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Abstract

It will soon become possible to study the evolution of large scale structures with tomo-
graphic weak lensing surveys, such as DES and LSST. This will provide a powerful way of
constraining the current cosmological model, LCDM, which assumes that neutrinos have
zero mass. On linear scales, any small departure of the growth dynamics from the LCDM
prediction can be described in terms of two functions of time and scale. Zhao et al derived
the principal components of these two functions that will be best constrained by DES and
LSST. This thesis demonstrates the possibility of using these principal components to de-
rive the expected constraints on the neutrino mass. It also discusses the effects of neutrino
mass on the evolution of cosmological perturbations, and their effect on observables, such

as the matter density contrast and the CMB spectrum.
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Chapter 1

Introduction

1.1 Overview

The standard Lambda Cold Dark Matter (ACDM) cosmological model is based on Gen-
eral Relativity (GR). It assumes that universe is filled with baryonic matter, radiation, dark
matter and dark energy, represented by a cosmological constant A. The existence of dark
energy explains the accelerated expansion of the universe, as opposed to gravitational at-
traction cause by normal matter. This universe also includes massless neutrinos.

According to the inflationary model of cosmology, the early universe was flat, isotropic
and homogeneous, but with small fluctuations. As the universe expands, these fluctuations
evolve. They are still very small when the universe is dominated by radiation. But at some
point, the expansion of the universe becomes dominated by matter, most of which is dark
matter that interacts only through gravity. The gravitational forces make the initially small
metric and energy-momentum perturbations grow. Those eventually become responsible
for large scale structures we see today in the universe.

The theory of GR works very well in our solar system, however the unknown nature
of dark matter and dark energy raises doubts about its validity on large scales. Models of
modified gravity have been suggested, and ways to test them against observations are being
developed. As far as the linear perturbations are concerned, any change in their evolution
due to modified gravity can be represented as a modification of the Newton’s gravitational
constant, and a modified relation between the Newtonian potential and the curvature per-

turbation.
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On the other hand, the evolution of perturbations would also be modified if neutrinos
were massive. As neutrinos can only have very small masses, they free stream out of small
gravitational potentials and lead to a suppression of growth of structure on small scales as
compared to ACDM with massless neutrinos.

Future surveys like Dark Energy Survey (DES) and Large Synoptic Survey Telescope
(LSST) will provide a way to study the evolution of cosmic structures at several redshifts,
using galaxy counts, gravitational weak lensing and Type Ia Supernovae. This will allow
for tests of GR on large scales. In [1] it was shown that any departure from ACDM growth
in linear regime can be encoded into two functions: u and . They equal to unity in ACDM
but can depend on time and scale in other models. If one could measure these functions with
observations, then any specific model that predicts modification of linear growth could be
constrained from these functions.

Zhao et al [ 1] have examined the prospects of measuring functions u and y with DES and
LSST in combination with CMB data from Planck. In particular, they found the so-called
principal components of these two functions, i.e. their uncorrelated degrees of freedom that
can be best constrained by the surveys.

In this thesis, we demonstrate that the information stored in the principal components of
u and 7y calculated in [1] can be used to forecast the uncertainty in the measurement of the
neutrino masser by LSST. Our results are in good agreement with existing forecasts, which
were obtained by directly modelling the output of LSST. Methods like this can significantly
simplify the process of error forecasts for various models of modified gravity. Rather than
calculating the weak lensing, and galaxy count spectra and their cross-correlations for each
model, it is sufficient to evaluate the model predictions for functions u and y. We expect
such methods will be of use to the cosmological community. In addition to these novel
results, the thesis examines in detail the effects of the neutrino mass on the evolution of

cosmological perturbations.

1.2 Evidence for neutrino mass

In 1930 Pauli has suggested the existence of neutrinos in order to satisfy the energy, mo-
mentum and angular momentum conservation in beta-decay. In 1968 neutrinos coming

from the sky were detected and observed in laboratory by Homestake experiment [2]. In
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1994 LEP experiments [3] have shown that there are three flavours of light neutrinos: elec-
tron V., muon V,, and tau v;. These are electrically neutral particles which have half spin
and interact through the weak force. In addition, massive neutrinos interact through gravity.

For a long time the Standard Model (SM) of particle physics assumed that neutrinos
are massless. However, the Super-Kamiokande [4] and SNO experiments [5] in 2000 have
shown that the flavours of neutrinos oscillate. This is a quantum mechanical effect. Neu-
trinos produced as a certain type end up in a linear combination of three neutrinos after
traveling some distance. This can happen only if neutrinos are massive and their masses are
different. Neutrinos produced in weak interactions are either an electron neutrino, a muon
neutrino, or a tau neutrino. But these different flavours of neutrinos do not have a definite
mass. Instead they are composed of two or three slightly different mass states, which can
be considered as waves with different frequencies. While the neutrino travels, these three
waves interact with each other. There will be points were the frequency of the combined
wave is very close to that of the first wave, but at some other point it will be close to the
other. This process repeats itself periodically with a frequency defined by the difference of
the two wave frequencies. For a matter particle, in this case neutrinos, it is the difference
of mass square. This is the reason that neutrino oscillation experiments are sensitive to the

difference of the neutrino mass squares, not the absolute value:
Am3, = m3 —m} (1.1)
Am3, = m3 —m} (1.2)
For the mass differences, the neutrino oscillation experiments currently give [6]
(Am3))"/? = 0.009 39004 oy (1.3)

(Am3))"/? = 0.04773910.v (1.4)

These results provide evidence that at least two flavours of neutrinos are massive.
Experiments aiming to directly measure the neutrino mass have been conducted or be-

ing proposed. As mentioned above, neutrinos are produced in B-decay, where a neutron

decays into proton, electron/positron and a neutrino/anti-neutrino. The Karlsruhe Tritium

Neutrino experiment (KATRIN) [7] is a future experiment that was proposed in order to
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measure the endpoint region of the energy spectrum of the tritium beta-decay. They expect

to be able to put an upper bound on neutrino mass of
m(v,) < 0.35 eV (1.5)

at 95% confidence level.
In addition, a neutrinoless double B-decay has been used, where a neutrino is produced
in the first B-decay and it is absorbed in the next -decay as an antineutrino. Current upper

bound on neutrino mass from double B-decay experiments [8] is
m(v,) <09 eV . (1.6)
Future double decay experiments are expected to reduce the sensitivity to [6]

m(v,) S0.05¢eV . (1.7)

1.3 The dark matter problem

Historically, some additional motivation for massive neutrinos was provided by the dark
matter problem in cosmology. The problem occurs when different methods are used to
estimate the total amount of matter in the universe. One way to do it is by looking at the
amount of luminous matter. Locally, we know the distribution of luminous matter in our
galaxy, which will allow us to estimate its mass. Another method is to observe the motion
of stars in it. However, the results show that this mass is much larger than the one derived
from the luminosity of objects. This was explained by the existence of a new type of matter,
dark matter, which was affecting the motion of galaxies. It does not interact with the normal
matter via electromagnetic forces.

According to the latest observations of cosmic microwave background (CMB) and sur-
veys of large scale structure, dark matter is 23% of the total matter in the observable uni-
verse, while the ordinary matter makes only 4.6%. Ordinary matter includes galaxies, clus-
ters and the other matter that we can observe. Among the candidates of dark matter are
MACHOs (Massive Astrophysical Compact Halo Objects) and WIMPs (Weakly Interact-
ing Massive Particles). MACHOs consist of big structures, made of baryonic matter, which

almost does not interact with the ordinary matter. They could be made of brown dwarf stars
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and black holes. Brown dwarf stars were found near the halo of our galaxy with Hubble
telescope. But they make only 6% of galactic halo matter. This means that there are also
other forms of dark matter near the halo. WIMPs, which consist of subatomic particles, are
thought to be made of non-baryonic matter.

