lost, the photon’s path will also be altered by

potentials. Non-linear matter object such as cluster of galaxies creates a potential well

bending the lights from the source, as it travels towards the observer. Gravitational

lensing can be used to reconstruct the mass distribution creating the potential well.

The photons traveling through the universe from the last scattering surface can interact

with charges via electromagnetic force:

• The Reionization

As first stars formed, they radiated energy, ionizing neutral hydrogen. The universe

went back to being an ionized plasma again. Because baryons(plasma) and photons

had decoupled since recombination, these two fluids can have a large relative velocity

enhancing the power due to the Doppler scattering. The second order effect know as

the Ostriker-Vishniac effect[25].

• The Sunyaev-Zel’dovich Effect

Once structure formation is well underway, nonlinear structures, the hot gas in the

intergalactic medium for instance, can achieve very high temperature and probably

a huge Virial speed. These moving charges can increase the CMB photon’s energy

through inverse-Compton-scattering known as Sunyaev-Zel’dovich Effect[26, 27, 28].

All these “foreground”effects have plenty of interesting and unique features, moreover, they

all have a common theme or they are all about one thing: “How The Photons We

Observed Are Affected By Matter Throughout The Whole History Of The Uni-

verse?” They are the bridges connecting the CMB angular power spectrum and the matter

power spectrum. Among them, Sunyaev-Zel’dovich Effect is most promising because it hap-

pens at relatively late time so that the effect is easier to detect, while the very early effects

such as ISW or Rees-Sciama effect is sort of “blurred”since they are seen in combination

with many other effects.

In this thesis we investigate the kinetic Sunyaev-Zeldovich (kSZ) effect. We will not focus

on the physics details of this effect such as scattering, frequency character or observation

techniques. We see it as a bridge connecting density anisotropy and CMB anisotropy. We

calculate kSZ’s contribution to the CMB power spectrum.
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In Chapter 2, we briefly introduce the Cosmological Standard Model including some fun-

damental principles and the explanation of today’s anisotropy in both matter and CMB

photons. In Chapter 3, we come back to the kSZ effect, which arises if the scattering

medium is moving relative to the Hubble flow, so that the fractional temperature change

is proportional to the density-weighted-velocity. After calculating the power spectrum of

kSZ, we find that kSZ is sensitive to the details of reionization. The strength of the effect

is determined by both the non-linear density distribution of matter inside clusters and the

peculiar velocity which is governed by the linearly perturbed matter density around them.

We analyze the relative importance of the linear and non-linear contributions to the kSZ.

We find that the non-linear velocity perturbations’ contribution is small both in magni-

tude and scale. We then go beyond the linear perturbation theory, using non-linear density

power spectrum PNLδδ to get kSZ power spectrum and found that the non-linear density

modification have relatively larger impact. There are also suggestions that if some baryonic

processes are considered, especially when the radial direction cooling and star formation

are included, the kSZ power spectrum might be changed significantly. Thus we believe that

including baryonic physics which also governs the nonlinear evolution of the structures is

necessary. In Chapter 4, we first find that the thermal pressure of the baryons decreases the

kSZ signal slightly, then we calculate the new matter power spectrum with baryonic cooling

and star formation(CSF), form which we find that CSF can change the kSZ power spectrum

significantly. Chapter 5 is conclusion and outlook, where we indicate that kSZ effect can be

used to test gravity.



Chapter 2

Standard Cosmology

During the 1940’s, based on the observed Hubble expansion, Gamow et.al. proposed that

the Universe originated from a extremely hot and dense state[29]. At the same time, Bondi,

Fred Hoyle and Gold, who believed the Universe is steady and everlasting, on the other

hand, proposed the continuous creation model or the so called “steady-state Universe”[30].

In the steady-state scenario, to maintain a steady density in an expanding Universe, matter

must be created but only at an extremely low rate required to be compatible with observa-

tions, and the advantages are that it does not have a series of big problems[31, 32, 33, 34, 35]

encountered in Gamow’s Big Bang scenario such as the causality problem, the horizon prob-

lem and the entropy problem. As a competitor, Fred Hoyle was on a radio show to advocate

the Steady State Model, and referred to Gamow’s expanding universe model as “the big

bang idea”. These opposite theories fought each other for decades until the discovery of

the Cosmic Microwave Background in 1960s[36] provided experimental validation of the Big

Bang idea. Still, the debate continued because of the above mentioned problems.

In the 1980s, the proposal of inflation[37, 38] dramatically changed this situation. Inflation

elegantly solved all of the above mentioned severe problems in Big Bang scenario, and

therefore, we now have a Cosmological Standard model 1. Inflation also helps the BigBang

idea by successfully predicting later confirmed adiabatic, Gaussian and nearly scale-invariant

primordial fluctuations[39] which the question of where the structure comes from. In this

1Although the steady-state scenario lost the battle, the belief that the Universe is infinite to the past and
to the future continues. There are bounce and cyclic Universe models being studied such as Steinhardt and
Turok’s oscillation theory[40, 41].

7
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Chapter, we very briefly introduce the standard model of Cosmology.

2.1 Principles of Cosmology

The Cosmological Principle is an working assumption preferred by large scale observations.

It is a foundation of modern cosmology which combined with Einstein equations determine

the evolution of the space and time in our Universe2.

Cosmological Principle, which is a strongly philosophical one, normally states that the

properties of the Universe are the same when viewed by all observers separated by a suffi-

ciently large scale. This statements indicates that not only the mean physical structures,

but also the effects of physical laws in observable phenomena are the same at different parts

of the Universe. It is therefore hard to say that the space-time we live in is unique. As a

matter of fact, observations suggest that our universe is homogeneous and isotropic on cos-

mological scales. Within small scales of our observed universe, there exists a large amount of

anisotropy, but this anisotropy is getting smaller when one looks at larger scales. Generally,

the universe appears homogeneous and isotropic on scales larger than 100Mpc 3.

From this assumption, we have a metric which describes this homogeneous and isotropic

universe named as Friedmann-Robertson-Walker (FRW) metric [42],[43],

ds2 = −dt2 + a2(t)

[
dr2

1− kr2
+ r2(dθ2 + sin2 θdφ2)

]
(2.1)

where the scale factor is denoted by a time dependent function a(t). The universe under

this metric expands as the factor scale is increasing, while the universe contracts as this

factor decreasing. r, θ, φ are three components in polar coordinate system, which is labeled

as comoving system; accordingly the spatial curvature of hyper-surface in this system takes

2There are also studies on the expansion of the space and time as a result of an anisotropic Universe such
as John Barrow’s work[44, 45].

3Since there is a difficulty in observing the patch of space with large redshift z and large scale, the present
researches intend to investigate our observed universe beyond the cosmological principle. For example, some
people claim that the acceleration of universe might be the apparent effect due to the odd distribution of en-
ergy or matter[46, 47, 48]. And CMB observation indicate that there might be dipole asymmetry(anisotropy)
even when the particular velocity effect is deducted, and that in CMB there exists a huge “cold spot”[49]
which could be interpreted as a large “void” with radius at least as large as 300Mpc around that direction
in the sky[50].
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value k = 0,±1 which depends on the type of spatial property. If k > 0, the universe is

finite and unbounded, and infinite and unbounded if k ≤ 0.

