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Abstract

The conventional method for functional quantile regression is to fit the regression model for each
quantile of interest separately. The slope function of the regression, as a bivariate function indexed
by time and quantile, is actually estimated as a univariate function of time only by first fixing
the quantile. This estimation strategy has two major limitations. The monotonicity of conditional
quantiles can not be guaranteed, and the smoothness of the slope estimator as a bivariate function
can not be controlled. We develop a new framework for functional quantile regression to overcome
the two limitations. We propose to simultaneously fit the functional quantile regression model for
multiple quantiles under some constraints so that the estimated quantiles satisfy the monotonicity

conditions. Meanwhile, the smoothness of the slope estimator is controlled.

Motivated by an application of modeling the impact of daily temperature, annual precipitation and
irrigation system on soybean yield, we propose two locally sparse estimation methods under a semi-
parametric functional quantile regression model. In the target application, the daily temperature is a
functional predictor, and the influence of daily temperature on soybean yield may not always exist
during the whole growing season. We aim to identify the time regions where the influence exists.
For this purpose, in two projects, we use two different penalized estimation methods, functional
SCAD and modified group lasso, to obtain locally sparse estimations for the bivariate slope function

associated with the functional predictor.

Focusing on the soybean yield application introduced above, we further propose a novel semi-
parametric functional generalized linear model (FGLM) to analyze the relationship between the
environmental factors and the soybean yield. In this project, we consider the data from different
years as from different populations due to the fact that the climate conditions can be very differ-
ent year by year. Based on the new assumption, the main challenge is that we only have limited
number of observations for each year. To solve this issue, we combine a density ratio model with
the proposed semi-parametric FGLM so that the new framework can be fitted using the pool data.
We propose to use a combination of penalized B-spline and empirical likelihood method to fit the

model. The proposed method is highly flexible and robust to model misspecification.

Keywords: Functional quantile regression; Locally sparse estimation; Bivariate splines; Functional

generalized linear model; Empirical likelihood; Penalized B-splines
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Chapter 1

Introduction

Nowadays, with modern technology, more and more data can be recorded continuously over a pe-
riod of time such as daily temperature curves or daily humidity curves. They are both examples of
functional data, which has become a commonly encountered type of data. Functional data analysis
(FDA) focuses on the analysis and the theory of such data. Under the FDA framework, sample of
functional data are considered as realizations of some random functions. From this point of view,
functional data are intrinsically infinite dimensional objects. Then, in addition to the curves, analyz-
ing images, surfaces or other infinite dimensional objects varying over a continuum also belongs to
FDA. In FDA, functional quntile regression and functional generalized linear model are two popular
and useful tools in real data applications. In this thesis, we propose new methodologies for these
two models.

Functional quantile regression is an useful tool to analyze the relationship between functional
predictors and scalar response. The simplest version of functional quantile regressions can be for-

mulated as

Qv (u| X) = c(u) + /yX(t)ﬁ(t,u)dt, (1.1

where Y is scalar response, X () is a functional predictor over the time domain .7, Qy (u | X) is
the u-th quantile of Y conditioning on X (¢). The function 3(¢, u) in model (1.1) is called the slope
function, which is a bivariate function indexed by the time ¢ and quantile u. In real applications,
B(t,u) is of great interest because it describes the dynamic influence of the X (¢) on the conditional
distribution of Y.

The commonly used estimation strategy for model (1.1) is to first fix a quantile u, and then
estimate 3(t, ) as a univariate function of ¢ only, /3,(t) [6, 41]. The advantage of this conventional
method is that it can reduce the dimensionality of the parameter space but it also have two major
limitations. Since the model (1.1) is fitted for different quantiles separately, the estimation of 3(t, u)
obtained from the conventional method is usually very wiggle as a bivariate function. Moreover,
the estimated conditional quantiles of Y may cross each other, which violates the monotonicity
condition of a valid quantile function. In practice, the non-monotone quantile estimations can lead

to invalid interpretation. In Chapter 2, propose a novel estimation strategy to overcome these two



limitations. We use bivariate splines [64, 46] to approximate ((¢,u) and then fit the model (1.1)
for multiple quantiles simultaneously. We impose constraints and regularization into our estimation
procedure to control the smoothness of the estimator for 3(t, u) and to guarantee the monotonicity
of the quantile estimations.

Motivated by an application of analyzing the impact of daily temperature, annual precipitation
and irrigation system on soybean yield, in Chapter 3 and 4, we consider a more general semi-
parametric functional quantile regression with both scalar predictors and functional predictors. The
u-th quantile of a scalar response Y conditioning on scalar predictors, Z, and functional predictors
X(t), Q- (Y|Z,X(t)) can be modeled as: For this purpose, we use the same soybean yield data
set as in Chapter 2, and for this data set, we consider the following functional quantile regression

model,

Qy (u|Z, X) = Z"a(u) + Z/ Bi(t, u) Xu(1)dt, (1.2)
3 T

where Y is a scalar response, Z = (1,21, Zs, ..., Zp) is a vector of scalar predictors and { Xy (t)}
are functional predictors defined over the same domain 7. For the target application, Y is the annual
soybean yield, X (¢) are the daily temperature related measurements, and Z; and Z5 are the annual
precipitation and the ratio of irrigated area of each county in Kansas. In (1.2), each entry of ax(u) is a
varying coefficient depending on the quantiles and S (¢, u) are a bivariate slope functions associated
with different functional predictors.

Reviewing the literature [72, 79], we know that there exists a comfortable range of temperature
for soybean growth and within the range, small fluctuations of the temperature has no influence
on the soybean growth. In other words, under model (1.2), there should exist some sub-regions
within the domain of X (¢) where 5k (t,u) = 0. We call this property as local sparsity. In Chapter
3 and 4, we focus on finding locally sparse estimators for (¢, u) under the model (1.2). Specif-
ically, in Chapter 3, we adopt the conventional estimation strategy to fit the model (1.2). That is,
we first fix the quantile u, and then estimate a(u) as a vector of scalar parameters and estimate
B (t, u) as univariate functions. We propose a method that combines smoothed quantile loss [32]
and functional SCAD method [50] to obtain locally sparse estimation for S (¢, u). In Chapter 4, we
follow the idea of Chapter 2 to approximate (3 (¢, u) using bivariate splines and fit the model (1.2)
for multiple quantiles simultaneously. With the help of a modified group lasso [89] type penalty,
we propose another locally sparse estimator for beta (¢, u) based on the simultaneous functional
quantile regression.

Focusing on the soybean yield application, in Chapter 5, we further propose a novel semi-
parametric functional generalized linear model (FGLM) to analyze the relationship between the
environmental factors and the soybean yield. In the real data analysis of Chapter 3 and 4, we as-
sume that the observations from different years, namely between 1991 and 2006, have the same
distribution. In other words, we assume that model (1.1) and (1.2) hold for all the observations col-

lected between 1991 and 2006. This assumption neglect the possibility that the climate conditions



of Kansas can be very different across years and we do not have enough environmental variables,
such as daily humidity and sunshine, in the data set to account for this variation.

For this reason, in this project, we consider the data from different years as from different pop-
ulations. Then a new challenge arises. We only have limited number of observations for each year.
The small sample size could bring difficulty in the estimation of the unknown functions associated
with functional predictors. To solve this issue, we combine a density ratio model with the proposed
semi-parametric FGLM so that the new framework can be fitted using the pool data. The proposed

method is very flexible and robust to model misspecification.



Chapter 2

Simultaneous Functional Quantile
Regression

2.1. Introduction

The u-th quantile of a scalar response Y conditioning on a functional covariate X (¢), Qy (u | X)

can be modeled as:

Qv (u| X) = c(u) + /yX(t)ﬁ(t,u)dt, .0

where X () is a stochastic process defined on a compact interval .7, and (¢, u) is a bivariate slope
function indexed by both time ¢ and quantile w. The model (2.1) is called the functional quantile
regression model. The slope function 3(t, ) is of primary interest because it describes how the
quantile of the response variable is related to the functional covariate.

In the literature, a commonly used strategy for estimating (¢, u) is to treat it as a univariate
function of ¢ by fixing the quantile « first. This conventional strategy has two major limitations. First,
the slope function (¢, u) is usually assumed to be smooth over both ¢ and u, which is also favorable
in real applications. However, fitting the regression models for different quantiles separately cannot
guarantee that the resulting estimator for 5(¢, ) is smooth over u. Second, for some observations,
the estimation of Qy (u | X) may not be monotonically increasing in u as it should be. These
crossing quantiles can further lead to invalid distribution estimation for the response variable.

In this chapter, we address the above two limitations. Different from the existing methods that
B(t,u) is estimated as the univariate function of ¢ for each fixed u, we propose to use bivariate
spline basis functions to approximate (3(t,u) directly and then estimate the corresponding basis
coefficients. Under our framework, the smoothness of the estimation is guaranteed by the smooth-
ness of the bivariate spline approximation, which is ensured by adding some linear constraints on
the spline coefficients. In addition, we further impose some extra linear constraints to mitigate the
crossing-quantile problem. In this way, we can make sure that the estimated quantiles for each
subject are monotone. The monotonicity issue, to some extent, can be fixed by using some mono-
tonization techniques, such as [13]. But it can not improve the estimation for 3(¢,u), because the

monotonicity of the quantiles are not considered in the estimation procedure for 5(¢,u) and the



monotonization is only applied to the estimated quantiles. For example, [41] proposed first to esti-
mate (¢, u) for the model (2.1), and then to estimate conditional quantile functions based on the
estimated (3(t, ). For the quantile functions that are not monotone, he adjusted them to become
monotone by using the technique of [13]. However, the estimation for 3(¢, u) was left unchanged.

The model we consider is an extension of linear quantile regression (LQR) model, which de-
scribes the linear relationship between conditional quantiles of a scalar response and some predic-
tor variables [43]. By estimating multiple conditional quantiles, LQR allows us to depict and then
make the inference on the entire distribution of the response conditioning on the predictors. Linear
quantile regression has been well studied and makes many contributions to real-world applications
[45, 83].

Nowadays, functional variables becomes more and more common in real-world applications.
FDA has become a comprehensive branch of statistics that provides a useful and convenient frame-
work to analyze functional data with some high dimensional structures, such as curves, images, and
surfaces, which are so-called functional data. Estimation for a quantile regression with a scalar re-
sponse and some functional covariates is a fruitful research topic as related questions arise in many
recent applications, such as [7], [11], [86], [81] and [92].

The model (2.1) was first formulated in [6] as a natural extension of classical linear quantile
regression. In the paper, a penalized spline estimator for 5(¢,u) was proposed for a fixed u with-
out any dimension reduction on the functional covariate. Later on, for the same model (2.1), [41]
proposed to first use functional principal component analysis (FPCA) to truncate the functional co-
variate X (t) for dimension reduction and then to estimate the slope function (¢, u) for a fixed u
based on the conventional linear quantile regression framework. [41] also established an optimal

convergence rate for the proposed estimator under the minimax sense.

2.2. Proposed Method

2.2.1 Estimation Procedure

Let Y be a scalar random variable, and X (¢) be a random function with mean curve p(t), where
t € 7,and J C Risacompact set. Let Q2 = .7 x &7, where &/ C (0, 1) is an interval. For any
u € o, the u-th quantile of Y given the functional covariate X (¢) is modelled by the following
functional quantile model,

Qv (u| X) = c(u) + /7X(t)6(t,u)dt. @1

To estimate the slope function (¢, u) in (2.1), We propose to first approximate 3(t,u) by bivariate
splines, and then estimate the corresponding coefficients.

There are multiple types of bivariate splines that can be used for the approximation, such as
tensor products of B-splines [75, 64, 91] and bivariate Bernstein polynomials over triangulations

[46]. In this project, we choose the Bernstein polynomials over a triangulation to approximate the



bivariate slope function in (2.1). In comparison with the tensor products of B-splines, the bivariate
Bernstein polynomials enjoy the advantage that the triangulation technique allows the local refine-
ment, that is, we can flexibly adjust the number of bivariate basis functions with different resolutions
in various local areas of the two-dimensional space .7 x [0, 1], which is convenient in many appli-
cations. Of course, the Bernstein polynomials and the triangulation technique are not a must for the
proposed method and other bivariate bases should also work.

Figure 2.1 shows the example of local refinement of a triangulation. The left panel of Figure
2.1 shows a triangulation over [0, 1] x [0, 1]. The right panel of Figure 2.1 shows the triangulation
after a local refinement by adding a new vertex D inside the triangle AABC. The triangle AABC is
further split into three triangles: AABD, ABCD and AACD.

o 02 0.4 0.6 08 1 0 0.2 04 06 0.8 1

Figure 2.1: Example of local refinement of triangulation. The left panel shows a triangulation over
[0, 1] % [0, 1]. The right panel shows the triangulation after a local refinement by adding a new vertex
D inside the triangle AABC.

Suppose that o7 is the interval containing multiple quantiles of interest. Our goal is to find
a function s(t,u) € S;(A) that can well approximate the slope function 3(¢,«) on the domain
7 x /. To make our writing and proofs in the subsequent sections clearer, we use {b;(t, u)}jz1
to denote the Bernstein polynomials defined over the triangulation A = {Aq,..., Ay}, where
j = 1,...,J is the index for the polynomials. The relationship between J and M is J = (d +
2)(d + 1)M/2, because there are (d + 2)(d + 1)/2 Bernstein polynomials associated with each
triangle of A. In addition, for each basis function b;(¢,u), we denote its support by A, which is
a specific triangle of A with A; = the triangle of A that is the support of b;(¢, ). In other words,
b;(t,u) # 0for (t,u) € Aj, and b;(t,u) = 0 for (t,u) ¢ Aj. If two Bernstein polynomials b; (¢, u)
and by, (t, u) are associated with the same triangle, then A; and A, are identical.



The function s(t,u) € S} (7 x /) that approximates 3(t, u) can be written as a linear combi-
nation of Bernstein polynomials {b; (¢, u) 37:1. Then on the domain .7 x &/, we have the approxi-

mation

B(t,u) =~ s(t,u) ZVJ (t,u) € Sy(A), (2.2)

where {v;}7_, are the corresponding coefficients.
Under some conventional assumptions on X (¢), which are commonly assumed in the literature
[84, 71, 60, 59, 73] and are usually satisfied in real applications, by the Mercer’s theorem, X ()

admits the decomposition

oo
X(t) = ut) + ) &eoi(t), 2.3)
k=1
where ¢ (t), k = 1,..., are called functional principal components (FPC) and &, are called func-

tional principal component scores. By the decomposition (2.3) and the approximation (2.2), model

(2.1) can be approximately re-expressed as
Qy(u| X)~c(u) + | p(t)5(t u)di + Ekdr(t)s(t, u)dt
' /; ;oo
u) + Ekdr(t)s(t, u)dt
/fszl o

where co(u) = c(u)+ [, pu(t)5(t, w)dt. Let {bo,j(u)}jozl denote the univariate B-spline basis func-
tions defined over the interval 7. Then we further approximate co(u) by co(u) ~ Z}.]il 70,5b0,j(u) =
bd (w)yg, where bj(u) = (bo1(w), ..., bo j,(w)) and v§ = (y0,1(w), - .., 70,5, (w)).

Under the functional data context, functional observations as the infinite dimension subjects can
not fit in the conventional framework of linear quantile regression. In addition, the observed func-
tional data is not always smooth enough for using numerical integration to approximate the integral
in (2.1). To tackle these problems and to extend the classical linear quantile regression to functional
quantile regression, we usually need to truncate the functional observations {x;(t)}}_; to reduce
the dimensionality and to smooth them. A plausible approach for the dimensionality reduction is to
truncate X (¢) by using its first m functional principal components obtained from the decomposition
(2.3).

As we have mentioned in the introduction, different from the conventional methods, we want
to estimate (¢, u) as a bivariate function directly. Therefore, all the quantiles of interest should be
considered simultaneously in the estimation procedure. There are a lot of papers that have discussed
the advantage of combining multiple quantile regression models, such as [96, 40, 93, 31]. One
commonly used approach is to consider the sum of those models.

We know that for a real-valued random variable Y, the minimizer of E{p, (Y — u)} is the u-
quantile of Y, where p,(z) = x (u — 1{z < 0}) is called the check function [43]. Assume that

n

we observe independent and identically distributed data pairs {y;, x;(t)},_; as the realizations of



{Y, X (t)}. Weuse A € o to denote a set of quantiles of interest, which are assumed to be uniformly
distributed in <7, and use n4 to denote the cardinality of A. We first apply FPCA on {y;, z;(t)};;
to obtain the estimated FPCs {¢y,(t)}, and FPC scores {flk}}?:l Then, based on the approximation

(2.2), a reasonable estimator for 3(t, u) should minimize the following loss function

1 A - mo
p— ; ; Pur (y — b (ur)vo — /y k; Eindr(t)s(t, ur)dt> : (2.4)

with respect to s(¢,u) € S} (A) and 7.

The conventional framework of linear quantile regression is designed for finite dimensional
subjects, and the slope parameter to be estimated in classical linear quantile regression is also finite-
dimensional. Although the functional observations can be truncated by FPCA into a finite dimen-
sion, the slope function 3(t, ) in the model (2.1) is still infinite-dimensional. As a consequence,
the direct extension (2.4) of the conventional linear quantile regression framework to functional
data can lead to invalid estimation for 3(¢, ) and the uniqueness of the minimizer of (2.4) cannot
be guaranteed.

To clarify this, let {3(¢,u), 4} be a minimizer of (2.4) and fix the truncation level at m. As-
sume that there exists another function sq(t,u) € S}(A) such that s;(¢,u) is orthogonal to the
first m estimated FPCs of X (). Then {8(¢, u) + s1(¢,u), ¥} is another minimizer of (2.4). More
specifically, by FPCA, we can obtain the (m + 1)-th FPC denoted as ggmﬂ(t), which is orthogo-
nal to the first m estimated functional principal components, ¢1(t), . . ., ¢m(t). If there exists some
measurable function w(u) such that 3(¢,u) + w ()G, 1(t) also belongs to the space Sh(A), then
{§(t, w) + W) Pt (t), '70} is also a minimizer of (2.4). This implies that (¢, u) +w(w) Gp1 (£)
is another estimator for 3(, u). However, the information of ¢y, (t) for any k > m + 1 is excluded
from our estimation procedure when we choose the truncation level as m, and the estimator for
B(t,u) derived from the estimation procedure should not include any information about qgk(t) for
any k > m + 1. Therefore, the objective function (2.4) derived directly from the conventional linear
quantile regression is problematic under the functional data context.

To overcome this problem, we propose to penalize the L?-norm of the approximation s(t,u)
during the estimation procedure. In addition, the roughness of the slope function estimator s(¢, u) is
also a concern under functional data context. Therefore, a roughness penalty for s(t, u) is also used
during the estimation procedure. Roughness penalty is a very useful tool to control the smoothness
of functions through the estimation procedure. Detailed discussions on roughness penalty for func-
tional data can be found in [66], [8], [68], [67] and [5]. In this project, we consider the following

roughness penalty R(s;wp,w1,w3),

R(s;wo, w1, ws) = Z/A Z W, (;) [V?V?s(t,u)rdtdu,
1

AEA d1+do=2



where wy, wi and wy are three tuning parameters representing the weights corresponding to second

derivatives in different dlrectlons More specifically, wyg is the weight corresponding to gtrf wy 18

the weight corresponding to 6t 5, w2 1s the weight corresponding to 7 a 5. Since in our estimation
procedure, we include a tuning parameter A ,, for the whole roughness penalty R(s;wo, w1, ws),
then wy can be fixed as a constant wy = 1. In addition, if the smoothness of the target slope function
along quantile index and functional index can be assumed to be identical or without much difference,
then we can simply set wy = w1 = wy = 1 to reduce the computational cost. Then, R(s;wp, w1, ws)

becomes to R(s),

=> / 3 (;J (Vf1VZQBT(t,u)’y)2dtdu,

AeA 7D dy Y da=2

which is the most commonly used roughness penalty discussed in the literature listed above.
Let A1, and A, be two nonnegative tuning parameters. Then, we estimate the slope function

B(t,u) in (2.1) by minimizing
naA n
7 (% v b r ?
353 (= e~ [ 3 Gt

+ A ”S”LQ(Q) + Ao R(s5 w0, w1, wa), (2.5)

with respect to s(¢t,u) € Sj(A) and 7y,, where the norm ||3||%2(Q) is defined as HsHiQ(Q) =

S 7oy 82 (t, u)dtdu.
For any s(t,u) € S}(A), we have the expression

Z% = B'(t,u)v, (2.6)
where B(t,u) = (b1(t,u), - ,bs(t,u))" and =y is the vector of coefficients satisfying some linear
constraint

H~ = 0. 2.7)

The constraint (2.7) ensures that s(t,u) = B"(t,u)y € C"(J x ). The matrix H depends on
the triangulation A, the degree d, and the smoothness parameter - of the spline space S’;(A) [46].
For example, when r = 1, s(¢,u) is assumed to have the continuous first partial derivatives over
both ¢ and u. An useful technique to remove the constraint (2.7) is QR decomposition [82]. For a

given H, by QR decomposition, we have

T (Q",Q) (?) , 2.8)



where (Q*, Q) is a matrix with orthogonal columns and R is a upper triangle matrix with nonzero
diagonal elements. With the decomposition (2.8), the constraint H-~ = 0 can be removed by rewrit-
ing v as

¥ = Q8. (2.9)

Suppose we observe X;(t) for t € T and we use ny to denote the cardinality of 7'. By (2.6), the

penalty ||s||22(9) can be approximated by ||s||i2(9) R nAlnT Y'BarB) 1y, where Barisa.J
by nan7 matrix with the jth row of B 1 being the evaluations of Bernstein polynomials b; (¢, u)
forall ¢t € T and u € A. The roughness penalty R(s;wo,w1,ws2) or R(s) can also be written as the
matrix form ~* Dy, where the matrix D is a J by J positive definite and block diagonal matrix
with each block corresponding to one triangle of the triangulation A, and the size of each block
depends on the degree d.
Define Lo(0,7,) = (nna) 1304 S0 pu. (yl — b (ur)yy — ffﬁ(ur)QH),the whole quan-

tile loss based on FPCA. Then by (2.6) and (2.9), the minimization problem (2.5) can be converted

into the following,

gnn Lo(8,70) + M08 Q" BarB% 1Q0 + \2,0"Q"DQO, (2.10)
770

where & = (&1,...,&m)", P(u) is an m x J matrix with the (k, j)-entry being Prj(u) =
f(t,u)EA]- 1 (t)b;(t, u)dt. Note that, for the matrix P(u), and a specific u, say u = u, € A, many
entries of P(u,) are zeros because the integral f(tm) N b1 ()b (t,u,)dt is equal to zero if the
triangle A, which is the support of b; (¢, u, ), does not intersect with the horizontal line u = u,.

If we denote the minimizer of (2.10) by (¥, 9), then our proposed estimator for 5(¢, ) in (2.1)
is

B(t,u) = B™(t,u)Q8. (2.11)

In practice, to guarantee the estimated conditional quantile functions of all the subjects to be mono-
tone, some extra linear constraints on @ can be further imposed. Specifically, given (¥, @), the
estimated u-quantile of the ith subject is Qy (u | X = z;) = bl (u)3, + £F P (u) Q6.

The monotonicity of Qy (u | X = z;) can be approximately expressed as Qy (u, | X = x;) <
Qy (u.. | X = z;) for any u, < u’, u,,u.. € A. Then a reasonable way to mimic the monotonicity

of these quantile functions is to impose the following constraints into the optimization,
{65 (ur) — b3 (up)}vo + & {P(ur) — P(u;)}Q0 < 0

for any quantile u,, < w, and any ¢ = 1,...,n, which guarantee that the estimated conditional
quantiles of Y | X;(¢) do not cross each other [4, 51]. Then, we can solve (2.10) under the con-

straints
{65 (ur) — b3 (u)) }vo + ET{P(ur) — P(u])}Q6 < 0 (2.12)

foralli =1,...,n,and any u, < u,,u,,u, € A.
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2.2.2 Computation

This subsection is concerned with the computational aspect of the minimization problem (2.10).
As introduced in [43], for a specific quantile u, the minimization of loss function derived from
the classical linear quantile regression model is equivalent to a constrained linear programming
problem.

For the proposed method, we need to solve the minimization problem (2.10). Following the
same idea in [43], (2.10) can also be formulated into the minimization of the following quadratic

programming problem with respect to 8, v, and {w; ,, Vi r bi=1,...nr=1,..n4>

o . Z {UT Z Wi g - Ur) Z Ui,r} + )\l,nBTQTBA,TBi,TQO

nna i=1

+ A2n0"QTDQO, (2.13)

subject to y; — bj (ur)vo — é;fﬁ(ur)QO = Wiy — Uiy, Wiy > 0,and v;, > 0, foralli =1,...,n,
andr=1,...,n4.

If we want to further impose the monotonicity constraints (2.12) on (2.13), then the constrained
optimization can be similarly formulated as the following problem with respect to 6, =y, and

{wi,ra Ui,r}i:l,...,n,r:l ..... e

P Z {Ur Z Wi,r (1—wu,) Z vi,r} + Al,nOTQTBA,TBEl,TQo

nna .. i=1

+ A2,,0" QT DQ8,

subject to y; — b§ (ur)vo — EFP(u)QO = wiy — vy, {63 (ur) — bE (up)}vo + E{P(ur) —
P(u})}QO < 0, wi, > 0,and v;, > 0,foralli = 1,...,n, 7 = 1,...,n4 and any u, <
UL, Uy, u, € A.

In summary, the complete algorithm can be splitted into two parts:

* Derive the coefficients in (2.13) with or without the monotonicity constraints (2.12), such
as {€:}7 1, {P(u)}uea, Q, etc. Specifically, we first derive the estimated FPCs {¢y,(t)}7,
and corresponding scores {EZ ' ;. Next we compute the matrices related to the bivariate
spline basis, B™(t,u), Q, Bar and D. Given {¢y(t)}i, and B (t,u), {P(u)}uca are

approximated by using numerical integration based on Simpson’s rule.

» With all the preparations in the previous step, we can code the quadratic programming prob-
lem (2.13) with or without the constraints (2.12) in MATLAB and solve it in MATLAB as
well.

11



2.2.3 Tuning Parameter Selection

In our proposed method, to obtain the estimation of ¢(u) and (¢, u) in model (2.1), we need to first
decide the truncation level m, and the values of tuning parameters A ,, and g j,.

For the truncation level m, we suggest to use following BIC criterion to choose m,

BIC(m —10g< 12Aipur{yz o (ur 70—/ Z&mk tU)dt}>

r=11:=1
m + 1)logn
+( n) gn.

(2.14)

For the selection of penalty parameters A1 ,, and A2 ,, ideally, leave-one-out cross-validation should
be the best way to do it. However, the computational cost for each fitting is expensive, therefore, in
practice, we usually use five-fold or ten-fold cross-validation to select the parameter values. As we
will show in the next section, the value of A3, depends on the value of Ay ,,. For this reason, we
propose a sequential procedure to choose values for A1 ,, and A ,,. and the specific cross-validation
procedure is described as follows. We use ten-fold cross-validation as an example.

We first use the complete sample {;(¢)}7_, to estimate FPCs {¢y, (t)}7-,, and corresponding
scores {fi}i:17.,,7n. Then for a fixed m, we use ten-fold cross validation to find the optimal value
for tuning parameters A1, and A2 ,. More specifically, we first apply the cross validation on the

following objective function with only one penalty 6" Q™ B ArB} rQ0,
Ln1(0,70) = Lo(8,70) + X1.,.0"Q"Ba 1B} rQ0,

to decide the optimal value for A1 ,, among all candidates, denoted as 5\1771.
Next, based on 5\1,,1, we apply the cross validation again on the full objective function with two

penalties
Ln2(8,70) = Lo(0,70) + A,00"Q"BarBj 1Q0 + \2,,0"Q"DQ8,

to find the optimal value for A2, among all candidates, denoted as 5\27,1. Then (5\1,,1, 5\2“) are the
optimal values for (A, A2,) for the current truncation level m. We will repeat this sequential
selection procedure for multiple values of m, and then choose the optimal value for m based on the
criterion (2.14).

2.3. Theoretical Results

To investigate the asymptotic properties of the proposed slope function estimator B (t,u) defined
in (2.11), we assume the following conditions on the distribution of the random function X (¢), the
conditional distribution of Y | X (¢), and the slope function (¢, u).

(A1) {Y;, X;(t)};_, are independent and identically distributed.

12



(A2) [, E(X%(t))dt < oo,and E (&) < Ckj forall k > 1.
(A3) Forsome a > landforany k > 1, C~ k= < k), < Ck™%, kp — kjpyq > Ok~

(A4) OFy x(y | X)/0y V |0*Fy|x(y | X)/0y?| < C, and infyey fyx (Qyx(u | X) | X) >
c—L

(A5) B(t,u) € Wg“(ﬁ x ), and for some ¢ > /2 + 1, sup,ey |Be(u)| < Ck~S, k=1,...,
where W (7 x.o7) is a Sobolev space defined over .7 x.o7, and i (u) = [, B(t, w)dy(t)dt.

(A6) There exists a finite number pg such that k; = 0 for all k& > pg.

The i.i.d. assumption is conventional and the scenario of dependent data is not considered in
this project. A2 are commonly assumed restrictions on the moments of X (¢) and &. There is no
condition on the moment of Y needed. A3 is adapted from (A3) of [41], which ensures the iden-
tifiability of ¢y (¢) as well as the estimation accuracy of ¢y (t). A4 are common conditions on the
conditional distribution and density functions of Y under quantile regression context. A5 determines
the estimation accuracy of B (t,u) by using the truncated functional covariate, and the Sobolev space
assumption ensures that bivariate splines can be used to approximate 3(t,u). A6 implies that the
functional covariate X;(¢) can be represented by a finite number of pairs of FPCs and corresponding
FPC scores.

For a triangle A, let |A| be length of its longest edge, and then for a triangulation A, we define
|A] := max{|A| : A € A} (i.e., the length of the longest edge of all triangles in the triangula-
tion A). Recall that n4 and np represent the cardinalities of A and 7" as previously defined. The
following theorem gives the rate of convergence of the slope function estimator B(t, u) for a given
truncation level m when the FPCA is used to reduce the dimension of the functional covariate.

For any fixed u € (0,1), we use /3, (t) to denote 3(t, u) and use 3, (t) to denote (¢, u). Define

Ar={re(,...,na):|

Bur (t) — Bu, (t)HLQ > Mﬁa1/2m1/2n71/27

for some constant M > 0},

. . 1/2
where Hﬁu’“ (t) — Bur(t)‘ 2= {f7 (Bur (t) — Bu. (t))2 dt} . The set A; can be regarded as an

index set of quantiles for which the estimation are not good enough.

