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ABSTRACT

Finding the path between two points in a polygon which minimizes the Euclidean distance
of the path has been studied extensively. In this thesis this problem is modified so that
the path contains only a fixed number of orientations, and we wish to find the orientations
which minimize the Euclidean length of the path between the two points. A method of
finding such a set of orientations is given, and for the case where only two orientation are
allowed an algorithm is presented which runs in O(n?logn) time where n is the number of
vertices in the polygon. Finally, previous results concerning the existence of smallest paths
- paths which are minimum in both Euclidean distance and link distance - are generalized
and it is shown that when the path between two points in a polygon is restricted to only

include two orientations, such a path which is smallest always exists.
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1 Introduction

Finding a path connecting two points s and ¢ which minimizes the Euclidean distance
(which will be referred to simply as length) is a well-studied problem. For the case where s,
t and the path connecting them are contained in a simple polygon, the path can be found
in linear time with an algorithm given by Chazelle [2]. In 1986 the problem of finding a
path connecting s and ¢ which minimizes the number of segments in the path (which will
be referred to as link-distance) was solved by Suri [19] who gave a linear time algorithm
for finding such a path which again relied on the triangulation of the polygon.

In this thesis we restrict the problem so that neither s nor ¢ lie on the boundary of
P, and the line segments making up the path between s and ¢ cannot be oriented at
any angle except those contained in O. For example, if we set O = {7, 7} then the path
connecting s and ¢t must contain only horizontal or vertical line segments. A path containing
only segments with orientations contained in O is said to be an O-path. In this thesis we
explore the problem of finding the set O of m orientations for which the length of the O-path
connecting s to ¢ is minimized.

The concept of such a set O was introduced by Guting [7], and was expanded upon
in 1987 in a doctoral dissertation by Rawlins [17]. This area of Restricted Orientation
Geometry is an attempt to bridge the gap between arbitrarily oriented geometry and rec-
tilinear geometry. While this area still remains relatively unstudied, there have been some
developments concerning shortest paths where the segment orientations of the path are
restricted to some set O. Finding a minimum-length O-path that avoids a set of non-
intersecting polygonal obstacles has been solved by Reich [18] using Steiner vertices to
solve the problem for two allowable orientations, and then generalizing the result to m ori-
entations. Nilsson et al. [16] give a good summary of past results in the area of shortest
paths with restricted orientations, and give an algorithm which for the case of O being con-
strained to three allowable orientations finds a minimum-length O-path which avoids a set
of O-polygonal obstacles. However, Nilsson et al. put heavy constraints on the problem to
accommodate a plane-sweep approach.

In a paper more closely related the work of this thesis, Hershberger and Snoeyink [8]
looked at finding the minimum length O-path between two points in a simple O-polygon

and proved that a smallest path - that is, a path which simultaneously achieves minimum



(a) (b)

Figure 1: The line shown in (a) has orientation «, while the lines in (b) have direction .

length and minimum link-distance - always exists when there are no more than three di-
rections allowed. However we must be careful to note the difference between the terms
direction and orientation - each orientation corresponds with two directions (see Figure 1).
For example, the rectilinear case has two orientations - horizontal and vertical, but four di-
rections - up, down, left and right. Therefore the proof given by Hershberger and Snoeyink
does not correspond to a proof that there always exists a smallest path for 2 orientations.
More recently, Mitchell et al. [15] revisited the problem of finding minimum-link paths and
provided an algorithm which finds the minimum-link O-path between two points in a simple
polygon.

Before Hershberger and Snoeyink made a first attempt at generalizing the proof of the
existence of a smallest path, there were a number of proofs published showing that a small-
est path always exists if the path is constrained to be rectilinear. In 1989 McDonald [12]
showed that a smallest rectilinear path always exists between any two points in a simple
polygon, and provided an algorithm to find such a path. McDonald’s method of finding the
smallest path consisted of altering the given polygon to remove what he termed unneces-
sary regions, which are regions of the polygon that cannot contain any part of a shortest
path. After removing the unnecessary regions of the polygon he shows the resulting shape
is made up of lines segments and subpolygons, and this allows him to easily find small-
est paths in each of the subpolygons and connect each of the smallest paths together to
create the desired path. In 1991 De Berg [4] independently discovered a similar result
for the less general problem of finding a rectilinear path connecting two points in a simple
rectilinear polygon (as opposed to a simple arbitrarily oriented polygon, as considered by
McDonald). The algorithm given by De Berg for finding a smallest path between two points
s and t is quite different from McDonald’s. First a divide-and-conquer algorithm for finding a

minimume-link path is presented. This algorithm is based on a modified proof of Chazelle’s



polygon cutting theorem which allows the rectilinear polygon to be divided - by a single
horizontal or vertical line - into two polygons with no more than %” of the vertices contained
in either polygon. Once the algorithm for finding a minimum-link path was found, it was
shown that it could be modified to ensure the path produced has minimum length as well.
A paper published in 1992 by McDonald and Peters [13] also proved the existence of a
smallest rectilinear path connecting two points in a simple rectilinear polygon. The method
used by McDonald and Peters differed from the algorithm presented in McDonald’s thesis
and first found a path which was shortest in Euclidean distance, then applied a series of
path modifications to ensure the path had minimum link-distance as well. In 1999 Mahesh-
wari and Sack [11] independently discovered yet another algorithm which finds the smallest
rectilinear path between two points in a rectilinear polygon. The algorithm they provided
was similar to the one described in McDonald’s thesis and involved removing unnecessary
regions of the polygon to simplify the process of finding the smallest path.

This thesis further generalizes the results discussed above and proves that for any set
O of two allowable orientations there always exists a smallest O-path connecting any two
points in a simple polygon. Furthermore, it is shown by counterexample that for a set O
containing more than two orientations a smallest path does not always exist.

An extension of the smallest path problem was investigated in 1997 by Yang et al. [21],
who proved that given two pairs of points in a rectilinear polygon there does not always
exist two non-crossing rectilinear paths connecting each pair of points in which both paths
are smallest. Therefore the algorithm they present finds a pair of smallest paths connecting
the two pairs of points only if such a pair of smallest paths exists, and otherwise finds a
pair of paths which minimizes one of length or link-distance. Their paper used the concept
of extreme vertices - vertices that must be contained on any smallest path - which is a key
concept which this thesis elaborates on and uses throughout.

A number of papers have used the idea of finding extreme vertices - vertices that any
minimume-length rectilinear path must contain - as a way to find minimum-length rectilinear
paths [3, 12, 21]. Yang et al. [21] explicitly define what they call an extreme sequence
which is a list of extreme vertices in the order in which they must be traversed between s
and ¢. In this thesis we find the extreme sequence and find shortest paths between each
pair of extreme vertices that is consecutive in the extreme sequence.

It is worth mentioning that if the smallest path does not exist or is not desired, the
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Figure 2: Path p; is an s — ¢t path with minimum length, while p» is a path with minimum
link-distance. Clearly there is no path that has the length of path p; but with only two links.

shortest path problem can be varied so that we are looking for a path between two points in
a polygon with length no greater than k; and link-distance no greater than k5. This problem
has been shown to be NP-Complete by Arkin et al. [1], and thus approximation algorithms
have been developed to solve such problems in the plane [1], in arbitrary polygons [14],
and avoiding rectilinear obstacles [5, 10].

The problems of finding minimum-length paths and minimum-length O-paths between
two points in a polygon have both been previously studied, and in this thesis | present a
third type of restriction for which a minimum-length path can be found. Given a number
m of allowable distinct orientations and two points in a simple polygon, find the set of
orientations O for which the O-path connecting the two points is as short as possible. In
the context of this problem, an overall "smallest path” would exist if and only if there was
some set of orientations O for which the O-path connecting the two points is both as short
as is possible for any set of m orientations and has as few links as is possible for any set of
m orientations. Thus it makes sense to refer to such a set as a smallest set. In this thesis
| show that a smallest set does not always exist (see Figure 2 for an example of such a
case). Since a smallest set is not guaranteed to exist, this thesis focuses on finding a set
O which minimizes the Euclidean length of the path only.

The application of smallest paths can be easily seen in VLSI design where it is desirable
to minimize the number of vias in a path (i.e. the link-distance of the path) along with the

overall length of the path. In the past, VLS| design was restricted to orthogonal orientations,



but now often allows any number of finite orientations to be used. Thus it is now practical
to define a set O of orientations for which we aim to find smallest O-paths between two
points. Furthermore, if the designer were so inclined they could conceivably choose the
set O to minimize the length of wire needed. Similarly, in the area of motion planning a
robot with limited directions of travel could select these directions to minimize path length.

In this thesis | will prove that for any given pair of orientations O = {61, 62}, there must
exist a smallest path between two points in any arbitrarily oriented polygon (where neither
of the two points are contained on the boundary of P). Additionally, | give a counterexample
showing that for any number of orientations greater than two, that is |O| > 3, there does
not always exists a smallest path. The main result here is a method of finding a set O of m
orientations for which the O-path between two points s and ¢ in a simple polygon (where
neither s nor t lies on the boundary of P) has minimum length over all possible sets O.
An explicit algorithm is given for the case where m is 2. The problem is broken up into
subproblems where the length of the s — ¢t path is given by a continuous, differentiable
function and therefore multi-variable calculus may be employed to find the minimum of
such a function. It is proved that when m is two, each subproblem contains at most one
minimum and therefore such a minimum can be found in constant time. Once the minimum
is found for each subproblem, the solution to the problem will be the overall minimum of all
the subproblem minimums found. The algorithm given runs in O(n%logn) time where n is

the number of vertices in the polygon.



2 Definitions

Definition 1. Let a polygon P be defined by a set of n vertices V= {vy,va,...,v,} and a

set of edges FE = {ey, e, ..., e, } Where

(vj,vj11) ifj#n
€; =

(vn,v1) otherwise

Let the vertices be labelled in a counterclockwise order around the boundary of P, and P
is closed. Let bd(P) denote the boundary of P.

Definition 2. A simple polygon P = (V, E) is a polygon where E is not self-intersecting

and no three consecutive vertices are co-linear.

For the sake of limiting repetition, assume that we are always given a simple polygon

P = (V, E) and that O denotes a set of m distinct orientations.

Definition 3. For a point = in the plane, let =, denote the x-coordinate of z, and z, denote
the y-coordinate of z. Let the length of a line segment, denoted ¢(zy) be the Euclidean
length of the line zy. Let the length of a path, denoted ¢(S), be the sum of the lengths of

all line segments in S.

Definition 4. A line segment | = uwv where u, < v, is a-oriented if o« € (0, 7] is the coun-
terclockwise angle | makes with the horizontal ray beginning at v travelling in the positive
direction, when measuring in a counterclockwise manner. A line segment [ is v-directed
ifv € (0,2n] is the counterclockwise angle wv makes with a horizontal ray beginning at u
travelling in the positive direction. See Figure 3. A line segment is said to be O-oriented if
its orientation is contained in O.

For some angle o € (0, 27], the complementary angle of « is the angle ¢ = o+ 7 such that
¢ € (0,2n].

Let 6(u,v) denote the orientation of the line wv and let 64;,-(u, v) denote the direction of the

line uwv from u to v.

Definition 5. An («, 5)-path is a path consisting of a finite number of line segments where

each line segment is either a-oriented or -oriented. An O-path is a path consisting of a



Figure 3: The orientation of wv is «, that is #(u, v) = a. The length of uv is also shown.

finite number of line segments where each line segment is O-oriented.
Let ¢, g(u,v) denote the length of the shortest (c, 3)-path from u to v. Let {p(u,v) denote
the length of the shortest O-path between v and v.

Definition 6. For any v € V and ¢ € (0, 2x], let the projection point from v onto polygon
P, Pry(v, P), be x € bd(P) such that vz is contained entirely in P, is ¢-directed, and is as
long as possible. If Pry(v, P) = v the projection point is said to be degenerate. See Figure
4.

Unless stated otherwise, the projection point from v, Pry(v), means the projection point

from v onto P.

Definition 7. For simple polygon P, a chord is a line segment pq that is contained entirely
in P where p,q € bd(P). A maximum-chord is a chord that is as long as possible. For any
veV,letC(v,¢) for g € (0,2r] denote the chord in P defined by vp where p = Pry(v).
See Figure 4.

Definition 8. For a set of line segments S = {s1, so, ..., s, } which define a path or cycle,
and two points p,q € S, let the path along S from p to q be denoted S(p — q).

If p and q both lie on the same segment, that is 3s; € S, p,q € s;, then S(p — q) =
pq. Otherwise p and q are on distinct edges s;,s; € S and S(p — ¢q) = {(p,vit1)} U
{si+1,.., 551} U {(v;,q)} where v;11,v; are the endpoints of s; and s; connecting to s;;1

and sj_1, respectively. See E(p — q) and E(q — p) in Figure 4.



Figure 4: In the above figure, C(v,27) is a chord but is not a maximum-chord, while C
is the m-oriented maximum-chord through «. The points p and ¢ are the projection points
Pr,(u) and Pro.(u), respectively. Note the projection point Prs. (u) would be degenerate.

2

The boundary of the polygon is made up of two subpaths E(p — ¢) and E(¢ — p) as
shown above.

52

S1 S5
u

Figure 5: The segments sy, s2, s3 form a u-turn on the (¢, 7)-path from « to v.

Definition 9. A u-turn is a path consisting of three line segments s1, s, and s3 such that s;

and s3 lie on the same side of the line containing s,. A staircase path is a path containing

no u-turns. See Figure 5.



3 Smallest Paths

McDonald and Peters [13] showed that there always exists a smallest rectilinear path in a
rectilinear polygon, and McDonald [12] showed that there always exists a smallest rectilin-
ear path between two points in an arbitrary polygon, assuming neither of the two points is
contained on the boundary of P. In this section | will generalize these results and show
that for any two given orientations, that is O = {61, 6}, there always exists a smallest path
between s,t € P—bd(P) where P is a simple polygon. The proof technique used is a mod-
ification of the one used by McDonald [12]. McDonald proved that for any simple polygon
there exists a smallest rectilinear s — ¢ path. Since he didn’t place any restrictions on the
orientation of the polygon boundary, he actually proved that for any simple polygon there
always exists a smallest orthogonal s — ¢ path (this can be shown by simply rotating the
problem and applying his proof). In this section | generalize this proof further by assum-
ing we are given any two orientations O = {#6;, 6>} and show that a smallest (61, 65)-path
between s and ¢ exists. Most of the lemmas and theorems in this section are direct mod-
ifications of those given by McDonald, changed to accommodate non-orthogonal pairs of
orientations.

Given a set of two orientations O = {6,602}, the problem can be transformed so that
McDonald’s original proof can be applied directly to show that a smallest (6, 62)-path ex-
ists. In this section we will discuss this transformation as well as give the modified proofs
which directly prove the existence of a smallest (01, 62)-path. It will also be shown via coun-
terexample that for 3 or more given orientations, there does not always exists a smallest
s — t path.

Note that throughout the rest of this thesis when referring to a shortest s — ¢ path, we

are referring to a shortest s — t path that is contained entirely within P.



