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Abstract

The twin prime conjecture asserts that there are infinitely many positive integers x such
that x and x 4 2 are simultaneously prime. In this thesis, we consider a two-variable ana-
logue of this problem. Let F(z,y) be a positive definite quadratic form and G(z,y) a linear
form, both with integer coefficients. Suppose for any prime p there exist ¢, m such that
pt F({,m)G(¢{,m). Then we prove that there are infinitely many ¢, m € Z such that both
F(¢,m), G(¢,m) are primes. In fact, our proof extends to primes in arithmetic progressions
F(¢,m) = a (mod ¢) and G(¢,m) = b (mod q).

The main result (when ¢ = 1) was first obtained independently by the author and another

team of researchers D. Schindler and S. Y. Xiao. The extension is joint work with them.

Keywords: primes, binary quadratic forms, simultaneous prime values
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Notations

A(n) = von-Mangoldt function.

wu(n) = Mobius function.

7(n) = > gjn 1 denotes the divisor functions.

N,Z,Q,R,C denote the sets of all positive integers, all integers, all rational numbers, all
real numbers and all complex numbers respectively.

f(x) = O(g(x)) means |f(z)| < Cg(z) for x > xy and some absolute constant C' > 0. Here
f(x) is a complex function of the real variable x and g(z) is a positive function for = > xg.

Zb is a summation over positive squarefree integers.



Chapter 1

Introduction

1.1 Main Results

Many classical problems in number theory concern the infinitude of primes in some special
subset of integers S. For example, the twin prime conjecture asserts that there are infinitely
many primes in the set S = {p, + 2 | n € N}, where p,, denotes the n-th prime. Landau’s
problem asks the same question for the set S = {n>+1 | n € N}.

In this thesis, we are interested in studying pairs of primes. Another way to phrase the
twin prime conjecture is that there are infinitely many n such that n and n + 2 are both
primes. We are pretty far away from proving this and therefore we consider a two-variable

analogue instead. For instance, are there infinitely many x,y € Z such that both
x, T+ 2y

are primes? The answer is obvious indeed: any pair of odd primes can be represented by

them. For the higher degree cases, we wish to answer the following question.

Question 1. Given two binary forms F(z,y),G(z,y) € Z[x,y], are there infinitely many
¢,m € Z such that both F(¢,m) and G(¢, m) are primes?

In 1997, Fouvry and Iwaniec [5] studied the primes of the form p = 2 + y? where y
is also a prime, and they managed to prove that the number of these primes is infinite. In
other words, the answer to Question 1 is affirmative when F(z,y) = 22 +y? and G(x,y) = .
In the Master’s thesis [15] of the author, the case F(z,y) = 2% 4+ 2y? and G(z,y) = y is
settled. In [17] Pandey studied the case when F(x,y) = 2? — 2y + y? and G(z,y) = 2z — y.
The author [16] also treated the case F(z,y) = x> + Dy? G(x,y) = y when D > 0 and
there is exactly one binary quadratic form of discriminant —4D up to proper equivalence
(see Chapter 4 for terminology on binary quadratic forms). These are the only known cases

and we could make the following conjecture in general:



Conjecture 1.1.1. Let F(x,y),G(z,y) € Z[z,y] be two irreducible binary forms. Assume
that for every prime p there are ¢,m € Z such that p t F({,m)G(¢, m). Then there exist
infinitely many ¢, m € Z such that both F'(¢,m) and G(¢,m) are primes.

The assumption about p is very helpful. For example, for the pair of binary forms
F(z,y) = 22% + 2y + 9? and G(z,y) = z, we have 2|F(¢,m)G(¢,m) for all £,m € Z. There-
fore, the prime pairs they could represent form a much thinner set (one of them has to be
2), and this makes counting these pairs much harder. If a prime p divides F'(¢,m)G(¢, m)

for all £, m € Z, we say that we have a local obstruction at p.

By a simple change of variable, we can reduce to the case G(z,y) = y. If G(z,y) = az+by
is a linear form with ged(a,b) = 1, then there exist integers ¢, d with ad — bc = 1. By setting

u = ar + by and v = cx + dy, we then have x = du — bv,y = —cu + av and therefore
F(z,y) = F(du — bv, —cu + av)

is a binary quadratic form in w and v, which is still positive definite and irreducible.

To state our main result (Theorem 1.1.3), we need to introduce two more definitions. A
binary quadratic form F(x,y) = az? + Bzy +y? € Z[z,y] is primitive if ged(a, 3,7) = 1.
For any positive integer d, we define p(d) to be the number of solutions v (mod d) to the
congruence equation

F(1,v) =0 (mod d).

Then we have the following proposition.

Proposition 1.1.2. Let F(z,y) = az?+ Bry+vy? € Z[z,y] be a primitive positive definite
quadratic form and X be a positive real number. Let (A(¢)) be a sequence of complex
numbers supported on the natural numbers which satisfies the bound |A(£)] < log? X for
all £ € N and some fixed A > 0. Suppose ¢ € N, ¢ < (log X)? for some Q > 0 and Y is a
Dirichlet character modulo g. Then for any B > 0 we have

DY MOX(F(E,m)AF(l,m)) = DD MOX(F(E,m)Hrg(0)
F(tm)<X F(tm)<X
ged(L,ym)=1
ged(F (¢,m),Pp)=1

+ 04 ro(X(logX)™P),

where A is the von Mangoldt function,

swio- I (-4 0-2) ()"

ptqPr p p pléqPr p

and Pr is a positive integer that depends only on F' (defined in (5.6)).



Hrp4(¢) is absolutely convergent by Lemma 2.1.1. Since p(p) < 2 for all prime p, Hp4(¢)
is positive if p(2) # 2. That means to check the local obstruction it suffices to consider
p = 2. The flexibility provided by A(¢) and F(¢,m) = a (mod q) has applications in other
prime-related problems too. Recently, Grimmelt proved Vinogradov’s three primes theorem

for Fouvry-Iwaniec primes and his proof needs such flexibility; see [9] for details.

The purpose of introducing Pr in our expression is to remove some small prime factors
that forbids the use of a factorization proposition (see Proposition 4.2.4 in Section 4.2). By

choosing (A(£)), one can show that

Theorem 1.1.3 (Main Theorem). Let F(z,y) € Z[z,y] be a primitive positive definite
quadratic form of discriminant —A. Suppose ¢ € N and ¢ < (log X)€@ for some @ > 0. Then
for any A > 0 and a,b € Z with ged(ab, q) = 1 we have

qu(q> av b) WX

SIS AWAF(Lm)) = + Oa,rq(X (log X))

Fam<x a¢(q) N
F(¢,m)=a (mod q)
£=b (mod q)
where ) .
a=T(=57) (-5) (-5
plq p p plq b
and

p(d;a,b) = t{v (mod d) : F(b,v) = a (mod d)}.
When g = 1, we have

Corollary 1.1.4. Let F(z,y) € Z[z,y] be a primitive positive definite quadratic form of
discriminant —A. Then for any A > 0 we have
HrX
SO0 ADAF(Em) = == + Oar(X(log X))

F(t,m)<X Al

T2 (1)

As we promised before, we provide a new family that confirms Conjecture 1.1.1.

where

Corollary 1.1.5. Let F be a positive definite binary quadratic form and G be a binary
linear form. Assume that for every prime p there are ¢, m € Z such that pt F(¢,m)G(¢,m).
Then there exist infinitely many ¢, m € Z such that both F(¢,m) and G(¢,m) are primes.

To prove Proposition 1.1.2 (and hence Theorem 1.1.3 and the two corollaries), we will
mostly follow the approach by Fouvry and Iwaniec in [5]. Their proof used the asymptotic
sieve, and we provide an overview of sieve methods in Section 1.2 to 1.4. In Section 1.5, we

present the outline of the proof of Proposition 1.1.2 and its consequences.
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1.2 Sieve Methods

To count primes in integer sequences, one of the most powerful tools we have is the sieve
method. Suppose (ay,) is a sequence of non-negative real numbers that is supported on S,
and P(n) is defined by

1 if n is prime,

P(n) = (1.1)

0 otherwise.

Then it suffices to deduce an asymptotic formula for

P(z) =Y a,P(n). (1.2)
n<w

If P(x) — oo as © — oo, then this confirms that S contains infinitely many primes. Unfor-
tunately, the weight P(n) lacks useful analytic or combinatorial properties and this hinders
us from obtaining an asymptotic formula for P(x). The magic of sieve methods comes from
modifying P(n) to some better weight 75(n), but the cost is to partially sacrifice the prime-
detecting property of it. Also, we might not be able to obtain an asymptotic formula but
rather an upper bound or a lower bound for P(z). Typically, the modified weight takes the

form

P(n) = f(n) (13)
i

where f is some nice arithmetical function and D is some relatively simple subset of positive
integers. For example, D might contain only integers with a small number of prime factors,
or integers less than a small power of x. For simplicity, we take D = N for the rest of our

discussion.

In this thesis, we will mostly work with the "asymptotic sieve", in which the sum

P(z) = Z anA(n) (1.4)

n<e
is considered. Here A(n) is the von-Mangoldt function

A(n) =

logp if n is a perfect power of a prime p,
0 otherwise.

Strictly speaking, A is supported on prime powers. However, the contribution from proper

prime powers to P(x) is usually negligible. Furthermore, A satisfies a fundamental identity

A(n) = — Z wu(d)logd (1.5)
din



where p is the Mo6bius function

(—1)7 if n is a product of j distinct primes,
0 otherwise.

A particularly important example of (1.4) is when a,, = 1 for all n € N, and the sum

P(x) = Z A(n)

n<x

is known to be asymptotically equal to = by the prime number theorem. The complex-

analytic proof of this statement begins with the following identity of Dirichlet series:

E_:l A(Zb) _ () Re(s) > 1.

n

where ((s) is the well-known Riemann Zeta function. This identity is essentially (1.5), which

provides us another reason to work with A.

Then by applying (1.5) in (1.4) and interchanging the order of summation,

Z anA(n) = — Z an Z p(d)logd = — Z p(d)(log d)( Z an).

n<x n<x d|n d<z n<x
n=0 (mod d)
Such interchange is always possible as long as our weight takes the form (1.3). For any
d € N, we define

Aq(x) = Z .

n<e
n=0 (mod d)

This quantity plays a crucial role in sieve theory. In most cases, we can provide an approx-
imation

Ad(z) = g(d)A(z) + Ra(z) (1.6)

where A(x) depends only on x and ¢ is a multiplicative function called the density function.
One can regard g(d) as the weighted probability that an element of S is divisible by d
and Rg(x) is the error that arises in this approximation. Assuming sufficient regularity

conditions on g(d) and some estimate of the remainder Rq(x) on average, we expect that

S anA(n) ~ HA(z) (1.7)

nx

where



This is because

Z anA(n Z wu(d)(logd)Ag(x)

n<e d<z
( Zu logd>A(m) —i—O(Z Rd(ac)|logd>
d<zx d<z

( Zu logd>A( ).

For most sequences (ay) that arise in prime number theory, (1.7) actually agrees with the
conjectural asymptotic formula. This is a very attractive feature of the asymptotic sieve
(1.4). But compared to other sieve weights, much stronger arithmetical inputs are required

here to make the above argument rigorous.

Define

D)= ) |Ra()]. (1.8)

d<D
One might attempt to show that R(x;z) is small compared to the main term HA(x). In
practice, such an estimate is probably not available. The best we can hope for is to handle
all d less than some threshold D, say D = z!7¢, and apply something else to handle the

remaining d. Precisely,

> anh(n) == > p(d)(logd)Ag(x) — > p(d)(logd)Ag(x).

n<x d<z d<zx
d<D d>D

The first part can be tackled using a good estimate for R(x; D); this is usually referred as

a Type I estimate. For the second part, it leads us to

E M( IOg d Ad E ,u amn logm
d<zx mn<x
d>D m>D

and this is a sum over two variables m,n in which some of the variables can be quite large
(m > D). What we need here is the Type II estimate. Therefore to apply the asymptotic

sieve, we need the following two major arithmetical inputs:

Question 2 (Type I Estimate). Provide an adequate upper bound for

R(z;D) = ) |Ra()]

d<D

for D as large as possible.