Theorem 1. Under the conditions AI-A5, and assume further that |A| =
0 (m_(1+20‘)/(2d+2)n_3/(2d+2)), and n M| A|7m(@=D/3 = o(1). Suppose the tuning parameters

A and Ny, satisfy My =< nngtm V20| Al and Mo, = o( Ay pny gt |A[Y), then

B(t,u) — Bt u)|

~ ~1/2,1/2, —1/2 —(2¢+1)/2
LQ(Q)NOp(nm m/ n Vm )

In addition, for Ay we have |A1| = o,(m™17n"2n ).
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Remark 1. The first term of the stochastic order of "B(t, u) — B(t,u)HLZ(Q) in Theorem 1 is
decreasing as the sample size n becomes larger, and is increasing with a larger the truncation level
m (i.e, adding more FPCs in the estimation). The second term represents the information loss if we
include too few FPCs in the estimation procedure. Then based on condition A5, we can obtain a

theoretically optimal truncation level m = pl/(e+20),

The following theorem presents the asymptotic distribution of the slope estimator ﬁ(t, u). We
now assume that pg is known and finite as in [48]. Under A6 and by Lemma 1 and Lemma 3 in the

supplementary material, there exist ~y{; and 8™ such that

sup  [B(t,u) — BT (t,u)Q0%| < C1]A["T!, sup [e(u) — by (u)ys| < Col AT,
(tw)eT xof uess

for some constant C and Cy. Let I' = (v§,0")", Z;(u) = {bg(u),éfﬁ(u)Q], B(t,u) =
(01xny, BT(t,w)Q)",and Z; = (Z}F (w1), ..., Z} (un,)). Thendefine £1 = n' S04, E [ fi(Zi(u, ) T*) ZF (ur) Zi (u,

and
1 0 0 0 0
Xo=—31+MNn + Aop ;
2n 0 Q"BsrB}.Q 0 Q'DQ

where f; is the conditional density of Y; | X;(¢). Let Uy be an n4 by n4 matrix with its (r,r’)-
entry being u, A u. — wu,u,s for any 7,7’ = 1,...,m4. Define Uy = nfE {ZZ-TUlz;}, and
X = (2n%y) Uy/n (2n29) 7"
Theorem 2. Under the conditions of Theorem 1, A6 and nan|A|™? = o(1), as n — oo and
na — oo, for fixed (t,u), we have

—-1/2 5
oy 2t w) {Bt,w) - B(t,u) | — N(0,1)

in distribution, where o(t,u) = BT (t,u) X B(t, u).

Remark 2. Due to the fact that the number of quantile levels, n 4, is used to ensure a good estimate
of the bivariate function in the quantile interval, n4 shouldn’t be too small. Meanwhile, larger n 4
will result in larger number of triangle basis functions, which will increase the variance of the
estimator. So in our theorems, n 4 needs to satisfy n;'|A|7'm(*=1/3 = o(1) and nan|ATH2| =
o(1).

The next theorem presents how to construct a simultaneous confidence region (SCR) for 5(¢, u).
Let I'in () and 4z (+) represent the minimum and maximum eigenvalues of a square matrix. Let
Q) denote the set of vertices of the triangulation A and || denote the cardinality of the set €2.
Theorem 3. Under the conditions of Theorem 2, and further assume that [y, (X) and Iy (X)

are bounded away from 0 and oo with probability tending to one as n — oo,

(1) Asn,na — oo, we have

o5 Pt w) {Bltu) = B(tu)} = O(t,w), (2.1)
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in distribution, where V(t,u) is a Gaussian random field with mean 0 defined on Q2 with the

covariance function

C(tyu,t',u") : = Cov (I(¢,u), I, u'))
= gg1/2(t,u)aﬂ_1/2(t/’ U/)BT(t, U)EB(t/, U/).

Specifically, C(t,u,t,u) = Var (¥(t,u)) = 1.

(2) Foranya € (0,1),

lim P {( sup ‘Ugl/a(t,u) {B(tu) - 5(t,u)}] < Qﬂ(a)} =1-a, (22

Nn—00
t,u)eﬂs

where Qs as a subset of @ becomes denser as n — oo, and Qp(a) = (2log |Q,[)1/2 —
(21og |Q])~1/2 {log(—0.5log(1 — a)) + 0.5 [log(log |2 |)+

log 47|}. Then an asymptotic 100(1 — a)% simultaneous confidence region (SCR) for 3(t, u)
over QU is given by B(t,u) £ Ué/Q(t, u)Qs(a).

Remark 3. In Theorem 2, the condition n4n|A|?T2 = 0(1) is used for undersmoothing of the slope
estimator, which is widely applied in the series approximating estimations [87, 88]. By consistently
estimating the asymptotic variance og(t,u), the result in Theorem 2 can be used to establish the
pointwise confidence interval of the slope function. Compared with the asymptotic 100(1 — a)%
point confidence interval in Theorem 2, 3(t, u) + aé/ 2(t, u)zq, the width of the simultaneous con-
fidence region in Theorem 3 for any (¢,u) € €2, is inflated by the rate Q3(a)/z,, where z, is the
a-quantile of the standard normal distribution.

2.4. Simulation Studies

In this section, we use simulation studies to compare the performance of the proposed method and
the conventional method in [41] based on the estimation of /3(¢, u) under three scenarios. In Scenario
L, the true slope function 5(¢, u) is free from w, that is, 5(t, u) is just a univariate function of ¢, which
is similar to the simulation study in [41]. In Scenario II, the true slope function (¢, u) is a bivariate
function of both ¢ and wu, which is more complicated than the slope function in the first scenario and

is not considered in [41]. The data generating models are introduced as follows.
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24.1 Data Generating Models

Scenario I. In this scenario, we suppose that realizations of the { X (¢), Y} are generated from
ZZ ridi(t) + p(t),  p(t) = V31(t),
10
v / pOX(Odt e, prlt) =D 7i65()
j=1

where ¢;(t) = 21/%cos(jrt), 1 = 1,7j = 4(—1)7T1 572 for j > 2, r; are i.i.d. Uniform(—+/3, v/3)

random variables, and ¢ is an N (0,1) random variables independent of other random variables.

10
Under this setting, the underlying slope function 3(¢,u) is B(t,u) = p1(t) = X 7¢;(t).

Scenario II. In this scenario, we suppose that the realizations of the pair { X (¢),Y} are generated

from

Zz Lrai(t) + u(t),  p(t) = 3v3¢n (1),

Y = /p1 dt—l—a( /,02

Zw ), pa(t) = 61 (1),

where ¢;(t) = 2V/2cos(jnt), 71 = 1, 7; = 4(—1)7+1j72 for j > 2, r; are i.i.d. Uniform(—+/3, /3)
random variables, and € is an Gamma(1,2) random variable independent of other random vari-
ables. Under this setting, the underlying slope function (¢, u) is B(t,u) = p1(t) + p2(t)Qe(u) =

10
> Tidi(t) + p2(t)Qe(u), where Qc(u) is the u-quantile of the random variable e.
j=1

Scenario III. In this scenario, we suppose that the realizations of the pair { X (¢), Y} are generated

from

Zz Yrig(t) + p(t),  p(t) =3v3e1(t),

Y = /p1 dt+0’( /Pz

ZTJ¢J ;o p2(t) = (),

where ¢;(t) = 21/%cos(jrt), 1 = 1, 7j = 4(—1)7T1 572 for j > 2, r; are i.i.d. Uniform(—+/3, v/3)
random variables, and € is an Gamma(1,2) random variable independent of other random vari-
ables. Under this setting, the underlying slope function (¢, u) is B(t,u) = p1(t) + p2(t)Qe(u) =
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Table 2.1: The average of the mean squared error (MSE) defined in (2.1) and the average of max-
imum absolute error (MAE) defined in (2.2) for the estimations of the slope function 3(t,u) by
using the proposed simultaneously functional quantile regression (SFQR) method and the con-
ventional functional quantile regression (FQR) method under three scenarios with the sample size
n = 300, 400, 500 respectively in 100 simulation repetitions.

n SFQR FQR SFQR/FQR
MSE MAE MSE MAE MSE MAE

300 0.085 0.699 0.099 0.706  0.843  0.991

Scenariol 400  0.068  0.630  0.080 0.648  0.849  0.97
500 0.062 0.600 0067 059 0927  1.007

300 0321 1383 0505 1548 0635 0.894

ScenarioIll 400 0253  1.241 0381 1380  0.664  0.900
500 0212 1201 0309 1249  0.686  0.962

300 0267 1.196  0.647 1567 0412  0.763

Scenario Il 400  0.193  1.009 0459 1337 0422  0.755
500 0.172 0945 0379 1222 0453 0.773

10
> Tidi(t) + pa(t)Qe(u), where Qc(u) is the u-quantile of the random variable . Note that in this

Jj=1
scenario, the error term has the asymmetric distribution, which is different from the other scenarios.

2.4.2 Summary of Simulation Results

In the simulations of Scenario I and 2, the set A consists of 30 quantiles uniformly distributed within
the interval [0.2,0.8]. In the simulations of Scenario III, the set A consists of 17 quantiles uni-
formly distributed within the interval [0.1,0.9]. The truncation level m for the functional covariate
{x;(t)}i-, by using FPCA is chosen as m = 3. The candidate sets for the tuning parameters A1 ,
and \g, are chosen as {1072,1072%,1073,10735,1074} and {1071,1072,1073}. We consider
two metrics, the mean squared error (MSE) and the maximum absolute error (MAE), to evaluate the

performance of the two methods for the estimation of the slope function (¢, u) for the ith repetition

of simulation, 7 =1, ..., 100,
1 o
MSE = Yo > Bt u) — Bt ur) ), @2.1)
nanr teT ur€A
= 3(@@) _
MAE = max [5(t ur) = B(t, ) 2.2)

MSE measures the average deviation between the estimator 3(¢,u) and the true 3(¢, u), and MAE
measures the maximum deviation between them. The simulation results are summarized in Table
2.1.

Under Scenario I, the true slope function 3(¢, ) is a univariate function of time ¢, and it does not
change with the quantile u. We regard Scenario I as the simple case. Under Scenario 11, the true slope

function S3(t, u) changes with both ¢ and u, and the error € is Normally distributed. Under Scenario
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II1, the true slope function (¢, ) also changes with both ¢ and u. But different from Scenario II,
the error € has a asymmetric distribution. We regard both Scenario II and 3 as the complex cases.
Table 2.1 shows that for the simple case, the proposed method and the conventional method [41]
have similar performance on the estimation of (¢, u). For the complex cases, the performance of
the proposed method is much better than the conventional method [41] . For instance, when the
sample size n = 300, our method has reduced the average MSE by 36.5% in comparison with
the conventional method [41]. The improvement in MAE is less significant than in MSE, but our
method still brings down the average MAE by 10.6%. When the sample size n increases to 500,
the improvement gap of the proposed method is decreasing in comparison with the conventional
method [41] . Nevertheless, the MSE of our estimate is still 31.6% less than the estimate obtained
from the conventional method. This empirical result is supported by our intuition. For the simple
case, the functional covariate X (¢) has the same effect on all the quantiles of the response variable
Y, and therefore, incorporating multiple quantiles into the estimation procedure may not have any
advantage compared with the conventional method [41]. While for the complex cases, the effect
of X (t) on different quantiles of Y is different, and combining the strength of multiple quantiles
should provide a better estimation.

Fig.2.2, Fig.2.3 and Fig.2.4 present the boxplots of the mean squared error (MSE) and the maxi-
mum absolute error (MAE) for the estimation of 3(¢, u) under the setting that the true slope function
B(t,u) is a univariate function of ¢ and does not change with u for sample size n = 300, 400 and
500. Fig.2.5, Fig.2.6, Fig.2.7 Fig.2.8, Fig.2.9, and Fig.2.10 present the boxplots of the mean squared
error (MSE) and the maximum absolute error (MAE) for the estimation of 5(¢, u) under the settings
that the true slope function (¢, u) changes with both u and ¢ based on sample size n = 300,400
and 500.

Based on Fig.2.2-Fig.2.14, for MSE, the advantage of our method is significant compared with
the conventional method. The proposed method in general has a smaller variance and a smaller
median in comparison with the estimator derived from the conventional method. In addition, we
can also see that for MSE, the advantage of the proposed method is more significant when the true
B(t, u) changes with both ¢ and u compared with the situations when the true 5(t, ) only changes
with ¢t. But for MAE, the proposed estimator for 3(t, ) usually has a larger variation than the
estimator obtained from the conventional method.

To compare the influence of truncation level m on the estimation of 3(t, u), we carry out addi-
tional simulations based on 100 repetitions under Scenario II and 3 with the sample size n = 500.
The estimations are obtained with different truncation levels, m = 3 and m = 4. The MSE of the
estimations are calculated based on 17 quantiles uniformly distributed on [0.1, 0.9]. The results are

summarized in Table 2.2.
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Table 2.2: The average of the mean squared error (MSE) defined in (2.1) for the estimations of the
slope function (3(t, u) by using the proposed simultaneously functional quantile regression (SFQR)
method of two truncation levels m = 3,4 under two scenarios with the sample size n = 500 in 100
simulation repetitions.

Truncation Level m 3 4
Scenario 1T 0.181 0.259
Scenario 11T 0.172 0.285
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Figure 2.2: Boxplots of the average of mean squared error (MSE) and the average of maximum ab-
solute error (MAE) for the estimation of 5(¢, u) using the proposed simultaneous functional quantile
regression (SFQR) and the conventional functional quantile regression (FQR) under Scenario I with
sample size 300.
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Figure 2.3: Boxplots of the average of mean squared error (MSE) and the average of maximum ab-
solute error (MAE) for the estimation of 5(¢, u) using the proposed simultaneous functional quantile
regression (SFQR) and the conventional functional quantile regression (FQR) under Scenario I with
sample size 400.
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Figure 2.4: Boxplots of the average of mean squared error (MSE) and the average of maximum ab-
solute error (MAE) for the estimation of 5(¢, u) using the proposed simultaneous functional quantile
regression (SFQR) and the conventional functional quantile regression (FQR) under Scenario I with
sample size 500.
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Figure 2.5: Boxplots of the average of mean squared error (MSE) and the average of maximum ab-
solute error (MAE) for the estimation of 5(¢, u) using the proposed simultaneous functional quantile
regression (SFQR) and the conventional functional quantile regression (FQR) under Scenario II with
sample size 300.

° °
o~
N
o
[Te) -
7 | -
= | |
—
° : o
x| S
o o
8
© '
S : w |
—
<
s
o T
= |
o~ :
o |
‘ n
o S
o T T T T
MSE of SFQR MSE of FQR MAE of SFQR MAE of FQR

Figure 2.6: Boxplots of the mean squared error (MSE) defined in (2.1) and the maximum absolute
error (MAE) defined in (2.2) for the estimation of (¢, u) using the proposed simultaneous func-
tional quantile regression (SFQR) and the conventional functional quantile regression (FQR) under
Scenario II with sample size 400.

21



N
- o o
o
o 0
o o N
o
o
2 o |
o~
o
© |
o ° [Te}
8 —
<
=
o
2
N
o
[fe)
s
<
o T T T T
MSE of SFQR MSE of FQR MAE of SFQR MAE of FQR

Figure 2.7: Boxplots of the average of mean squared error (MSE) and the average of maximum ab-
solute error (MAE) for the estimation of 5(¢, u) using the proposed simultaneous functional quantile
regression (SFQR) and the conventional functional quantile regression (FQR) under Scenario II with
sample size 500.
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Figure 2.8: Boxplots of the average of mean squared error (MSE) and the average of maximum abso-
lute error (MAE) for the estimation of (¢, u) using the proposed simultaneous functional quantile
regression (SFQR) and the conventional functional quantile regression (FQR) under Scenario III
with sample size 300.

22



o
o~ o 8
o
o
[Te)
o (\i —
R o
o | °
i _—
S o | |
N e —
o
o
S
[Te)
- —
=]
[~}
w0 | 8 o |
o T — |
—_— | o
= T o
d l T T T T
MSE of SFQR MSE of FQR MAE of SFQR MAE of FQR

Figure 2.9: Boxplots of the average of mean squared error (MSE) and the average of maximum abso-
lute error (MAE) for the estimation of (¢, u) using the proposed simultaneous functional quantile
regression (SFQR) and the conventional functional quantile regression (FQR) under Scenario III
with sample size 400.
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Figure 2.10: Boxplots of the average of mean squared error (MSE) and the average of maximum
absolute error (MAE) for the estimation of (¢, u) using the proposed simultaneous functional quan-
tile regression (SFQR) and the conventional functional quantile regression (FQR) under Scenario
III with sample size 500.
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2.5. Real Data Analysis

2.5.1 The Capital Bike Share Program

The Urban population is growing rapidly in recent years. Meanwhile, air pollution, greenhouse gas
emissions, and other environmental problems are getting worse and worse as an increasing number
of people need to drive to work. As an alternative to driving to work, especially in big cities, which
are facing traffic, environmental and health issues, biking is a healthy and eco-friendly way.

Instead of owing bikes, renting bikes is considered a more economical and environmental-
friendly alternative. Nowadays, bike-sharing systems have become an essential part of urban mobil-
ity in many major cities, and the number of cities that are becoming bike-friendly is increasing day
by day.

As an outdoor activity, customers’ rental behaviors are affected by weather conditions. A suc-
cessful bike business needs to have a good strategy to adjust the supply of available bikes to meet the
demands based on the weather conditions. Therefore, it is of great interest to quantify the weather
condition’s effect on the bike rental. Weather conditions can be measured using a wide range of
factors. In this article, we investigate the relationship between the total daily number of bike rentals
and the hourly temperature.

The data set we use in this study is from the Capital Bike Share study [21], which contains
rentals to cyclists without membership in the Capital Bike Share program in Washington D.C. from
January 1st, 2011 to December 31th 2012. The hourly counts of casual bike rentals every day, the
weather conditions, and the hourly temperature measurements are all recorded in the data set. The
demands of bike rentals are quite different between weekdays and weekends. In the study, we restrict
our analysis to the data observed on the weekends. Specifically, we only consider the temperature
measurements and the counts of bike rentals obtained between 7:00 and 17:00 on Saturdays and
Sundays without raining or snowing. The goal of our analysis is to investigate how the hourly
temperature affects the lower, middle, and upper quantiles of the daily total bike rentals during the
weekends.

Figure 2.11 shows the estimated slope function 3(t, u) for u = 10%, 20%, 50%, and 90%. In
the top two panels of Figure 2.11, the slope function is negative in the early morning and becomes
positive in the noon and afternoon, which are the peak demand periods for bike rentals. Since the
temperature in the early morning is usually much cooler than the temperature in the noon and
afternoon, the cumulative effect of temperature on the bike rental is positive. It indicates that as
long as the overall temperature of that day is not too low, then the lower bounds of the bike rental
will usually not be bad because the 10% and 20% quantiles measure the worst situations for the
bike rental demand. The result on the 50% quantile displayed in the bottom left panel in Figure
2.11 represents the normal situation. It shares a similar pattern with the lower quantiles that the cool
morning and the warm noon are preferred for a normal bike demand.

The bottom right panel in Figure 2.11 shows that when u = 90%, the slope function is negative

in the early morning before 9:00 and late afternoon after 15:30. This may be due to the fact that
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Figure 2.11: The estimated slope function B (t,u) for the regression model (2.1) at quantiles u =
10%, 20%, 50%, 90% based on the data collected from Capital Bike Share program in Washington
D.C. during 7:00 to 17:00 every weekend.

a high temperature in the morning deters unnecessary bike rental at noon and afternoon. If the
temperature is high in the morning, then the temperature of the whole day is usually very high as
well. In addition, the late afternoon is usually the hottest time of the day, and on some days, the late
afternoon temperature can be too high for biking. On the other hand, a cool morning may indicate
a comfortable biking temperature for the peak demand periods: the noon and the afternoon. Since
90% quantile almost measures the most ideal situation for the bike rental demand, this plot indicates
that for a high bike rental demand, the weather needs to be cool in the morning, and comfortable or
moderate in the afternoon.

To give an overall visualization of the estimated ﬁ(t, u), Figure 2.12(a) displays the heat map
of A (t,u) estimated from the proposed method for the time ¢ from 7:00 to 17:00 and the quantile
u from 10% to 90%. The estimated slope function ,5’ (t,u) is positive after 9:00 for the quantiles u
from 10% to 60%, while it gradually becomes negative in the late afternoon for quantiles v from
60% to 90%.

In comparison with the proposed method, Figure 2.12(b) shows the heat map of the estimation
for 5(t,u) derived from the conventional method [41]. We can observe that this estimation is not
smooth. In addition to that, the proposed method can overcome the issue of the monotonicity of
the quantile estimates. Figure 2.13 shows the comparison of the estimated quantile functions of the
60" and the 100" subjects derived from the conventional method [41] and the proposed method.
Let Qf(u) and Q%y0(u) be the estimated quantile functions of the 60" and the 100" subjects
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Figure 2.12: The heat maps of the estimated slope function B (t,u) for the regression model (2.1)
derived from the proposed method (Panel (a)) and the conventional method [41] (Panel (b)) based
on the data collected from Capital Bike Share program in Washington D.C. during 7:00 to 17:00
every weekend.
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Figure 2.13: Estimated quantile functions of the 60th and the 100th subjects derived from the con-
ventional method [41] (shown in the left two panels) and the proposed method (shown in the right
two panels) based on the data collected from the Capital Bike Share program in Washington D.C.
during 7:00 to 17:00 every weekend.

derived from the conventional method [41], and Qg0 () and Q100(u) be the corresponding estimated
quantile functions derived from the proposed method. We can directly observe that Qf,(u) and
Q70o(u) are not monotone over the interval u € [0.1,0.9] as they should be, while Qgo(u) and

Q100(u) are both monotonically increasing in u € [0.1,0.9].
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Figure 2.14: The heat maps of the estimated slope function B (t,u) for the regression model (2.1)
derived from the proposed method (Panel (a)) and the conventional method [41] (Panel (b)) based
on the Berkeley growth data for one-year-old to twelve-year-old.

2.5.2 Berkeley Growth Data

Child’s height growth is an important health indicator, and abnormal growth usually implies an
underlying health problem or growth disorder. It is thus helpful to understand the relationship be-
tween children’s growth history and their adult height to evaluate the health and growth progress
of children. If the predicted adult height of a child has an abnormally small lower quantile, then
interventions should be considered during their teenage year to treat any potential health problem
that affects height growth.

To investigate this relationship, we use the children’s growth history between one-year-old and
twelve-year-old as a functional covariate [11], and the conditional quantile of their eighteen-year-
old heights as the response variable. We apply the proposed method to the Berkeley growth data
[78] to estimate the slope function 3(t, u) from the model (2.1).

Figure 2.14(a) displays (¢, u) for u € [0.2,0.8] and t € [1,12]. We can observe that the major
variation of 3 (t,u) along the direction of u (y-axis variable) occurs between one-year-old and six-

year-old. For any fixed age ¢t > 7, B (t,u) does not change too much as a function of u.
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Figure 2.15: The estimated slope function /3 (t,u) for the regression model (2.1) at u =
20%, 25%, 50%, 75%, and 80% over the age ¢ from one-year-old to twelve-year-old and the es-
timated slope function (¢, u) at age t = 5 for u from 20% to 80% based on the Berkeley growth
data.
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Figure 2.16: Estimated quantile functions of the 37th and the 67th subjects derived from the con-
ventional method [41] (shown in the left two panels) and the proposed method (shown in the right
two panels) based on the Berkeley growth data for one-year-old to twelve-year-old.

More specifically, Figure 2.15(a) displays (¢, u) as a function of ¢ for u = 20%, 25%, 50%, 75%,
and 80%. It shows that the children’s growth history between age seven years and eleven years is
always positively correlated with the quantiles of their adult height. This interval may be regarded
as a growth spurt. If one child has a significantly lower height compared to the normal level during
the growth spurt period, then some intervention should be considered.

Figure 2.15(b) shows the estimated slope function B (t,u) as a function of u from 0.2 to 0.8
when ¢ = 5, which is a negative function for any u € [0.2,0.8]. It indicates that the early growth
spurt is not always a good sign for children’s adult height. The early spurt may decrease children’s
potential to have a higher adult height due to the sex hormone levels in their bodies [74]. These
children grow taller than other kids when they are young. However, their skeletons mature more
rapidly. Consequently, they may stop growing at an early age, and eventually, end up having average
or below average height as adults.

Similar to the previous application, Figure 2.14 and Figure 2.16 also show the comparison of
the performance of the proposed method and the conventional method. In Figure 2.16, Q%,(u) and
Q7 (u) are defined in the same way as the previous application. Clearly, the quantile estimations
obtained from the conventional method [41] are not monotone over the interval u € [0.2, 0.8], while

the proposed method can guarantee the desired monotonicity.
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2.6. Conclusions and Discussion

We propose a novel framework for the simultaneous functional quantile regression to overcome the
two major limitations of the conventional methods. When the true slope function is not a univariate
function of time index, our framework can provide a better estimation for the slope function com-
pared with the conventional estimation strategy that estimates the slope function as the univariate
function by first fixing the quantile index. This advantage of the proposed method is examined by
simulation studies in comparison with the method of [41]. In addition, the proposed framework can
solve the two major limitations of the conventional methods. Within the proposed framework, the
estimated conditional quantile functions are guaranteed to be monotone and their smoothness can
be controlled.

In the current model (2.1), we only consider a single functional covariate. It may not be flexible
enough to capture all of the information from data. In [11], they proposed a generalized version of
the model (2.1) by using the composition of some link function and the linear functional of the func-
tional covariate. In practice, it is common that several accompanying scalar covariates are observed
along with the functional covariate. For this reason, in [77], a linear combination of scalar covariates
is included in the model. Moreover, we often observe multiple functional covariates simultaneously
in applications. To take multiple functional covariates into account, [54] further extended the model
to incorporate a linear combination of multiple functional covariates with different slope functions.

Although we present our method based on the model (2.1), our proposed method can be further
extended to different settings of the functional quantile regression model, such as sparse functional
observations [84, 9]. Therefore, for the future work, we will extend our framework to the model that
contains multivariate functional covariates and finite dimensional covariates. We will also investi-

gate the properties and performance of our method in the scenario of sparse functional observations.

2.7. Proofs in Section 2.3

We use ||-||;2 to denote the [2-norm of a vector. We assume that A1-A5 given in the previous chapter

are satisfied.

Lemma 1. [16] Let | and d be integers with 0 < | < d. For a given set of knots T on [a,b]. a
B-spline basis of degree d is defined based on the knots T, denoted as a vector b (x). Then for any
function g(x) € WE([a,b]) and for any 1 < q < o0, any 0 < r < I, there exists a coefficient

vector vy such that

127 (08 ()70 — 96 ooy < ORI

La([a,b])

DlJrlg’

where C'is a constant and h is the largest length of a knot interval in T

Lemma 2. [46] Let {B(t,u); 3]:1 be the Bernstein polynomials basis defined on the spline space

S} (A) over a m-quasi-uniform triangulation A. Then there exist positive constants ci and ca, which
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only depend on d, r and shape parameter 7, such that
2 2 2
al AP Iyl < 1Bt w)™ll; < cal AP [1v]2 -

Given any domain {2 € R2, for any 1 < ¢ < oo, we define the g—norm of any function f € €
by
171,00 {(fmf( w)|7du) ', 1< q <o
" \esssupeqlf@), = oo
Lemma 3. [46] Suppose A is a quasi-uniform triangulation over a polygonal domain S, and

flz,y) € W(fﬂ(ﬂ), where Wg“‘l(ﬂ) is a Sobolev space defined on Q2. Suppose d > 3r + 2. Then,
for any integers a1, az, 0 < a1 + az < d, there exists f*(x,y) € Sj(A) such that

|varwiz (s =D o < CIAT 2l 0

for some constant C, which only depends on d, r and w, the shape parameter of the triangulation

A.

Define L, (g, 0) = i 32y En{pu, (Vir(70,0))}+M100" QT Bar B} 1Q0+)2,0" QT DQO,
where v; (g, 0) = Y; — by (u)yy — €7 P(u,)Q8. Suppose (¥, .0) is a solution of

min L, (v, 8), (2.1)
Y00

and define 4 = QO and 3(t,u) = B™(t,u)Q0.

For convenience, we first define several notations. Let fi(u) = [ B(t,u)¢r(t)dt for k =
I,...,m.Fori=1,...,nand k = 1,...,m, let n;, = K;1/2£i7k, Nik = /i,;l/zé@k, di(u) =
mi/zﬁk(u), dp(u) = /i,im Z;-Izl 4;Dr,j(u). where 4; is the jth entry of 4. For k = 0, let /)0 =
nio = 1 and do(u) = co(u) as well as do(u) = by (u)F,

Then for any ¢ = 1,...,n, define

T

N = D00y Nits s fim) = (L, 0iy -y Nim) "

For a sequence {a;}_;, define E,{a;} = 1 37" | a;.
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Lemma 4. [4]] Let S™ = {h € R™"L| ||k = 1}. Then,

~Epl{u— 1Y < A7 () + M /nh)y 37 - B)
> eM(1— Op(l))\/m - Op(\/%) - M%p(W)’

where c1 and M are some positive constants, as well as the stochastic orders are evaluated uni-
formly for any u € (0,1) and any h € S™

Lemma 5. Let (4, ,0) be a solution of 2.1), Ay < nzln;lm_1/2n|A\d+1, and Xy p, = 0()\17nnAnT|A]4).

The estimator 3(t, ) can be expressed as

Btyu) =3 ry Pdp)di(t) + S wy Pdi(w)di(1)
k=1

k=m+1

= Z mgl/zdk(u)qgk(t) + Bre(ta u),

k=1
where K,Zl/QcZk(u) = [ B(t, u)p(t)dt and Byre(t, u) = > el ﬁlzl/Qc{k(u)QAﬁj(t). Then, we have
|BA2Q0 , < A74(1 = 0(1))0p(mn =2 v m|A[*),

and

Bre(t, u) = Op(m*?n=1/2).

Proof: Under the condition A5, and by Lemma 1 and Lemma 3, there exist 7 and " such
that

sup  |B(t,u) — BT (t,u)Q0*| < Cy|A[FH,
(tu)eT x o

sup le(u) = b5 (w)yg| < Co| AT,
UE.

for some constant C'; and C. Since (¥, ,9) is the minimizer of (2.1), then

For any u, € A, let

(do(ur), d™(ur)) = argming, » . L, {ou, (Yi— fo—a0"-f")},

where f = (f1,..., fm)". From [41], we know that

sup {(do(u) = cofu)? + [ (w) = " ()

122} = Op(mn_l).
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Therefore,

”El HZA:En {pUT (Yz - JO(UT) — ;" dm)} - n;ll g: Ey {pUT (Yz - bg(ur)76 - é?p(ur)Qa*D} ‘

r=1 r=1
nA n
HAnan}™ 133 { do(ur) + 07" - d™ () = b5 ()75 — €7 P(ur) Q6"
r=1i=1

+ (20, = 1 |do(ur) + A - d™ () — b3 (ur)vg — EF P(u,) Q6"

naA n
<2n73'n" 122{
r=1:=1

b

dm uT) - gﬁ(ur)Qa*‘ + ‘JO(UT) - bg(ur)’yg

b

na n
<ozt Y S0 e ) — 6@, +[do(w) - b5 )i |,
r=1i=1
<O,(m'?) x Oy (m*?n~ 12 v |A|HHY) = op<mn*1/2 v ml/2| A4, (2.3)
where K is a m by m diagonal matrix with the diagonal entries being (Iii/ 2, .. K};{ 2) In addition,

by definition of (dy(u,.), d™(uy)),

S B {pur (¥ dolun) = 7 - 7))} £ 3 B {pur (¥i = b3 ()50 — €7 Pur)QD)) }
! - 2.4)
Since
W3 B {par (¥~ B 00 — €1 P(1)Q8) }
<3S B o (Y- B (s - €1P(u)Q8)) )
r=1
then by (2.3) and (2.4),
WY B {pur (Vi = b3 (wr) 70 — & P(u,)Q0)) }
r=1
0SB (Y= B - € P()Q0"))} < Oy 2 v A,
r=1
(2.5

By Lemma 2 and [82],

RN e

On the other hand,
2

AT A A
0 QTBAyTB/TLTQB 2 NANT Hﬁ(t, u) )
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Since A\p ,, = o(/\17nnAnT\A|4), when n 4 and np are large enough,

M A0 Q"DQO
0'Q"BarB} Q0

= o(1). (2.6)

Combine (2.2), (2.5) and (2.6), we have

9TQTBA7TB};7TQ9 o) (A;lmn—l/2 vV A’1m1/2|A|d+1) +6"°Q" BB} Q0"
= Op(Apamn™ 2V AT m! 2| A[*T) + O(nany),

which implies HBA TQBH = Op(Ay /2172, -1/4 AL 1/2 m/A A/ y 114/271%,,/2).