3.1 Proof Via Transformation

Here we will use the transformation matrix

1 0
T —
|:cot(oz) csc(oz):|

to transform the simple polygon P, points s, t, and smallest (7, «)-path S from s to ¢ into
a new simple polygon P’, new points s’, ¢ and smallest path S’ from s’ to ¢’. Furthermore
we will show that 5" is a (7, §)-path and has length equal to S. Thus if there doesn’t exist
a smallest (7, «)-path in P, then there does not exist a smallest (, §)-path in P’. Since
McDonald proved there always exists a smallest (7, 7)-path in P, it must be that there
always exists a smallest (7, «)-path in P.

In this section it will be shown that the transformation matrix transforms S into a (7, 5)-

path while maintaining the length of S.

Lemma 3.1. Using the transformation matrix T, an «-oriented line segment uv will be

transformed into a vertical line segment u'v' where the length of u'v' is equal to the length

of the original line.

Proof.

[3:, y} —colt(a) csco(a) Z[:c—ycot(a), yese(a)

Thus v = [uy — uycot(a), uycsc(a)] and v' = [v, — vycot(a), vyese(a)]. First | will show that

ul, = v}, and thus w/v’ is a vertical line.

ul, — vl = uy — uycot(a) — vy + vycot(a)
= cot(a)(ugtan(a) — uy — vgtan(a) + vy)
= cot(a) (tan() (ug — vg) + vy — 1uy)
= cot(«) ( (up — vz) — (uy — vy)>

=0

Uy — Uy

Uy — Vg

Now | will show that the length of the new segment +/+ is equal to the length of the original

10



line.

sin(a) = |uy—vy|
(@) \/(uy_vy)2+(um_vx)2
Uy — Uy )2 + (Uy — V)2
:>CSC(04) — \/( Y y) +( )

|Uy _Uy|

(u/v') = |ty — vy
= |uycsc(o) — vyesc(a)|
= csc(a)|uy — vy

\/(uy - Uy)Q + (uz — vz)?
= |y — vy
|y — vy

- \/(uy —vy)® + (ug — vg)?
= ((uv)

O]

Lemma 3.2. Using the transformation matrix T', an horizontal line segment v will be trans-

formed into a horizontal line segment u'v' where the length of u/v' is equal to the length of

the original line.

Proof.
[SL’, y} ! 0 = [a: —ycot(a), yese(a)
—cot(a) ese(a)
Thus v/ = [u; — uycot(a), uycsc(a)] and v/ = [v, — vycot(a),vyese(a)]. Since wv is a

/

horizontal line, u, = v,. Now | will show that u;, = v;,.

wy, = uycsc(a)
= vycse(a)
/

11



Now | will show that the length of /v’ is equal to the length of the original line.

L) = Jug, — vy
= |ug — uycot(a) — vy + vycot(a)|
= |ug — vz — uycot(a) + vycot(a)|
= |ug — vy

= {(uv)

O]

Now using the transformation matrix 7" we can transform the problem of finding a small-
est («, 8)-path into the problem of finding a smallest rectilinear path, and thus use previous

results to show such a path always exists.

Theorem 3.3. For two orientations «, 3, there always exists a smallest («, 3)-path from s

tot.

Proof. (direct)

First, w.l.o.g. rotate the problem so that 3 = «. Now transform the polygon P and points
s and t by the matrix T', and McDonald proved that there exists a smallest rectilinear path
S’ from s to t. Now transform P, s,t and the path S’ by the inverted matrix 7-! to get
the original problem and a (, «)-path S that has length equal to S’ and consists of the
same number of links as S (by Lemmas 3.1 and 3.2). Thus S has minimum length and a

minimum number of links, and so is a smallest (7, «)-path. O

12



Figure 6: The shaded region is the middle region induced by C (v, 7) and C(v, 27), and the
unshaded regions are the end regions induced by the chords. The vertex v is extreme with
respect to 7 since s and t are in different end regions.

3.2 Direct Proof

Here we will prove directly that there always exists a smallest (a, 8)-path between two
points s,t € P — bd(P). The proof given in this section is a modified version of the proof
given by McDonald [12].

The concept of an extreme vertex will be defined and it will be shown that all extreme
vertices must be contained on any shortest s —t¢ path. This is a key insight that will be used

throughout this thesis.

Definition 10. Fora, 8 € (0,2n] where o # 3, andv € V, P is divided into three regions by
the chords C (v, o) and C (v, B) if and only if both Pr.(v) and Prg(v) are non-degenerate. A
region is called the middle region if it is bounded by both chords. The two regions that are
not the middle regions are called the end regions (see Figure 6). The chords themselves
are considered part of the end regions.

For a polygon which is divided into three regions by the chords C(v,«) and C(v, 3), let the
end region induced by C (v, «) (C(v, 3)) be the end region bounded by C (v, ) (C (v, B)).

Definition 11. A vertex v € V is extreme with respect to orientation « € (0, | if s andt are
in different end regions induced by C (v, «), C(v,a + ). See Figure 6.

A vertex v € V is extreme with respect to O if v is extreme with respect to some 0, € O.

Definition 12. Given O, consider the sequence 61,0, ... ,6,, of all orientations in O or-
dered counterclockwise. Let 8; and 0; be the orientations in O that are neighbours of ¢
with respect to the counterclockwise cyclic order. Then 6; and 6; are the neighbouring

orientations of ¢.

13



Lemma 3.4. For any two points x,y and the two neighbouring orientations of 6(x,y),
6,6, € O - where if 0(z,y) € O then 0; = 0; = 0(z,y) - the shortest path (not neces-
sarily in P) between x and y is a staircase path consisting of segments with orientations 6;

and 0;.
See Widmayer et al.[20] for a proof.

Lemma 3.5. If S is a shortest path between two points s and t, then for any two points

x,y € S the subpath S(x — y) is a shortest path between x and y.

Proof. (by contradiction)

Recall by Definition 8 the path S(xz — y) is the portion of the path S between points x
and y. Say S(z — y) is not a shortest path between x and y, which means there is
some path @ that is the shortest path between x and y. Therefore the length of the path
S(s — ) UQ U S(y — t) must be less than the length of S, which means S was not the

shortest path between s and ¢. O

Theorem 3.6. Extreme Point Theorem
Given points s,t € P, ifv € V is an extreme vertex with respect to O then the shortest

O-path from s to t must contain v.

Proof. (direct)

Let S be a shortest O-path from s to ¢. Since v is extreme, s and ¢ are in different end
regions induced by two chords in P. This means that any path from s to ¢ must pass
through both chords. Let x be the point where S first intersects the first chord, and 2’ be
the last point where S intersects the second chord. Note that by definition of an extreme
point, the two chords are 7 apart and both intersect v, so will actually form one large chord
across P. This means the line zz’ will lie entirely in P.

Now S is made up of three subpaths: S(s — z), S(z — ') and S(z’ — t). By Lemma 3.5 a
shortest path is made up of shortest subpaths, so S(z — 2’) = xz’ which clearly contains
. ]

Lemma 3.7. For the set of all vertices which are extreme with respect to O, there is exactly

one order in which the vertices are traversed on any shortest O-path from s to t.

14



Proof. (by contradiction)

Since all extreme vertices must be included on any shortest path from s to ¢, there is clearly
at least one order. Let X be the set of extreme vertices in that order where s,t € X are the
first and last points in X, and let S be a shortest path between s and ¢.

Take any two consecutive extreme vertices in X, say u,v € X. Since S is a shortest path,
the subpaths S(s — u), S(u — v) and S(v — t) are all shortest subpaths.

Say there exists a shortest path S’ that traverses v and v in the opposite order. Then
S'(s — v), (v — u) and S’(u — t) are all shortest subpaths. Since S'(s — v) is a
shortest subpath, it is just as short as S(s — u) U S(u — v) and we can construct a

shortest path from s to ¢ that consists of S’(s — v) U S(v — t) that doesn’t contain u. [

To prove that there always exists a smallest (61, 62)-path from s to ¢, we first prove that
there always exists a smallest (61, 62)-path from s to any 6,-oriented or 62-oriented chord.
Then we will be able to construct a smallest (6, 62)-path from s to ¢ using the smallest path

to a chord containing t. This is the same technique as used in McDonald’s thesis.

Lemma 3.8. For any horizontal maximum-chord C' in P, the shortest (m, «)-path from s to

C ends at a unique point.

Proof. (by contradiction)

Assume there are two paths @, R that are both shortest (7, a)-paths from s to C. Let
g, € C be the points at which @ and R intersect C, and let m € C be a point between
q and r. Let P’ be the polygon (not necessarily simple) as defined by the boundaries
Q U RUgr and let m’ be the path projection point Pr,(m, P') or Pra.(m, P"), whichever
is non-degenerate. We know m’ cannot be contained on the line gr since the line g7 is not
a-oriented, and therefore m’ € Q U R. So w.l.o.g. say m’ € Q (see Figure 7).

By Lemma 3.4, the length of the shortest (r, «)-path from m’ to ¢ is equal to ¢(m/m)+{(gm).
Let Qs = Q(s — m/), Q; = Q(m' — ¢) and Qyey denote the path Qs U m/m, which is a
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Figure 7: The configuration described in Lemma 3.8.

(m, «)-path from s to C contained entirely in P. Then the length of Q¢ is:

gw,a(Qnew) = ew,a(Qs) + gw,a(m/; m)
0 Qs) + g?‘(,a(mlv m) + eﬂ,a (m7 Q)

< Lr.al
< lra(Qs) + ra(Qq)
= U0l
= U0l

Q

)
R)

T,Q

T

and therefore Q... is shorter than both @) and R, so neither were shortest paths from s to
C. O

Definition 13. /n a shortest O-path S between s and t, two points u,v € S are consecutive
extreme vertices if u,v € V are extreme and there is no extreme vertex v,,;q such that

Vmid € S(u — ’U).

Lemma 3.9. A shortest O-path between s and t intsersects an O-chord in one continuous

piece.

Proof. (by contradiction)

Let S be a shortest O-path between s and ¢, and let ¢; = pg be a segment of S contained
entirely on C. Say S intersects C' at some point x ¢ e;. S consists of the subpaths
S(s = z)USx = p)USp —t) (S(s = ¢ USg — x)USx — t)). By Lemma
3.5 the subpath S(z — p) (S(¢ — x)) must be a shortest path from z to p (¢ to z), and
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Figure 8: Configuration described in Lemma 3.10.

since 6(z,p) € O (6(¢g,x) € O) the shortest path is the straight line zp (gz). However, we

assumed z was not part of e;. O

Lemma 3.10. For points s,t € P and « € (0, ], let C be the horizontal maximum-chord
containing t and let S be the shortest (m, o)-path from s to C' ending at some point xz € C

plus the segment xt. All u-turns in S must contain an extreme vertex.

Proof. Let e; = wy, eo = yq, and e3 = gz form a u-turn in S and w.l.o.g. rotate and flip
the problem so that ¢, < y, and ¢, < z, (see Figure 8). Let 5 denote the orientation of ey,
which is one of « or «. First | will show that there must be a vertex in es.

Say there exists some z’ € e3 where 2’ # ¢ s.t. Prg(z’) € e;. Let 2" = Prg(a’), S, =
S(s — a"), Sy = S(2" — q), and Sy, = 2”2’. Since 2”x is an B-oriented line connecting

e1 and eg, it must have length exactly equal to e.

1.es¢ C
In this case the length of the path S(s — z”)Uz"2zU S (2’ — x) is less than the length

of S(s — z), so S(s — x) was not a shortest path from s to C.

2. e5¢ C
In this case the length of the path S(s — z”)Ux”x is less than the length of S(s — ),

so S(s — x) was not a shortest path from s to C.
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Thus V2’ € xt, Prg(z’) hits an edge of P, so there must exist some vertex on e;. Now it
will be shown that for a vertex v € V that is on the middle segment of a u-turn in S, v is
extreme.

Consider the g-oriented chords C; = C(v,8) and Cy = C(v, 8+ 7). vy € C; and vg € Cy,
so both chords are of non-zero length and divide P into three regions: two end regions
and a middle region. By Lemma 3.9, since e, € C7 U Co, no other part of S can intersect
Cy U Cy. Since ey lies in the end region of P induced by C1, S(s — y) lies entirely in that
end region. Since e lies in the end region of P induced by Cs, S(¢ — t) lies entirely in that

end region. Therefore v is an extreme vertex. O

Lemma 3.11. For points s,t € P and « € (0, 7], the shortest (w,«)-path from s to the
horizontal maximum-chord containing t plus the straight line to t is a shortest (r, «)-path

from s tot.

Proof. (direct)

Let C be the horizontal maximum-chord containing ¢ and let S be the shortest (7, a)-path
from s to C ending at some point z € C plus the segment zt. Consider R, an arbitrary
shortest (a, 7)-path from s to ¢. If there are no u-turns in S then by Lemma 3.4 S is a
shortest path from s to t. Otherwise S contains at least one u-turn, so let v’ be the vertex
contained on the u-turn where S(v' — t) is a staircase path. By Lemma 3.10 we know +’
is extreme w.r.t. one of a or 7, so must be contained in R. Since both S(s — x) and R are
shortest paths, they are made up of shortest subpaths (as shown in Lemma 3.5). Thus
both S(s — v’) and R(s — v’) must be shortest paths from s to v" and so are both of equal
length. Furthermore, since S(v" — t) contains no u-turns, it is the shortest (7, a)-path from
v' to ¢t and therefore R(v' — t) is the same length as S(v' — t). Therefore S is a shortest

path from s to . ]

Lemma 3.12. For a horizontal maximum-chord C' in P, s € P and « € (0, 7], there exists a

smallest (m, «)-path from s to C.

Proof. (by induction on the number of bends in the minimum-link path)
Basis:
When the number of links in the minimum-link path from s to C'is two or fewer, the theorem

is obviously true.
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Figure 9: The configuration described in Theorem 3.13.

Inductive Hypothesis:

Assume that for all minimum-link paths from s to C with < k& links, we can find a smallest
path from s to C.

Inductive Step:

Let Q@ be the minimum-link path from s to C, where Q has (k + 1) links. The (k + 1)
segment of Q must be a-oriented, otherwise we would be able to shorten @ be removing
the final link. Therefore the k** segment of Q is 7-oriented, and we can draw a maximum-
chord € that contains the k* segment of ). By the inductive hypothesis, a smallest path
Q' exists from s to C’ with (k — 1) segments. Let ¢ € C’ be the point at which @’ ends. See
Figure 9.

Let C! , be the set of points on C’ such that one a-oriented segment contained entirely in

P can connect C’ and C. Note that there is at least one point in C’

sub?

which is the point at
which the (k + 1) segment of Q intersected C’. Furthermore, ¢ ¢ C",, since otherwise Q

would not be a minimum-link path. Let z € C’_, be the closest point to g, and let y be the

sub
point at which the a-oriented segment from z intersects C.

Now consider the path S = (Q' Ugz UZy). From the Lemma 3.8, ¢ is the unique point that
is shortest from s to C’, and by Lemma 3.11 we know that the shortest path from s to =
has length equal to the length of @’ plus the length of the segment gz. Additionally, the

distance from C’ to C via a single link is constant. Therefore S is a shortest path as well
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as a minimum-link path. O

Theorem 3.13. Smallest Path Theorem

For points s,t € P and 60,,0, € (0, 7], there exists a smallest (01, 02)-path between s and t.

