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Abstract

At the beginning of the last century, solutions to the Einstein equation indicated the exis-
tence of mysterious objects, later called black holes. The Schwarzschild metric describes the
geometry of the space-time of a black hole with the presence of two singularities. One of
them is called the event horizon, in the vicinity of which gravity is extreme, which leaves the
question of the truth of the Schwarzschild geometry open. Direct and indirect observations,
such as the study of quasi-normal modes, are likely to be the most valuable for studying
the structure of a black hole.

Quasi-normal modes are the response to the perturbation of the geometry of a black hole.
The mathematical structure of such modes is quite nontrivial, and these are complex func-
tions oscillating at a "frequency" that is a complex number. The real part is the oscillation
frequency while the imaginary gives the rate at which oscillations are damped.

A more mysterious object that may exist in the universe is a wormhole, geometrically
outwardly imitating a black hole. This fact may cause some inaccuracy when observing an
astrophysical object. Comparing the perturbation profiles of these objects allows us to see
that the quasi-normal modes of a black hole obey the characteristic ringdown signal. At
the same time, for a wormhole, it theoretically turns out that the quasi-normal modes are
a series of echoes representing a periodically repeating signal.

Keywords: Black Hole; Wormhole; quasinormal modes; Schwarzschild geometry; Linearized
perturbation theory
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Chapter 1

Introduction

One of the most unusual and mysterious predictions of the last century was the expected
existence of black holes in the Universe. In 1915, one month after Einstein’s publication
"The Field Equations of Gravitation" [16], Karl Schwarzschild derived a non-trivial solution
for the Einstein field equations concerning a stationary, isolated mass in four-dimensional
space-time, known as the Schwarzschild Black Hole (BH) [36].

In 2016, one hundred years after K. Schwarzschild’s paper, Physical Review Letters jour-
nal published an article on the detection of gravitational waves by the Laser Interferometer
Gravitational-Wave Observatory (LIGO) [1]. The article presented two significant scientific
events. Firstly, Gravitational Waves (GW) were detected by physical sensors, which agreed
with the theoretical predictions of Albert Einstein’s General Relativity (GR). And secondly,
the LIGO observed two BHs merging for the first time since John A. Wheeler pronounced
the words "Black hole" in 1968. These events have started a new era of GW astronomy.

The emitted GWs from merging BHs can be separated into three distinct phases [1].
Initially, as both BHs attract and experience multiple rotations,i.e. they are orbiting around
each other and infall to a common centre of attraction. This results in a quasi-periodic
oscillation of increasing frequency. Next, there is a short burst as both BHs merge into one.
Finally, in the third and final stage, like a rung bell, the oscillations of the newly merged
BH rapidly attenuate.

This research aims to identify qualitative and quantitative patterns of gravitational
waveforms and spectra during the last phase. We approach this by modelling it as a scat-
tering problem of a scalar field on the background of a BH. Additionally, we investigate how
a Schwarzschild BH responds to an external gravitational perturbation. An example of a
gravitational perturbation is a massive particle, such as a piece of a star falling towards a
BH along a geodesic path. Or a scalar field distribution, such as a scalar boson. A perturbed
BH generates gravitational waves, which carry essential astrophysical information such as
mass, spin, or charge, based on the "no-hair" theorem [28].

A perturbed BH emits a "ringdown" signal as introduced in [10], the oscillations of which
are known as quasinormal modes (QNMs), and the associated frequencies as quasinormal
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frequencies (QNFs), which are then followed by a power-law decay [33]. The frequencies
of oscillations are complex numbers, the real part related to temporal oscillation, and the
imaginary being the rate of exponential decay [34].

Finally, we consider the perturbation of Ellis-Bronnikov traversable Worm Holes (WHs)
([17], [3]) and a toy-model of the Schwarzschild-like WH by a massless scalar field [8].

The thesis is structured as follows.
Chapter 2 provides an essential theoretical background for understanding the fundamen-

tals of Schwarzschild BH theory. The chapter begins with the Einstein field equations and
a definition of BH geometry as a metric tensor in space-time. Next, we derive the equation
of the evolution of a massless scalar field in the Schwarzschild geometry induced by a BH.
Followed by Regge and Wheeler’s original paper ([34]), we develop a linearized gravitational
perturbation theory of a BH and derive all equations needed. The gravitational perturbation
is particularly interesting since every metric component can split into either polar or axial
parts depending on parity. For this, we set up a boundary condition problem and solve it
using Wolfram Mathematica.

Chapter 3 discusses the development of the theory of WHs.
Chapter 4 focuses on extracting QNF spectra using the third order WKB approximation

([35] and [20]) and the continued fraction method (CFM) known as Leaver’s method [25]. We
begin with discussing boundary conditions (see p.6 [24]) for the master equation obtained
in chapter 2 and finish with the physical explanation of the results.

Chapter 5 discusses the WH’s response to the massless scalar field perturbation.
In chapter 6, we summarize and conclude with the results and provide some ideas for

future prospects.
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Chapter 2

Theoretical Background

This chapter will introduce equations, parameters, concepts and notation used throughout
our research. We will also give a brief theoretical overview of the Schwarzschild BH. Fol-
lowing convention, we will use the geometrized unit system where the speed of light c in a
vacuum and G the Newtonian constant of gravitation are set to be G = c = 1.

2.1 Schwarzschild black hole

In 1915, Albert Einstein presented "The Field Equations of Gravitation" [16] to the scientific
community. In it, he expresses the local space-time geometry in terms of the Einstein tensor
Gµν , and the local mass and momentum as sources of a gravitational field represented by
an stress-energy tensor Tµν . This equation can be derived from the Einstein–Hilbert action
SE−H which is

SE−H = 1
2κ

∫
(R− 2Λ)

√
−gd4x+ Sm, (2.1)

where the constant κ = 8π (in the geometrized units) is called the Einstein gravitational
constant. Here Sm is the matter action which describes any type of field (scalar, boson,
fermion, etc) and Λ is the cosmological constant which is set to zero in our research. In
order to obtain a physical law which governs the nature of processes hidden in the action
(2.1), the action principle requires that the variation δSE−H should be zero at any variation
of the metric δgµν that vanishes at the boundaries.

This leads to the equality of the Einstein tensor Gµν and stress-energy tensor Tµν , and
so forms the basis for the study and verification the modern theory of gravity

Gµν = Rµν −
1
2Rgµν + Λgµν = 8πTµν , (2.2)

where the indices µ,ν run over the time and spatial coordinates (t, x, y, z) which are usually
enumerated as (x0,x1,x2,x3), gµν is the metric tensor in curved space which plays a funda-
mental role in grativational theories and space-time metrics. It is a symmetric (0,2) tensor
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with non-vanishing determinant g = |gµν | therefore we can define the inverse metric gµν as

gµνg = gαbg
αµ = δµb . (2.3)

The metric’s components are dynamic variables which define the geometry of space-time.
Namely, the scalar product in four dimensions and therefore the path length is as follows

ds2 = gµνdx
µdxν . (2.4)

According to Einstein’s theory of gravity, the general theory of relativity, the four-dimensional
space-time is warped due to gravity. Matter as a source of the gravitational field bends the
space around itself, and the denser it is, the stronger the curvature.

The stress-energy tensor is defined as

Tµν = 2√
−g

δSm
δgµν

. (2.5)

In order to continue studying Einstein’s equations, an explanation is needed regarding
notation and symbols.

Christoffel symbols Γµ are

Γµαb = 1
2g

µν(gbν,α + gνα,b − gαb,ν), (2.6)

where each comma denotes the derivative with respect to the coordinate.
The Riemann curvature tensor has components

Rµνρσ = gρλ(Γλνσ,µ − Γλµσ,ν + ΓλµηΓηνσ − ΓλνηΓηµσ). (2.7)

Then the Ricci tensor in Eq. (2.2) is the symmetric tensor and defined from Rµνρσ as

Rµν = gρσRρµσν , (2.8)

and the Ricci Scalar is
R = gµνRµν . (2.9)

In order to solve equation (2.2) we need to know the components of the gµν metric tensor.
The first non-trivial exact solution of the vacuum Einstein equations (2.2) was derived
by Karl Schwarzschild in 1916 [36]. It describes the gravitational field outside of a BH, a
massive static, non-rotating, and spherically symmetric region of space-time. The properties
of this solution are incredibly unusual. Firstly, it implies that a black hole does not have
a material surface but has a boundary in the void - a sphere of the gravitational radius or
Schwarzschild radius rs. At the edge of a black hole, gravity becomes infinite. The spherical
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surface at r = rs, known as the Event Horizon, is a null surface(see pp. 240-241 [9]). Bodies
and radiation can enter this sphere, but nothing can exit. A clock (proper time) slows
down as seen by an observer at infinity and stops on the surface altogether. Nevertheless,
in many cases, this empty boundary behaves like a material surface endowed with specific
mechanical, electromagnetic and thermal properties. This solution defines the metric of
space-time near the black hole as

ds2 = gµνdx
µdxν = −

(
1− rs

r

)
dt2 +

(
1− rs

r

)−1
dr2 + r2dΩ2, (2.10)

where dΩ2 = dθ2 + sin2θdϕ2 is the standard Riemannian metric on a unit two-sphere with
θ ∈ [0, π] and ϕ ∈ [0, 2π), rs = 2GM is the Schwarzschild radius, M is a constant which
represents the gravitational mass of the BH. At spatial infinity, this metric approaches the
Minkowski metric asymptotically.