By Lemma 3, there exists a vector 8., such that max;c7 ue 4 |55, (£, u)— 7, (f At, u)g?)k(t)dt> dr(t)| <
C|A|™+1, where Bﬁl(t, u) = B (t, u)Q@m. Since (¥, 9) is a minimizer of (2.1), then L., (9, @) <
Ln(¥g, @n). That is,

na n
w0 o (- B () — € P(u)Q0) + Mub Q" Bar B QB
r=11:=1
na n
AT N _ _ N A A
+20,0'Q"DQO < n7'n3 S > pu, (i — B (w) A0 — € P(1,)Q0,)
r=11=1
+ M0, Q" BarBh 1Q0 + 32.10,,Q"DQA,,. @.7)
On the other hand,
nA n N N R
n 'S pa, ( — by (ur)yg — s;-FP(UT)QO)
r=11i=1
na n N N "
- Z Zpur (yz — bg (ur)¥o — EZTP(UT)QOm) ”
r=11:=1
na n NT
—n nAlzZ{ €' P(u,)Q0 — £ P(uy) Qam\

r=1i=1

+ (2u, — 1) ( TP (uy QO ér (Ur)Qém) }a

<n- nAlii{

r=1i=1

<n- nAle:Z{Z

r=1i=1

P(1,)Q8 - & Pu,)Q0n }.

A

u)Q0 — P(u,) Q0| |

3

l2

= O,(m!/?| A4+, 2.8)
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A

provided that F, { & 2

} = Op(m1/2) [41]. By Lemma 2, (2.7) and (2.8), we have

ngln;l{éTQTBA,TB;TQé _ 9;QTBA7TBZ‘,TQ9m}

A2
< Op(Apang np m'2IAIY) + Op (A L Ao nn g i A2 0| ,),
= Op(A\Lpna ' nptm! 2| ATV AT Ao g g A7) = Oy (m/n). (2.9)
Then, by (2.9)
m 2
b - Y ([ Btwii) b
k=1 L2(§)
m 2
A 2 A N .
— |3t} g, ~ |32 ([ Bt wpbrvide) ance
COOR et 1200
(42)
m 2
A 2 - 7 In Ak Ak
= 5(t7 U) Lz(ﬂ) - Z K 1/2dk(u>¢k<t) - B’m(m u) + /Bm(ta ’LL) )
k=1 LQ(Q)
3 2 R 2 d+1
<3|, g, = B, g, + 00AI),
~nyng! {0°Q"Bar Bl 1Q0 — 0,,Q" BarB} 7Q0,, | + O(1A[*),
=0p(m/n).
Therefore, we conclude that (3, (£, u) ~ O,(m!/?n=1/2),
Lemma 6. Let (4 .0 ) be a solution of (2.1). Then,
nA n
natn 303w = 1Y < b (wn)yo + €7 P(u)Q0) } 7 P(u,)Q (6 - 67)
r=1i=1 12
-1
< cAm+ (na ACIAT )} ‘max ||&||  max omax{P(u,)} HB -0
naAn i€l,...,n 12 u.cA 2

+[(2208"Q"Bar BL £Q +22:,,0"Q"DQ) (6 - 67)

(2.10)

2’
where oax () is the largest singular value of a matrix x.

Proof: The check function p,(x) is

pu() = || + (2u — 1)z,
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then we can rewrite (2.1) as

1 A
min — Y " Ep{[vir (70, 0)| + 2ur — D)vir (70, 0)} + A1,00" Q"B 1B} 7Q0

Yo 1A

r=1

+ A2,0"QTDQO.

2.11)

To further remove the absolute value sign, the minimization problem (2.11) is equivalent to the

following constrained optimization problem

®,Yos
+ )\gmeTQTDQG

such that

IN

— Yir+ Ui,r('707 0)
— Pir — Ui,r('YOy 0)

9

0
0.

IN

Suppose (P, ¥q ,0) is a solution of (2.12). Define three sets

The gradient of objective function g is

1
+
! Z;Lél 1 (2uy — 1)Vviﬂ"1

na

Vg = 0

S|

The active constraints are given by

and

35

: 1 &
min 9(907707 6) :a Z ETZ{SOZ‘,T + (2ur - 1)”1‘,7’(707 0)} + Al,n0TC2T-BA,T-B};,Tcze
r=1

(2.12)

2000 Q"BarB} 1Q + 20,0 Q"DQ



where e; is a ngn-vector with a one in the position corresponding to the pair (i,7) and zeros
elsewhere.

By checking Kuhn-Tucker condition, we have the following necessary condition for the opti-
mality [17],

Vort Y 6, [_e”

(i,T‘)GIl Vi,r

)

1 —€r
= > i [—Vm]

n
(i,T’)EIQ

P s (2.13)
o —VUZ'J, B 0 ’ .

where d; » > 0 and v;,, > 0. Since the sets I, I3 and I3 are disjoint, then the top nn 4 equations of
(2.13) imply that

1 —eivr
+ — Z {5i,r [vvi’r

(i,?")EIg

Sy =1 V(i,r)e L, (2.14)
(51'77« =1 V(i,?’) € I, (2.15)
Oipr +Vig =1 Y(i,r) € I3. (2.16)

Now we consider the rest of equations in (2.13). By (2.14), (2.15) and (2.16), we can derive that

1 . 1
— Z {sign(v;,) + 2u, — 1} Vv, , + — Z {6ir — Vip +2uy — 1} Voy,
AT enul, AT el
0
AT AT == 0, (217)
2M00 Q"BarB) rQ +2X2,0 QTDQ

where Vv; ;. is defined as

Vv” = A A .
7 [_ zTP(UT)Q

The equations (2.17) implies that

1 R A A N
— > {ue = 1(Yi < bg(ur ) + & P(ur)QO) Y bg (uy)
NAN .
(Z,T’)GllLJIQUIg
1 . N N
= —— > {1/2= (@i —vir)/2 = 1Y < b ()30 + E P(u) QOB (ur), (2.18)
A (Z',T)Elg
and
1 . N N N
— Y (1w - 1Y < b (u)Ao + €T P(u)QB)YE P(u,)Q
NAN .
(z,T)EIlLJIQUIg
1 . PN A N
- Z {1/2 = (8ip —vip)/2 — 1(Y: < by (ur ) + ETP(u,)QO) M P(u,)Q
A (i,T‘)EIg,
- 2A1,n9TQTBA,TBE,TQ — 20,0 Q'DQ. (2.19)
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Let np denote the number of B-spline basis functions, and ng,.s denote the number of its

interior knots. The relationship bewteen np, ng,ots and d is
ng=d+ Nknots-

Since we only require the chosen B-spline basis has the same approximation power as the bivariate
splines used for the approximation of 3(t, u), we can choose the interior knots uniformly distributed
within the range of u with ng,,.¢s = C|A| ™! for some constant C.

Yo

A

Define Z;(u) = {bg(u), éfﬁ(u)Q] ,and I = . Recall that I3 is defined as

A

I3 = {(’i,T) : Ui,r(’A)’an) = 0}'

Let _ -
Z _ NN -
ool [ éPue
by (u1), €3 P(u1)Q
z
Z = (1) = | bf (u2), &1 P(u2)Q | = [My, M>],
Z1(U2)
Zn(u'r) (T)(Ur)asz P(UT)Q
b (u1)] _:fl?(m)Q_
bg (u1) 5 P(u1)Q

where M1 = |bj(ug)| and My = éfﬁ(uz)Q . The matrix M is a nAn bY Ngnpors MAatrix.

by (ur) £ P(u,)Q

It is easy to see that ra_nk(Ml) < (TL;; A C|A|™1) and rank(M3) < m. Therefore, rank(Z) <

m + (na A C|A|71). Then by Sard’s theorem, almost surely, Card(I3) < m + (na A C|A|7Y).
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Combined with (2.18) and (2.19), we have almost surely,

1 - - FT 0 *
E, [M > {(uw—1{¥i- Zi(u)P <0}) & P(uT)Q}l (6-67)

r=1
= 2 (w1 {Yi- Ziw)P <0} ) ETP)Q (- 0),
(i,r)els
<c{m + (na A ClA|TE

)} H%’arx‘(ur -1 {Y; — Zi(ur)f‘ < O}) éZTIE’(u )

nAN

+[ (228" Q" Bar BS £Q +22,,0"Q"DQ) (6 - 0*)
<M @ANCATD} (] max ouman{ Bl
- nan icl,on 12 u.cA X

+ H (2)\17néTQTBA,TB£,TQ +2X0,,0 QTDQ) (9 -0 ) 2

where opax () is the largest singular value of a matrix x.

2.7.1 Proof of Theorem 1

Denote the minimizer of (2.1) by (4, 8). Define 3(t,u) = B (t,u)Q8,

Ag={re(d,..., na): Hcim+1(ur) — dm+1(ur) =

m/n, for some constant M > 0},

: 5u (t) — Bu, (t )H > Mﬁ,}l/leﬂn*l/z, for some constant M > 0}.

Then by Lemma 4, we have for some M > 0

nA
| _ - Am+1  gm+1 am+1 [ gm+1 _ gm+1
mat 3 B [{u=1 (< art - dm ) par - (47 ) — a7 )
=—ngt > B [{u—a(vi<arttdmt  w) par - (d () - dm () )|
re(A\Ap)
oyt Y B [{u (vt A ) Jar (7 () — ).
reA
st S B [fumn ()} () - )
re(A\Ap)
+ny {M(l o (1))m1/2n_1/2 -0, (ml/Qn_l/Q)} Z Hdm+1 —d"™ Y (u,) .

recAgp
(2.20)
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For the first term in (2.20), almost surely

—nyt Y B [{u—1(visaptt cim+1<ur>)}ﬁ:”“ () = A ()|
re(A\Ao)

I R [
re(A\Ao)

St et ) i e
(i,r)e(A\A0)N I3

=o0p (n;ln*1m|A\*1) x O (m1/2n*1/2) = op( in T3 2AIT! 3/2) (2.21)
On the other hand, by standard matrix theory,

gg}gamax{ﬁ(ur)} < g}gﬁ Hp(uT)HF ’

0y 1/2
g{cmgg)j > (/Ajbj(taur)qgk(t)dt>} ;

= cm1/2|A|1/2.

Then, for the first term of (2.10), we have

max H H max o P
i€1l,...,n s 12 u,.€cA max{

<o, ((logn) 1,1/2,, 1/2) cml/Q\A] 1/2

L2(§Y)’

—o ((togm) /A2 3t u) — 3 u(wldn(®) + 3 Bulwdn(®) — (1)
k=1 k=1

L2(§2)

B nA R 9 1/2
§O ((logn)_lnl/Q‘A’—l/2> {nA1/2 (Zl /ir_nl Hdm(u'r) _ dm(u,«) l2> + O(’A‘d+1)}7
(2.22)

o((logn)~'n'/2m=1/2) [41]. By Lemma 2 and [82],

provided that maxi<;<p ||&; 2

7@ pa, < ctar o], o e

L2’
By Lemma 5,

~ nA1/2nT1/2 HB:{LTQéHlQ = Op(m3/4n—3/4m|(d+1)/2 v m1/2n71/2) LC.

Hﬁ(t’u) L2(£))
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Inaddition, |0° Q" BB 1Q|| < Inar(Bar B 1) 0] , = Clalnany “B(t,u)“LQ(Q). Then

we conclude that

H (2)\1,R9TQTBA,TBILTQ + 2>\27n9TQTDQ) (é - e*)
< H2)\17n9TQTBA,TBZLTQ9Hl2 + HzAg,néTQTDQé
+ H (2210°Q"BarB} 1Q + 20,0 Q"DQ) 6" .
=0, (m™"?n|A[*T1)(1 4 o(1)) (2.23)

l2

l2

Given |A| =0 (m(1+0‘)/(2d+2)n*3/(2d+2)), from (2.22), if

- na . 5\ /2
nAl/Q (Z H;zl Hdm(ur) —d™(u,) l2> < Op(‘A’d—H) =0, (m(1+a)/2n—1/2) 7

then by Lemma 5, we can conclude "B(t, u) — B(t, u)
then

~ —1/2 1/2—1/2
ey Op (/{m m-/“n ) If not,

nA

(222) = 0, ((log n) 'n'/2|A71/2) (nA1/2 Skl Hdm(ur) — d"(uy)

) 1/2
L 0<|A|d+1>) ,

= 0, ((togn) "ty Pt 2|A I 2 12) ST ld () — A )
recAop

2 (I1+o0(1)). (2.24)
By Lemma 6, (2.23) and (2.24) , almost surely

S {1 (A ) e (@ ) - )
r=1

<o, (n;:s/zmr?,/znfl/zﬁ%lm) Z Hdm(ur) — d™(u,)
reAg

p T Op(m ™' 2n| A[1)(1 + 0(1))
(2.25)

Then by Lemma 4, (2.20), (2.21), (2.25) and n;!|A|~'m(®=1)/3 = o(1), we have almost surely

(M = o (D)m 20712 = 0, (m 22} 3 [ ) — 7 ()
reAgp

l2

< op (n A2 2 ) 3 [ a) - )
reAg

o+ Op(m™2n| A (1 + o(1)),
(2.26)

which implies that

= Oy(nan*|A*),

5 ) — 1)

T‘EAO

12
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Based on the definition of Ay and A;, we have A} C Ap and |Ay| = op(m_l_an_l/QnA). Then by

Lemma 4,

Bltow) — 3 Belw)du(t)
k=1

<nyt? (i ot || d™ () = d™ ()
2

By condition AS,

Hﬁ(t, W)= 3 Be(w)on()
= L2(€)

Therefore, we conclude that

|3t w) - Bt w)|

~ —1/2,1/2 —1/2 —2¢+1
LQ(Q)NOP(/{m m/“n vV m )

2.7.2 Proof of Theorem 2

Assume that pg is known and let m = pg. Under the condition A5, and by Lemma 1 and Lemma 3,
there exist «y(; and 8™ such that
T * d+1
sup  [B(t,u) — B'(t,u)Q0"| < C1|A|",
(t,u)eT xof
sup [e(u) — bg (u)vp| < Caf A",

ue.f

for some constant C'; and Cs. Let I = (4¢",0*")" and § = /n(vy — 75,0 — 6%)". Let P(u,)
denote the py by J matrix with the (k, j)-entry being f(t ur)€D, ¢r(t)bj(t,u)dt, where j =1,...,J
is the index for the bivariate splines basis. Then define

Yu(x) =u—1(z <0), &ir =1y — Zi(u,)T*, and w;, =y, — Z; (u,)T",

2

where
Z; (ur) = [by (ur), & P(ur)QJ .

We further define L% (T, §) and LY2(T, &) as follow,

LUV, 8) = {nna} 33 Zulwn) - {1(ys — Zi(u)T* < 0) -}
r=111=1 \/ﬁ
= —nn 71nAnZiuriua}ir7
()™ 325 Zi(0e) b ()

41

,\ /2
p) = Op("%;l/le/Qnil/z)‘



and

02 LAl Z(ur)é/f
LO2(T) = (nna) Z/ 1(Y; — Zi(u,)T* < £) — 1(Y; — Zs(u,)T* < 0)} dt
r=1=1"0
= nAlzGT I,s),
where
. i(ur) 5/f
G.(T,86) =n Z/ 1(Y; — Zi(u)T* < t) — 1(Y; — Z;(u,)T* <0)} dt.

Lemma 7. Under the conditions of Theorem I,
0,2 1 T
L;7(T,6) = 2—6 316 +op(1),
n

where

Yi=nj, ZE [i(Zi(u )T Z () Zi(uy)] -
r=1

Proof: By Taylor expansion,

E[G,(T,8)] = E [E |G,(T,8) | &,i=1,...,n]]

n ur(s
—E[ > /0 Y Rz ) - Fi<zi<ur>r*>}dt]

n

Zi(ur)0/\/n
="'y E [/0 {2 )T+ B )}dt]

Zl(u,«)(S/\/ﬁ

n

ool ZE [2171 i(u)T*)6" Z] (uy) i(ur)d] + ;E [R

= {1ZE [i(Zi(ur)T) Z] (ur) i<ur>]}6+ZE[Ri,r<t>J,
i=1

fi(Z ur)l"*)

t + Rir(t)

)

0

where {R;,(t)} are the remainder terms of Taylor expansion. Regarding these remainder terms
{R;,(t)}, we have

n n B> B>

" E[Rip(t)] <constant- 0323 F [(Zi(ur))*] < O~V E [ Zi(un)II%] 181 = o(1).

i=1 i=1

Then, we can conclude that
B [LA(T)] = 67518 + o(1).
" 2n
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Next, we need to prove E [L%?(T')?] = o(1).

E [(L?;Q(I‘))Q] =F {E {(L?{Q(I‘))Q 1€.,i=1,... n”

gE[ [nAn 1f:2{/ O 8- ZuuT < b

r=1i=1

— 1(Y; — Zi(u,)T* < O)dt} | Ez =1,... nH

naA n

(nan) 1YY / (ur)a/\/ﬁyE[{n(m ~ Zi(u)T* < 1)

r=1i=1

—1(Y; — Zi(u)T* < 0)Vdt | &, =1,... n”

UL |Zi(ur)8/v/nl
(nan)” ZZ\Z Uy 6/f|/

r=1i=1

— 1(Y; — Zi(u,)T* < 0)|dt | £;,i = 1,...,71”.

E[[]l(Y; — Zy(w)T* < 1)

Thus,
B [(920)] <[ 33 124 vl
r=11=1
|Zi(ur)0 /v/n| .
/0 E[L(Zi(u)T* < Y; < Zy(u)T* + 0)]dt | &0 =1, ... n”
=B [(nan) Y3 1Zi(u)8 /v
r=1i=1
|Z:i(ur)0 /v/n|
/0 (FAZi(u)T" + 1) = F(Zi(u)T)}
r=11=1
(nan)~ ni‘:iE R;,(
r=11i=1
=o(1).
Define -
Vo = _(nAn)i1 Z Z Z} (ur)Pu, (Wir),
r=1i=1

and let Z; and 1 denote (Z[ (u1),. .., Z (uy,,)) and (@bul, e ,Q/JunA) respectively.
Lemma 8. Under the conditions of Theorem 1 and A6,
VnVy — N(0,Us),
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in distribution, where

U2 = nfE [ZZTUlzl} .
Proof: First notice that

cov (d’ur (Wi,r)v Yy, (wj,r))
0, i F ]
wp — Uty + O (| [ Y00 & ndn(t) (B(t, up) — B*(t, uy)) dt|), otherwise

0, i F
Uy A Uy — Uptiyr + Op(|A[FHL), otherwise

Since E [¢hu, (wir) | &] = ur — Fi(Z] (u,)T*) = Op(|A|*1), then E [Vg | &] = Op(JA[4F1). On
the other hand, Var (Vg | §;) = var (n_l A nzlzf'z/)) = (nan)"2 ", ZIU, Z;, where U,
is a matrix with its (r, 7’)-entry being w, A u,» — u,u,s. Then the co-variance matrix of Vj is given

by

var(Vp) =var (E (Vo | &)) + E (var (Vg | &)
=0,(JA1") + ! [n;zE [ZTU1ZZH
—0,(1AI") + 1T,

Regarding U,, we have

2 . 2 2
Uz <58 |27 2] < Jnamax B | Zi(w)|;

2 2 2
== max {|[bo(ur) |3 + F |6 P() Q13 }
=0 (n3'|a1™).

Based on nn|A|%2 = o(1), we just prove that

ViV — N(0,Us)

in distribution.
Define

na n

L) = {nna} " >3 pu, (i — B (ur)vo — €7 P(ur)Q0)

r=1i=1
na n

= {nna} 'S0 pu, (i — Zi(un)D), 2.27)

r=11i=1
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where T' = (v,,0)", and P,(T) = Al,nBTQTBAyTB}LTQO + X2,0"QTDQEO. Recall that T' =
I'* + 8 /y/n. Then minimizing
Ln(T) = Ly(T) + P(T)

is equivalent to minimizing

Ln(8) ={nna} ' D {pu, Wi — Zi(ur)8/vn — Zi(uy)T*) = pu, (yi — Zi(u,)T*)}
r=11=1
(2.28)
+ P\(6/v/n+T7).
Applying the Knight’s identity [42],
pule =)~ pule) =y {1 <O —up+ [ {1 <) -1 <)} at,
on the first term of (2.28), then we have
L(T) = (™ 30 Y- { 2w/ Vi (10 = Ziwn)T* < 0) — )
r=1i=1
Zi(ur)0/vn
+ [ {(1o: ~ Zi(ur) <)~ 1~ Zilur) <O)}dt}
0
={nna}~ ZZZ (ur)8/vn{1(y; — Z;(u,)T* <0) —u,}
r=11=1
A n () 6/f
+ {nna) ZZ/ — Zi(u )T < ) — 1(yi — Zi(un)T* < 0)} dt
r=11=1

—L0N(T) + LY(I).
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From Lemma 7 and Lemma 8, under the conditions Ay ,, < nzln;lm_l/Qn]AWH, and Ao, =

o()\17nnAnT|A]4), we have

naga n

( ):_{nnA} ZZZ UT‘ 5wm( zr)

r=1i=1

iy Y - *
+ 2n5 310 + E[R(t)] +PA(I6+I‘ )
na n

=—{nna}~ ZZZ Uy) 5¢ur(w”)

r=1i=1
0 0 0 0
0 Q"BarB};Q 0 Q"DQ
2 0 0 0 0
+5T{)\n + Xap }I‘*+ 1
Voo 17 o QTBA,TB};,TQ] ) L] QTDQ] "
=Vo(1+o0p(1)) +6"320 + o(1),

+ %5T215 +6" [)\1,71 l

with
na n
= —{nna}" Z Z i (ur)tu, (Qiy),
r=11i= 1
1 0 0 0 0
22 = 721 + )\Ln + )\2771 .
2n 0 Q"BarB}Q 0 Q"DQ
Then by the convexity lemma [63] and quadratic approximation lemma [18], we have o=— 722 lyry

op(1). Let B(t,u) = (01xny, B™(t,u)Q)", and 8*(t,u) = B (t,u)Q8*. Then, we have 3(t,u)—
B*(t,u) = B™(t,u)d//n. Therefore,

Bt u) = B(t.w) = BT (t,u)d/v/n + " (t,u) = B(t,w)
B _%BT“’ wEy VRV + B (t,u) — B(t,u) + 0p(1).
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Now, we need to prove the asymptotic normality of V. We first decompose V, — v/nV into

three terms and then calculate the order for each of them.

fna) g > 2o ) = ) g > 200 o o)
~ ) ZZ{Z ur) = 22 ()} (@) — Y (5}

+{nnA}1j§:’fl§jlz:<ur> [ @52) — i (5}

b pnal S S (Ziu) — 22 () 1)
:‘/1+‘/2+‘/;M 1

First notice that

B [t @30)| Ziwr). 2 )|
Uy — Fl(Z,(uT)I‘*)
=ty = F(Z; (wn)T*) + Fi(Z; (ur)T*) = Fy(Zi(u,)T7)
=0p(1) + fi(Zi(ur)T*) (Z5 (u)T* = Zy(u)T*) + O (2] (up)T* = Zi(u,)T)).

Then for the first term V; = {nnA}_1 S Yt A Zi(ur) — ZF (ur) } {bu, @ig) — Yu, (wir)},

naAa n

EVi| <FE {nnA} ZZ’Z ur) — Z; (ur)| [Yu, (@ir )_wur(wi,r)’]
r=11i=1

=K {nnA} ZZ’Z (ur) = Z] (ur)| E [[thu, (@ Wi,r )_ww(wiw)‘ | Zini*]l
r=1i=1

=k {nnA} YD IF(Zi(un)T) z‘(ZZ‘(ur)F*)\!Zz‘(ur)—Zf(ur)ll

r=1i=1

47



Therefore,

naA n 1/2
BIVA| <[ frna} ™ 3 3 I (Zi0n)T) — Fi(Z5 ()T
r=1i=1
nag n 1/2
< B a3 Zi(m) - 2 )P
r=1i=1
SO mng :(ZZ(UT) - Z:(UT))2:| 1/2>

- 1/2
=0 (maxE {éfﬁ(u?«) — {;FP(UT)}Q] >
: ) . ) 971/2
<maxE (& Pwu) - €8 Plur) + €8 Plur) - €7 P} | )
According to [29] and [30], we have

< constant - s_ln_l/2
L2 — k ’

H@k — Ok

and for any ¢ > 0,

¢ —c,, —c/2
< constant - s, "1 ,

where s, = min, <, (k, — kr41). Therefore, we can conclude that

E|Vi| = O(n™'2|A]).

Similarly,
E V2] <E [{nna} ' Y Y {Zilwr) = Z7 ()} {$u, @1) = thu, m)}ﬂ
r=1i=1

<max B [(Zi(w) ~ 27 ()] max B [(00, @00) = v i)]

—constant - A%,
Then we have
Vi = Oy(n"/2|A)).

For the second term Vo = {nna} ' S04, S0 1 ZF (up) {0, (Dir) — Yu, (Wir)}, we first de-
fine

= Z Z; (ur) {thu, (wir — &'tr) — Yu, (wir)}

=1
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for any vector such that ||£,. || < C; with some constant C;. According to [48], we have sup || R, (t,) — E [R,(t,)]|| =
O, <n1/2 log (n) ||t,|| 1/2) , and therefore,

B[R ()] = 3 B (2] (ur) {FiZ{ (ur)T") = Fi (2] (ur)T" = [bo ()", €7 )]
=1
=~ B2} (ur) fi( 2] (ur)T") ([bo )", €1 8)] + O (nB [((Bo(wr)" &]1:)° 2 (ur)])

(2.29)

Define 3., = E[fi(Z} (u,)T*)bobi]| and X3, = QTP (u,)E|[fi(Z] (ur)T*)&:&]]. Then from
(2.29), we have

RE(t) = =1 [Ser, D b+ O (n[[£]3) + Oy (02 log (n) [1t,]15%)
By [48], we know that there exists a random matrix C¢ such that
g — & =n"Y2Ceti +0p(n7).

The dimension of C¢ = (cx ) is po by po where ¢ pr = 0if k = k" and ¢ pr = n V2 (ky, —
k) TS0 Ekin if k # K. Then,
& P(uy) — & P(uy) = & P(u,) — & Plur) + & P(u,) — € P(u,)
=n2TCEP(u,) + O, (n_1|A|) +0, (n_3/4\A|>
- n*1/2£;FC£T (P(ur) + 0, (n’3/4|A\)) +0, (nfl‘AD +0, (n*3/4]A|)
=n""2CEP(u,) + 0p(1).

Choose t, as t} = {O,n_l/QI‘*TQTPT(ur)Cg}, and define X3 = n;ll A Zger.ﬁTP(ur)Q.
Then,

Vy = {nnA}il Z Z Z; (ur) {thu, (Wi — [bo(ur)™, & 1) — Pu, (wir)}
r=1i=1
= — n—l/znzl nZA 237TC£TP(UT)F*Q (1+0p(1))
r=1

= —n V23, (14 0,(1)),
where

nA
B0 =n,' > " 83,Cf P(u,)QT*

r=1

=" fi(Z} (u)T*)Q P  (u, ) E [£€F] CF P(u,)QT™.

r=1
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We know that E [£;£€]] is a diagonal matrix with the main diagonal entries being the variances of
functional principal component scores. For C¢, its main diagonal are zeros and its off diagonal

entries are of order O, (1) because under the conditions A2 and A3, we have

(ki — k) °E {(gik:‘fik/)z} < (kg — kgr) 2 (E {ﬁfk} E [ f‘k/Dl/Q = O(1).

On the other hand, recall that for each r, P(u,) is a pg by J matrix with the (k, j)-entry being
f(t,ur)eAj ¢r(t)bj(t,u)dt, where j = 1,...,J is the index for the bivariate splines basis and J =
O(]A|~1). By the choice of T'*, we know that

/Bl(ur)
Pu)Qr* = | .. |,

Bpo (ur)

where B (u) = [ B(t,u)or(t)dt, k = 1,..., po. Given that py is finite, we can conclude that
Vo = O,(n”'2|A)).
For the third term V3 = {nna} ' S04, S { Zi(u,) — Z; (ur)} thu, (wi), since

Efthu, (wir) | &] = Op(|A1H),
E |02 (wir) | &] = wr —u? + Op(|A[*),
then we have
E[V5] = 0,(|A["),
and
nA
E VR <03 > ul —u)E [(Zi(w,) = ZF(w))’] = Op(n~"|AP),
r=1
which implies that
Vs = Op(n~'/?|A)).

Based on the above calculation and Lemma 8, under the conditions of Theorem 1, by Slutsky’s

theorem we have
VnV — N(0,Uy/n) (2.30)

in distribution. Finally we prove the asymptotic normality of 3(t, u) — 8(, u). Recall that 3(¢, u) —

B(t, u) admits the following decomposition,

A

Bt u) — (b w) = —5- BY (6, u) S5 VAV + 5 (1) — 5t ) + 0,(1).
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Under the conditions of Theorem 1, the bias of 3(¢,u) — 8(t, u) is asymptotically negligible. Then
by (2.30) and Slutsky’s theorem, we can conclude that

(Bt - Bt w) - N(0,1)
og(t,u)

in distribution, where o5 (t,u) = BT (t,u) X B(t, u).

2.7.3 Proof of Theorem 3

Define 9(t,u) = oa(t,u)" V2B (t,u)5; UL *n= V2" | Z;, where Zy,. .., Zy, 4 N(0,I)
and the dimension of Z; is same as the dimension of Z;, i = 1,...,n. Note that It,u) is a
Gaussian random field with E [J(¢,u)] = 0 and Var [9(t,u)] = 1 for any (¢, u), and its covariance

function is given by
;oo —1/2 —1/2,,0 1\ HT D/ !
Cov [9(t,u),I(t',u")] = o5/ (t,u)o5 "~ (', u") B* (t,u) ZB(t',u).

