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Abstract

In this thesis, we study genus 2 curves whose Jacobians allow a decomposition into two

elliptic curves. More specifically, we are interested in genus 2 curves C whose Jacobians

admit a polarized (4, 4)-isogeny to a product of elliptic curves. We restrict to base fields of

characteristic distinct from 2 or 3, but we do not require them to be algebraically closed.

In the first half of the thesis, we obtain a full classification of principally polarized abelian

surfaces that can arise from gluing two elliptic curves together along their 4-torsion and we

derive the relation which their absolute invariants must satisfy. In the process, we derive a

description of Richelot isogenies between Jacobians of genus 2 curves. Previous literature

only considered Richelot isogenies whose kernels are pointwise defined over the base field.

We also obtain a Galois theoretic characterization of genus 2 curves which admit multiple

Richelot isogenies on their Jacobians. As a corollary to this classification, we obtain a

model for the universal elliptic curve over the modular curve of elliptic curves with 4-torsion

anti-isometric to E[4].

The final chapter of the thesis considers elements of order m of the Shafarevich-Tate

group of an elliptic curve E, denoted X(E/k)[m]. For a given elliptic curve, E, we consider

the question of making X(E/k)[4] visible in the sense of Mazur. We show that the visibility

argument for m = 4 is less tractable than the arguments in the m = 2 and m = 3 cases. In

the m = 4 case, we encounter a challenge of trying to find rational points on a K3 surface.

We also show that finding the appropriate twist of this surface is a non-trivial problem.

Nevertheless, in particular cases, one can proceed with this construction and we conclude

the thesis by working through a couple of examples in detail.
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Introduction

In this thesis, we study genus 2 curves whose Jacobians allow a decomposition into two

elliptic curves. More specifically, we are interested in genus 2 curves C whose Jacobians

admit a polarized (4, 4)-isogeny to a product of elliptic curves E1 × E2 (see Section 1.2

for complete definitions). Our aim is to characterize all such genus two curves and to use

the corresponding isogeny Ψ4 : Jac(C) → E1 × E2 to make elements of order 4 of the

Shafarevich-Tate group of E1 visible (see Section 4.3 for definitions).

There are three main results in this thesis.

1. In the process of classifying the genus 2 curves with (4, 4)-split Jacobians, we work with

(2, 2)-isogenies between Jacobians of genus 2 curves, also known as Richelot isogenies.

We have a need to work with these isogenies in a more general setting than previous

literature had considered. Proposition 2.6 gives us the necessary machinery to do so

and is our first main result.

2. The classification of (4, 4)-split principally polarized abelian surfaces is our second main

result. This result is actually split into two theorems, Theorem 3.1 and Theorem 3.2.

The first theorem gives models for all possible principally polarized abelian surfaces,

J , which admit an optimal (4, 4)-splitting, including all boundary cases where J is not

the Jacobian of a genus 2 curve. The second theorem gives a relation on the absolute

invariants of a genus 2 curve which determines whether its Jacobian is (4, 4)-split.

As a corollary to this result, in Lemma 3.15 we classify genus 2 curves whose Jacobians

admit two polarized (2, 2)-isogenies and in Proposition 3.12 we obtain a model for the

universal elliptic curve over the modular curve of elliptic curves with 4-torsion anti-

isometric to E[4].

3. We present our final result in Section 4.6, where we consider elements of order m of

1



2

the Shafarevich-Tate group of an elliptic curve E, denoted X(E/k)[m]. For a given

elliptic curve, E, we consider the question of making X(E/k)[4] visible in the sense of

Mazur [16, p. 16]. We show that the visibility argument form = 4 is less tractable than

the arguments in the m = 2 and m = 3 cases. In the case for m = 4, we encounter a

challenge of trying to find rational points on a K3 surface. We do, however, show that

it may be possible on a case-by-case basis to make elements visible and give a couple

of specific examples where visibility occurs.

This thesis is divided into four chapters: one for each of the three key results, together

with an introductory chapter.

In the first chapter, we take the reader on a rather gentle, if terse, introduction to

arithmetic geometry. The goal of this chapter is to provide sufficient background such that

the thesis is self-contained. All classic results and definitions required in later chapters are

presented here, together with an appropriate level of context. Some major results would

require a more in depth treatment than the few pages that this introduction can afford. In

such cases, we state the main theorem(s) and cite appropriate literature where the fastidious

reader can sate his or her curiosity.

Although no new results appear in this chapter, we do provide a succinct treatise of

the many subtle variations of the notion of split Jacobians and decomposable Jacobians

in Section 1.2. Such terminology has been adopted in previous literature (see for example

[19, 28, 29, 42, 43]), but the usage of such terms varies subtly from reference to reference.

In Chapter 2, we prove our first main result. We begin by introducing Richelot isogenies

as they have appeared in previous literature. Unlike previous literature, however, we do not

require the kernels of our isogenies to be pointwise defined over the base fields. We determine

the appropriate twist of the codomain necessary to correct for those Richelot isogenies whose

kernels are not pointwise defined over the base field.

In Chapter 3, we classify (4, 4)-split principally polarized abelian surfaces. We begin by

showing that an optimal (4, 4)-splitting must factor as a product of a (2, 2)-splitting and a

polarized (2, 2)-isogeny. This leads us to classifying genus 2 curves whose Jacobians admit

two polarized (2, 2)-isogenies in Section 3.3. With this intermediate step, we are able to

finally give the proofs of Theorems 3.1 and 3.2 in Section 3.5.

In the final chapter, we present the problem of attempting to make visible elements of

order 4 of the Shafarevich-Tate group of an elliptic curve. In order to do this, we begin
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in Sections 4.1 and 4.3 with an introduction to the problem and definitions of the Selmer

and Shafarevich-Tate groups of an elliptic curve. We then introduce the general technique

of making elements of order m of the Shafarevich-Tate group visible. In Section 4.6 we

point out various difficulties one runs into when one tries to apply this technique to the

case where m = 4. For a given elliptic curve, E, there is a natural way to construct a

surface D which covers the modular curve X−E (4) of all elliptic curves Es with 4-torsion

anti-isometric to E such that each point of the surface carries information (as a fibre) of a

specific 4-torsion subgroup (as a Galois module) and a particular Es which has anti-isometric

4-torsion to E. Unfortunately, the class that the fibres represent in H1(k,E[4]) vary over

X−E (4). Nevertheless, for fixed values of s, one can proceed with this construction and we

present a sample procedure in Section 4.7, together with a couple of examples where visibility

occurs.

This thesis also contains two appendices. In Appendix A, we connect our characterization

of genus 2 curves with (4, 4)-split Jacobians to a classic 1887 result by O. Bolza [1]. We show

how his result, when put in modern terminology, is consistent with our characterization up

to a twist. This twist can be accounted for the fact that Bolza works over C whereas our

construction is valid over any base field of characteristic distinct from 2 and 3.

Appendix B has been added to improve the flow of previous chapters. Some of our results

involved some lengthy equations, each of which take up an entire page to display. These

equations have been placed in this appendix to spare the reader and improve the flow of

the main text. One of the equations is even too long to display as an appendix, being a

polynomial containing almost 5000 monomials with coefficients having over 100 digits. This

equation has been supplied electronically [8].



Chapter 1

Preliminaries

1.1 An introduction to arithmetic geometry

In this section, we present a quick introduction to arithmetic geometry. The thesis is targeted

at an audience who is already familiar with the field. This section is only intended to serve

as a brief reminder of some fundamental definitions to readers with the intent of keeping

the thesis self-contained. People who are interested in a more in-depth review of algebraic

geometry are encouraged to refer to Hartshorne [22]; for a more in depth review of elliptic

curves, see [45, 9].

Throughout the thesis, k will denote a field (usually a number field, but this will always

be clarified in each context), k̄ will denote the algebraic closure of k, and k∗ will denote the

group of invertible elements of k. The term ring will refer to a commutative ring with a

multiplicative identity element.

1.1.1 Algebraic varieties and curves

Definition 1.1. Affine n-space (over k) is the set of n-tuples

An = An(k̄) =
{
P = (x1, . . . , xn) | xi ∈ k̄

}
.

The set of k-rational points in An is the set

An(k) = {P = (x1, . . . , xn) | xi ∈ k} .

4



CHAPTER 1. PRELIMINARIES 5

Definition 1.2. Projective n-space (over k), denoted Pn = Pn(k̄), is the set of all (n + 1)-

tuples

(x0, . . . , xn) ∈ An+1

such that at least one xi is non-zero, modulo the equivalence relation given by

(x0, . . . , xn) ∼ (y0, . . . , yn)

if there exists λ ∈ k̄∗ such that xi = λyi for all i ≤ n. An equivalence class{
(λx0, . . . , λxn) | λ ∈ k̄∗

}
will be denoted [x0 : · · · : xn], and x0, . . . , xn are called the homogeneous coordinates for the

corresponding point in Pn(k̄). The set of k-rational points in Pn is the set

Pn(k) =
{

[x0 : · · · : xn] ∈ Pn(k̄) | xi ∈ k for all i ≤ n
}

Notice that Pn contains many copies of An. For each 0 ≤ i ≤ n, there is an inclusion

map

φi : An −→ Pn

(x0, . . . , xn) 7−→ [x0 : · · · : xi−1 : 1 : xi : · · · : xn]

Conversely, if we let Ui ⊂ Pn be the set of all points with a non-zero i-th homogeneous

coordinate,

Ui = {P = [X0 : · · · : Xn] ∈ Pn | Xi 6= 0} ,

then there is a natural bijection

pi : Ui −→ An

[X0 : · · · : Xn] 7−→
(
X0

Xi
, . . . ,

Xi−1

Xi
,
Xi+1

Xi
. . . ,

Xn

Xi

)
.

The bijection pi is called the i− th affine patch of Pn.
The primary objects of interest in algebraic geometry are (affine or projective) algebraic

varieties. Let k̄[X] = k̄[X1, . . . , Xn] be a polynomial ring in n variables.

Definition 1.3. An (affine) algebraic set is a subset V ⊂ An for which there exist f1, . . . , fj ∈
k̄[X] such that V = {P = (x1, . . . , xn) ∈ An | f1(P ) = · · · = fj(P ) = 0}. The set

I(V ) =
{
f ∈ k̄[X] | f(P ) = 0 for all P ∈ V

}
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forms an ideal of k̄[X], called the ideal of V . An algebraic set is said to be defined over k if

its ideal I(V ) can be generated by polynomials in k[X]. An affine algebraic set V is called

an (affine) algebraic variety if I(V ) is a prime ideal in K̄[X]. An affine algebraic variety,

V , is defined over k, written V/k, if it is defined over k as an algebraic set. By I(V/k), we

mean I(V ) ∩ k[X].

We can similarly define (projective) algebraic varieties by replacing An by Pn throughout

Definition 1.3. In this case, V is called a projective algebraic variety and

I(V ) =
{
f ∈ k̄[X] | f is homogeneous and f(P ) = 0 for all P ∈ V

}
is called the homogeneous ideal of V .

An affine variety V can be completed to a projective variety in a very natural way by

homogenizing the polynomials in the ideal of V . Let f(x0, . . . , xn−1) ∈ I(V ) and suppose

deg(f) = d. Then

f∗ = xdf

(
x0

xn
, . . . ,

xn−1

xn

)
is called the homogenization of f .

Definition 1.4. Let V be an affine algebraic set with ideal I(V ), and consider V as a subset

of Pn via the map

V ⊂ An φn−→ Pn.

The projective closure of V , denoted V̄ , is the projective algebraic set whose homogeneous

ideal I(V̄ ) is generated by

{ f∗(X) | f ∈ I(V )} .

Definition 1.5. Let V be a projective (affine) variety. A subvariety S of V is a subset of

V which is itself a projective (affine) variety.

Definition 1.6. Let V be an affine variety. The affine coordinate ring of V/k is

k[V ] := k[X]/I(V/k).

The function field of V/k is the field of fractions of k[V ], and is denoted k(V ). One can

similarly define k̄[V ] and k̄(V ) by replacing k by k̄ in the definition.
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Definition 1.7. The dimension of an affine variety V , denoted dim(V ), is the transcendence

degree of k̄(V ) over k̄.

The dimension of a projective varietyW , denoted dim(W ), is the dimension ofW∩An for

some An ⊂ Pn for which W ∩An 6= ∅. Note that the definition of dimension is well-defined:

one can show that it is not dependent on the choice of An.

Definition 1.8. Let V be an affine variety with generators f1, . . . , fm ∈ k̄(X) for I(V ) and

let P ∈ V . Then V is non-singular or smooth at P if the m× n matrix defined by

aij =
(
∂/∂Xj(P )

)
fi

has rank n−dim(V ). If V is non-singular at every point, then we say that V is non-singular

or smooth.

A projective variety, V , is non-singular or smooth at a point P if V ∩An is non-singular

at P for some An ⊂ Pn. One can show that this definition is independent of choice of affine

patch An ⊂ Pn.

Throughout the thesis, all varieties will be projective varieties unless explicitly stated

otherwise. For the ease of notation, we will often describe these varieties by giving affine

models. Nevertheless, one should always keep in mind that we are working with the projective

closure of this affine model.

Definition 1.9. The local ring of an affine variety V at a point P , denoted OP (V ), is the

localization of k̄[V ] at P . In other words,

OP (V ) =
{
F ∈ k̄(V ) | F = f/g for some f, g ∈ k̄(V ) with g(P ) 6= 0

}
.

The local ring of a projective variety V at a point P is the local ring of V ∩ An at P . We

will write OP for OP (V ) where there is no confusion in identifying the underlying variety.

More generally, a local ring, R, is a ring with a unique maximal ideal, M . It is easy to

show that the ring defined in Definition 1.9 is in fact a local ring. The maximal ideal of

OP (V ) is given by

MP =
{
f ∈ k̄(V ) | f(P ) = 0

}
,

and the units of OP are O∗P = OP \MP .
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Definition 1.10. Let V1, V2 ⊂ Pn be projective varieties. A rational map φ : V1 → V2 is

a map of the form φ = [f0, . . . , fn] where f0, . . . , fn ∈ k̄(V1) such that at every point P for

which f0, . . . , fn are defined,

φ(P ) = [f0(P ), . . . , fn(P )].

If there exists some λ ∈ k̄∗ such that λf0, . . . , λfn ∈ k(V1), then φ is said to be defined

over k.

Definition 1.11. A rational map φ : V1 → V2 with φ = [f0, . . . , fn] is said to be regular at

a point P ∈ V1 if there exists some function g ∈ k̄(V1) such that

1. For each i, the function gfi is in the local ring of V ∩ An at P (that is to say, it is

regular at P ), and

2. There exists some j ≤ n for which gfj(P ) 6= 0.

A rational map that is regular at every point is called a morphism. A surjective morphism

is called a cover.

We will be working primarily with projective varieties of dimension 1 or 2.

Definition 1.12. An (algebraic) curve is a projective variety of dimension 1. An (algebraic)

surface is a projective variety of dimension 2.

Let C be an algebraic curve and let F (x, y) = 0 be an affine plane model for C. Write

F = F0 + F1 + · · ·+ Fd

where Fi is a homogeneous polynomial of degree i. Let n be the smallest number for which

Fn 6= 0. Then Fn = 0 is called the tangent cone of F at (0, 0). One can similarly define

tangent cones at other points P ∈ C by making a birational transformation which maps

P 7→ (0, 0).

We close this section with a useful result on algebraic curves. A plane curve is an

algebraic curve with a model in P2. An ordinary singularity is a singularity whose tangent

cone is composed of distinct lines. Thus a node is an ordinary singularity whereas a cusp

is not. The following theorem says that when considering algebraic curves, one can always

consider a plane model with only ordinary singular points.
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Theorem 1.13. Every algebraic curve is birational to a plane projective curve with only

ordinary singularities. Every algebraic curve is birational to a unique smooth projective

curve up to isomorphism.

Proof. See Fulton [20, Theorem VII.4.2] and [20, Theorem VII.5.3].

1.1.2 Schemes

In this subsection, we make a brief foray into the more general language of schemes. Al-

though much of this thesis remains in the language of varieties, it is necessary to define

some terminology in the more general language of schemes. The two important definitions

in this subsection are the definitions of the spectrum of a ring R, denoted Spec(R), and the

definition of a group scheme.

Definition 1.14 (Hindry–Silverman [23, p. 57]). Let X be a topological space. A sheaf F
on X consists of

1. for every open subset U ⊂ X, a set F(U) and

2. for all open subsets V ⊂ U ⊂ X, a map rU,V : F(U)→ F(V ) satisfying

rU,U = idF(U) and rU,W = rV,W ◦ rU,V

such that for all open subsets U ⊂ X and every open covering U =
⋃
i Ui, the following two

properties are satisfied:

1. Let x, y ∈ F(U) such that rU,Ui(x) = rU,Ui(y) for all i. Then x = y.

2. Let xi ∈ F(U) be a collection of elements such that for every pair of indices i, j we

have rUi,Ui∩Uj (xi) = rUj ,Ui∩Uj (xj). Then there exists a unique x ∈ F(U) such that

rU,Ui(x) = xi for all i.

In the language of category theory, F is a contravatiant functor from open subsets of X

with maps being inclusions to sets.

Definition 1.15. The stalk of a sheaf F at a point x ∈ X is the direct limit of the F(U)’s

over all the open sets U containing x.
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Definition 1.16 (Hindry–Silverman [23, p. 151]). Let R be a ring. The spectrum of R,

denoted Spec(R), is a sheaf O together with a topological space (also denoted Spec(R)).

The topological space Spec(R) is the set of all proper prime ideals of R, imbued with a

topology where closed sets are the sets V (I) := {p ∈ Spec(R) | I ⊂ p} for any ideal I of R.

The sheaf O is given by O(Spec(R) \ V ((f))) = Rf for any element f ∈ R, taken with the

obvious restriction maps.

So for a ring R, the elements of Spec(R) are the (proper) prime ideals of R.

Definition 1.17. A ringed space is a pair (X,OX) where X is a topological space and OX
is a sheaf on X. It is a locally ringed space if for every x ∈ X, Ox is a local ring.

In particular, note that for a ring R, the pair (Spec(R),OR) forms a locally ringed space

(see Hartshorne [22, Proposition II.2.3]).

Definition 1.18. An affine scheme is a locally ringed space of the form (Spec(R),OR) for

some ring R. A scheme is a locally ringed space (X,OX) that can be covered by open subsets

U such that (U,OX|U ) is isomorphic to some affine scheme (Spec(R),OR).

For a common example of an affine scheme, consider any affine variety V over an al-

gebraically closed field k̄. To this variety, we can associate the scheme over k̄ given by

Spec(k̄[V ]), denoted by V sch. One can show that the maximal ideals of the coordinate ring

of V (also called the closed points of the scheme) will correspond to the points of the variety.

However, these are not the only points of V sch. The other points of V sch (also called the

nonclosed points) correspond to the irreducible subvarieties of V .

Definition 1.19. A morphism of schemes is a morphism as locally ringed spaces, that is to

say, it is a pair (f, f ]) : (X,OX) → (Y,OY ) such that f : X → Y is a continuous map and

f ] satisfies the following two conditions:

1. f ] : OY → f∗OX is a morphism of sheaves, i.e. a map of sheaves of rings on Y , and

2. the map f ] induces induces a local ring homomorphism f ]x : Of(x) → Ox, that is to

say, the inverse image of the maximal ideal is the maximal ideal.

Definition 1.20 (Hartshorne [22, p. 78]). Let S be a fixed scheme. A scheme over S is

a scheme X, together with a morphism X → S. If X and Y are schemes over S, then

a morphism over S from X to Y is a morphism X → S which is compatible with the

morphisms to S.
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Definition 1.21 (Hartshorne [22, p. 275]). Let f : X → Y be a morphism of schemes of

finite type. For x ∈ X, let y ∈ Y such that y = f(x) and letMx andMy denote the maximal

ideals of the local rings Ox and Oy respectively. We say that f is unramified if for every

x ∈ X, we have My · Ox = Mx, and k(x) is a separable algebraic extension of k(y).

A flat module of a ring R is an R-module, M , where the tensor product over R with M

preserves exact sequences. A flat map is a homomorphism f : R→ S between rings S such

that S is a flat R-module, where the action of R on S is given by f .

Definition 1.22 (Hartshorne [22, p. 253]). Let f : X → Y be a morphism of schemes. Then

f is a flat over Y at x ∈ X if the stalk Fx is a flat Of(x),Y -module, where we consider Fx a

Of(x),Y module via the natural map f ] : Of(x),Y → Ox,X . We say that f is a flat morphism

over Y if it is flat at every point of X.

Definition 1.23 (Hartshorne [22, p. 324]). A group scheme is a scheme X, together with

a morphism to another scheme S such that there is a section e : S → X, a morphism

i : X → X over S, and a morphism m : X ×X → X over S which satisfy

1. the composition m ◦ (id× i) : X → X is equal to the projection X → S followed by e,

and

2. the two morphisms m ◦ (m× id) and µ ◦ (id× µ) from X ×X ×X → X are the same.

The morphisms e, i, and m serve as the group identity, inverse, and multiplication

operations. A common group scheme which we will encounter in this thesis will be the

Jacobian variety of a curve (see Subsection 1.1.5 for a definition and discussion of Jacobians).

Fibre Products

Definition 1.24. Let X, V1, and V2 be schemes and let φ1 : V1 → X and φ2 : V2 → X be

morphisms. A fibre product of V1 and V2 over X, denoted V1 ×X V2, is a scheme Y with

morphisms p1 : Y → V1 and p2 : Y → V2 satisfying the following two conditions:
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1. The following diagram commutes

Y
p1

~~}}}}}}}
p2

  AAAAAAA

V1

φ1   AAAAAAA V2

φ2~~}}}}}}}

X

and

2. If Z is another scheme with morphisms q1 : Z → V1 and q2 : Z → V2 then there exists

a unique morphism ψ : Z → Y such that q1 = p1 ◦ ψ and q2 = p2 ◦ ψ.

Note that fibre products need to be defined in the more general terminology of schemes.

If V1, V2, and X are all varieties, then Y := V1 ×X V2 need not be itself a variety. In this

thesis, fibre product varieties will arise by observing that some variety Y is in fact the fibre

product of two other varieties, and so for the purposes of this thesis, the fibre product will

always be a variety.

Étale algebras

Let k be a field. A k-algebra (equivalently, and algebra over k) is a ring A (commutative,

with unit) such that A is also a vector space over k using the same ring addition and such

that the ring multiplication satisfies

α(ab) = (αa)b = a(αb)

for a, b ∈ A and α ∈ k.

Example 1.1. Let k be a field and let L/k be a finite extension. Then L is a k-algebra.

Example 1.2. Let k = Q and let f(x) ∈ k[x] be squarefree. Define the extension

L = k(x)/(f(x)) := k(α).

If f is irreducible over k then L is a field. One may be interested in defining this extension

in more general cases where f may be reducible over k. In the cases where f is reducible

over k, L is not a field. Nevertheless, L remains a k-algebra.
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Definition 1.25. Let A be a k-algebra. Then A is an étale algebra (equivalently, A is étale)

if Spec(A)→ Spec(k) is an étale morphism (i.e. it is flat and unramified).

Equivalently, one can define an étale algebra, A, over a field k to be a product of finite

separable field extensions of k and therefore

A⊗k k̄ ∼= k̄ × · · · × k̄.

The two examples given above in fact are both examples of étale algebras.

1.1.3 Divisors

We follow Hartshorne [22]. He works in the more general language of schemes; we will modify

it to fit in the language of varieties, in a similar manner to Hindry and Silverman [23]. There

are two different ways of defining a divisor, depending on the context. The first is that of a

Weil divisor. Weil divisors are the easiest to understand geometrically. The second notion of

a divisor is called a Cartier divisor and can be used in a more general setting. Both notions

coincide when one is working with nonsingular varieties (see Proposition 1.33 below). We

present both definitions in this section.

We begin with Weil divisors. Let V be a nonsingular variety. A prime Weil divisor on

V is a subvariety P of V of codimension 1.

Definition 1.26. The Weil divisor group of a nonsingular variety V , denoted Div(V ), is the

free abelian group generated by the prime Weil divisors of V .

Thus a Weil divisor, D, is a formal sum of codimension 1 subvarieties

D =
∑
P⊂V

nPP

where nP = 0 for all but finitely many P . The collection of all subvarieties P ⊂ V for which

nP 6= 0 is called the support of D.

Remark 1.27. Notice that in the case where the variety is a nonsingular curve, C, the prime

Weil divisors of V are the k-rational points, P ∈ V (k), together with the Galois orbits of

the points P ∈ V (k̄) which are not k-rational. Thus a Weil divisor is a formal sum of points

of C. The definition of zeros and poles on prime Weil divisors has been made in such a way

as to coincide with the usual notion of zeros and poles at points such that ordP (f) = νP (f).
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Definition 1.28. A Weil divisor D ∈ Div(C) is principal if there exists some f ∈ k̄(C)∗

such that

D =
∑
P∈C

νP (f)(P ) := div(f).

Two Weil divisors D1 and D2 are linearly equivalent, denoted D1 ∼ D2, if D1 − D2 is

principal. An important group to study when considering a nonsingular variety is the group

of divisors, modulo this linear equivalence.

Definition 1.29. The divisor class group group of V , denoted Cl(V ), is the quotient of

Div(V ) by the subgroup of principal divisors.

We now consider Cartier divisors. Once again, let V be a nonsingular variety.

Definition 1.30. A Cartier divisor on V is an equivalence class of sets of pairs { (Ui, fi) | i ∈ I}
satisfying

1. the Ui are open subsets of V such that the collection {Ui | i ∈ I} forms an open cover

of V ,

2. the fi are nonzero functions on the Ui, i.e. fi ∈ k(Ui)
∗ = k(V )∗, and

3. for all i, j ∈ I, the function fif−1
j has no zeros or poles on Ui ∩ Uj .

Two pairs { (Ui, fi) | i ∈ I} and { (Vj , gj) | j ∈ J} are linearly equivalent if fi(gj)−1 has no

zeros or poles on Ui ∩ Vj for any i ∈ I and j ∈ J .

The Cartier divisors form an abelian group under composition of functions

{(Ui, fi)}+
{

(U ′j , f
′
j)
}

=
{

(Ui ∩ U ′j , fif ′j)
}
.

