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Abstract

This thesis develops new methods for estimating the size and distribution of hard-
to-reach populations when employing an adaptive sampling design. Hard-to-reach
populations, like those comprised of injection drug-users, are usually not covered by
a sampling frame. Hence, the sampler may desire to exploit the social links between
its members to adaptively sample individuals for the study. We have developed
three novel procedures based on various adaptive sampling designs for estimating
the population unknowns.

The first project introduces a complex graph model that accounts for the erratic
clustering behaviour commonly seen in hard-to-reach populations through observed
covariate information. Our novel approach bases inference for the population size
and model parameters on a Bayesian data augmentation routine.

The second project explores a new design-based approach that is based on a
multi-sample study. Preliminary estimates of population unknowns are based on the
initial random selections made for each sample. The adaptively selected members of
the sample are included in the inference procedure through Rao-Blackwellization of
the preliminary estimator based on sample reorderings which are consistent with a
sufficient statistic.

The third project extends the design-based approach to inference that was intro-
duced by Frank and Snijders| (1994) where inference is based on the links originating
from members selected for a Bernoulli sample. We propose new estimators of the
population size that are based on one wave selected after the initial sample is ob-
tained. We also introduce a Rao-Blackwellization procedure that is similar to that

found in the second project for obtaining improved estimates.

il



The fourth project offers new methods for approximating the Rao-Blackwellized
estimates obtained with a design-based approach to inference. We introduce a
method termed improved importance sampling, based on a single-stage cluster sam-
pling procedure, to obtain improved estimates over the preliminary importance sam-
pling estimates.

For our thesis study population we use a networked population that was simulated
from the complex graph model. We conduct a series of simulation studies based
on several different adaptive sampling designs to evaluate the performance of the

estimators from each of the projects.

Keywords: Adaptive sampling, Bayesian inference, Capture-recapture, Markov chain

Monte Carlo, Network sampling, Rao-Blackwellization
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Chapter 1
Introduction

Adaptive sampling methods are typically used to recruit individuals from hard-to-
reach populations or to increase sampling effort where observed units are revealed to
be members that are of high interest to the researcher. For the purpose of estimating
the size of a target population there is an abundance of literature based on the use of
capture-recapture methods. Most of these methods rely on the use of conventional
sampling designs like random or stratified sampling because of the tractable likeli-
hood functions they induce for the population size. This thesis presents methods
for estimating the size and distribution of populations when an initial sample(s) is
selected from the target population completely at random and members are then
adaptively recruited, via following social links from the current sample, to be in the
final sample. The adaptive sampling and inference procedures outlined in this thesis
can assist in the recruitment from, and estimation of the size and characteristics
of, hard-to-reach populations like those comprised of injection drug-users, men who

have sex with men, illegal sex workers and the homeless, to name a few.

1.1 Background

For study purposes, a typical social network can be conceived of as a graph where

the nodes correspond with the members of the population and the links (commonly
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referred to as arks, nominations, or mentions) correspond with the presence of some
predefined relationship between all pairs of the individuals. For example, in a popu-
lation of injection drug-users a link may occur between two individuals if there is a
mutual nomination between them. These nominations may come in the form of the
sharing of drug-using paraphernalia and/or coming into sexual contact. As the indi-
viduals of such hard-to-reach populations may not be covered by a sampling frame
and /or may be difficult to locate or identify, a researcher may benefit from the use of
an adaptive sampling strategy to recruit individuals for study purposes. With a typ-
ical adaptive sampling design, a subset of the graph/population is initially recruited,
ideally or conceivably through a probability sampling design, and members of the
population are then adaptively recruited by tracing some of the social network links
out of the nodes in the current sample.

There are two common inferential methods for estimating unknown population
quantities in sampling. In a model-based approach the population graph is assumed
to have arisen from an underlying model. With a model-based approach estimates of
a population quantity, yo say, are said to be model unbiased if the expectation of the
estimator gy given any sample S equals the expectation of yy. To clarify, suppose that
the realization of a population quantity is yo where g is a function of the realization
of the responses of interest y = (y1, 2, ..., yn) according to some joint distribution F
where N is the population size. We then refer to 7o as being model-unbiased if for any
sample S, E[yo|S] = E[yo]. Model-based approaches may be preferred for obtaining
estimates of unknown population quantities like the population mean or average node
degree (that is, the average number of neighbours a member possesses) as the model
assumptions may facilitate obtaining estimates of the population unknowns.

With a design-based approach to inference in sampling there is an absence of
an assumed underlying model from which the population graph has arisen. Instead,
all responses are regarded as fixed and only known for those which are observed in
the sample. As probability only enters the inferential procedure through the sam-
pling design, an estimator for a population quantity is said to be design-unbiased if
Elyoly] = yo. Notice that a design-unbiased estimator holds the attractive feature of

being unbiased for the population quantity that is taken on at the time of the survey.
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However, with a design-based approach it is likely to be a more complicated task to
obtain estimators with desirable features like unbiasedness as the absence of an un-
derlying model will not permit exploiting accompanying mathematical assumptions
which may facilitate obtaining such estimators. For more information, [Thompson
(2002) provides a discussion of the use of model-based and design-based approaches
for inference in sampling.

There is a growing body of literature on both model-based and design-based ap-
proaches to making inference for population unknowns with the use of adaptive sam-
pling strategies when the population size is known. Thompson and Frank| (2000) de-
scribed an approach to likelihood-based inference for adaptive sampling (also known
as link-tracing) designs. This approach was used in further development in|Thompson:
and Chow (2003), and [Handcock and Gile| (2010)) developed a theoretical framework
for basing inference of population unknowns on exponential random graph models
when using an adaptive sampling design. [Thompson| (2006b) developed a design-
based method for estimating population proportions when using a targeted random
walk sampling design that is based on the use of Markov chain theory. [Thompson
(2006a) generalized the design-based method for estimating population proportions
based on an adaptive sampling strategy termed adaptive web sampling that allows
for fixed sample sizes as well as the flexibility to allocate as much random or adap-
tive effort as desired at each step in the sample selection procedure. For additional
information, Fienberg (2010alb) provides a summary and discussion of some of the
work on the modeling and analysis of networked populations, as well as a general
introduction to papers with applications towards sampling and analyzing hidden
populations. Spreen (1992) also provides some review of link-tracing designs and
their applicability to sampling hard-to-reach populations.

Heckathorn! (1997, 2002)) developed a procedure termed respondent-driven sam-
pling which bases estimates of population proportions on Markov chain theory.
Abdul-Quader et al.|(2006) describes empirical findings based on a respondent-driven
sampling design to collect data on an HIV-related population in the New York City
area. Recent work by Gile and Handcock (2011)) proposes a modified estimator of
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population means when employing respondent-driven sampling that utilizes a model-
assisted approach to help overcome the bias introduced with the selection of an ini-
tial sample that is not a probability sample. Since their inference procedure requires
knowing the population size, they show that this is a robust estimator when the in-
ference procedure substitutes a relatively large or small estimated value for the true
population size.

There are many methods for estimating population sizes through a capture-
recapture style of study (see Schwarz and Seber| (1999) and (Chao et al.| (2001) for
a summary of the existing methods), and some of these classic methods have been
implemented for estimating the size of hidden drug-using populations (see Frischer
et al. (1993), Mastro et al.| (1994) and Hook and Regal (1995)). Several model-based
approaches for estimating population sizes with the use of an adaptive sampling de-
sign have been developed for when a subset of the target population is accessible from
a sampling frame. [Felix-Medina and Thompson| (2004 developed an approach that
combines model-based and design-based inference. It assumes that links from the
partial sampling frame are made in a homogenous pattern that facilitates a capture-
recapture likelihood style of inference. Felix-Medina and Monjardin| (2006) extend
this work by proposing a Bayesian-assisted approach to overcome some of the bias
that the maximum likelihood estimators possess, and Felix-Medina and Monjardin
(2009)) further extend the aforementioned work by allowing for a method based on
an initial sequential sample that gives control over the final sample sizes. |Frank and
Snijders (1994) were able to develop a design-based approach that formulates con-
sistent moment-based estimates of the population size based on the links originating
from the members of a Bernoulli sample.

The model-based methods outlined in the existing literature for estimating the
size of a population with adaptive sampling strategies make relaxed/generic mathe-
matical assumptions for which the nomination probabilities are based upon (for ex-
ample, see Frank and Snijders (1994)) for an approach based on assuming a Bernoulli
graph model and Thompson and Frank] (2000) for an approach based on assuming a
simple graph model known as the stochastic block model). Also, none of the exist-

ing model-based and design-based methods permit inference based on members who
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are sampled beyond those linked to the initial sample. Furthermore, most of the
existing methods have not harnessed or adopted some of the well-known capture-
recapture methods, such as those used in the well-known eight closed population
models (see Schwarz and Seber| (1999) for a description), for estimating population
sizes. These issues serve as the primary motivation for the work found in this thesis
and are addressed throughout chapters 2, 3, and 4. Chapters 2, 3, and 4 are each
written in a stand-alone fashion, and chapter 5 is written as an extension of chapter
4. All simulation experiments that were performed in this thesis were done in the R

programming language. A copy of the code can be provided upon request.

1.2 Organization of the Thesis

Chapter 2 introduces a complex graph model, termed the stochastic cluster model,
that is developed to account for the erratic clustering behaviour commonly seen
in hard-to-reach populations. Kwanisai| (2004) explored the use of the two-group
stochastic block model for modeling a networked population, and the stochastic
cluster model extends on this model by permitting additional covariate information
to be incorporated into the model. The additional covariate information is utilized
to help capture and explain the clustering behaviour in the population via a logistic
regression model that governs the presence of links between members. We base our
analysis on a Bayesian data augmentation routine that is applied to the data observed
from a complete one-wave snowball sampling design. We compare the performance of
the Bayes estimates of the population size and model parameters corresponding with
the stochastic block model (which is now generalized for inference on as many groups
as is desired) and the stochastic cluster model based on our strategy that is applied
to a networked population that was simulated from the stochastic cluster model (for
which we deem the thesis study population). Estimates of the population size and
model parameters perform reasonably well in both cases with estimates based on the
stochastic cluster model outperforming those based on the stochastic block model.
Chapter 3 explores a design-based approach for estimating the size and average

node degree of a population based on a multi-sample study. Preliminary estimates
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of the population unknowns are based on the initial random selections for each sam-
ple and the estimates of the population size are of a classic/conventional capture-
recapture type. The adaptively selected members of the sample are included in
the analysis through a Rao-Blackwellization procedure based on sample reorderings
which are consistent with a sufficient statistic. As the number of sample reorderings
may become prohibitively large for computational tabulation of their contributions
to the Rao-Blackwellized estimator, a Markov chain resampling process is utilized to
make computation of the improved estimates feasible. A simulation study demon-
strates that gains in efficiency over the existing classic capture-recapture estimators
are certain.

Chapter 4 extends the design-based approach introduced by Frank and Snijders
(1994) for estimating population sizes with moment-based estimators based on the
observations made from the selection of a Bernoulli sample. We propose new esti-
mators of the population size that are based on one wave that is selected after the
initial wave. We also show that Rao-Blackwellized estimators can be obtained in
a manner similar to those which were obtained in the multi-sample study that was
explored in chapter 3. A simulation study shows that the new estimators perform
well and that gains in efficiency with the improved estimators are certain.

Chapter 5 presents a new method for approximating the Rao-Blackwellized es-
timates that are obtained with a design-based approach to inference in sampling.
We view the sample space, that is all of the sample reorderings from a sample, as a
sampling frame and use an importance sampling method to obtain preliminary ap-
proximations of the Rao-Blackwellized estimates. We introduce a method based on a
single-stage cluster sampling design, which we term improved importance sampling,
that entails defining neighbourhoods over the sample reorderings. The approach in
this strategy rests on being able to observe the necessary responses from the units in
the neighbourhoods of those members sampled under the importance sampler with
relative ease once the corresponding responses from one of the units in the neigh-
bourhood is observed. We can then improve on the preliminary approximations

using the additional observations to obtain improved approximations. This method
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is tried on the Rao-Blackwellized estimates based on one of the one-sample stud-
ies that is explored in the third project. The simulation study demonstrates that
the improved importance sampling method will outperform the existing importance
sampling method.

Chapter 6 is reserved for a discussion and general conclusions based on the thesis

work. We also provide some direction for future research.



Chapter 2

The Stochastic Cluster
Model-Based Approach

2.1 Introduction

Kwanisai| (2004) developed a Bayesian data augmentation routine to make inference
for model parameters based on a sample selected via a one-wave snowball subsam-
pling design, that is obtained from a population with known size, when working
under the basic two-group stochastic block model. In this chapter, a new and more
elaborate graph model, termed the stochastic cluster model, is proposed to make in-
ference for model parameters. It incorporates into the model the clustering behaviour
commonly seen in networked populations through the use of observed covariate infor-
mation. An extended data augmentation routine is developed for making inference
on the unknown population size and the model parameters corresponding with both
the stochastic block model and the stochastic cluster model.

In Section 2.2, we introduce the stochastic block model and the stochastic cluster
model as well as the complete one-wave snowball sampling design used in our study.
In Section 2.3, we introduce the extended data augmentation routine which entails
developing the necessary posterior distributions for the unknown population size and

model parameters as well as the probability distributions for the missing data values
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for both graph models. Section 2.4 presents the results from a simulation study
based on samples obtained from a population that is generated from the stochastic
cluster model. Section 2.5 provides a general discussion of the results presented in

this chapter.

2.2 The Graph Models and Sampling Design

This section introduces the stochastic block model and the stochastic cluster model.
The likelihood functions based on each model for a full graph realization are also
presented in this section. We conclude with an introduction to the complete one-

wave snowball sampling design.

2.2.1 The stochastic block model

We define a population U to consist of the set of units/individuals U = {1,2,..., N}
where N is the population size. All units ¢ = 1,2,..., N are assigned to a group
C; € {1,2,...,G} according to a multinomial distribution based on the vector of
parameters A = (A1, Ag, ..., A\¢) where G is the number of groups and M is the prob-
ability of a unit being assigned to group k.

We shall define Y to be the symmetric adjacency matrix of the population
where for all 4,57 = 1,2,...,N,Y;; = 1 if a link is present between units ¢ and
j and 0 otherwise. Conditional on the population vector of group memberships
C = (C1,Cy,...,Cy), links occur independently between all pairs of units in the

population where for any two units i, 7 = 1,2,..., N, if i # j we assume

P(Yi; = 1|C) = P(Yy; = 1|Cy, C)) = Be, ¢, (2.1)

and if ¢ = j then
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P(Y; =1)=0. (2.2)

It shall be understood that for all k,¢ =1,2,...,G, Bre = Bex-
Under the stochastic block model, the likelihood function for the population

parameters based on an entire graph realization is

G N
L, gl ) o [T 11 g;cj(l — Beyo,)' T

k=1 3,j=1:
i<J
G G o G G " G v
— . k) —
=TI I Bee” TT = Beo)™ N e T B [T - B ()M (2.3)
k=1 kl=1: k=1: k=1 k=1
k<t k<t

where N, is the size of group k, and M}, ¢ is the number of links from group & to group
Uk 0=1,2,...,G. C'and Y are the full graph realizations of the group memberships
and adjacency matrix, respectively. The first component of the likelihood describes
the group memberships, the second and third components of the likelihood describe
the links between groups, and the fourth and fifth components describe the links
within the groups.

2.2.2 The stochastic cluster model

Again we define a population U to consist of the units/individuals U = {1,2, ..., N}
where N is the population size. All units i = 1,2,..., N are assigned to a group
C; € {1,2,...,G} according to a multinomial distribution based on the vector of
parameters A = (A1, Ag, ..., A\g) where G is the number of groups and A is the prob-
ability of a unit being assigned to group k.

Conditional on the population vector of group memberships C, each unit ¢+ =
1,2, ..., N independently realizes a K-dimensional vector of covariate information Z;

Via
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Z|C = Zi|C; ~ MV N (e, ) ), (2.4)
C;

where Z; = (Z1;, Zaiy -, Zk.i), po; = (M,0;s Po,cys -5 Jokc,i) 1 the centre of group C;'s

covariate information and ) is the K x K variance-covariance matrix of group C;’s
C;
covariate information. In our study, we took the variance-covariance matrix to be

> = 0¢ 1s where o, is the dispersion parameter associated with group C; and I,
C

is the identity matrix of size K x K. We also took K = 2, primarily for illustrative

purposes. The covariate information is then based on the realization

Z;|C = Z;|C; ~ MV N(uc,, 0¢ 14). (2.5)

Similar to the approach that Hoff et al.| (2002)) took in modeling links among
members of the population, we will posit that conditional on C' and the population
vector of covariate information Z, links between units occur independently and in a

=

logistic fashion depending on parameters («, 3) as follows. First, if C; = C; then we

shall let B¢, c; = fo and ac, o, = ap, and if C; # C; we shall let ¢, ¢, = 51 and

ag,c; = 1. Also, ||Z; — Zj|| is taken to be the Euclidean norm that measures the

distance, in terms of covariate (location) values, between units i and j. Now for any

1,7 =1,2,...,N, if i # 7 we assume

_exp(Be,c; +ac.o 1 Zi — Zj)
1+ exp(Be,.0; + acc |1 Zi — Z;||)
(2.6)

P(Y,; =1C,Z) = P(Yi; = 1| Ci,Cy, Z;, Z;)

and if ¢ = j then
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P(Y; =1)=0. (2.7)

Under the stochastic cluster model, the likelihood function for the population

parameters based on a full graph realization is

1 1/ (Zy; — )2 Loi — )?
2 _exp{__ (( 1, 2#1,01) L (2 2#2,02) )H
2mog 2 oc, ac,

exp(ﬂciycj + acz',chZi - ZJH) )
I+ eXp(ﬁCi,C]‘ + OéCanHZi - Z]H)

A~ —

N
i=1 | Yi=1:
L J>i

N
| H H (1 exp(Bc;,c; + ac, ;|1 Zi — Z||) > ) (2.8)

1 v 1+ exp(Bo,.0; + acicllZi = Z;l)

J>i

The first component of the likelihood describes the group memberships, the sec-
ond component of the likelihood describes the covariate information of the units, and

the third and fourth components describe the links between the units.

