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Abstract

We apply both cellular automaton (CA) and kinematic wave (KW) models to simulating

vehicle traffic. We investigate three different CA models and show how each choice affects

the fundamental diagram, which is a plot of the traffic flux versus density. Based on these

CA simulations as well as empirical observations in the literature, we propose that the fun-

damental diagram can be approximated by a piecewise linear function having a discontinuity

at a single point. We then construct a KW model that consists of a hyperbolic conservation

law for the traffic density with this discontinuous, non-convex function as the traffic flux

function. We then derive the exact solution of the corresponding Riemann problem analyt-

ically for general piecewise constant initial data, which requires use of a mollifier to smooth

out the discontinuity in the flux function. Another necessary component of the analytical

solution is the construction of a convex hull for the mollified problem, which is then consid-

ered in the limit as the support of the mollifier goes to zero. Finally, the Riemann solution

is used to construct a high resolution finite volume scheme for the KW model, which we use

to simulate various traffic scenarios and draw comparisons with not only the CA model but

also the analytical solution of the KW problem.
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Chapter 1

Introduction

Vehicle traffic is intrinsically a complex system involving the interaction between human

drivers. Despite the inherent freedom of each driver, in reality, this freedom is severely

restricted. For example, drivers usually want to stay on the road (traveling in the correct

direction), avoid accidents, and preferably not drive erratically. Additionally, drivers tend to

act instinctively and avoid complex reasoning. Because of these restrictions, stable patterns

emerge in traffic flow that allow us to study the dynamics using mathematical models.

Although traffic is nonlinear and predicting a driver’s behavior precisely is not possible,

traffic models have been remarkably successful in reproducing the key features of traffic flow

dynamics. When modeling traffic, the objective from a mathematician’s perspective is not

to reproduce the exact behavior of the system. Instead, we are concerned about modeling

only the most essential elements needed to reproduce the general features of traffic. This

provides insight into the minimum requirements for the emergence of particular patterns.

1.1 Empirical Observations of Vehicle Traffic

Before we discuss particular models, we will first provide an overview of the key attributes

of traffic. An important aspect of traffic is the correlation between the rate of traffic flow q

(cars/sec) and the local traffic density ρ (cars/m) which is referred to as the fundamental

diagram of traffic flow (flow vs. density plot). Since the flow, density, and average velocity

u are related by q = ρu, there exists a correlation between velocity and density. This

relationship was first observed by Greenshields [18] in 1935 who observed a roughly linear

relationship between vehicle velocity and traffic density. By the 1950s, there was significant

1



CHAPTER 1. INTRODUCTION 2

interest in traffic flow. One of the most influential empirical studies was conducted by

Greenberg [17] who measured traffic in the Lincoln Tunnel (the two mile tunnel connecting

New Jersey and New York) and the Merritt Parkway (a highway in Connecticut). As shown

in Figure 1.1, Greenberg observed a roughly linear velocity-density relationship similar to

Greenshields. These observations were used to justify that the traffic flow rate could be

written as a function

q = f(ρ) = umax(1− ρ/ρmax)ρ (1.1)

where umax is the maximum vehicle speed and ρmax is the density of bumper-to-bumper

traffic. As one might expect, a variety of different empirical studies conducted afterwards

with significantly more data points did not come to the same simple conclusion. Instead, a

discontinuity in the fundamental diagram was observed by Edie (1961) [14], Ceder (1976)

[7], Koshi et al. (1983) [32], and others. In particular, Koshi et al. [32] suggested a

“reverse-lambda“ fundamental diagram which is illustrated in Figure 1.2. The discontinuity

separates traffic into two distinct traffic states, free-flow and congested-flow. In free-flow

traffic, vehicles travel close to the maximum speed because of the limited interaction with

other vehicles. In congested flow, vehicles are hindered by other vehicles causing them to

drive significantly slower which can cause traffic jams. As one can see in the illustration,

the two branches overlap which allows hysteresis effects to occur.
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Figure 1.1: The velocity-density relationship observed by Greenberg [17].

As can be seen in Figure 1.2, the congested-flow branch has a high variance. Therefore,

expressing the flow rate as a single-valued function f(ρ) can be a severe simplification. Ad-

ditionally, there are different spatiotemporal structures that form in the congested state.
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ρ (cars/m)

q
(c

ar
s/

se
c)

Congested Traffic

Free-flow Traffic

Fundamental Diagram

Figure 1.2: An illustration of the fundamental diagram typically observed in traffic (based on
a figure in Knospe’s PhD Thesis [23]). The fundamental diagram exhibits a separation into
two different traffic states, free flow and congested flow. The shaded region, corresponding
to congested traffic, represents the range of traffic flow rates that can occur at a particular
traffic density. The free-flow traffic regime is illustrated by a curve that represents the
functional relationship between traffic flow rate and traffic density.

Figure 1.3: A fundamental diagram obtained from Hall et al. [19] which demonstrates
empirical evidence for a discontinuous fundamental diagram.
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Kerner [22] identified these structures as two distinct traffic states which he called syn-

chronized traffic and wide moving jams. In synchronized traffic, the traffic flow rate q is

relatively high, while the vehicle velocities are low when compared to free-flow traffic. On

the other hand, wide moving jams have a low traffic flow rate q and low vehicle velocities.

These wide moving jams are usually identified with the large traffic density waves, or traffic

jams, that propagate downstream.

1.2 Mathematical Models for Traffic Flow

There are typically two different approaches for modeling traffic, namely macroscopic and

microscopic models. Microscopic models attempt to model each car individually and the

local interactions between them. On the other hand, macroscopic models attempt to model

the aggregate behavior of cars. There are numerous models that fall into either of these

two classes, each having different advantages and disadvantages, which we will review in the

following sections.

1.2.1 Macroscopic Models

Macroscopic models simulate the aggregate behavior of traffic instead of modeling cars

individually. In this class of traffic models, we assume that traffic flow is approximately

continuous, rather than discrete. At any spatiotemporal position on a road, we assume that

the scale over which we observe traffic is such that the traffic density ρ, flow rate q, and

velocity u are well-defined at infinitesimally small points. This continuum assumption is

analogous to assumptions made in fluid dynamics where the fluid consists of atoms instead

of cars. Macroscopic models attempt to find relations between the quantities ρ, q, and u. If

one models a single-lane road, the starting point for macroscopic models is the conservation

law
∂ρ

∂t
+

∂q

∂x
= 0, (1.2)

which is sometimes referred to as the continuity equation. The conservation law (1.2) ensures

that cars are not spontaneously created or destroyed. Since there are two independent

variables, we require a second equation that defines q in terms of the density ρ.

Kinematic wave (KW) models assume that the flow rate is a function of density f(ρ).

By constructing the flux function f(ρ), one can fully specify the problem (1.2) when given
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appropriate boundary and initial conditions. This was the approach taken in the 1950’s by

Lighthill and Whitham [30], and Richards [40] who combined the continuity equation (1.2)

with Greenshields’ relation (1.1); their model will be referred to as the LWR model. This

problem can be solved using the elegant theory of hyperbolic conservation laws. However,

the flux function is an over-simplification of the actual fundamental diagram. Fortunately,

we can use any functional relationship between the traffic flow rate and density that has em-

pirical justification. For example, we could approximate the flux function by a discontinuous

piecewise linear function

f(ρ) =

{
αρ , 0 ≤ ρ < ρm

γ(ρmax − ρ) , ρm < ρ ≤ ρmax

(1.3)

which is closer to the fundamental diagram obtained from experimental measurements of

traffic. By forcing a discontinuity, one can study the implications of having a jump in

the flow rate q when transitioning between free-flow and congested-flow traffic. Little is

known regarding conservation laws with discontinuities in the flux function. There has been

significant progress regarding spatial discontinuities in the flux function [5] which have found

applications in traffic flow [4]. However, if the flux function f(ρ) has discontinuities in ρ,

there is no standard theory for this class of problem except for the work of Carrillo [6],

Sébastien and Vovelle [34], and Dias et al. [13, 12]. Additionally, this class of model has

only been recently applied in the context of traffic by Lu et al. [31], whose work we will

extend.

The discontinuous flux model assumes that the flux q can be expressed as a single-valued

function of density. However, as mentioned previously, empirical evidence suggests that this

can be a severe simplification because of the high variance observed in the congested flow

branch (see Figure 1.2). Therefore, when expressing the fundamental diagram as a single-

valued function, we should not expect to observe the full range of patterns observed in

congested traffic (e.g. synchronized traffic).

Another sub-class of macroscopic models is known as higher-order macroscopic models.

Instead of defining a flux function, higher-order macroscopic models couple the continuity

equation, through the relation q = ρu, with another partial differential equation known as

a momentum equation. The momentum equation is typically derived from a microscopic

model that determines the velocity u. The first higher-order macroscopic model was devel-

oped by Payne [39] in 1971 in which he derived, using a Taylor approximation, a momentum
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equation from Newell’s car-following model [37]. Payne’s momentum equation can be writ-

ten as
∂u

∂t
+ u

∂u

∂x
= −u− ue(ρ)

T
+

u′e(ρ)
2Tρ

∂ρ

∂x
(1.4)

where T is the reaction time constant and ue(ρ) is the vehicle’s velocity when in equilibrium.

The terms in (1.4) have the following interpretation:

1. ∂u/∂t + u∂u/∂x is the material derivative, common in fluid dynamics, that describes

how the velocity changes along vehicle trajectories.

2. (u′e(ρ)/2Tρ)∂ρ/∂x is the anticipation term that reflects how drivers react to vehicles

in front of them.

3. (u−ue(ρ))/T is the relaxation term that describes how drivers return to the equilibrium

velocity.

There have been countless variants of higher-order models developed since Payne’s work,

and this area is still a topic of active research. However, higher-order models are not the

focus of this thesis, and so we refer the reader to the review by Helbing [20] for further

details. One defining characteristic of higher-order models is that a vehicle’s velocity does

not adapt instantaneously to changes in the density. Kinematic wave models, on the other

hand, do adapt instantly to changes in the vehicles’ velocity via the relationship u = f(ρ)/ρ.

Therefore, vehicles in higher-order models can be thought of as containing inertia while

vehicles in kinematic wave models do not. This allows higher-order models to capture

spatiotemporal patterns observed in congested traffic because a single-valued functional

relationship between q and ρ is not enforced.

1.2.2 Microscopic Models

Microscopic models attempt to model individual drivers by approximating how they react

to the vehicles surrounding them. Obviously, attempting to model the full range of driver

behavior is not reasonable. Instead, drivers are modelled using basic heuristics (e.g. avoiding

accidents) which generate a realistic macroscopic description of traffic. There are a variety

of ways in which driver behavior can be modelled. For example, some car-following models

describe the vehicles on the road through a system of delay differential equations [8, 37] or

ordinary differential equations [1] where each vehicle is represented by a point particle whose
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equation of motion depends on the vehicles in front. The class of microscopic models that we

will investigate is referred to as cellular automata (CA) models. Unlike car-following models,

CA models are discretized in both space and time instead of treating traffic quantities as

continuous variables. This is done by dividing the road into discrete segments that a portion

of a vehicle can occupy at a particular time t. Vehicles are governed by a simple set of rules

that indicate how to update the vehicles’ state between one time step to the next. Because

of their discrete nature, CA models are computationally efficient and can easily be extended

to handle non-trivial extensions such as on-ramps, multiple lanes, and traffic lights. For this

reason, CA models are the most common approach used in practice. Unfortunately, CA

models do not yield easily to mathematical analysis and, therefore, analogous continuous

models are desirable when one is interested in investigating the patterns formed in CA

models. The first CA model was developed by Gerlough [16] in 1956. However, CA traffic

models did not attract significant interest until 1992 when Nagel and Schreckenberg [36]

and Biham et al. [3] began to publish on this topic. CA models have since been adopted

by the statistical physics community, which has developed a variety of different models and

extensions (e.g. multi-lane traffic). These developments have been reviewed by Nagel [35],

Maerivoet and Moor [33], and Chowdhury et al. [9].

1.3 Outline

In this thesis, we will focus our attention on the fundamental diagram that characterizes

different traffic models. In particular, we will in study the effect of having a discontinuity

in the fundamental diagram that separates free flow and congested traffic states.

In Chapter 2, we investigate different CA models and the resulting fundamental dia-

grams they produce. Since CA models do not predefine a fundamental diagram, unlike

kinematic wave models, we can gain insight into the minimal driving rules needed to pro-

duce a discontinuous fundamental diagram observed empirically.

In Chapter 3, we will begin by reviewing analytical solutions to the LWR model. After-

wards, we propose a kinematic wave model that has a discontinuous flux (1.3). We use a

mollifier to smooth out the discontinuity which converts the problem to a scalar hyperbolic

differential equation with a smooth non-convex flux. The Riemann problem for the mollified

differential equation is then solved using a convex-hull construction described by LeVeque

[28]. This approach extends the work of Lu et al. [31], who considered only a continuous
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non-smooth flux. Since Oleinik’s entropy condition [38] requires the flux to be smooth, the

mollification approach allows the problem to be solved using results from the classical theory

of hyperbolic conservation laws. Additionally, the mollified problem allows us to solve the

Riemann problem where the left state ρl or right state ρr coincides with the discontinuity

ρm. We end Chapter 3 with a justification of Oleinik’s form of the entropy condition as the

appropriate selection criterion in our discontinuous flux model.

In Chapter 4, we use the Riemann problem solution from Chapter 3 to construct a

first-order Godunov scheme and a high resolution finite volume scheme and we apply these

schemes to simulate various traffic scenarios.



Chapter 2

Cellular Automaton Traffic Models

The first type of traffic models that we will investigate is the Cellular Automaton (CA)

models. As described in the introduction, CA models use a microscopic description of

traffic that attempts to model cars individually. This can be done by attempting to model

the decisions drivers make in response to the behavior of drivers around them. CA models

are completely discrete in nature. Each lane on the road is divided into L cells of equal

length ∆x. Likewise, time is divided into T equal time steps of length ∆t. Each vehicle on

the road occupies one or more consecutive road cells, depending on the vehicle’s length, and

contains state information (e.g. current velocity, location). For each time step, transition

rules are applied to each vehicle that update the vehicle’s state and location. The transition

rules depend on its state and the vehicles around it. These rules are chosen in such a way to

approximate the behavior of real drivers. In order to minimize the computational costs, the

transition rules are usually very simple and can result in a poor microscopic approximation of

traffic. However, when the transition rules are chosen appropriately, the cumulative behavior

of these microscopic decisions results in an accurate macroscopic description of traffic. Since

their computational cost is relatively low, CA models have found applications in simulating

large road networks [21]. Additionally, because of the simplicity of the transition rules,

CA models allow one to investigate the minimal requirements needed to produce particular

macroscopic patterns observed in reality. These requirements can then be incorporated into

other continuous models, which are more amenable to mathematical analysis.