We write CaDiv(V ) for the group of Cartier divisors on V . The support of a Cartier divisor

is the set of zeros and poles of the fi.

Definition 1.31. A Cartier divisor D is principal if there exists a function f ∈ k(V )∗ such

that

D = {(V, f)} := div(f).

Two Cartier divisors D1 and D2 are linearly equivalent, denoted D1 ∼ D2 if D1 −D2 is

principal.
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Definition 1.32. The Picard group of V , denoted Pic(C) is the quotient of CaDiv(C) by

the subgroup of principal divisors.

Proposition 1.33. Let V be a nonsingular variety. Then the groups Div(V ) and CaDiv(V )

are isomorphic. Similarly, the groups Cl(V ) and Pic(V ) are isomorphic.

Proof. See [22, Proposition II.6.11] for a (more general) proof; see also [23, p. 38] for an

explicit description of the isomorphism.

As a result of Proposition 1.33, we will simply use the term divisor when we are working

with a nonsingular variety V . In this case, we will refer to the divisor group as Div(V ) and

the Picard group (or divisor class group) as Pic(V ).

Definition 1.34. Let φ : V → W be a morphism of nonsingular varieties. We define the

pullback

φ∗ : Div(W )→ Div(V )

(in terms of Cartier divisors), by

φ∗({(Ui, fi)}) :=
{

(φ−1(Ui), fi ◦ φ)
}
.

By following through the isomorphism between Cartier divisors and Weil divisors, one

can define the pullback of φ in terms of Weil divisors via

φ∗

(∑
i

niQi

)
=
∑
i

ni
∑

P∈φ−1(Qi)

ordP (tQi)P

where tQi denotes a uniformizer at the subvariety Qi of V (i.e. a generator for the maximal

ideal of the local ring at Qi). One can show that the pullback takes principal divisors to

principal divisors, and thus the pullback induces a pullback map on the Picard groups

φ∗ : Pic(W )→ Pic(V ).

In a similar vein to Definition 1.34, one can define a push forward map on the divisors.

Definition 1.35. Let φ : V →W be a morphism of nonsingular curves. We define the push

forward map

φ∗ : Div(V )→ Div(W )

(in terms of Weil divisors), by

φ∗((P ))→ (φ(P )).
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As with the pullback, the push forward map induces a push forward map on the Picard

groups

φ∗ : Pic(V )→ Pic(W ).

The Riemann-Roch theorem and the genus of a curve

We now consider divisors on algebraic curves. As we have already pointed out, in this case,

divisors can be thought of as formal sums of points. Let

D =
∑
P∈C

nP · P

be a divisor on a curve C. We define the degree of D to be

deg(D) =
∑
P∈C

nP .

The set of divisors of degree 0, denoted Div0(C), forms a subgroup of Div(C). The degree 0

part of the Picard group of C, denoted Pic0(C), is the quotient of Div0(C) by the subgroup

of principal divisors. A divisor D =
∑
nP (P ) ∈ Div(C) is effective if nP ≥ 0 for all P ∈ C.

The set of effective divisors linearly equivalent to a divisor D ∈ Div(C) is a linear system,

called the complete linear system of D and is denoted |D|.

Definition 1.36. Let C be a curve. The space of differential forms on C, denoted ΩC , is

the k̄(C)-vector space generated by symbols of the form dx for x ∈ k̄(C), subject to

(i) d(x+ y) = dx+ dy, for all x, y ∈ k̄(C);

(ii) d(xy) = x dy + y dx for all x, y ∈ k̄(C);

(iii) da = 0, for all a ∈ k̄.

Proposition 1.37. Let P ∈ C, and let t ∈ k̄(C) be a uniformizer at P .

1. For every ω ∈ ΩC , there exists a unique function g ∈ k̄(C), depending on ω and t,

such that

ω = g dt.

We denote g by ω/dt.

2. The quantity ordP (ω/dt) depends only on ω and P and is independent of choice of

uniformizer t. This value is called the order of ω at P and is denoted ordP (ω).
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3. For all but finitely many P ∈ C,

ordP (ω) = 0

Proof. See Silverman [45, Proposition II.4.3]

Definition 1.38. Let ω ∈ ΩC . The divisor associated to ω is

div(ω) =
∑
P∈C

ordP (ω)(P ).

Definition 1.39. The canonical divisor class on C is the image in Pic(C) of div(ω) for any

non-zero differential ω ∈ ΩC . Any divisor in this class is called a canonical divisor.

Definition 1.40. For a fixed divisor, D, we define the Riemann-Roch space of D by

L(D) =
{
f ∈ k̄(C)∗ | div(f) +D ≥ 0

}
∪ {0}.

For the dimension of L(D), we write `(D) = dimk̄ L(D).

Theorem 1.41 (Riemann-Roch). Let C be a smooth curve and let KC be a canonical divisor

on C. Then there is an integer g ≥ 0 such that for every divisor D ∈ Div(C),

`(D)− `(KC −D) = deg(D)− g + 1.

Remark 1.42. By taking D = 0, we see that g = `(KC).

Definition 1.43. The integer g defined in the Riemann-Roch theorem is called the genus

of C.

The genus is a birational invariant of algebraic curves. One is often given a model of

a curve and may wish to determine its genus. The following theorem proves useful in this

regard.

Theorem 1.44. Let C be a algebraic curve which has a smooth plane projective model of

degree d. Then its genus is given by the formula

g =
(d− 1)(d− 2)

2
.

Proof. See [23, Theorem A.4.2.6].
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There is also a more general version of Theorem 1.44 which allows for nonsingular models

of curves (see [20, Proposition VIII.3.5]). In this thesis, we will be considering algebraic

curves of genus 1 and 2. Notice that by Theorem 1.44, if a genus 1 curve is birational to

a smooth projective plane model, then it will have degree 3. On the other hand, a genus 2

curve does not have a smooth projective plane model as there is no degree d which satisfies
(d−1)(d−2)

2 = 2.

1.1.4 Principally polarized abelian varieties

We need some results about principally polarized abelian varieties. For further reading on

abelian varieties, see [32, 35]; for further reading on Jacobian varieties, see [33].

Definition 1.45. A group variety is an algebraic variety V over k, together with morphisms

m : V × V → V

i : V → V

defined over k and an element O ∈ V (k) such that the structure on V (k̄) defined by m and i

forms a group with identity O where m is group multiplication and i is taking inverses. An

abelian variety is a complete group variety.

Notice that the definition of a group variety coincides with the earlier definition of a group

scheme (Definition 1.23) by setting S = Spec(k) and letting the scheme X be a variety V .

One can show that the group structure on abelian varieties is commutative.

Proposition 1.46 ([32, Corollary 2.4]). The group law on an abelian variety A is commu-

tative.

Definition 1.47. Let A and B be abelian varieties. An isogeny φ : A → B is a surjective

morphism on abelian varieties which is also a group homomorphism with finite kernel. If an

isogeny exists between A and B, then we say that A and B are isogenous.

The degree of an isogeny φ, denoted deg(φ), is the degree of the kernel of φ as a finite

group scheme. By working with the language of schemes, one can allow for φ to be either

separable or non-separable. In the context of this thesis, however, all isogenies will be

separable. This will allow us to remain in the language of varieties. In this case, the degree

of an isogeny, φ, is simply the number of points in the kernel of φ.
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Through our discussion of divisors on nonsingular varieties, we have already shown how

we can associate to each variety V , a group Pic(V ). Since an abelian variety A already has

an associated group structure defined on it, one may ask whether it is possible to construct

another abelian variety B such that Pic(B) ∼= A. It turns out that if we consider an

appropriate subgroup of the Picard group, then it is always possible. Such a variety will be

called the dual variety of A. We use Hindry and Silverman’s definition [23, Definition A.7.3.4]

(other definitions are in the more general language of sheafs – see [32, Section 9] for example).

Let A be an abelian variety with a ∈ A, and let ta denote the translation-by-a morphism

on A. Define Pic0(A) to be the translation-invariant subgroup of the Picard group

Pic0(A) = {D ∈ Pic(A) | t∗(D) = D for all a ∈ A} .

It turns out Pic0(A) is the appropriate group to form into the dual abelian variety. For two

abelian varieties A and B and for a ∈ A and b ∈ B, let ia and ib denote the inclusion maps

ia : B −→ A×B and ib : A −→ A×B

ia(b) = (a, b) ib(a) = (a, b)

We now define the dual abelian variety.

Definition 1.48. An abelian variety A∨ is the dual abelian variety of A if there exists a

divisor class P on A×A∨ such that the maps

A∨ −→ Pic0(A), and A −→ Pic0(A∨)

a∨ 7−→ i∗a∨(P) a 7−→ i∗a(P)

are both bijections. The divisor class P is called the Poincaré divisor class.

Theorem 1.49. The dual abelian variety A∨ exists and is unique up to isomorphism. Sim-

ilarly, the Poincaré class is unique up to isomorphism.

Proof. See Hindry and Silverman [23, Theorem A.7.3.4].

As is expected, one can easily see by the symmetry of the definition that A∨∨ = A.

Definition 1.50. The Néron–Severi group of A, denoted NS(A) is the quotient group

NS(A) = Pic(A)/Pic0(A).
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Definition 1.51. A linear system on a projective variety V is very ample if the associated

rational map φL : X → Pn is a morphism that maps X isomorphically onto its image φL(X).

A divisor D is very ample if the complete linear system |D| of D is very ample. A divisor D

is ample if some positive multiple of D is very ample.

Proposition 1.52 (Milne [32, Corollary 12.8]). The Néron-Severi group of an abelian variety

is a torsion-free Z-module of finite rank.

Let A be an abelian variety with a ∈ A and let ta denote the translation-by-a map.

Consider the map

λD : A −→ Pic(A)

a 7−→ t∗a(D)−D.

Theorem 1.53 (Theorem of the square). For any divisor class D ∈ Pic(A), the map λD is

a group homomorphism.

Proof. See Hindry and Silverman [23, Theorem A.7.2.9].

We can use the map λD : A→ Pic(A) to induce a map λD : A→ A∨ by observing that

the image of λD lies in Pic0(A). By Theorem 1.53, we know that this will be an isogeny

whenever λD has finite kernel. One can show that this will occur if and only if D is ample

(cf. [23, Theorem A.7.2.10]). As D may not exist over k, one defines a polarization to be

an isogeny λ : A → A∨ such that over k̄, λ = λD for some ample D ∈ Pic0(A/k̄). If a

polarization is an isomorphism, then we say it is a principal polarization.

Definition 1.54. A principally polarized abelian variety is a pair (A, λ), where A is an

abelian variety and λ is a principal polarization on A.

Let µn denote the group of n-th roots of unity. A principal polarization induces, for each

n prime to the characteristic, an alternating non-degenerate, bilinear pairing

eA[n] : A[n]×A[n]→ µn,

called a Weil pairing.

We need two main results on principally polarized abelian varieties from Milne [32]. The

first result is [32, Proposition 16.2] which describes the interaction between homomorphisms

between abelian varieties and Weil pairings. Paraphrased, it yields in our situation
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Lemma 1.55 (Milne [32, Proposition 16.2]). Let (A, λA) and (B, λB) be principally polarized

abelian varieties and let f : A→ B be a homomorphism. Then

eA[m]

(
a, f∨(b)

)
= eB∨[m](f(a), b),

for all a ∈ Am and b ∈ Bm.

The second result is [32, Proposition 16.8], which describes isogenies that respect polar-

izations. Paraphrased, it yields in our particular situation

Lemma 1.56. Let (A, λA) be a principally polarized abelian variety and let Φ: A → B be

an isogeny with ker(Φ) ⊂ A[n]. A necessary and sufficient condition for the existence of a

polarization λB : B → B∨ such that the diagram

A
nλA //

Φ
��

A∨

B
λB // B∨

Φ∨

OO

commutes, is that ker(Φ) is isotropic with respect to eA[n], which means that eA[n] restricted

to ker(Φ)× ker(Φ) is trivial.

1.1.5 Jacobian varieties

Principally polarized abelian varieties play an important role in the study of algebraic curves.

Let C be an algebraic curve. By Theorem 1.13, every algebraic curve is birational to a smooth

projective curve, so we will consider the smooth projective model for C over k. One can

construct an abelian variety J over k such that over the closure, J(k̄) ∼= Pic0(C)(k̄). Over k

we define

J(k) ∼= Pic0(C)(k̄)Gal(k̄/k),

or in other words, it is all classes in Pic0(C)(k̄) which are invariant with respect to Galois

transformations. Such an abelian variety is called the Jacobian variety of C, or just the

Jacobian of C and is written Jac(C).

If C has a degree 1 divisor class defined over k, then Hindry and Silverman give a theorem

which nicely summarizes the construction and some properties of Jacobians. Note that if C

does not have a degree 1 divisor class defined over k, then the Jacobian variety still exists

and is defined over k but we do not obtain an injection j : C ↪→ Jac(C) over k.
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Theorem 1.57 ([23, Theorem A.8.1.1] and [23, Corollary A.8.2.3.a]). Let C be a smooth

projective curve over k of genus g ≥ 1, together with a degree 1 divisor class defined over k.

Then there exists an abelian variety J = Jac(C), called the Jacobian of C and an injection

j : C ↪→ Jac(C) called the Jacobian embedding of C, with the following properties:

1. One can extend j linearly to divisors on C to obtain a group isomorphism between

Pic0(C/k̄) and Jac(C)/k̄.

2. Define a subvariety Wr ⊂ J by W0 = {0} and for r > 0,

Wr = j(C) + · · ·+ j(C)︸ ︷︷ ︸
r copies

.

Then dim(Wr) = min(r, g) and Wg = Jac(C). In particular, Jac(C) has dimension g.

3. Let Θ = Wg−1. Then Θ is an irreducible ample divisor on Jac(C) and gives a principal

polarization

λΘ : J
∼−→ Pic0(J) ∼= J∨.

Remark 1.58. Suppose C is an algebraic curve over k of genus g > 0, and let D be a degree

1 divisor class of C. Then we define the injection by

j : C ↪→ Pic0(C) ∼= Jac(C)

j(P ) 7→ [P ]−D.

In the proof of Theorem 1.57 one defines

J = {linear systems of degree n on C} ,

and then defines an appropriate group law on J , eventually showing that J is an algebraic

variety and making the identification J = Jac(C) (see [23, pp. 136–137]). In the case where

there is a point P0 ∈ C(k), then we can set D = [P0] to get a map j which is defined over k.

Let n be an integer with n ≥ 2g − 1 and D0 = n[P0]. To construct the map j in this case,

we then define
j : C −→ J

P 7−→ |[P ] + (n− 1)[P0]|
(1.1.1)
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and extend j linearly to get a map

j : Pic0(C) −→ J

D 7−→ |D +D0| .

In general, this construction will suffice for our purposes in this thesis. See Milne [33] for a

more general discussion of Jacobians.

So the Jacobian of a curve C is the principally polarized abelian variety whose points

correspond to the elements of Pic0(C) and whose dimension is equal to the genus of C. By

Theorem 1.57, we know that a smooth projective curve uniquely determines the Jacobian

variety Jac(C) and the corresponding theta divisor class. The converse is also true and is

called Torelli’s theorem (see Milne [33, Theorem 12.1] for a statement and proof).

Notice that the Jacobian, Jac(C/k), of a curve C over k can be viewed as a group scheme

over k (cf. Definition 1.23). Similarly, the finite group of n-torsion points (that is to say, the

elements of order n in Jac(C/k)) also forms a group scheme over k.

We will be working with Jacobians of curves of genus 1 and 2.

Genus 1 curves and their Jacobians

Let E be a curve of genus 1 over k. By Theorem 1.57, we know that Jac(E) is a principally

polarized abelian variety of dimension 1. If E has a k-rational point O ∈ E(k), then we can

follow (1.1.1) to embed E into its Jacobian by j : E ↪→ Jac(E) by sending P 7→ |[P ]− [O]|.
But by the second part of that Theorem 1.57, we know Jac(E) = j(E) and therefore E ∼=
Jac(E). These curves are called elliptic curves.

Definition 1.59. An elliptic curve is a pair (E,O) where E is a curve of genus 1 and O ∈ E.

Our discussion in the first paragraph yields

Proposition 1.60. Let (E,O) be an elliptic curve. Then Jac(E) ∼= E.

We often write E for an elliptic curve with the point O being understood. The elliptic

curve E is defined over k, written E/k if E is defined over k as a curve and O ∈ E(k).

Let k be a field. Then every elliptic curve (E,O) has a model in P2(k̄) given by

Y 2Z + a1XY Z + a3Y Z
2 = X3 + a2X

2Z + a4XZ
2 + a6Z

3 and O = [0 : 1 : 0]
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with a1, . . . , a6 ∈ k̄ (cf. Silverman [45, Proposition 3.1]). This model is called a Weierstrass

model for E. We use j : E → Jac(E) with P 7→ |[P ]− [O]| as the canonical embedding of E

into its Jacobian. As before, if a1, . . . , a6 ∈ k then E is defined over k.

For ease of notation, we will generally write all equations by using non-homogeneous

coordinates x = X/Z and y = Y/Z,

y2 + a2xy + a3y = x3 + a2x
2 + a4x+ a6

keeping in mind the extra point O = [0 : 1 : 0], called the point at infinity.

In this thesis, we will be considering fields k for which char(k) 6= 2, 3. With this added

restriction, we can express the Weierstrass form of E as

E : y2 = x3 + ax+ b

for a, b ∈ k̄.

Genus 2 curves and their Jacobians

Let C be a curve of genus 2 over a field k and let KC be a canonical divisor on C. Then

deg(KC) = 2 (cf. Fulton [20, Section 8.5]) and the linear system |KC | gives a map C → P1

of degree 2 (c.f. Hindry and Silverman [23, Theorem A.4.5.1] and the discussion after the

proof). We say that C is a double cover of P1.

Definition 1.61. Algebraic curves of genus g > 1 which are double covers of P1 are called

hyperelliptic curves.

Thus all genus 2 curves are hyperelliptic curves. Let hC : C → P1 be the double cover

given by |KC |. Then it induces a quadratic extension of function fields k(C)/k(P1). If we

restrict our discussion to a base field k where char(k) 6= 2 then C has an affine plane model

C : y2 = f(x)

where f is a squarefree polynomial of degree 5 or 6 (cf. Cassels and Flynn [10, Section 1.3]

and Chevalley [11, p. 77]). The double cover hC acts on the plane model by (x, y) 7→ x and

is ramified at 6 points (over k̄), called the Weierstrass points of C. When f has degree 6,

these points are exactly the points (wi, 0) where w1, . . . , w6 are the six (distinct) roots of

f(x) over k̄. In the case where f has degree 5, the Weierstrass points are the the five points
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(wi, 0) where w1, . . . , w5 are the five (distinct) roots of f(x) over k̄, together with the point

at infinity w6 = ∞. The double cover also gives rise to a hyperelliptic involution ιC on C,

which acts on the plane model by (x, y) 7→ (x,−y).

Now consider the Jacobian J = Jac(C) of C. By Theorem 1.57, we know that it is a

principally polarized abelian variety of dimension 2, that is to say, it is a principally polarized

abelian surface.

1.2 Decomposable Jacobians

In this section, we introduce the notion of split Jacobians. We introduce some terminology

used throughout the remainder of the thesis.

Definition 1.62. Let A be an abelian surface over a field k. We say that A is decomposable

if there exist elliptic curves E1, E2 over k such that A is isogenous to E1 × E2 over k.

We begin with a lemma that we believe to be common knowledge but were unable to

find a reference to in earlier literature.

Lemma 1.63. Let C be a curve of genus 2 over a field k. If Jac(C) is decomposable over k

then there exists an elliptic curve E such that C admits a finite cover φ : C → E.

Proof. Let J = Jac(C). As noted in Theorem 1.57, if we have a k-rational degree 1 divisor

class, then we can construct an injection j : C ↪→ J , which allows us to consider C as a

subvariety of J . In general, consider the k-rational canonical divisor KC on C. Points on

the Jacobian correspond to degree 0 divisor classes on C, so consider the map γ : C(k) →
Pic0(C/k̄) by mapping P 7→ ([2P ] − κ). Then the image of γ is birational to C. For a

Weierstrass point P note that we have [2P ] = κ, so we see that the identity 0J ∈ J lies in

the image of γ.

Now suppose J is decomposable. Then there exist elliptic curves E1 and E2 over k and

an isogeny Φ : J → E1 × E2 over k. Let π1 : E1 × E2 → E1 be the projection onto E1 and

consider the composition Φ1 = π1 ◦ Φ : J → E1. We claim that γ ◦ Φ1 is not constant. If it

were, then γ(C) would have to lie in the connected component of ker(Φ1) that contains 0J .

But that is a 1-dimensional subgroup scheme of J , so cannot contain a singular model of a

curve of genus 2. It follows that φ = γ ◦ Φ1 : C → E1 is a non-constant morphism between

(complete, non-singular) irreducible curves and hence a finite cover.
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The cover constructed in the proof of Lemma 1.63 is by no means unique and may not

be of minimal degree. This leads us to consider optimal covers. Other literature uses the

term minimal covers [26] and maximal covers [19].

Definition 1.64. A finite cover φ1 : C → E1 is said to be optimal if for any factorization

C
φ′1 //

φ1

44D
ψ // E1.

we must have deg(φ′1) = deg(φ1) or deg(φ′1) = 1.

Lemma 1.65. Let ψ : C → E be a finite cover where C is a curve of genus 2 and E is an

elliptic curve. Then ψ factors through an optimal cover φ.

Proof. Suppose ψ : C → E is a finite cover, and suppose

C
φ1 //

ψ

44D
φ2 // E1.

is a factorization of ψ through φ1 and φ2. Then deg(ψ) = deg(φ1) deg(φ2) < ∞. So either

ψ is optimal, or it factors into a product of two covers of smaller degree. In the latter case,

deg(φ1) > 1, so by Riemann-Hurwitz, D must have a lower genus than C and hence have

genus 1 or 0. But E has genus 1 and D covers E, so D must have genus 1. An inductive

argument on the degree of ψ quickly completes the proof.

Let n = deg(φ1). We need our maps to be separable, hence we assume char(k) - n. In

the case n = 4 which we focus on in subsequent chapters, this contributes to us requiring

char(k) 6= 2. Consider the induced maps φ∗1 : E1 → J and φ1,∗ : J → E1.

Lemma 1.66. Let C be a curve of genus 2 over k, let E1 be an elliptic curve over k, and

let φ1 : C → E1 be a degree n cover where char(k) - n. Then

1. The cover φ1 is optimal if and only if ker(φ1,∗) is connected, and

2. If φ1 is optimal, then the map φ∗1 is injective and ker(φ1,∗) is an elliptic curve.

Remark 1.67. Serre [40, pp. 124–129] proves a similar result to Lemma 1.66 (see in particular

[40, Propositions VI.12 and VI.13]), but he does so in the language of algebraic groups. Frey

and Kani [19] and Kuhn [28, Section 2] adapt it to its current context of optimal covers of

elliptic curves. We provide a sketch of the argument.
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Proof. Define E∗2 = ker(φ1,∗) and let D ⊂ E∗2 be the connected component of 0. We know

that E∗2 has dimension 1, and so D must have dimension 1 as well. We can factor φ1,∗

through J/D

J
f //

φ1,∗

55J/D
g // J/E∗2

∼= E1.

We know D has dimension 1, so J/D is an elliptic curve. By Lemma 1.63, we obtain a cover

φ′1 : C → J/D. We can argue geometrically that our cover φ1 must factor. Working over

the algebraic closure, we can choose some point P0 ∈ C and then embed C into its Jacobian

j : C → J by mapping P to [P ]− [P0]. Using the image of P0 in E1 under φ1, we can also

define an isomorphism j1 : E1 → Jac(E1) by

Q 7→ [Q]− [φ1(P0)].

Notice

(φ1,∗ ◦ j)(P ) = φ1,∗([P ]− [P0]) = [φ1(P )]− [φ1(P0)] = j1(φ1(P )) = (j1 ◦ φ1)(P )

which shows that the following diagram

J //φ1,∗ // J/E∗2

j−1
1

��
C

φ1
//

j

OO

E1

commutes. But now consider that the composition

C
j // J ////

φ1,∗

44J/D // E1

fits into the upper arc of the commutative diagram by factoring φ1,∗

J
f
//

φ1,∗
++

J/D g
// J/E∗2

j−1
1

��
C

φ1
//

j

OO

E1.

Define intermediate maps φ′1 = f ◦ j′ and ψ = j−1
1 ◦ g respectively to obtain

C
φ′1 //

φ1

44J/D
ψ // E1.



CHAPTER 1. PRELIMINARIES 28

If φ1 is an optimal cover and J/D is an elliptic curve, then ψ has degree 1, and so it is an

isomorphism. Conversely, if ker(φ1,∗) is connected, then our only choice for D is D = E∗2

and so J/D ∼= J/E∗2
∼= E1. Therefore ψ is an isomorphism and has degree 1 and so φ1 is

optimal.

To prove the second part of the Lemma, suppose φ1 : C → E1 is an optimal cover. By

the first half of the proof, we know that the kernel of φ1,∗ is connected and is itself an elliptic

curve. Finally, to show φ∗1 is injective, see Serre [40, Proposition VI.12]. He proves that it is

injective by using the fact that an optimal cover does not lift to any non-trivial isogeny.

Let φ1 : C → E1 be an optimal cover. By Lemma 1.66, or by Serre [40, Proposi-

tion VI.12], we know that φ∗1 is injective. Write E∗1 = φ∗1(E1). We follow a similar argument

to the one given in the proof of Lemma 1.66. Working over the algebraic closure, let P0

be a point of C and embed C into its Jacobian J by j : C → J via P 7→ [P ] − [P0]. By

Lemma 1.66, the following sequence

0 // E1

φ∗1 // J
f ′ // E∗2 // 0 (1.2.1)

is exact for some f ′. We can use f ′ to define a cover

φ2 := j ◦ f ′ : C −→ J/E∗1 =: E2.

By (1.2.1), we have E1
∼= E∗1 = ker(φ∗2), so we know that the kernel of φ∗2 is connected. By

Lemma 1.66, we conclude φ2 is optimal. In [28, Section 2], Kuhn proves that this cover is

in fact defined over the ground field. We call φ2 : C → E2 the complementary cover to the

optimal cover φ1 : C → E1.