2.2.3 The complete one-wave snowball sampling design

The complete one-wave snowball sampling design consists of selecting an initial
sample, which we shall denote Sy, through a random sampling design where all
units of the population have equal probability of being selected. From the initial
sample, all links are traced out to the first wave, denoted as S;. Working under
the stochastic block model, the data from the sample S = Sy U S; we observe is
dy = {S,Cg,Ysy,s,Ys, 5} where Yg, 5 = 0. Here Cg is the vector of the observed

group memberships of the sampled members, Yy, ¢ is the recorded observations of
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the presence or absence of links from the initial sample to the final sample, and
Y5, 5 = 0 is understood to be the absence of links from the initial sample to the
unknown number of unobserved members. Similarly, working under the stochastic
cluster model the data we observe is dj = {S,Cg, Zg, Y55, Ys, 51 where Zg is the
vector of the observed covariate information of the sampled members.

We shall reorder the units in the population so that the first |So| = ny units are
those selected for the initial sample and the next |S;| = n; units are those linked to

at least one unit in the initial sample. Also, we shall let |S| = ng + n; = n.

2.3 Data Augmentation

This section presents an outline of the general data augmentation procedure that
was developed by Kwanisai (2004). We then outline the extended data augmentation
procedure that is used in this chapter for incorporating the unknown population size
with both the stochastic block model and the stochastic cluster model.

2.3.1 The data augmentation routine

Suppose we base a population model on a set of parameters §. Through some sam-
pling design let X ;. be the subset of the population data that we observe from the
sample (for example, X ;. = d;). Also, let X, .. be the missing subset of the popu-
lation values that are not observed. If we mtend to make inference upon 6 then, in
a Bayesian context, we would like to obtain 7(6|X ), the posterior distribution of
01X ;.- This may be challenging if the design is unconventional and instead we can
consider 7(0|X ;. X,,.;s) and P(X, . | X

obss Xmis 0), the posterior distribution of § based
on a (hypothetical) full graph realization and the probability distribution of the

L mis obs»

missing values given the observed data and the (estimated) model parameter values,
respectively. Using a Gibbs sampling approach, we can iteratively “sample/update”

the 6 and X, ;, values as outlined below. By the results presented in [Tanner and

Wong| (1987)), the sampled 6’s will converge to m(0|X,,) and the sampled X .. ’s will

converge to P(X, .| X ,.)- The procedure, working over a known populatlon size, is

“2mis
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summarized as follows:

Step 1: Assign initial values 0 to the parameters.
Fort =1,2,...,T, T sufficiently large, do the following:

Step 2: Generate a value of X . from the distribution P(X . [X,.,0%" ),

call this X" Xois-

“2mis

x% ), call this 8.

obs» Lmis

Step 3: Sample 6 from the posterior distribution (8| X
Revert to step 2 until ¢t =T

Step 4: Make inference on the model parameters and unknown population
values with 8.9 ... ) and xW  x® xD

—mas’ —mas’ ') =—mas’

respectively.

2.3.2 The extended data augmentation procedure based on
the stochastic block model

This subsection outlines the extended data augmentation procedure used with the
stochastic block model. Kwanisai (2004) developed proofs of the results presented
in the following subsections for the two-group stochastic block model. We have now
extended these results to cover the general case but have omitted the proofs since
they are a straightforward extension of those based on the two-group stochastic
block model. We shall retain the notation of the true population size N, the model
parameters ¢, and the missing subset of data X, for each of the iteratively sampled

and augmented values.

Augmenting the missing values

With the stochastic block model, we can append an additional step to the aforemen-
tioned data augmentation routine to sample over a suitable posterior distribution of
the population size as follows. Recall that the sampling design used in our study is

the complete one-wave snowball sampling design and for the purposes of formulating



CHAPTER 2. THE STOCHASTIC CLUSTER MODEL-BASED APPROACH 15

a likelihood for the population size IV, consider the data dj = {Sy, Cyg, }. We shall
consider a binomial experiment in the following manner. If a unit in Sy (that is,
those units outside of Spy) is linked to at least one individual in Sy then this shall
be deemed as a success (which occurs with probability p). For any unit located in
Sy we can determine the probability of this unit not being to any unit in the initial

sample, conditional on d, as

G no

L—p=> N]](1 = Ben)] (2.9)

i=1

since, by definition of the model and given d, all group memberships of units in Sy
arise independently and according to the multinomial distribution. As well, links
from S to Sy occur independently between all pairs of units, given the group mem-
berships. Note that expression averages over the probability that a unit in Sy is
not linked to any units in Sy, where averages are taken over the weighted probability
of being in each group (since we only condition on dp).

Now, since all of the Bernoulli outcomes can be regarded as independent and, by
symmetry, identically distributed, a likelihood function for N conditional on dj =
{d5, 51, Yy 800815 Ysy,5 = 0} s

N —n —ng—n
sl = (VY- e (210)
In this study we shall take the prior distribution of N to be 7(N) o< 1 when N >

no+ny and 7(N) o< 0 when N < ng+ny, and hence the resulting posterior distribution
of N is

where I is the indicator function that takes on a value of one if the condition within the
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brackets holds and zero otherwise. The new data augmentation routine now appends
an additional Step 1.5 that samples a N from the updated posterior distribution
presented in expression ([2.11])).

Upon sampling a N from the resulting posterior distribution, we shall consider the
updated information to be dy = {S,Cg, Ys, v}, where U is a hypothetical population
of size equal to the most recent N that was sampled from its probability distribution.
As shown by Kwanisai (2004), for any i ¢ S and k = 1,2, ..., G,

no

A TT(L = Pey i)

J=1

P(C; = Kldy) =

— (2.12)

> AT (1= Beye)
=1 j=1
Values of the missing group memberships C's are then assigned according to the
distribution outlined in expression ([2.12]).

After generating Cg, the graph data is updated from dy to dy where d; =
{S,C,Ys, v} and C represents the full hypothetical graph realization of group mem-
berships. Again, as shown by Kwanisai (2004), for any i, j € Sy where i # 7,

P(Y;; = 1|d1) = Be,.c;, (2.13)

and hence links between each pair of units 4, j € Sy for i # j are assigned according
to the probability distribution found in expression (2.13)) to generate a hypothetical
full graph realization of Y.

The posterior distributions of the stochastic block model parameters based

on a hypothetical realization of the full population graph

As shown by Kwanisai (2004), the factorization theorem asserts that, with the use of
independent prior distributions on the model parameters, the posterior distributions

of the parameters are all independent under the (hypothetical) full graph realization



CHAPTER 2. THE STOCHASTIC CLUSTER MODEL-BASED APPROACH 17

d={C,Y} (see subsection 2.2.1 for the likelihood based on a full graph realization).
In our study, we shall place independent conjugate Dirichlet and Beta priors on A

and 3, respectively. That is,

G
m(A) o [T A (2.14)
k=1
and
G
m(B) o H B 1 = B (2.15)
k</l:

k,e=1

We shall take the prior distributions to be noninformative by setting o = 1 for
kE=1,2,...,G and v; = 1 for j = 1,2. The resulting posterior distribution of \ is
then

m(A|d) ~ Dirichlet(N; + 1, ..., Ng + 1). (2.16)

The resulting posterior distribution of S for k, 0 =1,2,...,G, k # ¢, is

7(Bre|d) ~ Beta(My e + 1, NNy — My + 1), (2.17)

and for k=1,2,...,G,

Ny,

W(ﬁk7k|d) ~ Beta(Mk,k -+ 1, ( 9

) — Mk,k + 1). (2.18)
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2.3.3 The extended data augmentation procedure based on

the stochastic cluster model

This subsection outlines the data augmentation procedure that corresponds with
the stochastic cluster model. Mathematical proofs and derivations of the probability
mass/density functions of the missing values and posterior distributions of the model

parameters are shown in Appendix A of the thesis.

Augmenting the missing values

We shall follow the same approach that was used to develop a posterior distribution
for the population size N under the stochastic block model. Under the stochastic
cluster model with dj = {Sp, Cg,, Zg,} we have that for any unit in Sy the probability

of observing no links to the initial sample, conditional on dj, is

G o
exp(Be,k + ookl Zi — Z1]) ) 2
1— )\/ ( BVN(Z; iy, 021,)dZ

b= Z ¢ 11 1+ exp(Bous + okl Zi — Z]]) (Z; i o)

(2.19)

where Z is a specific realization of covariate information. This holds as, by definition
of the model and given dj, all group memberships, and then covariate information,
of units in Sy arise independently and according to the multinomial distribution,
and then the corresponding bivariate normal distribution. As well, links from Sy
to Sy occur independently between all pairs of units given the corresponding group
memberships and covariate information. We will take the prior distribution of N
to be 7(N) o< 1 when N > ng + n; and 7(N) o< 0 when N < ng + n;. Now, with
dy = {d, 51, Ysy.s0u815 Ysy 5 = 0} we have that
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is a binomial type of posterior distribution for N.

After sampling a value of N from the (updated) posterior distribution found in ex-
pression , we can consider the updated information to be dy = {S,Cg, Zg, Ys, v}
where U is a hypothetical population of size equal to the sampled N from the pos-
terior distribution. Now, for any ¢ € S, and for any group k = 1,2,...G, it can be
shown (by subsection A.1.1 of Appendix A) that

P(Cl = k|87QS7ZSJYSO,i) =

T 5 exp(Be; wtac, kllZi—2I)) ' )
e J 1T (1 = v vz, 7)) BYN(Z: o) d2

(2.21)

G 00 n
£ T 1 (- e t) v
Values of the missing group memberships C'g are then assigned according to the
distribution outlined in expression ([2.21]).

After generating Cg, the graph data is updated from dy to d;, where d; =
{S,C,Zg,Ys, v} and C represents the hypothetical full graph realization of group
memberships. For any i € S and for any z* € R?, it can be shown (by subsection

A.1.2 of Appendix A) that the density of Z; at this point is evaluated as

1"—0[ 1 exp(Be; ¢, tac,,c,l|Zj—="]|
Itexp(Bc;,c; toc; ol Zi—2||

) BVN(2*; pe,, 0¢,1a)

j=1

o0 no ex . o.tac. o ||Z;— '
f H (1 — p(/BCJ’Cl-i_ CJ’CZHZ] le )BVN(Z7/J/C”O—%ZIC[) dZ

1+exp(,@cj70i +OCC]~,CZ~ ||Zj_Z‘|

P(Zl = Z*‘dl) =

—c0 j=1

(2.22)

Values of the missing covariate information Zg are then assigned according to the
distribution outlined above.

After generating Zg, the graph data is updated to dy = {S,C, Z,Ys, v}, where
Z is the hypothetical full graph realization of covariate information. It now remains

to assign links between all pairs of nodes (i, 5) in (Sp, Sp). Recall that by definition
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of the model, we have that conditional on C, Z, for any (i,7), (i*, 7*) € (So, So), Y

ij

is independent of Y;:;«. Hence, for any (i, ) € (So, So), i # j, we have that

o taccllz -z,
P(EjzlloiaCjaZi,Zj):( exp(fe,c; + acql| ill) ) ,

2.23
1+ exp(Be,.c; + ac,c;||Zi — Zj|) (2:23)

and links between each pair of units (i, 5) € (Sy, So) for i # j are assigned according
to the probability distribution found in expression (2.23) to generate a hypothetical
full graph realization of Y.

The posterior distributions of the stochastic cluster model parameters

based on a hypothetical realization of the full population graph

With the use of independent prior distributions for the model parameters the fac-
torization theorem asserts that the set of parameters A, (i, @), (6o, ), and (81, o)
are all independent (see subsection 2.2.2 for the likelihood based on a full graph
realization). Furthermore, for all k,¢ = 1,2,...,G, k # {, (g, 07) is independent of
(e, 02). We now outline the prior distributions and resulting posterior distributions
for each set of parameters.

For A\ we shall use a conjugate Dirichlet prior where

() o ﬁ AETL (2.24)

We shall use a noninformative prior by setting o = 1 for £k = 1,2,...,G. The

resulting posterior distribution is

m(A|d) ~ Dirichlet(Ny +1,...,Ng+1) . (2.25)

For the choice of a conjugate prior distribution for each 0%, k = 1,2,...,G, we
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shall let 7w(07) ~ I'"!(a, 8) which gives
2 B a—a —6
= —— — 0 - 2.2
rlod) = prglod e { 7 (2.26)

For each group’s center of covariate information gy = (11, plox) and dispersion
parameter o2, k= 1,2, ..., G, we shall take the conditional conjugate prior distribu-
tion of 7(u;jxlor) ~ N(v;, %), where j = 1,2. Since, p1 ) and psy are independent
(by the factorization theorem), it can be shown (by subsection A.2.1 of Appendix
A) that

(07, ks ok Z),) o

1 1 (e —m)? 1 1 (o — 72)?
o P _5( o2 s o P _5%
Vvt o V2 o
1

N, Ny
1 1
. S Zi ) b e —oy S (Zag — i)’ 2.2
)N eXp{ 207 “( 1i — Hik) } eXP{ 207 “( 9i = Hak) } , (2:27)

where it shall be understood that, for notational convenience, the units in group £

—~

are temporarily indexed to be the first N, units of the population.
We shall first work over the posterior distribution of ¢Z. It can be shown (by
subsection A.2.2 of Appendix A) that

(0}l Zy) oc (o)~ N

Ng N,
1 1 iy + S0 Z14)?
. exp{ . O-% . |:6 + 5 |:V1’}/% + E Z12’l _ ( 171 Zz_l 1, )
i=1

V1 + N

N Nk 2
tus Y 7y, - L2 2 sim Z2) ”} : (2.28)

i=1 vy + N
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Therefore, we have w(0%|Z,) ~ T7(A, B), where

A =a+ N, and

v+ Zivzkl Z1,)?
v+ Ni

1 L (
Bzﬁ‘f‘é{l/l’ﬁ"‘izlzii_

Ny, N, 2

(voye + > .25 Zay)
tys Y 25, - =12 2.29
272 — 2, VQ"’Nk ( )

To obtain the posterior distribution of j; x, we shall condition on the o7 sampled
from the the distribution in (2.29). It can then be shown (by subsection A.2.3 of
Appendix A) that

Ng 2
9 N+ % o
02 7, ~N i , , 2.30
,U/l,k‘ k) &k ( 1 i Nk 1 i Nk ( )
and similarly
| 2 Z N(IYQVZ —l— Zﬁcl ZQvi O—]z ) (2 31)
Opy Ly ™~ 5 . .
H2 k1% k V2+Nk 1/2+Nk

In this study we shall set « = 3 =1, v; =0, and v; = 1 for j = 1, 2, which result in
noninformative prior distributions.

Finally, we shall place independent prior distributions on (fy, ag) and (81, aq)
that contribute as one success and one failure in observing links within and between
groups, respectively, assuming these units are located one unit distance from each
other. Recall that for any v e R, 1 —

distribution can be shown to be

e 1
1+eY — 14e7?

and hence the resulting posterior
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Note that this prior is used in order to ensure that the resulting posterior distribution
integrates to a value of 1, since, in the event that we observe and augment all successes
or failures of links between nodes within and/or between a group(s), we will have a

posterior distribution with infinite area.

2.4 Simulation Study

We will use the thesis study population to evaluate the new inference procedures
outlined in this chapter. The population was generated according to the stochastic
cluster model with a choice of three groups whose centers of covariate information
form an approximate equilateral triangle in R?. We set the parameter values to be
N = 300,A = (0.5,0.3,0.2), 41 = (=6,—9), 10 = (6,=9),u3 = (0,5),0} = 03 =
o2 = 16,8y = —1.5,8, = —2.5, and ay = —0.5,a; = —0.5. An illustration of the
population can be found in Figure [2.1]
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Population Graph

Figure 2.1: The simulated thesis study population. The values on the x-axis refer
to the first dimension of covariate information and the values on the y-axis refer to
the second dimension of covariate information. The axes are provided to compare
the dispersion between groups as well as the relative occurrence of links between

members within and between groups.

Figure presents two plots that show a typical complete one-wave snowball
sample. The initial sample size was 60 and the final sample size was 152. The
data presented in the illustrations reflect the sample data (namely the group colour,
covariate information, and links) that is required to be observed for the inferential

procedures outlined in this chapter.
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Figure 2.2: A complete one-wave snowball sample where the initial sample size is 60
and the final sample size is 152. The figure on the left displays the initial sample
and links within the initial sample. The figure on the right displays the full sample

and links from the initial sample to the first wave.

We conducted a simulation study based on each of the stochastic block model and
the stochastic cluster model as follows. In each study we selected 500 samples each
with an initial sample size of 60. Figure [2.3| shows a histogram of the final sample
sizes of the 500 samples. The solid triangle on the x-axis indicates the average of the

final sample sizes.
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Figure 2.3: Histogram of the final sample sizes based on 500 simulations. In each
case the initial sample size was 60. The dark triangle on the x-axis represents the

average final sample size.

Bayes estimates of the population size and model parameters based on both the
stochastic block model and the stochastic cluster model are presented in the following
subsections. For each simulation, Markov chains of length 1000 were run with a
10% burn-in to obtain approximate Bayes estimates. Although the estimates are
developed under a Bayesian framework, we employ a frequentist style of evaluation

to measure the efficiency of the estimates under the two models.

2.4.1 Simulation study based on the use of the stochastic
block model

This subsection contains a presentation and discussion of the Bayes estimates of

the population size and model parameters based on the use of the stochastic block
model. We commence with the Markov chain Monte Carlo (MCMC) trace plots of
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the population size and model parameters based on the sample shown in Figure
This is appropriate as the behaviour of the MCMC trace plots based on the data
from several other samples were found to be similar. The MCMC trace plots of the
population size and model parameters can be found in Figures 2.4 [2.5] and
2.7 As our study is based on a model-based approach to inference and since we are
exploring our sampling and inference strategy applied to only one simulated network
graph, we will use the maximum likelihood estimates (MLEs) of the population
parameters based on the full graph realization as the target values for our Bayes
estimates. Note that the MLEs of the model parameters will likely change between
simulated networked graphs and hence our choice of using the MLEs based on this
network graph is justified.