9
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2.1 Wolfram’s Rule 184

The simplest CA model that is useful for describing traffic is known as Wolfram’s rule 184

(CA-184). This CA model was introduced by Stephen Wolfram in his attempts to classify

binary CA models [41, 42] and was first applied to traffic by Biham et al. [3]. For this model,

a single lane road is divided into L cells of equal length ∆x. Vehicles of length ∆x are first

placed in their initial configuration on this grid. As a convention, vehicles are numbered in

the driving direction such that the (n + 1)th vehicle precedes the nth vehicle. Each vehicle

is defined by its location xn and velocity vn.

For each time step, the following transition rules are applied simultaneously to all vehicles:

1. Determine Speed

dn = xn+1 − xn − 1

vn = min(dn, 1)

2. Move Car

xn = xn + vn

In each time step, each vehicle will look at the cell in front of it. If the cell is not occupied

by another vehicle, then it will move to this cell. Otherwise, it will remain in its current

cell. Note that every vehicle must first determine its speed before any vehicle can update

its location. This is done so that the order in which vehicles apply the transition rules does

not influence the motion of the vehicles. In this model, drivers have a maximum velocity

of one cell per time step to which they accelerate instantaneously. Additionally, drivers do

not anticipate how the car in front of them will move. This model can be generalized [15] to

allow for arbitrary maximum velocities vmax in which case the second rule in step 1 above

is replaced with

vn = min(dn, vmax) (2.1)

In Figure 2.1, simulations for this model are shown in a space-time diagram. The road

is divided into 300 cells and a periodic boundary condition is applied. This corresponds
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to a ring road where vehicles drive in a circle. At the start of a simulation, vehicles are

placed randomly on the road so that a certain percentage of road cells contain a car. This

percentage is referred to as the global density. Because vehicles are not allowed to leave

the domain, the global density will stay constant during the entire simulation. Each pixel

in a given row of the diagram corresponds to a cell on the road at a particular time step.

If the road cell is currently occupied by a vehicle, the pixel location is colored black, while

empty cells are colored white. The initial vehicle configuration is seen on the top-most row

of pixels on the diagram where each row below it corresponds to the road configuration at

the next time step. In Figure 2.1, there are a few things that one should notice. First,

the space-time diagrams form stable patterns that are typical for CA-184. Second, the two

space-time diagrams depict free-flow and congested-flow traffic scenarios. In the free-flow

scenario, when the global density is 0.40, the traffic propagates forward without forming

any congestion. However, in the congested-flow scenario, traffic jams propagate backward

with a constant speed, corresponding to the black lines (dense traffic) in the space-time

plots. The creation of congestion waves is one requirement of a viable traffic model that

reproduces basic macroscopic behavior of traffic. In reality the creation of congestion waves

stems from the fact that drivers want to avoid hitting the car in front of them.

←
−
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im

e

←
−

T
im

e

Car position (x) −→ Car position (x) −→
(a) (b)

Figure 2.1: A simulation of a single lane highway divided into 300 cells with periodic bound-
ary conditions using the CA-184 model for 400 time steps. The global density is 0.40 for
plot (a) and 0.75 for plot (b) with initial random positions and maximum velocity vmax = 1.
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In Figure 2.2, the global traffic flow rate

qglobal =
1

LK

K∑
i=1

N∑
j=1

vj(ti) (2.2)

and average velocity

vavg =
1

NK

K∑
i=1

N∑
j=1

vj(ti) (2.3)

are computed for different global densities

ρglobal =
1
L

N∑
j=1

δxj (2.4)

where K is the number of time steps, N is the number of cars, L is the number of cells, and

δxj is the length of the jth car. Since δxj = 1 for the CA-184 model, the global density can

be written as ρglobal = N/L. In order to plot Figure 2.2, we ran a simulation using periodic

boundary conditions with L = K = 3000 for different global densities and computed the

average speed and global traffic flow using formulas (2.2), (2.3), and (2.4). The fundamental

diagram in Figure 2.2(a) shows that by increasing vmax, the slope of the free-flow branch

increases while the slope of the congested branch remains constant. Although these plots are

informative, they only describe the macroscopic behavior of the flow. In order to investigate

microscopic patterns, we need to look at space-time plots or something equivalent.
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Figure 2.2: The global traffic flow and average velocity for different vmax and global densities
using CA-184.
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2.2 Nagel-Schreckenberg Model

Nagel and Schreckenberg developed a model (CA-NaSch) in 1992 [36] that resulted in a

landslide of research activity in new traffic CA models. Until this moment, the traffic

community was focused on using macroscopic models. Unlike the CA-184 model, the CA-

NaSch model is stochastic instead of deterministic. Because of the randomness included

in the model, it reproduces key characteristics of real traffic. One of the most notable

characteristics is the spontaneous emergence of traffic jams, something that many other

traffic models fail to capture.

The original CA-NaSch models a single lane road, dividing the road in L equal segments

where each vehicle occupies only one cell δxn = 1. For each time step, the following rules

are applied to each vehicle:

1. Accelerate

vnew
n = min(vmax, vn + 1)

2. Do not Overrun

dn = xn+1 − xn − 1

vnew
n = min(dn, vnew

n )

3. Random Braking

if ( rand() < p) then:

vnew
n = max(vnew

n − 1, 0)

4. Move Car

vn = vnew
n

xn = xn + vn

where rand() is a uniformly distributed random variable in [0, 1]. The parameter p is the

probability that a driver applies the brakes. This parameter was included to try to capture

the natural fluctuations in velocities of drivers. The second parameter vmax is the maximum

velocity that a vehicle can travel at. The CA-NaSch model is very similar to the CA-

184 model. The two key differences are randomized braking and the non-instantaneous

acceleration rule. The non-instantaneous acceleration rule restricts the rate at which a

vehicle can accelerate. While vehicles accelerate to the maximum velocity instantaneously



CHAPTER 2. CELLULAR AUTOMATON TRAFFIC MODELS 15

in the CA-184 model, vehicles in the CA-NaSch model can accelerate by at most one cell

per time step in each step.

The space-time diagrams in Figure 2.3 show how traffic jams can emerge spontaneously.

When p = 0, traffic jams do not occur; however, as p is increased, the number of jams

increases and the rate at which congestion waves propagates also increases. The non-

instantaneous acceleration rule has virtually no impact on the speed of the congestion waves.

Instead, it acts as a smoothing agent that causes vehicles to spread out, and influences the

amount of congestion especially if the rate of deceleration caused by stochastic braking is

less than the rate of acceleration.
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Car position (x) −→ Car position (x) −→ Car position (x) −→
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Figure 2.3: A simulation of a single lane highway divided into 300 cells with periodic bound-
ary conditions using the CA-NaSch model for 400 time steps. The global traffic density was
0.15 with initial random positions and maximum velocity vmax = 1. The braking probability
p was set to 0 in (a), 0.2 in (b), and 0.6 in (c).

In Figure 2.4, we calculate the global traffic flow and average velocity for different global

densities. We used the same setup as in Figure 2.2 except that we varied p instead of

vmax. As p increases, the slope of the congested branch decreases while the free-flow branch

remains unaffected. This supports the observations made about the space-time plots above

and indicates that real-life traffic jams should be intensified near locations where vehicle

speed fluctuations are higher. This is the same pattern observed by Kerner [22] who found

that traffic jams usually form at bottlenecks, which are also the locations where one expects

vehicles’ speed to fluctuate.
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Figure 2.4: The global traffic flow and average velocity for different braking probabilities p
and global densities using CA-NaSch with vmax = 5.
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2.3 Knospe’s Brake-Light Model

The Nagel and Schreckenberg CA model (CA-NaSch) [36] was the first CA model to suc-

cessfully capture the basic characteristics of traffic flow. The CA-NaSch generates a realistic

fundamental diagram that relates traffic flow to global traffic density. Additionally, the CA-

NaSch spontaneously produces traffic jams that result in congestion waves. Despite all these

positive aspects, this model has significant shortcomings. The model breaks down when ex-

tended to vehicles of varying length [33]. It also fails to account for the impact that brake

lights and other conditions have on the randomized braking parameter. Finally, although

the model generates both congested and free-flow traffic, it fails to simulate synchronized

traffic in which a platoon of cars travel at high speed (relative to wide moving jams) and

density. Because of these shortcomings, there have been many attempts to extend the CA-

NaSch model, and although we will not discuss all alternative models, there are plenty of

overview articles that compare them [33, 9, 35]. For the remainder of this chapter, we will

discuss a popular model developed by Knospe et al. [24] that is referred to as the brake-light

model (CA-BL). It addresses some of the shortcomings of the CA-NaSch model and allows

for realistic extensions to multi-lane traffic flow [25].

In the CA-BL model a single lane road is divided into L equal segments of length ∆x

and time is likewise divided into T equal time steps of length ∆t. A car can occupy multiple

consecutive cells, depending on the vehicle length δxn. For each time step, a set of rules is

applied simultaneously to each vehicle to update position and velocity.

The nth car on the road has position xn corresponding to the vehicle rear bumper, length

δxn, velocity vn, and brake-light status bn (on = 1/off = 0). The cars are then ordered so

that xn < xn+1. The update rules for the CA-BL are as follows:
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1. Determine the Randomization Parameter

p =


pb if bn+1 = 1 and th < ts

p0 if vn = 0 and not (bn+1 = 1 and th < ts)

pd otherwise

bnew
n = 0

2. Speed up

if (bn+1 = 0 and bn = 0) or (th ≥ ts) then:

vnew
n = min(vn + 1, vmax)

3. Do not Overrun

vnew
n = min(deff

n , vnew
n )

if (vnew
n < vn) then: bnew

n = 1

4. Random Braking

if ( rand() < p) then:

vnew
n = max(vnew

n − 1, 0)

if ( p = pb) then: bnew
n = 1

5. Move Car

bn = bnew
n

vn = vnew
n

xn = xn + vn

In step 1, the probability of slowing down is determined. If the preceding vehicle has

its brakes applied and is close enough to influence the current vehicle, then we use the

probability pb. If pb > pd, this rule causes the vehicle to slow down gradually as the

preceding vehicle slows down. This avoids the sudden decelerations that occur in the CA-

NaSch model. We will consider the preceding vehicle to be within the sphere of influence of

the current vehicle when the headway time

th =
dn

vn
(2.5)

is less than the safety headway time

ts = min(vn, h) (2.6)
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where dn is the distance between the nth and (n + 1)th vehicle

dn = xn+1 − (xn + δxn) (2.7)

and h is the maximum safety headway time. If the vehicle is stopped, we use the probability

p0 which gives a slow-to-start rule. Otherwise, in all other cases, we choose pd.

In step 2, the vehicle increases its velocity by 1 if it is not traveling at the maximum

speed vmax. However, the vehicle will not accelerate if the preceding vehicle is within the

sphere of influence of the current vehicle (th < ts) and if the current or preceding vehicle

has the brakes applied (bn = 1 or bn+1 = 1).

Step 3 ensures that the current vehicle does not overrun the preceding vehicle. In the

CA-NaSch model, this is done conservatively by assuming that the preceding vehicle will

not move in the current time step. Because of this conservative rule, the CA-NaSch will not

allow synchronized flow. In order to avoid this shortcoming, we estimate the anticipated

velocity of the preceding vehicle and allow cars to be close together and travel at higher

speeds. The effective distance deff
n between the vehicles is defined as

deff
n = dn + max(vanti − gapsafety , 0) (2.8)

vanti = min(dn+1, vn+1) (2.9)

where vanti is the anticipated velocity of the n + 1 vehicle and gapsafety is the minimum

separation between vehicles. Lastly, the vehicle’s brakes are applied if it has slowed down

in steps 1-3.

In step 4, we reduce the vehicle’s velocity by 1 if rand() < p. Because of this rule, the

CA is not deterministic and allows traffic to spontaneously produce traffic jams. If a vehicle

slows down because the preceding vehicle braked, the vehicle will in turn apply its own

brakes.

In step 5, the vehicle moves to its new position.

There are several new parameters required in this model and unless specified otherwise,

we will use the same parameter values employed by Knospe et al. [24] The road is discretized

so that one cell represents 1.5 m and each time step represents 1 sec. Therefore, it is

reasonable to let the vehicle length δxn = 5 cells (7.5 m), the maximum vehicle speed

vmax = 20 cells per time step (108 km/hr), and max acceleration rate of 1.5 m/s2. In

addition, pd = 0.1, p0 = 0.5, pb = 0.94, h = 6, and gapsafety = 7 are reasonable parameter

values to calibrate the model with empirical data.



CHAPTER 2. CELLULAR AUTOMATON TRAFFIC MODELS 20

In the CA-BL model, traffic can occur in three different phases which we will refer to as

free flow, synchronized flow, and congested flow, as described by Kerner [22]. In Figures 2.5

and 2.6, we present simulations of the three different phases. For the free-flow simulation,

we see that there are no congestion waves and vehicles do not interact much with each other,

usually traveling at the maximum velocity. In the synchronized-flow simulation, vehicles can

create small dense platoons that travel at higher speeds, thus creating congestion waves that

propagate forward. These platoons are unstable structures and eventually break down as

shown in the space-time plot. Additionally, we notice that vehicles tend to have smaller inter-

vehicle gaps with intermediate speeds, which is the defining characteristic of synchronized-

flow. The congested flow simulation produces backward-propagating congestion waves that

have been observed in other CA models. In congested flow, the majority of vehicles have a

lower velocity and smaller inter-vehicle gaps, as shown in Figure 2.6.

Free Synchronized Congested
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Figure 2.5: A simulation of a single lane highway divided into 2000 cells with periodic
boundary conditions, applying 650 time steps of the CA-BL model. The global traffic
density was set to 0.1 in (a), 0.25 in (b), and 0.6 in (c) with initial random positions,
δxn = 5, vmax = 20, pd = 0.1, p0 = 0.5, pb = 0.94, h = 6, and gapsafety = 7.