The maps φ1, φ2 give rise to a map

φ∗1 + φ∗2 : E1 × E2 → J,

with kernel ∆ defined by the exact sequence

0→ ∆→ E1 × E2 → J → 0.

To determine ∆, consider the following diagram

E1 × E2

φ∗1+φ∗2 //

[n] &&M
M

M
M

M J

φ1,∗×φ2,∗
��

E1 × E2.
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The composition (φ1,∗ × φ2,∗)◦ (φ∗1 + φ∗2) is multiplication-by-n on E1×E2 (see Lemma 1.70

and the first few lines of its proof for an explicit justification), and so the kernel of the

composition map is the n-torsion of E1 × E2. Therefore, in particular, we see that ∆ ⊂
(E1 × E2)[n] and so it is finite and φ∗1 + φ∗2 is an isogeny.

By Lemma 1.66, we know that φ∗1 injects into J and by symmetry, φ∗2 also injects into

J . Notice that

E1[n] ∼= E1[n]× 0E2 ⊂ (E1 × E2)[n].

Furthermore, we know that φ∗1 is injective, so we have an injection

φ∗1 : E1[n]→ ∆. (1.2.2)

Consider the isogenies φ1,∗ × φ2,∗ and φ∗1 + φ∗2. We know that the kernel of the composition

is (E1×E2)[n], and so it has order n4. By the injection in (1.2.2), we know that ∆ has order

greater than or equal to n2. Conversely,

E1
∼= (φ1,∗ × φ2,∗) (E1 × 0E2) ,

and so an image of E1[n] must lie in the kernel of φ1,∗×φ2,∗. Therefore ker(φ1,∗ × φ2,∗) also

has order greater than or equal to n2. But we know

deg(φ1,∗ × φ2,∗) deg(φ∗1 + φ∗2) = n4,

and so we conclude that φ∗1 + φ∗2 has degree n2 and that the injection in (1.2.2) is an

isomorphism. By a similar argument, we find an isomorphism

φ∗2 : E2[n]→ ∆.

Therefore ∆ identifies an isomorphism

α : E1[n]→ E2[n]

by α = (φ∗2)−1 ◦ φ∗1; in such a case, we say that ∆ is the graph of the isomorphism α.

Both J and E1 × E2 are principally polarized abelian varieties (see Section 1.1.4). We

investigate how the isogenies φ∗1 + φ∗2 and φ1,∗ × φ2,∗ interact with these polarizations.

Let (A, λA) be a principally polarized abelian variety and let Φ : A → B be an isogeny

with ker(Φ) ⊂ A[n]. Then by Lemma 1.56, a polarization λB : B → B∨ will exist if and

only if ker(Φ) is isotropic with respect to the Weil pairing eA[n]. Suppose A is g-dimensional.
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Then deg(nλA) = n2g. Since deg(Φ) = deg(Φ∨), we can use the commutative diagram in

Lemma 1.56 to calculate the degree of λB:

n2g = deg(Φ) deg(λB) deg(Φ∨)

= deg(Φ)2 deg(λB).

In order for λB to be principal, we need deg(λB) = 1;. Thus λB will be principal if and

only if deg(Φ) = ng. The nondegeneracy of eA[n] implies that in that case ker(Φ) ⊂ A[n] is

a maximal isotropic subgroup.

Definition 1.68. Let (A, λA) and (B, λB) be principally polarized abelian varieties of

dimension g. We say that an isogeny Φ: A → B is a polarized (n1, . . . , nr)-isogeny if

ker(Φ)(k̄) ∼= Z/n1Z× · · · × Z/nrZ and Φ∨ ◦ λB ◦ Φ = nλA, where ng =
∏r
i=1 ni.

Lemma 1.69. Let Φ : A → B be a polarized (n, n)-isogeny between principally polarized

abelian surfaces (A, λA) and (B, λB). Then the dual isogeny Φ∨ : B∨ → A∨ is a polarized

(n, n)-isogeny between (B∨, λ−1
B ) and (A∨, λ−1

A ).

Proof. Let Φ : A → B be a polarized (n, n)-isogeny between principally polarized abelian

surfaces. Then ker(Φ) ∼= Z/nZ× Z/nZ over k̄ and Φ∨ ◦ λB ◦ Φ = nλA.

Since A and B are both principally polarized, λA and λB are both isomorphisms. There-

fore λ−1
A and λ−1

B both exist and are principal polarizations on A∨ and B∨ respectively. Since

B∨ is principally polarized and since a polarization A∨ → A exists, then by Lemma 1.56,

the following diagram

A

Φ
��

A∨
λ′oo

B B∨

Φ∨

OO

nλ−1
Boo

commutes. From this diagram, we obtain

Φ ◦ λ′ ◦ Φ∨ = nλ−1
B . (1.2.3)

To show that λ′ = λ−1
A , by Proposition 1.52, note that the Néron-Severi group of an abelian

variety is torsion-free. Therefore nλ′ = nλ−1
A directly implies λ′ = λ−1

A .

By (1.2.3), it is immediate that ker(Φ∨) ⊂ B∨[n]. Since deg(Φ) = deg(Φ∨) and deg(Φ) =

ng = n2, we have deg(Φ∨) = n2. Thus we can only have ker(Φ∨) ∼= Z/nZ× Z/nZ over k̄.
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Now let Q1, Q2 ∈ ker(Φ∨). To complete the proof, it remains to show eB∨[n](Q1, Q2) = 1.

The composition λB ◦ Φ : A → B∨ is an isogeny with dual λ−1
A ◦ Φ∨ : B∨ → A. Since

Q1 ∈ B[Φ∨], there exists P ∈ A[n] such that λB ◦ Φ(P ) = Q1. So

eB∨[n](Q1, Q2) = eB∨[n]

(
λB ◦ Φ(P ), Q2

)
= eA[n]

(
P, λ−1

A ◦ Φ∨(Q2)
)

by Lemma 1.55(1) with f = λBΦ

= eA[n](P, 0A) = 1 since Q2 ∈ ker(Φ∨)

Therefore the pairing is trivial on the kernel of Φ∨, completing the proof.

Now suppose λ′ is another polarization on B such that Φ∨ ◦λ′ ◦Φ = nλA. Then λ′ = λB.

This follows from the same argument given in the proof of the above lemma.

Lemma 1.70. Let C be a genus 2 curve, let φ1 : C → E1 be an optimal cover of degree n

and let φ2 : C → E2 be a complimentary cover. Then

φ∗1 + φ∗2 : E1 × E2 → J

is a polarized (n, n)-isogeny, with dual isogeny

φ1,∗ × φ2,∗ : J → E1 × E2

Proof. The duality statement is immediate. To prove that the isogeny is polarized, we just

have to verify that

(φ1,∗ × φ2,∗) ◦ (φ∗1 + φ∗2) = (n idE1 × n idE2)

which follows because φi,∗◦φ∗j = 0 and φi,∗◦φ∗i = n idEi for (i, j) = (1, 2), (2, 1). Finally, it is

an (n, n) isogeny because the kernel, being the graph of an isomorphism α : E1[n]→ E2[n],

indeed has the structure E1[n](k̄) ' Z/nZ× Z/nZ.

So the maps φ1, φ2 give rise to an isogeny

φ∗1 + φ∗2 : E1 × E2 → J,

where the kernel ∆ is given by

∆ = ker(φ∗1 + φ∗2) = { (P, α(P )) | P ∈ E1[n]}

and is the graph of an isomorphism

α : E1[n]→ E2[n].
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For ∆ to be maximally isotropic, we need for all P,Q ∈ E1[n] that

1 = e(E1×E2)[n]

(
(P, α(P ), (Q,α(Q))

)
= eE1[n](P,Q)eE2[n](α(P ), α(Q)).

We therefore consider the action of the isomorphism α on the corresponding Weil pairings.

Proposition 1.71. Let eE1[n](P,Q) be a primitive n-th root of unity. Then eE2[n](α(P ), α(Q))

is a primitive n-th root of unity.

Proof. We know Ei[n](k̄) ∼= Z/nZ× Z/nZ for i = 1, 2. To ease notation, write

e1(·, ·) for eE1[n](·, ·) and e2(·, ·) for eE2[n](·, ·).

Let S and T be generators for E1[n](k̄) and let ζn be a primitive n-th root of unity. By

[45, Corollary III.8.1.1], there exist P,Q ∈ E2[n](k̄) such that e1(P,Q) = ζn and by non-

degeneracy of the Weil pairing, we can take P = S and Q = T .

Since α is a group isomorphism, α(S) and α(T ) will be generators of E2[n](k̄). Once

again, we must have e2(α(S), α(T )) be a primitive n-th root of unity. Therefore, there exists

some k ∈ N with (k, n) = 1 such that e2(α(S), α(T )) = ζkn.

Thus we can look at the behaviour of an isomorphism α : E1[n]→ E2[n] by studying its

action on the Weil pairing.

Definition 1.72. Let α : E1[n] → E2[n] be an isomorphism. Then we say that α is an

isometry if

eE2[n](α(P ), α(Q)) = eE1[n](P,Q) for all P,Q ∈ E1.

We say that E1[n] and E2[n] are isometric if an isometry exists.

We say that α is an anti-isometry if

eE2[n](α(P ), α(Q)) = eE1[n](P,Q)−1 for all P,Q ∈ E1.

We say that E1[n] and E2[n] are anti-isometric if an anti-isometry exists.

So ∆ will be maximally isotropic if and only if α is an anti-isometry.

Definition 1.73. Let E1, E2 be elliptic curves and let A be a principally polarized abelian

surface. Suppose that Φ: E1 × E2 → A is a polarized isogeny. We say that Φ is an optimal

polarized (n, n)-splitting if ∆ = ker(Φ) is the graph of an anti-isometry α : E1[n]→ E2[n].

A principally polarized abelian surface A equipped with an optimal polarized (n, n)-

splitting is an optimally (n, n)-split principally polarized abelian surface.
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Proposition 1.74. Let C be a genus 2 curve over a field k of characteristic 0. If Jac(C) is

decomposable then for some n it admits an optimal (n, n)-splitting.

Proof. Lemma 1.63 guarantees that there exists a finite cover C → E′1, and by Lemma 1.65,

there is an optimal cover φ1 : C → E1 as well. By Lemma 1.70, this gives rise to a polarized

(n, n)-isogeny Φ : E1 × E2 → Jac(C) and we have already established that its kernel is the

graph of an anti-isometry.

Note that an (n, n)-splitting does not have to map to a Jacobian. See Proposition 3.5 in

Chapter 3 for an example of an (n, n)-splitting which maps to a product of elliptic curves.

1.3 (2, 2)-Split Jacobians

This is a brief outline characterizing genus 2 curves with (2, 2)-split Jacobians. See also [21]

or [10, Chapter 14].

Lemma 1.75. Let k be a field with char(k) 6= 2 and let

E1 : V 2 = f(U)

be an elliptic curve over k, where f(U) ∈ k[U ] is a monic square-free cubic. Specifying

(E2, α), where E2 is an elliptic curve over k and α : E1[2] → E2[2] is an anti-isometry is

equivalent to specifying a ∈ k ∪ {∞} with f(a) 6= 0 and d ∈ k× representing an element in

k×/k×2 such that

E2 :

W 2 = −df(U) if a =∞

W 2 = d(U − a)f(U) otherwise

where 0E2 ∈ E2(k) is the unique point with U(0E2) = a and the anti-isometry is given by

α(0E1) = 0E2 and α((u, 0)) = (u, 0) for any (u, 0) ∈ E1[2](k̄) \ {0E1}.

Proof. First note that any group scheme isomorphism α : E1[2] → E2[2] is automatically

both an isometry and an anti-isometry. This statement immediately follows from the fact

that the Weil pairing on the 2-torsion maps to Z/2Z, whose non-identity element is its own

inverse. Also note that any scheme isomorphism α′ : E1[2] \ {0E1} → E2[2] \ {0E2} can be

extended uniquely to an isometry.
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We first prove that if α : E1[2] → E2[2] is a group scheme homomorphism, then E2 and

α can be represented as stated. Consider the projection map

U : E1 −→ P1

(U, V ) 7−→ U.

By [45, Algorithm 2.3 and Corollary 2.3.1], we see that it represents the quotient E1 →
E1/〈−1〉 and that it is ramified over exactly π1(E1[2]) = {f(U) = 0} ∪ {∞}. Similarly, we

have U ′ : E2 → E2/〈−1〉 and α induces a scheme isomorphism γ : {f(U) = 0} → U ′(E2[2] \
{0E2}. This is an isomorphism of étale degree 3 subschemes of P1, and so it extends uniquely

to an isomorphism P1 → P1. That is to say, γ is an isomorphism which sends the three

points A := {f(U) = 0} ∈ P1(k̄) to the three points B := U ′(E2[2] \ {0E2}) ∈ P1(k̄) such

that Gal(k[A]/k) ∼= Gal(k[B]/k). But an isomorphism which determines the images of

three distinct points of a P1 extends uniquely to an isomorphism P1(k̄) → P1(k̄). Hence

γ−1 ◦ U ′ : E2 → P1 is a degree 2 cover ramified over {f(U) = 0} and some fourth point

γ−1(U ′(0E2)) = a (hence f(a) 6= 0). It follows that E2 admits a model as stated and that α

is a map as advertised.

Conversely, it is clear that as long as f(a) 6= 0, the model for E2 describes an elliptic

curve and α describes a scheme isomorphism E1[2] → E2[2] sending 0E1 to 0E2 , so it does

define an anti-isometry.

Theorem 1.76. Let k be a field with char(k) 6= 2. Let E1, E2 be elliptic curves given by

models
E1 : V 2 = f(U)

E2 : W 2 = d(U − a)f(U)

and let α : E1[2] → E2[2] be the isometry induced by the identification U(E1[2] \ {0E1}) =

U(E2[2] \ {0E1}). If a 6= ∞ then the fibre product C2 = E1 ×P1 E2 is a curve of genus 2

admitting a model

C2 : Y 2 = f(
1

d
X2 + a),

where the double covers φ1 : C2 → E1 and φ2 : C2 → E2 are induced by the relations

U =
1

d
X2 + a, V = Y, W = XY.

Furthermore, the isogeny

φ∗1 + φ∗2 : E1 × E2 → Jac(C2)
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is the (2, 2)-splitting corresponding to α.

Proof. That C2 is a model of the fibre product of E1 and E2 over the U -line can be verified

immediately. If we establish that φ1 is an optimal cover and that φ2 is a complimentary cover

then Lemma 1.70 establishes that φ∗1 + φ∗2 is a (2, 2)-splitting. Optimality follows because

φ1 and φ2 are of prime degree. It follows that φ∗1 : E1 → Jac(C2) is injective.

To show that φ2 is complimentary we need that φ2,∗ ◦ φ∗1 = 0. But these are maps that

come from a fibre product, so we can compute the composition by taking a divisor on E1,

push it down to P1
U and pull it back to E2. Since we map through a P1, any degree 0 divisor

must map into the principal class on E2, which establishes that φ2,∗ ◦ φ∗1 = 0.

It is straightforward to check that φ∗1 + (φ∗2 ◦α) : E1[2]→ Jac(C2) is zero and hence that

the kernel of φ∗1 + φ∗2 is indeed the graph of α.

Definition 1.77. Let E be an elliptic curve over a separable quadratic extension L/k. We

write <L/k(E) for the Weil restriction of scalars of E with respect to L/k, in the sense of

[2, §7.6].

For the purposes here, it is sufficient to know that A = <L/k(E) is an abelian surface

over k that over L is isomorphic to E×Eσ, where σ is a non-trivial automorphism of L over

k. The product polarization on the latter descends to a k-rational principal polarization on

A.

Proposition 1.78. Let k be a field with char(k) 6= 2. Let E be an elliptic curve over k, let

d ∈ k× represent a class in k×/k×2 and let α : E[2] → E(d)[2] be the obvious isometry. Let

∆ ⊂ E[2]× E(d)[2] be the graph of α. Then

(E × E(d))/∆ ∼=

E × E if d is a square

<k(
√
d)/k)(E) otherwise.

Proof. If d is square, then Proposition 3.5 will apply with n = 1 and we find the (2, 2)-isogeny

given by Φ: (P,Q) 7→ (P +Q,P −Q).

If d is not a square, the first case at least gives us a description of Φ over k(
√
d). We

just have to check that Φ descends to a morphism over k with the twisted Galois actions on

domain and codomain. Both (E×E(d))(k̄) and <k(
√
d)/k)(E)(k̄) are isomorphic to E(k̄)×E(k̄)

as groups, but have twisted Galois actions. Let χd : Gal(k̄/k) → {±1} be the quadratic
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character belonging to k(
√
d)/k. The Galois action on E(k̄)×E(k̄) corresponding to E×E(d)

is

(P,Q)σ = (P σ, χd(σ)Qσ)

and the action corresponding to <k(
√
d)/k)(E) is

(P,Q)σ =

(P σ, Qσ) if χd(σ) = 1

(Qσ, P σ) if χd(σ) = −1.

We want to test that the isogeny Φ: E(k̄)×E(k̄)→ E(k̄)×E(k̄) defined by (P,Q) 7→ (P +

Q,P −Q) descends to k when we twist domain and codomain to E×E(d) and <k(
√
d)/k)(E)

respectively. So we must establish that (Φ(P,Q))σ = Φ((P,Q)σ) for all σ ∈ Gal(k̄/k),

with the appropriately interpreted twisted action. It is immediate that this is the case if

(
√
d)σ =

√
d. In the other case we verify that

(Φ(P,Q))σ = (P +Q,P −Q)σ = (P σ −Qσ, P σ +Qσ) =

(P σ + χd(σ)Qσ, P σ − χd(σ)Qσ) = Φ(P σ, χd(σ)Qσ) = Φ((P,Q)σ).

This confirms that the isogeny is indeed defined over k. It also shows that the product

polarization on E ×E over k(
√
d) descends to a principal polarization on <k(

√
d)/k)(E) over

k such that Φ is a polarized (2, 2)-isogeny.



Chapter 2

Richelot Isogenies

Introduction

In this chapter, we discuss polarized (2, 2)-isogenies between Jacobians of genus 2 curves.

Such isogenies are also known as Richelot isogenies. Much work has been done on Richelot

isogenies, see [46, Chapter 8], [10, Chapter 9] [4], and [17, Section 4]. These papers focus on

Richelot isogenies over algebraically closed base fields. The new contribution in this thesis

is Proposition 2.6, where we determine the appropriate twist of the codomain for Richelot

isogenies that have a kernel that is not pointwise defined over the base field.

2.1 Polarized (2,2)-Isogenies on Jacobians of genus 2 curves

Let k be a field of odd characteristic, let k̄ be an algebraic closure of k and let C be a curve

of genus 2 over k. Then C admits a model of the form

C : Y 2 = f(X) = f6X
6 + f5X

5 + · · ·+ f1X + f0, (2.1.1)

where f(X) ∈ k[X] is a square-free polynomial of degree 5 or 6. If k has at least 6 elements,

then we can assume that f6 6= 0. There are some curves over k = F3,F5 that escape our

analysis. In fact, one can show that such curves have Richelot isogenies defined over k to be

of the type that is already covered in existing literature. See Remark 2.7 for a full discussion

of these curves. Note that (f6Y )2 = f2
6 f(X) is also a model of C over k, so it is not a

restriction to insist that the leading coefficient is a cube. We assume that f6 = q3
2 for some

q2 ∈ k.

37



CHAPTER 2. RICHELOT ISOGENIES 38

We begin by describing Jac(C)[2], the Weil pairing on it, and its maximal isotropic

subgroups. Let w1, . . . , w6 be the roots of f(X) in k̄. The Weierstrass points of C are the

six points Ti = (wi, 0). The non-zero two-torsion points in Pic0(C/k̄) are exactly the divisor

classes T{i,j} = [Ti − Tj ] = [Tj − Ti], and the Weil pairing is given by

eJ [2](T{i,j}, T{k,l}) = (−1)#{i,j,k,l}.

Proposition 2.1. Let J = Jac(C). The maximal isotropic subgroups of J [2] are exactly of

the form

{0, T{i1,i2}, T{i3,i4}, T{i5,i6}},

where the indices are given by a partition {{i1, i2}, {i3, i4}, {i5, i6}} of {1, . . . , 6} into three

disjoint pairs.

Proof. For a subgroup A ⊂ J [2] to be isotropic with respect to the Weil pairing, we need

eJ [2](P,Q) = 1

for all P,Q ∈ A.
Let M = {0, T{i1,i2}, T{i3,i4}, T{i5,i6}}. Notice that # {i1, i2, i3, i4} = 4 and so

eJ [2](T{i1,i2}, T{i3,i4}) = (−1)4 = 1.

Performing similar calculations on the other pairs of elements of M yield the same result,

hence M is an isotropic subgroup of J [2].

Now suppose T{i,j} ∈ J [2] is not an element of M . Without loss of generality, suppose

i = i1. Then j 6= i2 and so # {i, j, i1, i2} = 3, hence eJ [2](T{i,j}, T{i1,i2}) = (−1)3 = −1.

Therefore M is a maximal isotropic subgroup.

Now suppose A ⊂ J [2] is a maximal isotropic subgroup. Then 0 ∈ A because A is a

subgroup. Notice that this also implies that any set of the form {0, T} ⊂ J [2] is isotropic

with respect to the Weil pairing, so a maximal isotropic subgroup has at least one non-zero

element. Let T{i,j} ∈ A be non-zero and let {k, l} ⊂ {1, . . . , 6} be disjoint from {i, j}.
Then eJ [2](T{i,j}, T{k,l}) = 1, so any maximal isotropic subgroup contains at least 2 non-zero

elements. Since T{i,j} + T{k,l} = T{m,n} with {i, j, k, l,m, n} = {1, . . . , 6}, we see that any

maximal isotropic subgroup is contained in one of the form M , completing the proof.

For ease of notation, we assume that (i1, . . . , i6) = (1, . . . , 6).
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Proposition 2.2. The maximal isotropic subgroup in Proposition 2.1 corresponds to speci-

fying a factorization

Fj(X) = q2X
2 + q1,jX + q0,j = q2(X − w2j−1)(X − w2j)

such that

f(X) = F1(X)F2(X)F3(X).

Proof. This proposition follows immediately from the fact that every non-zero two-torsion

point of J corresponds to two Weierstrass points of C whose coordinates are the roots of

f(X) over k̄.

Definition 2.3. We say that {F1(X), F2(X), F3(X)} ⊂ k̄[X] is a quadratic splitting of

f . We say that {F1(X), F2(X), F3(X)} is a quadratic splitting over k if it is stable under

Gal(k̄/k). Note that the Fi(X) do not have to be individually defined over k.

Lemma 2.4. Let k be a field of odd characteristic with #k > 5 and let C be a curve of

genus 2 over k. Suppose ∆ ⊂ Jac(C)[2] is a maximal isotropic subgroup scheme over k. Let

L be the coordinate ring of ∆\{0}. Then there is a quadratic polynomial Q(X) ∈ L[X] such

that C admits a model of the form

C : Y 2 = f(X) = NormL[X]/k[X](Q(X)). (2.1.2)

Conversely, for any cubic étale algebra L/k, any such representation gives rise to a maximal

isotropic subgroup scheme ∆ ⊂ Jac(C)[2] with ∆ \ {0} = Spec(L).

Proof. We choose a model of the form (2.1.1) with f6 = q3
2. We label the roots w1, . . . , w6

of f(X) in k̄ such that

∆(k̄) = {0, T{1,2}, T{3,4}, T{5,6}}

Let Fj(X) be defined as in Proposition 2.2. The group Gal(k̄/k) acts by permutation

on {T{1,2}, T{3,4}, T{5,6}} and the identification Fj(X) 7→ T{2j−1,2j} is Galois-covariant, so

{F1(X), F2(X), F3(X)} is a quadratic splitting of f(X) over k. It follows that there is a

polynomial Q(X) ∈ L[X] that maps to each of the Fj under the three k-algebra homomor-

phisms L→ k̄. This yields that C is indeed of the form (2.1.2).

For the converse, note that the three images Fj(X) of Q(X) under the three maps

L[X] → k̄[X] give rise to a quadratic splitting {F1(X), F2(X), F3(X)} of f(X) over k and

hence to a maximal isotropic subscheme ∆ ⊂ Jac(C)[2] over k with ∆ \ {0} = Spec(L).
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We now describe the codomain of a Richelot isogeny. Suppose that ∆ ⊂ Jac(C)[2] is

a maximal isotropic subgroup scheme over k and let {F1(X), F2(X), F3(X)} be the cor-

responding quadratic splitting. We will describe the principally polarized abelian surface

B = Jac(C)/∆ when it is a Jacobian itself. We define the determinant of the quadratic

splitting to be

δ = det


q0,1 q1,1 q2

q0,2 q1,2 q2

q0,3 q1,3 q2

 (2.1.3)

(see [46, page 117] or [10, page 89]). If δ = 0 then we say that the quadratic splitting

{F1(X), F2(X), F3(X)} is singular. In this case, B is a product of elliptic curves over k̄.

Otherwise, B is the Jacobian of a genus 2 curve over k̄ and we say {F1(X), F2(X), F3(X)}
is nonsingular. We will determine B.

For a non-singular quadratic splitting, the following classical construction gives a curve

C̃1 such that B = Jac(C̃1) over k̄. Suppose {F1(X), F2(X), F3(X)} is nonsingular. Then for

(i, j, k) = (1, 2, 3), (2, 3, 1), (3, 1, 2) we define

Gi(X) = δ−1 det

(
d
dXFj(X) d

dXFk(X)

Fj(X) Fk(X)

)

It is straightforward to check that {G1(X), G2(X), G3(X)} ⊂ k̄[X] is again stable under

Gal(k̄/k). For d ∈ k∗, we consider the curve

C̃d : dỸ 2 = g(X̃) = G1(X̃)G2(X̃)G3(X̃). (2.1.4)

Lemma 2.5. The polynomial g is squarefree of degree 5 or 6.

Proof. This follows by direct computation; see [46, Page 122].

