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Abstract

Constructing semistable models for hyperelliptic curves serves as an important ingredient
in many interesting problems in mathematics such as solving generalized Fermat equations
and generalizing the famous Tate’s algorithm for hyperelliptic curves. In recent years, ex-
plicit methods for constructing semistable models for hyperelliptic curves defined over local
field having characteristics not equal to 2 has been examined thoroughly by Dokchitser-
Dokchitser-Maistret-Morgan (2017) (see [4]). Their method, however, relies heavily on the
fact that the residue characteristics of the local fields are not 2 and does not apply for the
characteristic 2 case. In this thesis, we take a different approach to construct semistable
models for a specific class (double root clusters) of hyperelliptic curves defined over finite
extensions of the 2-adic numbers. We then demonstrate our methods by constructing an
explicit semistable model for a given hyperelliptic curve as a proof of concept. Our result
serves as a small step towards a general method for computing semistable models of hyper-
elliptic curves defined over local fields with residue characteristic 2 for the specific class of

curves that we are interested in.
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Chapter 1

Introduction

1.1 Overview

A hyperelliptic curve C over a field K is an equation of the form

C:y* = f(z) (1.1.1)

for some polynomial f in the variable x where deg f = 2g+ 1 or 2g + 2 for an integer g > 2
called the genus. When K is algebraically closed, C' as a geometric object is just the set of
point (z,y) satisfying (1.1.1). For us, the field K is usually not algebraically closed however,

and so we ought to use the scheme language, and take C' as the affine variety

C = Spec K[z,y]/(y* — f(x)). (1.1.2)

We call this formulation the “affine model” of the hyperelliptic curve C' and it has a sin-
gular point at infinity in the projective plane. What we really need is the so called the
“non-singular completion” of C' which will be defined later in this thesis. For the sake of in-
troduction, we may think of hyperelliptic curves as affine varieties given by (1.1.2) for now.
These curves arise naturally in many algebraic geometry and number theory problems. In
particular, they show up in the classification of curves by genus as well as generalized Fermat
equations.

Let C be a hyperelliptic curve defined over a local field K and let Ok be the ring of
integers of K. If we can find a scheme C over Ok such that by viewing C as a scheme over
K, C and C are isomorphic over K, then we call C a ‘model’ of C' (this will be properly
defined later in the thesis). The model C gives us a way of ‘representing’ C as a scheme
over the ring Ok which in turn, allows us to study our curve in new ways. We note that
the notion of a model fundamentally considers a base ring that is not a field, so we really
need that schemes generalize the notion of a variety to objects defined over rings. In the
particular case where K is a finite extension of the f-adic numbers Q; where ¢ is prime,

we can take the reduction of C modulo ¢ (we will later define this as the special fiber of C



and denote it as Cp). We then study Cy to see whether it is smooth or singular which are
properties analogous to smoothness in usual analysis. It turns out, two different models for
the same hyperelliptic curve can have different smoothness behaviours. In particular, we
say a model C is semistable if the singular points of C; (non-smooth points) are all isolated
nodal singularities which we will properly define later in the thesis.

The Frey-Ribet-Wiles approach to Fermat’s Last Theorem can be adapted to apply to
various generalized Fermat equations. In this approach one attaches an algebraic curve to
a putative solution and then prove this curve would have such special properties that it
cannot exist. In the original proof, this curve is an elliptic curve, but some variants use a
hyperelliptic curve. The approach derives a Galois representation from the putative curve
and requires detailed information on its conductor (for a complete description of this, see
[2]). To compute this conductor, one determines explicit semistable models of the curve over
finite extensions of Qy, for all primes ¢; including ¢ = 2 (cf. [3]).

Our question now boils down to how to compute semistable models of hyperelliptic
curves explicitly? Using tools from algebraic geometry, we are at least guaranteed that
semistable models always exist theoretically, over some base field extension. Explicitly con-
structing them however is very difficult in most cases. Being able to explicitly compute
semistable models of arbitrary hyperelliptic curves over local fields is equivalent to general-
izing Tate’s algorithm for elliptic curves to the hyperelliptic case e.g. computing conductor
exponents for hyperelliptic curves.

Over the recent years, the explicit construction of semistable models has been studied
systematically in [4] in the case where ¢ is an odd prime. They introduced the notion
of cluster pictures to classify the reduction behaviour of hyperelliptic curves, and then
tackling each cluster picture class accordingly by gluing together models of hyperelliptic
curves parametrized by discs in the projective line over K. The ¢ = 2 case becomes much
more difficult to deal with and the method provided in [4] does not apply. A numerical
algorithm to compute the conductor of a specific genus 2 curve at £ = 2 can also be found
in [5]. In applications to generalized Fermat equations, we need to find the conductor in
a parameterized family of hyperelliptic curves however, for which their algorithm is not
guaranteed to work. This serves as the main motivation of our method.

In this thesis, we will demonstrate a explicit construction of semistable models for hy-
perelliptic curves when ¢ = 2 for a specific “cluster picture” class described in [4]. Our
method boils down to gluing together models that are locally elliptic curves, blowing them
up at their non-reduced components to obtain locally semistable models, and then finally

patching them together to a potential semistable model for the original hyperelliptic curve.



1.2 Thesis Outline

All the notations and terminologies used in this thesis is listed in Chapter 2. In order to
define models of curves and semistable reduction type, we will need to review some basic
background knowledge in algebraic geometry. In Chapter 3, we will go over these prelim-
inaries. In Section 3.2 and 3.3, we will recall the definitions of proper morphisms and flat
morphisms respectively. These two concepts are used in the definition of models. In Section
3.1 and 3.5, We will review the gluing and blow-up constructions of schemes respectively.
We will later use these constructions to construct our explicit semistable model for the
class of hyperelliptic curves we are interested in. The definition of semistable reduction is
in Section 3.4 along with the definition for models of curves and hyperelliptic curves. In
Chapter 4, we will state our main strategy and the required assumptions (Condition 1). In
Section 4.1 and Section 4.1.1 we describe our construction in detail and in Section 4.1.2 we

present an explicit example.



Chapter 2

Notations and Terminologies

iSa }I
F
GF(p")
Ring
UFD
PID
DVR

(7“17 ...,Tk) - R
R[S71],Spec R[S™!]

X/R

DX(fla"'afm)

V(flv 7fm)

CIU (X)

A indexed family of sets S, with o € I where I is an indexing set.

F is a field and F is an algebraic closure of F.

Finite field with p* elements where p is a prime and k > 1 is a positive
integer.

Every ring in this thesis is going to be commutative with unity.
Unique factorization domian.

Principal ideal domain.

Discrete valuation ring.

The ideal in R generated by rq, ..., € R.

Risaring and S C R is a subset. We denote by R[S™!] the localization
of R away from the multiplicative subset generated by S. We extend this
terminology to affine schemes by calling Spec R[S™!] the localization of
Spec R away from S.

R is a ring and p € SpecR is a prime ideal of R. R, denotes the
localization of R at the multiplicative set R \ p.

The field of fractions of an integral domain R.

The Krull dimension of a ring R.

For a local ring R with maximal ideal m, we denote R as the completion
of Rie R=lim, R/m™.

Formal power series ring in the variables 1, ..., x, over a ring R.

K is a local field, Ok = Frac K is a discrete valuation ring (DVR) and
7 is a uniformizer of Ok i.e. 1 € Ok generates the unique maximal
ideal of Ok.

Separable closure of the local field K in K.

X is a scheme with structure sheaf Ox. For x € X, we note k(z) as the
residue field Ox ,/m, where Ox , is the stalk of x and m, C Ox ; is
its unique maximal ideal.

A scheme X over a ring R i.e. there is a structure morphism X —
Spec R.

If X = Spec R is an affine scheme, we denote Dx (f1, ..., fm) C X as the
distinguished open set generated by f1, ..., fm € R. When the coordinate
ring R is clear from context, we will simply write D(f1, ..., f,) instead.
Vanishing locus of the elements fi,...,fn € R ie. (f1,.yfm) =

Spec (R/(f1y s frm))-
The closure of U C X in the topological space X.




Chapter 3

Preliminaries

3.1 Gluing and Local Properties

One of our main ingredients for constructing the desired semistable models of hyperelliptic
curves in Chapter 4 is the gluing construction for schemes. We will first recall how to glue

together a scheme and then introduce the notion of local properties for schemes.

Theorem 3.1.1 (Gluing Schemes, [6], Section 1.2.4. and [13], Lemma 26.14.1). Let {X,}s
be a family of schemes, and an open set X, g C X4 for each o, 8 € I. Suppose we are also

given a family of isomorphisms of schemes
Yap: Xap —+ Xga foreacha,Bel,

satisfying the conditions:

1. Xoo=Xa and Yo, : Xo — X is the identity map for all o € 1.

2. g =,y foralla,B e,

3' woc,ﬁ(Xa,B N Xa,'Y) = Xﬁ,a N X,B,’Y fO’f’ all a, Ba Y S I

4. g0 ¢“75|Xa,gﬂXa,w = ¢Q:V|XQ,BQXQ,W for all o, B,y € I called the compatibility con-
dition.

Then there exists a unique scheme X with open cover {Uy}r such that Uy, = X, and the

identity maps on the intersections U, NUg C X corresponds to the isomorphisms ¢, g.
Furthermore, if Y is any scheme and for each o € I, there exists a morphism fo, : Xo —

Y such that fg oz = fo‘|Xa,5 then there exist a unique morphism f : X — Y such that

f‘U 0lg = fa where o 1 Xo — Uy is the natural isomorphism induced by the gluing.
Proof. The proof may be found in [13, Lemma 26.14.1 and Lemma 26.14.2]. O

Remark 1. As a set, X is the coproduct [[,c; Xo/ ~ where z; ~ z; for z; € X; and
xj € X; if and only if ¥ j(x;) = x;.



Remark 2. We see that if in particular, the X,’s are affine, then {U,}s is an affine open

cover of the glued scheme X.

This remark leads us to the notion of affine-local properties and stalk-local properties

of schemes.

Definition 3.1.2 (Affine-local Property). Let P be a property of schemes. We say P is
an affine-local property if for any affine open cover {U,}; of a scheme X, we have X has

property P if and only if each U, has property P.

Definition 3.1.3 (Stalk-local Property). Let P be a property of schemes. We say P is a
stalk-local property if for any scheme X, we have X has property P if and only if each stalk
Ox  has property @ where @ is some property for local rings.

Proposition 3.1.4. P is stalk-local implies it is affine-local.

Proof. Let X be any scheme with property P. By definition, for any € X, we have Ox
satisfies property Q. Let {U,}; be any affine open cover of X. If we take any o € I and
consider Uy, then for every x € U, the stalk

OUa,ac = OX,J:

has property @. This implies U, has property P for all a € I since P is stalk-local. Since
the scheme X with property P and {U, }; are all arbitary, this implies P is affine-local. [J

We also give the notion of a property for morphisms of schemes being local on the target.

Definition 3.1.5 (Local On The Target). Let P be a property defined for morphisms of

schemes. We say P is local on the target if the following conditions are satisfied:

1. If 7 : X — Y is a morphism of schemes with property P, then for any open subset
V CY, the restricted morphism 7~!(V) — V has property P,

2. For any morphism of schemes 7 : X — Y, if there exist an open cover {V;} of Y for
which each restricted morphism 7~1(V;) — V; has property P, then 7 has property
P.

3.2 Fiber Products and Proper Morphisms

To give the definition of a curve being semistable, we will first recall what it means for a
morphism between schemes to be proper. Before doing that, we will review some general
definitions for schemes and their morphisms such as the fiber product construction and

separatedness following the treatment in Hartshorne [8].
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Definition 3.2.1 (Fiber Products of Schemes). Let S be a scheme, and let X and Y be
schemes over S i.e. we have morphisms 7 : X — S and 7’ : Y — S. We define the fiber
product of X and Y over S, denoted X XgY to be a scheme, together with two projection
morphisms p; : X XxgY — X and p2 : X XgY — Y which makes the following diagram

commute:
X xgY -2,y

Pll lw'
X —"— -85
as well as a universal property that for any scheme Z with morphisms ¢ : Z — X and

¢9 : Z — Y, there exists a unique morphism ¢ : Z — X Xg Y such that the following

diagram commutes:

P2

A

Le. ¢1 =pi1ogand ¢ =pzo¢.

The next theorem guarantees that fiber products of schemes given in Definition 3.2.1

are well-defined and they always exists.

Theorem 3.2.2 ([8], Theorem 11.3.3). For any two schemes X and Y over a scheme S,

the fiber product X xg 'Y exists, and it is unique up to unique ismorphism.

We can now give another desirable property which morphisms of schemes can satisfy

using the definition of fiber products.

Definition 3.2.3 (Preserved Under Pullback). Let P be a property defined for morphisms
of schemes. We say P is preserved under pullback if the following condition is satisfied: Let
7 : X — Y be any morphism of schemes with property P and let o : Y/ — Y be any
morphism of schemes. If we take the fiber product X xy Y’ induced by 7 and « then the
projection map X xy Y’ — Y’ has property P.

One particular important case of fiber products for us is base changing.

Definition 3.2.4 (Base Changing). Let f : X — Y be a morphism of schemes. For any
y €Y, we set
Xy =X xy Speck(y).

This is the fiber of f over y. The second projection map X, — Spec k(y) makes X, into a

scheme over k(y).



We can now define what we mean by saying ‘generic/special fibers of a morphism.

Definition 3.2.5 (Generic Fibers). Let f : X — Y be a morphism of schemes with Y
irreducible with unique generic point {. We call X, in the sense of Definition 3.2.4 the
generic fiber of f.

Proposition 3.2.6 ([9], Proposition II1.1.16). Let f : X — Y be a morphism of schemes.
Then for any y € Y, the first projection map p : X, = X Xy Speck(y) — X induces a

homeomorphism from X, onto f~*(y)

We recall the spectrum of a DVR only has two points: the generic point and the special
point. Since we will study schemes that are defined over DVRs, the special fiber of such a

scheme is defined using the special point.

Definition 3.2.7 (Special Fibers). Let X be a scheme over a DVR R with uniformizer
7. The unique maximal ideal (7) corresponds to the unique closed point s € Spec R. We

denote X or X, the special fiber of X (under the natural structure map X — Spec R).

Proposition 3.2.8 (][9], Example. I11.1.18). Following the notations in Definition 3.2.7, the
underlying topological space structure of X is the disjoint union of the generic X, which is
a scheme over K = Frac R, and of the special fiber X, which is a scheme over the residue
field R/(m). Moreover, X, is open in X because {n} is open in Spec R. The special fiber X

is closed in X because the special point s is closed.

Remark 3 (Computing Base Changes For Affine Schemes). In the case where X =
Spec R[x1, ..., xn]/(f1,...s fm) — Spec R for some ring R and p € Spec R. We have X, =
Spec(R/p)[x1, ..o, 2n]/(f1, .., fm) where fi is the image of f in (R/p)[z1,...,x,]. This is

because
X, = Spec R[x1, ..., Zn) /I Xspec R SPEC R/p = Spec (R[z1, ..., z,]/1 @r (R/p))

where I = (f1,..., fm). See [15] Section 10.1 for the fiber product construction of affine

schemes.

We will now proceed to define separatedness for morphisms of schemes. We first need a

few more definitions.

Definition 3.2.9 (Closed Immersions). A morphism 7 : X — Y is called a closed immer-
sion if it is affine (i.e. for each affine open U C Y we have 771 (U) C X is affine), and for
every affine open Spec B C Y, with 771 (Spec B) = Spec A, the induced ring map B — A

is surjective.

Definition 3.2.10 (Diagonal Morphisms). Let 7 : X — Y be a morphism of schemes. The
diagonal morphism is the unique morphism A : X — X Xy X whose composition with both

projection maps p1,p2 : X Xy X — X is the identity map of X — X.

8



We recall from general topology that a topological space X is Hausdorff if and only if
the diagonal set
{(z,z):2€e X} C X xX

is closed in the product topology X x X. Although the Zariski topology is almost never

Hausdorff, we will see that the definition of separatedness mimics the Hausdorff condition.

Definition 3.2.11 (Separatedness). We say a morphism 7 : X — Y of schemes is separated
if the diagonal morphism A is a closed immersion. In that case we also say X is separated
over Y. A scheme X is separated if it is separated over Spec Z, the final object in the category

of schemes.

We will soon see that separatedness (which mimics Hausdorffness of topological spaces)
is required to give the definition for properness of schemes which is the algebraic geometry
equivalent for compactness.

We recall from general topology that a map f : X — Y between topological spaces
X and Y is called proper (in the topological sense) if the preimage of every compact set
in Y is compact in X. Some authors will also define proper maps as a continuous closed
map such that the preimage of every point is compact. All of these definitions of properness
give us problems in the category of schemes however. We first do not have the notion of
compactness because our schemes are not Hausdorff. Secondly, a map being closed is not
a strong enough condition for us as closedness is not preserved under pullback. To fix the
second problem, we can simply define a stronger notion where we force closedness to be

preserved under pullback.

Definition 3.2.12 (Universally Closed Morphisms). We say a morphism 7 : X — Y
of schemes is said to be universally closed if it is a closed map and for any Y’ — Y, the
corresponding projection morphism 7’ : X xy Y’ — Y’ coming from taking the fiber product

X xy Y’ is closed i.e. closedness is preserved under pullback.

Definition 3.2.13 (Finite Type Morphisms). A morphism 7 : X — Y of schemes is said
to be of finite type at x € X if there exist an affine open neighborhood Spec A = U C X
of  and an affine open Spec B =V C Y with n(U) C V such that the induced ring map
B — A turns A into a finitely generated B-algebra. We say 7 is of finite type if 7 is of finite
type at every point and 7 is quasi-compact i.e., the preimage of any affine open subset of

Y is quasi-compact in X.

To address the problem of the Zariski topology not being Hausdorff, we can simply
add the separatedness condition into our definition for properness. Hence we can finally
define what a proper morphism between schemes is, in a similar fashion to the properness

condition for continuous maps in the topological sense.



Definition 3.2.14 (Properness). A morphism 7 : X — Y of schemes is called proper if it
is separated, of finite type and universally closed. We often say a scheme X (over a field K)

is proper if the morphism X — Spec K is proper.

It is hard to check whether a given morphism is proper or not. However there is a very
nice criterion to check properness when the morphism 7 : X — Y is already known to be

of finite type and the schemes X and Y are Noetherian.

Theorem 3.2.15 (The Valuation Criterion for Properness). Let m: X — Y be a morphism
of finite type with X and Y Noetherian. Then m is proper if and only if for every DVR R
with morphisms f : U — X and g : C — Y where U = Spec K and C = Spec R which

forms a commutative diagram

f
U X
3.7
L T
/// g
C Y

there exist a unique morphism C — X making the entire diagram commutative where ¢ :

U — C 1is the natural inclusion.

