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Abstract

We consider the equations

Ax? + By® = C2°,

where A, B,C are square-free and pairwise co-prime integers. A solution (z,y, z) is called

primitive if it consists of co-prime integers. Adapting earlier work for the equations
z? +y* =02,

we show that primitive solutions give rise to integer Klein forms of degree four, with dis-
criminant A3B?C. Whether Klein forms come from primitive solutions is determined by
local conditions. We show that for primes p dividing B, there are exactly four GL2(Q))-
equivalence classes of Klein forms that are relevant, and that exactly half of those classes

come from Z,-primitive solutions.

We also show that if we set A = 1, then further restricting B, C' to square-free and co-prime

integers leaves us with an asymptotically positive proportion of triples.

Keywords: Fermat equations ; Klein forms

iii



Acknowledgements

I would like to express my heartfelt gratitude to my supervisor Nils Bruin. His unending
patience and kindness helped me tremendously throughout my studies. It was a great honor
to work with him. I would like to thank my dear friends Akbar and Jasem who helped me

whenever I needed help. Finally, I thank my family for their support and encouragement.

iv



Table of Contents

Approval

Abstract
Acknowledgements
Table of Contents

1 Introduction

1.1 The generalized Fermat equation . . . . ... ... ... ... ........
1.1.1 Hyperbolic Case: x <1 . . . .. . ... ... .. .. ...,
1.1.2 Euclidean Case: x =1 . . . . . .. .. .
1.1.3 Spherical Case: x >1 . . . . .. . ..

1.2 Edwards’ method . . . . . . . . .. Lo

1.3 Resultsin this Thesis. . . . . . . . . .. .. . o

2 First Definitions
2.1 Definitions . . . . . . . .

3 Invariant Theory
3.1 Definitions . . . . . . ...
3.2 Basic Properties . . . . . ...

4 Klein forms
4.1 Definitions . . . . . . . . s

4.2 Classification of Klein forms . . . . . . . . . . ... ... ... ... .....
5 Properties of Parameterizations

6 The Equation 22 4 By? = C23

6.1 Local Analysis . . . . . . . . . e
6.2 Elliptic Curves . . . . . . . .
6.3 Classifying Klein forms . . . . . . . . . . .. .. ... ... ...

6.3.1 Proper Equivalence . . . . . . .. ... L oL

ii

iii

iv

=W W NN =



6.3.2 GL(Qp)-Equivalence. . . . . .. ... ... ... 0L 24

6.3.3 GL2(Q,) classes with representatives in Zy[z,y] . . . . . . . .. ... 24

7 Density Heuristics 29
7.1 Proof of Theorem 7.2 . . . . . . . . . . . . . . . 31
7.2 Density Heuristics . . . . . . . . ... o 32
Bibliography 33

vi



Chapter 1

Introduction

Coined by French mathematicians in 17th century the term Diophantine equations refers
to equations, or systems of equations with rational coefficients, the solutions of which are
sought for in integers or rational numbers. The term refers to Diophantus of Alexandria,
an Alexandrian mathematician of third century AD. He was the author of a series of books
called Arithmetica, in which he dealt with solving algebraic equations.

An important example of the study of Diophantine equations was Pierre de Fermat’s
discovery in number theory. Around 1637, Fermat wrote what is now known as Fermat’s
last therorem in the margin of his copy of Arithmetica, claiming that he has found a "truly
marvelous" (demonstrationem mirabilem) proof for it. The theorem states that the equation
™ + y™ = 2™ has no positive integer solutions, when n > 2.

It took mathematics a very long time to see a proof of this statement. In 1994, Wiles
and Taylor finally finished and corrected Wiles’ initial proof of Fermat’s last theorem, which
heavily uses modern techniques.

Wiles’ proof gave a fresh impetus to this area of mathematical research and generalized
Fermat equations became the focus of serious study. This thesis belongs to this area of
research. We study the forms that generate the primitive (pairwise co-prime) solutions to
the equation

22 + By® = C23,

where B, C € Z. We also insist that B, C are square-free and co-prime.
In this chapter we introduce the generalized Fermat equations, and give a quick survey

of what is known about them.

1.1 The generalized Fermat equation

A generalized Fermat equation is a ternary equation of the form

Az? + By?! = Cz" (1.1)



where p,q,r € Z>2 and A, B,C € Zy. We define the signature of (1.1) to be the triple
(p,q,7). We say a solution (x,y,z) € Z3 is primitive if it satisfies ged(x,y,2) = 1. Non-
primitive solutions are often easily constructed. For example, from a + b = ¢, by multipli-
3344 .54

cation by a we get

(a17b22627)2 + (a11b15018)3 — (a3b4c5)11

which produces infinitely many non-primitive solutions to z? + y> = z'!. For this equation
it is conjectured that no non-trivial primitive solutions exist. This example is mentioned in

[5].

The main characteristics of equation (1.1) are governed by the value of

x=1/p+1/q+1/r.

We call this constant the Euler characteristic of equation (1.1).
It happens that we can very aptly classify the behaviour of equation (1.1) by the value
of the characteristic. Depending on the value of its characteristic, we have the following

three cases.

1.1.1 Hyperbolic Case: y < 1

There is no method known for solving these equations for arbitrary (p,q,r). It seems that
we are currently very far from any satisfactory result in this case. For a survey of the
numerous partial results in this case look at Beukers’ article [2]. The following conjecture

due to Tijdeman and Zagier, belongs to this case.

Conjecture 1.1 (Tijdeman-Zagier). If 2P 4+ y? = 2", where p,q,r,z,y and z are positive

integers and p, ¢, are all greater than 2, then z,y, z must have a common prime factor.

Number theory enthusiast and banker Andrew Beal initially offered $5000 for a correct
proof. The prize value has been increased several times, and at the time of writing is
US$1,000,000. This conjecture is now known as the Beal prize problem.

In 1995, Darmon and Granville used Faltings’ theorem to prove the following important

theorem.

Theorem 1.2 (Darmon and Granville (1995)). Let A, B,C € Z+o and p,q,r € Zx>o such
that x < 1. The equation AzP+ By? = Cz" has only finitely many co-prime integer solutions.

1.1.2 Euclidean Case: y =1

The only possible signatures are (2,3,6),(3,3,3) and (2,4,4). In this case, primitive so-
lutions correspond to rational points on a finite set of genus 1 curves. The corresponding

curves determine whether the equation has zero, finite or infinitely many solutions.



1.1.3 Spherical Case: y > 1

In this case the possible signatures are (2,3,3),(2,3,4),(2,3,5) or (2,2, m) where m > 2.

Here, the equation possibly has infinitely many solutions. Frits Beukers investigated this in
[1].