We now review the Richelot isogeny. From [46, Theorem 8.4.11] or [4, Section 3.1] we

know that over k̄ we have B = Jac(C̃1) and that the isogeny is described by a Richelot

correspondence defined by a curve Γd ⊂ C × C̃d over k̄ given by

Γd :


F1(X)G1(X̃) + F2(X)G2(X̃) = 0

F1(X)G1(X̃)(X − X̃) =
√
d Ỹ Y

F2(X)G2(X̃)(X − X̃) = −
√
d Ỹ Y

The curve Γd covers both C and C̃d by

π : (X,Y, X̃, Ỹ ) 7−→ (X,Y ) and πd : (X,Y, X̃, Ỹ ) 7−→ (X̃, Ỹ ).
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Notice that over k̄, the curve Γd is birational to

Γ1 :


F1(X)G1(X̃) + F2(X)G2(X̃) = 0

F1(X)G1(X̃)(X − X̃) = Ỹ Y

F2(X)G2(X̃)(X − X̃) = − Ỹ Y

by sending
√
dY 7→ Y . The first equation in Γ1 gives F2(X)G2(X̃) = −F1(X)G1(X̃) and

therefore the third equation is redundant, leaving

Γ1 :

{
F1(X)G1(X̃) + F2(X)G2(X̃) = 0

F1(X)G1(X̃)(X − X̃) = Ỹ Y

We obtain the Richelot correspondence given by Smith [46, Definition 8.4.7]. Here, the term

correspondence refers to a curve Γ ⊂ C × C̃1 which covers both C and C̃1, together with a

means of relating their corresponding divisors. So Γd is a twist of the correspondence used

in other literature on Richelot isogenies. They have shown that the correspondence Γ1 leads

to a Richelot isogeny on the Jacobians. We follow the same argument for Γd.

The Richelot isogeny can be computed by taking divisor classes on C, pulling back to Γd

and then pushing down to C̃d. In particular,

π∗ : Pic(C)→ Pic(Γd) and (πd)∗ : Pic(Γd)→ Pic(C̃d),

and so (πd)∗ ◦ π∗ : Pic(C) → Pic(C̃d). Therefore, (πd)∗ ◦ π∗ induces an isogeny between

Jac(C) and Jac(C̃d) by restricting each map to the degree zero part of the Picard groups k̄.

Depending on our choice of the twist d, this isogeny may be defined over k.

There are two cases where it is easy to see for which twist d we have Jac(C̃d) = B. In the

first case, if F1, F2, F3 ∈ k[X] and d = 1, then Γd is defined over k and hence B = Jac(C̃1)

over k.

In the second case, if F1 and F2 are quadratic conjugate, say over an extension k(
√
d),

then F3 is necessarily defined over k. Then the set of defining equations for Γd is Gal(k̄/k)-

stable, and hence Γd is defined over k. Since over k̄, the curves C̃d and Γd are isomorphic to

C̃1 and Γ1, it follows from the above discussion that Γd describes a correspondence giving

rise to an isogeny Jac(C)→ Jac(C̃d) of the desired type. Note that d = disc(L).

Proposition 2.6. Let C be a genus 2 curve as in (2.1.2). Let ∆ ⊂ Jac(C)[2] be the maximal

isotropic subgroup scheme over k with δ 6= 0 and ∆ \ {0} = Spec(L). Let d = disc(L). Then

Jac(C)/∆ = Jac(C̃d).
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Proof. The cases where Gal(k̄/k) acts non-transitively on ∆(k̄) \ {0} have been dealt with

above. For the general case we consider a generic model. We will prove it there and all

special cases follow by specialization.

We consider the field K = k(h0, h1, h2, qi,j) with i, j ∈ {0, 1, 2} and let L = K[T ]/(T 3 +

h2T
2 + h1T + h0) and let Q(X) ∈ L[X] be defined by

Q =
2∑

i,j=0

qi,jT
j Xi.

We now consider the curve C : Y 2 = f(X) = NormL[X]/k[X](Q(X)) over K.

We have that L/K is a cubic extension with Galois closure L(
√
d) over K. Using the

discussion above, we know that B = Jac(C̃d) over L. However, we know that B itself is

defined over K as a principally polarized variety, so B must be some twist of Jac(C̃d) that

trivializes over the cubic extension L. However we have AutK(Jac(C̃d)) = AutK(C̃d) =

{±1}, so both only have quadratic twists. It follows the twist must be trivial.

Specialization now yields that for any curve C of the stated form, a polarization preserv-

ing isomorphism Jac(C)/∆ ' Jac(C̃d) over k exists.

With Proposition 2.6, we can now always determine the appropriate twist d of the

codomain. Over algabraically-closed base fields or in cases where F1, F2, F3 ∈ k[X], we

use d = 1. Otherwise, we twist by the discriminant of L.

Remark 2.7. In the opening paragraph of Section 2.1, we simplified our discussion by as-

suming that the genus 2 curve C : Y 2 = f(X) had a model in which f was squarefree of

degree 6. There are some specific cases where this is not true. We conclude this chapter

by considering genus 2 curves which are given by a model C : Y 2 = f(X), where f is a

polynomial of degree 5. We show in general how one obtains a model Y 2 = g(X) which is

birational to C but where g has degree 6. In doing so, we discuss the special cases where

this construction fails and show that in all of these special cases, the Richelot isogenies on

the Jacobians of these genus 2 curves is already covered by existing literature.

Suppose C is a genus 2 curve over k with a model Y 2 = f(X) where f is a squarefree

polynomial of degree 5. Then the Weierstrass points of C are the five points (wi, 0) for i = 1

to 5 where wi are the five roots of f over k̄, together with the point at infinity. If there exists

a ∈ k such that a 6= wi for all i = 1 to 5, then one can make the birational transformation

ϕ : X 7−→ aX

X − a
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which sends the point at infinity to the point a and the point a to the point at infinity.

Since the point (a, 0) is not a Weierstrass point of C, this birational transformation ends

up swapping the Weierstrass point at infinity with another k-rational point. In this way, we

obtain a model where all the Weierstrass points are moved away from infinity and so this

model would be given by a squarefree polynomial in X of degree 6.

The problem arises when the points of the form (a, 0) are all Weierstrass points for all

a ∈ k. This can obviously only happen when #k < 6 and therefore can only happen for

k = F3 or F5. The curves to consider are

k = F5 and C1 : Y 2 = f(X) = X(X − 1)(X − 2)(X − 3)(X − 4)

k = F3 and C2 : Y 2 = g(X) = X(X − 1)(X − 2)p(X)

where p(X) ∈ F3[X] is an irreducible polynomial of degree 2.

In the first case, C1(F5) has five F5-rational Weierstrass points (0, 0), . . . , (4, 0), together

with the point at infinity. So, in this case, all the Weierstrass points are F5-rational and the

classic interpretation of the Richelot isogeny is applicable (in this case, one of the polynomials

in a quadratic splitting would be linear). See [46, Section 8.4], in particular, note that

Lemmas 8.4.2 and 8.4.3 include the possibility of having (at most) one linear term among

the three polynomials in a quadratic splitting {F1(X), F2(X), F3(X)}.
In the second case, C2(F3) has three F3-rational Weierstrass points (0, 0), (1, 0), and

(2, 0), together with the point at infinity. This leaves two Weierstrass points which are

not F3-rational, but are instead quadratic conjugates. Let (w1, 0) and (w2, 0) be these

two Weierstrass points of C2 which are not F3-rational and consider the possible quadratic

splittings of g(X).

Suppose first that c(X − w1)(X − w2) is one of the three polynomials in the quadratic

splitting for some c ∈ k. Then once again this case is covered by existing literature. The

footnote on page 114 of Smith [46]) allows for the possibility that the polynomials in a given

quadratic splitting were k-rational, but were irreducible over k (that is to say, the individual

Weierstrass points corresponding to that polynomial need not be k-rational).

The other possibility is that w1 and w2 are roots of distinct polynomials in the quadratic

splitting. Without loss of generality, consider a quadratic splitting {F1(X), F2(X), F3(X)}
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where (X − w1) is a factor of F1(X) and (X − w2) is a factor of F2(X). In this case,

F1(X) = (X − w1)L1(X)

F2(X) = (X − w2)L2(X)

where L1(X), L2(X) ∈ {1, X, (X − 1), (X − 2)} with L1(X) 6= L2(X). Let σ ∈ Gal(k̄/k) be

an element of the Galois group which swaps w1 and w2. Then

F σ1 (X) = (X − w2)L1(X)

F σ2 (X) = (X − w1)L2(X)

so F σ1 /∈ {F1(X), F2(X), F3(X)} and the quadratic splitting is not Galois stable as required.



Chapter 3

Characterization of genus two curves

with (4, 4)-split Jacobians

Introduction

In this chapter, we classify all principally polarized abelian surfaces J which admit an op-

timal (4, 4)-splitting. We provide models through which one can obtain all such principally

polarized abelian surfaces J through an appropriate specialization. In particular, we prove

in Section 3.5

Theorem 3.1. Let J be a principally polarized abelian surface over a field k with char(k) - 6

and #k > 5. Then J admits an optimal (4, 4)-splitting

Φ4 : E1 × E2 → J

if and only if one of the following holds.

1. J = Jac(C4) where C4 is a genus 2 curve admitting a model of the form given in

Appendix B.2,

2. J = Jac(C ′4) and E2 = E
(D)
1 , where D = disc(E1), and where C ′4 admits a model

C ′4 : Y 2 = −64bc
1

D3
X6 +

64

3
b

1

D2
X5 + 16bc

1

D2
X4 +

224

27
b

1

D
X3 + 4bc

1

D
X2 +

4

3
bX − bc,

3. J = E1 × E2 and there is a 3-isogeny E1 → E2,

45
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4. J = E1/〈T2〉×E1/〈T3〉, where E1 = E2 is an elliptic curve with E1[2](k) = {0, T1, T2, T3}

5. J = <k(
√
D)/k(E1/〈T2〉), where D = disc(E1) is a non-square, E1[2](k) = {0, T1} and

E1[2](k(
√
D)) = {0, T1, T2, T3} and E2 = E

(D)
1 .

The model C ′4 can be obtained as an appropriate specialization of a model which is

isomorphic to C4 (see Proposition 3.16).

We use the model (B.2.1) to describe a birational model of the 2-dimensional locus of

optimally (4, 4)-split Jacobians in the moduli-space of curves of genus 2. The Igusa invariants

I2, I4, I6, I8, and I10 (see [24]) of a genus 2 curve C classify the isomorphism class of C

over an algebraically closed field. As we will be working over fields k where char(k) 6= 2, it

suffices to use I2, I4, I6, and I10 to classify the isomorphism class of C. These invariants

are homogeneous polynomials of degrees 2, 4, 6, and 10 respectively in the coefficients of the

defining polynomial for a model of the genus two curve. This moduli-space is birational to

affine 3-space, as given by the absolute invariants of a genus two curve [25]:

i1 = 144
I4

I2
2

, i2 = −1728
(I2I4 − 3I6)

I3
2

, i3 = 486
I10

I5
2

. (3.0.1)

Theorem 3.2. The absolute invariants i1, i2, i3 of a genus 2 curve with optimally (4, 4)-split

Jacobian satisfy an equation L, of weighted degree 90, where i1, i2, i3 are given weights 2, 3, 5

respectively.

The equation L is too large to reproduce in this thesis: it consists of 4574 monomials with

coefficients having up to 138 digits. We have therefore made a copy available electronically

(see [8]). The surface described by L is the Humbert surface of discriminant 16 (see [26,

Corollary 1.7]).

3.1 (4, 4)-split principally polarized abelian varieties

Let J be an optimally (4, 4)-split principally polarized abelian variety as defined in Defini-

tion 1.73 and let Φ4 : E1 ×E2 → J be an optimal (4, 4)-splitting for J . Then ∆4 = ker(Φ4)

is the graph of an anti-isometry α4 : E1[4] → E2[4]. But Ei[2] ⊂ Ei[4], so we also have

α2 := α4|E1[2] : E1[2] → E2[2]. The subgroup ∆2 = ∆4 ∩ (E1 × E2)[2] is the graph of α2,

so we see that Φ4 factors through an optimal (2, 2)-splitting E1 ×E2 → A = (E1 ×E2)/∆2.

We use the principal polarizations to identify E1×E2, A, and J with their duals. We obtain



CHAPTER 3. GENUS 2 CURVES WITH (4, 4)-SPLIT JACOBIANS 47

E1 × E2

2λE1×E2 //

Φ2

��
Φ4

��

(E1 × E2)∨
2 // (E1 × E2)∨

A
λA //

Ψ
��

A∨
2 //_________

Φ∨2

OO

A∨

Φ∨2

OO

J
λJ // J∨

Ψ∨

OO
Φ∨4

XX

Figure 3.1: Factorization of Φ4 through an optimal (2, 2)-splitting.

the diagram shown in Figure 3.1. We want to establish that the diagram in the figure is

commutative when we add the dashed arrow. To lighten our notation, we avoid explicitly

referring to the polarizations as much as possible. To this end we introduce the shorthand

notation

Ψ∗ =λ−1
A ◦Ψ∨ ◦ λJ ,

Φ∗2 =λ−1
E1×E2

◦ Φ∨2 ◦ λA,

Φ∗4 =λ−1
E1×E2

◦ Φ∨4 ◦ λJ .

Lemma 3.3. The isogeny Ψ : A → J is a polarized (2, 2)-isogeny. Furthermore, ker(Ψ) ∩
ker(Φ∗2) = {0}.

Proof. From Lemma 1.55, it follows that for P,Q ∈ (E1 × E2)[4], we have that

e(E1×E2)[4](P,Q) = eA[2](Φ2(P ),Φ2(Q)).

Hence we see that ker(Ψ) = Φ2(∆4) ⊂ A[2] is maximal isotropic, so by Lemma 1.56 there is

a principal polarization λ′ : J → J∨ such that 2λA = Ψ∨ ◦ λ′ ◦Ψ. It follows that

Φ∨2 ◦Ψ∨ ◦ λ′ ◦Ψ ◦ Φ2 = 4λE1×E2 = Φ∨4 ◦ λJ ◦ Φ4,

so the image of (λ′−λJ)◦Φ4 is contained in ker(Φ∨4 ), which is finite. On the other hand, Φ4

is surjective and J is connected, so λ′ − λJ is constant and hence λ′ = λJ . This establishes

that Ψ is indeed a polarized (2, 2)-isogeny.

In order to see that ker(Ψ)∩ ker(Φ∗2) = {0}, note that Φ2 is injective on E1[2]×{0} and
maps it onto ker(Φ∗2), because Φ∗2 ◦Φ2 = 2. Since Ψ◦Φ2 is injective on E1[4]×{0}, it follows
that Ψ is also injective on Φ2(E1[2]× {0}) = ker(Φ∗2). This shows that ker(Ψ) ∩ ker(Ψ∗2) =

{0}.
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In fact, whether Ψ ◦ Φ is a (4, 4)-isogeny is completely determined by ker(Ψ) ∩ ker(Φ).

Lemma 3.4. Let A,B, J be polarized abelian surfaces over k with char(k) 6= 2. Suppose

that Φ∗ : A→ B and Ψ: A→ J are polarized (2, 2)-isogenies. Then

1. Ψ ◦ Φ: B → J is a polarized (4, 4)-isogeny if and only if ker(Ψ) ◦ ker(Φ∗) = {0},

2. Ψ ◦ Φ: B → J is a polarized (2, 2, 2, 2)-isogeny if and only if ker(Ψ) = ker(Φ∗), and

3. Ψ ◦ Φ: B → J is a polarized (4, 2, 2)-isogeny if and only if ker(Ψ) ∩ ker(Φ∗) ' Z/2Z.

Proof. It is immediate that Ψ ◦ Φ is a polarized isogeny. The nature of the isogeny can be

read off from the kernel, so we investigate what these isogenies do on the 4-torsion. The

isogenies we consider fit in the following commutative diagram.

B[4]
2 //

Φ ""EEEEEEEE
B[4]

2 //

Φ ""EEEEEEEE
B[4]

A[4]
2 //

Ψ ""EEEEEEEE

Φ∗
<<yyyyyyyy

A[4]

Φ∗

<<yyyyyyyy

J [4]

Ψ∗

<<yyyyyyyy

Since char(k) 6= 2, each of B[4](k̄), A[4](k̄), J [4](k̄) is isomorphic to (Z/4Z)4 as a Z-module.

We normalize choice of basis such that the Weil pairing on each is given by

e(v, w) = vT


0 0 0 1

0 0 1 0

0 −1 0 0

−1 0 0 0

w

The following are matrices that correspond to polarized (2, 2)-isogenies,

M =


2 0 0 0

0 2 0 0

0 0 1 0

0 0 0 1

 , M∗ =


1 0 0 0

0 1 0 0

0 0 2 0

0 0 0 2

 , N =


2 0 0 0

0 1 0 0

0 0 2 0

0 0 0 1

 , N∗ =


1 0 0 0

0 2 0 0

0 0 1 0

0 0 0 2

 ,

whereMM∗ = NN∗ = 2id. It is straightforward to check that ker(NM) ' (Z/4Z)×(Z/2Z)2

and that ker(MM) = (Z/4Z)2. Correspondingly, we find ker(N) ∩ ker(M∗) ' (Z/2Z) and
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that ker(M) ∩ ker(M∗) = 0, so only the (4, 4)-isogeny gives rise to trivially intersecting

kernels.

It remains to check that these isogenies represent all possibilities. To that end, we observe

that a (2, 2)-isogeny is determined up to isomorphism by its kernel, and that there are 15

maximal isotropic subgroups in (Z/2Z)4. It is straightforward to check that if we choose two

such subgroups K1,K2 then there is a transformation T ∈ Sp4(Z/2Z) such that (TK1, TK2)

is one of(
ker(M∗)[2], ker(M∗)[2]

)
,
(

ker(M∗)[2], ker(M)[2]
)
,
(

ker(M∗)[2], ker(N)[2]
)
.

This shows that by choice of basis, one can ensure that the isogenies considered are indeed

represented by the matrices given.

Lemma 1.75 and Theorem 1.76 imply that if j(E1) 6= j(E2) then A = Jac(C2) for some

genus 2 curve C2. Similarly, we expect J to be a Jacobian outside some special conditions.

Remark 3.6 and Proposition 3.7 describe such special conditions. In fact, Theorem 3.1

establishes that these describe all cases where J is not a Jacobian.

Proposition 3.5. An (n− 1)-isogeny φ : E1 → E2 gives rise to an optimal polarized (n, n)-

splitting
Φ: E1 × E2 → E1 × E2

( P , Q ) 7→ ( φ∗(Q) + P , φ(P )−Q )

where φ∗ : E2 → E1 is an isogeny such that φ∗ ◦ φ is multiplication-by-(n− 1).

Proof. Note that the restriction φ|E1[n] : E1[n]→ E2[n] yields an anti-isometry. It is straight-

forward to check that Φ◦Φ is multiplication-by-n and that ker(Φ) consists of points (P, φ(P )),

with P ∈ E[n], so the kernel of Φ is indeed that graph of an anti-isometry.

Remark 3.6. A 3-isogeny φ : E1 → E2 induces an anti-isometry α4 : E1[4] → E2[4]. By

Proposition 3.5, we have J = E1 × E2 in this case.

If j(E1) 6= 0 then j(E2) 6= j(E1), so A = Jac(C2). The 3-isogeny −φ gives rise to the

same A, J but a different (4, 4)-splitting, so we find that C2 is a genus 2 curve that is a

double cover of E1 and of E2 in 3 different ways, see also [21]. If j(E1) = j(E2) = 0 we find

that A is not a Jacobian.

Proposition 3.7. Let E be an elliptic curve with discriminant D. Suppose that E has a

rational point T1 ∈ E[2](k) of order two.



CHAPTER 3. GENUS 2 CURVES WITH (4, 4)-SPLIT JACOBIANS 50

If D is a square then E[2](k) = {0, T1, T2, T3} and E has three 2-isogenies φi : E →
E/〈Ti〉. The morphism

Φ: E × E → E/〈T2〉 × E/〈T3〉
( P , Q ) 7→ ( φ2(P +Q) , φ3(P −Q) )

(3.1.1)

is an optimal (4, 4)-splitting.

If D is not a square then E[2](k(
√
D)) = {0, T1, T2, T3} and (3.1.1) descends to a (4, 4)-

splitting over k denoted by

Φ′ : E × E(D) → <k(
√
D)/k(E/〈T2〉)

where <k(
√
D)/k(E/〈T2〉) denotes the Weil restriction of E (cf. Definition 1.77).

Proof. If E has square discriminant then we know that the extension generated by E[2](k̄)

is either k or a cyclic cubic extension. The assumption that T1 ∈ E[2](k) implies it is the

former.

In this case, it is clear that Φ is an isogeny of degree 16, defined over k. To check that

Φ is an optimal (4, 4)-splitting, we determine ker(Φ)(k̄). Suppose that (P,Q) ∈ ker(Φ(k̄)).

Then Q = P if 2P = 0 or 2P = T2 and Q = −P if 2P = T3 or 2P = T2 + T3.

We fix generators E[4](k̄) = 〈P2, P3〉 with 2P2 = T2 and 2P3 = T3. Then Q = α(P )

where α : E[4](k̄) → E[4](k̄) is defined by P2 7→ P2 and P3 7→ −P3. This is indeed an

anti-isometry.

If D is a non-square then we can still define Φ over k(
√
D). The domain and codomain

of Φ′ are isomorphic over k(
√
D) to those of Φ. Checking that Φ descends to Φ′ over k is a

straightforward exercise in checking Galois actions.

3.2 2-level structure on curves of genus 2

In the last section, we showed that an optimal (4, 4)-splitting Φ4 : E1 × E2 → J factors

through an optimal (2, 2)-splitting Φ2 : E1 × E2 → A. In this section, we consider the case

where A is the Jacobian of a genus 2 curve. We begin by stating and proving the main

result of the section. We end the section with an analysis of this result from a perspective

of moduli spaces of genus 2 curves.
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Theorem 3.8. Let k be a field of characteristic distinct from 2. The Jacobian of a genus 2

curve

C : Y 2 = f(X)

has two (2, 2)-isogenies Φ and Ψ over k if and only if the Galois group of f(X) is contained

in C2 × V4 ⊂ S6 or S̃3 = 〈(1, 3, 5)(2, 4, 6), (12)(36)(45)〉 ⊂ S6. In the first case, Φ ◦ Ψ∗ is a

(4, 2, 2)-isogeny. In the second case, Φ ◦Ψ∗ is a (4, 4)-isogeny.

Proof. Let C : Y 2 = f(X) be a curve of genus 2 over a field k of odd characteristic and

let J = Jac(C). Recall from Chapter 2 that J [2](k̄) can be represented by differences of

Weierstrass points of C. It follows that the action of Gal(k̄/k) on J [2](k̄), which is through

Sp4(Z/2Z), factors through the action on the 6 Weierstrass points, which is through S6.

This yields a homomorphism S6 → Sp4(Z/2Z) and it is straightforward to check that it is

an isomorphism.

We have also seen that maximal isotropic subgroups of J [2] correspond to quadratic

splittings of f(X). It is straightforward to check that S6 acts transitively on the quadratic

splittings of f(X). If J [2] has a polarized (2, 2)-isogeny over k, then f(X) must have a

Galois-stable quadratic splitting. We have

StabS6({{1, 2}, {3, 4}, {5, 6}}) ' (C2)3 o S3

Furthermore, the remaining 14 quadratic splittings have two orbits under (C2)3 o S3, one

of length 6 and one of length 8. If J [2] is to have two k-rational polarized (2, 2)-isogenies

then Gal(k̄/k) should act through the stabilizer subgroup of a representative of one of those

orbits. If we pick a stabilizer subgroup of the first orbit, we obtain

C2 × C4 = 〈(12), (34)(56), (35), 46)〉

stabilizing 3 quadratic splittings{
{1, 2}, {3, 4}, {5, 6}

}
,
{
{1, 2}, {3, 5}, {4, 6}

}
,
{
{1, 2}, {3, 6}, {4, 5}

}
(3.2.1)

and for the second orbit we obtain

S̃3 = 〈(135)(246), (12)(36)(45)〉

stabilizing{
{1, 2}, {3, 4}, {5, 6}

}
,
{
{1, 4}, {2, 5}, {3, 6}

}
,
{
{1, 6}, {2, 3}, {4, 5}

}
. (3.2.2)
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Combining this with Lemma 3.4 yields that (3.2.1) corresponds to isogenies that combine to

(4, 2, 2)-isogenies and that (3.2.2) corresponds to isogenies that combine to (4, 4)-isogenies,

completing the proof of Theorem 3.8.

Lemma 3.9. Let k be a field with char(k) 6= 2. Let Φ4 : E1 × E2 → J be an optimal (4, 4)-

splitting over k that factors through the (2, 2)-splitting Φ2 : E1 × E2 → A. Suppose that

A = Jac(C2) where C2 is a curve of genus 2. Then C2 admits a model of the form

C2 : Y 2 = g(X) = f(X2) = c3X
6 + c2X

4 + c1X
2 + c0,

such that g(X) and f(X) have the same splitting field, K, and Gal(K/k) is isomorphic to a

subgroup of a conjugate of S̃3.

Proof. By Theorem 1.76, the curve C2 admits a model of the given form, where V 2 = f(U)

is a model of E1. It remains to prove that g(X) and f(X) have the same splitting field.

Let L denote the splitting field of g and let K denote the splitting field of f . Then K is

an extension of k, and either L is a degree two extension of K or L = K. By Theorem 3.8

we know that Gal(L/k) ≤ S̃3.

The three kernels of the (2, 2)-isogenies that are fixed by S̃3 are given by the partitionings

in (3.2.2). A simple verification shows that S̃3 acts faithfully on each of these kernels. In

particular, if {0, T1, T2, T3} is the kernel of the polarized (2, 2)-isogeny Jac(C2)→ E1 × E2,

then S̃3 has the canonical S3-action on {T1, T2, T3}. Thus, S̃3 has the usual S3 action on the

roots of f . It follows f and g have the same splitting field.

While the proof of and the condition given in Theorem 3.8 are Galois-theoretic, specify-

ing multiple (2, 2)-isogenies on Jac(C) amounts to specifying partial level structure, so one

expects that the structure of the result is reflected in covers of moduli spaces as well. We

will sketch how one can obtain such a formulation.