Proof. (by construction)

First, find a minimume-link path from s to ¢ and call this path Q. Let k& be the number of links
in @ and let the orientation of the final segment of Q be 6;. Now w.l.o.g. we can rotate the
problem so that 6, = .

Let C be a horizontal maximum-chord in P such that the last segment in @ is contained in
C. By Lemma 3.12, there is a smallest path from s to C, say S. The path S has (k — 1)
links and ends at some point z € C. By Lemma 3.11, S U zt is a shortest path from s to t.

Furthermore, S U zt has & links, which is minimum. O

For a set of more than 2 orientations, a smallest path does not always exist. To prove
this, | will give a lemma concerning the shortest O-path between two points then provide
examples for all i greater than 3 allowable orientations where a smallest path is not possi-
ble.

Lemma 3.14. For s,t € P and two consecutive extreme vertices u,v € V, if uv is not
contained entirely in P then there exists a vertex = that is extreme w.r.t. 6(u,v) and z lies

between v and v on a shortest path from s to t.

Lemma 3.15. For s,t € P and two consecutive extreme vertices u,v € V, if O(u,v) € O

then wv must be contained in P.

Proof. (by contradiction)

To simplify the proof, w.l.o.g. we can rotate the problem so that 04, (u,v) = 2x. Let @ be
the shortest arbitrary path from « to v contained in P. If Q) is a straight line from « to v then
uv is contained entirely in P. Otherwise @ consists of at least two segments and contains
at least one vertex that has y-value lower or higher than w,, (which is equal to v,). Let z be
the point in @ that maximizes |z, — u,|.

Consider the w-oriented maximum-chord through z, say C. Since Q(u — z) is contained
entirely in one end region induced by C and Q(z — wv) is contained entirely in the other

end region, s must be contained in one end region while ¢ is contained in the other. Thus
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z is extreme w.r.t. 7w, which is in O. Furthermore, since z lies on the path Q(u — v), v and

v are not consecutive extreme vertices. O

Lemma 3.16. For any two consecutive extreme vertices u, v, the shortest path contained
in P from u to v is either the line uv, if 0(u,v) € O, or a staircase path with two or more
segments consisting of the two orientations in O that are the neighbouring orientations of

0(u,v).

Proof. (by contradiction)

Let S be the shortest O-path from u to v, which by Lemma 3.4 consists of at most two
orientations which are the neighbouring orientations of 6(u,v), say «, 5 € O. Note that if
0(u,v) € O then by Lemma 3.15 the line uv is contained in P and thus the shortest path
in P between u and v is wo. Otherwise o # $ and we are looking for a staircase path in P
from u to v.

By Lemma 3.11, a shortest path R exists that is a shortest path from s to a chord C plus
a line segment on C, and by 3.10 all u-turns in R contain an extreme vertex. Since R and
S are both shortest paths, © and v must be contained on both paths, and since they are
consecutive extreme vertices there is no extreme vertex in R(u — v). Thus there are no
u-turns in R(u — v) and R(u — v) is a staircase («, 3)-path.

Finally by Lemma 3.5, the length of S(u — v) must be equal to the length of R(u — v). O

Theorem 3.17. For three or more allowable orientations, there does not always exist a

smallest path from s to t.

Proof. (direct)

For m = 3, see Figure 10 for an example where there is no smallest path from s to ¢. By
Lemma 3.16, the shortest path from s to v is a staircase (61, 63)-path and the shortest path
from v to ¢ is a staircase (62, 05)-path. Therefore a shortest path from s to ¢ must consist of
at least three segments since there are three orientations. However, as seen in Figure 10,
there is a (61, 02)-path from s to ¢ that consists of two links. Therefore there is no O-path
connecting s and ¢ which minimizes length and link-distance simultaneously.

For m > 3, imagine Figure 10 with 60,4...6,, € Y. Since the neighbouring orientations of

(s,v) and 0(v,t) don’t change, the shortest O-path connecting s and ¢ doesn’t change.
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b2

Figure 10: There is no smallest (61, 62, 03)-path between s and t. Any path of minimum

length has at least three links.

Similarly, there still exists a 2-link path from s to ¢. Therefore there is no smallest O-path

connecting s and ¢ for O = {64, ..

.y Om 8.1 Vi > 3,0, € T}
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Figure 11: The figure on the left shows an interval of orientations where o« > 3, and the
figure on the right shows an interval of orientations where o < /5. Both are considered
single, continuous intervals.

4 Constructing All Extreme Sequences

In order to compute the length of the shortest O-path between s and ¢, it is useful to know
the extreme sequence of O, which is the set X of all vertices which are extreme with
respect to O, in order of traversal from s to ¢. To solve the problem of finding the set O* out
of all possible sets O that minimizes the length of the shortest s — ¢ path, it is not possible
to check all possible sets O since the number of such sets is infinite. Instead, we will divide
the problem into a finite set of subproblems which will later be shown to be solvable.

We adopt the usual notation that a square bracket ([” or "]”) bracketing a range on one
endpoint implies that the endpoint is included in the range and a parenthesis (°(" or ”)”)
implies that the endpoint is excluded. We also adopt that notation used by Rawlins [17]
that an angle bracket (*(” or ”)”) is used when we wish to make the statements that apply to
either of the cases (i.e. ”(” implies the statement applies to either ”(” or "["). Furthermore.
an interval of orientations that contains = - that is, an interval (a, ) where a > 3 - is
considered a single continuous interval (see Figure 11). Similarly, an interval of directions
that contains 2 is considered a single continuous interval.

In this section we create an extreme interval for each vertex in P, which is the set of
orientations for which v is extreme. It is proved that all extreme intervals that are non-empty
are single continuous intervals, say («, 8). Using these extreme intervals, we create a set
of Extreme Vertex Sets. An Extreme Vertex Set is a set that contains all extreme vertices
with respect to some orientation « € (0, 7]. Thus for some orientation «, the set of vertices

whose extreme intervals contain a will be the Extreme Vertex Set at o. Since all extreme
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Figure 12: The vertex v; is extreme on the interval [}, 5], vs is extreme on the interval
[2Z,Z], and vy is extreme on the interval [2F, 27].

604
intervals are continuous, the number of distinct Extreme Vertex Sets is proportional to the
number of extreme intervals. We will discuss this in more detail later in this section.

Note that we are eventually going to want to combine these Extreme Vertex Sets into
extreme sequences, each of which will contain m Extreme Vertex Sets.

Figure 12 shows a polygon P and points s,t € P that will be used as an example
throughout this section.

The method given in this section of finding all possible Extreme Vertex Sets is as fol-

lows:

1. For each vertex v; € V find the interval in which v; is extreme. The intervals for which

v7, vg and vg are extreme are shown in Figure 12.

2. Let @ be the set of all orientations which bound the interval for which some vertex is
extreme. In the example shown in Figure 12, ® would consist of {7, 7, %‘, %’f .

3. Arrange the orientations in ® from 0 — m, and for each pair of consecutive orienta-

tions o4,0i11 € @ let X(,, ,,.,) be the set of all vertices which are extreme for the

Oi+1

interval (o;,04+1). In our example,

Xz z) = {vr}
Xz iz =0
X(%T,%T) = {vo}
Xz, z) = {vs}

Note that for two consecutive orientations o;, 0,11 € ®, no vertex changes extremity at any

orientation contained in the interval (o, 0;+1), which implies that the set of extreme vertices
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remains constant within (o;, oi11).

Let X, ) be the set of all extreme vertices with respect to the interval («, 3) and let
X, be the set of all extreme vertices with respect to ¢. Referring back to the start of
this discussion, we are interested in finding the extreme sequence for O*. Finding such a
sequence is reduced to finding the union of all sets X4 where 67 € O*. Let I(«) denote the
interval (o, o,11) containing «. Then the set Xo» is equal to the set X[(gjf). This implies
that to construct Xo- we can find all intervals (07) where 07 € O*, and add Xior) 1o Xo-.

A more formal definition of how to construct Xp- is given in Eqg. 1.

Xox = U X16r) (1)
0re0*

Since the set O* is unknown, the extreme sequence X+ is unknown as well. Therefore
we create all possible extreme sequences by considering all possible combinations of m
intervals in ®, and combining their associated extreme vertex sets.

In our example if we were looking for a set O containing 2 orientations this would mean

constructing the sets

X(%,g)UX(%74%) —{’U?} X(72r’467r)UX(47r 57r) :{'Ug} X(47r757r)UX(5?7r7%) :{Ug,vg}
X(%’g)UX(%75Tr) —{’U?,’Ug} X(%v%)UX(%n”g) :{'US}
X(g.5 U Xz 2y = {vr, v} Xz, 2y U Xaz z) = {vs}

Each of the extreme sequences constructed above represents a subproblem which
we will later prove is solvable. The subproblem corresponding to the extreme sequence
Xz U X(gv%ﬂ) seen above is of the form: Given 0, <€ (7, %) and 02 € (3, %’f), minimize
the length of the (61, 62)-path between s and t.

In this section we will prove that each vertex is extreme for a single interval (or not at
all), and show that there are O(n) distinct Extreme Vertex Sets. Then for the case of two
allowable orientations, that is m = 2, we prove there are at most 2n? + n possible extreme

sequences which we must consider.

Definition 14. For any v € V, ¢ € (0,2n] is an interior angle of v if Pry(v) is non-

degenerate. An angle that is not an interior angle is called an exterior angle.
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(a) (b)

Figure 13: (a) The two closed intervals, a and 3, for which the projections from v are non-
degenerate, as described in Lemma 4.1. (b) The two closed intervals ag and /3, containing
all undirected orientations for which the projections from v are non-degnerate.

For any v € V, the interior angle interval of v is the set of all interior angles of v. The

exterior angle interval of v is the set of all exterior angles of v.

Definition 15. For a vertex v € V, the incident edges of v are the two edges which have v

as an endpoint.

Lemma 4.1. Double Projection Interval Lemma
For all v; € V the set of directions ® C (0,2x] for which for all « € ® both Pr,(v;) and
Prq.(v;) are non-degenerate is either a pair of intervals or an empty set. Furthermore, the

set of orientations for which both projection points are non-degenerate is a single interval.

Proof. (by construction)

Let © C (0,27] be the interior angle interval of v, and by Definition 14, for every direction
¢ € O, Pry(v;) is non-degenerate. Let o = 64, (vi, vi+1) and 8 = Og;r(vi—1,v;). Since the
bounding directions of such an interval will be the directions of the incident edges of v;,
© is a closed interval defined by [«, 5]. If the interval [a, 5] spans less than = then there
is no orientation for which both Pr,(v) and Pr,..(v) are non-degenerate, so let ® = (.
Otherwise let o/ be the direction opposite of o and let 5’ be the direction opposite of 3.
Then @ is the pair of intervals [«, 8'] and [¢/, 5]. We now have ® which is a pair of intervals
or an empty set (see Figure 13(a)).

If one of the intervals in ® is contained entirely in (0, 7] then that interval is the set within
(0, ] for which both projection points are non-degenerate. Otherwise, both intervals are
contained partially in (0, 7] (see Figure 13(b)). Let (6 N (0, 7]) be the set for which both

projection points are non-degenerate, which is a single interval. O
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Definition 16. For any v € V, a point x € P is said to switch regions of C(v,¢) at ¢’ €
(0, 2] if for any chord C = C(v,«) where o # ¢', the region induced by C' that contains

C(v,¢') also contains the point x.

Lemma 4.2. Region Switch Lemma
Foranyv € V and x € P where x # v, there is at most one direction ¢ € (0,2x| at which x

switches regions of C (v, ¢).

Proof. (by contradiction)

Assume there are at least two distinct angles «, 5 € (0, 2] at which x switches regions. Let
C; and C5 be chords C(v,¢’) and C(v, ¢") where ¢’ # ¢” such that both lie in the middle
region induced by C(v,«) and C(v, 3). Since a and § are distinct, the chords C; and Cs
must exist. Clearly C(v, ) lies in one end region induced by C; U Cy and C(v, 5) lies in
the other. However, this means z lies in both end regions induced by C; U Cs, which is not

possible. 0

Theorem 4.3. Extreme Interval Theorem
Forv eV ands,t € P where s #+ v andt # v, v is either never extreme or is extreme for a

single interval in (0, x].

Proof. (direct)

In order for v to have end regions induced at an orientation ¢ € (0, x], both projection
points Prg(v) and Pry.,.(v) must be non-degenerate. Let ® C (0, 7] be the set of all such
orientations. By Lemma 4.1, ® is a single interval (o, ).

By Lemma 4.2, there is at most one orientation contained in ®, say ¢, € ® (¢; € ®), where
s (t) switches regions of C(v, ). If there is no orientation in ® at which s (¢) switches
regions, then s (t) is either in an end region for all of ® or is never in an end region. We will
now deal with the case where ¢ (¢;) exists.

The orientations in the set {¢s(¢:), o, 8} are the only orientations at which s (¢) can switch
into or out of an end region. If ¢, (¢¢) is equal to either « or 3, then it cannot switch regions
for any orientation in the interval («, 8), which means either s (¢) is in an end region for the
whole interval ® or s (t) is never in an end region.

If o5 (¢¢) is not equal to either « or 3, then there are two cases:
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1. pisin an end region at «

Then p will switch to the middle region at ¢, (¢;), and stay in that region until 3.

2. pisin the middle region at «

Then p will switch to an end region at ¢ (¢;) and stay in that region until 5.

Therefore s (t) is in an end region for a single interval or not at all. If either s or ¢ is never
in an end region, then there can be no orientation at which s and ¢ are both in end regions
and therefore v is never extreme.

Say s is in an end region for (¢, ¢'), and t is in an end region for (p, ¢’). If s and ¢ are in the

same end region, v is never extreme. Otherwise, v is extreme only in (¢, ¢') N (p,¢’). O

Theorem 4.4. Extreme Set Theorem
Given s,t € P there are less than or equal to 2n? + n possible extreme vertex sequences

with respect to 2 orientations.

Proof. (direct)

Every v € V has a single interval of orientations for which it is extreme, if it is extreme at all
(by Theorem 4.3). Let T be the ordered set of all orientations within (0, 7] at which some
vertex changes extremity. There are at most 2n orientations in T, so there are at most 2n
possible sets of extreme vertices with respect to one orientation. Each extreme sequence
contains all vertices extreme with respect to O = {61, 62}, so contains all vertices extreme
w.rt. #; and all vertices extreme w.r.t. 6. Thus each extreme sequence is made up of
the vertices from (at most) 2 extreme vertex sets. The number of possible combinations of

Extreme Vertex Sets is N < (%) + (%), which is equal to 2n? + n. O

28



5 Calculating the Length of a Shortest Path

In the last section we showed how to create a finite number of extreme sequences where
each sequence corresponds to a subproblem of the form: Given a multiset of m open
intervals (p1,p}),- .., (pm, pl,) and the set X = U/ X(p,,0) Of extreme vertices, find the
set O = {64,...,0,,} where 61 € (p1,0)),...,0m (g’?;)m,p;n) which minimizes the length of
the O-path between s and ¢. In this section we refer to these as s — t subproblems, and
focus on solving an instance of an s — ¢ subproblem.

