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Abstract

Studies of time-to-event outcomes are among the most common in many areas of

scientific research, particularly medicine. Ubiquitous in subject-area literature for

this research, is the Cox model; a model which assumes that the instantaneous risk of

failure is proportional for different groups of people with similar covariate values. The

Cox model has become so pervasive in communicating results that the verification of

this assumption is rarely mentioned in subject-area literature and alternative methods

are even more rarely attempted. Unfortunately, the mechanisms leading to violation

of this assumption can often be accounted for with alternative models yielding only

slightly more complex interpretation than the standard Cox model.

Motivated by a dataset capturing survival following coronary artery bypass graft

surgery and another containing longitudinal tree growth and mortality, this thesis will

describe, compare/contrast and provide interpretations of several models addressing

specific pathologies which lead to violation of the proportional hazards assumption.

In these models, the proportional hazards structure will be maintained in part, but be

augmented to accommodate specific situations. Interpretations of these augmented

proportional-hazards models will be a key element of the comparisons.

Three different pathologies will be investigated, including complex (ie: multi

phase) hazard functions, latent mixtures of individuals subject to distinct hazards,

and effects of covariates which change over time either through a direct erosion of

the effect or indirectly through complex longitudinal mechanisms. Additional scien

tific questions related to inference on duration of different risk phases or latent group

membership will be enabled by these models. Related to these questions, a novel
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procedure incorporating covariate information into risk-phase durations will be pre

sented. Further, through connections to the rapidly evolving field of joint modeling

of longitudinal and time-to-cvent data, the utility of joint models to fully characterize

the mechanisms underlying an overall, possibly time-dependent treatment effect will

be explored. An application of joint models to interval-censored survival data in

cluding a novel, recursive, event-time imputation method exploiting the relationship

between longitudinal data and the failure mechanism will be described.
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"Investigators seem to have settled for what is measurable instead of measuring

what they would really like to know."

- Edmund D. Pellegrino

Patient Care - I"lystal Research or Researchable Mystique

Clinical Research, 1964, 12(4),422.
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Chapter 1

Introduction

Studies of time-to-event outcomes are among the most common in many areas of

scientific research, particularly medicine. Ubiquitous in subject-area literature for

this research is the Cox model; a model which assumes that the instantaneous risk of

failure is proportional for different groups of people with similar covariate values. The

Cox model has become so pervasive in communicating results that the verification of

this assumption is rarely mentioned in subject-area literature and alternative methods

are even more rarely attempted. Unfortunately often, the mechanisms leading to

violation of this assumption can be accounted for with alternative models yielding

only slightly more complex interpretation than the standard Cox.

Three different pathologies will be investigated, including complex (ie: multi

phase) hazard functions, latent mixtures of individuals subject to distinct hazards,

and effects of covariates which change over time either through a direct erosion of

the effect or indirectly through complex longitudinal mechanisms. Additional scien

tific questions related to inference on duration of different risk phases or latent group

membership will be enabled by these models. Related to these questions, a novel

procedure incorporating covariate information into risk-phase durations will be pre

sented. Further, through connections to the rapidly evolving field of joint modeling

of longitudinal and time-to-event data, the utility of joint models to fully characterize

the mechanisms underlying an overall, possibly time-dependent treatment effect will

1



CHAPTER 1. INTRODUCTION 2

be explored. An application of joint models to interval-censored survival data in

cluding a novel, recursive, event-time imputation method exploiting the relationship

between longitudinal data and the failure mechanism will be described.

1.1 Motivating Datasets

Two data sets motivated this research. Each presented distinct methodological chal

lenges which later revealed commonalities; specifically the implication that covariates

may have time-dependent effects on the event-time process.

Cardiac Services BC (British Columbia) maintains a population-based database

containing prognostic information on all open-heart surgery performed in the province

of British Columbia, Canada. Despite recent technical advances, cardiac bypass re

mains an invasive surgical procedure with an increased risk of death to patients in

the first few weeks following surgery. In the available data set of over 33,000 patients

undergoing surgery between 1991 and 2006 and followed for up to 15 years, a full

third of the 2330 reported deaths occurred within 30 days of the surgery. This short

term post-operative recovery phase of increased risk presents a number of interesting

methodological challenges. Estimation of the duration of the phase is of interest, as

is the potential differential impact of covariates on short vs long-term survival. Also,

as will be shown, the proportional hazard assumption is violated, and the jeopardy

of interpreting covariate effects from a standard Cox model as opposed to accounting

for the different phases of risk is unclear. These issues are not unique to this data

set and would be applicable to any situation involving different phases of risk and/or

differential effects of treatment over followup (ie: time-dependent treatment effects).

In 1971, the British Columbia Forest Productivity Committee initiated a field pro

gram to examine the growth response of coastal Douglas-fir and Western Hemlock to

two levels of site modification known as thinning (ie: treatment). Data on individual

trees were collected over a 30 year period from 940 permanent sample plots at 85

locations along the coast of Vancouver Island, British Columbia Canada. Primarily,

the plots were comprised of Douglas-fir, Western Hemlock and mixtures of Douglas-fir

and Western Hemlock, which had established naturally after fire and/or logging.
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For each tree, the diameter at breast height (DBH), an effective surrogate for total

biomass, was measured every 3 years for the first 12 years and then every 6-10 years

for the remainder of the study. At each measurement time, the status of the tree (alive

or dead) was recorded. This data set presents two distinct methodological challenges

to achieve the objectives of understanding growth response and the influence of the

treatment. The first is that the date of a tree's death is known only to lie between

two observation times, and is not known exactly. The second is that there is likely a

strong relationship between a tree's growth trajectory and it's life-span but the DBH

cannot be efficiently incorporated into standard time-dependent covariate (TDC) Cox

models because it is measured with error and it is measured infrequently.

1.2 Multi-Phase Hazards

Heuristically, multi-phase hazards exist in two broad contexts: a complex hazard

function representing dramatically different risk periods over time, or a combination

of simple hazards reflecting latent groups of individuals with dramatically different

risk characteristics.

Clinical research applications involving a multi-phase hazard are not uncommon.

They may arise when there are distinct phases of risk for subjects, a time-dependent

effect of treatment (eg: a lag or an erosion of effect), or when latent sub-groups exist.

For example, in studies of a harsh or traumatic intervention, the hazard function

is characterized by a period of increased risk immediately following the intervention,

possibly considered a recovery phase, followed by a period of stable risk, a chronic

phase, or period of maximal treatment benefit. In examining clinical trial data for

herpes zoster pain treatment, Arani et al. (2001) describe such a situation and present

a simple formulation of a hazard composed of multiple, discrete phases. A similar

model is used by Antoniadis et al. (2000) in analyses of the Stanford Heart Study and

a leukaemia clinical trial data set.

Clinical trial settings involving latent subgroups are also prevalent. Ng et al.

(2004) consider ischaemic stroke survival and model two latent sub-groups, each with

a distinct hazard, which when combined appears indistinguishable from a hazard
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composed of multiple phases.

In a different manifestation of phases, the effect of a treatment may be time

dependent. In these situations, the hazard functions of the treated and untreated

individuals will not be proportional since the hazard function for the treated indi

viduals consists of multiple phases. Survival models incorporating time-dependent

treatment effects have been utilized in a variety of settings such as a clinical trial of

the treatment of recurrent brain gliomas (Chen et al., 2002), a gastric cancer clinical

trial (Putter et al., 2005), a breast cancer clinical trial (O'Quigley and Natarajan,

2004) and others (Tian et al., 2005; Peng and Huang, 2007).

1.3 Joint Models

Joint modeling is a generic term. It can be used to describe any number of situations

where two or more outcomes are modeled in a way such that the models directly or

indirectly inform each other. Many paradigms achieve this goal but each modeling

framework represents a distinct mechanism relating the outcomes of interest.

Joint models for longitudinal and time-to-event data are relatively new but po

tential applications are ubiquitous. Longitudinal studies in almost every field capture

data over time and commonly investigate the relationship to events occurring during

that time: tree biomass and mortality (Lee et al., 2011), mileage and warrantee service

(Lawless et al., 1995), or traffic levels and system failure (Park and Padgett, 2005), to

name a few. Clinical trials where individuals are followed until some event of interest

almost always include measurement of covariates over time with those measurements

subject to some error. For example, consider the relationship between serum crea

tinine and time to graft loss (Fieuws et al., 2(08) or between QOL and mortality

in treatment of complex diseases (Pauler et al., 2003). With interest in biomarkers

and the search for effective surrogates becoming more popular, joint models for these

longitudinal measurements and events of interest will become even more prominent.

This rich area of research may have been spawned by a remark by Cox (1983) in

which he showed that information on censored individuals could be recovered through

explanatory variables. Practically achieving the idealized goal expressed by Cox was
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a long process and arose from work in longitudinal analysis with informative dropout;

in this setting Wu and Carroll (1988) offered (possibly one of) the earliest discussions

of a random-effects joint model. While primarily focused on adjusting the longitu

dinal analysis, this work was extended in fully parametric frameworks by Schluchter

(1992), Self and Pawitan (1992) and Pawitan and Self (1993). Additional devel

opments followed under similar parametric assumptions, but with interest shifting

to relationships between outcomes (De Gruttola and Tu, 1994; Tsiatis et al., 1995;

Faucett and Thomas, 1996). Wulfsohn and Tsiatis (1997) were the first to introduce a

joint model of longitudinal and time-to-event data incorporating the semi-parametric

proportional hazards model and to describe a tractable method of estimation. Efforts

in the field have accelerated since then with some applications beginning to appear

in the medical literature with implementation through SAS (Cary, NC) and R (R

Development Core Team, 2010).

1.4 Outline

Chapter 2 will provide additional details and definitions for multi-phase hazard mod

els including a short review of pertinent literature for each of several strategies to

model such structures. Included is the application of several models to two data sets

permitting a comparison of the models and their interpretations. A simulation study

demonstrates performance of the estimation routines. The chapter closes with com

ments on distinguishing the models which have phases of differential of risk to which

all individuals are subject (changepoints or time-dependent covariate effects), from

those which reflect that groups of individuals are subject to different risks (mixtures).

A novel model for enabling covariate-modulated changepoints, coined the Variable

Changepoint Model, is introduced in Chapter 3. Specific parameterizations of the

model are considered and simulation investigations contrast the performance of the

estimators when compared to those of the changepoint models introduced in Chapter

2. Further analysis of one of the datasets from Chapter 2 is undertaken, revealing

new features of the event-time process.

Chapter 4 shifts focus slightly by undertaking a thorough review and overview of
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the field of joint modeling. This and subsequent chapters reveal how the inclusion

of longitudinal information can provide better estimates of time-dependent treatment

effects. This chapter includes an overview recapping critical review papers in joint

modeling including methods of inference and more recent alternative approaches. A

motivating example is provided which illustrates the utility of these new and complex

models. The chapter ends with an extension the current literature on joint models'

capability to characterize treatment effects with a focus on mis-specification of the

link between submodels.

A comparison of methods to deal with interval-censored survival data and a de

tailed application of a joint model including the specifics of the estimation procedure is

provided in Chapter 5. The intractability of joint models in an interval-censored data

set is explored and various methods of imputation are proffered with an accompanying

simulation study examining their characteristics under a variety of conditions. A novel

imputation method which fully exploits the relationship between the longitudinal and

time-to-event outcomes is proposed at the end of this chapter.

Chapter 6 closes the thesis with suggestions of future work in the area of survival

data with non-proportional hazards.



Chapter 2

Multi-Phase Hazard Models

This chapter compares several strategies to construct regression models for time-to

event data which appear to have non-proportional hazards: in particular, data arising

from a hazard function composed of components with distinctly different risks of

failure. The motivating example considers survival following a traumatic intervention

with distinct phases such that the risk of failure due to the intervention is immediately

very high, until survivors eventually receive benefit. Multi-phase hazard forms can

also be found in clinical studies where there is a time-dependent treatment-effect

such as a lag/erosion or where the sample is composed of two or more latent sub

groups with different rates of failure. These three scenarios, phases in the underlying

hazard, time-dependent treatment effects, and latent sub-groups, are special cases of

a violation of the proportional hazards assumption necessary for the standard Cox

model.

There have been many methods proposed to address the failure of the proportional

hazards assumption for a variety of multi-phase hazard problems. In researching

methods to address a particular situation it became clear that although some com

parisons have been made (Quantin et al., 1999), available literature contained neither

a consolidated classification of multi-phase hazard models nor a comparison across

applications to provide guidance for situational use. This chapter will provide an

overview of these models and a comparison through two applications. Of paramount

concern is the interpretation of regression and structural parameters in a practical

7
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setting.

A mathematical definition of multi-phase hazards in a multiplicative hazards set

ting is provided. A variety of strategies to address multi-phase hazard models as well

as a comparison of their fit in two contrasting applications is also presented. While all

of the strategies presented share a similar mathematical framework, specific models

are shown to represent different underlying failure time mechanisms. Even so, it will

be shown that certain models may be reasonable approximations of others. Acceler

ated hazard models, and their generalizations, presented by Chen and Jewell (2001)

are not considered in this work. The primary advantages of the accelerated hazard

model (and the generalization) is the capability to model hazards which are equal

at t = 0 and hazards which cross; the methods reviewed here are flexible enough to

accommodate such features and enable the more customary relative-risk parameter

interpretations of the proportional hazards framework.

In Section 2.1, three broad classes of models will be presented including change

point (segmented) models, non-parametric spline models, and mixture models, in

cluding a description of inference using common software tools (R and SAS). The

fit and interpretation of each model is compared in an analysis of survival following

coronary artery bypass and survival in a lung cancer treatment trial in Section 2.2.

Contrasting the fit of several models to the same data sets reveal interesting features

of the models and potential underlying mechanisms modulating the survival process.

Section 2.3 investigates the estimators for these models by simulation. The chapter

closes with a discussion.

2.1 Three Modeling Frameworks

Let T and C be non-negative random variables representing an individual's failure

and censoring time respectively, assumed independent. For the ith of n independent

subjects Ii and Ci are realizations of these random variables and we observe {t i , ~d

where t i = min(Ii, Ci ), and ~i = I(Ii < Ci ). Generically, the instantaneous rate of

failure at time t, or hazard function, is defined as
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\() l' P(t ::; T::; t + ~tlT 2:: t)At = 1m .
~t--->O ~t

9

A general proportional hazards model involving time-dependent covariate effects

can be written, for a single individual, as

A[tIX, Z; B(t), j3(t), ,] = Ao [t; B(t)] eX',B(t)+z'''Y (2.1 )

where Ao['] is termed the baseline hazard function and may be parametric depending

on parameters B(t); X, of dimension p x 1, refers to covariates with time-dependent

coefficients, j3(t), while covariates Z, of dimension q x 1, have time-independent co

efficients " X and Z being distinct. Time-dependent covariates X(t) or Z(t) can

be accommodated by this formulation, but interpretation in the presence of both a

time-dependent coefficient and time-dependent covariate can present challenges..

Define a multi-phase hazard as a hazard function of the form (2.1) where at least

one parameter is time-dependent; B(t) and/or j3(t). For B(t) = B, (2.1) is a time

varying coefficient proportional hazard survival model; see seminal work by Hastie

and Tibshirani (1993) and applications by Nan et al. (2005) and Cai and Sun (2003)

with a good overview of the topic provided by Martinussen and Scheike (2006).

Unless otherwise indicated, parameter estimates are obtained by direct maximiza

tion of the following likelihood function for an independent sample of individuals,

indexed by i, under general censoring and assuming that the censoring process is

independent of the failure-time process:

L [B(t), j3(t), ,]
nII (Ao [ti ; B(ti )] eX;,B(t;)+z;"Y) ~i

i=l

(2.2)

Note that though a model where B(t) =F Band p = 0 is a multi-phase hazard by

the definition above, if primary interest is in estimation of the covariate effects" a

standard, semi-parametric, Cox model would be suitable where Ao['] is left unspecified.
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For other situations, we now provide greater detail on three classes of multi-phase

hazard models.

2.1.1 Changepoint (Segmented) Models

A changepoint model assumes there are distinct phases of risk for all individuals or

known groups of individuals (eg: individuals receiving treatment). The changepoint

parameter itself represents the beginning or ending of the differing phases of risk. The

changepoint may be known or an unknown parameter to be estimated; the models

specified in this section apply in either case, but inference is obviously more straight

forward if this parameter is known.

Excluding time-dependent covariates, there are three ways a changepoint param

eter, T, can be incorporated into a hazard model of the form (2.1); through (i) the

baseline hazard, A(t; (J, T) (Arani et al., 2001; Gijbels and Gurler, 2003); (ii) covariate

effects, f3(t, T), (Putter et al., 2005; Jensen and Liitkebohmert, 2008; LeBlanc and

Crowley, 1995); or (iii) covariate-valued changes in covariate effects. The last of these

three situations implies that f3 is a function of the covariate itself and takes on a

different value when the covariate exceeds some threshold (Pons and Lemdani, 2003);

this latter situation is not discussed in this work.

With several distinct, non-overlapping segments, even a simple structure for the

time-dependent covariate effect or baseline hazard within segment (ie: between change

points) may result in a very complex overall hazard. As perhaps the most simple

segmented regression model, consider a vector of changepoints, T = (T1' ... , TK) and

a single covariate, P = 1, with a piece-wise constant, time-dependent covariate effect.

The covariate effect can be structured as

So, within segments, the covariate has fixed effects, specifically taking values /31 prior

to the first changepoint, /32 after the first and up to the second changepoint and so on.

For P > 1 each of the p covariates may have up to K + 1 coefficients over the range

of t, making a total of p(K + 1) + q parameters to fully characterize the regression
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component. The structure of £J(t, r) may be similar to that described for the covariate

effects. With many changepoints, this simple structure can model a wide variety of

complex hazard functions. Alternatively, a more complex baseline hazard function or

form for {3(t) may be used in each segment. For example, combinations of Weibull

or log-Normal baseline hazard functions in each segment may provide better fits and

have the advantage of requiring fewer changepoints to provide a fair fit than a model

with constant (exponential) baseline hazard.

Incorporating a changepoint into either the covariate effects or the baseline hazard

in this manner creates a hazard composed of K + 1 non-overlapping segments with

jumps at the changepoints. While the sharp changes or jumps of a changepoint

model may not seem relevant to a biological process, there are many clinical research

applications where it may be appropriate. For example, rapid erosion of a treatment

effect, changes the treatment schedule, or withdrawal of concomitant therapies may

result in abrupt changes in the risk to subjects (Fu et al., 2008).

A changepoint (segmented) hazard composed of K + 1 segments, with K change

points denoted as T1, ... , TK, can be written generally as

K+1
Acp[t; 8, r] = L Adt; 8 k]I(Tk-1 < t ::; Tk),

k=l

(2.5)

where Ak[·] is the hazard function in the kth segment, TO = 0, TK+1 = 00 and 8 k refers

to parameters defining the model in segment k. For constructing the likelihood, note

that the cumulative hazard for a changepoint model (with 8 temporarily omitted),

is
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it Acp('U)du

t K+l1{; Adu.)I(Tk-l < u::; Tk)du

/(+1 t

L rAk(U)I(Tk-l < U::; TA,)du
k=l io
Al (t)I( TO < t ::; Td

/(+1 {(k-l )}
+~ Ak(t)- ~Aj+l(Tj)-Aj(Tj) I(Tk-l<t::;Tk),

where Ak(t) = J~ Ak(u)d'U.

If we assume the hazards are proportional within each segment with f3(t) and O(t)

having the piecewise constant forms as in (2.4), the hazard function becomes

/(+1

>'cp[tIX, Z; O(t), f3(t)] = L (>'o[t; BdeX',Bk+Z'-Y) I(Tk-l < t ::; Tk) (2.6)
k=1

where each 13k is a p x 1 vector of coefficients for the kth segment and, is the q x 1

vector of coefficients which remain constant across the segments.

The special case of (2.6) with Ad·] based on an exponential model is discussed by

Arani et al. (2001) and Gijbels and Gurler (2003). Noura and Read (1990) consider

a Weibull form for Ad·] in (2.6) with smoothness enforced at the changepoints by

constraining the first derivative of the baseline hazard, though only covariates with

fixed effects are included in their model.