Theorem 1.3 (Beukers (1998)). Assume A, B,C € Z with ABC # 0, and p,q,r € Z>3.
If x > 1 then the equation AxP 4+ By? = Cz" has either zero or infinitely many solutions
(z,y,2) in Z with ged(z,y,z) = 1 and AxP + By? = Cz". Furthermore, there is a finite
set of triples of binary forms (X,Y,Z) € Q[s,t] such that every primitive integral solution
(z,y,2), can be obtained by specializing one of these triples, that is for one of these triples
(X,Y, Z), there exist s,t € Q such that x = X(s,t),y =Y (s,t) and z = Z(s,t).

Beukers shows that we can take Z(s,t) in the above theorem to be a Klein form of
degree 4,6,12 for p = 2, ¢ = 3, and r = 3,4, 5 respectively, and that the corresponding
X(s,t) and Y(s,t) can be derived from Z(s,t) (see Section 4.1).

For an elementary example of this result consider the Pythagorean equation
X?+Y?=22%

This equation has infinitely many solutions and every solution is the integral specialization

of one the following 4 parameterizations

(s — %) + (2s1)* = £(s* + %)?
(25t)? + (52 — %)% = (s> + 12)%

Beukers’ result does not provide a practical method for actually calculating parameter-
izations. This was done by Edwards in [5]. Before a quick review of Edwards’ results, we
mention two other known instances of spherical equations.

The equation z2 + 5> = 23 with ged(z,y, 2) = 1, was solved by Mordell in his 1969 book
Diophantine equations [10].

The equation 22 + y? = +2* with ged(z,y, 2) = 1, was solved by Zagier and the results

are mentioned in Beukers’ survery article [2].

1.2 Edwards’ method

Edwards developed a unified new approach to solve the equations of the type z? +1y3 = dz",
where d is an integer and r € {3,4,5}. His method solved the hitherto unsolved equation
2?2 4+ 33 = 2°. Edwards’ result has its roots in Mordell’s method of solving the equation
2 + y3 = 25

Edwards ([5]) proves that a primitive solution to x? + y® = 2" (with r = 3,4,5) can

be obtained from a Klein form of given discriminant and with integer coefficients. We
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adapt that theorem to apply to x? + By® = Cz3, with B, C square-free and co-prime (see
Theorem 5.3).

Furthermore, he uses Hermite reduction theory [5, Theorem 11.1.5.] to show that Klein
forms with integer coeflicients and bounded discriminant have a reduced representative with
coefficients bounded by an explicit function of the discriminant. That means there are only

finitely many GLa(Z)-equivalence classes of Klein forms of bounded discriminant.

1.3 Results in this Thesis

In this thesis we consider the generalized Fermat equation
2+ By? = C23, (1.2)

with B, C € Z. We also insist that B, C' are square-free and co-prime.

Definition 1.4. A solution (z,y, z) € Z? to the equation
2?4+ By® = 023,

is called primitive if ged(z,y, z) = 1.

Proposition 1.5. If B and C are square-free and co-prime integer, then a primitive solution
(z,y,2) to the equation
22 + By? = C23,

satisfies

ged(x, y) = ged(x, 2) = ged(y, 2) = 1.

Proof. If p | ged(z,y), then p? | Cz. Since C is square-free it follows that p | z, which
contradicts ged(x,y,z) = 1. If p | ged(y, 2) or p | ged(z, z) we obtain contradictions in a

similar way, hence

ged(z,y) = ged(z, 2) = ged(y, 2) = 1.
O

As we show in Section 7, the restriction that B, C are square-free and co-prime leaves
us with a positive asymptotic proportion of all equations. We are ultimately motivated by
describing how often spherical generalized Fermat equations (particularly those of signa-
ture (2,3,3)) admit primitive solutions. A concrete way of formulating this question is by
considering

V(M) ={(B,C) € Z: BC # 0 and max(|B|,|C|) < M},

and
W(M) ={(B,C) € V(M) : z*> + By? = C2* admits a primitive solution}.

4



Question 1.6. Determine the values of

. W(M) .. W(M)
1 d liminf .
TP ) M R VD

Ryan McMahon [9] provides numerical evidence that these values agree and take a value
strictly below 1, i.e., that a positive proportion of generalized Fermat equations of signature
(2,3,3) does not admit primitive solutions.

In Lemma 6.3 we show that an integral Klein form produces primitive solutions if and
only if it produces Z,-primitive solutions for all primes p. The main contribution in this
thesis consists of the following two theorems. It establishes the first systematic description
of (some of the) local conditions on Klein forms that produce primitive solutions locally.

A motivation for our results is the following observation. If (z,y, z) is a solution to the
equation

2% + By’ = C25, (1.3)

then (Bx, By, z) is a solution to the equation
x4y = B2C3. (1.4)

Solutions to (1.4) are obtained from Klein forms of discriminant B2C (see [5], Theorem
6.1.1). We look at the forms that parameterize (1.4) and investigate which of them produce

primitive solutions for (1.3).

Theorem 1.7. Let p > 3 be a prime and suppose that f € Zy[s,t] is a Klein form of degree
4, and discriminant p>d, with d € Zy . Let Q;/Q;Z = {1,¢,p,cp}, where ¢ is a non-square
p-adic unit. Then f is GLa(Zy)-equivalent to one of the following four forms

fi t(s3 — p2dt3)
fa | tes® — (pPd/c*)t)
f3 t(ps® — dt3)
fa | tpes® — (d/)t%)

Theorem 1.8. Fach of the f;’s above induces a parameterization for an equation
2+ By? +C2* =0,

with B2C' = p2d, with B,C co-prime and square-free and p | B, but only f3, f1 produce

ZLy-primitive solutions.



Chapter 2

First Definitions

Let Z denote the ring of rational integers and let p be a prime. We write Z, for the p-adic

completion of Z, and write Q,, for its field of fractions. We write
vp: Qp = Z

for the associated discrete valuation.

2.1 Definitions

Definition 2.1 (Z-primitive and Z,-primitive solutions). Let p be a prime. We denote the

set of Z-primitive solutions by
D(B,C) = {(x,y,2) € Z*: 2* + By? = C23 and ged(z,y,2) = 1},
and the set of Z,-primitive solutions by
Dy(B,C) ={(z,y,2) € Zg: 2% 4+ By = C2% and min{v,(x),v,(y), vy(2)} = 0}.

When the context allows we simply write these sets as D and D,. When B = 1 we write

D(C) for D(1,C).
Definition 2.2. (Action of GLy(K)). Let K be a ring, and g(z,y) € K[z, y]. The group

GL2(K) acts on g in the following way:

X

gz, y) = gM(z,y) = 9<M (y

> > = g(ax + by, cx + dy)

where

C

M = (a Z) € GLy(K).