In the FRW metric, time t is the proper time which could be regarded as the standard time

scale for the evolution of the universe. We could also derive the following conclusions for

our universe,

ȧ > 0 ⇔ Expanding Universe

ȧ = 0 ⇔ Static Universe

ȧ < 0 ⇔ Contracting Universe

Assuming that a light started traveling from a galaxy at t = t1, and is received by an

observer at t = t0, using ds2 = 0 we obtain,∫ t0

t1

dt

a (t)
=

∫ r1

0

dr√
1− kr2

(2.2)

After an elapsed of time (t1 + ∆t1), another light starts traveling again from this galaxy,

the receiving time will become (t0 +∆t0) at the place r = 0 where the observer stands, then

we have ∫ t0+∆t0

(t1+∆t1)

dt

a (t)
=

∫ r1

0

dr√
1− kr2

(2.3)

Connecting Eq. (2.2) and Eq. (2.3) we get

∆t0
∆t1

=
a(t0)

a(t1)
(2.4)

Therefore, the observed redshift can be written as

z ≡ λ0 − λ1

λ1
=

∆t0 −∆t1
∆t1

=
a(t0)

a(t1)
− 1 (2.5)

So far, we can conclude that,

z > 0 , Redshift ⇒ a(t0) > a(t1) ⇒ Expansion

z = 0 , Non-shift ⇒ a(t0) = a(t1) ⇒ Stable

z < 0 , Blueshift ⇒ a(t0) < a(t1) ⇒ Contraction

Current observations show redshift, which means our universe is expanding.
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The energy-momentum tensor indicates that the elements defined in the metric (2.1) are

of symmetry,

Tµν = Diag (−ρ(t), p(t), p(t), p(t)) . (2.6)

where the meaning of ρ , p will be stated below.

2.2 Dynamics of Expansion

Given the FRW metric, we can find the law for scale factor a = a(t) using the Einstein field

equation,

Gµν ≡ Rµν −
1

2
δµνR = 8πGTµν (2.7)

where Gµν is the Einstein Tensor, and Rµν the Ricci Tensor, while R is the Ricci Scalar, and

Tµν is the Momentum-Energy Tensor, and δµν is the Kronecker symbol.

We now derive the Friedmann Equation beginning with deriving Ricci tensor and its scalar

form,

R0
0 =

3ä

a
, (2.8)

Rij =

(
ä

a
+

2ȧ2

a2
+

2k

a2

)
δij , (2.9)

R = 6

(
ä

a
+
ȧ2

a2
+

k

a2

)
, (2.10)

Besides, for the consistency with the symmetry of the FRW metric, it is demanded that the

total momentum-energy tensor must be diagonal and isotopic, which means the spatial part

of Tµν must be identical. The simplest realization is taking the momentum-energy tensor of

fluid which has the following form,

Tµν = Diag (−ρ, p, p, p) , (2.11)

where both the energy density ρ and pressure p are function of time t. Substituting Eqs. (2.8

2.11) into field equation (2.7) we can obtain the FRW equations:

H2 ≡
(
ȧ

a

)2

=
8πGρ

3
− k

a2
(2.12)

Ḣ = −4πG(p+ ρ) +
k

a2
, (2.13)
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where H = ȧ
a is the Hubble parameter with its present value H0 = 70.5± 1.3kms−1Mpc−1.

If we define the critical density ρc and dimensionless parameter Ω as

ρc ≡
3H2

8πG
Ω ≡ ρ

ρc
, (2.14)

then Eq. (2.12) can be rewritten as

Ω(t)− 1 =
K

(aH)2
, (2.15)

According to this equation, the structure of the background space-time is determined by

the matter distributed in it , that is:

Ω > 1 Or ρ > ρc → K = +1

Ω = 1 Or ρ = ρc → K = 0

Ω < 1 Or ρ < ρc → K = −1

The current observational data implies that our universe is almost flat, therefore Ω ' 1,

K = 0 4.

From the energy conservation law, we can obtain the continuity equation,

ρ̇+ 3H(ρ+ p) = 0 . (2.16)

Since Eq. (2.16) can also be derived from combining both Eq. (2.12) and Eq. (2.13), only

two among those three equations are independent.

Besides, from Eq. (2.12) and Eq. (2.13) we can have

ä

a
= −4πG

3
(ρ+ 3p) (2.17)

Thus, now we’ve got a critical value ρ + 3p which determines the sign of ä. The fact that

our observable universe is expanding with positive acceleration requires ρ+ 3p < 0 today.

Considering when k = 0, Eq. (2.12), Eq. (2.17) can also be expressed as,

Ḣ = −4πG(ρ+ p) (2.18)

4This is a result of inflation in the early stage of our universe.
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This equation suggests that if p = −ρ, the Hubble constant H and, therefore, the energy

density remain constant as the Universe expands. The increase in the energy comes from

the work done by the negative pressure,

d(ρa3) = −pd(a3) (2.19)

providing a way of solving the entropy problem5 encountered in the Big Bang.

Provided that the equation of state has the form p = p(ρ), we can determine the energy

density as a function of the scale factor a. For example, if the energy density ρ of the

universe is dominated by non-relativistic matter for which pressure p can be neglected, we

can derive the following relation from Eq. (2.19)

ρ ∝ a−3 p� ρ; (2.20)

while if it is dominated by relativistic particles, we obtain,

ρ ∝ a−4 p = ρ
3 . (2.21)

From the energy function above together with Eq. (2.12) we will obtain the scale factor

a(t). The particular form of function a(t) determines different process of the evolution

of our universe. And the final stage of the evolution could be determined by the initial

conditions.

As a matter of fact, we could define the state equation as p = wρ in which w is a constant

and includes two major components which are:

• Relativistic Particle: w = 1/3;

• Non-relativistic Matter: w = 0.

Under this circumstance, from continuity equation we can obtain

ρ ∝ a−3(1+w). (2.22)

and by substituting it into the Eq. (2.12), we will have

3
ȧ2

a2
= 8πGρ0

(
a

a0

)−3(1+w)

. (2.23)

5This is energy production. During reheating, this energy is transferred to radiations where the entropy
is generated.
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where we have assumed a flat space-time K = 0, and the subscript ′0′ denotes the current

value of the parameters. This equation reveals a relation ȧ2 ∝ a2−3(1+w) which implies the

connection between the scale factor a(t) and time t,

• Era dominated by Non-relativistic Matter

a(t) ∝ t2/3, (2.24)

• Era dominated by Relativistic Particles

a(t) ∝ t1/2, (2.25)

• Accordingly, cosmological constant, which means w = −1, implies the following rela-

tion

a(t) ∝ exp(Ht). (2.26)

In general, if pi = wiρi, we can have the equation,(
H

H0

)2

=
∑
i

Ω(i)

(
a

a0

)−3(1+w(i))

+ Ωκ

(
a

a0

)−2

. (2.27)

where the dimensionless quantity Ω(i) =
8πGρ

(i)
0

3H2
0

describes the ratio of the current energy

density and the critical value ρcrit = 3H2
0/(8πG), while Ωκ = −κ/a2

0H
2
0 . By this definition

we will have the consistency relation,∑
i

Ω(i) + Ωκ = 1, (2.28)

From the observational data, we have

• Barionic Matter: Ωb ' 0.05,

• Dark Matter: Ωd ' 0.25,

• Dark Energy (or equivalently the cosmological constant): ΩΛ ' 0.7,

• Photons: Ωγ ' 5× 10−5.
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2.3 The Thermal History of the Universe

The thermal history describes the process of the universe evolving from the high temper-

ature and compacted state to the current stage in which the background temperature is

3K and dominated by dark energy. The whole process consists of three stages: Radiation

Domination Stage, Matter Domination Stage and Dark energy Domination Stage.

When the background temperature was very high, the universe was filled with high energy

particles, some of the lighter ones were relativistic. We denote those particles whose mo-

tion is relativistic as “Radiation” while others with non-relativistic properties as “Matter”.