The main goal of this section is to find a distance function D(O) that gives the length of
the shortest O-path connecting s and ¢. We will find this function and prove it is continuous
and differentiable, meaning we will be able to use calculus to find the minimum (if it exists).

We will now define some properties and notation that will be used throughout the sec-

tion. Let T refer to a multiset of m non-overlapping, but possibly duplicate, ranges

T = {(p1,01)s- s (Pms> )}

where for all intervals (p;, p}) there does not exist any ¢ € (p;,p}) such that a vertex
changes extremity at ¢. Furthermore, let the ranges in T be ordered from 0 — «. We
let X refer to the set of {s, ¢} union with all vertices which are extreme with respect to any
orientation contained in an interval in Y. More formally, X is the set of all extreme vertices
with respect to some ¢ € (p;, p) where (p;, p;) € Y. Since it will be convenient to do so,
we will also create a set X, of pairs from X where (u,v) € X, if and only if w and v are
consecutive in X. Note that it makes sense to create X, since by Lemma 3.7 there is
exactly one order in which the elements in X can be traversed from s to .

A function D(O) will be defined which gives the distance of the shortest O-path travers-
ing the extreme sequence, which is equivalent to the distance of the shortest O-path from
s to t. We aim to find the set of orientations O* = {61, 6., ..., 0,,} that minimizes the length
of the s — t path where 0; € (p;, p}).

We label the orientations in O so that §; < ... < 6,,. If two orientations 6;,0; € O are
in the same interval (px, p}.), then we insist that the 6; or 6; where the lower index is always

less than the other.

Lemma 5.1. For s,t € P and two consecutive extreme vertices u,v € V, if O(u,v) €
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Figure 14: An example of the set Xp = {x1, 9, ..., 21} ordered from u to v.

(p1,P1) U... U(pm, p,,) thenuv must be contained entirely in P.

Proof. (by contradiction)

To simplify the proof, w.l.o.g. we can rotate the problem so that 6,4;,(u,v) = 27. Let Q be
the shortest arbitrary path from « to v contained in P. If Q) is a straight line from « to v then
uv is contained entirely in P. Otherwise @ consists of at least two segments and contains
at least one vertex that has y-value lower or higher than w,, (which is equal to v,). Let z be
the point in @ that maximizes |z, — u,|.

Consider the w-oriented maximum-chord through z, say C. Since Q(u — z) is contained
entirely in one end region induced by C and Q(z — wv) is contained entirely in the other
end region, s must be contained in one end region while ¢ is contained in the other. Thus
z is extreme w.r.t. =. Furthermore, since z lies on the path Q(u — v), v and v are not

consecutive extreme vertices. O

Lemma 5.2. For an extreme vertex v € V, the direction of the final segment containing v
(directed away from v) on the shortest arbitrary path from s to v will be the direction where

s switches regions.

Proof. Let e € S be the segment of S containing v, and let a € (0, 27] be the direction of
the segment from v to u, the other endpoint of e. Consider the chord C(v,a). Since S is
a shortest path, it cannot cross this chord except at ¢, so S(s — u) is contained entirely in
one region bounded by C (v, «). Let the region bounded by C(v, ) that contains S(s — u)
be A. Now let 8 = a £ § for some arbitrary § > 0.

If there exists a point p € C(v, ) that lies on S, then the path S(v — p) can be replaced
with 7p and the new path vp U S(p — s) is shorter than S. This is not possible since S is a
shortest path, and thus the chord C(v, 5) does not intersect S.

Let B be the region bounded by C (v, §) that does not contain C(v, «). Since e is contained
on C(v,«) and therefore not contained in B, if any of S were contained in B then at some

point S would have to cross C(v, 8) to enter the region B. However this cannot happen
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Figure 15: A representation of the proof described in Theorem 5.3.

since C(v,3) does not intersect S. Therefore no portion of S is contained in B. Since
B contains neither S nor C(v, «), both the point s and the chord C(v, ) lie in the same
region induced by C(v, 8). Finally, since § = a £+ 4, s and C(v, ) are always contained in
the same region induced by any chord and therefore s switches regions at « (by Definition

16). O

Theorem 5.3. For every pair of consecutive extreme vertices u,v € V

0(u,v) & ((p1,p1) U - U(pm; Pp))

Proof. (by contradiction)

Assume that there exists some pair of consecutive extreme vertices u,v € V where
O(u,v) € (p1,p}) U ... U (pm,p,,). Let u be extreme w.rt. o € O and v be extreme
w.rt. g € O. First, w.l.o.g. rotate the problem so that 6,;,(u,v) = 27. See Figure 15 for a
diagram of the configuration described in this proof.

Let S be the shortest O-path from s to t. By Lemma 5.1, wo must be contained entirely
in P, which implies that wv must be contained in an end region induced by C(u,«) and
C(u,a+ 7). Let C = C(u,a) U C(u, a0 + ).

| will start by proving that neither Pr.(u) nor Pro,(v) is degenerate.

If 7 is an exterior angle of u, then a line up where 64, (u,p) = 27 must lie in the middle
region induced by any chord that induces two end regions. But that would mean that v
lies in the middle region induced by C(u, o) U C'(u, « + 7), which means v cannot be on S.

Similarly, it can be shown that Prq,(v) is non-degenerate.
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Since both u,v € S, v (u) must be in an end region induced by the «-chord (/3-chord)
through u (v). Let A be the end region induced by C(u, 7) and B be the end region induced
by C(v,2n) (see Figure 15).

To ensure that v is in an end region induced by the «a-chord through u, the line wo must
be contained in an end region. This means that the entire chord C(u,27) (and therefore
the entire region B) will be contained in an end region induced by «. The more important
consequence is that the other end region induced by « is a subset of A. Therefore A con-
tains an end region induced by the a-chord through «. Similarly, B contains an end region
induced by the 3-chord through v. Since one of s, lies in the end region induced by the
a-chord through u, one of s,t lies in A. Similarly, since one of s,¢ lies in the end region
induced by the g-chord through v, one of s,t lies in B. Since A and B are disjoint, it must
be that one lies in A and the other in B. All that is left is to show that « changes extremity
at 0(u,v). Since one of s or t lies in A, w.l.o.g. say s lies in A.

Consider R, the shortest arbitrarily oriented path from s to v, and let v be the final seg-
ment of R that ends at v. By Lemma 5.2, s will switch regions at direction 64,.(v, ). Since s
liesin A, which is bounded by C(u, ), the path R must intersect C(u, 7) to get out of A and
reach v. Thus R must intersect C(u, 7) at some point = and zv will be the final segment on
R. Therefore s switches regions at 04,.(v, ) which is equal to 7.

Since s switches regions at 7, v will change extremity at = and therefore = must be one

of the boundary orientations p; or p.. Finally, this means that 6(u,v) ¢ (p1,p}) U ... U

(s Pn)- O

The next lemma will show how to calculate the length of the shortest O-path between
two points assuming there are no obstacles/edges to avoid. This lemma will then be used

to show how to calculate the length of the shortest O-path between s and t.

Lemma 5.4.
U(zy)(|sin(a — 0(z,y))| + [sin(B — 6(z, y))])
|sin(B8 — a)|

for o, B € O which are the two neighbouring orientations of 0(z,y).

lo(z,y) =

Proof. (by cases)

First by Lemma 3.4, {p(z,y) = 4o p(x,y) for the neighbouring orientations of 6(x,y). Let
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U(z,y)

Figure 16: The configuration described in Lemma 5.4.

¢ = 6(x,y) and w.l.o.g. assume « < §. By Figure 16 and the sin law,

dq do dﬁ _ 14 (Ty)

sin(r—(B—9)) _ sin(B—@) sin(a—9)  sin(B—a)

t(@y)sin(B — ¢) t(@y)sin(a — ¢)

da = sin(B—a) dp = sin(B — «)

And obviously the length of the lines d, and dz cannot be negative, so the total length of

both line segments is

ga,ﬁ(xa y) = da + dﬂ
_ | U=y)sin(B — ¢) ' N ‘f(wy)sm(a —9)

sin(8 — «) sin(f — a)
_ U@y)([sin(a — ¢)| + |sin(8 — ¢)|)
|sin(B — a)|

O]

Lemma 5.5. Given an s — t subproblem, the total length of the shortest O-path between s

andt is given by

D(O) = Z (ﬁ(uv) |sin(0; — 0(u, v))| + |sin(6; — 9(u,v))>

(w0 EXe |sm(92 — 9])’

where for each (u,v) € X., the orientations 6;,0; are 6(u,v)’s neighbouring orientations.

Furthermore, D(Q) is a continuous, differentiable function.

Proof. (direct)
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By Theorem 3.7 there is only one order in which the vertices in X are traversed, and by
Lemma 3.16 the path between each (u,v) € X, is a staircase path, so >, ), fo(u,v)
is equal to the length of the shortest O-path from s to t. Now I will show that even though
D(0) includes absolute values, it is still a differentiable function.

By Lemma 5.3, 0(u,v) ¢ (pi, pi)U... U(pm, pl,) and therefore sin(6; —6(u,v)) and sin(0; —
6(u, v)) cannot change sign. Furthermore 0; < §; = sin(6; — 6;) < 0.

Each (u,v) € X, falls into one of three cases:
1. 6; < 0(u,v) <6,
sin(6; — O(u,v)) <0 sin(; — 6(u,v)) >0

—sin(0; — 0(u,v)) + sin(6; — 0(u,v))

= lo(u,v) = {(uv)

—sz’n(&i — Gj)
2. O(u,v) < 0;
sin(0; — O(u,v)) >0 sin(0; — 0(u,v)) >0
= lo(u,v) = ((uv) anifs — 0(%;)73(—0: S_mg(je)j =)
3. O(u,v) > 0;
sin(0; — O(u,v)) <0 sin(0; — 0(u,v)) <0

sin(6; — 0(u,v)) + sin(6; — 6(u,v))
Sin(ez‘ — 9j)

= Lo (u,v) = {(uv)

Therefore we can write the distance equation as one of the following

() L QR i fu,v) < 6 <
lou,v) = { f(am) =il mbn) it g, < g(u,v) < 0

() OO 1@ 0wn) g g g < g, v)

sin(6;—0;)

Thus the distance D(0O) is a sum of continuous, differentiable functions and so must be

continuous and differentiable as well. O
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6 Minimizing Length for Each Extreme Sequence

In the previous two sections we have shown how to divide our problem into subproblems,
and for each subproblem we have a continuous, differentiable function D(O) that gives
the distance of the shortest O-path between s and ¢. This section focuses on the problem
allowing two orientations. Just as in the previous section, we are working within the con-
fines of an s — t subproblem, meaning we have a set X of all extreme vertices and two
orientations 61,02 where 6, € (p1, p}) and 6, € (pa, ph).

This section aims to prove that within an s—t subproblem the function D(©O) has at most
one minimum for 6; € (p1,p}) and 02 € (p2, py). This means we can find that minimum in
a finite amount of time, then check the boundary cases where 6 is equal to p; or p, or 6,
is equal to py or p,,. When discussing an s — ¢ subproblem, solving the subproblem refers
to finding the set O* = {07, 05} where 67 € (p1, py) and 05 € (p2, py) for which D(O*) is as
small as possible.

First, it is shown that given the set of extreme vertices in the subproblem, the problem
can be represented by two vectors L) and L; so that the length of the shortest (6y, 6)-
path from s to ¢ is equal to the sum of the 6, and 6, components of L) and L,. After
the two vectors are found, it is shown the distance function - that is, the sum described
above - contains at most one minimum. Since there is a single minimum, it is clear that
the pair 67, 65 which minimizes the distance function can be found to any degree of desired
accuracy.

Let X. represent the set of pairs of consecutive extreme vertices (including s and t),

and to simplify the proofs, the problem is rotated so that p, = «.
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6.1 General Mathematical Lemmas

The following section will give a few mathematical lemmas that will later be used to prove
there is at most one minimum in an s — ¢ subproblem. The full proofs of these lemmas are

given in the appendix.

Lemma 6.1. For edges e; = (u,v) and ey = (w, z) where 0 < 04;,(u,v) < Og;(w,z) < m,
. . , 1 [ Sy
((uv)sin(z — 0(u,v)) + L(wz)sin(z — O(w, 2)) = 1/ S2 + S,lem (x — tan~L <Sh>>
where

Sy = l(uv)sin(O(u,v)) + L(wz)sin(f(w, z))
Sp = L(uv)cos(0(u,v)) + L(wz)cos(f(w, 2))

and tan™! (g—z) is contained in the interval [0 4 (u,v), 04 (w, 2)].

Lemma 6.2.

i llsin(ﬁg - ¢1) + lQSiTL(@Q - ¢2) + llsin(Hl - d)l) — lgSi’l’L(@l — gbz)
d91 Sin(92 — 01) sin(02 — 91)
_ lisin(02 — ¢1) —lasin(fy — ¢2)
1 —cos(f2 —01) 1+ cos(f2—6)

Lemma 6.3.

i llsz’n(ﬁg - (251) + lQSin(eg - (252) + llsin(ﬁl - (251) — lgsin(el — ¢2)
d92 S’in(ez — 91) 8@%(92 — 91)
_ —llsin(ﬁl — gbl) —lgsz'n(Hl — qf)g)
1 —cos(f2 —01) 1+ cos(f2 —61)

Lemma 6.4.
d <llsin(ap — ¢1) £ lasin(p — gf)g)) _ +201sin(de — ¢1)
dp \l1sin(e — ¢1) F lasin(p — ¢2) (Iysin(p — ¢1) F lasin(p — ¢2))?
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6.2 Simplifying the Subproblem and Minimizing Distance

The idea of this section is the following: take all pairs of consecutive extreme vertices and
sort them into two sets based on the orientation between the pair of vertices. One set will
be all orientations in (0, p1) while the other will be all orientations in (o}, p2), and these sets

will be referred to as X, and X, respectively.

X, = {(u,v) € X¢ s.t. O(u,v) € (0, p]}

Xp = {(u,v) € X s.t. 0(u,v) € [p}, p2]}

We treat each pair of vertices as a vector and for each set we calculate the vector sum
of the pairs. Thus we create two representative vectors qu and L}. See Figure 17 for a

visualization of what will be done.

/

P1
P1

P2 P2

(a) (b)

Figure 17: The solid lines shown in (a) represent the lines wv where w and v are consecutive
extreme vertices. The dotted lines in (b) are the vectors that are created in this section,
which are the vector sums of each set.

Lemma 6.5. If we are given a set of consecutive extreme vertices Y where all pairs of

vertices (u,v) € Y have orientations in the interval (o, 8) C (0, 7], then

Z Lo(u,v)sin(z — 0(u,v)) = lsin(x — @)

(u,w)eY
for some length | and orientation ¢ € («, 3).

Proof. (by construction)

First, for any (u,v) € Y where 64;,.(u,v) > =, reverse the order of the pair so that (v, u)
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is contained in Y and (u,v) is not. Note that this transformation will not change either
lo(u,v) or f(u,v), so will not change the sum >_, oy Co(u,v)sin(z — 6(u, v)). Now by
Lemma 6.1 we can calculate the sum by adding two terms at a time, and still maintain that

the resultant orientation ¢ is within («, 3). O

To simplify the proof of Theorem 6.6, for some set of pairs of points Y, let V(Y') denote
the vertical distance spanned by all the pairs in Y and let H(Y) denote the horizontal

distance spanned by all the pairs in Y.