We also consider the action of GLy(K) x GL;(K) on K[z, y] by letting the pair (M, \) with
M € GLo, and A € GL; act via the mapping

9(z,y) = XN2gM (2,y).

Definition 2.3 (Proper Equivalence). Two forms g1, g2 € K[z, y] are called properly equiv-
alent if there is a pair (M, \) with M € GLy(K), and A € GL;(K), such that g; = A\2gJ/.

The reason for insisting that the scalar be a square will become clear later.



Chapter 3

Invariant Theory

In this chapter we introduce basic concepts from classical invariant theory. The original
reference is an account of the lectures given by Hilbert in 1897 in Gottingen [7], which is

still very readable. For a more modern exposition see [12].

3.1 Definitions

We restrict ourselves to a field K of characteristic zero. We start by defining a binary form

f of degree k:

k— k—1,2

f=apzk + a1z 1y+a2 Y2+ 4 apy”

We define the degree of a binary form to be its degree in z,y. We usually represent f by

[CLO, o 7ak]~
Definition 3.1 (Covariant). Let f = [ag, - - - ,ax] be a binary form of degree k. A covariant
of f of order w is a binary form C(f) € Klao, - - - ,ax|[x, y] which is separately homogeneous

in both x,y and ag, - - - , ag, satisfying the following identity:
C(HM = det(M)*C(fM)
for all M = (O‘ ?) € GLy(K).
Y

Definition 3.2 (Invariant). Let f = [ag, - , ax] be a binary form of degree k. An invariant

of f of order w is a homogeneous polynomial I(f), in the variables aq, - - - , ay, satisfying

I(fY) = det(M)"1(f)

for all M = (O‘ B) € GLy(K).
v 4



3.2 Basic Properties

Here we introduce two covariants associated with a binary form f = [ag,- - ,ax][z,y] €
Klag,- -+ ,ax) of degree k, namely the Hessian and Jacobian covariants
L N2 \fax f L fe f
H(f)::(k:k 1) Ch W E g '
( - ) fyaz fyy ( B ) H, H?J

It can be verified that H and t are covariants of weights 2 and 3 respectively.

Definition 3.3. (Differential Operators for Invariant Theory). Let 2/, 3’ be variables.
We define

o 0 o
D:i=aj— +2a15— + -+ kaj_1-—

8&1 8&2 8&]@’
A :=ka i—F(l{:—l)a i—i—-"—ka
T 18a0 28(11 kaak_17
0? 0?

2:= oxdy 020y

Definition 3.4. (Isobaric Property). A polynomial C € Klag,- - ,ax|[z,y] is called
isobaric of weight w, if each term of C' has the same weight w, when the coefficient a; is

given the weight 4, for i € {0,--- ,k}.

We introduce the transvectant mechanism to construct new covariants from the existing

ones.

Definition 3.5. (Transvectant). Let C1,C2 € Klag, - ,ag][z,y]. We define the i-th

transvectant by

AN 2
(Cy,C2) == <<(k];!z)!> QiCl(ffay)Cz(l‘,ay/))

("Elvy/):(w»y)

If C1,Cy are covariants of a base form f, where f is a binary form of degree k, then
(C1,C3) is also a covariant of the base form f. We introduce a sequence of transvectants

that are of special interest to us,

k

Tom(f) = %(ﬂ foms  Tams1(f) := m(fa Tom(f))1-

Lemma 3.6. The H, and t defined above are 1o, and T3 respectively.



Proof. We have

ni) =5 (1.1), = 5 (2 0 (0w, 160)

(z,y)=(=",y")

N~ N

1 2 20 ’o
(i) (g e s @)
84

- QW(f(x,y)f(x’,y’))

(z,y)=(z',y")
2
= (k(k:l—l)) (frrfyy - x2y> =H(f),

and

n(h = (ra) = () (E Y (s 1@, y))

-2 ()= y")
_ 1 (9 9 'y
0 0
- 7f(33> y)iH(f)(xlv y/)
%y oz’ ) (z.y)=(z"y")
1

= 5 =y UH = LHD:) = 80

Definition 3.7. (I and J invariants for quartics). Let f = [ag, a1, a2, a3, a4] be a quartic

binary form, i.e. a binary form of degree 4. We define two basic invariants for quartics:
I =12apa4 — 3aias3 + a%
of degree 2 and isobaric weight 4, and
J = T2apa2a4 + 9a1a0a3 — 27a0a§ — 27a4a% — 2a%

of degree 3 and isobaric weight 6. The invariant J is known as the catalecticant of f.
We mention a result from classical invariant theory.

Proposition 3.8 ([12], page 40). The degree n invariants of a binary quartic form, form

a vector space whose basis consists of the monomials I"J® where r,s > 0 and 2r + 3s = n.

In particular, I and J are algebraically independent. The discriminant of a quartic A

has degree 6 and weight 12, and therefore it must be a linear combination of I? and J?;

2TA = 41° — J? (3.1)

10



Chapter 4

Klein forms

Here we introduce Klein forms and their basic properties. In later chapters we will explain

the central role they play in studying the Diophantine equations of our interest.

4.1 Definitions

In [8] Klein inscribes the tetrahedron, octahedron, and icosahedron in the sphere, and
projects it into the extended complex plane. After suitable rotation of the sphere and ho-
mogenization we get the following forms whose roots are the vertices of the corresponding
solids.

As in [5], to each r € {3,4,5} we associate a solid: the tetrahedron, the octahedron, and
the icosahedron, respectively. We denote the order of the group of rotational symmetries of
the corresponding solid by N.

Throughout this chapter K will be an arbitrary field, with char(K) # 2,3, 5.

Definition 4.1. In the following tables we fix some notations. We define three polynomials
that define the vertices of the corresponding solid. Let N denote the order of the group of

rotational symmetries of the corresponding solid.

r Solid Form d| N

3 | Tetrahedron F3 = 4y(23 + ) 2112

4 | Octahedron Fy = 36xy(z* 4+ y*) -3 | 24

5 | Icosahedron | Fy = 1728xy(x'% — 1125y° — %) | 1 | 60

r H(F,)

3 —zt + 8xy3

4 —3628 + 504z*y* — 36y8

5 | —207362%0 — 4727808x151° — 102435841910 4+ 472780825y — 2073620

11



t(F)/2
2% + 2023y — 8y°
216212 + 712828y — 7128z%y® — 216y'2
29859843 — 1558683648x2%y° — 29874769920220y10 — 29874769920210y20
+1558683648x57%5 + 29859841%°

T W=

We have the following equation, which shows the arithmetic relevance of covariants

(%t(FT))Q +H(F,)? 4+ dF! =0, (4.1)

where 7, F., H(F} ), t(F}), d are stated in the above tables.