During radiational era, the relation for energy and temperature is

ργ ∝ g∗T
4 (2.29)

where g∗ denotes the effective degree of freedom of spin. We adopt natural unit ~ = c =

kB = 1, and the above equation can be rewritten as,

g∗ =
∑

i Boson

gi

(Ti
T

)4
+

7

8

∑
i Fermion

gi

(Ti
T

)4
(2.30)

In the following we will estimate the temperature for the universe. During Radiational era

photons obey Planck statistics, therefore the state equation is written as,

Pγ = ργ/3 (2.31)

Applying the conservation law for energy, we can obtain the energy density in this era,

ργa
4 = const. (2.32)

From this equation we can conclude that the energy enclosed in a comoving sphere is de-

creasing in an expanding universe.

In a Matter domination era, the energy of universe is dominated by the static energy of the

dark and visible matter particles. In this case, the work of the pressure changes just the

thermal energy. Therefore by means of conservation law for energy in Eq. (2.19), we have

during this era

ρma
3 = const. (2.33)
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This equation presents an invariant quantity which means the matter enclosed in a comov-

ing sphere is preserved as the scale factor a, changes with time t.

Together with the Friedmann equation, we can also estimate the temperature for each era

in the universe. Regarding to the early universe which is dominated by Radiation, combing

Eq. (2.29) and Eq. (2.32) give, (
a(t)T

)4
∝ const, (2.34)

or

T ∝ a−1(t) (2.35)

It means that the decrease of the temperature in the early universe implies an increase in

the scale factor, or that the expansion of the Universe results in the drop of the temperature

of the universe.

Having known the relation for the temperature, we can understand well the thermal history

of the universe.

The birth of Universe General Relativity studies the universe in a manner of classical

approach. It implies that if we discuss the time singularity, t→ 0, the temperature and the

energy density will both approach to infinity. Therefore the theory of General Relativity

encounters a singularity problem. To solve it, the gravitational field is regarded as a quan-

tum field just like as treating the ordinary field. However the idea has not yet proven true

in experiment though many trials have been under investigation.

Once the hypothesis of quantisation of gravity satisfied or verified, the effect from quantised

gravity should not be neglected. By means of dimensional analysis, its effective energy shall

be (in natural units),

E ∼ T ∼
√

1/G = 1019GeV (2.36)

which is the Planck energy, and accordingly there is a Planck time of form

t ∼
√
G = 10−43s (2.37)

In general, if the expansion of the universe starts after Planck time, then it is naturally

believed that the temperature of the universe is lower than Planck temperature.
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Radiational Era

The magnitude of the observed primordial fluctuation reveals that the inflation ends around

T < 1016GeV , after which the universe enters the reheating era followed by the radiation era.

According to the analysis from the Standard Model (SM) of particle physics, in the very

beginning of the Radiational era, the component, “Gas”, of the Universe mainly consisted

of Quarks, Leptons and gauge bosons, etc. But particle physics theory cannot study prop-

erly the physics above the energy level higher than 103GeV , and we don’t have a working

model of Grand Unification Theory (GUT). At temperature T ∼ 1015GeV , the symmetry

in GUT may simultaneously break down to the symmetry in electro-weak theory. While at

T ∼ 300GeV , SU(2)L×U(1)Y symmetry will also break down to U(1)EM in which SM will

generate particles with mass. Before the breaking of electro-weak symmetry, supersymme-

try may break, however, its mechanism is still under review.

During 10−5s ∼ 10−4s, the chiral symmetry breaks down, and induces color confinement

and results in the forming hadrons from quarks. This is the quantum chromodynamics

(QCD) phase transition.

Around T ∼ 10MeV (t ∼ 0.01s), protons and neutron form nuclei. This process continues

until the reach of temperature around 1MeV . At this energy level, nuclear physics starts

working. The formation of primordial nuclei happens around the time t = 3 ∼ 30min after

the Big Bang. After the end of nuclei formation, the major components left in the universe

at this stage is 2H and small amounts of other heavier elements. All those components play

a crucial role in studying universe in detail. The abundance of 4He is about 1/4 compared

to all the baryonic matter, as supported both by the observational data and the theory of

Big Bang Nucleousynthesis.

At T ∼ 1MeV , neutrinos decouple and form the cosmic neutrino background. Electrons

and positrons (E-P) which are of mass 0.5MeV annihilate into photons. The temperature

of decoupled photons is 1.4 times higher than the one before the E-P decoupling. However

the spectrum of neutrinos has not yet been found.

Matter Domination Era
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At temperatures below 10eV , the energy level approaches that of atomic physics. About

1eV or t ∼ 104yr, the density of both matter and radiation is equal. Later, the matter

dominates the universe. The growth of the primordial anisotropy generated during inflation

stage occurs, and the large scale structure (LSS) starts to form.

At T ∼ 0.1eV or t ∼ 105yr, or redshift z ∼ 1100, atoms form and the decoupling of photons

happens. The decoupled photons will travel free in the universe, and their energy spectrum

does not change. While the temperature will decrease with the expansion, the Cosmic Back-

ground Radiation will form and remain. From the ionization energy of Hydrogen, once the

universe is cooled down to T ∼ 13.6eV , atoms will form. But due to the fact that photons

are 1 billion times more numerous than baryons, the atoms will be reionised due to frequent

scattering even when the temperature is below of the ionisation temperature T ∼ 13.6eV .

Up to t ∼ 109yr, primordial clusters form, and will always evolve with time. They make up

a major component of the universe in the Matter Dominated Era.

Dark Energy Era

At about a couple of billion years, the dark energy (DE) starts dominating our universe

(given cosmological constant as DE). The present relative density of DE is ΩΛ0 = 0.73 and

matter Ωm0 = 0.27. Also the age of the universe is t0 = 13.7Gyr, it means that our current

universe enters a DE dominating era around 0.63t0 or 8.3 billion years ago.

2.4 Cosmological Perturbations and Structure Formation

The Cosmological Principle states that the universe is homogeneous and isotropic on scales

larger than 100Mpc. On smaller scales we find that the Universe is filled with non-linear

astronomical structures as a results of gravitational collapse from tiny primordial inhomo-

geneous matter distributions. These primordial fluctuations originate from the quantum

fluctuation of scalar fields during inflation stage. In this section we give a brief introduction

of this topic.
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2.4.1 The Origin of the Primordial Perturbation

Various experiments prove that the universe is highly isotropic and homogeneous at t �
300, 000yrs. However, the present universe obviously has some anisotropy in structures as

follows: Stars (δρ/ρ ∼ 1030), Galaxies (δρ/ρ ∼ 105), Clusters (δρ/ρ ∼ 10− 103), superclus-

ter (δρ/ρ ∼ 1) and Voids (δρ/ρ ∼ −1).

Standard cosmological model explains this issue in a broad frame[51, 52, 53, 54]. In the

Matter Dominated Era, the primordial density perturbation, which is δρ/ρ ∼ 10−5, will be

enlarged by gravity and evolves finally to the current structures we observe. This will be

discussed in the next subsection.

As we mentioned above, the discovery of inflation helps the Big Bang theory win out by

solving several severe problems in it and providing a successful explanation on the structure

formation. We discuss one of these problems- primordial fluctuation problem as an example

to understand how it works.