V)= Y mm)sin(d(u,v)) HY)= )Y tw)cos(b(u,v))

(u,v)eY (u,v)eY

Theorem 6.6. The distance of the shortest (61, 02)-path from s to t, D(61, 62), is given by

_ lysin(th — ¢1) — lasin(01 — @) | lisin(02 — ¢1) + lasin(0z — ¢o)
D(61.92) = sin(fy — 07) * sin(fy — 01)

for constants 11,12 > 0, ¢1 € (0, p1) and ¢z € (py, p2) where

h=VV(Xa)? + H(X,)? ¢1 = tan™" (XI(())?)))
lo = \/V(Xb)2 + H(Xp)? ¢y = tan~! <¥IE§Z))>

Proof. By Theorem 5.3, V(u,v) € X, 0(u,v) ¢ ((p1,p}) U (p2, p)) and therefore X, U X}, =

X.. As shown in Lemma 5.5, the distance of the shortest (61, 2)-path in P from s to ¢ is

given by
l, 0,(X.)
_ (%;XC o 9(u,82)( yg j _’8;73)(02 — 0(u, v))\>
_ (uﬁgejxa o e(u,;z)( 9 2+ _ysgz)wg = e(u,v))\>
. (U%G:Xb < o Q(U; 2)( |0 : 15213)(92 — 0(u, Um)
_ (%E:XQ ( o) S0 = 9(1:;;3()9:—;91';11()92 — 0(u, v))>
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__ —sin(bh — 0(u,v)) + sin(f2 — 0(u,v))
- (u,%erb <£(uv) sin(f2 — 01) )
B L(uv)sin(fy — 0(u,v)) ((uv)sin(fy — 0(u,v))
- (u,}E:Xa < sin(92 — (91) ) + (w%G:Xa < Sin(eg — 91) >
B L(uv)sin(0y — 0(u,v)) ((uv)sin(fy — 0(u,v))
(U,U)ZGXb ( sin(fy — 01) ) + (U,U)ZEXb ( sin(fy — 07) >
= m ( Z l(uv)sin(6h — O(u,v)) + Z L(uv)sin(f2 — 0(u,v))
(u,w)EXq (u,w)eX,
— Y mv)sin(ty — O(u,v)) + > L(uw)sin(0y — 0(u,v)))
(u,0)E€Xy (u,v)E€X
= (M) (lisin(bh — ¢1) + lisin(02 — ¢1) — lasin(0r — ¢2) + la2sin(fz — ¢2))
(by Lemma 6.5)
_ lhisin(01 — ¢1) — lasin(6h — ¢2) n lisin(f2 — ¢1) + lasin(fz — ¢2)
N Sin(eg — 91) sin(92 — 91)

where by Lemma 6.5, ¢1 € (0, p1], ¢2 € [p}, p2] and

T e (359)
Y

O]

Now that the distance function is simplified, the aim is to find the two orientations 67, 6;
where 67 € (p1, p}) and 65 € (p2, p5) which minimize D(6,,65). It will be shown that there
exists at most one pair 67, 65 which minimizes this distance function, meaning a hill-climbing
algorithm can find such a minimum (if it exists) to any desired degree of accuracy. To prove
there is at most one minimum, it will be shown that there is at most one place where both
the 6,-derivative and the 6»-derivative of D(6,,62) are zero. Note that a place where both

derivatives are zero is a hecessary but not sufficient condition for a minimum.
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Let us define the following functions which will be used in the remainder of this section

llsin(ﬁl - ¢1) + lQSiTL(@l — ¢2)
—llsin(el — ¢1) + lgsin(el — gbg)
—llsin(ﬁz - (251) + ZQSin(QQ — d)g)
llsin(92 - ¢1) + lQSiTL(QQ — ¢2)

hi(01) =

ha(02) =

Lemma 6.7. The distance D(61,602) can be minimized only if the following equations are

both satisfied (i.e. if they intersect)

By = f(61) = 61 + cos™! ( Lisin(y — ¢1) + lasin(6y — ¢o) )

—l1sin(01 — ¢1) + lasin(01 — ¢P2)
—l1sin(fy — ¢1) + lasin(fy — ¢2))
l1sin(02 — ¢1) + lasin(O2 — ¢2)

01 =g(02) =0y — cos™ ! (

Proof. (direct)

By Theorem 6.6, the distance of the two lines is given by

_ lysin(fy — ¢1) + lasin(02 — ) | lisin(0 — ¢1) — lasin(01 — @)
D(61.92) = sin(fy — 61) + sin(fy — 61)

If D(61,62) is minimized then it must be true that d%;’lD(el, 02) = d%;’QD(Gl, 02) = 0. For ease

of notation let L(6) = l;sin(6 — ¢1) and M(6) = lasin(6 — ¢2). By Lemmas 6.2 and 6.3

d L(6-) —M(62)
——D(6+.05) =
d91D( 1,62) 1— cos(6y — 6) + 1+ cos(0y — 01)
p —L(6h) —M(6y)
——D(6+.05) =
d92D( 1:62) 1 —cos(f2 —61) 1+ cos(62—61)

By setting the derivatives to zero and rearranging,

L(62) _ M(6-) L(6:) _ —M(6)
1 —cos(0y —01) 14 cos(Bs —6,) 1—cos(6y —01) 1+ cos(fy —6)
cos(fs — 01) = —L(6s) + M(82) cos(0s — 0r) = L(61) + M(61)

L(0y) + M(02) —L(61) + M(61)

Finally we rearrange again to get

0y — 01 = cos™! (_L(ez) + M(92)>

L(62) + M (02)

0, = 0 — cos™! <—L<92> + M(92>>

L(62) + M (62)
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—lysin(fs — ¢1) + lasin(fs — ¢2)>

01 = Oy + cos ™! ( . .
! 2 l1sin(02 — ¢1) + lasin(O2 — ¢2)

L(91) + M(Gl) )
—L(01) + M (6y)

L(61) + M(61) >
—L(01) + M(6,1)
lisin(6h — ¢1) + lasin(6h — ¢2) )
—l1sin(6h — ¢1) + lasin(01 — ¢2)

0y — 07 = cos™ ! <

0y = 01 + cos™ ! (

0y = 0; + cos™ ! <

O

Lemma 6.8. The function 0, = f(01) = 61 + arccos(h1(01)) has 0;-derivative > 1, and the

function 6, = g(02) = 02 — arccos(ha(62)) has 0, -derivative < 1.

Proof.
T r0) = L () + arccos(ha(61)))
d—el 1 = 1 + arccos(hy (61
=1+ hi(61)

i _.@
1-— h1(91)2 d92

_ —1 i} —2llasin(¢2 — ¢1)
- ( 1-— h1(91)2> <(l13in(91 — $1) — lasin(61 — ¢2))2>

<0

<0

>1

To find the 6, -derivative of g(6s), first we will find its 0,-derivative.

d d

%9(92) =% (02 — arccos(hz(62)))

d (h2(62))

—1
=l % —
1= h2(92)2 d02

L -1 i} < 2l1lasin (g2 — ¢1) )
1— h2(92)2 (llsin(GQ - ¢1) + l23in(92 - ¢2))2

>0

<0

>1
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Now define the following inverse function
0r = g(02) = 02 = g~ ' (61)

The 6,-derivative of the line, ;-9 (61), is equal to the inverse of -4-g(6,), and 72-g(62) >
1= g7 (01) < 1. O

Definition 17. A function f(x) over domain X is said to be 1-to-1 if no horizontal or vertical

line intersects f(x) more than once.

Lemma 6.9. The functions

0o = f(01) = 01 + arccos(hi(61))

01 = g(02) = 03 — arccos(ha(62))

intersect at most once.

Proof. (direct)

First, | will show that for 6, € (p1, p}) and 02 € (pa, pfy) both hy(61) and ha(62) are continu-
ous, and have ranges contained in [—1, 1].

The functions hi(6;) and hs(62) are made up of continuous functions, so are both con-
tinuous themselves except at the series of points where the denominator is zero. The
denominator of hy(6;) is

—l1sin(01 — ¢1) + lasin(01 — ¢2)

<0 <0

and the denominator of ha(62) is

lisin(fa — ¢1) + lasin(O2 — ¢2)

>0 >0

Therefore neither denominator is ever 0, so h1(61) and hy(62) both are continuous.

By lemma 6.4,
d —QleQSin(¢2 - ¢1)
Ay ay . ‘ <0
dbq 1(61) (Lisin(0y — ¢1) — lasin(61 — ¢2))°
4 2y lasin(pa — P1)
Ay ay . 4 >0
6, 2( 2) (llsm(QQ — (;51) + lQSZn(92 - <Z52))2
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meaning both derivatives are of constant sign.

The derivative of h;(6,) is negative so its range is (h1(p}), h1(p1)), and since the interval
(p1, p) is contained within (¢1, ¢2), the range of hy(61) is contained within (hi(¢2), h1(P1)).
The derivative of ha(62) is positive so its range will be (ha(¢2), ha(7)), and since the interval
(p2, ph) is contained within (¢2, ¢1), the range of ha(62) is contained within (ha(¢2), ha(é1)).

By evaluating the functions at ¢; and ¢» we get

h1(¢2) =-1 h2(¢2) =—1
hi(¢1) =1 h2(¢1) =1

so both ranges are contained within (—1, 1). Since arccos(z) is continuous for x € (—1,1),
arccos(hy(61)) and arccos(ha(62)) are both continuous.

The value of 6, — 6, is always in the interval (0, 7), so

0y = 01 + arccos(h1(61)) 01 = 0 — arccos(hz2(03))
02 — 01 = arccos(h1(61)) 01 — 03 = —arccos(ha(02))
€(0,m)

O — 01 = arccos(hza(02))
~——

€(0,m)

which means the values of arccos(hi(61)) and arccos(ha(62)) are always in the inter-
val (0,7). The function cos~!(z) is 1-to-1 for domain (—1,1) and range (0, ), so both
arccos(hy(61)) and arccos(ha(62)) are 1-to-1.

Finally, given that arccos(hi(01)) and arccos(hz(62)) are continuous and 1-to-1, it is clear
that f(61) = 61 +arccos(hi1(61)) and g(02) = 02 — arccos(ha(62)) are continuous and 1-to-1.
As shown by Lemma 6.8, the #;-derivative of f(6:) is always greater than 1 and the 6;-
derivative of g(6s) is always less than 1. Consider a point at which f(6:) and g(62) inter-
sect. Since the 6;-derivative of f(6,) is always greater than the 6;-derivative of ¢(6,), the

functions cannot intersect again. O

Theorem 6.10. Given an s — t subproblem for two allowable orientations, there is at most

one pair of orientations 01 € (p1, p) and 02 € (pa, py) that minimizes D(01,6s).

Proof. (direct)
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L="7 la=5 =3 lo=5 Lh=01 1,=20
$1 =57 ¢ =103° 61 =34° ¢y =120° ¢ = TA5° ¢y = 163°

Figure 18: The figures above show the graphs of three distance functions and the "mini-
mum” point as found by setting both derivatives to 0.

An s — ¢ subproblem where m = 2 contains a multiset of two ranges 6, € (p1,p}) and

02 € (p2, ph). Lemmas 6.7 and 6.9 prove the theorem. O

While it has just been shown that there exists at most one pair of orientations where
D(6,,062) is minimized, but we have not eliminated the possibility that there is no minimum.

The following conjecture predicts such an outcome.

Conjecture 1. FIX! Given an s — t subproblem for two allowable orientations, there is no

pair of orientations 6, € (p1, p}y) and 6 € (p2, ph) that minimizes D (61, 02).

In Theorem 6.10 | was able to prove there is at most one minimum by showing that
there is at most one place where both partial derivatives of the distance function are 0.
However, both partial derivatives being 0 is a necessary but not sufficient condition of a
minimum and thus there may not be a minimum at the point found in this section.

When graphing the distance function, the point at which both partial derivatives are 0 looks
to be a saddle point - that is, the point where both partial derivatives are 0 is not a minimum.

Figure 18 shows three such examples, and is zoomed in to highlight the saddle point.
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6.3 More Than Two Allowable Orientations

For three or more allowable orientations, it will be shown that there are m equations of three
variables each that must intersect if there is a minimum at such a point. If these equations
can be shown to intersect in some predictable way an algorithm can be developed to find
the shortest O-path for three or more orientations. This is an open problem in need of

further research.

In this subsection there are m orientations 61, ..., 6,, where 6; € [p;,p;]and 6; < ... <
O,
Lemma 6.11.
d Lisin(0i—1 — ¢i)  liv15in(0i41 — diy1)
dal ( ) 1+ COS(@Z‘ — 01’—1) + 1+ COS(@Z‘_H — 91)
Proof. Let

X1 ={(u,v) s.t. (u,v) € (0,p1)}

X ={(u,v) s.t. 0(u,v) € (p1,p2)}

Xm = {(uv U) s.t. Q(U, U) € (p;n_hpm)}

By Theorem 5.3, for all consecutive extreme vertices (u,v) € X, 6(u,v) & ((p1,p})U... U
(pm, p,)) @nd therefore X; U. .. UX,, = X.. Thus the distance of the shortest O-path from
sto tis given by

|sin(0i — 8(u, v))| + |sin(fit1 — 0(u,v))]
S’L'TL(QH,l — 91)

D)= > (z(uv) ) (oy Lemma 5.5)

_ Z o) |sin(6y — 0(u,v))| + |sin(0,, — 0(u,v))|>

(e sin(0y — Op)
__|sin(03 — O(u,v))| + |sin(0; — O(u,v))|
" (u,v)ZGXQ (g(uv) sin(0y — 61) )
- |sin (0 — 0(u,v))| + |sin(Om—1 — 0(u,v))|
+o+ (ugejxm (e( ) P )
B . —sin(h — O(u,v)) — sin(0,, — 0(u,v))
o (vt sin(0, ) )
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N Z <€(uv) sin(0y — 0(u,v)) — sin(6y — 0(u, )))

(1,0)€ X sin(02 — 01)
N (e
-- 2 (MaEse ) 2 (s
+ . %e:x (6 w ;@: 00;2_— 991()u,v))) B (u%e:XQ (6(%);1’:((;21 - :1()u,v))> .
f 2 (MHaeas?) - L (M)

_llsm(91 — ¢1) llsm( ¢1) lgsin(eg — ¢2) lQSin(el — ¢2)

sin(01 — Op,) sin(01 — O, sin(@z —01) sin(f2 — 61)
lnSin(Om — Odm)  lnsin(Om—1 — dm)
T $in(Om — Om_1)  sin(O, — Gm_l)
. —llsin(el ¢1) — llsm( ¢1) lgsin(ez — ¢2) — lzsin(el — ¢2)
sin(01 — Op,) sin(0 — 01)
linSIN(Om, — Om) — L Sin(Om—1 — dm)
sin(0p, — Hm_l)

(oy Lemma 6.5)