This criterion comes in handy for us since all of our schemes later on are going to be
Noetherian and the morphisms between them are going to be of finite type.

The following definition demonstrates why properness is a nice property to have.
Proposition 3.2.16 ([15], Proposition 11.5.4).

1. Let f: X =Y and g: Y — Z be proper morphisms. Their composition gof : X — Z

is also proper.
2. Properness is preserved under pullback.
3. Properness is local on the target.

4. Suppose we have a commutative diagram

X ————Y

N4

where a is proper and (B is separated. Then 7 is proper.

10



3.3 Flat Morphisms

Similar to properness, flatness is another property crucial for defining models of curves.
In this section, we will review the definition for flat morphisms following the treatment in
Hartshorne [8]. We will also give a criterion to check when is affine schemes define over
finitely generated R-algebras flat where R is a DVR.

To define flatness of morphisms between schemes, we will first recall the definition of

flat modules.

Definition 3.3.1 (Flat Modules). Let R be a ring. An R-module M is said to be flat over
R or simply flat if the functor N — M ®p N is exact for N € Mod(R) i.e. whenever we

have an exact sequence of R-modules
0N -LNL N S0
the induced sequence
0— Map N M prgp N M2 A gp N7 — 0

is also exact.

Remark 4. For an arbitary R-module M, the above functor N — M ®g N is always right

exact. Flatness condition requires it to be exact.
Proposition 3.3.2 ([8], Proposition III1.9.1A).

1. An R-module M is flat if and only if for every finitely generated ideal I C R, the map
I ®r M — M is injective.

2. Base extension: If M is a flat R-module, and R — S is ring map, then M ®r S is a
flat S-module.

3. Transitivity: If S is a flat R-algebra, and N is a flat S-module, then N is also flat as

an R-module.
4. Localization: M s flat over R if and only if M, is flat over R, for all p € Spec R.
We now give the definition for flat morphisms of schemes.

Definition 3.3.3 (Flat Morphisms). Let 7 : X — Y be a morphism of schemes, and F be
a sheaf of Ox-modules. We say F is flat over Y at a point x € X, if the stalk F, is a flat
Oy, y-module, where y = 7(x) and the Oy,,-module structure of F, is given by the natural
local ring map 7* : Oy, — Ox ;. We say F is flat over Y if it is flat at every point of X.
We say X is flat over Y if Oy is flat over Y.

11



Remark 5. In particular, given a morphism between affine schemes 7 : Spec A — Spec B.
Proposition 3.3.2 part 4 says: « is flat if and only if the induced ring map B — A turns A

into a flat B-module.

We shall show that gluing schemes which are flat over a fixed scheme S results in a flat

scheme over S.

Proposition 3.3.4. Suppose we have a family of schemes {X}1 and a family of morphisms
{Yap}r satisfy Theorem 3.1.1 and so they glue to a scheme X (i.e. there are open subsets
Xap C Xo forall B # o in I). Suppose for each o € I, we have a flat morphism fo : Xo —
Y such that fgo ¢pop = foé|Xa’5 for a fized scheme Y. Then the induced map f: X — Y is
also flat.

Proof. For each z € X, there exist «,; € I such that x € U,,. By assumption
Ox:=0vu,,:=0x,,7

is a flat Oy, module where T € X, is the corresponding point of x € U,, and y = fa, (7).
By Theorem 3.1.1, f|,, () = fa,(T) = y and so Ox is flat over Y at z. Since x was

arbitrarily chosen, we have X is flat over Y. O

Let us recall the definition for open immersions.

Definition 3.3.5 (Open immersions). An open immersion is a morphism of schemes f :

X — Y which induces an ismorphism of X with an open subscheme of Y.
We can now state some additional properties for flat morphisms.
Proposition 3.3.6 ([8], Proposition II1.9.2).
1. Open immersions are flat.

2. Let f : X — Y be a morphism of schemes, let F be an flat Ox-module over Y, and let
g:Y' =Y be any morphism. Let X' := X xy Y/, let 7 : X' - X and mo : X' = Y’
be the projection morphisms, and let F' := 7 (F). Then F' is flat over Y'.

Proof. The proof follows from 2. in Proposition 3.3.2. O
We immediately obtain the following corollary from 2. in Proposition 3.3.6.
Corollary 3.3.6.1. The base change of a flat morphism is flat.

Proof. Let f : X — Y be a flat morphism, g : Y’ — Y any morphism and m : X' :=
X' xy Y/ — X the projection map. Since f : X — Y is flat i.e. Ox is flat over Y, by 2. in
Proposition 3.3.6, 77Ox is flat over Y’. We note that

* —1 ~Y
™ OX =T OX ®”;10X OXI = OX/

12



is the structure sheaf of X’ and thus the projection morphism o : X’ — S’ is flat. O

Since we will be requiring our model of curves to be flat over the prime spectrum of
their defining rings later on, we should give ways to verify flatness for affine schemes. From

this point and onward, all of our schemes are assumed to be Noetherian.

Definition 3.3.7 (Associated Primes). Let R be a ring and M be an R-module. A prime
p € Spec R is associated to M if there exists an element m € M whose annihilator is p. The

set of all such primes is denoted as Assr(M).

Definition 3.3.8 (Associated Points). A point x of a (Noetherian) scheme is an associated
point of X if the maximal ideal m, is an associated prime of 0 in the local ring Ox ;, or in

other words, if every element of m, is a zero divisor.

Remark 6. In the statement of Definition 3.3.8, the ring R is Ox , and the R-module M

is also Ox; i.e. Ox; is considered as a module over itself according to Definition 3.3.7.
We now recall what is means for schemes to be integral/reduced.

Definition 3.3.9 (Integral Schemes). A scheme X is integral if for every open set U C X,
the ring Ox (U) is an integral domain.

Definition 3.3.10 (Reducedness). A ring R is called reduced if the nilradical N(R) = 0
i.e. R has no non-zero nilpotent elements. A scheme X is said to be reduced if for every
open set U C X, the ring Ox (U) is reduced.

Proposition 3.3.11 ([8], Proposition I1.3.1). A scheme is integral if and only if it is both

reduced and irreducible.

We now give a criterion for checking flatness over an integral, regular of dimension 1

base ring.

Proposition 3.3.12 ([8], Proposition 111.9.7). Let m : X — Y be a morphism of schemes,
with Y integral and regqular of dimension 1. Then m is flat if and only if every associated
point x € X maps to the generic point of Y. In particular, if X is reduced, this says that

every irreducible component of X dominates Y .

We will now prove a series of lemmas and propositions to demonstrate how flatness
can be checked for an affine variety of the form V(f) over R where R is a DVR and
fe R[l‘l, ce :L‘n]

Lemma 3.3.13. Let X be a integral scheme. Then its only associated point of X is its

generic point.

13



Proof. X is integral implies X is irreducible by Proposition 3.3.11. We know that X has
a unique generic point 7. Pick any point x € X and an affine open subscheme U C X
containg x where U = Spec A. By abusing of notation, we will denote the prime ideal in
A corresponding to x as . We then have Ox , = Oy, = A, which is an integral domain
since X is integral. This means m, C A, contains non-zero elements (which are not zero

divisors). Therefore the only associated point of X is n as m,, = (0) C Ox, = FracA. O

Proposition 3.3.14. Let R be a DVR with field of fractions K and X an integral R-scheme
of finite type over R whose generic fiber X, /K is nonempty. Then X is flat over R.

Proof. By Lemma 3.3.13 the only associated point of X is its unique generic point 7. Let nr
be the generic point of Spec R. Suppose that under the natural morphism 7 : X — Spec R
we have 7(n) = p # nr where p is the special point of Spec R = {ng,p}. We see that

m(X) = 7(clx{n}) C clspec r(7(1)) = clspec R({P}) & Spec R

since the generic point np is the only non-closed point in Spec R. This implies 7~ 1(ng) is
empty. However as topological spaces, X, = X Xgpec g K is homeomorphic to 7~ Y(nRr) by
Proposition 3.2.6 thus contradicting X,  # (. Therefore we must have 7 (n) = nr and by
Proposition 3.3.12, X is flat over R. O

For the sake of simplified notations, we will first consider the simple case when there
are only two variables, = and y.

We recall that in a UFD, an element is prime if and only if it is irreducible.

Proposition 3.3.15. Let R be a DVR and C C A% an affine scheme defined by a single

polynomial equation

f(z,y) =0  for some f(x,y) = Zai,ja:iyj € Rlz,y).

Assume that f is not constant. Since R is a PID, R[x,y] is a UFD. If we factorize f =
i1 p5" in Rlz,y], where the p;’s are distinct irreducibles (p; is not a unit multiple of p;

for any i # j), then the associated points of V(f) are precisely the (p;)’s.

Proof. By assumption, we have
T

V() =U V.

i=1
Consider any one of the reduced components V' (p;*). The generic point corresponds to the
unique minimal prime /(0) = (p;) C (R[z,y]/(f))/(p;") where (0) is the zero ideal of

(R[z,y]/(f))/(p*). Such point is indeed an associated point since p; is a zero divisor in the
local ring (R[x,y]/(f))(pi) as

J#

pi- (pfil Hp?) =0.
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Since R is an integral domain, then so is R[x,y|. Hence if ab = 0 in Rz, y]/(f) for a,b €
Rlz,y]/(f), then we must have ab = f in R[x,y] which means the zero divisors of R[z, y]/(f)
only arise from the nontrivial factors of f. Our goal is to find the associated prime ideals in
Rlz,y]/(f) i.e. prime ideals of the form p = Ann(d) for some element d € R[z,y]/(f). Note
that if p # 0, then by our above observation on the zero divisors of R[z,y]/(f), such a d
must be a nontrivial factor of f which implies f/d = g for some g € R[z,y]. We claim that
Ann(d) = (g). It is clear that (¢) € Ann(d) since g € Ann(d). Conversely if h € Ann(d)
then dh = 0 in Rz, y]/(f) i.e. dh = f{ for some ¢ € R[x,y] which implies dh = dgf and
so h = g¢ € (g). Finally, for p to be prime, it is necessary that g has to be irreducible in

R[z,y] which means g = p; for some 1. O

Proposition 3.3.16. Keep the same notations and assumptions as in Proposition 3.5.15,
then the inclusion R <> R[z,y]/(f) is flat if and only if the ideal I = (aiz) = (1).

Proof. We first recall from the definition of affine schemes that the zero ideal (0g) of R
corresponds to the generic point np € Spec R. We note that ¢ is injective since it is the

natural inclusion map

vi R — Rl y]/(f)

a — [a]

where [a] denotes the equivalence class of @ in the quotient ring Rz, y]/(f).

For the forward direction, let us denote m as the maximal ideal of R with uniformizer
m. Suppose I # (1), that is, a; ; € m for all ¢ and j. Then f = n"g for » > 0 and g € R[z,y]
has at least one coefficient which is a unit. We have V(f) = V(") U V(g). By Proposition
3.3.15, () is an associated point of V'(f) which does not map to the generic point ng under
the map V(f) — Spec R. Otherwise (7) + nr would imply that :~((7)) = (0r) C R
which is impossible since ¢ is injective and w # 0. Therefore by Proposition 3.3.12, the map
C =V(f) — SpecR is not flat.

Conversely, assume that I = (a;;) = (1) and that V(f) — SpecR is not flat. By
Proposition 3.3.12, some associated point « of V' (f) gets sent to the special point (7) €
Spec R. By Proposition 3.3.15, o = (p;) for some irreducible p; € Rlz,y]/(f) and p; | f.
This implies :~!((p;)) = (7). But p; being irreducible forces p; = u - 7 for some unit v € R
which implies 7 | f contradicting I = (1). Hence V(f) — Spec R must be flat. O

We realize that none of our proofs depended on the number of variables. Hence we can

naturally generalize the result in Proposition 3.3.16 to any finite number of variables.

Corollary 3.3.16.1. The statement for Proposition 3.3.16 can be generalized in a similar
way for V(f) where f € R[x1,...,xy].
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As we can already imagine from all that, checking flatness is closely related to checking
an ideal being prime. Although it is much stronger to say an ideal is prime, we can in fact
check primeness for ideals generated by a single polynomial over any integral domain using

the following Theorem.

Theorem 3.3.17 ([14], Theorem A). Let R be any integral domain. Let f = Y% a;at €
R[z] be a non-constant polynomial and I = (ag, ...,aq) C R. The ideal (f) C R|x] is prime
if and only if f is irreducible over K = Frac R and I~' = R where

I'"'=(R:xI)={reK:rlI € R}.

Remark 7. In particular, if f in Theorem 3.3.17 is monic in z, then I~' = R. This is

because I = (1) = R. For any r € ™!, we have 1 -7 € R and so r € R.

3.3.1 Primary Decomposition

In the previous section, we have determined what the associated points of

Spec R[x1, X2, ..., xn]|/(f)

look like when R is a DVR and f is a single irreducible polynomial. However this is not
yet sufficient for us as later on, since the affine schemes that we will be studying are often
cut out by more than a single polynomial generator. This leads us to the notion of primary
decomposition, for which, we will follow the treatment in [7] in this section.

We first begin with the definition for primary ideals.

Definition 3.3.18 (Primary Ideals). An ideal @) C R is said to be primary if whenever
fg € Q, either f € Q or ¢g" € Q for some n > 1.

We now define P-primary and what a primary decomposition is for an ideal.

Definition 3.3.19 (Primary Decomposition). Let R be a Noetherian ring and P C R a
prime ideal. An ideal @@ C P is called primary to P or P-primary if P is the radical of @
and for any elements f,¢g € R with fg € Q but g ¢ P we have f € @Q; equivalently, q is
p-primary if p is its radical and the localization map R/q — R,/qR, is a monomorphism.

If we write an ideal I C R as

n
I=()Q; (3.3.1)
=1
where

1. each Q); is primary to /Q;,

2. removing any (; from the intersection will change the equality,
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3. the prime ideals 1/@Q); are all distinct from each other,

then we say that (3.3.1) is a primary decomposition of I. The Q;’s are called primary

components of I.

Remark 8. Some authors might require a primary decomposition to only satisfy point
1 in Definition 3.3.19 and call a primary decomposition which satisfies points 2 and 3 an

trredundant primary decomposition.

The following lemma will show us that the above definitions are equivalent, and we can

use whichever one we want.

Lemma 3.3.20. If an ideal Q is P-primary for some prime ideal P in R, then @ itself

is a primary ideal in R. Conversely, the radical of a primary ideal QQ is prime and Q is

VQ-primary.

Proof. Take f,g € R such that fg € Q, and suppose f ¢ Q. Since @ is P-primary, we have
VQ = P. If f ¢ P as well then we are done. Suppose f € P. Since /Q = P, by definition
f™ e Q for some m > 1.

Conversely, if Q is a primary ideal, let us take fg € v/Q. We have (fg)" = f"¢" € Q
for some n > 1. Since @ is primary, we either have f* € @ which implies f € /Q or
(g")™ = g™ € Q for some m > 1 which implies g € /Q. Now if fg € Q but f ¢ \/Q, we
have g € v/Q as fg € /Q and /Q is prime. O

We will now show a few properties regarding P-primarility (P-primary ideals) as well

as the notion for an ideal being irreducible.

Proposition 3.3.21. If Q1, ..., @y, are P-primary ideals of R for some prime ideal P then
Nizi Qi is also P-primary.

Proof. We set Q := (-, Q;. We want to show that /Q = P. Since each v/Q; C P, we have
V/Q C P. Conversly if P’ is any prime ideal that contains @, since Q1---Q,, € Q C P, it
follows that Q; € P’ for some i. Thus P = /Q; C P’. This shows that P C 1/Q. Hence
VQ = P.

To show that () is P-primary, by our lemma, it is suffices to show that @) is a primary
ideal. Let us take any f,¢g € R with fg € Q and f ¢ Q. Hence for some j we have f ¢ Q;.
Since Q; is primary, we have g™ € Q; for some n > 1. This implies g € \/Q; = P = /Q
and so ¢ € @ for some m > 1 which shows that @ is primary and thus P-primary. O

Definition 3.3.22 (Irreducible Ideals). A proper ideal I C R is said to be irreducible if for
any ideals J and K in R such that I = J N K either J =1 or K = 1.

Lemma 3.3.23. In a Noetherian ring, every irreducible ideal is primary.

17



Proof. Let R be a Noetherian ring, and let @) be an irreducible ideal of R. Take a,b € R
such that ab € Q but b ¢ Q. For each n > 1, consider the set

Ay =(Q:(a") ={reR:ra" € Q}.

We see that A,, is an ideal of R for each n > 1 and A; C A; whenever ¢ < j since if r € A,

then a/~‘ra’ = ra’ € Q i.e. r € A;. We get an ascending chain of ideals
A1 C A C -

Since R is Noetherian, there exist some N such that Ay = A, for all m > N. Let us
consider the ideals I := (a™) + Q and J := (b) + @ for n > N. It is clear that Q C I N J.
Conversely, if we take y € I NJ and write y = ra™ + ¢ for some r € R and q € @, as
aJ = (ab) + aQ C Q it follows that ay € Q. Thus ra"™! = ay — ag € Q. This implies that
r € Apy1 = An, and so y = ra” + ¢ € Q which shows that QQ = I'NJ. Since @Q is irreducible,
we must have @) = I or @ = J. Using the fact that b ¢ @, we have Q) # J which shows that
Q=1=(a")+ Q, and hence a" € Q. By definition, @ is primary. O

Proposition 3.3.24. Every ideal in a Noetherian ring R admits a primary decomposition.

Proof. Let I be an ideal in R. Since R is Noetherian, by Lemma 3.3.23, in order to prove
that I has a primary decomposition, it is suffices to show that every proper ideal of R is the
finite intersection of irreducible ideals. Towards a contradiction, let Z be the set of all proper
ideals of R which cannot be written as a finite intersection of irreducible ideals. Since R is
a Noetherian ring and the set Z is nonempty, Z must contain a maximal element by Zorn’s
lemma, say J € Z. Since J belongs to Z it cannot be irreducible itself, hence J = I; N I
for some ideals I; and Iy properly containing J. The maximality of J in Z implies both
I; and Is can be written as a finite intersection of irreducible ideals in R. However, this
immediately implies that J can be written as a finite intersection of irreducible ideals in R
contradicting J belonging to Z. Thus the assertion of Z # () is absurd which implies every
proper ideal of R admits a finite irreducible decomposition.

Furthermore, any primary decomposition can be turned into an irredundant primary de-
composition by dropping unnecessary primary ideals from the intersection and successively

replacing all primary ideals with the same radical by their intersection. O

We will soon see that the primary components of an ideal (fi, ..., fm) C R[x1, ..., z,] play
the same role as the prime factors p; of a single generator f € R[z1,...,x,] as in Proposition

3.3.15 with the following proposition.