So far, we have not discussed the global behavior of the CA-BL model since Figures 2.5

and 2.6 show only the microscopic properties. This is a crude estimate of the different traffic

phases seen in reality. However, although the microscopic behavior may not be precise, we

should be more concerned about the aggregate behavior of the CA cars. In Figure 2.7, we
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Figure 2.6: The velocity (vn) and inter-vehicle gap (dn) distributions for the simulations
shown in Figure 2.5. Plots (a) and (b) correspond to the free-flow case in Figure 2.5(a).
Plots (c) and (d) correspond to the synchronized-flow case in Figure 2.5(b). Plots (e) and
(f) correspond to the congested-flow case in Figure 2.5(c).
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show the computed fundamental diagram and average velocity. The fundamental diagram

for the CA-BL model is very different than CA-NaSch and CA-184. In the CA-NaSch

and Ca-184 model, the fundamental diagram consisted of two connecting linear functions

(Figure 2.4 and 2.2), that correspond to the free-flow and congested-flow states. In the

CA-BL model, however, we have an additional state which we refer to as synchronized

flow. This state corresponds to a transient state in the middle of the density range that

connects the free-flow and congested-flow regimes. This transient state has a higher degree

of variance than the free-flow and congested-flow branches. We notice in particular that

this fundamental diagram is a reasonable approximation of the ”reverse-lambda” function

described in the introduction.
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Figure 2.7: The global traffic flow and average velocity for different global densities using
CA-BL with L = 3000 and K = 3000.



Chapter 3

Kinematic Wave Traffic Model

In this chapter, we discuss a particular class of traffic models called kinematic wave (KW)

models, which belong to the class of macroscopic models. Unlike cellular automaton or

other microscopic models that treat cars individually, macroscopic models consider the

aggregate behavior of traffic though averaged quantities such as the traffic density ρ(x, t) ∈
R. Since one makes similar assumptions when modeling fluids, the governing equations for

macroscopic models tend to be similar to the continuity and momentum equations found in

fluid dynamics.

Kinematic wave models are motivated by the fact that the number of vehicles on the

road must be conserved. Consider a section of road with no on-ramps or off-ramps, as shown

below:

The number of vehicles in the interval x ∈ [x1, x2] is given in terms of the traffic density

(cars per unit distance) as

N(t) =
∫ x2

x1

ρ(x, t) dx. (3.1)

Since vehicles cannot be created or destroyed, the number of vehicles in an interval can only

change if vehicles enter or leave the interval. Therefore, we know that

dN

dt
= q(x1, t)− q(x2, t), (3.2)

24
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where q(x, t) is the traffic flow flux (cars per unit time) at particular location and time. If

we assume that the traffic flux depends only on density, then q(x, t) = f(ρ(x, t)), which has

been found in many cases to be a reasonable approximation. The differential equation (3.2)

can then be rewritten as

d

dt

∫ x2

x1

ρ(x, t) dx = f(ρ(x1, t))− f(ρ(x2, t)), (3.3)

or, upon integrating in time over the interval [t1, t2],∫ x2

x1

ρ(x, t2)− ρ(x, t1) dx =
∫ t2

t1

f(ρ(x1, t))− f(ρ(x2, t)) dt. (3.4)

By considering vehicles within the interval x ∈ [x1, x1 + ∆x], the integral equation (3.3)

becomes
d

dt

∫ x1+∆x

x1

ρ(x, t) dx + f(ρ(x1 + ∆x, t))− f(ρ(x1, t)) = 0. (3.5)

Dividing by ∆x and taking the limit as ∆x→ 0, we get

lim
∆x→0

d

dt

1
∆x

∫ x1+∆x

x1

ρ(x, t) dx + lim
∆x→0

f(ρ(x1 + ∆x, t))− f(ρ(x1, t))
∆x

= 0. (3.6)

If ρ(x, t) and f(ρ) is smooth, this reduces to the hyperbolic partial differential equation

ρt + f(ρ)x = 0. (3.7)

This PDE is referred to as the continuity equation and will be the focus of this chapter.

By supplementing (3.7) with appropriate boundary and initial conditions, we can solve

for ρ(x, t) using the method of characteristics. If we consider a curve x(t) that satisfies

dx

dt
= f ′ (ρ(x(t), t)) , (3.8)

we know that the total derivative

d

dt
ρ(x(t), t) =

dx

dt

∂ρ

∂x
(x(t), t) +

∂ρ

∂t
(x(t), t) (3.9)

= f ′ (ρ(x(t), t))
∂ρ

∂x
(x(t), t) +

∂ρ

∂t
(x(t), t) (3.10)

= f (ρ(x(t), t))x + ρ(x(t), t)t (3.11)

= 0. (3.12)
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Therefore, the solution remains constant along the curve x(t). By using this fact and (3.8),

we know that the solution ρ(x, t) will stay constant along the characteristic lines

x(t) = f ′ (ρ(x0, 0)) t + x0. (3.13)

that pass through the point (x0, 0). If every point in the (x, t) plane lies on only a single

characteristic line, this method uniquely determines a solution to (3.7).

Unfortunately, it is a trivial matter to construct problems where the method of charac-

teristics breaks down and no unique solution to (3.7) exist. In order to rectify this problem,

we must instead use the weak formulation (3.4) of the problem, which requires that ρ(x, t)

be only integrable instead of smooth. Because of this less restrictive condition on ρ(x, t), a

solution to the integral equation (3.4) may not be unique. This requires an additional in-

equality, often referred as an entropy condition, to be specified in order to select the correct

weak solution. A common entropy condition is the Oleinik entropy condition which states

that all discontinuities move at the shock speed s and satisfy

f(ρ)− f(ρl)
ρ− ρl

≥ s ≥ f(ρ)− f(ρr)
ρ− ρr

, (3.14)

for all ρ ∈ [min(ρl, ρr), max(ρl, ρr)] where ρl is the value to the left of the discontinuity

and ρr is the value to the right of the discontinuity. The shock speed s is given by the

Rankine-Hugoniot condition

s =
f(ρr)− f(ρl)

ρr − ρl
(3.15)

where either

ρl < ρr and f ′′(ρ) < 0, (3.16)

or

ρl > ρr and f ′′(ρ) > 0. (3.17)

By adding the Oleinik entropy condition as a constraint on the weak formulation of the

continuity equation, we obtain a unique solution.

It can be shown that this entropy solution is equivalent to the solution of

ρ(x, t; ε)t + f(ρ(x, t; ε))x = ερ(x, t; ε)xx (3.18)

in the limit as as ε → 0. One can think of this as adding a vanishingly small viscosity to

our model which regularizes the solution. For this reason, solutions that satisfy the Oleinik

condition are referred to as a viscosity solutions of (3.7).1

1For a more thorough discussion of conservation laws, refer to LeVeque [26, 28].
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3.1 Riemann Problem for the LWR Model

One of the simplest kinematic wave models for traffic flow was developed in the 1950’s by

Lighthill and Whitham [30], and Richards [40]. The Lighthill-Whitham-Richards (LWR)

model consists of the continuity equation (3.7) with the convex2 flux function

f(ρ) = umax

(
1− ρ

ρmax

)
ρ (3.19)

where umax is the maximum velocity a vehicle can travel and ρmax is the density of bumper-

to-bumper traffic. Since the flux is equal to the velocity multiplied by the density,

f(ρ) = ρu(ρ), (3.20)

the LWR model requires that velocity depends linearly on the density

u(ρ) = umax

(
1− ρ

ρmax

)
. (3.21)

Vehicles will then travel at velocity umax when there is no traffic, and will be at rest when

in bumper-to-bumper traffic.

We now consider the Riemann problem corresponding to (3.7), (3.19) with piecewise

constant initial conditions

ρ(x, 0) =

{
ρl , x < 0

ρr , x > 0
(3.22)

on an unbounded domain, where ρl and ρr are constants between 0 and ρmax. For the sake

of simplicity, we assume that umax = ρmax = 1. For any flux function where f ′′(ρ) ≤ 0, the

general solution to the Riemann problem (3.7), (3.19), (3.22) can be reduced to two cases:

1. If ρl < ρr, the solution to the Riemann problem is a single shock

ρ(x, t) =

{
ρl , x < st

ρr , x > st
(3.23)

where the shock speed s is defined by the Rankine-Hugoniot condition

s =
f(ρr)− f(ρl)

ρr − ρl
. (3.24)

2I will use the definition of convexity used by LeVeque [28]: When a function is convex, it can be either
concave up or concave down.
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2. If ρl > ρr, the solution to the Riemann problem is a rarefaction wave with

ρ(x, t) =


ρl , x < f ′(ρl)t

G(x/t) , f ′(ρl)t ≤ x ≤ f ′(ρr)t

ρr , x > f ′(ρr)t

(3.25)

where f ′(G(ν)) = ν. In the case of the LWR model, this can be written as

ρ(x, t) =


ρl , x < f ′(ρl)t
1
2(1− x

t ) , f ′(ρl)t ≤ x ≤ f ′(ρr)t

ρr , x > f ′(ρr)t

(3.26)

Note that when characteristic lines cross, a shock solution occurs, while diverging char-

acteristic lines produce a rarefaction wave. This pattern can be shown to extend to the case

when f ′′(ρ) ≥ 0 (e.g. Burgers equation) in which case a shock occurs when ρl > ρr and a

rarefaction wave when ρl < ρr.

3.2 Riemann Problem for Discontinuous KW Model

The LWR model is mathematically convenient because of the convexity of the flux function;

however, it is not entirely realistic. Experiments show that there exists a jump between

the free-flow and congested-flow traffic regimes [22]. This same pattern was observed for

Knospe’s CA model which was discussed in Chapter 2. Furthermore, it is not clear that

the flux in the congested traffic regime can even be represented as a single-valued function.

Therefore, a possible model that balances the mathematical simplicity of the LWR model

with empirical evidence is the kinematic wave model with a discontinuous flux

f(ρ) =

{
αρ , 0 ≤ ρ < ρm

γ(ρmax − ρ) , ρm < ρ ≤ ρmax

(3.27)

where

α =
M1

ρm
, γ =

M2

ρmax − ρm
. (3.28)

In order for this model to make sense physically, we will restrict ourself to the case where

M1 > M2 (3.29)

and

ρmax > ρm. (3.30)
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By doing so, we ensure that the traffic flux for free-flow traffic is larger than that of congested

traffic. A plot of such a flux function is given in Figure 3.1.

ρm ρmax
ρ

M2

M1

f
(ρ

)

Flux Function

Figure 3.1: Fundamental diagram or flux function described by equation (3.27).

3.2.1 Rescaling of Discontinuous KW Model

The model described in (3.7) and (3.27) − (3.29) requires four different parameters, which

can be reduced in number by rescaling the problem. If ρ(x, t) is a solution, then we define

ρ̃(x, t) such that

ρ(x, t) = P ρ̃(x/X, t/T ) (3.31)

where P , X, and T are scaling constants representing typical values of the density, space,

and time respectively. The partial differential equation (3.7) then becomes
P

T
· ρ̃(x/X, t/T )t̃ +

1
X

f̃(ρ̃(x/X, t/T ))x̃ = 0 (3.32)

where t̃ = t/T , x̃ = x/X, and

f̃(ρ̃(x/X, t/T )) =

{
αP ρ̃(x/X, t/T ) , 0 ≤ P ρ̃(x/X, t/T ) < ρm

γ(ρmax − P ρ̃(x/X, t/T )) , ρm < Pρ̃(x/X, t/T ) ≤ ρmax

(3.33)
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which reduces to

ρ̃(x/X, t/T )t̃ + ˜̃
f(ρ̃(x/X, t/T ))x̃ = 0 (3.34)

˜̃
f(ρ̃(x/X, t/T )) =

{
αT
X ρ̃(x/X, t/T ) , 0 ≤ ρ̃(x/X, t/T ) < ρm

P
γT
X (ρmax

P − ρ̃(x/X, t/T )) , ρm

P < ρ̃(x/X, t/T ) ≤ ρmax

P

(3.35)

If we let X/T = α and P = ρmax, then the model becomes

ρ̃(x̃, t̃)t̃ + ˜̃
f(ρ̃(x̃, t̃))x̃ = 0 (3.36)

˜̃
f(ρ̃(x, t̃)) =

{
ρ̃(x̃, t̃) , 0 ≤ ρ̃(x̃, t̃) < ρ̃m

γ̃(1− ρ̃(x̃, t̃)) , ρ̃m < ρ̃(x̃, t̃) ≤ 1
(3.37)

where γ̃ = γ/α and ρ̃m = ρm/ρmax.

For the sake of convenience, we remove the tilde from the rescaled parameters so that

the rescaled problem becomes:

ρt + f(ρ)x = 0 (3.38)

with the flux function

f(ρ) =

{
ρ , 0 ≤ ρ < ρm

γ(1− ρ) , ρm < ρ ≤ 1
(3.39)

where

γ <
ρm

1− ρm
, (3.40)

0 ≤ ρ ≤ 1. (3.41)

Since any choice of parameters in (3.27)−(3.29) can be rescaled to (3.38)−(3.41), we restrict

our attention to the rescaled problem from this point forward.

3.2.2 Mollified KW Model

Now that the flux function has been specified, we will investigate analytical solutions of the

corresponding Riemann problem with initial conditions

ρ(x, 0) =

{
ρl , x ≤ 0

ρr , x > 0
(3.42)

where ρl and ρr are constants.

Before we attempt to solve this problem, it should be pointed out that the flux function

is both discontinuous and non-convex. By non-convex, we mean that there exist points x1,
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x2, y1, and y2 in the domain and t1, t2 ∈ [0, 1] such that f(t1x1 + (1 − t1)x2) ≥ t1f(x1) +

(1 − t1)f(x2) and f(t2y1 + (1 − t2)y2) < t2f(y1) + (1 − t2)f(y2). The implication of the

non-convexity is that standard techniques will not hold in this particular problem. For that

reason, we will use a technique similar to that used by Dias et al. [13, 12]. 3

In order to overcome the difficulties of having a discontinuity in the flux function, we

will smooth f(ρ) by using a mollifier function ηε. We then construct the following mollified

model
∂ρε

∂t
+

∂fε(ρε)
∂x

= 0 (3.43)

where the mollified flux function is

fε(ρε) = ρε + (γ − (γ + 1)ρε)
∫ ρε

ρm−ε
ηε(s− ρm) ds. (3.44)

In choosing a mollifier ηε(s), we prefer a function that is simple and has compact support.

ρm 1
ρ

ρm

f ε
(ρ
ε)

2ε

Mollified Flux Function

Figure 3.2: Mollified flux function described by equation (3.44) when ε = 0.1.

3It has come to our attention that Lu et al. derived similar results to ours [31]. Although their results
are in agreement with ours, our methodology is for the most part different.
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Therefore, we will use the mollifier

ηε(s) =
1
ε
η

(s

ε

)
(3.45)

where

η(s) =

{
C exp( 1

s2−1
) , |s| < 1

0 , |s| ≥ 1
(3.46)

and the constant C is chosen such that∫
R

η(s) ds = 1 (3.47)

As ε → 0, we assume that ρε(x, t) → ρ(x, t) a.e. Although proving convergence of the

mollified problem would be interesting mathematically, we consider the problem outside the

scope of this thesis.