+...+

where by Lemma 6.5 ¢ € (0,p1), d2 € (p1,02)s- -, dm € (Ph_1, Pm)-

d Do) = d (—llsin(Gl ¢1) — l1sin(Om, ¢1)

do; do; sin(01 — O,
l SZTL(Q — ¢,) —1; sm( i—1 — ¢z) + Z+1sin(02-+1 — ¢i+1) — li+18in(9¢ — ¢2‘+1)
sin(0; — 0;—1) sin(fir1 — 0;)
L $In(O, — ) — L Sin(Om—1 — dm)
L $in (O — Om—1) )
d (lisin(0; — ¢;) — lisin(f;—1 — ¢;)
~ do; ( sin(0; — 0;—1)

lir1sin(lin = div1) = lipasin(s ¢z+1)>
sin(0;11 — 0;)
008(91' — 91_1)(lzsm(92 — ¢1) — lisin(Qi_l — ¢l)) —liCOS(Hi — ¢z>
87:??,2(9@' — QZ 1) SZTL(Q — 91'_1)
—c0s(0ir1 — 0i) (liv1sin(0iv1 — dit1) — ligasin(0i — diy1))
+ 2
sin?(0;y1 — 6;)
—li1(=cos(0i — dit1))
sin(&iﬂ — 92>
o —liCOS(Qi — qbz)sm(ﬁz — (92'_1)) + licos(ei — 91‘_1)sm(9¢ — ¢2)
N Sin2(9 — 91'_1)
licos(0; — 0;_1)sin(0;—1 — b))
sin?(0; — 91_1)
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li+15in(9i+1 — 9@)608(@ — ¢i+1) — li+1608(01+1 — Oz)sm( i+1 — ¢z+1)
+ —
sin?(0;4+1 — 6;)
li+1sin(9i — ¢i+1)608(9i+1 — 91)
S’L"/L2 (91'+1 — 91)
l isin(0; — ¢; — 0; + 0;,—1) — licos(0; — 0;—1)sin(0;—1 — &)
sin2((9¢ — 91',1)
liv1sin(bi11 — 0; + 0; — diy1) — liv1cos(Biy1 — 0;)sin(Oiy1 — diy1)
+ -
sin?(0;11 — 6;)
lisz’n(ﬁi,l — d)l) — liCOS(ei — Gi,l)sm(ﬁi,l — gbl)
sin2(91- — 91',1)
liv15in(0i11 — ¢it1) — liy1cos(0;41 — 0;)sin(0i41 — di1)
+ -
szn2(9i+1 — 01)
. lisz’n(ﬁi,l — gbl)(l — COS(GZ‘ — 02‘71))
N sinQ(Gi — 01‘,1)
liv1sin(fiv1 — ¢iv1)(1 — cos(fiy1 — 6:))
+ -
SZTLQ(HZ'Jrl — 91)
~ Lisin(0i—1 — ¢i)(1 — cos(0; — 0;—1))
(11— cos(@l —0;-1))(1 + cos(0; — 6;-1))
li+1sin(9i+1 — gf)lqu)(l — C05(9i+1 — 91))
(1 —cos(0ix1 —0;))(1 + cos(0;+1 — 6;))
_ lisin(0;-1 — @) liv15tn(0iy1 — diy1)
14 cos(0; — 0;_1) 1+ cos(0it1 — 0;)

O

By Lemma 6.11, finding where the distance function is minimized can be done by find-
ing the point(s) where all derivatives are 0. It may be possible to use calculus to show that
it is never possible for all derivatives to be 0 at the same time, and possibly it is the case
that if they are all 0 there is a 3-D equivalent of a saddle point. Further research is needed
to determine if there can be a point at which all derivatives are 0, and if so how many such
points can exist. Without having a bound on how many local minimums exist, there is no

guarantee that any algorithm can find the minimum set O*.
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7 Algorithm

In this section an algorithm will be given that finds the two orientations 67, 85 for which the
(07, 05)-path between s and ¢ is of minimum length. The general idea is as follows: create
all possible sets of extreme vertices with two allowable orientations, then find the overall
minimum out of all subproblems.

Overall Algorithm Idea:
1. For each vertex v € V find the associated interval («, 8) for which v is extreme.

2. Arrange all extreme interval boundaries on a line and for each interval between con-
secutive boundaries create a list of associated extreme vertices in the order they are

traversed on the s — ¢ path.

3. Create a set of Subproblems that consists of two sets of ordered extreme vertices

and their associated interval boundaries.
4. For each Subproblem:

(a) find 6, 6> that minimizes the total length of the path

(b) find the length of the path at the interval boundaries
5. Find the minimum of the lengths reported above.
First | will prove a few lemmas that will allow the algorithm to be run more efficiently.

Lemma 7.1. The projection point Pr,4(v) can be determined in O(logn), and a point p can

be determined to be visible from v in O(logn) time.

Proof. (direct)

Guibas et al. [6] proved that the projection point can be calculated in O(logn) time given
O(n) preprocessing and that P is triangulated (which takes O(nlogn) time). If p is contained
on the line between v and the projection point from v then p is visible from v. Otherwise p

is not visible from v. O

In the next lemma we will show how to find a point on the boundary of the polygon
which - for all orientations which induce a middle region - is always in the middle region.

See Figure 19 for an example of such a point.
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Figure 19: Any projection point from v in a direction contained in the interval « will result in
a point that is always in the middle region - for all orientation which induce a middle region.
The point p is an example of a point that is always in the middle region.

Lemma 7.2. For any v € V there is always some point on the boundary of the polygon
which - for all orientations which induce a middle region - is always in the middle region.

Furthermore, this point can be found in O(logn) time.

Proof. (direct)

All orientations which induce a middle region are orientations ¢ € ® for which both Pry(v)
and Pry.-(v) are non-degenerate. By Lemma 4.1 @ is a pair of intervals ®; and ®,. Since
P is a simple polygon it is clear that v must have at least one direction for which the projec-
tion point from v is degenerate, and let us call this direction . Let ¢’ be the complementary
angle of p. Since  is degenerate it cannot be in ®; or ®, and thus ¢’ cannot be in ®; or ®,.
There is a single interval within (0, 27] for which the projection point from v is non-degenerate,
namely the interior angle interval. Since ®; U ®, contain only non-degenerate directions
and ¢ is a degenerate direction, Pr,, (v) must be non-degenerate or the interior angle in-
terval would not be a single interval. Let p = Pry/(v).

Consider the boundaries E(p — v) and E(v — p), one of which contains all projection
points from v at directions [y, ¢'] and the other at directions [¢’, ¢]. Since ®; and ®, are
intervals which are 7 apart and neither contains ¢ or ¢/, ®; is contained in one of (p, ') or
(¢', ») and @, is contained in the other. Since ¢’ cannot induce two end regions, consider
any orientation ¢, which induces two end regions and let ¢ = Pry, (v) and r = Pry_ . (v).
Since ¢, and ¢, + 7 are 7 apart, the points ¢ and » cannot both be in the same interval
[p, ] or [¢',¢]. Thus one is in (¢, ¢") and the other is in (¢, ), which means p is not in
an end region.

To find the point p, we can first find a direction ¢ for which Pr,(v) is degenerate. Since

the interior angle interval is [04;,(vi, vit1), Oair(vi, vi—1)], We can find an exterior angle in
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constant time with the following equation:

Ogir (Vi 0;41)+0g5r (V50— .
ir (Vi Vi )2 ir (ViyVi—1) |f Hdir(/u’hvi-f—l) < 9di7‘(”i7v’i—1)

(p =
Odir (Vi,Vi41)+0dir (Viy0i—1) +7  otherwise
2

Then we can find ¢’ in constant time and find the projection point p = Pr./(v) in O(logn)

time by Lemma 7.1. O

Lemma 7.3. For a vertexv € V which is extreme at some orientation, there are two sets of
disjoint vertices V,, and Vi, where vertices in'V, are always traversed before v and vertices
in 'V, are always traversed after v. For a point p which is always contained in the middle
region, one of the sets of vertices in E(p — v) or E(v — p) contains the set V,, and the

other contains the setV,,.

Proof. (direct)

By Lemma 7.2 let p be the point on E which is always in the middle region. Now consider
E(p — v) and E(v — p). The end regions must be bounded by some subset of the
boundary, say F; C F and E; C E. Since p is never in an end region p is not in either
E, or E;, and v is contained on both E; and E; as an endpoint where E; = E(q — v)
and E;, = E(v — r) for some points ¢, € bd(P). Thus E(¢ — v) C E(p — v) and
E(v—r)C E(v—p).

Finally, all vertices contained in the end region containing s are traversed before v and all

vertices contained in the end region containing ¢ are traversed after v. O

Lemma 7.4. When 6, (0-) is fixed, 6, (81) that minimizes the distance function can be found

in O(k) time where k is the number of decimal places 6, (0,) is accurate to.

Proof. (direct)

In the proof of Lemma 6.7 it is shown that

iD _ llsz’n(Gg — (;51> i —lgSi?’L(QQ — ¢2)
doy 1—cos(f —01) 1+ cos(fy —07)
d —llsi’I’L(Hl — gbl) —lgSi?’L(@l — ¢2)

D=
dfs 1-— 608(92 — 91) 1+ 605(92 — 91)

Now | will show that the second derivatives of both functions are always positive, and so
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the first derivatives can equal 0 at most once.

d2 _ d ( hsin(:—¢1) L4 —lasin(bz — ¢2)
d291 - do; \1— 608(92 — 91) dfé; \1+ 608(92 — 91)
_ —lisin(fy — ¢1) * sin(fy — 01) x =1 —(—lasin(02 — ¢2)) * —sin(fy — 01) x —1

(1 — cos(y — 61))? (1 + cos(B2 — 61))?
_ lisin(02 — ¢1)sin(02 — 01) | lasin(Bs — ¢2)sin(f2 — 01)
N (1 —cos(62 — 61))? (1 + cos(B2 — 61))?

>0 (since ¢1 < 01 < ¢ < 69)

ﬂD N i (—llsin(el — ¢1)) + i (—lgsin(el — ¢2))
d292 - d92 1— 608(92 — 91) d92 1+ 608(92 — 91)
_ —(=lysin(by — ¢1))sin(fa — 01) —1(—l2sin(01 — ¢2)) * —sin(fy — 01)

(1 — cos(fy — 61))? (14 cos(62 — 61))?
. llsin(Gl — <Z>1)sz'n(92 — 91) —le’iTL(Ql — ¢2)sin(92 — 91)
N (1 — cos(fy — 61))? (14 cos(6a — 61))?

>0 (since ¢1 < 01 < P < 62)

Thus if we are given #; we can do a binary search on ffzgé(eg;f’;l)) + ;ljjiz((gj:jf)) to find

where it equals 0 (if it does at all). Since the answer must be accurate to k£ decimals, we
need to divide the interval into 10* sub-intervals on which to perform the binary search.

Then the search takes O(log(10¥)) = O(k) probes, and on every probe the function

lisin(f2—¢1) —lasin(02—¢2)
1—cos(02—61) 1+cos(02—061)

can be computed in constant time. O

Lemma 7.5. For a vertex v which is extreme for some orientation, two vertices ¢ € V and
r € V can be found in linear time so that V(¢ — v) contains all vertices which can be

traversed before v and V (v — r) contains all vertices traversed after v (or vice versa).

Proof. From Lemmas 7.2 and 7.3, we can find the point p such that E(p — v) contains
all vertices traversed before (after) v and E(v — p) contains all vertices traversed after
(before) v. Then in linear time we can find the edge ¢ € E on which p is contained. Then

q,r € V are the two vertices bounding e. O

By Lemma 7.5, we can find vertices p and ¢ such that V(p — v) contains all vertices
in one end region and V(v — ¢) contains all vertices in the other end region. Since all
vertices are indexed from 1 — n in a counterclockwise order around P, a vertex v; can be

found to be in or out of the set V(p — v) in constant time by checking to see if the index is
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between p and v. We can find which set bounds the end region containing s and then store
the pair of vertices v,, v, where V (v, — vy) is equal to one of either V(p — v) or V(v — q),
whichever bounds the region containing s. Similarly we find and store the pair of vertices
Ve, vg Where V (v, — vyg) is the other of Vi(p — v) or V(v — q).

For the remainder of this section, a sorted list of vertices refers to a list of vertices
sorted in order of traversal from s — ¢, and any reference to finding, inserting, or removing
a vertex from a sorted list is assumed to be performed in O(logn) time since a binary
search can be used along with a constant time query that determines if a vertex is before
or after another vertex.

For each vertex v; € V, a set ©(v;) will be created which is guaranteed to contain the
two orientations «, 5 € (0, 7] which bound the extreme interval of v;. The set contains only
four orientations and it will be shown later these orientations can be calculated in O(nlogn)
time. ©(v;) contains the two orientations ¢, and ¢;, which are the orientations where s and
t change regions, and the orientations 6(v;, v;—1) and 0(v;, vi11).

The list ® will be created to include all orientations at which a vertex changes extremity.
Two sets of vertices will be associated with each orientation ¢ € ®: a set of vertices that
become extreme at ¢, and a set of vertices that stop being extreme at ¢. These lists will
be denoted V (¢, EX) and V (¢, NEX), respectively.