Question 3 (Type II Estimate). Provide an adequate upper bound for

m~M n~N

for M, N as wide as possible. Here m ~ M means M < m < 2M and similarly for n ~ V.
In the next two sections, we will explain more on how to obtain these estimates.

Remark 1.2.1. In fact, the weights P(n) also take the form (1.3) if we put f(d) = p(d)
and
D ={d € N | d< zand all prime factors of d is less than \/x}.

But the structure of D here is not simple enough for the application of sieve method.

1.3 Type I Estimate

To estimate R(z;D), we first need to figure out what are g(d), A(x) and Rg4(x) in the

approximation (1.6). As an example, when a,, = 1, we have

Ay = Y 1:@

n<x
n=0 (mod d)
where [-] is the floor function. Therefore we can simply take g(d) = 1/d, A(z) = = and
Ry(x) = —{x/d} ({-} is the fractional part function). This agrees with our intuition since
we expect an integer is divisible by d with probability 1/d. By the way, the main term in
(1.7) is
e
HA(z) = A(x) H(l — 1/p)(1 — ) = .
p
P

This is consistent with the prime number theorem.

In general, A(z) is simply A1(x) = 3°,,<, an, or an approximation of it. The density func-
tion, g(d), can be determined by some probabilistic heuristics. One can therefore say that
R4(x) is uniquely determined by the expression Ag(x)—g(d)A(x), but this does not provide
us a feasible way to estimate it. To obtain an alternative representation for R;(x), one pop-

ular approach is to remove the condition n = 0 (mod d) by using some arithmetic identities.

For example, in the twin prime problem, we can take a, = A(n + 2). By the prime
number theorem, we can set A(z) = x. For even d, it is necessary to set g(d) = 0 since
the condition n = 0 (mod d) would imply n + 2 is not a prime. If ged(2,d) = 1, then
n + 2 should belong to one of the ¢(d) congruence classes that are coprime to d. Thus we
should take g(d) = 1/¢(d) in this case. The remainder term R4(z) can be obtained by using



orthogonality of Dirichlet character:

Ada)= Y A +2)

nEOn(igdd)
= > A(n)
nzfizcrr_lc?dd)
1
—= A(n (n)x(=2)
“ 5w, 2,00 2 exe2)
1
= —— xX(—2 A(n).
A5 2, T T X

The principal character x = x¢ would provide the main term (up to a small error)

1 x
@ 2, Mg

gcd(\md)zl

since xo(—2) = 1. To complete the Type I estimate it suffices to estimate the contribution
from non-principal characters. This is essentially how the classical Bombieri-Vinogradov

theorem was proved.

In Landau’s problem, we can take

{1 if n =m? + 1 for some m € Z,
ap =

0 otherwise.

Clearly we can set A(z) = /. Let p(d) be the number of solutions v (mod d) to v2+1 = 0
(mod d). Then in every d consecutive integers n exactly p(d) of them satisfy n? + 1 = 0
(mod d). This suggests that g(d) = p(d)/d. By the orthogonality of additive characters,

1 L {1 if n =0 (mod d),
d =

0 otherwise,

we deduce that

2. = ) >, 1

n<e v (mod d) m<y/z—1
n=0 (mod d) v24+1=0 (mod d) m=v (IHOd d)

1
=2 X Yy e
v (mod d) k=0 m<yv/z—1
v24+1=0 (mod d)

2777,k(m l/)



The contribution when k£ = 0 gives p(d)| v« — 1]/d, which is roughly ¢g(d)A(x). To complete
the Type I estimate, one needs to handle several exponential sums (Kloosterman sums in
particular). Iwaniec [14] used this approach to show that there exist infinitely many n € N

such that n? 4 1 has at most two prime factors.

After obtaining a nice expression for R4(x), we can proceed to estimate R(x;D) =
> a<p |Ra(z)| for D as large as possible. Needless to say, obtaining a good Type I estimate
is not an easy task; but over the years, mathematicians have developed many powerful
analytic tools for this purpose. For instance, in the twin prime problem, the record is

R(z;2Y/%7%) <4 z(logz) ™
for any A > 0 by the Bombieri-Vinogradov theorem. Although this is still far away from
what we believe (the Elliott-Halberstam conjecture implies the same bound for D = z1~¢),
the above estimate is already essentially the Generalized Riemann Hypothesis on average.
The topic in the next section, the Type II estimate, is a relatively new member of the arena

of sieve theory and it presents a much harder challenge to us.

1.4 Type II Estimate

If our sequence is "multiplicative", say it can be split into am, = ¢ndy,, then the Type 11

sum is simply the product of two simpler sums

Z Z O BrCmn = ( Z amcm)< Z Bndn). (1.9)

m~M n~N m~M n~N

We can then treat them separately using some standard techniques in analytic number
theory. Otherwise, essentially the only known way to handle a Type II sum is via the

Cauchy-Schwarz inequality:

Z Z O Bnlmn = Z Qapm Z Brnmn

(50

(1.10)

Z ﬁnamn

n~N

1
2)2

The first part can be handled trivially but the second one is much messier. To handle it, we

require some additional structure in a,,,. For example, if a,, = r(n) is the number of ways

to write n as a sum of two squares, then

r(mn) = ir(m)r(n) when ged(m,n) = 1.

10



This is basically Dirichlet composition of binary quadratic forms,
(a® +b*)(c* 4 d*) = (ac + bd)? + (ad — be)?,
or equivalently, the multiplicativity of the norm in Z[i],
N(a+ bi)N(c+ di) = N((a + bi)(c+ di)).

This allows us to turn the last double sum in (1.10) into something close to (1.9), with some
mild dependence between m and n. Unfortunately, such a factorization only exists for very

few sequences. But this is almost a must for the successful estimation of the Type II sum.

For example, we know that there are infinitely many primes of the form z3 + y3 + 23;
but the proof is by showing that there are infinitely many primes of the form x> + 2y3.
The former does not have any such factorization structure we can exploit; on the other
hand, 23 4 232 is simply the norm of  + y</2 in Q[/2] and it comes with a multiplicative
structure. Surprisingly, adding an extra condition y = z in 23 + 3 + 22 actually makes the

problem easier. See [11] for more details.

1.5 Outline of the Proof

In [5], Fouvry and Iwaniec considered the sum P(x) in (1.2) with

an= > > X\ (1.11)

leEN,MEZ
124+m2=n

where ()\;) is a sequence of complex numbers that satisfies |\;| < 1. Eventually, they took

so that only those n = I2+m? with [ prime are counted (again, the contribution from higher
prime powers is negligible). We will define our sequence (ay) in a similar way with our own

modifications.

Let F(x,y) = az?® + Bxy + yy? € Z[z,y] be an irreducible binary quadratic form (not
necessarily positive definite) and ¢ < (log X)%?. We will work with the sequence

an = .Y A{), (1.12)

LeN,meZ
F(¢,m)=N
ged(4,ym)=1

11



where (A(¢)) is a sequence of complex numbers. Here the sequence is allowed to depend on
F(x,y),X or even ¢. In particular, by choosing the support of A, the above sum will be a

finite sum. For any Dirichlet character x of modulus ¢, define the sum

P(X;x)= Y. anx(N)A(N)
N<X
ged(N,Pr)=1

= > D AMOX(F(L,m)A(F(L,m)).
LEN,MEZL

F(e,m)<X

ged(L,ym)=1

(1.13)

The character y is present to detect the congruence condition modulo ¢. In Chapter 2, we
will decompose the sum P(X;x) using Proposition 9 from Section 7 of [5]. The main term
(HA(x) in (1.7)) will become apparent but two remainders R(X;Y, Z; x) and B(X;Y, Z; x)
still need to be estimated. Their definitions are given in Section 2.3. R(X;Y, Z;x) corre-
sponds to our Type I estimate and will be treated in Chapter 3. In Chapter 4, we will
cover background of binary quadratic forms, as well as the proof of a crucial factorization
proposition. This factorization proposition, Proposition 4.2.4, is the most novel part of the
thesis. We will use it to deal with B(X;Y, Z; x) in Chapter 5. When all these ingredients
are ready, we will prove Proposition 1.1.2, Theorem 1.1.3, Corollary 1.1.4 and Corollary
1.1.5 in Chapter 6.

12



Chapter 2

Setting up the sieve

2.1 Basic Properties of ay

Let X > 0 and F(z,y) = ax?® + Bzy + vy? € Z[z,y|], where F is not necessarily positive

definite at this moment. For any positive integer N € [0, X], we defined the sequence

an= >_Y_ A

LeENMEZ
F(¢,m)=N
ged(L,ym)=1

in (1.12). When F is indefinite, the sum is not well-defined since there could be infinitely
many ¢,m € N such that F(¢,m) = N. Therefore we restrict A so that its support lies in
[0,C4 VX |, where Cy is a positive constant that depends only on F. When F is positive

definite, such restriction is in place automatically: the inequality F'(¢,m) < X implies
(dary = B*)0% < (day — B*) 0 + (B + 2ym)* = 4vF (£, m) < 4 X.

Therefore X is supported in [0, C1v/X] where

4y
Cy = ’/74a7—62'

When F' is indefinite, we will not define our Cf; for simplicity we can simply say C; = 1.
The choice of C] does not affect the main argument at all. However, a good choice of C

will make the asymptotic formula more appealing since it comes from the integral

// 1de dm.

F(t,m)<X
0<l<C1VX

Once we have the restriction 0 < ¢ < C1VX, in the equality F(¢,m) = N we only have a
finite number of choices for (¢,m) since £ € [0,C1vX], N € [0, X] and m is a solution to
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the quadratic equation F'(¢,m) = N.

The support of A immediately implies that |m| < Cov/ X for some positive constant Cs.
When F is positive definite, it follows from symmetry. When F' is indefinite, note that

(4y] + CEA)X > 4y|X + A% > (2ym + BE)2.

Hence

VAl + CIAVX = 2]yim — |B[}¢]
VAl + C2A + |B|Cy

2|9

and we can take

2 =

Next, we wish to understand more about p(d), the number of solutions v (mod d) to
the quadratic congruence F(1,v) = 0 (mod d). We have the following more general lemma
from [4] and [13].

Lemma 2.1.1. Let f(k) be an irreducible polynomial of degree n with integral coefficients.

Let p(a) denote the number of solutions of
f(k) =0 (mod a), 0<k<a.

Let D denote the discriminant of the polynomial f(k). Then

(1) p is multiplicative;

(2) if pt D, then p(p) = p(p) < n;

(3) p(p) = O¢(1);

(4) p(k) = Oy (n~®));

(5) there exists a constant ¢ > 0 such that

Z p;p) =loglogz + ¢+ Oy ((logz) ™).

pP<T

The error term we recorded in (5) is actually stronger than that in [4]. This follows from
the prime ideal theorem (with a sufficiently good error bound) with partial summation. In

our case, F'(1,x) is a quadratic polynomial and hence we have
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Lemma 2.1.2. p(N) < 7(N) for all N € N.
Consequently, we have

Lemma 2.1.3. Suppose that A satisfies the pointwise bound
IA(6)] < (log X)*

for some fixed positive number A. Then |ay| < 7(N)(log X)A+1.

Proof. First of all, we have

jan| < (log X)* 373" 1.

F(¢,m)<X
ged(£,ym)=1
£€[0,01VX]

If F(u,v) = N and ged(u,yv) = 1, then ged(u, N) = 1 and
F(1,vu™") =0 (mod N).

We wish to show that if we fix a pair (u,v) € Z* with F(u,v) = N, then there are very
few other pairs (w, z) € Z? such that F(u,v) = F(w,z) = N and vu~! = zw™! (mod N).
Precisely, if F' is positive definite, there are at most 5 other pairs; if F' is indefinite, then

there could be at most O(log X') other pairs.

Firstly, we suppose that F is positive definite with discriminant 5% — 4ay = —A. Then

N? = (au? + Buv + y0?)(aw? + Bwz + 727)

A
= (quw + guz + ng + yvz)? + Z(uz — vw)?