The solid lines in the figures indicate the maximum likelihood estimate(s) (MLE)
based on a full graph realization. Note that the full graph realization permits ob-
serving N to be the true value of 300. Also, note that in the following figures shown
the trace plots are for only one sample and hence the trace plots may not average to

the corresponding MLEs.
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Figure 2.4: The sample dependent MCMC trace plot of the N values under the
stochastic block model based on the sample presented in Figure 2.2 The solid line

represents the MLE of the population size based on a full graph realization.
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Figure 2.5: The sample dependent MCMC trace plots of Aj, Ay, and A3 under the
stochastic block model based on the sample presented in Figure [2.2] The solid lines

represent the MLEs of the population parameters based on a full graph realization.
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Figure 2.6: The sample dependent MCMC trace plots of 311, B22, and P33 under the
stochastic block model based on the sample presented in Figure [2.2] The solid lines

represent the MLEs of the population parameters based on a full graph realization.
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Figure 2.7: The sample dependent MCMC trace plots of 12, 813, and fs3 under the
stochastic block model based on the sample presented in Figure [2.2] The solid lines

represent the MLEs of the population parameters based on a full graph realization.

The MCMC trace plots of the population size and model parameters, given the
data found in the sample presented in Figure appear to have sufficiently explored
the posterior space indicating that a chain of length 1000 is sufficient. Notice how
quickly the MCMC chains break away from the (noninformative) seeds for each of

the model parameters where the seeds are chosen to reflect the noninformative prior
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distributions (that is, we set A(”) = (1/3), and ﬁ(o) = (0.10) to generate a relatively
dense graph on the first augmentatioﬁeration).

Histograms of the Bayes estimates of the population size and model parameters
can be found in Figures [2.§] [2.10] and [2.11] The solid triangle on the x-axis
represents the MLE of the population parameter based on a full graph realization,
and the transparent triangle represents the average of the Bayes estimates of the

population size and model parameters.
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Figure 2.8: Histogram of the Bayes estimates of the N values under the stochastic
block model based on 500 simulations. The solid triangle represents the MLE of the
population size based on a full graph realization (which is the true population size
of 300), and the transparent triangle represents the average of the Bayes estimates

of the population size.
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Figure 2.9: Histograms of the Bayes estimates of Ai, Ao, and A3 under the stochastic
block model based on 500 samples. The solid triangles represent the MLEs of the
model parameters based on a full graph realization, and the transparent triangles

represent the average of the Bayes estimates of the model parameters.
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Figure 2.10: Histograms of the Bayes estimates of 311, S22, and 33 under the stochas-
tic block model based on 500 samples. The solid triangles represent the MLEs of the

model parameters based on a full graph realization, and the transparent triangles

represent the average of the Bayes estimates of the model parameters.
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Figure 2.11: Histograms of the Bayes estimates of 515, 513, and f23 under the stochas-
tic block model based on 500 samples. The solid triangles represent the MLEs of the
model parameters based on a full graph realization, and the transparent triangles

represent the average of the Bayes estimates of the model parameters.

It appears that the Bayes estimates come out with little to no bias for the true
population size and MLEs of the model parameters. For populations that exhibit a

similar behaviour to realizations based on the stochastic cluster model, these results
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suggest that using the stochastic block model in conjunction with a complete one-
wave snowball sampling design may be a robust choice for inferring on the population
size and parameters. One reason for this is to notice that the stochastic block
model can be regarded as a special case of the stochastic cluster model. There
is an exception in that we allow for links within and between groups under the
stochastic block model to be governed by their own parameter 3;;,k,1 =1,2,...,G.
Note that for the stochastic cluster model the corresponding parameters are (g, )
and (f31, a1), however notice that the parameters u and ¢* indirectly contribute to
the modeling of the links. That is, we indirectly account for the locations of the

covariate information in the modeling of the presence of links.

2.4.2 Simulation study based on the use of the stochastic

cluster model

This subsection contains a presentation and discussion of the Bayes estimates of the
population size and parameters based on the use of the stochastic cluster model.
Again, we commence with the MCMC trace plots for the population size and model
parameters based on the sample presented in Figure as the behaviour of the
MCMC trace plots based on the data from several other samples were found to be
similar. The MCMC trace plots of the population size and model parameters can be
found in Figures [2.12] [2.13] [2.14} |2.15] and [2.16, We shall also reiterate here that our

study is based on a model-based approach to inference and since we are exploring

our sampling and inference strategy applied to only one simulated network graph,
we will use the maximum likelihood estimates (MLEs) of the population parameters
based on the full graph realization as the target values for our Bayes estimates. As
the MLEs of the model parameters will likely change between simulated networked
graphs our choice of using the MLEs based on this network graph is justified.

The solid lines in the figures indicate the maximum likelihood estimate(s) (MLE)
of the population parameters based on a full graph realization. Note that the full
graph realization permits observing N to be the true value of 300 (since we have

observed all units and their information relevant to the model). Also, note that in
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the following figures the trace plots are for only one sample and hence the trace plots

may not average to the corresponding MLEs.
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Figure 2.12: The sample dependent MCMC trace plot of the N values under the
stochastic cluster model based on the sample presented in Figure The solid line

represents the MLE of the population size based on a full graph realization.
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Figure 2.13: The sample dependent MCMC trace plots of A, Ao, and A3 under the
stochastic cluster model based on the sample presented in Figure[2.2] The solid lines

represent the MLEs of the model parameters based on a full graph realization.
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Ha Hs

Figure 2.14: The sample dependent MCMC trace plots of (u1, o), (i3, pa), and
(15, i16) under the stochastic cluster model based on the sample presented in Fig-
ure The solid lines represent the MLEs of the model parameters based on a full

graph realization.
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Figure 2.15: The sample dependent MCMC trace plots of 7,03, and o2 under the

stochastic cluster model based on the sample presented in Figure[2.2] The solid lines

represent the MLEs of the model parameters based on a full graph realization.
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Figure 2.16: The sample dependent MCMC trace plots of (5o, ap), and (51, aq) under
the stochastic cluster model based on the sample presented in Figure [2.2] The solid

lines represent the MLEs of the model parameters based on a full graph realization.

The MCMC trace plots for the population size and model parameters for the
stochastic cluster model exhibit a behaviour similar to the MCMC trace plots for the
population size and model parameters corresponding with the stochastic block model,
namely fast convergence and insensitivity to the initial seeds which are reflective of
the noninformative prior distributions (we set A© = (1/3), 9 = (0) and ¢ © =
(36)). Again, it appears that the posterior space has been adequately explored and
that a chain of length 1000 is sufficient.

The MCMC trace plots based on (g, a) and (31, ay ) appear to exhibit a diagonal
trend. This is to be anticipated as the logistic probability function that we base
links between units on is linear in the parameters and hence this is a result of the
sampling correlation between the estimates. Notice that the trace plots show that the
posterior space has been explored well and that a chain of length 1000 is sufficient.
Also notice that the chain has exhibited insensitivity to the noninformative seeds of
(oz(()o), (()0)) = (a§°>, ﬁfo)) = (0, —1), which give rise to a relatively dense population on

the first augmentation iteration. A summary of the convergence of the MCMC chains
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can be found in Figure [2.17] This figure presents the four hypothetical realizations
of the population graph at augmentation iterations 1, 5, 50, and 1000. Notice how
quickly the augmented graphs resemble the shape of the true population graph.
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Figure 2.17: The augmented missing data for the population graph for augmentation
iterations 1, 5, 50, and 1000 under the stochastic cluster model based on the sample
presented in Figure 2.2]
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Histograms/scatterplots of the Bayes estimates of the population size and model
parameters can be found in Figures[2.18] [2.19] [2.20] [2.21], and [2.22] The solid triangle
for the histograms in Figures [2.18], 2.19 and 2.21] and dark lines for the scatterplots
in Figures and represent the corresponding MLEs of the population param-

eters based on a full graph realization. The transparent triangle for the histograms

and shaded lines for the scatterplots represent the average of the Bayes estimates for

the population size and model parameters.
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Figure 2.18: Histogram of the Bayes estimates of the N values under the stochastic
cluster model based on 500 samples. The solid triangle represents the MLE of the
population size based on a full graph realization (which is the true population size
of 300), and the transparent triangle represents the average of the Bayes estimate of

the population size.
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Figure 2.19: Histograms of the Bayes estimates of A, Ao, and A3 under the stochastic
cluster model based on 500 samples. The solid triangles represent the MLEs of the
model parameters based on a full graph realization, and the transparent triangles

represent the average of the Bayes estimates of the model parameters.
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Figure 2.20: Scatterplot of the Bayes estimates of (u1,u2), (s, ft4), and (us, i)
under the stochastic cluster model based on 500 samples. The solid lines represent
the MLEs of the model parameters based on a full graph realization, and the shaded

lines represent the average of the Bayes estimates of the model parameters.
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Figure 2.21: Histograms of the Bayes estimates of 0%, 02, and o2 under the stochastic

cluster model based on 500 samples. The solid triangles represent the MLEs of the

model parameters based on a full graph realization, and the transparent triangles

represent the average of the Bayes estimates of the model parameters.
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Figure 2.22: Scatterplot of the Bayes estimates of (S, ), and (S1, ;) under the
stochastic cluster model based on 500 samples. The solid lines represent the MLEs
of the model parameters based on a full graph realization, and the shaded lines

represent the average of the Bayes estimates of the model parameters.

As expected, the Bayes estimates of the population size and A appear to come
out approximately unbiased and with a significantly smaller deviation than the cor-
responding Bayes estimates obtained with the stochastic block model. The Bayes
estimates of the parameters governing the behaviour of the covariate information
also come out approximately unbiased. However, the estimates for the parameters
which govern the links within groups (that is («, 5y)) appear to come out with some
bias. The diagonal trend illustrates the sampling correlation between these param-
eters, and therefore the behaviour of the estimates, is not to be of concern as a less
than expected influence of one parameter is likely to be compensated by its counter-
part (notice that as the estimates of « increase the corresponding estimates of /3y

decrease, and vice-versa).
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2.5 Discussion

The results presented in this chapter show that the Bayes estimates of the population
size and model parameters for both the stochastic block model and the stochastic
cluster model have performed well and are approximately unbiased for the MLEs
based on the full graph realization of the simulated population. A reasonable amount
of variability is found for Bayes estimates of the population size and model parameters
corresponding to the stochastic block model, whereas the Bayes estimates for the
population size and A parameters corresponding to the stochastic cluster model came
out superior. Hence, incorporating the covariate information into the model has
proven to be very beneficial as it appears to provide better estimates of the population
size and parameters.

The methods presented in this chapter can be extended to a more general case
where the covariate information of the members that comprise the first wave is not
observed. [Kwanisai (2004) outlined a strategy for making inference for the two-group
stochastic block model parameters for such a case. Extending this method to work
over the stochastic cluster model when the population size is unknown should be
considered.

As an adaptive sampling procedure may result in a reduction in the effort re-
quired to recruit additional units from the target population once an initial sample
is obtained, new work based on sampling over additional waves is deserving of atten-
tion. For example, extending these methods to work over an adaptive web sampling
design (Thompson, [2006a) may prove to be highly useful when studying empirical
populations. The immediate challenge is presented where we may not be able to
exploit the conceptually straightforward use of the binomial distribution, as outlined
in expressions and , that accompanies the complete one-wave snowball
sampling design in the inference procedure.

In contrast, further recruitment from the initial sample may prove to be a cumber-
some task for the sampler in some empirical settings and hence extending the methods
presented in this chapter to work over a snowball subsampling design, where a subset

of the nominated members from the initial sample cannot be identified, should be
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considered.



Chapter 3

The Multi-Sample Design-Based
Approach

3.1 Introduction

In this chapter we introduce a new design-based method for estimating the size of
networked hard-to-reach populations based on independent samples selected through
a link-tracing design. Our method permits adaptively selected members of the target
population to be included in the inference procedure through a Rao-Blackwellization
method based on a sufficient statistic given the observed data. Moreover, our method
possesses an additional advantage over the existing inferential methods based on esti-
mating population sizes with link-tracing designs; our method permits the possibility
of obtaining members not within arms reach of the initial sample (that is, those not
immediately linked to the initial sample).

In Section 3.2, we introduce the notation that is used in this chapter. In Section
3.3, we outline the link-tracing sampling designs that are explored, namely one which
is analogous to the original adaptive web sampling design that was introduced by
Thompson| (2006a)) as well as a nearest neighbours adaptive web sampling design
that has the potential for more practical use for sampling from a hidden popula-

tion. Section 3.4 develops estimators of the population size and average node degree

51
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of the population as well as the estimates of the variances of these estimators. As
tabulating the preliminary estimates from all reorderings of the final samples is com-
putationally cumbersome for the samples selected in this study, in Section 3.5 we
outline a Markov chain resampling procedure to obtain approximations of the Rao-
Blackwellized estimates. In Section 3.6, we perform a two-sample simulation study
for the two sampling designs on a simulated networked population, and then draw
conclusions and provide a general discussion of the novel methods developed in this

chapter in Section 3.7.

3.2 Sampling Setup

We define a population U to consist of the set of units/individuals U = {1,2,..., N}
where N is the population size. Each pair of units (¢, 5), 7,7 = 1,2, ..., N, is associated
with a weight w;;. We set w;; = 1 if there is a link (or predetermined relationship)
from unit ¢ to unit j, and zero otherwise. We define w;; = 0 for all e =1,2, ..., N.
We shall refer the reader to Section B.1 of Appendix B for an illustration to help
clarify the notation and designs that are outlined in the following sections. Now, an
adaptive web sampling design that is selected without replacement consists of two
stages. Suppose a study is based on K samples. For each sample £ = 1,2, ..., K,
the sample selection procedure commences with the selection of ng, members com-
pletely at random and then n; — ng, members are added adaptively without re-
placement. The adaptively selected members are added as follows. For each step
te, tr = 1,2,...,n1 — nog, any member ¢ not yet chosen is selected with probability
Qi = dZ:tt:’i + (1 - d)m where Wa,, ;i is the number of links from the
current active set a;, C s;, (where s;, the current sample at time #;) out to unit 4

at step t; and Wa,, + 18 the number of links out of the current active set to members
not yet selected at step tx. Hence, with probability 0 < d < 1 a unit is added via
tracing a link from the active set and with probability 1 — d a unit is added com-
pletely at random (a random jump is taken), given that W, + > 0. In the event
that we,, + = 0, a member is selected completely at random (that is, a random jump

is taken) amongst those not yet selected with probability m
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The observed data is dy = {(i, wij, w; , i), J), : 4,7 € sg, k =1,2,..., K} where
sg refers to sample k for k = 1,2, ..., K; w; is the out-degree of individual i (that is,
the number of members acknowledged by individual 7); ¢; is the time (or step) in
the sampling sequence that unit ¢ is selected for sample k; J, is an indicator vector
of length L = jzrlr?)iK{nj} that records the sequence of jumps after the initial

sample is selected for sample k,k = 1,2, ..., K. It shall be understood that for all
k=12, K, Jig .. J

Mok,

r = 0 and if ny < max{n;} then J,, 11 4,...,Jpr = 0. As
=12, K
demonstrated in web appendix B, a sufficient statistic for the population size and

unobserved adjacency data can be shown to be d, = {(i, w;;, w;+),J :4,j € s, k =

1,2,..., K} where J = (i 1k, f: Jo ks o i Jrk) = (I, Joy ..., Jr). In summary,
the sufficient statistic refnzolves t}’fe: #:ime elerg:eilt that is assigned to each unit that is
selected for each sample and reduces the records of when random jumps are taken
to a sum of the number of random jumps that are taken at each step in the sample
selection procedure. We shall note here that Thompson (2006) showed that, when
the population size is known, the observed data for a set of adaptive web samples
selected independently is do = {(¢, wij, w; tix) 1 4,7 € s, k=1,2,..., K} and hence
a sufficient statistic is d, = {(, wij, w;+) : i,7 € sx, k =1,2,..., K}. Notice that in
our study, since the population size is unknown we require additional information
in the observed data to utilize a sufficient statistic for the purposes of formulating
Rao-Blackwellized estimates.

In our study we consider the special case where each sample is selected based on
a design that does not allow for random jumps after the initial samples are selected
(that is, d = 1). As our study does not permit for random jumps, the observed
data is reduced to dy = {(i, w;j, w; , t;x) : 4,7 € sp, k = 1,2,..., K} and hence a
sufficient statistic based on the full data set can be shown to be d, = {(i, w;;, w;") :
i,j € sk, k=1,2,..., K} (notice that this corresponds with the reduced case from

the preceding sufficiency result where d = 1 and J = 0).
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3.3 The Sampling Designs

In this chapter, we explore the use of two different adaptive web sampling designs,
the first being the original design outlined by Thompson| (2006a)) and the second
being a nearest neighbours adaptive web sampling design. In this section, we will
outline the selection process we use in our study for the two adaptive web sampling
designs for the special case of when d = 1.

The first sampling design selects independently K adaptive web samples as fol-
lows. The sampling procedure commences with the selection of an initial sample s
of size ny of members from the population completely at random. A predetermined
maximum number of individuals, n —ng say, are further selected sequentially to bring
the sample size up to n’ < n by tracing links, when available, out of the current ac-
tive set as follows (notice that we place d = 1 in our study design). For any step

t,t =1,2,....,n — ng, any member ¢ that has not yet been selected is selected for

inclusion with probability ¢; = 5:;,1’ where w,,; is the number of links from the
current active set a; to unit 7, and w,, + is the number of links out of the current
active set to members not yet selected. Hence, if the number of links to trace out of
the current active set is exhausted at any intermediate step in the sampling process
then sampling stops at the most recent step t — 1 so that the final sample size is
n’ = ng+1t— 1. In the original adaptive web sampling design, the active set consists
of all members that have been selected for the current sample so that recruitment at
any intermediate step is based on all links stemming out of the current sample. That
is, for any step ¢, t = 1,2,...,n — ng, any member ¢ not yet chosen is selected with
probability ¢ ; = Z:sﬁ where s; represents the current sample. Notice that with the
original adaptive web sampling design it is possible to select members that are not
directly linked to the initial sample.