A semi-parametric changepoint model with AO['] unspecified and f3(t) as in (2.4).

has been described by several authors (Pons, 2002; Liang et al., 1990; Therneau and

Grambsch, 2000; Klein and Moeschberger, 2003) who demonstrate the strategy of

estimating j3(t) by constructing dummy covariates. A more general semi-parametric

approach is discussed by Martinussen and Scheike (2006) of which (2.6) is a special

case.
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Estimation in changepoint models is most commonly performed by profile-likelihood

techniques where the changepoints are held fixed, the remaining parameters esti

mated, and the profile likelihood is then maximized over the space of possible change

points. Algorithms for selecting changepoints such as stochastic search variable se

lection (George and McCulloch, 1996) or methods similar to knot-insertion deletion

algorithms (Goldman and Lyche, 1993) can be implemented if the number of change

points is large (ie: > 3). Bayesian methods can also be implemented

2.1.2 Spline Models

Incorporating splines into multi-phase hazard models is a natural extension to change

point models which permit smooth transitions across phases. Kauermann (2005) pro

vides a good summary of relevant literature and computational considerations for

survival models involving splines. While commonly referred to as a non-parametric

alternative, the spline models described in the literature typically rely on the multi

plicative structure of a proportional hazards model, enforcing a particular structure

on the effect of the covariates.

Here, we model the baseline hazard in (2.1) using splines. Additionally, we use

splines for the time-dependent covariate effects f3(t) to yield a flexible model which is

well-suited to complicated multi-phase scenarios. Such a model can be written as

As[tIX, Z; Qo, 13(t), "I] ~ exp {~"'o;&o;(t)} cX'~(t)+z'" (2.7)

where boj(t) is the /h of rno basis functions defining the baseline spline with coefficient

GOj; f3(t) is a p x 1 vector of covariate coefficients with the [th coefficient consisting

of the spline (31(t) = L;r~o cxljblj(t) with Glj the coefficient of the blj(t), the /h of rnl

basis functions. The sets of basis functions for the p + 1 splines required for (2.7),

{boo (t ), ... , bOma (t)} , {b 10 ( t ), ... , b1Tn 1 ( t)} , ... , {bpo (t ), ... ,bpmp (t) }

can each involve different types of basis functions and number and/or placement of

knots. Flexible B-spline basis functions are proposed here and can be defined by a
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recursive relationship as in de Boor (1978); similar application of B-splines can be

found in Rosenberg (1995) and Perperoglou et a1. (2006). Alternative basis functions

have been applied in survival settings with success, as in Herndon and Harrell (1995)

and Abrahamowicz et a1. (1992).

Note that the entire baseline spline in (2.7) is exponentiated to ensure that it is

non-negative; alternatively the basis function coefficients in the baseline spline could

be exponentiated but this is not as flexible (Abrahamowicz et a1., 1992). We consider

two special cases of (2.7):

• (5d When there are no covariates with time-dependent effects the hazard be-

comes

Due to the proportional hazards structure, model 51 with sufficient knots and

high-degree basis function, will yield very similar results to a standard Cox

model, but provides a smooth estimate of the underlying baseline hazard func

tion.

• (52) If the spline for the baseline hazard and the p splines comprising the co

variate coefficients, f3(t), utilize the same type of basis functions with the same

degree and number and location of knots (ml = m Vi), then by augmenting X

to have it's first element as 1, the hazard model has the form

(2.8)

where A is a (p + 1) x (Tn + 1) matrix of parameters where each row represents

the set of spline coefficients for each covariate and B (t) is an (m +1) x 1 vector of

basis functions each evaluated at t. In this case, the total number of parameters

to be estimated is (m + l)(p + 1) + q.



CHAPTER 2. MULTI-PHASE HAZARD l\JODELS 15

Fitting 51 and 52 can be performed by direct maximization of the likelihood (2.3)

using a quasi-Newton method, for example. A useful strategy to obtain starting values

for parameters in 52 is to fit a standard Cox model and examine plots of the scaled

Schoenfeld residuals (Grambsch and Therneau, 1994; Schoenfeld, 1980) as discussed

in greater detail in Section 3.

In permitting either the baseline hazard or covariate effect to smoothly vary over

time, spline models are very similar conceptually to a changepoint model with smooth

transitions between phases, which may be more desirable in some applications. How

ever, inference regarding the endpoints of phases of interest, say the time at which a

treatment effect begins to erode, is not directly obtained from such a spline model.

2.1.3 Discrete Mixture Models

Rather than viewing the mechanism generating responses as ansmg from distinct

phases, in some situations it may be appropriate to consider that there are hidden

subgroups of individuals who experience distinct hazards, leading to the use of latent

mixture models. Cure-rate models (Farewell, 1982) are a form oflatent mixture model

commonly used in survival analysis, particularly in cancer research. Cure-rate models

assume that one latent sub-group of individuals is considered "cured" (A[t] = 0 'lit)

while the other individuals are subject to a non-zero hazard function.

A variation on this formulation is to model separate non-zero hazards for each

latent sub-group. For example, the sample may include sub-groups which are not

identifiable through available covariates, and which have differing susceptibility to

disease or response to treatment. These mixture models have been successfully ap

plied in a study of prostate cancer (Ng and McLachlan, 2003), and a study of aorta

aneurysms (Farcomeni and Nardi, 2010), for example.

A model for the mixture of survivor functions for 1\1 sub-groups can be written as

5MX [tl·] = 2:~=1 ITm 5m [tl'] where ITm is the probability that a random individual is

a member of the m th sub-group (2:~=1 ITm = 1) and 5m [tl·] is the survivor function

for that sub-group. If we assume the same form (2.1) for the hazard function in each

sub-group, the mixture model becomes
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(2.9)

where the survivor function for each sub-group is specified by AO['], Bm and (3m' In

this formulation, the set of covariates Z are those which have the same effect, " across

all sub-groups.

The Expectation-Maximization (EM) algorithm is a popular approach for estima

tion in latent mixture models. Ng et al. (2004) and Larson and Dinse (1985) describe

this strategy and utilize the so-called complete-data likelihood which assumes knowl

edge of an individual's sub-group membership:

L [B, (3, ,]

(2.10)

where Wim = 1 if the i th individual belongs to the m th sub-group and zero otherwise,

and f, the censoring indicator.

In the E-step of the algorithm, the estimated probability of sub-group member

ship for each individual, 7rim, is calculated based on the current values of the other

parameters. The M-step proceeds with maximization of (2.10) replacing Wim with

7rim' The E- and M-steps are then repeated to convergence. Alternatively, Bayesian

techniques could also be implemented.

A related model arising as a mixture of hazard components is presented by Black

stone et al. (1986) (see also Hazelrig et al. (1982)) and applied by a number of authors,

primarily in cardiology (Myers et al., 1999; Hickey et al., 2008). Herein referred to

as the Blackstone model, it defines k overlapping, additive, functions which become

more or less prominent during different phases of risk. Covariate effects are included

in separate scaling functions within each phase. While the apparent fit is similar to

that of the changepoint or spline models defined earlier, the overlapping component
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(2.11)

hazards present a modeling framework more consistent with a discrete mixture model

strategy: each individual is primarily influenced by a single hazard.

The Blackstone model is stated in terms of the cumulative hazard,

k

A[tIX: {3, 0] = L /1j(Xj , (3j)Gj (t, OJ)
j=l

where the index j indicates risk phase with /1j is some functions of covariates X j and

parameters {3j and Gj is a function of t and OJ within phase j. Models with k :::; 3

are described in the literature, and are typically labelled as 'early', 'constant', and

'late' phases. \Vhile various forms of fJ, can be used, a simple log-linear form may

be adequate. The shaping function G can be chosen in various ways, but Blackstone

et a1. (1986) use the following generic forms for a typical three-phase model:

• Early Phase

{

1IV}_1/mIvI - v v mimi - Tn -
G1(t,Od= 21 v l +~ 1+~( 21ml +B(t))

where B(t) = [exp(<5t) - 1] /(<5p) with <5 > O,p > a and parameter vector 0 1 =

{<5, p, m, v} estimated from the data. For various values values of m and v, this

flexible function can take on a number of shapes and satisfies G 1(0, 0d = a and

limt->oo G1(t,Od = 00.

• Constant Phase

• Late Phase

where rP > 0, i> 0, 0: 2: 0, TJ > 0, iTI 2: 2, and iTI/a 2: 2 with parameter vector

03 = {rP, i, a, TJ} estimated from the data.
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The model is somewhat restricted due to the simple form of the constant phase.

However, the flexibility offered by the shaping functions in the early and late phase,

is adequate in many medical applications particularly in cardiology where it has been

applied routinely. However, with the basic framework of (2.11), any number of shaping

functions could be implemented to model extremely complex hazard shapes.

As described by Blackstone et al. (1986), and implemented in their software pack

age, estimation is performed through direct maximization of the likelihood, con

structed as in (2.3), with variance estimates calculated using the inverse Fisher infor

mation.

2.2 Applications

This section discusses the application of multi-phase hazard models to two data sets

chosen to illustrate differing features of the models. In each case we apply standard

regression, changepoint, mixture, and spline models. Unless otherwise indicated, max

imum likelihood estimates are obtained using the Nelder-Mead method in the optim

function in the base distribution of R (R Development Core Team, 2010). Other

standard optimization routines (Nash, 1990) may be preferred, but performance is

acceptable for the applications considered. For all models, confidence interval esti

mates are obtained from 500 nonparametric bootstrap samples (Burr, 1994).

Standard models include a semi-parametric, Cox regression model and a Weibull

regression model parameterized as

(2.12)

where B is the shape parameter and the baseline hazard is then Ao[tIB] = BtB- I •

Two changepoint models are fit; a single-changepoint (2-segment) semi-parametric

model and a single-changepoint (2-segment) fully parametric model parameterized as

in (2.6) with Ao[tIBk ] as in (2.12). These two models are referred to as the segmented

Cox and segmented Weibull respectively. Parameter estimation in both models is

achieved by maximizing the profile likelihood (or profile partial-likelihood for the
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semi-parametric model) over a set candidate values of T. To ensure sufficient events

in both phases, unique failure times between the 5th and 95th percentile of all failure

times are considered candidates for T.

Both spline models, 51 and 52 are fit to both datasets. In both models, cubic

B-spline basis functions with a single knot are used. Alternate basis functions are

not assessed, and an optimal choice likely exists for specific data sets. Number and

location of knots are not estimated, but several locations and numbers were attempted

as discussed in greater detail in each application. Parameterized as in (2.8), model 52

uses the same basis. degree, and number of knots in the splines for the baseline hazard

and covariate effect. While effective in the current applications, we acknowledge that

the fit of 52 may be improved in other applications by optimizing the basis functions,

number and placement of knots, and degree separately for each spline. Starting values

for parameters in 52 were identified by first fitting 51 with naive starting values of 1

for all the baseline spline coefficients. The coefficient estimates from 51 were then used

as starting values for the baseline spline coefficients in 52 and rough starting values

for the covariate effect spline coefficients (ie: their signs) were obtained by examining

the smoothed Schoenfeld residuals. The bs function from the Splines package in R

was used to evaluate the cubic B-spline basis functions at each time t, and the optirn

function maximized the likelihood. Since these functions are available with the base

distribution of R, only a small amount of additional coding is necessary to create the

likelihood function itself.

A two-phase ('early' and 'late') Blackstone mixture model with a log-linear co

variate scaling function in each phase is fit to each dataset using the available SAS

software (Mahon et al., 2002) and rewritten in R and extended to permit additional

covariate effects across hazards (similarly to the Z covariate in (2.9)).

A latent mixture model with 2-components (ie: 2 subgroups) is fit to each dataset

with the distribution of failure times in each subgroup modeled using a Weibull as in

(2.12) giving the full survivor function as
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SAlX[tIX, Z; 8, (3, IT] ITexp {_t()!e X 'f3 1 +Z '-Y}

+(1 - IT) exp { _t()2 eX'f32+Z'-Y} .

2.2.1 Cardiac Bypass Surgery

Cardiac Services BC (British Columbia) maintains a population-based database con

taining prognostic information on all open-heart surgeries performed in the province

of British Columbia, Canada. The data considered here include two-year follow-up

of 33,929 individuals who underwent Coronary Artery Bypass Graft (CABG) surgery

between January 1991 and February 2006, including 2330 deaths (93% censoring). A

detailed description of this data set can be found in Ghahramani et al. (2001) where

the authors present a thorough analysis of predictors of short and long-term survival

using an analogue to Lambert's (1992) zero-inflated Poisson model. The authors si

multaneously estimate the differential effect of a number of covariates on short and

long-term post-operative survival. In particular, subject gender was identified as a

significant predictor of short-term survival but irrelevant with respect to long-term

survival.

There are two important features of this dataset which make it an ideal illustrative

example for the methods explored in this chapter. First, although technical procedures

of cardiac bypass have been improved since 1991, CABG remains a serious procedure

carrying with it a risk of short-term post-operative mortality. Secondly, as the analysis

in Ghahramani et al. (2001) revealed, gender has a significant impact on the hazard

function immediately post-operatively but the effect lessens over time. These features

imply that both the baseline hazard and the gender effect are likely composed of

multiple phases resulting in failure of the proportional hazards assumption. Kaplan

Meier curves for males and females and a plot of the standardized Schoenfeld residuals

with fitted LOESS curve are shown in Figure 2.1 and visually demonstrates the lack

of proportionality (p < 0.0001).

Fitted survival curves for standard and multi-phase hazard models of post-CABG
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survival are shown in Figure 2.2. The poor fits of the standard Cox and standard

Weibull as well as \Veibull-mixture models are apparent while both the changepoint

models, the Blackstone and 52 spline models appear to provide superior fits to the

data. Table 2.1 provides parameter estimates for the early an9 late effects of gender

for all eight models. Althought it cannot be calculated for the Cox and segmented Cox

models, which rely on the partial-likelihood, the Akaike-Information-Criteria (AIC)

goodness-of-fit values for the other six models are also presented in Table 2.1. Also

presented is the sum of squared differences between the model-based survival prob

ability and the Kaplan-Meier survival probability at each unique failure time (88);

smaller 88 is better. Note that the 88 for the Cox models utilized the Aalen estimator

of the baseline hazard as in Kalbfleisch and Prentice (2002).

Examining the fit of each model reveals some interesting features of the data and

insights into the possible underlying mechanisms. Clearly, the 51 spline and standard

Cox models produce virtually identical covariate effects since 51 is multiplicative in

structure; the only difference is the spline estimate of the baseline hazard as opposed

to the Aalen estimate. Interestingly, both the Weibull and Cox segmented models

offer similar, good, fit. However, the width of the confidence intervals for the early

and late effects of gender are substantially wider for the segmented Cox model than

the segmented Weibull. In addition, for the segmented Cox model, the distribution of

the bootstrap estimates of the changepoint is bimodal (modes at 14 and 29 days), and

does not permit assessment of a standard error for T. Conversely, the distribution of

the bootstrap estimates of the changepoint in the segmented Weibull model is close to

normally distributed and provides a confidence interval for T of 22 to 30 days. For this

data set, the segmented Weibull appears much more stable than the segmented Cox

model. A segmented exponential model (ie: piecewise constant hazard; not presented

here) yields only a slightly poorer fit than the segmented \Veibull.

Among the mixture models, the two-component Weibull latent mixture with a

common mixing probability provided an extremely poor fit, implying that there is

no important latent sub-grouping of individuals. Conversely, the Blackstone mixture

model provided an excellent fit to the data requiring only 8 parameters and facilitated
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Figure 2.2: Fitted survival curves (in grey) for each model overlaying Kaplan-Meier
curves for males and females in the analysis of the CABG survival data.
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direct inference on gender in each phase. The half-time, i 1/ 2 (equation (2) in Black

stone et al., 1986), of the early-phase cumulative hazard function is 6.8 days and is

approximately the time when the constant phase begins to gain prominence.

Both spline models were fit with one knot at day 30. Clearly with some manip

ulation of the number and placement of knots, better fits likely could be achieved

by penalized optimization methods. Despite our naive approach, however, model 52

still provided an excellent fit, comparable to the Blackstone. Since this data involved

a time-dependent covariate effect, the hazards were not proportional; increasing the

number of knots or degree of the spline in model 51 would not have improved the fit

substantially. In 52, there were no attempts to identify the optimal knot placement,

but 2- and 3-knot models with knots in various positions were attempted and pro

vided only marginal improvements in fit while increasing the number of parameters

dramatically. Figure 2.3 shows the estimated relative risk of failure for women com

pared to men and the corresponding pointwise 95% confidence intervals from model 52

overlaid on the 95% confidence intervals for the changepoint and Blackstone models

at several timepoints. The continuously varying covariate effect estimated from the

52 model is consistent with that estimated from changepoint and Blackstone models

and shows that gender significantly impacted short-term survival, but by 6 months

post-operatively patient gender became less relevant.

In comparing the models, and considering SS as a measure of fit, the best fits are

achieved with the 2-phase Blackstone model (8 parameters) followed by the 52 spline

model (10 parameters). Somewhat larger but comparable SS values are observed for

the segmented Cox (3 parameters) and segmented Weibull (5 parameters). Comparing

AIC yields broadly similar conclusions.

All four of these models identify a large effect of gender during an early phase, end

ing somewhere between 14 (segmented Cox) and approximately 170 (52 from Figure

2.3) days; this is consistent with the choice of the early failure period in Ghahramani

et al. (2001). Of note is that the segmented Weibull provides the narrowest confidence

region for the early and late effect of gender while the Blackstone and 52 models do

not identify a significant effect of gender in the late phase. Additionally, the parame

ter T identifies the end of the early phase in the changepoint model, as about 26 days,
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consistent with clinical practice. A parameter with this straight-forward definition is

not directly obtainable from the Blackstone mixture or spline models. Finally, though

some models fit better than others, the changepoint, spline and Blackstone mixture

models show no striking evidence of poor fit, reinforcing the suitability of these models

for handling situations where both hazard and treatment effects are multi-phase. In

the subsequent example, we contrast this with a situation where some of these models

are inappropriate.

Since this data is not from a randomized clinical trial, further interpretation of

time-dependent gender effects are cautioned because of the possibility of confounding

or lurking variables. Nonetheless, this example serves as a suitable illustration of

clinical data arising from a hazard function with distinct phases of risk.
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Model

Effect of Gender Structural AlC SS
~Class Early Late Parameter (# Parameters)
~Single 0.40 Same as

154298 (2)
0.026 :j

Weibull . (0.33, 0.48) Early I

Standard "U

Cox
0.40 Same as

NA (1)
0.0072 ~

(0.31, 0.50) Early U1
trJ

\Veibull
0.66 0.18 T =26 Days

150625 (5)
0.0029

~Changepoint (0.55,0.77) (0.07, 0.28) (22, 30)
(2-Segments)

Cox
0.72 0.20 T =14 Days

NA (3)
0.0023 ~

(0.50, 0.94) (0.08, 0.34) (Unavailable) ::0
t;

0.34 0.27 7T =0.03
151484 (5)

0.080 !;:;-o
Weibull ....,

Mixture (0.19, 0.49) (0.15,0.4) (0.03, 0.04) 0
t;

(2-Component)
Blackstone

0.64 0.11 tl h = 6.8 Days
42741(8)

0.00043 trJ
t-<

(0.52,0.77) (-0.03, 0.24) (6.0, 7.8) U1

51
0.40 Same as

149834 (6)
0.0087

Spline (0.33, 0.47) Early
52 Figure 2 Figure 2 149740 (10) 0.00085

Table 2.1: Parameter estimates and confidence intervals for the gender effect for models fit to the CABG survival
data. AlC (where applicable), the number of parameters estimated, and the SS are also included.
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2.2.2 Veteran's Administration Lung Cancer Trial

28

The Veteran's Administration Lung Cancer Trial is presented in Kalbfleisch & Pren

tice (2002) and portions of the data analyzed by several other authors (Prentice,

1973; Chen et al., 2002; l\furphy et al., 1997; Bennett, 1983). In this analysis, the 137

subjects who completed the randomized portion of the trial and for whom complete

covariate information was available are considered. Six covariates are available and

include treatment, age, tumor cell type (adeno, small cell, squamous or large), time

between initial diagnosis and enrollment in the trial, Karnofsky Performance Status,

and prior therapy attempted (yes/no).

Similar to the analysis of the CABG data, Figure 2.4 presents Kaplan-Meier curves

for post-randomization survival for the treatment and control groups and the corre

sponding LOESS curve to the scaled Schoenfeld residuals for treatment group. Note

that the treated group has poorer survival initially until the survival curves cross at

approximately 200 days; the curves are clearly different shapes and the hazards are

not proportional (p = 0.069). Although not shown here, Grambsch and Therneau

(1994), among others, have noted that the hazards were not proportional and iden

tified that the effect of baseline Karnofsky Performance Status diminished over time:

becoming irrelevant as a predictor of survival several weeks following treatment.