On the last scatting surface (LSS), the fluctuation between two points will dominate the

difference of the gravity potential between these two points, and in turn it gives the tem-

perature of photons. (
δT

T

)
θ

∼
(
δρ

ρ

)
λ

, (2.38)

We called this effect as Sachs-Wolfe (SW) effect. CMB experiments will give this distri-

bution of temperature in space. And the anisotropy of it can be presented and studied by

decomposing into the Spherical functions,

∆T

T
(x0, τ0,n) =

∑
`m

a`,m(x0)Y`m(n), (2.39)

where x0 and τ0 denotes our current position and current time, respectively. And n denotes

the direction of observation performed by observers while ` is the multipole moment 6

〈a`ma∗`′m′〉 = δ`,`′δm,m′C`, (2.40)

6Equivalently, C` = 〈|a`m|2〉 = 1
2`+1

∑`
m=−` |a`m|

2.
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where C` is the angular power spectrum of CMB. In the case of homogenous case, C` is

a function of neither x0 nor of m. But two-point correlation function and C` have the

following relation, 〈δT (n)

T

δT (n′)

T

〉
=

∑
``′mm′

〈a`ma∗`′m′〉Y`m(n)Y ∗`′m′(n
′)

=
∑
`

C`
∑
m

Y`m(n)Y ∗`m(n′)

=
1

4π

∑
`

(2`+ 1)C`P` (2.41)

where P` the Legendre Polynomial of order `.

After considering the LSS, in comoving coordinates, the distance from LSS to the observer

is ∫ t0

tLS

dt

a
=

∫ τ0

τLS

dτ = (τ0 − τLS) (2.42)

therefore, the corresponding angular scale on the LSS to which a given comoving distance

λ projects is,

θ ' λ

(τ0 − τLS)
, (2.43)

where we have neglected the spatial curvature, by assuming a flat universe.

If the length λ is the comoving length of the sound horizon by which the universe evolves to

the LSS, it has a value λ ∼ csτLS, where cs ' 1/
√

3 is the sound speed of photons traveling

in plasma. And the corresponding angular scale (or width) is,

θ ' cs
τLS

(τ0 − τLS)
' cs

τLS

τ0
, (2.44)

where we have already known τ0 � τLS. From the time of decoupling of photons, universe

is dominated by matter. We have the relation for scale factor a ∼ T−1 ∼ t2/3 ∼ τ2. With

θHOR which denotes the width of sound horizon on LSS during this era, we can obtain

θHOR ' cs
(
T0

TLS

)1/2

∼ 1◦, (2.45)

where we have adopted TLS ' 0.3 eV and T0 ∼ 10−13 GeV. The width corresponds to a

multipole moment `HOR,

`HOR =
π

θHOR
' 200. (2.46)
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It also means if two photons with the width larger than θHOR (i.e. the corresponding

multipole-moment is less than `HOR ∼ 200), they cannot be causally connected.

However, the experimental data from the Cosmic Background Explorer (COBE), the Wilkin-

son Microwave Anisotropy Probe(WMAP), and the experiments based on the earth and

balloons, indicate that on large scales, `� 200, the fluctuation of the temperature in CMB

is of amplitude δT/T ∼ 10−5

We find the first peak of the power spectrum is located at ` ∼ 200 which equivalently denotes

that the patches of multipole moment `HOR ∼ 200 have NO causal connection. However,

the photons which come from those patches have a very small anisotropy. And we know

that it is impossible to smooth the difference of temperature between two patches which

have no causal connection. Therefore this conflict or inconsistency raises the problem of

interest – the origin of the Primordial Fluctuations.

However, this primordial problem as well as the many problems of Big Bang (horizon,

flatness, entropy, massive particle abundance problems) can be elegantly solved all together

if we introduce a dynamical process during which:

• the Universe expands nonadiabaticly

• the increase of physical scale λ must be faster than horizon scale H−1

The first requirement is to solve the entropy and the flatness problem since an nonadiabatic

phase is able to provide large entropy we observed today; as to the second requirement, if

there has been such a phase that the physical scale λ evolves faster than horizon scale H−1,

then the two photons located in no-causal connection areas at LSS (λ > H−1) could be in

causal connection area (λ < H−1) at an earlier time. Thus the homogeneity and isotropy

in scales beyond causal connection at LSS can be explained: the photons in no-causal con-

nection area actually had chance to communicate at a earlier time, therefore have similar

temperature.

This second requirement indicates a cosmological stage where ( λ̇
H−1 ) = ä > 0. We define it

as a stage of inflation:
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INFLATION ⇐⇒ ä > 0

As shown in Fig. 2.1(a), assuming that λ denotes the distance between two photons at

present, we will find these two photons could not “communicate” (red line lies above green

line) since the photons live and travel since decoupling. However, if we assume an inflation

stage as in Fig. 2.1(b), then the homogeneity and isotropy on scales beyond causal connec-

tion we discussed before can be explained.

Inflation also provides the Universe with seeds for today’s inhomogeneous matter distribu-

tion on small scales. The physical mechanism is as follows: during Inflation, the energy

density of the Universe which is dominated by potential energy of fields or vacuum, keeps

almost constant although the Universe is expanding. From Eq. (2.12), this indicates a fixed

Hubble constant leading to a fixed horizon H−17. Because microscopic space-time continu-

ally being stretched out into macroscopic size, tiny quantum fluctuations of the space-time

background were also stretched out. According to the equation of motion of the linear

perturbation, the perturbation evolves on smaller scales and becomes frozen when being

stretched out of the horizon. Thus inflationary paradigm provides an adiabatic, Gaussian

and nearly scale-invariant fluctuation which is consistent with the CMB observations.

When these fluctuations re-enter the horizon at late times, the curvature perturbation func-

tions as the potential wells causing the embedded matters collapse, providing seeds for the

cosmic structure that we observed today, which would be amplified by gravitational insta-

bility to produce non-linear structures, such as galaxies and clusters which would be briefly

introduced in next subsection, Fig.(2.2) depicts the stretch out and re-entery of the primor-

dial fluctuations.

7From Eq.(2.26), constant energy density causes an exponential expansion which is so rapid during the
time scale we are interested in that the photons hardly traveled any distance.
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log a

(a) sketch of λ and H−1 in thermal Big Bang
phase. In this radiation and matter dominated
stage, horizon increases faster than physical scale.
When two photons are separated by a physical
distance λ > H−1(dashed line region), they do
not have a chance to “communicate” or, in other
words, beyond causal connection.

log a
end

inflation

(b) sketch of λ and H−1 in thermal as well as an
additional inflation phase. The added inflation stage
happened before thermal Big Bang stage, and, in this
stage, the evolution of physical scale is faster than
horizon. In this schematic diagram, the horizon is
almost fixed (H is constant) corresponding to a ex-
ponential space-time expansion.

Figure 2.1: The evolution of physical length λ (red line) and horizon H−1 (green line) as a
function of the scaler factor a. From this graph we can see that the adding of the inflation
stage makes the two photons beyond causal connection having a chance to be correlated
with each other.
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Figure 2.2: The stretching out and re-entering of the primordial fluctuations. The blue line
represents the horizonH−1 which is almost constant during inflation or increases slowly as in
slow roll inflation scenario but constantly increase in normal expansion stage. The red is the
wave length λ of the primordial perturbation which originates from quantum fluctuations,
being stretched out at t = tex and reenter the horizon now and would affect future evolution
of the Universe.

2.4.2 Primordial Fluctuations to Matter Power Spectrum

Now, Inflation provides a scale invariant Gaussian fluctuation, this means that the Fourier

modes of the fluctuation δk does not correlate with other modes. It is convenient to work

in Fourier space,

δk =

∫
δ(x)e−ik·xd3x, (2.47)

where δ(x) is the density contrast ρ(x)−ρ
ρ at position x, ρ is the mean density.