3.2.3 Convex-Hull Construction for Riemann Problem

Since the flux function fε(ρε) is smooth, the Riemann problem (3.43)− (3.47) is a standard

non-convex Riemann problem. To solve this problem, we can use the method of convex-hull

construction discussed by LeVeque ([28], Chapter 16). In order to construct the convex-hull,

we need the first and second derivatives of the flux function which are

f ′ε(ρε) = 1− (γ + 1)
∫ ρε

ρm−ε
ηε(s− ρm) ds + (γ − (γ + 1)ρε)ηε(ρε − ρm) (3.48)

and

f ′′ε (ρε) = −2(γ + 1)ηε(ρε − ρm) + (γ − (γ + 1)ρε)η′ε(ρε − ρm) (3.49)

where

η′ε(s) =


−2Cs

ε3[( s
ε )

2 − 1]2
exp

(
1

( s
ε )

2 − 1

)
, |s| < 1

0 , |s| ≥ 1
(3.50)

=
−2s

ε2[( s
ε )

2 − 1]2
ηε(s) (3.51)
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By combining (3.51) and (3.49), f ′′ε (ρε) reduces to

f ′′ε (ρε) = 2ηε(ρε − ρm)

[
−(γ + 1) +

(γ − (γ + 1)ρε)(ρm − ρε)
ε2[(ρε−ρm

ε )2 − 1]2

]
(3.52)

=
2ηε(ρε − ρm)

(γ + 1)ε2[(ρε−ρm

ε )2 − 1]2

×

(
γ

γ + 1
− ρε

)
(ρm − ρε)− ε2

[(
ρε − ρm

ε

)2

− 1

]2
 . (3.53)

Since
2ηε(ρε − ρm)

(γ + 1)ε2[(ρε−ρm

ε )2 − 1]2
≥ 0, (3.54)

the convexity of the flux function is determined by the sign of

P̄ (ρε) =
(

γ

γ + 1
− ρε

)
(ρm − ρε)− ε2

[(
ρε − ρm

ε

)2

− 1

]2

(3.55)

= − 1
ε2

(ρε − ρm)4 + 3(ρε − ρm)2 +
(

ρm −
γ

γ + 1

)
(ρε − ρm)− ε2 (3.56)

when ρε ∈ (ρm − ε, ρm + ε) and f ′′ε (ρε) = 0 when ρε /∈ (ρm − ε, ρm + ε).

Since equation (3.56) is a quartic polynomial, analytical expression are available for the

roots but are quite complicated. Instead, we take advantage of the scaling properties of

the polynomial to drastically simplify the problem. As a matter of convenience, we rewrite

(3.56) as

P (x) = − 1
ε2

x4 + 3x2 + Mx− ε2 (3.57)

where x ∈ [−ε, ε] and M = ρm− γ
γ+1 . If x = O(ελ) where λ ≥ 1, we know that the terms in

(3.57) have the scales indicated below,

P (x) = − 1
ε2

x4︸ ︷︷ ︸
O(ε4λ−2)

+ 3x2︸︷︷︸
O(ε2λ)

+ Mx︸︷︷︸
O(ελ)

− ε2︸︷︷︸
O(ε2)

. (3.58)

Since M is independent of ε, we can consider M = O(1) as ε → 0. Therefore, since we are

only concerned about roots that exist in the interval [−ε, ε], the dominant terms in P (x) are

then of O(ελ) and O(ε2). Therefore, for sufficiently small ε, the sign of P (x) is determined

by these two terms (provided P (x) ≥ O(ε2)). By dropping higher order terms, we find that

the convexity of the flux function is determined by the sign of

P̃ (x) = Mx− ε2 (3.59)
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where x ∈ [−ε, ε] and x = ρε − ρm. From (3.59), we know that P̃ (x) has a single root at

x = ε2/M .

Unfortunately, the asymptotic analysis breaks down near the root of P̃ (x) because higher

order terms in (3.58) become significant. This means that P (x) could have multiple roots

when P̃ (x) < O(ε2). In order to rectify this, we consider the next term in the asymptotic

expansion. Therefore, if x has an expansion

x ∼ β1ε
α1 + β2ε

α2 + β3ε
α3 + . . . (3.60)

where βi = O(1) and αi < αi+1 ∀ i ∈ Z+, the dominant terms in (3.58) will cancel when

β1 = 1/M and α1 = 2. Therefore, when P̃ (x) < O(ε2), the polynomial (3.57) can be written

in terms of the asymptotic expansion as

P (x) ∼ − 1
ε2

(
1
M

ε2 + β2ε
α2 + . . .

)4

+ 3
(

1
M

ε2 + β2ε
α2 + . . .

)2

+ M (β2ε
α2 + . . .) . (3.61)

By collecting the dominant terms which requires α2 = 4, this polynomial can be approxi-

mated by

P̃2(x;β2) = ε4
(

3
M2

+ Mβ2

)
, (3.62)

which is linear in β2, and therefore predicts only a single root for P (x). This scaling

argument can be refined further by repeating the process of canceling the dominant term

βiε
αi and constructing a polynomial P̃i+1(x;βi+1) for the next term. We then find that the

polynomial P̃i+1(x;βi+1) is linear in βi+1 because the dominant term involving βi+1 is the

linear term in (3.58). The leading order terms involving βi+1 in the x4 and x2 terms are

ε6+αi+1 and ε2+αi+1 , which are obviously of higher order than the linear term. Consequently,

these higher order terms can be safely dropped when constructing P̃i+1(x;βi+1). Therefore,

the asymptotics informs us that there is a single root at all orders, which is confirmed by

the plots of P (x) in Figure 3.3. Since we are only concerned about P (x) when x ∈ [−ε, ε],

we scaled x by ε, which allows us to more readily compare P (x) for different ε. From Figure

3.3 (a), the roots of P (εz) occur when z ∼ ε, and in Figure 3.3 (b), P (εz) approaches a

straight line as ε → 0. Both of these observations are in agreement with the first-order

approximation (3.59) of P (x).

Using the asymptotic approximation (3.59), the convexity of the flux function depends
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Figure 3.3: Plots of P (εz) for different ε when γ = 0.5 and ρm = 0.5 where z ∈ [−1, 1].
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on the sign of

M = ρm −
γ

γ + 1
(3.63)

=
1− ρm

γ + 1

(
ρm

1− ρm
− γ

)
. (3.64)

Because of the inequalities (3.40) and (3.41), we know that

M > 0 (3.65)

which ensures that as ε→ 0

f ′′ε (ρε) ≥ 0 when ρε ∈ [ρm, 1], (3.66)

f ′′ε (ρε) ≤ 0 when ρε ∈ [0, ρm]. (3.67)

The flux function therefore has an inflection point at ρm where the derivative f ′ε(ρm)→ −∞
(using the definition (3.48)).

The next step in constructing a solution to the Riemann problem is to build a convex

hull for the flux function, which is possible now that we understand the behavior of the flux

fε(ρε). There are three non-trivial convex hulls that we need to construct:

1. The first case that we address is when ρr < ρm < ρl. Since ρr < ρl, we need to

construct the smallest convex hull of the set {(ρ, y) : ρr < ρ < ρl and y ≤ fε(ρ)}. The

convex hull for this case is shown in Figure 3.4(a), and consists of two pieces. The

first piece follows fε(ρ) until it reaches the point ρ∗ ∈ (ρm− ε, ρm), which is chosen so

that the shock speed and characteristic speed are equal

s =
fε(ρl)− fε(ρ∗)

ρl − ρ∗
= f ′ε(ρ∗) (3.68)

The second piece is a straight line connecting ρ∗ and ρl. The next step is to construct

a shock profile (ρ vs. x/t plot) from the convex-hull. Since each wave moves at

constant velocity, the shock profile gives a scaled solution to the problem. The first

step in constructing a shock profile is to plot ρ against f ′ε(ρ). As we can see from

the characteristic equations (3.13), we know that characteristic lines coming from the

origin obey the relation f ′ε(ρ) = x/t. From the f ′ε(ρ) curve and the convex hull, we can

construct the shock profile. In general, the portion of the convex hull that follows the

flux function corresponds to a rarefaction wave and the remaining lines correspond
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to shock waves. In our case, the shock profile will have the value ρl when x/t < s

where s is the slope of the line connect ρ∗ and ρl. At x/t = s, a shock needs to be

constructed which connects ρl to ρ∗. At this point, the shock profile follows the f ′ε(ρ)

curve until it reaches ρr at x/t = 1. From x/t > 1, the shock profile takes on the value

ρr. This solution is shown in Figure 3.4(b), which consists of a compound wave with a

left moving shock and a right moving contact line4 that are connected by a rarefaction

wave. Clearly, the rarefaction wave is bounded between ρm − ε and ρm + ε, and as

ε→ 0 the rarefaction wave approaches a constant value ρm. Therefore, as ε→ 0, the

solution to (3.43)− (3.44) converges to

ρ(x, t) =


ρr , x > t

ρm , st < x < t

ρl , x < st

(3.69)

s =
f(ρl)− f−(ρm)

ρl − ρm
(3.70)

f−(ρ) = lim
a→ρ−

f(a) (3.71)

when ρr < ρm < ρl.

2. The two other non-trivial solutions to the Riemann problem occur when ρl < ρr. For

these cases, we need to construct the smallest convex-hull of the set {(ρ, y) : ρl < ρ <

ρr and y ≥ fε(ρ)}. The first case that we investigate is when

ρl < ρm < ρr and
γ

γ + 1
< ρl (3.72)

The convex hull for this case is shown in Figure 3.5(a), and consists of two pieces. The

first piece is a line connecting ρl and ρ∗ ∈ (ρm − ε, ρm), and the second piece follows

the concave up portion of the flux function in the region [ρ∗, ρr]. The value of ρ∗ is

then chosen such that

s =
fε(ρ∗)− fε(ρl)

ρ∗ − ρl
= f ′ε(ρ∗). (3.73)

From this convex hull, we construct a shock profile shown in Figure 3.5(b). As ε→ 0,

the solution to (3.43)− (3.44) converges to

ρ(x, t) =


ρr , x > −γt

ρm , st < x < −γt

ρl , x < st

(3.74)

4Contact lines are linearly degenerate waves across which the solution is discontinuous.
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Figure 3.4: The convex hull (a) and shock profile (b) for the case ρr < ρm < ρl when
ρl = 0.9, ρr = 0.2, ε = 0.1, γ = 0.5, ρm = 0.5, and fm = γ(1− ρm).
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s =
f+(ρm)− f(ρl)

ρm − ρl
(3.75)

f+(ρ) = lim
a→ρ+

f(a) (3.76)

when ρ satisfies (3.72). This solution is a compound wave which consists of a shock

and a contact line.

3. The last non-trivial solution occurs when

ρl < ρm < ρr and
γ

γ + 1
≥ ρl (3.77)

For this case, we again need to construct a convex hull above the flux function. As

opposed to the previous cases, we obtain only a single shock line that connects ρr and

ρl instead of a compound wave. The convex hull for this case is shown in Figure 3.6(a)

and the shock profile in Figure 3.6(b). From this, it is easy to see that as ε → 0, the

solution to (3.43)− (3.44) converges to

ρ(x, t) =

{
ρr , x > st

ρl , x < st
(3.78)

s =
f(ρr)− f(ρl)

ρr − ρl
(3.79)

when ρ satisfies (3.77).

So far, we have only addressed the non-trivial solutions to the Riemann problem. How-

ever, there are two trivial solutions to (3.38)− (3.39). If both ρl and ρr are on the same side

of the discontinuity, then the solution simply moves with the characteristic velocity. When

ρl < ρm and ρr < ρm, we obtain the solutions

ρ(x, t) =

{
ρr , x > t

ρl , x < t
(3.80)

and likewise, when ρm < ρl and ρm < ρr, we obtain

ρ(x, t) =

{
ρr , x > −γt

ρl , x < −γt
(3.81)



CHAPTER 3. KINEMATIC WAVE TRAFFIC MODEL 40

0 ρl ρm ρ∗ ρr 1
ρ

ρm

fm

f ε
(ρ

)

2ε Contact

RarefactionShock

Flux Function

(a)

s −γ 0 1
x
t = f ′ε(ρ)

0

ρl

ρ∗
ρm

ρr
1

ρ 2εShock

Rarefaction

Contact

Shock Profile

(b)

Figure 3.5: The convex hull (a) and shock profile (b) for the case (3.72) when ρl = 0.4,
ρr = 0.9, ε = 0.1, γ = 0.5, ρm = 0.5, and fm = γ(1− ρm).
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Figure 3.6: The convex hull (a) and shock profile (b) for the case (3.77) when ρl = 0.2,
ρr = 0.9, ε = 0.1, γ = 0.5, ρm = 0.5, and fm = γ(1− ρm).
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3.3 Triple-Valued Riemann Problem

In the previous section, we solved the Riemann problem for every case except when either

of ρl or ρr is equal to ρm. In order to handle this case, we will consider a modified set of

piecewise initial data. In this section, we derive an analytical solution to the conservation

law (3.7) with initial conditions

ρ(x, 0) =


Cl , x < −x0

Cm , − x0 ≤ x ≤ x0

Cr , x > x0

(3.82)

on the domain Ω = R where Cl 6= Cm, Cr 6= Cm, Cm = ρm, and x0 > 0. Henceforth, this

problem will be referred to as the triple-valued Riemann problem. Because of the restrictions

on Cl, Cm, and Cr, there are four cases to consider (shown in Figure 3.7).
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Figure 3.7: The initial conditions for the four cases in the triple-valued Riemann problem.

The first two cases that we investigate occur when Cr < Cm. In order to gain insight

into this problem, we are going to first consider the Riemann problem with a mollified flux

obeying (3.42)−(3.47) where ρl = ρm and ρr < ρm. By constructing the appropriate convex

hull, we construct the solution profile shown in Figure 3.8. There is a small rarefaction wave

in the solution profile in the interval [f ′ε(ρm), 1]. The left corner of the rarefaction wave
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moves at a speed f ′ε(ρm) while the right corner moves at speed 1. If we extend this problem

to the discontinuous flux case, we know that f ′ε(ρm) → −∞ as ε → 0. This leads to a

rarefaction wave that propagates at infinite speed, but with vanishing strength. Therefore,

for any bounded domain, we can conclude that ρ(x, t) < ρm for t > 0. This information is

very useful when we consider the triple-valued Riemann problem for the discontinuous flux

model where Cr < Cm. Since the discontinuity at x0 produces an infinitesimal rarefaction

wave with infinite speed, this causes the Cm plateau to drop slightly below ρm for all t > 0.