To summarize, for each vertex v; € V two lists are created which contain the following

information

vi(8) « (vq,vp) 8.1. V(v — vp) contains all vertices traversed before v;

vi(t) + (ve,vq) 8.1 V(ve — vg) contains all vertices traversed after v;

There will also be O(n) vertex sets created of the following form

V (¢, EX) <« vertices that become extreme at ¢

V (¢, NEX) « vertices that stop being extreme at ¢

and a set ©(v;) associated with each vertex which contains the orientations

O(vi) = {0(vi, vi-1), 0(vi, vit1), ds, bt}
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Algorithm 7.1: PREPROCESS(P, s, t)

Triangulate P
Vr+—Vu {S7 t}

® « () comment: set of orientations where some vertex changes extremity

foreach v; ¢ V

Find ©(v;)

Find a, 8 € ©(v;) s.t. all orientations in («, 5) are extreme
do { Add aand fto @

Add v; to V (o, EX) and to V(5, NEX)

Find v;(s) and v;(t) for the vertex v;

Sort @ in ascending order

Create a list of extreme vertices, L1, for the first Interval

for each (non-first) consecutive pair of orientations (o, 0;41) in ®
Li < L4

foreach v; € V(0;, EX)

do do Add v; to L;

for each v; € V(0;, NEX)

do Remove v; from L;
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Algorithm 7.2: MINIMUMLENGTHPATH(P, s, t)

Preprocess(P, s, t)

comment: ¢ is ordered from 0 upto =

® = {wi,ws...,wc}

foreach i «+ cdownio 1

do

Rotate problem so that w;1 =7

X, + {(u,v) s.t. wand v are consecutive vertices in L;}

Xp 0
Xo + {(u,v) € X¢s.t. O(u,v) € (0,w;)}

V(Xp) < 0,V(Xa) = 2 uwyex, (@v)sin(0(u, v))
H(Xp) <= 0, H(Xa) < X 0)ex, Luv)cos(0(u,v))

for each j < (i — 1) downto 1

do

do

do

(for each v V(wj, EX)

Find (v,, vy) € X. where v comes between v, and vy,
remove FromSum((vq, vp),1,7)
addToSum((vg,v),1,7)

addToSum((v,vp),1,7)

foreach v € V(w;, NEX)

(Find the two pairs (vg,v), (v,v) € X,

(
removeFromSum((vg,v),1, )
((

remove FromSum((v,vp),1,7)

\addToSum((va, Vp), 1, )

Recalculate Iy, Is, ¢1 and ¢9
Check distance function for a minimum value

kCheck boundaries for a minimum value

return (overall minimum)
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Algorithm 7.3: ADDTOSUM((u,v), 1, j)

Add (u,v) to X,
if 0(u,v) € (0,w;)
then
V(Xa) « V(Xa) + L(uv)sin(0(u, v))
do ¢ H(X,) + H(X,) + L(uv)cos(6(u,v))
Add (u,v) to X,
else if (u,v) € (wjt1,wi)
then
V(Xp) < V(Xyp) + L(uv)sin(0(u, v))
do ¢ H(X}) + H(X}) + £(uv)cos(0(u,v))
Add (u,v) to X,

Algorithm 7.4: REMOVEFROMSUM((u,v), 1, j)

Remove (u,v) from X,
if 0(u,v) € (0,w;)
then
V(X,) + V(X,) — L(uv)sin(0(u,v))
do ¢ H(X,) + H(X,) — {(uv)cos(6(u,v))
Remove (u,v) from X,
else if §(u,v) € (wjy1,w;)
then
V(Xy)  V(Xy) — £(@)sin(0(u, v))
do ¢ H(X}) «+ H(X}) — £(uw)cos(0(u,v))

Remove (u,v) from X,

7.1 Proof of Correctness

In the following section it will be shown that the algorithm given in this thesis correctly
determines the set {61,602} which minimizes the length of the (61, 62)-path connecting s

and t.
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Theorem 7.6. Algorithm 7.1 correctly constructs O(n) lists of extreme vertices in order
of traversal from s to t, and two sets of vertices associated with every orientation in ® -
one containing all vertices which become extreme at that orientation and one containing
all vertices which become non-extreme at that orientation. The algorithm also finds two
lists v;(s) = {vs, v} and v;(t) = {vs, v;} where E(vs — v.) contains all vertices which are

traversed before v; and E (v, — v}) contains all vertices traversed after v;.

Proof. (direct)

The first for loop correctly constructs the two sets of vertices that become extreme or non-
extreme at each angle in @, and also finds the lists v;(s) and v;(t). The details are left out
of the algorithm but can be directly inferred from Lemma 7.5.

Let (a, B) be the single interval in (0, x| for which v; is extreme (by Theorem 4.3 there is
only one interval for which v is extreme). See the proof of Lemma 4.1 to verify that the
orientations bounding the interval where both Pr,(v;) and Pr,.(v;) are non-degenerate
are contained in ©(v;). Now we will show by contradiction that the orientations bounding
the extreme region must be contained in ©(v;).

Let aq, 51 € (0, 7] be two orientations such that for all ¢ € [y, 81] both Pry(v) and Pryi.(v)
are non-degenerate, and for all ¢ ¢ ([«1, 81] at least one of the projections is degenerate.
Within the intervals [a1, £1], the only orientations at which s or ¢ could enter or exit an end
region are ¢, or ¢;.

A list L; is then constructed for each consecutive pair of orientations which contains all
vertices that are extreme in the interval. Since we begin with L; as an ordered list and all

vertices are inserted in order, every list is correctly ordered.

Wi Wi+l Wi Wit+1
f f ® f 3)
0 91 92 ™

Figure 20: An example of the orientations 6; and 65 is shown above.

Lemma 7.7. Algorithms 7.2, 7.3, and 7.4 correctly find the two orientations 61, 0s which

minimize the length of the (0., 62)-path connecting s and't.
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Proof. (direct)

The correctness of this algorithm hinges on correctly calculating i1, 15, 1 and ¢- for each
combination of ¢ and j. First, all combinations of i and j are found by the two for-loops that
are run. For each value of i, we rotate the problem so that w;+1 = 7 and thus we have a
set of orientations as shown in Figure 20.

First, we create the sets X, and X, with respect to the case where j = i — 1. Therefore
all the pairs of consecutive extreme vertices in X, will be in the set X, and none will be
in X, (remember that X, = {(u,v) € X.s.t. 0(u,v) € (wj1,w;)}). Then we calculate
V(X,),V(Xy), H(X,), and H(X,) according to Theorem 6.6.

No pair of extreme vertices (u/,v') € X, can change sets from X, to X}, since if that were
thecasethenatj =k —1=0(v/,v) € (O,w;) andat j = k = 0(v/, ') € (wj+1,w;). Thus
O(u',v") € (0,wk—1) and O(v',v") € (wky1,w;i), Which is not possible since wi_1 < wgi1-
Thus we only need to concern ourselves with modifying the sums to reflect any vertices
which change extremity.

For each value of 5 from (i — 1) down to 1 the algorithm goes through all vertices which
change extremity at w; and modifies the sets X, X;, and X, then modifies the summations
V(Xa),V(Xsp), H(X,), and H(X,) to reflect the new sets X, and X;,. There are two for

loops which | will now prove modify the summations and sets correctly.

1. v was not extreme in (wj,w;+1) but is extreme in (w;_1, w;)
Then v becomes non-extreme at w;, so v € V(w;, NEX). Since v is extreme in the
interval we are now considering, we must add v to the list of extreme vertices and
therefore must add v to X.. So we find the two vertices which come before and
after v on the path traversal from s to ¢, which are v, and v, in the algorithm. Then
we remove (vg, vp) from X, since they are no longer consecutive extreme vertices.
Furthermore, we add (v,,v) and (v, vy) to X, since they are now consecutive extreme

vertices.

2. v was extreme in (w;,w;11) but is not extreme in (w;_1,w;)
Then v becomes extreme at w;, so v € V(w;j, EX). Since v is not extreme in the
interval we are now considering, we must remove v from the list of extreme vertices
and therefore must remove any pairs containing v from X.. Once we remove (v, v)

and (v, v,) from X, v, and v, are now consecutive extreme vertices so we must add
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(vq, vp) t0 Xo.

The implementation of Algorithms 7.3 and 7.4 which add/remove pairs of consecutive ex-
treme vertices from X, also ensures that the sets X, and X; are updated appropriately
and that the summations V(X,), V(X3), H(X,), and H(X,) reflect the changes to X, and
Xp.

By Lemma 6.5 and Theorem 6.6, the following equations will give us the two lines we use

to find the minimum distance

Finally the boundary of the interval must be checked as well, in case there is no minimum

within the interval. O

7.2 Time Complexity

The time complexity of this algorithm will be shown to be O(n%log(n) + kn?).

Lemma 7.8. For a vertex v; € V the orientations ¢, and ¢, can be found in constant time

given linear preprocessing (along with the triangulation of P).

Proof. (direct)

For any fixed point x in a polygon, Guibas et al. [6] give a linear time algorithm that finds
the shortest paths from = to all vertices of P. A modification of this algorithm can be
made to store the orientation of the final segment of the shortest path (directed towards
the vertex the shortest path ends at). Thus after preprocessing for both s and ¢, we can
find the orientations of the final segments in constant time, which by Lemma 5.2 are the

orientations at which s and ¢ switch regions. O

Lemma 7.9. Algorithm 7.1 runs in O(n?) time.

Proof. (direct)

Triangulation takes O(nlogn) time and the for loop iterates O(n) times. Constructing ©
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takes constant time given linear time preprocessing (by Lemma 7.8). By Lemma 7.5 find-
ing the lists v;(s) and v;(¢) takes linear time. Thus the first for loop takes O(n?) time.
Sorting ® takes O(nlogn) time since ® contains O(n) orientations. Constructing the first
list L; takes O(nlogn) time since we need it sorted.

For all other intervals, each vertex that changes extremity is added or removed from L.
Adding or removing v; to or from the list L; in takes O(logn) time since ordering is main-
tained. Since each vertex changes extremity at most twice, addition/removal is performed
O(n) times in total and thus adding/removing vertices takes O(nlogn) time in total. Dupli-
cating the list L;_; to put into L; takes O(n) time and happens O(n) times and thus takes

O(n?) time. Therefore the second for loop takes O(n?) time. O
Lemma 7.10. Algorithm 7.2 takes O(n?logn + kn?) time.

Proof. (direct)

Finding all extreme sets takes O(n?) time by Lemma 7.9. The number of intervals is in
O(n), so the outer for-loop iterates O(n) times. The inner-most for loops are visited O(n?)
times since for each value of i, the inner for-loops are visited only if a vertex is changing
extremity with respect to the current j value. Each vertex changes extremity twice, so for
each value of i the inner for-loops will be visited O(n) times. Algorithms 7.3 and 7.4 take
O(logn) time each since they do insertions and removals from a sorted list and constant
time calculations. Thus the inner for loops take O(n2logn) time during the entire algorithm.
Recalculating i1, l2, 1 and ¢, takes constant time using the summations. Finding the mini-
mum point (if it exists) can be reduced to finding if two functions intersect. These functions
intersect at most once (by Lemma 6.9), and the 6,-derivative of one function is always
greater than the 6,-derivative of the other (by Lemma 6.8), so before they intersect, one
function has highest value and after they intersect, the other function has highest value.
Thus a binary search of 8; on the interval (0, 7] can be performed to find where the fuctions
intersect. The binary search can be performed in O(log(10%)) = O(k) time where k is the
number of decimals the answer is accurate to. Calculating the boundary minimums can be
done in O(k) time by Lemma 7.4. Thus the j for loop takes O(kn) time.

Rotating the problem and constructing X,, X, and X, all take linear time. Calculating
V(X,),H(X,.),V(Xp) and H(X}) can be done in linear time as well. Therefore the i loop
takes O(kn?) time. O
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8 Conclusion

Previous research in the area of restricted orientation geometry has focused on allowing a
predetermined set of orientations and constructing geometric objects allowing only those
orientations. In this thesis a new area of restricted orientation geometry was investigated
in which the set of orientations is not given and instead only the number of orientations
is limited. Previous results concerning smallest - that is, shortest in both Euclidean and
link distance - paths were generalized and it was shown that for any two orientations 61, 6
there always exists a smallest (61, 62)-path between s and ¢ in any simple polygon P. This
unifies previous research ([4], [13], [8]) which focused on finding smallest paths given any
two rectilinear orientations. For three or more orientations, it was shown that there does
not always exists such a smallest path.

It was also proved that when allowing two orientations of travel, an s — ¢ path can be
found which minimizes the length of the shortest path. Furthermore, an algorithm to find
such a path was given that runs in O(n%logn + n?k) time where n is the number of vertices
in P and k is the number of decimals 61, 6> (which produce a minimum) are accurate to. A
conjecture was given that the single "minimum” point found is actually a saddle point and
therefore not a minimum. If the conjecture can be shown to be true, it would imply that one
of the orientations for which the shortest path is minimized must be an orientation between
two vertices in P. Thus only one of §; or 6, would need to be varied at a time, resulting in
a simpler algorithm.

The problem of finding the set of orientations which minimizes the shortest path for
more than two allowable orientations was defined, and a series of m equations (where m
is the number of allowable orientations) is given which must all intersect for at any point
which is a minimum. Further research may show these equations intersect either once,
not at all, or in some predictable way that can be analyzed. Currently, any algorithm given
to find a minimum for m > 3 cannot be guaranteed to run in any finite amount of time
since there is no bound on the number of minimums possible. Furthermore, a good upper
bound is needed for the number of combinations of m extreme vertex sets (with duplicates
allowed).

This thesis was a first attempt at defining minimum distance paths for a restricted num-

ber of orientations, and there are many unsolved variations of the problems looked at. More
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specifically, there are three common version of the s — ¢ path problem [16]: the one-shot
problem where s and ¢ are given and the task is to find a path between the two points; the
semi-query problem where only ¢ is given and the task is to preprocess the environment
so that for any s the path between s and ¢ can be found as fast as possible; and finally the
full-query problem where neither point is given and the task is to preprocess the environ-
ment so that finding a path between any s and ¢ can be done as fast as possible. Only
the one-shot problem was addressed in this thesis, while the other two are left as open
problems. Further open problems include varying the distance metric used to define the
shortest path, for example finding the orientations which minimize the link-distance of the
s — t path. This problem may prove to be difficult (or even impossible) due to the fact that
link distance is a discreet value while solving the problem in the method described in this
thesis required taking derivatives over continuous functions. An entirely different approach
may be needed to solve the problem with respect to link distance.

It was shown via counterexample that there does not always exists a smallest path for
m > 3, but no conditions were given upon which a smallest path does or does not exist. It
is possible that placing restrictions on the problem could result in a smallest path always
existing. For example, restricting the polygon to be an O-polygon may be a restriction
worth investigating. Similarly, a counterexample was given to show that it is not always
possible to choose a set of orientations that simultaneously minimizes both the Euclidean
and link distance of the s — ¢ path, and putting restrictions on the problem may remove
the possibility of such a counterexample. Lastly, the algorithm developed in this thesis
has a running time that may not be optimal, so proving the optimality of this algorithm or

improving its running time are both problems of interest.

61



References

[1] Esther M. Arkin, Joseph S. B. Mitchell, and Christine D. Piatko. Bicriteria shortest
path problems in the plane. In Proceedings of the Third Canadian Conference on

Computational Geometry, pages 153—156, 1991.

[2] Bernard Chazelle. A theorem on polygon cutting with applications. In Proceedings
of the 23rd IEEE Symposium on Foundations of Computer Science, pages 339-349,
1982.

[3] Kenneth Clarkson, Sanjiv Kapoor, and Pravin M. Vaidya. Rectilinear shortest paths
through polygonal obstacles in o(n(logn)/?) time. In Proceedings of the 33rd Annual

Symposium of Foundations of Computer Science, pages 251-257, 1987.

[4] Mark De Berg. On rectilinear link distance. Computational Geometry - Theorey and

Applications, 1(1):13-34, July 1991.

[5] Mark De Berg, B. J. Nilsson, Marc Van Kreveldt, and Mark H. Overmarst. Finding
shortest paths in the presence of orthogonal obstacles using a combined |1 and link
metric. In Proc. 2nd Scandinavian Workshop on Algorithm Theory, pages 213—-224.
Springer-Verlag, 1990.

[6] Leonidas Guibas, John Hershberger, Daniel Leven, Micha Sharir, and Robert E. Tar-
jan. Linear-time algorithms for visibility and shortest path problems inside triangulatd

simple polygons. Algorithmica, 2:209—-233, 1987.

[7]1 R. H. Guting. Conquering Contours: Efficient Algorithms for Computational Geometry.
PhD thesis, Universitat Dortmund, 1983.

[8] John Hershberger and Jack Snoeyink. Computing minimum length paths of a given
homotopy class. Computational Geometry - Theorey and Applications, 4(2):63-97,
June 1994.

[9] Chong Wei Huang and Tian Yuan Shih. On the complexity of point-in polygon algo-

rithms. Computers and Geosciences, 23(1), February 1997.

[10] Joon Shik Lim, S. Sitharama lyengar, and Si-Qing Zheng. Finding combined |1 and

62



link metric shortest paths in the presence of orthogonal obstacles: A heuristic ap-
proach. Parallel Processing Letters, 9(1):91-104, 1999.