Statistical isotropy implies the power spectrum can be described by a scalar function P (k):

〈δkδk′〉 = (2π)3P (k)δ3(k− k′), (2.48)

To quantify the amplitude of the fluctuations, we calculate the mass fluctuation within some
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volume[51]: 〈(
δρ

ρ

)2
〉

= 〈δ2(x)〉 =

∫
d3x

V
δ2(x)

=

∫
d3x

V

∫
d3k

(2π)3

d3q

(2π)3
δkδ
∗
qe
i(k−q)·x

' V −1

∫
d3k

(2π)3
|δk|2 = V −1

∫
k3|δk|2

(2π2)

dk

k
,

The integrand is the dimensionless power spectrum

∆2(k) =
V −1

2π2
k3|δk|2, (2.49)

which is the power spectrum popular in the early Universe community. In the large scale

structure community, the k−3 factor is often added so that it has the dimension k−3 [52],

i.e. P (k) = V −1|δk|2. In the following, we shall use the dimensional power spectrum P (k).

The nearly scale-invariant primordial power spectrum finally leads to a matter power spec-

trum we observe. The complex cosmic evolution can suppress or enhance the strength of

the perturbation spectrum on different scales. The overall effect can be encapsulated in a

transfer function T (k, z), and the matter power spectrum at redshift z would be:

P (k, z) = Ps(k)T 2(k, z), (2.50)

where Ps(k) is the power spectrum of primordial fluctuations. In practice, people have de-

veloped several Boltzmann codes to calculate the transfer function, such as CMBFAST [20]

and CAMB [21].

As time goes by, the effect of the transfer function will increase (T (k, z) increases as z

decreases), causing a lager and lager density perturbation. The region would detach from

the background when the density perturbation reaches unity, and non-linear dark matter

halo forms.
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Method and Results

The thermal SZ effect has been detected for both individual cluster samples and as an

anisotropy signal in the CMB power spectrum [27][28]. On the other hand, the detection of

kinetic SZ effect is just getting started. Recently, in anticipation of the coming observational

data, the kinetic SZ effect has received considerable attention and aroused widespread inter-

est among cosmologists. There are debates on whether we can use kinetic SZ spectrum to

distinguish the dark energy model from their alternatives, such as inhomogeneous universes

leading to apparent acceleration. And more and more new papers such as Observational

Consequences of Dark Energy Decay [55] which look at oriented motion of astro objects

trend to discuss the kinetic SZ signal. In this chapter, we calculate the power spectrum

of the kinetic SZ effect and determine what percent of the power comes from linear and

non-linear parts of matter power P(k).

3.1 The Kinetic SZ Effect

The kinetic SZ effect arises if a large population of free electrons are moving relative to the

Hubble flow. In the reference frame of the scattering medium, the CMB radiation appears

anisotropic. A small part of the CMB photons scatter with the charged medium (inverse-

Compton scattering ) and re-isotropize the radiation a little bit. Then, back in the rest

frame of the observer the radiation field no longer appears isotropic.

This anisotropy of the scattered photons causes a slight change in the intensity of light

25
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in certain directions. The specific intensity of a radiation field can be described by radio-

astronomers in units of brightness temperature TRJ = c2Iν
2kBν2

, where Iν is intensity ν is

frequency of photons. It is an effective temperature. The spectrum of the CMB is no longer

a black body spectrum but with a particular frequency structure. This property is extremely

important in cosmological observations. We use this characteristic frequency structure to

decide if a certain type of anisotropy is due to the kinetic SZ effect or some other anisotropy

source such as the thermal SZ effect.

It’s easy to imagine that to increase the anisotropy caused by the scattering, we can either

increase the anisotropy of each scattered photon or increase the number of photon with

anisotropy. The former corresponds to an increase in the flow velocity, while the latter

corresponds to increasing the scattering probability (optical depth), which is equivalent to

an increase in the density of free-electrons, since the cross section of Compton scattering is

constant. They have equal weights. Thus we can guess that the kSZ effect is proportional

to the product of peculiar velocity and charge density.

In Compton scattering, only the line of sight direction component of the velocity has an

effect on the intensity we observe, the cross sky component has no contribution. Sunyaev

and Zel’dovich, in 1972, gave the result that the radiation temperature decrease in the kine-

matic effect is [26]:

∆T

T
≈ −τe

υz
c
. (3.1)

This formula also provides a method for measuring line of sight component1 of the peculiar

velocity of an object at large distance2. Therefore, υz = υ̂ · n̂ is the component of peculiar

velocity of the scattering atmosphere along the line of sight and τe is the optical depth from

the observer to the scatterer:

τe =

∫
neσT dl (3.2)

where σT is the Thomson cross section.

1The cross-sky component of the peculiar velocity can be measured via gravitational lensing
2Provided that the kinetic and thermal effects can be separated, as they have different spectral properties
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The probability that the photon we observed was scattered once is τee
−τe , thus the fractional

temperature distortion due to the kinetic SZ effect along the line-of-sight unit vector n̂ is

∆T

T
(n̂) =

1

c

∫
dl e−τneσT n̂ · v (3.3)

The kinetic SZ effect probes the density weighted peculiar velocity of ionized gas up to the

epoch of reionization, and is a sensitive measure of the reionization history. We assume that

the Universe suddenly ionized at z = zrei and remain completely ionized after that. We can

write
∆T

T
(n̂) =

σT
c

∫ zrei

0

dx

dz

dz

(1 + z)
exp(−τ(z))ne(z)v · n̂ (3.4)

where the Thomson optical depth τ as a function of z is

τ(z) = σT

∫ z

0

n̄e(z
′)

1 + z′
dx

dz′
dz′ (3.5)

and where n̄e is the proper mean electron density,

n̄e(z) =
χΩbρc(1 + z)3

µemp
(3.6)

its relation with the electron density is ne = n̄e (1 + δ), χ is the ionization fraction, Ωb is

today’s baryon density parameter, ρc is the critical density, and mp is the proton mass.

3.2 Statistical Method

The angular two-point correlation function of the CMB anisotropy C(θ) is

C(θ) =

〈
∆T

T
(n̂1)

∆T

T
(n̂2)

〉
=

∞∑
l=0

(2l + 1)

4π
C` P` , (3.7)

where C` is the angular power spectrum, and P`(cos θ) = P`(n̂1 · n̂2) are the Legendre

polynomials. For `� 1, the C` can be calculated using Limber’s approximation,

C` =
8π2

(2`+ 1)3

(
σTρg,0

µempc

)2 ∫ zrei

0
(1 + z)4χ2∆2

B(`/x, z) exp
(
−2τ(z)

)
x
dx

dz
dz (3.8)

where k = `/x. Vishniac [56] first calculated the expression for ∆2
B

∆2
B(k) =

k3

2π2

∫
d3k′

(2π)3

[
(1− µ2)Pδδ(|k− k′|)Pvv(k′)

−(1− µ2)k′

|k− k′|
Pδv(|k− k′|)Pδv(k′)

]
, (3.9)
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where µ is cosθ, in which θ is the angle between k and k′, and Pδδ and Pvv are the linear

theory density and velocity power spectra, and Pδv is the density-velocity cross spectrum.

The continuity equation relates the density and velocity power spectra: ṽ(k) = ik̂(fȧ/k)δ̃(k),

where f = d logD/d log a and D is the linear growth factor. Therefore,

Pvv(k) =

(
fȧ

k

)2

Pδδ(k) ; Pδv(k) =

(
fȧ

k

)
Pδδ(k) . (3.10)

Plugging these into Eq. (3.9), we obtain

∆2
B(k) =

k3

2π2
ȧ2f2

∫
d3k′

(2π)3
Pδδ(|k− k′|)Pδδ(k′)I(k, k′) , (3.11)

where

I(k, k′) =
k(k − 2k′µ)(1− µ2)

k′2(k2 + k′2 − 2kk′µ)
.

These formulae describe the linear part of the kinetic SZ effect which is also called Ostriker-

Vishniac effect[25, 57].