If A =0 (mod 4), then =0 (mod 2). Then from uz — vw = 0 (mod N) we deduce that

auw + éuz + ng + vz =0 (mod N)

2 2

as well. Therefore

1:

(auw + guz + ng —i—’y?)z)Q n A(uz — vw)2
N N '

Since A > 0, the equation 1 = U? + AV? has at most 4 solutions (U, V) € Z2. For each

such pair (U, V), (w, z) will be uniquely determined via the system of linear equations

(o + gv)w + (gu +v)z =U,

uz —ovw =V.
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Thus when u, v are fixed, there are at most 3 other pairs (w, z) such that F(u,v) = F(w, 2)

and vu~! = zw~! (mod N). Hence
lan| < 4(log X)?p(N) < 47(N)(log X).
When A = 3 (mod 4), then 5 =1 (mod 2). Then the result follows from the similar identity

~1 1 2
N2:<auw+ﬁ uz—|—6+ vz—{—*yvz)

2 2
1+A

(uz — wo)?

-1 1
+ (auw+ﬁ2uz+ ﬁ;r vz—i—vvz)(uz—wv)—k

except there could be at most 6 solutions to 1 = U? + UV + %VQ.

When F is indefinite, let 42 — 4ay = A > 0 be its discriminant. When A = 0 (mod 4),
we arrive at Pell’s equation

1=U%-AV?2.

Without loss of generality, we assume that U,V > 0. If z; + y1VA is the fundamental

solution of the above Pell’s equation, then we have
U+VVA = (21 + 1 VA"

for some n € N. We are only interested in small solutions since
V| = |uz — wv| < 2C1C2X.

But

o log(U+VVA) _log(vVI+AVZ+VVA)
log(z1 + y1vVA) log(z1 + y1VA)

When A =1 (mod 4), we have the equation

< log X.

1 :U2+UV+%V2.
or
4= QU + V)2 - AVZ
A similar argument would show that we have at most O(log X) solutions here. Hence
lan| < (log X)p(N)(log X)* < 7(N)(log X)**.
O

Our estimate for ap is certainly not optimal. However this is sufficient for our purpose.
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2.2 Proposition by Fouvry and Iwaniec

To set up the sieve, we will rely on a sieving proposition developed by Fouvry and Iwaniec
in [5]. The purpose of this section is to state their proposition, and explain how one of their

assumptions can be modified to fit our sequence.

For a generic sequence (a,) of non-negative numbers, usually the first step to apply the

sieve is to understand the approximation

Ag(e) = Y an=g(d)A(z) + Ra(z)
nEO?iﬁdd)

as in (1.6); however, they assumed each Ay(z) is well-approximated by

My(z) = % S an(d) (2.1)

n<x

and define Ry(z) = Aq(x) — My(z). This approximation allows the main term A(z) to be
dependent on d. Furthermore, they assumed that every a,(d) is a linear combination of

multiplicative functions g;(d) in d, say

an(d) = N(n)ai(d) (2:2)

l

with A;(n) = 0 for almost all [ (the range of admissible | depends on n). Define

R(x;y, 2z Zu { log——/ Ry(t) dt — ZA ) Rpe( }

b<y c<z
bd<a cld '
b>y c>z
n Alce
ns.2) = 3 P 1067 - 50 2D o)
b>y c<z ¢

They will serve as error terms. Finally let

1)——217:’?@(1))10@—1‘[(1— Ql(p))<1—1)1. (2.4)

p

Then Fouvry and Iwaniec proved that

Proposition 2.2.1. Let ¢ € N. Suppose g;(d) satisfies

ZH

b<t

< ged(c, O)7 () Au(t) (2.5)
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for all + > 1 with some A;(t) such that A;(¢)(logt)? is decreasing. Then for y,z > 1 and
x > yz we have the identity

P(z) =YY M) {w() + di(niy, 2)} + B(w:y, 2) + R(z;y, 2) + P(2).
n<x |
The assumption of (2.5) can be weakened in certain aspects. To see how this assumption
was used, we will briefly explain the proof of Proposition 2.2.1. The core of the proof of

Proposition 2.2.1 is an identity developed by Vaughan [19]:

Proposition 2.2.2 (Vaughan’s Identity). For y,z > 1 and n > z, we have

An) = D" pb)log 7 = > 3" u(b)A) + 30 3 pBIA().
bln

beln beln
b<y b<y,c<z b>y,c>z

Then for a general sequence (a,) and P(z) =, ., anA(n), we have

n<x
Pla)=P(z)= Y u) Y ailogy = > ubAC) > a
b<y n<x b<y,c<z n<x
n=0 (mod b) n=0 (mod bc)
+3 > u(b) ( > A(C)) b
bd<z cld
b>y c>z

The first two terms on the right will lead us to the Type I sum R(x;y, z) after we isolated
the main term My(z) in (2.1); and the last term on the right is precisely the Type II sum

B(z;y, z). The main terms we isolated can be combined to form

Mg 2) = XS0 S B awost - Xm0} @

n<x | b<y c<z

Assumption (2.5) allows us to extend the summation over b into an infinite series; the error

made is 0;(n;y, z) and the infinite sum can be factored into 1 (1).

From the discussion above, we can see that we only need (2.5) in the range ¢ < z and
t > y. Furthermore, the upper bound does not need to be this tight. For example, the

estimate

<4 ged(e, D107 ()07 (1)1 % (log t)=™  for all A >0

Z 'LLE)b)Ql (be)

b<t

is also acceptable. Comparing to (2.5), it is stronger in the t—aspect but weaker in the
c—aspect. The high powers of gcd and 7 would only cause some extra powers of log x in the
end result, which can be balanced by choosing a sufficiently large A. The modified version

of (2.5) we are going to use is given by (2.13).
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2.3 Decomposition of P(X; )

We will apply Proposition 2.2.1 to the sequence (ayx(N)) with ged(N, Pr) = 1. Recall that

P(X;x)= Y. anx(N)A(N),
N<X
gced(N,Pr)=1
where Pr is a positive integer that depends only on F' and y is a Dirichlet character modulo

q. Define

AdXsx)= Y. anx(N) (2.7)
N<X
N=0 (mod d)
ged(N,Pp)=1
for d a positive integer. Note that Ay(X;x) = 0 if ged(d, gPr) > 1. We expect that Ay(X; x)

is approximated by

d
Md(X;x)zp(d) > AGN)
N<X ged(4,d)=1
ged(N, Pr)=1
A S Ao m)
F(tm)<X

ged(£,ymd)=1
ged(F(¢m),Pr)=1

when ged(d, ¢Pr) = 1, where
A, N) = A(0)x(N) Z 1 if gcd(N, Pr) = 1,
F(Z@S)ZzN
ged(¢,ym)=1

and My(X;x) = 0 otherwise. With this we set
Rq(X;5x) = Aa(X;x) = Ma(X; X)- (2.8)

Comparing to (2.1), we can therefore write My(X; x) as

My(Xix) =5 3 an(d)
N<X

where

po(d) = {pu) when ged(d, (gPp) = 1,

0 otherwise.
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By the way, if we follow Fouvry and Iwaniec’s work closely, we should have defined py(d) to

be the number of solutions v (mod d) to the quadratic congruence
F(¢,v) =0 (mod d).

Thanks to the extra assumption ged(¢,ym) = 1 we added in the definition of ay, the con-
dition F'(¢,m) = 0 (mod d) in Ay4(X;x) immediately implies that ged(¢,d) = 1. Thus we
can simply take py(d) = p(d) when ged(d, fqPr) = 1 and this saves us from some tedious

calculations.

For a parameter D we define the complete remainder term R(X, D;x) as

R(X,D;x) = Y |Ra(X;x)l. (2.9)
d<D

Let Y, Z > 1 be such that X > Y Z. Put

dt
ROX:Y,Zix) = 3 u(b) § Ry(X:x)log 5 / RBit:2) 5 = 3 MOR(X;x) { (2:10)
<Y c<”Z
and
B(X;Y,Z;x) = ZZ w(b Z A(e) | x(bd)apq. (2.11)
bd<X cld
b>Y c>7

ged(bd,Pp)=1

We also define

b N Ale
sviv.z = Y Mo v At e
b b
b>Y c<Z
god(b,fqPp)=1 god(c,0qPp)=1

Clearly, they are R(z;vy,z2), B(x;y,2) and §;(n;y, z) in the last section for our sequence.

Then we have the following proposition.

Proposition 2.3.1. Let Y, Z > 1, X > YZ and Z < Y79 for some § > 0. Assume that
the discriminant of F' divides Pr. Then we have the identity

PX:ix)= Y. Z)\ (6; N)(Hpq(0) + 60(N; Y, Z))
N<X
ged(N,Pp)=

+B(X;Y, Z;x) + R(X;Y, Z;x) + P(Z; x)

o= I (-2 02" 1 (-3

ptlgPr p p pleqPr

where
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Proposition 1.1.2 would follow from Proposition 2.3.1 if we could provide acceptable
estimates for 0,(N;Y, Z), B(X;Y, Z;x), R(X;Y, Z; x) and P(Z;x).

Proof. We will derive Proposition 2.3.1 from Proposition 2.2.1. From the discussion in Sec-
tion 2.2, it suffices to prove a modified version of (2.5) with p(bc) for all t > Y, e < Z. We

claim that

D SR S

b<t
ged(be,bqPr)=1

<A,006 T(©)37(0)(logt)™  for any A > 0. (2.13)

(Again, following (2.6), the sole purpose of such estimate is to extend the following finite

sums over b

3 1(b)p(b) 3 p(b)p(b) log b > p(b)p(be) log b
b b ’ b ’
b<Y b<Y b<Y
ged(b,lqPr)=1 ged(b,lqPr)=1 ged(b,lqPr)=1
to infinite sums. The first and the last one would vanish by (2.13) and the second one gives
—Hp4(¢). The error made in this process is the tail d,(N;Y, Z), which is finite by (2.13)

and partial summation)

To prove (2.13), we can definitely assume that ged(c,¢qPr) = 1. Since b is squarefree,
we have ged(b, ¢)|e. By putting e = ged(b, ¢), we deduce that

b ec b
Y Mo < 22 x Mg
b<t e<t b<t/e
ged(b,lqPr)=1 elc ged(b,leqPr)=1

To this end, we require the following lemma, which is a modification of (2.4) in [7]:

Lemma 2.3.2. Let g be a multiplicative function such that 0 < g(p) < 1 and g(p) < p~'.

Suppose for any y > 2, we have

> " g(p) =loglogy + ¢ + Oa((logy) ™) (2.14)
Py
for any A > 0. Then
1 ,
> @@ < (TT(1+ - ) ) togn) ™ (2.15)
d<y plv \/25
ged(d,v)=1

forany v > 1,y > 2 and A’ > 0.

In [7], Friedlander and Iwaniec assumed that (2.14) holds with A = 10, and they used
it to prove (2.15) with A’ = 6. Here we simply strengthen the assumption (2.14) and the
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corresponding result (2.15) will be improved accordingly.

By Lemma 2.1.1, we can apply this lemma to g(d) = p(d)/d. Therefore

3 Mg)b)p(b)<<,4( 1T <1+\}ﬁ>)<logz)A

b<t/e pl|lcqPr
ged(b,leqPr)=1

Sincee<c< Zand t1 0 >Yy19 > Z, we obtain

t t
log — > log — > dlogt.
e Z

This gives
—A

t
(log e) < (logt)™™.