The nearest neighbours adaptive web sampling design restricts the active set to
consist only of those members who are selected for the initial sample so that only the
units that are linked to the initial sample have a positive probability of being selected
for the final sample. To clarify, for any step ¢, t = 1,2, ...,n — ng, any member ¢ not

50,4

yet chosen is selected with probability ¢;; = Z—+ where wy,,; is the number of
S0,t» ’
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links from the initial sample out to unit 7 at step ¢ and ws,,  is the number of links
out of the initial sample to members not yet selected at step t.

For each sample k = 1, 2, ..., K we shall let so, represent the initial random sample
corresponding with sample k& where |sox| = ngx. We shall also let s; represent the
final sample k in the order it was selected, where |sx| = n}, = no1,no1 + 1, ..., N
For inferential purposes we shall define s(g, o,,...0,) to be the full ordered sample of
the samples in the respective original order they were selected. The probability of

selecting the sample s, 0,,....0,) can then be expressed as

K 1 Ny, —nNok
P(8(01,02 ..... OK)> = H <m H Qf,f>
k=1 nok tr=0

The first terms in the expression correspond with the random selection of the initial
samples and ¢; is the probability of adaptively selecting the unit that was selected at
step t for sample k. It shall be understood that for ¢, = 0, ¢;f = 1fork =1,2,..., K.

3.4 Estimation

3.4.1 Population size estimators

Suppose that N is a preliminary estimate of the population size based on the K ini-
tial random samples. For example, in a two sample study a preliminary estimate of
the population size based on the initial random samples is the Lincoln-Petersen esti-
mator (Petersen|, |1896]), or its more practical counterpart, the bias-adjusted Lincoln-
Petersen (LP) estimator proposed by |Chapman (1951). This estimator is of the

form

N (no1 + 1)(ng2 + 1)
) =
m+1

—1, (3.1)

where m denotes the number of individuals that are selected for both initial samples

so1 and sg2. An improved estimator based on the sufficient statistic d,. is
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ny!  nb! nf!
E[Nold,) = Npp =3 > o 3 NS (500, i) (3.2)

r1=1re=1 rrg=1

where ]\Afé”’m"“"’K )is the preliminary population size estimate based on the hypotheti-
cal initial samples corresponding with reorderings (71,72, ..., k) of samples 1,2, ..., K,
respectively, and p(s(;, r,,..rx)|dr) is the conditional probability of obtaining the sam-
ple reorderings r1, 9, ..., ' given the data observed for d,.. Notice that for any specific
sample reordering sz, 4, «x) (that is, (z1,22,...,2x) are specific indices of the cor-
responding reorderings of the samples (s1, sa, ..., Sk ), respectively), the conditional

probability of obtaining these sample reorderings can be expressed as

p(8($1,$2,~~~,x1{)|dr) :p( (21,2257 /Z Z Z S(rira,..r )

ri=1ro=1
ni—no1 nh—ng2 nhe—noK
Sz 1 Sz 1 Sz g
q qtg Xooee X N th
(’n01 t1=0 (’nog) to=0 (noK) tr=0
nf—no1 nH—no2 nhe—nok
Srq 1 Srg 1 Srg
) Qtl X(N) qtg X"'X(N) th
ri=1re=1 rg=1 TL01 t1=0 no2 to=0 nNoK tx=0
nj—no1 nH—no2 n’K—nOK
Szq 512 S pe
I I qy, X I I 4, I I Aty
t1=0 to=0 tx=0
ni!  nj! nl! nf—no1 nhH—no2 Nl —nok
1 Srg Sryc
ZZ"'Z(H% < IT @z x-x [ 4 > (3.3)
ri=1rqg=1 rg=1 t1=0 to=0 trg=0

The essence of using the sufficient statistic is highlighted by bringing to the reader’s
attention that all terms involving the unknown population size N are factored out of
the expression and can be canceled to make computation of the Rao-Blackwellized
estimates possible. Notice that we have proved that the statistic d, is sufficient for

N since the ratio of the probability of selecting any two data points from the same
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partition that the statistic induces (that is, the data points are simply reorderings

of the respective samples) does not depend on the unknown population size N.

3.4.2 Alternative population size estimator for the two-sample

study

An estimator of the population size can be obtained by taking the analogue of the
Lincoln-Petersen estimator based on the initial random selection for the first sample
and the full sample for the second sample (Seber} 1982). This estimator can be

expressed as

" (no1 +1)(n5 +1)
Noy =
’ my + 1

-1, (3.4)
where ng; is the initial sample size of the first sample, n), is the size of the second

sample, and m; is the number of individuals selected for both initial sample 1 and

final sample 2. The Rao-Blackwellized version of this estimator is expressed as

Al

nl.
E[N0,1|dr] = NRB,l = Z Né,rllvr2)p(5(r1,rz)|dr)’ (3'5)
ri=1

where Né’rf’m) is the estimate of N obtained with the hypothetical initial sample of
reordering r; of sample 1 and all of (reordered) sample 2 (notice that this estimate
does not actually depend on the order in which sample 2 was selected).

Another estimator is formulated by taking the average of the two corresponding

estimators, that being

Noio = —"—-. (3.6)

The corresponding Rao-Blackwellized version of this estimator is expressed as
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Al

a (71,7 n'2! (71,7
21 *N(g,l17 2)p(5(7’177’2)|d7") + 21 *]\](5,217 2)p(5(r17r2)|dr)
r1= 2=

E[NO,1,2|d7‘] = NRB,LQ = (3.7)

2

We shall note here that in the event that a fixed list of n/, individuals from the
target population has previously been obtained, whether it be through a probability
sampling design or not, one can still utilize N; and N rp,1 to estimate the population
size. The reason for this is that the Lincoln-Petersen estimator only requires one of

the two samples to be obtained completely at random (Seber; [1982)).

3.4.3 Average node degree estimators

Estimates of the distribution of individual responses like the out-degree of the pop-
ulation members can be useful to the researcher when inferring on hard-to-reach
populations. We can obtain estimates of such characteristics like the average out-

degree of the population members as follows. For notational convenience, we shall
K

let M = |J sor. We can then estimate the average out-degree of the population,
k=1

N
w;”
w, = Zle , (3.8)

with the estimator based on the unique members selected for the initial samples,

namely

> wy

A ieM

Conditional on |M| this estimator can be viewed as being based on a random sam-

ple of |M| individuals selected without replacement. Therefore, conditional on |M],
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wWp can be shown to be an unbiased estimator for w,. The Rao-Blackwellized ver-
sion of the preliminary estimator of the average out-degree is made possible through
the same procedure as obtaining the Rao-Blackwellized version of a preliminary es-
timator of the population size. The corresponding formula used for obtaining the

Rao-Blackwellized version of wy is

Elo|d,] —wRB—ZZ Z L CTR /) (3.10)

ri=1ro=1

We shall note here that estimates of the average node degree which are based on the
two-sample study and that are analogous to ]\7071 will introduce some bias into the

estimator and therefore are not explored in this chapter.

3.4.4 Variance estimators

Schwarz and Seber (1999)) outlined several methods for obtaining estimates of the
variance of the population size estimates based on a K sample capture-recapture
study. In our two-sample study we shall take, as an estimator of the variance of
the preliminary estimators N, and ]\7071, the estimator that was proposed by |Seber
(1970). These estimators are of the form

(01 + 1)(no2 + 1)(nor — m)(ne2 —m)

Var(Ny) = CEECES) (3.11)
and
VT&I'(NQO _ (n()l + 1)(%’2 + 1)(”01 — ml)(nl2 — ml) ) (312)

(m1 + 1)2(m1 + 2)

As Var(Noyl,z) = Var(@) = }lVar(No,l) + %Var(]{fog) + %COV(NM, NO,Q), we

will take a conservative estimate of this value to be
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AN 1.~ - 1.~ - 1.~ -
Var(No,Lg) = ZV&I’(NOJ) —+ Z—lVar(NO,Q) -+ §Var(N071). (313)

An estimate of the variance of wy is the conditionally unbiased estimate

(3.14)

- N —|M 2
Var(wo|M):( | |) i

N JIM[

N=|M|
N

mr=1 2 (w;” —p)®. As the population size is not known in advance we shall sub-
eM

corresponds with the finite population correction factor and s? =

where

stitute N with Nj in the finite population correction factor.

To estimate the variance of the Rao-Blackwellized estimators, [Thompson (2006al)
proposed the following unbiased estimator. For any estimator Ogp = E|[f,|d,] for
some population unknown @, where 90 is the preliminary estimate, the conditional

decomposition of variances gives

Var(frp) = Var(6y) — E[Var(6,|d,)]. (3.15)

An unbiased estimator of Var(fgp) is

Var(Orp) = E[Var(fy)|d,] — Var(o|d, ). (3.16)

This estimator is the difference of the expectation of the estimated variance of the
preliminary estimator over all reorderings of the data and the variance of the pre-
liminary estimator over all the reorderings of the data. As this estimator can result
in negative estimates of the variance, a conservative approach is take the estimate of

Var(frp) to be E[Var(6y)|d,] when such a scenario arises.
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3.5 Markov Chain Resampling Estimators

Due to the large number of sample permutations that are obtained with the sample
sizes used in this study, a Markov chain resampling procedure similar to the one
found in [Thompson| (2006a)) is implemented to obtain approximations of the Rao-
Blackwellized estimates. As the sampling strategy presented in this paper selects
multiple independent adaptive web samples, the Markov chain resampling strategy
needs to be modified. We outline the modified Markov chain accept/reject (Hastings,

1970) resampling procedure below.

Suppose 6 is an unknown population quantity we wish to estimate with the improved

estimator Opp = F [éoldr] where d, is a sufficient statistic.

Step 0: Let ééo) be the estimated value of # and Var(6)) be the estimated value
of Var(éo) that is obtained from selecting K adaptive samples in the original order
they were selected. Also, let t(©) = 5(01,02,...,0) be the ordered original samples in the

order they were selected.

For step | = 1,2, ..., R, where R is sufficiently large:

Draw a candidate sample reordering, t!) say, from a candidate distribution (that
is, t® is an ordered set of reorderings of each sample). Suppose the most recently
accepted candidate reordering is t® for some ordered set of reorderings of the samples
where y = 0,1,2,....,1 — 1. Let p(t)) be the probability of obtaining +®) under the
true population and ¢(tY)) be the probability of obtaining reordering t® under the
candidate distribution. Generate a uniform random number between 0 and 1, and if

this value is less than

min{p(t(l)) a(t) 1}, (3.17)

let éél) and V%Lr(é(()l)) be the estimates of 6 and Var(f,), respectively, obtained with the
ordered set of sample reorderings ). Otherwise, take é(()l) = éélil) and Vﬁr(éél)) =
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VAar(éél*l)). Recall that p(t®) needs only be known for the (hypothetical) adaptive
recruitment probabilities found in the corresponding ordered set of sample reorder-
ings as all terms involving the unknown population size N can be factored out of the
ratio of the true probabilities of obtaining sample reorderings and cancelled from the

expression.

Final step: Take estimates of éRB to be

R
- 1 ~
0]
= — E 1
QRB R+1 90 ) (3 8)

=0

and similarly take the estimate of Var(6zz) to be

Var(frp) = E[Var(6y)|d,] — Var(fy|d,)

R
1 ~ ) 1 AD) ~ 9
= N a0 — —— 5700 — )2 1
R+1l2_; ax(fo) R+1Z(° r5) (8.19)

With the adaptive web sampling designs restricted to only recruiting members
that are linked to the current active set, and not allowing for random jumps (that is
d = 1), a large number of the sample reorderings will likely have zero probability of
being selected in the full population setting. One primary reason for this is that the
sample reorderings that consist of at least one member added after the hypothetical
current sample, with whom do not share a link to any previously selected members
that are in the active set, result in a sample that is not sequentially obtainable under
an adaptive web sampling design that does not permit for random jumps.

We used a candidate distribution which works over each sample individually and
first places all their sampled units that are not nominated by any other sampled units
into their hypothetical initial sample with probability one (notice that these members
must be in the corresponding original initial sample). The candidate distribution

then selects the remaining members for each individual sample based on the original
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adaptive web sampling design, with a small probability of jumps allowed, applied to

the reduced population that consists only of those sampled members.

3.6 Simulation Study

We will use the thesis study population to evaluate the new inference procedures
outlined in this chapter. The population was generated according to the stochas-
tic cluster model that was outlined in chapter 2. An illustration of the simulated

population can be found in Figure [3.1]

Population Graph

Figure 3.1: The simulated thesis study population.

Figure (3.2 shows two samples where the graph nodes are enlarged for ease of
visualization. These members were selected under the original adaptive web sampling
design and nearest neighbours adaptive web sampling design where 40 members are
selected for the initial samples with (up to) 10 members added adaptively to each

sample. The first sample is represented by light coloured nodes and the second
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sample is represented by dark coloured nodes. Nodes that are selected for both
samples are highlighted as shaded nodes. Notice the disproportionate increase in
the overlap between the adaptively recruited members from the samples for both
designs illustrating the additional information that may be harnessed for inferential

purposes.
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Initial samples: first sample in white,
second sample in black, intersect in grey

-10

-15

(@]

Final samples: first sample in white,
second sample in black, intersectin grey

©

C 6*

Final samples: first sample in white,
second sample in black, intersectin grey

Figure 3.2: Two initial samples selected at random on the top. Two original adaptive
web samples on the bottom left and two nearest neighbours adaptive web samples
on the bottom right where both samples start with the two initial samples selected
at random on the top. The size of each of the initial samples was 40 and (up
to) 10 members are added adaptively. The first sample is represented by the light
colored nodes, the second sample is represented by the dark colored nodes, and the

intersection between the two samples is represented by the shaded nodes.
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A simulation study was conducted as follows. A total of 1000 pairs of samples
with 5000 resamples from each pair of samples for the Markov chain resampling pro-
cedure were obtained with each sampling design. Initial samples of size 40 with (up
to) 10 members recruited adaptively were selected for each sample. Histograms of
the estimates of the population size and average node degree are shown in Figures
and respectively. The true population size of 300 and average node degree
of 2.8 are indicated by the solid triangles on the x-axis of the corresponding graphs.
All estimates came out approximately unbiased. Table provides the standard-
ized mean squared error (MSE) scores for each of the estimates. The scores are

standardized by the MSE score obtained with the preliminary estimates.
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Figure 3.3: Histograms of the population size estimates with N, on top and Nrp
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based on the original adaptive web sampling design and the nearest neighbours adap-
tive web sampling design, respectively, in the middle. Histograms of N rB,1 based on
the original web adaptive sampling design and the nearest neighbours adaptive web
sampling design, respectively, on the bottom. The dark triangles on the x-axis indi-

cate the true population size of 300. All estimates came out approximately unbiased.
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Figure 3.4: Histograms of the average node degree estimates with w, on top and wgrp
on the bottom based on the original adaptive web sampling design and the nearest
neighbours adaptive web sampling design, respectively. The dark triangles on the
x-axis indicate the true population average node degree of 2.8. All estimates came

out approximately unbiased.
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Table 3.1: Standardized MSE scores for the estimates of the population size and
average node degree where OR refers to the original adaptive web sampling design

and NN refers to the nearest neighbours adaptive web sampling design.

. . Estimator R .

No Ngp,wgp OR  Ngp,wgp, NN Ngpi, OR Ngpi1, NN
Parameter
N 1 0.566 0.637 0.518 0.594
wy 1 0.857 0.947

As illustrated in the histograms and table of scores, gains in precision are made
over the preliminary estimates for the population size when using the improved
estimates. It also appears that the improved estimates for the average out-degree of
the population made significant gains in precision over their preliminary estimator
counterparts. N rp,1 exhibited the best performance, offering some improvement over
Ngp. Another estimator of the population size can be obtained by taking the average

of ]\AfRBJ and NRBQ (where NRB,Q is the Rao-Blackwellized estimator based on the
(n)+1)(no2+1)
mao+1

correlated and offered minimal improvement over N RB,1-
Tables and give the coverage rates of the population size using nominal
95% confidence intervals based on the Central Limit Theorem (CLT) and the log

transformation strategy outlined in |Chao (1987)), respectively. As can be seen, the

preliminary estimator ). In this study, these estimates came out highly

coverage rates for the population size based on the central limit theorem are smaller
than 95%, possibly due to the skewed shape of the distribution of the estimates which
in turn may be influenced by the small sample sizes used in the study. However, it
is apparent that the log transformation strategy has helped to improve the coverage

rates of the population size.
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Table 3.2: Coverage rates of the population size using nominal 95% confidence inter-
vals based on the CLT where OR refers to the original adaptive web sampling design
and NN refers to the nearest neighbours adaptive web sampling design.

. X Esti;nator X X
No  Ngg OR  Ngp, NN Ngpi, OR Ngpi, NN

Parameter

N 0.850  0.854 0.851 0.884 0.887

Table 3.3: Coverage rates of the population size using confidence intervals based on
a log transformation where OR refers to the original adaptive web sampling design
and NN refers to the nearest neighbours adaptive web sampling design.

R _ Estimator R
Nog OR Noi, NN Ngpi, OR Ngpi, NN

Parameter
N 0.902 0.903 0.901 0.913 0.911

Table gives the nominal 95% coverage rates for the average out-degree based
on the Central Limit Theorem. The coverage rates came out close to 95%, indicating
that substituting the estimate of the population size into the corresponding variance

expression found in expression (3.14)) is a suitable choice.
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Table 3.4: Coverage rates of the average node degree using the nominal 95% con-
fidence intervals based on the CLT where OR refers to the original adaptive web
sampling design and NN refers to the nearest neighbours adaptive web sampling
design.

Estimator
Wy wrp OR  wgrp, NN

Parameter
wy, 0.938 0.931 0.922

We shall note here that in our study we did not encounter any negative estimates
of the variance of the Rao-Blackwellized estimates. Therefore, we did not have to

resort to using the conservative approach that was suggested in subsection 3.4.4.

3.7 Discussion

In this chapter we have outlined a new inferential method that uses link-tracing
strategies and a sufficient statistic to estimate the size of hard-to-reach populations.
The new method possesses the ability to adaptively recruit hard-to-reach members
for the study, through an adaptive sampling probability mechanism that can be
tailored to meet the sampler’s needs, without introducing additional bias into the
improved estimates while allowing for control over sample sizes. As the theoretical
results and simulation studies showed, the new methods outlined in this chapter will
give rise to more precise estimators relative to those based on the Lincoln-Petersen
estimator which is based on the initial samples.