3.3 Results

We get the linear and non-linear matter power spectrum from CAMB and use it to calculate

the kinetic SZ power spectrum l(l+1)Cl/2π. Our main purpose is to investigate the impact

of density fluctuations on the kinetic SZ temperature fluctuation, connecting the matter

power of the Universe with the KSZ power spectrum we can observe.

The values of some parameters we use hereafter are: zrei = 10, Yp = 0.24, χ = 0.86(i.e.,NHe =

0), µe = 1.14, ΩDM = 0.727, Ωm = 0.2735, Ωb = 0.0455, Ωr = 0, h = 0.704, σ8 = 0.7935.

3.3.1 The Impact of Reionization

One of the many properties of the kinetic SZ effect is that it is sensitive to the details of reion-

ization history which is hard to confine by other observations. This is because astronomical

signals or apparent brightness drops as 1/(1 + z)2 when probing high redshift events, and
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only very bright objects such as supernova and quasars3 can do the work. However, the ki-

netic SZ effect is redshift-independent, because it is the CMB photons that are observed and

the temperature variation fraction does not change. Therefore, kinetic SZ effect provides a

unique probe of very large scale structures and extremely important in studying reionization.

We assume the Universe suddenly ionized at z = zrei and remain completely ionized after

that. We get Fig. (3.2), the kinetic SZ power with different value of zrei.
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Figure 3.1: The kinetic power spectrum. The solid and dot line corresponds to zrei equal
to 7 and 10 respectively. This figure indicates that the earlier the reionization happened, a
lager kSZ effect would be observed today. The kSZ is sensitive to zrei.

We find that the earlier reionization begins, the higher kinetic SZ effects will be as we ex-

pected. This is because the fraction of temperature changes of kinetic SZ is proportional to

3 From the absence of the Gunn-Peterson effect in quasar absorption spectrum, we know reionization
must be complete by z ∼ 5[58, 59].
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the density-weighted-velocity integrated along the line of sight, while the density integral

along line of sight is sensitive to the reionization. A longer duration of reionization leads to

a higher kSZ effect.

Besides, we also noticed that the differences between these two plots quickly increases from

0 to 0.4µK2 at around l = 1100 and then remains almost constant making it different from

other the effects that we will looking into where this difference tends to increase with l.

 0

 0.5

 1

 1.5

 2

 2.5

 3

 3.5

 0  2000  4000  6000  8000  10000  12000

C
l0

 -
  

C
l

l (Multipole moment)

Figure 3.2: The amplitude difference between zrei = 10 and zrei = 7 quickly goes up to
0.4µK and remains almost constant indicating Zrei affects kSZ globally.

Theoretically, this can be interpreted as follows: the reionization history’s effects on kSZ is

global; it uniformly affects the kSZ on all the scales except the largest ones. On the other

hand, the other physical effects contributing to the kSZ that we will be looking at are all
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local, foreground effects, and will turn out to give an increasing kSZ temperature difference4

as l increases.

3.3.2 Linear and Non-linear Contributions

As we mentioned in the beginning of this chapter, the kinetic SZ effect is proportional to the

free-electron density and the bulk peculiar velocity along the line of light. These informa-

tions are embedded in Eq. (5.2) where they come via the product of the two density power

spectra Pδδ(|k − k′|) and Pδδ(k
′), since we have utilized the continuity equation Eq. 3.13

expressing the bulk velocity spectrum in terms of the density power spectrum and the cor-

relation is embedded in the I(k,k’) function.

To understand this correlation, we first define a function

C(k) =

∫
d3k′

(2π)3
Pδδ(|k− k′|)Pδδ(k′)I(k, k′) (3.12)

which is the integral part of ∆2
B in Eq. (5.2), and plot C(k) in Fig. (3.3).

From Fig. (3.3), we can tell that the contribution mainly comes from k < 0.4h−1MPC

which includes the linear (k < 0.2) and mildly non-linear regime. This agrees with our

expectation, because the bulk velocity is induced by the potential well around it, and the

potential arises mainly from the large scale (linear) density perturbations because of the

1/k2 suppression in Eq. (3.13). The mildly non-linear structure also contributes by provid-

ing a relatively large free-electron density so that the CMB photons can scatter with it.

To make this more intuitive, we want to determine what percentage of the power of tempera-

ture fluctuation comes from linear and non-linear parts of matter power P (k). We calculate

up to which ` of Cksz` contribution from k > 0.2 of Pδδ(k) is less than 10%. We denote the

power spectrum contributed from linear velocity power spectrum (Pvvwith k < 0.2)5 as C∗` ,

thus C∗` is part of the total kinetic SZ effect ( denoted as C0
` ). We compare C∗` with C0

` and

find `∗ ' 3930 at which the deviation
C0
`−C

∗
`

C∗`
≥ 10%. This deviation goes up as ` increases

4Here, the difference is the difference of kSZ temperature between when we include certain physical effect
(non-linear structures, baryonic gas pressure, cooling and star formation) and when we do not include it.

5we set Pvv = 0 when k > 0.2 but use Pδδ with k ∈ [0,∞].
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Figure 3.3: C(k). Note that C(k) quickly increase to its maximal in linear region, then
quickly goes down in the mild non-linear region.
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which is reasonable according to our previous analysis.
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Figure 3.4: C∗` (solid red) and C0
` (dot blue). C∗` counts only the linear contribution of Pvv,

while C0
` holds the whole contribution (both linear and non-linear part) of Pvv. The result

shows that the difference is small indicating that the non-linear part of the velocity power’s
contribution can be neglected.

Fig. (3.5) draws the percentage deviation between non-linear-cutoffed Pvv and whole Pvv

contribution. It shows that the deviation (cutoff-ed nonlinear Pvv contribution) is not large,

and it changes dramatically from l = 1800 to l = 4000 and then becoming stable.

Besides, since the free-electron density is provided mainly by the non-linear density distri-

bution, we can imagine that if we eliminate the non-linear part density power spectrum Pδδ
6 rather than Pvv, the power spectrum of temperature fluctuation will be changed more

significantly, and the experiment supports this expectation.

6 We can achieve this by setting Pδδ = 0 when k > 0.2 but using Pvv with k ∈ [0,∞].
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Figure 3.5: The deviation of C∗` with C0
` goes up as ` increases. In the small box we mark

the point of 0.1 crossing: untill around l = 3930 the difference rises up to 10%.
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3.3.3 Going Beyond Linear Perturbation Theory

In Section 3.2, we listed the formula for calculating CkSZl . This formula was deduced from

linear perturbation theory. This linear part of the kinetic SZ effect is known as the Ostriker-

Vishniac effect.

However, while linear perturbation theory explains the large structure of our Universe, it

fails when the density contrast reaches order unity. And the cosmic structures we observe in

kinetic SZ effect are super clusters, clusters and even galaxies which have density contrast

larger than unity. Therefore, theoretically, we can not use Eq. (3.8) directly to calculate C`

by simply plugin a non-linear matter power spectra PNLδδ into Eq. (5.2). These equations

are deduced from linear theory.

However, the kinetic SZ effect is determined by the density weighted peculiar velocity.