For part (1), similar to the proofs for Theorem 3 in [56], Theorem 3 in [28], and Theorem 5 in

[3], by the strong approximation theorem [14], we can prove that

sup
t,u

o5 2 (tu) { Bt ) — B(t.w) ) — ()| = 0,(1). 231)

For part (2), based on the triangulation, we first partition €2,the domain of 5(t,w), into M
triangles with vertices vy, va, ..., v ,,. Then we can construct the simultaneous confidence regions
(SCRs) for the estimator 3(t, ) over a subset of Q, Q, = (v1,...,vs,,).

For any v; and vjs € €),, we notice that

0, Aj# Ny
’COU (19(1]])719(’0]/))‘ = 17 j — j/
o5 P (w)oy P (0BT () EB(vy), j#5,A;= Ay
By definition of o3(t,u), for any v; € €, we have og(v;) = tr{EB(vj)BT(vj)}, and there-
fore, Apin (X) tr (B(vj)BT(vj)> < 08(v5) < Apaz (X)) tr (B(vj)BT('vj)), where A () and
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Amaz (+) represent the minimum and maximum eigenvalues of the matrix. Then,

S)\mm {2}_1 )\max {2}
_ - ~1/2

X tr (B('vj)BT(Uj)) j
B"(v;)B(vj/)

=Amin {X} Anaz { X} HB(UJ')H”B(”J")H

S)\m'm {2}71 )\max {2} .

Since this upper bound does not depend on the location of v; and v/, then there must exist constants
c1 and c¢s such that
Amin {5} " Anaz {Z} < 1™ < erdy ™
mzn{ } max{ }_0162 >~ 16 7,

for any 1 < 7,5/ < Jy. Now combined with Lemma 1 in [57], we can conclude that for any
aec(0,1),

nli—>Hc>loP {sup [¥(v;)| < Qg(a)} =1-a,
j

where Qg(a) = (2log Jar)'/? — (21og Jpr) =% {log(—0.5log(1 — a)) + 0.5 [log
(log Jar) + log 4]}
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Chapter 3

Convolution Smoothing Based Locally
Sparse Estimation for Functional
Quantile Regression

3.1. Introduction

In agriculture, crop yield is a key focus worldwide because of its direct connection to the global
needs for food, feed, and fuel. In addition, crops are highly liquid in the futures market, so crop
price fluctuations can directly affect the stability of financial markets. As one of the most important
crops around the world, more than three-quarters of soybeans are used to feed livestock, and only a
small percentage (about 7%) of global soybeans are used for typical soybean products such as tofu
and soy milk. Meanwhile, the growing appetite for meat, dairy and soybean oil results in a rapidly
increasing demand for soybean as shown in Figure 3.1-(a). There are two main ways to increase
production, one is to expand the amount of land to grow soybean and the other is to improve soybean
yields (increasing per area harvest). Taking data from the United States as an example, it is clear
that the impressive improvement in soybean yields (Figure 3.1-(b)) is not able to keep up with the
increasing demand for soybean production (Figure 3.1-(c)), which makes the government have to
devote additional land to production. However, many scientists think increasing harvested area is a
major underlying cause of deforestation. Therefore, it is urgent to improve soybean yields due to
increasing product demand and environmental protection.

Soybean is a crop with high demands on the natural environment and resources, especially on
temperature and water. Our study focuses on studying how soybean yield is affected by temperature,
precipitation and irrigation. Our objective is to identify the time regions when there is a significant
effect of daily temperature on the annual soybean yields. Motivated by this problem, we propose

the following novel locally sparse semi-parametric functional quantile model,

Q-(V12.X(0) = e+ [ XT W8 0, G
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where Q-(Y'|Z, X (t)) is the 7-th conditional quantile of the scalar response Y given X (t) =
(X1(t), ..., Xm@®) and Z = (Zy,...,Z4)" for a fixed quantile level 7 € (0,1). B,(-) =
(Bra(-), -, Brm(-))T is a vector of functional coefficients and a, is a d x 1 vector of coeffi-
cients. We set Zy = 1 and use o1 to denote the intercept throughout this project. In our soybean
application, Y is the annual soybean yield per unit, X;(¢) and X»(t) are the daily maximum and
minimum temperature, respectively, and Z; and Zs are the annual precipitation and the ratio of

irrigated area. All of these observations are measured at county level in Kansas.
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Figure 3.1: (a) Soybean production data from 2000 to 2020 in the world and the four highest
soybean-producing countries, namely the United States, Brazil, Argentina, and China. (b) Soybean
yield in the United States from 2000 to 2020. (c) Comparison of soybean production and yield and
area harvested in the United States from 2000 to 2020. These data are published by the Food and
Agriculture Organization of the United Nations.

The functional coefficient 3, ;(-) is assumed to be locally sparse, which means that 3, ;(t) = 0
in some regions \V, where V is a subset of the whole time domain [0, 7. The local sparsity of 3, (+)
can depict the dynamic dependence of the functional covariates on the 7-th conditional quantile of
the scalar response Y. Especially, when the identified locally sparse region N is identical to the
domain [0, 7], then the corresponding functional variable is not significantly related to the 7-th
conditional quantile of Y.

The proposed sparse semi-parametric functional quantile model (3.1) includes a variety of func-
tional models as special cases. For example, when the identified sparse regions for all functional
coefficient 3-;(t),l = 1,...,m, equal to [0, 7], then model (3.1) becomes the classic quantile re-
gression [44]. If a;; = O foralll = 1,...,d, and no functional coefficient 3, ; has a locally sparse
region, model (3.1) is reduced to the functional quantile regression (FQR) with functional covariates
only [6, 11, 41]. Various partially functional quantile regression models are also special cases of the
proposed model. For instance, [86] studied a model with multiple functional covariates and a finite
number of scalar covariates. [85] consider a partially functional quantile regression with a func-
tional covariate and high-dimensional scalar covariates. [55] proposed a functional partially linear
model with multiple functional covariates and ultrahigh-dimensional scalar covariates, and imposed

two nonconvex penalties to select the significant functional and scalar covariates. To the best of
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our knowledge, no work has studied the local sparsity structure for functional quantile regression
models, although it is important in various applications.

Most existing works that consider local sparsity feature are based on the functional linear mod-
els [80, 39, 94]. For example, [50] proposed a functional generalization of ordinary SCAD [19],
called fSCAD, to obtain a locally sparse estimator for the slope function under univariate scalar-
on-function regression. [22] and [49] applied fSCAD [50] to the multiple outputs functional linear
regression. In [27], they used the B-spline expansion and group bridge penalty [35] to identify the
non-zero region close to the endpoint. In addition, [62] developed a new regularization method for
functional linear discriminant analysis to induce zero regions.

This project has four major contributions. First, we introduce a semi-parametric functional quan-
tile model with a locally sparse structure. Second, we propose a Convolution smoothing based
Locally Sparse Estimation (CLoSE) method to do three tasks simultaneously, including selecting
significant functional covariates, identifying locally sparse regions to improve the interpretability
of the model, and estimating functional coefficients in nonzero regions. In order to overcome the
computational difficulty in minimizing the non-differentiable quantile loss combined with the non-
convex fSCAD penalty, we choose to replace the standard quantile loss function with a smoothed
version using convolution-type smoothing method. [24, 32, 76]. Third, we establish the oracle prop-
erty of the proposed estimator, and derive a simultaneous confidence band (SCB) for the functional
coefficients. The last but not the least, the analysis of the soybean data from Kansas shows that the
time period in which the daily temperature has a significant impact on soybean yields varies with
the quantile levels. In particular, we find that the significant functional predictors are different for

different quantile levels.

3.2. Convolution Smoothing based Locally Sparse Estimation
3.2.1 Convolution-type Smoothing Approach

Suppose that {(Z;, X;(t),Y;, ¢t € [0, 7]}, is an independent and identically distributed random
sample from (Z, X (t),Y,t € [0,7]). Then the locally sparse FQR estimator can be obtained by

minimizing the following loss function

IS T T T
Lo Broih) = pr (Vi = ZFas = [ X ()8 ()
=1

m
3.2
+3 DBl ©2)
=

+ Locally sparse penalty,

where p-(u) = u(T—1I(u < 0)) is the quantile check function, and I(-) is an indicator function. But,

the first-order derivative of p(u), - (u) = p(u) = 7—I(u < 0), is not a smooth function. In the loss
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function (3.2), the second term is a convex roughness penalty with the gth-order differential operator
DY and the non-negative tuning parameters 7;,! = 1,...,m, which control the smoothness of the
estimated coefficient functions. For the third term, we choose the fSCAD penalty [50], which is a
concave penalty, to simultaneously identify the zero regions of the estimated functional coefficients
and select the significant functional covariates.

The loss function (3.2) has no closed-form solution. Iterative procedures are often adopted to
find the optimal solution. However, in the iterative algorithm for minimizing the loss function (3.2),
the combination of a second-order non-differentiable check function and a concave locally sparse
penalty brings computation difficulty. More specifically, local quadratic approximation (LQA) is a
commonly used strategy for the optimization that involves fSCAD or SCAD penalty [19, 50]. Such
an algorithm usually requires the calculation of gradient and Hessian matrix, which is not available
for (3.2) because of the non-differentiable check function. To make the computation fast and stable,
we consider an alternative convolution smoothed quantile loss function [24, 32, 76].

Let e(ar,B;) = Y — ZTa, — fo X7 (t)B-(t)dt. Denote the conditional cumulative dis-
tribution function (CDF) and density function of e(a., B;) given Z and X (t) as Iz x(-) and

fez,x (+), respectively. Then the population quantile loss can be expressed as

E[pT(aT7 187'>] = /pT<u)dFe|Z,X(u§ &r, :37') (3.3)

When the unknown CDF F 7 x (u; o, B7) in (3.3) is replaced by the empirical distribution func-
tion F(t; ar, B7) = 1/n 7, I(es(eur, B7) < u} of the residuals e;(cr, 8;) = Y; — Z o, —
fOT X7 (t)B,(t)dt, we can obtain the standard quantile loss, that is, the first term in (3.2). How-
ever, the empirical distribution function ﬁ(t; o, B;) is a discontinuous function. Thus, a kernel
smoothing estimator of £z, x (u; ar, Br) is a better choice [24, 76]. The kernel density estimator
is fo(w; ar, Br) = 1/n Y Kin(u — ei(ar, Br) = (nh) L S K((u — ei(oer, By))/h), where K(-)
is a kernel function, h is a bandwidth and Kp, (u) = 1/hK(u/h). The corresponding kernel smooth-
ing CDF estimator is F(u; ar, B;) = n~ ' Gp(t — ei(oer, By)), where Gy (u) = G(u/h) and
G(u) = [*. K(v)dv. When we replace the unknown CDF by the kernel smoothing estimator of
the CDF ﬁh (u; ary Br), we derive a new loss function with the convolution smoothed quantile loss:

1 n
(aTnBTa’ylu)\l Z pT*ICh (Y Z o — / XT BT( )dt)
nz*l
+3 " P8l (3.4)
+l§7 /0 o, (1Bra(8))dt

o0

where (pr * Kp) (u) = 2o pr(v)Kh(v — u)dv and * is the convolution operator. The smoothed

quantile loss is a globally convex function of u, which has first and second-order derivatives to make
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the computation faster. Here py, (u) is the SCAD penalty [19] defined as

)\lu 0 <u< )\l
u? — 2al\u + A
p/\l(u) =93 2(@ — 1) A S usak ;
1)A?
e,

with the non-negative tunning parameters a.

3.2.2 Estimation Procedure

We use B-spline basis functions to represent the functional coefficients 5, ,(t),l = 1,...m. We set
the order to be p+ 1 and place K + 1 equally spaced knots 0 = tgp < t; < --- <tg_1 <tg =T in
the domain [0, 7] to define a set of B-spline basis functions. Then the functional coefficient 3, ;(t)

can be approximated by the B-spline basis functions:

Bra(t) = BT ()0, (3.5)

where B(t) = (B1(t), ..., Bx4,(t))T is the vector of B-spline basis functions and 6, ; = (0,1, - . -,
0r.1.5+p)" is the corresponding coefficients. Denote U; = [ T X;(t)®B(t)dt and 0f = (0T e, 0L ),

» U T,m

then the first term of £*(c;, 3,7, A) can be written as n =1 71 (p, * Kp) (Vi — Zl oy — UiTHT).

The roughness penalty in (3.4) can be expressed as

(5 (t))TeT,l

where I' = diag(v1,- -+ ,Ym), V = fOT[B(q) ®)[B ()T dt.
According to Theorem 1 in [50], as K — oo, the fSCAD penalty term can be approximated by

tj
> 7 / or (a0t ~ 303" <\/[T( I ﬁZ,l(t)dt>- (3.7)

1=1j=1

2

=> 05, Vo, =6/ (T2 V)b, (3.6)
2 =1

m
>
=1

Plugging the spline approximation into fti_j_l [3%(t)dt, we can get the matrix representation, ft?_ ) 3 (t)dt =

OZIVVJ-HTJ , where W is an (K + p) by (K + p) matrix with entries w,, = fti?;l B, (t)B,(t)dt if
7 < u,v < 7+ pand zero otherwise. Thus the fSCAD penalty (3.7) can be rewritten as

ii <\/K/tj 2()d) Zm:f: Kgr W;0.., (3.8)
on ()7 [ Bmd) =30 o |46 : :
1=1j=1 ’ T Sy ™ 1=1j=1 ’ T
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Then, combined with (3.5), (3.6) and (3.8), we can rewrite the loss function (3.4) as follows,

n

L¥(0r, 0n, 90, 0) =3 (pr # Kn) (Vi = Z[ oy = U 0:)

3\*—‘

+0I(r®V)o, (3.9)

+Zzp>\l (\l TGTZWO ) :
1=1j=1

The SCAD penalty py, (-) is not differentiable, which brings difficulty in the optimization. There
are two ways to approximate py,(-), local quadratic approximation (LQA; [19]) and local linear
approximation (LLA; [95]). [50] found that LLLA does not work well with L9 norm of functions and
they suggested using LQA in their paper. Therefore, we also choose the LQA to approximate the
fSCAD penalty. When u = u(%), the LQA of the SCAD function py, () is

D
~ O 4 1oxul) 2 (02
pa(ul) = o (1) + 52 TG 02 — )

Ln (2D o2 (3.10)

_ lp)\z(‘u(o)’)
2 |u)]

- 2 O —

A 1py, (U(O))u2+R1(u(o))

where py, (u) is the first order derivative of py, (u) and Ry (u(?)) is a constant which only depends

on u(©).
Then given some initial estimator 0A£0) = (AT?I)T, ‘e 7§$?mT)T’ when 0, ~ §$0), we have
f: f: \/7 . i f: o ( KG(O)TW 0( )) aTzW 0, 9(0)
p)\l OTZW 0 — — — + RQ(OT )
mET YA Faywey Tk
A00)T 0
e ( pord Wjeg’l))a W0, + Ra(0)
~3 = = W00+ Re(017),
=t= % T(,)Z)Tw/ngg'?l)
(3.11)
where
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only depends on the initial estimator 5&0). Denote

= = (0)
. 0)T 0 W
o 1& pxl( %6 Wjei,z)) m1
W =5 E W;, and w0 ,
gl 2 T A(O)TW 0(0) J T
J=1 KVl 7Y quom

we can get

T Tl

m K ~
50 (s s e
I=1j=1

Thus we can express the loss function (3.9) as follows,

* N L&
L (s, 07,7, N | 0Y) A > (pr x Kp) (Y — Zl . —U6;)
=1
+65(T 2 V),

+0TW 8, + Ry (8.

(3.12)

Denote L(aur,0;) = 1/n S0 (pr * Kp) (Vi — ZLar — UF'0;), we can get the first-order and

second-order derivatives of L£(c,, 8, ) respectively, that is,

Li(ar,0,) =1/n> {Gn(2 ar + U0, — Vi) — 7} (2] U,
=1

EE}(CIT,HT) = 1/”Z’Ch(ZiTaT + Uz‘TOT _YZ-)(ZZT’UiT)T(ZZ.T’UiT)‘
i=1

With the smoothed quantile loss and LQA on the fSCAD penalty, we are able to calculate its
gradient and Hessian matrix. Then an iterative Newton—Raphson-type algorithm can be used to
solve the optimization problem. More specifically, for a fixed WT(k), we use a Newton—Raphson
type algorithm to solve the minimization of £*(a,0-,7;, \; | é&’“) ) with respect to (., 60;).
*+1) and then minimize L(ar, 00,7, N | §$k+1)). We

repeat this procedure until the sequences of minimizers (a&j ), 09 )) converge. Note that in practice,

After it converges, we update WT(k) to WT(

the term py, (u(?))/|u(®)] in (3.10) can go to infinity if [u(?)| is very small, which can cause the
algorithm to be unstable. Following [36], in our algorithm we use a perturbed version of LQA for
P, (+). We summarize the computational details in Algorithm 1. Note that for each iteration, 7; j, is
chosen such that the objective function decreases after the update.

Let S1 and S2 denote the candidate sets for the tuning parameters ); and -y, respectively. We
tune these parameters based on the following strategy. For a given pair (A, 7;), we first fit the model
(3.12) to identify the estimated null and nonnull subregions. Next, we remove the information on
the functional covariates within the null subregions and refit the model without the fSCAD penalty.

Then, we apply the Bayesian information criterion (BIC) [47] to find the best pair (A, ;).
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Algorithm 1: Algorithm for CLoSE Method

Input : Data, quantile level 7, bandwidth h

1 Initialization:
&(0) .
g@) = argmin, g {ES(aT, 0,;)+ 0. (T V)BT} ,

where the tuning parameters +; in the matrix I' are selected by cross validation;

2 while not converged do

3 while not converged do
4 Let &!"*) = g{F2) and 9L0F2) — gik2),
5 Update a1k and 8%1F2) 4 follows:
_(k1,k _(k1—1,k
G lkk2) B alfik2) _ {D(k1_1,k2)}—1 kL)
glkika) | =\ glk1—1k2) M1 ko2 2 1 )
where

P . ~ Odxd ayn k)
D§ 1—Lk2) _ [’6 (ag_klfl,kg)797(_161*1,142))_’_2 < T :

Wgﬂ_l) +T® V) (é,(rkl_l’k2)

(ki—Lk2) _ fx [ ~(ki—1ks) plki—1.k Odxa
D21 2 —EO (as_l 2)705_1 2)>+2< W£k2—1)+r®v>

6 Let k1 := k1 + 1.
7 end

8 The limit is denoted as &SkQ) and §$k2)

9 Update WT(kQ);
10 Let ko := ko + 1;
11 end

Output: The final estimators & and §T
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3.3. Large Sample Properties

For any vector, we shall use || - ||2 to denote the Euclidean norm. The null region and nonnull re-
gion of 8-;(t),l = 1,...,m are denoted by N'(8;,;) and S(f3-,), respectively, where N'(8,;) =
{t €[0,T): Bri(t) =0} and N(5;) = {t € [0, T : Bru(t) # 0}. B;;1(t) denotes the K, di-
mensional sub-vector of B(t) such that each Bj(t) in B, ;(t) has a support inside S(53;,). Let
Ur and U7, be a K; = >7%; K7 dimensional vector of the corresponding elements of U and
Ui, respectively, associated with B, 1 1,...,B;,, 1. We also define Z} = (zT, U7, 1=
E{2:Z:7} and 3r5 = B{fz.x(0)Z: 2;T}.

3.3.1 Conditions

To establish the asymptotic results of the estimated parameters, and the oracle properties of the

estimated functional coefficients, we first need to give some Conditions.

Definition 1. (i) For the functional predictor X;(¢),l = 1,...,m, it holds that || X;||2 is almost
surely bounded, where || X;||3 = fOT X7 (t)dt. Moreover, ppin(UUT) /K=t and pia, (UUT) /K1
are bounded away from 0 and co as n — 00, where puin(A) and pmax(A) denote the minimal and
maximal eigenvalues of the matrix A, respectively. (ii) For the scalar predictors, the components
of Z have bounded support. E(Z Z™) is positive definite and has eigenvalues bounded away from

ZEr10.

Definition 2. Let v be a nonnegative integer, and x € (0, 1] such that = v+ > p+1. We assume
the unknown functional coefficient 3, ,(-) € H")(S(8,,)), which is the class of function f on
S(B,.;) whose vth deriative exists and satisfies a Lipschitz condition of order r: | f(*) () — f(*) (s)| <
Cyls—t

*, for s,t € S(B;,;) and some constant C, > 0.

Definition 3. The conditional density function fz, x(+) is bounded away from zero, and second

times continuously differentiable.

Definition 4. Suppose K(-) is a symmetric, bounded, continuous and non-negative function inte-
grating to one, which means that K(u) = K(—u), K > 0 and [%_ K(u) = 1 for all u € R.
Furthermore, IC(-) is second-order continuously differentiable and bounded.

Definition 5. Let §; = kj;1 — k; and § = maxo<;j<k (kj+1 — k;). There exists a constant M > 0,
such that
: k) < R N -1y )
6/ og}?K(kﬁl kj) <M, Ogg‘ngal)éfl |5J+1 5]‘ o(K™") (3.13)
Definition 6. The number of knots K = o(,/n) and K = w(n/ 1), where K = w(n!/(+1)
means K /n'/?r+1) - o0 as n — oc.

Definition 7. For the roughness penalty, we assume tuning parameter v;,/ = 1...,m satisfies that
v = o(n'/2K1/2729) where q < p.
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Definition 8. The positive bandwidth h satisfies nh* — 0 and hK"™ — 0.

Definition 9. For the fSCAD penalty term, \; — 0 asn — oo, (i) max; \/fs(ﬁo )P (1BT ()02, )2dt

= o(n~Y/2K~1), and max, \/fs(ﬁg’l)jﬁAl(lBT(t)Bgl])?dt = o(1). (ii) K'2n=12)\; 1 — 0 and
lim inf,, o0 iminf, o+ py, (w)A; > 0.

Remark 4. Condition 1-(i) gives some moment conditions for functional predictors and is essential
to obtain the oracle property of the estimators. For the scalar predictors, Condition 1-(ii) imposes
some moment conditions. Condition 2 is about the smoothness of the functional coefficients 3, ;(t),
which has been widely used in the literature of nonparametric estimation. The common conditions
on the conditional density function of e(c,, 3;) in the quantile regression context is given in Con-
dition 3. Condition 4 is a necessary condition on the kernel function, which is also required in [24],
[32] and [76]. Condition 5 gives the assumption about the knots used in B-spline approximation,
which implies that § ~ K, i.e., d and K ! are rate-wise equivalent from (3.13). Condition 6 is
imposed to make the spline approximation bias asymptotically negligible. Condition 7 can make
the shrinkage bias negligible brought by roughness penalty. Condition 8 ensures that the convolu-
tion smoothing has an asymptotically negligible bias on the estimator of o and Br,1- Condition
9-(i) is the regularity condition to ensure the bias brought by the sparsity penalty is asymptotically
negligible [20], and Condition 9-(ii) is used to obtain the functional oracle property of Br,l (t).

3.3.2 Functional Oracle Property and Asymptotic Normality

Theorem 1. Under Conditions 1-9, there exists a local minimizer (Gir, B) of (3.4) such that || &, —
azlly = Op(n*1/2) and HB\T — B2 = Op(n71/2K1/2)‘

From this theorem, it is clear that there exists a root-n consistent estimator &, and a root-n/M
consistent estimator 3, (¢). We then give the functional oracle property of B, (¢) and the asymptotic

result of &,.
Theorem 2 (Functional Oracle Property). If Conditions 1-9 hold, as n — oc:

(i) Locally Sparsity: For every t not in the support of B;(t), we have B’T,l (t) = 0 with probability

tending to one.

(ii) Asymptotic Normality: For t such that 3. ;(t) # 0 we have

~

o120 Bralt) — Bra(t)) % G(2), (3.14)

where o (1) = T(1=7) A7 () 873(Br1 /n) B 3AT (£), Ary(t) = €] B (t)(0kz war Iics),
& is am X 1 unit vector in which the l-th element is 1, Iy be a d x d identity matrix, Ogx x »

is ad x K zero matrix,

lg’ﬂ(t) = Bdiag(BZLl(t), B (1),

7,m,1
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and G(t) is a Gaussian random process with mean 0 defined on S(3;) with the covariance
function

Clt,s) =1(1 =)o, 2 ()0 (5) Ara() S5 (1 /) E-3AT, (5).

Tl 7,0
Consequently, for any a € (0,1),

o~

lim P{ sup o) 2(1) {Bra(t) = Bra(t)}] < %(a)} =1-a,

n—reo tGSE(BT,l)

where S.(B,1) as a subset of S(B.1) becomes denser asn — oo, Q. (a) = (2log |S-(B,.1)])*/?
—(210g|S: (7)) /2 {log(—0.5log(1 — a)) + 0.5 [log(log [S-(871)|) + log(4m)]}, and |Se(5,4)]
denote the cardinality of the set |S.(B71)|. Then an asymptotic 100(1 — a)% simultaneous
confidence band (SCB) for 3;(t) over Sc(f-,) is given by Bﬂl(t) + Ui/ﬁ (t)Qr(a).

Theorem 3 (Asymptotic Normality of the Estimators of Parameters). If Conditions 1-9 hold, as

n — 0o, we have

V(6 —ad) 4 N0, 7(1 - 1), 5758, 37317, (3.15)

where oY is the true parameters and I, = (14,04 Kx)-

Remark 5. Theorem 2 shows that the estimators éT(t) possess the functional version oracle prop-

erty, which makes the fitted model simpler and more interpretable. From Theorem 2, for any given
fixed point ¢ such that (3, ;(t) # 0, we have 0;11/2(75)(3771(1&) — Bri(t)) 4N (0, 1), then the asymp-
totic 100(1 — @)% point-wise confidence band (PCB) of /3, is BT,l(t) + ai/lz (t)z, and the width of
SCB is inflated by Q;;(a)/z,, where z, is the a-quantile of the standard normal distribution. Theo-

rem 3 establishes the asymptotic normality of the parameters «,; and its corresponding 100(1—a)%
point-wise confidence interval is &, ; + n~'/2 \/ (1 - T)EZTITZ;%ETJ = 1TT€)2,, where £ is a

d x 1 unit vector in which the [-th elementis 1 and [ =1,...,d.

3.3.3 Wild Bootstrap

However, ¥, ; and X 5 in the covariance function of 3, ;(t) and the covariance matrix of &, are

both unknown. Especially, in the covariance function and matrix, the unknown conditional density

function of the error given the scalar covariates and infinite-dimensional functional covariates is very

difficult to estimate. So, before we construct the corresponding SCBs and point-wise confidence

intervals, we need to obtain the accurate estimators of the covariance function and covariance matrix.

Adopting the ideas of the wild bootstrap procedure for classical quantile regression in [23] and

refitted wild bootstrap for the high-dimensional quantile regression in [12], we propose a modified

wild bootstrap method for the sparse semi-parametric functional quantile regression to estimate the

covariance function of Bf,l(t) and the covariance matrix of &, simultaneously. We randomly split
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the original data set into two even parts and carry out this wild bootstrapping using the following

steps:

Step 1. We first minimize the objective function (3.9) based on the first part dataset to obtain the

estimators a7 and 0 1.

Step 2. Based on the non-zero coefficient identified by the estimator 0} 7 and the second part

dataset, we can obtain the estimators (&Z I OTT I I)T by the following equation

-~

ni
~

1
(11, 0r,11) =arg min — 3 (pr  Kp) (V; = Z/ oy = U 0r) + 6 (L V)6,
O L=y

(3.16)

where n; is the sample size of the second dataset and 577 11 includes those zero coefficients
identified in Step 1.

Step 3. Independently generate weights w; such that

(1) there are two positive constants c¢; and cp satisfying supw € W :w <0 = —c; and

infw e W :w >0 =cy, where W is the support of w;
@) E [w; I(w; > 0)] = —E [w; ' I(w; < 0)] = 1/2and B [Jw]] < oo;

(3) the 7th quantile of w is zero.

Step 4. Calculate the residuals based on the second dataset: é; = Y; — ZZ-T Qo — UiT éﬂ Il
Then used the second part data set to obtain the bootstrapped samples denoted by Yi(b) =

ZZT&T + UiTéT + e(b), where e(®) — w;lé;|.

i i
Step 5. Resolve the objective function (3.16) based on the bootstrapped samples and denote the

estimate by a&b) and é;b).

Step 6. Repeat Step 2 - Step 5 B times and then estimate the variance function o (t) of Bf,z(t)
from the 100 estimations at each ¢t. A confidence interval for o can also be established from

the bootstrap estimations of c.

Theorem 4. Under the Conditions given in Section 3.3.1, using the above wild bootstrap procedure,

we have

na® gy _ 2 _ "o _
p {teﬁigﬂ) \/; (Bri () = Bra(t)) < u} p {tessi%l) \/; (Bra(t) = Bra(t)) < UH — 0,

O —a,1) <v) = P (@71 — 02)) <0)] = 0.

sup
ueR

sup | P(n'/?(a
veER
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Theorem 4 shows that the estimated variance function based on the above-mentioned wild boot-
strap method is consistent, which makes it possible to conduct statistical inferences without estimat-
ing the unknown terms in the covariance function and covariance matrix, such as the error density

function.

3.4. Simulation Studies

In this section, we conduct simulation studies to evaluate the finite sample performance of our pro-
posed CLoSE method in comparison with the smoothed quantile loss (SQL) method. The difference
between the SQL method and the CLoSE method is that the SQL method only uses the combination
of the smoothed quantile loss and the roughness penalty to estimate (3, (t), while the CLoSE method
contains the additional local sparse penalty in the objective function to estimate (- (¢).

We consider synthetic data generated from the following semi-parametric functional quantile
model: 1

Y = Z o, + / 1 XI)B (t)dt +ei(r), i=1,...,n,

where X;(t) is a Wiener process, Z;1, Z;o ud N(0,0.1), Z; = (1, Zi1, Z2)", ar = (0,1,1)7,
B-(t) = sin(27t)1{—0.5 < t < 0.5}, and ¢;(7) = e; — F, *(7), where F,(-) is the CDF of ¢;. We

consider the following two scenarios to generate e;.

* Scenario I: ¢; are i.i.d from the normal distribution, namely, e; N (0,0.02). Under this

scenario, the distribution of the random error is symmetric.

* Scenario II: ¢; are i.i.d from a heavy-tailed distribution, Cauchy distribution, namely, e; id
C(0,0.01).

In the convolution smoothing loss function, we use the Gaussian kernel K(u) = (27)~Y/2e%"/2,
and bandwidth h = ((K + p) x m+d)/n)?/5 [32]. Then the corresponding smoothed loss function
is (pr % Kp) (0) = (h/2)lg(u/h) + (1 — 1/2)u where lg(u) = (2/m)Y/2e*/2 4 y(1 — 28 (u))
and ®(-) is the cumulative distribution function of the standard normal distribution. The simulation
is repeated for 100 times.

Regarding the estimation for /3, (t), we consider two aspects of the performance of the proposed
estimator ﬁT(t): (i) identification of null and nonnull regions and (ii) the difference between BT(t)
and f3;(t). Let T' denote the set of time points where X (¢) is evaluated. Define the null region
N(B;) ={t € T : B,(t) = 0} and the nonnull region S(3;) = {t € T : 5.(t) # 0}. Define the
true discovery rate (TDR) for NV'(;) and the false discovery rate (FDR) for S(f3;) as follows

N (B.) NN (B, IR N S(8,)
NGO TPRT T s

We use TDR and FDR to evaluate the performance of the proposed method on identifying the null

TDR =

and nonnull regions of 3, ;(t) fort = 0.1,...,0.8and ! = 1,...,m. Ideally, we want a larger TDR
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and a smaller FDR. A larger TDR means more null regions of functional predictors are correctly
detected. A smaller FDR means less nonnull region of functional predictors are mistakely identified
as the null region.