Neutrinos, being weakly interacting particles, have also been considered as dark matter
candidates. This would be what is known as hot dark matter (HDM), so called for the
relativistic speed of the particles. It is now clear that HDM cannot be the only component
of dark matter in the universe. They cannot explain the structure formation on small scales,
because they move fast, erasing all the structures on this scales. If they made the dark
matter, large scale structures would form first, and then small, which is called a “top-down”
scenario. This contradicts the observational data, which show that galaxies are older than
clusters. Thus cosmology provides a lower limit on the fraction of dark matter in neutrinos.
The fraction of energy density in neutrinos is given by

Yim;

Q. =
V' 93.14h2eV

(1.8)

which will be discussed in next chapter. According to the WMAP 7 data, the upper bound
on the sum of the neutrino masses is 0.58eV [9]. This implies that light neutrinos with
0.5¢V masses will roughly make only one tenth of dark matter, and thus other dark matter
components should be considered too.

Massive (sterile) neutrinos can also make the dark matter, which in this case will be
called warm dark matter (WDM). But there are some limitations on their masses. Tremaine
and Gunn [10] assumed that the dark matter in galactic halos are made of neutrinos. They

have shown that for this to be true, their mass should satisfy
my = 1MeV . (1.9)

It is likely that neutrinos need to have much bigger masses in order to be cold dark mat-
ter. We should mention two things here. First, the cross section of neutrino annihilation
depends on their mass: neutrinos with small masses (my < 1MeV') would have small anni-
hilation cross section. On the other hand, these neutrinos would decouple from the rest of
the plasma earlier than heavy neutrinos. This will result in increased neutrino abundance
at the time of neutrino decoupling, which will make the present number of neutrinos really

big. Correspondingly, the energy density in the neutrinos would be much bigger. In order
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for these light neutrinos not to result in a spatially closed universe, there should be a lower
bound on their mass. Based on this argument, B. Lee and S. Weinberg [11] have shown that

in order for heavy massive neutrinos to form the dark matter, their mass should be

my = 2GeV. (1.10)

1.4 Fisher information matrix

Fisher information matrix can be used to predict the ability of future observations to con-
strain cosmological parameters from a set of expected observables. Let’s assume we have
observables y,, b € {1,....B}, where each of them has Gaussian uncertainty G,. We will
assume that different y, observables are uncorrelated. Suppose also that there is a theoret-
ical model that can predict their values using a function f} that depends on some model
parameters p. We can then write the Fisher matrix which predicts the information one can
get about a parameter from y,. The likelihood of observing a particular set of observable y,

within a given model is

1
P(y|p) < exp (—Exz) , (L.11)
where 5 )
2=y (fb(p(z;yb) _ (1.12)
b=1 b
According to Bayes theorem
P P
P(ply) = —(yg?y) ) (1.13)

namely, the likelihood of a set of parameters given the observables is proportional to the
likelihood of observables given the parameters. In the above, P(p) is the prior probability
of parameters. In the absence of theoretical prediction, it is common to take it to be constant
over a fixed range. We will state what we assumed for the priors where applicable. Suppose
the true value of a parameter is po, i.e this is the value at peak of the likelihood. We can
expand the likelihood at the point p' = p6 + 8p' near the the peak. The expansion of the >

15 az 822
XS X

1 .
@) p]—i—§<apjapk)5p]5pk—l—... (1.14)

X(p)) = (%) +
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Here expectation values are taken at the true value pg. The first term is zero. The second
term will also vanish, as f;(po) = yp. In the expansion of exp (xz) the lowest order non-zero

term is
1, 1, a%? <k 1 .k
exp (—EX ) = exp (—Z<W>5P15P = exp —EijSPJSP : (L.15)
where Fjy is the Fisher matrix:

1 dfy 9fyy
Fqp=) ——=——. 1.16
ik Xb"ciap/ opk (1.16)

The covariance matrix is defined as

Cie = (3p;dpe) = (F1)™*. (1.17)

Marginalized errors of the parameters are given by 6(p;) = \/(F~1);;. More generally,
we can find the components of Fisher matrix, if we know the likelihood P(p'|y,) of the

parameters with given observables.

1.5 Principal component analysis

Errors on model parameters derived from a particular set of observables will in general be
correlated. Principal component analysis (PCA) is a way to find a new set of uncorrelated
parameters which are linear combinations of the original ones.

Lets assume that we have a set observables y;, which gives us some information about

a function ¢(x). This function can be discretized on x as

N
q(x) —qo =Y qisi(x) (1.18)
i=1

where x; < xp < ... <Xxj—1 <x; < ..xyands; =1if x; <x < xjy1, otherwise s; = 0. In this
case we think of quantities g; as a set of model parameters. Assume, there is a theoretical
prediction for this dependence. We also know what the observational results would be. Our
aim is to find how well these parameters can be constrained by data. For this case, the

Fisher matrix is ! v d
b b —
FOM Sc0 Tpee

. : 1.19
c,9q'dq/ Y (119
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where C;; = ((¢i — Gi)(qj— g;)) is the covariance matrix. The covariance matrix is diagonal
only if parameters g; are uncorrelated. In general, the uncertainties of different g; are corre-
lated too and the covariance is non-diagonal. Also, if we increase the number of the points
N at which we discretized our function, the number of parameters will increase and the ef-
fect of a particular g; on the observables will be negligible, i.e. any of the terms dy, /dg; will
be very small. As a result, covariance, which is the inverse of Fisher matrix, will generally
be very large. Since
Ci=F;'=0*(q:) (1.20)
many more parameters will lead to bigger uncertainties.
PCA is a way to converge to a small number of well-constrained uncorrelated parame-
ters that a given data set can measure. For this we should diagonalize the covariance matrix.
Since C;; is a symmetric matrix, it is possible to diagonalize it with its own eigenvectors.

Let W;; = e;(z;) be its orthonormal eigenvectors, such that

/e,-(xk)ej(xk)dxk = 6,']' . (1-21)

Then the diagonalized covariance matrix can be found from

C=wTAw, (1.22)
where A;; = A;9;; is a diagonal matrix. One can write parameter g; as an expansion in this
basis:

qi=Y ej(xi)o; (1.23)
J
where p; is the new parameter. From (1.23) it follows that
Oci:/e,-(xj)qjdxj . (1.24)
The new covariance matrix
A,’j: ((ocl-—d,-)(ocj—ﬁcj» :?\,,'8,']' (125)

is uncorrelated and A; = 6%(;). From (1.24) we obtain
qi:q(xi)—Q():Zej(xi)ocj : (1.26)
J
In the limit of N — oo, the last equation can be written as

q(x) —qo =} ej(x); . (1.27)
J
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1.6 Storing and retrieving information using PCA

Suppose now that we have a particular functional form of ¢(x), which depends on a couple
of parameters a and b. For example, we could have ¢(x) = a + bx. As it turns out, one
can find the uncertainties in parameters a and b given the eignenvalues and eigenmodes
{ej(x),A;} of g(x) obtained in the previous section. Namely, the Fisher matrix for a and b

can be written as

. aqi 1 aq]'
Fp = ,Zj:apac_ijﬁ . (1.28)

One can interpret the above equations as treating the measured values of g; as a set of

observables, instead of the original set y,. We can then expand dg(x)/dp“ in the new basis:

J a
aq;(a? - ;oc(‘ Je(x) (1.29)

and substitute into Eq. (1.28), giving us

Fup=Y ol 0" (1.30)
k

Thus, PCA of g(x) can be thought of as a way of storing information about g(x) in a way
that is independent of a particular functional form. If one wants to constrain parameters
of any particular form of g(x), it can be done from the existing eigenmodes. Another ad-
vantage of this approach is data compression. Namely, in practice, only a small number of
eigenmodes have small errors (i.e. small eigenvalues), and only the few best constrained

modes need to be included in the sum. We will demonstrate this in Chapter 6.