One additional advantage the new methods presented in this chapter possess
over some of the existing capture-recapture methods is outlined as follows. In some
empirical settings when sampling from a large population with relatively small sample
sizes, the selection of two random samples may give rise to little or no overlap in the
samples, hence rendering an undesirable estimate of the population size when using

a capture-recapture type of estimator. With the methods outlined in this chapter,
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overlap between the adaptive recruitment stages of the samples is more certain and
hence the use of the new inferential procedure should result in a much more reliable
estimate of the population size.

Extending the methods outlined in this chapter to be compatible with the eight
closed population models commonly used in capture-recapture studies, namely the
Mo, M, My, My, Mgy, Mgy, Mpn, Mypn, models (see [Schwarz and Seber| (1999)) for a de-
scription of these models), is certainly deserving of future attention. The methods
presented in this chapter may serve as a foundation for the theory required to achieve

these goals.



Chapter 4

The Single-Sample Design-Based
Approach

4.1 Introduction

Frank and Snijders| (1994) developed a design-based approach for estimating the
size of a networked population based on the links (commonly referred to as arks or
nominations) originating from the members selected from a Bernoulli sample. In this
chapter we extend this method by allowing sampling to continue beyond the Bernoulli
sample (also known as the initial wave) and base new estimates for the population
size on the corresponding observations made from a succeeding wave. Estimates
of the variance of the new estimators are based on a jackknife approach similar to
that developed by |Frank and Snijders (1994). A Rao-Blackwellization method for
improving the preliminary estimators is also developed in this chapter. A simulation
study is conducted on the thesis study population to evaluate the extended sampling
and inferential methods outlined in this chapter.

In Section 4.2, we introduce the notation that is used in this chapter and we
outline the link-tracing sampling designs that are explored as well as the statistics
that are observed. Section 4.3 is reserved for developing moment-based estimators

of the population size as well as the estimates of the variance of the population size

73
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estimators. As tabulating the preliminary estimates from all reorderings of the final
samples is computationally cumbersome due to the sample sizes used in this study,
we outline a Markov chain resampling method in Section 4.4 to approximate the
improved estimators. Section 4.5 provides a simulation study based on the thesis
study population, and Section 4.6 provides a discussion of the novel methods that

are introduced in this chapter.

4.2 Sampling Setup and Design

We define a population U to consist of the units/individuals U = {1,2, ..., N} where
N is the population size. Following the approach developed by [Frank and Snijders
(1994), for all 4, j = 1,2, ..., N we will let w;; = 1 if there is a link from member 7 to
member j and w;; = 0 otherwise, and we will let w; = 1 for all 7 = 1,2,..., N. The
adjacency neighbourhood of unit i, A;, is defined as the set of all individuals with
links to unit . We can express A; as A; = {j : wj; = 1} and we will let |4;| = a;.

A diagram summarizing the statistics introduced in this section is provided be-
low to aid understanding of the sampling procedure that is based on selecting one
additional wave after the initial wave is selected. Estimates of the population size
are based on two types of statistics which we will refer to as class A and class B

statistics.
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Figure 4.1: The class A statistics. The circles represent those members who are
selected for the sample, the square represents those members nominated from the
initial sample and who are outside the initial sample. The lines indicate nominations

made from/between those members selected for the sample.
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Figure 4.2: The class B statistics. The circles represent those members who are
selected for the sample, the square represents those members nominated from the
initial sample and who are outside the initial sample. The lines indicate nominations

made from/between those members selected for the sample.

4.2.1 Statistics based on the initial wave

The sampling procedure starts with the selection of an initial sample/wave Sy of
size ny completely at random (that is, all units have the same probability of being

selected for the initial sample) from the population.

The class A statistics based on the initial wave

We will let XZ(O) = 1 if unit ¢ is selected for the initial sample and 0 otherwise, and

L =" w;; will be the total number of non-loop arcs (that is, non-self nominations)
1#]

in the population. We will let ry be the number of non-loop arcs within Sy, that

is, the number of nominations within S;. We will also let [y be the number of links

leading out of Sy. We can conveniently express the class A statistics 7o and [y as
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i#£j
and
=Y X701 - X" )w;. (4.2)
4,J

The class B statistics based on the initial wave

We will define ky to be the number of members selected for the initial sample that
are mentioned by at least one other individual selected for the initial sample, and ¢
to be the number of members not selected for the initial sample that are mentioned
by at least one member selected for the initial sample. The class B statistics can be

expressed as

ko= X9 max {x© 4.3
’ Ej: J z‘eAj\{j}{ ot (43)

and
to =Y _(max{Xx"} - XV). (4.4)

J
Notice that in a two sample capture-recapture study, the first sample corresponds
with the set of members in the initial wave, the second sample corresponds with
all members mentioned from the initial wave (not including self-nominations), and
the recaptured members in the second sample correspond with the set of members

mentioned by at least one other member in the initial wave and whom are also in

the initial wave.
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4.2.2 Statistics based on wave one

When sampling is permitted to continue beyond the selection of the initial wave, we
can formulate parallel statistics based on those members selected for the succeeding
wave with the following design. After selecting the initial wave, we will let M; be
the set of individuals that are mentioned/nominated by those individuals in Sy and
that are not selected for Sy (note that |M;| = tg). Now, each of the M; members
are selected for wave one independently and with probability £, (that is, we select
a Bernoulli sample from M;) and those whom are selected comprise the set Sy .
Also, an additional m; members are selected completely at random for wave one
from U \ (Sp U M;) and these members comprise the set Sy ;. Finally, we will define

wave one to be S} = 51, US| 5.

The class A statistics based on wave one

We will let Xi(l’m) = 1 if unit ¢ in M, is selected for S ,, and 0 otherwise. Similarly,
we will let Xi(l’m) = 1if unit ¢ in U \ (Sp U M) is selected for S and 0 otherwise.
We will let 71 ;7 be the number of non-loop arks within S 7 and ry ,, 7 be the number
of links from S ,,, to Si . We will also let [; 5 be the number of links from 5 5 to
U\ (SoUM;U S, ) and [y ,,, be the number of links from Sy ,,, to U\ (SoUM;U S 7).

We can express the aforementioned class A statistics as

= Y XX, (4.5)
i#£j:
1,jeSoUM1

R Z Xi(l,m>ng1,m)wij7 (4.6)
ieMy,

JeSoUM,
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(4.7)

(4.8)

We will now define k; ;7 to be the number of individuals in \S;  mentioned by at least

one other individual in S} ;7 and &y ,, 7 to be the number of individuals in S} 7 that

are mentioned by at least one individual in \S; ,,,. We will also let ¢; 5 be the number
of individuals in U \ (SoU M; U S} ) that are mentioned by at least one individual in
S1.m and ¢y ,, to be the number of individuals in U\ (SyUM; US| 1) that are mentioned

by at least one individual in \S; ,,. We will now let A§1’m) ={i:ieSyUM,w; =

1}

and Ag-l’m) = {i : i € My,w;; = 1}. The aforementioned class B statistics can be

expressed as

kim = Z X](l’m) max  {X"™},

. 4 (1,m) .
j€SOUM1 ZEAJ' \{]}

1,7 1,
klmm = E X]( ) max {XZ( m)},
e . 4 (1,m)
jeSoUMy, ied;
ieMy

= 3 (L (X0 - x0),

(1m)
jeSoUM7 ied;

(4.9)

(4.10)

(4.11)
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and

=y (1—X"™) max {x"™}. (4.12)
ieA(.l’m)
jeSoUMy, J
ieM

We note here that additional observational effort is required by the sampler to identify
nominations outside of the sample for the purpose of obtaining the class B statistics.
To clarify, notice that for the class B statistics we require that individuals nominated
outside of the sample be identifiable.

The probability of selecting a sample s with this sampling design can be expressed

as

1 m1 Mi|—my 1
p<8) - (T (1 - Bl)l | N—no—|M;|

) M)

The first term corresponds with the random selection of the initial wave and the

(4.13)

second and third terms correspond with the Bernoulli sample selected from those
members mentioned from the initial wave. The fourth term corresponds with the
random selection of those members not selected for the initial wave and that are not
linked to any individuals in the initial wave.

Notice that in a two sample capture-recapture study, the first sample corresponds
with the set of members in the completely random component of the first wave,
the second sample corresponds with all members mentioned from the first wave
(not including self-nominations), and the recaptured members in the second sample
correspond with the set of members mentioned by at least one other member in the

first wave and whom are also in the random component of the first wave.
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4.3 Estimation

This section outlines the preliminary and Rao-Blackwellized estimators for the pop-
ulation size based on the initial wave and wave one as well as the jackknife procedure
that Frank and Snijders| (1994) used to estimate the variance of the estimates based
on the initial wave. Note that the estimators defined in this section are moment-
based estimators of the population size. We will make the definition of the moment
expectation Eyy to be Ep[g1(X1)92(X2)] = 91(E[X1])g92(E[X2]) for functions g, and
go of the random variables X; and X5, respectively.

We shall note here that Frank and Snijders (1994) developed an inference proce-
dure based on an initial wave selected via a Bernoulli sampling design. In our study

the design selects a predetermined number of individuals for the initial wave.

4.3.1 Population size estimators based on the initial wave

Frank and Snijders| (1994) showed that a moment-based consistent estimator of the
population size N based on the selection of a Bernoulli sample and the class A

statistics is

. l
Nao = no(ro ha 0) (4.14)

since

- (%) 2L, (4.15)
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and

_ (%) (N;[”O)L. (4.16)

Frank and Snijders (1994) also showed that a second moment-based consistent

estimator of the population size N based on the class B statistics is

. Ko+t
Npo = no( 0t 0) (4.17)
ko
since
ZE X V1E[ max {X”}]
% A
= ZE XP1EL — min {1- X"}
ieA;\{Jj}
mo g~ () mo) (4.18)
=ng— — - — .
0 N N 3

and
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Eylt)) =Y (Elmax{X"}] — E[x}"])

i€Aj

J

:N—nO—Z(l—%>Gj. (4.19)

J

= (Bl - min{1 - X - B1X[)

4.3.2 Population size estimators based on wave one

To obtain a moment-based estimator of the population size N based on wave one,
we first condition on the sizes of the sets Sy, and Sy to be |Si,,| = m; and
|S1.m| = mq. For notational convenience, we will also let Ny = N —ny — |M;|, and
Ly, and Ly, y, will denote the number of non-loop arks within U; and the number
of links from U; to U, for Uy, Uy C U = {1,2,..., N}, respectively. We will also let
\Ag.l’m)| = &gl’m) and \A§~1’m)] = ag»l’m).

A conditional moment-based estimator of the population size N based on the

class A statistics can now be shown to be

(4.20)

¢ T1m + T1imm + lim + lim
NA,1=n0+|M1|+m1( - - - - )

T1,m + T1,m,m

since
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m 2
1
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1, 1,m
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my my
EUTATAVSA Ly, somts

1,m 1,m
Eulhm)= Y BXME1 - X")w;
i#],
1,7eSoUM1

my mi
- (E) (1 - Fl)LSO“M“

and

Eylhm) = Y EXI™E(1 - X))y

€My,
jeSoUM,

my my
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(4.21)

(4.22)

(4.23)

(4.24)

Another conditional moment-based estimator of the population size N based on the
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class B statistics can also be shown to be

. (ki F Ernm F tim s
NB71:ng—|—|M1|+m1( L Lm, L Lm, )

k1 + ko

since

jeSoUMy J
= Y EXMIEL- min {1- X))
e AN\ )
_ a(l’m)fl
mq mq
— - 1] — 2
m N Z ( N1> ’

Eylkimml = Y E[X{"™]E[ max {X“””}]

(1,m)

jES()UMl A

ieMq

(1,m) (1,m)
= E[X;7"]E[1 — min {1 - }H
(1,m)

jeSoUM7q, ZeA

ieMq

aj(1,m)
my my
= |M{|— [ N, — 1 - —
| 1‘N1< ' Z ( |M1|> )’
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(4.25)

(4.26)

(4.27)
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Bultin] = 3 (B[ max {X;""}] = BIX;™)
jeSoudh A
i 1m 1,m
= D (Bll— min {1- X"} = B
jeSoUM, ieA;
B D)
_ my J
=N - 4.2
e Y ( Nl) , (425
jeSoUM,

and

_ ; E[(1 — XY™ B[ - min {1 - x&mh

J

jeSoUM; iEAng
iGMl
_ a;j(1,m)
_ mq mq
=|My|{Ny—mq;— (1 —— E 1—— . 4.29
| 1|( S < N1>jSUM( |M1|> ) (4:29)
eSoUM1

Note that the population size estimators based on wave one require knowing the size
of the set M;. This will likely entail the use of the class B statistics at the initial
wave (that is, members outside of Sy must be identifiable).

For all estimators presented in this chapter, we will add a value of 1 to each
statistic and subtract a value of 1 from the final estimator in the same manner
as (Chapman (1951) had proposed for the Lincoln-Petersen estimator. This bias-
adjusted estimator will ensure that, in the event that a set of statistics based on
the internal nominations (namely those statistics of type r and k) of a wave all take
a value of zero, a value of zero will not show up in the denominator of any of the

estimators and hence will not result in an unstable estimate of the population size.
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4.3.3 The Rao-Blackwellized estimators

Two different Rao-Blackwellized estimators based on the initial wave are explored.
In the first case sampling stops after the initial sample S, and the subset S, of
M are selected (that is, S is not selected). We shall refer to this sample as the
restricted sample so that only estimators based on the initial wave are determined.
In this case the data observed is dy = {(i, 4;,t;) : i € S} where t; is the time or step
that unit 7 is selected for the sample. We shall assign values of ¢; = 0 if unit ¢ is
selected for Sy and t; = 1 if unit ¢ is selected for S ,,. A sufficient statistic for the
population size N is then d, = {(i, 4;) : 1 € S}.

Rao-Blackwellized versions of the preliminary estimators N 4,0 and N B0 based
on the restricted sample can be obtained as follows. Suppose that No represents
either of these two preliminary estimators. Then based on a final sample of size

n =S| + [S1,m| = no + m1 the Rao-Blackwellized estimator is

n!

E[Nold,] = Ngs = > N"p(s®|d,)
k=1

Z Vi p(s™h) /Zp )

VoL gmq gy Plem ig® ¢ ar® ) > mﬂ)/

(o)

I
™M=
AR

/\

N m

k=1 no)

n!

\J m )| —m

_ (Né% (1= By s ®) < ag®) |0 > ml])/

k=1
n!

(k)

(ﬁ O e (el VA Y A mﬂ> (4.30)

k=1

k)

where k represents the corresponding sample reordering, Né is the corresponding
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estimate of the population size, Ml(k) is the corresponding set of members that are
mentioned from the hypothetical initial wave Sék), and S%k,)n is the corresponding
set of members that are hypothetically adaptively recruited from Ml(k). Note that
only the size of Ml(k) is permitted to vary over the reorderings. The number of
members selected at random for the initial wave (that is, ng) as well as the number
of members who are adaptively recruited for the sample reordering (that is, m;) must
remain fixed in order for the sample reordering to be consistent with the sufficient
statistic (that is the reduced data must coincide with d,).

In the second case, if sampling continues so that we also obtain S 5 (that is, we
are considering the full sample), the data assumed to be observed is dy = {(i, A;, t;) :
i € S}. We shall assign values of t; = 0 if unit 7 is selected for Sy, ¢; = 1 if unit ¢ is
selected for Sy ,,, and ¢; = 2 if unit 7 is selected S} 7. A sufficient statistic for the
population size N is then d, = {(i, 4;),|Mi| : i € S} (notice that M; is a function
of {A; : i € S}). The Rao-Blackwellized version of the preliminary estimators of the
population size based on the full sample can be obtained as follows. Suppose that No
represents any of the preliminary estimators NAyo, ]\7370, NAJ, NB,I based on a final
sample of size n = | S|+ |S1.m| + |S1.m| = 1o +m1 +m1. Then the Rao-Blackwellized

estimator is
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n!
E[No|d,] = Nps =Y _ N§"p(s®)|d, )

k=1

_ZN(k) 5(k) /Zp (k:
k=1

nl
=3 (RS- gy L
o ®
k= 1( (no) (N Oml‘Ml |)
15®. € ;®, 5% 0 M = g, | |—|M1|])/

n!
1 (k) 1
—Bm(1 _51)|M1 l=mi_ =
Z ((%) 1 (N—noﬁ—lllMl(k)\)

k k
AM® — g 1% = |M1|])

S~

(k)
’“( m (1 — gm0 ¢ agy, S A M® = g, [ |—\M|])/
k=1

n!

(5m1(1—51)'M<)' mrs® ¢ M® st npu® = ¢,|Mfk>|=|M1|]) (4.31)
k=1

where k represents the corresponding sample reordering, N(gk) is the corresponding
estimate of the population size, M *) is the corresponding set of members that are
mentioned from the hypothetical initial wave SO ), S ., 18 the corresponding members

that are hypothetically adaptively recruited from M1(

, Syﬂ% is the corresponding set
of members that are recruited at random for wave one, and ¢ is the empty set.
Notice that it is required that |M1(k)| = | M| for reordering k to be consistent with
the reduced data, which in turn will guarantee that all terms involving the unknown
population size N can be factored out and canceled from the expression. Hence,
the size of Ml(k) is not permitted to vary over the reorderings. Also, the number of
members selected at random for the initial wave (that is, ng), the number of members

who are adaptively recruited (that is, m;), and the number of members selected at
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random from U \ (S U M*)) (that is, m;) must remain fixed in order for a sample
reordering to be consistent with the sufficient statistic.