The simulation results on TDR and FDR are summarized in Table 3.1. Table 3.1 shows that the
TDR is overall satisfying for all chosen quantiles under both scenarios. The FDR of the Normal
scenario is much better than that of the Cauchy scenario. This may be due to the fact that the
Cauchy distribution is heavy-tailed and the variance of the error cannot be controlled. But under both

scenarios, FDR decreases as the sample sizes increase for all chosen quantiles, which is desirable.

Table 3.1: True discovery rate (TDR) for the null region N (3;) and false discovery rate (FDR) for
the nonnull region S(3;) using the convolution smoothing based locally sparse estimation (CLoSE)
method when the errors are simulated from the Normal or Cauchy distribution. Here n denotes the
sample size and 7 denotes the quantile.

Normal Cauchy

n T TDR FDR TDR FDR
0.2 98.5% 4.2% 89.3% 17.2%

0.3 99.2% 4.3% 95.1% 13.9%

0.4 98.9% 3.3% 88.6% 17.5%

500 0.5 98.7% 2.8% 98.4% 10.7%
0.6 98.7% 3.1% 92.5% 17.6%

0.7 99.0% 3.5% 96.1% 17.2%

0.8 98.6% 3.8% 86.9% 16.3%

0.2 99.3% 2.5% 95.8% 12.2%

0.3 98.9% 2.7% 98.6% 11.6%

0.4 95.9% 1.9% 99.9% 11.5%

1000 0.5 99.5% 2.1% 99.6% 7.8%
0.6 96.1% 1.5% 99.7% 10.6%

0.7 98.6% 2.0% 97.5% 12.6%

0.8 98.5% 2.4% 93.4% 13.6%

Table 3.2 shows the Lo-norm of the difference between the estimator 3, (t) and the true function
B+(t) from two different methods. It shows that the performance of both methods is improved as the
sample size increases while the proposed method always outperforms the SQL method without the
locally sparse regularization. The advantage of the proposed method is especially significant when
the sample size is small. Figure 3.2 displays the estimator Bg,g(t) under the Normal scenario using
the CLoSE method and the SQL method. It shows that the CLoSE method can obtain a strictly zero
estimate for the functional coefficient 5y g(t) in the null regions, while Bg,g(t) estimated from the
SQL method is always nonzero in the null regions.

Table 3.3 shows the performance of the estimator for the parametric components - using the
CLoSE method. The bias and standard error of the estimators for 1 » and a2 » both decrease as the

sample size increases under two scenarios for all chosen quantiles.
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Bo.s(t)

Figure 3.2: The estimator 30.8(t) in one simulation replicate using the convolution smoothing based
locally sparse estimation (CLoSE) method (red solid line) and the smoothed quantile loss (SQL)
method (black dashed line) when the errors are simulated from the normal distribution when the
sample size n = 500. The true [y g(t) is displayed as the blue dotted line.

Table 3.2: The Ly-norm of the difference between the estimator 3, (t) and the true function (3, (t)
|3 (t,u) — B-(t)||> using the convolution smoothing based locally sparse estimation (CLOSE)
method and the smoothed quantile loss (SQL) method when the errors are simulated from the nor-
mal or Cauchy distribution. Here n denotes the sample size and 7 denotes the quantile.

Normal Cauchy
n T SQL CLoSE SQL CLoSE
0.2 0.058 0.028 0.110 0.097
0.3 0.037 0.027 0.090 0.086
0.4 0.039 0.026 0.102 0.091
500 0.5 0.036 0.023 0.076 0.046
0.6 0.043 0.028 0.103 0.092
0.7 0.039 0.024 0.093 0.088
0.8 0.064 0.026 0.105 0.088
0.2 0.043 0.026 0.075 0.070
0.3 0.041 0.026 0.069 0.057
0.4 0.036 0.028 0.065 0.062
1000 0.5 0.029 0.022 0.057 0.035
0.6 0.037 0.027 0.065 0.058
0.7 0.044 0.025 0.071 0.059
0.8 0.044 0.026 0.082 0.075
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Table 3.3: Biases and standard errors (SEs) of the estimator for o1 » and ap - using the convolution
smoothing based locally sparse estimation (CLoSE) method when the errors are simulated from the
normal or Cauchy distribution. Here n denotes the sample size, and 7 denotes the quantile.

‘ Normal ‘ Cauchy
" T |Bias(a,) SE(a1,) Bias(as,) SE(as.)|Bias(ay,) SE(a1,) Bias(as,) SE(ag.)
x10? x 102 x 102 x 102 x 102 %102 x 102 x 102
02| 0.05 0.90 0.11 0.99 0.09 4.40 -0.92 4.36
03] 0.04 0.87 0.12 0.99 0.24 3.65 -0.88 3.62
04| 0.04 0.90 0.12 0.97 0.31 3.37 -0.80 3.19
500 0.5| 0.05 0.89 0.11 0.97 0.34 3.34 -0.85 3.09
06| 0.04 0.87 0.11 0.99 0.50 3.52 -0.92 3.15
07| 0.05 0.88 0.11 0.98 0.49 3.85 -0.99 3.43
08| 0.04 0.88 0.12 0.98 0.75 4.66 -1.20 4.07
02| -0.07 0.63 -0.14 0.68 -0.09 2.34 0.30 2.80
03] -0.06 0.62 -0.15 0.66 -0.03 1.97 0.16 2.37
04| -0.05 0.65 -0.14 0.68 0.04 2.03 0.10 2.34
1000 05| -0.06 0.61 -0.15 0.66 0.02 1.82 -0.02 2.19
06| -0.08 0.63 -0.15 0.65 0.03 2.01 -0.10 2.36
07| -0.06 0.62 -0.15 0.63 0.01 2.14 -0.29 2.50
08| -0.05 0.64 -0.15 0.66 0.03 2.66 -0.51 3.05

3.5. Real Data Analysis

Climate factors such as temperature and rainfall have significant effects on soybean germination
and growth. In North America, these climate factors can account for 15% variation of the soybean
yield [79]. For the stability of soybean production, it is important to keep tracking these factors over
the growing season. If we can figure out when and how the temperatures combined with other envi-
ronmental and non-environmental factors influence the soybean yield, then we may obtain a better
soybean planting and harvesting strategy. We can also make some interventions when the tempera-
ture is too low or too high. In addition, to have a more thorough understanding of this relationship,
analyzing the conditional quantiles of soybean yield should be more meaningful than analyzing the
conditional mean only. For these reasons, in this analysis, we want to identify the impact of daily
minimum and daily maximum temperatures on the soybean yield for different quantiles.

Kansas in the United States has 4.7 million acres of soybean planted, producing 200 million
bushels, and rank the 10th in the United States in terms of soybean yield. The data on soybean yield
and other related non-environmental variables in Kansas state between 1991 and 2006 are collected
and organized from the United States Department of Agriculture (USDA) website (https://
quickstats.nass.usda.gov/). The corresponding measurements on climate variables are
collected from National Oceanic and Atmospheric Administration (NOAA) website (https://

www.ncei.noaa.gov/products) for Kansas within the same time range.
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To be more specific, the soybean yield-related data collected from the USDA website contains
the county level annual soybean yield (measured in bushels per acre), the size of harvested land and
the size of irrigated area among each harvested land. The climate data collected from the NOAA
website contains daily minimum temperatures, daily maximum temperatures and annual precipita-
tions at the climate station level. To link the observations from different websites together, we first
identify the latitudes and longitudes of each climate station and the center of each county of Kansas.
Next we label the location of each climate station by comparing its distance to all the county centers.
More specifically, for each climate station, the closest county center is its label of location. To ob-
tain county level daily minimum and maximum temperature and annual precipitation observations,
we average the corresponding climate station level observations over all the climate stations within

each county. In this way, we integrate all the observations at the county level.

100

80

o — mean of MIN — mean of MAX

Feb Mar Abr Méy June Jdly Aﬂjg Sép Oct Nov Dec
Month

Figure 3.3: A sample of daily minimum and maximum temperature curves of counties in Kansas.
The unit of the y-axis is the Fahrenheit temperature scale.

In the following analysis, we treat the annual precipitation, and the ratio of the size of the
irrigated area over the size of harvested land of each county as two scalar predictors and we treat
daily minimum temperature and daily maximum temperature curves as two functional predictors.
Figure 3.3 displays a sample of the daily minimum temperature and daily maximum temperature
curves of Kansas.

Let X (t) and X5(t) denote the daily maximum temperature and daily minimum temperature

between February and November respectively. Let Z; and Z3 denote the annual precipitation and
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the ratio of irrigated area of each county in Kansas. Let Y denote the annual soybean yield of each

county in Kansas. The model we want to investigate is the following,

QT(Y|X1(t)7 Xg(t), Z1, Z2) :C(T) + al,Tzl + 042,7'Z2 + /TXl (t)/Bl,T(t)dt
+/ Xo(t) B2, (t)dt.
T

We fit the model at three different quantiles 7 = 0.25,0.5,0.75, which represent three different
scenarios of the soybean yield: the “worst” case, the normal case and the “best” case. We apply
the bootstrap procedure mentioned above to compute the simultaneous confident bands for 31 , and

B2.r, and the 90%-confidence intervals for o » and o -.
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Figure 3.4: The estimated slope functions using the convolution smoothing based locally sparse
estimation (CLoSE) method (red solid line) and the smoothed quantile loss (SQL) method (blue
dashed line) at different quantile levels, 7 = 0.25,0.50 and 0.75, from the soybean dataset of
Kansas. The gray areas are the corresponding 95% simultaneous confidence bands.
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Figure 3.4 displays the simultaneous confident bands for 31 ; and 33 - with 7 = 0.25,0.5 and
0.75. Specifically, Figure 3.4-(a) and Figure 3.4-(b) show that the daily maximum temperature has
no influence on the 25% quantile of the soybean yield. Only the daily minimum temperature after
late July matters for this “worst” scenario of the soybean yield. From Figure 3.4-(d) and Figure 3.4-
(f), we observe that the daily minimum temperature has no effect on the soybean yield for the
50% and 75% quantiles of the soybean yield. On the other hand, Figure 3.4-(c) and Figure 3.4-
(e) show that the daily maximum temperatures play an important role in these two quantiles of
the soybean yield. More specifically, from Figure 3.4-(c) and Figure 3.4-(e), we can observe that
regarding the 50% and 75% quantiles of the soybean yield, the maximum temperature during the
hot summer has a negative effect and the maximum temperature during the fall and winter have a
positive influence. This may be due to the fact that before reaching 30°C' (86°F'), the increasing
air temperature can lead to an increase in soybean yield. But after reaching 30°C' (86° F'), a higher
temperature is negatively related to the soybean yield [72]. The most active soybean planting dates of
different counties of Kansas range from mid-May to late June. This can explain why we observe the
sparsity of ﬁAlJ (t) and BQ’T(t) between February and late June. In addition, comparing the estimated
functions from the proposed method and the SQL method, we notice that the SQL method tends to
use both functional predictors: daily minimum and daily maximum temperature curves. This may be
due to the high correlation of these two functional predictors. The proposed CLoSE method tends
to use only one of them, which implies that the two functional predictors may contain repetitive
information and therefore using only one of them in the model should be enough.

Table 3.4 summarizes 95%-confidence intervals for a1 - and ap -. We observe that for all three
quantiles, the proportion of irrigated areas of each county is significant to the annual soybean yield,

while the annual precipitation is not significant for any quantiles.

Table 3.4: The estimate and 95% Confidence Intervals (CI) for a4, and ay - at different
quantile levels, 7 = 0.25,0.50 and 0.75, using the convolution smoothing based locally
sparse estimation (CLoSE) method from the soybean dataset of Kansas.

aq r Q2 -
-
Estimate 95% CI1 Estimate 95% CI1
0.25 19.26 [-94.23, 84.60] 15.19 [13.03, 23.69]
0.50 5.36 [-56.55, 14.34] 16.69 [14.33, 19.42]
0.75 7.23 [-32.79, 28.42] 15.17 [13.22, 18.34]

3.6. Conclusion and Discussion

In this project, we propose a locally sparse semi-parametric functional quantile model to study the
dynamic dependence of functional covariates on scalar response. A convolution smoothing based
locally sparse estimation (CLoSE) method is developed to identify the locally sparse regions of the
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functional coefficients and estimate the parameters and the functional coefficients on the non-null
regions. We also establish the functional version of the oracle property of the functional coefficients
and the asymptotic properties of the estimated parameters. The standard quantile loss function is
convex, which means that it is relatively easy to optimize using standard methods. However, we
need to add a concave penalty to keep the locally sparse structure of the functional coefficients. Then
the loss function becomes more complicated, and optimization becomes more difficult. The CLoSE
method addresses this problem by first smoothing the quantile loss function. This step smooths out
the function and makes it easier to optimize. The CLoSE method has been shown to be effective
in estimating the locally sparse semi-parametric functional quantile model in our simulation studies
and real application.

When the data size is large-scale, the computation burden brought by the fSCAD penalty and
the selection of several tuning parameters is heavy even if we use the convolution-smoothed quan-
tile loss. Improving the computation efficiency when analyzing large-scale functional data is indeed
an important topic worth investigating in future research. One possible approach is to develop new
algorithms that can handle large-scale data more efficiently. For example, one could consider us-
ing parallel computing techniques or developing distributed algorithms that can run on clusters of

computers.

3.7. Some Lemmas

To prove our theorems in the manuscripts, we start by proving the following lemmas.

Lemma 1. Under Condition 2, ﬁgl(t) — Bri(t) = bo(t) + o( K™"), where 597l(t) = BT(t)GgJ is
the best B-spline function in approximating (3., and b,(t) = O(k™") is the spline approximation

bias.
Proof The proof of this lemma can be found in [2].
Lemma 2. Under Condition I and 5,

(i) there exists constants Cg > cg > 0 such that
K™ < pin (UUT) < g (UUT) < CoK,
where ppin and pma. denote the smallest and largest eigenvalues of a matrix, respectively.
(ii) we can have |U ||o = O(K™1).
Lemma 3. Under Condition 5, we can get
(i) |Vl = O(K?771);

(ii) for any non-zero vector u, there are two positive constants cp < Cp such that cp K273 <
T 2q—11|,, |2
p'Vp < CpK=7|pl|3.
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Lemma 4. If Conditions 1, 2, 3, 4 and 8 hold, for any § > 0, there exists a constant C such that

Pr(|[£5(a2,0)]2 < Cy/1/n) > 1 -3, (3.17)
holds for all sufficiently large K and n.

Proof Recall that

W(Z] e T LU )
S {2l ol + Ul - i) — 7} (2] ul)"
i=1

£0 a 00

T T

:\*—‘

Note that each B-spline basis function By (t) is non-negative, nonzero over no more than p + 1
consecutive subintervals and "1 pp Br(t) = 1forallt € [0, T], therefore, we can get fOT Bi(t) =
O(K~1). Then, with Condition 1, we have

Uilloo = O(K™Y2),  and  |Uillz = O(1).
For G1(ZFal + U6V — Y;), we have
Gn(Z{ ) + U0} - Y))
T T
Gy (2T el + UTOY ~Yi+ [ XI (08, (0t~ [ XT(0)p-(t)at
0 0

.
—Gp, <—ei+UiT99— / XZ-T(t)ﬁT(t)dt>,
0

by Lagrange mean value theorem, we can get
T
Gn (—ei+UT6L~ [* XT ()8, (0t
0

“Gu(ee G (et [ X wpzioa) (vre - [T xF 08 0a)
0 0

T T
i+ (et [ xFwgzoa) (vrer- [T xrwp. ).

where (7 (t) lies between B, (t) and U1 69.
Then L(a?, 82) can be expressed as:

T’ T

Lifal.0 ii{/ch (—eﬁ [ xrwszom) (oo [ xrwp.wa) |zt oty
i=1

+ = E:{Gh —ei) =712 UD)"

éh+h
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First, we will prove that ||I1]|2 = O, (K ~"(h? 4 (nh)~'/?)). By Lemma A.1 and Condition 1,
we have ‘UiTHQ - fOT XiT(t)BT(t)dt‘ = Op(K™"). Then, by the weak law of large numbers and
Condition 1, we can get ||I1 |2 = O, (K" (h? + (nh)~/2)).

Moreover, we want to prove the bound of the term I5. It follows from Condition 3 that

( ZGh —ei) | Zi, Xi(t )) = B(Gr(—e) | Zi, Xi(1))
_ / G(~e/h)fuzx(€)de
— :L/IC (—e/h)F, 1z x (e)du
= /IC Fyz x (hu)de

- /’C Foz,x(0) + hufez x(0) + O(hz)} du
=7+ O(hZ)a

then, using Condition 1, it is easy to have

{ Z{Gh —e; —T}(zZ,U?)T}zE{ { Z{Gh ez)—T}IZ“X()}(ZiT,UiT)T}

= O(h?).
(3.18)

For any matrix A, let A®?2 = AA”. Given that
Cov{ Z{Gh —e) -7} (ZZ-T,UiT)T} = Cov {{G(~e0) ~ 7} (27, U7
— e {{Gn(-e) - 7 ((27.077) "}
— - e{Gi(-e) (2hu") ™}
2 {Gn-e) (21 007) 7
+ TQiE{((ZiT, UiT)T)®2} .
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Denote K(u) = 2G(u)K(u), cx = [uK(u)du and note that [ K(u)du = 1. Similarly, using
integration by parts and a change of variable, we have

B(GH (=) | 2, Xt / GA(=2)fuyz,x()d
=5 [ Re/mFyz x(e)is

= 7= hfazx(0) [ wKu)du+ O(h)
=7+ O(h)

According to the bounded condition of Z; and X;(¢) (Condition 1), we can get

p{ct-e)| (2 on)”| - {H ((zF ol | BGh-e) | 2 X0
=74+ O(h
(3.19)
Combining (3.18) and (3.19), we cant get |Cov {n~t S0, {Gu(—e;) — 7} (27, UT) }H

1/n(r(1-7)+0(h)) = (1/n) Then||12|!2=0p(h2+ﬂ/7 )and [|£5(a2, 09)[|2 = Op(K " (h*+
(nh)™12) + B2 + \/1/n) = Op(v/1/n).

Lemma 5. If Conditions 1, 2, 3, 4 and 8 hold hold, we have

~1/2
=3B (2n o)) G - UDT N0 - ) i)

N

(3.20)
Proof Denote M; = (ZI' UNT, M =E { ((ZT, UT)T)®2}, and
oL o2 e - |
Gl = =MV (G o) = T} M,
then

ZGTm—fZM V2 {Gh(~ei) =TI M.

=1

From the proof of Lemma A.4, we can get E(Gp,(—e¢;) — 7) = O(h?) and Var(Gp(—e;) — 7) =
7(1 —7)+ O(h), then

B(G,) = 0012, Coo(@2) =+ (1) M2E (MME) MO n).
Correspondingly,
(Z G; m) O(h*n=1/2), Cov (Z G: m) =7(1—7)I+ O(h).

75



By Cramér—Wold Theorem, to establish the asymptotic normality of the vector >_1* | G we first

T’n’L’

need to prove the asymptotic normality of > ;" ; ;J,TGi n; for any unit vector p, where fi;,j =

-yd+m x (K + p) is the j-th column of the identity matrix Iy, x (K 4p)-
Denote ®; = n~2uT M~1/2 M, then uT G*_ . = ®;G),(—e;) — 7). Next, we will check the

T’nl

following condition, which ensures Lindeberg’s condition is both sufficient and necessary:

Var(®;Gp(—e;) — 7)) max L{ﬂ)
121?<Xn P Var(®;Gp(—e) — 7)) 1<i<n Y1, B(®?) — 0, (3.21)

as n — oo. By the definition of ®;, we have

1
E(®?) = E;LTM”/QE(MZ-MZ)M”/Q;L
1
= —tr (W MTPEMMT)M )
_ 1 [ M EMME) M)
n

= L MO EMMT))

then we can obtain

=S RO

Thus condition (3.21) holds, which means that >, u” G, . has a asymptotic normal distribution.

TTL’L

By Cramér—Wold Theorem and the above results, it is straightforward to prove that » ;" =

TnZ

n~12y" MY {G)(—e;) — T} M, has an asymptotic multivariate normal dlStI'lbuthIl

\FZM 1/2 (Gh(—e;) — 7} M, —> N(0, 7(1 —T)Id+mx(K+p))

thus (3.20) holds and the proof is completed.

Lemma 6. Under Conditions 1, 2, 3, 4 and 8, we have

®2
i VA 1
L:O(a7'7 07‘) - {fe|Z,X(O) (U) } + Op (m) ’ (3.22)

Proof Recall that

®2
Li(a2,0%) = Z/ch (zFa® + U6 - Y;) <U> :

=1 (
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For Ky (Z1'a? + UT'6° - Y;), we have
Kn(Z]ad + U682 - V)

T T
K, (Z?a9+U?92—n+ [ xrwe.ma- [ X?(t)ﬂf(t)dt>
0 0
-
=Kn | —e; + U/ 6} —/ X[ (t)B-(t)dt |,
0
by Lagrange mean value theorem, we can get
T
n (—ei+UT6L— [* XT ()8, (it
0
. T T
—K(—e)+ K e+ [ XT 070t ) (UT6L~ [* XT(0)8, (0t
0 0

=Ch(—ei) + K (— s X?(t)ﬁi(t)dt) (U?HS - X?(t)@(t)dt) ,

where Kj,(-) = K(-/h), B2(t) lies between B, (t) and U/ 6°.
Then £(a?, 82) can be expressed as:

S O [ o S [

1 z\"
+ — ]C —€; !
rema (f)
éIl"’IQ.

(1) First, we consider the first term I. ’UiTB(T) — T XZ-T(t),BT(t)dt‘ =O(K™"), and

1 . T . 1 )
m;Kh <—€i+/0 X (t)BT(t)dt> =0, (h + nh3>’

then )
I, =o, <> , (3.23)

with the Condition h K™ — oo.
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(2) We consider the second term I>. For n=' 3", Ky (—e;), using change of variable, we

have

{ Z’Ch —ei) | Zi, Xi(t )} E{Cn(=ei) | Zi, Xi(t)}

=1

B{K(=ei/) | Zi, Xt / K2(~</) .1 2.x(e)de

moreover,

Var{ ZICh (—ei) | Zi, X;(t )} = #V@T {K(—ei/h) | Z;, X;(t)}

=1

%E {ICQ( ei/h) | Zz‘,Xi(t)}
o AB (K (—ei/h) | 2 Xi(1)})?
= O(n_lh_l)-

Then, we have

®2 ®2
1 & Z 7
— E izzllch(_ei) <Ul> =F {er,X(O) (U) } + Op <h2 + \/%) )

Combining (3.23) and (3.24), we can get that

®2
.. Z
‘CO(aT7 09) {felZ,X (O) <U> } + OP (\/27]1) )

with Condition nh* — 0. Then the proof is completed.
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3.8. Proofs in Section 3.3
3.8.1 Proof of Theorem 1

We want to prove that for any § > 0, there exists a sufficiently large constant A such that for

sufficiently large n,

Pr inf Lo, 0;) — L(a2,0%) >0 >1—04. (3.25)
la—ally=Ayn
le—60 )2 <AK/ R

(3.25) implies with probability at least 1 — § that there is a local minimizer (&, @.) such that
|- — allls = 0,(n="/2) and |8, — 6212 = Op(n~"/2K).
By Taylor expansion, we have

L*(ar,0,) — L (a2, 0%

T T

" o ASE [T
:ﬁl(aT,OT)—El(aT,OT)—I—Z? /0 Py, (|B* (1)60-
=1

it~ [ o

0|
L

T,l

B ()82,

i

* 3 n K
>Li (e, 07) — L] (O‘?-a 0(7)) + Z T [[9(50 )p/\z( BT(t)e‘r,l BT(t)Og,l
7,0

~{Lia2 e} (‘;: - ‘;‘f)

" K
+ T 1
;TUSWO)”(

T,

>dt]

1 aT—aO T-- 0 A0 aT—aO
+2<07-—02> 1(a7707)<07__00>

BT ()8,

=T+ IT+III.
(3.26)

(1) We consider the first term [ in (3.26). Recall

; ; 0gxa af
L* 0700 — [ 0’00 +2 X T 7
1(a7 ‘r) 0(a7' T) F@ 1% 09
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For this term, with Lemma A.4 and the Condition 7, then

0

| g0 g\ T [0 O
|I| - ‘{‘Cl(a7707)} (07_ . 02)
T

; T (o —a? O4xd al o, —al
L* 0’90 T T +2 X T T T
(Lol o)} <0T—09) {( rev)\e 6, — 6"

. T (o —al
— |{£5(a2,00)) (“ “) +2[697(0 V)6, - 62)

IN

0, — 6°
= [{£i(a2, 02)}T (? ) ;"f) +2]6T(r V)TH2 0, -6,

IN
S|
M-

{Gn(2Tal +UTe — ) — 7} { 2] (o — &) + UT (6, - 00)}

+2 6. —6°

wrwevy],

2

< ;i{GmZ?a%U?eB—m—T}{zﬂaf_ag)}
# 13 {GuET o+ UTol - )~} {UT 6,00}
+2 ;ST(F@@V)T‘Q 0. Y

< {onatat vure - -2t o -at],
+ ig{ah(zfa%Ugeﬂ—m_T}UiT 2 0, - 02|
2| (e V)", |o- -6,

With the bounded Condition 1 and Lemma A.4, we have

1 n
- h iTaT i Ur = 1y) =T i
n§j{G(z 0+ U8 - V) }ZT
=1

e %Z{Gh(ZZTaQ+UiT02—YZ-)—T}
2 =1

= 0(n~Y?).
Thus, we have
1 n
Ly {Guzlal +UT e - v) — 7} 2!
" 2

i=1

ar —ag|| = 0y(n~") = 0p(K/n), (3.27)

as the Condition ||ce, — a2, = O,(n1/2).
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Note that ||U;||2 = O(1) and Lemma A .4, it has

0. —6°

Tll2

= Op(K/n),  (3.28)

zn:{Gh zlad + U6 v, — 7} U]
=1 2

with the Condition |0, — 62|, = O,(K/n'/?).
As sup;y; = o(n~/2K1/272d) with Condition 7, ||82||s = O(K'/?) and Lemma A.3, we can

obtain

02 (T & VT, < sup(r) Amax (V) 0212 = oK /) (3.29)
Combining (3.27), (3.28) and (3.29), we have
I = Oy(K/n). (3.30)

(2) For the second term [1.
T
l [a; — al .. 0 —al
- T * 00 T
2(07——69> ‘Cl( ar, T)<0 _00>

o al g Z; @2 o al

T S IC ZTa() + UTGO - ? T Sr

(0 - 90 ) { ; il 2 Ui 0, — 92
+(6. -0 (T V)6, - 62)

From Lemma A.6, we have

7\ z\“
i Z]Ch ZTQO + UTOO ) (UZ> =F {er,X(O) <U> } + Op(

=1 ?

).

2
=

Based on Conditions 3 and 4, we can also have
®2
1 — 1& Z; o, —al
- K ZTaO + UTHO g ? T T
0—90 {nz nl "Iy, 0. — 60
®2
1 a, —al 1 K?
= . T+ O, (——=— 3.31

1 — ®2 o, —al K
= (0 _00 E{felZX }(07_927>+0p<n)~

And, we have

2 K
2, = o (n) . (3.32)

(6 —60)" (T © V)(6; — 67) < sup(1)pmas(V)
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Then, (3.31) and (3.32) lead to

1 (a,—al Z o o, —al K
II:2<97—99> E{fdz,X(O) (U) }<0T_09>+0p(n>. (3.33)

(3) Next, we consider the third term /7. By the Taylor Expansion, we can get

)dt - / p)\z(
S(80)
)]

T

T(t)eT,l

B (t)62

S B2))

Z . )dt]
( fs (82,) by (

BT ()62,

: (6- —62) + % (6 - 02)T
fs (82, P ( ’BT m‘ dt]

K92 | Jsan ) oo (| BT ()62

(0. o)
V2 [fs(sn,,) Prn (BT (6182, ]
=IIL + 11
(3.34)

For the bound of V {fs(ﬁﬂﬁl) P

using Holder inequality, we have

0 / (
9015 Js(52)) P

BT(t)GQJ‘)dt} andalll = 1,2,...,mand j = 1,2,.... K + p,

B (1)67,

)dt

B (167,

)dt

/ 0 P
= an0 P
s, 007, ;7
/8(527 )p>\l(

g\//mo P (BT (082 ”W

l
< Bl [, 0 POBT 60,2t

BY(1)67,

)Bj(t)dt Sgn(gfrl])

_ O( 1/2n_1/2K ) _ O(n_l/QK_?)/Q),
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with the condition max; \/fs(ﬁo ) D, (|BT(7§)02’Z )2dt = o(n~'/2K~1) (Condition 9-(i)). Then, we

can also have

BT ()60

7,1

%V US(BEJ) P>\1( )dt}

|I11] < 0, —6°

T

FV fson PAm' (/B (1)62,,,)dt] ’ (3.35)

= Op(K/n).

2

For the bound of V2 [fS(BS,l) D, ( BT(t)HSJ

p, using Holder inequality, we have

)dt} andalll =1,2,....,mand j, k =1,2,.... K+

BT (1)6°

Tl

B (167,

)dt

)dt

= Vi), (
/8(50 ) :

T,

/sws,l) 3

-

<[ BaBT 002 )2 [ B0 B ()
5(89,) ’ 0

-
= \//s(ﬁgl)pkl(’BT(t)eg’lwdt\//o Bj(t)By,(t)dt
=o(K™),

0 / (
00:1,;007 S(BQJ)pAl

BT(t)gg,l

) [Bj(t) o sen(602,))] [Br(t) o sen(62,,,)] dt

with Condition 9-(i), where o denotes the entry-wise product of two vectors and the last equation is

based on the property sup; ;. | < Bj, B, > | = O(K~!). Therefore,

1 2 0
IIL| < = |6, —6° maxif BT (1)6°,))dt
1D < 5| S el AN L L) 36
= op(K/n).
With the above results, we have
11T = O, (K /n). (3.37)
Combining (3.26), (3.30), (3.33) and (3.37), we finally have
‘C*(aﬂ 07’) - E*(ag]'? 02)
>I+ 11+ 111
T ®2
1 ({a,—ab Z a, —al (3.38)
=0,(K/n) + = Tl E{f. 0 T
b (5 o (2)) (5 5)
>0,
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where the positive term
T 2
1 fa,—al P Z ¢ a, —al
AU fe1z,x(0) U 6. o0
2
a, —al
0, —6°

ZCI Pmin (UUT)

2
:OP(K/n)v

with Condition 1 and Lemma A.2.

o~

Then, (3.26) holds, which means there is a local minimizer (&, 0;) of L*(a,0;) such that
&, — alllz = O,(n~/2) and |8, — 6|3 = O,(n~'/2K). Moreover, with 3,,(t) = BT (t)0,,,
we have

| Bri = B2, + 8% — Bri
= |6 — 62" B(t)

5T,l - BT,Z

<

.t

2

52,1 - BT,I
:Op(n—l/2K1/2) + O(K—r)
:Op(n_1/2K1/2)7

-

2 (3.39)

with the condition K /n'/(2"+1) — oo (Condition 6).