Proposition 4.2. Let f € Klag, - ,ax][z,y] be a form of total degree n in variables x,y.

Assume f satisfies

(5600)" +H(P +drm =0 (4.2)

for some d € K*, and r € {3,4,5}. Let g = A\f™ where A\ € K* and M € GLy(K). Then

(56@) +H@)® +dg" =0

where d' = \6~" det(M)~5d.

Proof. Note that t and H are covariants of weight 3 and 2. Hence t? and H? are covariants

of weight 6, and both are invariants of order 6 — r in the a;, the result follows. O

Definition 4.3. (Klein Forms). We define C(r) to be the set of all forms

[ € Klag,--- ,ax][r,y] where f = F. o M for r € {3,4,5}, and M € GLy(K). A form in
2

C(r) is called a Klein form. Let f be Klein form satisfying (@) +H(f)?+df" =0, we say

that d is the Klein form discriminant of f. We denote all such Klein forms with C,(d)(K),

1

CAd)(K) = {Fecr)(®) | (56(0) +H()? +dm =0},

4.2 Classification of Klein forms

Via a classical theorem of Gordon, we can get an equivalent definition of a Klein form,

which is of great help to us.

Theorem 4.4 ([6],page 204). Let K be a field and k an integer greater that 3. Suppose that

one of the following is true.
e char(K) =0

e k=4,6 or12; and char(K) > k — 4.

12



e char(K) > k2.

Then the fourth transvectant T4(f) of a form f of order k, is identically zero if and only if
f = F, oM where M € GLy(K).

Now we can completely classify C,(d).

Theorem 4.5 ([5], Classification of quartic Klein forms). Suppose N,d € K*. If char(K) =
0, then

C3(d)(K) ={f € Klz,yla | 7a(f) =0, J(f)=2°3d},
Ca(d)(K) ={f € K[z,yls | 7a(f) =0, 76(f)=—72d},
Cs(d)(K)={f € K[z,yli2 | 7a(f)=0, Tre(f)=—360d, 7ri2(f)=3110400d?}.

This theorem basically shows that a quartic form f is a Klein form if and only if 74(f)

vanishes. Now we take a close look at the 4-th transvectant of a form of degree 4. Writing,

f = [a()aala"' 7a4] S K[a()aalv"' ,a4][$,y],
we see that
1274(f) = 12apas — 3araz + a3 = I(f).

Hence f is a quartic Klein form if and only if I(f) = 0. We recall from last chapter the
following identity:
21A = 41° — J?

Hence according to Theorem 4.5 for a quartic Klein form f € C,.(d) we have:
A(f) = —2%42. (4.3)

Remark 4.6. Here we defined the Klein forms using the associated invariants I and J.
Since this is likely to be confused with the invariant of the associated elliptic curve, from
now on instead of the J-invariant of a Klein form f, we stick to the more convenient Klein
form discriminant d(f), satisfying J(f) = 2633d.

13



Chapter 5

Properties of Parameterizations

So far we have obtained a classification of Klein forms of fixed discriminant. Let (x,y, z) € Z3
satisfy the equation

z? +y? = d2’.
We want to find a Klein form f such that (%t(f)(s,t),H(f)(s,t),f(s,t)) = (x,y,2) for
some s,t € Z. This motivates our next definition.

Definition 5.1. (Parameterization 7(f)). For f € C,(d)(Q) we define

n(f) = (Ge(H.H(). ).

Note that from Equation (4.1) and Proposition 4.2 it follows that n(f) € C,(d)(Q).

Any f € C3(d) induces a parameterization 7(f), and we get the following map

7: C3(d) — D(d)

e (S60)(1,0), HN(L,0), £1,0)).

We start by proving some nice properties of parameterizations.
In this chapter R is a domain and K is its field of fractions. We assume K is of zero

characteristic.

Proposition 5.2 ([5], Proposition 5.2.5). Suppose d € K*. If (x,y,2) € K3\ (0,0,0),
satisfies the equation
? +y = d2?,

then there is a ¢ € C3(d)(K) with w(¢) = (z,y,2). It is given by

5 [2,0,%, 82 =25 yf 2 £ 0
10,=2,0,0,=28) ifz—0
[7y7 y Yy x2 ] ZfZ

Proof. Direct calculation gives the result. O

14



Theorem 5.3. Let A, B,C be square-free integers, such that
ged(A, B) = ged(A,C) = ged(B,C) = 1.

If x,y,z € Z satisfy
Az? + By? = C23,

and ged(z, y) = ged(x, 2) = ged(y, z) = 1, then there exists a Klein form f € C3(CA3B?)(Z)
such that

§1,0) H(f)(1,0)
<2AQB’ AB 7f(170)>=(1’,y,z).

Proof. We observe that (A2Bx, ABy, z) is a solution for the equation
$/2 + y/3 —_ CA3B2ZI3.

Proposition 5.2 gives us f € C3(d)(Q) with 7(f) = (A2Bz, ABy, z). First we consider the
case z = 0. Since Az? + By® = 0, and ged(x,y) = 1, the fact that A and B are square-free
implies that x,y € Z*, and hence % € Z*. Thus we have

—x —26y2d

f = [07 ?a 07 07 T] S C3(CA3B2)(Z)

Now we consider the case where z # 0. The existence of f € C3(CA3B?)(Q) is guaranteed
by Proposition 5.2. Let f = [ag, a1, - - ,a4]. Since n(f) = (A?Bx, ABy, z) we have

< = aop,
ABy = (8apas — 3a?) /48, (5.1)
A?Bz = (2%a3az — 2%aparaz + a3)/2°. (5.2)

]_ —
0 104)7 with o € Q. Since det(M) = 1, we have

7(fM) = 7(f) = (A2Bx, ABy, z). By a suitable choice of o we can make sure that a; takes
any value. We claim that ged(ABy, z) = 1. Assume p | z, and p | ABy. If p | B, then since

We can act on f by a matrix M = (

Ax? 4 By? = C23, we get that p | Az?, and hence p | x, which is a contradiction. Similarly,
we can prove p 1 A, thus we must have p | y, but this implies p | x, which contradicts
the primitivity of (z,y, z). Similarly, we can prove that ged(A?Bwz, z) = 1. Hence ABy is
invertible modulo 2%, and we can choose « such that a; € Z and a1 = —4(A?Bx)(ABy) !
(mod 23). Observe that since gecd(A?Bx, z) = 1, we get that ged(ay, z) = 1. We replace f
with fM.