Since ged(e, Pr) = 1 and the discriminant of F' divides Pr, we have p(ec) = p(c) by Lemma

2.1.1. Therefore we obtain

Y M| < 22w Mg

bgt eét bgt/e
\/13

ged(b,lgPr)=1 elc ged(b,leqPr)=1
plcqPr

<a,5 p(c)(logt) ™" < ; <1z> <

elc

<as p(c)T(c)T(LeqPr)(logt) =,

By Lemma 2.1.2 and the fact that 7(mn) < 7(m)7(n) for all m,n € N, we have

b _

Z &p(bc) <LA,0.6 7(0)37(6)(logt) A
b<t b

ged(b,lqPr)=1

and this completes the proof of Proposition 2.3.1. O
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Chapter 3

Type 1 Estimate

3.1 Main Goal

Our main goal in this chapter is to handle the Type I sum

R(X;Y,Z;x) = > u(b) {Rb(X;x) log% - /IX Ry(t; x)% - A(C)Rbc(X;x)}

b<Y c<Z
that appears in Proposition 2.3.1. Precisely, we will show that

Proposition 3.1.1. Suppose ¢ € N and ¢ < (log X)? for some Q > 0. Let ¢ > 0. Assume
that Y, Z > 1 and YZ < X'~¢. Then we have

R(X;Y,Z;x) <eg X' 2.
The central components in the definition of R(X;Y, Z; x) are

R(X;D,x) = > |[Ra(X;x)| = D [Aa(X; x) — Ma(X;X)|
d<D d<D

for various choices of D. Below is our target estimate for R(X; D, x):

Proposition 3.1.2. For 1 < D < X we have the bound
R(X, D; x) < ¢*DYAX3/4e,

To prove Proposition 3.1.2, it is convenient to remove the restrictive condition ged(N, Pp) =
1in Ag(X;x) (see (2.7)). Furthermore, as in [5], we will first consider a smoothed version
of Proposition 3.1.2. Since we need to accommodate the extra assumption ged(4,ym) = 1

(which is not present in [5]), we adopt the approach from [8] instead.
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Let VX < W < X be an additional parameter to be chosen later, and let w : RT — R

be a smooth function with the following properties:

w(u) =0 if u ¢ [1, X],
0<wlu) <1 if u e [1,X],
(3.1)
w(u) =1 fwW<u< X -W,
w(u) < W7 for j=1,2.
For a,¢ > 1 we define the function
Fog(z) = / w(F(al, at))e(—zt) dt. (3.2)
Let
AdXsw,x) = Y. anvw(N)x(N).
N=0 (mod d)

When ged(d, q) = 1, define

)\(Z)(Zk (mod ¢) X (F'(€, k)))( 11 (1 . ;))FL@(O) (33)

as well as the smoothed remainder term

d

d
Ma(X:w,x) = 29 >
ged(¢,vd

)=1

Ra(X;w,x) = Ag(X;0,x) — Ma(X;5w, x).
When ged(d, q) > 1, clearly Aq(X;w,x) = 0 and accordingly we define

We obtain the following lemma.
Proposition 3.1.3. Let w and A be as above and 1 < D < X. Then one has

q3D1/2X3/2+5

7 Ra(X 5w, x)| <« v

d<D

In Section 3.2, we will first prove a list of auxiliary lemmas that we use in the proof
of Proposition 3.1.3. The complete proof of Proposition 3.1.3 is given in Section 3.3. We
will consider the unsmoothed version of Proposition 3.1.3 in Section 3.4. We decide to
leave it as a separate proposition (rather than proving Proposition 3.1.2 directly) since this
unsmoothed version will be needed in the proof of Corollary 1.1.3. Finally, in Section 3.5,

we will finish the proof of Proposition 3.1.2 and 3.1.1.
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3.2 Auxiliary Lemmas

Lemma 3.2.1. For any a,c¢,q,¢ € N with ged(c,q) = 1 and congruence classes v (mod c¢)
and k (mod ¢), we have

>

1 hke hlvg h
w(F(al,am)) = — Z e(c>e< Vq)Fa,g(> (3.4)
m={v (mod c) cq heZ q ¢ cq
m=k (mod q)
where F,, ;(2) is defined in (3.2).

Proof. Define the function

G(x) = Z w(F(al,am + acqr)).
m=Lv (mod c)
m=k (mod q)

Then G(x) = G(x + 1). Computing its h-th Fourier coefficients,

1 . 1 .
/ G(x)e 2mhe g = Z / w(F (al,am + acqzx))e ™ dy
0 0

m=Lv (mod c)

m=k (mod q)

1 m--cq
“a =

—2mwih(z—m)
w(F(al,azx))e
m=¢v (mod ¢) '™

cq dz
m=k (mod q)
1 2mihm  [TTCY
= X
“q m=Lv (mod c)

w(F(al, aaz))e%:qihz dz.
m=k (mod q)

By the Chinese remainder theorem, it follows

m = lvqq + kce (mod c¢q).
Interchanging the integral and sum again,

1 . 1 C 171 oo —2miha
/ G(ﬂc)e_%”hxdm:e(]lkC)e(hEVq)/ w(F (al,ax))e Eh
0 cq q c
Thus

ca  dx.
Gla)=— Y e(hkc)g(hfug) (/ w(F(al,at))e o dt
cq q c —00

heZ
Z 1

>627rihz.
Therefore by putting = = 0,
hke
w(F(al,am)) = — Z e(c
m=Lv (mod c)

q C

4 ez

cq
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Lemma 3.2.2. When ged(d,q) =1,

d oo

My(X;w,x) = p(q) Z NCEZ) Z A(al) Z X(F(al,ak) )/_Oow(F(aE,t))dt.
ged(a,y)=1 ged(£,y)=1 k (mod q)

(3.5)

Proof. Recall from (3.3) that

My(X;w, _ rld) A/ >k (mod q) X(F'(€,k))
A =EE 3 of : )

-2

pl¢,plq

when ged(d, ¢) = 1. By interchanging the summations over a and ¢, the long expression in
(3.5) gives

pc(id) S AOR0) Y MeEd@d s )
q ged(4,y)=1 all a k (mod q)

ged(a,y)=1

We can assume that ged(a, q) = 1; otherwise x(F'(¢,ak)) = 0. Therefore the above expres-

sion reduces to

A5 (s XEEON )y dsedied)
ged(£:7)=1 gcd(((i'f]):l

Y todsded) qp () sled)

a
alt pltpta p
gcd(a,q):l

Note that

This equals to 0 if ged(¢, d) > 1; otherwise ged(p, d) = 1 for all p|¢ and the result follows. [

Lemma 3.2.3. Let a,h,f € N be fixed. Put

2
2<a€2+ﬂ€u\/f+’yXu )

T(u)=a . %

Then

Proof. Note that
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From the support of w, we have

CL2 a2 u 2
W (T ()T = (7)) BIVX | 200X )

h h?2
< a4(<ﬁ/a>ﬁ N X<h/a>)2
W2 h h?
a?X?
< 7h2W2
and 2 2 22
2vXa Xa aX
w (T(w)T" (u) = e w'(T(u)) < %37 < P

O]

The last tool we need to prove Proposition 3.1.3 is a large sieve type inequality for the
points v/d (mod 1), where v is a solution to the congruence equation F'(1,v) =0 (mod d).
In [5], Fouvry and Iwaniec handled the case v? + 1 = 0 (mod d). Some extensions were
considered in [15] and [17]. The author and Choi [2] proved this for a large class of positive
definite binary quadratic form, and Schindler and Xiao also developed an extension on their
own too. These versions are limited to the positive definite case only. However, a completely
general version of this was actually proved before all the aforementioned work in a paper

by Balog, Blomer, Dartyge and Tenenbaum. This is Proposition 3 from [1].

Proposition 3.2.4. Let F(z,y) = az? + Bay + vyy? € Z[x,y] be an arbitrary quadratic
form whose discriminant is not a perfect square. For any sequence «,, of complex numbers,

and for positive real numbers D, N, we have

%)

n<N

2. 2.

2
<r (D+N) Z o .
D<d<2D F(v,1)=0 (mod d) n

3.3 Proof of Proposition 3.1.3

Proof. To estimate R4(X;w, x), it suffices to deal with the terms with ged(d, ¢) = 1. Under

this assumption, note that

AdXiw,x) = Y x(Nw(N) D> AO).
N=0 (mod d) F(¢,m)=N
ged(,ym)=1
The conditions ged(¢,ym) = 1 and F(¢,m) = 0 (mod d) imply ged(¢,d) = 1; hence
Aq(X;w, x) can be rewritten as

AdXw,x) = Y M0 > > X m)w(E(C,m)).

ged(4,y)=1 v (mod d) m={Lv (mod d)
F(1,v)=0 (mod d) gcd(¢,m)=1
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By Mobius inversion, we can trade the condition ged(¢, m) = 1 with

Z p(a) Z )\(aﬁ) Z Z X(F(al,am))w(F(al,am)).

ged(a,y)=1 ged(€,y)= v (mod d) am=aflv (mod d)
F(1,v)=0 (mod d)

From the support of A, a is bounded by O(v/X). Now the innermost sum can be rewritten

as

> x(F(al,ak)) > w(F (al,am)).
k (mod q) am=alv (mod d)
m=k (mod q)

To simplify our notation, let ¢ = d/ ged(a, d). Then the condition am = afv (mod d) is the

same as m = {v (mod ¢). By Lemma 3.2.1, we have

£ rom = L 2B (M) (1)

m=Lv (mod c) cq h€EZ q “q
m=k (mod q)

where F, ;(2) is defined in (3.2). Now A4(X;w, x) can be expressed as

) pla) Yoo Mat) Y S X(F(at,ak))

ged(a,y)=1 ¢ ged(¢,y)=1 v (mod d) k (mod q)
F(1,0)=0 (mod d) (3.6)

() () mel)

By Lemma 3.2.2, M4(X; w, x) equals to the summand when h = 0. Accordingly, R4(X; w, x)

Ad(X7 w, X) =

Q| =

represents the terms with A # 0. We wish to sum R 4(X; w, x) dyadically and hence we define

D<d<2D

Substituting b = d/c = ged(a, d), each term in the above sum can be bounded by

Ra(X;w,%)| < dlqzbzp@b > S Walew)]
a  be=d

v (mod c) k (mod q)

bla F(1,4)=0 (mod c)
where - . L
=3 3 AMab)x(F(at,ak))e ( C) ( Vq)Faj().
h£0 (£,yd)=1 q ¢ “q
Here Zb means we are summing over positive squarefree integers. Hence
1 b
RX.Diwx) € 5o Y0 3230 plbviD/) (37)

k (mod q) @ bla
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where

V(@)= ] > (Wal(e,v)].
C<eg2C0 v (mod c)
F(1,v)=0 (mod c)

By dyadic division,

<y <v+ C.H)+ V. (C, H)) (3.8)

H

where H is a power of 2,

V,HCH) = > > ’ > > x(F(al,ak))

C<e<2C v (mod ¢) H<h<2H ged(€,y)=1
F(1,v)=0 (mod ¢)

() () e )

and V7 (C, H) is defined similarly for those h < 0. We claim that

H1/2 X02a1/2
a3/2’ H3/2w2 } (3'9)

H\ﬁ>1/2 At2

VO, H) < ¢ XA (c + (HX)min {

Assuming the above estimates hold, we deduce that

X5/4C H1/2
V.HC H) < qwl/fm log"*?(HX)  when H < aCVXW™!,
a
q3X2C5/2 1
V(O H) < “—r—1log"™?(HX)  when H > aCVXW L.

W2H

Similarly, the same estimates hold for V (C, H) as well. Applying the above estimates on
(3.8), we obtain

PX32C3/2

<) <V+ (C,H)+V, (C, H)) < log"t2 X, (3.10)
V aW
Then (3.7) reduces to
3y3/2 A+2 3y3/2 A+4
X312/ Dlog? ™ X 7(a) ¢°X?/*v/Dlog™ ™ X
R(X, D; < .
( ) , W, X) W Z a < W

a<VX

Here we have used the very crude estimate Zb‘a p(b)bil/ 2 < 7(a). Finally by summing

dyadically,
3 DVY/2x3/2+e

Ra(X; R(X, D;
> [Ra( wx|<<Z Jw,x) < W

a<D

Our proof of Proposition 3.1.3 will therefore be completed once we justify the estimate (3.9).
The rest of this section is dedicated to that.
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Recall that

VIO, H) = Z Z ’ Z Z X(F(al,ak))

C<eL2C v (mod c) H<h<2H gcd(£,y)=1
F(1,v)=0 (mod c)

() () e

Folz) = /  w(F(al, at))e(—z=t) dt.

— 00

and

Note that for any integer ¢, we have

Fag(h> _ VX _Zw<a2<a€2+ Muer 7X“2>)6<— \/X“) du. (3.11)

cq || h? cq

For a reduced residue class t (mod ¢), we define

anes(u) = X(F(al, ak))A(af)fw(aQ(aﬁ—l— M“h‘/y+”if§‘2>>e<fft>.