Proposition 3.3.25. The associated primes of an ideal I C R are exactly the radicals of

the primary components in a primary decomposition of I.
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Proof. We want to show that the set of radical ideals of the primary components in a

primary decomposition of [ is
{(I: Rc) € Spec(R):c€ R\ I}

where

(I:Rc)={reR:rcel}

denotes the ideal quotient. We first write
n
r=Ne
i=1

as an irredundant primary decomposition of I, and set P; := /Q; for each j. We fix a j
and define
J = ﬂ Qi
i#]

and observe that I = J N Q) is strictly contained in J. Since R is Noetherian, there exists
m > 1 such that ij C @j, and so Jij cJn P]m C JNQj = 1. Assume that m is the
minimal positive integer such that JP™ C I. Take c € Jij_1 cJn P]’-n_1 such that ¢ ¢ 1.
The fact that ¢ € J, along with ¢ ¢ I ensures that ¢ ¢ Q;. So if r € R satisfies rc € I C Q;,
then the fact that @Q; is primary guarantees that r € \/Q; = P;. Hence (I : Rec) C Pj.
Conversely, note that cP; C JP™ C I (since c € .J ijfl), which implies that P; C (I : Re).
Hence Pj = (I : Rc) as desired.

Now fix ¢ € R\ I with P := (I : Rc) prime. Note that there exist a j such that ¢ ¢ Q;.
Consider the ideal

K= H Q;.

c#Q;
We see that .
cK=KcC()Qi=1

i=1
Therefore by the definition of (I : Rec) we have K C (I : Re) = P, and the fact that P is
prime ensures that Q; C P for some ¢ with ¢ ¢ Q;. Thus v/Q; C P. On the other hand, take
x € P, and observe that xzc € I C @Q; by the definition of (I : Rc). Because Q; is primary
and ¢ ¢ Q;, it follows that z € \/Q;. Hence P = /Q;. O

Finally, Proposition 3.3.25 allows us to generalize Proposition 3.3.16 to ideals with more

than one generators.

Theorem 3.3.26. Let R be a DVR, then R — R[z1,...,xn)/(f1, ..., fm) is flat if and only

if the uniformizer (w) 2 \/Q; for any primary component Q; of (fi,..., fm) in a primary
decomposition.
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Proof. Let I = (fi1,..., fm) and let I = (;_; Q; be a primary decomposition of I. By Propo-
sition 3.3.25, the associated points of V(I) are precisely /Q; € V(I) = Spec R[z1, ..., xy]/]
for i = 1,...,7. By Proposition 3.3.12, the map ¢ : R — R[z1,...,x,]/I is flat if and only if

1Y V/Q;) # () for all i if and only if /@Q; Z () for all i. O

Remark 9. Computing primary decomposition of ideals in R[z1,...,2,] is in general very
difficult. In the special case where [ is already a prime ideal however, we just have to check
that I Z ().

For modules over a valuation ring, the following lemma provides a convenient criterion

to test flatness.

Lemma 3.3.27 ([13] Lemma 15.22.11). A module M over a valuation ring is flat if and

only if M is torsion free i.e. 0 € M 1is the only torsion element.

3.4 Curves

In this section, we will be defining hyperelliptic curves, models of curves, and semistable

reduction type.

3.4.1 Smoothness

We will begin by recalling the definition for tangent spaces, regular points and smoothness
for schemes. We will need these concepts to talk about ‘smooth curves’ and ‘singular points’.
We will also recall a important way of checking smoothness for schemes over a base known

as the Jacobian criterion.

Definition 3.4.1. Let X be a scheme and = € X. Let m, be the maximal ideal of Ox ,
and k(z) = Ox 5/m, be the residue field. Then m, /m2 = m, ®o, , k(z) is in a natural way,

*

a k(x)-vector space. Its dual space (m,/m2)* is called the (Zariski) tangent space to X at

x. We denote it by T'x ;.
We have the following proposition about tangent spaces.

Proposition 3.4.2 ([9], Proposition 1V.2.2). Let X be a locally Noetherian scheme. For
any x € X, we have dimy ;) Tx » > dim Ox ;.

Let (A,m) be a Noetherian local ring with residue field ¥ = A/m. Using [9, Corol-
lary 11.5.14(b)] we know that dimym/m? > dim A. We can now give the definition for a

Noetherian local ring to be regular.

Definition 3.4.3 (Regular Noetherian Local Rings). Let (A, m) be a Noetherian local ring.
We say that A is regular if dim; m/m? = dim A. By Nakayama’s lemma, A is regular if and

only if m is generated by dim A elements.
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The definition for regular points for locally Noetherian schemes.

Definition 3.4.4 (Regular Points). Let X be a locally Noetherian scheme, and let € X
be a point. We say that X is reqular at x, or that x is a regular point of X, if Ox , is regular,
that is, dim Ox ; = dimy,,) Tx . We say that X is regular if it is regular at all of its points.
A point x € X which is not regular is called a singular point of X. A scheme that is not

regular is said to be singular.

Remark 10. Any DVR is regular. Conversely if (A, m) is a Noetherian regular local ring

of dimension 1, then by definition m is generated by a single element, and A is a PID.

In fact we only have to worry about regularity at the closed points of a Noetherian

scheme.

Proposition 3.4.5 ([9], Corollary 1V.2.17). Let X be a Noetherian scheme. Then X is

reqular if and only if it is reqular at its closed points.

At a first glance, the definition for regularity looks abstract. However for varieties,

regularity can be checked explicitly using their defining polynomials.

Theorem 3.4.6 (Jacobian Criterion). Let k be a field. Let X = V (I) be a closed subvariety
of A} = Speck|x1,...,xp] where I = (f1,..., fm) C k[x1,...,zp]. Let x € X be a closed point.

Let us consider the matrix

af;
Jp = ( L 93)
z 3%'( ) 1<i<m,1<j<n

in Myxn(k). Then X is reqular at x if and only if
rank(J;) =n — dim X.

We can now define smoothness, a term we have mentioned in our introduction.

Definition 3.4.7 (Smooth Points and Singular/Smooth Locus). Let X/k be an algebraic
variety over a field k. Let k be the algebraic closure of k and X7 = X Xgpeck Spec k. We say
that X is smooth at x € X if the points of X7 lying above x are all regular points of Xz. We
say that X is smooth over k or non-singular over k if it is smooth at all of its points (i.e.,
X5 is regular). We denote Sing(X) as the set of non-smooth (singular) points of X and we
call it the singular locus of X. We call X \ Sing(X) the smooth locus of X.

Remark 11. Usually in algebraic geometry, smoothness is used for morphism of schemes
and regularity is a property for points on a scheme. Over an algebraically closed field, the
two notion coincides (cf. [15, Exercise 13.2.J]). Since we are only talking about smooth-
ness/regularity for schemes defined over algebraically closed fields in this chapter, we will

be using these two terms interchangeably.
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We can in fact compute the Zariski tangent space of a variety by using the Jacobian

matrix.

Lemma 3.4.8 ([11], Lemma 3.3). Let X = Spec(k[x1,...,xn]/(f1,-, fm)) be an affine

variety and p € X a smooth point of X. The Zariski tangent space Tx , is equal to the

kernel of the Jacobian matrix ker (%(p)) (T'x p is identified with a subspace of the tangent
J

space of A™ at p).

Remark 12. Smoothness of an algebraic variety X/k can be verified by applying the
Jacobian criterion and Proposition 3.4.5 to X3 (see [9, Exercise IV.3.20]).

The following proposition will guide us towards how to define nodal singularities in
Section 3.4.3.

Proposition 3.4.9 ([9], Proposition 1V.2.27). Let X be an algebraic variety over an alge-
brically closed field k, and let x € X be a smooth point of X. Let m, denote the maximal
ideal of Ox . Then we have

Oxa 2 k[t1, ... td],

with d = dim X (see Chapter 2 for the = notation).

Example 1. Consider the variety in A7 = Spec k[, y] defined by the equation
Viy=a+uz

where k is an algebraically closed field with char(k) # 2, 3. Let us denote f(z,y) = y*—23—=2.
By Theorem 3.4.6, in order for a point p = (xg,y0) € V to be singular, we require that

of 9 of

—(p) =-3x5—1=0= 2y = = (p).

5 L) o W=7, (p)
This can only happen when xg = +i/v/3 and yo = 0 where 2> = —1 in k. We see that the
points (£i/+/3,0) are not on V since 0 # +2i/3+/3.

3.4.2 Hyperelliptic Curves

In the introduction, we briefly gave the informal definition for the central object of this
thesis, which are hyperelliptic curves. We called that definition as the “affine model” of the
curve which is not the way we will be thinking about hyperelliptic curves. As promised, in
this section, we will give their non-singular projective definition (non-singular completion).
Later on in the thesis, whenever we write down a hyperelliptic curve (affine model or not),
what we are really considering is its non-singular completion by gluing together two charts.

We recall a curve is a one-dimensional algebraic variety over a field. We also recall genus

is a number which counts how many ‘holes’ a topological surface has. Genus is also a number
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defined for non-singular curves and they serves as an important invariant which classifies
curves. Since we do not need to use this invariant explicitly, we will not be formally defining

it in this thesis. For a more rigorous treatment on genus of curves, see [9, Section 7.3.2].

Remark 13. By base changing a non-singular projective curve defined over a subfield
L C C to C, it can then be viewed as a two dimensional real Riemann surface. The genus

of the curve is precisely the genus of its Riemann surface structure over L.

Definition 3.4.10 (Hyperelliptic Curves). Let C be a non-singular geometrically connected
curve over a field k, of genus g > 1. We say that C is a hyperelliptic curve if there exists a

finite separable morphism C — P}, of degree 2.

Remark 14. We have in fact, defined a restricted class of hyperelliptic curves. The more
general definition only requires that there exists a finite separable morphism C — X of
degree 2 with X being a smooth projective conic (cf. [9, Definition VII1.4.7]). For this thesis,

Definition 3.4.10 is sufficient for us.

The following proposition allows us to see why our definition in the introduction is

correct.

Proposition 3.4.11 ([9], Proposition VII.4.24). Let C' be a hyperelliptic curve of genus g
over a field k, with a separable morphism f : X — IP’,%; of degree 2. We have the following

statements:

1. The function field Frac Oc(C) admits a presentation

k(@)[yl/(y* + Qa)y — P(x)), P.Q € kla],

with
29+ 1 <max{2deg Q(z),deg P(z)} < 2g + 2.

We can take Q(z) = 0 if char(k) # 2.

2. The curve C is the union (gluing) of two affine open schemes
U = Specklz, Y]/(Y2 + Q@)Y — P(x)),

and
V = Specku, V]/(V? + Q' (uw)V — P'(u))

where Q'(u) = Q(1/u)utt, P'(u) = P(1/u)u®2, and the two open subschemes glue
along D(x) = D(u) with the relation v = 1/u and Y = 291V
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3.4.3 Models of Curves and Semistable Reduction Type

We have mentioned in the introduction that we want nodal singularities for the models of

our hyperelliptic curves. We now define what we mean by ‘model” and ‘nodal singularities’.

Definition 3.4.12 (Models of Curves). Let R be a DVR, with field of fractions K. Let
1 denotes the generic point of Spec R. Let C' be a non-singular and connected projective
curve over K. A model of C — Spec K is a proper and flat scheme C — Spec R together

with an isomorphism of K-schemes C,, = C.

Remark 15. We could have given the more general definition where we replace Spec R with
a Dedekind scheme S of dimension 1 (i.e. a Noetherian and integral scheme of dimension
1 whose stalks are all regular local rings) and C — S a fibered surface (cf. [9], Definition

X.1.1). However, the definition we have is enough for us to work with.
We now define nodal singularities and semistable reduction type.

Definition 3.4.13 (Double Points Over Algebraically Closed Fields). Let k be an alge-
braically closed field and X a one dimensional algebraic scheme over k i.e. the structure
morphism X — Speck is of finite type. A point x € X is an ordinary double point if and
only if

Oxa = kla,yl/ (ay).
Remark 16. By Proposition 3.4.9, any smooth point x € X will satisfy (’7);5 = E[t].
Definition 3.4.14 (Double Points). Let k be any field and X a one dimensional algebraic

scheme over k.

1. We recall that Xz = X Xgpeck Spec k. We say a closed point # € X is a node, or an
ordinary double point, or defines a nodal singularity if there exist an ordinary double

point T € X7 (in the sense of Definition 3.4.13) mapping to x.

2. We say the singularities of X are at-worst-nodal if all closed points of X are either in

the smooth locus of X/k or are ordinary double points.

We will later show that for a very specific case of curves, a singular point being a node
can be checked using the Jacobian matrix. Before going there, let us first consider a simple

example.

Example 2. Let Y be the plane cubic curve given by the equation
Y :y? =2%(x+1)

over a field k (where char(k) # 2). The origin O € Y is a nodal singularity. To see this let

us consider the completion
Ov,o = klz,y]/(y* —2* — 2?).
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We note that y? — 22 factors as (y + x)(y — x). We will first construct g, h € k[, y] such
that

g=y+r+g2+gst---
h=y—x+hy+hg+---

where h;, g; are homogeneous of degree i such that y?> — 22 — 23 = gh. For go and hy we

want
(y—2)g2 + (y + 2)hy = —2°.

This can be done since y — x and y + x generates the maximal ideal of k[z,y] i.e. (y —x,y+

r) = (z,y). Moreover, we can pick go and hy to be homogeneous of degree 2 since —x? is

homogeneous of degree 3. Similarly we can also find homogeneous g3 and hs of degree 3 in
k[z,y] such that
(y —2)g3 + (y + x)hg = —ga2ha.

Inductively, each g; and h; are obtained by solving
(y—2)gi + (y + 2)hi = —gi—1hi—1.

This can be done since ¢g;—1 and h;_; are both homogeneous of degree 7 — 1.

Therefore (73/7\0 = k[x,y]/(gh). Since g and h begin with linearly independent linear
terms, we can define an automorphism sending g and h to x and y respectively. This shows
that (73/’\0 = k[x,y]/(zy) and by definition O is a nodal singularity of Y.

Let Z be the plane cubic curve given by the equation

over k. The origin O € Y is not an ordinary double point i.e. not a node (it is called a cusp).

Remark 17. In proving that Y : 4> = 2%(z + 1) has a nodal singularity at the origin,
we were essentially finding the Taylor series for y/1 4 z, since over the completion (7;/7\0 we

have the factorization
v —2?(x+1)=(y— vz + 1)y +azve +1).

These two factors are the g and h we found. The reason this works is because char(k) # 2
since the Taylor series of v/1 + z involves division by 2.

The following proposition will demonstrate how to check for nodal singularities using

the Jacobian matrix for curves that we are interested in later on.

Proposition 3.4.15. Let C = Cy U Cy be a union of two smooth irreducible curves where
Ci =V(fi,.., fr) and Co =V (g1, ..., gs) where f;,gj € k[z1, ..., x,]. Suppose C1 N Cy = {p}
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s a single point. Let

Jii= (5Em) and Jy = (52(p))

1<i<r1<j<n’ 1<i<s,1<5<n

be the corresponding Jacobian matrices of C1 and Cy at p respectively. Suppose ker J; =
Spang{v1} and ker J = Span,{va} where vi and va are linearly independent over k. Then

p s a nodal singularity of C.

Proof. Without loss of generality, we may assume that p = O the origin, since we can
always make a suitable affine change of coordinates. Let my C R/I; and mas C R/I5 be
the images of the maximal ideal (x1,...,2,) C R corresponding to p for R/I; and R/I,
respectively where Iy = (f1, ..., fr), I2 = (g1, ..., 9s) and R = k[x1, ..., z,]. Since C; and Co
are of dimension 1, we have r,s > n — 1. Note that dimg(ker(J1)) = 1 = dimg(ker(J2))
implies T¢, , = Spang{v1} and T¢, , = Span,{vs} by Lemma 3.4.8 (these vector spaces
are viewed as subspaces of the tangent space of A,, at p). Due to v; and vy being linearly
independent, we have the dual spaces of T¢, , and T¢, p, namely m; /m? and my/m3 are also
being spanned by linearly independent variables. Therefore we may make another affine

change of coordinates so that

f1 =z 4+ h.o.t.
f2 = z3 + h.o.t.

fn-1 =z, +h.ot.
and fy, fnt1, ..., fr are all of the form Span,{zs,...,z,} + h.o.t. as well as

g1 = x1 + h.o.t.
g2 = T3+ h.o.t.

Jn-1 = Tp + h.o.t.

and gn, gn+1, ---, gs are all of the form Spany{z1, zs3, ..., £, } +h.o.t. where h.o.t. is the abbre-
viation for “higher order terms”. This gives mi/m? = (z1) and my/m3 = (x2) by computing
the kernel of the Jacobian matrices after applying our change of coordinates. Next, since
C1NCy = {p}, we have I + Iy = (x1,...,2,) C R and so R/(I1 + I2) = k. Finally, in order
to compute Oc, = (R/(I1 N I2)),,, we will first consider the short exact sequence

0—=R/(Iinl)— (R/I)® (R/I2) = R/(I1 + I2) — 0.
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where m = (x4, ...,z,) € R/(I1 N I3) and the third map (R/I;) & (R/I2) — R/(I1 + I2) is
given by the difference map (r + I, s + I2) — (r — s) + (I1 + I2).

By localizing at the maximal ideals of p for every term, we get
0— (R/(Il N [2))111 — (R/Il)ml D (R/IQ)mg — k — 0.

Since my/mi = (z1) and my/m3 = (x2) we have (R/I1), = klz1] and (R/I2),, = klza].

Thus the sequence becomes
0— Ocyp — klz1]) ® klze] = k—0
where the third map is given by

klx1] ® k[xe] — k
(u(z1),v(22)) — w(0) — v(0)

Consider the natural injection

k}[xl,xg]/($1l‘2) — /ﬂ[l‘l] D k‘[.ﬁ()g]
q(x1,z2) — (q(21,0),4(0, 22))

The image of this map is {(u(x1),v(z2)) : w(0) = v(0)} = ker(k[z1] ® k[x2] — k). By the

first isomorphism theorem, we must have Oc,, = klx1, 22|/ (z122) and so

Oy = kw1, 2]/ (2122).

Therefore by definition, p is a nodal singularity of C. O
We can finally define what it means for a model of a curve to be semistable.

Definition 3.4.16 (Geometric Reducedness). Let X be a scheme defined over a field K.
We say X is geometrically reduced if X5z = X Xgpec i Spec K is reduced.

Definition 3.4.17 (Semistable Models). Keeping the notations in Definition 3.4.12, we
say a model C/R of C/K is semistable if its special fiber Cs is geometrically reduced and
is at-worst-nodal. When such a model exists, we say C/K is semistable or has semistable

reduction.