Chapter 2

Neutrinos in Cosmology

2.1 Neutrino decoupling temperature

The standard Big Bang theory predicts a large number of neutrinos per flavour in the visible
universe. These neutrinos were produced at high temperatures by weak interactions. In the
early universe, because of cosmic weak interactions, they were in thermal equilibrium with
the rest of plasma. As the universe expanded, this interaction rate decreased. At some point
it was equal to the expansion rate H of the universe. This is when neutrinos decoupled from
the rest of plasma. We can estimate the temperature of neutrino decoupling by comparing

these two rates. The interaction rate is
[y < Oy - ny , (2.1)
where ny is the neutrino number density,
ny o< T3 (2.2)
and oy is the ¢ — Vv, interaction cross section:
Gy o< G- T?, (2.3)
where Gr is Fermi coupling constant. Therefore, we get

[yo<T7-G2 . (2.4)

10
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H=\/ SESGP , (2.5)

where G is the gravitational constant and p is the density. Neutrinos decoupled during the

The expansion rate is given by

radiation dominated era of the universe, for which the density p o T%. Setting I'y equal to
H, and substituting the radiation density in the expression for H, gives us the decoupling

temperature

1/3
VG
TdEC ~ [—2 ~ lMeV . (2.6)
GF

2.2 Temperature of neutrinos today

When the temperature of the universe reached 1 MeV, neutrinos decoupled from the rest
of the plasma. However, for some time neutrinos and photons continued to have the same
temperature evolution. At some point, the temperature of the universe fell below the elec-
tron mass, which allowed electrons and positrons to annihilate. Because the neutrinos were
already decoupled, the energy density and entropy of electrons and positrons are transferred
to the photons, but not to neutrinos. After this time, the temperature of neutrinos has been
different from that of the rest of the plasma.

It is possible to calculate the temperature of neutrinos today by writing the entropy
density of the universe before and after the electron-positron annihilation. According to
the second law of thermodynamics, the entropy of the universe can only increase or stay
the same. But the entropy produced by different processes is small compared to the total
entropy of the universe. Therefore, we can safely ignore all the changes and approximate
the expansion of the universe as an adiabatic process. For each spin state entropy density
for massless bosons is 2173 /45. For massive fermions it is 7/8 of that. Before annihilation
the only bosons are photons with 2 spin states, while the relevant fermions are the elec-
trons and positrons, with 2 spin states each. This shows that before annihilation, when the

temperature of the universe and decoupled neutrinos is 71, the entropy density is

2
s(ar) = ZE TR+ (7/8) (24 2) @.7)
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After annihilation, the entropy density is

2m?
s(a) = E2T73 (2.8)

As the entropy density is conserved, the ratio of temperatures is

T; 4\
TV:<H) : (2.9)
¥

resulting in 7y, = 1.95K today if we use 7' = 2.726K for the current temperature of CMB

photons.

2.3 Distribution of neutrinos in the universe

While coupled to the plasma, neutrinos satisfy the equilibrium Fermi-Dirac distribution

. -1
feq(P) = {exp (p - ) +1] , 2.10)

where uy 1s the neutrino chemical potential. Before the time of Big Bang Nucleosynthesis

(BBN), because of neutrino oscillations, their flavours were in equilibrium. In [12] it was
shown that all the flavours share the same small value of chemical potential. Therefore, the
chemical potential can be safely ignored.

In the standard cosmological model, the neutrino decoupling is approximated with an
instantaneous process [13]. After the decoupling, the distribution function fe,(p) stays the
same, while the temperature and the momentum of neutrinos decrease as a~! with the
expansion of the universe. This means that in comoving coordinates the number density
of neutrinos will remain the same after the decoupling. Using the neutrino momentum

distribution function, we can estimate the neutrino number density per flavour as

CrP P T e

3 6C(3
where { = 1.202 is the Riemann’s zeta function [14], and 7y is the photon temperature at
a given time. From this equation we can find the number of neutrinos and antineutrinos of

each flavor per cm?> today, which is approximately 113.
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For relativistic neutrinos the energy density for one neutrino flavour can be calculated
from the distribution function as
72 (4N,
L)=—|— T, . 2.12
py(my <) 120(11) Y 2.12)

After the neutrino decoupling, but before becoming non-relativistic (i.e. while my, < Ty),

neutrinos contribute to the radiation energy density of the universe

74\
PR =Py+Pv= 1+§(ﬁ) Nerr| Py (2.13)
where )
2T
py= ET;‘ (2.14)

is the photon energy density, and N,z is the effective number of relativistic neutrinos. In
the standard model there are no other relativistic particles and N, ¢y = 3.046 [6]. It is not
exactly equal to 3 because the neutrinos were somewhat heated by the electron-positron
annihilation processes, as the neutrino decoupling was not completely over before that
annihilation started. Any deviation from this number would imply existence of other rela-
tivistic particles in addition to the three flavours of neutrinos and photons. There are some
constrains on N,7r coming from cosmology. The BBN analysis is consistent with a range
of 1.90 < N,rr < 3.77, while the WMAP three year data implies Ny = 3.3“:2:2.

If the neutrinos were massive and non-relativistic, their energy density would be
pv(my > Ty) = myny. (2.15)

After becoming non-relativistic the contribution of massive neutrinos to the energy density

in the universe is
Py kimi
Pe 93.14h2eV

where we used (2.15), neutrino number density 7y, = 112cm™> and critical energy density

Qy (2.16)

of the universe today p. = 1.8788 % 10~2°h?>gcm 3. Here ¥; m; = 3my if the three neutrinos

1 units. The

have the same mass mg, & is the present Hubble parameter in 100kms~'Mpc™
above equation is valid for non-degenerate neutrinos as well. From this equation it is possi-
ble to obtain a rough estimate of the neutrino mass. If we assume three degenerate neutrinos
with masses my = Y ;m;/3, and also consider the fact that neutrino density portion Qy is

much smaller than Q) ~ 0.3, we obtain my < 5€V.
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2.4 The neutrino free streaming length

The effect of the neutrino free streaming length is similar to that of the Jean’s length, and
we find it helpful to review it first (although its physical origin is different). When particles
of a gas are far enough from each other, they attract due to gravity. But as they get very close
to each other, below a certain distance, there will be a repulsive force (electromagnetic in
nature) preventing the gas from collapsing. The length scale below which the gas does not

collapse is called the Jean’s length. The Jean’s wavenumber and the Jean’s length [6] are

defined as 1Gp (t)az o 12
h(£) = 2n% — 27:@28 2.18)

where c; is the sound speed, H(t) is the Hubble constant, and p(z) is the average gas density.

It is possible to define the neutrino free streaming length in a similar way. Because they
can stream out of small scale gravitational potentials, neutrinos do not collapse on scales
smaller than a particular length scale Apg. This is essentially the maximum distance that
neutrinos can travel freely. On scales larger than Agg, gravitational potentials are big and
neutrinos can not escape them, and so they cluster. On smaller scales gravitational poten-
tials are smaller than the kinetic energy of neutrinos. The thermal velocity v;, here plays
the role of resistance, similar to the way in which electromagnetically induced pressure
plays the role of the resistance for the Jean’s length. Thus, we can define the free-streaming
wavenumber and wavelength in the same way as we did for the Jean’s length by replacing

the sound speed with the thermal velocity of neutrinos:

Lo 1)2
kes(t) = (%t();m) (2.19)
hrs(f) = 21 kzy()t) — 2n\@ % (2.20)

As massless neutrinos travel with the speed of light, their free streaming length equals to

the Hubble radius. For massive neutrinos, on the other hand, we have

3%, 3TY leV
Vi = <—> ~ Y Ty (a_o) ~ 150(1+7z) (e_) km/s (2.21)
m m m \a m
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where T is the neutrino temperature today. During the matter or A dominated eras, Egs. (2.19)-
(2.21) give

_ l+z eV _,
Aes(t) =7.7 VT EE ( . )h Mpc (2.22)
Qp+Qu(1+2)3
sz(t)zo.sz\/ A(+1+1‘Z>(2+Z) <I?V>h/Mpc, (2.23)

where Q4 and Q) are the cosmological constant and matter density fractions today.