Then

+ C2H/a
vrem <X [ > x| X
CoH/ay (mod q) C<e2C v (mod c) H<h<2H
F(1,v)=0 (mod c) (3.12)

Z apt(u)e <h£§q> ‘ du.

ged(4,y)=1

The symbol >_* means we are summing over reduced residue classes only. Notice that

I (h£uq> DS ahm(u)e(”:)e(mfml)

0<ho,40<q h=hgo (mod q)
{=Llo (mod q)

where n = (hf — holy)/q. Hence for each fixed pair 0 < hg, £y < ¢, we only need to estimate

% oS (F)

C<c<2C F(1,1)=0 (mod c) ' n<N

where

an= 3>, anelu)
h=ho (mod q)
{=Lo (mod q)
ged(£,7)=1
hl=nq+holo

30



and

¥mg Lo (AYF) L V2

q a a

Applying Proposition 3.2.4 and Cauchy-Schwarz inequality to (3.12), we deduce that

X H HVX\ \?
V;(C,H)<<\g-a-q-<(c+ ;F)E) (Clog C)/?

where

E=Z( > |A<ae>\)2<<Hflog“+3<HX>.

h=hg (mod q)
{=ly (mod q)

ged(£yy)=1
hl=nq+holo

Here we have used the pointwise bound |A(af)| < (log X)4. The last term comes from the

fact that
3 > 1< Y 7(e) < ClogC.

C<eL20 v (mod c) C<eL2C
F(r,1)=0 (mod c)

Hence we obtain

VIO H) < (3.13)

3/41/2171/2 1/2
aX 03/2 H (C + Hf) logt2(H X).
a

To develop a similar bound for large values of H, we apply integration by parts twice in

(3.11) as in [8], followed with the large sieve type estimate. By Lemma 3.2.3, we have

cq

) Y oo )

62 q2 00

and (w(T'(u)))" < a®>X2*h~2W 2. For a reduced residue class t (mod q), we define

2 w(T(w))” <
ah,e,t(u):x(F(aﬁ,ak))A(ag)Ime(zX(zT/%e(ft)

Then we have again

q202 a2X?2 C1H/a "
V., (C H) <<H\/)7'H2W2'/_ > > > ‘ >

CiH/a (mod q) C<e<L2C v (mod c)
F(1,v)=0 (mod c¢)

H<h<2H

du.

Z e ()e ( MCI/Q>

ged(£yy)=1
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By another application of Proposition 3.2.4 and Cauchy-Schwarz inequality, we arrive at

a??C?X32 H HVX\ HVX

VIO, H) < PO

After simplification, we have

+
VO H) < g

Combining (3.13) and (3.14), we obtain our desired estimates for V" (C, H) in (3.9).

3.4 The unsmoothed version

3y 7/475/2,,1/2 1/2
XM a ( H\/Y) log" T2(HX).
a

1/2
0g2A+3(HX)> (Clog C)'/?

(3.14)

O]

We let the scripted letters A, M, R denote the analogous quantities A, M, R which appeared

in the Section 2.3, but without the condition ged (N, Pr) = 1. Precisely,

AdXsx) = Y, anx(N)
N<X
N=0 (mod d)

which vanishes when ged(d, ¢) > 1. We also define

Maxin =225 S e

N<X reN
ged(4,d)=1
=D S S o(F(m)
- d X 7m
LeEN,MEZ
F(6,m)<X

ged(€,ymd)=1

(3.15)

(3.16)

when ged(d, q) = 1 and My(X;x) = 0 otherwise. We then have the following analogue to

Lemma 3.1.2:

Proposition 3.4.1. For 1 < D < X we have the bound
R(X, D; x) < ¢*DVAX3/e,
Proof. Our goal is to show that

37 Ra(X;x)| < ¢*DYAX3/ATE,
d<D

It suffices to show that the error we made when we replace A4(X;x) with Ag(X;w,x) is
negligible as well, i.e. both |Ag(X;x) — Aq(X;w, x)| and |[My(X;x) — Ma(X;w,x)| are
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small. Note that by Lemma 2.1.3,

> X x) — Al X w,x)| < > lan|T(N)

d<D N<W
ged(d,q)=1 or X>N>X-W
< (logX)A'H Z TQ(N)

N<W
or X>N>2X-W

Here we require a result in [18] (Lemma 2): for any & € N and ¢ > 0, we have

Y 7(n) <pey(loga)! (3.17)

z<n<z+y

for any ¢ < y < x, where 7(n) is the number of representations of n as the product of k
positive integers. By comparing the values of 72 and 75 at prime powers, we deduce that
72(n) < 15(n) for all n € N. Hence

> (N) < W(log X)h

X-W<N<X
Therefore
> MalX5) = Ad(Xsw, )] < W (log X)),
d<D
ged(d,q)=1
For |IMy(X; x) — Ma(X;w, x)|, we first rewrite My(X; x) as
oy Pld)
Maxi) =20 e Y EEm)
leN meZ
ged(¢,yd)=1 F(¢,m)<X
ged(m,0)=1
p(d
S 0 Y wEeR) Y L
teN k (mod q) meZ
ged(¢,yd)=1 F(t,m)<X
ged(m,£)=1
m=k (mod q)
Therefore from (3.3), |[Mg4(X;x) — M4(X;w, x)| is bounded by
d 1 1 [e’e)
2 el X wEew| S -2 T (1-5) [T e,
gcd(Cyd)=1 kmod @) Pm<x plt-rta
ged(m,£)=1
m=k (mod q)
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Due to the presence of x(F(¢,k)), we can assume that ged(4, g, k) = 1. By Mobius inversion,

we have

O SNTOIED DR

FUm<x alf Pl
M)S cd(a,q)=1 ,am )<
ged(m,0)=1 ged(a.0) am=k (mod q)
m=k (mod q)
1
- ¥ u(a)(/ 1dt + 0(1))
alt q JF(lat)<X
ng(avq)zl
1 1
-1 (1-)/ Ldt + O(7(0)).
q pllpla P/ JE(HX

Applying this to (3.18), we arrive at the bound

d d)q
MaXin) - MaXsw0l < 220 T pl) + 205 pgir,
Femy
or X>F(m)>X-W

By Lemma 2.1.3 and (3.17) again, we deduce that

d
|IMa(X;5x) — Ma(X5w,x)| < p%)qugA“ X.

After obtaining bounds for |A4(X;x) — Aq(X;w, x)| and [ Mg(X;x) — Mg(X;w, x)|, we

are ready to estimate |Rq(X; x)|. Summing over d, we obtain

3D1/2X3/2+6 4
Z |Rd(X§X)’ < qT + qW(IOgAJrS X)( Z ,0(d)>
=P d<D
3D1/2 x3/2+4¢
<e QT + qW X°©.

This is because by Lemma 2.1.1,

d d
§j—p() < S 7(d) <. DflogD.
d d

d<D d<D

Finally, by choosing W = DY4X3/4 we obtain

R(X,D;x) = Y [Ra(X;x)| <z ¢*DVAXP/4Fe,
d<D
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3.5 Proof of Proposition 3.1.2 and 3.1.1

Proof of Proposition 3.1.2. Let xo be the principal character modulo Pr. Then yyxg is a
Dirichlet character modulo ¢Pr. For 1 < D < X, by Proposition 3.4.1,

R(X,Dixxo) = Y. [Aa(X;xx0) — Mal(X;xx0)| e ¢ DVAX3/Fe,

d<D
ged(d,qPp)=1

Note that when ged(d, ¢Pr) =1,

AdXixxo) = Y, anx(N)xo(N)
N<X
N=0 (mod d)

N<X
N=0 (mod d)
ged(N,Pr)=1

= Aa(X;5x)

and

MaXo0) = PSS A OEE mo(F(Em)
chdgﬁi'Tyngzj)le

D S S o (E )

d F(¢,m)<X
ged(4,ymd)=1
ged(F(£,m),Pr)=1

= Mg(X;x).
Hence the result follows. O

Proof of Proposition 3.1.1. Recall that

R(X;Y, Z;x) = > u(b) {Rb(X;x) logé — /1X Ryt )2 - > A(C)Rbc(X;x)}

<Y

The first and the last term together is bounded by

X
5 IR0l (og 7 + 3 Ale)) < ROX:Y, Z3x) log X.
A<y 7 cglz
cld

Thus we have the bound

dt

X
IR(X:Y, Z; x)| < R(X,YZ;x)logXJr/ R(8,Y5) (3.19)
1
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From Proposition 3.1.2; we already know that for 1 <t <Y,

R(t:Y,x) = Y |Ra(t; x)| <o ¢*Y /4344
dsy

For t > Y, we have the trivial bound R(t;Y, x) < t'*¢(log X)*3 since by Lemma 2.1.3

> At < (log X)) Y7 Y7 r(md) <. 7 (log X))

d<Y d<Y md<t
and
3 IMa(tix)| < aogX)A“(pr))( > 1) <. 15 (log X)A2,
<y d<Y F(¢,m)<t
Thus

/X R(&Y5%) 40 _ /X R(t,Y; x) dH/Y R(LY5X) o
1 t Y t 1
<<5/ X3/4+€/Y1/4+Y1+E/.

Therefore if YZ < X'7¢, we have

R(X;Y, Z;X) <eor ¢*X1737.

The result follows from choosing &’ accordingly.
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Chapter 4

Binary Quadratic Forms

4.1 Basic Terminology

In this section, we will review several basic notions for binary quadratic forms. We will
mostly follow the terminology in [3]. For a binary quadratic form f(x,y) = ax?®+bxy-+cy? €
Z[z,y], the discriminant is given by b? — 4ac. If the discriminant b* — 4ac is negative, we
say that f(z,y) is a positive definite binary quadratic form. In the rest of the thesis, all

forms are assumed to be positive definite. f(z,y) is called primitive if ged(a,b,c) = 1.

For example, 22 + 32 is a positive definite binary quadratic form with discriminant —4.
There are other binary quadratic forms of the same discriminant, but they are all essentially

the same as x2 + 2. To make this precise, we need the notion of equivalence between forms.

Definition 1 (Proper Equivalence). Two forms f(z,y) and g(z,y) are properly equivalent

if there are integers p, ¢, and s such that

f(z,y) = g(pr +qy,rx +sy) and  ps—qr=1

If ps — gr = £1, then f(z,y) and g(x,y) are said to be equivalent; we shall not use this.

Proper equivalence is indeed an equivalence relation. It is also clear that if f(z,y) and
g(x,y) are properly equivalent, then they also have the same discriminant. Thus using proper
equivalence, we can divide the set of all binary quadratic forms of a fixed discriminant into
equivalence classes. For discriminant —4, it turns out that there is only one such class, and
hence all forms are properly equivalent to 22 + 32. For the positive definite case, there is a
canonical way to choose a representative from each equivalence class. This can be achieved

by using reduced forms:

Definition 2 (Reduced Forms). A primitive positive definite form ax?+bxy+cy? is reduced
if
|b] < a<c¢, and b > 0 if either [b| =a or a = c.

Then we have the following theorem, which is Theorem 1.2.8 of [3].
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Theorem 4.1.1. Every primitive positive definite form is properly equivalent to a unique

reduced form.

For any fixed (negative) discriminant, clearly there are only finitely many reduced forms.
Hence the number of equivalence classes is finite. Furthermore, this finite set can be made

into a finite Abelian group by the following operation:

Definition 3 (Dirichlet composition). Let f(x,y) = az? + bzy + cy? and g(z,y) = ax? +
Bxy + vy? be primitive positive definite forms of discriminant —A < 0 which satisfy
ged(a, a, (b+ B)/2) = 1. Then the Dirichlet composition of f(x,y) and g(z,y) is the form

B+ A
——Y

h(z,y) = acx® + B
(z,y) = aax® + Bry + Tac

where B is any integer such that

B = b (mod 2a)
B = (mod 2a)
B? 4+ A =0 (mod 4aq).

The term composition is justified by the following identity:

B2+ A
(au? + buv + cv?)(aX? + BXY +~Y?) = aaW? + BWZ + I T2 (4.1)
ac
where B-b B b+B8)B—-A—-b
W:(u— _ v)X—( _5u+(+ﬁ> — _ﬂv>Y
2a 2a dac
and

b
7 =avX + (au—|— —gv)Y.