There are two singularities for r, the Schwarzschild coordinate at zero and at the
Schwarzschild radius, therefore, the metric is only defined on the exterior region r > rs. It
is not difficult to show that the metric can be analytically extended to singularity(see pp.
222-229 [9]). The singularity at r = 2MG can be removed by setting new coordinates first
introduced by Eddington and Finkelstein.

We rewrite the metric (2.10) in the following way

ds2 = gµνdx
µdxν =

(
1− rs

r

)−dt2 + dr2(
1− rs

r

)2

+ r2dΩ2, (2.11)

and then introduce the new coordinate substitution

dr∗
dr

=
(

1− rs
r

)−1
, (2.12)

where r∗ is called the tortoise coordinate.
The re-written metric will have the following view

ds2 = gµνdx
µdxν =

(
1− rs

r

)(
−dt2 + dr2

∗

)
+ r2dΩ2, (2.13)

The Eddington–Finkelstein coordinates are obtained by replacing the coordinate t with the
new coordinate

v = t± r∗,

and so, the new metric has the form

ds2 = −
(

1− rs
r

)
dv2 ± 2dvdr + r2dΩ2. (2.14)
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The plus and minus sign correspond to the so-called ingoing and outgoing Eddington–Finkelstein
(EF) coordinates. Both are explicitly non-singular at the Schwarzschild radius.

Note that there is no possibility of preventing the r = 0 singularity by changing co-
ordinate systems. There is a scalar quantity in general relativity which diverges only at
r = 0 and does not depend on the choice of coordinate system used. This is called the
Kretschmann invariant and is given by the formula

K ≡ RαbγδRαbγδ = 48M2

r6 , (2.15)

which indicates the existence of a gravitational singularity in Schwarzschild space-time due
to its infinite curvature.

2.2 Scalar Perturbations

Let us consider a massless scalar field φ in the gravitational field created by a BH with
the metric (2.10). The equation governing the evolution of φ in a curved time-space with
background metric gµν is the massless Klein-Gordon equation (see Ch.12.1 in [27]).

�φ =
√
−g∂µ(

√
−ggµν∂ν)φ = 0, (2.16)

where g denotes of the determinant of gµν and in the explicit form is

− sin θr
2

f

∂φ2

∂t2
+ sin θ ∂

∂r

(
r2f

∂φ

∂r

)
+ ∂

∂θ

(
sinθ

∂φ

∂θ

)
+ 1
sin2ϕ

∂2φ

∂ϕ2 = 0 (2.17)

Due to spherical symmetry of the metric, it is useful to expand φ(x) into the spherical
harmonics basis

φ(t, r, θ, ϕ) = 1
r

∑∞
l=0

∑l

m=−l
ulm(t, r)Ylm(θ, ϕ). (2.18)

By using this expansion in the Klein-Gordon equation (2.3) for the field φ, we obtain

A∂r(A∂rulm)− ∂2
t ulm − Veff(r)ulm = 0, (2.19)

where A(r) = 1− rs
r

and

Veff (r) =
(

1− rs
r

)(
l(l + 1)
r2 + rs

r3

)
. (2.20)

The latter equation is an effective potential of the Schwarzschild BH. Note that it does not
depend on the azimutal number m.
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The equation (2.19) can be reduced to an equation with second-order derivatives only,(
∂2

∂r2
∗
− ∂2

∂t2
− Veff

)
ulm(t, r) = 0, (2.21)

where r∗ is so-called "tortoise coordinate" and can be obtained from the following relation

dr∗
dr

=
(

1− rs
r

)−1
.

The tortoise coordinate r∗ = r+rsln
(
r

rs
− 1

)
approaches−∞ as r approaches the Schwarzschild

radius rs and +∞ as r approaches the spatial infinity.
It is convenient to separate variables in the ulm function to factor time dependence out

ulm(r, t) = e−iωtψlm(r) (2.22)

and to obtain the stationary second-order equation(
d2

dr2
∗

+ (ω2 − Veff(r(r∗)))
)
ψ(r(r∗)) = 0 (2.23)

which is formally equivalent to the one-dimensional Schrodinger equation for massive par-

-20 -10 0 10 20 30 40 50
x

0.2

0.4

0.6

0.8

1.0
Veff

Figure 2.1: The graph of Veff in the tortoise coordinate.

ticles with "energy" ω2, where r∗ varies from −∞ to +∞.

2.3 Linear gravitational perturbation

Pioneer’s work in studying BH perturbation theory belonged to Regge and Wheeler [34]
when they investigated the stability of the Schwarzschild BH in the middle of the past
century. It was believed that the hypothetical BH was the last stage of a massive collapsed
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star and therefore had to be stable under perturbation. The interest was that, in general, a
solution to the Einstein equations does not imply the stability of a BH.

One method of stability analysis is to derive the first order approximations for the pertur-
bation equations. This derivation is a linear equation which can be decomposed into normal
modes using tensor spherical harmonics. Those oscillating modes have complex frequencies
with positive and negative imaginary parts which indicate the stability or instability of a
BH.

In this section, we summarize the main results obtained by Regge and Wheeler [34]. For
a more detailed derivation, see the Appendix.

To derive the perturbed Einstein equation of a Schwarzschild BH, we first add the small
term hµν to the metric tensor gµν such that total metric is the sum

g̃µν = gµν + hµν , |hµν | << 1, (2.24)

where gµν denotes the unperturbed metric (or background metric) shown in (2.10) in
Schwarzschild coordinates. In perturbation theory, the background metric is only used to
raise and lower the indices of hµν

hµν = gµαgbνhαβ . (2.25)

Using this rule, we can write (2.24) with upper indices

g̃µν = gµν − hµν +O(h2) (2.26)

To obtain the linearized form of Einstein equation in hµν term, we insert (2.24) and (2.26)
in (2.2) beginning with the perturbed Cristoffel symbols (2.6), and then we calculate Ricci
tensor and scalar given by (2.8) and (2.9)

Γ̃kµν = 1
2 g̃

kα(∂ν g̃αµ + ∂µg̃αν − ∂αg̃µν) = 1
2(gka − hka)(∂ν g̃αµ + ∂µg̃αν − ∂αg̃µν)

= 1
2g

ka(∂ν g̃αµ + ∂µg̃αν − ∂αg̃µν)− 1
2h

ka(∂ν g̃αµ + ∂µg̃αν − ∂αg̃µν)

= 1
2g

kα(∂νgαµ + ∂νhαµ + ∂µgαν + ∂µhαν − ∂αgµν − ∂αhµν)

−1
2h

kα(∂νgαµ + ∂νhαµ + ∂µgαν + ∂µhαν − ∂αgµν − ∂αhµν).

(2.27)

We rearrange terms in (2.27) and omit second-order h∂h terms and get

Γ̃kµν = 1
2g

kα(∂µgαν + ∂νgαµ − ∂αgνµ) + 1
2g

kα(∂µhαν + ∂νhαµ − ∂αhνµ)

−1
2h

kα(∂µgαν + ∂νgαµ − ∂αgνµ).
(2.28)
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Then, the perturbed Cristoffel symbols have the following form

Γ̃kµν = Γkµν + δΓkµν , (2.29)

where variation δΓkµν is

δΓkµν = 1
2g

kα(∂µhαν + ∂νhαµ − ∂αhµν)− gkαhbαΓbµν . (2.30)

Or, this formula might be re-written via the covariant derivative ";"

δΓkµν = 1
2g

kα(hαν;µ + hαµ;ν − hµν;α), (2.31)

where the covariant derivative of two index tensor is

hαν;µ = hαν,µ + Γασµhσν + Γνσµhασ, (2.32)

with the comma sign denoting the standard derivative. The expression calculated for the
Ricci tensor based on perturbed Cristoffel symbols derived before as

R̃µν = Rµν + δRµν , (2.33)

where the variation of the Ricci tensor takes the form

δRµν = δΓαµα;ν − δΓαµν;α, (2.34)

where the semicolon sign means the covariant derivative with respect to the metric (see
(2.32)). As we study the perturbation of Einstein equations in a vacuum, the Ricci tensor
has an unperturbed background metric equal to zero, Rµν = 0. Note that the perturbed
space also has no matter.