2.5 The non-relativistic transition for massive neutrinos

The energy of a neutrino can be written as €2 = ¢ + a*m?, where m is its mass, a is the
scale factor and ¢ is the comoving momentum. At the time of neutrino decoupling, a is
very small, which means that rest energy am is very small compared to the kinetic energy
g*. As a grows, the term am increases. Starting from some value of a, the rest mass cannot
be ignored. This marks the transition of neutrinos from relativistic to non-relativistic, and

it happens when py ~ my, or, equivalently, T,,,, = my /3. The corresponding redshift is

T;
14z = 22 =1.99 x 103 (my /eV) (2.24)
TVO

The redshift of the radiation-matter equality is z,, ~ 3000, and thus for sub-eV neutrino
masses that are of interest to cosmology, the transition happens during the matter-domination

epoch.



Chapter 3

Cosmological Perturbations

3.1 Background evolution

In the standard Big Bang model the universe is assumed to be homogeneous on very large
scales, and is described by the Friedmann-Robertson-Walker (FRW) metric [15]

ds? = glu\,dx”dxv = a? (’C)[—d‘cz +8,~jdxidxj] , 3.1

where a is the scale factor and 7 is the conformal time related to the proper time ¢ through
adt = dt. In what follows we will take i = ¢ = 1. For a homogeneous FRW universe, the

Einstein equations give

A\ 2
(9) S Gp—k (3.2)
a 3
d fa\ 4= _ 5, _ _

where p is the energy density, P is the pressure, and the dot means a derivative with respect
to T. CMB measurements by BOOMERANG [16] and MAXIMA [17] in 2000, and later
by WMAP [18], strongly favour a universe which is almost spatially flat, which means we

can set k = 0. With this, the background evolution of the Universe is described by

_ 8nG
-3
where H is the Hubble parameter, defined as H = d(Ina) /dt = d/a?, the dot again denotes

H? (Py+ Pedm+ P + Py +Pa) (3.4)

a derivative with respect to the conformal time T, and Py, Pcam» Pb> Pv» P are respectively

16
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the homogenous densities of photons, cold dark matter (CDM), baryons, neutrinos and
dark energy. The density of photons and massless neutrinos decrease as a~*, while CDM,
baryons and massive neutrinos decrease as a—>. We assume that the dark energy is the
cosmological constant, also favoured by current observations, and is time-independent. In
the radiation dominated era, the scale factor is a o< T, while in the matter dominated era we

have a o T2.

3.2 Cosmological perturbations

The homogeneous universe is a good approximation on largest scales, but it cannot describe
the matter distribution in the universe and explain the structure formation. Let us consider
a universe with small departures from homogeneity. We can write the metric (g,v) and

energy-momentum (7,y) as their background value plus perturbations:
guv(X,1) = Zuv (1) + v (X, 1) (3.5)

T (X,1) = Ty (t) + 8T,y (X, 1) (3.6)

During the radiation domination the growth of matter perturbations is suppressed. After
the onset of matter domination, perturbations in CDM begin to grow due to gravitational
attraction, while those of baryons and photons do not because of their tight electromagnetic
coupling. But after the decoupling of photons and baryons, perturbations of the baryon
density begin to grow as well and eventually catch up with those of CDM. Eventually,
perturbations in matter density become larger than the background density.

In this thesis only linear perturbations, which describe the universe at early times and/or
large scales, will be discussed. We will assume adiabatic initial conditions for the perturba-
tions, favoured by simplest models of Inflation, where one takes initial fractional perturba-
tions in all matter components to be equal. Working to linear order in perturbations results

in separate equations for each Fourier mode. This will be discussed later in this chapter.
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3.3 Linear perturbation theory

In the longitudinal Newtonian gauge, the line element in the presence of metric perturba-

tions is given by
ds* = gudr*dx" = a*(t)[— (1 +2y)d7* + (1 — 20)5;;dx'dx/] (3.7)

where perturbations are described by scalar potentials ¢ and . It is obvious that there are no
vector and tensor perturbations in this gauge: we have only scalar diagonal perturbations.
Metric and energy-momentum perturbations are related to each other through the Einstein

equation. Different components of the perturbed Einstein equation in Fourier space give us

.\ 2 .
3 (Z) v+ 334’ + K20 = 4nGa®ST, (3.8)
k> (Z‘Hd’) = 4nGa*(p+ P)® (3.8b)
i [(a\* TN = e
2—— | = Y+ —(Y+20)+0+ = (0 —y) =4nGa"dT"; (3.8¢)
a a a 3
K (¢ —y) = 127Ga®(p+ P)o (3.8d)

where 0 = ik/v j and o are, respectively, the divergence of the fluid velocity and the shear,

related to the energy-momentum tensor via

(p+P)0=ik/dTY; (3.9)
- a1 ;
(p+P)G:_(klk1_§8ij)Eja (3.10)
where
=T - T4 (.11)

is the traceless part of energy-momentum tensor 7" j and k is the comoving wave number. If
we assume that the universe is filled with perfect fluid, then the energy-momentum tensor
is given by

TH, = Pg", + (p+ P)U"Uy (3.12)

where U* is the four velocity of the fluid, and P and p are the pressure and density of the

fluid measured by the comoving observer, who is at rest with respect to the fluid. If the
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velocity of the fluid is very small, then we can consider it as a first order perturbation. For

the energy momentum tensor we will have

7% = —(p+3p) (3.13)

7% = (p+P)vi=-T (3.14)
T';=(P+38P)%;+X/; (3.15)
Y =0 (3.16)

From the covariant conservation of energy-momentum, we can derive the continuity equa-
tion

o= —(1+w)(0—30), (3.17)
and the Euler equation
) ®

- ) K28 — ko + k? 3.18
1+m +1+0) TRV, ( )

. a
06=—(1-3w)0
%(1-30)

where @ = P/p is the equation of state. These equations can be used both for individual

components and for the whole fluid. From (3.8a) and (3.8b) we can get the Poisson equation
kA = 4nGa’dp = 4nGa’p Ay (3.19)

where A, = 8+ 3HO/k is the so-called comoving density contrast, which is a gauge-

invariant quantity [6].

3.4 Phase space and the Boltzmann equation

Phase-space is described by three comoving coordinates x' and the three conjugate mo-
menta P;. Conjugate momenta are the spatial parts of the 4-momentum P; = mU;, where
U; = dx;/v/ —ds? is the 4-velocity of the fluid. This momentum is related to the proper

momentum p; measured by an observer with fixed coordinates by
Pi=a(l-0)p; . (3.20)

In other words, p; is the physical momentum. If there are no metric perturbations, P; is

constant and p; decreases as a~!. In some cases we can ignore perturbations and replace
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the conjugate momentum P; with a comoving one ¢g; = ap;, which does not include pertur-

bations. The time-component of the 4-momentum can be written as
Py=—(1+vy)e, (3.21)

where € is defined as the proper energy times the scale factor, € = a(p? +m?)'/? = (¢* +
azmz)l/ 2, which is the energy measured in comoving coordinates.
The number of particles in the volume dx'dx*dx3dP,dP,dP; is described by the phase-

space distribution f(x', P}, T):
dN = f(x', P;,t)dx'dx*dx’dPidP,dPs . (3.22)

If there are no perturbations, then the distribution is

1
fo=1o®) =z (3.23)

for fermions, and |
fo=he)=—m— (3.24)

for bosons, where Ty = aT is the temperature today. The energy-momentum tensor is re-
lated to the phase-space distribution and the 4-momentum P, as

—1/2 By

po [Pt (3.25)