Definition 3.4.18 (Potential Semistable Reduction). Keeping the above notations, we say
C/K has potential semistable reduction if there exist a finite extension L D K such that

Cr = C Xgpec kK Spec L — Spec L has semistable reduction.
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3.5 Blow-ups

Resolving singularities is a big theme in algebraic geometry. The blow-up construction is a
way of turning a scheme/variety with worse-than-nodal singularities into nodal singulari-
ties. One might already sense that this construction will be useful for us since our desired
semistable models are required to have nodal singularities after taking the special fiber. In
this section, we will introduce the blow-up construction and demonstrate how will it benefit

us for finding semistable models in the next chapter.

3.5.1 Blowing Up Affine Varieties

We will begin by defining blow-ups of affine spaces at their origins over a field K.

Let O = (0, ..., 0) be the origin of A™. Consider the product A" x P"~1 = A" xg,ec g P71,
which is a quasi-projective variety i.e., a open subset of the projective variety P* x P?~!
(cf. [8] Exercise 1.2.14). Let x1,...,x, be the affine coordinates of A", and yi,...,y, be
the homogeneous coordinates of P"~!. The closed subsets of A" x P"~! are defined by
polynomials in z; and y;, which are homogeneous with respect to the y;’s.

We now define the blow-up of A™ at the point O to be the closed subset X of A x P!

defined by the equations {z;y; = z;y; : 4,5 = 1, ...,n}. We obtain the commutative diagram:

X — 3 Ar x pnl

.

An
The map 7 : A" x P"~1 — A" is the natural projection and ¢ is the restriction of 7 at
X C A" x P"1. We will make the following observations for X:

(i) Let O # P € A™ be a point, and write P = (ay,...,ay) with a; # 0 for some i. We
take any P X [y1 : -+ : yp] € ¢71(P) C X. Then for each j, we have y; = (a;/a;)y;.
Hence [y; @ -+ : ¥, is uniquely determined as a point in P"~!. We see that for each
non-zero P € A", ¢~!(P) consists of a single point. In fact, ¢ gives an isomorphism
of X — ¢~1(O) onto A" — O. The morphism 1 : (A" — O) — (X — ¢~1(0)) given by

W(P) := (a1, ...,an) X [a : -+ : ayp]

defines an inverse to ¢.

(i) ¢=1(O) = P! since ¢~1(O) consists of all points O x Q with Q = [y1 : -+ : y,] €

P"~1 subject to no restriction.

(iii) A line L through O in A™ can be given by the parametric equations z; = a;t for

i =1,...,n, where a; € K are not all zero, and t € A'. Now consider the line L' =

28



¢ (L —0)in X — ¢~ 1(0). It is given parametrically by

€T; = ait
yi = ait

with t € A! — 0. But the y; are homogeneous coordinates in P"~!, so we can equally

€T; — ait

Yi = aq
for t € A' —0. Note that these new equations for L’ make sense also for t = 0, and give
the closure L' of L' in X. Now L’ meets ¢~!(0O) in the point Q = [ay, ..., a,] € P"71,

so we see that sending L to ) gives a 1-1 correspondence between lines through O in

A™ and points in ¢~1(0).

well describe L’ by the equations

(iv) X is irreducible. Indeed, X is the union of X —¢~1(O) and ¢~1(O). The first piece is
isomorphic to A" — O, hence irreducible. On the other hand, we have just seen that
every point of ¢~1(O) is in the closure of some subset (the line L') of X — ¢~1(0).
Hence X — ¢~ 1(0) is dense in X, and X is irreducible.

We can now give the definition of the blow-up of an affine variety at one of its point.

Definition 3.5.1 (Blowing Up At A Point). If Y is a closed subvariety of A™ passing
through O, we define the blow-up of Y at the point O to be Y = clx(¢~ (Y — O)), where
¢ : X — A" is the blow-up of A" at the point O described above. Abusing of notations, by
writing ¢ : Y — Y, we mean the restriction of ¢ : X — A" to Y. To blow up any other

point P of Y, we just make a linear change of coordinates sending P to O.

Note that ¢ induces an isomorphism of ¥ — »~1(0) to Y — O, so that ¢ is birational
morphism of Y to Y. It seems like this definition apparently depends on the embedding of
Y in A™, but in fact, the construction of blowing up is intrinsic.

We will now give an example to demonstrate how blow-up constructions resolve singu-

larities.

Example 3. Let Y be the plane cubic curve given in Example 2. We will blow up Y at the
nodal singularity O € Y. Let ¢,u be homogeneous coordinates for P'. Following the above
construction, the blow-up of A? at O denoted as X, is defined by the equation zu = ty
inside A? x P'. It is isomorphic to A? everywhere except that the origin O, where O has
been replaced by a copy of P! corresponding to the slopes of lines through O in A%. We will
call this ¢=1(O) = P! the exceptional divisor, and denote it as E.
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We obtain the inverse image ¢~(Y) in X by considering the equations y? = z%(z + 1)

and zu = ty in A2 x P'. Now A? x P! is covered by the open charts
Ur={(p,[1:u]) :p€ A’ uek}

and
Us={(p,[t:1]):pe At ek}

which we will consider separately.

Remark 18. The more natural way of writing out the chart is
Us={(p[t:u)) :pc A*t € K, u€k}.

However we recall that over a projective space, we are free to scale our projective coordinates
by units over our base ring (nonzero elements in £* in this case). Hence the point [t : u] is
equal to [1 : u/t] in P! for t € k*. Since for any fixed tg € k*, the map u — u/ty gives a
bijection between k and itself, we are allowed to just treat t = 1 on the chart U;. The same

can be said for U, as well.

On the first chart ¢t # 0, we set t = 1, and use u as an affine parameter (recalling that
{[1:u]:ue€k}=A'). We then have the equations

{y2 =2*(z+1)

Yy =2xu
in A3 with coordinates x,y, u. Substituting the second equation into the first, we get
2u? — 2% (x+1)=0

which factors as
22(u? —xz—1)=0.

Thus we obtain two irreducible components, one defined by x = 0, y = 0, u arbitrary, which
is E, and the other defined by u? = z + 1, y = zu. This is Y since ¢~ (Y — O) lies in it
and it is also an irreducible component. Note that ¥ meets E at the points u = +1. These
points correspond to the slope of the two branches of Y at O.

2 — z+1 and y = zu defines Y, we may move

To see more clearly on why the equations u
to the other chart u # 0. We can then assume that u = 1 and the equations y? = z2(z + 1)
and xu = ty becomes

y’ =2’ (x +1)
T =ty.
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Substituting again, we get
v -t (x+1)=0

which factors as
y?(1—t*(x +1)) = 0.

This again gives us two irreducible components x = y = 0, t arbitrary and

1= (;)2(x+1):t2(x+1), x = ty.
The first component is the exceptional divisor E on the patch {u # 0}. The second compo-
nent has to be part of Y = cly (¢~ (Y — O)) since again, this component and Y are both
irreducible. Note that in the second component, there is no point with ¢ = 0, hence all of
its points are already in the variety defined by u? = 2 4+ 1 and y = zu in A? presented on
the other chart t # 0. Finally, we see that Y intersects E at the points z = y = 0 and
[t:u] =[1:1] or [1:—1]. Using the fact that points in ¢~!(O) are in 1-1 correspondence
with lines through O in A2, one may check that the points {(O,[1: 1])} corresponds to
the lines y = £x whose slopes are +1. We then note that the lines y = +x are the tangents
of the two branches of Y at O.

The effect of blowing up is thus to separate out branches of Y passing through O
according to their slopes. If the slopes are different, the corresponding branches in ¥ no
longer meet in X. Instead, they meet E at points corresponding to the different slopes, thus

resolving the original singularity at O.

Our next step is to define blow-ups along closed subvarieties which are more than just
a single point.

Let X C A™ be any affine variety and Y C X any closed subvariety. We may choose a set
of generators f, ..., f, € K(X) for the ideal of Y in X and set U = X\Y = X\V(f1,..., ).
Consider the well-defined morphism

¢:U — Pt
zr— ¢(x) = [fi(z) : -« fr(2)]

obtained by composition with the quotient morphism A” — O — P"1.
Definition 3.5.2 (Blowing Up Subvarieties). With the above setup, let
Iy ={(z,¢(x):xeU}C X xP!

be the graph of ¢. We define the blow-up of X along Y, denoted Bly (X), to be the closure
of I'y inside X x P! together with the natural projection ¢ : Bly (X) — X onto the first
coordinate called the blow-up morphism. We call Y the center of the blow-up and E =
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¢~ 1Y) the exceptional divisor. If Z C X is another subvariety, then Blzny (Z) C Bly (X)
is called the strict transform of Z in the blow-up of X along Y.

Remark 19. If X C P" is a projective variety and Y C X is any closed subvariety, we can
similarly define the blow-up of X along Y by taking a collection F1, ..., F,. of homogeneous
polynomials of the same degree generating an ideal with saturation /(Y') and letting Bly (X)
be the closure of the graph of the rational map ¢ : X —Y — P"~! given by

x> [Fo(x): -2 Fp(x)]

in X x Pr—1,

Similar to the one point case, we have an induced isomorphism U = T’y (for blowing up
a point we had X — O = ¢~ (X — 0).) Since X is irreducible and Y # X, we have that U
is a non-empty open subset of an irreducible space, and so U is also irreducible. Thus Iy is
irreducible, and so is Bly (X). Therefore ¢ is a birational morphism, because it induces an
isomorphism on a non-empty (dense) open subset.

We may check that the construction is well-defined, meaning that it is independent of

the choice of generators for the ideal of Y in X.

Proposition 3.5.3 ([10] Prop. 1). If we choose a different set of generators for the ideal
Ix(Y) C K(X), we obtain a variety Bly (X)" which is isomorphic to Bly (X) through an

isomorphism ¢ making the following diagram commute:

Bly (X) Bly (X’

N

X

Proof. Let f1,...,fl € Ix(Y) be another set of generators. Since both sets generate the
ideal, we can find g1, ..., grs € K(X) and hyy, ..., hgy € K(X) such that

S
fi=>"giif; in K(X) for each i = 1,...,7, and (3.5.1)
=1
fi= Z hjrfr in K(X) for each j =1, ..., s. (3.5.2)
k=1

Now define
¥ : Bly (X) — Bly (X)

(@) = (@ g1 s ) — (2,5) = <m S h@ec Y hsk@c)yk) .
k=1 k=1
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We check that 1) is well-defined. Let (x,y) € I'y. Since

y=[p: -yl =[fx) - fr(x)] P

we can find 0 # A € K such that y; = Afij(z) for all i = 1,...,r, one of them at least being

non-zero. Plugging equations (4.1.69) into (3.5.1), we obtain the new equations

fio) = 3 i) (Z hjk<x>fk<x>)
=1 k=1

for each i = 1,...,7. We can multiply the previous equation by A and obtain the relations
S T S
yi =Y gij(x) (Z hjk(ﬂﬂ)yk) =Y gi(2)y).
j=1 k=1 Jj=1

So if 4/ = 0, then y = 0, which is a contradiction with y € P"~!'. The above relation
remains valid in the closure, and so the same holds for any (z,y) € Bly(X). Moreover,
by construction we have ¢(x,y) € Bly(X) for all (z,y) € Ty, and so for all (z,y) €
clxxpr—1(I'y) = Bly(X). Hence 1 is well-defined. To check that it is an isomorphism, we
construct 1! in the exact same way (changing the roles of the set of generators). The

commutativity of the diagram follows in the exact same fashion. O

Remark 20. Using the notations from Definition 3.5.2 and the definition of the graph, it

follows immediately that the points

(@,9) = (@, ly - y) = (2, 0(2) = (2, [fr(@) : - fr(2)]) € Ty

satisfy y = ¢(x) in P"! ie. y; = Afi(z) for some A\ € k* for all 4. Therefore we get the

equations
ylf](:z:) == yjfl(m) (3.5.3)

for all 4,j and (x,y) € I'y. Since the equations (3.5.3) also hold for points in the closure
Bly (X) of I'y, we get the inclusion

Bly(X) C {(z,y) € X x P" 1y fi(z) = y; fi(w) for all i,j = 1,...,r}. (3.5.4)

We will discuss this more formally later as (3.5.4) allows us to write down explicit equations

for computing the blow-up of arbitrary affine varieties along their affine subvarieties.

Example 4. In particular, if we take X to be the blow-up of the affine space at the origin
using Definition 3.5.1, it follows that the blow-up Blp(A") we get from Definition 3.5.2
satisfies Blp(A") C X where O =Y = V(z1,...,2,) by Remark 20. It is in fact a closed
subset since they are both closed in the product A™ x P"~1. We have that X and Blp(A") are
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both irreducible and they share the same non-empty open subset U, so they are birationally
equivalent. By irreducibility of X, this implies that X = Blp(A™). Otherwise, we could write
X = Blo(A™)U(X —U) which is a union of two proper closed subsets. Therefore, Definition

3.5.2 generalizes the blowing up at a single point case in a very natural way.
The following proposition states that blowing up varieties is a local construction.

Proposition 3.5.4 ([10] Theorem 1). Let X be an arbitrary variety, Y C X is a subvariety,
U C X is a non-empty open subset and ¢ : Bly(X) — X the blow-up morphism. Then
¢~ 1(U) C Bly(X) is the blow-up of U along Y NU.

Proof. By irreducibility of Y, U NY is dense in Y. We know that if a polynomial vanishes
in a set of points, then it also vanishes in the closure of the set of points. This gives us
the inclusion Ix (U NY) C Ix(Y). Conversely, since UNY C Y, we also get the direction
Ix(Y) C Ix(UNY) which shows that they are actually equal.

Let fi1,....,fr € K(X) be a set of generators of Ix(Y) = Ix(UNY). Let us consider
the morphism ¢ : X \'Y — P! used to construct the blowing up of X along Y and
éy U\ (UNY) — P! used to construct the blowing up of U along Y N U. The equality
Ix(Y)=Ix(UNY) implies ¢ is just the restriction of ¢ to the open subset U \ (UNY).

Therefore, T'y, = I'y N (U x P*1). But ¢ ~1(U) is precisely the set of points (a,b) €
clxxpr—1(I'y) such that a € U. Hence we get

¢ 1 (U) = clxypr-1(Ty) N (U x P71
= CIUX]pr—l(Fd) N (U X ]P)Til))

= CIUX]P)r—l (F¢U)
= Blynu(U).

3.5.2 General Definition of Blow-up

There is more than one method of computing blow-ups of schemes along their closed sub-
schemes and each method has its own advantages/disadvantages. In the affine case, Defi-
nition 3.5.2 is good for explicit computations and it will be our main tool for computing
blow-ups when constructing our semistable models. For general schemes, blow-ups are usu-
ally computed via global Proj constructions which we will define later in Section 3.5.3. The
global Proj construction method is good for proving theoretical results such as “blow-up
maps are proper” but it is more abstract and harder to work with concretely.

In this section, we will give a universal blow-up definition following [6] which unifies

every method of computing blow-ups. We start with a definition.
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Definition 3.5.5 (Cartier Subschemes). Let X be any scheme, Y C X a subscheme. We say
that Y is a Cartier subscheme in X if for all p € X there exist an affine open neighborhood
U = Spec A of p in X such that Y NU = V(f) C U for some non-zero function f € A. More
generally, we say that Y is a reqular subscheme if it is locally the zero locus of a regular

sequence of functions on X.
We can now give the universal blow-up definition for schemes.

Definition 3.5.6 (General Definition of Blow-ups). Let X be a scheme, Y C X a sub-
scheme. The Blow-up of X along Y, denoted ¢ : Bly(X) — X, is the morphism to X

characterized by the properties:
1. The inverse image ¢~1(Y) is a Cartier subscheme in Bly (X).
2. ¢ is universal with respect to this property; that is; if ¢ : Z — X is any morphism

such that 1 ~1(Y) is a Cartier subscheme in Z, there exist a unique morphism f : Z —
Bly (X) such that ¢ = ¢ o f.

As before, the inverse image E = ¢~1(Y) of Y in Bly(X) is called the exceptional divisor
of the blow-up, and Y the center of the blow-up.

With this general definition, it is unclear that if the blow-up defined this way actually
exists. The following proposition says that blow-up of varieties following Definition 3.5.2

actually agrees with Definition 3.5.6.

Proposition 3.5.7 ([6] Prop IV-18.). Let A be any commutative unital ring. Take X =
Spec A and let
Y=V(f1,...fm) CX

be a closed subscheme. The blow-up of X along Y is the closure in X X 4 IP”X_1 = IP’E_I of
the graph of the morphism

frfry XY — PR
Remark 21. The morphism « s, ) is obtained by restricting the inclusion
X < Spec A[z1, ..., T
given by the ring homomorphism

Alxy, ey — A
zi — fi
onto the open subset U = X \V(f1, ..., fm). The proposition reduces to Definition 3.5.2 when

A is a finitely generated, reduced and integral K-algebra. We notice that }P’Z”_l = XX K]P’%_l

in that case.
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The following lemma states that blow-ups are preserved under ‘flat’ base changes. This
will come handy for us when we are trying to obtain new models for our curves over a DVR

via blow-up.

Lemma 3.5.8 ([13] Lemma 70.13.3). Let S be a scheme. Let X1 — X5 be a flat morphism
of schemes over S. Let Yo C Xo be a closed subscheme. Let Z1 be the inverse image of Zo

in X1. Then there exist a commutative diagram

Bly1 (Xl) = Bly2 (Xg) X X, X1 —_— B].YQ(XQ)

| |

X1 X2

of schemes over S.

As we have seen previously in Section 3.5.1, the blowing up along a closed subscheme
leaves the complement of the subscheme unchanged. The following lemma states this more

precisely.

Lemma 3.5.9 ([13] Lemma 31.32.4). Let X be a scheme and Y C X a closed subscheme
of X. Let ¢ : Bly (X) — X be the blow-up morphism. Then the restriction map

Blyiionyy O XNY) 5 XY

is an isomorphism.

We also get a generalization of blowing up being a local construction similar to Propo-
sition 3.5.4.

Proposition 3.5.10 ([6] Prop. IV-21). Let X be any scheme, Y C X a subscheme and
¢ : Bly(X) — X the blow-up of X along Y. Let o : X' — X be any morphism and set
Y :=a YY) C X'. Let W be the closure of 77 * (X' \'Y") in X' xx Bly(X) where m; is
the natural projection onto the first coordinates, then 771|W : W — X' is the blow-up of X'
along Y'.

Remark 22. As we will see later, this proposition is often used for the case where X’ is a

open subscheme of X. In this case,
¢~ H(X') = Blyny (X)

by Lemma 3.5.8 since the open immersion X’ < X is flat.