Let k be a field of characteristic different from 2. Any curve of genus 2 can be obtained

by specializing (g0, . . . , g6) in the curve

Cg : Y 2 = g(X) = g6X
6 + g5X

5 + · · ·+ g0

over k(g) = k(g6, g5, . . . , g0). Similarly, any curve of genus 2 with all of its Weierstrass points

labeled can be obtained by specializing (w1, . . . , w6, g6) in the curve

Cw : Y 2 = g6(X − w1) · · · (X − w6)
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over k(w) = k(g6, w1, . . . , w6). Of course, one can just forget a labelling to obtain a curve

Cf from Cw. This allows us to express k(w) as a finite extension of k(g) via

g5 = −g6(w1 + · · ·+ w6)

g4 = g6(w1w2 + w1w3 + · · ·+ w5w6)

...

g0 = g6w1 · · ·w6.

In fact, k(w) is a splitting-field of g(X) over k(g) and Gal(k(w)/k(g)) = S6. As we observed

in the proof of Theorem 3.8, k(w) is also the splitting field of Jac(Cg)[2] over k(g). The

fractional linear transformations on the X-line below C induce a PGL2(k)-action on k(g)

and k(w). If we divide out by this action, we obtain a relation with the function fields of

the coarse moduli spacesM2 of curves of genus 2 andM2(2) of curves of genus 2 with full

level 2-structure on their Jacobians, which is an Sp4(F2)-cover ofM2

k(w)
./PGL2(k)

))SSSSSSSS

./S6

��

k(M2(2))

./Sp4(F2)

��

k(g)

./PGL2(k) ))SSSSSSSSS

k(M2)

The subgroups identified in Theorem 3.8 give rise to intermediate fields K1,K2,K3 as de-

picted in Figure 3.2 and, by dividing out by PGL2(F2), also moduli spaces between M2

andM2(2). One of the interesting phenomena here, that does not occur for elliptic curves,

is that there are two non-conjugate ways of specifying two maximal isotropic subgroups of

Jac(C)[2] and hence that there are multiple partial level 2 structures that can be imposed

on Jac(C)[2].

3.3 Bielliptic genus 2 curves with S3 as a Galois group

In Section 3.1 we saw that a (4, 4)-splitting E1 × E2 → J gives rise to a (2, 2)-splitting

E1 × E2 → A, where A is a principally polarized abelian surface admitting two rational

polarized (2, 2)-isogenies with trivially intersecting kernels.
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k(w)

zzzzzzzz

EEEEEEEE

K2

EEEEEEEE K3

yyyyyyyy

K1

k(g)

〈(1)〉

�������

AAAAAAAA

S̃3

<<<<<<<
C2 × V4

}}}}}}}}

(C2)3 o S3

S6

(C2)3 o S3 = 〈(12), (34), (56), (13)(24), (15)(26)〉
S̃3 = 〈(135)(246), (12)(36)(45)〉

C2 × V4 = 〈(12), (34)(56), (35)(46)〉

Figure 3.2: Galois groups associated to intermediate 2-level structure

In this section, we give something close to a universal model for the genus 2 curve C2

from Lemma 3.9. We are trying to parametrize an algebraic object (in this case, genus 2

curves with (4, 4)-split Jacobians). Specifically, we would like to find a universal model for

the moduli space of genus 2 curves with (4, 4)-split Jacobians. A universal model, however,

is only available when working with a fine moduli space.

Definition 3.10 (Mumford [34]). Let M be a collection of isomorphism classes of algebraic

varieties. A coarse moduli space for M is a variety M such that if X → T is a family of

elements ofM , that is to say, each fibre f−1(t) is inM, then there is a morphism h : T →M
such that h(s) = h(t) if and only if f−1(s) ∼= f−1(t).

A fine moduli space for M is a varietyM together with a universal family π : U → M
such that if f : X → T is a family of elements of M satisfying the condition given in the

coarse moduli space definition, then there is a morphism Φ : T → M such that X is the

pullback of U via Φ such that Φ(s) = Φ(t) if and only if f−1(Φ(s)) = f−1(Φ(t)).

Since the moduli space of genus 2 curves with (4, 4)-split Jacobians is not a fine moduli

space (indeed, the spaceM2(2) of genus 2 curves with full level 2-structure on their Jacobians

is not even a fine moduli space), a universal curve does not exist. However, by allowing

extra parameters, we can still give a family that covers all possible C2 by specialization,

similar to how any elliptic curve can be obtained by specializing a general Weierstrass model

Y 2 + a1XY + a3Y = X3 + a2X
2 + a4X + a6.
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Let k be a field of characteristic distinct from 2 or 3. Let C2 be a genus 2 curve over k

with a (2, 2)-split Jacobian and let E1 be a degree 2 subcover of C2. Then E1 has a model

V 2 = f(U) = U3 + bU + c and Gal(f), the Galois group of f , is a subgroup of S3. In order

to produce the family, we concentrate on the most general case Gal(f) = S3. We will argue

later that other cases are also parametrized.

By Theorem 1.76, the curve C2 admits a model Y 2 = g(X) where

g(X) = f

(
X2

d
+ a

)
with a, d ∈ k.

Working in the extension k[U ]/(f(U)) = k[r], the polynomials f and g factor as

f(U) = (U − r)
(
U2 + rU +

(
r2 + b

))
g(X) =

1

d3

(
X2 + ad− rd

)
h(X),

(3.3.1)

where

h(X) = X4 + (dr + 2ad)X2 + d2
(
r2 + ar + a2 + b

)
. (3.3.2)

By Lemma 3.9, we know that g and f have the same splitting field. This means that

h must be reducible over k(r). Otherwise h would be irreducible and we would require a

degree 4 extension over k(r) to split h. The following lemma gives a testable condition.

Lemma 3.11 (Kappe and Warren [27]). Let h(x) = x4 + bx2 + d be a polynomial over a

field k of characteristic 6= 2 and let ±α, ±β be its roots. Then the following conditions are

equivalent:

1. h(x) is irreducible over k;

2. The following are not squares in k:

(i) b2 − 4d,

(ii) −b+ 2
√
d, and

(iii) −b− 2
√
d.

We can use Lemma 3.11 to determine the conditions on a and d such that h factors as

a product of two quadratics over k(r). In our case, the polynomial h will be reducible over

k(r) if one of the following is true:
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(i) (dr + 2ad)2 − 4d2
(
r2 + ar + a2 + b

)
is a square in k(r), or

(ii) −(dr + 2ad) + 2d
√
r2 + ar + a2 + b is a square in k(r), or

(iii) −(dr + 2ad)− 2d
√
r2 + ar + a2 + b is a square in k(r).

Taking the conditions one at a time, in case (i), after simplification, we require −3r2−4b

to be a square. Observe that this is the discriminant of x2 + rx+ (r2 + b) and hence occurs

exactly when our original polynomial f(x) splits over k(r). This contradicts Gal(f) = S3,

so we ignore this possibility for now.

In the remaining two cases, we require r2 + ar + a2 + b to be a square in k(r). Let

t ∈ k(r) such that r2 + ar + a2 + b = t2. Since k(r) is a cubic extension of k, we can set

t = t2r
2 + t1r + t0. It follows that

r2 + ar + a2 + b =
(
t2r

2 + t1r + t0
)2

= t22r
4 + 2t1t2r

3 +
(
t21 + 2t0t2

)
r2 + 2t0t1r + t20

=
(
t21 + 2t0t2 − bt22

)
r2 +

(
2t0t1 − 2bt1t2 − ct22

)
r +

(
t20 − 2ct1t2

)
.

Equating coefficients, we obtain the system of three equations:

t21 + 2t0t2 − bt22 − 1 = 0

−a+ 2t0t1 − 2bt1t2 − ct22 = 0 (3.3.3)

a2 + b− t20 + 2ct1t2 = 0.

We obtain an affine variety X in A4 with parameters b and c. This variety has two

components, interchanged by (a, t0, t1, t2) 7→ (a,−t0,−t1,−t2), which can be found either

using a primary decomposition of a polynomial ideal (e.g., PrimaryComponents in Magma

[3]), or by eliminating variables (say a and t0) via resultants and multivariate GCD, and a

multivariate polynomial factorization. Each component is a genus 0 curve in A4. Using for

instance Magma, we can parametrize this curve. Writing s for the parameter, we obtain
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a =
s4 − 2bs2 − 8cs+ b2

4 (s3 + bs+ c)
(3.3.4)

t0 =
−s4 − 6bs2 − 4cs− b2

4 (s3 + bs+ c)

t1 =
−s3 + bs+ 2c

2 (s3 + bs+ c)

t2 =
−3s2 − b

2 (s3 + bs+ c)
.

For any s ∈ k, this parametrization gives a value for a such that r2 + ar + a2 + b is a

square in k(r). Using the parametrization, we can express the square root of r2 + ar + a2 + b

as:
−3s2 − b

2 (s3 + bs+ c)
r2 +

−s3 + bs+ 2c

2 (s3 + bs+ c)
r +
−s4 − 6bs2 − 4cs− b2

4 (s3 + bs+ c)
.

This allows us to evaluate the expressions in (ii) and (iii).

In case (ii) we find that −(dr + 2ad) + 2d
√
r2 + ar + a2 + b becomes(

− 1

4 (s3 + bs+ c)

)
· d · F1,

where F1 =
(
6s3 + 2bs

)
r2 −

(
6s3 + 2bs

)
r −

(
3s4 + 2bs2 − 12cs+ 3b2

)
. This is a square in

k(r) if and only if

d = −
(
s3 + bs+ c

)
·� (3.3.5)

where � represents a square in k. Using (3.3.4) and (3.3.5), we find that g(X) = f(X2/d+a)

has the same splitting field as f . The Galois group of g is indeed isomorphic to S3 but its

representation in S6 is S′′3 = 〈(123)(456), (23)(56)〉 which is not conjugate to S̃3 from Section

3.2. Therefore, C : Y 2 = g(X) is not of the form predicted by Lemma 3.9.

In case (iii), using the paramatrization for a, we find −(dr+ 2ad)− 2d
√
r2 + ar + a2 + b

becomes: (
− 1

4 (s3 + bs+ c)

)
· d · F2

where F2 =
(
6s2 + 2b

)
r2 −

(
2s3 + 6bs+ 8c

)
r −

(
s4 + 10bs2 − 20cs+ b2

)
. This will be a

square in k(r) if and only if

d =
(
4b3 + 27c2

) (
s3 + bs+ c

)
·�

= −D · f(s) ·�
(3.3.6)
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where � represents any square and D is the discriminant of f .

Using this parametrization, our hyperelliptic curve C2 is given by Y 2 = g(X) where:

g =
1

(s3 + bs+ c)3

(
1

(4b3 + 27c2)3X
6 +

3
(
s4 − 2bs2 − 8cs+ b2

)
4 (4b3 + 27c2)2 X4

+
P (b, c, s)

16 (4b3 + 27c2)
X2 +

(
s6 + 5bs4 + 20cs3 − 5b2s2 − 4bcs− b3 − 8c2

)2
64

) (3.3.7)

and where P is given by

P = 3s8 + 4bs6 − 48cs5 + 50b2s4 + 128bcs3 + 4b3s2 + 192c2s2 − 16b2cs+ 3b4 + 16bc2.

As desired, we find that g has the same splitting field as f and that Gal(g) ' S̃3 as found

in Section 3.2. The factorization for g over its splitting field is given in appendix B.1.

Let φ1 : C2 → E1 be the cover arising from (X,Y ) 7→ (U, V ) = (X2/d + a, Y ). Let

Ψ: Jac(C2) → B be one of the other polarized (2, 2)-isogenies we have by construction on

Jac(C2). Let

Es : W 2 = −disc(f) · f(s) · (U − a) · f(U)

be the complementary curve and φ2 : C2 → Es the corresponding cover. It is straightforward

to check that Ψ ◦ φ∗ : E1 → B is injective and hence that Φ4 = Ψ ◦ (φ∗1 + φ∗2) : E1 ×Es → B

is an optimal (4, 4)-splitting of B. This means that the data we have specified (s and Ψ)

should also determine an anti-isometry αs : E1[4] → Es[4]. The ambiguity of choice in Ψ

corresponds to the fact that if αs : E1[4]→ Es[4] is an anti-isometry, then so is −αs.
Let X−E1

(4) be the completion of the moduli space of elliptic curves with prescribed 4-

torsion structure anti-isometric to E1[4] modulo multiplication by (Z/4Z)×. This is a cover

of the j-line X(1) with

Autk̄(X
−
E1

(4)/X(1)) = PSL2(Z/4Z),

so X−E1
(4)→ X(1) is a degree 24 cover.

On the open part of the s-line where the equation for Es defines an elliptic curve, the

map s 7→ Es provides a map from the s-line to X−E1
(4). This map cannot be constant, since

a(s) is not constant in s, so we can interpret the s-line as a cover of X−E1
(4). We will show in

the proof of Proposition 3.12 that it turns out to be an isomorphism, and so Es provides a

model of the universal elliptic curve over X−E1
(4). This provides an alternative construction

to the one given by Silverberg [44]. Our formulas are shorter.
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Proposition 3.12. Let b, c ∈ k such that 4b3 + 27c2 6= 0 and let

E : V 2 = f(U) = U3 + bU + c

be an elliptic curve. Let s be a parameter on P1 and consider

Es : W 2 = −disc(f)
(
4(s3 + bs+ c)U − (s4 − 2bs2 − 8cs+ b2)

)
f(U),

with (U,W ) = ( s
4−2bs2−8cs+b2

4(s3+bs+c)
, 0) taken to be the identity element. Then Es is isomorphic to

Ẽs : y2 = x3 + a4x+ a6 with

a4 = (4b3 + 27c2)2(s8b+ 12s7c− 28/3s6b2 − 28s5bc− 14/3s4b3 − 84s4c2

+ 28/3s3b2c− 28/3s2b4 − 56s2bc2 − 44/3sb3c− 96sc3 + b5 + 20/3b2c2)

a6 = −(4b3 + 27c2)3(s12c− 8/3s11b2 − 22s10bc+ 88/27s9b3 − 88s9c2 + 55s8b2c

− 176/9s7b4 − 308/9s6b3c− 176/9s5b5 − 176s5b2c2 − 649/9s4b4c− 528s4bc3

+ 88/27s3b6 − 704/9s3b3c2 − 704s3c4 + 154/9s2b5c+ 352/3s2b2c3 − 8/3sb7

− 248/9sb4c2 − 64sbc4 − 5/3b6c− 560/27b3c3 − 64c5)

with

j(Ẽs) =
256

4b3 + 27c2

 3bs8 + 36cs7 − 28b2s6 − 84bcs5 − 14(b3 + 18c2)s4 + 28b2cs3

−28b(b3 + 6c2)s2 − 4c(11b3 + 72c2)s+ 3b5 + 20b2c2

3

(s6 + 5bs4 + 20cs3 − 5b2s2 − 4bcs− b3 − 8c2)4
.

The map s 7→ Es induces an isomorphism P1 → X−E (4) and Ẽs provides a model of the

universal curve over X−E (4). For s =∞ we find that Ẽ∞ is isomorphic to the quadratic twist

E(D) of E by D = disc(E).

Proof. The computation of the model Ẽs and its j-invariant are straightforward. It estab-

lishes that s 7→ j(Es) induces a degree 24 cover P1 → X(1). We have already established

that s 7→ Es induces a cover P1 → X−E1
(4). The map induced by s 7→ j(Es) factors through

j : X−E1
(4)→ X(1), which also has degree 24, so the first map must be of degree 1 and hence

an isomorphism.

The only point where the curve defined by Ẽs might not be immediately clear is for

s = ∞. However, we can consider the isomorphic model y2 = x3 + a4/s
8x + a6/s

12. Then

we find that

a4

s8

∣∣∣
s=∞

= (4b3 + 27c2)2b and
a6

s12

∣∣∣
s=∞

= −(4b3 + 27c2)3c
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which confirms that E∞ = E(D) with D = −16(4b3 + 27c2) = disc(E).

Note that the description of Es is even shorter than that of Ẽs, but Es has the drawback

of not being a Weierstrass-form and not specializing to an elliptic curve for s3 + bs+ c = 0.

It does show very nicely where the denominator of j(Ẽs) comes from. This denominator

vanishes exactly when f( s
4−2bs2−8cs+b2

4(s3+bs+c)
) = 0.

Corollary 3.13. Let E1 : V 2 = U3 +bU+c be an elliptic curve. The affine variety P1
s \{s6 +

5bs4 + 20cs3− 5b2s2− 4bcs− b3− 8c2} parametrizes principally polarized abelian surfaces Js
together with a pair of optimal (4, 4)-splittings ±Φ4 : E1 × Es → Js.

Corollary 3.14. Let E be an elliptic curve over a field k with char(k) 6= 2. Let D be the

discriminant of E. Then there is an anti-isometry α4 : E[4]→ E(D)[4].

In Sections 1.3 and 3.1, we already observed that the abelian variety A in Figure 3.1 is

generally a Jacobian, a sufficient condition being that j(E1) 6= j(E2). We now establish that

the model C2 : Y 2 = g(X) with g(X) as in Figure 3.1 specializes to a genus 2 curve such

that A = Jac(C2) whenever A is a Jacobian.

Lemma 3.15. Let Φ4 : E1×E2 → J be an optimal (4, 4)-splitting and let Φ2 : E1×E2 → A be

the induced (2, 2)-splitting as in Figure 3.1. Suppose we have a model E1 : V 2 = U3 +bU +c.

If A = Jac(C2), where C2 is some genus 2 curve, then for some s ∈ k we obtain a model

C2 : Y 2 = g(X) with g(x) as in (3.3.7). (3.3.8)

Conversely, any C2 of this form admits a (2, 2)-splitting Φ2 and a further polarized (2, 2)-

isogeny Ψ: Jac(C2)→ J such that Ψ ◦ Φ2 : E1 × E2 → J is an optimal (4, 4)-splitting.

Proof. An optimal (4, 4)-splitting is specified by an anti-isometry α4 : E1[4] → E2[4]. It

follows from Proposition 3.12 that E2 ' Es for some value of s ∈ k ∪ {∞}. If s = ∞ or

s3 + bs + c = 0, we have j(E1) = j(E2) and the induced isometry E1[2] → E2[2] is the

obvious one. In this case, A ' E1 × E1 or A ' <k(
√
d)/k(E1), see Section 1.3. For all the

other cases, the discriminant of the polynomial g(X) defined in (3.3.7) is square-free as long

as j(Es) 6=∞.

For the converse, Jac(C2) admits an obvious (2, 2)-splitting Φ2 : E1 × E2 → Jac(C2).

Moreover, there are two further (2, 2)-isogenies Ψ defined on Jac(C2) by construction. Let

φ1 : C2 → E1 be the corresponding double cover. It is straightforward to check that

φ∗1(E1[2]) ∩ ker(Ψ) = 0 and hence that Ψ ◦ Φ2 is an optimal (4, 4)-splitting.
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3.4 A model for genus 2 curves with (4, 4)-split Jacobians

The next step is to describe a model for a genus 2 curve C4 with a (4, 4)-split Jacobian.

From Section 3.1 we know that Jac(C4) is the image under a (2, 2)-isogeny of a (2, 2)-

split principally polarized abelian surface A, admitting three (2, 2)-isogenies with pairwise

trivially intersecting kernels. Whenever A = Jac(C2), then Lemma 3.15 gives us a model for

C2. Chapter 2 provides an explicit description of (2, 2)-isogenies between Jacobians of genus

2 curves.

In this section, we will identify the (2, 2)-isogenies of Jac(C2) defined over k and derive

a description of the codomain, if it is a Jacobian. This provides us with a description of C4

with (4, 4)-split Jacobian in case A = Jac(C2).

We consider all 15 different quadratic splittings as in Section 2.1 over k[r,R] and see which

are defined over the base field. As expected, we find that one of the quadratic splittings is

singular. The singular quadratic splitting is

{q2(X − w1)(X − w2), q2(X − w3)(X − w4), q2(X − w5)(X − w6)}

where wi are the roots of g over k[r,R] as listed in Appendix B.1 and q3
2 = f6 is the leading

coefficient of g. This singular splitting is due to the (2, 2)-isogeny Φ∗2 : Jac(C2) −→ E1×E2.

We also find that applying the Richelot correspondence (2.1.4) to the 14 generically non-

singular quadratic splittings produces only two k-rational sextics, with the remaining twelve

defined over k̄, but not over k. The two quadratic splittings which yield the k-rational sextics

are

{q2(X − w1)(X − w6), q2(X − w2)(X − w3), q2(X − w4)(X − w5)} and (3.4.1)

{q2(X − w1)(X − w4), q2(X − w2)(X − w5), q2(X − w3)(X − w6)} . (3.4.2)

Notice that the singular quadratic splitting, together with the two quadratic splittings

(3.4.1) and (3.4.2) come from the three partitionings that are fixed by S̃3, given by (3.2.2).

LetG1 andG2 denote the sextics obtained by applying Richelot’s construction (2.1.4) of f

to the quadratic splittings (3.4.1) and (3.4.2) respectively. We find that G2(X) = G1(−X),

and therefore that both models are isomorphic. This reflects that E1 × E2 has an extra

automorphism [1] × [−1], so if Φ4 is an optimal (4, 4)-splitting then Φ4 ◦ ([1] × [−1]) is

another one, with the the same codomain.

Proposition 2.6 allows us to select the right twist

C4 : Y 2 = DG1(X) = F (X) where D = disc(f) = −4b3 − 27c2
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(see Appendix B.2 for F (X), with the extraneous factor f2
6 removed). Looking at the

denominators and the discriminant of the sextic given in Appendix B.2, we find

disc(F ) =
26
(
s3 + bs+ c

)22 (
s6 + 5bs4 + 20cs3 − 5b2s2 − 4bcs− b3 − 8c2

)
(4b3 + 27c2)14 (3bs4 + 18cs3 − 6b2s2 − 6bcs− b3 − 9c2)18

and hence

Proposition 3.16. The model C4 : Y 2 = F (X) with F (X) as defined in B.2 describes a

genus 2 curve unless one of the following holds:

1. 4b3 + 27c2 = 0,

2. s6 + 5bs4 + 20cs3 − 5b2s2 − 4bcs− b3 − 8c2 = 0,

3. 3bs4 + 18cs3 − 6b2s2 − 6bcs− b3 − 9c2 = 0,

4. s3 + bs+ c = 0, or

5. s =∞.

The cases (1) and (2) correspond to situations where either E1 or Es is not an elliptic

curve. The cases (3) and (4) correspond to (4, 4)-split principally abelian surfaces that are

not Jacobians, as described by Propositions 3.5 and 3.7 respectively.

If j(E1) 6= 0 then the case (5) corresponds to a (4, 4)-splitting Φ: E1 ×E(D)
1 → Jac(C ′4),

where

C ′4 : Y 2 = −64bc
1

D3
X6+

64

3
b

1

D2
X5+16bc

1

D2
X4+

224

27
b

1

D
X3+4bc

1

D
X2+

4

3
bX−bc, (3.4.3)

is a curve of genus 2. If j(E1) = 0 then case (5) is part of case (3).

Proof. (1) In this case E1 is not an elliptic curve.

(2) In Proposition 3.12 we have already seen that this relation implies j(Es) =∞.

(3) Let δ denote the determinant of the quadratic splitting (3.4.1). Then

Nk[r,R]/k(δ) =
(
4b3 + 27c2

)2 (
3bs4 + 18cs3 − 6b2s2 − 6bcs− b3 − 9c2

)2
,

and we know that if (2.1.3) vanishes, then the codomain of the (2, 2)-isogeny is a

product of elliptic curves over k̄. Proposition 3.17 explains this degeneracy.
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(4) If s3 + bs+ c = 0 then (s, 0) ∈ E1[2] is a point of order two. Furthermore, from (3.3.4)

we have a(s) =∞, so the (2, 2)-splitting Φ2 through which our (4, 4)-splitting factors

is known to be E1 × E1 → E1 × E1 or E1 × E
(D)
1 → <k(

√
R)/k(E1), depending on

whether D = disc(E1) is a square or not. Since # SL2(Z/4Z) = 8 ·# SL2(Z/2Z), there

are 8 ways over k̄ to extend a (2, 2)-isogeny to a (4, 4) isogeny. This also follows from

the computation in the proof of Lemma 3.4, where one finds 8 possible kernels for Ψ

trivially intersecting ker(Φ∗). Since every value of s gives rise to two (4, 4)-isogenies, we

see that with s =∞ and s3 + bs+ c = 0, all possible (4, 4)-splittings factoring through

Φ2 must occur for these values of s. Proposition 3.7 describes six (4, 4) splittings of

this type, so together with the two coming from s =∞, these must be all.

(5) The model for C4 as presented does not specialize well for s =∞, but the isomorphic

model

C ′4,s : (s3Y )2 = F (xs2)/s6

does if b 6= 0 and for s = ∞ we obtain C ′4. Note that for generic s we have a (4, 4)-

splitting

Φ4 : E1 × Es → Jac(C ′4,s)

where the kernel is the graph of an anti-isogeny E1[4] → Es[4] that is independent of

s. Since domain and codomain specialize well at s =∞, so must the (4, 4)-isogeny. If

b = 0 we have j(E1) = 0 and we have a 3-isogeny E1 → E
(D)
1 , so case (3) applies.

Proposition 3.17. Let E and Es be the elliptic curves described in Proposition 3.12. The

relation 3bs4 + 18cs3−6b2s2−6bcs− b3−9c2 = 0 corresponds to the existence of a 3-isogeny

φ : E → Es.

Proof. Note that J1 = j(E) and J2 = j(Es) are rational functions in s, b, c. We can express

the given information in weighted homogeneous polynomial relations in s, b, c with weights

(1, 2, 3) and obtain

1728b3 − (b3 + 27c2/4)J1 = 0

N(b, c, s)−D(b, c, s)J2 = 0

3bs4 + 18cs3 − 6b2s2 − 6bcs− b3 − 9c2 = 0.
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where N(b, c, s) and D(b, c, s) correspond to the numerator and the denominator of the

defining equation for j(Es), as given in Proposition 3.12. When we eliminate b, c, s from

these equations, we are left with the classical modular polynomial of level 3 in J1, J2. This

means that there is a 3-isogeny φ : E → Es over k̄. Indeed, in the light of Proposition 3.5 we

expect to find (4, 4)-split surfaces of this type that are not Jacobians. A priori, the fact that

the j-invariants satisfy a modular polynomial only tells us that E and Es are 3-isogenous

over k̄. However, we know that only one twist of Es has Es[4] anti-isometric to E[4] and

similarly, only one twist of Es can be 3-isogenous to E. From Proposition 3.5 we know they

must coincide.