Since the study was designed to compare treatment groups, not specifically to

compare Karnofsky scores, cell types, or prior treatments, evaluating these other

covariates for time-dependent, or sub-group-dependent, effects raises issues of con

founding or other non-controlled influences on individuals. With that consideration,

and with only 137 subjects available, this analysis will consider only the randomized

treatment group as having a time-dependent covariate effect (segmented and spline

models) or as having different effects in latent sub-groups (mixture model); X in (2.1).

The remaining covariates will be considered to have constant effects across segments

or sub-groups; Z in (2.1).

As part of the initial exploration, each model was fit with only the effect of treat

ment and fitted survival curves are presented in Figure 2.5. In contrast to the CABG

data the latent mixture model provides the superior fit while, similarly to the CABG
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analysis, the flexible 52 spline model also provides an excellent fit. In attempting to fit

the 2-phase Blackstone model, the estimated hazard for the early phase is effectively

non-existent, so the constant hazard phase is prominent over the entire study period.

virtually equivalent to an exponential regression model, and constituting a poor fit.

Estimates of the coefficients of treatment and structural parameters, and gOo<lnes

of-fit statistics for the full models are included in Table 2.2; although not listed, the

fitted models included both treatment (X) and the other 5 covariates (Z). With

the incorporation of several covariates, some continuous, the 88 statistic becomes

untenable; however, as an ad hoc measure, we present 88 from the fit including only

the treatment effect.
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Table 2.2: Parameter estimates for treatment effect for models fit to the Veteran's Administration !'>:l
Lung Cancer trial. Log-likelihood, AIC (where applicable) and the number of parameters estimated

~are also included.
:Model

"Model
Effect of Treatment Structural AIC SSI ~

~

Class Early Late Parameter (# Parameters) >;-;
'V

Single 0.25 Same as
1451 (10)

0.25 ~
Weibull (-0.12, 0.68) Early Cf}

Standard t!J

Cox
0.30 Same as

NA (8)
0.18

~(-0.11, 0.70) Early

Weibull
0.11 0.30 T =36 Days

1457 (14)
0.092 ~

Changepoint (-0.79, 0.93) (-0.85, 0.96) (21, 140) ~
t:J

(2-Segments)
Cox

-0.085 0.48 T =42 Days
NA (10)

0.25 ~
(-0.85,0.80) (-1.10, 1.28) (21, 162) 0

t:J
\Veibull

5.27 0.014 ir = 0.098
1401 (14)

0.081 t!J
Mixture (1.74,8.24) (-0.68, 0.47) (0.027, 0.23)

t""
Cf}

(2-Component)
Blackstone

15.9 t l / 2 = 0 Days
-153550 (16)

0.62
(1.89, 28.7) (0, 0)

51
0.47 Same as

1489 (14)
0.24

Spline (-0.08, 0.97) Early
52 Figure 2.6 Figure 2.6 1459 (18) 0.088

1 SS calculated only for the model including X, not the full model including all covariates.
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Clearly the standard \Veibull and Cox models provide a very poor fit to the data,

consistent with descriptions of other authors. The segmented \Veibull provides a

superior fit to the segmented Cox and as in the CABG analysis, the segmented Cox

model is somewhat unstable and gives very wide confidence intervals for all parameter

estimates. While both segmented models yield an estimated changepoint, there is

no significant difference in shape parameters, or treatment effects between the two

segments; note the overlap of the confidence intervals for the early and late treatment

effects in both models. The 51 spline model is comparable to the standard Cox model,

as for the CABG analysis. The 2-component Weibull mixture provides an excellent

fit, with 14 parameters estimated and is the only model to distinguish early from

late response to treatment. The early effect is consistent with the time-dependent

covariate effect estimated from the spline model 52 shown in Figure 2.6.

For the constant covariates (Z), all models identified a significantly increased risk

of failure for the adeno cell type compared to the large cell type, and a significantly

reduced risk for increasing values of the Karnofsky Performance Status score. In

addition, the 2-component Weibull latent-mixture model and the spline model 52

detected an increased risk for the small cell type in comparison to the large cell while

this covariate is non-significant in all other models.

In contrast to the CABG analysis of the preceding section, the superior fit of the

latent mixture model suggests the existence of unobservable sub-groups with differing

hazards which cannot be accommodated by the changepoint models. The presence of

latent sub-groups is not unexpected given the wide-spread use of cure-rate models in

cancer research. However, as opposed to designating individuals as cured, the sub

groups in this analysis could be interpreted as responders and non-responders since

the treatment effect is so dramatically different in the two sub-groups.

2.3 Simulation Studies

Simulation studies were conducted to investigate the performance of the estimation

routines for the special case of a 2-segment (l-changepoint) Weibull model and 2

component Weibull latent mixture model. Very different covariate effects in the 2
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segments or components were considered in a 3x3 factorial experiment with the factors

being sample size at levels n = 100.500. 1000 and amount of censoring with the percent

censored observations being 0% 25% and 50%. The censoring mechanism used mimics

that of a clinical trial as described by Gehan and Thomas (1969). A binary regressor

variable was included and could be considered a treatment group indicator with half

of all individuals assigned to each treatment. The levels of censoring were chosen

to provide a spectrum of common censoring conditions in small and mid-si7:ed, well

conducted administrative studies or clinical trials. Under each set of conditions. and

for each model, 5000 data sets were generated.

Different values were considered for the changepoint model parameters for the

first segment (B l , (310 (intercept term), /311 (treatment effect)), second segment (B2 ,

/320, /32d and the changepoint T. Reported here are results for parameters which

mimic individuals exposed to two treatments following which there is a high risk of

short-term failure up to some recovery time, or changepoint T. In the simulation

study, prior to the changepoint, one treatment is superior to the other (/311 = 1.5) but

following the changepoint, it becomes somewhat inferior (/321 = -0.5) and the risk of

failure is overall much lower following the changepoint in both groups. The resulting

shape of the survivor curves is similar to that of the CAB data analyzed in Section 3.

The changepoint, T, was chosen so that, on average, 80% of the lifetimes would occur

prior to the changepoint.

Figure 2.7 shows the average estimated SurVIVor function for the changepoint

model under several sample size and censoring conditions. Also included on each plot

are the average Kaplan-Meier (KM) survivor estimate and the true survivor curve.

The plot also displays the average survivor function from fits of a single Weibull model.

In each plot there are two curves for each model corresponding to the two treatment

groups. Convergence in all conditions was higher than 99%.

With no censoring, the KM, model-based estimates and true curves are almost

co-incident in all sample-size scenarios. In all sample-size and censoring conditions,

the estimated model closely follows the KM curve. However, as the level of censoring

increases, the bias of the estimated curves becomes clear. It should be noted however,

the largest percent bias of the model-based and Kl'vl estimated survivor functions
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are almost identical for any scenario considered: the mean value of the difference in

maximum percent bias over the 5000 runs is less than 0.00001. Under none of the

conditions does the single Weibull approximate the sharp curve near the change point,

or the flattening of the survivor curve following the change-point.

Table 2.3 lists the average percent bias and the MSE of the estimates under these

sample size and censoring conditions. The increase in bias with increasing censoring

and smaller sample sizes is clear, but is most pronounced in the estimated covari

ate effect in the second Weibull segment. This is directly related to the censoring

mechanism and the number of events occurring in each treatment arm following the

change-point. As described above, only 20% of observations occured following the

change-point, which, under high censoring conditions, yields very few lifetimes follow

ing T in each strata. As the sample size increases to 500 or 1000, there are sufficient

events following T to provide good estimates of the parameters in the second segment

and the bias of the estimates of (31l and (321 are similar. Under type I censoring,

the bias of the parameter estimates of the second segment increases as the censor

ing time approaches T, while the bias of the estimates of the first component remain

unchanged. The bias and 1\1SE of the changepoint is minimal « 5% in all cases).

Simulations utilizing different parameter values exhibited similar patterns of bias

and MSE, except those concerning T. As one might expect, in situations where the

two segments of the changepoint model are very similar (ie: there is little or no elbow),

the variability of the estimate of T increases dramatically.

Different values were considered for the latent mixture model parameters for the

first component (01 , (310 (intercept term), (31l (treatment effect)), second component

(02 , (320, (32d and the mixing probability p. Reported here are simulations where

the covariate effect is different in each component of the model. This provides a

contrast with the sorts of shapes which are offered by the changepoint model, but are

somewhat similar to the Veterans Lung Cancer Trial. In one component, individuals

are harmed by the 'treatment' and are likely to fail early ((31l = -1.5), while in the

other component individuals receive a benefit from the treatment ((321 = 2) and are

likely to fail later. The mixing parameter was selected so that, on average, 25% of the

lifetimes would be generated from the first component and be subjected to a higher
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initial risk of failure.

Figure 2.8 shows the average estimated survivor function for the latent mixture

model under several sample size and censoring conditions. Also included on each plot

are the average Kaplan-Meier (KM) survivor estimate and true survivor curve as well

as the fits from a single Weibull. In each plot there are two curves for each model

corresponding to the two treatment groups.

Similarly to the changepoint model, the estimated survival from the latent mixture

model is close to the mean KM survival. Also, Table 2.4 shows that as the censoring

increases, the bias increases slightly but not as dramatically as in the changepoint

model. This is likely because censoring is not differentially affecting different ranges

and strata of the data.



CHAPTER 2. MULTI-PHASE HAZARD MODELS

0.8

0.6

0.4

0.2

0.8

0.6

0.4

0.2

~; .....
~..:~: .....

Censorin =50%

4

39

0.8

0.6

0.4

0.2

Estimated
True

Time
KM
Single

Figure 2.8: True survivor function of data generated from a 2-component latent
mixture model with average estimated survivor, KM and single-Weibull survivor func
tions from 5000 simulation runs.



@
~
'V

Table 2.3: Simulation results for fitting the 2-segment vVeibull (changepoint) model under various ~
~

censoring and sample sizes. ~

Parameter: 01 f310 ;311 O2 f320 f321 T
?

True Values: 2 -0.1 1.5 1.5 -1 -0.5 0.91 '"'"
N % Censoring Percent Bias ~

'-3
100 0% -0.031 0.34 -0.006 -0.23 -0.39 1.95 0.015 'I'

'V
25% -0.068 -1.13 -0.055 -0.34 -0.68 0.32 0.021

~50% -0.12 -3.68 -0.14 -0.53 -1.11 -2.68 0.026
~500 0% -0.007 0.08 -0.002 -0.043 -0.078 0.12 0.003

25% -0.038 -1.49 -0.051 -0.10 -0.28 0.024 0.007 ~
50% -0.082 -3.97 -0.12 -0.19 -0.63 -0.37 0.011 ~

1000 0% -0.003 0.03 -0.001 -0.022 -0.039 0.042 0.001 ~
0

25% -0.033 -1.54 -0.049 -0.074 -0.24 0.006 0.002
~

50% -0.074 -4.04 -0.11 -0.15 -0.56 -0.07 0.005 a
N % Censoring MSE 0

~100 0% 0.045 0.041 0.064 0.41 0.65 8.9 0.002 Cf)

25% 0.076 0.07 0.093 0.77 1.37 24.48 0.002
50% 0.16 0.22 0.18 1.53 3.04 49.91 0.003

500 0% 0.008 0.008 0.013 0.049 0.095 0.21 0.000
25% 0.017 0.033 0.023 0.082 0.19 0.47 0.000
50% 0.043 0.17 0.056 0.18 0.56 2.90 0.001

1000 0% 0.004 0.004 0.006 0.022 0.044 0.075 0.000
25% 0.009 0.029 0.014 0.041 0.11 0.10 0.000
50% 0.03 0.17 0.042 0.093 0.39 0.23 0.000
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Table 2.4: Simulation results for fitting the 2-component \Veibulllatent mixture model under various ~
~

censoring and sample sizes. N
Parameter: 01 (310 (311 O2 (320 /321 7r

>-
True Values: 2 3 1 2 -1.5 -1.5 0.25 ""'"

N % Censoring Percent Bias 8
:j

100 0% -0.14 -0.039 -0.17 -0.13 -0.042 -0.036 -0.032 I

'V
25% -0.24 -0.076 -0.03 -0.20 -0.12 -0.09 0.16

~50% -0.61 -0.16 -0.87 -0.52 -0.31 -0.17 0.38 CfJ

500 0% -0.021 -0.006 -0.026 -0.019 -0.005 -0.006 -0.004 tlJ

25% -0.043 -0.037 -0.043 -0.03 -0.09 -0.044 0.18 ~
50% -0.084 -0.085 -0.093 -0.052 -0.23 -0.11 0.40 ~

1000 0% -0.01 -0.003 -0.009 -0.011 -0.003 -0.003 -0.004 ~
t:l

25% -0.03 -0.033 -0.031 -0.015 -0.085 -0.041 0.18
~

50% -0.055 -0.08 -0.058 -0.026 -0.23 -0.097 0.40 0
N % Censoring IvISE t:l

~100 0% 0.40 0.16 0.83 0.91 0.124 0.092 0.004 CfJ

25% 1.41 0.25 1.81 2.34 0.19 0.15 0.005
50% 29.75 0.51 44.34 17.63 0.46 0.25 0.012

500 0% 0.037 0.023 0.101 0.107 0.019 0.015 0.001
25% 0.058 0.044 0.14 0.14 0.044 0.026 0.003
50% 0.12 0.11 0.24 0.24 0.15 0.056 0.011

1000 0% 0.017 0.011 0.045 0.047 0.01 0.008 0.000
25% 0.026 0.024 0.063 0.065 0.028 0.014 0.002
50% 0.05 0.079 0.10 0.10 0.13 0.036 0.01
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The spline model 52 represents a flexible, empirical, choice for modeling data arising

from a hazard composed of multiple phases, a time-dependent covariate effect, or a

mixture of latent sub-groups. The model is not necessarily parsimonious, however,

and may not permit inference on important features of an underlying mechanism such

as mixing probabilities or changepoints. Further, although the spline-based modeling

of a covariate effect provides an interesting graphical representation of changes in

an effect over time, it does not enable straightforward inference for identifying a

significant effect. As noted by Grambsch and Therneau (1994), with a Cox model,

studies usually have barely enough power to reject the hypothesis of no treatment

effect, let alone test that the vector of basis function coefficients are non-zero. Though

we have shown that parameters for such complex spline models can be easily estimated

with a moderately small sample size (n=137), in a practical setting, the utility of this

model may be greatest for exploratory purposes.

Both the segmented models and the latent mixture models were shown to provide

good fit to one of the two data sets. Parameters can be easily interpreted in the context

of a clinical research application, inference is straightforward, and both reveal some

information regarding the underlying mechanism affecting survival. For example, in

the analysis of the CABG data it is unlikely that there are latent sub-groups. Instead,

there is a prominent changepoint indicative of a phase of short-term increased risk

of mortality common to all subjects, combined with phases of differential effects of

gender. This assertion is consistent with the excellent fit of the Blackstone mixture

model, despite the poor fit of the latent mixture model. Since the phases of the

Blackstone model diminish in prominence, it is applicable in situations of distinct

phases similar to the changepoint models. The advantages of a pure changepoint

model are the straightforward inference on T and the flexibility to alter the number

of phases and complexity of the shapes in each segment.

In the analysis of the lung cancer data, the opposite is true. Following enroll

ment into the trial, there is no significant changepoint impacting all subjects, or even

treated subjects. However, the differential treatment effect identified by the mixture



CHAPTER 2. MULTI-PHASE HAZARD MODELS 43

model does indicate that there may be up to about 20% of individuals who responded

very poorly to treatment; leaving the remaining majority with a survival experience

comparable to controls. Such nuanced interpretations would not be implied by the

more empiricaL though well fitting, 52 spline modeL

Figure 2.9 further illustrates comparisons of an underlying hazard based on a

changepoint versus mixture mechanism. Panel A displays the survival curves for data

generated from a two-component Weibulliatent mixture model with a single covariate

(eg: treatment / control) effect which varies over the components. The horizontal line

represents the mixing probability for the two components. Kaplan-Meier curves for

the treatment and control groups are displayed. Clearly these shapes are inconsis

tent with a changepoint modeL However, if we stratify by treatment, changepoint

models fitted to each treatment stratum separately may well provide reasonable fits

to this mixture modeL The vertical lines represent estimated changepoints from fit

ting stratum-specific two-segment Weibull models. Similarly, panel B displays data

generated from a two-segment Weibull changepoint model with a single covariate

(treatment/control) whose effect varies over segments. The vertical line represents

the changepoint. Here, again, Kaplan-Meier curves for the treatment and control

groups are illustrated. Approximating this by a mixture model requires that the

same proportion of individuals be highly susceptible to early failure in both groups,

which does not hold here. However, separate mixture models fitted to each of the

treatment and control strata provide reasonable approximations to this data; the hor

izontal lines represent estimates of the mixing probabilities from such a fit. In the

CABG analysis, for example, one could fit separate latent mixture models for each

gender and achieve an excellent fit, but the resulting model would not be parsimo

nious and would not enable direct comparison of the effect of gender, as possible in

the changepoint, spline or Blackstone mixture models. It is also important to note,

however, that the Kaplan-Meier plots do not provide accurate insight into choice of

mixture or changepoint modeL Fitting a variety of models with Kaplan-Meier plots

stratified over key variables of interest is recommended.
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Several multi-phase hazard models to address non-proportional hazards arising from

a time-dependent covariate effect or the existence of latent subgroups have been pre

sented. Straightforward estimation procedures accessible to intermediate users of R

were outlined and the models were illustrated by fitting to survival following cardiac

bypass and treatment in a cancer clinical trial. Head-to-head comparisons of change

point, spline and discrete mixture models revealed distinctions between the models

and exemplified the value in exploring of alternative classes of models.



Chapter 3

Variable Changepoint Model

The changepoint (CP) model introduced in Chapter 2 assumed a proportional hazards

formulation in non-overlapping segments with the hazard shifting at one or more

changepoints, and with constant covariate effects between those changepoints. This

chapter describes an extension to the CP model in which the changepoint(s) are

influenced by covariates; this is termed the Variable Changepoint (VCP) model. The

VCP model permits investigation of additional scientific questions related to sample

heterogeneity.

Details of the VCP model are provided in Section 3.1. In Section 3.2, we con

trast by simulation investigations, the performance of the VCP and CP models under

exponential and \t\Teibull parameterizations. Section 3.3 applies a VCP model to the

CABG dataset and provides parameter interpretations. The chapter ends with a brief

discussion in Section 3.4.

3.1 Model

The changepoint (CP) model relies upon a vector of changepoints, T, specifying phases

of differential risk common to all individuals. For proportional hazards in each of K +1

segments (ie: K changepoints), this is written as:

46
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K+l
L Ak[tIX; (1k, ,6k]I(Tk-l < t :::; Tk)
k=1

K+l
L (Ao[t; (1k]e X ',Bk) I(Tk-l < t :::; Tk)
k=1

(3.1 )

where Ao is some baseline hazard function, X is a p x n matrix of covariate values,

fh are parameters specifying the baseline hazard function in the k th segment, ,6k is

a p x 1 vector of coefficients specifying covariate effects in the kth segment, I is an

indicator function, and 7" is a (K + 2) x 1 vector of changepoints TO, Tl, .... TK. TK+l'

with To = 0 and TK+l = 00.

A variable changepoint (YCP) model increases flexibility by permitting groups

of individuals to have different changepoints. For example, individuals undergoing

surgery at one hospital may have a longer post-operative recovery phase than indi

viduals at another hospital.

A CP model with K changepoints, 7", is extended to a YCP model involving K

changepoints in each of Ai groups by including an indicator vector Wand a matrix

of offsets, TJ, from the base changepoints. This is expressed as

Avcp[tIX, W; (J,,6, 7", TJ] = Acp[tIX;,6, (J, 7" + TJW] (3.2)

where Acp and 7" are as in (3.1), W is a (A1 - 1) x 1 vector indicating group mem

bership, and TJ is a (K + 2) x (A1 - 1) matrix where the m th column defines offsets

from 7" for the m th group.

For the special case of a single changepoint (K = 1) and two groups (A1 = 2) we

have 7" = (TO, Tl' T2) = (0, T, (0), TJ = (Tlo, T/J, Tl2) = (0. TI, 0), and W E {O, I} so (3.2)

becomes
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Avcp[tIX, l-'V; 0, {3, 7, 1]]

2

L (AO[t: Bk]e
X/

,I3k) !(Tk-l + 71k-l lV < t ;; Tk + 17k lV )
k=l

AO[t; BdeX/ ,I31!(t ::; T) + AO[t; B2]eX/ ,I32!(t > T)

for HT = a (group 1)

AO[t; Bdex/,I31!(t ::; T + 17) + AO[t; B2 ]e X/ ,I32!(t > T + 17)

for HT = 1 (group 2).