Then the proof of Theorem 1 is completed.

3.8.2 Proof of Theorem 2
Proof of (i) of Theorem 2

To prove the first part of Theorem 1, we need to show that Bﬂl(t) = 0 for all t € N(B;,;) with
probability tending to one.

As stated in Section 3, B 1(t) denotes the K7, dimensional sub-vector of 3(t) such that each
Bj(t) in B, 1(t) has a support inside S(3; ;). We also further denote the 1B, () as the sub-vector
of B(t) such that the support of each Bj(t) in B, 2(t) belongs to N (3;;). Let A, ; consist of
indices & such that B;(t) belongs to B, ;(t), and F; ; denote the union of supports of those basis
functions in B, ;(t),j = 1,2. By the local support property of B-spline basis functions, F;
converges to S(3;;) and F;; 5 converges to N'(5,) as K — oo.

Fix a 0., such that k € A, o, recall that

oL (e, 0, oLy (o, 0, K T
( ) = il ) + *Sgn(gnz,k)/o D, (

BT ()6
90,1 1 00,1 1 T (£)6r

) B (t)dt,
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for the first term of RHS, we take Taylor expansion, then

% * 0 m K+p 42 px 0
Ma(ea ;’:’T) _aﬁa(ea:;gT Z Z geﬁlg;’ HT)(HTJ’J 02 )
Tsby 5ty T (340)
K T
+ Zsgn(0ri) /O P (BT (06-,)) B (1),
where
85*(07799) 1 T 0 Tn0 0
T = = > {an(Zl ol + U602 Yi) — 7} Ui + 20 Vie6,

=1

Uik = J Xu(t) By (t)dt and V4. denotes the kth row of V.

Below we will consider each term in (3.40).

(1) By = O(K~?),||Vi||oo = O(K?4~1) and Conditions 1-8, we have
8£ (a770‘r> o Op(n_l/zK_1/2). (341)
00,1k

(2) Based on the Conditions 1-8, Lemma A.6 and assumption ‘GT I 92 y j‘ = Op(VK/n),

we can get
m K4p 02 px 0
0°L (a 29 0 1/2. -1
T T ) K1/2p~1/2 42
lZ Jz:l 00-1,100_p (9771 370 g) = Onl ) (3-42)

(3) Let Sy denote the support of By (t), then, in the last term,

.
/ m(iBT(t)eT,z L AT

= px(|B ()67 dt+/ pAl ()6, )dt*/ P (| Br(t)0r1x])dt
S(ﬁ‘f‘l) Sk

< / Py (|BT(£)6:4])dt| + / ml((BT(t)GT,l )dt—/ P (| Be(t)0r11])dt
S(ﬁ‘r,l) N(B‘r,l) Sk

_ (n71/2K71> +O(K71)
=o(1),
with the Condition [g5_,) P, ( BL(1)0,,)dt = o(n"1/2K~1). Then we have
T . T .
/0 i (|BT ()6, )dt = /S B, (1Bi (00515t + o(1). (3.43)
k
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Combining (3.40), (3.41), (3.42) and (3.43), we finally have

oL (ar,0,) K . ) .
oL orbr) _ *Alsgn(er,l,k)/ (| Be(8)0516) A Br(t)dt + Op(K' /012
071k T St
K . _ _1/2\—
=\ {T/\zsgnwf,l,k)/s P (| Be()0r1: DA Br(t)dt + Op (K012, 1)}~
k
(3.44)

If Condition 9-(ii) holds, lim inf,, o lim infg_,q+ py, (0)A; ' > 0, and K/2p~1/201 — 0. Be-
sides, By,(t) is non-negative, the sign of the derivative is completely determined by that of 6. .
Now, since (&, OAT) minimizes £*(a, 6;), we must have 57,171? = 0 for k € A, ;9. with proba-
bility tending to one. Similar with [50], it is easy to prove that the union ﬁ},l,g of supports of basis
functions associated to 9\7,1’2 equals to F; o in probability. Therefore 137’[’2 converges to (Bri)-

This completes the proof of the first part of Theorem 2.

Proof of (ii) of Theorem 2
We divide 0271 into two parts: 92(;) that consists of those 0 such that £ € A, ; 1, and 02(12) that

7,1

T 7T
consists of those 6, . such that & € A, 5. Then we define 02(1) = ((00(1)) S (09&2) )

namely, égl) and éfl), then define 5&1) = ((éﬂ)T v (égy)n)T) ' and 5&2) = ((éﬂ)T ) (Agm)T) T.
n(1)

From the proof of (i), we can get that each element of & and 87’ stay away from zero when n is suf-

T ™71 .
and 02(2) = ((00(12 )) R (09(3”) ) ) . Correspondingly, we also divide 6, into two parts,

T

. ~anT\ T
ficiently large. At the same time, 09) = 0 with probability tending to one. Thus, (&T (09) )

satisfies

(@, 60) - 0
1(ar, tlrx o T TinB I=l..m [ =0.

’ [? 9071,k fo p)‘l( B (t)OT’l )dt} k€A: 11
Then applying the Taylor expansion to % 693 o foT P, BT(t)éTJ )dt, we can get that

K 0 / " on (BT (08, ) B(t)di

T 00,15 )dt _?sgn(ﬂmk)/o D, (’B ()67,

+f7<:/07m (|87 (16,

= 0p(Or 1k — eg,l,k)v

) BR(t)dt(r 1 — 0%,)

by the Condition 9-(i). Then, we can have

Sk~ A 0d><1
L@y, 00) + . = 0.
1 +’) o,,(99> _ 02(1))
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By Taylor expansion and the above results, we have

a, — ag . -1 .
Vi (5(1) ] 90(1>> = —{£i(a2. 00} Vili(@d,000) (1 40,1} (345)

According to the proof of Lemma A.4, we have
. 1 X2 T T
ViLi(ad 000) == 34K i+ [ xTwezwar ) (vrel~ [* xIws.wdt) o (28U
i=1 0 0
1 n
— —e;) — zT U T 1
+\/ﬁ;{Gh( 6) 7—}( ’L?U’T,Z) +0P()
1 & *
= Jn ; {Gr(—ei) = TH(Z! U + 0p(1).

Similar with the proof of Lemma A.5, we can prove that

1 w2\ "1/? .
Jn > {E ((ZTa U:T)T) } {Gu(—e) = 12 UTT 4 N0, 7(1 — 7)Igrc2),
=1
and
=12Vl (a,090) 4 N0, (1 - 1) Ly k) (3.46)

®2
where 3.1 = E { ((z7,u;)7)

Similar with the proof of Lemma A.6, we have

®2
. 1 & Z;
L3(e2,00M) = =N K (Zial + UL - V) <U )
n =1 :

2 '
=F {fez,X(O) (é) } + Op(\/;—h),

and
®2
£ 000 = B fzx ) () 1+ o0 () + O )
5 Yr e|lZ, U: '» \/’I’L? D m
®2
Z
=F {f6|Z,X(O) (U:) } )
then
z\%
£5(a,09) B =y Y.0=F {fez’X(O) <U> } : (3.47)
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Thus, by (3.46), (3.47) and Lutsky’s theorem, we can get that

- 12 ar—al
Vi (3738130 0) <§(1) - 90(1)> 4 N0, 7(1 — 7)) (3.48)

Finally we prove the asymptotic normality of \/n/K BT 1(t)—=Br1(t)). Recall that \/n /K ( 3771 (t)—
Br.1(t)) admits the following decomposition,

~ 1 o, —al
Bra(t) — Bra(t) = %Ar,l(t)\/ﬁ g 00(1) + B24(t) = Bra(t)-

From Lemma A.1, for the B-spline approximation error, we have 6271(t) — Bri(t) = O(K™").
Under Condition 6, n.K~(2"+1) — 0, the bias of Bﬂl(t) — f-,1(t) is asymptotically negligible. Then
by (3.48) and Slutsky’s theorem, we can conclude that for any given point ¢ such 3,; # 0, we have

o7 2(®) (Bra(t) = B()) = N(0,1), (3.49)

in distribution, where o;(t) = n~'7(1 — 7)Ar () 2351 2 5AT (1) = O(K/n).

(3.49) shows the point-wise asymptotic normality and we can construct the corresponding con-
fidence interval. However, in many studies, it is desirable to obtain simultaneous confidence bands
(SCB) for the varying coefficient functions.

Define

@T,l<t):a;}/2(t)n—1 7(1 - 7)Ar (HE 1% I/QZQ, Crii PON(O, Iy ).

It is easy to show that ©,;(t) is a Gaussian process with E(©,,;(t)) = 0 and Var(0,,(t)) = 1.
And, the covariance function of the Gaussian process is

Ct,s) = ntr(1 =)o) 2 (1o (5) Ara (D Z758 1 B73AT (s).

Tl Tl

Similar to the proofs for Theorem 3 in [56], and Theorem 5 in [3], by the strong approximation

theorem [14], we can prove that

sup o) 2(1) {Bra(t) = Bra(t)} — ©-4(8)] = 0, (/K /). (3.50)

tes(ﬁ‘r,l)

Then for ¢t € S(B;,), it can be proved that

o P (Bralt) — Bra(t)) S G(1), (3.51)

where G(¢) is a Gaussian random process with mean 0 defined on S(3,;) with the covariance
function C(¢, s).
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Denote the left endpoint and right endpoint of S(3,,;) as S¥(3,;) and S%(8,,), respectively.
Then we partition S(;;) into IN(TJ + 1 equally spaced intervals with SL(BTJ) =<y <---<

_ CR e
Vi, < Vi 41 = S"(Br1), where K ; — oo. We construct the SCB for 3, (t) over a subset of

S(Br1), namely, Sc(B-) = {yo, e l/j\/’T,l_H}, and S.(f;,) becomes denser as n — oo.
And, forany 0 < 5 < j/ < N, + 1, the covariance function of the Gaussian process ©.(t) is

(Cov (Or4(v)), ©r1(v))| = [n~t07 )P (W) (v ) Ar (v 27 35 25T, ()

x K1 ’ATJ(yj)z;ygzﬂz;,;AZ,l(yj,)

x AT,I(VJ')AZ,I(V]")

— BT, (v)Bau(v,)

K+p

= | > Bi(vj)Bi(vy))|-

k=1

Since the B-spline basis function has a local support property, that is, each B-spline basis function is

nonzero over no more than p+1 consecutive sub-intervals [15], we can have ‘C’ ov (@T,l (v5), 0+, (yj/ )) ’ <

Cglj =i |, with some positive constant C'z. Now combined with Lemma 1 in [57], we can conclude
that for any a € (0, 1),

lim P { sup

n—oo tESE(/BT,l)

o1 {Brat) = B®)}| < Qma)} =1-a,

where

Q. (a) = (2log [S-(B-1))"/
— (21og |S=(Br2)|)~*/? {log(—0.5log(1 — a)) + 0.5 [log(log |S-(B-,)

) + log(4m)]}.

Then an asymptotic 100(1 — a)% simultaneous confidence band (SCB) for 3, ;(t) over S.(53;;) is
given by Bf,l(t) + ai/lg(t) Q- (a). The proof of (ii) of Theorem 2 is completed.

3.8.3 Proof of Theorem 3

We want to prove the asymptotic normality of /n(&, — a?), and \/n(&, — a2) can be expressed

as
aO

~ aT - T
Vi(a; —af) =Z.v/n (5&1) _ 90(1)> ’

T

then by (3.48), we can have

v (@ - a2) 5 NO,7(1 - 7T, %35, 3 3TT), (3.52)

where ||Cov(a; — a?)||,. = O(1/n). Then we complete the proof of Theorem 3.
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3.8.4 Proof of Theorem 4

We choose to randomly split the original dataset into two parts Datay and Datarr, where Data; =
{(Y;, Z;, X;(t),t €0, T),n1 +1<i<n}, Data;; = {(Yi, Z;, X;(t),t € [0,7),1 <i <nq},
n1 = [n/2] and [v] denotes the integer not greater than the positive number v. Denote the estimators
based on Datar as o ; and 577 1, which is the solution of the following objective function
P 1 & T T
(or1,07 ) =arg min — Z (prxKp) Vi — Z; ar — U;" 0;)

ar,0, 77,22 1
+6I(r®V)6 +Zszl ,/ 0L, W;6., | ,
=1 j=1
where no = n — nq.

Define the set 51\97] ={j: §T,I,j #0,1<j<m(K+p)}and 11’971 = {v e RUED) 1y, =

0,vj € §§ 1}, where §§ ; is the complement of the set S\g, 7. To make the notation consistent, we

(3.53)

denote the estimators based on the Datars as o j7 and 57’ 11, which is from

_ -~ . 1 &
(0tr 11,07 17) =arg  min — Z (prx Kp) (Y; — ZFa, —UT0,)
ar,0.€Ty 1 ny i=1 (354)

+ol(rev)e,,

then é\T, 17 includes those zero terms obtained from (3.53). Similar to the proof in [23] and [12], it is
easy to have o, 1 — a , Olr 1T — a 0 1 0 and 57. 7 — 09 in probability.
Recall that ag ) O(b) are the estimates which satisfy:

ni
(@&.80) =arg min -3 (oK) (5" - 2l e, ~ UTB,)
a-,0r Ny =1 (355)
+65(rov)e,.

Based on the bootstrapped sample, denote the following derivative function

g(Y;(b)u ar, 97) = {Gh(ZzTaT + UiTOT - Y;(b)) - T} (Z;Ta UiT)T

49 <ded ) <QT> (3.56)
roev)\o:

(b), é&”)) based on the bootstrapped dataset is the solution to the equation:

and the estimator (&

ni
ni Yo", a.,6,) =0. (3.57)
14
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Consider the following identity

1 & R ~ ~ R
T > {g(Yi " &, 11,0.11) -6V a®, 07(_b))}
=1

1 & N ~ () A N ~ (b) A
+—> {g(Y;(b), a1, 0.01) — 9", al, 99))} - K {g(Yi(b), a1, 0.11) — GV &l oY
i=1

~

L oy ® A
=——> 6", ar1.651)
3t

1 & BN ) A SRS ) A
+—> {Q(Yl'(b), &r11,0-11) — (V" &l 99))} - F {Q(Yi(b), ari1,0,11) - 6(v,",a® v
i=1

(1) First, we want to show that
ni ~
3 {0 i Brar) — GV, &, 689) B {G V.Y, &1, 8rr) — GV, a0, 6} =

it suffices by Chebyshev’s inequality to show that
1 . R
—Cov {g(yf”), 6r11,0-11) — (VP &), 93’))} 0. (3.60)
1

We have
Co (G0 r1r,0.11) ~ G, 60,00
~Var {Gn(Z] 71 + U000 = V") = Gu(2T &P + UT 0P — v} (2] Ul (2] ,UT)
=B [Cn(2] 6 1r + U611~ V) - G2l + UTeY — v (2! Ul (2] uf)
B [Gu(ZT sy + UT6 11— V) — Gu(2Ta? + U700 — v )]} (27 Uy (2T U,
(3.61)

Let A = ZT (aty — @rgg) + UL, — 0,77) and A® = 2T (G, — &) + UL (0,11 — 8.
Note that

) R L
5o [Gn(—wilil) = Gr(—wiei] - A®)
= [Gu(~wiles + Al) — G (~uwile; + A| ~ A®) (.62

= — wisgn(ei + A) [Kn(—wile; + Al) = Kn(—wile; + Al = AD)]
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then when covariates are given, by integration by parts, we have

E|Gp(2F 61y + UL 011 — V") - Gu(2Ta® + UTOY — Yz-(b))]
=B |Gu(~wilei]) - Gu(-wilei| - AY)]
— {w; [ sen(e + A)Fuyz.x(&) [Kn(—wile; + Al) — Kn(=wife; + Al - A®)] ds} .

{ue s
B {uws [ senle+ )Pz x(€)n(~wiles + Alde |
—E{ /sgn(€+A) Fuyzx()Kh(—wiler + A - )de}
When w; > 0, using a change of variable, we have
w; [ sen(e + A)F, 7,x (€)n(—wiles + Alde
- /A e / Fyyz.x(e)Kn(—wile; + A))de
- /_ i wi / Fuyzx()Kn(wi(es + A))de
_ /O T gx(—hvfw; — A)K(v)dv — /_ OOO Fyyz.x (hvfw; — A)K(v)dv
- / " Fyx (—hojw — A)K(v)d L OOO Fyyz.x (hv/w; — A)K(w)dv
~ / [Fzx(0) + fuzx (0)(~ho/w; — )] K(v)dv
[ [Fazx (@ + Lz x O s~ 2)] K)o

0

= 2hfwifzx(0) [ oK()do+op(D),

—0o0
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and
w; [ sen(e + A)F. z.x (€/Kn(—wile + A = A)de

_ /A o / Fyyz.x(6)Kn(~wi(er + A) — A®)de

_ L AOO wi / Fyz.x(e)Kn(wi(ei + A) — AD)de
= [ Epx (o RO - M@~ [ g x((hw + A0 s — Ao
_/ z.x (= (ho + A®) Ju; — dv—/ Lz.x (o + A®) Juw; — AYK(v)d
~ [ [Ruzx @+ fzx(0 ><—<hv+A<b>>/w¢—A>]K(v)dv

[ [Fnx )+ Sz x @ + BO) i - A)] K(e)de

0

=~ 2wz x(0) [ oK (@de - 2800 4y x(0) [ K@)+ 0p(1)

=~ 2h/uifuzx(® [ K@)~ AVu g x(0) + 0p(1)

Similarly, when w; < 0, we have
wy [ sen(e+ A)Fupz x () (—wiles + Al)de
=~ oz x(0) [ oK (e + o),
and
wi [ sen(e+ AP z.x(e)Kn(—wle; + A = AV)ie
= — 2h/w; fe)z,x(0) /Ooo vK(w)dv + AP w fo7 x(0) + 0,(1).
Combing these results and (3.63), we have

EGu(2] ari + U001 = Y") = Gu(2F &) + UT6Y — v )| = AV £,17 x(0) + 0,(AD).
(3.64)
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Let w;|e; + A*| lies between w;|€;| and w;|ée;| — A®) then by Lagrange mean value theorem and

Condition 4, we can get
2
B |Gu(Z] arrr + UL 0,1 — V) - Gu(2T & + U768 - v,)]

(3.65)

_E [Gu(—wilal) - Gr(-wiléi] - AD))’
[—wisen(e; + AM)KA(—wile; + ADAY)’
(

By Conditions 1, 3, 4, and 8, combined (3.61), (3.63) and (3.65), (3.60) holds. So we can show that
ny'! Z { ) @11, 0,1) — (", aY, 53’))}—E {Q(Yi(b), a1, 0,101) — G(V,", &, ¢

(2) Second, we want to prove
_ _(b) ®2) 1 1
Q-] — Or Z 1 b) ~ o —1/2
ny | ~’ ~ =F<f 0 — G(Y,", ar 1,0 01) + 0op(n .
Vi (97,11 B 0;{;)) {f 1z,x(0) (U) } Tt ; ( 11,07 11) + 0p( )
When covariates are given and Conditions 6-9 hold, we have
E {g( v,? a® ev) - g(Yi(b), Qarj, 57,11)}
=B |Gp(2] &P + UTOY — vV - Gu(Z] 611 + UT 0,11 = Y] (27, UF)T + 0,(1)
=B |[Gu(—wif&i| = A®) = G (—wifei])] (27, UF)T + 0,(1).
(3.66)
For any vector w1, us € R< and v,V € R™*(E+P)_gimilar with the proof of (3.63), we have
E [Gh(—wi|ei — ZiTul — UZT’Ul| — ZiTUQ — UZTUQ) — Gh(—wi\ei — ZiTul — UZTUH)}
= — (ZZTUQ + UZT'UQ)E {lCh(—wﬂei — Z-TU1 — UT’U1|)}
— (2l w5 + Ul v) [0 2.x(0) + O(Z] wy + Uf'wy)] .
(3.67)

When ||u|2 = O,(n~"/2) and ||u|jz = O,(n~'/2K), we have

FE [Gh(—wi|ei — ZZT’U/l — U,L-T’Ul| — ZZT’U,Q — UZT'UQ) — Gh(—wi\ei — Z,LT’U,l — UZT'UH)}

— (Zlus + UiT'UQ)fe|Z,X(O) +o0,(n 2.
(3.68)
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By (3.66), (3.67) and (3.68), we have

E{Q(Y(b) al o)y — g(n(b),af,u,ér,n)}

T v+T\T /T 7+T aT 1 — agb) —1/2 (3.69)
== E{fazx O UN" @ UG gy | +oplm ™)
Inserting (3.69) to (3.58) and by (3.59), we further have
E{G(v",aP,60) — g(v,", ar.11,0,11) | + 0p(1)
~(b)
=B Ly (02T, UTY (27, U [ St O
{f 12,x(0)(Z; )" ( )} 6,11 — 8 (3.70)

:_7Zg arlh 0,.11) + 0p(1).

Then, we have

_ ) @yl o,
a, i — Oy VA 1 . ~ -
N (5 " 5(11)) =E {felz,x(o) (U) } NG > G(V,", @r11,0:11) + 0p(ny %),
11 — YUt ;

i=1
3.71)
where
— Z (V" @ r1,0-11) = —— Z {Gr(—wilai) — 7} (27, U +0,(1).  (3.72)
For G}, (—wjlé;|), when covariates are given, we have
~ 1 0
B(Ga(—wilei)) = 7 = Bluy )2hz.x(0) [ ok)do+o,(1) = 7+ 0,(1),
—00
and
E(Gi(~wil&])) = 7 + 0p(1),
then asymptotic mean and variance of {G},(—w;|é;|) — 7} are 0 and 7(1 — 7), respectively.
Finally, we can have
1 N2 (&Y —anr
Vo (B3'ei3s) 0 ) AN, (1 - 1)), (3.73)
0:" — 0,1
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where
®2
1=F { ((ZT7 UT)T)®2} ’ Xo=FE {fe|Z,X(O) ([Z]> } :

Correspondingly, we have

(b ~
_ N2 a7’ —aq g d
Vi (2758.303) (é(b),(l) a0 ) 4 N(0, (1 — 7)), (3.74)
T — U0

This completes the proof of Theorem 4 by Theorem 2-3 and the asymptotic result above.
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Chapter 4

Locally Sparse Estimation in
Simultaneous Functional Quantile
Regression

4.1. Introduction

In this project, our primary goal remains understanding how soybean yield is influenced by key
factors such as temperature, precipitation, and machinery level on farms. Additionally, we aim to
identify specific time regions during the growing season when temperature has a significant impact
on soybean yields.

Building upon the previous chapter’s work, we now propose an extension of the locally sparse
estimation method introduced in Chapter 3. In the previous chapter, we focused on locally sparse
estimation for a single quantile at a time during model fitting. However, in this project, we aim to
expand this method to perform locally sparse estimation for multiple quantiles simultaneously. By
doing so, we can gain a more comprehensive understanding of how soybean yield varies across
different quantiles.

The locally sparse estimation method is particularly valuable in this project, as it helps us iden-
tify critical time regions during the growing season when temperature significantly influences soy-
bean yields. By focusing on quantile-specific effects, we can pinpoint periods when temperature has
a substantial impact on yield outcomes, beyond traditional mean-based analyses.

Given the importance of analyzing crop yield dynamics, we continue using the same soybean
yield data set as in Chapter 3. In this project, we consider the following functional quantile regres-

sion model to study the relationship between the predictors and soybean yields,

T
Qv (u|Z,X) = ZTa(u)+/0 B(t, w) X (1)dt, .1

where Y is a scalar response, Z is a vector of scalar predictors and X (¢) is a functional predictor
defined over [0, T7].
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In our soybean yield study, Y represents the annual soybean yield, which is the response variable
we are interested in modeling and predicting. X (¢) denotes the daily average temperature, which
is a functional predictor that varies with time ¢ throughout the growing season. Z; represents the
annual precipitation, which is a scalar predictor representing the amount of rainfall received during
the year. Zs is the ratio of the irrigated area of each county in Kansas. It serves as another scalar
predictor, describing the proportion of land that is irrigated for soybean cultivation in each county.

In the functional quantile regression model (4.1), each entry of the vector ax(u) corresponds
to a varying coefficient that characterizes the influence of a scalar predictor on the u-quantile of
the response variable Y. This varying coefficient allows us to capture how the impact of the scalar
predictors changes across different quantiles of the soybean yield distribution. The function 3(¢, u)
is a bivariate slope function that is indexed by both time ¢ and quantile u. It describes the dynamic
influence of the functional predictor X (¢) on the quantiles of the soybean yield Y.

Reviewing the literature [72, 79], we know that there exists a comfortable range of temperature
for soybean growth, where small fluctuations of temperature have no influence on soybean yields.
This observation serves as a strong motivation for introducing the concept of local sparsity for the
functional coefficient 3(t, ) in the functional quantile regression model (4.1).

The local sparsity refers to the property of having sub-regions within the domain of 3(¢, )
where (¢, u) = 0. In other words, there are specific time intervals (sub-regions) during the growing
season where the effect of the daily average temperature on some quantiles of soybean yield is non-
existent. These sub-regions correspond to the comfortable temperature range for soybean growth,
where temperature fluctuations do not substantially impact the crop’s performance for some specific
quantiles. More formally, we assume that there exists a collection of sub-regions N C [0, T x (0, 1),
and B(t,u) = 0 for all (t,u) € N.

By incorporating local sparsity into the model, we can accurately describe the dynamic depen-
dence between quantiles of soybean yield and the functional predictor, daily average temperature.
More specifically, this property allows the model to focus on the periods when temperature has a
meaningful influence on soybean growth and yield outcomes, while disregarding the sub-regions
where temperature fluctuations have no effect, and to provide more precise and meaningful insights
into how temperature impacts soybean yield across different quantiles.

Functional quantile regression is indeed an important and popular tool for data analysis, partic-
ularly in applications related to environmental science. It serves as an extension of classic quantile
regression [44] and allows for more flexible and comprehensive modeling of data involving func-
tional predictors. Researchers have developed various variants of functional quantile regression to
address different scenarios and accommodate diverse data characteristics. For instance, [86] studied
a model with multiple functional covariates and a finite number of scalar covariates. [85] consider
a partially functional quantile regression with a functional covariate and high-dimensional scalar
covariates. [55] proposed a functional partially linear model with multiple functional covariates and

ultrahigh-dimensional scalar covariates.
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Indeed, many existing works that consider local sparsity in the context of functional data analy-
sis have focused on functional linear models. These models involve functional predictors and have
proven to be valuable in various applications, [80, 39, 94]. For example, [50] proposed a functional
generalization of ordinary SCAD [19], called fSCAD, to obtain the locally sparse estimator for
univariate scalar-on-function regression. [22] and [49] applied fSCAD [50] to the multiple outputs
functional linear regression.

The conventional strategy of fitting the functional quantile regression model (4.1) by fixing the
quantile u and estimating each entry of «(u) as a scalar parameter, along with estimating 3(t, u)
as a univariate function of ¢, does offer advantages in reducing the dimensionality of the parameter
space. However, it also introduces two major limitations: lack of smoothness in the estimation of
the slope function (¢, u) and non-monotonicity of the estimated conditional quantile function of
the response Y.

When the model is fitted separately for different quantiles, the resulting estimator for the slope
function (¢, u) is not guaranteed to be smooth in the direction of the quantile u. This lack of
smoothness can lead to erratic behavior of the estimated (¢, u) across quantiles, which may not
accurately capture the true underlying relationship between the functional predictor and response
variable. In addition, fitting the model for different quantiles separately may lead to non-monotonic
conditional quantile estimation, while the true conditional quantile function of Y should be mono-

tonically non-decreasing in u. The crossing quantiles can result in invalid interpretations.

4.2. Estimation

Let Y denote a scalar response. Let Z = (1, Z1, . .., Z,,) be a vector of scalar predictors and X (¢) be
a functional predictor over [0, T']. For any quantile u € (0, 1), we propose the following functional

linear quantile regression model,
T
Qv(ulZ,X) = Z7a(w) + [ Bt.wX (D)t “2)
0

where a(u) = (ag(u),...,ap(u))” and 5(t,u) are unknown functions, and 3(¢,u) exhibits the
local sparsity property.

Estimating the infinite-dimensional functions a(u) and (B(t, ) directly can be challenging in
practice. To address this issue, a commonly used strategy is to first find finite-dimensional approx-
imations for these unknown functions and then estimate the coefficients of these approximations
using the data. When the univariate functions in a(u) are assumed to be smooth enough, a popular
approximation method is B-splines, where the entries of «(u) are represented as linear combina-

tions of B-spline basis functions with unknown coefficients,

ap(u) = zb:nk,jbj(u) = b(u)"n,
j=1
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where b(u) = (bi(u),...,bn,(u))7 is the vector of B-splines over (0,1) and {n;};2, are the
unknown coefficients.

In the context of the proposed functional quantile regression model with locally sparse slope
function 5(t,u), the estimation involves identifying the subset Sy = {(t,u) € [0,7] x (0,1) :
B(t,u) = 0}, which represents the sub-regions of the domain of 3(¢,u) where (¢, ) is assumed
to be zero. Let Sy denote the identified Sy using the data. The next step is to estimate the function
B(t,u) on the complement set [0, T x (0, 1)\ So. This complement set consists of the regions where
the function 3(¢, u) is non-zero, and these are the regions of interest.

Similarly, when (¢, u) is smooth enough, we approximate [3(¢, u) using bivariate splines. Re-
garding the bivariate spline basis, there are various choices available for approximation purposes.
Two commonly used options are tensor products of B-splines [75, 64, 91] and bivariate Bernstein
polynomials over the triangulation [46]. In this project, the choice is made to use bivariate Bern-
stein polynomials over a triangulation for approximating the unknown slope function £(¢,u) in
(4.6). Each bivariate Bernstein polynomial has its support on a single triangle of the triangulation,
and multiple polynomials are defined over each triangle. This local support property ensures that
we can use the triangles to estimate the subset Sj.

Suppose that % is the interval containing the quantiles of interest. Let S’ (A) denote the linear
space spanned by bivariate splines defined over a triangulation A, where 7 is the smoothness con-
dition of this space and d is the degree of the splines. Our goal is to find a function s(¢,u) € S}(A)
that can effectively approximate the slope function (¢, ) on the domain [0, 7] x %/. To make our
writing and proofs in the subsequent sections more clear, we use {b; (¢, u)} 1 to denote the Bern-
stein polynomials over the triangulation A = {Aq,..., Ay}, where j = 1,..., np is the index for
the polynomials. The Bernstein polynomials are locally defined on each triangle of the triangulation
A. More specifically, (d + 2)(d + 1)/2 Bernstein polynomials are defined on each triangle of A.
Therefore, the relationship between np and M is ng = (d 4+ 2)(d + 1)M /2 In addition, for each
bivariate basis function b; (¢, u), we denote its support by A;, which is a specific triangle of A with
A; = the triangle of A that is the support of b;(t, u). In other words, b;(t,u) # 0 for (t,u) € A,
and b;(t,u) = 0 for (t,u) ¢ Aj;. If two Bernstein polynomials b;(t, ) and by(t, ) are associated
with the same triangle, then A; and A, are identical.