This density and velocity field information is encoded in the product of two matter power

Pδδ(|k−k′|) and Pδδ(k
′). We have transferred the velocity power spectrum Pvv into Pδδ(k

′)

by using the continuity equation:

Pvv(k) =

(
fȧ

k

)2

Pδδ(k) ; (3.13)

Besides, based on our analysis and experiments in last subsections, we know that the bulk

velocity arise mainly from the linear regime because of the 1/k2 suppression 7, in other

words, the non-linear evolution in the density field do not have a significant effect on ve-

locity modes. Non-linear contributions to the kinetic SZ effect therefore come mostly from

Pδδ(k). Therefore, Wayne Hu[60] suggested that, to include the impact of non-linear struc-

ture formation, one can simply replace the linear theory matter power spectrum Pδδ with

non-linear matter power spectrumPNL
δδ ,

∆2
B(k) =

k3

2π2
ȧ2f2

∫
d3k′

(2π)3
PNL
δδ (|k− k′|)Pδδ(k′)I(k, k′) (3.14)

We go beyond linear theory and study the impact of non-linear modification of matter

power on kinetic SZ temperature fluctuation. The CAMB code not only can calculate linear

perturbations but also provides HaloFit subroutine for non-linear matter power. We take

7Studies suggested that in the ΛCDM model, half the contributions to υ2
rms comes from scales k <

0.07hMpc−1[61].
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Figure 3.6: The linear matter power spectrum at different redshift between 0 to 10. As
shown in this graph, matter power increases with time.
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Figure 3.7: The non-linear matter power spectrum at different redshift.
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advantage of that, and the matter power we used is shown in Fig. (3.6 3.7). It is a collection

of P (k) at redshift z ranging from 0 to zrei (here rrei = 10). This collection contains the

information about the environment through which the CMB photons were passing through

and interacting with at that epoch. The kSZ effect we are looking for is an integral of these

historical contributions slice by slice all the way up to the beginning of reionization.

The KSZ power spectrum is plotted in Fig. (3.9), where CNL` is the power spectrum when

HaloFit modification is considered and CL` is the result we got when using the original mat-

ter power calculated from the linear perturbation theory.

The result shows that the Halo fit non-linear modification has a bigger impact on the C`

than including the non-linear part of the velocity power. The non-linearity increases the

kinetic SZ power spectrum one tenth at l ∼ 790 and increase it more and more on even

smaller scales.

We also noticed that one property that makes the Ostriker-Vishniac effect different from

the other effects we are interested in is that it reaches its peak very soon at ` ∼ 2300, while

other effects do not even have a peak. This property reveals that the maximal contribution

of linear density fluctuation comes from scales at ` ∼ 2300, which corresponds to 0.08 degree

angle on the sky.



CHAPTER 3. METHOD AND RESULTS 39

10
-
1

10
0

10
1

10
2

10
3

10
4

10
5

10
-
4 10

-
3 10

-
2 10

-
1 10

0
10

1

P
(k

) 
[M

p
c
 h

-1
]3

k [Mpc h
-1

]

0 linear
0 non-linear

(a) z = 0

10
-
2

10
-
1

10
0

10
1

10
2

10
3

10
4

10
-
4 10

-
3 10

-
2 10

-
1 10

0
10

1

P
(k

) 
[M

p
c
 h

-1
]3

k [Mpc h
-1

]

2 linear
2 non-linear

(b) z = 2

10
-
2

10
-
1

10
0

10
1

10
2

10
3

10
4

10
-
4 10

-
3 10

-
2 10

-
1 10

0
10

1

P
(k

) 
[M

p
c
 h

-1
]3

k [Mpc h
-1

]

4 linear
4 non-linear

(c) z = 4
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(e) z = 8

10
-
3

10
-
2

10
-
1

10
0

10
1

10
2

10
3

10
-
4 10

-
3 10

-
2 10

-
1 10

0
10

1

P
(k

) 
[M

p
c
 h

-1
]3

k [Mpc h
-1

]

10 linear
10 non-linear

(f) z = 10

Figure 3.8: The growth of the non-linear matter power spectra. The red line represents
the linear power and the green represents the non-linear power. At z = 10 the linear and
non-linear power superposition to each other. At z = 8 the non-linear spectrum starts to
have an enhancement in small scale region and this enhancement is getting larger and larger
as the Universe expands.
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non-linear astronomy structures have a large contribution on kinetic SZ effect.



Chapter 4

Baryonic Effects

In the structure formation theory, Cold Dark Matter decouples earlier than baryons and

starts to fall into the potential wells created by the quantum fluctuations during the infla-

tion stage. Baryons are subdominant and they trace the distribution of dark matter after

they decouple from radiation later.

The final distribution of dark matter halos can be significantly different from that of baryons

because the interactions they are involved in are different. Rudd et al.[62] found that bary-

onic processes significantly alter predictions for the matter power spectrum relative to mod-

els that include only gravitational interactions. They indicate that the physics governing

the non-linear evolution of the baryonic component could be important for forecasts of the

constraining power of future surveys if scales ` > 1000 are included. Thus, we explore the

effects of baryonic processes in this chapter.

4.1 The Baryonic Gas Pressure

Weakly interacting massive particle (WIMP) is the most widely discussed Cold Dark Mat-

ter candidate. Compared with baryons, WIMP is obviously a very simple particle. It is

supposed to be stable, classic, massive and very weakly interacting (probably only interacts

via gravity). Therefore it is easy to simulate the evolution of dark matter which is also the

dominant energy budget of all the matter. As for the baryons, because they follow the dark

matter because of the gravity, people tend to assume δb = δDM . However, this is not true

42
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on all scales.

Baryons are not as simple as WIMPs. Baryon particles can have different kinds of charges

and interact with each other. They are less massive and can have relatively large velocity.

As an example, the thermal pressure between baryons would erase fluctuations on small

scales, therefore we have δb < δDM on very small scales.

4.1.1 The Window Function

In the previous Chapter, the matter power we used was the matter power of dark matter,

but the kinetic SZ effect comes from the interaction of CMB photons with baryon gases,

thus in order to predict the kSZ power spectrum accurately, we need to use the matter

power of baryons rather than dark matter to do the calculation. We can get the baryon

matter power Pgas by multiplying the matter power PDM with window function W (k)

Pgas(k, z) = W 2(k, z)PDM (k, z) . (4.1)

Since the effect of baryon thermal pressure is erasing fluctuations on small scale, we can

expect W 2 ' 1 on large scales (when k is small) and W 2 < 1 on small scales (k is large).

The analytical expression for the window function is [65]

W (k, z) =
1

2
[exp(−k

2

k2
f

) +
1

[1 + 4( k
kf

)2]1/4
] (4.2)

where the characteristic filter scale kf is given by

1

k2
f

=
1

D(t)

∫ t

0
a2(t′)dt′

D̈(t′) + 2H(t′)Ḋ(t′)

k2
J(t′)

∫ t

t′

dt′′

a2(t′′)
(4.3)

where, kJ is the Jean’s scale

KJ(t) =
a

cS(t)

√
4πGρm(t) (4.4)

and ρm is the mean matter density and cS is the mean sound speed at t.

We draw the window function at different redshifts in Fig. 4.1.
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Figure 4.1: Plot of W 2(k, z) at redshifts z = 0, 5, 10. Thermal pressure erase δ on small
scales and will not affect matter power on large scales, thus W 2 approaches to 1 at small k
and then goes down at large k.
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4.1.2 kSZ Power Spectrum with Gas Pressure

Gas pressure resists baryon gases collapsing on smaller scales. Because of this suppression

of matter power on small scales, we can expect a suppression of CkSZl at large l. We do the

calculation and plot Fig (4.2) as well as Fig (4.3):
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Figure 4.2: The kSZ effect with and without the baryonic gas pressure. This graph shows
that the contribution of gas pressure on kSZ power spectrum is to lower its amplitude a
little bit. The modification is not as significant as non-linear structure effect or reionization
history.

The results is consistent with our expectation, the thermal pressure of baryons decrease the

kSZ effect, we find this can cause a 0.1µK change at l = 4000.
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Figure 4.3: The contribution of gas pressure on kSZ is not significant. The deviation
increases as l goes up, and when l ' 9316 the percentage deviation reaches 10%.
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4.2 The Baryonic Cooling and Star Formation

Besides the thermal pressure effect discussed in the last section, there are other baryons

effects that can have an impact on the matter power spectrum such as radial cooling and

star formation. And the changes of matter power will have an impact on the kSZ effect

which is the integral effect. To calculate the kSZ effect with high accuracy, in this section

we discuss the impact of cooling and star formation.