It may be helpful to reiterate that while H/ distinguishes groups with different

changepoints, the covariate effects {3 are the same in these groups. As stated earlier,

this situation could represent patients at two hospitals each with a different duration

of a post-operative recovery phase but with the covariate X having the same effect

in each phase within hospital; this might be appropriate, for example, if the effect of

the covariate has a biological underpinning that would not differ between hospitals.

An alternate, but potentially useful situation would be when the mean effect of a

treatment is the same for different groups of individuals, but one group takes longer

to experience the full benefit of treatment than the other.

Estimation is performed using the procedure similar to that described in Section

2.1.1. For a small number of changepoints, K, and a small number of groups, !'vi, a

profile-likelihood method,. with a K x (!'vi - 1) element grid search of candidates 7 and

1], can be implemented. This method quickly becomes computationally prohibitive for

more changepoints and groups. Extensions to the thesis to improve these estimation

procedures will be considered in future work. If large numbers of observations are

available for each group, separate changepoint models may be constructed by group.

This also permits an investigation of differences in covariate effects over groups. Here,

again, resampling techniques are used to estimate standard errors of all parameters.
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3.2 Comparison of VCP and CP models
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This section contains simulation studies evaluating the performance of two parametric

specifications of the VCP where the failure times within segments are exponentially

and Weibull distributed. The bias and MSE of estimated regression coefficients and

changepoints are evaluated and contrasted with those obtained from fitting CP mod

els.

All simulations involve data generated from a VCP model with two groups, each

with a single changepoint and a single binary covariate X with coefficients ,611 and

,621 in the first and second segment respectively.

3.2.1 Exponential Parameterization

Data were generated from an exponential VCP model with Ak(t) as exp [,6ko + ,6klX],

K = 1 and A1 = 2. True values of parameters were assigned as follows: ,610 =

0.5,,611 = 1,,620 = 0.1,{121 = -0.1,T = 0.21 and T/ as listed below. Censoring times

were generated as a minimum of an independent censoring process and an upper limit

on observation time set at 2 time units, with the parameters for the independent

exponential censoring process set to achieve an overall level of censoring as listed

below. Three scenarios were examined:

• 81 (Exponential Simulation 1): 10% censoring, T/ = -0.14,

• 82 (Exponential Simulation 2): 40% censoring, T/ = -0.14,

• S3 (Exponential Simulation 3): 20% censoring, T/ = O.

In each scenario, 300 datasets were generated, each of which included 500 individuals

allocated equally amongst the four combinations of groups (lV = 0, 1) and covariate

values (X = 0.1).

Four models were fit to each of the generated datasets: the exponential VCP

model, separate exponential CP models for groups 1 and 2, denoted CP(1) and CP(2)

respectively, and the exponential CP to both groups combined, ignoring W, denoted

CP (1+2).
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As an illustration, and to provide a more concrete understanding of the parameter

settings, Figure 3.1 displays the true survival curves for the two groups (Group 1:

VV = 0 and Group 2: IF = 1) respectively. Note that the difference in survival curves

for Group 1 and Group 2 results only from a difference in changepoints.

Figures 3.2 - 3.4 contain boxplots of regression and changepoint parameter es

timates for SI, S2, and S3 respectively with MSEs listed above each boxplot, as

appropriate. In all three scenarios, the VCP model demonstrates the lowest MSE for

the regression parameters and substantially superior precision in estimating change

points. S3, with 7] = 0, is not a VCP model since both groups are subject to the

same changepoint, but the use of a VCP model results in MSEs very close to those

obtained from correctly fitting the CP model. However, as demonstrated in the final

panel of Figure 3.4, the two changepoints estimated by the VCP model would almost

certainly be close enough to suggest that the analyst fit the CP model. The most

dramatic element of these figures is the large variability of the estimate of T obtained

from the CP(I+2) model; since the combined data are composed of two groups with

two changepoints, the CP(1 + 2) model sometimes finds the early changepoint and the

late one. As well, the estimates of 1321 from CP(1 +2) are generally on target, while

those of 1311 exhibit some bias, likely because the estimate of 1311 is more strongly

influenced by the poorly estimated changepoints in CP(I+2).

3.2.2 Weibull Parameterization

Data were generated from a Weibull VCP model with K = 1, ]vI = 2, and

(1 - lV) {Olt(heX(311 I(t :s; T) + 02t(heXfhl I(t > T)} +
IF {ollheX(311 I(t :s; T + 7]) + 02t(heX(321 I(t > T + 7])} .

True values of parameters were assigned as follows: 01 = 1.1, O2 = 0.9,1311 = 1, {-hI =
-0.2, T = 0.45 and 7] = -0.31. Observations were censored using the same mechanism

as for the exponential parameterization in Section 3.2.1.
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Figure 3.1: True survival curves using the parameter settings for simulation 81 for
the two groups and two covariate values.



CHAPTER 3. VARIABLE CHANGEPOINT MODEL 52

Estimates of't

CP(11 CP(2) CP(1+2) VCP(1) VCP(2)

5e-04 2e-04 5e-04 1e-04

-- ----
C::::J Lr:o--

-- --
==

-- -'- --

Estimates of ~1 1 Estimates of ~21

0.05 0.132 0.05 0.034 0.054 0.027 0.023 0.018 ~

~ :l
~

~
~

:;
~

~

;;

:l
0

-'- ~ ;;
y

-'- -- ~:;

CP(1) CP(2) CPI,·Zj VCP CP(1) CP(2) CP(1+2) VCP

Figure 3.2: Exponential Simulation 1 parameter estimates from 300 simulated
datasets; MSE listed above the boxplot for each fitted model as appropriate. In
the right-hand panel, VCP(l) and VCP(2) indicate the distribution of T and T + 'fJ
respectively.

Estimates of ~11 Estimates of ~2'

0.087 0.311 0.073 0.059 CHl84 0.044 0.036 0.03
..; ::

--
d::i I

~ :; :;
~

~ :l
~

~

:: "
f

:;
CP(1) CP(2) CP(1+2) VCP CP(1) CP(2) CP(1+2) VCP

Estimates of't

0.0012 0.0011 0.0011 3e-04

-- --

==
EJ~~--

-- --
-- -- --

CP(1) CP(2) CP(1+2) VCP(1) VCP(2)

Figure 3.3: Exponential Simulation 2 parameter estimates from 300 simulated
datasets; MSE listed above the boxplot for each fitted model as appropriate. In
the right-hand panel, VCP(l) and VCP(2) indicate the distribution of T and T + 'fJ
respectively.
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Using the above settings. with overall censoring set to achieve 10%. 300 simulated

data sets were generated each with a total sample size of 500, with equal allocation

of individuals across the four combinations of groups (nT = 0, 1) and covariate values

(X = 0, 1). Figure 3.5 displays the true survival curves for the two groups (Group 1:

l¥ = °and Group 2: l¥ = 1) respectively.

Five models fit to each data set including the Weibull VCP, and three Weibull

CP (CP(l), CP(2) and CP(1+2)) models. In addition, a \\,'eibull CP model with

the grouping variable TV included as a covariate and with the effects of this covariate

being the same over segments, was fit; this is denoted CP(1+2 & W).

Boxplots of the 300 estimates of (311, (321, and T from the fit of each of the five

models as well as the estimate of T +'1 from the fit of the VCP are presented in Figure

3.6 with MSEs listed above the boxplots as appropriate. As in the exponential case,

the VCP estimates of regression coefficients have the lowest MSE. Estimates from

CP( 1+ 2) and CP (1 + 2 & W) displayed bias, especially for (311. In contrast to the

results from the exponential parameterization, the MSE of the Weibull VCP estimates

of T and T+Tl are substantially higher than the Weibull CP(l) and CP(2) models with

several outlying values of estimates of these changepoints being observed. This may,

in part, be due to the more prominent curvature of the Weibull distribution which

may lead to additional variability in estimating the changepoint in the analysis of the

combined groups.

In summary, the use of the VCP model provides more efficient estimates of regres

sion parameters than separate analyses over groups with no tradeoffs apparent when

CP is the true model.

3.3 Application to the CABG data

The CABG data introduced in Chapter 2 is a natural application of the VCP model

and affords an opportunity for investigating incorporation of variable changepoints in

one of two ways. Consider the evolution of CABG surgery and post-operative care

over time. It is possible, over time, that the acute phase itself has become shorter.

This implies that subjects were at risk of post-operative mortality for a longer period
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of time ill 1991 than they would be in 2005. An alternate application of the VCP

could be to accommodate differing durations of the acute post-operative care phase

at different levels of a covariate called P. III this sense. there are some categories of P

where the risk of post-operative mortality is shorter compared to others.

As part of the investigation into the application of the VCP model in both of these

settings, Weibull CP models were applied to the CABG data with groups defined by

either year in which a surgery was performed or a second categorical variable with

4 levels called variable P, with changepoints estimated separately in these groups.

Figure 3.7 shows the resulting estimated changepoints for each year from 1991 through

2005. There is some variability from year to year; estimated changepoints range

from 4 to 45 days and there does not appear to be a prominent decline over time.

The estimated slope of weighted and unweighted (by deaths) regression lines, while

negative, are not significant (even after removing 2001). While the risk of death

following surgery may have declined over time, there is no evidence that the duration

of the post-operative recovery has been reduced.

Table 3.1 shows the estimated changepoints for each of the fou'r levels of P in

the registry. The variability is not as high as for year, but there does appear to be a

substantial difference in the changepoints for P = 1 or 2 versus P = 3 or 4. Categories

1 and 2 correspond to low values of P which are quite distinct from categories 3 and

4 which correspond to high values of P.

A VCP model with K = 1 and J1v1 = 2 was fit with the grouping variable W

representing categories P = 1 and 2 combined (Hl = 0) versus P = 3 and 4

combined (W = 1) and the covariate X representing gender. Parameter estimates

are provided in Table 3.2 accompanied by the results of the Weibull CP fit from

Chapter 2. The parameter estimates from the VCP model are similar to those from

the CP model, but with narrower confidence intervals. Further, the fitted VCP model

distinguishes changepoints for the two W groups clearly indicating that the duration

of the high-risk post-operative recovery phase is more than 1 week shorter for P = 1

and 2.
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Figure 3.4: Exponential Simulation 3 parameter estimates from 300 simulated
datasets; MSE listed above the boxplot for each fitted model. In the right-hand
panel, VCP(l) and VCP(2) indicate the distribution of rand r + 7J respectively.

P Estimated Changepoint
1 18 Days
2 17 Days
3 29 Days
4 24 Days

Table 3.1: Estimated Changepoints from CP models for each level of P in the CABG
dataset.
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Figure 3.5: True survival curves using the parameter settings for the Weibull simula
tion for the two groups and two covariate values.
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Figure 3.6: Weibull simulation parameter estimates from 300 simulated datasets; MSE
listed above the boxplot for each fitted model where appropriate. In the right-hand
panel, VCP(l) and VCP(2) indicate the distribution of T and T + 'fJ respectively.
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CP Model VCP Model
Parameter Estimate Estimate

(95% CI) (95% CI)

Gender
Early 0.66 0.66

(0.55, 0.77) (0.61, 0.69)

Late 0.18 0.16
(0.07, 0.28) (0.10, 0.23)

58

Changepoint (s) 26 Days
(22, 30)

Group 1: 18 Days
(16, 19)

Group 2: 27 Days
(25, 28)

Table 3.2: Parameter estimates (and 95% CIs) for the changepoints and the effect
of gender for single changepoint Weibull CP and a 2-group Weibull VCP fits to the
CABG data with the VCP model with groups defined as Group 1 (\\1 = 0), P = 1 or
2 and Group 2 (W = 1), P = 3 or 4.
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3.4 Discussion and Context
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The simulation studies demonstrated the utility of the VCP model in terms of effi

ciency and parsimony compared with simple CP regression. For more heterogenous

samples, such as studies involving multiple clinical centers, the VCP enables ad

ditional examination of the heterogeneity while enabling simultaneous estimation of

regression coefficients influencing all individuals. Further work is necessary to develop

computationally efficient algorithms for handling more complex models.

3.5 Contributions

This chapter described a novel model to permit groups of individuals to be mod

eled with different changepoints. An estimation method using profile-likelihood and a

grid-search was shown to provide acceptable estimates for a small number of change

points and groups. Application to a dataset showed that by modeling additional

changepoints, more precise estimates of other parameters could be achieved.
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Linear Regression
~ Linear Regression Weighted by

# deaths for surgeries in that year
o Est'd Changepoints
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Figure 3.7: Estimated changepoints for individuals undergoing surgery by year in the
CABG dataset.



Chapter 4

Overview of Joint Models

Relationships between longitudinal outcomes and the time-to-events outcomes are

becoming more prominent in most areas of research. In particular, the search for

surrogates and biomarkers in medical research motivates the use of effective models

for understanding the complex mechanisms underlying both the biomarker and the

event-process and their response to treatment. The literature is rich in methodological

research for joint models of longitudinal and time-to-event data, but practical applica

tion of these models has lagged. Though still a relatively new and evolving field, joint

modeling of longitudinal and time-to-event data has nonetheless been the subject of

many review papers and book chapters. This chapter will provide an overview of the

field, taking a somewhat more pragmatic view of the topic. Key here will be evalu

ating the utility of joint models with particular attention to underlying assumptions

and parameter interpretation, specifically the time-dependent effect of treatment.

Section 4.1 provides an overview of joint modeling review papers. Notation used

throughout this chapter is provided in Section 4.2. An overview of the topic including

scientific motivation, common modeling strategies and a review of assumptions is

provided in Section 4.3 followed by a description of alternative approaches in Section

4.4. Strategies for estimation and inference are provided in Section 4.5. A motivating

example demonstrating the utility of joint models ends the chapter.

61
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4.1 Joint Modeling Reviews in the Literature

62

While not yet considered a standard modeling technique in most areas of application,

joint models for longitudinal and time-to-event data have been the topic of numerous

research publications and several excellent review papers. It should be noted that

there is a substantial amount of cross-over between the methods for inference in a

joint model and for inference in a longitudinal model with informative missingness.

For example, Little (1993, 1995) and Ibrahim and .tvIolenberghs (2009) provide out

standing reviews of methods to deal with missing data or informative dropout and

yet are distinct from those described in this section which focus on joint modeling

more generically. The distinction lies in the scientific intent of the analysis. Rather

than considering the nuisance of missingness in a longitudinal data analysis setting 

the utility and importance of which is clear - the focus here will be inference on ei

ther the time-to-event distribution or the link between longitudinal and time-to-event

outcomes.

Perhaps the earliest comprehensive review of joint modeling of longitudinal and

time-to-event data is Tsiatis and Davidian (2004). With clear and uncomplicated def

initions and notation, the authors provide basic and generic model definitions along

with numerous citations for their development and subsequent extensions. Unique

to this paper is the thought-provoking philosophical discussion on the mechanistic

underpinnings of various models. In particular, the authors provide a thorough dis

cussion of surrogacy and ·the utility of joint modeling in evaluating surrogates in a

medical setting. Another unique element is the mathematical derivation of the as

sumptions necessary for the most common joint models. This derivation forms the

basis of concise statements of these assumptions which are missing in many publi

cations; the need for which is echoed throughout subsequent review papers. The

authors close with a comparison of computationally simpler robust inference tech

niques which, while reducing the assumptions necessary for inference, are somewhat

lessened in importance with recent computational advances which make likelihood

based approaches tractable. The paper does not include a data analysis, but does

provide extensive analysis of simulated data based on an HIV treatment trial.



CHAPTER 4. OVERVIEVV OF JOINT AJODELS 63

In a more recent paper. Diggle et al. (2008a) provide an overview of modeling

strategies, several examples and a thorough data analysis. The authors provide excel

lent descriptions of three datasets, justifying the use of a joint model by describing the

distinct scientific objectives of each case; adjusting for informative dropout, including

longitudinal covariates as auxiliary information in cases of heavy censoring, and using

the framework for understanding a biological mechanism. As well, a general overview

of approaches and a comparison of their strengths and weaknesses is provided. Fi

nally, the authors provide a detailed description of an analysis of a dataset involving

informative dropout including diagnostic plots and considerations.

In a different paper, Diggle et al. (2008b) provides a review of joint modeling

for longitudinal and time-to-event outcomes. The authors provide a thorough review

of the literature, a similar but updated version of that provided in the Tsiatis and

Davidian (2004) paper. Particularly helpful to those new to the field might be the

well-written description of maximum likelihood estimation using the EM-algorithm

including an elementary explanation of the non-trivial E-step. As with the other re

view paper co-authored by Peter Diggle, this article includes an extremely detailed

description of an application; an investigation into dependent censoring in a liver cir

rhosis trial. The article closes with an excellent summary cautiously encouraging the

proliferation of joint models with adequate justification of the veracity of assump

tions. A thorough review with excellent attention to detail, the paper serves as a

good introduction for those experienced in longitudinal data analysis.

Wu (2010) focuses on mixed-effects approaches and provides a nice overview of

methods for likelihood-based methods including MCMC within EM and Laplace ap

proximation. Additional concepts addressed are interval-censored survival data, clus

tered survival data, missing data, and dealing with measurement error.

Ibrahim et al. (2010) provides a non-technical description of an application of

joint modeling techniques for a cancer clinical trial with a quality of life outcome.

Though utilizing a simple structure for the effect of treament, the authors support

joint modeling over standard regression models with a revealing simulation study.

In addition to these review papers, Guo and Carlin (2004), Vonesh et al. (2006),

and Rizopoulos (2010), provide summaries of methods utilizing estimation routines
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using PROC NUvIIXED in SAS (Guo et al. and Vonesh et al.) and the Jr\f package

in R (Rizopoulos).

4.2 Notation

Denote the true unknown event-time of individual i as Ti, the censoring time Ci with

the observed event time Ui = min(Ti, Ci) and 6i = I(Ui = Ti) the censoring indicator,

Ci independent of Ti. The random variable Yi(t) represents the longitudinal response

at time t, while the vector Y i = (Yil' ... ,YinJ represents the longitudinal random

variable at the measurement times tij, j = {I, ... , nd where Yij = Yi(tij ). Consider

Y i to be measured on the individuals (ie: internal covariates as in Kalbfleisch and

Prentice (2002)) such that tin; :::; Ui; Xli(t) and X 2i (t) are possibly time-dependent

vectors of covariates influencing the longitudinal variable Yi(t) and time-to-event Ti
respectively. Xli(t) and X 2i (t) mayor may not share elements. Throughout this

chapter, where subscript 'i' is dropped, U and Y will be used to represent time-to

event and longitudinal random variables for any individual.

4.3 Key Elements

This section provides an overview of joint modeling of longitudinal and time-to-event

data. These models are undertaken for three principal reasons:

1. The target of inference is an element of the probability distribution of the longi

tudinal data in the presence of a related drop-out / censoring mechanism which

prevents the longitudinal process from being observed in its entirety;

2. The target of inference is an element of the probability distribution of the time

to-event process and the longitudinally measured variable represents a time

dependent covariate measured with error; or,

3. The joint evolution of longitudinal and failure-time processes (ie: the underly

ing mechanism) or the influence of covariates on the mechanism is of scientific
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In all three of the above cases, it seems clear that incorporation of additional

information should at least result in some bias correction over the naive assumptions

of random drop-out (Objective 1), no error in covariate measures (Objective 2) or the

use of techniques such as last-observation-carried-forward (LOCF) in time-dependent

covariate analyses (Objective 2) (Ye et al., 2008). However, this potentially minor

bias correction comes at the cost of increased computational burden and additional

assumptions.

All joint models for longitudinal and time-to-event data are implicitly based on a

critical assumptions about missingness. Specifically, that while U represents a drop

out (or death) time beyond which Y may not be observed, individual observations

of Yij may be haphazardly missing during the observation period and must be as

sumed to be missing-completely-at-random (MCAR) or perhaps missing-at-random

(MAR). Further, the distribution of observation times tij must be independent of both

the longitudinal process and the time-to-event process. Additionally, models suited

to Objectives 2 and 3 further assume that the censoring mechanism be independent

from the failure time mechanism. These assumptions lie at the heart of joint modeling

(Tsiatis and Davidian, 2004). Alternative approaches include considering the infor

mative censoring mechanism as a competing risk (Elashoff et al., 2008), or explicitly

modeling the event times as another component model (Huang et al., 2011).

This chapter will focus on models related to Objectives 2 and 3; of particular

concern are models where interest centers around the time-to-event model or the

mechanism underlying the events. Often, the specific objectives of such models in

clude individual level prediction of U for censored individuals, identifying factors (eg:

treatments) influencing the distribution of U, or investigating the potential surrogacy

of Y for U.