The function s(t,u) € S}(.7 x %) that approximates (¢, u) can be written as a linear com-
bination of Bernstein polynomials {B;(t,u)};Z,. Then on the domain [0,T] x %, we have the

approximation

B(t,u) =~ s(t,u) Z’yj = B(t,u)"™y € S;(A), 4.3)

where B(t,u) = (Bi(t,u),...,Bn,(t,u))” is the vector of bivariate splines over .7 x % and
{7;}72, are the correspondlng coefficients.

To ensure the desired smoothness of the approximation for 5(¢, u), such as continuity or continu-
ity of derivatives, it is necessary to impose linear constraints on the coefficients «. These constraints

can be represented as H~ = 0, where H is a matrix of linear constraints. By incorporating these
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constraints, we can enforce the desired smoothness property in the estimation. However, imposing
linear constraints on the coefficients may lead to complications in solving the following optimiza-
tion problem. To overcome this, a common approach is to use QR decomposition to remove the

linear constraints. For a given H, by QR decomposition, we have
. R
H"=(Q 7Q)<0>, (4.4)

where (Q*, Q) is a matrix with orthogonal columns and R is a upper triangle matrix with nonzero
diagonal elements. Based on the decomposition (4.4), the constraints H~ = 0 can be removed by

rewriting -y as
v = Q0.

Then, the integral Qy (u|X ) can be approximated by

Qy (uX, Z) ~ Z7D(u)n + / B(t,u)"QOX (¢)dt

— Z7D(u)m + A(u)"Q0,

where = (ng,...,n;,)7, A(u)” = [ B(t,u)" X(t)dt, and

b(u)™ 0 0
0 b(u)"

In the proposed estimation procedure, the goal is to estimate the univariate functions a(u) and
the bivariate function (¢, u) by considering all the quantiles of interest simultaneously. Combining
multiple quantile regression models in the estimation process has been widely recognized for its
advantages. Several papers have discussed and proposed various methods for joint estimation of
quantile regression models such as [96, 40, 93, 31].

For a real-valued random variable Y, the minimizer of E{p, (Y — w)} is the u-quantile of Y,
where p,(z) = z (u — 1{x < 0}) is called quantile loss function or check function [44]. Assume
that we observe independent and identically distributed data pairs {y;, z;, z;(t)};—, as the realiza-
tions of {Y, Z, X (¢)}. To perform the quantile regression, we consider a set of quantiles of interest
denoted by U € % . These quantiles are assumed to be uniformly distributed within the interval %/ .
The cardinality of U, denoted by ny, represents the number of quantiles of interest. Then, based on
the approximation (4.3), a reasonable estimation method of the unknown approximation coefficients
is to minimize the following loss function with respect to 1 and 6:

1 K

YD pu, (i — 2T D(ur)n — Ai(ur)7Q0) (4.5)

nnu 5
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where A;(u,) = [ B(t,u,) 2;(t)dt.

However, after approximating (¢, u) using bivariate splines, the resulting design matrix in-
volving z;, b(u,), and A;(u,) may become ill-conditioned, leading to a highly oscillatory estimator
for 3(t,u) when directly minimizing (4.5). Consequently, the estimation of (¢, u) may not be as
smooth as assumed by the model. To address this issue, a common approach is to add a penalty term
to (4.5) during the minimization procedure. This addition aims to enhance numerical stability and
control the smoothness of the estimation for 3(¢, u). One particularly effective tool for this purpose
is the roughness penalty. Detailed discussions on roughness penalty in the context of functional
data analysis can be found in [8], [68], [67] and [5]. For a smooth bivariate function s(¢, u), the
roughness penalty R(s) is defined as

R(s) = Z/A > <d21> {V?VZQs(t,u)rdtdu. (4.6)

AeA di1+do=2

For the bivariate spline approximation B(¢,u)” Q6, the roughness penalty of B(¢,u)” Q6(4.6) can
be further written as a quadratic form with a positive semi-definite matrix G,

R(B(t,u)"Q0) = 67G6.

With the help of the roughness penalty R(-), we propose to estimate the unknown coefficients n and
6 in (4.6) by minimizing the following objective function

n n
1 U

D> pu (yi — 2T D(ur)n — Ai(u,)7Q8) + A0 G. (4.7)

nnu =i

4.2.1 Locally Sparse Estimation for 5(¢, u)

Our primary objective is to obtain a locally sparse estimator for (¢, u), which helps identify the
inactive regions of the functional predictor X (¢) across different quantiles of the scalar response Y.
To achieve this goal, we employ a group lasso-type method.

By utilizing the triangulation-based spline approximation, we can introduce penalization on the
Lo-norm of the approximation of (¢, u) (4.3) at the triangle level. This enables us to promote the
local sparsity of the target function 5(¢, u) at the level of triangles. In essence, the group lasso-type
penalties encourages the bivariate splines over certain triangles to have zero coefficients, which can
help identify the inactive regions of the functional predictor X (¢) for specific quantiles of Y.

Denote the minimizer of (4.7) as (¥, @) and define

wi = 7],
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where 4 = Q0 and 75 denote the entries of & corresponding to the triangle A;. Then we minimize

the following objective function with respect to (7, 0)

nyg n J
— Z > pu, (Wi = 2] D(ur)n — Ai(u,)"QO) + MOTGO + X2 Y w; (4.8)
U LT =1

where v = Q6 and ; denote the entries of 7y corresponding to the triangle A;.

4.2.2 Parameter Tuning

In the estimation procedure, the tuning parameter \ in (4.7) is selected using 10-fold cross-validation.
After fixing the tuning parameter ), the weights w; can be computed. These weights are essential
for the group lasso-type penalties used to achieve local sparsity in the estimation of 3(t,u). After
we obtain w;, we need to further tune A1 and Ay in (4.8). For this step, we still use 10-fold cross
validations. During each validation run, we first identify the triangles with zero coefficients based
on the 4 obtained from minimizing (4.8), where & = Q@. Then we refit the model only using the
active regions of the functional predictor identified by 4 without group lasso-type penalties. To en-
sure that the identified inactive regions of the functional predictor (triangles with zero coefficients)
are properly excluded from the model fitting, we need to impose some linear constraints on < during

the estimation procedure,

where the matrix D consists of 0 and 1. Specifically, through the above linear constraints, we can
ensure that the coefficients corresponding to the triangles with zero coefficients in 4 remain zero
throughout the model fitting. In summary, we use the following procedure to select tuning parame-
ters (A1, A2).

* Let A; and A, denote the candidate sets for A; and A2 respectively. For any pair of (A1, A2),
A1 € Aj, A2 € Ao, we compute the minimizer of (4.8) denoted as (77, 4).

* Given (7,4), we can obtain the constraints matrix D corresponding to 4 and then define
H™ = (KT7HT)T.

* Consider the following minimization problem

mgl nny )~ Z Zpur —z] D(uy)n — A;i(u,)"Q0O) + A\30" GO 4.9)
LB ur€U i=1

subject to H~ =0.

Let (7,4) denote the minimizer of (4.9). From the definition of H, we know that 4 and 4
share the same sparsity structure. Run a 10-fold cross validation to select A3 in (4.9), and use

the validation loss associated with the selected A3 as the validation loss for (A1, A2).

¢ Use the proposed validation loss to select the best pairs (A1, A2).
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4.3. Theoretical Results

Define
I'xf= /cov(s,t)f(s,u)ds,

T (/u/tl“xf y fdtdu)l/Q.

To derive the asymptotic property of the proposed estimator B (t,u) by minimizing (4.7), we assume

and

that the following hypotheses are satisfied.

(AD) {Y;, Z;, X;(t)};_, are iid.

(A2) || X|| < Ch < o0 as.

(A3) The functions in c(u) are supposed to have p/th derivatives ") (w) such that

@) = o (s)| < Cle—sl”, site(0,1),

where C; > 0 and ¥ € [0, 1]. In what follows, we set v = p’ + 0.

(A4) The eigenvalues of I'x are positive.

(A5) B(t,u) € WItHT x ).

(A6) Therandom variable ¢; defined by ¢; = Y;—ZT ae(u)— [ 5(t, u) X;(t)dt has a density function

f continuous and bounded below uniformly by a strictly positive constant at 0.

Theorem 1. Under the assumptions AI-A6, suppose ny ~ \A|_(d+1)/ Y, and ny is large enough,
then

. . 1
6.0 = Bt )y = Op (AP + i +4)

except on a set whose probability goes to zero as n goes to infinity.

4.4. Simulation Studies

In this section, we perform simulation studies to assess the finite sample performance of the pro-
posed method and the conventional method [6] for estimating the slope function (¢, u). We con-
sider three different scenarios to evaluate the performance under varying levels of complexity.
Scenario I and Scenario II both assume that the true slope function 3(¢,w) is independent of
u and can be represented as a univariate function of ¢ only. This setting is commonly used in the
literature of functional quantile regression. In Scenario III, we introduce a more intricate true slope
function 3(t,u), which is a bivariate function of both ¢ and u, adding complexity to the simulation

setup.
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4.4.1 Data Generating Models

Scenario I. In this scenario, the realizations of the { X (), Z, Y} are generated from
1
Vi—Zlat [ Xi@p®dt+e, =l
0
p1(t) = 20(t — 0.5)*1{t < 0.5},

where X;(t) is a Wiener process, Z; 1, Zj2 ~ N(0,0.0.5), Z; = (1,Z;1,Z;2)7, o« = (0,1,1)7,
and e; ~ N(0,0.05). X;(t), Zi 1, Z; 2 and e; are all independent. Under this setting, the underlying
slope function 3(t, w) in model (4.6) is given by

B(t,u) = p1(t) = 20(t — 0.5)*1{t < 0.5}.
Scenario II. In this scenario, the realizations of the {X (¢), Z, Y} are generated from
1
Y, = z7a +/ XiOp ()t +es,  i=1,...,n,
0
p1(t) = sin(27(t — 0.25))1{0.25 < t < 0.75},

where X;(t) is a Wiener process, Z; 1, Zj2 ~ N(0,0.0.5), Z; = (1,Z;1,Z;i2)", o = (0,1,1)7,
and e; ~ N(0,0.05). X;(t), Zi1, Z; 2 and e; are all independent. Under this setting, the underlying
slope function 3(t, u) in model (4.6) is given by

B(t,u) = p1(t) = sin(27(t — 0.25))1{0.25 <t < 0.75}.
Scenario III. In this scenario, the realizations of the pair { X (¢), Z, Y} are generated from
1 1
Y = z7a + / (X (Ot +(X)e, o(X) = / pa(8)(X (8) + 4)dt,
0 0
p1(t) = 20(t — 0.5)%1{t < 0.5}, pa(t) = (t — 0.5)*1{t < 0.5}

where Z; 1, Z; 2 ~ N(0,0.0.5), Z; = (1,Z; 1, Z;2)", o« = (0,1,1)7, and e; ~ N (0, 1). Regarding
the X;(¢) in the above data generating model, for each i, we first generate X;(t) from Wiener
process. If X;(t) satisfies X;(¢) + 4 > 0, then we keep it as the functional predictor of the i-th
sample otherwise we will generate a new X;(¢) for the i-th sample. We repeat this process until
Xi(t) satisfies X;(t) +4 > 0. X;(t), Zi1, Z; 2 and e; are all independent. Under this setting, the
underlying slope function (¢, u) in model (4.6) is given by

B(t,u) = p1(t) + p2(t)Qe(u) = 20(t — 0.5)*1{t < 0.5} + (t — 0.5)*Qe(u),

where Q. (u) is the quantile function of a standard Normal distribution.
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4.4.2 Simulation Results

Table 4.1: The averaged squared Lo-norm of the difference between the estimator B(t, u) and the
true function B(¢, ), || 3(t, u) — B(t, u)||3 using the proposed method with locally sparse estimation
(LS-SFQR), the proposed method without locally sparse estimation (SFQR) and the conventional
estimation method (FQR).

n = 300 n = 500
13(tw) — Bt w)[[§ x 10° 13(tw) — Bt w)][§ x 10°
Scenario LS-SFQR SFQR FQR LS-SFQR SFQR FQR
1 0.59 0.65 1.62 0.44 0.36 0.98
II 3.31 4.95 6.95 2.51 3.38 4.41
III 2.40 3.75 4.16 1.81 2.17 2.76

We use the averaged squared Ly-norm of the difference between the estimator B (t,u) and the

true function (¢, u), to evaluate the estimation error,

ny nr

> Bl - ()}

nUTT 1j5=1

1Bt u) = B3 =~

where t; are the time points when the functional predictor is discretely observed. The results are
displayed in Table 4.1 from three different methods. LS-SFQR is the proposed method that simulta-
neously fits the model for multiple quantiles while employing locally sparse estimation for 5(¢, u).
The objective function for LS-SFQR is given by (4.8), where locally sparse penalties are applied to
achieve a locally sparse estimator for 5(¢, u). On the other hand, SFQR is another proposed method
that simultaneously fits the model for multiple quantiles but without using locally sparse estimation
for 5(t,u). Instead, it minimizes the objective function (4.7) without the locally sparse penalties.
FQR is the method proposed in [6], which considers only one quantile for each fitting. It estimates
B(t, u) for different quantiles separately. This method does not consider the smoothness of 5(t, ).

Table 4.1 reveals two important insights. Firstly, it demonstrates the advantage of using mul-
tiple quantiles simultaneously for model fitting when comparing the estimation errors of the two
proposed methods with the conventional method (FQR). Both LS-SFQR and SFQR outperform the
conventional method in terms of estimation accuracy. This highlights the benefit of considering the
quantiles jointly rather than fitting the model with each quantile separately.

Secondly, when comparing the estimation errors between the methods “LS-SFQR” and “SFQR”,
it becomes evident that the estimation efficiency can be further improved by employing the locally
sparse approach. By identifying and screening out irrelevant sub-regions from the domain of the
functional predictor before fitting the model, LS-SFQR achieves a more efficient estimation of the
slope function 3(t, ). This locally sparse estimation leads to a more accurate representation of the
dynamic dependence between the quantiles of the response variable Y and the functional predictor
X(t).

106



In summary, fitting the model (4.6) for multiple quantiles the simultaneously provides substan-
tial benefits over the conventional single-quantile approach. Moreover, incorporating the locally
sparse estimation technique in the proposed LS-SFQR method further enhances the estimation ef-
ficiency and accuracy. These findings reinforce the significance of considering multiple quantiles
jointly and leveraging the sparsity structure of the slope function (¢, u) in functional quantile re-

gression analysis.

4.5. Real Data Analysis

Indeed, temperature plays a crucial role in soybean growth during all stages, including the vegeta-
tive and reproductive phases. Both high and low temperatures can have adverse effects on soybean
germination and growth. Therefore, understanding the relationship between daily temperature and
soybean yield at different quantiles is vital for gaining a comprehensive understanding of soybean
growth dynamics.

In this study, we aim to investigate the influence of daily temperatures on soybean yield across
various quantiles while controlling for other environmental factors. By accounting for factors such
as annual precipitation and the ratio of irrigated area, we can better understand the independent
contribution of temperature to soybean yield.

Quantile regression allows us to analyze the relationship between variables at different points of
the distribution, going beyond traditional mean-based regression analysis. By examining multiple
quantiles, we can identify how temperature affects soybean yield under various conditions, including
both favorable and unfavorable scenarios.

The data collected from the United States Department of Agriculture (USDA) website and the
National Oceanic and Atmospheric Administration (NOAA) website provides valuable information
on soybean yield and related environmental variables in Kansas between 1991 and 2006. The data
covers an important agricultural period and geographical region, as Kansas is one of the leading
states in soybean production.

In the subsequent analysis, we consider three predictors for investigating the annual soybean
yield of each county in Kansas. The functional predictor, denoted as X (¢), represents the average
of daily minimum and daily maximum temperatures. We specifically consider the temperature data
for February and November, allowing us to investigate the influence of temperature during both the
colder and warmer months on soybean yield. Figure 4.1 displays a sample of the daily average tem-
perature measurements of Kansas. The two scalar predictors, annual precipitation and the ratio of
irrigated area to harvested land (Z2), denoted as Z; and Zs provide additional environmental infor-
mation that can impact soybean growth. Finally, the response variable, denoted as Y, represents the
annual soybean yield per bushel for each county in Kansas. Then the model we want to investigate

is as follows:

Qy (u|X(t), Z1,Z2) = ap(u) + a1(u)Z; + az(u)Zy + /T,B(t, u) X (t)dt. (4.10)
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Figure 4.1: A sample of daily average temperature curves of counties in Kansas. The unit of the
y-axis is the Fahrenheit temperature scale.
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Figure 4.2: Estimated slope function 3(t, u) of (4.10) using the Kansas soybean yield data set.

We fit the model with 17 quantiles uniformly distributed between 25% and 0.75%. Based on
the estimated slope function 3(75, u) displayed in Figure 4.2, we can observe several trends. First,
the daily average temperature in Kansas during before June is found to be comfortable for soybean
germination and growth since the temperature before June has no influence on the soybean yield for
all the quantiles of interest. Second, between June and September, 3(15, u) is consistently negative
for all quantiles between 25% and 75%. This indicates that the temperature of the late summer in
Kansas is relatively high, negatively affecting soybean growth and resulting in a decrease in soybean
yield. The last but not the least, after September, B(t, u) becomes positive for all the quantiles. This
suggests that the winter temperature in Kansas is too low for soybean growth, also having negative

impact on soybean yield for the entire year. Figure 4.3 provides another illustration of B (t,u) for
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three specific quantiles: 25%, 50%, and 75% and further emphasizes the changing patterns of the
temperature’s influence on soybean yield across different quantiles.
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Figure 4.3: Estimated slope function §3(t, u) of (4.10) for three quantiles: 25%, 50% and 75%.

Overall, the analysis of B (t,u) provides valuable insights into the dynamic relationship between
daily average temperature and soybean yield in Kansas. The findings highlight the critical periods
during which temperature can significantly affect soybean growth and yield, and can aid in devel-

oping strategies to optimize soybean production in the region.

4.6. Conclusion and Discussion

In this project, we introduce a novel approach for estimating the bivariate slope function 5(¢, u) in
the functional quantile regression model . The goal is to investigate and understand the dynamic
relationship between functional predictors and scalar response variables. Our proposed method em-
ploys a locally sparse estimation technique, which allows us to identify and focus on specific regions
of interest in the domain of the functional predictor where the influence on the response variable is
significant.

For future research, we aim to extend this work to a more general model that can handle multiple
functional predictors, which would enhance the applicability of the method to a wider range of real-
world applications. However, this extension poses a challenge due to the large number of tuning
parameters involved. In practice, tuning these parameters effectively can be difficult. Addressing
this challenge would require developing efficient parameter tuning strategies for functional quantile

regression.

4.7. Proofs in Section 3

Proof. Define
Wi,u = [ZZ-D(U)v A; (U)TQ] :
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Then

ny n

722% yi — 2T D(u)n — A (u,)"QO) + \0™ GO

nnUr 1i=1

ny n

— Z Z Pu, (yz Wi, 5) + A0"GO,

nnUT 1i=1

where & = (7, 07)7. We further define

and

1
C\=—AA" + \0"G6.
ngn

Lemma 1. When \ = O(|A|*), there exists a positive constants ¢y such that
Omin {C)\} > Cl)\’A|2u

except on an event whose probability tends to 0 as n — oo.

Proof. Suppose the dimension of G is ny x ny. Let K(G) = {8 € R™ : GO = 0}, and let

v € R™ with ||v|| = 1. We can decompose v into
v = v + 9,

where v; € K(G) and v € K(G)*. Then

2
L'UTQTAATQ'U + WwGv = — Z E (Z v Ql; /B;(t,u)X(t)dt> + M Go
J

nnu uEU

= — Z (I'xB(t,u)"Qu, B(t,u)"Qu) + Av" Gv

U weu

z Z (IxB(t,u)"Qu1, B(t,u)"Qui) + Av; Gy,
uEU

= — Z R, (1) + A5 Gog,
U weu

= / Ty (w)du + O(n(_JQH'ulHQ) + A\l Gos,
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where the inner product (-, -) is defined as (f1 (¢, u), fo(t,u)) = [, fi(t,u) f2(t, w)dt, and hy, (u) =
(TxB(t,u)"Qu1, B(t,u)"Qu1).

Let f(t,u) = B(t,u)"Qu;. Since Gvy = 0, then ViV f(t,u) = 0 for any non-negative
integers ¢ and j with i + j < m, which implies when w is fixed, as a function of ¢, f(¢,u) is a
polynomial with degree less than m. We assume that all eigenvalues of I'x are positive, therefore

for any g € P,,, there exists a constant C's such that

{Txg,9) > Cs gl

Then
/hvl(u)du > Cg//f(t,u)thdu > CulAP|Jwr |- @11
u uJt

On the other hand, for any vy € K (G)* there exists a constant Cs such that
AT Gy > Cs M| AP ||lvg)?. (4.12)
Combine (4.11) and (4.12), we conclude that

1 .
— v QTAATQu + MGy > e \|Av|?.
nng

Since

L {’UT (QTAATQ) v—v (QTAA'Q) v}

nny

o {1 S (Px Bt u)' @, B(t,u) Q) — (T B(t,w) Q. B(t, )’ Q) } >

nu uelU

1
S Y ITx = Tollsup Y [(Bi(t,u), Bi(t, ) ]|
uelU J k

where I'), f(t,u) = [, cov(s,t)f(s,u)ds and cov(s,t) = n~1 374 X;(s)X;(t), and (d;r?) Bern-

stein polynomial basis functions are defined over each triangle, then

sup 3" [(Bi(t,u), By(t,w))| = O(A]).
Ik

According to [6], with some § € (0, 1), we have
ITx = Tall = 0p(n=D72),
which implies
L {7 (QTAATQ)v - v (QTAA™Q) v} = 0, V2(A[J0]?).  (@4.13)

nny
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1 TOT T 3 3
g v Q"AA™Qu + )\'va) is non-singular except on an event

Then we can conclude that (n

whose probability goes to 0 as n — oc.

Lemma 2. For a given set [a,b] C (0,1), there exist constants ¢, and ¢y such that

sup max [(B(t,u)" (Q" Ax(u)Ax(u)"Q + AG) 70, X5)) < A7)
u€la,b] =11

Proof. For any u € [a, b], we have

(B(tw {(nme) Q" AATQ + G} 6, X))

-1
<(B(t,w)7, X;) {(nny) 'QTAATQ + MG} (B(t,u), Xi) [0
<A~'[lo)P?,
which achieves the proof of Lemma 2.

Under the assumptions of Theorem 1 and according to [15, 46], there exists n* = (7, . . ., 17;)
and 6" such that

sup lag(u) — ag(u)| = O(n, "),
and

sup|B(t.u) = B (t,u)] = O(IA[),

where d is the degree of Bernstein polynomials, o (u) = b(u) ™0}, and *(t,u) = B(t,u)"Q6".

Let X be the covariance matrix of Z; and
— Z D(u)"SzD(u).
ueU

We further define

fiu(d) =puy (Y ~ Z7D(u) (C,;l/?da + n*) — A;(u) (0;1/2d9 + 9*)) :
+A(Cy Py +07) G (Cy Py +07)
=pu (€wi — ZID(w)C;y 2 dy — Ai(u)"C; 2 dy — Ro;)
+ (€3 dy +67) G (€ 2dy + 67),
where d = (d7, d})", eus = Yi — ZJ ex(u) — [ A(t, u) Xs(£)dt, and Ry ; = Z7 (0" (u) — ox(u)) +
(Bt u) — B(t,u), Xi).

Lemma 3. Let T), denote the set of random variables {Z, ..., Z,, X1(t),..., X,(t)}. For any
€ > 0, there exists L such that

lim P{ sup > > fiu(Lond) — fiu(0) — E[f;u(Lénd) — fiu(0)] > eéinnU|Tn} =0,
nee s ldllz=1"

%
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where 6, = \/1/(nA\]A]2) + A

Proof.

sup D Y fiu(Lond) — fiu(0) = B [fiu(Lond) — fiu(0)|T;]

HdH2<1 u g

=— sup ZZ ‘e — ( TD(u)C;Y?d, + A'(u)TC’_l/Qd ) R,
9 ||dH2 e Ui n (o' ) 0
- |€u,i - Ru,z|
- IE( €uwi = Lon (27 D(u)C;2dy — Ai(u) C;Pdy) — Ru
- |€u,i - Ru,z’ |Tn>

:—5 sup ZZJM — E(Ju:(d)|T},).

ldll2<1 o

The set D = {d € R®+Dm+n0 . ||d|| < 1} is compact and therefore, it can be covered by finite
number of open balls. More specifically, for some » > 0, D = U ", Dy, with diam(Dy,) = r, and
K, = r~0tDm=—ns For1 < | < K,,, we use wy, = (wk’a,wkﬂ) to denote the element belongs
to Dy, where wy,,, denotes the entries of wy corresponding to 7 and wy, ¢ denote the entries of wy,
corresponding to 6. The minimum eigenvalue of C), is bounded by constant when the covariace
matrix ¥z is not singular, and a lower bound for the minimum eigenvalue of C' is given by Lemma

2. Then we have

H’lll’lKn Z Z I[J u, i(d) — ,i(d)|Tn)] — [Ju,z‘(wk) - ]E(JU,i(wk)|Tn)]|

§2L5 mln ZZ!ZT 1/2{d — Wkt

A O ()
< —1/2 ; _
<Cgnny Loy A pnin, |ld — wg|

=1,...,

gCGnnUL6n)\_1/2r.
On the other hand, by Lemma 2, we get

sup | Jyi(d)| < CeLo, A2,
deD
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In addition,

> Var (Jui(d)|Tn) < 30> L, (z;D(u)c;l/Qda — A;(u) c-l/ng)

= nny L262||d||> — nny L2652 Al Cy *GC; P dy

< nnyL*62.

Then,

[ sup ZZ‘]M — E(Jui(d)|T,) >t

ldll2<1 [

=P la ko s.t. d € Dy, and Y > Jyi(d) — E(Jyi(d)|Ty) > tgl

< . _ . > o -1/2
<P [k:q}?:},(l{n zu: ZZ: Ju,l(wk) E(Ju,z(wk)|Tn) >t — 2Cenny Lo\ T]
< KaP lz Y Jui(wr) = B(Jui(wr)|Tn) > te — QCGnnUL(Sn)\l/Qr] _

By Bernstein inequality,

P [Z Z Ju,z(wk) — ]E(Ju,,,(wk)|Tn) Z tE

<e t/2/2
o
=P T L2602 1 CeLo A2t /3 [

where t. =t — 20¢nny Lo, "1/ 2r.
Recall that K,, = r~®PtDm—"6 and ny ~ |A|=2. Then under the condition n, = O(ng), we

have

[ sup szuz - ,z(d)|Tn) > te

[dlla<1 "o 5
t/2/2
< p—(PF)np—nyg _ €
=" P { nny L2062 + CgLonh— 12t /3}
%2
_ -2 —1 €
= exp {C7|A‘ log (7‘ ) - nnULQCS% i CGL(Sn)\l/2té/3} .

Let r = Cgln_l/Qn;1/2|A\_3, L= and t, = ennUég. Then as n — oo,

€62
4Ce6p A —1/27°

sup Z Z Jui(d) —E(J,i(d)|T,) > ennU(SZ] -0

|J|‘ﬂ|2<1 u g
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Lemma 4. Ve > 0, there exists L such that when n is large enough,

lldll2=

{ inf ZZE fiw(Lénd) — fiu(0)] >nnU55|Tn} >1—e

Proof. The proof follows from a small modification of Lemma 5 in [6].

Lemma 5. Suppose

— Z Z Blt,u)*, Xi)® + M Bt u)™ = Bt w)* ™3 = Oplan),

nny uelU i=1

with a, — 0 when n — oo. Under assumptions
|X|| < Cop < +o0 a.s.
and the eigenvalues of I"x are strictly positive, then
18(t,u) = B(t, u)* |1}, 2 = Oplan)-

Proof. The proof follows from a small modification of Lemma 2 in [6].
Let (7}, 0) be the minimizer of (4.7), and define

B(t,u) = B(t,u)" QO

Then, under the assumption that Z; and X;(¢) are independent, we have

P{l (7 —n*)" D(u)"ZZ7 D(u) (7 — ")

nny
b S ) X0 <A (0 0) 6 (0 0) = 1762
nny uel i=1
_ {1 > (h—n")" D(u)SzD(u) (H—n*)
nu uelU

n

S S - e X0 A (6 0) 6 (0 07) = 1)

nny
= P{A—-n")Cy(h—n")+(6-6") C\(6-06) > L7}

{|d>L6 sz“‘ szw (C2€ — CcV2¢r )} (4.14)
wel i=1

uel 1=1

where C' = (Cﬁ 0),52
0 C,

>

—
S
\1

&) and g = (7,077
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By Lemma 3 and Lemma 4, for any positive €, there exists L such that

uelU i=1 uelU 1=1

Since f;,,(+) is a strictly convex function, then (4.15) implies

{mfZwaLéd Zme >nnU5,%}>1—e. (4.16)

lldll>1 uel =1

On the other hand, by definition of f; ,,(-) and £,

uelU i=1

is minimized at the pointd = C 1/ 25 — C'/2¢*, therefore,

SN Fia(0) = 30N fiu(CV2E - CV2e). (4.17)

uel =1 uelU i=1

By (4.15), (4.16) and (4.17), we can conclude that for any € > 0, there exists L such that
“4.14) > 1 —e.

In other words,

Then by Lemma 5, we conclude that

1Bt u) = B(t, w)* I}, 2 = Op(6n).

In addition,
sup [3(t,u) — B*(t,u)] = O(JA[*HH).

t,u

Then we achieve the proof of Theorem 1.

116



Chapter 5

A Semi-Parametric Functional
Generalized Linear Model with Density
Ratio Structure

5.1. Introduction

Soybean holds significant global importance due to its vital role in meeting food, feed, and fuel
demands. A significant portion, approximately 77%, of global soy production is used for livestock
feed to support meat and dairy production. The remaining soy is utilized for various purposes, in-
cluding fuel, industrial applications, and vegetable oils. A smaller proportion, around 7%, is directly
consumed by humans in the form of tofu and soy milk.

The germination and growth of soybeans are heavily reliant on environmental resources, partic-
ularly temperature and water availability. As a result, these environmental factors have a substantial
impact on soybean yield at the end of the growing season. In order to study the relationship be-
tween soybean yield and its environmental determinants, we have collected data on soybean yield
along with two related environmental variables, daily temperature and machinery levels on farms in
Kansas state over a period spanning from 1991 to 2006.

By analyzing this data set, we aim to gain insights into the factors influencing soybean yield and
how the temperature and water resources, play a crucial role in determining the crop’s final yield.
This study could provide valuable information for farmers, policymakers, and researchers seeking
to optimize soybean production and address food security and sustainability challenges.