So,
δRµν = δΓαµα;ν − δΓαµν;α = 0. (2.35)

Due to spherical symmetry of BHs, the matrix of hµν will have the form (see [34])

hµν =

S S Vj
S S Vj
Vj Vj Tkl

.
The components htt, htr, hrt, hrr transform as scalars and therefore can be constructed

in the following way

S(t, r, θ, φ) =
∑
l

l∑
m=−l

hlm(t, r)Y m
l (θ, φ), (2.36)
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where Y m
l are the spherical harmonics defined as

Ylm(θ, φ) =
√

2l + 1
4π

(l −m)!
(l +m)! (−1)meimφPlm(cosθ), (2.37)

where Plm(cosθ) are the associated Legendre functions of degree l and order m.
The components htθ, htφ, hrθ, hrφ transform as vectors and have the following represen-

tations
(V x
lm)α = (Slm);α = Ylm,α,

(V y
lm)α = ενα(Sml );α = Ylm,µ = γbδεαδYlm,b.

Finally,the components hθθ, hθφ, hφθ, hφφ transform as tensors and the expressions for them
are given

(T xlm)αβ = Ylm;αβ ,

(T ylm)αβ = γαβYlm,

(T zlm) = 1
2 (ενα(T xlm)νδ + ενb (T xlm)) = 1

2(εναYlm;bδ + ενbYlm;αδ),

where indices α,b,ν run over values 2,3.
The matrix γ is the the metric tensor on the unit 2-sphere and ε is an anti-symmetric

tensor. Note that all derivatives and tensorial operations we compute use the metric γ

γαβ =
[
1 0
0 sin2 θ

]

εαβ = sin θ
[
0 −1
1 0

]

2.4 Polar and axial perturbation

It turns out that the quantities introduced do not have the same parity. To clarify this we
introduce the parity operator P that acts on some function ψ(x) dependent on the following
coordinates

Pψ(x) = ψ(−x). (2.38)

In our case the coordinate inversion is the inversion on a 2-sphere, which implies that the
two families of parity are even (polar) and odd (axial). From tensor analysis, the tensor
spherical harmonics are transformed as

P(Ylm)µν → [Ỹlm(π − θ, π + φ)]µν (2.39)
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and behave in two distinct ways. In one case, the even parity harmonic acquires the factor
of (−1)l, while the odd parity harmonics have (−1)l+1. The full analysis is written in the
following papers [34], [31], [22].

We will emphasize that, while the rest quantities are polar, the V y and T z quantities
are axial and multiplied by (−1)l under a parity transformation. This gives us the ability
to study each separately by splitting hµν into two terms depending on parity

hµν = haxialµν + hpolarµν . (2.40)

Following the analysis above, we compute the components of the axial haxialµν part of the
metric in the general form, given as where the functions Wlm and Xlm are defined as follows

haxialµν =


0 0 −h0(r, t) sin−1 θ∂φYlm −h0(r, t) sin θ∂θYlm
0 0 −h1(r, t) sin−1 θ∂φYlm −h1(r, t) sin θ∂θ
∗ ∗ 1

2h2(r, t) sin−1 θXlm −1
2h2(r, t) sin θWlm

∗ ∗ ∗ −1
2h2(r, t) sin θXlm,

,

Xlm = 2(∂θ∂φ − cot θ∂φ)Ylm,

Wlm = (∂2
θ − cot ∂θ − sin−2 θ∂2

φ)Ylm.
(2.41)

Then we are free to choose a coordinate frame which best simplifies the axial metric. Here
we rely on two facts. Firstly, that any coordinate frame is equivalent to any other if they
are generally covariant, and, mapping one coordinate system to another is a differentiable
bijection. Consider the coordinate transformation

x
′µ = xµ − ηµ

where we require ηµ to be infinitesimal, i.e. ηµ � xµ transforms like a vector quantity. Such
transformation of coordinates implies the so-called gauge transformation of hµν as

h
′
µν = hµν + ηµ;ν + ην;µ, (2.42)

where the sum of last two terms form a gauge field. We note that such a transformation must
decompose into spherical harmonics and observe parity invariance. For axial perturbation
term of hµν as in the original paper we introduce the Regge-Wheeler gauge vector [34]

ηµ = −1
2h2(t, r) · [0, 0, sin−1 θ∂φ, sin θ∂θ]Ylm. (2.43)

Finally, the haxialµν reduces to the form The last step towards obtaining the linearized Einstein
equations reduced to (2.37) is the calculation of the components for the variation of the
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haxialµν =


0 0 −h0(r, t) sin−1 θ∂φYlm h0(r, t) sin θ∂θYlm
∗ 0 −h1(r, t) sin−1 θ∂φYlm h1(r, t) sin θ∂θYlm
∗ ∗ 0 0
∗ ∗ ∗ 0

.

Ricci tensor. The calculation shows that only three non-trivial differential equations with
two unknown functions remain and are given as

A−1(r)∂th0(r)− ∂r(A(r)h1(r)) = 0,

A−1(r)(∂2
t h1(r)− ∂2

trh0(r) + 2
r
∂th0(r)) + 1

r2 (l(l + 1)− 2)h1(r) = 0,
1
2A(r)(∂2

rh0 − ∂2
trh1 −

2
r
∂th0) + 1

r2 (r∂rA(r)− 1
2 l(l + 1))h0 = 0,

(2.44)

where the function A(r) is defined in eq.(2.23) see Ch.2.3.
Note that the two first equations reduce to the third one and thus, thanks to the success-

ful choice of gauge, the entire analysis results in one equation. We will make an additional
substitution of the function

ZA = 1
r
A(r)h1(t, r), (2.45)

and express the time derivative of the first equation of (2.46) as

∂th0(t, r) = A(r)∂r(rZA), (2.46)

we obtain the second order differential equation with only one unknown function

A(r)−1/2∂2
tt(rZA)− ∂r(rZAA(r)) + 2

r
A(r)∂r(rZA) + 1

r
[l(l + 1)− 2]ZA = 0. (2.47)

This equation takes the form of eq.(2.21) with similar effective potential as in Ch. 2.3. by
introducing the "tortoise coordinate" (2.12) x

(∂2
t − ∂2

x + VRW (x))ZA(x, t) = 0, (2.48)

where the effective potential is called Regge-Wheeler potential and given as

VRW (x) =
(

1− rs
r(x)

)(
l(l + 1)
r(x)2 −

3rs
r(x)3

)
. (2.49)

Note that, in the case of polar perturbations, the discussion is the same as for axial, and so
the gauge vector is chosen as follows

ηµ = [B0(t, r), B1(t, r), B(t, r)∂θ, B(t, r)sin−2θ]Ylm (2.50)

12



where the functions B,B0, B1 are arbitrary and chosen to simplify the hpolarµν . The procedure
leads to the one-dimension wave equation which takes the same form as eq.(2.48)

(∂2
tt − ∂2

xx + Vp(x))ZP (t, x) = 0, (2.51)

however the effective potential is a more complicated formula called the Zerilli potential

Vp(x) = A(r)
(

9r3
s

r5λ2 −
3r3
s

2r3λ2 (l − 1)(l + 2)
(

1− 3rs
2r

)
+ (l − 1)(l + 2)(l + 1)l

r2λ

)
, (2.52)

where λ = l(l + 1) + 3rs/r − 2. The two potentials Vp and VRW (see Fig.2.2 below) have
similar behaviour and decay exponentially at infinities.