Henderson et al. (2000) set the following goals for joint models of longitudinal

and time-to-event data: the model should incorporate fixed effects, random effects,

serial correlation, and measurement error in a longitudinal model while permitting

a sufficiently flexible (eg: semi-parametric) time-to-event model including fixed and
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random (frailty) effects. A further idealized model should permit statistical infer

ence on the relationship between the outcomes, if present, and recover independent

(separate) models if no relationship is present.

Virtually all applications related to Objectives 2 and/or 3 have been consistent

with at least a generalized version of Henderson et al. 's goals; flexible component

models combined with inference on the relationship between outcomes. By far the

most commonly applied strategy has been that of conditional independence.

Conditional independence models involve unobservable latent process (es) which

impart the relationship between the longitudinal and time-to-event outcomes. Con

ditioning on this latent process, Y and U are independent. Conceptually, this implies

that Y and U are independent, noisy partial measures of that underlying mechanism.

In a medical setting, the latent process could be considered a patient's underlying,

unknown, health status while Y could be some longitudinally measured biomarker

and U is the time to an event of interest; CD4 counts and time to AIDS progression

for example are both measures of a patient's HIV infection and underlying health

status. Clearly there is a role for these types of joint models in assessing surrogacy

of Y for U as discussed by many authors (Bycott and Taylor, 1998; Henderson et al.,

2002; Taylor and Wang, 2002; Weir and Walley, 2006).

Figure (4.1) contains 4 separate causal diagrams displaying potential relationships

between latent processes and the observable random variables Y and U. Diagrams

a and c represent a direct observable relationship between Y and U modulated by a

latent process. Mathematically this could be expressed as

jy,u(Y, u) jy(y)july(uly)

jy(y).f jUIY,B(U!y, b)jB(b)

where B represents the latent process, often a vector of random effects or a random

process inducing a serial correlation. Diagrams band c represent an unobservable

relationship between Y and U imparted entirely from the latent process(es) and rep

resented mathematically as
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a)

d)

Figure 4.1: Causal ])iagnuns describing a) randOlll TlI'O('('SS B influencing U through Y,
b) random process B influencing hoth rr and Y simultatH'f)llsly, c) random processes
Brr and By influencing rr din'ctly amI through Y, d) correhlted random processes 13('
and By influencing {! and Y directly.
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I !Y,UIB(Y, ulb)!B(b)

I !YIB(ylb )!UIBCulb)!B(b).

Models with different causal paths have different interpretations for similar param

eters. For example, as described in Taylor and Wang (2002), if the longitudinal vari

able Y is in the causal pathway of the time-to-event process or is a very good surrogate,

a coefficient for the treatment covariate in the time-to-event model, !UIY,B (uly, b),

represents only residual treatment effect unexplained by the surrogate. The full effect

oftreatment on survival is comprised of the (indirect) effect through the surrogate and

the residual (direct) effect. If, however, the longitudinal covariate is correlated with

the time-to-event process, but is not on the causal path (eg: unaffected by treatment)

the coefficient for treatment in the time-to-event model, !UIB (ulb) represents the full

treatment effect on survival and the longitudinal covariate can improve estimation of

this parameter by explaining between-subject heterogeneity.

As intimated in Henderson et a1.'s (2008) statement, it is the underlying random

processes which induce the correlation between Y and U. Consider the following

somewhat generic definitions of a linear-mixed model for longitudinal data and a

proportional hazards model for time-ta-event data for the ith individual measured at

(4.1 )

(4.2)

where Y*(tij ) is the true, unobservable, longitudinal process; fij rv N(O, (}£) is mea

surement error; f.1( tij ) is some mean function possibly involving fixed effects and the

covariate values, Xli; X 2i are covariates which mayor may not be the same as Xli;

f3 is the vector of regression coefficients, and B li (t ij ) and B2i (t ij ) are individual-level
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random processes influencing the longitudinal and survival processes respectively. Ex

amples of such random processes include Bli(t) = bli + b2i t, the standard random

intercept and slope model (Laird and Ware, 1982; Wulfsohn and Tsiatis, 1997) or

B li (t) = bli + b2it + Si(t) with Si(t) a stationary Gaussian process inducing serial

correlation (Henderson et al., 2000; Xu and Zeger, 2001) or an integrated Ornstein

Uhlenbeck process (Taylor et al., 1994; Taylor and Law, 1998; Wang and Taylor,

2001) which permits additional heterogeneity and serial correlation. While only a

linear model for Y is considered here, the procedures are directly extendable to non

linear models such as exponential growth/decay (Yu et al., 2008; Wu, 2002; \Vu et al.,

2008) or spline-based multiplicative random-effect models (Ding and Wang, 2008), for

example.

The relationship between the two random processes B li and B2i induces the cor

relation between Y and U. In a random effects conditional independence model a

correlation structure exists for the two processes. For example B(t) = [Bli(t) B2i (t)]

may be a multivariate Gaussian process. Dimensionality of the random effects, and

the resulting correlation structure, increases quickly for even mildly complex struc

tures and can become computationally prohibitive. An alternative, and commonly

applied strategy, is to simply share elements of the processes proportionally.

In a so-called shared parameter model, B 2i is simply proportional to all or at

least parts of B2i (eg: B2i (t) = /Bli(t)), or is a function of components of Bli(t)

(eg: Bli(t) = bli + b2i t and B2i (t) = /lbli + /2b2i)' More examples are described in

Chapter 5. While there are many possible ways to construct B 2i from components of

B li , the model structure is ultimately constrained by this relationship in comparison

to the more flexible but complicated correlated multivariate Gaussian random effects

structure for the joint distribution of these two random components.

The bulk of recent methodological work, and most applications, are based on

conditional-independence, shared parameter models. Even this subset provides a

plethora of modeling choices for many situations. The proliferation of this model

is due in some part to some of the computational advantages that this formulation

offers as described in the next section. As with all modeling choices, however, the

computational tractability of the model comes at the cost of assumptions, not all of
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As described in Diggle et al. (2008a) , there is more than one strategy to construct

joint models of longitudinal and time-to-event data. What might be considered the

classical approach is the multivariate marginal model where a full joint distribution

for Y and U is specified; for example, a multivariate normal model, if U rv logNormal.

While potentially extremely efficient, the strong parametric assumptions inherent in

this model make it untenable in most practical situations.

Conditional models are another important strategy if inference on the distribution

of Y or U is of particular interest. Substantial literature is committed to these for in

vestigating Objective 1 where the goal is appropriately addressing missingness in the

longitudinal data (Ibrahim and Molenberghs, 2(09). Often, authors do not consider

these models as "joint models" per se, since the time-to-event model contains only nui

sance parameters and the parameters of interest are those of the longitudinal model.

These conditional models factor the target density as fy,u(Y, ul') = fy(yl')fuly(uly;')

or fy,u(Y, ul·) = fu(ul·)fYIU(ylu;,) and are known as selection or pattern-mixture

factorizations respectively (Little 1993, 1995). Pattern mixture models can be fit

using standard software but enable only conditional inference on the longitudinal

distribution. Fitting selection models is more computationally intensive, but permit

unconditional inference on the longitudinal data and conditional inference (given the

longitudinal profile) on the the time-to-event distribution. These models can be com

putationally challenging and do not permit unconditional inference on both outcomes

simultaneously and thus are not popular for investigating Objectives 2 and 3.

More recently, authors have proposed latent class models for joint modeling of lon

gitudinal and time-to-event data (Lin et al., 2002; Proust-Lima et al., 2009; Proust

Lima and Taylor, 2(09). Put simply, these models assume a number of latent classes

within which the longitudinal model includes class-specific random effects and the

failure-time distribution has class-specific baseline hazard and covariate effects. Jacqmin

Gadda et al. (2010) have proposed a hypothesis test for the assumption of conditional
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independence given latent classes. There are several advantages to this method, specif

ically that there is a closed form for the likelihood, eliminating the need for complex

numerical integration and taking advantage of closed-form solutions for .rviLEs if they

exist. Since standard software can be utilized to obtain JVILEs within classes, latent

class models present an accessible strategy for creating a joint model if the latent class

proposition is scientifically tractable; often so when dealing with extremely heteroge

neous data.

In some cases a computationally simple non-joint model may be preferred, as

shown in Hanson et a1. (2010). Though note Taylor (2011) identifies concerns re

lated to these models. An example of an effective, non-joint approach is described

by Xiong and Dubin (2010) in which the authors bin longitudinal observations to

create a common time-scale for all outcomes. Computationally efficient and useful

for individual-level prediction, these methods can provide insights into relationships

between the longitudinal and time-to-event outcomes without the more complex mod

eling necessary for direct inference on that relationship.

4.5 Estimation and Inference

The work of Wulfsohn and Tsiatis (1997), Zeng and Cai (2005a), Hsieh et a1. (2006),

and Rizopoulos et a1. (2008) have shown likelihood-based approaches to parame

ter estimation in conditional independence shared parameter models to be tenable;

providing asymptotically consistent estimates, and being somewhat robust to mis

specification of the distribution of random effects. There are, however, still several

variations of the estimation algorithm.

The full likelihood for a conditional independence shared parameter joint model

for longitudinal and time-to-event outcomes can be written as

where 8 = {8y , 8 u , 8 B } is the set of all parameters characterizing the two compo

nent distributions and the distribution of the random process. The integral in (4.3)
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is almost always intractable in practical settings and while direct maximization can

be undertaken, it is computationally intensive; prohibitively so when n is large or B

is high-dimensional.

With the introduction of random effects, the use of the El'vl-algorithm is natural

and results in less complex numerical integration. Diggle et al. (2008b) provide

a thorough description with reference to the initial work by Wulfsohn and Tsiatis

(1997), briefly summarized here, and provided in more detail in Section 5.4. The

ElVI begins with the complete-data likelihood, L e , assuming the random-effects are

observable random variables.

and iterations proceed by assigning starting values 8° = {8~, 8~, 8~}, and calcu

lating the expected value of functions of the random effects, b. At the kth step, this

expected value (E-step) is

[

A (k) ]
EB1y,u lc(8 ) ~ {~ EB,ly,fl, [log fv(Yij Ib" 8~))] }

+t EBiIYi,Ui [log fU(Uilbi, e~))]
i=l

(4.5)

A (k)
where 8 is the lVILE (lVI-step) given expected values of random effects b at the

kth iteration. Note that the conditional independence assumption allows independent
A (k) A (k) A (k)

estimation of 8 y ,8u and 8 B in each lVI-step. This takes advantage of closed-form

maximums if they exist and is computationally more efficient than directly evaluating

(4.4).

There are a number of strategies to approximate the expectations in (4.5). Ri

zopoulos et al. (2010) provides a nice summary of methods including Gauss-Hermite



CHAPTER 4. OVERVIElV OF JOINT MODELS 73

quadrature and a hybrid approach utilizing quadrature and quasi-Newton methods.

\-\Then the dimension of the random effects is large (ie: greater than 3 or 4) the perfor

mance of quadrature may be inadequate and a Laplace approximation has been used

to some effect but only when the sample size is sufficient (Ye et al., 2008; Rizopoulos

et al., 2(09). There are many fully Bayesian approaches as well; consider (Ibrahim

et al., 2004) for a summary.

Other, non-Bayesian, l\lonte Carlo-EM alternatives can be utilized to evaluate

(4.5). Importance sampling has been effectively implemented as in Law et al. (2002).

Rejection sampling can also be effectively utilized while the following description of

:Metropolis-Hastings within Gibbs can also be implemented.

The target integral (4.5) is denoted as Q at the k th iteration of the El'vl algorithm,

and

n

with

where e(k) is the MLE conditional on b at this step; this MLE is often available using

standard optimization procedures or may even have closed form depending on the

choice of fy, fu, and fB. Approximation of the integral then proceeds by sampling

q realizations (bp), ... , b~q)) from the conditional distribution, f(biIYi' Ui, e~)), for

large q, averaging

Qi(818(k)) '" ~t {tIOgjy(Yiilb)'),8~))

+logfu(uilb~r), et))

+logfB(b~r)le~))}
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Unfortunately, sampling from f(biIYi' Ui. e~)) is not straightforward and requires

either a 110nte Carlo procedure such as Gibbs Sampling, Rejection Sampling, Adap

tive Rejection sampling or some hybrid. While any of these should work, the op

timal choice in terms of computational speed may depend on the structure of the

component densities. All of these sampling routines depend on the relationship,

( I (k)) I (k)) (, I (k)) ( I (k))f bi Yi' Ui, Xi, e B ex fY(Yi bi, e y fu Ui bi, e u fB bi e B ,where fy, fu, and

fB are known. Utilizing this, a rejection sampler would proceed as follows:

1. Use standard optimization procedures to determine

T = sUPbi fY(Yilbi' e~))fU(Uilbi'e~;))fB(bile~))

11. Generate v rv U(O, 1) and b rv fB(ble~)) (which is usually a common distribu

tion such as MVN)

If the longitudinal outcome is measured very frequently and the measurement error

is not substantial, using fB(ble~)) to generate candidates may result in extremely

low acceptance probabilities and implementation of an adaptive method as described

in Gilks and Wild (1992) or Evans and Swartz (1998) may be necessary.

Likelihood-based methods utilizing the EM-algorithm for estimation in shared

parameter conditional independence models are pervasive in the literature on joint

models. There are, however, additional methods which do not rely on distributional

assumptions for the random effects. Tsiatis and Davidian (2001) introduced such an

approach with the conditional score method, providing consistent and asymptotically

normal parameter estimates for parameters of the hazard function but this does not

permit inference on the linkage between Y and U. An alternative was presented

by Song et al. (2002) in which only a smoothness assumption for random effects is

required but the method is computationally intensive and relies on a tuning param

eter which defines the underlying density of the random effects. Further, Li et al.

(2009) describe an estimating-equations approach that eliminates all distributional

assumptions on the random process but imposes a minimum number of longitudi

nal observations for each individual, related to the dimension of the random effects
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characterizing the component models.

Zeng and Cai (2005a) have demonstrated the consistency of the likelihood ap

proach and present expressions for standard errors of estimates.

4.6 Example Motivating Joint Modeling

This motivating example utilizes a simple conditional independence shared parameter

model and existing software to demonstrate the utility of applying a joint model in a

typical data analysis. The example is used to contrast joint versus standard modeling

and to discuss the sorts of interpretations available in a complex, but typical scenario.

The emphasis here is not on validating the estimating procedure. Both the efficiency

of the model and the unique conclusions facilitated by the model are demonstrated.

Consider the following realistic but simplified scenario of a clinical trial testing an

intervention intended to prevent cardiovascular events (eg: MI) or death by reducing

blood pressure in at-risk individuals. For simplicity, let the trajectory of each individ

ual's true blood pressure be linear with a random intercept and slope. Further, the

blood pressure is measured at regular (not infrequent) intervals during the trial with

only relatively small measurement error. Now consider two aspects of this hypothet

ical new treatment which are not uncommon; while it is effective in lowering blood

pressure, it is also mildly toxic and itself increases the risk of cardiovascular events

or death. The random variable Y*(t) represents an individual's actual blood pressure

at time t, but the variable Y(t) = Y*(t) + E(t) is the observed blood pressure at time

t where the error E(t) is a standard Gaussian process representing the measurement

error. If we make the reasonable assumption that the risk of a cardiovascular event

increases as the blood pressure increases, the time-to-event model is linked to the

longitudinal model through the current value of blood pressure Y* (t), and we have

the following component models for a single individual:

(4.6)

for blood pressure where X is an indicator variable where 0 is untreated and 1 is

treated, 0:2 is the effect of the treatment in reducing the blood pressure trajectory,
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fj r-v N(O. T
2

) and b = (b I • b2 ) r-v N(O, I:), and, for the hazard,
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A(t) AO(t) exp [/10 + liIX + ,Y*(t)]

AO(t) exp [lio + liIX + ,{bI + (b2 + 0;2 X )t}] (4.7)

where AO is some baseline hazard function, lio is an intercept term, iiI is the direct

effect of the treatment on survival (toxicity in this case), and, is the influence of the

longitudinal covariate on survival.

Data were generated for 1000 individuals with Y measured bi-weekly with no

haphazard missingness other than due to failure for a year (or until failure) using

the component models as defined above the following specifications: Weibull baseline

Ao(t) = t5t6- 1 with a true value b = 1.8 and 0;2 = -0.15, Ii = 0.5, , = 2.5, fj r-v

N(O,O.l), and I: = diag(0.2, 0.03). Individuals were censored by an independent

exponential process resulting in 13% censoring.

Figure (4.2) shows the Kaplan-Meier survivor curve, true underlying hazard func

tions for a sample of 20 subjects, true trajectories Y*(t) for those 20 subjects, and

observed values Y truncated by the respective event times.

Four models were fit to the data. In all cases, Y is modeled as (4.6) and the time-to

event model leaves AO unspecified.The four fitted models are the standard (separate)

Cox model, a Time-Dependent Covariate (TDC) Cox model naively incorporating

the Y(t), a 2-stage approach (described in Yu et al. (2008)) where (4.6) is fit to all

available data and the resulting fitted values are used as time-dependent covariates,

and a conditional independence, shared parameter joint model with longitudinal and

time-to-event components linked as in (4.7).

Estimates from each of the fitted models are listed in Table 4.1. All the lon

gitudinal models, provide similar results regarding the impact of the treatment on

the longitudinal outcome; a significant negative effect with approximately a 0.15 unit

decline per time unit.

Interpretation of the parameter estimates for the time-to-event model are less

clear. The standard Cox model indicates a benefit of the treatment, though this

is not significantly different from zero (though not presented, tests for proportional
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Figure 4.2: Panels clockwise from top left (dashed line indicates treated group): True
underlying hazard functions for a sample of 20 individuals from the Blood Pressure
treatment example; estimated survivor curves (Kaplan-Meier) for the entire simulated
dataset; true underlying trajectories for the longitudinal covariates for a sample of 20
individuals; observed longitudinal outcomes for a sample of 20 individuals.
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hazards are rejected). Both the models incorporating a time-dependent covariate

(TDC Raw Cox and 2-stage) indicate, appropriately, that the treatment is harmful to

survival as are high values of the longitudinal covariate. In fact, this finding is similar

to the estimate for the joint model, but there are two important points to note. The

first is that the joint model yielded narrower confidence intervals for both the effect

of treatment and the effect of the longitudinal covariate. The second is that the joint

model actually gives additional information as to the effect of the covariate. Consider

rewriting the time-to-event sub-model:

A(t) AO(t) exp [(30 + (31X + i((J!2tX + U1+ U2t)]

AO(t) exp [jio + b1+ b2t + X(l-h + i(J!2t )]

It can be seen that the effect of the baseline covariate X (treatment group) is in

fact a function dependent upon time, in this case the line (3(t) = ((31 + i(J!2t). The

standard hazard ratio is now no longer constant, and as time increases, the beneficial

effect of treatment in lowering Y* overwhelms the toxicity of the treatment. Such

interpretation is not available through either of the other standard models or through

the 2-stage model. Figure(4.3) plots the true underlying treatment effects.

One could easily argue that the overall average effect of the treatment is appropri

ately estimated using the Cox model; the long-term beneficial effect of the treatment

is irrelevant if the initial increased risk of the treatment denies individuals from even

tually receiving that benefit. While true, the aggregation of effects in the Cox model

fails to reveal even the potential benefit, or the expected time t at which individuals

may begin to experience that benefit.



Table 4.1: Results of analyzing a simulated experiment on 1000 subjects testing an intervention which has inverse
effects on the time-to-event and a biomarker associated with failure. Longitudinal models are all linear mixed
effects models while time-to-event models are all Cox models.

Separate
TDC Raw Cox
2-StageCox
Joint Model

Longitudinal Models
CX2 = -0.15

-0.158 (-0.170, -0.146)
"

-0.146 (-0.153, -0.139)

-0.144
0.352
0.484
0.488

Time-to-Event Models
(31 = 0.5 I = 2.5
(-0.333, 0.0453) NA
(0.138, 0.566) 1.94 (1.53, 2.3.5)
(0.255, 0.713) 2.18 (1.71, 2.65)
(0.320, 0.656) 2.17 (1.82, 2.52)
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4.7 Power Characteristics under

Link Mis-Specification
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This section describes a simulation study evaluating the computational feasibility

of several joint models, their power in testing for a direct effect of treatment on

survival, and their ability to capture the overall effect (direct + indirect) of treatment

on survival. The the models used to generate data are described in Section 4.7.1;

simulation settings and design of the study are provided in Section 4.7.2; results of the

simulation investigation are presented in Section 4.7.3, followed by a brief discussion in

Section 4.7.4. We begin with some opening remarks on other power studies conducted

in the setting of joint modeling of longitudinal and time-to-event outcomes.