Similar to Definition 3.5.2, we also have that blow-ups preserves irreducibility for affine

schemes by a similar reasoning.
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Lemma 3.5.11 ([10] Lemma 3). If X = Spec A is an affine scheme and Y = Spec(A/I) is
a closed subscheme of X, then the open subscheme Bly (X)—¢~1(Y) of the blow-up Bly (X)

is dense.

This lemma tells us that blow-ups of affine schemes preserve irreducibility: every non-
empty open subset of an irreducible space is irreducible. By Lemma 3.5.9, the blow-up
induces an isomorphism outside of the center, so the complement of the exceptional divisor
Bly (X) — ¢~ 1(Y) is also irreducible. By Lemma 3.5.11, it is dense in the blow-up. Since

irreducibility is preserved by taking closures, we conclude that

clpiy (x)(Bly (X) — ¢71(Y)) = Bly(X)

is irreducible.

3.5.3 Blow-ups via Proj Constructions

We shall now give the global Proj definition of blow-ups which in turn allows us to show
that the blow-up maps we consider, are proper. In the first part of this section, we will recall

a few definitions which are all borrowed from [§].

Definition 3.5.12 (Sheaf Associated To A Module). Let A be a ring and let M be an
A-module. We define the sheaf associated to M on Spec A, denoted by M, as follows. For
each prime ideal p C A, let M, be the localization of M at p. For any open set U C Spec A
we define the group M(U) to be the set of functions s : U — [yc My such that for each
p e U, s(p) € M,, and such that s is locally a fraction m/f with m € M and f € A. To be
precise, we require that for each p € U, there is a neighborhood V of p in U, and there are
elements m € M and f € A, such that for each q € V, f ¢ q, and s(q) = m/f in M. We

make M into a sheaf by using the obvious restriction maps.

Definition 3.5.13 (Quasi-coherent Sheaves). Let (X, Ox) be a scheme. A sheaf of Ox-
modules F is quasi-coherent if X can be covered by open affine subsets U; = Spec A;, such
that for each 7 there is an A;-module M; with F U >~ M,. We say that F is coherent if

furthermore each M; can be taken to be a finitely generated A;-module.

We will later see that the global Proj construction on graded coherent sheaves natu-
rally gives us proper morphisms. The following proposition makes sure that the sheaves we

encounter for defining blow-ups are all coherent.

Proposition 3.5.14 ([8] Prop. I1.5.9). Let X be a scheme. For any closed subscheme Y
of X, the corresponding ideal sheaf Iy is a quasi-coherent sheaf of ideals on X. If X is
Noetherian, it is coherent. Conversely, any quasi-coherent sheaf of ideals on X is the ideal

sheaf of a uniquely determined closed subscheme of X.
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We will now define the global Proj construction of a sheaf of graded algebras F over a
scheme X. For simplicity, we assume X is a Noetherian scheme, F is a quasi-coherent sheaf
of Ox-modules, which has a structure of a sheaf of graded Ox-algebras. Thus F = > Fu,
where Fy is the homogeneous part of degree d. We assume furthermore that Fo = Ox, that
F1 is a coherent Ox-module, and that F is locally generated by F; as an Ox-algebra (it
follows that F, is coherent for all d > 0.)

Definition 3.5.15 (Global Proj). Let X be a scheme and F a sheaf of graded Ox-algebras
satisfying the above conditions. For each open affine subset U = Spec A of X, let F(U) be
the graded A-algebra I'(U, F|,;). Then we consider Proj F(U) and its natural morphism s :
Proj F(U) = U. If f € A, and Uy = Spec Ay, then using the fact that F is quasi-coherent,
we see that Proj F(Uy) = 7' (Uy). Tt follows that if U,V are two open affine subsets of X,
then 7' (UNV) is naturally isomorphic to 7' (UNV). These isomorphisms allow us to glue
the schemes Proj F(U) together. Thus we obtain a scheme Proj F together with a morphism
7 : Proj F — X such that for each open affine U C X, 7~}(U) = Proj F(U). Furthermore
the invertible sheaves O(1) on each Proj F(U) are compatible under this construction, so
they glue together to give an invertible sheaf O(1) on ProjF, canonically determined by

this construction.

Definition 3.5.16 (Description of Blow-ups Using Proj). Let X be a Noetherian scheme,
and let Z be a coherent sheaf of ideals on X. Consider the sheaf of graded algebras F =
Dai>o0 7%, where Z¢ is the d-th power of the ideal Z, and we set Z = Ox. Then X,F
satisfies our condition to define a Proj construction. We define X = ProjF to be the
blowing-up of X with respect to the coherent sheaf of ideals . If Y is a closed subscheme of
X corresponding to Z, then we also call X the blowing-up of X along Y, or with center Y.

The following theorem guarantees that the above definition is indeed a blow-up satisfying
Definition 3.5.6.

Theorem 3.5.17 ([6] Theorem IV-23). Let X be a scheme andY C X a closed subscheme.
Let T C Ox be the ideal sheaf of Y. If F is the sheaf of graded Ox-algebras

o.9]
F=@P1r=0xal'al’a- -,
n=0

then the scheme Proj F — X is the blow-up of X along Y.

Finally, the following Proposition in Hartshorne says that the blow-up maps we are

interested in are proper since our schemes are always going to be Noetherian.

Proposition 3.5.18 ([8] Prop. I1.7.10). Let X, F satisfy our conditions in Definition 3.5.16.
Let 7w : Proj F — X be the natural projection morphism. Then w is a proper morphism. In

particular, it is separated and of finite type.
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With Proposition 3.5.18 we have that the blow-up morphism X — X is proper where
X is the blowing-up of X along a closed subscheme Y.

Remark 23. In the case where X = Spec R is affine, we have Proj F = Proj A where A is
the Rees algebra
A=Rolol®- -

and [ is the ideal of Y C X.

We have promised in Remark 20 that we will describe the explicit equations for blowing

up varieties. To do this, we will need to recall the definition of regular sequences in a ring.

Definition 3.5.19 (Regular Sequence). Let R be a ring and let fi,..., f € R be elements
of R. We say fi, ..., fr forms a regular sequence of R if (f1,..., f») € R is a proper ideal of
R and for i = 1,...,7, f; is not a zero divisor of R/(f1,..., fi—1).

Lemma 3.5.20. Let X = Spec R be a affine scheme and Y C X a closed subscheme with
defining ideal I C R. If I = (f1,..., fr) C R is generated by a reqular sequence f1, ..., fr then

Bly(X) =V(yifj —y;fi) C X x P!

where Y1, ...,y are the homogeneous coordinates of P™~1.

Proof. See [6, Exercise IV-26.]. O

3.5.4 Blowing Up Arithmetic Schemes

In this section, we will specialize to the case where we are blowing up arithmetic schemes. We
define arithmetic schemes to be schemes that are separated and of finite type over Dedekind
domains. We are in particular interested in arithmetic schemes defined over DVRs.

Our idea of blowing up an arithmetic scheme defined over a DVR is to have its generic
fiber unchanged after the blow-up. By Proposition 3.2.8, this can be done by blowing up
at subschemes that are completely contained in the special fiber since we know that blow-
ups only affects the subscheme that we are blowing up at. In the situation for curves, we
can produce new models for them via this method. We will demonstrate our idea with the
example given in [12, Remark IV.7.7] where Silverman blows up an arithmetic surface over
a DVR at the origin.

Let R be a DVR with uniformizer 7 and residue field k. Let C C A% be an arithmetic

surface defined by a single equation
f(z,y) =0  for some polynomial f € R[x,y].

In the scheme language, we have C' = Spec R[z,y]/(f). We assume f is not constant and C

is flat over R.
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We will treat the uniformizer m as another “coordinate function” i.e. the affine space
A%z = Spec R[x,y] has three “coordinate functions” 7, x, and y. In order to calculate the
special fiber C, we will set m = 0.

Let us now assume that the special fiber C; has a singularity at the origin i.e.,

£(0,0) = g‘;(0,0) = 25(0,0) =0 (mod 7).
Let m = (m,x,y) € C be the singular point on the special fiber of C. It is clear that 7, z,y
forms a regular sequence in R[z,y] and thus by Lemma 3.5.20, the blow-up of C' at m is
formed by taking the following three schemes/charts and gluing them together.

We let fo = 7, fi = x, fo = y and ug, u1, us be the variables in P?. By our definition of
the blow up, Bl (C) lies inside the subscheme defined by the equations

fiuj = fjui for 0 S i,j S 2.
in (Spec R[z,y]) x P2. Writing them out explicitly, we have

four = fiug

f0u2 = fQUO

flU2 = f2U1
or

U] = TUQ

U2 = Yuo

TUu = Yyus.

Similar to Example 3, we will describe the three charts.
Chart 1. We set ug = 1 and we obtain:

UL = &
U2 =Y

xug = yuy (redundant).
Let 1y be the largest integer so that
f(7ru1, 7T’U,2) = Wyofo(ul, UQ) with f(](ul, UQ) S R[ul, u2].

In other words, factor out a power of 7 so that the coefficient of f; are in R and at least one

coefficient is a unit. Then the first coordinate chart for the blow-up C' at m is the scheme
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Co C A% = Spec R[uy, ug] defined by
Cy : Spec R[uy, us]/( fo(u1,uz)).
Chart 2. We set up = 1:

T = TUQ
mug = yug (redundant)

U2 =Y.

We substitute these into the polynomial f(z,y). This means we do two things. First, we
replace y by xug. Second, we take each coefficient a of f(x,y) and replace the largest power
of 7 dividing a by that power of xug. For example, if 72 | a and 73 t a, then we would

replace a by (zug)?m~2a. We factor out the largest possible power of x to get
f(z,zue) = 2 fi(z,ue)  with fi(z,u2) € R[z,us).
The second coordinate chart of the blow-up is the scheme
Cy : Spec R[z, ug, u2]/(m — xug, fi(z,u)).

Note that ug is a new variable, treated exactly like the other variables x and us. The scheme
(' is the closed subscheme of A?]’% = Spec R|z, up, uz| defined by the two equations m = xug
and fi(x,uz) =0.

Chart 3. We set ug = 1:

mu; = zug (redundant)
T = Yu

T = Yui.

Substituting yu; as x into f(z,y) as what we did for chart 1 and 2 while pulling out the

largest power of y gives
flyur,y) =y fo(y,u1)  with fa(y,u1) € Rly,u1].
Then the third coordinate chart of the blow-up is the scheme
Cy : Spec Rly, ug, u1]/(m — yuo, f2(y, u1)).

To see how the three charts glue together, we will first relabel our homogeneous variables

on each chart:

41



For chart 1, we have

U1 U2
Up,0 = Uo, up,1 = —, up2 = —-
Uuo Ug
For chart 2, we have
Uuo U2
ui,o = —, uy,1 = u, U2 = —.
u1l U1
For chart 3, we have
uQ ul
u2,0 = —, U1 = —, U2,2 = U2.
u9 u9

For the transition maps, in order to map from Cy to C1, we need to solve for uy g, u11,u1,2

in terms of ug 0, uo,1, u0,2. Using our defining equations for each chart, we observe that

Upg=—=—=—, U1 =U =Uyl, U2=—=°== (3.5.5)

UQ T 1 U Y UuQ,2
w T upa w T U

These equations defines a birational map Cy — C] which is defined everywhere except at
the points of Cp with up; = 0. Similarly, we get a birational map Cy — Cs by using the
equations

uo 77 1 Uq x U,

Upgp=—=—=——, U] =—=— = , U222 = U = Up 2, (3.5.6)
U2 Yy up,2 U2 Yy uo,2

and a birational map C'y — Cs using

U = Z—Z = g = %ﬁ, ug1 = Z—; = g = @, U2 = U2 = U1 2. (3.5.7)

These birational maps allow us to glue the three coordinate charts together, and the resulting
scheme is the blow-up of C' at m.

In order to find the special fiber of the blow-up, we take the special fiber of each of the

coordinate charts and then glue them together. The special fiber of a coordinate chart is

calculated by setting m# = 0 and looking at the resulting curve defined over the residue field

k. The first coordinate chart is the easiest, and we find that its special fiber is

Co = Spec k[u, us]/(folu1, uz)).

In other words, Cj is the curve defined in A% given by the single equation fo = 0 where f
is the reduction of fy modulo m = 0 (for its coefficients).

Similarly, the special fiber of ' is obtained by setting m = 0, which means that
C = Spec k[, uo, ua]/(zuo, fi(z, up)).
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Again, ug is to be treated as another variable, so C consists of two pieces, one obtained by
setting up = 0 and the other obtained by setting x = 0. Of course, each piece may consist
of several components, or a piece could be empty.

Finally Cy is given by

02 = SpeCk[yaanul]/(yu()afZ(y’ul))a

so Cy also consists of two pieces, one with ug = 0 and the other with y = 0.

Remark 24. Similar to Example 3, Silverman’s way of describing the blow-up is to first
compute the total space Blm(A%). Afterwards, we take the inverse image of C under the
blow-up map ¢ : Blm(A%) — A% and remove components that intersect the exceptional
divisor E = ¢~!(m). Finally, the irreducible component that remains has to be the strict
transform

Blw(C) = clgy, (a2 (¢'(C)-E)

%)
since blow-up of affine schemes preserve irreduciblity by Lemma 3.5.11.

We recall that one of the main purpose for this blow-up construction is to produce a

model for C' over R. The following proposition will demonstrate this.
Proposition 3.5.21. Bl (C) has the same generic fiber as C.

Proof. We have K = Frac R. The extension of m = (7, z,y) from R[z,y] to Kz,y] yields
the unit ideal (since 7 is a unit in K), reflecting that the corresponding subscheme is disjoint

from the generic fiber. Hence we have

{m} Xgpec r Spec K = Spec(K/(m, z,y)) = Spec(K/(1)) = 0. (3.5.8)

The generic fiber of C is
C(o) = C Xspecr Spec K.

The open immersion ¢ : Spec K — Spec R is flat by 1. in Proposition 3.3.6. By Corollary
3.3.6.1, m30spec i 1s flat over €' where m : C(gy — C and m : Cg) — Spec K are the
projection morphisms. But by the same arguments used in the proof of Corollary 3.3.6.1,

we have m50spec Kk = OC(O)' Thus 71 is a flat morphism of schemes over R. We note that
m1({m}) = {m} Xspec r Spec K =0
using (3.5.8) and so by Lemma 3.5.8, we get a commutative diagram

Bl@(C(O)) & C(O) — Blm(C)

| J

Coy ———C
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where

i.e. C(g) is the generic fiber of Bly(C'). O

Remark 25. In the proof of Proposition 3.5.21, we demonstrated the usage of the fact that
blow-ups commute with ‘flat base changes’ (namely, Lemma 3.5.8). We could have given a
much shorter proof by noting that the blow-up is an isomorphism away from the center,
which is V(m, z,v). This center lies completely within the special fiber and by Proposition

3.2.8, must be disjoint from the generic fiber.
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Chapter 4

Hyperelliptic Curves Over Local
Fields of Residue Characteristic 2

4.1 The Main Problem

Before stating our main strategy on obtaining semistable models, we will borrow some
terminology from [1].

Let K be a finite extension of Q3. Denote v as the normalised valuation of K and let
Ok be its ring of integers with uniformizer 7. We also let k = Ok /(7) denote the residue

field. Let C'/K be a hyperelliptic curve given by the affine model

v =fa)=c][(@-m),

reR
where f € K[z] is separable, R is the set of roots of f(z) in KP.

Definition 4.1.1 (Clusters). A cluster of C' is a non-empty subset s C R of the form
s = DNR for some disc D = {z € K : v(x — z) > d} for some z € K and d € Q.

For a cluster s with #s > 1, its depth ds is the maximal d for which s is cut out by
such a disc, that is, dg = min, ,scs v(r — r’). If moreover s # R, then its relative depth is
ds := ds — dp(s), where P(s) is the smallest cluster with s C P(s) (the parent cluster).

We refer to this data as the cluster picture of C.

With this definition, we can now state our main strategy for explicitly constructing

semistable models of hyperelliptic curves satisfying the following assumptions.

Condition 1 (Main Assumptions). Let C' be a hyperelliptic curve over a finite extension
K of Qy given by
C:y? = f(a),

where f(x) € Og|[z] is monic and has degree 5. Suppose

1. f(z) splits completely over Ok with five distinct roots.
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2. K has ramification index e over QQs,
3. the reduction of f(z) has 2 distinct double roots,
4. the depth of the clusters of f(z) corresponding to each double root are > 4e.

In this setting, the two double roots after reduction give two worse-than-nodal singulari-
ties on the special fiber. Our goal is then to demonstrate that C'/ K has potential semistable
reduction by constructing an explicit semistable model over a finite extension of K.

The method is to explicitly construct a model for C' over Oy which has semistable
reduction by gluing together ‘local elliptic models’, where Oy, is the ring of integers of some
finite extension L/K. The semistable condition is obtained by first moving each worse-than-
nodal singularity to the singular locus of some scheme over Op, on the special fiber. Next,
we do arithmetic blow-ups at suitable closed subschemes corresponding to these singular
loci. We then show that we get at-worst-nodal singularities on the special fibers of these
blow-up schemes over Op,.

Recall the open subset Ug of an affine scheme Spec A given by
Us ={p € SpecA: f(p) #0 for all f e S}

is isomorphic to Spec A[S~!] where f(p) is the image of f in the field of fractions of the
residue class ring A/p for p € Spec A.
The initial model over Ok for C' is given by the equation

2

v = (o= [[@ =B = Bi2), (4.1.1)

7=1
whose reduction is

y?=(z =) (x - B1)*(x — B2)?,
where

. Bj € k is the common reduction of 3;1 and (; 2,

o f3j is a lift of Bj to the maximal unramified subextension of K/Q such that

U(,Bj — Bj,k) Z 4e. (412)

Such a f; exists by hypothesis (4).

More specifically, the model over Ok is given by two affine patches

C° = Spec OK[J%y]/(CUQ — f(x)),
C™ = Spec Ok [u,v]/(v* — g(u)),
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where

g(u) = u’f(1/u),
x=1/u (4.1.3)
y=v/ud. (4.1.4)

Applying a Suitable Change of Coordinates

By the hypothesis in Condition 1, the 4 and Bj are distinct in k. Thus, there are 2 worse-
than-nodal singular points on the special fiber of C, namely, (3;,0) for j = 1,2.
Let i € {1,2}. Making the substitution z — X; + f; moves the singularity (5;,0) to the

origin, and we obtain the model over O given by two affine patches

C? = Spec Ok [X;, 9/ (v — fi(X3)), (4.1.5)
where
= j (4)
fi(Xi) = f(Xi+ Bi) = (Xi =) [[(Xi = aj')(Xi — o)),
j=1
and
Vi :7_617 (4.1.6)
o) = Bk — Bi, (4.1.7)
o =, (4.1.8)
0‘5’?11 - ay) = agjlz, (4.1.9)

We note that (4.1.9) is true since agzl)i, - agi) =Bk —Bj = 045]12
Let us recall from Condition 1 that e was the ramification index of K/Qs. By the choice
of fi,

v(oéf}l) = v(Bix — Bi) > 4e

holds for all %, k.