Furthermore, in general there are only 2 anti-isometries between E[4] and Es[4] for 3-

isogenous curves (otherwise E[4] would have extra automorphisms, requiring the Galois rep-

resentation to be small). This implies that the anti-isometries induced by our parametriza-

tion of X−E (4) must coincide with the ones from Proposition 3.5 generally and therefore also

for any valid specialization of b, c, s.

3.5 Proofs of Theorems 3.1 and 3.2

Proof of Theorem 3.1. In Section 3.1 we established that a (4, 4)-splitting Φ4 factors as

E1 × E2
Φ2 //

Φ4

55A
Ψ // J.

Let E1 : V 2 = U3 +bU+C be a model for E1. If A is a Jacobian then Lemma 3.15 provides a

model for C2 such that A = Jac(C2) and if J is a Jacobian Jac(C4) as well, then Section 3.4

shows that (B.2.1) provides a model for C4.

More generally, Corollary 3.13 describes that b, c, s together parametrize all J with opti-

mal (4, 4)-splitting. Proposition 3.16 analyzes all the degeneracies of C4 and identifies which

correspond to the (4, 4)-splittings described by Propositions 3.7 and 3.17. Together, these

give the cases listed in Theorem 3.1.

Proof of Theorem 3.2. Recall that the moduli space of genus 2 curves is birational to A3 and

that (i1, i2, i3) as given in (3.0.1), give coordinates on that space.

Let X denote the surface inside A3 describing genus 2 curves with (4, 4)-split Jacobians.

This surface is the Humbert surface of discriminant 16 and it is irreducible (see [26, Corol-

laries 1.6-1.8] and [36]).
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Theorem 3.1 and Proposition 3.16 show that by specializing b, c, s we can generate

points on a Zariski-open part of X . In fact, if we set b = 1, the points we can generate

still lie dense in X . By computing the Igusa invariants of C4 we obtain rational functions

i1(c, s), i2(c, s), i3(c, s) ∈ Q(c, s) such that the image of the rational map

A2 99K A3

(c, s) 7→ (i1(c, s), i2(c, s), i3(c, s))

lies dense in X . The defining equations are too large to compute the image using Gröbner

bases or resultants. Instead, we compute the image by interpolation. Our strategy consists

of three steps.

1. Determine a candidate equation L(i1, i2, i3) = 0 to describe X ,

2. prove that X is contained in L(i1, i2, i3) = 0,

3. observe that if the Zariski-closure of X is a proper subset of L(i1, i2, i3) = 0 then X
must lie on a surface of lower degree and derive a contradiction from that.

For (1), we guessed degree bounds with which to interpolate L and computed a tentative

version Lpi(i1, i2, i3) (mod pi) via interpolation, for 93 consecutive 6-digit primes pi. For

future reference, note that we found a unique solution to the system for each prime pi.

We then used rational reconstruction to compute a tentative equation L(i1, i2, i3) = 0

overQ. The equation of the surface is too large to reproduce here: L contains 4574 monomials

with coefficients of up to 138 digits. Note that the information we computed should allow

us to construct L (mod N), where N =
∏93
i=1 pi ≈ 10600, so the coefficients we found in L

are relatively tiny. This is a strong indicator that we have computed something that indeed

has intrinsic meaning over Q (at this point, basically what could go wrong is that our degree

bound is too low and that we have very unluckily picked interpolation points that happen

to map to points satisfying some lower degree equation as well).

For (2), we show that L(i1(c, s), i2(c, s), i3(c, s)) is identically zero in Q(c, s). The expres-

sion L (i1(c, s), i2(c, s), i3(c, s)) = 0 gives rise, after clearing denominators, to a polynomial

p(c, s) of degrees at most 1800 and 4050 in c and s respectively. We need to establish that

p(c, s) = 0 as a bivariate polynomial. Expanding p(c, s) explicitly is computationally infea-

sible, so instead, we evaluate p(c, s) over a large number of distinct values for c and s. For

a fixed value s = s0, if we show that p(c, s0) = 0 at 1801 distinct values for c, then p(c, s0)
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is the zero polynomial on the line s = s0. If we repeat this process on 4501 distinct lines

s = si then p(c, s) is in fact the zero polynomial. This calculation was performed in parallel

on multiple computers over the course of several weeks.

For (3), note that we have now established that the Zariski-closure of X is indeed con-

tained in L(i1, i2, i3) = 0. Since X is irreducible (see [26, Corollary 1.8]), proper containment

implies that X must be described by an equation of strictly lower degree. But then we would

have found this lower degree equation in step (1) as well. However, we found there that Lpi
was the unique equation below the guessed degree bounds that interpolated the computed

images. So X does not lie in a lower degree surface.



Chapter 4

On the visibility of X(E/k)[4] in

abelian surfaces

4.1 Introduction

In this chapter, we consider an approach to using the (4, 4)-isogeny Jac(C) → E1 × E2 to

make elements of order 4 of the Shafarevich-Tate group of E1 visible. We begin in this section

with an brief introduction to the problem. In Section 4.2, we review Galois cohomology and

in Section 4.3, we define the Selmer and Shafarevich-Tate groups. Sections 4.4 and 4.5 cover

the general technique we will use to make elements of order m of the Shafarevich-Tate group

visible, and review the case m = 2. We finally apply the technique to the elements of order 4

in Section 4.6. A sample procedure is presented, along with some specific examples to round

out the chapter in Section 4.7.

Let E be an elliptic curve over a number field k. The Mordell-Weil theorem states that

the group E(k) is finitely generated. Hence, we can write

E(k) = Etors(k)× Zr

where Etors(k) is finite and r is a non-negative integer, called the rank of E.

For any given elliptic curve, one can determine the torsion subgroup, Etors(k), in the

following way. Let p be a prime of good reduction for E, unramified in k/Q and of odd

residue characteristic. Then #Etors(k) | #E(k mod p). By computing Np = #E(k mod p)

for a variety of appropriate p (i.e. such that #E(k mod p) is nonsingular), then Etors(k)

will divide the greatest common divisor of all the Np. In practice, one does not need to

67
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evaluate Np for very many p before one gets a modest bound on #Etors(k). The actual

determination of the torsion points on E is then a matter of determining the rational points

on E with x-coordinates that are roots of the relevant division polynomials. See Silverman

[45, Section VII.3] for a more detailed discussion on determining Etors(k).

The rank, on the other hand, is difficult to effectively compute. In this chapter, we deal

with a question related to the problem of determining the rank of an elliptic curve E over a

number field k.

One approach to computing the rank of E is to try and compute the group E(k)/mE(k)

for some positive integer m. Since the torsion subgroup can be determined, we would then

be able to determine the rank of E(k) from the order of E(k)/mE(k). We find that the order

of E(k)/mE(k) is not easy to determine. We can, however, approximate E(k)/mE(k) by an

effectively computable object called them-Selmer group, S(m)(E/k). Since #E(k)/mE(k) ≤
#S(m)(E/k), the Selmer group can provide an upper bound on the rank of E(k).

Unfortunately, the failure of the local-to-global principle may prevent the bound obtained

from the m-Selmer group from being sharp. The m-torsion of the Shafarevich-Tate group,

X(E/k)[m] measures the discrepancy, and can be defined by the exact sequence

0 −→ E(k)/mE(k) −→ S(m)(E/k) −→X(E/k)[m] −→ 0. (4.1.1)

See Section 4.3 for a review of the Selmer and Shafarevich-Tate groups, including full defi-

nitions of each group.

Let δ ∈ S(m)(E/k). If δ comes from an element in E(k)/mE(k) then one can demonstrate

this by finding a point P ∈ E(k) which maps to δ. Since P is of finite height, this process

can be completed in finite time. However, as there is no bound on the lowest height of a

point P ∈ E(k) which maps to such a δ ∈ S(m)(E/k), the failure to find P does not show

that δ represents a non-trivial element of X(E/k)[m].

One can use isogenies between elliptic curves to try to refine the bounds on #E(k)/mE(k)

and possibly decide whether a given δ ∈ S(m)(E/k) represents a non-trivial element of

X(E/k)[m]. If E1 and E2 are isogenous elliptic curves, then rk(E1(k)) = rk(E2(k))

where rk(Ei) denotes the rank of Ei for i = 1, 2. It may happen that #X(E1/k)[m] 6=
#X(E2/k)[m], in which case rk(E1(k)) would have distinct bounds from S(m)(E1/k) and

S(m)(E2/k) respectively. In particular, one has the usual rank bound on E1 given by

mrk(E1(k))#
(
E1,tors(k)/mE1,tors(k)

)
≤ #S(m)(E1/k).
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Now suppose that #X(E1/k)[m] < #X(E2/k)[m]. Then

#S(m)(E1/k)

#
(
E1,tors(k)/mE1,tors(k)

) < #S(m)(E2)

#
(
E2,tors(k)/mE2,tors(k)

) .
These quantities provide upper bounds on mrk(E1(k)) (respectively mrk(E2(k))) which may be

better rank bounds than the bound obtained by the usual approach mentioned above.

We can adapt the above technique to isogenies between abelian varieties. Let A and B

be two abelian varieties such that the product A×B has a isogeny to an abelian variety J .

Then

rk J(k) = rk (A×B)(k) = rkA(k) + rkB(k). (4.1.2)

We may be able to conclude that X((A × B)/k)[m] = X(A/k)[m] ×X(B/k)[m] is non-

trivial. If an additional argument allows us to exhibit that #X(B/k)[m] = 1, we can

conclude that X(A/k)[m] is non-trivial.

This last technique for finding non-trivial elements of X(A/k)[m] is called visualization

and originates from Mazur [16]. It refers to the fact that the homogenous spaces representing

the visible elements of S(m)(A/k) occur as fibres of the map J → B.

Definition 4.1. Let 0 → A → J → B → 0 be a short exact sequence of abelian varieties.

The visible subgroup of H1(Gal(k̄/k), A) is obtained by taking Galois cohomology, and is

defined as Visk(A→ J) in the induced long exact sequence

0 −→ Visk(A→ J) −→ H1(Gal(k̄/k), A(k̄))
φ−→ H1(Gal(k̄/k), J(k̄)) −→ H1(Gal(k̄/k), B(k̄)).

See Section 4.2 for a review of Galois cohomology. Note that elements of H1(Gal(k̄/k), A)

are actually equivalence classes of elements. For δ ∈ S(m)(A/k), one can only prove that the

class δ̄ of δ in X(A/k)[m] is nontrivial via comparison with S(m)(J/k) if δ̄ ∈ Visk(A→ J).

In that case, we will say that δ is visible in J .

In this chapter, we consider the case where A and B are elliptic curves, J is the Jacobian

of a genus 2 curve and where m = 4. A number of other papers have considered this problem

for different m; see [6, 7] for m = 2 and [5, 31] for m = 3.

4.2 Review of Galois cohomology

For full texts on Galois cohomology, see Serre [41], or Ribes [38]. We follow a more abbre-

viated introduction as given in Silverman [45, Appendix B].
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Definition 4.2. A (discrete) Gal(k̄/k)-module is an abelian group M on which Gal(k̄/k)

acts such that for all m ∈M , the stabilizer of m is a subgroup of finite index.

An example of a Galois module has already played a prominent role throughout the

thesis. Consider the Jacobian Jac(C/k) of a curve C over a field k. Then Jac(C) is certainly

an abelian group on which Gal(k̄/k) acts. We need only show that any point P ∈ Jac(C)

is rational in some finite extension of k. Consider a projective model of Jac(C) and fix a

representative of the divisor class P . Then that representative is a linear combination of

a finite set of points P0, . . . Pj ∈ C. But for any x ∈ k̄, the extension k(x)/k is finite.

Therefore, in particular, one can find a finite extension L of k over which the coordinates of

each of P0, . . . , Pj are rational, and hence a Jacobian can be viewed as a Gal(k̄/k)-module.

More generally, the above argument shows that any principally polarized abelian variety

is in fact a Gal(k̄/k)-module over its base field k.

Definition 4.3. The 0th-cohomology group of the Gal(k̄/k)-module M is the group of

Gal(k̄/k)-invariant elements of M and is written H0(Gal(k̄/k),M).

Let M be a Gal(k̄/k)-module. We say that a map ξ : Gal(k̄/k) → M is continuous if

for every m ∈ M , ξ−1(m) contains a subgroup of finite index of Gal(k̄/k) (that is to say,

it is continuous with respect to the discrete topology on M and the profinite topology on

Gal(k̄/k)).

Definition 4.4. Let M be a Gal(k̄/k)-module. The group of continuous 1-cocycles from

Gal(k̄/k) to M is the group of continuous maps ξ : Gal(k̄/k) → M satisfying the cocycle

condition

ξστ = ξτσ + ξτ .

We write Z1(Gal(k̄/k),M) for the group of continuous 1-cocycles from Gal(k̄/k) to M . The

group of 1-coboundaries from Gal(k̄/k) to M is the group of continuous maps ξ for which

there exists an m ∈M such that

ξσ = mσ −m for all σ ∈ Gal(k̄/k).

We write B1(Gal(k̄/k) for the group of continuous 1-coboundaries from Gal(k̄/k) to M .

Notice that every 1-coboundary is a 1-cocycle. Note also that the restriction to continuous

maps in the definition of coboundaries is superfluous as a map σ → mσ−m will automatically

be continuous when M is viewed as having the discrete topology.
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Definition 4.5. The 1st-cohomology group of the Gal(k̄/k)-module M is defined by

H1(Gal(k̄/k),M) := Z1(Gal(k̄/k),M)/B1(Gal(k̄/k),M).

So an element of the 1-cohomology group of the Gal(k̄/k)-module M is actually a class

of cocycles, modulo coboundaries. We will often write a cocycle ξ as a representative of a

given class.

Notation. As we will be working exclusively with Galois cohomology, we will apply the usual

abbreviated notation. For the remainder of the thesis, we write H0(k,A) and H1(k,A) for

H1(Gal(k̄/k), A(k̄)) and H1(Gal(k̄/k), A(k̄)) respectively.

We conclude with a useful result in Galois cohomology (see Silverman [45, Proposi-

tion B.2.3]).

Proposition 4.6. Let

0 −→ P
φ−→M

ψ−→ N −→ 0

be a short exact sequence of Gal(k̄/k)-modules. Then there is a long exact sequence

0 −→ H0(k, P ) −→ H0(k,M) −→ H0(k,N)
α−→ H1(k, P ) −→ H1(k,M) −→ H1(k,N),

where the connecting homomorphism α is defined as follows.

Let n ∈ H0(k,N) and let m ∈M such that ψ(m) = n. Define a map ξ : Gal(k̄/k)→M

by

ξσ = mσ −m.

Then ξ ∈ Z1(k, P ), and α(n) is the cohomology class in H1(k, P ) of the 1-cocycle ξ.

Now suppose M is a Gal(k̄/k)-module and let L/k be a finite Galois extension. Then

Gal(k̄/L) ⊂ Gal(k̄/k) is a subgroup of finite index and soM is naturally a Gal(k̄/L)-module.

This leads to a restriction map H1(k,M)→ H1(L,M).

4.3 Review of the Selmer and Shafarevich-Tate groups

In this section, we briefly review the Selmer and Shafarevich-Tate groups. See also Silver-

man [45, Section X.4].
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Let E and E′ be elliptic curves over a number field k and let φ : E → E′ be an isogeny

defined over k. Then there is a short exact sequence

0 −→ E[φ] −→ E
φ−→ E′ −→ 0

where E[φ] denotes the kernel of φ. Using Proposition 4.6, we take Galois cohomology on

this short exact sequence to obtain the long exact sequence

0 −→ E(k)[φ] −→ E(k)
φ−→ E′(k) −→ H1(k,E[φ]) −→ H1(k,E)

φ−→ H1(k,E′) −→ . . .

from which we get the fundamental exact sequence

0 −→ E(k)/φE(k) −→ H1(k,E[φ]) −→ H1(k,E)[φ] −→ 0. (4.3.1)

Our goal is to compute E(k)/mE(k). To this end, we can take φ to be the multiplication

by m isogeny [m] : E → E, in which case (4.3.1) becomes

0 −→ E(k)/mE(k) −→ H1(k,E[m]) −→ H1(k,E)[m] −→ 0. (4.3.2)

By the Mordell-Weil theorem, we have

#E(k)/mE(k) = mr ·#(Etors(k)/mEtors(k)).

The torsion subgroup is effectively and often practically computable, so if we are able to

compute the kernel of H1(k,E[m]) → H1(k,E)[m] then we would be able to determine the

rank of E directly from E(k)/mE(k). Unfortunately, there is no known method to compute

this kernel.

We can, however, obtain an approximation of the kernel by using local considerations.

Let p be a (finite or infinite) prime of k and fix an extension of the p-adic absolute value

|·|p to k̄. This gives us an embedding k̄ → k̄p which in turn gives us a decomposition

group Gal(k̄p/kp) ⊂ Gal(k̄/k) (see Neukirch [37, Section II.9] for a discussion on Galois

theory of valuations). By using the natural inclusion maps Gal(k̄p/kp) ↪→ Gal(k̄/k) and

E(k̄) ↪→ E(k̄p), we can obtain a restriction map H1(k,E)→ H1(kp, E).

Definition 4.7. The m-Selmer group of E/k is the subgroup of H1(k,E) defined by

S(m)(E/k) = ker

(
H1(k,E[m])→

∏
p

H1(kp, E)

)
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where the product is taken over all primes p of k (taken over the finite and the infinite

places). The Shafarevich-Tate group of E/k is defined by

X(E/k) = ker

(
H1(k,E)→

∏
p

H1(kp, E)

)

where the product is taken over all primes p of k (both finite and infinite).

The Selmer group is in principle effectively computable and E(k)/mE(k) injects into

S(m)(E/k), giving us an effective upper bound for the rank of E. The obstruction to this

bound being sharp is due to the 1-cocycles which restrict to coboundaries everywhere locally.

This obstruction is the Shafarevich-Tate group. Both groups fit in the exact sequence (4.1.1)

which is the local analogue of the exact sequence given in (4.3.2).

4.4 Visibility of X(E/k)[m] in abelian surfaces

In this section, we review a technique to construct abelian surfaces J in which δ ∈X(E/k)[m]

is visible. See also [5, Section 3], [6], [7], [16], and [31].

Let m > 1 be an integer and k be a number field. Let E1 and E2 be elliptic curves over k

and let λ : (E1/k)[m]→ (E2/k)[m] be an isomorphism of k-group schemes. Let ∆ ⊂ E1×E2

be the graph of −λ so that

∆(k̄) =
{

(P,−λ(P ) | P ∈ E1[m](k̄)
}

(4.4.1)

and let A := (E1 × E2)/∆. Then A is a non-simple Abelian surface over k and fits in the

exact sequence

0 −→ ∆ −→ E1 × E2 −→ A −→ 0.

Now suppose ξ ∈ X(E1/k)[m] ⊂ H1(k,E1). Then ξ is the class of an element δ ∈
H1(k,E1[m]). If λ(δ) ∈ H1(k,E2[m]) maps to zero in H1(k,E2) under the homomorphism

induced from the inclusion E2[m] ↪→ E2, then ξ is visible in E2. Cremona and Mazur [31]

first made this observation (in their paper, combine Remark 3 and subsequent proposition

with the discussion on page 19 of their paper). Mazur also cites this result at the beginning of

Section 2 in [31]. We summarize it here in the form that it appeared in Bruin [7, Corollary 3.4]

Proposition 4.8 (Cremona-Mazur). A class δ ∈ H1(k,E1) vanishes in H1(k,A) precisely

if δ is in the image of ϕ : E2(k)→ H1(k,∆).
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E2(k)
q∗ //

m

��

A(k)

q∗
��

E2(k)

ϕ

��

E2(k)

��
E1(k)

m //

p∗

��

E1(k) // H1(k,∆) //

��

H1(k,E1)

��
A(k)

p∗ // E1(k) // H1(k,E2) // H1(k,A)

Figure 4.1: Commutative diagram with exact rows and columns. See Bruin [7, p. 1468].

If we further assume that A is a principally polarized abelian surface, then we can put all

the information into a concise commutative diagram. We have injections p∗ : E1 → A and

q∗ : E2 → A induced by P 7→ (P,OE2) ∈ E1×E2 and Q 7→ (OE1 , Q) ∈ E1×E2 respectively.

Since ∆ ⊂ (E1 × E2)[m], the multiplication-by-m map on E1 × E2 factors through A. This

factorization map induces the maps p∗ : A → E1 × E2 → E1 and q∗ : A → E1 × E2 → E2.

Note that p∗ ◦ p∗ = m|E1 and q∗ ◦ q∗ = m|E2 .

We will consider when the Selmer group S(m)(A/k) leads to a sharper rank bound on E1

than the bound found by taking an m-descent on E1. In particular, the question arises as

to when we might expect this improvement to occur. Suppose δ ∈ H1(k,∆) has a nontrivial

image under H1(k,∆) → H1(k,E1), but which is trivial in H1(kp, E1) for any place p of k.

We can combine Galois cohomology of the short exact sequences

0→ E1
p∗→ A

q∗→ E2 → 0,

0→ E2
q∗→ A

p∗→ E1 → 0, and

0→ Ei[m]→ Ei
m→ Ei → 0 for i = 1, 2

to obtain the commutative diagram in Figure 4.1. Note that H1(k,∆) ∼= H1(k,E1[m]) ∼=
H1(k,E2[m]). If δ does not vanish in H1(k,A), then it leads to a nontrivial element in

X(A/k)[p∗ × q∗] ⊂X(A/k)[m].

This suggests that if we do ensure that δ vanishes in H1(k,A), then we remove a reason for

X(A/k)[m] to be non-trivial. This opens the possibility for S(m)(A/k) providing a sharper

bound on rk(A(k)) than the one we obtain from an m-descent on E1 × E2.
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4.4.1 Unramified coverings of E

In light of the general visibility technique which we just outlined, it would be useful to have

some means of interpreting elements of the group H1(k,E1[m]). Cremona et al [14] collect

several such interpretations for that group. One of these interpretations will be particularly

useful for our construction.

Definition 4.9. Let C be a smooth projective curve and let π : C → E1 be an unramified

covering over k that is Galois and irreducible over k̄. Then (C, π) is a covering of E1 and

we say that C is a cover of E1.

We also write π : C → E for the covering (C, π). An isomorphism of coverings (C1, π1) ∼=
(C2, π2) is an isomorphism of curves φ : C1 → C2 over k with π1 = π2 ◦ φ.

Definition 4.10. An m-covering (C, π) is a covering that is isomorphic to (E, [m]) over k̄.

A twist D of a curve C is a curve which is isomorphic to C over k̄. So an m-covering

(C, π) is a twist of (E, [m]). The m-covering [m] : E → E is called the trivial m-covering of

E.

Proposition 4.11 ([14, Proposition 1.14]). The m-covers are in bijective correspondence to

classes in H1(k,E[m]).

Proof. To show the m-coverings of E are parametrized up to isomorphism by H1(k,E[m]),

see [14, Proposition 1.14]. For the converse, consider an elliptic curve E/k and an m-cover

π : C → E. We know that π : C → E is a twist of the trivial m-covering [m] : E → E, so

there exists an isomorphism φ : C → E over k̄ such that π = [m]φ.

Let σ ∈ Gal(k̄/k). Then σ will act on φ such that φσφ−1 is an automorphism of E

satisfying

[m] = [m]φσ φ−1. (4.4.2)

Therefore φσφ−1 is a translation by anm-torsion point. Let T denote the group of translation

maps on E and define the map ξ : Gal(k̄/k)→ T by

ξσ = φσφ−1(OE)

= (OE 7→ OE + Tσ = Tσ) for some Tσ ∈ E[m].

Let σ, τ ∈ Gal(k̄/k). Then we have

ξστ = φστφ−1(OE) = φστ
(
φ−1

)τ
φτφ−1(OE) =

(
φσψ−1

)τ
φτφ−1(OE) = ξτσξτ
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and so ξ is a continuous 1-cocycle by Definition 4.4. Now suppose π2 : D → E is another

cover of E that is isomorphic to π : C → E. Then there exists an isomorphism ψ : D → E

over k̄ satisfying π2 = [m]φ. We can trace through (4.4.2) again to conclude that the map

ζ : Gal(k̄/k)→ T given by

ζσ = ψσψ−1(OE)

is also a translation by an m-torsion point map. Thus isomorphic m-covers may differ by a

composition with a translation-by-m-map. In fact, this is only a change by a coboundary.

To see this, recall that (D,π2) and (C, π) being isomorphic implies that there exists a k-

rational isomorphism θ : C → D. Consider the element m = ψ θ φ−1 ∈ T . Then for any

σ ∈ Gal(k̄/k), we have

mσξσ = mσ
(
φσφ−1

)
= (ψ θ φ−1)σφσφ−1

= ψσθσ
(
φ−1

)σ
φσφ−1

= ψσθφ−1

= ψσ
(
ψ−1ψ

)
θφ−1

=
(
ψσψ−1

) (
ψ θ φ−1

)
= ζσm

Therefore ζ and ξ differ by a coboundary. We conclude that an m-cover determines

a class in H1(k,E[m]). Therefore m-covers are in bijective correspondence to classes in

H1(k,E[m]).

Lemma 4.12. Suppose E1 and E2 are two elliptic curves over k with a k-group scheme

isomorphism λ : E1[m]→ E2[m]. Suppose two m-covers

π1 : C1 → E1 and π2 : C2 → E2

represent the same class in H1(k,E1[m]) ∼= H1(k,E2[m]). Then π−1
1 (OE1) and π−1

2 (OE2) are

isomorphic as k-schemes.

Proof. For i = 1 or 2, we know that Ci is trivial if π−1
1 (OEi) has a rational point. Therefore,

if C1 and C2 represent the same class, then π−1
1 (OE1) and π−1

2 (OE2) must acquire points

over the same extensions of k. However, note that the coordinate ring of π−1
1 (OE1) is an

étale k-algebra and that the constituent fields are exactly the extensions of k over which

π−1
1 (OE1) acquires a point. This shows that the coordinate rings of π−1

1 (OE1) and π−1
2 (OE2)

have the same constituents and hence are isomorphic.
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The converse of Lemma 4.12, is not true. Over a trivializing extension L/k, we know

that π−1
1 (OE1) is isomorphic to E1[m]. As a finite étale algebra, E1[m] can have extra

automorphisms, that is to say, automorphisms other than the translation-by-T maps used

in the proof of Proposition 4.11. These extra automorphisms can change the cocycle class

ξ (they no longer differ by a coboundary) without changing the extensions over which ξ

trivializes. For example, for ξ ∈ H1(k,E[3]), we have that ξ and 2ξ are different cohomology

classes, but of course both trivialize over exactly the same extensions. So the 0-fibers of

their corresponding covers are isomorphic.