Based on findings from simulation studies, several authors (Deslandes and Chevret,

2010; Wang and Taylor, 2001; Elashoff et aI., 2008) suggest that joint models will

provide efficient and unbiased parameter estimates. Taylor and Wang (2002) provide

simulation results which demonstrate the capability of joint models to distinguish

direct and indirect (ie: through a partial-surrogate) effects of treatment on the survival

process in settings similar the example in Section 4.6. In recently published work,

Chen et al. (2011) provided formulas for calculating power to detect the effect of

treatment on survival. These authors demonstrate, through simulation, the superior

power of joint models in comparison to a standard Cox model, a TDC Cox model,

and the two-step approach as in Ye et al. (2008). Chen et al.'s work assumes that

the treatment's effect on the longitudinal outcome is additive only (ie: only affecting

the intercept term) and that the treatment does not influence the trajectory of the

longitudinal outcome, only the starting value. It would be useful to investigate what

sort of power apply when using joint models involving more complex relationships.

4.7.1 Generators

Four conditionally-independent shared parameter joint models are used as data gener

ators. All employ the same longitudinal component model and a Weibull proportional

hazards time-to-event component model, but each incorporates a different linking
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structure between the component models.

The longitudinal component model is a simple linear mixed-effects model:

82

(4.8)

where, Xi (tij ) = (1, t ij , t;j' Xi, Xit ij , Xit;j)' Z(t ij ) = (1, t ij , t;j)' a' = (0:1,0:2,0:3,0:4,0:5,0:6),

b~ = (bil , bi2 , bi3 ), Cij rv N(O, oD, Xi is a binary treatment group indicator, and tij are

the set of measurement times for the i th individual with j = 1, ... , ni'

The time-to-event component model is a proportional-hazards model with Weibull

baseline (AO(t) = <5tJ- l
). The following models specify the four different links between

the longitudinal and time-to-event submodels.

• M1: Link through the true value of the longitudinal covariate at t:

AI (t) = AO(t) exp [Xi/'3 + iY*(t)] ,

• M2: Link through the true value and trajectory of the longitudinal covariate at

t:

• M3: Link through the components of the latent process; intercept, slope, and

coefficient of t2
:

• M4: No link between the longitudinal covariate and the survival model:

Models M1 and M2 reflect the situation where Y may be considered a surrogate
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for the time-to-event process with each of 1,11 and 1,1:2 representing a different causal

path linking the surrogate and the time-to-event process. Model M3 is a purely

conditionally independence model implying that the the value of the longitudinal

covariate is irrelevant with respect to the event process, but that the same latent

process impacting Y also impacts T. In other words, both Y and T are noisy, but

conditionally independent, measures of the same, underlying process. This further

implies that Y and T are correlated, but not necessarily on the same causal path.

Specifically, the total effect of treatment on survival proscribed by the four generators

are listed in Table 4.2.

Generator

Ml
M2
M3& M4

Treatment Effect on Survival (/3* (t))

(J + 1(0:4 + 0:5t + 0:6t2)
(J + 11(0:4 + 0:5t + O:6 t2 ) + 12(0:5 + 20:6t)
{J

Table 4.2: Total treatment effect on survival for the four generators used m the
simulation study

4.7.2 Simulation Design and Settings

Simulation Study Design

Each simulation run is intended to mimic a 2-year clinical trial which follows

individuals until an event of interest (eg: disease recurrence, remission, rescue, etc.)

with measurements of a longitudinal covariate obtained on a pre-determined visit

schedule. The longitudinal covariate is considered an internal covariate (Kalbfleisch

and Prentice, 2002), and is not measured following the event-of-interest.

Data were generated using one of the four generators described in the previous

section. Observations were censored using an independent exponential process (Type

II censoring) or 'administratively' censored (Type I censoring) if they failed to expe

rience the event prior to month 24.
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The simulation study was a full-factorial design involving three factors with 2, 2

and 4 levels resulting in 16 different scenarios. The factors (levels) examined were:

frequency of visits (weekly or monthly), level of Type II censoring (0% or 60%), and

generator (1,11 - 1,14).

In each of the 16 scenarios, 1000 data sets were generated, each of size n = 100

with individuals equally assigned to X = 0 or X = 1. Five models were fit to each of

the 1000 data sets.

Models Used in the Analysis

Two standard models were fit, including a Cox model (ignoring the longitudinal

covariate and consistent with 1,14) and a TDC Cox model with the raw value of Y used

as a time-dependent covariate with the last longitudinal observation carried forward

(LOCF) to the event time.

Three joint models were fit. Selection of the specific joint models involved exten

sive pilot experiments evaluating the accuracy and computational efficiency of several

models consistent with each of generators 1,11,1,12 and 1,13. Though parametric models

were fast and accurate, ultimately, the non- or semi-parametric model which demon

strated superior computation times while providing satisfactory parameter estimates

were chosen.

The specific joint models are the JM(Value) model of the form of 1,11, which em

ploys a semi-parametric baseline hazard; the JM(Value+Slope) model of the form 1,12

with a B-spline (degree 4 with 4 knots) for the baseline hazard; and the JM(Random)

model of the form 1,13 utilizing a piecewise constant baseline hazard (10 segments).

All three joint models were estimated using the EM-algorithm described in Chap

ter 4. The JM(Value) and JM(Value+Slope) models were fit utilizing the JM Package

in R (Rizopoulos et al., 2010) and utilized a 5-point Gauss-Hermite quadrature to ap

proximate the expectations of the E-step (similar to the estimation routine detailed

in Chapter 6). The JM(Random) model was fit with PROC NUvIIXED in SAS (see

Vonesh et al. (2006)), and utilized the Laplace approximation in the E-step. Both

methods utilize standard quasi-Newton optimization methods in the M-step. Param

eter estimates from independent longitudinal and Cox models were used as starting
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values for the regressIOn coefficients with naIve starting values for the spline and

piecewise constant hazards. There were no efforts to coax convergence in particular

simulation runs.

Parameter Settings

True values of parameters for the longitudinal model (4.8) were 0'1 = 0,0'2 = 0.15,

and 0'3 = 0.01, specifying the trajectory for control patients, and 0'4 = 0,0'5 = -0.15

and 0'6 = -0.02, specifying the effect of treatment on the trajectory. Random effects

were generated from a tri-variate zero-mean Gaussian distribution with variances

(};j = 1, (};2 = 0.25, (};3 = 0.0026, and covariances (}b j b2 = -0.01, (}b j b3 = -O.OOL and

(}b2b3 = -0.005. Measurement error at each visit were independent realizations from

a N(0,·0.25).

In all generators, the Weibull shape parameter was b = 1.8, and the parameter for

direct treatment effect on survival was fJ = -0.5. Linking parameters were 1 = 0.2 for

M1, (rI'12) = (0.05,2) for M2 and (rI, 12, 13) = (0.2,0.4,3) for 1'\'13. Figure 4.4 shows

the resulting mean longitudinal trajectories, hazard functions and survival curves for

treated and untreated individuals using these parameter values.

Combination of the small direct effect of treatment (fJ = -0.5) and the indirect

effect of treatment through Y (M1 and M2) can result in large total treatment ef

fects on survival over time. Figure 4.5 shows the total treatment effect on survival

graphically for the parameter settings of this simulation study.

4.7.3 Results

Table 4.3 displays the power to reject the hypothesis fJ = 0 (no direct treatment effect).

The JM(Value) model demonstrated superior power in all scenarios and regardless of

the visit frequency, level of censoring or underlying generator. The JM (Random) and

JM(Slope + Value) had less power than JM(Value) in all scenarios, even when they

were consistent with the generator. In both JM(Random) and JM(Slope + Value)

models, it was necessary to estimate many additional parameters in the baseline

hazard function, likely impacting the power. Convergence is also displayed in Table 4.3
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Figure 4.4: Mean longitudinal trajectories, hazard and survivor functions for treated
and control groups for parameter settings used in the simulation. The generator and
link to which each panel corresponds is listed.
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since an important consideration in fitting these complicated models is computational

feasibility; it is measured here as the proportion of runs which converged (under

no fine tuning of initial values, etc.). Convergence was strongly influenced by the

mean number of visits with more opportunities to measure the longitudinal covariate

resulting in higher convergence for all joint models. Convergence of the JM(Random)

model was particularly poor and most strongly influenced by the visit frequency.

Figures 4.6 through 4.8 display the true total treatment effect (as in Figure 4.5)

and the mean value of the estimated total effect of treatment on survival over the

simulation runs (with 95% confidence intervals) for each of the five fitted models at

five timepoints with 0% Type II censoring and weekly visits. The plots demonstrate

that only the JM(Value) and JM(Value + Slope) models are capable of approximating

the total treatment effect over time when there are both direct and indirect treatment

effects (:M2 and M3 generators) as well as when there is only a direct effect (Ml and

M4).

4.7.4 Discussion

This simulation study revealed the challenges of fitting joint models and the potential

superiority of them in determining treatment effects. Flexible models such as the J~l

(Value + Slope) model are well suited to model complex treatment effects, but may

require estimation of too many parameters to be effective in studies of limited size.

Joint models which assume that Y does not lie on the same causal path as T appear

much more sensitive to the density of longitudinal information as demonstrated by

the poor convergence of JM(Random). Importantly, note that the flexibility of joint

models to characterize the underlying treatment effects and distinguish direct and

indirect effects does not jeopardize the power to detect the direct effect of treatment

if there is no relationship between the longitudinal and time-to-event outcomes. The

joint models also resulted in more powerful tests concerning treatment effects espe

cially if such linkages exist; and provided far better performance than standard Cox

and TDC Cox models, which are unable to capture the overall effects or decompose

the effects into direct or indirect elements.



Cl
Power to Reject H o : /3 = 0 Convergence s:

Standard Joint .Models Joint Models 'U
Mean # Cox TDC Value Value + Random Value Value + Randoni ~

Visits (1\14) Cox (Ml) Slope (1\12) (1\13) LME (1\11 ) Slope (M2) (M3) ~

Generator: M4 H-:.

Weekly Visits
aCensoring: 0% 33.1 0.69 0.67 0.86 0.67 0.64 0.99 0.92 0.99 0.77
~60% 15.5 0.27 0.27 0.46 0.31 0.26 1.00 0.88 0.99 0.56

Generator: Ml ~

Weekly Visits :s
t1J

Censoring: 0% 31.6 0.81 0.66 0.84 0.67 0.82 1.00 0.90 1.00 0.87 :s::
60% 15.9 0.39 0.32 0.52 0.36 0.43 1.00 0.89 0.99 0.64

~.

a
Monthly Visits '"r1

Censoring: 0% 7.7 0.79 0.65 0.84 0.63 0.81 1.00 0.88 1.00 0.95 c.....
60% 4.1 0.46 0.36 0.56 0.38 0.42 0.93 0.85 0.95 0.48 a

Generator: M2 S2
Weekly Visits

f--J
>-

Censoring: 0% 28.0 0.87 0.77 0.91 0.73 0.81 0.99 0.88 0.99 0.98 '"'"a
60% 13.8 0.61 0.55 0.74 0.46 0.61 0.99 0.85 0.73 0.73 tJ

Monthly Visits t1J
t-<

Censoring: 0% 6.9 0.87 0.79 0.91 0.70 0.87 1.00 0.85 0.94 1.00 V)

60% 3.6 0.59 0.55 0.72 D.41 0.57 0.92 0.84 0.72 0.55
Generator: M3
Weekly Visits

Censoring: 0% 32.7 0.63 0.51 0.74 0..52 0.62 1.00 D.90 1.00 D.78
60% 15.5 0.30 0.25 0.45 0.26 0.33 1.00 0.86 0.99 0.60

Monthly Visits
Censoring: 0% 7.9 0.63 0.51 0.74 0.51 0.65 1.00 0.87 1.00 0.83

60% 4.0 0.32 0.27 0.46 0.29 0.30 0.91 0.85 0.91 0.39

Table 4.3: Power to reject Ho : f3 = a and convergence rates from the simulation; convergence of the Cox and
TDC Cox was 1.00 under all conditions and is not shown. Monthly visits for Generator M4 had virtually identical
results to Weekly visits and are not shown. J1'd convergence rates are conditional on LME convergence. Power is
conditional on convergence. 00

c.e
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4.8 Contributions

90

This chapter made three principal contributions to the existing literature 011 joint

modeling of longitudinal and time-to-event data.

• A summary of review papers and an overview of the development and assump

tions of conditionally-independent shared parameter joint models was provided

as a resource for researchers or practitioners new to the field.

• Details of the MCMC within EM algorithm were provided for ready implemen

tation by practitioners.

• The simulation study showed that joint models

(i) had power similar to a standard Cox model for detecting a treatment effect

when longitudinal and event-time outcomes were not related.

(ii) can adequately capture both constant and time-dependent treatment ef

fects by separating direct and indirect effects.
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Chapter 5

Imputation for Interval-Censored

Data

Previous chapters have described the feasibility and potential utility of joint models.

Despite this, the computational complexity can quickly become prohibitive with small

increases in dimensionality of the random processes or other elements impacting the

structure of the complex likelihood. This chapter will provide a detailed description of

the methods in a particular application (Section 5.1) where interval censoring results

in a prohibitively complex likelihood, the derivation of which is given in Section 5.2.

Several imputation methods to address the problem are proposed and described in

Section 5.3. Details of the inference for the joint model utilizing imputed failure

times is given in Section 5.4 followed by the results of fitting the model to a forestry

dataset in Section 5.5. A simulation study follows in Section 5.6 and compares the

proposed imputation methods. The chapter closes with an extension to the best (of

those studied) imputation method exploiting the relationship between longitudinal

and time-to-event data and the joint model representing that relationship (Section

5.7), with a brief discussion (Section 5.8).

94
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5.1 Introduction to the Forest Productivity Com

mittee Field Program and Statistical Objective

The accurate modeling of tree mortality is a key component of modeling forest stand

productivity. Mortality can result from many factors and the cause and timing influ

ence stand dynamics and biomass accumulation. :~·dodeling of individual tree mortal

ity has received considerable attention since the 1970s (see, for example, the work by

Hamilton et al. (1974); Buford and Hafley (1985); Monserud and Sterba (1999); Wyck

off and Clark (2000); Yao et al. (2001), andTemesgen and Mitchell (2005). The use of

parametric and nonparametric survival analysis methods, while successfully applied

in other contexts such as medical research, have been hampered in the forestry con

text by lack of long term data on individual trees (Flewelling and Monserud, 2002).

In British Columbia, however, the Forest Productivity Committee initiated a field

program in 1971 to examine the growth response of coastal Douglas-fir and Western

Hemlock to thinning and fertilization. Individual tree measurements and site infor

mation have been recorded regularly for the past four decades resulting in a large

database of longitudinal measurements of tree growth and tree mortality.

A joint model for the longitudinal and time-to-event outcome (death) for the field

program data seems very useful, as individual (latent) propensities for tree growth may

be related to mortality. The field program entailed periodic follow-up on trees ranging

from 3 to 10 years, which resulted in lifetime data with interval censoring. Approaches

accounting for interval censored survival data in a latent-process joint model have been

presented (Wu 2010), though with only a simple link between longitudinal and time

to-event processes. As will be shown, the computational burden of handling joint

modeling with an intermittent observational process leads to challenges in estimation

and inference.

With interval censoring, imputation methods may first be used to estimate event

times prior to parameter estimation; such an approach for handling the interval cen

soring seems well suited to the EM context and substantially reduces the complexity

of the analysis. What is unclear is the effect of imputed event times on inference and

when particular imputation methods may be preferred. Three imputation methods
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are considered, the commonly used midpoint imputation, a method based on local

likelihood density estimation Braun et al. (2005), and a method that imputes lifetime

based on the longitudinal process.

5.2 A Joint Model for Tree Growth and Mortality

Let Y ij be the longitudinal response for treei at measurement j, where i = L 2, ... , n,

j = 1,2... , mi, with n being the total number of trees, and mi, the total number

of measurements for tree i; let tij be the age of tree i at measurement j (assuming

the tree is alive at the yth measurement). The variable measuring tree growth, Y ij ,

is diameter at breast height (DBH). Let T i be the lifetime for tree 'i and let ~i be

an indicator variable that takes a value of 1 if tree i dies during the observation

period, and 0 otherwise. In our study, once a tree is observed to be dead, no future

measurements are recorded on that tree. Since tree growth does not continue after the

tree dies, the actual age of the tree at the recorded m~h longitudinal measurement is

T i · Interval-censored lifetimes are denoted by (Li , R] with Li = t imi_
1

and R = timi

if ~i = 1; for right-censored lifetimes, ~i = 0, Li = timi and Ri = 00.

5.2.1 Assumptions for the Joint Model

Given that the field program was a prospective, designed, study, two core assump

tions would appear tenable. The longitudinal measurement times are assumed to be

independent of the longitudinal process since the observation times were defined a

priori in the research protocol. Related to this, the censoring process is assumed

independent of the failure-time process since the right-censoring mechanism is admin

istrative - at the end of the study - and the interval-censoring mechanism is the a

priori measurement schedule.

The remaining, critical, assumption is that of conditional-independence. The rela

tionship between tree growth and mortality is considered foundational in the subject

area; when a tree's growth curve flattens it is likely to die shortly thereafter. Figure

(5.1) displays this relationship in plots of growth over time for trees living and dead
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at the end of the study. Assuming that each tree has an unobservable, latent, health

status influencing both the growth and probability of death at any time would seem

tenable and a conditional-independence model is utilized in this analysis.

5.2.2 Component Models

Longitudinal Model

The tree growth curve is modeled by a simple polynomial, mixed-effects model as

follows:

(5.1 )

where, to clarify, if the ith tree dies, the DBH recorded at the last observation time,

tim;, actually corresponds to the DBH at T i. The tree-specific coefficients bIi , b2i

and b3i are random variables modulating the tree-specific growth curves and may

also include covariate effects: bki = ok + Xliak + Uki for k = 1,2 and 3, where

a* = [o~ o~ O;]T is a vector of parameters modeling the underlying mean growth

curve, Xli is a vector of covariates with coefficients 0 = [aT o! aIjT and Vi =

[U Ii U2i U3i]T is the vector of tree-level random effects. Combining these gives the

following alternative representation of the longitudinal model:

where the vector Vi is assumed to be N(O, L:u ) and is independent of Eij'

Several forms of the longitudinal model were evaluated and the quadratic model

(5.1) was ultimately chosen due to its simplicity and acceptable fit to the data (see

Section 5.5). While adequate for this investigation of imputation methods, more

appropriate growth models could be considered including tree-growth models from

forestry, or splines constrained to be monotonically non-decreasing; see Abrahamowicz

et al. (1992) for a description.



CHAPTER 5. IMPUTATION FOR INTERVAL-CENSORED DATA 98

o....

0,....

/

0 Died Aliveco

~

E 0
~ L()

1:
OJ

0(jj

I

en 0
co '<t
~

CO

iii
Q> 0Q) C'")

E
co
(5

0
N

30 40 50 60 70 30 40 50 60 70

Age (Years) Age (Years)

Figure 5.1: Random sample of tree growth curves (Diameter at Breast Height over
time) for trees which are alive and dead. Trees are sampled from 6 plots at 2 sites.
One plot contains only older trees (age > 38 years); plot effects were not examined in
this analysis.



CHAPTER 5. I1I1PUTATION FOR INTERVAL-CENSORED DATA

Time-to-Event Model
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The instantaneous rate of death at time t will be modeled through a standard proportional

hazard model as follows:

where the baseline hazard function will be approximated by a nonparametric baseline

hazard function AO(t) as in a Cox model and covariate effects incorporated multiplica

tively through X2i (t) and its coefficient vector (3. A tree-specific frailty term Vi is

included \Yhich is assumed to be N(O, (J"~) and is independent of E:ij and Vi. Finally,

the tree-specific growth propensities Vi are included and modulated by ! at time t.

These propensities form the link between the longitudinal and survival models; if ;'

is zero, the processes are independent. The parameter, !, is expected to be negative

indicating that trees with higher growth propensity will have lower mortality.

5.2.3 Linking the Component Models

The link between the longitudinal and time-to-event sub-models, U1i + U2i t + U3it2
,

implies that it is the latent propensity of a tree to have DBH larger or smaller than the

mean at time t which influences mortality. While this chapter focuses on examining

imputation methods, a thorough data analysis in a joint modeling context would

involve assessment of alternative linking mechanisms. For example, other natural

choices for this application include simply the separate random effects, {U1i , U2i , U3d,
the tree's 'true' DBH at time t, bli + b2it + b3it2 (ie: the DBH without measurement

error), rate of change of growth at time t, b2i +b3itij , or many others. The link utilized

here was chosen based on discussions with forest scientists as well as comparisons with

results from the other forms of the link.