Figure 2.2: The graphs for the effective Vp(x) and VRW (x) potentials for l=2 and l=3; From
[31])
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Chapter 3

Wormhole

3.1 History

In this chapter we turn to the second theoretical discovery made immediately after the
creation of general relativity, namely the hypothetical existence of wormholes in the Uni-
verse. In 1916, the Austrian physicist Ludwig Flamm discovered a second solution to the
Einstein’s field equations (2.2) that exists in the Schwarzschild metric (2.10) called a white
hole [26]. He argued that the solutions describing white and black holes in space-time are
connected by a tunnel. In this hypothetical model, matter consumed by a BH ejects from
a matching white hole. In 1935, Einstein and Rosen were the first to derive a wormhole

Figure 3.1: Flamm’s parabaloid, see Article title: Schwarzschild metric - Wikipedia;

solution known as the Einstein-Rosen bridge [15]. The first modern concept and depiction
of a WH was introduced into physics by the American physicist J.A. Wheeler in 1955. In
1957, in a well-known paper [29], Misner and Wheeler were the first to propose the term

14



wormhole for the general public. A basic wormhole can be represented as follows. There are
two entrances to the wormhole (called "mouths" in the scientific literature [37]) which are
connected by a "bridge" that lies outside of space-time. These mouths look like black holes,
except WHs do not have an event horizon. If both WH mouths belong to one universe, it
is labeled intra-universe, and inter-universe otherwise.

In 1973, Ellis and Bronnikov ([3],[17]) published results which demonstrated the theoreti-
cal existence of wormhole traversability in general relativity. Generally, a WH is "traversable"
if a particle entering into a WH mouth can pass through the throat and exit from a WH or
vice versa. The model of a wormhole proposed by Ellis was called the drainhole. A drain-
hole is a static, spherically symmetric solution of Einstein’s field equations for a space-time
vacuum with negative polarity that is minimally coupled to a scalar field.

Figure 3.2: The first visual image of wormhole depicted by Wheeler in 1955. Note that a
bridge (or a handle) lies outside of space-time; Taken from [39];

Wormholes are objects with a non-trivial topological structure (see Fig.3.4), the study
of which has always been of considerable interest in general relativity. The physical laws
require WHs to be empty, otherwise, under the influence of gravity, the bridge will collapse
into a singularity. However, the existence of traversable wormholes require the presence of
matter that violates a number of energy conditions to keep the mouths open and prevent
a WH collapsing into a BH. This could be achieved by an exotic matter that has huge
negative pressure to create anti-gravity, stabilizing the wormhole.

To date, there are arguments in favor that exotic matter of this kind can exist in the
universe. This is due to the discovery of the Universe’s accelerated expansion, which requires
the introduction of a new substance, the so-called "dark energy", to explain. The hypothesis
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Figure 3.3: Different configurations of wormholes - two-dimensional analogues. Note that
any wormhole has a bridge. The graph illustrates the following hypothetical types of WH.
Wormhole obtained by connecting two flat spaces of different universes(a). A dumbbell-
type space is a wormhole connecting two closed Friedman universes(b). The semi-closed
world is a wormhole connecting Friedman’s spherical closed universe with Minkowski space
(c).Wormhole models with the bridge joins regions of same "universe"(d and e) (or a handle
Image taken from [5])

of "dark energy" is supported by the study of the large-scale structure of the Universe, the
anisotropy of the relic radiation, and estimates of the age and curvature of the Universe.
According to modern estimates, our universe consists of 70% of "dark energy" (see, for
example [13]).

While the origin of black holes is known and they have long been discovered in the
universe, the origin of wormholes is debated, and there is no any evidence for their existence.
Note that the outer parts of wormholes are very close to black holes. For this reason, a black
hole can be indistinguishable for a wormhole when observed.

3.2 WH models

We consider the model called the Einstein-Rosen "neutral bridge". The term neutral means
that there is no electrical charge associated with a WH. Starting from the Schwarzschild
metric (2.10), we will make the coordinate transformation

u2 = r − rs,
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so that 2udu = dr and dr2 = 4u2du2, and the the new metric is

ds2 = − u2

u2 + 2Mdt2 + 4(u2 + 2M)du2 + (u2 + 2M)2dΩ2, (3.1)

with
u1,2(r) = ±

√
r − rs. (3.2)

The metric becomes an asymptotically flat at the limit of u → ±∞. Two solutions of u(r)
are connected at the Scwarzschild radius by the hypersurface u(r = rs) = 0. Einstein-Rosen
bridge cannot be considered a traversable wormhole because these u1,2 are two disconnected
spacetimes which have one horizon and are nothing more than Schwarzschild wormholes and
therefore have event horizon but not singularities.

In 1988, K. Thorne and M. Morris [30] proposed a concept of traversable spherically
symmetric and static wormhole WH with pedagogical intentions to teach GR, they estab-
lished criteria to make this traversal possible. In the GR, this wormhole should be a solution
to the Einstein’s field equations. This solution does not have any singularities as a WH has
a throat which connects two asymptotically flat space-time regions.

Generally, the spherically symmetric static metric of such Morris - Thorne (MT) WH is
given as

ds2 = −f(r)2dt2 + dr2

1− b(r)
r

+ r2(dθ2 + sin2 θdφ2), (3.3)

where b(r) is the wormhole shape factor and determines the spatial shape of the wormhole.
The relation for the function f(r) is given as

f(r) = e−Φ(r),

and Φ(r) is the red-shift function, responsible for describing how much the light bends in
the gravitational background.

It is also useful to introduce the spatial coordinate associated with the proper frame of
static observers. This coordinate l is defined as follows

dl2 = dr2

1− b(r)
r

, (3.4)

so that the MT WH metric (3.3) takes the form of :

ds2 = −f(r(l))2dt2 + dl2 + r(l)2(dθ2 + sin2 θdφ2), (3.5)

with

l(r) = ±
∫ r

r0

√
1− b(r)

r
dr. (3.6)
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The function Φ(l) should be finite everywhere that implies an absence of event horizons -
otherwise, a WH is non-traversable, the minimum of r(l) corresponds to the point l = 0
and the area of a sphere at l = const is A(l) = 4πr2(l). The condition for the existence of
a throat is

dr(l = 0)
dl

= 0, d2r(l = 0)
dl2

> 0, (3.7)

and corresponds to a sphere with minimal area A(0) = 4πr2(0). The throat is understood
as a space like two-dimensional closed surface Σ of minimal area.

The geometry of WH space-time is a priori four-dimensional therefore to better under-
stand the geometric shape of WH the embedding diagram is used. The method consists of
immersing the metric in a 3 dimensional Euclidean space. We consider the case of the static
spherical symmetric wormhole the metric of which is given by formula (3.5).

The first step is to consider that the sketch takes place at a specific moment of time t
and that we are working with a cross-section of the metric, namely, the following conditions
are applied

t = const, θ = π

2 , dt = dθ = 0.

Then the metric (3.3) has a form of

ds2 = dr2

1− b(r)
r

+ r2dφ2. (3.8)

The second step is to equate this metric to the metric of 3 dimensional euclidean space
written in the cylindrical form

ds2 = dz2 + dr2 + r2dφ2.

This will imply
dr2

1− b(r)
r

+ r2dφ2 = dz2 + dr2 + r2dφ2. (3.9)

Expressing dz2 via dr2, we will get the differential equation which defines the shape of WH
embedded in the 3 dimensional Euclidean space

dz(r)
dr

= ±
(

r

b(r) − 1
)−1/2

. (3.10)

For the case of the Schwarzschild metric the b(r) = rs and by integrating (3.10)

z(r) = ±
∫ (

r

rs
− 1

)−1/2
dr, (3.11)
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we obtain the expression for the z(r) function

z(r) = ±2
√
rs(r − rs) + C, (3.12)

where C is the constant of integration.

Figure 3.4: The graph (embedding diagram) of z(r), which shows the shape of WH in
Euclidean space.
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Chapter 4

Quasinormal Modes of
Schwarzschild Black Hole

4.1 Boundary conditions

In order to find the quasinormal modes and frequencies of the modes obeying the Eq.(2.21)
we need to assign two boundary counditions to this equation. Notice that as "tortoise
coordinate" r∗ is approaching ±∞ the potential (2.20) vanishes and the equation reduces
to the free wave equation

Ψ′′(r∗) + ω2Ψ(r∗) = 0.