The localization of CY away from S;, where
Si={Xi—al":j=1,2,j#i},

is given by

C) = Spec Ok [ X;, Yil[S; ']/ (Y2 — fi(Xa)), (4.1.10)
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where

()
i)
The localization of C*° away from T;, where

using the substitution y — Y; H?:L#Z‘(Xi -«

n:{/BJU_l.Y:laQ)]#Z}a

is given by
O = Spec Ogc[u, v)[T; 1]/ (v* — g(u)). (4.1.11)

Remark 26. Gluing the C’ZOO along the open sets Ur;, gives us C°°. We let Ur be the glued

open subset in C°° corresponding to Ur;.

Let L be the finite extension of K given by adjoining all the \/ (afi + a(z) + ;) for
1 <4 <2 and denote by Oy, the ring of integers of L and kj, its residue field.
Replacing Y; — Y/ + \/ + agg + 7i)X; yields the equation

Y2 + a1V X; = (XP + a1 X; + ag) II Sk D% (i) —
=1, (Xi — ;)

+ ap X? (4.1.12)

where the constants a;’s are given by

ay = 2\/ (aﬁ + 04(3 + i), (4.1.13)
i i 2 (X - alD(X; - all))
s = (0] + alf 4 %) ( [ Soebicay) 110
=Lz (Xi—ag7)
as = af'lal) +viol) + maf), (4.1.15)
ag = —ai}al. (4.1.16)
Since v(«a (’)) > 4e we have

v(ap) = v (2\/ (ozl(% + a(% 4 %)) =e, (4.1.17)

v(ar) = v(ad]al) + yial) +7ialy) > de, (4.1.18)

v(ag) = v(—alialy) > se. (4.1.19)

As we have

ay) = a% = a% (mod 7746) (4.1.20)



by (4.1.2), it follows that

i i 2 )(Z — Ct(z) Xz — 04(7')
/el o+ =1- [] SR
=1 (Xi —a;”)

e t*OK[X][S7Y].  (4.1.21)

)

Remark 27. We note that the coefficients a1, as, a4, ag depend on the indexing i = 1,2 as

well. We suppress this dependence in the notation for simplicity.

The Local Elliptic Curves

We apply the transformations Y; — 73¢Y;, X; — 72¢X; to the equation (4.1.12) to obtain
the model over Op, given by

Fi(X:, V) = Y2 +arm Y X~ (4.1.22)
(72X — ) X — o)

2
(X? + CL47T746X1' + agwfﬁe) H - @
j=Lyji (m2¢ X —aj’)?

Consider also

Y .

) |

Gi(Ui, Vi, Xi) = Vi + arm“ViU;— (4.1.23)
2 , (@) , (2)
(U; 4 agn™4U? + agn%U}) H (Xi - ajJ)(J%)_ @2) + agn =202 | .
=1 (X; — )2

Define the afline schemes

Spec A; = Spec O [X;, Yi][S; 1/ (Fi(Xi, 7)), (4.1.24)
Spec B; = Spec O [U;, Vi, Xi)[T; 1 /(Gi(Us, Vi, Xi), 7€ — Ui X3), (4.1.25)

where
S; = {w%)‘g ol j=1,2,5# z} (4.1.26)
Ti:{Xi—ag-i),Xi—i—Bi:j:1,2,j5£i}. (4.1.27)

Remark 28. By the relation (4.1.20), reducing modulo 7 we obtain

(7.‘_26)21, — a;%)(ﬂ'%)zi — a;g) (Xz - a;g)(XZ - 0‘%)

(72X, — )2 (X — a2

Thus by taking the special fibers of Spec A; and Spec B;, we see that their defining equations
F; and G; become 571'2 + ¢;Y; X; = pi(X;) and Vf + d;V;U; = ¢;(U;) respectively where ¢;
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and d; are constants and p; and ¢; are polynomials of degree 3 in X; and U; respectively.
Therefore F; and G; become the equations of elliptic curves when we take the special fibers
of Spec A; and Spec B;.

From now on, we will mainly focus on studying the two schemes Spec A; and Spec B;.

A Not-Yet Semistable Scheme Over Oy,

We shall show that the new schemes we have obtained glue to a Op-scheme which has its

generic fiber isomorphic to C' over L.

Proposition 4.1.2. The schemes Spec A; and Spec B; for i = 1,2 together with C° and

C* glue to a new scheme C over Or,.

Proof. The localizations A;[X; '] and B;[U; '] are Of-isomorphic using the relations

X; =1/U;, (4.1.28)
Y; =V;/U?, (4.1.29)
X, = X;. (4.1.30)

For i = 1,2, let C; denote the scheme over O, obtained by gluing together Spec A4; and

Spec B; along the open subsets corresponding to the localizations
Spec A;[X; 1] = Spec B;[U; ] (4.1.31)
via the relations (4.1.28)—(4.1.30). More concretely, we have the Op-algebra isomorphisms

Ai[ XY — Bi[UY

X; — 1/U; (4.1.32)
Y; — V;/U? (4.1.33)

and

)

Vi — Y/ X2 (4.1.35)
X; — 2 X, (4.1.36)

These in turn, give us the gluing maps Spec 4;[X; '] = Spec B;[U; ']
By the gluing construction (Theorem 3.1.1), for each i = 1,2, the scheme C; is covered
by two open charts with one being isomorphic to Spec A; and the other being isomorphic to

Spec B;. Abusing of notation, we will just write Spec B; C C; as the open chart isomorphic
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to Spec B;. We now want to glue C; and Cy along open subsets of Spec B; and Spec By. We

have the relations

X1+ 51 = Xo + Po, (4.1.37)

(X1 — oSy = (X0 — a)1s, (4.1.38)
X; = %X, (4.1.39)

Y; = n%Y; + \/—(0%(2 + 0452 +7%) - X, (4.1.40)

X; =1/U;, (4.1.41)

Y; = V;/U? (4.1.42)

for ¢ = 1,2. Writing out the corresponding coordinate ring maps for the gluing maps, we

have
Bl — BQ
_ mw2el.
0y s - (;) _ (4.1.43)
e — aq U2
2ev/ €P, — € ]
7 (Vo + 7 52(2) il 0)Us (4.1.44)
7T2€ J— al U2
and
By — By
_ w2l
Oy s 2 (1) _ (4.1.45)
et — (&%) Ul
B 2eY/ ep. _ € ]
7,y (VLT — mol)Us (4.1.46)

7T26 — Oégl)Ul

where ¢; = \/—( S? + a% + 7i). We first note that by definition of B; (equations (4.1.25)

and (4.1.27)), the ring element

is invertible for 4,5 = 1,2 and j # i. Hence the above maps are well-defined. Using the
relation 041(] ) a;;) = 0 the maps are indeed Op-algebra isomorphisms. Thus we glue C; and
Co along Spec By and Spec Bs to get a scheme Cy over Or.
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Now, we glue Cy along the open subset Spec Bi[Ui_l} C Spec B; together with C°° along
the open subset U := (C*NC5°)\ {u = 0} C C™ (see definition (4.1.11)) using the relations

X1+ 61 =2 =X+ [, (4.1.47)
(X1 — oMY =y = (X, — )Y, (4.1.48)

together with the relations (4.1.3)—(4.1.4), (4.1.28)—(4.1.30) and (4.1.40) to obtain a scheme

Coo over Or. More concretely, the corresponding coordinate ring maps for the gluing maps

are
OLlU] — Bi[U; ']
u Ui (4.1.49)
T2 + BU;
7T2€ a(l) Uz 3ev/. 2e7T. 3
oo (T 0y Vi) (@it e Ui) Ui _ (4.1.50)
U; Uz‘2 (ﬂ-Qe + BiU')g
and
B[U; '] — OLU]
_ 7T2eu
7, 4.1.51
1= B ( )
Vi —s Y by (4.1.52)

(1—Bju)(1—Bm)? 11— Pu

for any i = 1,2 and j # ¢ where O] - ] denotes the coordinate ring. We note that the maps

are well defined since the ring element

Xi+Bi = € B;

i
w2 + BiU;

is invertible. Using the relation agi) = f3j — B; again, we may check that the maps are inverse

of each other and thus are Op-algebra isomorphisms.
Finally, we glue C? to the open subset O C C via Proposition 3.4.11 (relations
(4.1.3)—(4.1.4)) to include the point z = 0. This gives us our desired scheme C over Or. [

Remark 29. The gluing maps that are given above all have integer coefficients. Indeed,
(1)

j?

s are all differences of integral elements using (4.1.6)—(4.1.8). Finally, the square

root \/ - (oc,fq + a% + ;) is the algebraic number we have used to make our finite extension

from K to L and thus it is in Oy,

B1 and Po are chosen to be in Ok since (4.1.2) must hold true. The constants ~;’s, o ;.’s,

()5

and o;

Proposition 4.1.3. The generic fiber Cr, of the scheme C is L-isomorphic to C.
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Proof. The relations

X; =12 X;, (4.1.53)
Yo = 79, 4 12 ~(alf + )+ 70) - X (4.1.54)
_ Xi

7T3€ ’

:_< I

(4.1.56)
give an L-isomorphism

Y:))

(Spec A;)1, = Spec L[ X, Y][gfl}/(Fz-(Xi,
X, 2= (X, Yh) = (CY)L.

=~ Spec L[ X;, Yi|[S; 1]/ (Y

Now, the defining equation 72¢ — U; X; in Spec B; implies U; # 0 in (Spec B;) 1, since 72€ is

a unit in L. Hence for ¢,j = 1,2 and i # j, the relations

_ 7T2+UﬁU (4.1.57)

o (er —ay)Ui) <7r3€VZ-+&7T26Uz'> ( U} i >’ (4.1.58)
Ui U? (w2 + BiU;)?

U, = 17T2;u (4.1.59)

7= ((1 . ;ju)uz 4. (1 —uﬁiu» - ie;fww (4.1.60)

give an L-isomorphism

(Spec Bi)r, = (C7°)y

where (; = \/ (af? + 0%(2 + ;). From the above and Remark 26 we get that C;, = C/L
since Cr, is the gluing of the (C;)1’s and each (C;)r is then the gluing of (Spec A;);, and
(Spec B;) . O

We will now show that C is proper over Oy,.. Note that it is not important whether C is

a model for C' over L at this moment as we will soon see that C is not yet semistable.
Proposition 4.1.4. The scheme C is proper over Ofp,.

Proof. We first note that C is of finite type over O since it is covered by Spec A; and
Spec B; for i = 1,2 which are of finite type over Q. Similarly, C is also Noetherian since
each Spec A; and Spec B; are Noetherian. Hence we can use the valuative criterion for
properness (Theorem 3.2.15) to show C is proper over O. Let R be a DVR with valuation
v and F = Frac R.
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Suppose P is an F-point of C. Then there is an inclusion Kp < F', where Kp is the
residue field of P, considered as a point of C. Without loss of generality, we are in one of

the following two cases:
1. P lies in C° and corresponds to a section sending x +— xo € F where v(zg) >0
2. P lies in C*° and corresponds to a section sending u — ug € F where v(ug) > 0

Case (1): If v(zp) > 0 then the F-point P corresponds to a section sending = +— z¢ € R,
and hence by the relation 2 — f(z) = 0, we have that y € R. Now if v(z) = 0, let 1 <i < 2
be such that v(zg — ;) > 0 and v(xg — Bj) = 0 for all j # i. Consider the affine patch C;.
The F-point P corresponds to a section sending X, — % € Ror U; — u; € R.

In the first case, the relation Fj(X;,Y;) = 0 shows that Y; — 7; € R.

In the second case, G;(U;, V;) = 0 shows that V; — v; € R. We have that z; = 7%¢/u;. If
v(i;) < v(n?€), then X; — z; = 7°¢/u; € R.

If v(a;) > v(7?®), then U; — u;/m%, where X;U; = 1 and U; = U;/n%¢. However,

v(i;/7%¢) > 0 and so we have v(ug) > 0 as

so we are in case (2).

Thus, we have shown the existence of an R-point which gives the F-point P.

Case (2): Consider the affine patch C*°. The F-point P corresponds to a section sending
u — ug € R, and hence by the relation v? — g(u) = 0, we have that v € R. This shows the
existence of a R-point which gives the F-point P.

In all cases, the R-point exhibited which gives the F-point P is unique because such
R-point is unique on each chart. If P lies in both charts, then the two exhibited R-points on
different charts are identified together when we glue C° and C*°. By the valuative criterion

for properness, the scheme C is proper over O. O

By Proposition 4.1.3 and 4.1.4 we have that the generic fiber of the proper Op-scheme
C is isomorphic to C over L. Our next step is to see why C is not yet semistable.
In the following proposition, we will first show that Spec A; is semistable. Afterwards,

we will examine the special fiber of Spec B; to see where the failure of semistability occurs.

Proposition 4.1.5. The scheme Spec A; over Or, has semistable reduction.

Proof. Let a; = a;m7~* and [a;] be the image of a; in kz. We recall that v(a;) = e, hence
[a1] # 0. Moreover, it holds that [as] = [ag] = 0. Note also that each term in the product
over j = 1,2,7 # i of (4.1.22) reduces to 1.

If v(ayq) > 4e, then [a4] = 0. The special fiber of Spec 4; is a singular curve over k given
by the Weierstrass equation

Y2+ ] XY = X7,
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which has a nodal singularity at X; = Y; = 0.
If v(ayq) = 4e, then [a4] # 0. The special fiber of Spec A; is a non-singular genus 1 curve

over k, given by the Weierstrass equation

V2 + [a1] X,Y; = X2 + [a4) Xs.
O

In a similar fashion as the above proof, the special fiber of Spec B; is given by the

equations

over k. We note that the closed subscheme U; = V; = 0 is a non-reduced component on the
special fiber. This can be seen by the fact that both relations X;U; = 0 and V2 + [a1]U;V; =
Ui + [a4]U3 contains this subscheme. This shows that C is not semistable over Oy, as the
special fiber of Spec B; over k has a non-reduced component which is certainly worse-than
nodal i.e. Spec B; is not semistable over Oy,.

We claim that a single arithmetic blow-up of Spec B; at the subscheme Spec B; N
V (U;, V;, m¢) will give us a semistable model of C' over Op (by taking the strict trans-
form of the blow-up map and then glue with Spec 4;). The extra generator 7¢ will ensure

that the blow-up leaves the generic fiber unchanged similar to Proposition 3.5.21.

4.1.1 A Semistable Model via One Arithmetic Blow-up
As we have already mentioned, we will blow-up Spec B; in Section 4.1 along the closed
susbscheme given generated by U;, Vi, and 7€ over Q. We will first rewrite B; as

Bi = OL[Us, Vi, Xi, Wil /(Gi(Us, Vi, Xi, Wi), 7°¢ — Ui X, (X — a§i))Wi - 1)

where

Gi(Us, Vi, Xi, Wi) = Vi + a1 V;Ui— (4.1.61)

(([71 +a4UP + asUl) (X, — a%)(Xz — agg)VVf + 6_12[72-2)

for i # j and a; = a;m .
Let us define

D;';Ot = OL[Uh‘?iaXia Wl]/( i7‘7i77re)
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and

D; := O [Ui, Vi, Xi, Wil /(Gi(Us, Vi, X3, Wi), ¢ = Ui X, (X — a§i))Wi - LU, V;, 7).

We note that Spec D; = Spec D}°* N Spec B; is a closed subscheme of Spec B;. Consider the
ambient affine space A?OL = Spec O [U;, Vi, X;, W] and let

i BlSpec Dtet (A?QL) - A?QL

be the blow-up map of the ambient space at Spec D}°'. Since the generators U;, Vi, m¢ form
a regular sequence for (’)L[Ui, Vi, X;, W], we can again, describe the blow-up of the total
space using Lemma 3.5.20. We will follow Section 3.5.4 to describe the strict transform
Blspec 0, (Spec B;) as a scheme in A‘éL x P? with homogeneous coordinates r;, s;,t; for P2
corresponding to the three generators U;, V;, 7 of D; at on their respective charts (the
homogeneous coordinates ug, u1,us in Section 3.5.4 correspond to the coordinates r;, s;, t;
here).
Let us denote
E; := ¢; ! (Spec D;)

as the exceptional divisor of the blow-up Blgpec p, (Spec B;). Writing it out, we have
E; = (Spec D;) x P2 = {(p, [r; : si : t;]) : p € Spec Dy, [r; = s; : t;] € P?}.
More concretely, the closed points of the exceptional divisor is the set

{(Uiv‘_/’iaX’iv VI/Z'; [Ti 18t
(4.1.62)

DE
Gi(Us, Vi, Xi, W) ,

0 UzXz = 7T26, (Xl — Oégl))Wl =1U,=V;,= € = 0}
where [r; @ s : t;] € P2
The 1st Chart

On the first chart r; = 1, the equations defining the graph I'; of ¢; 1(Spec B;) are given by

Gi(U;, Vi, X4, Wi) = 0, (4.1.63)
XU; = %, (4.1.64)
(X —ahyw; =1, (4.1.65)
Ut = siVi, (4.1.66)
Ui = s, (4.1.67)
Vi = 7°t; (4.1.68)
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We note that the (4.1.66) is redundant since cross multiplying the equations (4.1.67) and
(4.1.68) together gives

7., € (/€
Uz‘ﬂ'ti:Viﬂ'Si

which has two components 7¢ = 0 and Ust; = s;V;. We note that the component corresponds
to m® = 0 lies completely within the exceptional divisor F; and thus the blow-up must lie
on the other component corresponding to Ust; = s;V; which coincides with (4.1.66).
Substituting (4.1.67) and (4.1.67) into and give the equations
Gz’(ﬂ’esi, ﬂ'eti, XZ', WZ) :71’26(75@2 + &18,’2%‘ — @282)

i

— 14X — o)) (Xi — ol WA(ss + aun®s? + agn®s?),

and

7T€Xi8i = 71'26.

Now our equations defining Blgpec p, (Spec B;) on the chart r; =1 are
Gi(m¢si, mt;, Xi, Wy) = 0,
ﬂeXiSi = 7.‘_237

(Xz - O[(l))WZ == 1,

J
Ui = 7Tesi,
V% = ﬂeti.

We note that the equation G;(n¢s;, 7¢t;, X;, W;) = 0 factors as

We[ﬂe(t? + C_Llsiti — 6_12822)

— (X — a'D(X; — ) (W2 + asm ¥ sSW? + agnesiWE)] = 0.