5.2.4 Likelihood

Following the approach of Wulfsohn and Tsiatis (1997) and Hsieh et a1. (2006) maxi

mum likelihood is used to estimate the unknown parameter set
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n = (Q*,Q",,L3,L:u,a;.a~.Ao(t)). Since this assumes that the timing of the longitu

dinal measurements is independent of the event time, the contribution from the last

longitudinal measurement for trees with .6.i = 1 (i.e., the longitudinal measurement at

T i) was eliminated when constructing the likelihood. As described in Chapter 4, the

complete-data likelihood for this conditional-independence model factors as follows

n

Lc(n) = Ilf(Yi, T i E (L i , Ri ], .6.i, Ui, Vi)
i=]

n

= Ilfy(YiIUi, .6.i )Pr(Ti E (Li , R i ], .6.i IUi, Vi)!u(Ui)fv(Vi),
i=1

(5.2)

Pr(Ti E (Li, R i]lUi, Vi) = exp [-l£i AO(t) eXp{X2i (t),L3 + Vi + ,(U Ii + U2i t + U3it2)}dt] 

exp [_lRi

AO(t) eXp{X2i (t),L3 + Vi + ,(U li + U2it + U3it2)}dt] ,

(5.3)

with
fu(Ui) = (27rIL:u l)-1/2 exp {-U;L:uIUi/2},

fv(Vi ) = (27ra~ )-1/2 exp { - V;/2a~} .

The EM algorithm, described in Chapter 4, involves the expectation of the log

likelihood over the distribution of the random effects, Eu,v [log(Lc(n))]. With the

proposed quadratic growth curve, the integrals in (5.3) have no closed form even for

the simplest possible baseline hazard, Ao(t) = Ao. Alternatively, even for simplistic

growth curves, other parametric baseline hazard formulations, such as a Weibull, still

result in two intractable integrals. These require numerical evaluation for each of the n

individuals within the expectation, itself an intractable integral, in every E-step of the
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estimation algorithm. Additionally, there are no closed-form solutions in the :~v1-step, a

typical advantage of the EM in joint modeling, and numerical optimization is required

for updating every parameter estimate in the survival sub-model. Accounting for

interval censoring with even moderately large sample sizes, as in forestry or large-scale

medical studies, quickly becomes computationally prohibitive using this algorithm.

Alternatives, such as l'vICMC-within-EM and importance sampling were attempted

(as in Chapter 4) but they too were extremely time-consuming taking up to 24 hours

for a single E-step.

By utilizing imputation techniques, the difference of distribution functions in (5.3)

is eliminated and replaced with the density

f(T i , 6 i !Ui , Vi) = [Ao(Ti ) exp{X2i (Ti )!3 + Vi + i(U1i + U2iT i + U3iT;)}] il, x

exp [_i Ti

AO(t) exp{X2i (t)!3 + Vi + i(U1i + U2i t + U3i t2 )}dt] .

(5.4)

Computing the integral in (5.4) requires considerably less computational burden than

those embedded in the difference of survival functions in (5.3). More importantly,

fewer numerical evaluations of integrals are required in the E-step and closed form

solutions are available for some parameters in the M-step with a semi-parametric Cox,

simple parametric, piecewise constant, or spline baseline hazard (see Section 5.4).

5.3 Event-Time Imputation Methods

This section includes descriptions of three methods to impute failure-times for interval

censored trees. Note that trees which are right censored are not imputed but included

in the likelihood as described in the previous section.
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5.3.1 Imputation methods based on conditional expectation

of survival time

This approach is described in broad terms for any lifetime variable T* '" f* where f*

is an arbitrary failure time distribution. Imputed lifetimes for interval censored indi

viduals are obtained by computing the conditional mean, T* = E {TiiTi E (L i , Ri ]}

which utilizes an approximation of the density j* within the interval (L i , Ri ].

Midpoint method

The midpoint imputation method is a very commonly used, though naive, technique

for imputing event times from interval censored data. If it is assumed that j*(t) is

uniform over (Li , Ri ], the conditional expectation is then the midpoint estimator

JR, -t-dt
T* = E {T IT E (L R]} = L, R,-L, ' = R 2 + L 2

2 2 2 2, 2 JR, _1_ dt 2
L, R,-L,

Kernel density method

Braun et al. (2005) proposed that f*(t) be estimated using a kernel density estimator

given by

where TJ is the number of trees that are interval censored and K is the kernel function;

here, the normal pdf for K is used in the approximation of f*(t). This results in

an iterative procedure that solves for j* (t). The iterative procedure may be conve

niently implemented in the ICE package (Braun, 2(07) in R (R Development Core

Team, 2(10). The resulting kernel estimate is a set of values of j*(t) evaluated at an

equally-spaced fine grid of G points. Thus, the conditional expectation of Ti can be

approximated by the following Riemann sum over the gridpoints 81, ... , 80:
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G A

T
A * = L 9=1 Sg.f*(Sg)I(L;<SgScR;)

1 G A

L 9=1 f*(sg)I(L;<sgScR;)

To account for covariate effects, one can apply the method separately on bins

of data with the same, or approximately similar, covariate values (Kim, 2010); in

the presence of continuous covariates, this procedure can be inefficient. Bandwidth

selection for the kernel density estimator utilized the procedure was developed by

Sheather and Jones (1991). While not an issue in the current application, there is

a possibility of boundary bias for kernel methods when the values are close to zero;

Braun et al. (2005) include a discussion of the problem and describe higher-order local

approximations to address it.

5.3.2 Imputation method based on the longitudinal process

Using inverse regression techniques, the tree age that corresponds to the last measure

ment of DBH can be predicted from a longitudinal model estimated from the data. In

particular, the longitudinal submodel in (5.1), here denoted by Y = /1(tIX 1, lX, V) +c,

is first estimated using longitudinal data from all the trees, excluding Yim;, to obtain
A A

the estimates & and Vi. Then, the estimated unknown lifetime T* is obtained as

the solution of Vim; = /1(Ti !Xlim;, &, Vi), assuming cim; = O. This approach might

not be appropriate if the estimated longitudinal trend does not persist through the

time interval (L i , T i ] or if the covariates are time-dependent and future values of such

covariates are unknown. Further, this method does not restrict the imputed lifetime

to lie within the interval (L i , R]. Thus, the imputed lifetimes that lie outside (L i , Ri ]

are replaced with either Li + 6 (6 being a small quantity) or Ri , depending on which

interval boundary is closest to T*. Since, in our case, /1(-) is a quadratic function of t,

it is also possible that the inverse regression yields no real roots. In those cases, the

midpoint estimates are used instead. This imputation approach will be referred to as

the one-step backsolve approach.
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5.4 EM Algorithm and Inference Procedure
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The El\I algorithm proceeds by iterating between an expectation step (E-step) and a

maximization step (lvi-step). The E-step computes the expected value of the logarithm

of the complete data likelihood given the observed data, Eu,v [lc(O)]. In the M-step,

an updated parameter value is obtained by maximizing the expected log-likelihood

from the E-step. Below is an outline of the algorithm:

Estimate the unknown lifetimes based on one of the imputation methods.

ii Obtain an initial value 0(0) for the unknown parameter set 0 by fitting separate

longitudinal and survival models. Let o(r) denote the value of 0 at the end of

iteration r.

iii E-step: Compute the expected value of the complete data log-likelihood based

on o(r-I) using Gauss-Hermite quadrature approximations.

IV M-step: Obtain an updated parameter estimate, o(r), by maximizing the ex

pected log-likelihood. All estimates have closed form solution, except for rand

(3. They are updated using a one-step Newton-Raphson algorithm.

v Repeat steps iii and iv until convergence.

Mathematical details on the above algorithm for the current model follow. Ignoring

constants in the log-likelihood function, assuming the imputed lifetimes as true values

as well as the Cox semiparametric form (5.4), the expected value of the logarithm of

the complete data likelihood (5.2) is,



CHAPTER 5. IMPUTATION FOR INTERVAL-CENSORED DATA

n 1ni-Ll.i

Eu,v[lc(n)] = L L (-0.5log (J; - E[Yij - XijQ - Z(tij )Ui]2/2(J;) +
i=1 j=1

n

L (~i{lOg Ao(Ti ) + X2i (Ti){3 + EbZ(Ti)Ui + Vi]}) +
i=1
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t (- J.T. Ao(t)E[cxP{X2i (t),6 + l'Z(t)Ui + Vi}]dt) + (5.5)

n

L (-0.5logl~ul- E[UT~U1Ui]/2) +
i=1

n

L (-0.5log (J~ - E[VTJl2(J~) ,
i=1

where Xij = [X lij Xlijt ij XlijtTj] and Z(t) = [1 t t2]. Taking derivatives of (5.5)

with respect to the parameters, setting to zero and solving yields

(J~(r) = L E[Vf]/n,

A(r) ( ) Li ~iI(Ti = tk )

o tk = Li E[exp{X2i (tk){3(r-1) + ,(r-l)Z(tk)Ui + Vd ]I(Ti 2: tk) ,

(5.6)

where tks are the distinct lifetimes in the data (k = 1, ... , nd) and I(A) is an indicator

function which equals to 1 if A is true, and 0 otherwise. Note that A6r
)(t) at non-event

times is zero. Since there are no closed form solutions for updating {3 and" a one