T,uv = /dPldPQdPg(—g)

where (—g)~!/2 = a*(1 —n+3y) is the determinant of g,. If the perturbations are small,

we can write the phase-space distribution as
fOPT) = folg)[1+¥(, q,m),7)] (3.26)

where W is the perturbation of the distribution.
The comoving 3-momentum can be expressed in terms of its magnitude and direction:

q;j = gn;. In that case, the Boltzmann equation for the phase-space distribution is

Df of dx'of dqof dn,-af_(af>
C

dt o

gt =9t T dvad Tdvag T dvom (3:27)

where the last term describes redistribution of particles due to collisions. We will consider

only terms which are first order in perturbations. We note that dx' /dt = ¢;/¢ is of zero-th



CHAPTER 3. COSMOLOGICAL PERTURBATIONS 21

order, and to the first order, df /dx’ is . From the geodesic equation, POP? - FfNP“P" =0,
it is easy to show that
dq

i q0 —€(q,T)nidy (3.28)

which is first order in perturbations. df/dn; contributes at first order. In order to have
(dn;/dv)(df/dn;) term in first order, therefore we should take the zero order of dn;/dr,
which equals to zero. So the forth term in (3.27) will be zero. Considering all these, the
Boltzmann equation in Fourier space can be written as
d¥Y q - . dinfy [. € - 1 /df
—+i=(k,n)¥ —i—(k =—| = 3.29
S e G o | = 4 (4 ) (3.29)

For collisionless particles, such as neutrinos after decoupling, or the CDM, the Boltzmann

equation is

¥ g -
== +ig(k,ﬁ)‘{‘+

dInfo [¢— ig@,ﬁ)w} =0, (3.30)

which is also called the Vlasov equation. Note that in the Fourier decomposition we will be
using comoving wavelengths (27t/k), where K is the comoving wave vector. The physical
wavelength is A = a(t)2n /k.

3.5 Massless neutrinos

We would like to write down the equations for perturbations in a universe with massless
neutrinos. Using relations (—g) ~'/2 = a~*(1 —y+30) and dP,dP>dP; = (1 —30)¢*dqdQ,

given in Newtonian gauge, we can find the components of energy-momentum tensor 7, :

1% =—a"* [ Pdgafap(@)(1+¥) (3.31)
T%=a"* / q*dqdQqn;fo(q)¥ (3.32)

_ 2,
r'y=at [ faga@®" fyg)(1+ ) (3.33)

Energy density and pressure are py = 3P, = —T°) = T';. Equations (3.31) and (3.33) for

unperturbed part of energy density and pressure give us

py =3P, =a* / ¢*dgdQqfy(q) = 4ma™* / q*dqqfo(q). (3.34)
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For perturbed energy density dpy, pressure Py, energy flux ST\% and anisotropic stress

Zi, = T\fi — PVSZ. we will have

3py = 30R —a~* [ Pdadafo(q)¥ (335)
STV = a4/q2dquqn,-fo(q)‘P (3.36)

. 1
xi=at / ¢*dqdQq (nin = g8,- j> fo(q)¥ (3.37)

As the momentum distribution function for relativistic neutrinos depends only on momen-
tum, it is easily integrable. We can introduce the distribution function of mean momentum

by integrating out the g-dependence in the distribution function fo:

T Ja*daafo(@)¥ &[4 b

F <k,n,‘c) - - (—z) 20+ 1)Fy (k. 0)P (k- A) (3.38)
v [ a*daqfo(q) ;0 @+ Dk TRk-A)

where we further expanded F, into a Legendre series. Using this in equations (3.34) and

(3.35), we can write the density contrast dy, the velocity gradient 6, and the shear oy in

terms of the new distribution function as

| ;
Sy = — / dQF, (k,ﬁ,t) — Fy (3.39)
4T
6, = L /dQ (%n> F (%m) _ 3R, (3.40)
167 4
G——S/dQ (% A>2—1F(7€A1:>—1F (3.41)
vV — 167 n 3 \Y N, - ) V2 .

where 0 and ¢ were introduced in the beginning of Chapter 3. Using the definition of Fy in

equation (3.30) we obtain
dF,

Tt + ikuFy = 4(¢ — ikuy) , (3.42)
where u = k- Ai. Further, using the Legendre expansion of Fy,, we get the evolution equations
for the density contrast, velocity gradient and shear:

oy = —gev + 4, (3.43)

. 1
0, = k2 (ZSV — Gv) + Ky, (3.44)
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B k
VT oI
Note that (3.43) and (3.44) are the continuity and Euler equations. Combining those two,

[IFy—1y— (I +1)Fygyn)],1>2. (3.45)

we can find the equation for the density contrast:
" 1 4 4
Oy = —§k26V — §k2¢ + 4y — §kzcsv. (3.46)

The first term on the right hand side describes relativistic pressure, the second one is the
gravitational force, third one represents the fact that when y is locally changed, then the
neutrino wavelength will change. This process is similar to integrated Sachs-Wolfe effect.
This will locally change the blackbody radiation temperature and density. And the last term
describes the shear of the neutrinos. The shear is not considered on the super-horizon scales,
where neutrinos are static and perturbations are proportional to the metric perturbations.
Shear becomes significant on scales smaller than horizon, were it acts as the viscosity in
the fluid, that damps the energy density and velocity perturbations. More generally, the
energy of smaller multipoles will decrease, giving rise to the energy of higher multipoles.
This can be explained in a way that locally there would be many flows randomly coming
from different direction, but the density contrast on average would be zero. The equation
for density contrast is similar to the equation for photon evolution. The only difference is
that before recombination photons do not experience shear. We have also considered here

baryon to photon ratio to be small, so we can ignore photon collisions with baryons.

3.6 Massive neutrinos

Massive neutrinos are also collisionless. The unperturbed density and pressure for massive

neutrinos are

py=a* / ¢*dqdQefo(q) = 4na=* / g*dqefo(q) (3.47)

Po=za [ gl fo( Tat [ gt qfo( ) (3.48)

where € = £(¢q,1) = \/q? + m§a?. For perturbations we will have

Sp=a* / *dqdQefo(q)¥ (3.49)
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1 2
5P =z / Fdga’L (g (3.50)
5T —a [ PdadQaqnifo(@)¥ (3.51)
Yo=a* [ d qu—z ni— L5, Wy 3.52
= q-dqdQ-— | ninj— 28i; ) fo(q) (3.52)

For massive neutrinos € and g are not equal anymore, which is why we can not integrate
out the g-dependence of f(g,T) from the distribution function. Instead, we can use the

Legendre expansion of the perturbation V:

¥ (%,ﬁ,q,r) - ; (—il> 21+ 1) (%, q, 1) P (k-A) | (3.53)

The perturbed energy density, pressure, velocity gradient and anisotropic stress can be writ-

ten as
8p — dma* / Fdqefo(q)¥o (3.54)
A _ 2
5p="a [ e fola)eo (355)
(p+P)o—dnka™* [ PPdqafola)®) (3.56)
. 8m _ 2
(p+Po= a0t [ Pag p(gs. (3.57)
The Vlasov equation (3.30)
. gk .dinfy
¥y, = 1Ty, _ 3.58
0 e Tl (0 dlng (3.58)
. gk ek
Y =—(¥Yy—2¥r) — —wydl 1 .
1= 3 (Wo 2) 3q‘l’d n fodlIng, (3.59)
. qk
‘Pl - m [llP(Z,I) - (l + 1)‘{1(1+1):| ,l Z 2 . (360)

When neutrinos are well inside the non-relativistic regime, which is true when the distri-
bution function fy(q) is non-negligible for neutrinos with momentum ¢ < € ~ am, (3.54)-
(3.57) equations show that 8P, and (p, + P, )0}, are much bigger than 8p,. In this case the
continuity and Euler equations

Sy = —8y + 39, (3.61)
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8y = — 20, + K2y, (3.62)
a
can be combined to give
< a 5 . d,
8v+38v:—k "’+3(¢+5¢)' (3.63)

Neutrinos in the sub-eV mass range become non-relativistic in the matter dominated uni-
verse, where ¢ and  are approximately constants. Then, the solution to the last equation

is

Oy =Alnt+B— (3.64)

(ke)*

6 v
where A and B are integration constants. For k > k,, which means the modes that are
inside the horizon at the time of the non-relativistic transition, the last term in the equation
dominates and the density contrast for neutrinos will be smaller than 8.4,,. But after long
time the third and first term will become equal to each other, and massive neutrinos will start
to behave as CDM on all scales. That time is not reached today yet. For k < k-, the modes
are outside the horizon at the time of non-relativistic transition and the density contrast of
neutrinos is time-independent. After the horizon crossing, it becomes equal to the density
contrast of CDM in a very short time. So, the density contrast of neutrinos equals to that of

CDM on scales k < k;,, and is smaller on scales k > k.