[11] Anil Maheshwari and Jorg-Rudiger Sack. Simple optimal algorithms for rectilinear link

path and polygon separation problems. Parallel Processing Letters, 9(1):31-42, 1999.

[12] Kenneth M. McDonald. Smallest paths in polygons. Master’s thesis, Simon Fraser

University, May 1989.

[13] Kenneth M. McDonald and Joseph G. Peters. Smallest paths in simple rectilinear
polygons. IEEE Transactions on Computer-Aided Design of Integrated Circuits and
Systems, 11(7):864—-875, July 1992.

[14] Joseph S. B. Mitchell, Christine D. Piatko, and Esther M. Arkin. Computing a shortest
k-link path in a polygon. In Proceedings of the 33rd Annual Symposium of Founda-

tions of Computer Science, pages 573-582, 1992.

[15] Joseph S. B. Mitchell, Valentin Polishchuk, and Mikko Sysikaski. Minimum-link paths
revisited. In EuroCG, Morschach, Switzerland, March 2011.

[16] Bengt J. Nilsson, Thomas Ottman, Sven Schuierer, and Christian Icking. Restricted
orientation computational geometry. In Data Structures and Efficient Algorithms, Final

Report on the DFG Special Joint Initiative, pages 148—185, 1992.

[17] Gregory J. E. Rawlins. Explorations in Restricted Orientation Geometry. PhD thesis,

University of Waterloo, 1987.

[18] Gabriele Reich. Finitely-oriented shortest paths in the presence of polygonal obsta-

cles. Technical report, Institut fur Informatik, Universitat Freiburg, 1991.

[19] Subhash Suri. A linear time algorithm for minimum link paths inside a simple polygon.

Computer Vision, Graphics, and Image Processing, 35(1):99-110, 1986.

[20] P. Widmayer, Y. F. Wu, and C. K. Wong. On some distance problems in fixed orienta-
tions. SIAM Journal on Computing, 16(4):728—-746, 1987.

[21] C. D. Yang, D. T. Lee, and C. K. Wong. The smallest pair of noncrossing paths in a
rectilinear polygon. IEEE Transactions on Computers, 46(8):930-941, August 1997.

63



A

Lemma A.1.
S
— 2 2a5 -1 v
Sy =/ S§ + Sjsin <tan (Sh>)
S,
— 2 2 -1 v
Sp =1/ Sy + Sjcos <tcm <Sh>>

Proof. By Figure 21 we can see that

tan~* <SU> =a sin(a)= _ S cos(a) = _ O
Sh \/S2+ 57 \/S2+ 57

= sin (tcml <&)> = L

Sh /82 + 52

= oS <tan1 (Sv>> = L

h \/S2+S7

Lemma 6.1. Foredges e; = (u,v) and ey = (w, z) where 0 < 84;,(u,v) < Ogir(w,2) <,

((uv)sin(z — 0(u,v)) + {(wz)sin(z — O(w, z)) = 1/ SZ + Sisin (z —tan~! <S

where
Sy = L(uv)sin(0(u,v)) + L(wz)sin(O(w, z))

Sy, = L(uv)cos(0(u,v)) + L(wz)cos(f(w, z))

and tan—! <§—Z) is contained in the interval [0 ;- (u,v), 04 (w, 2)].

Proof.
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Sh

Figure 21: As used in Lemma A.1.

— cos(z)(4(uv)sin(f(u,v)) + L(wz)sin(0(w, 2)))

= sin(z)S), — cos(x)S,

- \/ng <sin(:c)cos <mn1 (;)) _ cos(z)sin <mn1 <f‘h>>> (by Lem A.1)
_ \/msm (ac — tan~ (i))

Therefore the two edges can be considered vectors and the line found with length  / S2 + 57
and orientation tan ! (%) is the vector sum of the two edges.

Using the parallelogram law of vector addition, if e; and e, form two adjacent edges of a
parallelogram, then the sum vector must begin where the two edges meet and end at the
opposite corner of the parallelogram. By translating es = (w, z) so that w = u, e; and es
form two adjacent edges of a parallelogram, and the sum vector lies in that parallelogram.
Thus the resultant vector has orientation between e; and e, meaning between 64, (u, v)

and 04 (w, 2). d

Lemma 6.2.

do, sin(fy — 07) sin(fy — 07)
_ llsin(ﬁg — ¢1) —lgsin(ez — ¢2)
1 —cos(fa —01) 14 cos(6 —0y)

i (llsin(ﬂg — ¢1) + lgsin(eg — gbg) + llsin(Hl — (Z51) — lgsin(Hl — qf)g))

Proof.

i lisin(02 — ¢1) + lasin(Oy — ¢2) N lisin(01 — ¢1) — lasin(0; — qbg))
do, sin(fy — 07) sin(fy — 01)
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d (_ llsin(ﬁg — ¢1) + lgsm(92 — ¢2) _ llsin(ﬁl — ¢1) — lgsin(Ql — ¢2)>

- diel sin 01 — 92) sin(91 — 92)
. d llsin(QQ - ¢1) + lgsin(92 - gf)g)) . i <l18in(91 - gf)l) — lQS’L'TL(Gl - gf)g))
T doy < sin(01 — 02) do; sin(01 — 02)
=— <dcél(sm(91 - 92))_1> * (lysin(02 — ¢1) + lasin(fz — ¢2))
— M * (C;ellllsm(% — gf)l) + l2$in(02 — ¢2)>

— <d;i(sin(91 — 02))1> * (I1sin(6y — ¢1) — lasin(01 — ¢2))
— M (lezl(ZISin<91 - (bl) - lQSin(gl - ¢2))>

_(—1xcos(61 —65)
N sin2(91 — 92)

> Xx (llsin(GQ — (251) + l25in(92 — d)g))

-0
—1 % cos(61 — 62)
B < sin2(01 — 92)
- M(hws(@l — ¢1) — lacos(th — ¢2))
~cos(by — 02)(l1sin(f2 — 1) + lasin(ba — p2))
sin2(91 — 92)
+ 608(91 — 92)([181%(91 — ¢1) — l28i7’b(91 — ¢2))
sin2(91 — 92)
B sin(91 — 92)([1608(91 — gbl) — 12608(91 — qf)g))
sin2(01 — 92)
_ lycos(01 — B2)sin(01 — ¢1) — lisin(fy — 02)cos(01 — ¢1) + licos(0y — Oa)sin(Oa — ¢1)
N sin2(€1 — 02)
—lycos(01 — 02)sin(0y — ¢2) + lasin(0; — 02)cos(0y — ¢2) + lacos(01 — O2)sin(y — ¢2)
+ sin2(91 — 92)
l1(sin(61 — ¢1)cos(by — b2) — sin(0y — 62)cos(01 — 1)) + licos(61 — O2)sin(02 — ¢1)
N 5in2(91 — (92)
—la(sin(01 — ¢2)cos(01 — ) — sin(0y — O2)cos(01 — ¢2)) + lacos(01 — 02)sin(Bs — ¢p2)
+ —
sin?(01 — 62)
. llsin(ﬁl — gbl - 91 + 02) + l1€08(91 - ez)sin(eg — @1)
N sin2(01 — 92)
—lgSiﬂ(@l — qf)g - 91 + 92) + l260$(¢91 - 92)8’”1(92 — qf)g)
+ sin?(61 — 69)

> x (I18in(01 — ¢1) — lasin(f1 — ¢2))

_ lisin(f2 — ¢1) + licos(0y — b2)sin(fz — ¢1) N —lasin(Ba — ¢o) + lacos(f1 — ) sin(B2 — ¢2)
N 5in2(91 - (92) Sin2(01 - 92)
B llsin(ﬁg — gbl)(l + 608(92 — 91)) n —lzsin(ez — qf)g)(l — 605(02 — 91))
N sin2(92 — 01) sin2(92 — 91)
llsin(ﬁg — ¢1)(1 + 005(02 — 91)) —lgSi’l’L(@g — gbg)(l — 608(92 — 01))
(1 +cos(fa —01))(1 — cos(02 — 01)) (1 + cos(fz — 01))(1 — cos(62 — 61))
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_ Dysin(02 — ¢1) —lasin (02 — ¢2)
~ 1—cos(f2—01) 1+ cos(fy—0;)

Lemma 6.3.

d (llsin(eg — (251) + lQSin(eg — (252) n llsin(el — (251) — lgsin(el — (;52))
d92 sin(92 — 91) Sin(92 — 91)

. —llsin(ﬁl — ¢1) —le’in(Hl — qf)g)

~ 1—cos(fy—01) 1+ cos(fy—0;)

Proof.

d <l18in(92 — ¢1) + lgsin(ag — ¢2) + llsin(el — (251) — lgsin(91 — (252))

d@g sin(92 — (91) sin(@z — 01)

. d <l18in(92 - (Z)1) + lQSin(QQ - (l)g) 4 llsin(el - gbl) — l28i7’b(91 - qbg))

N d92 Sin(92 — 01) Sin(QQ — 91)

. d <l15in(02 — qbl) + lgSin(eg — ¢2)> n i <l15in(91 — qbl) — lgsin(Hl — ¢Q)>
~db, sin(fy — 07) dfy sin(fy — 07)

_ (Cl;lQ(sm(QQ — 91))_1>  (I1sin(02 — ¢1) + lasin(O2 — ¢2))
+ M * (dcalbllsin(@g — ¢1) + lasin(0y — ¢2)>
+ (Clgz(sin(ﬂg — 91))1) * (l1sin(01 — ¢1) — lasin(01 — ¢2))

—+ m (d(éQ(llSin(Hl — ¢1) — lgsin(el — ¢2)))
- <_i;§?2505 51?)) * (I1sin(fy — 1) + lasin(fy — ¢2))
4 3171(921% % (l1cos(02 — ¢1) + lacos(ba — ¢2))

(_i;ﬂg(z;sei ;1§1>> * (lysin(01 — ¢1) — lasin(bh — ¢2))

1
+ sin(fy — 01)
—cos(02 — 01)(l1sin(02 — 1) + lasin(fy — ¢2))
sin2(92 — 91)

sin(fy — 01)(licos(0a — ¢p1) + lacos(02 — P2))
+ sin2(92 — 91)

cos(0y — 01)(l1sin(01 — ¢1) — lasin(f1 — ¢2))
B sin2(92 — 01)
_ —l1608(92 — Gl)sin(Hg — qbl) -+ llsin(ﬁg — 01)005(92 — gbl) — l1608(02 - 91)sin(91 - ¢1)
o Sin2(02 — 91)

*0

67



—lyc0s(0a — 01)sin(0s — @) + lasin(O — 01)cos(0z — ¢o2) + lacos(0s — 01)sin(0y — ¢2)
+ Si’I’L2(92 — 01)
—l1(sin(f2 — ¢1)cos(0y — 01) — sin(fz — 61)cos(02 — p1)) — l1cos(02 — 01)sin(01 — ¢1)
N sin2(02 — 91)
N —la(sin(0s — ¢2)cos(0a — 01) — sin(fy — 01)cos(02 — ¢2)) + lacos(0 — 01)sin(61 — ¢2)

sin2(92 — 01)
—llsin(92 — 5251 - 92 + 91) - l1608(92 - 01)8i’ﬂ(91 — gbl)
N 5in2(92 — 91)
—lzsin(ez — ¢2 - 02 + 91) + l2605(92 - 91)8in(¢91 — (152)
+ —5
sin?(0g — 61)
. —llsin(91 — @1) — 11608(92 — 91)5i7’b(91 — gbl)
B sin?(62 — 61)
—lgsin(el - (252) + l2608(92 - 91)52'11(01 — (Z52)
+ sin2(92 — 01)
. —llsin(91 — @1)(1 + 608(92 — 01)) i —lgS’i?’L(@l — ¢2)(1 — 608(92 — 91))
N sin2(02 — 91) sin2(92 — 91)
—l1sin(01 — ¢1)(1 + cos(02 — 61)) —lgsin(fy — ¢2)(1 — cos(f2 — 61))
- (1+ cos(03 —01))(1 — cos(f2 —01)) (1 + cos(f2 —601))(1 — cos(62 — 61))
—llsin(el — ¢1) —lgSi’ﬂ(@l — ng)

1 —cos(fy —01) 1+ cos(fy—6)

Lemma 6.4.

d (lysin(e — ¢1) £ lasin(p — qﬁg)) B +201lasin(¢p2 — ¢1)
dp <l18m(<ﬂ — 1) Flasin(p —¢2) ) (lisin(p — ¢1) F lasin(p — ¢2))?

Proof.

d lisin(p — ¢1) F lasin(e — ¢2)
_ licos(p — ¢1) £ lacos(p — ¢
~ hisin(p — ¢1) F lasin(p — ¢2
(lisin(p — ¢1) £ lpsin(p — ¢2))(licos(p — ¢1) F lacos(p — ¢2))
A (lisin(e — ¢1) F lasin(p — ¢2))?
_ (licos(p — ¢1) £ lzcos(p — ¢2))(lisin(e — ¢1) F lasin(e — ¢2))
B (lisin(p — ¢1) F lasin(e — ¢2))?
(lisin(p — ¢1) = lasin(p — ¢2))(licos(p — ¢1) F lacos(p — ¢2))
- (lisin(p — ¢1) F lasin(e — ¢2))?
_ Psin(p — ¢1)cos( — ¢1) F lilasin(p — d2)cos( — ¢1)
B (lisin(p — ¢1) F lasin(p — ¢2))?
| Ehlasin(p = ¢1)cos(p — ¢2) = l3sin(p — 2)cos(p — ¢s)
(lisin(p — ¢1) F lasin(p — ¢2))?

d (llszn(go ¢1) £ lasin(p — qi)z)
)
)
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 Psin(p — ¢1)cos(p — ¢1) F lilasin(p — ¢1)cos(p — ¢2)
(lisin(p — ¢1) F lasin(p — ¢2))?
_ thlgsin(p — ga)cos(p — ¢1) — 3sin(p — da)cos(p — o)
(lisin(p — ¢1) F lasin(p — ¢2))?
Flilasin(p — p2)cos(p — ¢1) +lilasin(p — ¢1)cos(p — ¢2)
(lisin(p — ¢1) F lasin(p — ¢2))*  (lisin(p — ¢1) F lasin(p — ¢2))?
Flilasin(p — ¢1)cos(p — o2 +lilasin(p — ¢p2)cos(v — P1

) )
(lLisin(p — ¢1) F lasin(p — ¢2))?  (lisin(p — ¢1) F lasin(p — ¢2)
F2llasin(p — ¢p2)cos(e — ¢1) +2ll9sin(p — ¢1)cos(p — ¢2)
(lisin(p — ¢1) F lasin(p — ¢2))*  (lisin(p — ¢1) F lasin(p — ¢2))?
_ F2hls(sin(p — d2)cos(p — 1) — sin(p — ¢1)cos(p — ¢2))
B (lisin(p — ¢1) F lasin(e — ¢2))?
F2lilasin(d1 — ¢2)
(lisin(p — ¢1) F lasin(p — ¢a))?
201 lasin(d2 — ¢1)
(lisin(p — ¢1) F lasin(p — ¢2))?

)2
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