(4.1.69)

The equation (4.1.69) gives two irreducible components, one is defined by
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which is precisely E; by (4.1.62). The other component is

i 7,2
7T6XZ'SZ' = 7T26,
(X;i —ayw; =1,

U; = 7°s;,

Vi = 7wt

which has to then contain Blgpec p, (Spec B;) on this chart.
By the exact same argument for 7¢X;s; = 7w2¢

Blspee 0, (Spec B;) is contained in

ﬂ'e(t? + ais;t; — &282) = (XZ — Oégg)(X@ — a(- )

i
_ (4
Xis; =",

on this chart.
Now substituting (4.1.71) into (4.1.70) gives

Xisi(t? + ays;t; — C_LQS?) = Si(Xi — a(l%)(XZ — agg)WZZ(l + aym

’

85 + agmTs;

7e(t? + aysit; — azs?) — (X; — aﬁ)(X - a(i))(sin + aymesIW2 + agmesiW?),

or m¢(X;s; — ) = 0, we must have that

SN (sW2 + agm®s;W2 + agr™siW?), (4.1.70

( )
(4.1.71)
(4.1.72)
(4.1.73)
(4.1.74)

(4.1.75)

The equation (4.1.75) again gives two components, where the component corresponding to

s; = 0 yields 7° = X;s; = 0 and subsequently U; = V; = 0 which completely lies within E;.

Hence the blow-up must lie on

— e
Xz-sz- =T,

If we show that the closed subscheme parameterized by

Fri = {(Tresiaﬂ—eti?Xia Wi7 17 Siati) :

Xz(tlz + ays;t; — 6_12822) = (Xz — Oéﬁ)(Xz — O‘gg)Wf(l + aygm

Xisi = 7Te, (XZ — Ozy))l/vZ = 1} g Fz’
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is irreducible, then similar to Example 3, we will know that this has to be our blow-up on
this chart. We will show this in a more concrete example later.

Taking the special fiber by reducing modulo 7, we get
fri = {(0, 0,X;,1, Si,ti) : Xz(tlz + ays;t; — C_LQS?) =1,X;s; = O}

We see that this is reduced and non-singular as it is isomorphic to Spec kr,[X;, t;]/(Xit? — 1)

for all + = 1,2 by observing that X; is nonzero and hence s; = 0.

Remark 30. Similar to Remark 28, the relation (X; — agi))Wi = 1 is no longer required

after reducing modulo 7 since

(Xi—ag)(Xi —af3)
(Xi - af)?

over k due to the relation

a§z) z%

§.7 = a% (mod )

(67

which comes from (4.1.20). More concretely, let us consider any Op-algebra of the form

Orlz1y s 20y, Y/ (f1y ooy i, (T — a?)y —1)=: R.

We have

R®o, k= k[[zl]w--?[zn]:[fc](, [y]]

([f1)soos s [(2 = &Py — 1))

where the bracket [-] denotes the reduction modulo 7 = 0 in k. We note that

and

Therefore
[(z — o\ (@ — afDy?] = ([a] = [@D2[y)? = (2] - D )? = (-1))% = [1].
Remark 31. When we write a set of points

V={(x1,....zn) : filx1,..c,zpn) = gi(x1, .oy zp), i = 1,...,m}
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what we have is really the affine scheme
V = SpecOL[x1, ..., xa] /(fi — gi)1<i<m

which includes the generic points of its irreducible components. Since we do not work with

the generic points, the first way of writing V' is just to emphasize the closed points.

The 2nd Chart

On the second chart s; = 1, the equations defining I'; are given by

Gi(Ui, Vi, Xi, W;) = 0, (4.1.76)
X;U; = 7%, (4.1.77)
(X —alyw; =1, (4.1.78)
Ut =V, (4.1.79)
Usr; = 7°, (4.1.80)
Viry = m°t;. (4.1.81)
Similar to the previous chart, the last equation Vijr; = 7°t; is redundant. Substituting

(4.1.79) into (4.1.76) we get

UilUi(t] + art; — az) — (X; — Oégli)(Xz - a%)Wf(l + a4U? + agU?)) = 0.
This again gives two irreducible components. The first component being
U; =0,

7 2
XZ'UZ'—ﬂ'e,

(Xi — a§l))Wi = 1,

=

=0,
CZO

s

which is E; by (4.1.62). The other component is

Uit + anti — G2) = (X; — a$1)(X; — o\DW2(1 + @02 + a60}), (4.1.82)
X;U; = n€, (4.1.83)
(Xi —ahyw; =1, (4.1.84)
Vi = Uity (4.1.85)
Uiri = 7° (4.1.86)
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which has to contain Blgpec p, (Spec B;) on this chart. Substituting (4.1.86) into (4.1.83) we

get
Ui(Xi — Ugrf) = 0

which also has two components with the first being

(Xi — oD (X — alhw? =0,
_z — 0,

(X — Wi =1,

71 == 07

=0

We note that this component lies completely within E;. Thus we only have to consider the

other component

Ui(t? + dnt; — as) = (X; — ol D (X; — ol DWR(L + a0 + agU?),
X; = (7,-7“2-2,

(X; —ayw; =1,

V; = Uiti,

Uyr; = ¢

which has to contain our blow-up on this chart. We will show that the closed subscheme

parameterized by

Ty, = {(U;,Uits, Xi, Wi, i, 1, 8)
Ui(t2 + art; — G2) = (X; — a{))(X; — o\DW2(A + @02 + a60}),

)

Wi =1,Upr; =7} C T

>

I
S}l
iy
>

|

o
SR
N

is irreducible and thus defines the blow-up on this chart in a concrete example later on.

Taking the special fiber by reducing modulo 7 while using Remark 30 we get

Fsi - {(UHUlt’L? Xia T3, 1> tz) :
Uvz(t? +ait; — ELQ) = (1 + d4ﬁi2 + EL6UZ-3),XZ‘ = Uﬂ‘?, Uir; = 0}.

We first note that U; # 0, otherwise we would get 0 = 1 from the first equation. This gives
r; = 0 and thus X; = 0. Hence we get

f‘si = Spec k‘L[UZ,tz]/(Uzt? + alﬁiti — C_LQUZ' — 54[?1-2 — 56[?@'3 — 1).
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By Remark 30, we note that

as = (Ozl(? + a% +7)-(1-1)=0 (mod 7).

)

Similarly, we also have ag = 0 (mod 7%¢) by (4.1.19). The defining equation for 'y, becomes
Uit? + alﬁiti — C_L4Ui2 —1=0.

Let
Si(Ui,ti) = Uzt? + 51Uiti — C_L4Ui2 —1.
We see that there are no points p = (U;, t;) satisfying

9S;, . 9Si
BUZ P/ = ati

(p)=0

Indeed, since we are in characteristic 2, the equation

0S5

o () = 2Uit; + a1U; = a1U; = 0

would lead to U; = 0 since @; # 0 (mod 7) which is a contradiction. Thus r s; is non-singular.

Now we want to show that f‘si is reduced. It is sufficient to show that .5; is irreducible in

kr[Uillt:] as kr[Ui][ts]/(S;) will then be a reduced ring (an integral domain). Suppose S; is

reducible and write
Si = (mi (Uit + ni(U5)) - (pi(Ui)ts + ¢i(U3))

for mg, ni, pi, ¢; € kr[U;]. We require that

mip; = Uz&

mig; + nip; = a1U;,

n;q; = —EL4U? — 1.
These equations force n; and ¢; to both be of degree 1 in U;. Otherwise, if one of n; or q; is
of degree 2, then one of m; or p; will also be of degree 2. Thus it would be impossible for
mip; = U; to hold. Now both n; and ¢; being degree 1 force m; and p; to both be of degree

0 which is absurd. Therefore S; must be irreducible over kj,. Hence we conclude that fsi is

both reduced and non-singular.
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The 3rd Chart

On the third chart ¢; = 1, we have the equations defining I'; are given by

Gz(Ula ‘71'7 Xia Wl) = 07

X;U; = e,

(Xi — ag»i))Wz =1,
Ui = Vi,

Uy = °s;,
Viry = ¢

As before, (4.1.91) is redundant. Substituting (4.1.90) into (4.1.87) gives

This again has two irreducible components, with the first one being

We note that this is E; by (4.1.62). The other component is

X;U; = ¢,

(Xi — iYW, =1,
Ui = siVi,

Viry = m¢

Vi(l+ ars; — agsy) = (X — ol

ﬁ)(Xz' - aﬁf%)Wf(sz- +aus; VP + ags; V),

Vi(Vi(1+ drs; — dzs?) — (X — al])(Xi — o\ W(s; + ausiV2 + aesiV?)) = 0.

which then has to contain Blgpec p, (Spec B;) on this chart. Substituting both (4.1.96) and

(4.1.97) into (4.1.94) we get

Vi(Xisi — Vir) =0
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which has two components. The first component is

(X; — ai)(X; — ol WPs; =0,
7o

(X — ol yw; =1,

J; =0,

=0

which is contained in E;. The other component is

Vi(1+ ars; — azs?) = (Xi — o\))(X; — al)WR(s; + ass?V2 + agsiVP),  (4.1.98)
Xis; = Vir?, (4.1.99)
(X —alyw; =1, (4.1.100)
U; = s;V;, (4.1.101)
Viry = m© (4.1.102)

which has to contain our blow-up on this chart. Now consider the relation coming from

(4.1.98):
V; = si(ags;Vi — a1V + (X; — agq)(Xz — ag-f%)WiQ(l + 645?‘71-2 + 6_168?‘7/;3)).
Substituting this into (4.1.99) we get
X;si = si(ags; Vi — a1V + (X; — agq)(Xl - ozgg)WiQ(l + a4siVE 4 agsiVyE))rk.

This again gives two components with the first one being

Vi =0,
s;i =0,
(Xi — 045.11))W2 =1,
J; =0,
¢ =0
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which lies completely within E;. The other component, which has to contain our blow-up,
is given by the equations

Vi(l +ais; — &2522) = (Xl - agg)(Xz - Oégg)WZQ(Sz + (71455"_/1-2 + &68?‘7;3),

X; = (azsiVi — @ Vi + (Xi — al))(Xi — oD W2(L + ags?V2 + ass?V3))r2,

7,1
(Xi - a§1))Wi = 1,

U; = 5iVi,

Vir; = m°

We will show that the subscheme I'y; defined by the above equations in I'; is irreducible and
hence it is our blow-up on this chart in a concrete example later.

Taking the special fiber and using Remark 30, the subvariety over k is

f‘ti - {(simv ‘Z:’Xiariy Siy 1) ‘_/Z(l + ZLlsi - &2812) - (si + &453‘71‘2 + a657,4‘7;3)7
X; =11 — a1V, + ass;V; + ausiVi? + ags; VP), Viry = 0},

We will use Magma to see that this is reduced, but also singular for our concrete example
later. We will also show that the singular point (only at the origin) turns out to be nodal.

In the next section, we will demonstrate this construction for a concrete example of C
that we have promised to give. We will then glue Blgpec p, (Spec B;) with Spec A; for the
example to get a proper and flat scheme C; over Oy, for ¢ = 1, 2. Finally, we will show that

C1 and Co will glue to a semistable model for our C over Oy,.

4.1.2 A Concrete Example

We now apply our construction of a semistable model on
C:y? = 2% — 22 — 12923 + 13022 + 39052 (4.1.103)

as a numerical example over O the ring of integers of K = Q(v/5). We will consider C' as
a curve over the completion of K at the prime m = 2 i.e. the local field Frac ((9/[()\(2) where
(Ok)(2) is localized at the maximal ideal (2). Since the rational prime 2 is inert over K, we
get e = 1 in this example. Since all of our coefficients are over Ok, we may for now work
over K instead of the completion.

Let f(x):= 2° — 221 — 12923 + 13022 + 3905z. We see that f factors as

fl@)=a(z— (z = 2)) (&~ (z+2%))(z ~ (- 2°))( — (+2°))
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over Ok where z = # and z = 1_7‘/5 Taking the special fiber, we get
Cy:y? =z(x — 2)%(z — 2)*

over k = Ok /(2) = {0,1,2,z}. We note that C satisfies the assumptions of Condition 1
since the clusters all have depth > 4e = 4.
Let

Bri=2—-2" Bla=2+2" Po1=2-2°, Pho=2+2"
By picking
fi=2—2% and fp=2z—23

we have that vo(8; — Bj ) > v2(21) = 4 = 4e. Computing the required constants, we obtain

7:07 71:2 -z, 72:2 -z,
aﬂ =0, aﬁ = /5, a§1; = 16,
a% =16+ \/5, ag% = —\/5, aﬁ =0,
(1)

These then give
a;’ =0= 0452), and a?) =V5= fozgl).

We note that

—47+/5 —47 -5
RS A o iy K R Y AN O S )

Thus we form the extension

L =K (4,03),

which is of degree 4 over K. Using Magma we can check that 207, is no longer a prime and
207, = p* for some prime ideal p C Oy.

> 0L := Integers(L);

> Factorization(2*0L) ;

[

<Prime Ideal of OL

Two element generators:

(2, ol, o, 011, Cfo, o], [0, 0]]]

(fc4, 21, o, -111, ([-1, 1], [-1, oOll], 4>
]
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Hence kp, will be the residue field of O, at the prime p which we can see that it remains to
be GF(22).

> ResidueClassField(Factorization(2*0L) [1,1]);
Finite field of size 272

Mapping from: RngOrd: OL to GF(272)

given by the ideal Prime Ideal of OL

Two element generators:

cce2, o1, o, oll, CLo, o], [0, 01]]

(cfy, ol, 1, -111, [[2, -3], [1, 11]]

For ¢ = 1, the constants a;’s are

(X1 — ad) (X1 — a¥)
(X1 —ay")?

a1:2€1, CLQZ_El (1— )), a4:120—8\@, a5:0.

For ¢ = 2, the constats a;’s are

Xs — o)) (Xs — af?)
(Xy —al?)?

a; = 205, a2:—£2(1—( )), as =120+ 8v5, ag=0.

For i = 1,2, # = 2 and e = 1, plugging in our blow-up construction from Section 4.1.1,
we get three schemes which we will glue together using the birational maps defined via the

homogeneous coordinates 7;, s;, t; on the three different charts (see Section 3.5.4):

Ty, = {(Us, Vi, Xi, Wi, si, 1)
Xi(# + arsit; — Gas?) = (X; — o{))(Xi — o)W1+ aun®s? + agr™s),
X;s; =7 (X; — agi))I/Vi =1,U; =n°s;,V; = i},

Iy, = {(Uiaffiin;Wi,ri,ti) :
Uit} + ity — @) = (X; = a5 (X — agg) WP (1 + aalf +asT7),
X = Uﬂ'g, (Xz —Q

oL~
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and

= {((jz‘7‘7z‘,Xi7Wz‘,7‘i,Si) :
Vill + a1 = aasf) = (Xi = g (Xi - a?%)W?(si - a453v2 t+a 34v3>

(Xi (l))Wz =1,U; = 5V, Viry = We}

for j = 1,2 and j # i where @; = 2 %a;. Their corresponding special fibers are

Ty, ={(0,0, X5, 1,55, 8) « X(t] + [as]sits — [ag]s?) = 1, Xisi = 0},

= {(Us, Vi, Xi, i, t5)
Us(t7 + [ar]t; — [a2]) = (1 + [aa]U} + [a6)U7),
X; = Uir, Uiri = 0,V; = Uiti},

and

fti {(U Vi, Xi,riy85)
Vi(1+ [a1]si — [a2]s?) = (s + [aa]s} V2 + [ag)s{ Vi),
X; = ( — a1 V; + ags; Vi + [ag)s 2V2 [ag}s?‘zg), U; = siVi, Vir; = 0}

respectively where the [a;]’s are their corresponding residue classes in the residue field
k = GF(22). We recall from Proposition 4.1.5 that a; # 0 and @ = ag = 0 in k.

Verifying the Blow-up

Before further examine the special fibers, we can do a sanity check to show that I',,, I's, and
I';, are indeed the blow-ups on the three standard charts respectively. We first argue that
I's, does not intersect the exceptional divisor E; given as (4.1.62). We note that any point

on FE; has the U; coordinate being 0. By assuming U; = 0 on I'y;, we obtain the equations

NG
X; =0 and (Ximep) (Xizaliy) = 0 or equivalently

<X, —al)2
NONO
%, 1(10;9’2 =0. (4.1.104)
(O‘j )?
For ¢ =1, we have
aflaf)  5-16V5
1
(ag ))2 5
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which is a unit in O, and thus can not be 0 hence yielding no solution for (4.1.104). Similarly,

for i = 2 we have 2 (o
o1al)  5+16v5

(agz))g 5

which is again, a unit in Of, and hence yielding no solution for (4.1.104). This shows that

no point on I', has the U; coordinate being 0 i.e. I's, does not intersect Ej;. This tells us

the closed subscheme I';; has to be our blow-up on the chart s; = 1 since

Blspec b, (Spec B;) = cly, (8d,) (goi_l(Spec B;) — El) .

Spec DEOt

Now using the maps
si s

from chart s; = 1 to chart r; = 1, the defining equations for I'y;:

Ui(t2 + ant; — as) = (X; — o\ D (X — ol DWR(L + a0 + asUP),
X; =Ur?,
(Xi — agi))Wl =1,
V; = Uiti,
Uir; = °
become
s (ti +arh - @) = (Xi — a\)(Xi — SPWR(L + auns? + agnesy),
X;s; = 7€,
(X; —ahyw; =1,
Vi=m‘t;,
U, = 7%s;

where the first equation can be rewritten as

Xz(tlz + ays;t; — C_LQS?) = (Xz — 0452)()(@ - Ozgg)WZZ(l + C_L47['26812 + 5667['36313)
since we are looking at the open set where both s; and r; are invertible. Thus we precisely
get Iy, after the substitutions. Note that we can also obtain I'y;, from the defining equations
for 'y, with the substitutions s; = ?11 and t; = 4. Therefore I'y, and I'; are birationally

ri’

equivalent on the dense open subset r; # 0 and s; # 0. This shows that I',, must be the
blow-up on the first chart r; # 0 or r; = 1.
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Now to go from the first chart ; = 1 to the third chart ¢; = 1, we consider the maps

1 S;
t; = and s, = —.
T T3

Applying this substitution, the defining equations for I';, become

Vi(1+ a1s; — ags?) = (X; — a‘SZ%)(XZ - a%)ﬂff(sz + aysPVE + agsivy),
Xisi = Vir},

(X; — oW =1

Ui = iV,

I_/m =€

which is not quite our I';, yet, as we are required to remove an extra component correspond-
ing to the exceptional divisor E; (this was at the last step of the previous section).