3.7 The growth of density fluctuations

Massive neutrinos affect the growth of perturbations in two ways. During the matter dom-
inated era, on scales smaller than the free streaming scale, neutrinos do not contribute to
clustering. But they still contribute to the background expansion of the Universe through
the Friedmann equation. This means that on these scales the growth function will grow
slower than a. It is possible to find how J.4,, depends on scale a. For that let’s at first write
down the equations for neutrinoless universe. For the cold dark matter density contrast from

the continuity and Euler equations, we can write

Ocdm + gscdm = —k*y+3 (di + gq)) . (3.65)
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Well inside the Hubble radius, the first term in (3.65) will dominate. If the shear can be
neglected, then ¢ = . Using the Poisson equation, (3.65) will be

S eam + gscdm — 4nGa2Sp (3.66)

where 8p is the total density perturbation. For cold dark matter, using 8p o §.4,,a~! and

a =< 12, the equation will become

.. 2. 6
8cdm + ;Scdm - T_zscdm =0 (367)

This has two solutions 8.4, o > and T7>. If we neglect the decaying mode, we will get
O.am o< a. If we have massive neutrinos, then well inside the matter-domination era on
scales smaller then non-relativistic scale, these neutrinos will not contribute to the Poisson
equation, thus we have dpy = 0 and 8p = (Pcam + P»)Ocam- But they will contribute to the
expansion of the Universe through (3.4). We can introduce a new quantity, which is the

ratio of neutrinos to the total matter density,

Pv Qy
= = —. 3.68
fV (pcdm + Py + Pv) -Qm ( )

With the presence of neutrinos, Eq. (3.67) becomes different:

. 2. 6
8cdm + Escdm - 1:_2 (1 - fv) 6cdm =0. (369)

From this equation, we get for the CDM density contrast
Sedm o< a' =GN (3.70)
Also, from the Poisson equation we find
K¢ oc a= BN (3.71)

which, as expected, gives ¢ = const for f, = 0. For f, # 0, structure growth and the gravita-
tional potential are suppressed, because one of the matter components (massive neutrinos)

contributes to the homogeneous expansion of the Universe, but not to the clustering.



Chapter 4

Effects of Neutrino Mass on Observables

4.1 Adding a new component to the universe

Neutrinos become non-relativistic at redshift z,, ~ 200my /(0.1eV), after the decoupling of
CMB photons, which happened at zy; ~ 1090. Therefore, their small mass does not directly
affect the perturbation dynamics at that the time of last scattering. However, their effect can
still be observed in the CMB lensing, which is caused by the structure formation.

After the non-relativistic transition, neutrinos effectively contribute as a matter com-
ponent with some Q,. If were to simply add this to the right hand side of the Friedman

equation describing a flat universe today,
Qu+Qa=1, 4.1

then the sum would be greater than one. As already discussed, the observations show that
the Universe is spatially flat, and the right hand side in the equation above must remain the
same. Thus we can only change the relative densities, and this can be done in more than
one way, depending on how one wants to compare observables calculated with and without
massive neutrinos. Note that in all cases we have the usual three flavours of neutrinos, but

their masses can vary. In particular, let us discuss two examples:

e Case (a): Here one assumes that the universe started at some early time with a fixed
density of CDM, baryons, cosmological constant, relativistic neutrinos and photons.
If neutrinos are massive, at some point they will start contributing to the matter den-

sity. In terms of the parameters that we observe today, it means keeping o, = Q,h?,

27
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Opgim = Qeamh?, ®p = Qah? fixed, and adding Q,h? to the total density today. Then,

for a flat universe, we must have

®p, + O o + Quh?
b+ cdm;l‘2 A+ v :1, (42)

which we can use to solve for 4. In other words, here one fixes the physical densities

of CDM, b and A, but adjusts 4 depending on the neutrino mass. This seems like a
reasonable approach, but it assumes that we somehow know the initial densities, but
don’t now the current expansion rate. In practice, the situation is often the opposite —
we infer the initial densities, based on the observations that include current expansion

rate.

e Case (b): Here one keeps h, Q4, and €, fixed, which means that the total matter
fraction Qyr = Q. qm + Qp + Qy is also fixed. This means that when Q. is increased,
Q.am 1s decreased. We effectively fix the total dark matter fraction today, and any

contribution from massive neutrinos will be at the cost of having less CDM.

We will adopt Case (b) for the main calculations in this thesis, because it is consistent
with the assumptions made in deriving the principal components of the modified gravity

functions u and 7y that will be introduced later.

4.2 The matter power spectrum

The effect of the neutrino mass on the matter power spectrum, P(k) = 4783, (k), is demon-
strated in Fig. 4.1. The figure compares P(k) of the ACDM model with three other modes
in which neutrinos have masses of 0.05, 0.1 and 0.5 eV. These spectra were calculated
numerically, using the publicly available code CAMB [19]. As one can see in this figure,
the power spectrum on small scales is suppressed when we increase the neutrino mass.
On large scales, however, the different curves practically coincide. Let us understand the
shapes of the curves in Fig. 4.1 analytically by comparing spectra in two models of the
universe: one with massless neutrinos and one with massive neutrinos.

Let us at first consider large scales (k < k). On these scales both neutrinos and CDM
perturbations are outside the horizon when neutrinos are still relativistic and neither density

contrast is growing. When they enter the horizon during the matter era, the neutrinos are
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Matter Power Spectrum
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Figure 4.1: The matter power spectrum for different neutrino masses, case b.

non-relativistic and contribute as a matter component to the growth of structures through
the Poisson equation. They also contribute as a matter component to the expansion of the
universe. As a result, the density contrast 8.4, grows proportionally to the scale factor a.
The effect is the same as if neutrinos were massless — they affect neither the growth nor the
expansion. Therefore, on these scales, the two matter power spectra will be identical.

On smaller scales, for modes that enter the horizon before z,,, i.e. kK > k;,,, the matter
power spectra are different. Let us at first discuss the case after matter-radiation equality,
but before the non-relativistic transition of neutrinos, i.e. a.y < a < ap,. The density contrast
of cold dark matter starts growing at a4, but equality happens at different times for the two

models. We have

eq Q, 1 &,
_——— = 1 — ,
ap Qp+Qeam ( fV) Qp

where Q, includes photons and 3 massless neutrinos. As both models have the same values

4.3)

for Q, and Q,,, the equality takes place at different times:

a{;/a{gfo =(1-£)""'. (4.4)
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This equation is written for the time of matter-radiation equality, but it is true at any a in
the range a., < a < ay,. This means that before the non-relativistic transition, a < ay,, the
two models have the same dependence of .4, on the scale factor a, but a/a,, is different.