Then its solution can be written in the following formΨ(r∗) = Aoute
iωr∗ +Aine

−iωr∗ , as r∗ → +∞ (r → +∞),

Ψ(r∗) = Bine
iωr∗ +Boute

−iωr∗ , as r∗ → −∞ (r → rs),
(4.1)

where a negative sign in the exponents corresponds to the waves moving in the opposite
direction of r∗-axis and otherwise for a positive one. Correct boundary conditions depend
on what the physics problem we are studying. We focus on the time evolution of the BH
perturbation caused by some external field or matter far from a BH therefore it is reasonably
to assume that all radiation emitted is being carried away at large distance,i.e at spatial
infinity, without further back scattering. Thus, Ain is zero to exclude the ingoing wave at
r → +∞. We use the fact that nothing can escape the BH event horizon and then the
outgoing wave exists at the horizon which corresponds to negative infinity in the "tortoise"
coordinate, i.e. Bin = 0.

The boundary conditions are reduced to purely ingoing wave at the event horizon and
purely outgoing wave at +∞.Ψ(r∗) ∝ eiωr∗ , as r∗ → +∞

Ψ(r∗) ∝ e−iωr∗ , as r∗ → −∞
. (4.2)
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Figure 4.1: Time evolution of Schwarzschild BH perturbation caused by a scalar field for l
= 2 localized at r∗ = 80rs and plotted in linear and logarithmic coordinates. Remarkably,
that the signal is damped by a characteristic ringing.

Using the Wolfram Mathematica we solve the problem for finding QNMs. As the initial
condition at t = 0 we choose Gaussian wavepacket with the amplitude of A = 30 and
x0 = 20.

uscalar20 (x, 0) = Aexp

(
−x− x0

2σ2

)
, ∂tu

scalar
20 = ∂xu

scalar
20 (x, 0), u(t < 0, x) = 0. (4.3)

By looking at the graph plotted in absolute scale we can see that after the scattering of
massless scalar field by BH, the Schwarzscild spacetime produces oscillations. These oscil-
lations can be considered in different stages. First of all, the signal begins with a sharp
transient emitted directly from the perturbation source which observer detects. Then, there
is a stage of so-called QNMs ringing that are the oscillations with the decreasing ampli-
tude. It can be seen that these QNMs last during the limited amount of time and have no
asymptotic behaviour, however, they decay as tail at the late time, which is clearly visible
in graph in logarithmic scale.
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4.2 Quasinormal Frequencies

In this section, we would like to focus on the frequency spectrum of QNMs. First of all,
let us consider again an initial left-moving toward a BH Gaussian wavepacket located at
"infinite" distance from the event horizon of BH. Then in the Fourier space it will be given

u0(t, x) =
∫ +∞

−∞

dω

2πAin(ω)e−iωte−iωx, (4.4)

where we supress subscript lm for ulm, x is "tortoise coordinate" r∗ and Ain is the amplitude
of the initial wavepacket. We highlight the dependence of the amplitude on a frequency.

As we know from quantum mechanics (QM) that this causes scattering of wavepacket
and we observe transmitted, left-moving, at −∞ and reflected,right-moving, at +∞ plane
waves and they are given as follows

ut(t, x) =
∫ +∞

−∞

dω

2πAr(ω)e−iωte−iωx, x→ −∞ (4.5)

ur(t, x) =
∫ +∞

−∞

dω

2πAt(ω)e−iωte+iωx, x→ +∞. (4.6)

Then the asymptotic time-independent solution of (2.23) at x → +∞ is the superposition
of (4.5) and (4.6) as both satisfy the (2.23)

u(t, x) = u0(t, x) + ur(t, x), (4.7)

which after inserting in (2.23) will give

u(ω, x) ≈ A0(ω)e−iωx +Ar(ω)e+iωx, (4.8)

and the solution at x→ −∞
u(ω, x) ≈ At(ω)e−iωx. (4.9)

Returning to the QM course we apply the conservation law for probability which requires
that the square of the amplitude of an incident wave is equal to sum of the squares of
reflected and transmitted waves

|A0(ω)|2 = |Ar(ω)|2 + |At(ω)|2, (4.10)

Also, the amplitude for the reflection as know as reflection coefficient in QM is defined as

S(ω) = Ar(ω)
A0(ω) . (4.11)

22



In the previous section we set the boundary conditions (4.2) such that there only purely
outgoing waves at infinities after scattering due to the feature of the BH event horizon. It
implies that A0(ω)=0 in the relation (4.11) with Ar(ω) 6= 0. It breaks the conservation law
for probability and leads to poles of scattering amplitute S(ω) and implies that there is no
stationary perturbations.

We will write QNMs frequencies as

ω = ωR + iωI , (4.12)

where ωI must be negative for stability of the solutions and serves as resonances of the
system. The question of stability of QNMs was studied at [10]. The numerical and analytical
methods for extraction of the black hole quasinormal spectrum and solution are discussed
in the next sections.

4.3 Third-order WKB approximation

In this subsection, we demonstrate one of the most popular semi-analytical method for
computing values of quasinormal mode frequencies which is based on WKB approximation
in quantum mechanics. This technique was introduced by Schutz and Will in 1985 (see
[35]). It turns out that equation (2.23) is similar to one-dimensional stationary Schrodinger
equation for a potential barrier. We begin with

d2Ψ
dx2 +Q(ω, x)Ψ = 0, (4.13)

where Q(ω, x) = ω2−V(x) is a function of parameter ω and a coordinate x. We can consider
ω as a quantum mechanical analog of particle’s energy.

In our case, the physical meaning of Ψ is the radial factor of the perturbation variable,
meanwhile the variable x is tortoise coordinate r∗, which ranges from −∞ at the horizon to
+∞ at spatial infinity. The function V(x) is an effective potential of a black hole. In case
of Kerr black hole an effective potential also depends on a spin parameter a. For the study
we choose the Regge-Wheeler potential (see Figure 3.1) is

V(r) =
(

1− rs
r

)(
l(l + 1)
r2 + brs

r3

)
,

where parameter l is an angular momentum index, b denotes 1 − s2, where s is a spin
of perturbation, e.g. gravitational,scalar or electromagnetic. In order to get approximate
solution (4.13), we modify this equation by introducing the small perturbation parameter
ε, and write it down in the generic form:

ε2
d2Ψ
dx2 +Q(ω, x)Ψ = 0, (4.14)
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Figure 4.2: The graph of Regge-Wheeler potential for different types of perturbations.

We then approximate solution Ψ of this equation as the following ansatz:

Ψ = A× exp
(
S(x)
ε

)
, (4.15)

where A denotes some amplitude and S(x) is a power series expansion

S(x) = Σ∞0 εnSn(x), (4.16)

Plug ansatz (4.15) with (4.16) in the equation (4.14), we get

ε2
(1
ε

Σ∞0 εnS
′
n(x) · exp

(1
ε

Σ∞0 εnSn(x)
))′

+Q(ω, x)1
ε

Σ∞0 εnSn(x) = 0,

(Σ∞0 εnS′n(x))2 + εΣ∞0 εnS′′n(x)2 +Q(x) = 0,

(S′0(x)+εS′1(x)+ε2S′2(x)+ε3S′3(x)+...)2+(εS′′0 +ε2S1(x)′′+ε3S2(x)′′+ε4S3(x)′′+...)+Q(ω, x) = 0.

We need to equate the coefficients of powers of ε:

ε : (S′0)2 +Q(ω, x) = 0,

ε2 : 2S′0S′1 + S′′0 = 0,

ε3 : S′21 + 2S′0S′2 + S′′1 = 0.

The solution for S0, S1, S2 can be obtained easily by integrating of those ordinary differential
equations.

S0(x) = ±i
∫ x√

Q(y)dy,
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S1(x) = −1
4lnQ(x),

S2(x) = ∓ i8

∫ x
(
Q′′

Q3/2 −
5
4
Q′2

Q5/2

)
dy.

Therefore
S(x) = ±i

∫ x√
Q(y)dy − ε1

4lnQ(x) + ...

That implies the wave function outside the effective potential

Ψ1 = C1Q
−1/4exp

(
±i
∫ x

x2

√
Q(y)dy

)
,Ψ3 = C2Q

−1/4exp
(
±i
∫ x1

x

√
Q(y)dy

)

We expand the expression for Q(ω,x) in a Taylor series around its maximum xmax to
approximate solution of (4.13) in the region between two closely spaced turning points.
Note here that the first derivative at maximum is zero.