Now we prove that f € C3(CA3B?)(Z). Let S be the multiplicative set generated by 23,
and Zg the localization of Z at S. Since ag and a; are in Z, by (5.1) and (5.2) we get that
f €C3(CA3B?)(Zg). If z € Z* there is nothing to prove, so we assume z ¢ Z*.
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We define the valuation v as follows

’U:ZS—>Z

a— max{n | z "a € Z}.

From (5.1) and (5.2) we get

—4(A?Bxz)
L (48(ABy) +3a) _ (15(ABy) +3(Tamy ) _ 6((ABy) + (A?Bm)z)
0% 8 8 (ABy)?
CA3B2;3 .
= GW (mod z ),

CA2B223 ¢ (A?Bz)? B sCA3B?(A?Bzx)z3

@By ) T (AByy " (ABy)?

adaz = 28(A?Bzx) — 2°3( (mod z3).

Recalling ap = z, we immediately get

v(ag) =1, w(a1) =0, wv(az)>2, v(az)>1.
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Chapter 6

The Equation 22 + By> = Cz°

In this chapter we return to our main objective, namely to understand the Klein forms that

generate the co-prime integer solutions for the equation
2?4+ By? = C23, (6.1)

where B, C' are non-zero, square-free and co-prime integers.

If we multiply the above equation with B2, we get the following equation
(Bx)? + (By)® = B*C2>. (6.2)

If we look at the Klein forms of discriminant B2C, we can ask the following question:
when does a Klein form of discriminant B?C produces Z-primitive solutions for Equa-
tion (6.1)7 In this chapter we answer this question by calculating the equivalence classes of
Klein forms that parameterize Equation (6.2) under different notions of equivalence.
Throughout this chapter B, C are assumed to be square-free integers with ged(B, C) = 1,
and p | B, where p is a prime not equal to 2,3. Whenever we talk about primitive solutions

we refer to Equation (6.1), unless otherwise stated.

Definition 6.1. We say that a Klein form f € Q[s,¢] produces a primitive solution, or is
Z-productive for the equation
Az? + By? + C23,

if for some s,t € Q, the triple (t({ggsét), H(Ql(;’t) [ (s, t)) is a Z-primitive solution. Similarly,

we say f is Zp-productive, if for some s,t € Qp, the triple (tgag%t), H(Q)és’t),f(s,t)) is a

Zy,-primitive solution.

6.1 Local Analysis

In this section we will justify studying Equation (6.1) locally at a prime p. First we prove

a lemma.

17



Lemma 6.2 ([9], Lemma 4.1.1). Let X,Y,Z € Q[z,y| be forms of degree n that satisfy
AX?+ BY? = CZ3. If there exist sp,t, € Qp, such that (X(Sp,tp),Y(sp,tp),Z(sp,tp)) is
a locally primitive solution at p, then there exists a positive integer k, such that if s,t € Q
with vy(s — sp) > ky and vy(t —tp) > k, then

(X(5,), Y (s,1), Z(s5,1))
1s also a locally primitive solution at p.

Proof. Let M be a non-negative integer. We write X (s,t) = 31, a;5't"~*. Suppose that
up(s — sp), vp(t —tp) = M.
Hence we get that

M
§=8p+pes,

t=t,+pMey,
for some ey, e; € Qp, with vy(es), vp(er) > 0. It follows that
op (s — S;t;}_i) > nM,
for all 7. But then

0p(X (5,1) = X (spty)) > min (w(as) + vp (574" — st~

> min{v,(a;)}i + nM (6.3)
Therefore, if v,(X(sp,tp)) = v, and we set M > v — min{vy,(a;)};/n, then by (6.3) we get
Up(X(s,t) — X(sp,tp)) > nv > v = v,(X(sp, tp)).

But this means v,(X(s,t)) = v. For Y and Z we get similar bounds for M. If we take &, to

be the maximum of these bounds, then the result follows. O

Theorem 6.3. Let X (s,t),Y (s,t),Z(s,t) € Qs, t] be forms such that
AX (s,t)* + BY (s,t)® = CZ(s,t)3,

where A, B, C are square-free and pairwise co-prime integers. Assume that X (s,t),Y (s,t), Z(s,t)
do not have factors in common as polynomials. If for every p there are sp,t, € Q, such that
min{v, (X (sp, tp)), vp(Y (5p, tp)), vp(Z(Sp, tp)) } = 0, then there exist a pair so,to € Q such

18



that
ged(X (so,t0), Y (s0,t0), Z(s0,t0)) = 1.

Proof. If a common factor H would divides both X and Y, then it would divide CZ? as
well and hence it would divide Z. Hence X(s,t) and Y (s,t) have no common factor. From
this it follows that the resultant R = Res(X (s,t),Y (s,t)) is a nonzero rational number, say

Let S be the set of primes that divide mn or the denominator of a coefficient of X, Y or

Z. According to Lemma 6.2, for all primes p € S, there exists k, such that for s, € Q, if

{Up(s —sp) > kyp

op(t —tp) = kyp,
then at least one of X(s,t),Y (s,t), Z(s,t) is not divisible by p. Let

ep = min{vy(sp), 0}

fp = min{v,(t,), 0},

for all p € S. We write

Then we get that Dgsy, Dit, € Z. Now by Chinese remainder theorem we can find ¢, ¢’ € Z
such that

s’ = Dys, (mod p*»=c)

t' = Dit, (mod p*r=7r),
for all p € S. Let s = §'/Ds and tg = t'/Dy. Tt is easy to see that

so—8p =0 (mod pkr—er)
to—t, =0 (mod p*r—/r).

Hence we get that

up(so — sp) = kp —ep = kyp
vup(to —tp) = kp — fp = kp.
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Thus we have that

min{v, (X (s0,%0)), vp(Y (50, %0)), vp(Z(s0,%0))} = 0,

forp e S.
For any prime ¢ ¢ S, if v,(s), vg(t) > 0, then we will have that

X(s/q,t/q) = g~ *E¥ X (s,¢),

and we see that scaling s and t by 1/q, does not affect primitivity at primes in S. Thus
without loss of generality we can assume that min{v,(s),v,(t)} =0, for p ¢ S.

It remains to show that

min{u, (X (5, 1)), 0p(Y (5. 1)), 0p(Z(s, 1))} = 0,

for p ¢ S. Let ¢ ¢ S be a prime. Since ¢ neither divides R, nor it divides the denominator
of any of the coefficients of X,Y and Z, we have that the reductions

X(s,1),Y (s,t), Z(s,t) € Fy[s, 1],
also have nonzero resultant, and hence no common roots. Therefore as long as
min{ug(s), vg(t)} = 0,
both X (s,t) and Y (s,t) are also not divisible by ¢. This means
min{uvg (X (s,)),v4(Y (s,1)), vg(Z(s,1))} = 0,

for a prime ¢ not in S. O

6.2 Elliptic Curves

We are studying Klein forms f € C3(d)(Qp), with v,(d) = 2. We need some machinery
from the theory of elliptic curves. Here we closely follow Cassels ([4], §15). Throughout this
section we assume K = Qp, and R = Z,,.