By setting U; = V; = 7° = 0, the defining equations for I';, become

(Xi — o)) (X — alPWEs; =0,
(
J

) (9)
1 J:2
(Xi — Zi)(XZ — ag-i%)WiZT? = Xi

) )

or equivalently

s; =0,
(X; — (-i))(X _ (Z))W - X
i =y ;) T i
Therefore I'y, intersects the exceptional divisor E; along the irreducible scheme given by
V(si, (Xi — o\ (X — o\)Wir? — X;). (4.1.105)

Now we examine the blow-up on the first chart I';,, and suppose X; = 0. We note that
the defining equations of I',; becomes

(
2 = 3e 3\ _
- ”;2 (14 agm?es? + agn®s?) = 0,

or equivalently
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We have already shown that there are no solution for this equation and so X; # 0 on I',,.

Keeping this in mind, and intersect I',, with U; = V; = #® = 0 to obtain the equations

(2

Xit? = (X; — al])(X; — alp) WP,
S; = 07

X; #0.

With the transition map ¢; = T%, this is precisely the scheme (4.1.105) we get when inter-
secting I'y, with E; where the points corresponding to X; = 0 is removed. We note that
X; = 0 only gives one point (U;, V;, X;, s, %) = (0,0,0,0,0) on I'y, N E; which we will soon
show that it is a nodal singularity on the special fiber of I';,. This shows that I';, and I';,
are birationally equivalent on the dense open set r; # 0 and t; # 0 since the hyperplane
X; # 0 does not intersect I';.,. Denote €2, and €2, as the first and the third standard charts
of Spec B; x P2. Taking the closure of T'y, N €2, in O, only adds the origin to the set and
thus the closure is precisely I';;. This shows that I';, has to be the blow-up on the third
chart €.

Examining the Special Fibers

Now we will examine the special fibers of our blow-up. Using Magma we can do a sanity

check to see that T',, and T'y, are indeed both reduced and non-singular.

// flag == true if the curve I',, is reduced and non-singular.
> flag := true;

> F := FiniteField(4); // Defining GF(2?).

> A<X,s,t> := AffineSpace(F,3);

// Looping over every possible walue of [a1] and [as].

> for al,a2 in F do

> C:=Scheme (A, [X*(t"2+al*s*t-a2*s~2)-1,Xxs]); // Defining I.,.
> Dim := Dimension(C); // Checking if f“ 1S a curve or not.

> Red := IsReduced(C);

> Sing := IsSingular(C);

// Checking if dim(T,,) =1 and T, is reduced and non-singular.

> if not(Dim eq 1) or not(Red) or Sing then
> flag := false;

> al,a2;

> end if;

> end for;

> flag;
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true // flag == true.

// flag == true if the curve I'y, is reduced and non-singular.

> flag := true;

> F := FiniteField(4);

> A<U,V,X,r,t> := AffineSpace(F,5);

// Looping over every possible walue of [a1], [az], [a4], and [ag].
> for al,a2,a4,a6 in F do

// Using the fact that [a1] #0 and [az] = [ag] = 0.

> if al ne 0 and a2 eq O and a6 eq O then
// Defining fsﬂ
> C:=Scheme (A, [
> Ux(t"2+al*t-a2)-(1 + a4*U"2+a6*xU"3),
> X-U*r~2,
> U*r,
> V-Uxt]) ;
> Dim := Dimension(C); // Checking if f& 1S a curve or not.
> Red := IsReduced(C);
> Sing := IsSingular(C);
// Checking if dim(Ty,) =1 and T, is reduced and non-singular.
> if not(Dim eq 1) or not(Red) or Sing then
> al,a2,ad,a6;
> end if;
> end if;
> end for;
> flag;

true // flag == true.

Finally, for Ty,, we will first compute [a;] and [a4]. For i = 1, we note that a; =
and a4 = 30 — 2v/5. It is immediate that [a4] = 0. For [a;], Magma tells us that it is
zek={0,1,z2z}:

> 0L := Integers(L);
> k,f := ResidueClassField(Factorization(2+*0L) [1,1]);
> £(OL!(LO0.1)); // LO.1 ts {1 and f compute its residue class in k.

k.172 // k.1 represents z = l%¥5 and k.172 1s its conjugate.

Now we see that the curve ftl is reduced but also singular with a singularity at the origin.
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> A<U,V,X,r,s> := AffineSpace(k,5);
// Defining the coefficients [ag]'s.

> al = k.172;
> a2 := 0;
> ad := 0;
> a6 := 0;

// Defining fh-
> C:=Scheme(A, [

> Vkx(1l+al*xs-a2*s~2)-(s+ad* s 3xV 2+ab*xs " 4xV~"3) ,
> X-r 2*(1-al*V+a2*s*V+ad*s 2+xV 2+ab*s 3*V"3),
> U-s*V,

> Vxr]);

> Dimension(C) ;

> IsReduced(C);

> IsSingular(C) ;

1 // Ty, is indeed a curve.

true // It is reduced.

true // But also singular.
We now compute the singular points.

> S := SingularSubscheme(C) ;

// Computing the singular points over k = GF(2%).

> PointsOverSplittingField(S);

{e (o, 0, 0, 0, 0) @}

Finite field of size 272

// We see that the only singular point is the origin.

The following computation shows us that Ty, is the union of two varieties.

// Computing the tirreducible components of fh~
> Irred := IrreducibleComponents(C) ;

> Irred[1];

> Irred[2];

// The first curve.

Scheme over GF(272) defined by

U + k.1%V + k.1x*s,

Vxs + k.1%V + k.1*s,

X,
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// The second curve.

Scheme over GF(272) defined by
U,

v,

X +1r°2,

The following shows that Ty, is actually the union of two smooth curves which intersects at

the origin, creating a singularity.

Dimension(Irred[1]);
IsReduced(Irred[1]);
IsSingular(Irred[1]);
Dimension(Irred[2]) ;
IsReduced(Irred[2]);
IsSingular (Irred[2]) ;

= VvV VvV V V V V

true
false
1
true

false

We will use Proposition 3.4.15 to check that the origin is actually a node for f‘tl. Writing

out the equation given by Magma, we have
Ty = V(U + 2Vi + zs1, Vis1 + 2Vi + zs1, X1,71) UV (U, Vi, X1 + 71, 51).

Let 1 := Uy, 20 := Vi, 23 1= X1, 24 := 11, x5 := 51, and write f; := Uy + 2Vi + 251, ..., f14 =
r1,g1 := U1, ..., g4 := X1 +72, 51. Computing the corresponding Jacobian matrices evaluated
at p=(0,0,0,0,0) we get

1 2 0 0 z
0 z 0 0 =z
_ (9fi =
J1= (3%' (p))1§i§4,1§j§5 0010 0f
00 0 10
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and

1 0 0 0O
01000

— (29 =
2 <8mj(p))1§is4J§j§5 00100
00001

We have ker(J;) = Spany, {(O 100 1)} and ker(Jy) = Spany, {(0 0 01 0)} It
is clear that the two spanning vectors are orthogonal to each other, and thus by Proposition
3.4.15, the only singular point p = (0,0,0,0,0) is a node of ftl- We can also verify this
using Magma:

> P := PointsOverSplittingField(S);

> P[1];

// Magma function to check if a singularity on a curve ts nodal or not.
> IsNode(C,P[1]);

(0, 0, 0, 0, 0)

true

For i = 2, we have [a1] = z and [a4] = 0. Magma tells us that the computation is almost

identical besides a minor difference in the coefficients of one of the two smooth components:

// Computing the irreducible components of I,.
> Irred := IrreducibleComponents(C) ;

> Irred[1];

> Irred[2];

// The four coefficients here are z instead of z.
Scheme over GF(272) defined by

U+ k.172%V + k.172%s,

Vs + k.172+%V + k.17 2x%s,

X,

r

// The second curve is tdentical.

Scheme over GF(272) defined by

U,

v,

X +r2,
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This difference in the coefficients for the first component does not affect anything when
computing the Jacobian matrices at the origin and thus the origin is still the only singularity

of I'y, which is a node.

The Semistable Model

Similar to the example in Section 3.5.4, the gluing maps between r;, s;, ¢; is exactly the same
as the gluing maps described for ug, u1, uo in that section. Therefore we obtain a new scheme
B; = Blspec b, (Spec B;) by gluing together I'y,, Iy, I';,. Our next goal is to use Proposition
3.5.18 to conclude that our new scheme obtained by gluing up B; with Spec A; is proper

over Or.

Proposition 4.1.6. The schemes Spec A; and B; for i = 1,2 glue to a proper scheme over
Or.

Proof. Using the exact same maps for gluing Spec 4; and Spec B; from Proposition 4.1.2,
the blow-up B; and Spec A; glue to a scheme C; over Or..

Using the exact same maps (given by the relations (4.1.37)-(4.1.42)) for gluing C; and
Ca, the two schemes C] and Cj glue to a new scheme C{, over Oy,. Similarly, we can glue C;
with C* and C° (to include the point x = 0) by using the relations (4.1.47)—(4.1.48) from
Proposition 4.1.2 as well as (4.1.3)—(4.1.4) to obtain a new scheme C’ over Oy,.

Let us now recall the subscheme Spec D; C Spec B; given by

-Di = OL[Uia ‘7;;7Xi7 m]/(Gz(Uzy ‘7i7Xi7 Wi),ﬂ'ze — UZXu (XZ — a‘EZ))WZ _ 17 Ui7 ‘/;;771_6)
where
GZ(Ula ViaXia Wz) - ‘7;2 + C_ll‘?zUZ—
(O-+ @0 +asU) (X = ) (Xs ~ @)W + 2:07)

for i # j and a; = a;7~*. We first note that

Gi(U;, Vi, Xi, Wy), ¢ — Ui X € (Uy, Vi, 7€) € OL[Us, Vi, X, W]
and so

Spec Dl = V(Ul, ‘_/Z', 7'['6)
C Spec B;
= Spec OL[U;, Vi, X)[T; ' /(Gi(Us, Vi, Xi, W), m°¢ — U X;)

is just the vanishing of the coordinates U;, V; and 7€ on Spec B;. This implies Spec D; is a

closed subscheme of C as well. We note that by Lemma 3.5.9, the blow-up Blgpec p, (C) leaves
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anything outside of Spec B; unchanged since Spec D; lies completely within Spec B;. Hence
by Proposition 3.5.10, the blow-up Blgpec p, (C) is just the gluing of Blgpec p, (Spec B;) with
Spec A;, C* and CY for i = 1,2 which is precisely C’. By Proposition 4.1.4 and Proposition
3.5.18, it follows that C’ is proper. O

Keeping the same notations as in the above proof, we let C’ be our newly glued scheme.
To conclude that C’ is another model of C over L, we are left to show that C’ is flat over
Or and (") = C/L.

Unlike the general definition for Spec B; given in Section 4.1, we can in fact show that
Spec B; for our concrete example is irreducible for ¢ = 1,2, or equivalently, to show that the
ideal

(Gi(Us, Vi, Xi), XUy — 4) € OL[U;, Vi, X,][T;7 1]
is prime for ¢ = 1, 2.
Proposition 4.1.7. The schemes Spec B; are irreducible.

Proof. Recall that we have

Spec B; = Spec OL[U;, Vi, X[, ']/ (Gi(U;, Vi, Xi), 7% — U; X;)

where

Gi(Ui, Vi, Xi) = V2 + aym ™ ViUi—
2 o ix — q®
<(Ui T R N ) G 2]
J=1,5#i (Xi — a;”)?

Using commutative algebra, we have the isomorphism

OL[UMVZ'?XZ'][Ti_l] OL[4/XZ’VZ;XH

]
(GiUs, Vi, Xi), w2 = Ui Xa) — (Gi(4/ X3, Vi, Xi))

i.e. we may replace U; with —i since 72¢ = 4. Hence to prove our claim, it is sufficient to
show that (G;(4/X;,V;, X;)) is prime in Or[4/X;, V;, X;][T; ] for i = 1, 2.

For our concrete example, we have

V24 =2z AX} + (4v5 — 64) X7 — 1024X; + 992v/5 — 7840

Gi(4/ X, Vi, X)) =V2 + Vi +
1(4/ X1, V1, X1) 1 41X, 1 X3(Xy +/5)
and
_ _ V24422 4X3 — (45 + 64) X2 — 1024 X5 — 9924/5 — 7840
G2(4/X2,V2,X2):‘/22+¥V2 2 ( f+ ) 2 2 f

4X, X3(X2 — v5)

77



where z = 1+2‘@. Using Magma, we may check that both G; and G2 are irreducible over

Frac Or[4/X;, Xi|[T; 1] & Frac L[ X;] with respect to the variable V;:

LL<X> := PolynomialRing(L,1);

FF := FieldOfFractions(LL);

x := FF'X;

RR<V> := PolynomialRing(FF,1);

/7 2= 5.

// LO.1 corresponds to {;

> Factorization(V"2 + (4*L0.1/x)*V + (4%x”3 + (4*z - 64)*x72 - 1024*x

> + 992%z - 7840)/(x"3%(x+2)));

// L.1 corresponds to (5.

> Factorization(V"2 + (4*L.1/x)*V + (4*x73 - (4*z + 64)*xx"2 - 1024*x

> - 992%z - 7840)/(x"3*(x+2)));

[

V72 + 4xL0.1/$.1xV + (4%$3.173 + (4xz - 64)*$.172 - 1024%$.1 + (992xz -
7840))/($.174 + zx$.17°3), 1>

]

[

V72 + 4xL.1/$. 1%V + (4*%$.173 + (-4*xz - 64)*$.172 - 1024%$.1 + (-992*z -
7840))/($.174 + zx$.17°3), 1>

]

// This shows that the two polynomials given in V

>
>
>
>

// are irreducible over Frac L[X].

Since both G and G are monic in V; and Vs respectively, by Theorem 3.3.17, both (G1)
and (Gy) are prime in Op[X1,4/X1, Vi][T7 '] and Of[Xa,4/ Xy, V] [Ty '] respectively. [

Remark 32. We could have showed that Gy(4/X1, Vi, X1) and Ga(4/X1, Vi, X1) are ir-
reducible over Frac L[X;]| and Frac L[X3] by hand. For example when ¢ = 1, using the
quadratic formula for G1(4/X1, Vi, X1) for solving Vi gives

- RS £ VETTTD)

where

15+ 3v/5
o =xt+ (B2 g
3845 — 14835

+ (496 + 15v/5) X2 + ( 5

) X1 4 (1240 — 1960v/5).
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Since /X1 - f1(X1) ¢ Frac L[X;] we conclude that G1(4/X1, Vi, X1) can not be reducible
as a polynomial in (Frac L[X1]) [V4].

Proposition 4.1.8. The scheme C' is flat over Op.

Proof. By definition, we can see that flatness is a stalk-local property. Hence we only have
to check for flatness on the affine open charts. We first note that for ¢ = 1,2 single defining
polynomial F;(X;,Y;) for Spec A; given in (4.1.22) has a unit coefficient. By Corollary
3.3.16.1, the affine schemes Spec A; are flat over O, for i =1, 2.

It remains to show that B; is flat over Op, for i = 1,2. We can in fact go even further and
show this on the three affine charts I',.,, I's,, and I'y, of B;. By Lemma 3.5.11 and Proposition
4.1.7, the blow-ups Blgpec p, (Spec B;) is irreducible for ¢ = 1,2. For each i = 1,2, the three
charts are irreducible since they are open subsets of the irreducible space Blgpec p, (Spec B;).
The primary decomposition of their ideals are just themselves. Hence by Theorem 3.3.26,
we just need to verify that they are not contained in the ideal (7). Indeed, each defining
ideal of I';,, I's,, and I';, contains a generator with unit coefficients and thus none of the

ideals can be contained in (7). O

Proposition 4.1.9. The scheme C' has the same generic fiber as C over L.

Proof. By Proposition 4.1.3, it is suffices to show that C’ and C has the same generic fiber
over L. Similar to Proposition 3.5.21 the ideal (Ui, Vi, 7€) contains a unit 7¢ when considered

as an ideal over L, and thus
(Bi)r = (Blspec b, (Spec B;)) 1, = (Spec B;) L.

Since Spec A; is unchanged as well, we have that (C’), = Cy, since taking coproducts (gluing)

commute with base changing. O

Thus we have established that C’ is indeed a new model of C over L. The following

proposition will show that C’ is a semistable model of C over L.
Proposition 4.1.10. The model C' of C over L is semistable.

Proof. By construction, the two worse-than-nodal singularities on the original curve C; were
identified with the singular loci of (Spec B;), for ¢ = 1,2. Hence the singularity condition
of (C')r is solely determined by the singularity condition on its open subsets corresponding
to Spec A; and B, for i,j = 1,2. By Definition 3.4.4, a point being singular is a stalk-local
property. Since taking coproducts (gluing) commute with base changing, we just have to
check the special fibers of each one of Spec A; and B;, individually. By Proposition 4.1.5,
Spec A; is already semistable over Op,. Breaking down the special fiber of B; further apart
by its three affine charts fm f‘si, and fti over kr,, we have check that only T ¢, has a nodal
singularity at one point. Thus the special fiber of C’ only possess at-worst-nodal singularities
which proves that C’ is semistable by Definition 3.4.17. O
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Remark 33. At last, let us examine how do the charts describing the special fiber of the
blow-up Blgpec b, (Spec B;) glue together. For both ¢ = 1,2, the two components of the
special fiber Ty, were

Ziy =V (Ui, Vi, Xi + 72, 81)

)

and

Zio = V([aa)V2s3 + [a)Visi + Vi + 54, Ui + Visi, X;,71)
These are two curves intersecting at a single point where Z; ; has genus 0 and Z; > has
either genus 0 or 1 depending whether [a4] = 0 or [a4] # O respectively (see Magama code in

Appendix A for these computations for generic [a;] and [a4].)
We recall the special fiber of the first chart T, was

V(U;, Vi, Xit? — 1, 55).

Using the transition map t; = 1/r; from chart r; = 1 to chart t; = 1, the equation becomes
X; + 72 = 0 (since we are in characteristic 2). This tells us that T, is identified with the
irreducible component Z; 1 on the third chart.

Similarly, the special fiber of the second chart f‘si was
V(Ui(t7 + [ar]ts) — 1 — [aa)U7), Vi — Uits, Xy, 7).

Using the transition map ¢; = 1/s;, the equations become

i <81$ + [Zj]> =1+ [a4)U?,
U; = V;si,

Xi,

T;.

Make the substitution U; = V;s; gives

i+ [a1]Visi = s; + [54]‘71-28?7

S I

iS4

2

;.

We note that this is precisely the second component Z; o of fti. Therefore, we conclude
that fri is identified with the component Z;; of f‘ti and fsl. is identified with the other

component Z; o of fti.
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