Thus, the density contrast will be given by
v v=0
8lunlal = 8L, (1= fy)a] (45)

After the non-relativistic transition, a > a,,, and on scales smaller than free-streaming,

k > krs, the relation of the two density contrasts will be further modified. If we write down
fv

cdm

their dependence on the scale factor, given by (3.70), then for &

1-(3/5)fv
8, ao] = (—") 8 lan. “6)

anr

today we will get

where a,,, describes the time, at which the massive neutrinos became non-relativistic. We
can relate density contrasts of two models to each other, using the relations Eq. (4.5) and
Eq. (4.6). We will get

; ap \ O
Segmlao] = (—) 8o (1= fv)anr] , (4.7)

anr

where ay is the scale factor today. If we suppose that in the model with massless neutrinos

Ocam o< a, then for two different scale factors we can write

8l lao] _ 8L, ((1— fv)aw]

cdm cdm

ao (1 _fv)anr

(4.8)

Eq. (4.7) will be
5 ag \ ~B5R o
Segmlao) = (—) (1= )82, lao] - (4.9)

anr

In reality, §.4,, is not proportional to a, and instead we can use the semi-analytical result [6]

8lam 0] = (ﬁ) 8 1(1 = fo)an] (4.10)

Using this we can get the ratio of density contrasts of massive and massless neutrino models

today:
8l la0] ao
vadz—o =(1 —fv)l/z(—

—(3/5)fv
. 4.11
=014 a,,r> 4.11)
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Using the equation

2
[I—QV/QM] <8cdm> k < kps < knr

for the matter power spectrum, we can get their ratio, too

A —(6/5)fv
PR (1—£)° (ﬂ) . 4.12)

Let us now consider the case, when %, < k < kpg, i.e. scales smaller than the non-
relativistic transition scale, but larger than the free-streaming length. In this case Eq. (4.5)
is correct again for a < a,,. The relation of density contrasts at different times will be given
by

v ao A\
8. lag) = (a—) 8" lan] - (4.13)
From this and Eq. (4.8) it follows that
1— nr
( fV)a va

8 Tan] = 801(1 — fy)an] = Ea— [ao) - (4.14)

If we again use the semi-analytical result for the density contrast ratio, we will have

8% lao) = (1= £)8%, lao] , (4.15)
A U ap\ R
i —=(1— /2(—> . (4.16)
8% Clao] 1-A) Anr

This means that the ratio of matter power spectra in this case is

— = (1-£). 4.17)

Both the numerical and the analytical results in this section show that the matter power
spectrum is reduced in the case of massless neutrinos. When the matter-radiation equality
is postponed, modes crossing the horizon in the matter-dominated era have lesser time for
density perturbations to grow. Therefore, the amplitude of the perturbations on this small
scales will be small. In addition, perturbations are suppressed on scales smaller than the

free-streaming length.
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4.3 Cosmic microwave background anisotropies

CMB temperature fluctuations were first measured by COBE satellite in 1992 [20], and sig-
nificantly improved by subsequent experiments, most importantly by WMAP [18]. Given a
measurement of the CMB temperature anisotropy in various directions on the sky, one can

define the two point correlation function as
C(6) = (A(71)A(R2)) - (4.18)

It can be further expanded it into Legendre functions

1 (o]
CO)=—) 2QI+1)CP (A -7 4.19
(6) 4752)( + DG - 2) (4.19)
with coefficients C; being the so-called angular power spectrum. In Fig. 4.2, we show
the CMB spectra as predicted by the ACDM model with massless neutrinos, as well as
models with neutrino masses of 0.05, 0.1 and 0.5 eV. The curves in the figure are calculated
numerically using CAMB [19].

Angular Power Spectrum
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Figure 4.2: Angular power spectrum for different neutrino masses, case b.
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One can try to understand the differences between different lines in Fig. 4.2 as fol-
lows. For the neutrino masses that we have considered, the neutrinos are still relativistic
at the time of radiation-matter equality. This means that the equality occurs later than in
the universe with massless neutrinos, which affects the CMB anisotropy spectrum in two
ways. First, the first acoustic peak is enhanced, because of the so-called early integrated
Sachs-Wolfe (EISW) effect. Gravitational potentials evolve during radiation domination,
changing the energy of photons traveling through them. Increasing the amount of radiation
in the universe results in an increase in the EISW contribution to the CMB temperature
fluctuations due to increased rate of gravitational potential decay [21]. Thus, the fluctua-
tions near the first acoustic peak will increase. Secondly, increasing the mass of neutrinos
reduces the distance to the last scattering surface, which is inversely proportional to the
peak position. Hence, the position of the first peak will move towards the bigger Is [21]. As
we can see in the figure, the first effect is more visible for the small neutrino masses that

we are interested in.



Chapter 5

Principal Components of Modified

Linear Growth

Following Zhao et al [1] we focus on perturbations in the Newtonian gauge with metric
potentials ¢ and ¢, defined in Eq. (3.7) and assume that the matter perturbations obey the

standard conservation equations. Namely, we have
k
+—06-30 = 0 5.1
+-50-30 .1
k
0+6——y = 0 5.2
+O- oy = 0, (5.2)

where the prime denotes differentiation with respect to Ina, and H = a~'da/dt, with t
being the physical time and where we have specialized to cold dark matter (for the sake of
simplicity we ignore radiation or baryonic effects, which can be included if relevant).

One needs two additional equations to close the system for the four variables ¢, Y, &
and 0. These are normally provided by a theory of gravity, which prescribes how the two
metric potentials relate to each other, and how they are sourced by the matter perturbations.
In Zhao et al [1], it was proposed to consider a general way of allowing for alternatives to
GR, and the system of equations was closed by introducing two general functions of scale

and time defined as:

Y(k,a) = (5.3)

9
Y

1 Ky
4nGa® pA

ulk,a) = (5.4)

34
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where A = 8+ 3aHB0/k is the comoving matter density perturbation. Egs. (5.1)-(5.4) form
a closed system, that can be used to calculate the evolution of perturbations for any given
functions p and vy, and were extensively discussed in [22].

Let us comment on some of the properties of functions i and y. By design, in GR, and
in a universe made of dust (CDM) and a cosmological constant (A), u =y = 1. Departure
of u and/or y from unity can happen if, for example, DE is dynamical (because of the
clustering of DE) or if it has a non-negligible anisotropic stress. Alternatively, as will be
discussed later in the thesis, one could have u # 1 due to a significant fraction of massive
neutrinos, which free stream on small scales. Finally, alternative gravity models generally
predict scale- and time-dependent u and/or 7y [23].

The main benefit of introducing p and v, is that it allows for model-independent tests
of departures of linear growth of perturbations from that in adiabatic GR+ACDM. Any
measured deviation of either u or Y from unity would signal that an ingredient in the ACDM
model needs to be modified. Additionally, since any departure of growth from ACDM on
linear scales corresponds to some form of ¢ and v, these two functions can be used as a way
of storing information from observations in a model-independent way. It is this latter use

of the parameterization that is explored in this thesis.

5.1 Principal component analysis of u and y

In [1], Zhao et al have investigated how well the functions u(a,k) and y(a,k) can be con-
strained by future surveys, in particular CMB measurements from Planck and weak lensing
shear and galaxy surveys from LSST. They treat u and 'y as unknown functions of both time
and wavenumber, and bin them on a grid in the (z,k) space (notice that we are using the
redshift z as the time variable). With m z-bins and n k-bins, the values of the functions u and
vy at the grid points can be treated as 2 X m X n parameters, y; and ;. In addition, they also
vary the usual cosmological parameters: Qph?%, Q. 4mh?, Hubble constant h, optical depth
T, spectral index ng and amplitude Ag, as well as the DE equation state, binned over the
same m grid points in z as y and vy, and N}, bias parameters. They then use the Fisher matrix
formalism to estimate the covariance of the 2 X m x n parameters after marginalizing over
the usual cosmological parameters.