Assume d € Q, such that v,(d) = 2. Let g = 23 — d € Qp[x]. If there exists a € Q,
such that o® —d = 0, then 8 = o?/p satisfies 2% — d?/p?, which is Eisenstein, hence g is

irreducible over Q,. We associate an elliptic curve to d in the following way

Ey:y? = g(z) = 2% — d. (6.4)
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We define the field M = Q,[0] = Q,[x]/(g(x)), where 0 is the image of 2. We have the norm
map

N: Q0] — Q,
defined as follows. For o € Q,[0] we define N(a) to be the determinant of the map

Qpl0] — Q[0
¢ ag,

considered as a Qp-linear map between Q,-vector spaces. Let M’ be defined as follows
M’ = {a € Q}[0]: N(a) € Q}7}.

For an elliptic curve E over Q,, we write E[2]| for the two-torsion on E and we write
H'(Qp, E[2]) for its first cohomology group when considered as a group scheme over Q,.
See [13, Chapter 4] for details. The group H'(Q,, E[2]) admits an elementary description in

the following way.

Theorem 6.4 ([14], Corollary 4.2). Let E4, M and M’ be defined as above. Then
HY(Qp, El2]) ~ M /M.

Definition 6.5. Let C' be a genus one curve. We say that m : C' — FE is a 2-covering of
F if there is an isomorphism ¢: C — F defined over K, such that the following diagram

commutes
FE & E
o] /
C )

Two 2-coverings (C1,71,¢1) and (Co, e, ¢2) are isomorphic if qul o0 ¢y: Cy — (7 is an

isomorphism over K.

Let f € K[z,y] be a quartic Klein form with Klein form discriminant d. We have the
following syzygy:
t(f)* = —4H(f)? — 4df*

If we rewrite this syzygy for a projective curve C with affine equation y? = f(x, 1), we get
L6[t(f) (2, DI* = [-4H(f)(z, D]* — 64dy°,

dividing by 64%°® we obtain



This equation defines an elliptic curve isomorphic to E;: y? = 23 — d.

Theorem 6.6. Let f € C3(d) be a Klein form, and let C' be a projective curve defined by
the affine equation C: y*> = f(x,1). Let E4: Y? = X3 —d be an elliptic curve. The map

w: C — Ey defined by

s a 2-covering of Eq.

Proof. First we show that 7 has degree four. Given (z,1) on C , we see that (x, 1) satisfies
the quartic equation X f(z,1)+H(f)(x, 1), where (X,Y") are the coordinates of K(FEy), and
y is uniquely determined, y = #}m

Let E' = Jac(C) and assume §: C' — E’ is the map from C' to its Jacobian, defined by
sending one root of f to infinity and the other three roots to the roots of X3 — d in some
order. Define = w0 0~ ': E' — E,;. Then y has degree four. It maps Og to Og,, so it is a
group homomorphism ([13], Proposition 3.1). It also maps the four 2-torsion points E’[2] to
0, so ker(p) = E'[2]. Thus we get E; = E'/E’'[2] = E’. By Corollary 4.11 in [13] we get that

p = [2] o, for some automorphism « of Ey. It follows that 7 = [2] 00, where § = a0 6;. [
In this way any Klein form induces a 2-covering. We have the following proposition.

Proposition 6.7 ([3], Lemma 2). Two Klein forms with Klein form discriminant d are

properly equivalent if and only if they give rise to the same 2-covering of E .

Proof. Let f1 and fo be two properly equivalent quartics (see Definition 2.3). Hence f; =
AN fM ) for some A\ € K*, and M € GLy(K). Based on Proposition 6.6 we can associate a
2-covering to each Klein form. Let 71: C7 — FE4 be the 2-covering associated to fi, and
my: Co — E4 be the 2-covering associated to fo, where C; is the projective curve with affine
equation y? = f;(x,1) for i = 1,2. Since H, and t are covariants of weight 2 and 3, we get
that

~Atdet(M)2H(f2)(z,1) A6 det(M)3t(f2)(x,1)
™1 (.f, y) = < 2 ) 3 )
Y 2y
Since f; = )\2f2M, we get that d; = A\®det(M)%ds, where d; and dy are the Klein form
discriminants of f; and fo respectively. But since dy = da = d, we get that Adet(M) = ( is
a root of unity. This implies that

—NCH(fo)(x,1) NEt(f2)(x, 1))
y? ’ 2y3 '

mie,y) = (

We observe that

_H(fQ)('ra 1) t(fQ)('rv 1))
y2 ’ 2y3 ’

mo(z,y) = (
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From this it follows that
Yy
T (z,y) = 772<177 a)

This shows that 71 and o are isomorphic 2-coverings.

Now we prove the converse direction. Since f; and f2 are both Klein forms with the same
Klein form discriminant, it follows that both curves C: y? = fi(s,1), and C': y"? = fo(s',1)
have the same Jacobian curve, namely E4: y?> = 2° — d (see [3], Lemma 2). Hence there is
a birational map C — C’ defined over K which maps the points with y = 0 to the points
with ¢/ = 0. Such a mapping must be linear between s and s’; thus there exists A € K*,
and M € GLy(K) such that

fi(s,t) = AfM(S 1.

From this equality we get that d; = A\3det(M)%da, where di and do are the Klein form
discriminants of the f; and f, respectively. But since di = da = d, we get that A\ = det(M)2.
Let p = det(M), we see that

fils,t) = 2 f37(s', 1)
Hence f; and f» are properly equivalent. O

For an elliptic curve E there is a standard identification of H'(Q,, F[2]) with the set of

2-coverings of F up to isomorphism.

Theorem 6.8 ([13], Theorem 2.2). There is an isomorphism

H'Y(Q,, E[2]) ~ {2-coverings of E}.

6.3 Classifying Klein forms

In what follows we classify Klein forms in C3(d)(Q), where d € Q; and v,(d) = 2. We start
by classifying the forms up to proper equivalence (see Definition 2.3), and after that we refine
our classification to GL2(Qj)-equivalence. Finally, we classify and list GL2(Q))-equivalence
classes with integral representatives.

6.3.1 Proper Equivalence

Theorem 6.9. Let d € Q,, such that v,(d) # 0 (mod 3). Up to proper equivalence there is
only one Klein form in C3(d)(Qp), namely f(s,t) = t(s3 — dt3).