Therefore, when we attempt to construct the shock profile at each discontinuity, we assume

that f(CM ) resides on the free-flow branch at f−(ρm) (defined by (3.71)). Since we already

know from Figure 3.8 that the discontinuity at x0 produces a contact line with speed 1, we

only need to determine which waves are produced at the discontinuity at −x0. In Figure

3.9, we construct the convex hull for the cases Cl > Cm and Cl < Cm for which the solution

to the triple-valued Riemann problem for the cases when Cr < Cm is

ρ(x, t) =


Cl , st− x0 > x

Cm , st− x0 ≤ x ≤ t + x0

Cr , t + x0 < x

(3.83)

where

s =


f−(Cm)− f(Cl)

Cm − Cl
, Cl > Cm

1 , Cl < Cm

(3.84)
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Figure 3.8: The convex hull (a) and shock profile (b) for the Riemann problem with a
mollified flux (3.42) − (3.47) when ρl = ρm and ρr < ρm. In these plots, we assumed that
ρl = ρm, ρr = 0.2, ε = 0.1, γ = 0.5, ρm = 0.5, and fm = γ(1− ρm).
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Figure 3.9: The convex hull for the wave produced at the discontinuity −x0 when Cl > Cm

(left) and Cl < Cm (right).

For the next two cases when Cr > Cm, we can solve the triple-valued Riemann problem

in a similar manner. In order to gain insight into these cases, we will investigate the

Riemann problem with a mollified flux (3.42) − (3.47) where ρl = ρm and ρr > ρm. In

Figure 3.10, we construct the convex hull and corresponding shock profile where we notice

a small rarefaction wave similar to that seen in Figure 3.8. As ε → 0, the left corner of

the rarefaction wave moves at a speed f ′ε(ρm) 5 while the right corner moves at speed −γ.

Since f ′ε(ρm) → −∞ as ε → 0, this results in a rarefaction wave having an infinite speed

of propagation and a solution in which ρ(x, t) > ρm for t > 0 for any bounded domain.

When extending this information to the triple-valued Riemann problem (Cr > Cm), the

discontinuity at x0 produces an infinitesimal rarefaction wave with infinite speed. This

causes the Cm plateau to increase slightly above ρm for all t > 0 which causes f(Cm) to

reside on the congested-flow branch at f+(ρm) (defined by (3.76)). Since we already know

from Figure 3.10 that the discontinuity at x0 produces a contact line with speed −γ, we

only need to determine which waves are produced at the discontinuity −x0. In Figure 3.11,

we construct the convex hull for the cases when Cl > Cm and Cl < Cm. Therefore, the

5ρm is an inflection point of fε(ρ) only when ε → 0. Therefore, there can exist a small shock (shown in
the shock profile in Figure 3.10) between ρm − ε and ρm + ε. However, as ε → 0, the shock will disappear
and the conclusion will be the same.
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solution to the triple-valued Riemann problem for the cases when Cr > Cm is

ρ(x, t) =


Cl , st− x0 > x

Cm , st− x0 ≤ x ≤ −γt + x0

Cr , − γt + x0 < x

(3.85)

where

s =

 −γ , Cl > Cm

f+(Cm)− f(Cl)
Cm − Cl

, Cl < Cm

(3.86)



CHAPTER 3. KINEMATIC WAVE TRAFFIC MODEL 47

0 ρr
ρ
m
−
ε

ρ
m

ρ
m

+
ε 1

ρm

fm

f ε
(ρ

)
Flux Function

(a)

f ′ε(ρm) −γ 0 1

x/t = f ′ε(ρ)

0

ρr

ρm − ε
ρm

ρm + ε

1
Shock Profile

(b)

Figure 3.10: The convex hull (a) and shock profile (b) for the Riemann problem with a
mollified flux (3.42) − (3.47) when ρl = ρm and ρr > ρm. In these plots, we assumed that
ρl = ρm, ρr = 0.9, ε = 0.1, γ = 0.5, ρm = 0.5, and fm = γ(1− ρm).
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Figure 3.11: The convex hull for the wave produced at the discontinuity −x0 when Cl > Cr

(left) and Cl < Cm (right).

3.4 Anisotropic Properties of the Discontinuous KW Model

When solving conservation laws (3.7), one has to look at the weak formulation (3.4), which

does not in general give a unique solution and requires an entropy condition to select the

correct solution. When solving the Riemann problems in the previous section, we used the

Oleinik entropy condition (3.14). As mentioned previously, the Oleinik entropy solutions is

equivalent to the solution of

ρ(x, t; ε)t + f(ρ(x, t; ε))x = ερ(x, t; ε)xx (3.87)

as ε→ 0. By adding a small amount of viscosity to the PDE, the solution becomes unique.

The viscosity solution is ideal for applications in fluid or gas dynamics since it is reasonable

to assume that any real fluid contains some viscosity.

Traffic flow is not a fluid and so it is not obvious that the viscosity solution is the

appropriate weak solution. Because of these concerns, some researchers have attempted to

construct different entropy conditions for traffic flow based on microscopic traffic models.

For example, LeVeque [27] attempted to construct an appropriate entropy condition for

night-time driving. Another approach used by researchers is to default to the viscosity

solution provided it doesn’t violate any intrinsic properties of traffic flow, which permits

one to utilize the existing theory and numerical schemes for conservation laws. However one

then has to ask what the minimum criteria should be to obtain physically realistic traffic

models? Although this question is open to debate, it is fairly-well established that traffic

flow should at the very least be anisotropic. Traffic flow is considered to be anisotropic
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when drivers mainly react to vehicles in front of them instead of behind. This property is

a significant behavioral difference between fluids and traffic flow. For example, in the case

of a fluid, a fluid particle is stimulated to move faster if a fast moving particle approaches

from behind, or if open space becomes available in front. However, a vehicle is unlikely to

speed up significantly if a fast moving vehicle approaches from behind; instead, it speeds

up if the headway time increases. This property has been included in many microscopic,

cellular automata, and mesoscopic models [2, 36]. However, models that are based on fluid

dynamic principles often violate this anisotropic behavior of traffic. This has especially been

the case for higher-order macroscopic models such as the Payne-Whitham models [10]. For

this reason, a great deal of care must be taken when dealing with fluid-based models of

traffic.

In his study of a conservation laws (3.7), Zhang [44] suggests two criteria for the flux

function to enforce that the flow be anisotropic. These inequalities can be constructed by

enforcing that information never propagates faster than the vehicles carrying the informa-

tion, and consequently, a driver’s behavior is determined only by vehicles in front. Since

information propagates along characteristic lines, one condition that must be enforced is

that the characteristic velocity cannot be larger than the vehicle’s speed. Therefore, we

require that

G(ρ) ≥ 0, ∀ 0 ≤ ρ ≤ 1 (3.88)

G(ρ) =
f(ρ)

ρ
− f ′(ρ) (3.89)

where f ′(ρ) is the characteristic velocity and f(ρ)/ρ is the vehicular velocity. Since solutions

to conservation laws can also exhibit shock waves, one needs to ensure that these waves

don’t travel faster than the vehicles carrying them. Therefore, an additional requirement

for anisotropic flow is

H(ρl, ρr) ≥ 0, ∀ 0 ≤ ρl < ρr ≤ 1 (3.90)

H(ρl, ρr) = min
(

f(ρl)
ρl

,
f(ρr)

ρr

)
− s(ρl, ρr) (3.91)

where

s(ρl, ρr) =
f(ρr)− f(ρl)

ρr − ρl
(3.92)

is the shock speed, f(ρl)/ρl is the velocity to the left of the shock, and f(ρr)/ρr is the

velocity to the right of the shock.
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Since Zhang [44] already showed that the LWR model satisfies his two requirements for

anisotropic flow, we only need to show that the discontinuous flux (3.39) satisfies Zhang’s

conditions. The first condition (3.88) can be shown to hold by constructing G(ρ) from the

definition (3.89) using the discontinuous flux. Since,

G(ρ) =

{
0 , ρ < ρm

γ
ρ , ρm < ρ < 1

(3.93)

we can infer that Zhang’s first condition is satisfied because ρ ≥ 0 and γ > 0.

In order to prove Zhang’s second condition (3.90), we break the problem into three cases.

For the first case, we restrict the shock to the left of ρm such that 0 ≤ ρl ≤ ρr ≤ ρm, where

H(ρl, ρr) = min
(

f(ρl)
ρl

,
f(ρr)

ρr

)
− f(ρr)− f(ρl)

ρr − ρl
(3.94)

= min
(

ρl

ρl
,

ρr

ρr

)
− ρr − ρl

ρr − ρl
= 0 (3.95)

which satisfies (3.90). For the second case, we restrict the shock to the right of ρm such that

ρm < ρl ≤ ρr ≤ 1, where

H(ρl, ρr) = min
(

γ(1− ρl)
ρl

,
γ(1− ρr)

ρr

)
− γ(1− ρr)− γ(1− ρl)

ρr − ρl
(3.96)

= γ

[
min

(
1− ρl

ρl
,

1− ρr

ρr

)
+ 1

]
. (3.97)

Since 0 < ρl ≤ ρr ≤ 1 and γ > 0, we know that the inequality (3.90) is satisfied. Lastly, we

will consider a shock that straddles ρm such that 0 ≤ ρl ≤ ρm < ρr ≤ 1. In order to show

that the inequality (3.90) is satisfied, we first must simplify H(ρl, ρr). Since

f(ρr)
ρr

= γ
1− ρr

ρr
(3.98)

<
ρm

ρr

1− ρr

1− ρm
from (3.40) (3.99)

≤ 1 (3.100)

=
f(ρl)

ρl
(3.101)

we know that

H(ρl, ρr) =
f(ρr)

ρr
− s(ρl, ρr). (3.102)
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Therefore, we can rearrange H(ρl, ρr) to

H(ρl, ρr) =
f(ρr)

ρr
− f(ρr)− f(ρl)

ρr − ρl
(3.103)

=
γ(1− ρr)

ρr
− γ(1− ρr)− ρl

ρr − ρl
(3.104)

= γ(1− ρr)
[

1
ρr
− 1

ρr − ρl
+

ρl

γ(1− ρr)(ρr − ρl)

]
(3.105)

= γ(1− ρr)
[
− ρl

ρr(ρr − ρl)
+

ρl

γ(1− ρr)(ρr − ρl)

]
(3.106)

=
γ(1− ρr)ρl

ρr − ρl

[
− 1

ρr
+

1
γ(1− ρr)

]
. (3.107)

Since the first terms are positive, we know from using (3.40) that

H(ρl, ρr) =
γ(1− ρr)ρl

ρr − ρl

[
− 1

ρr
+

1
γ(1− ρr)

]
(3.108)

>
γ(1− ρr)ρl

ρr − ρl

[
− 1

ρr
+

1− ρm

ρm(1− ρr)

]
(3.109)

=
γ(1− ρr)ρl

ρm(ρr − ρl)

[
1− ρm

1− ρr
− ρm

ρr

]
. (3.110)

Since
ρm

ρr
< 1 and 1 <

1− ρm

1− ρr
, (3.111)

we know that the terms in (3.110) are positive and therefore the inequality (3.90) is satisfied.

By combining the results from the three cases, we know that Zhang’s second condition is

satisfied for all ρl and ρr.

From our analysis, we can then conclude that the discontinuous flux model satisfies

Zhang’s conditions for anisotropic flow. Although there may be other reasons to reject

the Oleinik entropy condition, it would seem that the Oleinik’s entropy solution provides a

reasonable solution to the discontinuous flux traffic model.



Chapter 4

Finite Volume Methods

In the previous chapter, we obtained exact solutions to the Riemann problem for different

kinematic wave models. In this chapter, we construct a finite volume method that is able

to solve a wider class of problems numerically with more general boundary and initial

conditions. The method is a “Godunov scheme” that utilizes the exact Riemann solution

when building solutions to more complicated problems.

Before we discuss Godunov schemes, we begin by introducing some notation. Since we

are concerned only with scalar conservation laws in one spatial dimension, we will limit our

discussion to this case. We consider the problem

ρt + f(ρ)x = 0, x ∈ Ω, t ≥ 0 (4.1)

ρ(x, 0) = ρ0(x) (4.2)

on the domain Ω ⊆ R. If the boundary of the domain ∂Ω is divided appropriately into an

inflow Γi(t) and outflow Γo(t) boundary at time t such that ∂Ω = Γi ∪ Γo and

f ′ (ρ(x, t)) > 0, ∀ x ∈ Γi(t), (4.3)

our problem will have the generic boundary condition

ρ(x, t) = g(x, t), ∀ x ∈ Γi(t). (4.4)

We discretize the spatial domain Ω into J uniform cells having width ∆x. If Ω = [L1, L2]

where L1, L2 ∈ R, the jth cell occupies the interval

Cj = [xj−1/2, xj+1/2] (4.5)

52
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where xj is the cell center

xj =
(

j − 1
2

)
∆x + L1, j = 1, 2, . . . , J (4.6)

∆x =
L2 − L1

J
(4.7)

and

xj+1/2 = xj + ∆x/2 (4.8)

Next, we discretize time using a time step ∆t such that

tn = n∆t, n = 0, 1, 2, 3, . . . . (4.9)

although in general, the time step ∆t could vary with n. The pointwise value of the exact

solution to (4.1) will be denoted as

ρn
j = ρ(xj , tn) (4.10)

and the approximation to the exact cell average

ρ̄n
j =

1
∆x

∫
Cj

ρ(x, tn) dx (4.11)

will be denoted as Qn
j .

In order to construct our finite volume scheme, we write the weak formulation of the

problem (4.1) over a single cell∫
Cj

ρ(x, tn+1)− ρ(x, tn) dx =
∫ tn+1

tn

f(ρ(xj−1/2, t))− f(ρ(xj+1/2, t)) dt (4.12)

By approximating these integrals using the discrete cell average Qn
j , we can rewrite (4.12)

as

Qn+1
j = Qn

j −
∆t

∆x

(
Fn

j+1/2 − Fn
j−1/2

)
(4.13)

where Fn
j+1/2 is an approximation to the average flux along x = xj+1/2

Fn
j+1/2 ≈

1
∆t

∫ tn+1

tn

f(ρ(xj+1/2, t)) dt (4.14)
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4.1 First-Order Godunov Scheme

The average flux Fn
j+1/2 in (4.13) can be approximated in various different ways. For the

sake of brevity1, we will consider only Godunov-type schemes which use the solution to local

Riemann problems to estimate the average flux. In this section, we consider the first-order

Godunov scheme which we will later expand to a higher-order scheme.