The existence of a composition law was first provided by Gauss. However, the original
formulation is a little bit messy and we will employ the version by Dirichlet. Finally, we
recall the following theorem, which is a well-known consequence of Chebotarev’s density

theorem.

Theorem 4.1.2. Every primitive positive definite quadratic form represents infinitely many

primes.

4.2 Factorization Proposition

The main purpose of this section is to prove a factorization proposition (Proposition 4.2.4)
that will play an important role in Chapter 5. From Section 1.3, we understand that to

produce a meaningful Type II estimate it is helpful to obtain some sort of factorization of
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amn which takes approximately the form

Y AX).

X.YeEZ
F(X,)Y)=mn

In the Gaussian case studied by Fouvry and Iwanec, if mn = X2 + Y? with ged(m,n) = 1,

then we can write m = a? 4+ b%,n = ¢ + d? such that
ac+bd =X, ad —bc=Y.

This observation allows them to write

1
3 Z( D )\(X)):4 Y Y Aac + bd). (4.2)
m~M n~N X, YEZ a,beEZ c,d€Z
X24Y2=mn a?+b2~M 2 +d>~N
This identity is the basis of their Type II estimate. The composition law in the previous sec-

tion gives us hope to generalize this to any primitive positive definite binary quadratic form.

In order to establish an analogue of (4.2), we study the equation
mn =F(X,Y)

when ged(m,n) = 1. From this equation it is possible to construct a binary quadratic form
that represents m; and by composing its "inverse" with F(z,y), we determine the form (up
to proper equivalence) that represents n. However, the condition ged(a, a, (b+ )/2) =1 is
needed when we apply Dirichlet composition. Therefore we have to be more selective about
which representatives we used from the equivalence classes. The construction is given in the

lemma below:

Lemma 4.2.1. Let ¢ be a positive integer and F(x,y) = ax? + Sry + vy be a primitive
positive definite form with discriminant —A. Then there exists a set, Sp(t), of binary

quadratic forms of discriminant —A such that

1. every primitive binary quadratic form of discriminant —A is properly equivalent to

exactly one element in Sg(t);
2. the principal form is contained in Sg(t); and
3. the set {f(1,0) : f € Sr(t)} consists of distinct primes that do not divide ¢.

Proof. 1f Sp(t) is the set of primitive reduced forms of discriminant —A, then (1) and (2)
are satisfied. Since each of these reduced forms represent infinitely primes by Theorem 4.1.2,

we can transform the form so that the coefficient of 22 is one of these primes and therefore
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(3) is also satisfied. This can be done by the following lemma, which is a special case of
Lemma 1.2.3 of [3].

Lemma 4.2.2. A form f(x,y) represents a squarefree integer m if and only if f(z,y) is

properly equivalent to the form maz? + Bxy + Cy? for some B,C € Z.
O

Roughly speaking, the only information we used about F' in defining Sp(t) is its dis-

criminant; but in practice, the integer ¢ would depend heavily on F.

We define Sp = Sp(a) and

Qr =2ayA ] f(1,0). (4.3)

JeSk
We also pick an integer B with the following properties:
1. B=b (mod 2a) for all ax?® + bxy + cy? € Sp;
2. B = (mod 2a); and
3. B2+ A =0 (mod 4aq) for all ax? + bzy + cy® € Sp.

So B only depends on F' and the choice of Sg. Then we have the following crucial proposi-

tion, which will be used to treat our Type II sum.

Proposition 4.2.3. Let A be a positive integer and F(z,y) = az? + Bxy + yy® be a
primitive binary quadratic form of discriminant —A. Let m, n be positive integers such that
ged(mn, Qp) = 1. If mn = F(X,Y) for some integers X,Y with ged(X,Y) =1, then

(1) there exists a binary quadratic form f(x,y) = az? + by + cy? € Sr and integers
u, v, w, z such that ged(u,v) = ged(w, z) = 1 and

au? + buv + cv? = m,

B2+ A

aow? + Bwz + 22 =n,

4ac

b B - b B+A-b
(au—i— +Bv)w+( 'Bu—i-( +8)B+ ﬁv)z:X,

2 2c 4ac

B-b
—avw + (u — U)Z =Y,

2a

(2) the choice of f(z,y) € Sr is unique; and
(3) if A > 4 then there is exactly one more tuple, namely (—u, —v, —w, —z), that satisfies

the properties. If A = 3 or 4 we could have 6 or 4 solutions respectively.
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Proof. Proof of (1):
Note that
4aF(X,Y) = (20X + BY)* + AY? = 0 (mod m).

If ged(m,Y) > 1, then ged(m,aX?) > 1 but this contradicts ged(m, Qr) = 1. Therefore

ged(m,Y) =1 and
(22X + Y)Y 12 + A =0 (mod m).

Choose an integer v such that v = (2aX + Y)Y ! (mod m) and v?> + A = 0 (mod 4).

Since ged(m, 2) = 1, we have 4m|v? + A. Now we define the binary quadratic form

v
M(x,y) :mw2+uxy+Ty .
m

Since ged(m,A) = 1, M(x,y) is primitive. Thus g(z,y) is properly equivalent to some

f(x,y) = ax? + bry + cy?> € Sp. By definition, there exist integers u,v,r, s such that

us —rv =1 and
M(z,y) = f(uzx + ry, vz + sy).

(4.4)

Therefore, m = M(1,0) = f(u,v) = au? + buv + cv?. By comparing the coefficients of zy

in (4.4), we deduce that
v = 2aur + bus + brv + 2cvs

and it follows that

vv = 2au(us — 1) + busv + brv* + 2cv’s
= —2au — buws + brv* (mod m)

= —(2au + bv) (mod m).
Since v = (2aX + Y)Y ! (mod m), we have
(2aX + BY)v = —(2au + bv)Y (mod m).
Consequently by (v? + A)vY = 0 (mod m) we obtain
(2au + bv)(2aX + BY) — AvY =0 (mod m).

Now we have

B2+ A

ax

m(mn) = (au? + buv + cv?)(aX? + XY +4Y?) = aaW? + BWZ +

where

W = (u— B bv)X - (32;5u+ aH_ﬁ)i@ZA — bﬂv)Y

41

ZQ

(4.5)

(4.6)



and .
Z =avX + (au—i— —;ﬁv>Y.

We claim that both W and Z are divisible by m. The second part follows from (4.5) and
the fact that ged(m,2) = 1. And

dac

1
W=— ((2au +w)(2aX 4+ BY) — AvY — ZBZ).
hence the result follows from (4.6). Let

A
w=—and z = —. (4.7)

m m

Then w, z are both integers and n = acw? + Bwz + 2222 Then by (4.7) we have

dac
b _ _
(au—i— Jrﬁv)w—k (B Bu—i— b+p)B+A4 bﬂ)z =X,
2 2 dac
B-b
—avw+<u— v)z:Y.
2a

These equations also imply that ged(u, v)|ged(X,Y) and ged(z, w)| ged(X, Y'), hence ged(u, v) =
ged(z,w) = 1.

Proof of (2):

One can easily verify that

B—-1b B - b B+A-b
(u— oa U)X—( 2aﬂu+( +ﬁ)4az ﬁv)Y:mw (4.8)
and
avX + (au + bt ﬁv)Y =mz. (4.9)

These imply
(2aX + BY)v = —(2au + bv)Y (mod m).

and
(2au + bv)(2aX + BY) — AvY =0 (mod m).

Choose r, s so that us — rv = 1. Then the coefficient of xy in H(z,y) = f(ux + ry,vx + sy)
is congruent to v (mod 4m). Moreover, the coefficient of 22 is au? + buv + cv? = m. By
considering H(x + ky,y) for a suitable k, H(x,y), and hence f(x,y) is properly equivalent
to

4+ A,
y-.

M(z,y) = ma® + vey +
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Hence the choice of f(z,y) is unique.

Proof of (3), for A > 4:

Now suppose A > 4 and there is another tuple (ug, vg, wo, zp) that satisfies the require-
ment. If uvg — upv = 0, then ug = ku,vo = kv for some integer k and n = k?(au? + 2buv +
cv?) = k?m. Hence k = +1 and we are done.

Suppose uvg — ugv # 0. Then

4am = (2au + bv)? + Av? = (2aug + bup)? + Av2. (4.10)
Then since b
zm = avX + (au + —'2—511> Y,
we have )
u+ —;511 = —(zy~Y)aw (mod m)

and similarly for ug and vg. Therefore

b b
(au + ;Bv> vg — (auo + ;ﬁm)?} = —(zy vy + (zy~awvgy = 0 (mod m).

Hence a(uvg — upv) = 0 (mod m). By assumption we have ged(m,a) = 1, so it follows that

m|(uvg — ugv). Therefore from (4.10) we deduce that

(4am)? = ((2au + bv)(2aup + bvy) + Avvo>2 +A (Za(uvo - uov)>2

and (2au + bv)(2aug + bvg) + vvg is a multiple of am. Thus,

16 — ((Qau + bv)(2aug + bvg) + Avv0>2 N A(?(uvg - uov))% (411)

am m

But then
16 > 0+4A > 16

and this gives us a contradiction.

Proof of (3), for A =4:
If A =4, we can take Sp = {2? + 4?} and B = 8 (note that 3 must be even). Then we
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have

u2+v2:m,

aw? + fwz + vz2 = n,
p _

u—|—§v w+ yvz = X,

—avw + <u—§v>z:Y.

If (u,v,w, z) satisfies the above equations, it is straightforward to verify that all

(—u, —v, —w, —z), (v, —u, gw + vz, —aw — §z>, ( —v,u, —gw — vz, aw + §z>

satisfy them as well, and we claim these are all the possible solutions. Note that (4.11)

uug + Vv 2 vy — ugv\ 2
1:<00) +<00)
m m

and it forces uug + vvg = 0 and uvy — upv = £m. Hence (ug,v9) = (v, —u) or (—v,u). To

becomes

find (wo, 2z0) now we can simply solve the system of linear equations.

Proof of (3), for A = 3:
The case for A = 3 follows similarly. O

From Proposition 4.2.3, we are able to deduce the following factorization proposition for

our sequence (ay,).

Proposition 4.2.4. If gcd(m,n) = gcd(mn, Qr) = 1, we have

amn:% Y OY Y AQr(wviw,2)) (4.12)

JE€SF (w,2)€Z? (uw)eZ?
f*(w,z)=m f(u,v)=n
ged(w,z)=1 ged(u,v)=1

where
B2+ A

ac

f*(w,2) = aaw* + Bwz + 22,

and

Qr(u,v;w,2) = <au + b+26v>w + <B2;6u+ (b+ ﬁ)ia—;A — bﬁv)z.

Here we assume that A\(¢) = 0if £ < 0. If A = 3 or 4, the constant % before the summation
should be % and i respectively.
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Proof. Proposition 4.2.3 gives a 1 to 2 map (1 to 4 if A =4, 1 to 6 if A = 3) from the set
{(X, Y)€eZ? | F(X,Y) = mn} (4.13)
to the set

{(f,u,v,w,z) € Sp x ZY | f(u,v) =m, f*(w, z) = n, ged(u,v) = ged(w, 2) = 1}. (4.14)

For the backward direction, if we have f(u,v) =m and f*(w, z) = n, by Dirichlet compo-
sition they can produce X,Y € Z such that F(X,Y) = mn via

(au+ b—gﬁv)w—i- (Bz;ﬁu—l— (b+’6)ia—;A — bﬁfu)z =X,

B—-b
—avw + (u — v)z =Y.
2a

Assume ged(m,n) = ged(u,v) = ged(w, z) = 1. Then by (4.8) and (4.9), we have
ged(X,Y)| ged(mw, mz) =m

and similarly ged(X,Y)|n. Thus ged(X,Y) = 1. This establishes the backward map from
(4.14) to (4.13) and hence (4.12) follows. O
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Chapter 5

Type 11 Estimate

5.1 Outline

In this chapter we shall estimate B(X;Y,Z;x) given in (2.11) by proving the following

proposition:

Proposition 5.1.1. Let F(z,y) = az? + Bzy + vy? € Z[z,y] be a positive definite binary
quadratic form. Suppose ¢ € N and ¢ < (log X)Q for some @ > 0. Let 01,602 be two real
numbers such that 1/2 < #; <1and 0 < 3 < 1 —6;. Then for Y = X% and Z = X% and
any C > 0,

B(X;Y,Z;x) <¢ X(log X)~.