Q(ω, x) = Q(ω, xmax) + 1
2
d2Q(ω, xmax)

dx2 (x − xmax)2 + o((x − xmax)3),

We just leave two first terms of the expansion for Q, by denoting Q0 = Q(ω, xmax) and the
second derivative at maximum as Q′′0.

d2Ψ
dx2 +

(
Q0 + 1

2Q
′′
0(x − xmax)2

)
Ψ = 0,

Introduce the following function
k = 1

2Q
′′
0

t = (4k)1/4eiπ/4(x− x0)

ν + 1
2 = −iQ0√

2Q′′0
(4.17)

Then the equation (4.13) takes the following form

d2Ψ
dx2 +

(
ν + 1

2 −
1
4 t

2
)

Ψ = 0

Therefore, the general solution of this equation is superposition of parabolic cylinder func-
tions Dν(t):

Ψ = ADν(t) +BD−ν−1(it)

For large |t| this solution has the following asymptotics (Bender and Orszag 1978),

Ψ ≈ Be−3iπ(ν+1)/4(4k)−(ν+1)/4(x− x0)−(ν+1)eik
1/2(x−x0)2/2 + [A+ B(2π)1/2e−iνπ/2

Γ(ν + 1) ]×
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×eiπν/4(4k)ν/4(x− x0)νe−ik1/2(x−x0)2/2, x� x2

Ψ ≈ Ae−3iπν/4(4k)ν/4(x−x0)νe−ik1/2(x−x0)2/2+
(
B − iA(2π)1/2e−iνπ/2

Γ(−ν)

)
eiπ(ν+1)/4(4k)−(ν+1)/4×

×(x− x0)−(ν+1)eik
1/2(x−x0)2/2, x� x1,

where Γ is a gamma function in both solutions (see Apendix for more details). It can be
seen that the requirement that Ψ is purely outgoing wave at spatial infinity in the formulas
above can be reached by equating B and Γ(−ν) to zero and infinity correspondingly. The
condition Γ(−ν) = ∞ implies that ν mast be an integer. Then, from formula (4.17) we
obtain

Q0√
2Q′′0

= i(n+ 1
2), (4.18)

This is an quantum mechanical analog of so-called "Bohr–Sommerfeld quantization rule". It
leads to descrete complex frequency spectrum by remembering that Q(ω, x) = ω2 −V(x).

The location of maximum of Q(ω, x) is defined from the relation of (ω2 − V (x))′ = 0
which implies the quadratic equation

λx2 + 3(b− λ)x− 8b = 0,

where λ denotes l(l + 1) and GM = 1.
It has two solutions and only positive one satisfies our goals

xmax = 3
2
λ− b+

√
b2 + (14/9)λb+ b2

λ
.

The second-order derivative of Q(ω, x) with respect to the coordinate is x.

Q′′(x) =
(

1− 2
x

)(
− λ

x4

(
6− 40

x
+ 60
x2

)
− 2b
x5

(
6− 40

x
+ 60
x2

))
.

Now one can obtain quasinormal spectrum straightforwardly from equation (3.7).
In 1987, WKB approximation was extended to third order by Iyer and Will [20]. The

relation (4.17) was corrected with two terms and has a form of

iQ0√
2Q′′0

− Λ(n)− Ω(n) = n+ 1
2 , (4.19)

where

Λ(n) = 1√
2Q′′0

(
1
8

(
Q

(4)
0
Q′′0

)(1
4 + α2

)
− 1

288

(
Q
′′′
0

Q
′′
0

)
(7 + 60α2)

)
, (4.20)
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and

Ω(n) =
n+ 1

2√
2Q′′0

 5
6912

(
Q
′′′
0

Q′′0

)4

(77 + 188α2)− 1
384

(
Q
′′′2
0 Q

(4)
0

Q
′′3
0

)
(51 + 100α2)

+ 1
2304

(
Q

(4)
0
Q
′′
0

)2

(67 + 68α2) + 1
288

(
Q
′′′
0 Q

(5)
0

Q
′′2
0

)
(19 + 28α2)− 1

288

(
Q

(6)
0
Q
′′
0

)
(5 + 4α2)

(4.21)

It can be seen that the formulas (4.19) and (4.20) involve the high-order derivatives of the
effective potential at the maximum which leads to some symbolic complexity which was
resolved by using Wolfram Mathematica. The results for different type of perturbations
with l = 2 are presented in Table 4.1 below and plotted in Fig 4.3. It can be seen that that

Table 4.1: Quasinormal modes frequencies for b = −3 and l = 2
n Re ω Im ω

0 0.373162 -0.0892174
1 0.346017 -0.274915
2 0.302935 -0.471064
3 0.247462 -0.672898
4 0.178753 -0.878675

Table 4.2: Quasinormal modes frequencies for b = 0 and l = 2
n Re ω Im ω

0 0.24587 -0.0931059
1 0.211309 -0.295835
2 0.164302 -0.50908
3 0.101924 -0.725608
4 0.0223294 -0.946159

Table 4.3: Quasinormal modes frequencies for b = 1 and l = 2
n Re ω Im ω

0 0.24587 -0.0931059
1 0.211309 -0.295835
2 0.164302 -0.50908
3 0.101924 -0.725608
4 0.0223294 -0.946159

the real part of frequency decreases with increasing of number n, while the absolute value
of the imaginary part grows.
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4.4 Continued Fractions Method

Another method for computation of QNMs spectrum [25] was proposed by Leaver in 1985.
In this section, we follow and repeat his method as known as continued fraction method
(CFM) applied for the Schwarzschild BH. First, let us consider the perturbation function
in the Fourier space

ulm(t, r, θ, φ) = 1
2π

∫
e−iωt

∑ 1
r
ψl(r, ω)Ylm(θ, φ)dω.

The equation we are dealing with is given as

r(r − 1)∂rrψl(r) + ∂rψl +
(
ω2r3

r − 1 − l(l + 1) + b

r

)
ψl = 0, (4.22)

The equation above is called the generalized spheroidal wave equation. There are two sin-
gular points in the domain of eq.(4.22), one is a regular at r = 1 and another is an irregular
which correspond to the negative and positive infinity respectively in the "tortoise" coordi-
nate.

The two linearly independent solution of eq.(4.22) can be constructed

ψ1(r) = (r − 1)−iω
∞∑
n=0

an(r − 1)n, ψ2(r) = eiωrriω
∞∑
n=0

anr
−n. (4.23)

which obey the boundary conditions (4.2). However each of them has issue with complex
plane and therefore it is more profitable to construct general solution as a product of those

ψl = (r − 1)−iωr2iωeiω(r−1)
∞∑
n=0

an

(
r − 1
r

)n
. (4.24)

The series in the formula above converges for r ∈ (1/2,+∞).
Inserting the expression (4.24) in eq. (4.22) we obtain a three-term recurrence beginning

with a0 = 1:
a0a1 + b0a0 = 0,

anan+1 + bnan + cnan−1 = 0, n = 1, 2...
(4.25)

The exact relations for coefficients were derived in the original paper and are presented as
follow:

an = n2 + 2(1− iω) + 1− 2iω,

bn = −(2n2 + 2(1− 4iω)n− 8ω2 − 4iω + l(l + 1) + b),

cn = n2 − 4iωn− 4ω2 + b− 1.
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It turned out that the sum (4.25) of coefficients converges if the following the condition
holds

an+1
an
→ 1± (−2iω)1/2

n1/2 −
2iω + 3

4
n

+ .... (4.26)

The negative sign in the expression (4.26) leads to uniform convergence of the series in
the (4.24). This will be satisfied if the ω is the eigenvalue of (4.22) that is quasinormal
frequency. Then the ratio for two consecutive terms an has a form of infinite fraction and
is represented as

an+1
an

= −cn+1

bn+1 −
an+1cn+2

bn+2 −
an+2cn+3
bn+3 − ...

. (4.27)

The brief notation for the relation (4.27) is

an+1
an

= −cn+1
bn+1−

an+1cn+2
bn+2−

an+2cn+3
bn+3−

.... (4.28)

In order to obtain the equation for the quasinormal frequencies we set n to be zero n = 0
and get two equations:

a1
a0

= − b0
a0

(4.29)

a1
a0

= −c1
b1−

a1c2
b2−

a2c3
b3−

.... (4.30)

The equation (4.29) is called n = 0 boundary condition, while eq.(4.30) play role of boundary
condition at n =∞. We combine, by noticing the similarity of left-hand sides, both of them
and get the expression for quasinormal frequencies:

0 = b0 −
a0c1
b1−

a1c2
b2−

a2c3
b3−

.... (4.31)

Eventually, we deal with the extracting of frequencies from the eq.(4.31) which is a complex
numerical problem due to the form of equation and an infinite number of fractions. Followed
by Leaver’s analysis we invert n times the eq.(4.31) for the getting the equality between
finite and infite continued fraction:[

bn −
an−1cnan−2cn−1
bn−1 − bn−2

· · · a0c1
b0

]
=
[
ancn+1an+1cn+2
bn+1 − bn+2−

· ··
]

(4.32)

It is clear that any numerical algorithm should run the finite number of iterations. For that
reason we must truncate the number n until we reach our goals. For our purposes, we use
Wolfram Mathematica to obtain all values of QNFs needed.
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Table 4.4: Quasinormal modes frequencies for b = −3 and l = 2 calculated using CFM
n Re ω Im ω

1 0.373672 -0.0889623
2 0.346711 -0.273915
3 0.301053 -0.478277
4 0.251505 -0.705148
5 0.207516 -0.946845
6 0.169299 -1.195608

4.5 Poschl-Teller approximation

In this section we consider the problem of QNMs where the effective potential is represented
by Poschl-Teller potential (see [32]) which has similar shape as the Regge-Wheller or Zerilli
potentials and given by a formula

V (x) = V0
cosh2α(x− x0) .