The numerical scheme (4.13) provides a method of updating the average solution value

Qn
j for a cell, provided one can estimate the average flux on the boundaries of the cell.

The first-order Godunov scheme estimates these fluxes by first assuming that the solution

is constant in each cell. By constructing a piecewise constant function

ρ̃(x, tn) = Qn
j if x ∈ Cj , (4.15)

we can evolve the conservation law exactly using our Riemann solutions to obtain ρ̃(x, tn+1)

at the next time step. Each cell interface can then be treated as a local Riemann problem

where ρl = Qn
j and ρr = Qn

j+1. If one takes a small enough time step, the Riemann

problems will not interact with each other and ρ̃(x, tn+1) can obtained exactly. Once we

obtain ρ̃(x, tn+1), we can calculate the average flux

Fn
j+1/2 =

1
∆t

∫ tn+1

tn

f(ρ̃(xj+1/2, t)) dt (4.16)

and update Qn
j using (4.13). Since ρ̃(xj+1/2, t) is constant over the time-interval [tn, tn+1],

the average flux reduces to

Fn
j+1/2 = f(ρ̃(xj+1/2, tn+1)) (4.17)

= f(Q↓
j+1/2) (4.18)

where Q↓
j+1/2 = ρ̃(xj+1/2, tn+1). Although the above information is sufficient to implement

this scheme, it is advantageous to rewrite the model in wave-propagation form, which is a

notation used by LeVeque [28] and implemented in the software package CLAWPACK [29].

By splitting the average fluxes into left and right propagating waves

A−∆Qj+1/2 = Fn
j+1/2 − f(Qn

j ) (4.19)

A+∆Qj+1/2 = f(Qn
j+1)− Fn

j+1/2, (4.20)

1LeVeque’s books [26, 28] provide a concise overview of finite volume methods.
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we can rewrite (4.13) as

Qn+1
j = Qn

j −
∆t

∆x

(
A+∆Qj−1/2 + A−∆Qj+1/2

)
(4.21)

The symbol A+∆Qj+1/2 should be interpreted as a single quantity that represents the net

effect of all right moving waves across the cell boundary at xj+1/2. Similarly, the symbol

A−∆Qj+1/2 represents the net effect of all left moving waves across the cell boundary at

xj+1/2. If the Riemann problem consists of M elementary waves, we can then rewrite

A+∆Qj+1/2 and A−∆Qj+1/2 as

A−∆Qj+1/2 =
M∑

p=1

(
sp
j+1/2

)−
Wp

j+1/2 (4.22)

A+∆Qj+1/2 =
M∑

p=1

(
sp
j+1/2

)+
Wp

j+1/2 (4.23)

s− = min(s, 0), s+ = max(s, 0) (4.24)

where sp
j+1/2 is the speed of the pth wave and Wp

j+1/2 is the strength of the wave which

satisfies
M∑

p=1

Wp
j+1/2 = Qn

j+1 −Qn
j (4.25)

Notice that there are some time stepping restrictions for this method. If a wave propagates

too fast, it is possible for it to cross multiple cells in a single time step. Since our explicit

scheme goes unstable if this occurs, we enforce a CFL-like time restriction

∆x

∆t
≤ |sp

j+1/2| (4.26)

for all p and j. The time restriction will vary at different time steps as ~Qn changes values.

Because of this, the numerical scheme that we implemented will adopt an adaptive time

stepping where ∆t is chosen at the nth time step to be

∆t = CFL · ∆x

max
p,j
|sp

j+1/2|
(4.27)

where 0 < CFL ≤ 1 and sp
j+1/2 are the computed wave speeds at the nth time step. Note

that the computed waves can still interact with each other using this time stepping scheme.

However, these interactions will not influence the cell average Qn
j because they are localized

to a single cell.
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4.1.1 Simulations for LWR Model

In the previous chapter, we solved the Riemann problem for the LWR model which has the

flux

f(ρ) = (1− ρ) ρ (4.28)

The solution to this problem consists of a single shock or rarefaction wave. When ρl < ρr,

the Riemann problem produces a shock that moves at a speed

s = 1− ρl − ρr (4.29)

with a shock strength of

W = ρr − ρl (4.30)

When ρl > ρr, the Riemann problem produces a rarefaction wave. Using these results,

we can use the first-order Godunov scheme to solve the more generalized problem (4.1) by

constructing the wave speed sp
j+1/2 and wave strengthWp

j+1/2 for different values of Qn
j and

Qn
j+1. For the shock case Qn

j < Qn
j+1, the wave speed and strength are obviously given by

(4.29) and (4.30). However, how the wave speed and strength should be generalized for the

rarefaction case is not immediately obvious. A rarefaction wave does not travel at a fixed

speed; instead, the speed varies between f ′(ρl) ≤ s ≤ f ′(ρr). This issue can be addressed

by linearizing the local Riemann problem

ρt + âρx = 0 (4.31)

â =
f(Qn

j+1)− f(Qn
j )

Qn
j+1 −Qn

j

. (4.32)

This approximate Riemann solver replaces all the rarefaction waves with shocks that have

the wave speed â (Rankine-Hugoniot jump) and wave strength W = ρr − ρl. The only time

this approximation breaks down is for the transonic case when

f ′(Qn
j ) < 0 < f ′(Qn

j+1) (4.33)

This occurs whenever a point xj+1/2 is inside a rarefaction wave. We can resolve this issue

by setting

A−∆Qj+1/2 = f(ρs)− f(Qn
j ) (4.34)

A+∆Qj+1/2 = f(Qn
j+1)− f(ρs) (4.35)
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where ρs is the stagnation point of the transonic rarefaction wave. Note that this definition

follows from (4.18), (4.19), and (4.20) where Q↓
j+1/2 = ρs. The stagnation point can be

obtained by finding the ρs that satisfies f ′(ρs) = 0 which is ρs = 1/2 for the LWR model.

The correction in (4.34)-(4.35) is often referred to as an entropy fix. Therefore, we can

define the wave speed and strength according to Table 4.1.

Case s1
j+1/2 W1

j+1/2 A+∆Qj+1/2 A−∆Qj+1/2

Transonic Case 1−Qn
j −Qn

j+1 Qn
j+1 −Qn

j − 1
4 + (1−Qn

j )Qn
j

1
4 − (1−Qn

j+1)Q
n
j+1

Other Cases 1−Qn
j −Qn

j+1 Qn
j+1 −Qn

j (s1
j+1/2)

+W1
j+1/2 (s1

j+1/2)
−W1

j+1/2

Table 4.1: The wave speed sp
j+1/2, wave strength Wp

j+1/2, and flux difference A±∆Qj+1/2

for the LWR model.

We will begin by looking at the Riemann problem defined by the conservation law (4.1)

using the flux (4.28) and initial condition

ρ(x, 0) =

{
ρl , x < 0

ρr , x > 0
(4.36)

Ideally, we would like to solve this problem on an infinite domain. However, numerically

this is not viable. Instead, we solve the problem on the bounded domain Ω = [−1, 1]. To

determine boundary conditions, we use ghost cells such that

Qn
0 = ρl (4.37)

Qn
J+1 = ρr (4.38)

which will be valid until a wave propagates through the boundary ∂Ω. In Figure 4.1 and

4.2, we depict several examples for different initial data. In these examples, we used a

coarse grid so that the difference between the exact and numerical solutions is noticeable,

although we obtain reasonable results despite the coarse grid. The only anomaly that

arises is the small “kink” that occurs in the transonic simulation, which is unavoidable with

the Godunov scheme. Additionally, if the grid is refined, we observe that the numerical

solutions converge to the exact solutions at a rate of roughly O(∆x0.6) in the L1 norm. A

more detailed convergence study will be discussed later in the chapter where we compare

this first-order method to higher-order methods.
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Figure 4.1: Exact and numerical results for the Riemann problem for the three rarefaction
cases in the LWR model at t = 0.5. The numerical scheme used was a first-order Godunov
scheme (4.21) where ∆x = 0.05, CFL= 0.9, and A±∆Qj+1/2 were obtained from Table 4.1.
(a) Transonic rarefaction, ρl = 0.6 and ρr = 0.2. (b) Backwards propagating rarefaction,
ρl = 0.9 and ρr = 0.7. (c) Forward propagating rarefaction, ρl = 0.4 and ρr = 0.2.
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Figure 4.2: Exact and numerical results for the Riemann problem for the two shock cases in
the LWR model at t = 0.5. The numerical scheme used was a first-order Godunov scheme
(4.21) where ∆x = 0.05, CFL= 0.9, and A±∆Qj+1/2 were obtained from Table 4.1. (a)
Forward shock, ρl = 0.1 and ρr = 0.5. (b) Backwards shock, ρl = 0.5 and ρr = 0.8.
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4.1.2 Simulations for Discontinuous KW Model

The second kinematic wave model that we will simulate is the discontinuous flux model,

consisting of the conservation law (4.1) with the flux

f(ρ) =

{
ρ , 0 ≤ ρ < ρm

γ(1− ρ) , ρm < ρ ≤ 1
(4.39)

where

γ <
ρm

1− ρm
, 0 < ρ < 1. (4.40)

Using the Riemann solutions from the previous chapter, it is straightforward to implement

a first-order Godunov scheme. Since there are no rarefaction waves in any of the Riemann

solutions as ε→ 0, there is no difficulty in determining the strength and speed of each wave.

However, unlike the LWR model, we can have compound waves2 because the flux function

is non-convex. Taking the Riemann solutions in the previous chapter, the waves’ speed and

strength are summarized in Tables 4.2 and 4.3. In order to simplify the table entries, we

denote the two pieces of the flux function by:

fl(ρ) = ρ (4.41)

fr(ρ) = γ(1− ρ) (4.42)

Although most of the cases in Table 4.2 and 4.3 are straightforward, the cases using the

triple-valued Riemann solution warrant further discussion. Since the whole idea behind the

Godunov method is finding an exact solution for the piecewise constant initial data ρ̃(x, tn),

it is reasonable to use the results from the triple-valued Riemann solution for the case when

Qn
j+1 = ρm and Qn

j 6= ρm. Therefore, if one wants to obtain the waves produced between

Qn
j and Qn

j+1 = ρm, one needs to look ahead to the first Qn
I that does not equal ρm. This

can be stated more precisely by defining I as

I = min
k∈Z
{ k | Qn

k = ρm and k > j + 1} . (4.43)

2A compound wave is a wave consisting of multiple shocks and rarefaction waves. See the shock profile
in Figure 3.5 for an example of a compound wave.
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Note that this look-ahead algorithm is the side effect of having weak rarefaction waves

traveling at infinite speeds. Therefore, when Qn
j+1 = ρm, the wave speed is defined as

s1
j+1/2 =



1 , Qn
I < ρm and Qn

j < ρm

−γ , Qn
I > ρm and Qn

j > ρm

f+(ρm)− f(Qn
j )

ρm −Qn
j

, Qn
I > ρm and Qn

j < ρm

f−(ρm)− f(Qn
j )

ρm −Qn
j

, Qn
I < ρm and Qn

j > ρm

(4.44)

which is visualized in Figure 4.3. This wave speed corresponds to the left most shock in the
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Figure 4.3: The four different cases which result in different shock speeds in (4.44).

triple-valued Riemann problem shown in equations (3.84) and (3.86). The local Riemann

solver also requires the solution to the triple-valued Riemann problem when Qn
j = ρm and

Qn
j+1 6= ρm. By looking at the wave speed of the right most wave in the triple-valued

Riemann problem, we know that

s1
j+1/2 =

{
1 , Qn

j+1 < ρm

−γ , Qn
j+1 > ρm

(4.45)

Notice that the wave speed depends only on the points Qn
j and Qn

j+1, and so we do not need

to “look ahead” or “behind” when solving the local Riemann problem (nothing analogous
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to Qn
I in (4.44)). Finally, using Tables 4.2 and 4.3, we can construct a Godunov scheme

using equations (4.21), (4.22), and (4.23).

Case s1
j+1/2 W1

j+1/2

Qn
j = Qn

j+1 = ρm 0 0

Qn
j+1 = ρm and Qn

j 6= Qn
j+1 (4.44) Qn

j+1 −Qn
j

Qn
j = ρm and Qn

j 6= Qn
j+1 (4.45) Qn

j+1 −Qn
j

ρm < Qn
j and ρm < Qn

j+1 −γ Qn
j+1 −Qn

j

ρm > Qn
j and ρm > Qn

j+1 1 Qn
j+1 −Qn

j

Qn
j+1 < ρm < Qn

j (fr(Qn
j )− fl(ρm))/(Qn

j − ρm) ρm −Qn
j

Qn
j < ρm < Qn

j+1 and γ/(γ + 1) ≥ Qn
j (fr(Qn

j+1)− fl(Qn
j ))/(Qn

j+1 −Qn
j ) Qn

j+1 −Qn
j

Qn
j < ρm < Qn

j+1 and γ/(γ + 1) < Qn
j −γ Qn

j+1 − ρm

Table 4.2: The wave speed s1
j+1/2 and strength W1

j+1/2 for the discontinuous flux model.

Case s2
j+1/2 W2

j+1/2

Qn
j = Qn

j+1 = ρm 0 0

Qn
j+1 = ρm and Qn

j 6= Qn
j+1 0 0

Qn
j = ρm and Qn

j 6= Qn
j+1 0 0

ρm < Qn
j and ρm < Qn

j+1 0 0

ρm > Qn
j and ρm > Qn

j+1 0 0

Qn
j+1 < ρm < Qn

j 1 Qn
j+1 − ρm

Qn
j < ρm < Qn

j+1 and γ/(γ + 1) ≥ Qn
j 0 0

Qn
j < ρm < Qn

j+1 and γ/(γ + 1) < Qn
j (fr(ρm)− fl(Qn

j ))/(ρm −Qn
j ) ρm −Qn

j

Table 4.3: The wave speed s2
j+1/2 and strength W2

j+1/2 for the discontinuous flux model.
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In order to test our method, we will solve the Riemann problem defined by the conser-

vation law (4.1) using the flux (4.39) and initial conditions

ρ(x, 0) =

{
ρl , x < 0

ρr , x > 0
(4.46)

We restrict the domain to Ω = [−1, 1] and use ghost cells that satisfy (4.37) and (4.38).

Several different numerical solutions to the Riemann problem are shown in Figure 4.4. From

this figure, we observe that the first-order Godunov method significantly smears the contact

line. Although the contact line travels at the correct speed, ideally we would want to

construct a method that resolves contact lines more sharply. However, despite this issue,

the numerical solutions still converge to the exact solutions at a rate of roughly O(∆x0.6)

in the L1 norm.