Proof. Let M = Q,[0] = Qp[z]/(f(x)), where f(z) = 23 — d and 6 is the image of z. Also
let M" = {a € Q[0]: N(a) € Q;‘f}. Since M is a local field we have

M*/(M*)? = {1,¢,p, cp},
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where ¢ € M* is a non-square. Since ¢, p, cp have non-square norms we get that M’ /(M*)?
is trivial. This together with Theorem 6.4 and Theorem 6.8 implies that E; admits only the

trivial 2-covering. Now Proposition 6.7 completes the proof. O

6.3.2 GLy(Q,)-Equivalence

We first define the notion of GLe-equivalence.

Definition 6.10. Two forms fi, fo € K|[z,y] are GLy(K)-equivalent if there exists M €
GLy(K) such that f; = f1.

Assume d € Qy, such that v,(d) # 0 (mod 3). Let f € C3(d)(Qy). Then according to
Theorem 6.9 there exists (A, M) € Q, x GL2(Qy), such that

f=22(s* — dot*)M.

We have that d(f) = \Sdet(M)%d = d, and hence Adet(M) = 1. Now if \ is a square, say

A\ = 12, multiplication with A% can be represented by a matrix N.

N [* 0
0 nu
Then M\f = fN. Since @;/Q;2 ~ (Z/2Z)?, for p # 2, we have 4 different GL2(Q,)-

equivalence classes. We summarize the above argument in the following proposition.

Proposition 6.11. Let d € Qy, such that v,(d) # 0 (mod 3). Up to GLa(Q,)-equivalence
there are four forms in C3(d)(Qp). Let (@;‘,/(@;2 = {1, ¢, p, cp}, where c is a non-square. We

list these forms in the following table.

f t(s® — dt3)

f2 t(es® — d/c*t3)
fz | tlps® — (d/p*)t°)
f1 | tlpes® — (d/p*c*)t%)

6.3.3 GL,(Q,) classes with representatives in Z,[z, y]

We have shown in the previous section that there are only four GL2(Q)) classes of forms in
C3(d)(Qp), where v,(d) # 0 (mod 3). Here we investigate the number of integral represen-

tatives for each of four GL3(Q))-equivalence classes. First we prove a lemma.

Lemma 6.12. For any M € GL,(Q,), there exists S € SLy(Zy) and U € GL2(Q,), such
that U is upper triangular and M = US.
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Proof. Let M = (a ?) € GL2(Qp). It is enough to find S € GL2(Z,) such that MS is
Y

upper triangular. If v = 0 we can take S to be the identity matrix. If v # 0, then there

are co-prime a,b € Z, such that ay + ¢ = 0, and we also can choose b,d € Z, such that

b
ad — bc = 1. Now we can take S = <a d) € SLa(Zy). O
c

Let g € C3(d)(Qp) where vy(d) # 0 (mod 3). By Proposition 6.11 there is a matrix
M € GL2(Qp), such that g = M where f is one of the four forms stated in the Proposition
6.11. Since all of those four forms have Klein form discriminant d, we get that det M = 1.
According to Lemma 6.12, we obtain M = US where U € GL2(Q)) is triangular, and
S € SLy(Z,). Since det M = 1, it follows that det U = 1. Hence g = fUS, and g571 = fU.
Since S~! € SLy(Z,), we have that fU € C3(d)(Z,). Thus in order to find all the GL2(Q,)-
orbits of C3(d)(Qp) that have representatives in C3(d)(Z,), it is enough to determine the
triangular matrix U € SLy(Q,) for which fY has coefficients in Zy, where f; is one of the

forms listed in Proposition 6.11. We do this in the following theorem.

Theorem 6.13. Let d € Q, such that vy,(d) = 2. Up to GLa(Zy)-equivalence there are four
forms in C3(d)(Zy).

Proof. According to the above argument, any Klein form g € C3(d)(Z,) can be written as
g = fM, where f is one of the four forms in Proposition 6.11, S € GL2(Zp) and M =

1 b
< éa ), with a,b € Q,. We can assume det(M) = 1, because
a

d=d(g) = det(M)%d(f) = d.

Hence det(M) is a unit, we assume it to be 1. Without loss of generality we can represent f
as f = t(ws® + et®) with w, e € Qp, where (w, ) € {(1,d), (c,d/c?), (p,d/p?), (cp,d/c*p)}.
We observe that vy,(e) + 2v,(w) = 2.

By direct calculation we get

b
™M= (% + b4e) st + (% + 4b3ae) st + (6b%a?e)s*t? + (4ba’e)st® + (ate)t?.
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Since we want f to have coefficients in Z, we get the following constraints:

From Proposition 6.11 we know that vy(e) is either 0 or 1. In both cases, condition (6.5)
implies that v,(a) > 0. If v,(a) # 0, then v,(%) < 0. Thus condition (6.8) implies that

a2

w
vp(3) = vplw) = 2u(a) = vy(4°ae) = 3u,(b) + vp(a) + vy(e).
If we substitute v,(e) = 2 — 2v,(w) in the above equality, we get that

2 = 3vp(w) — 3up(b) — 3vp(a),

which is a contradiction. Thus v,(a) = 0. Since v,(e) > 0, condition (6.7) implies that
vp(b) > 0. Hence we see that M € GLa(Z)).

This shows that we have exactly four GL(Qp)-equivalence classes of Klein forms in
Cs(d)(Z,). 0

Theorem 6.14. Let d € Z, with v,(d) = 2. Only half of the GL2(Q,)-equivalence classes

of Klein forms in C3(d)(Zy) produce Z,-primitive solutions for the equation
22 + By’ = C23, (6.10)

where B, C are square-free integers, such that ged(B,C) =1, v,(B) =1, and d = B*C.

Proof. According to Theorem 5.3 all the solutions to (6.10) are produced by Klein forms in
C3(d)(Qp). Since acting via GL2(Z,) does not affect productivity, and we showed that any
Klein form in C3(d)(Z,) is GL2(Qp)-equivalent to one of the forms listed in Proposition 6.11,
without loss of generality we can prove the result for these four forms. Let f = t(ws> + et3),

be one of the following forms

fi t(s3 — dt®)

f2 t(es® — d/c*t3)
fz | tlps® — (d/p*)t°)
f1 | tlpes® — (d/p*c*)t%)
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We observe that v,(w) = 0,1, and we have the identity v,(e) + 2v,(w) = 2. We recall

H(f) = 3w?s* — 24west?,
t(f) = w3s® 4 20(w?e)s3t> — (Swe?)t".

From Chapter 3, we recall that
(6(/)/2)* +H(f)? = df*.