The scattering problem of GWs for Poschl-Teller potential was studied and solved analyti-
cally (see [18]), furthermore, it was revealed that exponentially decaying potentials prevents
from backscattering of GWs. We just point this potential serves as a model for some BH
theories.

Another reason is to study this potential is that it decays exponentially . Let us consider
the wave equation with Poschl-Teller potential (see 4.1 [2])

∂2Ψ
∂r2
∗

+
(
ω2 − V0

cosh2α(r∗ − r0)

)
Ψ = 0, (4.33)

where r0 is the point of a maximum, V0 is the constant that determines the height of the
potential and

α =
√
− 1

2V0
V
′′
r∗(r0)

The solutions of this second-order differential equation along with boundaries conditions
(BCs) described in (4.2) for a given frequency ω are called QNMs. We introduce the following
independent variable ξ−1 = 1 + e−2α(r∗−r0) in order to get solution of eq.(4.33) along with
BCs and after some transformations we obtain

ξ2(1− ξ2)∂
2Ψ
∂ξ2 − ξ(1− ξ)(2ξ − 1)∂Ψ

∂ξ
+
(
ω2

4α2 −
V0
α2 ξ(1− ξ)

)
Ψ = 0.

30



It is possible to reduce this equation to a standard hypergeometric equation by substituting
Ψ = (ξ(1− ξ))−iω/(2α)y and therefore

ξ(1− ξ)∂2
ξ y + [c− (a+ b+ 1)ξ]∂ξy − aby = 0, (4.34)

where the constants c, a, b are defined as follow

a, b = [α±
√
α2 − 4V0 − 2iω]/(2α) and c = 1− iω/α.

The general solution of this equation is given as

Ψ = Aξiω/(2α)F (a− c+ 1, b− c+ 1, 2− c, ξ) +B(ξ(1− ξ))−iω/(2α)F (a, b, c, ξ), (4.35)

Taking into account the BCs for QNMs near at spatial infinities the following relations
should be valid

1− ξ ∼ e−2α(r∗−r0) (r∗ → +∞) and ξ ∼ e2α(r∗−r0) (r∗ → −∞).

We discuss that the constant A in (4.35) has to be zeroed because of ξ(iω/(2α)) ∼ eiωr∗ which
is ingoing wave at the negative infinity (or outgoing wave at the event horizon). Note that
the function F (a, b, c, ξ → 0) is non zero (see [38]). The behaviour of the second term in
(4.35) at infinity studied at [38] or [2] leads us to the following QNF spectrum

ωn = ±

√
V0 −

α2

4 − iα
(
n+ 1

2

)
, (4.36)

where n is the overtone number. Another approach for obtaining the formula of QNF spec-
trum via algebraic techniques of Lie algebra were given in [7].

To compute quasinormal modes frequencies of Eq.(4.33) by using Wolfram Mathematica
we use the Asymptotic Iteration Method (AIM) and follow [11] and [12].

Firstly, let us consider the homogeneous linear second-order differential equation (4.32)
with r0 = 0 and α = 0:

d2ψ

dx2 +
(
ω2 − 1

2sech2x

)
ψ = 0 (4.37)

Ψ′′ = λ0(x)Ψ′ + s0(x)Ψ,

and make a substitution of y = tanhx. This transform eq.(4.37) into the following one

ψ
′′
yy −

( 2y
1− y2

)
ψ
′
y +

[
ω2

(1− y2)2 −
1

2(1− y2)

]
ψ = 0. (4.38)
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, where transformed function ψ depends on y and −1 < y < 1. The BCs transform as followsψ ∼ (1− y)−iω/2, as y → 1,

ψ ∼ (1 + y)−iω/2, as y → −1.
(4.39)

Then we build the function ψ to satisfy (4.39)

ψ = (1− y)−iω/2(1 + y)−iω/2φ, (4.40)

and we obtain the equation to apply AIM (see Apendix for more details)

φ
′′
yy = 2y(1− iω)

1− y2 φ′ + 1− 2iω − 2ω2

2(1− y2) . (4.41)

We assign

λ0 = 2y(1− iω)
1− y2 and s0 = 1− 2iω − 2ω2

2(1− y2) ,

and using Wolfram Mathematica run the algorithm to exctract spectrum. It turned out that
the QNF spectrum obeys the following formula

ωn = ±1
2 − i

(
n+ 1

2

)
.

We solve scattering problem for the equation (4.37) with Poschl-Teller potential which is
considered in the literature as an approximation of the Regge Wheeler potential. The initial
perturbation is ψ(x, 0) = exp−(x−20)2 . We notice that the profile of the scattered scalar field
in this problem repeats the profile obtained in Ch.4.1. Results lead us to the conclusion

140 160 180 200
x

-15

-10

-5

5

10

15
ψ(x)

Figure 4.3: The graph of time evolution of perturbation of BH with Poschl-Teller potential
caused by a scalar field x = 20rs plotted in linear.

that deviations from the Schwarzschild geometry of a black hole are pretty probable and
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Figure 4.4: Scattered gaussian wavepacket plotted in logarithmic coordinates.There is a
signal which is damped by a characteristic ringing.

require further study. Moreover, the scattered scalar fullness oscillates at entirely different
frequencies.
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Chapter 5

Echoes produced by
Schwarzschild-like wormholes

5.1 Introduction

Observing BHs allows one to test gravity in a strong regime. However, a lot of uncertainty
arises in measuring parameters of BHs. Therefore, the BH mimickers can be considered
instead. In this chapter, we pay attention to popular exotic object as wormholes (WHs)
which have been studied for the last decades. However, the boundary conditions for the
horizonless objects differ from BH’s ones and it was shown that these changes affect the
picture of gravitational waves produced by WH. This phenomenon is related to the existence
and properties of the photon sphere (light ring) around object [8], but if the WH geometry
is close to a BH one, we expect to observe the ringdown phase ruled by QNMs. Therefore,
this chapter aims to study WH’s response in QNMs and identify the waveform features of
different models. Furthermore, we are interested in the GWs emitted by a wormhole at late
times due to a radially falling scalar field.

5.2 Ellis-Bronnikov wormholes

In this subsection, we give some revision [14] and study of the family of Ellis-Bronnikov
(E-B) ([3],[17]) WHs of which we started discussion in Chapter 3.

The metric of E-B spacetime is given as

ds2 = −dt2 + dr2

1− b20
r2

+ r2(dθ2 + sin2θdφ2), (5.1)

where b0 usually plays role of throat radius.
It was shown that this metric reduces to the metric (3.3) and was given as the following

relation
ds2 = −dt2 + dx2 + r(x)2(dθ2 + sin2θdφ2) (5.2)
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where x is the proper radial coordinate.
As in Ch.2.2 (see eq.(2.16)) we want to derive the equation for scalar field φ(t, r, θ, φ)

evolution on the background of (5.2) and repeat the procedure

�φ =
√
−g∂µ(

√
−ggµν∂ν)φ = 0, (5.3)

− ∂2φ

∂2t
+ 1
r2(x)

∂

∂x

[
r2(x)∂φ

∂x

]
+ 1
r2(x)

[
1

tan θ
∂

∂θ
+ 1

sin2 θ

∂2

∂φ2

]
φ = 0 (5.4)

and then decompose the function φ as the following

φ ∼ ulm(x, t)
r(x) Ylm(θ, ϕ).

We note that the last term of (5.4) in the negative square brackets is square of the angular
momentum operator which acts on spherical harmonics Ylm(θ, ϕ) as follows

L̂2Ylm(θ, φ) = +l(l + 1)Ylm(θ, φ).