Recall from (2.11) and (1.12) that

BX;Y,Zi) = S5 ) | 32 A© | x(bd)an

bd< X cld
b>Y c>7Z
ged(bd,Pr)=1

and

an = ZZ A(0).

LEN,MEZ
F(;m)=N
ged(£,ym)=1
We assumed that [A(£)| < log? X for some A > 0; for simplicity, here we might simply as-
sume that |[A\(£)] <1 for all £ € N. Then the general case follows by considering the weights

A(0)
logh X |°

At the end of the proof we will apply the following result by Helfgott, which is a special
case of Lemma 3.3.6 of [10].
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Lemma 5.1.2. Let Q(z,y) be a primitive positive definite quadratic form. Let H <
(log X)N. Then for any hy, ho (mod H), any A > 0 and sector S C R?,

3 wQ(,y) <an X(log X) 4.

Qz,y)<X
z=h1 (mod H)
y=ha (mod H)

(z,y)eS

Here sector refers to any region S C R? given by
S ={(z,y) € R? | 61 < arg(z + yi) < b}

for some 61,02 € R. Helfgott proved this for the Liouville function A but the same proof

also works for u.

The proof of Proposition 5.1.1 is very long and we have divided it into three parts. The
first part, given in Section 5.2, reduces B(X;Y, Z; x) to a much simpler sum. In the second
part, we apply Proposition 4.2.4 to unfold the multiplicative structure of a,,,; this will be
done in Section 5.3. The last part of the proof involves a series of technical calculations and

the application of Lemma 5.1.2. That will be covered in Section 5.4.

5.2 Part I: Reduction

We define = (log X)~2¢ and write

B(M,N)= > > pn)x(mn)amn|, (5.1)
M<m<M' N<n<N'
ged(m,Pp)=1 |gcd(n,Pr)=1

where M’ = ¢’ M and N’ = ¢’ N. Using these sums for M = e/’Z and N = €Y we get

[B(X;Y, Z;x)| < (log X) >3~ B(M,N)+0 (60X (log X)*) (5.2)

0r<MN<X
M>ZN>Y

where the error term O(6X (log X)*) represents a trivial bound for the contribution of
w(b)x(bd)apg with X < bd < 20X or X < bd < €*X, which terms are not covered

exactly. Precisely, we have

Y ja < Y RAN) < 62X (log X)*

X <bd<e200X OX<N<Le209X
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and

ZZ |lapal < Z 7(N) < 0X (log X)*

X<bd<e?0 X X<N<ge2X

by Lemma 2.1.3 and (3.17). Next, we need to show that each short sum B(M, N) satisfies
B(M,N) < 6°X. (5.3)

In order to apply the factorization proposition, we need to somehow impose the extra
condition ged(m,n) = 1 in B(M,N). Let Bg(M,N) denote the sum (5.1) restricted to
ged(m,n) = d. We have

B(M,N) < Y Bo(M,N)+0 (62X)
d<0—1

where the error term O(62X) represents a trivial bound for the contribution of u(n)x(mn)amn
with ged(m,n) > 6~1. Note that
By(M,N) < Bi(dM,N/d). (5.4)
Therefore, the proof of Lemma 5.1.1 is reduced to showing the estimate
Bi(M,N) < 63X (5.5)

holds for any M, N with M > Z N > 60Y and 6X < MN < X.

5.3 Part II: Applying the Factorization Proposition

Define k(n) = u(n)x(n). The purpose of this section is to apply Proposition 4.2.4 to the

sum

Bi(M,N) = Z ‘ Z k(1) @ |-
M<m<2M N<n<N'’

ged(m,Pp)=1 gcd(m,n)=1

ged(n,Pp)=1

Proposition 4.2.4 allows us to decompose a,,, into solutions of

fluv)=m, [ (w,z) =n
where f* is the form constructed in Proposition 4.2.3,

B2+ A
[*(2,y) = aaa® + Buy + =242,
dac
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Unfortunately, later in (5.8) we need to decompose the solutions of f*(w,z) = n again in a
similar fashion. Therefore, we construct the set of binary quadratic forms Sy« in the same

way we construct Sg by taking

Spe = Sps (a H f(1,0)>.

fESF
We also pick an integer B such that
1. B=b(mod 2a) for all az? + bxy + cy? € Sr;
2. B = e (mod 2d) for all dz? + exy + fy* € Sp;
3. B =/ (mod 2«); and
4. B>+ A =0 (mod 4ada) for all az? + bxy + cy? € Sp and dz? + exy + fy* € Sy

Such B always exists since the coefficients of 22 of elements in Sg or S ¢+ are distinct primes.
So B depends only on I and the choices of S and Sy«. We can make our choices of Sp and
Sy« canonical by ordering the forms by the sizes of their coefficients and using the smallest
prime available for coefficient of z2. In this way, the choice of B depends only on F'. Finally,

we define Pr by
Pp=Qr [] Q- (5.6)

fesr
where Q- is defined as in (4.3). Precisely,

Q- =2f*(1,0)f*(0,1)A [ f(1,0).

fGSf*

Then the condition ged(mn, Pp) = 1 would immediately imply ged(mn,Qr) = 1 and
ged(mn, Qy+) =1 all f € Sp. By Proposition 4.2.4, we can bound By (M, N) by

BMN<Y Y > (w0, 2)N@r (i, 2)| (57)
feESF M<f(u,w)<2M N<f*(w,z)<N’

ged(f(u,w),Pr)=1 gcd(f(u,0)Ppr,f*(w,z))=1
ged(u,v)=1 ged(w,z)=1

with

Qr(u,v;w,2) = <au+ b—'—fv)w + (32;ﬁu—|— (b+ mia—;A — bﬁv)z.

We relax the condition ged(f(u,v), f*(w, z)) = 1 by the classical identity

Z () = {1 if ged(m,n) =1,

r| ged(m,n) 0 otherwise.
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Since n is squarefree, by Proposition 4.2.3 we can decompose f*(w,z) =n as

. n
g(uo,vo) = 1,9 (Wwo, 20) = - (5.8)

for some g € Sy+ and we have the relations

(du0+ €+Bvo)w0 ((B—{—e)B—i—A—Be
ddac

UO) o (5.9)

(t0 =551 w)
—aavgwg + | ug — Vo |20 = 2.
The inner sum of (5.7) then becomes

> ) > K(rg” (wo, 20))A(Qr (u, v; w, 2)).

gE€S s+ g(uo,vo)=r N<rg*(wo,z0)<N'
ged(g* (wo,20),Pr)=1
ged(wo,z0)=1

Now it suffices to deal with

Zb Z Z ‘ Z k(rg* (wo, 20)) M Qr (u, v;w, 2)) (5.10)

" g(uowo)=r M<f(uv)<2M = N<rg*(wo,zo0)<N’
ng(f(U,’U),PF):l ng(g* (’LU(),Z()),PF):l
ged(u,v)=1 ged(wo,z0)=1
r|f(uv)

where w and z are determined by (5.9) and Zb is a summation over squarefree integers.

Next, we combine f(u,v) and g(ugp,vp) via

B2+ A
dad

f(u, v)g(uo, v0) = adP* + BPQ + Q* = H(P,Q),

where

P_( _B—b) _(B—e +(b+e)B+A—be>
YT Ty Y)W 2d dad v Lo,

e
v |vg.

When (P, Q) and (up,vo) are fixed, there is at most one pair (u,v) such that (5.11) holds.
Therefore the sum (5.10) is bounded by

(5.11)

b
Q = dvug + (au+ T

;bpm > \ ST k(g (w0, 20)MQr(u, v w, )|

rM<H(P,Q)<2rM ' N<rg*(wo,z0)<N’
ged(H(P,Q),Pr)=1 ged(g* (wo,20),Pr)=1
7"2 ‘H(P,Q) ng(’wo,zO)zl
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The above process is very similar to what we have done in (5.4), except now the calculation
involves binary quadratic forms. Before we move on, we need to express Qp(u,v;w,z) in
terms of P, @, wo, z0. By (5.9),

Qr(u,v;w,z) = (au—i—b—;ﬁru)w_,_ <BQ;5U+ (b+ﬁ)ia—;A_b5U>Z

( b+ )[( e+ B ) ((B—l—e)B—i—A—Be ) ]
= lau+ v dug + vo |wo + Vo | 20
2 4dac

2
N (B_Bu+ (b+ﬁ)B+A—bﬁv> {—aavowo—k (Uo _ B_evo>2’0]-
2« dao 2d

With (5.11), this gives

B+ B - A+ B?
Qr(u,v;w,z) = (adP + /BQ)wo + ( 5P + Q)zo.
2 2a 4dac

To simplify our notations, we define

B-7 A+ B? B+ 7
= P = —adP — ——Q).
2c + 4ddac @ v ad 2 Q

U

Then it is not difficult to check that

A+B® , A+p

2
= B H(P Q).
hU,V):=adU* + BUV 4+ « oo . (P,Q)
Therefore it suffices to prove that
b *
> o(r) > > K(rg* (wo, 20))A(20P — woQ)| < 0°X

rM<h(P,Q)<2rM ' N<rg*(wo,zo0)<N’
ged(h(P,Q),Pr)=1 gcd(g* (wo,20),Pp)=1
r?|h(P,Q) ged(wo,z0)=1

for any M, N with M > Z,N > 0Y and X < MN < X.

Before we end this section, we wish to clean up the p(r) in the first summation and
insert the condition ged(P, @) = 1 in our sum. The latter condition will be useful in (5.15).

First of all, estimating trivially, we find that the terms with r > #~3 contribute

0 (HMN 3 T(r)%«—?) =0 (0" X (log X)) .

r>0-2
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In the remaining terms, we ignore the conditions r2|h(P,Q), ged(h(P,Q), Pr) = 1 and
obtain the bound

BMN< Y o) X | S kg wes)MeP - wd)
r<f—3 rM<h(P,Q)<2rM ' N<rg*(wo,z0)<N'
ged(g* (wo,20),Pr)=1
ged(wo,z0)=1

+0(6°X).

Put
LN = X | Y kg )Ml - w0)|

M<h(P,Q)<2M ' N<g*(wo,20)<N’
ged(g* (wo,20),Pr)=1
ged(wo,z0)=1

Our goal is to show that C.(M, N) = O(6°X). We then write

Cer(M,N) = Z ‘ Z k(rg* (wo, 20))A(c(z0 P — on))'.
M<h(P,Q)<2M ' N<g*(wo,z0)<N’
ged(P,Q)=1  ged(g*(wo,20),Pr)=1
ged(wo,z0)=1

Then using the trivial bound C. (M, N) < M N, we have

Cr(M,N)=> Cer(M/*>, N) = > Cer(M/c*,N)+ O(0°X).

c1 1<ce<04

In conclusion, it then suffices to give a bound of the shape
Cer(M,N) < 0°MN

for every ¢,r, M, N with ¢ < 0%, r < 673, M > 68Z, N > 6*Y, and °X < MN < X. The
precise powers of 6 only have minor effects on our argument, since we will be able to save an
arbitrary power of log X at the end. Our assumptions in Proposition 5.1.1 guarantee that
M, N satisfy N® < M < N'~¢ for some small ¢ > 0. This assumption will be used in (5.21)
and (5.25) and we will give a bound of the form

Cer(M,N) <; MN(log N)™ (5.12)

for arbitrary j > 0. We leave the final calculation to the next section.
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5.4 Part III: Final Calculation

Let A = /N/r,B = VM and k(u,v) = k(rg*(u,v)). Then k(u,v) is supported in the
annulus A% < g*(u,v) < 4A2. A simple application of Cauchy-Schwarz inequality gives

Z K(u,v)

vw—uz=~,

Cor M, N <D IXO >
¢ M<h(w,z)<2M
ged(w,z)=1

< A1/2B3/2D(H)1/2,

where )
P= Y dwaY| ¥ swo) (513)
(w,2)€Z? £ Qu,vyw,z)=L
ged(w,z)=1
and

Q(u,v;w, z) = vw — uz.
Here 1 (w, z) can be any non-negative function with 1 (w, z) > 1 if B2 < h(w, 2) < 4B% We
assume that ¢ (w, z) takes the form ¥(h(w, z)), where

0<U(t) <1,¥(t) =1if B> <t<4B?

supp ¥ C [B?/4,9B%], 0 « B~%.