To understand how these environmental factors influence soybean yield, we propose a novel
semi-parametric functional generalized linear model (FGLM) to model the relationship between the
county-level soybean yield, considered as a continuous response variable, and the scalar predictor,
machinery level, along with the functional predictor, daily temperature, across multiple years. This
model allows for a flexible and interpretable representation of the relationship between the response
and predictors. By considering the response as a continuous variable, we can effectively capture the

variability in soybean yield across different counties and years.
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The Functional Generalized Linear Model (FGLM) [69, 38] is an extension of the Generalized
Linear Model (GLM) [58] that directly models the relationship between a single scalar response
variable, which follows any member of the exponential family of distributions, and a functional

predictor. For a random variable Y with density

p(y;n, ¢) = exp {W + c(y, qﬁ)} :

the FGLM models the relationship between a functional predictor X (¢) and response Y as

h(p) = fo + /T X (1)t 5.1)

where p = E(Y|n,¢) = b'(n) and h(-) is a link function. Depending on the distribution of Y,
different link functions are used in the FGLM. For instance, when Y follows a Gaussian distribution,
the identity function is commonly used as the link function. On the other hand, if Y is binary, the
logit function is typically used as the link function.

Model (5.1) is indeed a valuable tool in environmental science applications, particularly when
dealing with functional observations such as daily temperature and humidity commonly seen in
agriculture and forestry studies. However, it is important to note certain challenges and limitations
that arise when using this model in real-world scenarios.

One significant concern of the model (5.1) is the need to specify the functions a(¢), b(n), and
c(y, @) in a way that exp{c(y, ¢)} represents a valid density function of some underlying distri-
bution. When the underlying distribution is misspecified, it can lead to difficulties in accurately
estimating the functional coefficients §(¢) in model (5.1). This could potentially impact the reliabil-
ity and interpretability of the results obtained from the model.

Furthermore, agricultural data sets often comprise samples gathered over various years or from
diverse locations. These samples might be considered to stem from distinct populations due to differ-
ences in environmental conditions and management practices. In such scenarios, directly applying
model (5.1) to each sample separately may not be the most efficient approach, especially when the
number of observations in each sample is limited. This limitation is particularly relevant in the spe-
cific context of this project, where the soybean yield data might have a relatively small number of
observations in each population. For example, the data collected for the target application includes
only a restricted number of environmental predictors, such as temperature and machinery level,
while other crucial factors like humidity and sunshine are not accounted for, which suggests that
the observations from different years in Kansas should be treated as originating from different pop-
ulations, given the distinct and potentially significant variations in climate conditions over time. In
addition, the data set provides only a relatively small sample size for most years between 1991 and
2006, with only 20 to 40 annual measurements available for most of the years. Such small sample
sizes can pose challenges when attempting to fit a model accurately, particularly for semi-parametric

models.
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To address these issues and effectively utilize the available data, we propose a novel semi-
parametric functional generalized linear with unspecified baseline distributions connected through
a density ratio structure [1]. Let Z be a vector of scalar predictors and X (¢) be a functional predic-
tor. Specifically, to overcome the potential model misspecification limitation of (5.1), we propose

employing a semi-parametric functional generalized linear model for each individual year’s data,

flza(t) = ~SPUEY+ (2.5) v} ()

= Texp{(z™y + (@.) y} 9(v)dy’ ©:2)

where the g(y) is a density function of some unknown baseline distribution G(y), and f(y|z,z(t))
denotes the condition density function of Y given Z = z and X (¢) = z(¢). In model (5.2), the
vector «y, the function $(t) and the density g(y) are all unknown parameters, and we use (z, 3) to
denote the inner product of z(t) and (), i.e. (x, 5) = fOT B(t)x(t)dt. The proposed model (5.2) is
robust again model misspecification compared with the conventional FGLM (5.1).

In order to address the remaining limited sample size issue, we further propose incorporating
the concept of a density ratio model (DRM) [1] into the framework (5.2). Suppose we have m + 1
populations with distribution functions G (y) and density functions g, (y), y = 0, ..., m. The DRM
models the ratios of density functions g, (y) through the following framework,

=exp{a, +07q(y)}, (5.3)

where g(y) is a vector of basis functions corresponding to the distribution family of g, (y), and a
are normalizing constants. The flexibility of the DRM is a key advantage, making it a valuable tool
for modeling a wide variety of data distributions. For example, selecting q(y) = (y,y?) allows the
DRM to cover Normal distribution families, while q(y) = (y,log(y)) covers Gamma distribution
families. In practice, researchers can use a long vector q(y) to cover a wide range of distribution
families and employ model selection criterion such as AIC or BIC to decide the best model. A
detailed discussions on using the density ratio structure to link multiple populations can be found
in [1, 65, 10, 90]. By incorporating the density ratio structure in the model (5.4), we can account
for the variations in the underlying baseline distributions of soybean yield across different years. In
addition, this approach allows us for simultaneous estimation of parameters associated with different
populations using the pooled data, effectively leveraging information from all samples.

By combining the framework (5.2) and (5.3), in this project we focus on the following semi-

parametric functional generalized linear model,

_exp{(ZTv + (2, Bk) y} 9k ()
Jexp{(27vy, + (. Br) v} 9x (y)dy’

=exp{a, +07q(y)}, r=1,....m

fe(ylz, x(t))

k=0,...,m 54
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where fi(y|z,x(t)) is the conditional density of Y and g (y) is the density of some unknown
baseline distribution G (y) for a specific year k. The unknown densities (go(y), ..., gm(y)) are
linked through the DRM structure. The proposed framework (5.4) is advantageous compared with
the conventional FGLM (5.1) in two aspects. It uses unspecified baseline distributions, which is
robust against model misspecification, and it allows for simultaneous estimation of parameters as-
sociated with different populations using the pooled data, effectively leveraging information from
all samples.

When dealing with data from only one population, model (5.2) can be regarded as an extension
of the proportional likelihood ratio model (PLRM) proposed in prior literature [52],

exp {278y} g(y)

IV = Texp (=7} oy 65

Model (5.5) is a commonly used approach to assess nonlinear monotone relationships between

a scalar response and finite-dimensional predictors. This model has connections with several other
well-known statistical models and methods, making it a versatile and powerful tool for modeling
complex relationships in various fields. The connections between the model (5.5) with GLM [58],
density ratio models [65], biased sampling models [26], single-index models [37] and exponential
tilt regression models [70] are extensively discussed in [52].

In addition to these connections, the model (5.5) offers several advantages over other modeling
techniques such as generalized estimating equations, generalized additive models, and fully non-
parametric models [52]. It provides a parsimonious and interpretable way to capture nonlinear rela-
tionships between the outcome variable and covariates, making it suitable for practical applications,
and it has been also extended and adapted to various domains, such as engineering, biomedical re-
search, and survival analysis [53, 33, 34, 61]. These extensions and new models based on the model
(5.5) have demonstrated their utility and efficacy in analyzing diverse types of data.

Overall, the model (5.5) stands as a powerful and flexible tool for modeling nonlinear relation-
ships in a wide range of applications, making it an essential method in statistical modeling and data

analysis.

5.2. Estimation

5.2.1 Empirical likelihood based on the proposed model

Suppose the baseline population distribution functions, G (y), of m + 1 samples with sample sizes

ny, satisfy
9k<y)
90(y)

where gi(y) denotes the density function of G (y). For notational simplicity, we set ap = 0 and

= exp{ak + qu(y)} k=1,....,m, (5.6)

0p = 0. Assume i.i.d. data {2y, ;, 25 ;(t), yx,i}, K =0,...,m;i = 1,..., ny from distributions that
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satisfy the model,

exp { (275, + (2, Br)) y} g () k=0,...,m. (5.7)

fk(y‘zax(t)) = fexp{(ZT‘)’k + <ZE,B]<;>) y}gk(y)dy,

In this project, we use maximum empirical likelihood (EL) method to fit the model (5.7). Empir-

ical likelihood under DRM and PLRM can be found be in [25, 65, 52]. For convenience, we first

introduce some notations. Define

Al a0, 80, G) = [ exp (=77 + (2,8)) 9} G (y).

The contribution to the likelihood function of one observation from population &, (2 ;, T i(t), Yk.)

is given by
lik(Yy, Bk, Gk) = exp { (Zg,ﬂk + (k) ﬁk>) ykz} AGr(Yr,i) [ A(zr, 2, (); Vi, Br(t), Gr),

where AGy(y) = Gi(y+) — Gi(y—). Then the log-likelihood for (v, Bk, Gi) is

ng
Z{z%,m + <$k,iaﬁk>}ykz ZlogAGk Yk,i) Zlogz‘l Zpis Thi(1); Vi Br (1), Gi).
=1

=1 =1

Under the DRM assumption on the baseline distributions G (y), the log-likelihood function of
(Y&, Bk, Gi) can also be viewed as a function of (v, Sk, @k, O, Go). Then the log-likelihood func-

tion of (vy,, Bk, ok, O, Go) can be written as

ng N
(Vis Brs Ok, 01, Go) = {Zg,ﬂk + (ki ﬁk>} ki + Y _log AGo(yr,s)
i=1 i=1

ny
T0r — > log Az xri(t); Ye, Br, Gr). (5.8)

n
+> o+ q(y)
i=1

i=1

From the empirical likelihood point of view, the distributions G (y) can be treated as discrete dis-
tributions. Let py ; denote the mass that the distribution function Go(y) assigns at yy ;. Then the

log-likelihood function (5.8) can be further written as

ng
(Vi Brs 0k, Ok, Go) =Y {Zg,m + (i (1), /Bk(t»} Yki + > log pri
i=1 =1

ng
+> o+ q(yri) Ok
=1

—Zlog(

r=0j5=1
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under the constraints

mo N

Z Zpk,z = 17
k=01=1
m g

Z Z{a,« +q(yri) O tpi =1, r=1,...,m,

k=01i=1

pk7i>0, k=0,....m, 1=1,...,ng.

Lety = (¥0,---»Ym)"> B = (Bo(t),....0m(t)", ¢ = (a1,...,00)7, 0 = (07,...,67,)7, and
P = {Pk.iti=o. . mi=1.. n, LThen the log-likelihood function of (v, B, &, 6, p) is given by

m ng m  ng m  ng

(7, B:0,0,0) =3~ { (2Lvk + (@a(0), B(0)) yii } + D0 D logpii + 2. >k + i) 60

k=01=1 k=01=1 k=01i=1

- i i log (i ipr,jeXP { (ZZ,m + (@r,i(t), /Bk(t») Yrj + o+ Q(yr,j)Tgk}> )

k=0 i=1 r=0j=1
(5.9

s.t.

m ng

Z Zpk,z = 17
k=0i=1
m ng

DD far+qurd) Orkpei =1, r=1,...,m,

k=01=1

Pri >0, k=0,....m, i=1...,n.

To estimate the parameters (v, 3, a, 8, p), a direct maximization of the log-likelihood function
(5.9) is challenging due to the infinite-dimensional nature of the unknown functions 3, which belong
to an infinite-dimensional function space. To address this issue, a common approach is to find finite-
dimensional approximations for the unknown functions 8. This involves approximating the target
functions by a set of basis functions with finite-dimensional coefficients. This way, we estimate the
coefficients of the approximation rather than the target functions directly, making the optimization
more tractable. In this project, we propose to use B-spline basis functions as the approximation for
the unknown functions in B(t). B-splines provide a flexible and finite dimensional representation
for approximating smooth functions. By employing B-spline basis functions, we can effectively
reduce the dimensionality of the problem and estimate the finite-dimensional coefficients instead of
the original infinite-dimensional functions.

In the next sub-section, we will introduce penalized B-spline estimators for S (¢), which will en-
able us to estimate the coefficients of the B-spline approximations, and, consequently, the unknown
functions 3(t).
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5.2.2 Penalized B-spline estimator for ()

For non-parametric estimation problems, the function to be estimated is usually assumed to be suf-
ficiently smooth, enabling its expansion in a basis representation. B-spline is a popular and effective

choice for such approximation tasks. For model (5.7), we employ B-splines to expand all m + 1

unknown functions [By(t), ..., Bm(t):
np
Br(t) = Y e ibi(t) =bt)cr, k=0,...,m (5.10)
j=1
where b(t) = (b1,...by,(t))" are B-spline basis functions and ¢, = (¢k1, .. ., Ck n, ) are unknown

coefficients. With the approximation (5.10), the inner product between [j(t) and xy,;(t) can be

approximately expressed as
ny
[ Bttt =Y ens [ bi(anaydt = uen,
j=1

where ug; = ([ b1(t)zg;(t)dt, ..., [ by, (t)xk,i(t)dt)". Then the log-likelihood function defined

in (5.9) can be approximately rewritten as:

m N m N m Nk

h(v,c,a,0,p) => > {zz,m + u%,ick} Ui + D> logpei+ > > a(yr:) 6k

k=01=1 k=01=1 k=11:=1
m Nk m Ny
-2 2 log (Z > prgexp { (i + uiick) yrj + q(ym')%}) ,
k=0 i=1 r=0j=1
(5.11)

s.t.

m ng

Z Zpk’,l = 17
k=01i=1
m ng

Z Z{ar + Q(yk,z)Tev}pk,z = 17 r= 17 U2

k=01i=1

pri>0, k=0,....m, i=1...,n.

In order to obtain a good approximation for an unknown function using B-splines, the number of
basis functions, denoted as ny, is often chosen to be large, typically depending on the sample size n.
However, a large value for n; can lead to an ill-conditioned design matrix derived from the B-spline
approximation, causing numerical stability issues. To address this problem, one effective solution is
to introduce penalty terms on the coefficients c. This penalty term acts as a regularization mech-
anism, controlling the smoothness of the estimated functions and mitigating the ill-conditioning

problem caused by a large number of basis functions.
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In the context of Functional Data Analysis (FDA), a widely used choice for the penalty is the
roughness penalty [69],

Pen {b(t)"ci} = || {b(t)"cx} P |3 == ¢} Quer,

where Q. is a symmetric and positive semi-definite matrix. This roughness penalty seeks to pe-
nalize the deviation of the estimated function from being too wiggly or oscillatory, encouraging
the estimation to favor smoother functions. By incorporating roughness penalties on the coefficient
vectors cg, the estimation process achieves more stable and reliable results, improving the numeri-
cal stability of the model while ensuring a well-behaved approximation for the unknown functions
using B-splines.

Then we proposed to estimate the parameters by minimizing the following penalized minimiza-

tion criterion with respect to (v, ¢, @, 8, p),

min — I, (v, ¢, o, 0,p) + Z ke Qrck, (5.12)
k=0

s.t.

m Ny

Z Zpk,l = ]-7
k=0i=1
m ng

Y>> {ar+quei) 0tpri =1, r=1,....m,

k=01=1

Pki >0, k=0,....m, i=1...,n,

where Ay are tuning parameters. By minimizing this penalized criterion, we get a balance between

fitting the model well and achieving smooth and stable estimates of the unknown functions.

5.2.3 Parameter tuning strategy for )\

The proposed approach involves using cross-validation for parameter tuning in model (5.12). We

define the index sets for training and test data from population £ as Ij, and I}, respectively. Define

Sk - {(zk,i7xk,i(t)7yk,i) (1€ Ik}7 k= O) ey,

and
S = {(zk,i,xk,i(t),ym) cvelpy, k=0,...,m.

To maintain the ratio of sample sizes from different populations in the cross validation procedure,
we ensure that L
n
—k:—k, k=1,...,m,
[lo]  mo

when constructing the training sets Sy.
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For each validation run, we fit model (5.12) using the training set U}, S}, to obtain the parameter
estimates (¥, €, &, 9, P). Then, we compute the negative log-likelihood of the test sets U} .S} as
the validation loss. We use this validation loss to tune the parameters A, £ = 1,...,m, using a 10-
fold cross-validation procedure. The procedure involves iterating through different combinations of
Ak, k= 1,...,m, and selecting the one that results in the smallest validation loss.

To calculate the log-likelihood of S}, we need to compute p; = P@k(y) (Y = yi,) for
(k,i) € I; based on Gj(y) estimated from U} ,Sk. Since for any vy, € S§, ki € Ui oSk
then py ; = Pé‘k(y) (Y = yi,i) = 0, which is not reasonable. To address the issue of calculating the
log-likelihood for S}, where vy ; € S and yy ; ¢ U, Sk, we propose the following procedure to
approximate py, ; for (k,1) € I}.

The main concept is to first derive a continuous density estimation for g (y) based on Gy, (y), the
estimated distribution function. This continuous density approximation can be obtained using kernel
density estimation or any suitable non-parametric density estimation technique. In this project, we
choose to use the kernel density estimation approach. Define a kernel smoothed EL estimator for

the density function g (y) of G (y) as

m
W) = 5 3 X briexp {0+ alun 0} K (L2, (5.13)
r=0icl,
where K () is a kernel function and h is the bandwidth.
Next, we use a weighted average of the probability mass of observations around the target data
point ¥y, ; to approximate py, ;. This means that for each y;. ; € S}, we calculate a weighted average
of probabilities assigned to nearby data points in U}~ S}, based on the derived density estimation.

Specifically, For any y;. ; € S;, we define a neighbourhood for y, ; as

Nn(yk’i) = {yT,j : |y7‘,j - Z/k,i| S n, (ij) S S?”) r= Oa ey m}

Then we estimate py, ; for y;; € S} by

B 1 (TN . 5
Phi= S Drjexpyar +q(yr )0k, k=0,....,m. (5.14)
N ) G () Prae™P L+ ()0}

Yr, i ENn(yr,i) 7K

By employing this approach, we can reasonably approximate py,; for (k, i) € I} and calculate
the log-likelihood of the test set S;. This procedure ensures that we consider the information avail-
able in the training set while evaluating the likelihood of the testing set, even for data points that are
not directly observed in the training set. Overall, this method provides a sound and reliable way to
compute the log-likelihood and assess the model’s performance during the cross-validation process.

We suggest using a 10-fold cross-validation process to tune the parameters (Ao, . . . , A, ) for the

model. Here are the steps involved:
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1. Split the data into 10 subsets for the cross-validation process. Each subset serves as the

testing set once while the remaining nine subsets are used as the training set.

2. Given the set of parameters (g, ..., \;,), estimate the model parameters (v, ¢, ¢, 6, p)
using the maximum empirical likelihood method on the training set U}"Sj. The estimators

are denoted as (¥, ¢, &, 0, P).

3. Use formulas (5.13) and (5.14) to calculate py, ; for each observation yy, ; in the testing set
S}, based on the estimated distribution function @k(y) Compute the negative log-likelihood
of the test set U}L S} as the validation loss.

4. Repeat the above steps 10 times for each combination of tuning parameters (Ao, . .., Ay,).

5. Find the combination of (A, . .., A, ) that results in the smallest validation loss. This com-

bination of parameters is considered optimal and will be used for the final model estimation.

By using the 10-fold cross-validation, we can tune the regularization parameters (Ao, ..., \,,) and
identify the combination that leads to the best model performance, helping us achieve a well-
calibrated model for the data.

5.3. Simulation Studies

5.3.1 Data Generating Models

Scenario L. In the first scenario, the data sets are generated from the following model:

Yii= pr(t) Xpi(t)dt + e, k=0,1, (5.15)
[0,1]

where X ;(t) is generated from a Wiener process, €x; ~ N (0, o2) with g = 0.1 and oy = 0.09,
and
po(t) = 10(t — 0.5)%,  pi(t) = 8(t — 0.4)2.

Scenario II. In the second scenario, the data sets are generated from the following model:
Vi = v Zug oot [ aOXei O e k=012 (510

where X, ;(t) is generated from a Wiener process; for k& = 0,1,2, Z; ,; ~ Unif(—0.5,0.5),
ZZ,k,i ~ UTLZf(—O5,05), €k ™~ N(,Uk,O'I%) with (MOaMlnu2) = (O> 07005) and (00701302) =
(0.1,0.1,0.2); and

vy = (0.2,0.4)7, vy =(0.4,0.2)7, wy=(0.2,0.4);

pr(t) =10(t —0.5)%, k=0,1,2.
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Scenario III. In the third scenario, the data sets are generated from the following model:
1
YiilZis, Xii(t) ~ TN (pri, or)s Mg = Vi L +/0 pr(t)Xgi(t)dt k=0,1,2 (5.17)

where T'N (fu4,,i, 1) denotes a truncated Normal r.v. over [0, co) with (0¢, 01, 02) = (0.1,0.1,0.15);
Xk,i(t) is generated from a Wiener process; Z i; ~ Unif(—0.5,0.5), Za ;. ; ~ Unif(—0.5,0.5);

vo=(0.2,04)", v =(04,02)", wvy=(0.1,0.1),
pr(t) =10(t — 0.5)%, k=0,1,2.

5.3.2 Simulation Results

Data generating model (5.15) indicates that the conditional density of Y}, ; is also Normal. Then

model (5.15) can also be formulated in the format as we proposed in (5.4) with

Bo(t) = po(t)/a5,  Bi(t) = p1(t)/o.

We perform simulations using model (5.15) under two different settings: (ng,n1) = (100,200)
and (ng,m1) = (200,200). Each setting is repeated 100 times to ensure reliable results. As the
Lo-norms of the true functions Sy (¢) and [1(t) are relatively large, we adopt the relative integrated
squared error (RISE) to assess the performance of the proposed penalized B-spline estimators. RISE

is defined as follows:

3 _ 2
1Bk ()17
Under the proposed method, we utilize the true basis function q(y) = (y, y?) for the DRM frame-

work. In the cross-validation procedure for tuning parameters, we employ the Epanechnikov kernel,

K(u) = (1 )1 {ju] <1},
for the kernel smoothed EL density estimator, represented as f,fsel (y).

The simulation results for Scenario I are presented in Table (5.1). We compare two methods:
EL, which employs the maximum empirical likelihood method to fit model (5.2) using only one
sample (k = 0 or k = 1), and DRM-EL, the proposed method that incorporates data from multiple
populations through model (5.4). EL method can be considered as a special case of the proposed
method with a single population (m = 1), where there is no density ratio structure. On the other
hand, DRM-EL leverages the pooled samples from both £ = 0 and £ = 1 for model fitting.

From the estimation errors in Table (5.1), we observe the clear advantage of using combined
samples for model fitting in DRM-EL. The efficiency of the estimations improves with a larger
sample size, thanks to the density ratio structure employed in model (5.4). By considering multiple

populations, the proposed method harnesses more information from the pooled samples, leading to
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more accurate results compared to EL method, especially when the sample size is increased. This
demonstrates the effectiveness of the DRM approach in enhancing estimation efficiency and making
better use of available data.

Figure (5.1) presents the averaged estimations for 8y(t) and (31 (¢) over 100 repetitions using EL
and DRM-EL respectively under the setting (ng,n1) = (200, 200). We can observe that the bias
of the estimations obtained from DRM-EL is smaller than that obtained from EL, which provides
another illustration for the strength of using the density ratio structure to pool information across

samples.

Methods  (ng,n1) RISE(3p) RISE(3;) SE(f:1) Bias(f11) SE(d12) Bias(d)o)

EL (100,200)  0.263 0.129

DRM-EL  (100,200)  0.224 0.104 1447 0035 11915 2068
EL (200,200)  0.101 0.129

DRM-EL  (200,200)  0.059 0054 1171 0034 9058  -1513

Table 5.1: Simulation results based on Scenario I for the two proposed methods: EL and DRM-EL.

o o
o o
[aV] (<0
8
- S
o o
0.0 02 04 06 08 1.0 00 02 04 06 08 1.0
t t
(a) By (t) obtained from EL method ®) A (t) obtained from EL method
o B -
= s |
© A T T T T T T < T T T T T T
00 02 04 06 08 1.0 00 02 04 06 08 1.0
t t
(¢) By (t) obtained from DRM-EL method (d) A1 (t) obtained from DRM-EL method

Figure 5.1: Averaged 5o (t) and (31 (¢) (red solid line) obtained from two proposed methods: EL and
DRM-EL based on 100 repetitions under the setting (ng, n1) = (200, 200); the true 5o(t) and 51 (t)
(black dashed line).
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In both Scenario II and Scenario III, we perform simulations with the same setup, having
(no,n1,m2) = (100, 50, 50), and conduct 100 repetitions for each scenario. For the basis function
q(y) in the proposed method, we stick to the true basis function g(y) = (y,y?) in both scenarios.
During the cross-validation procedure for tuning parameters, we utilize the Epanechnikov kernel for
the kernel smoothed EL density estimator, denoted as f,fsel(y). The data generating model (5.16)
and (5.17) both can be formulated in the format of (5.4) with

Bk(t) = pk(t)/a-l%7 Y = Vk/o']%; k= 0,1,2,

where v, = (i1, Vk2)7.

The primary objective in both Scenario II and Scenario III is to compare the estimation effi-
ciency of the parameters 8, and (3 (t) obtained from the proposed method DRM-EL and the Maxi-
mum Likelihood Estimation (MLE) based on the Gaussian distribution family. While the Gaussian
distribution family is correctly specified in Scenario II, it is misspecified in Scenario III.

To implement the MLE method for FGLM, we employ the R function “fregre.glm” from the
package “fda.usc”. This function expands the unknown functions i (t) using B-splines and then fits
the model using MLE. The number of B-splines for approximation is chosen based on the Akaike
Information Criterion (AIC) criterion, also integrated into the “fregre.glm” function.

The simulation results for both Scenario II and 3 are summarized in Table (5.2) and Table (5.3).
In Table (5.2), we observe that regardless of whether the model is misspecified or not, the estimation
errors of [y (t) obtained from MLE are significantly larger than those from the proposed method in
both scenarios. The reason behind this discrepancy is that the MLE method, as implemented by the
R package “fregre.glm”, lacks a penalty term to control the smoothness of the estimation. Although
the AIC criterion helps select a smaller number of B-spline basis functions, the resulting [y (t)
estimations are still undersmoothed.

Under Scenario II, the mean squared errors (MSE) of 4, derived from MLE are usually slightly
smaller than those from the proposed method, which is expected. But the difference is not large.
This could be attributed to the fact that the proposed method, leveraging the DRM structure in (5.4),
can use a larger sample to fit the model compared to MLE. However, under Scenario III, where the
model is misspecified, MLE performs significantly worse than the proposed method. Scenario III
serves as an example, emphasizing the importance of considering semi-parametric methods, as in the

proposed approach, to estimate the baseline distribution of FGLM when the model is misspecified.

5.4. Real Data Analysis

In the United States, Kansas boasts a substantial soybean cultivation, with approximately 4.7 mil-
lion acres dedicated to soybean planting. This productive effort yields an impressive output of 200
million bushels, securing Kansas’s position as the 10th highest soybean-yielding state in the country.

The scientific research cited from [79, 72] highlights the paramount significance of temperature

and water availability throughout all stages of soybean growth, encompassing both the vegetative
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Setting Methods RISE(B;) RISE(3;) RISE(B2)

Scenario 11 DRM-EL 0.12 0.13 0.16
MLE 3.05 5.78 10.29
Scenario 111 DRM-EL 0.20 0.22 0.47
MLE 4.59 14.01 16.05

Table 5.2: Simulation results on the estimation of /3x(¢) under Scenario II and 3. DRM-EL denotes
the proposed method based on model (5.4) and MLE denotes the maximum likelihood estimation
method.

Setting  Methods  MSE(90,1,90,2) MSE(91,1,91,2) MSE(%2,1,92,2)
DRM-EL _ (0.025,0.015) _ (0.011,0.027) _ (0.037,0.076)

Scenario 11

MLE  (0.018,0.022)  (0.022,0.022)  (0.042,0.025)
Seonarioqy DRM-EL  (0.020,0.027)  (0.027,0.030)  (0.011,0.032)
MLE  (0.075,0.031)  (0.056,0.070)  (0.030,0.044)

Table 5.3: Simulation results on the estimation of ~y, under Scenario II and 3. DRM-EL denotes
the proposed method based on model (5.4) and MLE denotes the maximum likelihood estimation
method.

and reproductive phases. During the vegetative stages, soybeans demonstrate a reasonable tolerance
to drought stress, proving to be less susceptible than corn crops until the late reproductive stages.

Nonetheless, the simultaneous occurrence of water scarcity and heat stress poses a significant
threat in many regions of Kansas during the soybean growing season. Such conditions can lead
to increased flower and pod abortion, ultimately resulting in reduced soybean yields. Furthermore,
excessively low temperatures also have adverse consequences, negatively impacting soybean ger-
mination and overall growth. As a result, it becomes evident that temperature and water availability
exert substantial influence over the soybean yield as the growing season draws to a close.

In following analysis, we use the data on soybean yield and two environmental predictors in
four specific years: 1993, 1998, 2001, and 2004. These years were chosen because they provide
observations with reasonable sample sizes and cover the main time span of the data. Let us define

the variables used in the model:

» X (t) represents the daily average temperature between June and November, which are dis-
played in Fig (5.2).

» Z represents the ratio of irrigated area for each county in Kansas.

* Y represents the annual soybean yield per unit for each county in Kansas.
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Figure 5.2: The daily average temperature curves of counties of Kansas in 1993, 1998, 2001 and
2004.

To keep things concise, we will use the year index & to refer to the specific year under consider-

ation. The following model is fitted to the target data set,

) exp{(vez + (z, Be)) ¥} 9x(y)

fi(ylz, z(t) = Texp {(7ez + (2 Be)) y} gr(y)dy’ k=0,1,2,3 (5.18)
gzg; = exp{ar +67q(y)}, r=1,2,3.

The vector g(y) of the density ratio structure in (5.18) is chosen as

a(y) = (y,y%,y°,log(y))",

which covers the Normal and Gamma distribution families. We also tried the vector g(y) with more
polynomials terms and we observe very similar results. Therefore, in this section we report the
estimation results based on this q(y)

The estimated [ (¢), k = 0,1, 2,3 are displayed in Fig (5.3). According to Fig (5.3), we can
observe the season effect of temperature and the impact of irrigation system on soybean yield. The
estimated functions /3 (¢) for all four years exhibit a consistent pattern. During the summer, all 5y, (¢)
are negative, indicating that the temperature at this time is too hot for soybean growth. In contrast,
during the winter, all Bk(t) become positive, suggesting that the temperature during this period is
too cold for soybean growth. The turning point from negative to positive Bk(t) occurs around late

July and early August. In addition, the estimated values for -y are given by

(70,71, 72, 73) = (0.45,0.56,1.07, 2.09),

131



which indicates the positive effect of irrigation system on soybean growth. This observation empha-

sizes the importance of irrigation in promoting soybean growth and yield in Kansas.
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Figure 5.3: The estimated [ (t) using the proposed DRM-EL method based on the soybean data set
of Kansas.

5.5. Conclusion and Discussion

The proposed semi-parametric functional generalized linear model (FGLM) with density ratio struc-
ture offers valuable flexibility for modeling data from different populations simultaneously, partic-
ularly for continuous responses. However, one limitation is that the current DRM-EL method based
on (5.4) can only handle continuous response variables, as the density ratio model (DRM) is specif-
ically defined for continuous random variables. For future research, we would like to investigate
how to further modify the framework (5.4) to incorporate categorical or other discrete responses.
Note that in the real data analysis of the this project and the previous project, the response
variables that related to the soybean yield are both modeled linearly in the daily average temperature
X (t) so that decreasing the summer temperature is estimated to improve the yield no matter how

cold the summer is. In reality, this cannot be the case. This is another limitation of the current model
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when it is applied on the target application. We also aim to solve this issue in the future research by

allowing non-linear relationship between the response and the functional predictors.
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