Hence the triple (t(f)/2B,H(f)/B, f) produces a primitive solution for the equation

22 + By® = C23,
exactly when there exist s,y € Z, for which we have

min{u, (t(1) (50, 0)/ B), tp(FL(f) (50, t0)/ B vp(f (50, t0))} = 0.
In particular, v,(H(f)(s0,%0)/p) > 0. But that means we have
(3w?sg) /p — (24wesotd) /p € Zp.

If vy(w) = 1, then obviously (3w?st)/p — (24wesotd)/p € Z,, and if we evaluate the triple
(t(f)/2B,H(f)/B, f) at (1,0) we get (w®/2B,3w?/B,0) which is obviously a primitive
solution. It remains to check the case where v,(w) = 0, which implies v,(e) = 2. For the
sake of contradiction we assume v,(e) = 2. First consider the case where v,(sg) = 0. We

should have
2vp(w) + 4vp(so) — 1 = vp(w) + vp(e) — 1 4+ vp(so) + 3up(to),
If we plug 2 = 2v,(w) + vy(e), we get
3up(w) — 2 = uy(to) — 3up(s0).

Since vp(w) = 0, we get that v,(to) — 3vp(so) = —2, which immediately rules out the case
vp(sp) = 0. It remains to rule out the case where v,(sg) > 0. In this is case it is easily seen
that

min{vy,(t(f)(s0,0)/p), vp(H(f)(s0,t0)/p), vp(f(s0,t0))} > 0.

We have proved that for the equation

2? + By® = C23,
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the forms f3, f4 are productive, and the forms fi, fo are not productive.
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Chapter 7

Density Heuristics

In previous chapters we studied the Diophantine equation
22 + By® = C23,

where ged(B,C) = 1, and B, C are square-free integers. In this chapter we first prove that
these equations form a positive proportion of the set of equations with no constraints on
B and C. After that we discuss possible applications of our result. We introduce some

terminology first.

Definition 7.1. Let B be a positive integer. We define the following sets,

E(B) ={(b,¢): [b| < B, |c| < B},
E'(B) ={(b,c): |b| < B, |c| < B,ged(b,c) =1, b and c are square free}.

Theorem 7.2 ([11], Theorem 1). We have
B? 1
E'(B)=4—— 1— ——) +0(B%?).
#8(8) = 4o [1 (1= ) + OB
Theorem (7.2) implies that the relative density D := %((g)) is

D=

)2

1 1
1— —— ) ~ 0.28674742843447873411
¢(2)? 1;[ ( (p+1 )

In proving Theorem (7.2) we use the following facts from analytical number theory

1 ifn=1
4= 7.1
dz;llu( : {0 otherwise, (7.1)
SR I (B} )

dln pln
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All of these are standard facts from analytical number theory. A good reference containing

proofs is Tenenbaum [15]. Before stating the proof we prove two lemmas.

Lemma 7.3 ([11], Lemma 1). Let d > 1 be an integer. Let

Sa@) = 3 uln)?.

n<x
(dn)=1

We have
T

(@) Tyl + 1)

where w(d) denotes the number of distinct prime divisors of d.

Sa(x) = + 0249 /x),

Proof. Let Ty(x) denote the number of natural numbers n < x coprime to d. According
o (7.1), and (7.2) we get

)= Y 1= Y Va0 = Y a@)] = War o), (3
n<z n<z aln ald
(n,d)=1 ald

where [z] is the integral part of z. By the inclusion and exclusion principle we obtain

x
Sa(z)= > pim)Ta(—5).
m<y/x
(d,m)=1
Now by (7.3), we deduce
m
m<\z
(d;m)=1
By completing the sum,
(dm)=1

Recall the well-known identity

p(m) R 1
( mz:):l m? g(l P2) C(2) [Tpa(t = 1/p%)
d,m)=1

Using this identity and (7.2) the lemma is proved. O
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Lemma 7.4 ([11], Lemma 2). We have

X gw(d) 2w(d 4w(d)
> B O(1), Z OWzlogz), Y = O(log? ).
d<z d<z d<zx

7.1 Proof of Theorem 7.2

Note that

#E'(B) =4 > u(m)u(n)® > pd).

m<Bn<B dlm, d|n

By swapping the order of summation, we get

#E'(B) =4 u(d) Y ulm)* Y p(n) (7.4)
d<B m<B n<B
dlm din
Note that
S pm? = p(@? Y ulh? = u(@2Sa(g). (7.5)
m<B k<B/d
dlm (d,k)=1

where the rightmost equality is from Lemma (7.3). By (7.5) and the fact that pu(d) = u(d)®

we get

2
#E'(B) =43 u(d ( )" (7.6)
d<B
According to Lemma (7.3), we get
d) ouw(d) 4w(d)
#E'(B Z +0@@*? Y ) +0(z ) )
C 2)? =5 @ 1lpja( +1/p) i P i<p ¢
By completing the first sum and noting that
Zcp p‘dl—kl/p 1;[( p+1) T
we get
ow(d) 4w(d)
3/2
#E'(B 2H( ))+0(B/ > ) HOB Y. —).
2 d<B d<B

Now the theorem follows from Lemma (7.4).
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7.2 Density Heuristics

In this section we sketch how we envision the results from Chapter 6 might help in deter-

mining the average number of productive Klein forms for equations of the form
2? + By + 02 = 0. (7.7)

As we have seen in Theorem 5.3, primitive solutions to (7.7) give rise to quartic Klein
forms in Z[s,t] with Klein form discriminant equal to d = B?C, and we say two primitive
solutions are equivalent if their Klein forms are GLg(Z)-equivalent. The motivation is that
a Klein form gives rise to a parametric solution, and equivalent solutions can be obtained
as specializations of the same parametrization.

As Edwards explains in [5, Chapter 11|, each GLy(Z)-equivalence class of Klein forms ad-
mits a Hermite reduced representative. Such representatives have their coefficients bounded
by an explicit function of d. It follows that there are only finitely many equivalence classes of
Klein forms of bounded discriminant, and hence we get an estimate of the average number
of Klein forms per discriminant (as a function of d).

As we have seen in Theorem 6.3, whether a Klein form is productive for a given equation
is determined by local conditions. These translate into congruence conditions on the coef-
ficients of the Klein form, and thus give us local densities for the locally productive Klein
forms in the space of Klein forms with coefficients in Z,,.

Our heuristic assumption is that the integral Klein forms distribute approximately uni-
formly over the Zy,-equivalence classes. As a consequence, for each Klein form discriminant
d, we expect the proportion of productive Klein forms to be measured by the product of
the relevant local densities. As our results suggest, these local densities would be about %
for each prime dividing B.

It should be possible to make this heuristic rigorous by establishing that the space of
equivalence classes of Klein forms is rational. A further quantitative analysis should make it
possible to make quantitative estimates of the densities and number of equivalence classes

involved. We are hopeful to execute this programme in future work.
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