We can however, prove a weaker lemma by adding in an extra assumption on the number

of automorphisms of E1[m]. This lemma will suffice for our needs.

Lemma 4.13. Suppose E1 and E2 are two elliptic curves over k with a k-group scheme

isomorphism λ : E1[m]→ E2[m]. Let

π1 : C1 → E1 and π2 : C2 → E2

be two m-covers such that π−1
1 (OE1) and π−1

2 (OE2) are isomorphic as k-schemes. Let ξ1 and

ξ2 be the two cocycle classes in H1(k,E1[m]) ∼= H1(k,E2[m]) corresponding to (C1, π1) and

(C2, π2) respectively. Let L be a field extension of k such that π−1
1 (OE1)(L) is non-empty.

Suppose

# Autk(π
−1
1 (OE1)) = 1 and # AutL(E1[m]) = #(Z/mZ)∗ ·#E1[m](L).

Then ξ1 = nξ2 for some n ∈ N with gcd(n,m) = 1.

Proof. Since (C1, π1) and (C2, π2) are twists of (E1, [m]) and (E2, [m]) respectively, there

exist isomorphisms φ1 : C1 → E1 and φ2 : C2 → E2 such that π1 = [m]φ1 and π2 = [m]φ2

respectively.

We know that C1 is trivial if π−1
1 (OE1) has a rational point. Since π−1

1 (OE1) and

π−1
2 (OE2) are isomorphic as k-schemes, they will trivialize over the same extensions. Let L

be an extension over which both trivialize (a factor of the coordinate ring of π−1
1 (OE1) would

do). Then over L, we have that π−1
1 (OE1) is isomorphic to E1[m].

In the proof of Lemma 4.11, we first showed that if an automorphism satisfies the cocycle

condition, then it is a translation map. We then proved that different translation maps will

cause the corresponding cocycles to differ by a coboundary, and hence will represent the

same class. Following the same argument here, we conclude that a k-rational isomorphism

α : π−1
1 (OE1)→ π−1

2 (OE2).
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will be evidence of C and D being isomorphic (i.e. representing the same cocycle class) if

and only if the composition

λ−1 φ2 αφ
−1
1 (4.4.3)

is a translation map. Note that we can assume φ1 and φ2 are defined over L.

Tracing through the compositions, we see that (4.4.3) denotes an L-rational automor-

phism of E1[m] (as a finite étale L-scheme). There are at most (m2)! automorphisms on

E1[m] defined over L (if E1[m] splits over L, then any permutation of them2 points would be

an automorphism defined over L). For each element a ∈ E1[m](L), there is an L-rational au-

tomorphism corresponding to the translation map, Ta, by the element a. That means there

are # AutL(E1[m])/#E1[m](L) automorphisms which do not correspond to a translation

map on E1[m](L), and hence which will affect the corresponding cocycles.

Since # AutL(E1[m]) = #(Z/mZ)∗ ·#E1[m](L), we are restricting to the case where the

automorphisms on E1[m] defined over L are compositions of a multiplication-by-m map by

a translation-by-a map. This means that the automorphism in (4.4.3) is a multiplication

map composed with translation and hence ξ1 = nξ2 for some n with gcd(n,m) = 1.

Over k̄, all m-coverings are isomorphic to the trivial m-covering, the multiplication-by-m

map [m] : E → E. For δ ∈ H1(k,E1[m]), we let Cδ denote the m-cover corresponding to

δ. Combining Propositions 4.8 and 4.11, we see δ ∈ H1(k,E1[m]) is visible in A when there

is some automorphism such that Cλ(δ) corresponding to λ(δ) ∈ H1(k,E2[m]) has a rational

point. By our work proving of Lemma 4.13, we know that different automorphisms α1 and

α2 on the m-torsion of E1 may lead to different covers C1,λ(δ) and C2,λ(δ) of E2. For visibility

to occur, it suffices that one of those covers have a rational point.

In the case where m = 4, there is one possible non-translation automorphism on the

4-torsion, so we see δ ∈ H1(k,E1[4]) is visible in A when one of Cλ(δ) or C−λ(δ) has a rational

point.

So given an elliptic curve E1 over k, let δ ∈ H1(k,E1[m]) be a cocycle class which we

suspect may map to a nontrivial element of X(E/k)[m]. Search through all elliptic curves

E2 for which we can find a k-group scheme isomorphism λ : E1[m]→ E2[m]. If the m-cover

Cλ(δ) has a rational point in one of these cases, then δ is visible in A = (E1 × E1)/∆.
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4.4.2 Polarization of A

Note that E1 × E2 is principally polarized via the product polarization. As already noted,

E1×E2 inherits a Weil pairing, corresponding to the product pairing. By Proposition 1.71,

we know that our choice of E2 and λ can influence the resulting Weil pairing on E1 × E2

and hence on the restriction A ∼= (E1 × E2)/∆.

One may be interested in insisting that A be principally polarized over k̄. One way for

this to happen is for the isogeny p∗+q∗ : E1×E2 → A to give rise to a principal polarization.

This would be the case if the kernel ∆ is a maximal isotropic subgroup of E1[m] × E2[m]

with respect to the Weil pairing. This will occur when

(λ(P ), λ(Q))E2 = (P,Q)−1
E1
,

that is to say, when λ : E1[m] → E2[m] is an anti-isometry. By Proposition 1.71, we know

that if (P,Q)E1 is a primitive n-th root of unity, then (λ(P ), λ(Q))E2 will be as well.

In the case m = 2, there is only one primitive 2nd root of unity, ζ2, and as such, there

will be a unique way for λ to act on the Weil pairing. In particular, since ζ2 = ζ−1
2 , the

isomorphism λ : E1[m] → E2[m] will simultaneously be an isometry and an anti-isometry,

and so the surface A will always be principally polarized over k̄.

For larger m, the group Z/mZ will have more than one primitive root of unity. If

(P,Q)E1 is a primitive m-th root of unity, then (λ(P ), λ(Q))E2 could conceivable be any of

the primitive m-th roots of unity. Only in the case where (λ(P ), λ(Q))E2 = (P,Q)−1
E1

would

we obtain a principally polarized abelian variety.

For the case m = 4, there are two primitive 4-th roots of unity. Therefore, there are two

options: either λ is an isometry (i.e. ζ4 7→ ζ4) or it is an anti-isometry (i.e. ζ4 7→ ζ−1
4 ). Only

the anti-isometric case gives rise to A being principally polarized. Nevertheless, we analyze

both cases in Section 4.6.

4.5 A review of visibility in the case m = 2

When we analyze the case m = 4 in Section 4.6, we find that it will be closely related to the

m = 2 case. To this end, we briefly review the visibility argument for m = 2. The details

can be found in [7].

Let E be an elliptic curve over a number field k and let v2
1 = f(u) be a model for E.

Let E2 be an elliptic curve with 2-torsion isomorphic to the 2-torsion of E. By Lemma 1.75,
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there exist parameters a ∈ k ∪ {∞} with f(a) 6= 0 and d ∈ k× such that E2 has a model

E2 :

v2
2 = −df(u) if a =∞

v2
2 = d(u− a)f(u) otherwise.

Let L = k(θ) = k[t]/(f(t)) and let NL/k denote the norm map on L over k; by abuse of

notation, we also write NL/k as the norm map of L[u] over k[u] as the presence of u would

make it clear in each instance.

Now let δ ∈ H1(k,E). For a given P ∈ E(k), we have

f(u) = NA/k(u(P )− θ).

If NL/k(P ) = δ, then we can find u0, u1, u2 ∈ k such that

u(P )− θ = δ(u0 + u1θ + u2θ
2)2

= Q0,δ(u) +Q1,δ(u)θ +Q2,δ(u)θ2
(4.5.1)

where NL/k(δ) = � and Qi,δ are quadratic forms in u = (u0, u1, u2).

Regardless of whether we can find P ∈ E(k) such that NL/k(P ) = δ, we can use the

quadratic forms in (4.5.1) to define a projective variety over k. Let Cδ be given by

Cδ :

Q2,δ(u) = 0

Q1,δ(u) = −y2
1.

Then Cδ is a 2-cover of E1 and can be obtained by taking the fibre product over the u-line

of E1 with a projective variety given by Q2,δ(u) = 0. If the latter variety has no k-rational

point, then Cδ will have no k-rational points. Similarly, if we try to construct a 2-cover C2,δ

of E2 by taking the fibre product over the u-line of E2 with Q2,δ(u) = 0, again we find that

C2,δ will have no k-rational points and we need not proceed further.

Otherwise, the projective variety Q2,δ(u) = 0 has a rational point, and so it is a P1. In

this case, we can fix a parametrization x 7→ u(x) and write P1
x for this variety. With this

parametrization

Cδ : y2
1 = −Q1,δ(u(x)) = g(x)

where g(x) is a quartic in x.

In an identical manner, we can find a 2-cover C2,δ of E2 by taking the fibre product of

E2 with a P1. If we insist that the fibre product is taken with P1
x, then we find

C2,δ : y2
2 = d (Q0,δ(u(x)) + aQ1,δ(u(x)))
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and all the curves fit into the following diagram:

Cδ

@@@@@@@@
C2,δ

||||||||

E1

???????? P1
x E2

||||||||

P1
u

Proposition 4.14 ([7, Theorem 1.1]). Let E1 be an elliptic curve over a number field k and

let δ ∈ H1(k,E1[2]) map to a non-trivial element ξ ∈X(E1/k)[2]. Then there are infinitely

many elliptic curves E2 for which ξ is made visible in A := (E1×E2)/∆, where ∆ is defined

in (4.4.1).

Bruin [7] proves Proposition 4.14 by showing that for any a ∈ k where f(a) 6= 0, one can

find an appropriate d ∈ k for which the 2-cover C2,δ of the elliptic curve E2 : v2
2 = d(u−a)f(u)

will have a rational point.

4.6 On the visibility of X(E/k)[4]

As mentioned at the beginning of Section 4.5, visibility of elements in X(E/k)[4] can be

related to the construction used to make elements of X(E/k)[2] visible. Suppose E1 and E2

are elliptic curves over a number field k and let λ : E1[4]→ E2[4] be a k-group scheme iso-

morphism. Let λ2 be the restriction of λ to E1[2]. Then λ2 is a k-group scheme isomorphism

between E1[2] and E2[2]. The added condition of having isomorphic 4-torsion can be seen

as restrictions of our choices of the parameters a and d in Theorem 1.76 to a one-parameter

family, as given by Proposition 3.12 (see also (3.3.4), (3.3.5), and (3.3.6) for the explicit

parameterizations of a and d).

Let E be an elliptic curve over a number field k and let v2
1 = f(u) be a model for E. By

Proposition 3.12, an elliptic curve Es which has isomorphic 4-torsion to E has a model of

the form

Es : v2
2 = d(s) · (u− a(s))f(u) (4.6.1)

where a(s) and d(s) are rational functions in one parameter, s ∈ k. The parametrization for

a(s) is given by (3.3.4); the parametrization for d(s) is given by (3.3.5) in the case where E
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and Es have isometric 4-torsion and by (3.3.6) in the case where E and Es have anti-isometric

4-torsion. For a given pair (E,Es), fix a k-group scheme isomorphism λs : E[4]→ Es[4].

Let ξ ∈ H1(k,E1[4]). Then 2ξ ∈ H1(k,E1[2]), so we can follow the approach in Section 4.5

to construct the 2-covers Cδ over E and Cs,δ over Es which correspond to 2ξ and λs(2ξ)

respectively. We obtain

Cδ : y2
1 = g(x)

Cs,δ : y2
2 = d(s)

(
Q0,δ(u(x)) + a(s)Q1,δ(u(x))

)
= h(x, s)

(4.6.2)

where g(x) is a quartic in x and h(x, s) is a biquartic in x and s (it has bidegree (4, 4) in

(x, s)).

Our next step is to construct the 4-covers Dγ of E and Ds,γ of Es which will correspond

to ξ and λs(ξ) respectively.

Lemma 4.15. The 4-covers Dγ and Ds,γ are 2-covers of Cδ and Cs,δ respectively.

Proof. This result follows immediately from the fact that Cδ and Cs,δ were constructed to

correspond to 2ξ and λs(2ξ) = 2λs(ξ) respectively.

By Lemma 4.15, all the relevant curves fit into the following concise diagram

ξ ∼Dγ Ds,γ λ(ξ)∼

2ξ ∼Cδ

BBBBBBBB
Cs,δ

zzzzzzzz
λ(2ξ)∼

E

AAAAAAAA P1
x Es

{{{{{{{{{

P1
u

where E : v2
1 = f(u) is an elliptic curve and Es is an elliptic curve with isomorphic 4-torsion

to E; Cδ and Cs,δ are 2-covers of E and Es respectively, and Dγ and Ds,γ are 4-covers of E

and Es respectively. See (4.6.1) for a model of Es and (4.6.2) for models of Cδ and Cs,δ. It

remains to construct Dγ and Ds,γ .
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Constructing Dγ

To construct Dγ , we perform a second descent, this time on Cδ. Let A = k[β] = k[x]/(g(x)).

Then A is an étale algebra over k. Let NA/k denote the norm function of A over k. We can

use this norm to write

y2
1 = NA[x]/k[x](ε(x− β))

for some ε ∈ A∗ where N(ε) equals the leading coefficient of g modulo squares. Note that

since ε is defined through a norm equation and since the extension has degree 4, it will

only be unique up to squares and scalars. As before, we can find u0, u1, u2, u3 ∈ k and

γ ∈ A∗/A∗2k∗ where NA/k(γ) is a square such that

x− β = γε
(
u0 + u1β + u2β

2 + u3β
3
)2

= B0,γ(u) +B1,γ(u)β +B2,γ(u)β2 +B3,γ(u)β3
(4.6.3)

where u = (u0 : u1 : u2 : u3) ∈ P3(k). By comparing the left and right sides of (4.6.3), we

get a model of a curve

B2,γ(u) = B3,γ(u) = 0. (4.6.4)

Observe that this is the intersection of two quadrics, so it is has genus 1. Working with

homogeneous coordinates, this curve covers the x-line and the cover is given by

u 7−→ x(u) = −B0,γ(u)

B1,γ(u)
. (4.6.5)

Theorem 4.16. The pair (δ, γ) determine a 4-cover of E up to a sign choice.

Proof. The above construction gives us a 2-cover of Cδ which in turn is a 2-cover of E. We

therefore end up with Dγ being a 4-cover of E. In particular, we have the genus 1 curve in

(4.6.4) covering the x-line, as given in (4.6.5). From this, it is easy to construct the cover

ψ : Dγ → Cδ; it is given by

u 7−→
(
−B0,γ(u)

B1,γ(u)
, y1(u)

)
where

y1(u) = ±
√
NA/k

(
ε(B0,γ(u) +B1,γ(u)β +B2,γ(u)β2 +B3,γ(u)β3)

)
.

Notice that we are left with some ambiguity regarding the appropriate sign choice for y1(u).

Recall that the Bi,γ terms were found such that the above norm is a square and that these
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terms are dependent on choice of γ. The Bi,γ ’s are quadratic forms in w, so this cover is a

double cover.

Similarly, we know Cδ is a 2-cover of E. Denote the cover φδ : Cδ → E by

(x, y) 7−→ (u(x, y1), v1(x, y1)) .

Then we can construct the 4-cover φε : Dγ → E by

(w, z1) 7−→ (φδ ◦ ψ)(u) =

(
u

(
−B0,γ(u)

B1,γ(u)
, y1(u)

)
, v1

(
−B0,γ(u)

B1,γ(u)
, y1(u)

))
.

The forms Bi,γ for i = 0, . . . , 3 in (4.6.3) are dependent on our choice of γ and on the 2-cover

Cδ. The 2-cover Cδ is in turn determined by the choice of δ.

The challenge of constructing Ds,λs(γ)

The natural approach to constructing Ds,λs(γ) is to follow the above process, but to do so

by constructing the double cover over Cs,λs(δ), rather than over Cδ. We know that we can

construct Cs,λs(δ) as it only requires us to follow the steps in laid out in Section 4.5, except

that now the constants a and d are actually functions in a parameter s. Following through

this construction in (4.6.2), we obtained

Cδ : y2
1 = g(x) and Cs,δ : y2

2 = h(x, s)

where g is a quartic in x and h is biquartic in x and s. We see that the dependence of a and

d on s leads to a dependence of h on s. This dependence on s may pose problems in the

construction of Ds,λs(γ); see Remark 4.18.

As in the construction of Dγ , we begin by stepping up to an étale algebra where h(x)

factors. By the following Proposition, we see that we step up to the same étale algebra as

before.

Proposition 4.17. Let A = k[β] = k[x]/(g(x)). Then there exist α1, . . . , α4 ∈ A and

h′(x, s) ∈ A[x, s] such that

h(x, s) = (α1 + α2x+ α3s+ α4xs)h
′(x, s).

Proof. Suppose that πs : Ds,λs(γ) → Es is a 4-cover of Es which represents the same class

as π : Dγ → E. Then by Lemma 4.15, the 4-covers Dγ and Ds,λs(γ) are both 2-covers of Cδ
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and Cs,δ respectively. Both Cδ and Cs,δ are 2-covers which represent the same element of

H1(k,∆2) where ∆2 = E1[2] = Es[2].

By our construction, the points on Cδ which map to the identity element of E are exactly

those points P0 = (x, 0), and hence have x-coordinates which satisfy g(x) = 0. Therefore,

the points in Dγ which map to OE are exactly the points which map to (x, 0) on Cδ. By an

identical argument, the points in Ds,λs(γ) which lie in the zero-fibre of OEs are exactly those

points (y2, x) for which h(x, s) = 0. Therefore for any valid parameter s (that is to say, for

any s which avoids the exceptions in Proposition 3.16) the coordinate rings of the respective

zero fibres are given by k[β] = k[x]/(g(x)) and k[βs] = k[x, s]/(h(x, s)) respectively.

By Lemma 4.12, the zero-fibres π−1(OE) and π−1(OEs) are isomorphic as 0-dimensional

k-group schemes. Therefore, the coordinate rings k[β] and k[βs] of the zero fibres must be

isomorphic, and in so, h(x, s) will acquire a bilinear factor over A = k[β].

To find Ds,λs(γ), write y2
2 = h(x, s) as a norm equation of the bilinear factor from Propo-

sition 4.17

y2
2 = NA/k(εs(α1 + α2x+ α3s+ α4xs)) , (4.6.6)

where εs ∈ A∗ has norm equal to the leading coefficient of h. Once again, we can find

v0, . . . , v4 ∈ k such that

α1 + α2x+ α3s+ α4xs = εsλs(γ)
(
v0 + v1β + v2β

2 + v3β
3
)2

= Q0,γ(v) +Q1,γ(v)β +Q2,γ(v)β2 +Q0,γ(v)β3

for γ ∈ k[β]∗/A∗2k∗ such that NA/k(λs(γ)) is square. Each Qi,γ is a quadratic form in

v = (v0, v1, v2, v3). Note that each αi ∈ A, so write αi = αi,0 + αi,1β + αi,2β
2 + αi,3β

3 for

i = 1, . . . , 4.

Remark 4.18. Notice that λs(γ) may be dependent on the choice of s. If λs(γ) has a

dependence on s, then different choices of s may lead to different 4-covers Ds,λs(γ). Ex-

perimental evidence obtained by checking the zero fibres of Ds,λs(γ) for different s-values

have shown this to be the case. Therefore, by Lemma 4.12, they cannot represent the same

class in H1(k,E[4]). This approach will therefore not allow us to build a general model of

Ds,λs(γ) which takes s as a parameter to construct the appropriate 4-cover of Es for which

Autk̄(Cδ/E) ∼= Autk̄(Cs,δ/Es).

In view of Remark 4.18, we will continue the discussion for a fixed value of s. Our goal in

this section is to demonstrate that the visibility argument for X(E/k)[m] is less tractable



CHAPTER 4. VISIBILITY OF X(E/K)[4] IN ABELIAN SURFACES 86

in the m = 4 case than it is in the m = 2 or m = 3 cases addressed in earlier literature. To

that end, we make the (generous) assumption that our choice of s in the visibility argument

is not an impediment to attempting to construct the appropriate 4-cover Ds,λs(γ) of Es. We

will end up demonstrating that even if one can construct Ds,λs(γ), the visibility question is

by no means solved.

Fisher published a paper [18] on the Hessian of a genus one curve where (in our terminol-

ogy) he writes the family of 4-covers of genus one curves as the intersection of two quadrics.

In particular, paraphrasing Proposition 4.1, we obtain

Proposition 4.19 (Fisher). Let s = (a : b) ∈ P1. The non-singular model φs ∈ X4 of the

base 4-cover πs : Es → Es is given by u4 : k2 → X4 where

u4(a, b) =

a(x2
1 + x2

3)− bx2x4

a(x2
2 + x2

4)− bx1x3.

Proposition 4.19 provides a model for the universal elliptic curve over one particular twist

of X(4). Substituting back s = (a : b) in the equations in Proposition 4.19 yields

s(x2
1 + x2

3)− x2x4

s(x2
2 + x2

4)− x1x3.

We can eliminate s from this to obtain

(x2
1 + x2

3)x1x3 = (x2
2 + x2

4)x2x4. (4.6.7)

This surface is a smooth quartic surface in P3, so it is a K3-surface. For a study of K3-

surfaces, see for example [30] and [39]. We only require the following result which was proved

classically by Noether (see [30, p. 1]); using modern terminology, it reads.

Theorem 4.20 (Noether). A nonsingular quartic surface over P3 is a K3-surface.

In fact, if we allow i =
√
−1, then Equation (4.6.7) factors as

(x1 − ix3)(x1 + ix3)x1x3 = (x2 − ix4)(x2 + ix4)x2x4. (4.6.8)

If we make the substitution

(x1 : x2 : x3 : x4 :) 7−→ (X1 : X2 : X3 : X4) = (x1 + x3 : x2 + x4 : x1 − x3 : x2 − x4)
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then (4.6.8) becomes

X4
1 −X4

3 = X4
2 −X4

4 . (4.6.9)

This surface is a diagonal quartic surface. By Theorem 4.20, we know that it is a K3-surface.

To construct the surface of 4-covers Ds,λs(γ), where γ ∈ H1(k,E[4]) is fixed and s is

some parameter, we construct a surface which becomes isomorphic to X(4) over k̄. So our

surface in (4.6.7) is a twist of a diagonal quartic surface. Since all twists are isomorphic

over k̄ and since being a K3-surface is a geometric property, the surface we are interested in

constructing is indeed a K3-surface.

A known issue with K3-surfaces is that it is possible to have points everywhere locally

and not be guaranteed any rational points (see for example [13, Section 5]). So even if we

find a λs(γ) such that Ds,λs(γ) represents the same cocycle as Dγ (and we have no systematic

way of doing this, as observed in Remark 4.18), then we still would need to search for rational

points on a K3-surface, which is a nontrivial task on its own right.

4.7 Examples

In the previous section, we showed the difficulties that we encounter if we try to construct

a general Ds,γ to be a 4-cover of the family of elliptic curves Es which have isometric (resp.

anti-isometric) 4-torsion. We can, however, take our elliptic curve, E, together with a 2-

cover Cδ and construct the surface y2 = h(x, s). If we find a rational point (x0, s0, y0) on

this surface, then we know that Cδ is visible in (E × Es0)/∆2, where ∆2
∼= E[2] ∼= Es0 [2].

Since we know that a 4-cover Dδ,γ factors through a 2-cover

Dδ,γ −→ Cδ −→ E,

then in order to have visibility of Dδ,γ in (E×Es0)/∆4, we must also have that Dδ,γ is visible

in (E × Es0)/∆2. So we can carry through the first step of the construction (to check for

visibility in (E × Es0)/∆2) and then hope that the second step occurs as well. In this way,

it is possible to look to make X[4] visible on a case by case basis.

Using our results from Chapter 3, or by using pairs of elliptic curves from Cremona and

Mazur’s list [16, Table 2], it is easy to construct pairs of elliptic curves with isomorphic

4-torsion. Using modern computer algebra software (we used Magma [3]), it is possible to

construct 2-descents and 4-descents of our elliptic curves and to see if their fibres over OE1

match up. The following would be an outline of one such procedure.
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Input: An elliptic curve E1, together with an everywhere locally trivial class γ ∈ H1(k,E[4]).

1. Find a likely candidate elliptic curve, E2 (we can skip this step if we already have a

pari of elliptic curves, as in the Cremona-Mazur list).

(a) Using the general model of elliptic curves, Es, which have isometric (respectively

anti-isometric) 4-torsion to E1, construct the surface y2 = h(x, s) in (4.6.2).

(b) Search for a rational point (x0, s0, y0) on the surface y2 = h(x, s). This is not

easy as we are trying to find a rational point on a K3-surface. If a rational point

(x0, s0, y0) is found, then the elliptic curve Es0 is a likely candidate for 4-visibility.

Set E2 := Es0 .

2. Calculate the everywhere locally solvable 2-coverings C1 and C2 of the two elliptic

curves E1 and E2 respectively (the Magma command TwoDescent would do this).

3. Verify that the two 2-coverings match up as isomorphic fibres over 0 as sets with Galois

action. That is to say, for each element C1,δ ∈ C1, check that there is a unique element

C2,δ ∈ C2 such that their zero fibres represent the same class in H1(k,∆2) (where

∆2 := E1[2] = E2[2]). This step gives us a means of matching each C1,δ ∈ C1 with an

appropriate C2,δ ∈ C2.

4. Verify that C2,δ ∈ C2 has a rational point. If E2 was found in step 1, then the point

(x0, s0, y0) should work. If, on the other hand, we began with two elliptic curves E1, E2

as part of our input (as is the case when using two elliptic curves off the Cremona-

Mazur list) then we still need to find a rational point in this step. A rational point on

Cs,δ indicates visibility of

δ ∈ ker
(
H1(k,E1)→ H1(k, J)

)
,

where J = (E1 × E2)/∆2. At this point, we do not know if δ = 0 ∈ H1(k,E1) or if

δ ∈X(E/k)[2].