By making some transformation we obtain the following equation(
∂2

∂x2 −
∂2

∂t2
− Veff (r)

)
Ψ(x, t) = 0, (5.5)

where the effective potential is given as

Veff (r) = l(l + 1)
r2(x) + r′′(x)

r(x) , (5.6)

and where the prime means the coordinate derivative. Here we just focus on the specific
family of WHs as known as Kar-Minwalla-Mishra-Sahdev (KMMS) [21] WHs for which the
dependence of r(x) is parameterized and given as

rn(x) = (xn + bn0 ), (5.7)

where n is only even and n >2 and x ∈ (−∞,+∞). The case of n = 2 is the EB WH.

Veff = l(l + 1)
(bn0 + xn)2/n + (n− 1)bn0 ln−2

(bn0 + xn)2 (5.8)

Now we obtain QNMs on the background of KMMS wormholes with the exact the same
boundary condition (see Ch.4) as it can be seen that the effective potential for such a
family of WHs is a double barrier which can be naturally treated as two entrances of a
WH. As we can see, there is a sharp transient as it was with Schwarzschild BH, which
are then followed by QNM ringing. However, due to the form of potential the transmitted
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Figure 5.1: The dependence of r which is distance from the throat on proper coordinate x.
We emphasize here that r run over only positive values while the proper coordinate varies
from −∞ to +∞.
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Figure 5.2: The series of echoes produced by
the KMMS WH perturbed by a scalar field
ψ(x, 0) = exp−(x−20)2 with n=4 at x=100.
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Figure 5.3: The initial QNM ringdown phase
and repeated echoes with decreasing ampli-
tude in semi-logarithmic scale.

wave experiences several reflections between potential walls. Therefore, subsequent signals
arrive with a smaller amplitude of oscillations and are separated from each other by a finite
time. The observed pattern is time-domain "echoes" which are emitted by a WH throat
immediately after the initial signal. The detection of such echoes will allow refining the
gravity theory model. We plotted the solutions in natural and semi-logarithmic scales for
the scattering problem of the scalar field around WH geometry and can observe the echoes
produced for different parameters.
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5.3 Wormhole with double Poschl-Teller potential

In this subsection, we study the time evolution of scalar field in configuration of spherically
symmetric traversable Morris-Thorne WH connected two infinities. This configuration is
reached by the gluing of two identical Schwarzschild spacetimes at the throat where instead
of Regge-Wheeler potential we use its approximation as Poschl-Teller potential (See Ch.3.A
[6] and Fig.5.4) where we are free to vary the distance between two peaks. The double
Poschl-Teller potential is given by the following formula

V (x) = V0
cosh2(x− a) + V0

cosh2(x+ a) . (5.9)

For the case of MTWH with double Regge-Wheeler see [4],[23]. It has been shown that WHs
are ringing down qualitatively in the same way as black holes, unlike the latter they produce
"periodic" recurring signals as known as "echoes" after the transient phase. The observation
of those echoes during the Exotic Compact Objects (ECOs) coalesence will provide more
information regarding the their existence and understanding their structure. It will shed
light on the nature of processes in the strong gravity regime. Due to the inconsistency of
quantum mechanics in the region of BH event horizon an alternative models i.e. horizonless
objects for the study are considered. For the case of MT WH with double Regge-Wheeler
see [19].

The boundary conditions are set to be the same as (4.2) in CH.4.1, therefore we apply a
similar technique for finding QNMs. Meanwhile, the crucial difference from BH problem is
that there is no horizon in WH case and no "tortoise" coordinates then. By looking at the

Figure 5.4: The picture for the effective po-
tential (5.9) for a MT WH with. We see that
the initial potential given in Ch.4.5 is bifur-
cated as the parameter a increases.

Figure 5.5: The picture for the effective dou-
ble Poschl-Teller potential for the three difer-
ent values of a. There is a strong separation
of two bumps.

graphs, we see that with an increasing of parameter a we observe the appearance of clearly
defined intermediate echo signals.In the semi-logarithmic scale, we notice that there is stage
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Figure 5.6: The WH response to a Gaussian
wavepacket for a = 3 at x = 100. We see that
WH produces the train of echoes.
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Figure 5.7: Scattered gaussian wavepacket
ψ(x, 0) = exp−(x−20)2 for a = 3 at x = 100
plotted in semi-logarithmic scale.
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Figure 5.8: The WH response to a Gaussian
wavepacket for a = 5 at x = 100.
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Figure 5.9: Scattered gaussian wavepacket
ψ(x, 0) = exp−(x−20)2 for a = 5 at x = 100
plotted in semi-logarithmic scale.
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Figure 5.10: The WH response to a Gaussian
wavepacket for a = 20 at x = 100.
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Figure 5.11: Scattered gaussian wavepacket
ψ(x, 0) = exp−(x−20)2 for a = 20 at x = 100
plotted in semi-logarithmic scale.

of initial damped signal which was inherent to a BH response. However, we emphasize that
later signal is a accompanied a train of echoes.

38



Chapter 6

Conclusion

This thesis studies the ringdown and late-time ringdown phases, the third phase of GW
signal produced by two BH collided. These stages represent the most interest as they carry
valuable information about the final product of the merger to study fundamental physics
in the background of strong gravity. The GWs radiated by the new BH mathematically
represented by the quasinormal modes oscillated at quasinormal frequencies (QNFs) related
to them.

Instead of simulating two BHs colliding, we followed a different way. Precisely, we dis-
turbed the Schwarzschild BH geometry by the scalar and gravitational field.

To analyze these processes theoretically, firstly, we derived the master equation for scalar
perturbation. This is a non-homogeneous second-order wave equation where inhomogeneity
is an effective potential barrier. Then, we formulated the scattering problem of the scalar
field presented as a Gaussian wave-packet incoming toward the BH. This problem was
solved, and the time evolution of the scalar field was plotted and analyzed using Wolfram
Mathematica in Ch.2. The behaviour of this solution is damped oscillations with a power-law
tail.

Secondly, we repeated the derivation of gravitational perturbations of Schwarzschild
BH. In this case, we required Einstein’s field equations to be linearized up to the first-order
in perturbed metric terms. Remarkably, two types of these perturbations depend on the
parity related to the rotation of the coordinate system. It turned out that in both cases, the
master equations for the components of gravitational perturbation have the same form as
in the scalar case. The different formulas gave the potential barriers, but they have similar
behaviours and decay exponentially with time.

In Ch.4, we choose boundary conditions for the master equation by reasoning that the
transmitted energy to the event horizon can not escape it and reflected radiation represents
a purely outgoing wave. To extract the lowest QNFs associated with these oscillations, we
applied numerical methods such as WKB, continued fraction method (CFM) and direct
integration. We noted that the frequencies are complex numbers with negative imaginary
parts. We also studied the behaviour of a scalar field against the background of a black hole
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with another potential. The results show that the scattered wave profile similarly mimics the
behaviour in Schwarzschild geometry. However, the frequency spectrum is radically different
from that obtained in Chapter 2.

In the third chapter, we briefly overviewed the history of wormholes’ development and
pointed out their diversity. For example, although wormholes consist of two entrances and
a bridge connecting them, one of the entrances geometrically repeats the appearance of a
black hole. This fact led to an interest in studying the scattering of a scalar wave packet on
a wormhole in the fifth chapter.

In Ch.5, we investigated the phenomenon of scattering a scalar wave packet on the back-
ground of a spherically symmetric static wormhole in a geometry similar to Schwarzschild’s.
Two models of wormholes were proposed for consideration, and we also studied the scatter-
ing of a scalar field in a toy model with a double Poschl-Teller potential. The motivation for
the study was the reasonable question of how it is generally possible to distinguish between
a black hole and a wormhole that externally have the same geometries. We have found that
a wormhole produces an echo chain in all cases, which is not the case for a black hole at
all. We conclude that with the advent of new detection technologies, it will be possible to
determine whether we are receiving a signal from a pure black hole or a mole one.

A new series of astronomical observations is expected in the future, which will provide
information for studying extreme compact objects and black holes. A comparison of the
spectra will allow us to extract the parameters of these objects. However, due to the strong
gravitational field, it is still unknown what geometry is very near the event horizon. Note,
that the gravitational field (or curvature of space-time) is not necessarily very strong near
the event horizon of astrophysical BHs (e.g. supermassive ones). In summary, the study of
quasi-normal modes remains an important topic, if not a key one, for studying black hole
physics and ECOs.
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