4.2.1 The CSF Matter Power Spectrum

Rudd et al. [62] find that radiative cooling of the baryonic component, star formation and

feedback precesses have a large impact on the power spectrum. This modification can be

modeled by multiplying the original gravity-only non-linear power spectrum by a ratio of

NFW profiles. We use PCSF to represent the matter power spectra with cooling and star

formation and PDMO for the matter power with dark matter only:

PCSF (k) ≈ PDMO(k)

[
λ(Rvirk/c2, c2)

λ(Rvirk/c1, c1)

]2

(4.5)

This NFW profile is unity on scales larger than the typical scales of halos k . R−1
vir and

differs from unity at higher wavenumbers. The concentration c1 represents the halos in

a typical dark matter simulation, and a second concentration c2 represents the effective

concentrations of the mass profiles of halos with baryonic cooling and galaxy formation

included. The analytic expression is given in [61]

λ(η; c) =
1

fNFW (c)

{
sin(η)[Si([1 + c]η)− Si(η)]

+ cos(η)[Ci([1 + c]η)− Ci(η)]− sin(ηc)

[1 + c]η

}
,

(4.6)

where,

fNFW (x) = ln(1 + x)− x/(1 + x) (4.7)

c is the halo concentration, η = kRvir/c, Rvir is the halo virial radius, and Si(x) and Ci(x)

are the sine and cosine integrals. From these analytical expressions, we get PCSF in Fig. 4.6
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(b) z = 1
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(c) z = 3
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(d) z = 5
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(e) PCSF at different z

Figure 4.4: PCSF (k) and PDMO(k). We use parameters: Rvir = 1.1h−1Mpc, c1 = 5,
c2 = 1.7c1, which is the typical value for halos at redshift z ∼ 1. Here we compared PCSF
(red) with PDMO (blue) at several redshifts, and we can tell that cooling and star formation
enhances the matter power spectrum on small scales (large k), from which we can infer that
the kSZ effect probably would be enhanced.
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The figure shows that cooling and star formation changes the matter power on small scales

a lot (note that it is a loglog plot). It increases the power on scales 100 < k < 101.

4.2.2 The CSF KSZ Power Spectrum

We also calculate the CCSF` using PCSF (k, z) which is plotted in Fig. 4.4(e). This calculation

is a rough one – for instance, the parameters c1, c2 come from simulation and they should be

functions of redshift. However, because there’s no detailed information in literature, we use

c1 = 5, c2 = 1.7c1 on all the redshifts to get a result which is not very accurate. From this

figure, we can tell that the baryon cooling and star formation do have a significant impact

on kinetic SZ power spectrum. They change the magnitude and the shape of the curve by

strongly lifting the curve on very small scales.
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Figure 4.5: Prediction of kinetic SZ power spectrum from different matter power: PCSF (k),
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Chapter 5

Conclusions, Outlook and Current

Observations

The kinetic Sunyaev-Zeldovich effect is an unique way of detecting very large scale physics.

It is redshift-independent, so the signal does not diminish. It can be used to detect the pe-

culiar velocity of certain cosmic structures such as clusters, super clusters or galaxies, thus

is widely and effectively applied to a lot of interesting physics ideas involving large-scale

flows. The kinetic SZ effect is getting more and more popular in past years. The thermal

SZ effect has been detected both for individual galaxies and statically, but the kinetic SZ

effect hasn’t. There are several ground-based arcminute-scale observational projects being

build or just starting release data such as the South Pole Telescope (SPT)[63] and Atacama

Cosmology Telescope (ACT)[64]. The kinetic SZ effect is promising and worth to explore.

5.1 Conclusions

The kinetic SZ effect arises if the scattering medium is moving relative to the Hubble flow.

The fraction of temperature changes of kinetic SZ in certain direction of the sky is propor-

tional to the density-weighted-velocity integrated along the line of sight. After calculating

the power spectrum of kSZ, we find that kSZ is sensitive to the details of reionization be-

cause the density integral along line of sight depends on it. A longer duration of reionization

corresponds to a higher kSZ effect.

52
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Figure 5.1: A brief summary of the kinetic power spectrum.

The peculiar velocity of a cosmic object is induced by the potential wells around it. On small

scales, these potential wells come from the matter distributed around it, while on very large

scales, the potential well is formed by the curvature perturbation of the space. On large

scales, matter hasn’t had enough time to cluster, and large scale flow might happen caus-

ing kSZ effect. Our results shows that up to ` ∼ 3930 the non-linear velocity fluctuations

contribute under 10% of the total kSZ power spectrum. We go beyond the linear perturba-

tion theory, using non-linear density power spectrum PNLδδ to get kSZ power spectrum and

compare it with linear density power spectrum case. We find the 10% deviation happens

at ` ∼ 790. To make accurate prediction of kSZ, we need to consider baryonic effects such

as thermal pressure, which proved will decrease kSZ slightly. There are also suggestions

that if some baryonic processes are considered, especially when the radial directing cooling

and star formation are included, the kSZ power spectrum will be changed significantly. We
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calculate the matter power PCSF (k) and confirmed this results. Fig. (5.1)

5.2 Outlook

The kinetic SZ effect has two major advantages: detecting very large scale structures and

probing large scale flows. The large structures together would create potential wells around

them and wonder within this potential field. We believe this scenario makes the kinetic

SZ effect a very good candidate in testing gravity. It is of interests to explore the gravity

models via kinetic SZ effects. As an example, we can test f(R) model with the help of the

code MGCAMB[66].

Under modified gravity models, the electromagnetic action (Compton scattering) will not

be affected, thus the formula for calculating CkSZ` is the same:

C` =
8π2

(2`+ 1)3

(
σTρg,0

µempc

)2 ∫ zrei

0
(1 + z)4χ2∆2

B(`/x, z) exp
(
−2τ(z)

)
x
dx

dz
dz (5.1)

∆2
B(k) =

k3

2π2
ȧ2f2

∫
d3k′

(2π)3
PNLδδ (|k− k′|)Pδδ(k′)I(k, k′) , (5.2)

But we need to find all the terms that can be affected by gravity model and replace them

with new ones. MGCAMB can do most of the work. We can directly get the linear matter

power Pδδ(k), Hubble parameter H(z)1. MGCAMB dose not provide the linear growth

factor f , instead it provides ∆(k, a), and:

D(k, a) =
∆(k, a)

∆(k, 1)
(5.3)

f =
d logD

d log a
(5.4)

Till now, the only missing link is the non-linear matter power PNLδδ which must be found in

numerical simulations.

1for calculating comoving distance in Eq. (5.1)
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5.3 Current Observations

Several ground-based telescopes are working on detecting very high resolution (2000 < l <

10000) cosmic microwave background anisotropies. The observed angular power spectrum

Cl at this scales is a combination of signals from the primary CMB anisotropy, thermal and

kinetic SZ effects, radio galaxies and cosmic infrared background. The kSZ contribution can

be discriminated from other signals’ when a multi-frequency observation is available.

A two years’ three-frequency observation from the South Pole Telescope(SPT) sets an upper

limit on the kinetic SZ power: at l = 3000 the CSF homogeneous kSZ power is less than

2.8µK2 at 95% confidence[67]. Our results in Fig. (5.1) shows that the kSZ power at l = 3000

(around 2.5µK2) is right below this upper limit. Different kSZ models we discussed have

almost the same power at this scale, and thus can not be discriminated yet. The differences

will be relevant, however, for future CMB experiments with improved sensitivity.
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