When using the full sample a large number of the reorderings may have zero
probability of being selected. The reason for this is found in the stringent requirement
that for reorderings to be consistent with the original data they must have exactly
|M7| members nominated from the hypothetical initial sample. Instead, we have
adopted an alternative sampling design that selects members for Sy 7 from U\ (SpU
S1.m) (as opposed to U \ (Sp U My)). The probability of selecting a sample s with

this sampling design can be expressed as

P(s) = o B (1 — m)Ml-mlﬁ. (4.32)

(o)

A sufficient statistic for the population size N is then d, = {(i, A;) : i € s}.

mi

With this approach it is more likely that reorderings will be consistent with the
original data as |M1(k) | is now permitted to vary over values greater than or equal to
my (compare this approach and sufficient statistic with the corresponding approach
and sufficient statistic used in the restricted sample case). However, it is not as
straightforward to develop estimators of the population size based on the first wave
as some members from M; (which is a random variable) may now be selected for
S1,m. Hence, accounting for this additional component may prove a cumbersome task
when constructing estimators of the population size. Nevertheless, in our simulation
study we have kept with the estimators based on the statistics defined in Section 4.2
while implementing the alternative sampling strategy.

With the alternative approach, suppose Ny is an estimator of the population size.

Then the Rao-Blackwellized estimator is
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n!

E[No|d,] = Ngp = > N§"p(s®)|d,)

k=1
n!
-3 S
n! )| _ 1 k k k
( 0y 15 € M ) > i)
mi
(1 ME |y ( ORIV
T H(1-5) (o [Sim © My, [ M| = ma]
k=1 m1
} (N(’“) (1= s, € M M) 2 i)/
k=1
n!
m1 (k) —m1
RN CER S TN Eh) (133)
k=1

The essence of using the sufficient statistic is highlighted by bringing to the
reader’s attention that in each of the three cases all terms involving the unknown
population size N factor out of the expression and cancel therefore making compu-
tation of the Rao-Blackwellized estimates possible. Notice that we have proved that
the aforementioned statistics are sufficient for N since the ratio of the probability
of selecting any two data points from the same partition that the respective statis-
tic induces (that is, the data points are simply reorderings of each other) does not
depend on the unknown population size V.

We mention here that, in order to obtain the Rao-Blackwellized version of the
estimators outlined in this chapter, all nominations within the final sample S =
SoUS1,, US1m, as well as those nominations outside of S, must be identifiable. The
justification for this can be reasoned by observing that, for any two members in §
that are reordered to hypothetically be selected for the initial sample, we require the
ability to observe if either member nominates the other. Furthermore, nominations

outside of the sample must be known due to the need to identify the number of
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individuals who comprise the set of Ml(k) for all reorderings k = 1,2, ..., nl.

4.3.4 Variance estimators

Frank and Snijders| (1994)) proposed using a variant of the jackknife method for esti-
mating the variances of the estimators based on the initial wave that they developed.
This same method is used for the new estimators based on wave one that is developed
in this chapter. We will outline the procedure in this subsection.

Consider the current wave upon which an estimator N for the population size N
is based on. We calculate N for each individual i deleted from the corresponding
wave. If we denote this estimate as N(Z-), then the estimate of the variance of the

estimator is taken to be

n
n—2 - N

Var,(N) = o > (N = No)2s (4.34)

=1

where N(.) =>" N(,-) and n is the size of the corresponding wave.
With respect to the variance estimates of the Rao-Blackwellized estimators, [T homp-
son (2006a)) proposed the following unbiased estimator. For any estimator Npp =

E[Nyld,], the conditional decomposition of variances gives

Var(Ngp) = Var(Ny) — E[Var(No|d,.)]. (4.35)

An unbiased estimator of Var(Ngp) is

Var(Ngg) = E[Var(No)|d,] — Var(No|d,). (4.36)

This estimator is the difference of the expectation of the estimated variance of the
preliminary estimator over all reorderings of the data and the variance of the prelim-

inary estimator over all the reorderings of the data. As this estimator can result in
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negative estimates of the variance, a conservative approach would take the estimate

of Var(Ngp) to be E[Var(Ny)|d,] when such a scenario arises.

4.4 Markov Chain Resampling Estimators

Due to the large number of sample permutations that are obtained with the sample
sizes used in this study, a Markov chain resampling procedure similar to the one
found in Thompson| (2006a) is implemented to obtain estimates of the improved es-
timates. As the sampling strategy presented in this chapter selects a sample through
a snowball sampling type of design, the Markov chain resampling strategy needs to
be modified. We outline the modified Markov chain accept/reject [Hastings (1970)

resampling procedure below.

Suppose 6 is a population unknown we wish to estimate with the improved estimator

Ors = E[0o|d,] where d, is a sufficient statistic.

Step 0: Let ééo) be the estimated value of 6 and VAar(é(()O)) be the estimated value
of Var(f,) that is obtained from selecting the sample in the original order it was

selected. Also, let t(® = s be the original sample in the order it was selected.

For step [ = 1,2, ..., R, where R is sufficiently large:

Draw a candidate sample reordering, t) say, from a candidate distribution. Suppose
the most recently accepted candidate reordering is t®*) for some reordering of the
sample where y = 0,1,2,....,1 — 1. Let p(t")) be the probability of obtaining ¢
under the true population and ¢(t!)) be the probability of obtaining reordering ¢
under the candidate distribution. Generate a uniform random number between 0

and 1, and if this value is less than

min{ p(t?) Q(t(y)), 1}, (4.37)
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let éél) and Vﬁr(éél)) be the estimates of 6 and Var(fy), respectively, obtained with
sample reordering (). Otherwise, take é(()l) = é(()l_l) and Vér(é(()l)) = Vﬁr(é(()l_l)).
Recall that p(t)) needs only to be known for the (hypothetical) adaptive recruitment
probabilities found in the sample reorderings as all terms involving the unknown
population size N can be factored out of the ratio of the true probabilities of obtaining

sample reorderings and cancelled from the expression.

Final step: Take estimates of éRB to be

R

~ 1 1)
Opp = —— 3 6 4.38
RB = 5o 2 0> (4.38)

and similarly take the estimate of Var(fgz) to be

Var(0rp) = E[Var(0y)|d,] — Var(6,|d,)
R

R
1 > o) 1 ORI RY
_ L _ _ 4.
T EZO: Var(0) = = EZO:(GO Ori) (4.39)

Several candidate distributions were explored for the purpose of obtaining the
Markov chain resampling estimators. These ranged from selecting a permutation
of the sample completely at random to strategies that first placed varying amounts
of homogenous weight to the elements from each wave (and therefore heterogenous
weights between waves) to be selected for the candidate reordering’s initial wave.
These methods all resulted in chains that promoted very little mixing and hence we
explored the use of a more adaptive technique for selecting candidate reorderings. We
decided on a method that interchanges one unit from the initial wave and one unit
from wave one based on the most recently accepted sample permutation. This style
of candidate distribution mimics those adaptive proposal distributions discussed in
Atchadé and Rosenthal (2005) where a posterior distribution is sampled from with

the use of a random walk type of sampler.
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4.5 Simulation Study

We will use the thesis study population to evaluate the new inference procedures
outlined in this chapter. The population was generated according to the stochas-
tic cluster model that was outlined in chapter 2. An illustration of the simulated
population can be found in Figure [4.3]

Population Graph

Figure 4.3: The simulated thesis study population.

Figures and show a sample that is selected under the adaptive sampling
design that is outlined in this chapter. Figure 4.4 shows the 50 members that are
selected for the initial sample with the nominations originating from the initial wave
that are required to be observed for the estimators of the population size based on

the initial wave.
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Figure 4.4: A sample selected from the thesis study population showing the initial

wave with the internal and external nominations. The size of the initial wave is 50.

The illustration on the left shows the nominations made within the initial wave and

the second illustration highlights, as white nodes, those members not selected for the

initial wave and that are linked to at least one member in the initial wave.

Figure depicts those 10 members that are selected at random for wave one as

well as those members that were adaptively recruited for wave one (where the proba-

bility for these members being recruited for wave one was 50%) and the nominations

originating from wave one that are required to be observed for the estimators of the

population size based on wave one.
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Figure 4.5: A sample selected from the thesis study population showing wave one
with the internal and external nominations. Members mentioned from the initial
wave are traced with probability 50% and the number of randomly selected members
for wave one is 10. The illustration on the left shows the internal nominations
required for the wave one statistics and the second illustration highlights, as white
nodes, those members outside of wave one (and the initial wave) and that are linked

to at least one member in wave one.

We conducted a simulation study as follows. A total of 500 samples with 5000 re-
samples from each sample for the Markov chain resampling procedure were obtained.
We used the alternative sampling strategy outlined in subsection 4.3.3. Initial sam-
ples Sy of size 50 were obtained, and those members in M; were recruited for S ,,
with a probability of 5; = 50%. An additional 10 members were selected at random
for S5 (recall that these may now include members from M; \ Sy ).

Histograms of the estimates of the population size are presented in the following
subsections. The true population size of 300 is indicated by the solid triangles on
the x-axis of the histograms and the approximate expectation of the estimators is

indicated by the transparent triangle. Tables are also provided to display the bias
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and mean squared error (MSE) scores for each estimator as well as the average semi-
lengths of the nominal 95% confidence intervals based on the Central Limit Theorem

of the estimates.

4.5.1 Simulation study of the estimators of the population

size based on the restricted sample

Figure presents the preliminary and improved estimates based on the initial wave
when sampling stops after recruiting a Bernoulli subset of the members nominated
from the initial wave to outside of the initial wave. Recall that for these improved
estimators, the sampling design requires that a subset of the nominations outside of

the initial wave be recruited, that is, requires observing S; ,,.



CHAPTER 4. THE SINGLE-SAMPLE DESIGN-BASED APPROACH 99

Histogram of NOAest Histogram of NOBest
= o
&7 &7
o o
@ 4 - 2 4 m
= =
2 2
5§ o 5§ o
g = 2 89
g g
i L
o o
T T T 1 T T T 1
0 500 1000 1500 0 500 1000 1500
NOAest NOBest
Histogram of NOAest_RB Histogram of NOBest_RB

Frequency
100
I
Frequency
100
I

=3 2
3 3

r T T 1 r T T 1
) 500 1000 1500 a 500 1000 1500

NOAest_RB NOBest_RB

Figure 4.6: Histograms of the population size estimates ]\A]A,O,]\A/B@,NA,RB,O, and
N B.rBo based on the initial wave from the restricted sample. The dark triangle
indicates the true population size of 300 and the transparent triangle indicates the

approximate expectation of the distribution of the estimates.

Table displays the bias and MSE scores with the coverage rates and average
semi-lengths of the nominal 95% confidence intervals based on the Central Limit
Theorem for the estimators based on the initial wave. The simulation study did not
report any negative estimates for the variance of the Rao-Blackwellized estimates

based on the initial wave when only considering the reduced sample.
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Table 4.1: Bias and MSE scores of the population size (N = 300) with the coverage
rates and average semi-lengths in parentheses of the nominal 95% confidence intervals
based on the CLT for the estimators based on the initial wave from the restricted

sample.
Estimator Bias MSE Coverage rates (semi-length)

Nago 21.0 11295 0.950 (232)
N4 rppo 8372 0.986 (222)
Ngg 9.2 7586 0.932 (187)
N rBo 5663 0.982 (183)

As shown in the histograms and table of scores, Rao-Blackwellization of the pre-
liminary estimators has resulted in significantly improved estimates of the population
size, while the reported coverage rates appear to be slightly higher for the improved

estimates.

4.5.2 Simulation study of the estimators of the population

size based on the full sample

Figure presents the histograms of the preliminary and improved estimates based
on the initial wave from the full sample when implementing the alternative sam-
pling strategy (as outlined in subsection 4.3.3). Notice that the behaviour of the
preliminary estimators based on the initial wave do not change from those based on
the restricted sample. However, the improved estimators may change as there are
an additional m; = 10 members in the final sample thereby increasing the num-
ber of sample reorderings and corresponding population size estimates and sample

reordering probabilities that contribute to the improved estimates.



CHAPTER 4. THE SINGLE-SAMPLE DESIGN-BASED APPROACH 101

Histogram of NOAest Histogram of NOBest
= o
&7 &7
o o
@ 4 - 2 4 m
= =
2 2
5§ o 5§ o
g = 2 89
g g
i L
o o
T T T 1 T T T 1
0 500 1000 1500 0 500 1000 1500
NOAest NOBest
Histogram of NOAest_RB Histogram of NOBest_RB

Frequency
100
I
Frequency
100
I

r T T 1 r T T 1
) 500 1000 1500 a 500 1000 1500

NOAest_RB NOBest_RB

Figure 4.7: Histograms of the population size estimates ]\A]A,O,]\A/B@,NA,RB,O, and
N B.rB,o based on the initial wave from the full sample. The dark triangle indicates
the true population size of 300 and the transparent triangle indicates the approximate

expectation of the distribution of the estimates.

Table displays the bias and MSE scores with the coverage rates and average
semi-lengths of the nominal 95% confidence intervals based on the Central Limit
Theorem for the estimates based on the initial wave from the full sample. The
simulation study did not report any negative estimates for the variance of the Rao-

Blackwellized estimates based on the initial wave when considering the full sample.
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Table 4.2: Bias and MSE scores of the population size (N = 300) with the coverage
rates and average semi-lengths in parentheses of the nominal 95% confidence intervals

based on the CLT for the estimators based on the initial wave from the full sample.
Estimator Bias MSE Coverage rates (semi-lengths)

Nago 21.0 11295 0.950 (232)
NarByo 7125 0.991 (218)
Ny 9.2 7586 0.932 (187)
NB.rBo 4508 0.991 (178)

Once again, it appears that Rao-Blackwellization of the preliminary estimators
has significantly improved the estimates of the population size with efficiency gains
greater than those corresponding estimates obtained with the restricted sample. As
in the restricted sample case, the reported coverage rates appear to be slightly higher
for the improved estimators.

Figure presents the histograms of the preliminary and improved estimates

based on wave one from the full sample.
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Figure 4.8: Histograms of the population size estimates ]\A]A,l,]\A/BJ,NA,RB,l, and
N B.rB,1 based on wave one from the full sample. The dark triangle indicates the
true population size of 300 and the transparent triangle indicates the approximate

expectation of the distribution of the estimates.

Table displays the bias and MSE scores with the coverage rates and average
semi-lengths of the confidence intervals for the estimators based on wave one. A large
number of negative estimates for the variance of the Rao-Blackwellized estimates
based on wave one were encountered. However, the conservative approach that was

suggested in subsection 4.3.4 was used and appears to have compensated enough to
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give reasonable estimates for the variances of the estimates and their corresponding

coverage rates.

Table 4.3: Bias and MSE scores of the population size (N = 300) with the coverage
rates and average semi-lengths in parentheses of the nominal 95% confidence intervals

for the estimators based on wave one from the full sample.
Estimator Bias MSE Coverage rates

Nyq 24.0 14262  0.900 (275)
Nai1rB 4801 0.955 (190)
Ng, 3.0 8279  0.877 (199)
Np1rs 2045 0.932 (134)

As expected the Rao-Blackwellized estimators have significantly improved on the
preliminary estimators, even with a small number of recruits selected completely at
random for wave one (recall that we set |51, = 10). It appears that with these
sample sizes a reasonable amount of bias for both cases is present. It also appears
that the alternative sampling design has worked well with the estimators based on

the original sampling design.

4.6 Discussion

The new methods developed in this chapter allow for formulating estimates based
on a succeeding wave that is obtained after the initial sample is selected. We have
also developed a method to Rao-Blackwellize the preliminary estimators, and as
demonstrated in the simulation study, improved estimates of the population size
are guaranteed. Extending this method over more waves deserves attention and
the methods presented in this chapter could serve as a foundation for determining
estimators based on further sampling effort that is similar to that which is found in

the sampling designs outlined in this chapter.
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The coverage rates of the Rao-Blackwellized estimators appear to have come out
higher than their preliminary estimator counterparts. However, the reported esti-
mates of the variance of the Rao-Blackwellized estimators were significantly smaller
than those based on the preliminary estimators, indicating that this may not be too
much of a concern to the analyst. With respect to the preliminary estimators, it
appears that using the method outlined in Frank and Snijders| (1994) for obtaining
estimates of the variance of the estimators based on wave one will give reasonable
approximations of the variance of the estimators. There were a large number of neg-
ative estimates of the variance of the Rao-Blackwellized estimates based on wave one
from the full sample, and we resorted to using the conservative approach outlined
in subsection 4.3.4. Future work on obtaining practical estimates of the variance
of Rao-Blackwellized estimators in such scenarios is required, and one strategy that
should be attempted is with the use of a bootstrap-based strategy.

Frank and Snijders| (1994)) showed that the population size estimators based on the
initial wave are consistent estimators. Future work on determining if the population
size estimators based on wave one also possess such desirable features is deserving of
attention.

For practical purposes, it may only be possible to utilize the class A statistics.
Notice that in order to determine the class A statistics, only the subset of the data

dao C dp needs to be observed where

dA,U = {(Zawzjawjatl) : Z:j € S}7 (440)

and w;" is the degree of unit i (that is, the number of nominations unit i makes).
However, for the purposes of Rao-Blackwellization of the estimators N 4,0 and N Al
the class B statistics must be observed, as described in subsection 4.3.3.

Future work on determining an estimate based on a weighting of the estimates of
the population size from the initial wave and wave one is deserving of attention. We
shall note that the estimates came out approximately uncorrelated (primarily due to

the random selections made at each wave) and hence determining an optimal choice
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of weights, perhaps based on the number of random recruits and adaptive recruits

for each wave, should be explored.



Chapter 5

Improved Importance Sampling

5.1 Introduction

In this chapter we introduce a method for obtaining improved versions of the ap-
proximations of the Rao-Blackwellized estimates of a population unknown when em-
ploying an importance sampling strategy. Recall that with a design-based approach
to inference in sampling, we can obtain Rao-Blackwellized estimates of the prelimi-
nary estimates of a population unknown by tabulating the preliminary estimates of
the population unknown from and weighting against the probability of each sample
reordering (see expression below). However, when selecting a large sample size
this will result in a large number of sample reorderings. This may be computationally
cumbersome and will likely require a method like importance sampling or Markov
chain Monte Carlo (MCMC) for approximating the Rao-Blackwellized estimates.
We have developed a strategy, termed improved importance sampling, based on
a single cluster sampling type of sampling design to increase the efficiency of the
approximations of the Rao-Blackwellized estimates of a population unknown when
using importance sampling. The method entails defining neighbourhoods of the
sample space (that is, all of the sample reorderings) at the analyst’s discretion and
observing the responses associated with all of the units in the neighbourhoods of

sampled units to increase the efficiency of the importance sampling estimators. This
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method may prove to be highly useful if each of the relevant responses of the neigh-
bours of those units selected under the importance sampler can be evaluated with a
reduced amount of computational effort once the corresponding information of one
of the units from the neighbourhood is evaluated.