We next address the issues that arise when attempting to write code that implements

this model. In Tables 4.2 and 4.3, we defined several cases which require Qn
j = ρm or

Qn
j+1 = ρm. Since the model will be using floating-point arithmetic, it seems unlikely that

these conditions will be satisfied exactly. In some cases, strongly enforcing these conditions

will result in a method that converges to the correct solution. For example in Figure 4.5, we

solve the Riemann problem with ρl = 0.25 and ρr = 0.9. As we can see from the figure, the

numerical solution successfully approximates the exact solution. However, for only slightly

different data (ρl = 0.2 and ρr = 0.9), we find that the simulation fails to compute solutions

past the time t = 0.324880. Because the value Qn
j approached ρm in one cell, the wave speed

produced at the cell’s boundary becomes extremely large. Since the time step depends on

the largest wave speed (4.27), we are forced to take an extremely small time step. When

using floating-point arithmetic in the numerical scheme (4.21), we notice that

fl
(
Qn

j+1

)
= fl

(
Qn

j −
∆t

∆x

(
A+∆Qj−1/2 + A−∆Qj+1/2

))
= fl

(
Qn

j

)
(4.47)

when using a sufficiently small ∆t. In our failed simulation, we ran into this situation when

our time step ∆t fell to 9.99200722163e-18. After this critical time step, the simulation’s

computed values for Qn
j and tn did not change values for any future time step. Therefore,

we conclude that the first-order Godunov scheme as presented above is not computationally

viable for this problem. Fortunately, if extra care is taken, one can resolve this issue by not

strictly enforcing that Qn
j = ρm or Qn

j+1 = ρm. Instead, we will consider Qn
j = ρm if Qn

j

is sufficiently close to ρm, replacing all the logical statements Qn
j = ρm and Qn

j+1 = ρm in
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Figure 4.4: Exact and numerical results for the Riemann problem for the three non-trivial
cases in the the discontinuous flux model at t = 0.5. The numerical scheme used was a
first-order Godunov scheme (4.21) where ρm = 0.5, γ = 0.5, ∆x = 0.05, CFL= 0.9, and
A±∆Qj+1/2 were obtained from Table 4.2 and 4.3.
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Table 4.2 and 4.3 with

|Qn
j − ρm| ≤ δ (4.48)

and

|Qn
j+1 − ρm| ≤ δ. (4.49)

By loosening the requirements in this way, we create an upper bound on the maximum wave

speed, and by selecting a sufficiently large δ, we avoid computational problems caused by

the floating-point error in (4.47). Unless stated otherwise, we will set δ = 0.001. In addition

to stabilizing the method, this approach reduces the computation time of the simulation by

allowing larger time steps.
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Figure 4.5: Exact and numerical solution, at t = 0.5, for a Riemann problem using the
discontinuous flux model when enforcing the conditions in Tables 4.2 and 4.3 exactly. The
numerical scheme used was a first-order Godunov scheme (4.21) where ρm = 0.5, γ = 0.5,
∆x = 0.05, and CFL= 0.9.
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4.2 High Resolution Finite Volume Method

So far in this chapter, we have introduced a first-order scheme to solve a 1D scalar conser-

vation law. Our simulations show that the method has a low order of convergence and is

diffusive. This was immediately obvious when resolving contact lines which were drastically

smeared using this method, something that is commonly observed for this class of methods.

Accuracy can be improved by constructing high resolution methods that increase the order

of the method by adding a correction term to the numerical flux. Therefore, we can rewrite

(4.21) as

Qn+1
j = Qn

j −
∆t

∆x

(
A+∆Qj−1/2 + A−∆Qj+1/2

)
− ∆t

∆x

(
F̃j+1/2 − F̃j−1/2

)
(4.50)

where F̃j+1/2 is a correction term. Ideally, one would want to choose a correction term

so that the method becomes second-order. However, second-order methods tend to be

dispersive, resulting in large oscillations near discontinuities in the solution. Therefore,

a more sophisticated approach needs to be taken when constructing higher-order methods.

Ideally, one would want the higher-order scheme to be a TVD (Total Variation Diminishing)

method. A scheme is considered to be TVD if

TV( ~Qn+1) ≤ TV( ~Qn) (4.51)

at every time step where

TV( ~Qn) =
J∑

j=2

|Qn
j −Qn

j−1| (4.52)

Essentially, a TVD method ensures that a numerical solution will not become more oscil-

latory in each consecutive time step. Since every weak solution to a conservation law is

TVD (if one extends the concept to functions), a TVD method is ideal when constructing

a numerical scheme for conservation laws. Because the first-order Godunov scheme is built

out of exact solutions to the Riemann problem, this scheme is a TVD method. Addition-

ally, since second-order schemes are known to produce oscillations near discontinuities in

the solution, we can infer that a linear second-order scheme cannot be TVD.

If one wants to increase the order of the method, a reasonable approach would be to

use a hybrid between a first-order and second-order scheme. In regions where the solution

is smooth, we should use a second-order scheme. Otherwise, in regions near discontinuities,

we should use a first-order TVD scheme. Using this approach, we define the numerical flux
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found in (4.13) as

Fn
j+1/2 = FL(Qn

j , Qn
j+1) + Φn

j+1/2

[
FH(Qn

j , Qn
j+1)− FL(Qn

j , Qn
j+1)

]
(4.53)

which is a non-linear combination of the numerical flux found in the low-order method FL

and high-order method FH . The limiter function Φn
j+1/2 acts as a switch between the two

schemes and will depend on the smoothness of the numerical solution. If one uses a Lax-

Wendroff discretization for FH and a first-order Godunov scheme for FL, the high-resolution

method can be written in the wave-propagation form (4.50) where

F̃j+1/2 =
1
2

M∑
p=1

|sp
j+1/2|

(
1− ∆t

∆x
|sp

j+1/2|
)

Φn
j+1/2W

p
j+1/2 (4.54)

The only remaining aspect of the numerical scheme that we have not discussed is the

limiter function Φn
j+1/2. The limiter is usually defined as

Φn
j+1/2 = Φ(θn

j+1/2) (4.55)

θn
j+1/2 =

Wp
I+1/2

Wp
j+1/2

(4.56)

I =

 j − 1 , sp
j+1/2 > 0

j + 1 , sp
j+1/2 < 0

(4.57)

where θn
j+1/2 can be interpreted as a measure of the solution’s smoothness near xj+1/2. The

limiter function Φ(θ) can be chosen in such a way to ensure that the numerical scheme is a

TVD method. For our simulations, we will be using a TVD limiter called superbee with

Φ(θ) = max(0,min(1, 2θ),min(2, θ)) (4.58)

because it gives the accuracy in a majority of cases. However, there are a variety of other

choices when selecting a high resolution TVD limiter.

4.2.1 Simulations for LWR Model

Using the high resolution finite volume method just described, we will re-examine the LWR

model with flux

f(ρ) = (1− ρ)ρ. (4.59)
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We have already examined the first-order Godunov scheme for this model in Section 4.1.1.

Since the high resolution finite volume method does not require any new information, we

can use the wave information found in Table 4.1. By using s1
j+1/2, W

1
j+1/2, and A±∆Qj+1/2

from this table, we can use the scheme (4.50) with the correction term (4.54). Note that we

are not using the A±∆Qj+1/2 definition (4.22) and (4.23) for the transonic case (4.33) even

though we will be using the wave speed s1
j+1/2 and strength W1

j+1/2 when calculating the

correction term (4.54).

Riemann Initial Data

We begin our simulations by looking at the Riemann problem defined by the conservation

law (4.1) using the flux (4.59) and initial conditions

ρ(x, 0) =

{
ρl , x < 0

ρr , x > 0
(4.60)

Since we cannot solve this problem numerically on an infinite domain, we restrict the problem

to the domain Ω = [−1, 1]. Using the structure of the exact solution, we can impose realistic

boundary conditions through the use of ghost cells such that

Qn
−1 = Qn

0 = ρl (4.61)

Qn
J+1 = Qn

J+2 = ρr (4.62)

These boundary conditions are valid until the first wave propagates through the boundary.

Unlike the first-order Godunov scheme, we require two ghost cells on either side of the

domain to completely specify the numerical scheme. In order to compare the high resolution

finite volume scheme with the first-order Godunov scheme, we perform a convergence study

shown in Figure 4.6 and 4.7. By calculating the exact error in the L1 norm

|error|L1 = ∆x

J∑
j=1

|ρn
j −Qn

j | (4.63)

at a particular time step, we relate how the error changes as the spatial discretization is

refined. The plots on the right in Figures 4.6 and 4.7 show the convergence study for both

the Godunov and high resolution scheme. As one would expect, the high resolution scheme

converged faster than the Godunov scheme. In Table 4.4, we calculated the convergence
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Figure 4.6: Exact and high resolution numerical results (plotted on the left) for the Riemann
problem for the three rarefaction cases in the LWR model at t = 0.5 where ∆x = 0.05 and
CFL=0.9. Convergence study, for each Riemann simulation, in the L1 norm (plotted on the
right) which compares the first-order Godunov scheme and the high resolution scheme.
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Figure 4.7: Exact and high resolution numerical results (plotted on the left) for the Riemann
problem for the two shock cases in the LWR model at t = 0.5 where ∆x = 0.05 and
CFL=0.9. Convergence study, for each Riemann simulation, in the L1 norm (plotted on the
right) which compares the first-order Godunov scheme and the high resolution scheme.
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rate using a linear least-squares fit to the convergence study plots. This table was extended

to include the error in the L2 norm

|error|L2 = ∆x

 J∑
j=1

|ρn
j −Qn

j |2
 1

2

(4.64)

and infinity norm

|error|∞ = max
j=1,...,J

|ρn
j −Qn

j | (4.65)

Observe that we do not have convergence in the infinity norm in the shock cases. However,

this is not surprising considering there is a discontinuity in the solution. Also, one notices

that the convergence rates are almost identical for the other norms during the shock cases.

Again, since the dominant feature in the solution is a shock, the high resolution scheme

reduces to first-order near the discontinuity which explains the similar convergence rates.

Other than that, we observe an overall improvement when moving from the Godunov scheme

to the high resolution scheme.

Godunov High Resolution

ρl ρr L1 L2 Inf L1 L2 Inf

0.6 0.2 0.667 0.619 0.466 0.878 0.805 0.522

0.9 0.7 0.611 0.489 0.255 0.864 0.730 0.471

0.4 0.2 0.721 0.616 0.366 1.016 0.899 0.600

0.1 0.5 0.984 0.485 – 1.002 0.502 –

0.5 0.8 1.042 0.586 – 1.149 0.705 –

Table 4.4: Convergence rates for the LWR Riemann problem in the L1, L2, and infinity
norm obtained from the convergence studies in Figure 4.1 and 4.2. For the cases where we
do not have convergence in a particular norm, we mark the table entry with ’–’.

Smooth Initial Data

For our next simulation, we investigate a problem where the exact solution is unknown. We

simulate the conservation law (4.1) using the flux (4.59) with Gaussian initial conditions

ρ(x, 0) = exp(−x2/(2σ2)) (4.66)
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where σ = 0.1. We simulate the problem with a CFL=0.9 on the domain Ω = [−1, 1] with

periodic boundary conditions. Therefore, the ghost cells for the high resolution scheme will

be defined as

Qn
0 = Qn

J , Qn
−1 = Qn

J−1 (4.67)

Qn
J+1 = Qn

1 , Qn
J+2 = Qn

2 (4.68)

In Figure 4.8 and 4.9, we performed a convergence study, using a high resolution scheme

with a superbee limiter, at different time steps. Since the exact solution is unknown, we

estimated the exact solution with a numerical estimate on a refined grid ∆x∞. Since we only

have approximations of the exact solution at discrete points, this will restrict our choices

for ∆x in our convergence study. If we limit our ∆x to

∆x =
∆x0

3p
, p = 0, . . . , P (4.69)

∆x∞ =
∆x0

3P
(4.70)

where ∆x0 is the largest discretization, every numerical solution will have an estimated

exact solution. The plots on the right of Figure 4.8 and 4.9 shows the converge in different

norms (∆x0 = 0.2, P = 6). By fitting a straight line to these data using least-squares, we

can estimate the rate of convergence in Table 4.5. For each convergence plot, we show the

corresponding numerical solution (∆x = 0.01) in order to visualize the evolution of problem.

When the solution is smooth, at t = 0.05, we notice a significantly higher convergence rate

when compared to the convergence rates afterwards. This is exactly what we expect since

the high resolution scheme should be second order in regions of smooth flow and reduces to

first-order around shocks.
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Figure 4.8: Convergence study in the L1 and L2 norm for the LWR model with Gaussian
initial conditions at different times.
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Figure 4.9: Convergence study in the L1 and L2 infinity norm for the LWR model with
Gaussian initial conditions at different times.
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Time L1 L2

0.05 1.747 1.598

0.1 1.237 0.693

0.5 1.039 0.413

1.0 1.119 0.521

2.0 1.115 0.533

Table 4.5: Convergence rates in the L1 and L2 norm for the LWR model with Gaussian
initial conditions which were obtained from the convergence studies in Figure 4.8 and 4.9.

4.2.2 Simulations for Discontinuous Flux

For the next set of simulations, we re-examine the discontinuous flux model which has the

conservation law (4.1) with the flux

f(ρ) =

{
ρ , 0 ≤ ρ < ρm

γ(1− ρ) , ρm < ρ ≤ 1
(4.71)

where

γ <
ρm

1− ρm
, 0 < ρ < 1. (4.72)

In Section 4.1.2, we implemented the first-order Godunov scheme for this model. It is

straightforward to implement the high resolution scheme using the same techniques used for

the first-order Godunov scheme. By using the wave information found in Table 4.2 and 4.3,

we can use the scheme (4.50) with the correction term (4.54) where A±∆Qj−1/2 is defined

by (4.22) and (4.23).

Riemann Initial Data

We begin our simulations with the Riemann problem having initial conditions

ρ(x, 0) =

{
ρl , x < 0

ρr , x > 0
(4.73)

Using the structure of the exact solution, we can impose realistic boundary conditions

through the use of ghost cells (4.61) and (4.62) which is valid until the first wave propagates

through the boundary. By simulating the Riemann problem for different spatial discretiza-

tions, one can perform a convergence study as shown in Figure 4.10 and 4.11. In these plots,
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we computed the exact error in the L1 norm for both the first-order Godunov scheme and

the high resolution scheme using the superbee limiter. By calculating a linear least-squares

fit, we estimate the convergence rates for each Riemann problem which is shown in Table

4.6. As we can see, the high resolution scheme offers a significantly better convergence rate.

Additionally, if we look at Figure 4.12, we can see that the high resolution scheme also

captures the contact lines formed from the Riemann problem more accurately.