step Newton-Raphson algorithm is employed here. The first and second derivatives

of the log-likelihood with respect to these parameters are:
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~~ ~ ~ [L'>i X0 (Ti) - ~ X0(ik)Ao(ik )E[B,]I(Ti 2: ik)] ,

~~~ = - ~~ [XI,(ik)X2i (ik)Ao(ik)E[Bk ]I(Ti 2: ik)] ,

~~ = L [~iZ(Ti)E[Ui] - L Ao(tk)E[Z(tk)UiBk]I(Ti ~ tk)] . (5.7)
8, . k2 •

':::~ ~ - ~~ Ao(idE [(Z(i k )Ui )2 flk] I(T i 2: ik ),

8
2

lc
""'''"' (T [ ( ] ( )8 '8(3 = - L- L- X2i tk) AO(tk)E Z tk)UiBk I Ti ~ tk ,

I i k

where

The updated estimates of , and (3 are then obtained by:

[

,(r) ] = [ ,(r-1) ] _ [~~i ~] -1 [ ~~ ]

(3
(r) (3(r-1) 8 2 1c 8 2 11 ~

8{38"{ 8{3 8"{ "(r-1J,{3(r-l)

Equations in (5.6) and (5.7) involve expected values of various functions of U

and V. These expected values are computed by conditioning on the observed data

(Y, T,~) and the current parameter values o(r-l). The conditional density for

(Ui, Vi) given (Y, T,~, o(r-1)) is:

where
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with
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with Wi and Ui similarly defined as in Wulfsohn and Tsiatis (1997). Note that

if the longitudinal measurement time is not independent of the survival time, the

above definition for f(Ui, Vi IYi, n(r~I)) will no longer be valid. Using the conditional

density of Ui, one can then compute E[g(Ui, Vi)1 Y, T,~, n(r-I)], which is equal to

J~oo g(U i , Vd.f(Ti, ~iIUi, Vi. n(r-I))f(Ui, VilYi. n(r-I))dUidV i

J~oc f(Ti , ~iIUi' Vi, n(r-I)).f(Ui, VilYi, n(r-I))dUidVi
(5.8)

Since (5.8) is difficult to evaluate analytically, an M-point Gauss-Hermite quadra

ture approximation is used and the functions in (5.8) are evaluated at .!'v14 grid points

for each tree. Various choices for AI were attempted, finally M = 9 was selected

to balance computation time and accuracy in this four-dimensional integration. As

.!'vI or the dimensionality of the random effects increases, the Gauss-Hermite method

quickly becomes computationally prohibitive. Alternative methods are discussed in

Chapter 4.

Standard errors presented in this chapter were calculated using 1000 non-parametric

bootstrap samples (simple case-resampling with replacement). Though Zeng and Cai

(2005b) derived the asymptotic properties of the MLEs from a joint model, and pro

vided an algorithm to estimate asymptotic variances, they did not include a separate

frailty term in the time-to-event sub-model. Using Zeng and Cai's asymptotic vari

ances could provide a fair approximation to the standard errors if the fraility variance

and error from the use of imputed lifetimes were both small. While results are not pro

vided, it is important to note that using Zeng and Cai's method to estimate variances

worked very well in comparison to the bootstrap in this application. Asymptotic esti

mates of the standard errors of the covariate effects were very close to the bootstrap

estimates and only a slight underestimation of the variance of the random effects in

comparison to the bootstrap results was observed.
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5.5 Analysis and Results
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Data were collected from permanent sample plots established at 85 locations from

1971 to 1975 along the coast of Vancouver Island and the adjacent mainland. The

original study investigated three levels of thinning and fertilization, replicated twice

per location. Details of the study can be found in Darling and Omule (1989). The plots

comprised Douglas-fir, Western Hemlock and mixtures of Douglas-fir and Western

Hemlock, which had established naturally after fire and/or logging. There was a minor

component of Western Red Cedar and other species in some plots. Measurements of

diameter at breast height (DBH in cm) were undertaken every three years for the first

12 years and fixed intervals ranging from six to ten years thereafter, depending on the

plot. At each measurement, the tree·s pathological condition was also recorded. The

number of longitudinal measurements per tree ranged from 2 to 8, with 80% of the

trees having more than 5 measurements.

Data from non-fertilized plots at 6 locations that had similar site quality were

utilized. This analysis is confined to the two most abundant tree species: Douglas-fir

and Western Hemlock. Furthermore, only the first two levels of thinning (20 and 35%

removal of live basal area) are considered here since there are very few trees with

thinning at the third level in the plots that were analyzed. Table 5.1 gives a summary

of the data used in this analysis; note that > 50% of the lifetimes are right-censored.

Tables 5.2 and 5.3 display the estimated coefficients of the joint model specified

in Section 5.2 obtained using the three types of imputed lifetimes. The estimated

coefficients in the longitudinal submodel obtained using imputed lifetimes based on

the midpoint, kernel density and backsolve methods are almost identical. The differ

ences amongst the imputation methods do not appear to be influential on inference

for longitudinal parameters. For the survival submodel, parameter estimates from

the three imputation methods are comparable. The backsolve method provides the

narrowest confidence interval for all parameters except a~, for which the midpoint

method has the narrowest interval.

Notably, however, only 25% of the lifetimes estimated by the backsolve method

were inside the censoring interval and consequently, most of the imputed lifetimes are
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replaced with L i + 6 or Ri . Likely due to the size of the censoring intervals, estimates

were fairly robust to the selection of 6; values of 6 = 0.1 and 1 were considered and

the parameter estimates are identical up to 2 decimals; 6 = 1 was used for the analysis

presented here. Also, 18% of the quadratic equations used to impute the lifetime had

untenable solutions. In these cases, the midpoint estimates were employed. Imputed

lifetimes based on kernel density imputation can depend on the choice of the density

K and the number of gridpoints G; results were compared using various choices for

K and using G=100, 200 and 300. The diH'erence between the imputed lifetimes from

the various settings were small and were all within 0.4; a normal density was used

for K and G set to 200 for the results presented here. Properties of the imputation

approaches are examined through simulation in Section 5.6, The discussion below

utilizes results from fitting the joint model using kernel density imputation.

Figure 5.2 shows the predicted DBH mean growth curves for Douglas-fir and West

ern Hemlock at different levels of thinning. The predictions based on the use of mid

point and backsolve imputed lifetimes are visually identical. Thinning has a greater

impact on the growth of Douglas-fir than for the shade tolerant Western Hemlock

species.

Figure 5.3 displays the estimated survival curves from the joint model under differ

ent thinning treatments. Here, again, the estimated survival curves based on the three

imputation methods are similar. Mortality risk is substantially reduced for either level

of thinning in comparison to no-thinning. The lowest mortality for Douglas-fir is at

20% thinning and for Western Hemlock is at 35% thinning. From Table 5.3, the es

timated value of I is significant and negative, indicating that trees with a propensity

for above average growth have lower mortality.

The observed DBH are compared to the fitted values for a randomly selected sub

set of trees in Figure 5.4; more generally, for all trees, graphical diagnostics indicate

that the longitudinal submodel gives a reasonable fit to the data. For some trees,

the measured DBH decreases over time due to measurement errors; this feature is

observed in 4% of the data. Figure 5.5 shows boxplots of predicted survival probabil

ities for each tree at its last measurement time stratified by tree status. The survival

submodel generally is able to predict a much higher survival probability for trees that
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Figure 5.2: Predicted DBH under the joint model for Douglas-fir and western hemlock
with different thinning treatments. The unknown lifetimes are estimated using the
kernel density method.
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Figure 5.3: Estimated survival curves under the joint model using lifetimes imputed by
the kernel density method for Douglas-fir and western hemlock with different thinning
treatments.
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are observed to be alive than for trees that are observed to be dead.

5.6 Simulation
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The performance of the three imputation methods were evaluated under increasing

levels of variability of random effects and increasing width of the censoring interval

through simulation investigations. In the simulation, data are generated based on a

joint model with the following longitudinal submodel:

and survival submodel:

where Xli is an indicator variable taking the value 1 for a random set of one-half of

the individuals in the study. and zero otherwise. The parameter values used in the

simulation are listed in Table 5.4 (longitudinal submodel) and 5.5 (survival submodel).

The baseline hazard function is chosen to be of Weibull form with shape and scale

parameters equal to 10 and 0.015 respectively. This yields lifetimes ranging from 40

to 180. The first four longitudinal measurement times are 2, 4, 6, and 8. The time

between each subsequent longitudinal measurement is then generated from Unif(5,10).

To balance the number of measurements for each subject and to mimic the forestry

data set, only the last six measurements were used in the simulation. The upper limit

on observation time for each individual is chosen as the observation time greater than

but closest to 70; individuals with lifetimes greater than this value are right censored.

The resulting proportion of rigl1t censored subjects is around 0.5. A sample size of

200 is used in the simulation.



:]
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Figure 5.4: Fitted DBH (lines) and observed DBH (dots) for 16 randomly selected
trees.
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Figure 5.5: Estimated survival probability for each tree at its last measurement time
sorted by mortality status.
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Variable Total
Trees 1945

Species & Thinning:
Douglas-fir

Control 582
20% removal 156
35% removal 238

Western Hemlock
Control 517
20% removal 159
35% removal 293

Number dead:
Douglas-fir 403
Western Hemlock 341

Table 5.1: Summary of the field program data.

115
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Longitudinal submodel

Estimated coefficient (95% CI)
Midpoint Kernel Backsolve

Douglas-fir
Control

Intercept 2.11 (1.68, 2.57) 2.10 (1.66,2.55) 2.09 (1.65,2.55)
t 0.51 (0.49, 0.54) 0.51 (0.49, 0.54) 0.51 (0.49, 0.54)
t2 (x 10- 2 ) -0.37 (-0.39, -0.34) -0.37 (-0.39, -0.34) -0.37 (-0.39, -0.34)

20% removal
Intercept 0.24 (-1.01 1.37) 0.23 (-1.00, l.:H) 0.24 (-1.00, 1.38)
t 0.71 (0.65, 0.77) 0.71 (0.65, 0.78) 0.71 (0.65,0.77)
t2 (xlO- 2 ) -0.37 (-0.42, -0.33) -0.37 (-0.42, -0.3:3) -0.37 (-0.42, -0.33)

35% removal
Intercept -2.85 (-3.70, -2.01) -2.85 (-3.69, -2.01) -2.85 (-3.70, -2.01)
t 0.84 (0.79,0.88) 0.84 (0.79,0.88) 0.84 (0.79,0.88)
t2 (xlO- 2 ) -0.51 (-0.55, -0.47) -0.51 (-0.55, -0.47) -0.51 (-0.55, -0.47)

\Vestern IIemlock
Control

Intercept 6.47 (5.59, 7.33) 6.46 (5.58, 7.33) 6.46 (5.58, 7.34)
t 0.42 (0.38, 0.46) 0.42 (0.38, 0.46) 0.42 (0.38, 0.46)
t2 (xlO- 2 ) -0.26 (-0.30, -0.23) -0.26 (-0.30, -0.23) -0.26 (-0.29, -0.23)

20% removal
Intercept -1.63 (-3.29,0.11) -1.63 (-3.28,0.11) -1.64 (-3.28, 0.10)
t 0.66 (0.60, 0.72) 0.66 (0.60, 0.72) 0.66 (0.60,0.73)
t2 (x 10-2 ) -0.39 (-0.44, -0.34) -0.39 (-0.44, -0.34) -0.39 (-0.44, -0.34)

35% removal
Intercept -3.01 (-4.26, -1.67) -3.02 (-4.28, -1.68) -3.01 (-4.26, -1.65)
t 0.69 (0.64,0.74) 0.69 (0.64,0.74) 0.69 (0.64.0.74)
t2 (x1O- 2 ) -0.34 (-0.38, -0.29) -0.34 (-0.38, -0.29) -0.34 (-0.38, -0.29)

Random effects
'2 30.03 (23.36, 37.46) 30.03 (23.35, 37.48) 30.03 (23.29, 37.45)O'u]
'2 0.084 (0.071,0.096) 0.084 ' (0.071, 0.096) 0.084 (0.071, 0.095)O'U2

0-2 (xlO-6 ) 3.84 (2.90, 4.98) 3.84 (2.90, 4.98) 3.84 (2.91, 4.98)U3

'2 0.089 (0.082, 0.095) I 0.089 (0.082. 0.095) I 0.089 (0.082, 0.095)0'0

Table 5.2: Estimated coefficients for the longitudinal submodel in the joint analysis
of the field program data using lifetimes estimated from the midpoint, kernel density
and backsolve methods; o-Gk represents the kth diagonal element of tv. The coefficient
values for t 2 and 0-0

3
are in the order of 10-2 and 10-6 respectively.
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Survival submodel

Estimated coefficient (95% CI)
Midpoint Kernel Backsolve

Douglas-fir
20% removal -2.59 (-3.33, -1.93) 1-2

.
71 (-3.55, -2.05) 1-2.57 (-3.31, -1.90)

35% removal -1.57 (-2.15, -1.02) -1.6:~ (-2.27, -1.06) -1.53 (-2.12, -0.98)

v\Testern lIemlock
Control -0.96 (-1.35, -0.55) -1.03 (-1.47, -0.61) -0.93 (-1.33, -0.51)
20% removal -2.04 (-2.57, -1.52) -2.16 (-2.78, -1.63) -2.02 (-2.56, -1.50)
35% removal -2.89 (-3.43, -2.35) -3.08 (-3.70, -2.50) -2.87 (-3.44, -2.33)

"Y -0.25 (-0.28, -0.22) -0.26 (-0.30 -0.23) -0.25 (-0.28 -0.22)
'2 0.56 (0.28, 0.80) 0.74 (0.39, 1.12) 0.58 (0.27,0.91)O"v
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Table 5.3: Estimated coefficients for the survival submodel in the joint analysis of the
field program data using lifetimes estimated from the midpoint, kernel density and
backsolve methods. The baseline hazard refers to the tree species Douglas-fir under
no thinning (the control group for thinning).
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No imputation Midpoint
Parameter Mean SE SE(2) CP Mean SE SE(2) CP
al = 2 1.998 0.132 0.129 0.962 1.998 0.132 0.129 0.962
a2 = 0.5 0.500 0.010 0.010 0.926 0.500 0.010 0.010 0.926
a3 = -0.2 -0.200 0.014 0.014 0.954 -0.200 0.014 0.014 0.954

2 - 3 2.987 0.368 0.322 0.964 2.987 0.368 0.322 0.964O"u 1 -

0"2 = 0.01 0.010 0.001 0.001 0.952 0.010 0.001 0.001 0.952U2
0"; = 0.1 0.100 0.006 0.005 0.968 0.100 0.006 0.005 0.968

Kernel Backsolve
Parameter Mean SE SE(2) CP Mean SE SE(2) CP
al = 2 1.998 0.132 0.129 0.962 1.998 0.132 0.129 0.962
a2 = 0.5 0.500 0.010 0.010 0.926 0.500 0.010 0.010 0.926
a3 = -0.2 -0.200 0.014 0.014 0.954 -0.200 0.014 0.014 0.954

O"~l = 3 2.987 0.368 0.322 0.964 2.987 0.368 0.322 0.964
2 0.010 0.001 0.001 0.954 0.010 0.001 0.001 0.950O"Y2_= 0.01

0"0 - 0.1 0.100 0.006 0.005 0.968 0.100 0.006 0.005 0.968
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Table 5.4: Simulation results for the longitudinal component of the joint model com
paring true lifetimes and lifetimes estimated by the midpoint, kernel density and
backsolve approaches. The width of the lifetime intervals is 5 to 10 years. The square
root of the mean of the estimated asymptotic variance based on the profile likelihood
(SE), the empirical standard error (SE(2)), as well as coverage probabilities (CP) are
displayed.



Q
Scenario 1 Scenario 2 Scenario 3 ~

Interval WidthrvUnif(5,lO) Interval WidthrvUnif(lO,15) Interval WidthrvUnif(5,lO) >u
u 2 =3 u 2 =0.01 u~ =3, u~ =0.01 U~l =5, U~2=0.05 ~V, 'V2 1 2 ::0No imputation

l\lean SE SE(2) CP Mean SE SE(2) CP Mean SE SE(2) CP S-'l

(31 = -2 -2.017 0.353 0.341 0.946 -1.991 0.349 0.345 0.950 -1.991 0.561 0.554 0.948 g
r = -0.3 -0.300 0.026 0.024 0.964 -0.302 0.026 0.025 0.950 -0.300 0.024 0.023 0.954 ~

~

Midpoint ~
Mean SE SE(2) CP Mean SE SE(2) CP Mean SE SE(2) CP

~
(31 = -2 -1.902 0.336 0.328 0.934 -1.717 0.308 0.310 0.818 -1.809 0.512 0.512 0.944 0
r = -0.3 -0.284 0.024 0.025 0.860 -0.259 0.022 0.025 0.488 -0.273 0.021 0.023 0.666 <
MSE(T i ) 5.139 13.426 5.113 '"rJ

0
::0

Kernel
~Mean SE SE(2) CP Mean SE SE(2) CP Mean SE SE(2) CP

,81 = -2 -1.929 0.338 0.333 0.940 -1.822 0.314 0.330 0.878 -1.837 0.516 0.518 0.939 ~
r = -0.3 -0.284 0.024 0.025 0.854 -0.259 0.022 0.024 0.482 -0.272 0.021 0.023 0.648 ::0

MSE(T i ) 5.074 13.119 5.017 ~
t-'
I

Backsolve M
Mean SE SE(2) CP Mean SE SE(2) CP Mean SE SE(2) CP <Cf:J

(31 = -2 -1.997 0.345 0.342 0.946 -1.960 0.336 0.339 0.948 -1.871 0.505 0.512 0.925 0
r = -0.3 -0.292 0.025 0.026 0.896 -0.288 0.023 0.028 0.852 -0.268 0.020 0.025 0.560 ::0
MSE(T i ) 1.613 2.084 3.631 t5
p(T i tf- (L i , R i ]) 0.141 0.088 0.251 §2

~
Table 5.5: Simulation results for the survival component of the joint model comparing true lifetimes and lifetimes
estimated by the midpoint, kernel density and backsolve approaches under three scenarios. The square-root of
the mean of the estimated asymptotic variance based on the profile likelihood (SE), the empirical standard error
(SE(2)), as well as the coverage probabilitieAs (CP) are displayed. The proportion of estimated lifetimes that are
outside the lifetime interval is labeled as p(Ti tt (L i ,RiD· f-'

f-'
CD
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Simulations were run under 3 different scenarios: Scenario 1 involved a low variance

of random effects ((JET
I

= 3, (JE1
2

= 0.01) and a narrower censoring interval (5-10 years);

Scenario 2 involved a low variance of random effects and a wider censoring interval (10

15 years); Scenario 3 involved a higher variance of random effects ((JEll = 5, (JEh = 0.05)

and the narrower censoring interval. Five-hundred simulation runs were generated

under each scenario.

Table 5.4 displays means, standard errors (SE), and coverage probabilities (CP)

for parameter estimates for the longitudinal component of the joint model for the

500 simulation runs under Scenario 1. The summary statistic SE is the square root

of the average of the model-based (Zeng and Cai, 2005b) variances while SE(2) is

the empirical estimator of the standard error calculated across all 500 simulation

runs. Wald-type confidence intervals were calculated in each simulation run using the

parameter estimates and the asymptotic standard error; the coverage probability is

then the proportion out of the 500 runs which captured the true parameter. Results

obtained using the true simulated lifetimes are also displayed in Table 5.4. Estimated

longitudinal parameters showed little bias and their standard errors and coverage

probabilities were identical under the three imputation methods, and the same as when

the lifetimes were known. This demonstrates the earlier assertion that the differences

in the imputation methods do not tend to influence inference in the longitudinal

model. Results for the longitudinal model were similarly unaffected by the imputation

method for Scenarios 2 and 3 (not shown here).

Table 5.5 displays means, standard errors and coverage probabilities for estimates

from the survival component of the joint model for the 500 simulation runs under each

of the three scenarios. With shorter censoring intervals (Scenario 1), the estimated

covariate effect has small bias, with the backsolve method being least biased. This

is also true for the case of longer interval censoring, where the backsolve method

exhibits minimal bias, while the bias under the midpoint and kernel methods are

more pronounced. In Scenario 3, where there is greater variability of the random

effects than in Scenario 1, the backsolve method still demonstrates the least bias,

but all three imputation methods show more bias than in the other scenarios and all

perform poorly. The link parameter, I' is only well estimated in Scenario 1 using



CHAPTER 5. Il\1PUTATION FOR INTERVAL-CENSORED DATA 121

the backsolve method; the other imputation methods fail to accurately estimate the

effect of the random effects on survival. Model-based standard errors of both (3 and

I are close to their empirical counterparts for all methods, parameters and scenarios.

The empirical standard errors for estimates based on imputation methods are smaller

than those from the analysis where lifetimes are not imputed; the standard errors, as

calculated, do not account for the attenuated variability incurred through imputation

of lifetimes. The standard errors obtained from the backsolve method are generally

closest to those obtained from an analysis using true lifetimes. Coverage probabilities

reflect the relative bias of the estimates with the backsolve method tending to perform

no worse than, or in most cases, much better than the other two imputation schemes.

For the backsolve method, the MSE of the imputed lifetimes is smaller than those

obtained with the other two imputation methods, suggesting the imputed lifetimes

based on the backsolve method are more accurate.

5.7 Extending Backsolve Imputation

As seen in the preceding simulation results, incorporation of information from the lon

gitudinal process yielded substantial improvements in accuracy of the imputed failure

times for interval censored individuals.We consider refining the approach through the

use of a multi-step JM backsolve technique which updates the imputed failure times

through repeated joint analyses.

5.7.1 Multi-Step JM Backsolve

The Multi-Step JM backsolve utilizes the longitudinal submodel from a joint model

of the longitudinal process and the time-to-event process rather than an independent

longitudinal model. The procedure requires iterative re-fitting of the JM with up

dated predicted failure times, until convergence. Although applicable more broadly,

as described below, the procedure is defined for a linear mixed effects model as in

(5.1) and a joint model as in 5.2 (i indexes interval-censored individuals) reflecting

the scenario of the forestry data analysis:
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(1) Construct an independent longitudinal model denoted as Y = jL(tIXI, 0:, V) +E,

but excluding the last measurement for the interval-censored individuals (ie:

Yimi ) since the time of that observation is not known. Obtain estimates 0/°)
, (0)

and Vi .

(2) Calculate the predicted failure time, 1';0) as the solution to
_ (I '(0) A (0)) . _ _Yimi - jL T i Xlimi , 0: ,Vi assummg cimi - O. Set k - O.

(3) Using 1';k) as the imputed failure time and excluding Yimi for censored indi

viduals (see Section 5.2.4), fit a joint-model for Y and T and obtain parameter

estimates for the longitudinal submodel, &(k+l) and U;k+l).

(4) Calculate the predicted failure time, 1';k+l) as the solution to
_ (I A (HI) ,(k+I)) . _Yimi - jL T i Xlimi , 0: , Vi assummg Cimi - O. Set k to k + 1.

(5) Repeat steps (3) and (4) until convergence which can be conveniently described

as maXi 11';k) - 1';k-l) I < ~, where ~ is some small tolerance.

At any step, if 1';k) is outside the interval, depending on which is closer, n or

Li + 8 (8 small), can be imputed as the failure time. Also, if at any step Yimi =
jL(T i IXIimi , &(k), U;k)) does not have a solution, an alternative imputation technique

(eg: midpoint) can be used to impute a failure time for that iteration.

5.7.2 Application of the Multi-Step JM Backsolve

The method of the preceding section was applied to a subset of the field program

data. Specifically, the growth and mortality data for 880 Western Hemlock trees at a

single location were used in order to focus attention on small sample sizes here. In this

subset of data, 312 of the trees died during the study period (65% censoring) and each

tree had an average of 6.2 measurements with the number of measurements ranging

from 1 to 8 (95% with >1 measurement, 30% with 8 measurements). The form

of the model fitted is identical to that described in Section 5.2 with the exception

that the longitudinal model did not include a quadratic term for thinning. Figure

5.7 demonstrates the convergence of all imputed failure times in the multi-step JM
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backsolve procedure. The difference from step 0 (equivalent to the one-step backsolve)

to 1 shows changes in imputed failure times of up to 4 years. Figure 5.6 shows the

progression of the imputed failure times for for 16 randomly selected interval-censored

trees; beyond step 2. there is little change in the imputed failure time. Table 5.6 shows

the progression of parameter estimates through the one-step backsolve, and first two

and final (6 th ) steps of the multi-step JM backsolve imputation. The first row of

the table also shows the improvement in the number of individuals for whom the

method results in acceptable solutions to the regression equation. While still not

ideal (27%), the multi-step JM backsolve did result in some improvement relative

to the one-step backsolve (22%). Survival parameters change substantially from the

independent model (step 0) to the first Jl\I imputation step (step 1) and continue

to change slightly throughout subsequent imputation steps; Figure 5.8 traces the

estimates through all 7 iterations. In this case, all three parameters would have been

found significant at step 1 (equivalent to the one-step backsolve). However, the effect

of 20% thinning is only marginally significant (p = 0.048) at step 1, but definitely

significant (p = 0.036) after the final imputation step.

5.8 Discussion

This section presented four strategies for imputing data and minimizing computational

burden when performing a joint analysis of longitudinal and interval-censored lifetime

data. Three methods were applied to a forestry data set and yielded comparable re

sults. Through simulation investigations that reflect the frequency of longitudinal

measurements and censoring as in the forestry study, we noted that longitudinal pa

rameters were ubiquitously well-estimated, likely due to the density of longitudinal

measurements. Survival parameters were more accurately estimated under narrower

censoring intervals with the backsolve imputation method having superior perfor

mance for estimation of the covariate effect and link parameter when variances of the

random effects were moderate. The multi-step JM backsolve can provide additional

improvements to this method.
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Figure 5.8: Estimated regression effects (thinning at 20%, thinning at 35% and asso
ciation with DBH) at each iteration of the multi-step JM backsolve.
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These simulation results provide evidence for the added benefit in tracking a lon

gitudinal marker for imputation of lifetimes in studies when the observation process

is intermittent. With such designs, the relationship between the longitudinal and

lifetime models can be exploited both for building effective joint models and as a

mechanism to impute unobservable lifetimes. In the simulation study the asymptotic

variances were well-estimated and not unduly affected by the imputation strategy. Of

note is that the empirical standard errors, based on the non-parametric bootstrap,

incorporate the uncertainty due to the imputation and show that this uncertainly

only slightly impact the estimated variance of the parameters.

5.9 Contributions

This chapter provided a number of contributions to the literature on joint modeling

of longitudinal and event-time data.

• A novel backsolve impuation method was described which was shown to have

superior performance to other imputation methods.

• It was shown that under conditions of large measurement error, and/or high

variance of random effects, even naive imputation methods can be implemented

without substantial impact on parameter estimates or conclusions.

• The backsolve method was extended to the iterative multi-step backsolve method

which can incorporate information from the survival model to improve the im

putation.
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Backsolve JM-Backsolve
Step 0 Step 1 Step 2 Step 6

Individuals 22% 26% 27% 27%
with Solutions

Survival Regression Effects
20% Removal -0.238 -0.288 -0.297 -0.307

(-1.783, 1.307) (-0.573, -0.003) (-0.582, -0.012) (-0.593, -0.021)

35% Removal -0.931 -0.520 -0.515 -0.505
(-1.704, -0.158) (-0.83, -0.21) (-0.824, -0.206) (-0.813, -0.197)

Association NA -0.216 -0.216 -0.216
with DBH (-0.236, -0.196) (-0.236, -0.196) (-0.236, -0.196)

Longitudinal Fixed Effects
20% Removal

Intercept -0.977 -0.994 -0.994 -0.994
(-2.49, 0.536) (-1.916, -0.072) (-1.933, -0.055) (-1.931, -0.057)

t 0.063 0.063 0.063 0.063
(-1.219, 1.345) (-1.092, 1.218) (-1.106, 1.232) (-1.106, 1.232)

35% Removal
Intercept 2.389 2.377 2.377 2.377

(2.353, 2.425) (2.35, 2.404) (2.35, 2.404) (2.35, 2.404)
t 0.188 0.182 0.182 0.182

(0.157,0.219) (0.154, 0.21) (0.153, 0.211) (0.153, 0.211)
thin2 2.389 2.377 2.377 2.377

thin2t 0.188 0.182 0.182 0.182

Random Effects
2 72.029 71.792 71.792 71.792(ju

j

(j2 0.045 0.045 0.045 0.045U2

(jlh (x 10-6 ) 9.61 9.61 9.61 9.61

(j2 0.053 0.053 0.053 0.053E

Table 5.6: Parameter estimates based on a one-step backsolve (Step 0) and the the first
two, and final of 6 steps of the multi-step JM backsolve. The number of individuals
with a valid solution to the longitudinal model at each step is provided.
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Future Work

A number of topics for future work have arisen through this research.

Model identification through Kaplan-Meier plots was briefly discussed in Chapter

2; while not presented, mathematical comparison of the CP and Mixture models was

undertaken and should be more thoroughly formalized to support appropriate model

selection procedures.

A semi-parametric CP model was presented in Chapter 2, but Chapter 3 examined

only parametric implementations of the VCP model. Similar investigations of a VCP

model with unspecified baseline hazard would make this model far more attractive

and alleviate usual concerns which arise through the use of parametric assumptions.

Improving the estimation routine would also make the model more appealing. As

well, utilizing separate CP models in each of the !vI groups to identify potential

boundaries for T and TJ can minimize the number of candidates in the search grid

and improve efficieny. Additional estimation routines, rather than grid-search, would

also be provide a more appealing implementation. Bayesian techniques may be best

suited to this task.

As an alternative to the fixed-changepoint models presented in Chapter 3, one

could assume that the changepoint for each group is simply a realization from the

distribution of all possible changepoints. This would be useful if the covariate W

represents only a sample of all possible W s. As such, the T*S would simply be nuisance

parameters but their incorporation would be expected to improve the efficiency of the

129
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estimation of (3. Implementation of this model using a hierarchical structure with

estimation through an EM algorithm may accommodate specific types of heterogeneity

in survival data with non-proportional hazards.

With regard to joint modeling of longitudinal and time-ta-event data, the power

calculations presented by Chen et al. (2011) could be extended for more complex

relationships between Y and T. However, the broader question of inference for time

dependent treatment effects, /3(t), needs additional investigation. As was shown in the

motivating example in Chapter 4, simply identifying a significant linking parameter

and estimating the total treatment effect doesn't provide the sort of concise conclu

sions regarding effectiveness available from a standard Cox model. Linking with the

results presented in Chapter 2, a smooth curve representing the effects of treatment

can be broken down into separate, scientifically meaningful segments, with inference

conducted within-segment only. Alternatively, testing spline coefficients representing

time-dependent treatment effects could be considered; however the implications of

non-zero coefficients is not easily interpretable. Characterizing these diverse inference

strategies (including through power and bias assessment) in a variety of situations

would be helpful for practitioners.

The recursive technique shown to be effective for interval-censored individuals in

Chapter 5 could also be applied in cases of administrative right-censoring or other

situations where individuals are thought to have been clearly non-informatively cen

sored. This may and may lend even greater power to inference in a highly-censored

survival situation.

Combining the major themes of this thesis, Song and Wang (2008) describe meth

ods for inference in a joint model with a time-varying coefficient in the survival model.

The authors do not consider a covariate process to be on the same causal path as the

survival outcome, but further investigation evaluating time-varying direct effects of

treatment my provide another broad class of flexible models which encapsulate many

possible mechanisms of treatment response.
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