In Section 5.2, we introduce the estimation procedure that is used in this chapter.
In Section 5.3 we provide a simulation study based on the study that was presented
in subsection 4.5.1. In Section 5.4, we provide a discussion of the results presented

in this chapter.

5.2 Estimation

Recall that with a sample s that is selected with an adaptive sampling design, a
Rao-Blackwellized estimate of a population unknown, 6 say, based on a preliminary

estimator 6 is

=3 0Wp(s)/ 3 p(s®) (5.1)

B
—
B
Il

—

where d, is a sufficient statistic, n is the sample size, éék) is the preliminary estimate
of § obtained with sample reordering k, and p(s*)) is the probability of obtaining
sample reordering k for £ = 1,2, ...,n!. One can obtain an estimate of the population
unknown using an importance sampling approach (Gelman et al.; 2004), as outlined

below.

n!
Suppose that for some function g we wish to estimate E[g(x)] = g2y = D 9(2k)pr
k=1

where x;, is a response of interest of unit k, p is the probability of observing unit &
under the target distribution, and n! is the number of sample reorderings (that is,
the size of the target population). Suppose we take m draws of the sample space

with replacement where the probability of selecting unit £ on any draw is ¢,. Then,
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an unbiased estimate of ji4(;) (Gelman et al., 2004) is

) 1 o g(zk)ps
B 5.2
fga) = k§:1 " (5.2)

(where it is understood that the elements of the population are reordered so that
the first m units of the population coincide with those units in the sample, with the
possibility of replacement).

Now, suppose we define neighbourhoods of the sample space (that is, the n!
elements/reorderings) to be N' = {N} : k = 1,2, ..., T} where there are a total of T
neighbourhoods. For all k =1,2,....,T we will define

Yk = Zg(%)]% (5.3)

ieNy

and

= (5.4)

ieNy,

Suppose we take m draws of the original sample space and for each observation
k=1,2,...,m we completely observe Ny. That is, for each i € N}, we observe g(x;), p;,
and ¢;. We shall let N, = (N1, Ns, ..., N,,,) (that is the ordered set of neighbourhoods
that correspond with the sample s in the order the sample was selected in). Another
estimate of fi4(,) is of the Hansen-Hurwitz type of estimator (Thompson, [2002)) and

18

S % (5.5)
P
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This estimator is also unbiased since

= Elfiy(x)|N,] (5.6)

(where it is understood that the expectation is taken with respect to the importance
sampling distribution ¢). Therefore, as E[fi,] = E[E[fig)|N,]] = Elitgw)] = g
this gives unbiasedness. Furthermore, as N, is a sufficient statistic, /i, will result in
an improved estimator over fig(,).

Recall that the Rao-Blackwellized version of the improved estimator Ny of the

population size N can be expressed as

Nz =Y Np(sP1d,)
k=1
n! n!
r(k
=Y NP/ S p(s®). (5.7)
k=1 k=1

Now, for all sample reorderings k = 1,2,...,n! we can replace g(xj) with N(gk),
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pr with p(s®), and ¢, with ¢(s*)) to obtain a preliminary unbiased estimate of
n!

> Nék)p(s( ). We can also replace g(x) with 1, p, with p(s®®)), and g, with q(s®)
=1

n!
to obtain a preliminary unbiased estimate of ) p(s(k)). A preliminary consistent es-
k=1

timate of Ngg can then be found by taking the ratio of these preliminary estimates.
The final preliminary importance sampling estimate of the Rao-Blackwellized esti-

mator is then

0 Np(s®) I p(s™)
Mo =37y X sy o9

Similarly, for all k = 1,2, ..., T we can replace y with > NO p( )) and ¢, with

zeNk
3" q(s™) to obtain an improved unbiased estimate of Z N M (s (k)). Also, we can
1eNg k=1
replace 3, with Y p(s®) and ¢}, with 3 ¢(s®) to obtain an improved unbiased
ieN, ieNy

estimate of Z p(s™). An improved consistent estimate of Nzp can then be found

by taking the ratio of these improved estimates. The final improved importance

sampling estimate of the Rao-Blackwellized estimator is then

. ;M&%( ) w3 p(sY)
=2 e X T ey (59)

- ZENk lENk

5.3 Simulation Study

We explore the improved importance sampling method outlined in this chapter for
making inference for the population size based on the Rao-Blackwellized estimators
introduced in subsection 4.5.1. We look at two different cases of how the neighbour-

hoods of the sample space are defined. In the first case we take any pair of sample
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reorderings to be in the same neighbourhood if they share at least ng — 1 units in
the initial wave. To clarify, for any sample reordering, this reordering is in the same
neighbourhood as those for which we interchange one unit from the initial wave and
one unit from wave one. In the second case we shall take any pair of sample reorder-
ings to be in the same neighbourhood if they share at least ng — 2 units in the initial
wave. To clarify, for any sample reordering this reordering is in the same neighbour-
hood as those for which we interchange either one unit from the initial wave and one
unit from wave one, or, two units from the initial wave and two units from wave one.

With the above definitions of the neighbourhoods, once a sample reordering is
selected under the importance sampler and its true probability of being selected and
corresponding estimate of the population size is evaluated, the relevant information
of any neighbour of this sample reordering can be evaluated readily. Recall that the
members that are recruited for wave one are selected independently and with prob-
ability (8, and hence all that is required is the corresponding observations obtained
from replacing all internal and external nominations of the units interchanged from
the initial wave with the units selected for wave one.

To evaluate the performance of the improved importance sampling method, we
conducted a simulation study as follows. We selected 500 samples and m = 500
importance sampling draws of reorderings from each sample to make inference for the
Rao-Blackwellized estimators. We explored using two different importance samplers
where the first sampler gives a relative weight of 10 to 1 for each unit in the original
sample’s initial wave to be selected for the sampled reordering’s initial wave relative
to each unit in wave one. The second sampler is identical to the first except that a
relative weight is chosen to be 25 to 1 for each unit in the original sample’s initial
wave to be selected for the sampled reordering’s initial wave relative to each unit in
wave one.

With the two definitions of neighbourhoods, each neighbourhood will be com-
prised of ("10) ("}1) sample reorderings in the first case and ("10) ("{1) + (”20) (Tgl) sam-
ple reorderings in the second case where ng is the size of the initial wave and my
is the number of members added adaptively to the sample. Instead of evaluating

the necessary observations from all reorderings within a sampled neighbourhood, we
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took a random sample 7 of size 100 in the first case and 250 in the second case to
estimate the corresponding observations required from each neighbourhood k that
was sampled. With this approach, the final improved consistent estimator can be

shown to be

> N p(s@) > p(s@)

m  ieNy: m  ieNy:
N, = o . Mk —, 5.10
ko =2 sy 2 s ) (510)
'LETk 'LéTk

We used the following measure to evaluate the performance of the improved

importance sampling estimators. We considered the reported values of

500 ~
S (Vg — N2 (5.11)
k=1

and
500
> (Nipi — Nip)? (5.12)
k=1

where N%ka and NJQB, . are the corresponding preliminary and (estimated) improved
importance sampling approximations of the Rao-Blackwellized estimator N 1({]%, re-
spectively, that corresponds with sample k for £ = 1,2,...,500 (that is, those 500
samples selected for the simulation study in subsection 4.5.1). Our rationale is as
follows: each of the values (N§p , — N2 and (Nhps— N2 is an (approximately)
unbiased estimate for the variance of Npp, and Ny, respectively (since these are
both unbiased estimators for N gj% when m is large enough), and hence this will pro-
vide us with a global measure of the performance of the preliminary and improved

importance sampling inference methods.
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Tables [5.1] and give the output of the values corresponding with expressions
(5.11) and (5.12)) where the values are standardized by

500

Ok r(k
> (NG — N)? (5.13)
k=1

to aid in comparing the performance of the estimators (notice that Nék) can also be
considered an unbiased estimator for N g% where N()(k) is the preliminary estimate
obtained with sample reordering k). We have replaced the values of N 1(35% with the
estimated values that are obtained with an MCMC chain of length 5000 where the
proposal distribution interchanged one unit from those hypothetical members that
are selected for the initial wave with one unit from those that are selected for wave
one while working over the most recently accepted reordering, as outlined in Section
4.4. With a chain of length 5000 we can consider these values to be very good
approximations to the true values and hence are suitable substitutes for N gg. Also
recall that each neighbourhood defined in case one is a subset of a neighbourhood
defined in case two. We shall note here thago(\)vvith m = 590(% all of the estimates came
out with very little to no bias. That is, > Nz, ~ > Nag, =~ > N®) where
k=1 k=1 k=1

N = 300 is the population size.
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Table 5.1: The observed standardized output that corresponds to the 10-1 impor-
tance sampler for approximating the Rao-Blackwellized estimates. Case 1 corre-
sponds with the finer definition of the neighbourhoods and Case 2 corresponds with
the coarser definition of the neighbourhoods. The preliminary scores correspond with
the estimator presented in expression ([5.11f) and the improved scores correspond with
the estimator presented in expression ([5.12)) where both scores are standardized by
expression ([5.13)).
Estimator Preliminary Improved - Case 1 Improved - Case 2

NarByo 0.995 0.970 0.951
Nz rBo 1.011 0.981 0.968

Table 5.2: The observed standardized output that corresponds to the 25-1 impor-
tance sampler for approximating the Rao-Blackwellized estimates. Case 1 corre-
sponds with the finer definition of the neighbourhoods and Case 2 corresponds with
the coarser definition of the neighbourhoods. The preliminary scores correspond with
the estimator presented in expression ([5.11f) and the improved scores correspond with
the estimator presented in expression where both scores are standardized by
expression ([5.13)).
Estimator Preliminary Improved - Case 1 Improved - Case 2

NarBo 0.878 0.837 0.635
Nz rBo 0.900 0.833 0.709

Notice that under the 10-1 importance sampler, the reported values of the prelim-
inary importance sampler are close to 1. It was determined that the 10-1 importance
sampler selected very few sample reorderings that had positive probability of being
selected under the target distribution and hence a large majority of the contribu-

tions to the estimator came from sample reorderings that registered a value of zero.
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Even though there was a relatively small difference in the scores, the improved ap-
proach gave rise to estimators that reported corresponding values smaller than 1, as
expected.

With respect to the 25-1 importance sampler, it is apparent that this impor-
tance sampler approximates the true target distribution better than the 10-1 impor-
tance sampler as the reported values from the preliminary estimator are significantly
smaller than 1. Using the improved importance sampling procedure has resulted in
significantly more efficient estimates. Notice the additional improvement in Case 2
where we defined neighbourhoods which are coarser than those defined in Case 1.

In summary, we could expect a value of zero in the standardized output if
Ngg = N rB, which would typically require m — oo (since we are sampling with
replacement). Notice that the output provided in the simulation study has exempli-
fied that using the improved method will result in more efficient estimates, relative

to the preliminary method, as these values are closer to zero.

5.4 Discussion

The improved importance sampling inference procedure outlined in this chapter
demonstrated that improvements over the well-known preliminary importance sam-
pling inference procedure are certain. One of the most attractive features about this
inferential method is that the neighbourhoods can be defined in any manner desired
by the analyst.

The methods that are outlined in this chapter can be extended, if necessary, to
approximate any of the Rao-Blackwellized estimators that are outlined in this thesis.
All that may be required is a redefining of the neighbourhoods. For example, for the
Rao-Blackwellized estimators that are based on the adaptive web sampling designs
outlined in chapter 3, one may define the neighbourhoods of the sample reorderings
to be based on interchanging one of the units selected at random for the initial wave
and one unit that is selected after the initial wave.

Significant improvements using the improved method, perhaps in cases where

the choice of an ideal importance sampler is not readily available, can always be
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obtained via defining coarser neighbourhoods. For example, in our study we could
expect more efficient improved approximations of the Rao-Blackwellized estimates
of the population size if we chose neighbourhoods to consist of reorderings that have
at least ny — 3 units in the initial wave in common with the importance sample
reordering that is selected on each draw, given that we observe all of the units in the
neighbourhoods corresponding with the sampled units.

In our study we took a simple random sample of the units in each neighbourhood
to estimate the desired response value from each neighbourhood (that is, y; and
q), as outlined in expressions and , respectively), and with a coarser set
of neighbourhoods it is likely that a larger simple random sample of elements from
the sampled neighbourhoods will be required to obtain reliable approximations of
the response values from these neighbourhoods. Hence, there is a trade-off between
using coarser neighbourhoods and a greater amount of computational effort that may
be required to obtain truly reliable estimates of the Rao-Blackwellized estimates of
population unknowns.

The improved importance sampling method can be extended to work over a
continuous target distribution of infinite range where neighbourhoods are defined
over the domain of the sample space. The methods outlined in this chapter should
facilitate in serving as a foundation for making this possible. Furthermore, extending
the improved importance sampling procedure to work with an MCMC inference

procedure is a topic that is deserving of future attention.



Chapter 6
Discussion

The goal of this thesis was to develop new methods for estimating the size and dis-
tribution of networked populations through the use of adaptive sampling methods.
Three novel methods were introduced with one method utilizing a model-based ap-
proach to inference and two methods utilizing a design-based approach to inference.
We have considered cases that cover both a single-sample and a multi-sample study.

In the first project, we introduced an elaborate graph model and developed an
extended Bayesian data augmentation routine to make inference for the population
size and model parameters. The Bayesian approach facilitated developing estimators
as we were able to take advantage of working with the complete data likelihood, as
opposed to the observed likelihood, based on a hypothetical full graph realization,
which gave rise to suitable posterior distributions that were fairly straightforward
to sample from. The inference procedure is somewhat restricted to the one-wave
snowball sampling design. However, if sampling were to continue beyond the first
wave then a combination of a model-based and design-based approach to inference
via obtaining Rao-Blackwellized estimates of the population size and model parame-
ters, perhaps by incorporating the inferential method outlined in Chapter 4 into the
Bayesian analysis, can be achieved. We checked this method via a simulation study
that consisted of an analysis based on the stochastic block model that was applied
to the data from samples obtained from a small simulated networked population

and found that the results came out as anticipated; the Rao-Blackwellized estimates
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retained the same expectation as their preliminary estimator counterparts and had
smaller variance. We should note that one immediate drawback when using this
strategy for inference is presented in the computational effort that may be required
to obtain the Rao-Blackwellized versions of the preliminary estimates as obtaining
the preliminary estimate from each sample reordering may require the computation
of an MCMC chain.

The second project introduced a design-based approach to inference of a pop-
ulation size with the use of a multi-sample study. Rao-Blackwellized versions of
the preliminary estimates were shown to be obtainable as the unknown population
size factors out of the Rao-Blackwellization expression. Obtaining design-based es-
timates of population unknowns, like the population size and average node degree
directly based on the full adaptive samples, is likely to be a complicated task if the
the ability to identify the sampled units’ neighbours is unavailable and/or if the true
population size is not known. The reason for this is that these two restrictions will
not permit for the inclusion probabilities of the sampled units to be observed and
therefore can not be incorporated into the inferential procedure. Hence the method
outlined in this project may prove to be highly useful in an empirical setting. In
future work, amalgamating the methods outlined in this project with some of the
common capture-recapture models would be highly useful.

The third project extended the methods developed by [Frank and Snijders| (1994])
for estimating population sizes with a design-based approach to inference based on
selecting one sample. We proposed new estimates of the population size based on
one wave that is selected after the initial wave is obtained. We also developed a Rao-
Blackwellized version of these preliminary estimates based on a sufficient statistic in
sampling in a manner similar to that which was introduced in the second project.
In future work, developing similar inferential methods for samples obtained from a
respondent-driven sampling design (Heckathorn, (1997 2002), where identification of
nominated members of the hard-to-reach populations is a challenge and will likely
be aided by a model-assisted approach (for example, see |Gile and Handcock| (2011))),
would be extremely beneficial as this sampling method is currently being employed

in some empirical studies (Abdul-Quader et al., |20006).
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The fourth project introduced a new method for estimating a distribution based
on a strategy termed improved importance sampling. We showed that, with a single-
stage cluster sampling style of design, this method will produce more reliable approx-
imations of the characteristics of a distribution relative to the existing preliminary
procedure. Typically, with importance sampling there will be a trade-off between
computational effort and the efficiency of the estimates. With our approach we
demonstrated that in the event that incorporating the neighbourhood responses into
the inference procedure does not result in a significant increase in computational
effort, either significantly more efficient estimates can be obtained or significantly
less computational effort will be required to obtain approximations comparable in
efficiency relative to those obtained with the preliminary procedure. Extending this
method to work with adaptive MCMC strategies will be an interesting future chal-

lenge.
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Appendix A

Development of Stochastic Cluster
Model

This appendix provides the derivations of the probability mass/density functions
of the missing data and the development of posterior distributions for the model
parameters that were outlined in the data augmentation procedure corresponding

with the use of the stochastic cluster model, as described in subsection 2.3.3.

A.1 Probability Mass/Density Functions of the Miss-

ing Values

A.1.1 The probability mass function of group memberships

After sampling an N from the binomial style posterior distribution (as presented
in expression ([2.20))), we continue the data augmentation process with the observed

graph data

dO = {87Q87ZS7YSO,U} (Al)

125



APPENDIX A. DEVELOPMENT OF STOCHASTIC CLUSTER MODEL 126

where U is a hypothetical population of size V.