Our desired estimate for D(x) is A3B with a saving of an arbitrary power of log N. Since ¢

runs over all integers (without any restriction), after squaring we obtain

D(k) = Z Y(w, z) Z (k% k) (u,v), (5.14)
(w,2)€Z? Q(u,w;w,2)=0
ged(w,z)=1

where

(k*kK)(u,v) = Z K(s1,11)R(s2,t2).

(s1,t1)—(s2,t2)=(u,v)

This equality follows because Q(u,v;w, z) is a bilinear form. Note that
(k* £)(0,0) < A2
The orthogonality relation Q(u,v;w,z) =0 in (5.14) is equivalent to

(u,v) = (cw, cz) (5.15)
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for some rational integer ¢ € Z. It thus follows that

D)= S ww,2)(s *w)(cw, cz)
o e (5.16)

=Dy(a) +2D*(K),

say, where Dy(k) denotes the contribution of ¢ = 0 and D*(k) that of all |¢| > 0. Thus

Do(r) = [6l* Y (w,z) < A’B? (5.17)
(w,2)€Z2
ged(w,z)=1
and ,
S
D'y = Y ¢< , )(H*/ﬂ)(s,t). (5.18)
(5.92(0.0) ged(s,t)” ged(s,t)
We trade the primitivity condition for congruence conditions by means of Mdébius inversion,
getting
D(k) = 37 u(b)D (ks b, ) (5.19)
b,c>0
where .
s
D(k;b,c) = == t). 2
(k; b, ) Z w(c,c>(n*ﬁ)(s, ) (5.20)

(s,6)=(0,0) (mod bc)

Note that g*(s,t) < 2A (from the support of «) and cB/2 < ¢*(s,t) < 3¢B (from the
support of ). Observe that these imply that ¢ < 4AB~!, otherwise D(k;b, c) is zero. Let
= be a parameter such that

1<E<44AB7' =, (5.21)

say. We will take Z to be a power of log NV at the end and this explains why N needs to be
larger than M, say N'=¢ > M. By the trivial bound

D(k;b,c) < A’B?*b2
we see that the terms with b > = or ¢ < CZ~! contribute at most O(A3B="1) to D*(k) so

D(k) =Y ub) Y. D(sibe)+0(4*BE). (5.22)

b<Z C="1l<e<C
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Our next step is to rewrite (s/c,t/c) in D(k;b, ¢) so that we can completely forget about
the support of . If h(w, z) = Dw? + Fwz + Fz? with D > 0, then

W(w,z) = W((QDU} + Ez)? L)(ALDF — EZ)ZQ)
()
Then we can define : e
Yo(w, 2) :w(W\/IDﬂT’ ,z:7 \/KZ)

This gives

w(w,z)=¢0<2Dw+EZ VIA]z

Wisl ’2@) and  g(w, z) = U(w? + 22).

Hence if we define
= / / Yo(w, z)e(—(zw + yz)) dw dz,

by a standard change of variables we obtain

o(z,y) / / <2Dw J;)EZ, \;\;Z> (—(zw +yz)) dwdz.

As ¢(z, 1) depends only on z? 4+ y2, we can set ¢(x,y) = ®(2? + y?). By inversion and an

another change of variables, we deduce that

bl = o (P2 I

_/ / oz, )e < 2Dw\/—|—»Ez+y. 2\\Aﬁ]>dd
/ / ( ik Bz ny) (zw + yz) dx dy

f “VDIa VAl
\/7/ / <I><4}L(|A|))e(mw+yz)dxdy.

Thus

¢(157 Z) = 2|CZ’ /_o:o /_O:O @(W)e(mw +yz)dxdy (5.23)

2c2 oo oo (4c2h(—
D(x;b,c) = —= / /_ @(W)Sbc(%y)dxdy
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where
Sawy)= S (krr)(selos +yt)
(s,£)=(0,0) (mod d)
= Y ) k(s t1)R(s2, ta)e(wsy + yt1)e(—xsz — yta)

s1=s2 (mod d)
t1=to (mod d)

= X

di,d2 (mod d) ' s=dy (mod d)
t=dy (mod d)
By (9.14) of [5],
42 h(— 232 A25
c2<1>( il y’x>> < ¢ < .
Ay (1+2B2h(~y,2))3/? " (1+ h(—y,z)A%)3/2
Hence o e
D(k;b, c) < EAQ/ / H(z,y)Spe(z,y) dz dy
where

1
(1 + h(—y,z)A2)3/2"

H(%,y) =

By grouping d = bc and setting D = C'Z, we obtain from (5.22)

D(0) <« M2 [~ [T Hew)( X Esiey))dedy+ B2 (520)
—o0 J—00 d<D

To account for the large d appearing in the above sum, we need to invoke Proposition 15

of [5].

Proposition 5.4.1. Suppose A > D > 1. Let f be a complex-valued function on Z[i
supported on the disc |z| < A. Define

Sp(D)y=_ d* Y

d<D ¢ (mod d)

Y. f)

z=6 (mod d)

Then for any G > 1 we have

S(D) < 2DS;(G) + O-(AD(D'** + AG)||f]) (5.25)
where
IFl= >0 1f ()1
|z|<A
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For m + ni € Z[i], we take f(m + ni) = k(m,n)e(xm + yn). Thus

> d?Sa(z,y) < 20D Y d*Sy(w,y) + O(A’B'EG) (5.26)
d<D d<G

/ / H(x,y)Sq(x,y) dz dy.

Similar to =, we expect G is a power of log N. To apply (5.25) we need DG < A~ which
is valid if B > A°. By taking G = =% and substituting (5.17), (5.24) and (5.26) into (5.16),

we arrive at

where

D(k) < ABE" Y~ d°Dy(k) + A*(B* + ABE™")

d<=6

where
Dd(H)Z/ / H(z,y)Sq(w,y) dx dy

— Z (k% K)(s,t) /_O:O /_O:O H(z,y)e(xs + yt) dz dy.

(s,6)=(0,0) (mod d)

Our final obstacle is to develop an estimate of Dy(x) for small values of d. Here the
modulus d is less than a power of log NV, which is analogous to the classical Siegel-Walfisz

theorem. As in (5.23), after some changes of variables the above integral can be expressed

as
/—oo /—oo H(z,y)e(rw + yz) drv dy = AZ exp < 712/\/?)
This gives
. am/h(s1, t1; 52, 12)
Dd(ﬁ) =21A 2 ZZ (Slutl) (32’t2) exp< >

i 0 AVIal

t1=t2 (mod d)
where

h(s1,t1582,t2) = h(s1 — s2,t1 — ta).
Note that
D
(k) < I 3

(s,t)=(d1,d2) (mod d)
N<g*(st)<N’

4wm>’_
AVIA]

1(g* (5, )x(g" (5. ) exp ( -
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Hence it suffices to show that

4m\/h(s,t; so, to)
AVIA]

Z pu(rg*(s,t))x(rg*(s,t)) exp < —
(s,t)=(d1,d2) (mod d)
N<g*(s,t)<N’

) < Nn.

Define = (log N)~7. We can divide the region N < g*(s,t) < N’ into non-overlapping

sectors of the form
R(Z,&) ={(s,t) € 2> : Z — VN < g*(s,t) < Z,& < arg(s + i) < £ +n}

and there are at most 772 regions. For a fixed (S,T) € R(Z, &) and any (s,t) € R(Z,§), we

always have

47T\/h(s,t;80,to) o _47T\/h(S,T;S[),t0)
o (- WIN )= Wi ) +ow.

Hence it suffices to show that

> p(g* (s, ) x(g"(s, 1)) < Nn’,
(S7t)eR(Z7£)
(s,t)=(d1,d2) (mod d)
ng(g* (S,t),'f’):l

The proof is complete by applying Lemma 5.1.2.
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Chapter 6

Proof of the Main Theorem

With all these ingredients we can prove our main theorems and corollaries.

Proof of Proposition 1.1.2. Define Y = X%/7, Z = X'/7. Combining Proposition 2.3.1 with

Proposition 3.1.1 and Proposition 5.1.1, we have shown that

P(X;x)= > Y AEN)Hpg()+6e(N;Y, Z))+P(Z;x)+0a.5.ro(X(log X) 7).
gcd(]f\\[f%i):l ‘

By estimating d,(N;Y, Z) using (2.13) and P(Z; x) using Lemma 2.1.3, we deduce that

PX;x)= D 0. MOX(F(Lm)AF(C,m))
(eN,meZ
Ft,m)<X
ged(é,ym)=1
ged(F(¢,m),Pp)=1

= 2.0 MOXF(m)Hrg(l) + Oapro(X(log X)P).
(eN,meZ
F(¢,m)<X
ged(4,ym)=1
ged(F'(€,m),Pr)=1

(6.1)

The condition ged(4,ym) = 1 and ged(F' (¢, m), Pp) = 1 on the first line can be removed
(with an acceptable error) due to the presence of A(F(¢,m)). O

Proof of Theorem 1.1.3. Define A\(£) = A(¢) if £ = b (mod ¢) and A(¢) = 0 otherwise. Then

i = J10-22)(=3)" 11 (-3)”
- -1
-0 1L0-22)
O )
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Define 6(¢) to be the third product in the last line. Then if ¢ is a power of p and p 1 ¢PF,

we have .
p
0(4) = =1+ O()
& p—p(p) p
Thus
D> MOX(F(€,m))A(F(L,m))
LeN,mEZ
F(¢,m)<X
= Hpg 2.0 MOX(F(6,m)) + 04 pg(X (log X)~*) (6.2)
LeEN,MEZ
F(¢,m)<X
ged(£,ym)=1
ng(F(fvm)va)zl
where

- IO (0 6

plqPr p p plgPr p

Next, by using Mébius inversion, the double summation in the right side of (6.2) can be

rewritten as

SN MOx(FEEm) = Youd) D anx(V).

(eEN,mez d| P N<X
F(¢,m)<X N=0 (mod d)
ged(£,ym)=1

ged(F (¢,m),Pp)=1

If ged(d, g) = 1, the summation over N is in fact Agz(X;x) in (3.15). Hence by (3.15) and
(3.16),

Y3 MOx(F(,m)) = > p(d)Ad(X;X)
(eEN,mEZ d|Pp
F(m)<X ged(d,q)=1
ged(4ym)=1
ged(F(€,m),Pr)=1

= > pld)Ma(X;x) + O(R(X, Pr;X)).
d| P
ged(d,q)=1

The condition ged (¢, ymd) = 1 in My4(X; x) is negligible. Therefore by Proposition 3.4.1,

D> MOXF(Em)AE(L,m)) = Hy Y Y MOX(F(E,m)) + Oarq(X(log X)~4).

LeN,meZ LeN,MEZ
F(t,m)<X F(tm)<X
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Using the orthogonality of x and definition of A({), it gives

SN AOAFECm)=H, Y A(D)+Oarg(X(log X)),

LeEN,MEZL LeN,meZ
F(¢,m)<X F(¢,m)<X
F(¢,m)=a (mod q) F(¢,m)=a (mod q)
{=b (mod q) ¢=b (mod q)

Finally, the result follows from the prime number theorem in arithmetic progression

1

AW = 5@ > AW+ 0a(X(log X)™4).
(N 1 jen
F(e,m)<X F(e,m)<X
£=b (mod q)
The implied constant is ineffective since we applied Siegel’s theorem. O
Proof of Corollary 1.1.4. Simply take ¢ =a=0b= 1. O

Proof of Corollary 1.1.5. Without loss of generality we assume that G(¢,m) = ¢. Then for
every prime p, there are ¢,m € Z such that p { £ and p { F(¢,m). Therefore v = m¢~!

(mod p) would be a solution to
F(1,v) # 0 (mod p).

This implies p(p) < p for all p. By Corollary 1.1.4, we have H > 0 and the result follows. [J
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