Here we explain what was done in Zhao et al. Suppose one wants to know how well
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a given combination of experiments will measure y, with other parameters marginalized

over. The relevant quantity is the u block of the covariance matrix:

Cij = ((ui — @) (uj — ;) (5.5)

where f; is the fiducial value, which is in the case of a forecast plays the role of the best fit
value. Since the individual pixels of u are highly correlated, the covariance matrix (5.5) will
be non-diagonal, and the value of u in any particular bin would be practically unconstrained.
The PCA is a way to decorrelate the parameters and find their linear combinations that are
best constrained by data. Namely, we solve an eigenvalue problem to find a matrix W that
diagonalizes C:

C=WIAW; A;j=N\3;; , (5.6)

where A;’s are the eigenvalues. Smaller values of A; correspond to the better constrained

linear combinations of u’s:
mxn

o = Z Wij(uj—ij) - (5.7
j=1

One can think of a’s as the new set of uncorrelated parameters obtained by a rotation of
u’s, with the error on o; given by v/A;. In practice, one finds that only a few of the o’s are
well constrained (i. e. their A’s are small), while most are essentially unconstrained. This
is the main benefit of performing a PCA — it takes a function with many (infinite) degrees
of freedom and isolates their few linear combinations that can be constrained by a given

experiment. By construction, W/ W = I, so Eq. (5.7) can be inverted as

mxn

pi— =Y, Wijot; . (5.8)
=1

In the above, i labels a point on the (z,k) grid. Thus, taking the continuous limit and using

u =1 as the fiducial value, we can formally rewrite this as

u(z,k) =1+Y ojWi(z.k) (5.9)
J

which is an expansion of u into an orthogonal basis of eigenvectors W;(z,k). The best
constrained eigenvectors W;(z,k) can be plotted as surfaces in (k,z) space, with their shapes

indicating the kind of patterns that experiments are most likely to constrain.
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Figure 5.1: The combined eigenmodes of u and 7y as pairs of (k,z) surfaces for data sets
including LSST or DES data.

If one is interested in seeing how sensitive data is to any departure from “normal”
growth, then rather than trying to constrain u or y individually, one wants to know if either
function is deviating from unity, without specifying which. To address this question, Zhao
et al considered the combined principal components of u and y. Namely, they follow the
same procedure as described above, except now they diagonalize the block of the Fisher
matrix containing u and Y pixels. The eigenmodes in this case are no longer single surfaces
in (k,z) space, instead each mode can be represented as two surfaces, one for each of y and
Y. Some representative eigenmodes, represented as pairs of surfaces in the (k,z) space, are
shown in Fig. 5.1. We note that Zhao et al used the flatness prior, 2 = 1, and also limited

the range of each u-pixel to 0 < u < 2.

5.2 Modified growth from massive neutrinos

As we discussed in Chapter 3, neutrino mass alters the growth of cosmological pertur-
bations, as compared to that in ACDM. Neutrino mass does not produce any additional

anisotropic stress. Hence, in terms of the MG functions, y = 1 for massive neutrinos. On
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the other hand, u has a non-trivial form. To see this, let us look at the Poisson equations

with massive neutrinos:
20 = —4nGa® Y piAi = —4nGa* (PcamAcam + PBAB + PvAY) - (5.10)
i
We can compare this to the one in ACDM:
K26 = —4nGa* (Peambedm +PBAB) - (5.11)
On the other hand, from the definition of u, we have
K¢ = —4nGa’upyAeam (5.12)

where pjy is the total matter density, including p.4;,, and pp. In other words, this parametriza-
tion is based on the fact that in ACDM Ap = A4, at redshifts probed by the surveys we
consider. From this definition, we can read off the form of u for the case with massive

neutrinos:

_ pcdmAcdm + pBAB + vav
pMAcdm
where z = 1/a — 1 is the redshift, and py = peam + PB + Pv- Note that by design uy

pv (k, z) (5.13)

approaches unity on large scales, where neutrino free-streaming is negligible, and de-
parts from unity below the free-streaming scale. We evaluate Eq. (5.13) numerically using

CAMB, and contours of constant uy in (k,z)-plane are shown in Fig. 5.2.
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Figure 5.2: Contours of uy(k,z) for massive neutrinos as defined in Eq. (5.13). Note that
for small k < krg the function approaches unity. Also note that the free-streaming scale krg

depends on z.



Chapter 6

Uncertainty in m, from PCA of Modified
Growth

6.1 From eigenmodes of MG to uncertainties on neutrino

mass

As mentioned in the previous Chapter, parameterizing departures from the ACDM growth
in terms of u and 'y can be a convenient way of storing information in a model-independent
way. Here we will illustrate how, for example, the information stored in these functions can
be retrieved to calculate forecasted uncertainties on the sum of the three neutrino masses.
We will use the formalism of Section 1.6.

Let y; denote collectively the values of y and y on a grid in (k,z). These could be the
2 x n x m pixels considered in Zhao et al. Now suppose we could measure y; from a set
of observations. Then, formally, we could think of 1;’s as a new set of observables, which
contain all the information that you could extract about the growth of perturbations on linear
scales. Given this assumption, we can calculate the Fisher matrix in any set of parameters

Pa that affect the linear growth as
ou; 1 du;j
Fup=Y S0 H ©.1)

ij apa Cij an ’

where C;; is the covariance of the MG pixels. We can now diagonalize C;; and rewrite the

40
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above Fisher matrix as
b)n
Fu=Y ol 0" (6.2)
k

(@)

where A; are the eigenvalues of C;;, and coefficients o~ are obtained by decomposing

derivatives of y; into the basis of orthogonal eigenmodes shown in Fig. 5.1:

Zoc Wi, (6.3)
where 3
b
Z apa (6.4)

Given a set of eigenmodes and eigenvalues provided by Zhao et al, Eq. (6.2) can be used
to find uncertainties any set parameters if it is possible to evaluate the partial derivatives in
Eq. (6.3).

Specifically, this method can be applied to derive the uncertainty in the measurement

of the sum of neutrino masses my. Namely, we have
6> = Fypym, = Zoc v) mV A (6.5)

where

i
Z B, (6.6)

The derivative of u, with respect to my can be evaluated numerically using CAMB [19].
When my # 0, Y= 1 and u is given by (5.13). Namely, we calculate

duy (k7 Z) = Hv (mv + Amv) — My (mv>
omy Amy,

(6.7)

for a Amy, that is sufficiently small for the result to converge. To be consistent with the
fiducial model used in Zhao et al, we choose the ACDM fiducial value m, = 0, and we
checked that the derivative converges for Am, = 0.05eV.

The advantage of working with eigenmodes, as opposed to the complete set of pixels, is
that most of the eigenmodes are poorly constrained. That is, most of them have very large
eigenvalues Ay and their contribution to the sum in Eq. (6.2) is negligible. Hence, it may
be possible to only work with a small subset of eigenmodes. We will check this in the next

section.
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6.2 Results

We calculated the expected uncertainty in the measurement of the neutrino mass from
the eignemodes of MG using Eq. (6.2) of the previous section. The forecasted error is
oy = 0.07eV, which is very close to the error forecast of 0.05eV for the combination of
Planck and LSST obtained in [25] by directly calculating all the observables. Note that
the difference between our result and theirs is well within typical uncertainties involved in

Fisher forecasts.
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Figure 6.1: The forecasted uncertainty in the measurement of the sum of masses of the
three neutrinos derived from eignemodes of MG, as a function of the number of included

modes.

In Fig. 6.1 we demonstrate how strongly our forecasted error depends on the number
of eignemodes included in the analysis. We can see that at least 10 eigenmodes are needed
to get within 100% of the "correct" error, and about 40 to get within 10%. Clearly, this is

much less than the total number of the eigenmodes (which was equal to 800 for the set we
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used), and also much less than the total number of observables available from LSST and

Planck (which is of the order of many thousands of independent data points).



Chapter 7
Summary

In this thesis, we studied the effects of neutrino mass on cosmological observables. We also
demonstrated how information stored in the principle components of modified gravity can
be used to calculate the accuracy with which neutrino mass can be measured. While more
investigation is needed to make definitive forecasts of neutrino mass constraints from PCA
of MG, this work shows that using the existing eignemodes from Zhao et al [1] effectively
reproduces the constraints obtained by direct methods in [25]. We expect such methods
will be of use to the cosmological community, as they significantly simplify the process of

error forecasts for various models of modified gravity.
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