Now, the probability of obtaining a realization of C; given dy is obtained as

P(Cs|do) = P(CslS, Cy, Zg, Ysov)
_ P(S,Cs, Zg, Ys,ulCs) - P(Cs)
N P(do)
_ P(S‘Q&ZS? YS(),U’QE) ) P(stzsv YS(),U‘QS) ) P(QQ)
N P(do)

_ P(S|QS= ZS’ YSO7U)

: P(YSO,U’QS7ZS7QS) : P(QS7ZS7 ’QS) ’ P(QS)

P(dp)
P g, Ye
= <S|Q;(E§)7 o) -P(Ys, v|C, Zs) - P(Zs|Cs, Cs) - P(Cy, |Cs) - P(Cs)
_ P(S‘Q]S;),(%S)y YSo,U) . P<YVSO,U|QazS) . P(ZS|Q) . P(Q) (A2)
0

Note that Cg is dropped from the first term since the adaptive sampling design only
depends on the information collected in the sample (as outlined in Thompson and

Seber| (1996))). We now have,

P(S|Cs, Zs, Ve,
P(ledo) — ( |—S 43,18 ,U)

-P(Ys,0|C, Zg) - P(Zs|C) - P(C)

P(dy)
P(S|Cs, Zs, Ys,.0) al
= O L P(Ye C,Zy)-P(Zs|C) - P(C;
P (dy) (Ys,v|C, Zs) - P(Zs|C) Z_|:|1 ()
P(S|Cs, Zs, Ys,.1) . ) al
= . P(Y- Z-IIBNZ-- . I-”P ’
P(do) ( SO,U’Q,_S) Vv ( iy HC;» O ¢ d) (OZ) )

=1 =1

where
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P(Ys,v|C, Zs) =
no n

H H P(K]’CHCﬁZZ?Z H / ‘Cl,Ck,ZZ,Zk)BVN(Zk,ILLk,UkId) de .

i=14,j=1: k=n+1" %k i=1
1<g

(A4)

Therefore, by the factorization theorem we have that

P(Csldo) = [ [ P(Cildo)

i€S

= HP<CZ'|S7QS7237YSO,U)
i€S
= HP<CZ'|87QS()7ZS()7 YSO,Z') . (A5)

i€S

Again, we note that the last equality comes from the use of the adaptive sampling
design (Thompson and Seber| 1996).
Now, take any i € S. Then for any group k =1,2,...G,
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P(Cl = k|87Q807Z807 YSO,i)
P(CZ = ka SaQSwZSOa YSo,i)

G
E P(C’L = 67 S:QS(ﬁZSOa YSO,'L')
(=1
- i k) : P(YSO,Z'|S7QS()7ZS(]7 CZ == k)
e
Z [P(CZ = g) ' P(YSO,i|S)QSO7ZSO7 O’L — €>:|

k)- 11 P(Y;; =0|S,C;, Z;,C; = k)

P(C; =) T POV, =005, 61,2, Ci= 1

T o exp(Bo, kt+ac; kllZ;—Z||) ' 9
A '_{O jl;[l (1 B 1+exp(ﬁjcj7k+ozjcj’k\|Zj—Z||)> BVN(ZaMk,UkId) dz

00 ng exp( ﬁc g+OlC el Z;—Z||) . 2
=1 [/\Z ,{o Jnl( - 1+eXp(ﬁc etac; ol Zi—Z])) ) BVN(Z’ 'ue,azld) 7

(A.6)

A.1.2 The probability density function of the parameters
corresponding to the covariate information

For a specific realization Zg, the density given dy = {S,C, Zg,Ys, v} is evaluated as
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P(Zg|di) = P(Zg[S,C. Zg, Ys,,0)
_P(S,C,Zg,Ys, vl Zs5) - P(Zs)

B P(dy)

_ P(S|Q’ ZS7 YS(LUvZS) : P(Q’ ZS> YSO7U|ZS) ) P(ZS)
N P(dy)

o P(S‘QS’Z&YSO,U)
- P(dy)
_ P(S|Cq, Zg, Ys,00)
- P(dy)
o P<S|QSvZ87Y30,U)
a P(dy)
_ P(S‘stz&YSo,U)
- P(dy)

_ P(S‘Qsa ZS? YSO,U)
P(d;)

-P(Ys,v|C, Zs, Z5) - P(C, Zs| Z5) - P(Zs)

: P(YSO,U’Q7 Z) ’ P(Q‘ZS?Z@) ’ P(ZS|Z§) ’ P(ZS)

-P(Ys,vlC, Z) - P(C|Z) - P(2)

P(Ys,ulC, 2) - P(Z]C) - P(C)

N N
-P(Ys,0|C. 2) - [ [ BVN(Zis pe, 02, 1a) - [ [ P(C)

i=1 =1

N ng N

N
I TIPuIC:. Cy, Zi, Z5) - [ BYN(Zi; e, 08,1a) - [ [ P(Co).

Jj=11i=1 i=1 i=1

(A7)

_ P(SICs, Zs, Ys,0)
P(d;)

Note that Zg is dropped in the first term by use of the adaptive sampling design
(Thompson and Seber|, 1996). Once again, by the factorization theorem, we have
that

P(Zs|dy) = [ P(Zildy)
i€S
=[[P(zls.C. Zs, Ys,v) - (A8)

1€S

Now, take any i € S and z* € R?. The density at this point is evaluated as
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P(Zi = Z*‘dl) = P<Zi = Z*’S7Q7287Y50,i)
P(Z’L - 2*7 S7Q7 ZS?YSU,i>

f P(ZZ = Z, SanZSaysod) dz

P(ZZ - Z*|Q) ) P<YSO7i|87Qa Zsoa ZZ - Z*)

—00

no
[1 P(Yy1Cy, Ci, Zj, Zs = 2*)BVN(2%; e, 08,)a
j=1

J TIP(Y,(C).Cin 2, 2, = Z)BVN(Z; pc;, 08,1a) dZ

—o0 j=1

no ex Citac;.ollZ—2"
i (1 p(fe; .0 tac;,c;llZ;—="|l )BVN(2*§MCi’U%'iId)

i I+exp(Be;,c; +ac;,c; 12—

o0 no ex o tac. o Zi— '
f H (1 — p(ﬁcj’cl—i_ CJ‘C7'HZJ ZH )BVN(Z,/J/C“O—%ZId) dZ

1+exp(Be;,c; Tacy,c; 12— Z]|

—0 j=1

(A.9)

A.2 The Posterior Distributions of the Model Pa-

rameters

A.2.1 The joint posterior distribution of (o7, )

Take any k = 1,2,...,G and let (Zy,, Z,;) represent the position in R? of the i
unit in group k (it shall be understood that, for notational convenience, the units in
group k are temporarily indexed to be the first /Ny units of the population where Ny
is the size of group k). We shall determine the posterior distributions of 7(cZ|Z},)
and 7(ug|o?, Z,). Recall that we have that

Z11, 212, Z1N, < N1k, 07),

iid
22,1, 22,2, ceey Zsz ~ N(Mz,k:, 0/%), (A.lO)
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all of which arise independently given the group memberships.

In order to evaluate the posterior distributions we will need

f(Zk“’Lle 2.k, O-I%)

Nk Nk
1 1 1 1
— o Z .= 2 . - Z ;= 2
[ 3 eXP{ 20}3( 1i = K1) }] | | [ 202 exp{ —202( 20 — [2,k) }]

=1
1 1 & L
= . S Zii— 24 —— . Toi — 24
R exp{ 207 Z( i = [1k) } exp{ 207 Z( 9 — H2k) }
i=1 =1
(A11)

For a choice of conjugate prior on o7, we will let 7w(c2) ~ I'"!(a, ), so that

t(0?) = %@g)—a—lexp {;—g} . (A.12)

For ., j = 1,2, we shall take the independent conjugate priors of m(u;x|of) ~

N(~;, Z—E) We then have,

(b ks o klon) = m(p el o) m(pzlor)

1 1 — 2 1 1 — 2
exp {4 —— (,ul,k 71) . (/’LQ,k 72) ) (A13)

2
2 o 2 o
9 oi 2 k 9 oz 2 k
V1 V1 Vo V2

Therefore we have the following posterior distribution,
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(01%,#1 ky M2, k\Zk) X W(Uz) ) W(/Ll,k,ﬂz,k’@z) : f(Zle,k,MzkaU/%)

P (ot texp -2
" I(a) o
1 D _l(ﬂlk—%)Q 1 D __(/~L2k—72)
g, 0'2 g, 0'2
27 j 2 % 2T f o~

1 1(:“119_71) 1 1(M2k—’}/2)
. E exp 2 ) . s exp 2 —
v n v L
1 Nk 1 Nk
L eXp{—FZ(ZU le) } .exp{—FZ(ZQZ—,ugk) }
=1 i=1

Notice that, by the factorization theorem, p; x|o%, Z,, is independent of ps |07, Zy.

A.2.2 The posterior distribution of o}

We wish to determine w(o7|Z,) = [*o [*o 7(0F, bk, okl Zy) dpne dpge. Integrat-
ing over expression (A.14]), we have
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/ / 77(“137#1,/&7#2,/%’219) dpg e dpo e

2\ —a—1 6 1 1
= (o}) eXp{—;} = L
k NN Z) k
0 Ny,
(g —m)?* 1 2
. —— . — VAN d
/ exp 5 a2 20’% Z;( 1, ,ul,k) M1k
—c0 V1 =
0 Ny
L(par —2)* 1 5
. —— . — Loi — d . A15
/ exp 5 a7 20’% Zl( 2,i ,u2,k:) M2k ( )
—00 1) =

By completing the square over p; ; and gy, it can be shown that

) o o1 6] 1 1 1 1

m(oxlZy) o (o) exp {_a_,%} ' U_k ' U_k ) (02)Ne/2 ' (02)Ne/2
i Ny, N, 2]

1 2 o (im0 Z1) 1

“exp{ —— |y + 7 — e - —

P { 202 n Zzl L vy + N, o
r Ny, N, 2]

1 2 (122 + 2 2it Za4) 1

. o Z2 _ =1 ) o

€Xp { 20_]% V279 + ; 2. Vs + Nk o

Ny, N
1N 1 1 (i + D iy Z14)?
_ (2)—a-1-1-N;—1 _ L 4 2 72 _ i=1 “1,i
(Ok> eXp{ 0—13 |:B + 9 |:V171 + Zz:; 1, v+ Nk:

N Ny 2
YNz,
o+ 22, - (v23s VEZVZ 2) H} . (A.16)

=1

Therefore, we have 7(c2|Z,) ~ I ' (A, B) where
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A = a+ Ni, and (A.17)

Ny, N,

1 (i + 22,28 Z1a)?
B = - 2 Z2- _ i=1 )
6 + 2 |:V1’YI + Zzl 1, V1 + Nk;
N Ny 2
1% -+ . Z i

+w+ Y 725, — i ” ?Ki 2 | (A.18)

i=1

A.2.3 The posterior distribution of jy|o?

To find the posterior distribution of u; %, we condition on the o} sampled from the

distribution found in (A.16]), and hence

2
2 o,

1 (g —71)? LM (Zhg — g g)?
__(Ml,k ") exp{__zzl( 1, Ml,k)}

_ Nk
1
= exp {—@ V- (M%k — 2m ik + 1)+ Z(M?k — 271k + Zfz)] }
kL i=1
1 [ Al
X exp {_ﬁ S g = 2 g + Nipd g, — piag Z 221,1'] }
kL i=1
1 L
2
= exp {—T‘_z -(Nk + Vl)l’l’l,k; + Hik - (—2’}/11/1 — zz:; 2Z17k>:| }
1 Y1iv1 + ZNk AR i
N . i=1 “1,i
X exp 013 {( k+ 1/1) (Ml,k v+ Ny ) }
1 Y1V + Zf\iﬁ Zy ’ (A.19)
= eX — . J— .
P 2 op Hk v+ Nk
Ni+uv1

Therefore,
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SRS LTI I e

2
01,4, ~ N ,
o, Zy < vy + Ng vy + N,

and similarly,

Yalo + Zf\fl Zsi O} ) (A.21)

2
g ,Z ~ N )
M?JJ krZk ( A vy + Ny



Appendix B

Sufficient Statistic when N is

Unknown

This appendix provides an illustration to help clarify the use of the notation and
adaptive web sampling designs that are outlined in chapter 3. We also prove that
dy = {(t,wij, wi+), T 1i,j € s, k=1,2,..., K} is a sufficient statistic (as mentioned
in Section 3.2) when the population size is unknown and an adaptive web sampling

strategy is employed.

B.1 An Illustration to Clarify the use of the No-
tation and Adaptive Web Sampling Designs

To help clarify the notation used in chapter 3, Figure |B.1| provides an example of
two samples that are selected under the original adaptive web sampling design where
ay, = sy, for each step ¢ = 1,2 and for each sample k£ = 1,2 in the sample selection
procedure. The size of the initial random samples are ng; = nga = 1 and the number
of members added after the initial samples is two to bring the final sample sizes up
to ny = ny = 3. The original order the samples are selected in shall be assumed to

be 5(01702) = ((A, B, C), (A, D,E))

136
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Sample 1
A B‘ C

Sample 2

Figure B.1: Two adaptive web samples selected via the original adaptive web sam-
pling design where the initial sample sizes are one and the final sample sizes are
three.

In the event that 0 < d < 1 and both members in s; are added via taking a
random jump and both members in sy are added via tracing a link out of the active
set then J, = (0,0,0) and J, = (0, 1, 1) are the original jump vectors (and hence J =
(0,1,1)). One probable pair of sample reorderings is s(;, +,) = ((C, A, B), (D, A, E))
if we allow for a random jump to be taken when unit A is added to the corresponding
reordering for sample 1, for some pair of reorderings (z1, x2) where 1,25 = 1,2, .., 3.
Notice that this requires unit A to be added via tracing a link out of sample 2 since
there is a jump that is taken at this point in the sample selection procedure. In this
case, JI"™ = (0,1,0) and J$™) = (0,0,1) so that J**2) = (0,1,1) is consistent
with J. In the event that d = 1, then no random jumps are taken and hence
Sz m0) = ((C, A, B), (D, A, E) is not a pair of probable sample reorderings as there
is no link to trace from unit C' to unit A in the first sample (recall that this requires

J =0).
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We shall also clarify here that under the nearest neighbours adaptive web sam-
pling design, unless random jumps are permitted (that is 0 < d < 1) neither of the
samples sg, = (A4, B,C) and sg, = (A, D, F) can be selected since the active set is
restricted to the initial sample. That is, if d = 1 only members linked to unit A can

be added for the samples.

B.2 Sufficient Statistic in Adaptive Web Sampling

when the Population Size is Unknown

We shall commence with a review of the adaptive web sampling selection procedure.

The selection of an adaptive web sampling design consists of two stages. For
each sample £ = 1,2,..., K, the sample selection procedure commences with the
selection of ng, members completely at random and then nj — ngr members are
added adaptively. The adaptively selected members are added as follows. For each
step ty, tr, = 1,2, ..., n —nog, any member ¢ not yet chosen is selected with probability

. Way, i 1
th,i - dwat:,+ +<]'_d) N*(”Ok‘i‘tk*l)

active set a;, C s, (where s, is the current sample at time ;) out to unit ¢ at step

where Wa,, ;i is the number of links from the current

t, and Way, + is the number of links out of the current active set to members not yet
selected at step tp. Hence, with probability 0 < d < 1 a unit is added via tracing
a link from the active set and with probability 1 — d a unit is added completely at
random (that is, a random jump is taken), given that Wg,, .+ > 0. In the event that
We,, + = 0, a member is selected completely at random (a random jump is taken)
amongst those not yet selected with probability m

The observed data is dy = {(¢,wi;, w; tix), J), 1 4,J € sk, k =1,2,..., K} where
si refers to sample k for k = 1,2, ..., K; w; is the out-degree of individual i (that is,
the number of members acknowledged by individual i); ¢; is the time (or step) in
the sampling sequence that unit 7 is selected for sample k; J, is an indicator vector
of length L = j:rll,lZE,%.%,K{nj} that records the sequence of jumps after the initial
sample is selected for sample k,k = 1,2, ..., K. It shall be understood that for all

k=1,2,... K, Jik, ., Jnge e = 0 and if n,, < max{n;} then J, 114, ..., Jpx = 0. We
j=1,2,.. K
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shall let the reduced data be d, = {(i,w;;,w+),J 1,7 € Sg, k=1,2,..., K} where
K K K

T = ik 20 ok 20 Jon) = (i, Ty ooy T1).-
k=1 k=1 =1

We shall define § = (N, wy,w};) to be the parameter of interest where w, is the
adjacency matrix (of size N x N) of the population graph, w} is a vector (of length
N) which displays the out-degree of the members of the population, and N is the
population size. We will make the definition that @ is consistent with the reduced
data d, if there exists a subset ' C N such that w, = w, and w;“, = w}r. The set
of all f that are consistent with the reduced data d, shall be labeled as ©,.. Notice
that since the population size is unknown, N (and hence the corresponding values

wy and va) is permitted to range over all values in the natural number set N.

Claim: d, is a sufficient statistic.

Proof:

First we will show sufficiency.

For k=1,2,..., K and step t; = 1,2, ...,ny — nog, let Hy, 1y, = 1 if w;rtk =0 and
0 otherwise (that is, a random jump is forced at this step in the sample selection
procedure as there are no links to trace at selection step t; in sample £ out of the
current active set a;, ). We will also let ¢;, be the probability of adaptively adding
that unit which was selected at time ¢, to sample k.

Now, let dy be any data point where P(Dy = dy) > 0. Then,
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PQ(DO == do)

SUFFICIENT STATISTIC WHEN N IS UNKNOWN

P(DO = do‘N U)N,'U}N) [9€@dr]
P(DO = d0|N U)d ,wd ) [96@0{]

K N —Nok Nk —Nok 1
_ Sk
_H[ ) H dgy, H (1_d>N—(n0k+tk—1)X
k=1 tp=1: tp=1:
Tty nop k=0 Ttgnop k=L
Hyp tngp k=0
N —nok 1
11 1[0¢0,,]
N — (nox + tr — 1)1 -
tp=1:
Tt tnop k=
Htk+n0k,k:1
_ nE N0k
K Nk —Nok o Zl ']tk"’”Ok k(l Htk+7LOk k)
— t
= H dgiy | (1 —d) ' X
k=1 tkzli

th+n0k,k:0
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(B.1)

Therefore, by the Fisher-Neyman Factorization Theorem, d, is a sufficient statistic.

g
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