Godunov High Resolution

ρl ρr L1 L2 L1 L2

0.4 0.9 0.451 0.226 0.780 0.424

0.2 0.9 0.960 0.443 0.948 0.415

0.9 0.2 0.559 0.312 0.830 0.502

0.1 0.4 0.588 0.337 0.862 0.470

0.5 0.8 0.606 0.327 0.845 0.461

Table 4.6: Convergence rates for the discontinuous flux Riemann problem in the L1 and L2
norm obtained from the convergence studies in Figure 4.10 and 4.11.



CHAPTER 4. FINITE VOLUME METHODS 77

−1.0 −0.5 0.0 0.5 1.0

x

0.0

0.2

0.4

0.6

0.8

1.0
ρ

Riemann Solution

Exact
Superbee

10−2 10−1

∆x

10−3

10−2

10−1

E
rr

or
in

L
1

N
or

m

Convergence Study

Godunov
Superbee

(a)

−1.0 −0.5 0.0 0.5 1.0

x

0.0

0.2

0.4

0.6

0.8

1.0

ρ

Riemann Solution

Exact
Superbee

10−2 10−1

∆x

10−3

10−2

10−1

E
rr

or
in

L
1

N
or

m

Convergence Study

Godunov
Superbee

(b)

−1.0 −0.5 0.0 0.5 1.0

x

0.0

0.2

0.4

0.6

0.8

1.0

ρ

Riemann Solution
Exact
Superbee

10−2 10−1

∆x

10−3

10−2

10−1

E
rr

or
in

L
1

N
or

m

Convergence Study

Godunov
Superbee

(c)

Figure 4.10: Exact and high resolution numerical results (plotted on the left) for the Rie-
mann problem for the discontinuous flux model at t = 0.5 where ∆x = 0.05, CFL=0.9,
ρm = 0.5, and γ = 0.5. Convergence study, for each Riemann simulation, in the L1 norm
(plotted on the right) which compares the first-order Godunov scheme and the high resolu-
tion scheme.
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Figure 4.11: Exact and high resolution numerical results (plotted on the left) for the Rie-
mann problem for the discontinuous flux model at t = 0.5 where ∆x = 0.05, CFL=0.9,
ρm = 0.5, and γ = 0.5. Convergence study, for each Riemann simulation, in the L1 norm
(plotted on the right) which compares the first-order Godunov scheme and the high resolu-
tion scheme.
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Figure 4.12: Comparison of the Godunov and high resolution schemes for two different
Riemann problems which contain a contact line at t = 0.5 using the discontinuous flux
model where ρm = 0.5, γ = 0.5, ∆x = 0.01, and CFL= 0.9..
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Smooth Initial Data

We next investigate the conservation law (4.1) using the flux (4.71) with Gaussian initial

conditions

ρ(x, 0) = exp(−x2/(2σ2)) (4.74)

where σ = 0.1. We take CFL=0.9 on the domain Ω = [−1, 1] with periodic boundary

conditions using the ghost cells defined by (4.67) and (4.68). In Figure 4.13 and 4.14, we

perform a convergence study, using the high resolution scheme with a superbee limiter, at

different time steps. Since the exact solution is unknown, we estimate it using a numerical

estimate on a refined grid ∆x∞ (∆x0 = 0.2 and P = 6 levels of refinement). We then used

the approach already discussed in the LWR simulation to obtain an estimate to the L1 and

L2 norm. By taking the linear least-squares fit of the error plots, we can estimate the rate

of convergence shown in Table 4.7. Since the exact solution is unknown, another method

for measuring the accuracy of the simulation is to plot the relative error in area

An = ∆x

J∑
j=1

Qn
j (4.75)

given by

Er =
An −A0

A0
(4.76)

One should note that if Er is positive, the simulation creates new cars. Likewise, as we see

in Figure 4.15, if Er is negative, the simulation loses cars. However, in our problem, the car

loss/gain is minimal since the simulation is only losing 0.02% of the original car volume.

Time L1 L2

0.05 1.122 0.636

0.1 1.059 0.602

0.5 0.999 0.498

1.0 1.068 0.577

2.0 1.094 0.589

Table 4.7: Convergence rates in the L1 and L2 norm for the discontinuous flux model with
Gaussian initial conditions which were obtained from the convergence studies in Figure 4.13
and 4.14.
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Figure 4.13: Convergence study in the L1 and L2 norm for the discontinuous flux model
using Gaussian initial conditions at different times.
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Figure 4.14: Convergence study in the L1 and L2 norm for the discontinuous flux model
using Gaussian initial conditions at different times.
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Figure 4.15: The relative error in area for the discontinuous flux model with Gaussian initial
conditions shown in Figure 4.13 with a spatial discretization of ∆x = 0.01.

4.2.3 Non-Smooth Flux Model

For the last set of simulations, we will be investigating the Riemann problem (4.73) for the

conservation law (4.1) with the continuous (but non-smooth; see Figure 4.16) flux

f(ρ) =

{
ρ , 0 ≤ ρ < ρm

γ(1− ρ) , ρm < ρ ≤ 1
(4.77)

where

γ =
ρm

1− ρm
, 0 < ρ < 1. (4.78)

This can be considered as a special case of the discontinuous flux model when the jump in

flux between the free flow and congested flow branch goes to zero. Using the convex-hull

construction method used in Chapter 3, we can obtain the exact solution to the Riemann

problem (4.73), which can be broken into two cases. When ρr < ρm < ρl, the exact solution

is

ρ(x, t) =


ρr , x > t

ρm , − γt < x < t

ρl , x < −γt

(4.79)
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Figure 4.16: Fundamental diagram or flux function described by equation (4.77).

otherwise, the exact solution will be

ρ(x, t) =

{
ρr , x > st

ρl , x < st
(4.80)

where

s =
f(ρr)− f(ρl)

ρr − ρl
(4.81)

Note that the wave (4.81) will be a contact line when ρl, ρr ≤ ρm or ρl, ρr ≥ ρm. Other-

wise, the wave will be a shock. We now investigate how the high resolution scheme fares

against this problem. We use the numerical scheme (4.50),(4.54), (4.22, 4.23) with the wave

information found in Table 4.2 and 4.3. In Figure 4.17, we compared the exact solution to

the numerical solution for different Riemann problems. As one can see, we obtain excel-

lent agreement between the solutions. By performing a convergence study, we can estimate

the convergence rate using a least-squares fit which is shown in Table 4.8. Comparing the

convergence rates with Table 4.6, we notice comparable results.
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Figure 4.17: Comparison of the exact solution to numerical estimate for different Riemann
problems using the non-smooth flux (4.79) at t = 0.5 where ρm = 0.5. The numerical
solution was computed using the high resolution scheme with the superbee limiter where
∆x = 0.05, CFL= 0.9, and the wave information given by Table 4.2 and 4.3.
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High Resolution

ρl ρr L1 L2

0.9 0.2 0.826 0.491

0.45 0.95 1.000 0.506

0.1 0.4 0.862 0.470

0.5 0.8 0.856 0.458

Table 4.8: Convergence rates in the L1 and L2 norm for different Riemann problems using
the non-smooth flux (4.79) using the high resolution finite volume scheme (CFL= 0.9,
t = 0.5, ρm = 0.5) with a superbee limiter.

4.3 Comparison of LWR and Discontinuous Flux Model

To conclude this chapter, we compare the accuracy of the LWR model to the discontinuous

flux model when using the Godunov and high resolution schemes. When using Godunov’s

method with Riemann initial conditions, we observed a convergence rate between 0.611 to

1.042 for the LWR model and 0.451 to 0.960 for the discontinuous flux model in the L1 norm.

Likewise, when comparing the high resolution scheme with Riemann initial condition, we

observed a convergence rate between 0.864 to 1.149 for the LWR model and 0.780 to 0.948 for

the discontinuous flux model in the L1 norm. From these convergence rates, we can conclude

that the numerical schemes for the LWR model converge faster than the discontinuous flux

model. This same conclusion is reached when comparing the estimated convergence rate for

the gaussian initial condition problem.



Chapter 5

Conclusion

In this thesis, we focused our attention on the fundamental diagram that characterized

different traffic models. In particular, we were interested in studying the repercussions of

having a discontinuity in the fundamental diagram that separates free flow and congested

traffic states.

In Chapter 2, we implemented several different cellular automata (CA) models in order

to show how a discontinuous flux function arises. Each model has a different set of rules

that defines its characteristics. Since we want to compare these models, it is useful to define

the following CA car rules:

1. Anticipate Motion: Drivers anticipate the motion of the vehicle in front of them when

deciding the speed to travel.

2. Instantaneous Acceleration: Drivers will accelerate instantaneously to their desired

speed.

3. Stochastic Braking : Drivers randomly slow down in order to emulate the speed fluc-

tuation found in real traffic.

4. Slow-to-Start : If a vehicle is not moving, there is a certain probability that the vehicle

will not move during the next time step. This corresponds to the fact that drivers are

less attentive when they are not moving.

The first CA model that we introduced was Wolfram’s rule 184 (CA-184) [41, 42] where

each vehicle has a maximum velocity and obeys the instantaneous acceleration rule. CA-

184 produces a continuous piecewise-linear fundamental diagram where the slope of the
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free-flow branch is controlled by the maximum vehicle velocity (see Figure 2.2(a)). Next,

we introduced the Nagel-Schreckenberg model (CA-NaSch) [36] which is characterized by

a stochastic braking rule. CA-NaSch produces a continuous piecewise-linear fundamental

diagram where the slope of the congested branch is controlled by the braking probability (see

Figure 2.4(a)). Lastly, we introduced the Knospe’s brake-light model (CA-BL) [36] which is

the most realistic model and also only model that we simulated that could be interpreted to

have a discontinuous fundamental diagram. In addition to the model’s attempt to emulate

brake lights, the model is characterized by the anticipate motion, stochastic braking, and

slow-to-start rules. Using CA-BL, the three states of traffic described by Kerner [22] can

be reproduced. Additionally, because the model’s fundamental diagram can be interpreted

as a discontinuous function, it gives insight to the driving rules that might be required to

produce a discontinuous fundamental diagram.

In Chapter 3, we proposed a kinematic wave model with a linear discontinuous flux

f(ρ) =

{
ρ , 0 ≤ ρ < ρm

γ(1− ρ) , ρm < ρ ≤ 1
(5.1)

that is a reasonable fit to the flux function observed in the CA-BL simulations. In this

chapter, we analytically solved the Riemann problem

ρ(x, 0) =

{
ρl , x ≤ 0

ρr , x > 0
(5.2)

for the discontinuous flux model which we compared to the LWR model. Because there is no

standardized framework for treating conservation laws with a discontinuous flux function, we

solved this problem by using a mollifier to smooth the flux function where the mollifier was

chosen so that the mollified flux had a single inflection point. This produced a set of mollified

problems with a smooth non-convex flux defined by the mollification parameter ε. We solved

the problem for the limiting case as ε→ 0 using a convex-hull construction which produced

a compound wave consisting of shocks and contact lines. The most notable characteristic of

these compound waves is the constant valued “rarefaction wave” that connects each wave

which is not typically produced in scalar conservation laws.

The only Riemann problem which required special attention was when either ρl or ρr

equals ρm which resulted in a non-unique solution. Instead, we proposed an alternative
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initial condition consisting of three constant values

ρ(x, 0) =


Cl , x < −x0

Cm , − x0 ≤ x ≤ x0

Cr , x > x0

(5.3)

which we referred to as the triple-valued Riemann problem. For example, we can extend the

original Riemann problem when ρr = ρm to a corresponding triple-valued Riemann problem

by letting

ρ(x, 0) =


ρl , x < −x0

ρr , − x0 ≤ x ≤ x0

C , x > x0

(5.4)

where 0 ≤ C ≤ 1. The speed of the shock produced at the interface between ρl and ρr

is influenced by the value of C (regardless of the value of x0) which is why the original

Riemann problem needed to be extended. These conclusions were reached by referring to

the mollified problem for the initial conditions (5.3). When Cm = ρm, we deduced that the

discontinuity at x0 produces an infinitesimally small rarefaction wave that travels at infinite

speed. This caused the wave produced at the discontinuity at −x0 to depend on the wave

produced at x0.

We concluded Chapter 3 by justifying the use of Oleinik’s condition as the appropriate

entropy condition. Because we are modeling traffic, not gases, there is no guarantee that

the viscosity solution is the correct weak solution for our problem. Ideally, we would like

to utilize the existing theory and numerical schemes for conservation laws. Therefore, we

postulate that the viscosity solution is the correct solution so long as traffic does not violate

any intrinsic properties. Since traffic needs to be at least anisotropic, we concluded that

this was the minimal property needed by traffic. Therefore, we used Zhang’s criteria [44] to

show that the discontinuous flux model was anisotropic.

In Chapter 4, we used the waves produced in the Riemann problem to construct a first-

order Godunov scheme and a high resolution finite volume scheme for both the LWR model

and discontinuous flux model. We wrote the complete numerical scheme in Python using

the standard wave propagation form used by LeVeque [28]. The only complication that

arose was when the average cell value Qn
j was equal to the discontinuity point ρm. In order

to solve the Riemann problem containing this cell, we had to use the solutions to the triple-

valued Riemann problem. This required us to evaluate Qn
j at several cells (more than two)
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in order to find a Riemann solution for a particular cell interface. Since conservation laws

usually produce waves with finite speeds, this approach is atypical and warrants further

investigation. Lastly, we used these numerical schemes to reproduce the solutions to the

Riemann problem and to simulate more complicated problems.

In future work, there are several aspects of this thesis that warrant further investigation.

The novel concept that we introduced was a method of solving conservation laws with a

discontinuous flux using mollifiers. The primary issue is that we did not prove that solutions

to the mollified problems {ρε(x, t)}ε>0 converge a.e. to the discontinuous solution ρ(x, t).

Additionally, it would be interesting to investigate a more general class of mollifiers that

could be used to solve the mollified problem instead of relying on properties of a particular

mollifier. When solving the Riemann problem, we came across a problem when ρl or ρr

was equal to ρm which we solved by proposing the triple-valued Riemann problem. Since

interesting dynamics occur in this case, it would be worth studying this problem in more

detail. Lastly, we would like to consider more complicated flux functions that contain

discontinuities. In terms of traffic flow, an obvious extension is to solve a conservation law

with a piecewise quadratic flux function, using the mollifier approach, which Lu et al. [31]

studied using another method.
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