5. For each matched pair (C1,δ, C2,δ) with Ci,δ ∈ Ci, perform the following loop:

(a) Perform second descents on C1,δ and C2,δ to obtain the 2-coverings D1,δ and D2,δ

of C1,δ and C2,δ respectively.
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(b) Construct the zero fibres of each Di,δ,γ ∈ Di,δ and determine whether one can

pair up each D1,δ,γ ∈ D1,δ with a unique D2,δ,γ ∈ D2,δ such that their zero fibres

correspond to the same element in H1(k,∆4) where ∆4 := E1[4] = E2[4].

6. Verify that Di,δ,γ ∈ D4 has a rational point. As in step 4 above, this only indicates

visibility of

γ ∈ ker
(
H1(k,E1)→ H1(k,A)

)
,

where A = (E1 × E2)/∆4.

Output: (if positive results are obtained in step 5 and 6) Pairs of 4-covers

π1 : D1,δ,γ → E1 and π2 : D2,δ,γ → E2

such that π−1
1 (OE1) and π−1

2 (OE2) are isomorphic as finite sets with an action of

Gal(Q̄/Q) on them (i.e. they are isomorphic as 0-dimensional schemes over k̄), and such

that the element γ ∈ H1(k,E1) which is represented by D1,δ,γ is visible in H1(k,E1)→
H1(k,A).

Suppose we find a matched pair D1,δ,γ and D2,δ,γ which correspond to the same element

ξ ∈ H1(k,∆4), and suppose that we also find a rational point on D2,δ,γ . Then ξ vanishes in

H1(k,E1)→ H1(k,A) where A = (E1 × E2)/∆4, as discussed in Section 4.4. In this case, ξ

corresponds to a (possibly trivial) element of X(E1/k)[4]. If we can also show that rk(E2)

and rk(A) would not lead to a sharper rank bound on E1, then this would in turn guarantee

that the element we found in X(E1/k)[4] is not trivial.

If we do not find a matched pair D1,δ,γ and D2,δ,γ which correspond to the same element

ξ ∈ H1(k,∆4), then we have not made any element of X(E1/k)[4] visible. This does not

imply that X(E1/k)[4] is empty; it merely says that the isogeny E1 × E2 → A does not

make any element of X(E1/k)[4] visible in this case. Similarly, if we fail to find a rational

point on D2,δ,γ , then we have failed to show visibility in that particular case.

Example 4.1. Using Cremona and Mazur’s list [16, Table 2], we can select likely candidate

elliptic curves for visibility. Let E1 and E2 be the elliptic curves 2045B and 4090B respec-

tively (by which we mean the elliptic curves of conductor 2045 and 4090 respectively as listed

in Cremona’s elliptic curve database [15]). In short Weierstrass form (over a field k with
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char(k) not 2 or 3)

E1 : v2
1 = u3 − 7089363u− 40312768338 = f(u) and

E2 : v2
2 = u3 + 8397u2 + 1596942.

(4.7.1)

In comparing these elliptic curves to the work in Chapter 3, we find that E1 and E2 have

isometric 4-torsion and E2 is obtained from E1 by setting s = 261 in the model

v2
2 = d(s) (x− a(s)) f(u)

where a(s) and d(s) are given by (3.3.4) and (3.3.5) respectively and f(u) is given by (4.7.1).

We perform a 2 descent to find the locally solvable 2-coverings Ci of Ei. We obtain

C1 = {C1,1, C1,2, C1,3} and C2 = {C2,1, C2,2, C2,3}

where

C1,1 : y2
1 = −27x4 + 134x3 + 471x2 + 562x− 823

C1,2 : y2
1 = −67x4 + 26x3 − 579x2 + 808x+ 12

C1,3 : y2
1 = −175x4 − 190x3 + 147x2 + 618x+ 53

and

C2,1 : y2
1 = x4 + 6x3 − x2 + 34x+ 25

C2,2 : y2
1 = 4x4 − 4x3 + 5x2 + 20x− 12

C2,3 : y2
1 = x4 − 18x3 + 11x2 − 10x+ 9

and such that for 1 ≤ i ≤ 3, the zero fibre of C1,i is isomorphic to the zero fibre of C2,i as

finite sets with Galois action.

We see that (0, 5) ∈ C2,1, (−2, 8) ∈ C2,2, and (0, 3) ∈ C2,3 and so all three 2-covers of E2

have rational points. Therefore, in all three cases, the corresponding δ ∈ H1(k,E1) is made

visible in X(E1, k)[2] (although it may be the trivial element).

Performing a second descent on each curve in the matched pair (C1,1, C2,1) yields the

locally solvable 4-coverings D1,1 = {D1,1,1, D1,1,2} and D2,1 = {D2,1, D2,2} where

D1,1,1 :

2u1u2 + u1u4 + u2
2 − u2u3 − u2u4 + u2

3 + 2u2
4

2u2
1 − u1u2 + u1u3 + u1u4 + u2

2 − 5u2u3 + 4u2u4 − 2u2
3 − 2u3u4 + u2

4,

D1,1,2 :

u1u2 + 2u1u4 − u2u3 − 4u2u4 + u2
3 + u3u4 + u2

4

u2
1 + 2u1u2 + u1u3 + 3u1u4 + 7u2

2 − u2u3 + 2u2
3 − 4u3u4 − 2u2

4,
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and

D2,1,1 :

u1u3 + u1u4 − u2u4

u1u2 − 2u1u3 + 2u1u4 + u2
2 − u2u3 + u2

3 − u3u4 − 2u2
4,

D2,1,2 :

u1u4 + u2u3 + u2u4 + u2
3 − u3u4 + 2u2

4

u1u3 + u1u4 + u2
2 + u2u3 + u2

3 − 7u3u4 − 4u2
4.

We find with this labelling that the curves Di,1,1 and Di,1,2 do indeed have isomorphic

zero fibres as finite sets with Galois action. If we check for automorphisms on the zero

fibres, we find that each zero fibre only has the identity automorphism defined on it. There-

fore, by Lemma 4.13, the covers Di,1,1 and Di,1,2 do indeed represent the same element

in H1(k,E1[4]) ∼= H1(k,E2[4]) up to multiplication by −1. We also see that the point

(u1 : u2 : u3 : u4) = (1 : 0 : 0 : 0) is a point on both D2,1,1 and D2,1,2, and therefore the

classes of D1,1,1 and D1,1,2 both lie in the kernel of

H1(k,E1) −→ H1(k,A).

If we perform a search for rational points on D1,1,1 or D1,1,2 up to a reasonable height,

we do not find any points. As such, we suspect that one or both of the classes of D1,1,1 or

D1,1,2 may in fact correspond to a nontrivial element in X(E1/k)[4].

If we repeat this process with the matched pairs (C1,2, C2,2) and (C1,3, C2,3), we find that

in each case, the 4-coverings can also be matched up to have pairwise isomorphic zero fibres

and that in each case, the point (1 : 0 : 0 : 0) is on the curve D2,i,j . So once again, we have

found ξ ∈ H1(k,E1) which map to the zero in H1(k,A).

Unfortunately, without proving that these covers in fact have no rational points, we

cannot conclude that we have found nontrivial elements in X(E1/k)[4]. In this example, we

know that E1 and E2 have isometric 4-torsion, and so we cannot follow our construction in

Chapter 3 to build A. As such, we do not know how to do a descent on A and so we cannot

get an independent rank bound for A. If we check the analytic rank of E1, we find that

it has analytic rank zero. By Coates-Wiles [12], we know that the Birch-Swinnerton-Dyer

conjecture is true for rank 0 curves over Q. Therefore rk(E1) = 0, and since D1,1,1 and

D1,1,2 are non-isomorphic 4-covers of E1, we conclude that we have visibility of a nontrivial

element in X(E1/k)[4].



CHAPTER 4. VISIBILITY OF X(E/K)[4] IN ABELIAN SURFACES 92

In the above example, we relied on Coates-Wiles to complete the argument. By doing

so, we cannot claim that our calculations contributed to improving current approaches.

In the next example, we use a pair of elliptic curves which do not appear (as a pair) on

the Cremona-Mazur list. In this case, the two elliptic curves have anti-isometric 4-torsion

and we are able to use the construction in Chapter 3 to prove that we do make a nontrivial

element of X(E1/k)[4] visible (we do not need to use Coates-Wiles).

Although in this upcoming example, we once again find that rk(E1) = 0, the approach

we use generalizes to elliptic curves of higher rank. Thus the following example shows that

our approach can be used to make nontrivial elements of X(E1/k)[4] visible in cases where

Coates-Wiles cannot be used.

Example 4.2. We now consider an example of a pair of elliptic curves which does not appear

in the Cremona Mazur list [16, Table 2]. Let E1 be the elliptic curve 2738C and let E2 be

the elliptic curve with anti-isometric 4-torsion to E1 obtained by setting s = 291597/7 in

Proposition 3.12. Weierstrass forms for E1 and E2 are given by

E1 : v2
1 + uv1 + v1 = u3 + u2 − 39045u− 7319857

E2 : v2
2 + uv2 = u3 − 12475471532u+ 547368340279696.

We find that the locally solvable 2-coverings C1 and C2 can be pairwise matched up so that

their zero fibres are isomorphic as finite sets with Galois action. Upon performing the second

descent, we find that in each case, the 4-covers D1 and D2 also match up so that their zero

fibres are pairwise isomorphic. The locally-solvable 4-coverings in this case are given by

D1 = {D1,1, D1,2} and D2 = {D2,1, D2,2, D2,3, D2,4} where

D1,1 :

u2
1 + u1u2 + 2u1u3 + u1u4 + u2

2 − 4u2u3 − 3u2u4 + u2
3 − 3u3u4 + 4u2

4,

5u1u3 + u1u4 + u2
2 + 2u2u3 + 2u2u4 − 2u2

3 + 4u3u4 + 3u2
4,

D1,2 :

u2
1 + u1u2 + 3u1u3 + u2

2 + 3u2u3 + u2u4 + u2
3 − 5u3u4 + 2u2

4,

u2
1 − u1u3 + u1u4 + 3u2

2 + 2u2u3 − 2u2u4 + 3u2
3 + 3u3u4 − 4u2

4
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and where

D2,1 :


u1u4 − u2u3 + 3u2

4,

52u2
1 + 23u1u2 + 20u1u3 − 358u1u4 − 78u2

2 + 381u2u3

− 53u2u4 − 302u2
3 + 284u3u4 + 246u2

4

D2,2 :


u1u2 + 2u1u4 + u2u3 + u2u4,

4u2
1 − 159u1u2 + 101u1u3 − 107u1u4 − 15u2

2 + 283u2u3

+ 90u2u4 + 65u2
3 − 55u3u4 − 82u2

4.

We obtain similar descriptions for D2,3 and D2,4. With this labelling, D1,1 and D2,1

have isomorphic zero fibres as finite sets with Galois action and similarly with D1,2 and

D2,2. Checking for automorphisms on the zero fibres, we only find the identity, and so

by Lemma 4.13, D1,1 and D2,1 (respectively D1,2 and D2,2) represent the same element in

H1(k,E1[4]) ∼= H1(k,E2[4]) up to multiplication by −1. The 4-covers D2,3 and D2,4 of E2

are not isomorphic with any of the 4-covers of E1.

If we search for points on D2,1 and D2,2, we find the point (u1 : u2 : u3 : u4) = (30 : −3 :

−11 : 1) on D2,1 and the point (u1 : u2 : u3 : u4) = (1/2 : −1 : −1/2 : 1) on D2,2. A similar

point search up to a reasonable height on D1,1 and D1,2 turns up no points as expected. So

at this point, we know that the classes of D1,1 and D1,2 both lie in the kernel of

H1(k,E1) −→ H1(k,A).

By finding no rational points in our point search of D1,1 and D1,2, we suspect that at least

one of these may in fact correspond to nontrivial elements in X(E1/k)[4]. We can prove this

by constructing the principally polarized abelian surface A = (E1 × E2)/∆4 and checking

rank bounds.

Since E1 and E2 have anti-isometric 4-torsion, we can construct A by using the work

done in Chapter 3. In this particular case, A is the (4, 4)-split Jacobian of a genus 2 curve

C4, and the (4, 4)-splitting Φ4 : E1 × E2 → A = Jac(C4) factors as

E1 × E2
Φ2 //

Φ4

11Jac(C2)
Ψ // Jac(C4) = A,

where

C2 : Y 2 = 1917636X6 − 5752908X5 + 661675028301X4 − 1323340468422X3

+ 66920387664764529X2 − 66919725995489136X + 1260076140320582793936
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and

C4 : Y 2 = 23018470289976X6 − 9055728401461344X5 + 948594742867308537X4

+ 367608666853793691018X3 + 9836138768216101563033X2

− 4653580864721453064089568X − 536462408042404193192939376.

We now calculate the 2-Selmer group of E2 (using either one of the Magma [3] commands

TwoSelmerGroup, or TwoSelmerGroupOld). We find that it is isomorphic to Z/2Z×Z/2Z×
Z/2Z. We also find that E2 has no nontrivial 2-torsion elements, and so we suspect that E2

has rank 3. Using MordellWeilShaInformation, we find that the following three rational

points of E2 are independent generators of the Mordell-Weil group of E2:

P1 =

(
−149203896

1369
,
−1250794647788

50653

)
,

P2 =

(
865048669

19600
,
24898306504623

2744000

)
,

P3 =

(
−13769342696

267289
,
4488474509944932

138188413

)
and therefore E2 has rank 3 as we suspected.

We can similarly calculate the 2-Selmer group of A. We find that S(2)(A/Q) ∼= Z/2Z×
Z/2Z × Z/2Z and therefore rk(A) ≤ 3. On the other hand, by (4.1.2), we have rk(A) ≥
rk(E2) = 3 and therefore rk(A) = 3. The rank of E1 can be calculated by

rk(E1) + rk(E2) = rk(E1 × E2) = rk(A).

But rk(A) = rk(E2) = 3 and so we obtain a sharp bound of rk(E1) = 0. Since the rank

bound is sharp and we found distinct elements in the kernel of H1(k,E1) −→ H1(k,A), we

conclude that they correspond to nontrivial elements in X(E1/k)[4].



Appendix A

On a classical result by Bolza

An 1887 paper by O. Bolza [1] discusses hyperelliptic integrals which can reduce into elliptic

integrals by a fourth degree transformation. In the terminology used in this thesis, he

computes a model of a genus 2 curve with a (4, 4)-split Jacobian. In this section we relate

his results to our Chapter 3 results. The formulas given here are available electronically from

[8]. Bolza works over C. He gives a 3-parameter family of curves y2 = R(x), with parameters

λ, µ, ν, with a sign error in the equation (A.0.3) below. Corrected, Bolza’s family is given

by:

C(λ,µ,ν) : y2 = R(x) = ν ′x6 − 6λν ′x5 + 3
(
4µν ′ + λµ′

)
x4 + 2

(
λλ′ + 5νν ′

)
x3

+ 3
(
4µ′ν + λ′µ

)
x2 − 6λ′νx+ ν,

where

λ′ = −1

3
· 2λ2ν − λµ2 − µν
−ν2 + 3λµν − 2µ3

, (A.0.1)

µ′ =
1

9
· λ2µ+ λν − 2µ2

−ν2 + 3λµν − 2µ3
, (A.0.2)

ν ′ = − 1

27
· 2λ3 − 3λµ+ ν

−ν2 + 3λµν − 2µ3
. (A.0.3)

He also gives the variable substitutions that turn the hyperelliptic integrals into elliptic

integrals. In the language of this thesis, he gives the degree 4 maps from the curve C(λ,µ,ν)

to two elliptic curves. Since Bolza is only interested in curves over C, he does not care to

determine the appropriate twist, but this is easily adjusted. With

z1 =
λx4 + 4λνx+ 3µν

λx2 + 2λx+ 3µλ−2ν
2

, z2 =
λ′ + 4λ′ν ′x3 + 3µ′ν ′x4

x2(λ′ + 2λ′x+ 3µ′λ′−2ν′

2 x2)

95
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we find that C(λ,µ,ν) covers the two curves

E1,(λ,µ,ν) : w2
1 = λR1(z1) = λ(λz1 − 2ν)(ν ′z3

1 − 3(9λ2ν ′ − 6µν ′ − λµ′)z2
1

+ 12(9λνν ′ + 3µ′ν + λ′µ)z1 + 12ν(3µµ′ − λλ′))

and

E2,(λ,µ,ν) : w2
2 = λ′R2(z2) = λ′(λ′z2 − 2ν ′)(νz3

2 − 3(9λ′2ν − 6µ′ν − λ′µ)z2
2

+ 12(9λ′ν ′ν + 3µν ′ + λµ′)z2 + 12ν ′(3µ′µ− λ′λ)).

Checking this is straightforward by verifying that λR1(z1)R(x) and λ′R2(z2)R(x) are squares

in Q(λ, µ, ν)(x).

In order to find the relation between Bolza’s family and the model (B.2.1), we put

E1,(λ,µ,ν) in short Weierstrass form V 2 = U3 + bU + c, where

b = 3(ν2 − 3νµλ+ 2µ3)2(2ν4µ− 5ν4λ2 + 2ν3µλ3 + 16ν3λ5 − ν2µ4+

10ν2µ3λ2 − 45ν2µ2λ4 − 6νµ5λ+ 36νµ4λ3 − 9µ6λ2)

c = (ν2 − 3νµλ+ 2µ3)3(ν7 − 3ν6µλ− 10ν6λ3 − 10ν5µ3 + 84ν5µ2λ2 − 138ν5µλ4 + 160ν5λ6−

30ν4µ4λ+ 68ν4µ3λ3 − 78ν4µ2λ5 − 288ν4µλ7 − 2ν3µ6 + 30ν3µ5λ2−

189ν3µ4λ4 + 738ν3µ3λ6 − 18ν2µ7λ+ 198ν2µ6λ3 − 729ν2µ5λ5−

54νµ8λ2 + 324νµ7λ4 − 54µ9λ3).

We compute the linear transformation U = t1z2+t2
t3z2+t4

such that λ′R2(z2) = d(U−a)(U3 +bU+

c), where d is specified up to squares, and find

a =
(ν2 − 3νµλ+ 2µ3)(2ν3λ− 3ν2µ2 − 4ν2λ4 + 2νµ3λ+ 6νµ2λ3 − 3µ4λ2)

µλ− ν
d = 3(ν − µλ)(ν2 − 3νµλ+ 2µ3)(ν2 − 6νµλ+ 4νλ3 + 4µ3 − 3µ2λ2).

From a = s4−2bs2−8cs+b4

4(s3+bs+c)
one finds one rational choice:

s =
(ν2 − 3νµλ+ 2µ3)(ν3λ+ 3ν2µ2 − 18ν2µλ2 + 16ν2λ4 + 10νµ3λ− 15νµ2λ3 + 3µ4λ2)

ν − µλ
.

This shows that outside (ν − µλ)(ν2 − 3νµλ + 2µ3) = 0, Bolza’s family covers the family

(B.2.1). The relation turns out to be birational: both (λ : µ : ν) and (s : b : c) are naturally

coordinates on weighted projective space P(1, 2, 3). The formulae above express (b/s2, c/s3)
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as functions in (µ/λ2, ν/λ3). Via the appropriate resultant computations and polynomial

factorizations, we find

ψ(b, c, s) = 2b6 + 36b5s2 + 45b4cs+ 72b4s4 + 45b3c2 + 36b3cs3 − 36b3s6 + 297b2c2s2 − 378b2cs5

+ 54b2s8 + 324bc3s− 81bc2s4 + 324bcs7 + 216c4 − 324c3s3 + 891c2s6 − 27cs9

µ

λ2
=

(2b4 − 15b2cs+ 30b2s4 + 9bc2 + 90bcs3 + 135c2s2 − 27cs5)ψ(b, c, s)

3(bs+ c+ s3)2(b2 − 6bs2 − 12cs− 3s4)2(4b3 + 27c2)

ν

λ3
=

−ψ(b, c, s)2

(bs+ c+ s3)2(b2 − 6bs2 − 12cs− 3s4)3(4b3 + 27c2)
.

This shows that outside some codimension one locus, the two families parametrize the same

curves up to twist. Note, however, that the formulas for a, b, c, d are of weighted total degrees

13, 26, 39, 15 in (λ, µ, ν). That means that with appropriate scaling, we can adjust the square

class of d, so the two families really do parametrize essentially the same curves.



Appendix B

Long Equations

In this appendix, we have added the equations of some of the pertinent but lengthy curves

found in Chapter 3. Section B.1 gives the factorization of the model of our bielliptic curve C2

from Lemma 3.9 over a splitting field of its defining polynomial. Section B.2 gives a model

of a genus 2 curve with (4, 4)-split Jacobian, described in Theorem 3.1 and Proposition 3.16.

The equation for the Humbert surface L of genus 2 curves with (4, 4)-split Jacobians (see

Theorem 3.2) is too long to even include as an appendix. With this in mind, we have made

it available for download over the internet [8].

B.1 The six roots of the defining polynomial for C2

Let C2 be a genus 2 curve over k which is (2, 2)-isogenous to a genus 2 curve whose Jacobian

is optimally (4, 4)-split (see Lemma 3.9). Then C2 is a degree 2 cover of an elliptic curve E1

which admits a model V 2 = f(U) = U3 + bU + c. A model for C2 is given in (3.3.7).

f(U) = (U − r)
(
U2 + rU +

(
r2 + b

))
Over k[r]/

[
U2 −

(
−3r2 − 4b

)]
= k[r,R], we have the factorisation

f(U) = (U − r)
(
U − R

2
+
r

2

)(
U +

R

2
+
r

2

)
.

Using our parametrization for a and d given in equations (3.3.4) and (3.3.6) respectively, we

can write down the factorization for g over k[r,R]:

g(X) = f6

6∏
i=1

(X − wi) (B.1.1)

98
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where

f6 =

(
1

−disc(f) · f(s)

)3

=
1

(4b3 + 27c2)3 (s3 + bs+ c)3

and:

w1 =
1

2

( (
−3s2 − b

)
r2 + (−4bs− 6c) r − bs2 − 6cs+ b2

)
R

w2 =
1

2

( (
3s2 + b

)
r2 + (4bs+ 6c) r + bs2 + 6cs− b2

)
R

w3 =
1

2

( (
−3s2 − b

)
r2 + (2bs+ 3c) r − bs2 + 3cs− b2

)
R

+
1

2

(
(−3bs− 9c) r2 +

(
9cs− 2b2

)
r − 4b2s− 6bc

)
w4 =

1

2

( (
3s2 + b

)
r2 + (−2bs− 3c) r + bs2 − 3cs+ b2

)
R

+
1

2

(
(3bs+ 9c) r2 +

(
−9cs+ 2b2

)
r + 4b2s+ 6bc

)
w5 =

1

2

( (
−3s2 − b

)
r2 + (2bs+ 3c) r − bs2 + 3cs− b2

)
R

+
1

2

(
(3bs+ 9c) r2 +

(
−9cs+ 2b2

)
r + 4b2s+ 6bc

)
w6 =

1

2

( (
3s2 + b

)
r2 + (−2bs− 3c) r + bs2 − 3cs+ b2

)
R

+
1

2

(
(−3bs− 9c) r2 +

(
9cs− 2b2

)
r − 4b2s− 6bc

)
.

B.2 A representation for a (4, 4)-split genus 2 curve

Let E1 be an elliptic curve over k given by V 2 = U3 + bU + c for scalars b and c and let C4

be a genus 2 curve which is a degree 4 cover of E1. Then there exists a scalar s such that a

representation for C4 is given by Y 2 = F (X) where:
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F (X) =

(
s3 + bs+ c

) (
27cs3 − 18b2s2 − 27bcs− 2b3 − 27c2

)
(4b3 + 27c2)3 (3bs4 + 18cs3 − 6b2s2 − 6bcs− b3 − 9c2)3X

6

+
3
(
s3 + bs+ c

)2 (
3s2 + b

)
(4b3 + 27c2)2 (3bs4 + 18cs3 − 6b2s2 − 6bcs− b3 − 9c2)3X

5

+
3
(
s3 + bs+ c

)
E

4 (4b3 + 27c2)2 (3bs4 + 18cs3 − 6b2s2 − 6bcs− b3 − 9c2)3X
4

+
−
(
s3 + bs+ c

)2
G

2 (4b3 + 27c2) (3bs4 + 18cs3 − 6b2s2 − 6bcs− b3 − 9c2)3X
3

+
−
(
s3 + bs+ c

)
H

16 (4b3 + 27c2) (3bs4 + 18cs3 − 6b2s2 − 6bcs− b3 − 9c2)3X
2

+
3
(
s3 + bs+ c

)2 (
3s4 + 6bs2 + 12cs− b2

)
J

16 (3bs4 + 18cs3 − 6b2s2 − 6bcs− b3 − 9c2)3X

+
−
(
s3 + bs+ c

)
JK

64 (3bs4 + 18cs3 − 6b2s2 − 6bcs− b3 − 9c2)3

(B.2.1)

and where

E = 9cs7 − 26b2s6 − 171bcs5 + 34b3s4 − 333c2s4 + 155b2cs3 − 6b4s2 + 126bc2s2

+ 7b3cs+ 144c3s− 2b5 − 17b2c2

G = 7s6 + 23bs4 + 68cs3 − 11b2s2 − 4bcs− 3b3 − 20c2

H = 27cs11 + 6b2s10 + 585bcs9 − 402b3s8 + 2349c2s8 − 3330b2cs7 + 460b4s6

− 6156bc2s6 + 1410b3cs5 − 7776c3s5 + 140b5s4 + 4230b2c2s4 + 23b4cs3

+ 3024bc3s3 + 46b6s2 + 516b3c2s2 + 3024c4s2 + 5b5cs− 48b2c3s+ 6b7

+ 85b4c2 + 288bc4

J = s6 + 5bs4 + 20cs3 − 5b2s2 − 4bcs− b3 − 8c2

K = 27cs9 − 54b2s8 − 324bcs7 + 36b3s6 − 891c2s6 + 378b2cs5 − 72b4s4

+ 81bc2s4 − 36b3cs3 + 324c3s3 − 36b5s2 − 297b2c2s2 − 45b4cs− 324bc3s

− 2b6 − 45b3c2 − 216c4.
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